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Introduction

The laws of Physics, whether subatomic or astral, are all connected through mathemat-
ics. Electromagnetic fields distort the subatomic world and planets bend space-time
itself. Two different worlds, but only one mathematical concept : curvature. The
motion of a fluid or the conduction of heat, two seemingly different phenomena
yet one mathematical theory : partial differential equations. What happens when
curvature meets partial differential equations ? We will look for some answers in
geometric analysis, a branch of mathematics in which one can find gauge covariant
Sobolev spaces.

Sobolev-type spaces have a first row seat in mathematical analysis, particularly in
partial differential equations and calculus of variations. Finding solutions to obstacles
such as initial value problems emerging from theoretical physics is one of the goals
of these two branches. However, finding analytic solutions is not a simple task.
That is why mathematicians came up with the notions of weak derivatives and weak
solutions.

The usual Sobolev space W7 (Q) on an open domain Q C R" contains L?(Q) functions
that are weakly differentiable and whose weak derivative is itself L”. As elements
of a Lebesgue space, Sobolev mappings are only defined up to a set of measure
zero, and since the boundary of a domain is of measure zero, it is not clear how to
translate a boundary value problem, whose solution is a smooth function, into a weak
boundary value problem, whose solution is a weakly differentiable function. While it
is impossible to give a meaning to L functions on the boundary, it is possible to do so
for a Sobolev function, and this is called the trace of the function. The trace space of a
Sobolev space is the space of all the traces of said Sobolev space.

Gauge covariant Sobolev spaces are Sobolev-type spaces which behave well under
gauge transformations, changes of coordinates. Such spaces appear naturally in gauge
theories such as electromagnetism or Yang-Mills theories which involve gauge fields A.
The aim of this thesis is to give a rigorous definition and characterisation of the trace
spaces of gauge covariant Sobolev spaces. In Chapter 3, we show that the trace U of a

gauge covariant Sobolev mapping u € Wfl"p (Q) on a domain Q ¢ R" with gauge field
A satisfies

R(x,y)U(y) - U(x)
// IR(x, y)U(y) — U(x)| dy dx < 400,
|y = x["*Pt
(x,1)€dQx0Q

distyn(y,x)<inj,q



R depending on A. This integral is called the gauge covariant Gagliardo seminorm and is
invariant under changes of gauge. Conversely, we prove that any function U € LF(dQ)
with finite gauge covariant Gagliardo seminorm is the trace of a gauge covariant

Sobolev function on Q. Therefore, we can say that the trace space of Wj"p (Q) is the set
of all U € LP(dQ) with finite seminorm.

Although this result is new, it is not surprising per se. In fact, it has been know since
1957 in the case of a trivial gauge field A = 0. This result, due to Gagliardo [17] is known
today as the trace theorem and is rather well documented in textbooks regarding the
subject. The involved integral, known as the Gagliardo seminorm is

U(y) - ux)
|y _ x|n+p—1

dy dx
(x,1)€dQ%xIQ

and one can observe that the main difference is that R, and thus the dependence in a
field A, is gone. Furthermore, a generalisation of the trace theorem was established
by Nguyen and Van Schaftingen [34], stating that the gauge covariant Sobolev space
valued in R?, known as the magnetic Sobolev space, satisfies the result we announced.
The particularity of their result is that the gauge transformations for the mangetic
Sobolev space are abelian. This simple yet important property allowed Nguyen and
Van Schaftingen to obtain some estimates with methods which do not work in the
non-abelian case. Our result is essentially the generalisation of Nguyen and Van
Schaftingen’s result to the non-abelian case, that is, to gauge covariant Sobolev spaces
valued in any finite dimensional vector space.

This thesis is divided into three chapters. Chapter 1 is dedicated to an introduction to
vector bundles, geometric objects. Vector bundles are a generalisation of the Cartesian
product and formalise the notion of curvature, magnetic fields and gauge theories
in general. They are very well documented in literature. In order to have a good
understanding of gauge covariant Sobolev spaces, it is fundamental to have a good
understanding of the geometry behind, that is, of vector bundles.

We then begin in Chapter 2 our study of bundle valued functional analysis, introducing
bundle valued Lebesgue spaces, bundle valued Sobolev spaces and, last but not least,
gauge covariant Sobolev spaces. The particular case of magnetic Sobolev spaces is the
object of recent research, but it is not easy to find a textbook are a paper giving the
basics. Some textbooks such as Lieb and Loss’s Analysis [28] mention the magnetic
Sobolev spaces but do not go into much detail. Chapter 2 is therefore a relatively
unique text, as we construct gauge covariant Sobolev spaces piece by piece and give
some basic results.

Finally, in Chapter 3, we attack the theory that gives its name to this thesis : trace
theory of gauge covariant Sobolev spaces. Although covering the non-abelian case
and therefore extending [34] which is restricted to the abelian case, our proof is very
similar and clearly inspired by Nguyen and Van Schaftingen’s proof. The key estimates
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that had to be modified are obtained with a technique presented by Chanillo and Van
Schaftingen in their article [8] which aimed to do the first step in the proof in the
non-abelian case. A big part of the proof was understanding [34] in detail, identifying
the parts that needed to be adapted, and adapting them, usually with a technique
similar to the one exposed in [8].

11






Chapter 1

Vector bundle theory

Gauge covariant Sobolev spaces are build with a strong geometric background, namely
vector bundles, an important object of differential geometry. Vector bundles emerge
naturally as soon as geometry is mixed with differential. Indeed, the very notion of a
differential for a map valued in a manifold N is tightly related to the tangent bundle
TN of N, a first example of a vector bundle.

Vector bundles are nowadays omnipresent in mathematics. A few examples are
algebraic topology [5, 35], algebraic geometry [15] and K-theory [19,29,35]. They
formalise the notion of covariant derivative which appears in many branches of physics,
such as quantum physics [2,18,20, 36,38, 44,45], electromagnetism [16,18,30,38,44,45]
and general relativity [16,30].

For this work in particular, we shall be using covariant derivatives and therefore need
to have some basic notions of vector bundle theory. Gauge covariant Sobolev spaces are
spaces of sections of a bundle. The main differences between gauge covariant and the
usual Sobolev spaces are of geometric nature rather than analytic.

We therefore must begin with some of the geometric background necessary to de-
fine and understand the objects which we will be working with. Other geomet-
ric concepts associated to gauge covariant Sobolev spaces will be introduced as
needed.

Section 1.1 contains a discussion explaining how vector bundles arise naturally. It
is inspired by [19]. In Section 1.2, we define what a vector bundle is and give a few
examples to help build an intuition. Afterwards, in Section 1.3, we study some related
objects like bundle morphisms. Finally, in Section 1.4, we study a particular class of
functions known as sections. These will be the main functions with whom we will be
working. Together with these functions, we introduce the notions of connection and
covariant derivatives. One can roughly say that a gauge covariant Sobolev space is a
Sobolev space, but instead of a weak derivative, one has a weak covariant derivative.
It is thus a fundamental object for our work.

We assume that the reader is familiar with basic notions of differential geometry, such
as abstract manifolds, tangent spaces, differential forms and so on. A familiarity with
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Riemannian geometry is recommended. Riemannian geometry already includes many
concepts related to vector bundles, such as curvature, covariant derivatives, etc. Our
main references on the subject are [21,24,25,38,39]. However, all mentioned references
contain the necessary information, and the interested reader can chose the references
of his liking.

1.1 Products and twisted products

Roughly speaking, a vector bundle is a twisted product of a smooth manifold and a
vector space, a generalisation of the usual Cartesian product. In order to understand
why such a notion is relevant and motivate the definition, let us look into two examples
inspired by the discussion made in [19, Ch. 1].

Notation 1.1.1. We denote by || - || the usual Euclidean norm on R"**! and by S" the
Euclidean unit n-sphere, that is,

S”:{xeR”+1|||x||:1}. A

First, let us consider the two-dimensional sphere S> ¢ R3. To each point x € S?, we
can associate the plane T,S? C R? tangent to the sphere at this point. This plane can
be viewed as the vector space

Tx={06R3|(x|v)=0}

orthogonal to x which was translated by x, (- | -) denoting the usual scalar product in
R3. In other words,

T,S? = { vs ESZXR3|UX = (x,v9), vo € Ty }

where the first component is understood to be the new starting point of vg. The plane
T,S?, called the tangent space of the sphere at x, is thus endowed with a natural
two-dimensional vector space structure given by

(x,00) + (x,wo) = (x,vo + W),
a - (x,vg) = (x, avy),

for all vy, wp € Ty and a € R. Figure 1.1 represents the sphere, a tangent space, as well
as a tangent vector v, and its analogue vy € Ty (i.e. vy = (x, vg)).

Let us define the tangent bundle of the sphere TS? as the set of all tangent vectors v,
as x ranges the whole sphere, that is,

TS = {(x,v) e S*xR*| (x| v)=0}.
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Figure 1.1: The sphere S? and a tangent plane T,S?;
inspired by [19, Ch. 1].

In particular, TS? is the disjoint union of the tangent spaces T,S? and, additionally, a
topological space as subset of S? X R3.

What exactly have we constructed ? To each point x € S?, we have associated a two-
dimensional vector space. In other words, TS? is a bunch of two-dimensional vectors
spaces that were glued together following the structure of the sphere in some sense.
That is exactly what the Cartesian product S? X R? is. Could it be that the set TS?
is simply S? X R? in disguise? More precisely, does there exist a homeomorphism
h: TS? — S? X R? mapping T:S? to {x} X R? via a linear isomorphism? If such a
homeomorphism / were to exist, the vectors

vy =h"Yx,v), xe$?

for some v € R? = R? \ {0} would define a continuous family of non-zero tangent
vectors on S?. The following classical algebraic topology theorem, whose proof can be
found in [9, Thm. 34.1], refutes this possibility.

Theorem 1.1.2 (Hairy ball theorem). Let v: S> — TS?: x > vy be a continuous map such
that v, € T, S? forall x € S2. Then there exists x € S? such that

vy = (x,0).

In other words, a continuous family of tangent vectors on the sphere S? must vanish.
This conveys that the set TS? is indeed more complicated than a usual Cartesian
product, it is a twisted product.

Lowering the dimension by one, let us examine the case of the circle S!. A similar
construction to the above can be done, defining the tangent bundle of the circle TS'.
However, in this case, we can define a non-vanishing family of tangent vectors. Given
x € S!, we consider its rotation by 7/2, denoted by x*, and define v, € T, St by
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Figure 1.2: The circle S! and a tangent space T;S'.

translating x to have its origin at x. In other words, we define v, = (x, x*) € T.St. To
help visualise this construction we refer the reader to Figure 1.2.

With this family of tangent vectors, we define the homeomorphism between S! x R
and TS!
h:S'xR — TS': (x,t) > to,.

In particular, & maps {x} X R to T,S! by the means of a linear isomorphism. This
expresses that TS! is, in contrast to the previously examined TS?, equivalent to the
usual Cartesian product S' x R.

Naturally, one might wonder whether this phenomenon of twisted product arises when
the above construction is applied to spheres of higher dimensions. Itis rather surprising
that only S, S!, S® and S” have a trivial tangent bundle. Precisely, a homeomorphism
between TS" and S" x R" taking T,S" to {x} X R" by a linear isomorphism exists only
forn =0,1,3,7 (see [19, Thm. 2.16]).

The general notion of twisted products between two arbitrary manifolds is described
by what is known as fiber bundles. The interested reader shall find a large amount of
information on fiber bundles in the corresponding chapter(s) of the books [21,24,25,
38,39] dedicated to the study of differential geometry. In the scope of this thesis, we
shall only study a particular case of fiber bundles referred to as vector bundles. These
bundles have an additional linear structure enabling a study from the point of view of
functional analysis conducted in the subsequent chapters.

1.2 Vector bundles : definition and examples

In order to ensure more concise notations, we will always denote by N a manifold of
dimension n. Manifolds and diffeomorphisms will be assumed smooth. Furthermore,
F will denote a real vector space of dimension m and GL(F) will denote the Lie group
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of linear automorphisms of F, that is, linear isomorphisms from F to itself. Finally,
G ¢ GL(F) will be a Lie subgroup of GL(F). If we deviate from any of the above
notations, it will be explicitly stated.

Our definition of vector bundle is the combination of [24, Def. 6.12 + 6.21], [24, Def.
6.12 + 6.21] or [42, Def. 2.8 + 2.22 + 2.78]. This definition avoids the necessity of
introducing additional concepts, mainly principal bundles. Vector bundles can in fact be
defined as quotient spaces of principal bundles, see [21, Sect. 1.5 +Ch. III] and [38, Def.
3.3]. We choose to work with the former since it is the more direct definition of vector
bundle and is thus more suited for our work.

Definition 1.2.1 (Vector bundle). A manifold P together with a smooth surjective map
nip: P — N is called a vector bundle over N with model fiber F and structure group G if

(i) Forall x € N, the fiber above x, defined by F, = ;! ({x}), is a closed submanifold of
P and has a real vector space structure isomorphic to F,

(ii) The manifold P is locally trivial, that is, there exists an open covering {Uy} ez Of N
such that, for all a € A, there exists a diffeomorphism

Pa: n;,l(ua) — Uy X F

with the property that, for all x € U,, @, maps Fy to {x} X F by the means of a linear
isomorphism. We call the pair (Uy, @) (or simply U,) a local trivialisation or local

gauge of P,

(iii) Local trivialisations are G-compatible, that is, if (U, @a) and (Ug, @) are two inter-
secting local trivialisations of P, there exists a smooth function gap: (Uy NUg) — G
such that for all x € Uy N Ug and v € F

Pap(x,0) = (pa 0 95")(x,0) = (x, gap(x)[0]).

We call gqp the local gauge transformation from ¢g to @,.

Similarly to a manifold N which is locally the Euclidean space R", a vector bundle P is
locally the Cartesian product N X F. For manifolds, this is translated into mathematics
by local charts whereas for vector bundles, it is translated by local trivialisations. Going
from one local chart to another on a manifold is done via change of charts and, in the
case of vector bundles, moving from one trivialisation to another one is done by the
gauge transformations. In other words, local trivialisations are in some sense the charts
of a vector bundle.

Remark 1.2.2. Definition 1.2.1 (i) carries an implicit choice of a (potentially different)
vector space structure for every fiber Fy. A

17



Since we will not be working with general fiber bundles but only vector bundles, we will
often omit the term vector and refer to vector bundles simply as bundles. Furthermore,
P will always denote a bundle as in Definition 1.2.1 and the map np: P — N will
often be implicit.

Before presenting a few examples to build an intuition, we state this fundamental
result concerning the dimension of a vector bundle.

Proposition 1.2.3. If P is a vector bundle over N with model fiber F, then

dimP =dim N +dim F.

Proof. Our goal is to construct an atlas for P such that P is locally R"*™" = R" x R™
where n = dim N and m = dim F. Let p € P and consider a local trivialisation (U, ¢)
such thatp € n;l(U). Let (V, ¢) be a chart of N centred at 7tp(p) such that V c U and
let L: F — R™ be a linear isomorphism. Then

P =(¢,L)o p: 1 (V) > R" xR™,
g0 ((x), L), ¢(q)=(x,0)

defines a chart (1;'(V), @) of P centred at p. O

Example 1.2.4 (The Cartesian product). Let N be a manifold and let F be a vector
space. The Cartesian product P = N X F together with the projection on the first
component 7tp(x,v) = pri(x,v) = x is a vector bundle. The pair (N,idp) defines a
global trivialisation of P, that is, it satisfies Definition 1.2.1 (ii) by itself. The associated
gauge transformation is the identity map on F. Therefore, the structure group G can be
taken to be trivial, G = {idr}. The Cartesian product is thus called a trivial bundle. A

Note that the sentence the structure group can be taken to be trivial implies that we could
take another Lie subgroup of GL(F) as structure group for a Cartesian product. In fact,
the meticulous reader might have noticed that the structure group in Definition 1.2.1
is far from unique, and, although one would lose information, one could always take
G = GL(F).

Definition 1.2.5 (Trivial bundle). A bundle P over a manifold N is called a trivial bundle
if there exists a global trivialisation, i.e. a trivialisation of the form (N, ¢).

We have for example encountered in Section 1.1 the vector bundle TS! which is a trivial
bundle. If P is a trivial bundle, one may always assume that its structure group is
the trivial group G = {idr}. However, the global trivialisation is not unique since we
may compose it with the map (idy, L): N X F — N X F for any linear isomorphism
L: F — F. Similarly to working in charts for a manifold, one should always verify
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that objects defined in a trivialisation are independent of the particular choice of
trivialisation.

The first and probably most important example of bundle that is in general not trivial
is the tangent bundle [25, Example 10.4]. We have previously mentioned the tangent
bundles of the circle S and the sphere S?, the latter being non-trivial. Tangent bundles
are typically first encountered by students in undergraduate-level classes serving
as introduction to differential geometry. We recall that the tangent space TN at a
point x € N is defined by the vector space containing all linear and continuous maps
v: C®(N,R) — R such that [24, Sect. 2.1.3]

v(fg) = v(f)g(x) + f(x)v(g).
Furthermore, if (U, ¢) is a chart of NV centred at x € N, then
D(¢™) (p(): B = TN,
w v =D(¢7)(p(x)[w]
where, for all f € C®(N,R),

v(f) = D(¢7") (¢(x) [w](f) = D(f © ¢~ (¢ (x))[w]
defines a linear isomorphism R” = T, N with inverse D¢(x): TN — R", see for

example [24, Thm. 2.10].

Example 1.2.6 (Tangentbundle). The tangentbundle T N of an nn-dimensional manifold
N is defined as the disjoint union

TN =| | TN = [ J{x} x TN)
xeN xeN

of all the tangent spaces Ty N of N. By definition, there exists a natural surjective
projection

TN - TN — N,
(x,0) > x.

Let us show that T is a manifold. Let (U, ¢) be a chart of N. Then, the map

D: 1o (U) C TN — ¢(U) xR" c R" X R",
(x,0) = (¢(x), DPp(x)[v])
defines a chart (n;}V(U),CD) for TN and the collection of all so-constructed charts

defines an atlas for TN. Indeed, let (V, 1) be another chart of N' and denote by
(n;}V(V), W) the chart of TA constructed as above. Assume that n;}V(U) N n;}V(V) is
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not empty. Then, whenever defined for (x,v) € R” X R",

(@0 W) (x,0) = (¢ 0y (x), D(¢ 0y ()]

defines a smooth map since the change of charts ¢ o ¢~1: R" — R" is smooth. The
tangent bundle TN is thus a smooth manifold of dimension 2n and the natural
projection mpw is smooth since, when expressed in charts, it is the projection on the
first component.

Let us now prove that TN together with the projection nry defines a vector bundle.
The fibers are by definition the tangent spaces

TN =15, ({x}).
Let (U, ¢) be a chart of N. Then, the map

@: o (U) > UXR",
(x,v) = (x, Dp(x)[v])

defines a local trivialisation of T N. Repeating the construction for an atlas of N gives
the local triviality of the tangent bundle. Let (V, 1) be another chart of NV such that
U NV is not empty and denote by ¢ the trivialisation of TN constructed as above.
Then, for all (x,v) € (U NV), we have

(po@™)(x,0) = (x,D(¢p o ™) (x)[v]).

The map D(¢pop™1): UNV — GL(R") is smooth and defines the gauge transformation
from (V, @) to (U, ). We conclude that TN with 7ty is a vector bundle over N with
model fiber R" and structure group GL(R"). A

The structure group G € GL(R") of the tangent bundle is, with this construction,
dependent on the chosen charts of N. We will see later that under some additional
structure on N, one can give a better description of G.

The cotangent bundle [25, Ch. 11; 38, Sect. 3.4] is often introduced together with the
tangent bundle. Its fibers are the dual spaces to the fibers of the tangent bundle. The
cotangent bundle is therefore said to be dual to the tangent bundle. We recall two
standard notions associated to duality.

Definition 1.2.7 (Dual space). The dual space of a real vector space V' is the vector space
V* of all linear and continuous maps from V to R, that is,

V*={L:V — R | Lis linear and continuous } .

We say that V* is dual to V.
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Ifm = dimV and (vy, ..., vy) isabasis of V, one can construct the dual basis (v}, . . ., vy,)
of V* by setting
1 ifi=j,
H0:) = 5:i =
0i(0}) = & {0 ifi#].

In particular, V = V* when V is finite dimensional.

Definition 1.2.8 (Adjoint map). Let L: V. — W be a linear map between two vector spaces.
The adjoint of L is the linear map
LW -V~

defined by
(L(O)[v]l = C[L(v)], CeW", veV.

Example 1.2.9 (The cotangent bundle). The cotangent bundle T*N of an n-dimensional
manifold N is defined as the disjoint union

T'N=| |TN
xeN

where T; N = (T N)" is the dual space of the tangent space at x, called the cotangent
space at x. The elements of T N are called covectors at x. As for the tangent bundle,
there is a natural projection i : T*N — N mapping an element from Ty N to x € N.

One proves that TN is a manifold in a similar manner to the tangent bundle, see
Example 1.2.6. Essentially, it suffices to replace D¢(x) by its adjoint (D¢p(x))” whenever
(U, ¢) is a chart of N. The projection 71+ is also smooth. For details, see [25, Ch. 11].

Concerning the bundle structure, the fibers are by definition
TN = il ({x}).-
Given a chart (U, ¢) of N, the map
@i o (U) = U X (R,

(x,0) — (x, (Dcp(x))*[v])

defines a local trivialisation (U, ¢) of T*N. As for the tangent bundle, repeating this
construction for an atlas of N yields the local triviality of T*N. Furthermore, we may
observe that the model fiber of T*N is (R")", the dual of R". Let (V, 1) be another
chart of N such that U NV is not empty and denote by ¢ the trivialisation of T*N as
constructed above. Then, for all (x,v) € @(U N V), a computation shows that

(¢ o@™)(x,0) = (x, (D(¢ 0 7)) o),
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i.e. the gauge transformation from (U, ¢) to (V, @) isD(¢poyp™)": UNV — GL((R")*).
Note that this is the adjoint map of the gauge transformation for the tangent bundle
TN, see Example 1.2.6. We conclude that the cotangent bundle T*N with n-x defines
a vector bundle over N with model fiber (R")* and structure group GL((R")*). A

As for the tangent bundle, the structure group of the cotangent bundle depends on
the chosen charts of NV.

The example of the cotangent bundle generalises to exterior powers of the tangent
space [25, Ch. 14].

Definition 1.2.10 (Exterior power and k-forms). Let V be a finite dimensional vector space
and let k > 1. An exterior k-form w on V is a (k-)multilinear map

w: Vx.---xV-oR
————
k times

such that
w(vy,...,05) =0

whenever there exists i, j € {1,...,k} such that i # j and v; = v;. The set of all exterior
k-forms on V is called the kth exterior power of V and denoted by Neve,

When V = TN is a tangent space, one writes /\k TN = /\k (TeN)*. Then, for all

k>1,
N1Ta=| [N TN

xeN

defines a vector bundle over N with model fiber /\k (R™)* [39, Sect. 21]. This bundle
is important as it is closely related to differential k-forms, see Example 1.4.4. When
k=1, N T*N = T*N is the cotangent bundle.

Definition 1.2.11 (Terminology). If P is a vector bundle, then we call N the base space,
P the total space and mtp the projection. A family {(Us, (P“)}ae a 9f G-compatible local
trivialisations is called a (G-)bundle atlas for P if {Uy}aeca covers N. For an open subset
U C N of the base space, we define the bundle above U as the open set

Py =mp (U) C P.

A local trivialisation (U, ¢) is said to be centred at a point p € P if p € Py.

Intuitively, the total space P can be seen as a multitude of different copies of the model
tiber F that were somehow glued to the base space N, which is how one might visualise
a Cartesian product or the construction of tangent bundles we did in Section 1.1, as
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(@) The Cylinder : trivial. (b) The Mobius strip : not trivial.

Figure 1.3: Two bundles over S! with model fiber R.

well as the Examples 1.2.6 and 1.2.9. The gluing method need not be straight as for the
Cartesian product, which is mathematically translated by a topology on P that is not
trivial, i.e. not the product topology.

To help the reader have a clear mental image of specific examples of vector bundles
rather than abstract definitions, let us consider the two equivalence relations ~ and ~
on R? defined by (x,y) ~ (x + n,y) and (x, y) = (x + n, (=1)"y) for all n € Z. Then the
quotient spaces
R? R?
NM=""/~ and MNy=" %

induced by these relations define different bundles over the circle S! with model
fiber R. The first bundle N; is the ordinary cylinder (of infinite height) which we
have already encountered as TS'! [21, Example V.4.4 (1)]. The second bundle N; is
the Mobius strip (of infinite width), also called twisted cylinder [21, Example V.4.4
(3)], [25, Example 10.3], [39, Example 7.3]. Both manifolds are depicted in Figure 1.3.
Observe how on each point x of the circle, depicted in black, there is a line, a vector
space, depicted in a shade blue, passing through that point x perpendicularly to the
circle.

1.3 Cocycles, bundle maps and subbundles

Now that we have built an intuition on what a vector bundle is, let us look at some basic
properties and related objects. For starters, let us establish a fundamental property of
the gauge transformations of a bundle P. They form what is called a cocycle [24, Def.
6.10.], [39, Sect. 27.1] and encode a great deal of information on the bundle. Conversely,
cocycles can be used to construct vector bundles, see the construction theorem [24, Thm.
6.30].
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Definition 1.3.1 (Cocycle). Let G be any Lie group and {U,}qecn an open covering of a
manifold N. A G-cocycle on {Uy }aea is an assignment of a smooth map

Sap: Ua NUg) — G
to each intersecting ordered pair (Un, Up), a, p € A, such that
Sap8py = Say on Uy, NUgNU,. (1.1)
The family {gap} forms a G-cocyle (or simply cocycle) for the covering {Uq }aesn and one

refers to the relation (1.1) as the cocycle condition.

Let us note that if {g,p} is a cocycle for a covering {U, }qes, there are always two
functions assigned to a non-empty intersection U, NUpg (a # ), namely g4p, associated
to the pair (U,, Ug), and gg,, associated to the pair (Ug, U, ). Moreover, the pair (U, Uy )
must also be considered, yielding the map g, for all « € A.

The following lemma [39, Prop. 27.8], which some authors include in the definition
of cocyle (e.g. [24, Def. 6.10] or [45, Sect. 16.1]), states that in a G-cocyle {gap},
we always have the relation g, = gﬁ_;, where the inverse is taken in the group G.

Lemma 1.3.2. Let G be any Lie group and let us denote its neutral element by e € G. If {gap}
is a G-cocycle for a covering {Un}aen, then

Saa =€ onl,
or all « € A. Furthermore, if U, N Uy is non-empty, then
B Pty
Sap8pa =€ oOn Uy N Ug.

The neutral element e in the above equalities is understood the be the constant map
x + e € G on the corresponding domain.

Proof. Let a € A and x € U,. The cocycle condition for & = = y reads

gaa(x)gaa(x) = gaa(x)-
Multiplying both sides by the inverse of gaa(x) € G yields gaa(x) =e.

If U, N Ug is non-empty, the cocycle condition applied to & = y and f gives

SapSpa = Saa =€ on Uy N Usg. 0O
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Proposition 1.3.3. Let P be a bundle with a G-bundle atlas {(Uy, )} . 4 Then the
associated gauge transformations {gap} form a G-cocyle for the covering {Uy}aca, that is,

Sap8py = §ay on Uy NUgNU,.
By the previous lemma, we also have
Qoo =1dr  and Sap8pa = idr
on U, and U, N Ug respectively.
Here, idr: F — F is the identity map on F and the neutral element of the structure

group G C GL(F). In the above proposition, it is understood to be the constant map
x + idr on U, or U, N Up.

Proof. Let a, B,y € A such that U = U, N Ug N U, is not empty. By definition of the
gauge transformations, for all x € U and v € F,

(xrgay(x)v) = ((Pa o @;1)(7(/ v) = [(qoa ° @gl) ° (90[3 o (P;l)](xxv)

= (pa o 95') (%, gpy(x)0)
= (x, gap(x)gpy (¥)0)

which yields .85y = gay- |

Comparably to many mathematical structures, bundles have a special kind of map
which respect their structure. Such a map is called a vector bundle morphism or a vector
bundle map [25, Ch. 10].

Definition 1.3.4 (Vector bundle map). Let P, Q be two vector bundles with projections
nip, mQ, base spaces N', M and model fibers F,V respectively. A map B: P — Q is called a
vector bundle map if there exists a map b: N — M such that the diagram

RN

N —b> M
commutes, i.e. Tg o B =b o mp,and, for all x € N, the restriction to the fiber Fy

Bir,: Fx = Vyy): v > B(v)
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is linear. One says that the map B covers b. Moreover, if N = M, we say that the vector
bundle map B: P — Q is a bundle map over N, provided that the diagram

P B s Q
N

commutes, i.e. B covers the identity map idx of N.

Here again, since we will only work with vector bundles and thus vector bundle maps,
we shall omit the term vector and call these morphisms bundle maps. Note how, in this
particular text, we do not assume that bundle maps are smooth. This is due to the fact
that this work is included in the branch of geometric analysis, with emphasis on analysis.
In the following chapters, we will be working with functions that are not continuous,
such as weakly differentiable functions. To make the distinction between a smooth
and non-smooth bundle map, we will call a smooth bundle map a bundle morphism.

Example 1.3.5. Given a smooth map f: N — M between two smooth manifolds, the
differential of f at x € N is a linear map

Df(x): TeN — TrM.
The differential of f between the tangent bundles

Df:TN - TM,
veTyN— Df(x)[v] € TrmM

is a bundle morphism covering f. The differential Df is sometimes called the tangent
map of f and denoted T f. This notation has the advantage that we can consider T as a
functor between the categories of smooth manifolds (where arrows are smooth maps)
and smooth vector bundles (where arrows are vector bundle morphisms) since

T(fog)=D(fog)

IN —— M ——— TL
lﬂﬂ\/ 7-(T/\/(\L nTL
N > M > L

f\//g'

fog
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commutes,ie. T(fog)=TfoTg,and T (idy) = idrn. A

Example 1.3.6. For A € R, we define the map m,: P — P by fiberwise multiplication
myf,: Fx = Fx: v Av,

where the multiplication is taken with respect to the linear structure of the fiber F,.
Locally, m, is by definition the multiplication by A on the fiber component. Indeed, if
(U, ) is a trivialisation of P, then

(pomyo@t)(x,v) = (x,Av).

The map m, is thus in particular smooth and a diffeomorphism when A # 0. By

definition,
P o s P
N

commutes, i.e. m): P — P is a bundle map over N. In fact, m, is an example of a
vector bundle isomorphism, that is, an invertible bundle morphism, as long as A # 0.
Its inverse is the bundle morphism my/): P — P. A

Much like subsets of manifolds can be manifolds themselves and therefore called
submanifolds, subsets of vector bundles can be vector bundles themselves, in which
case they are called subbundles [39, Def. 20.1].

Definition 1.3.7 (Subbundle). Let P be a vector bundle over N and let Q be a vector bundle
over a submanifold M C N. Then Q is called a subbundle of P if Q C P is a submanifold
of P and the inclusion map i: Q — P defines a bundle morphism covering the injection
j: M — N, that is,

Qc#)p
|
M<T>N

commutes. When M = N, we call Q a full subbundle of P.
Different yet equivalent definitions can be found for example in [24,25]. We chose
to work with the definition of [39] as we find it to be the more elegant one. The

term full subbundle can probably not be found in literature as it is our own designa-
tion.
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We shall come across two important examples in Section 1.4. For now, we only
consider this simple example justifying the terminology introduced in Definition 1.2.11
concerning the bundle Pj;; above an openset U C N.

Example 1.3.8. Let us show that, given an open subset U C N, the set P = 7' (U)
defines a subbundle of P. Since mp is smooth and U open, P|;; is a submanifold of P.
Since P is a vector bundle, one verifies that Py with tp, = (1p)|y defines a vector
bundle by restricting the trivialisations of P to Pji;. Since the fiber of Py at x € U is
the same as the fiber of P at x, the injection map i: Py — P is a bundle morphism.
The bundle P;; above U is thus indeed a subbundle of P. A

1.4 Sections, connections and covariant derivatives

Let us consider a trivial bundle P = R"” x R™ and a function s: R" — P such that
7ip o s = idge. In other words, we assume that s has the form

x € R" 5 s(x) = (x, f(x))

for some function f: R" — R™. We may then observe that s is nothing but the graph
of the function f. If we replace R" with an arbitrary manifold N, this statement is still
true. In particular, if P = TS! = S! X R is the tangent bundle to the circle, the map
s: S > TS'isa tangent vector field on the circle, that is, for a given point of the circle,
it associates one and only one vector tangent to that point.

Moving away from the trivial bundle, the functions s: N'— P with 7tp o s = idx are
still of great interest. To each point x € N of the base space, such a function associates
one and only one element of the fiber F,. Those special functions are called sections
and formalise the notion of vector fields on a manifold (Example 1.4.2), differential
forms (Example 1.4.3) and many more [16,21, 25,30, 38, 39].

Definition 1.4.1 (Section). A local section (or cross section) of a bundle P on U C N isa
function s: U — P such that the diagram

u S

N

N

P

commutes, i.e. T o s(x) = x forall x € U.

As mentioned previously, it is worth noting that in contrast to classical works in
differential geometry, such as [21, 24, 25, 30, 38, 39], we do not ask for smoothness

28



or continuity. Since our goal is to define gauge covariant Sobolev spaces, see for
example [13; 18, Sect. 23.3; 28, Sect. 7.19; 34], restricting ourselves to smooth functions
is a rather bad idea. In fact, Sobolev-type spaces often contain functions that are not
smooth nor continuous.

Here are some classical examples of sections which emerge naturally and almost imme-
diately in differential geometry [21,24,25,30,38,39]. An undergraduate level differen-
tial geometry class or textbook should always mention and study Examples 1.4.2 to 1.4.4
to some extent, even if omitting the notion of vector bundle.

Example 1.4.2 (Tangent vector field). A tangent vector field on U C N is a section
v: U — TN of the tangent bundle TN. At each point x € U, vy = v(x) € TyN is a
vector tangent to N at x. When N C R3, one can easily visualise such a vector field. A

Example 1.4.3 (Differential form). A differential form on a subset U C N is a section
w: U — T*N of the cotangent bundle T*N. At each point x € U, wy = w(x) € TAN
defines a covector at x, i.e. w,: Ty N — Ris alinear form on the tangent space ,N. A

Example 1.4.4 (Differential k-form). A differential k-form (or simply k-form), k > 1,
on U C N isasection w: U — /\k T*N of the bundle /\k T*N. At each point x € U,
wy = w(x) e N T; N defines an exterior k-form

Wy: TINX - XTIN — R A

k times

The example of differential k-forms generalises to vector valued k-forms [39, Sect. 21].

Definition 1.4.5 (Vector valued exterior form). Let V, W be finite dimensional vector
spaces and let k > 1. A W valued exterior k-form on V is a (k-)multilinear map

w: VX xXxV-oW
N— e

k times

such that
w(vy,...,00)=0eW

whenever there exists i, j € {1,...,k} such that i # j and v; = vj. The set of all W valued
exterior k-forms on V. is denoted by N(V*, W).

If m = dimW, a W valued k-form @ can be expressed in any basis (w;)!", of W
as

m

w:Zwiwi: Vx---xV - W
: —
=1

k times
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where, forall1 <i < m, w; € /\k V* is a R valued exterior k-form. Similarly to the bun-
dle /\k T*N of exterior k-forms, one can define the bundle [39, Sect. 21]

/\k(T*N, V)= | /\k(T;N, V)

xeN

for any vector space V.

Example 1.4.6 (Vector valued k-form). A V valued (differential) k-form on U C N,
where V' is a vector space and k > 1, is a section w: U — /\k (T*N, V) of the bundle
N(T*N, V). At each pointx € U, wy = w(x) € N (TN, V) defines a V valued exterior
k-form

Wy: TTNX- - XTIN > V.

k times

If m = dim V and (v;)" ; is a basis of V, then

W = znl W;v; € /\k(T*N, V)
i=1

where, foralll <i <m, w; € /\k T*N is a differential k-form (valued in R). A

One can for example see a matrix valued differential k-form as a matrix whose entries
are all differential k-forms.

Remark 1.4.7. The reader should be aware that non-degenerate continuous sections
do not always exist globally on a manifold. As mentioned in the introduction of this
chapter, the famous Hairy Ball Theorem (Theorem 1.1.2) states that it is impossible to
have a global continuous non-vanishing vector field on the sphere S2. A

Before moving on with our study of sections, we present, without going into details,
a last object that can be viewed as a section. This object is called a bundle metric on a
vector bundle P [39, Sect. 10.4] and generalises the notion of Riemannian metric on a
manifold [23], [39, Ch. 1].

Definition 1.4.8 (Bundle metric). A bundle metric on a vector bundle P is a map E that
assigns to each x € N a scalar product

Ex=E8(x) = ([ ) FxxFr >R
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on the fiber Fy. It is required to be smooth in the sense that, if s1, s: U C N — P are two
smooth sections, then

E(s1,82): U = R,

X = By (s1(x), 52(x)) = (s1(x) | s2(x)),

is smooth.

Example 1.4.9 (Riemannian metric). A Riemannian metric on a manifold N is a map
E that assigns to each x € N a scalar product E, on the tangent space Ty N. In other
words, a Riemannian metric is a bundle metric on the tangent bundle TN. A

With this class of functions, the sections, comes an inconvenience. If we consider
a smooth global section s: R” — P = R" X R™ of a trivial bundle, that is, the
graph of a smooth function f: R" — R, its differential at x € R" is a linear
map

Ds(x): TyR" — Ty P.

We may explicitly compute that

TR" = R" xR",
TP = (R" x R™) x (R" x R™)

and, for (x,v) € T,R" = {x} X R”,

Ds(x)[(x,0)] = (x, f(x), v, Df(x)[v]) € Tyx)P = {s(x)} x (R" x R™).

The first three components on the right-hand side are redundant and lead to an
unwanted explosion of the dimension. In fact, since s is the graph of f, the important
information encoded in the differential Ds is already encoded in the derivative of f,
which is the last component of the right-hand side.

In some sense, we would like to consider the section s: R” — P as a function valued
in R only, that is, to identify it with f: R” — R™. This would enable the use
of the usual derivative in the Euclidean space Df(x): R" — R™ from real analysis.
For a given v € R", we can then look at the graph of x — Df(x)[v] which is the
map

R" - P =R"xR"™,

x = (x,Df (x)[v]),

which we can observe is a section of P. The map

DPs: TR" - P,
(x,9) = (x,Df (x)[v])
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is then a new kind of derivative for the section s. It is a P valued 1-form in the sense
that, for all x € R",

DPs(x) e Lin(T,R", Fy)
where F, = {x} X R" is the fiber of P = R" X R"™ above x. One writes DXs ¢
A (T*R", P).

The operator D” is a differential operator acting on differentiable sections C} (N, P)
of P which is better suited than the usual differential of functions between manifolds.
In some sense, it respects the bundle structure of P. This kind of operator is called
a covariant derivative on P. The archetype of covariant derivatives is the Levi-Civita
covariant derivative which can be associated to any Riemannian manifold in a natural
mannet, see for example [23, Sect. 4.3] or [39, Def. 6.4].

Definition 1.4.10 (Covariant derivative). A covariant derivative on a bundle P is a linear
map DF on the set CL (N, P) of differentiable sections of P such that, for all x € N and

f € CYN,R),
(i) DPs(x): TN — Fy: v DPs(x)[v] is linear,
(ii) DP(fs)(x) = Df (x)s(x) + f(x)DPs(x)

where Df denotes the differential of f.

Our notation for the covariant derivative and the here given definition are slightly differ-
ent but equivalent to the commonly used ones, see for example [18, Ch. 22], [21, Ch. III]
and [38, Sect. 10.5]. We choose to deviate from the conventions for multiple reasons that
will appear throughout the text, but will not be explicitly stated.

Note that if s: U — P is a smooth section and if X: U — TN is a tangent vector field,
then

DPs()[X]: U — P,
x - DPs(x)[Xy] € Fy

is a section of P.

Example 1.4.11 (Levi-Civita). Let N be a manifold endowed with a Riemannian
metric 2 = (- | -). The Levi-Civita covariant derivative (or connection) V=€ is the

unique covariant derivative on T/ such that, for all smooth tangent vector fields X,
Y: N—>TN,

D(E(X,Y))(x) = (VFX(x) | o) + (Xy | VECY(2)), (1.2)

and
[X;Y] = VECY[X] - VECX[Y], (1.3)
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where [-; -] is the Lie bracket of vector fields
[X;Y]x = DY (x)[Xx] - DX(x)[Yx].

The Levi-Civita connection is fundamental in Riemannian geometry and completely
determined by the formula [39, Thm. 6.6]

2(VY(IX]| Z) = D(E(Y, 2))()[X]+ D(E(Z, X)) ()[Y] - D(E(X, Y))(-)[Z]
(X [V;Z]) +(Y | [Z; X]) +(Z | [X; Y])

where X, Y, Z: N — TN are smooth tangent vector fields. A

The Levi-Civita connection is said to be compatible with the metric of N (or the bundle
metric of TN) and torsion-free because it satisfies (1.2) and (1.3) respectively. Note that
the second relation is a kind of commutator, as it interchanges the tangent vector fields
X and Y. This only makes sense because both are sections of the bundle TN. The
torsion-free relation (1.3) is thus impossible to define for a covariant derivative on an
arbitrary bundle P.

Our goal is now to construct covariant derivatives for arbitrary vector bundles. For
this, we first observe that the above map DPs can be written as D”s = K o Ds,
where

K: TP = (R" xR™") X (R" xR") - P =R" x R" (1.4)
is defined by
Kw,x,y,z) = (w,z)
and
TP — X 3 p
7ZTP\L \LT(P

commutes, i.e. K is a bundle map covering the projection 7tp.

Let us recall that for all points x of the base space N, the fiber F, C P is a closed
submanifold of P. In particular, for any point p € F, C P, the tangent space of the
fiber

T,F.={y(0) € T,P|y:[-1,1] = P, y(t) € Fx, y(0) =p }
={v eT,P|Dnp(p)lv] =0}
= ker Drip(p) C T, P
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is a canonical linear subspace of the tangent space T,P of P. When P = N X Fis a
trivial bundle, we can think of vectors of T,F as being vertical to the base space N.
Since a bundle is locally trivial, we can (at least locally) still think of vectors tangent to
a fiber as being vertical to NV [21, Ch. II], [23, Ch. 4].

Definition 1.4.12 (Vertical space). The vertical space at p € Fy C P is defined as

A vector v € VP is called a vertical vector at p € P.

Since Fy is a vector space, it is canonically isomorphic to its tangent space, the vertical
space, at any point.

Proposition 1.4.13. For any p € P with p(p) = x, the linear map
d
Vert,: Fy = V,P: v E(p +t0)i=0 = v € V,P
defines an isomorphism and is called the vertical lift.
Proof. The map Vert,, is injective. Since dim F,, = dim V), P, the conclusion follows. O

Furthermore, the disjoint union of the vertical spaces is also a canonical subbundle of
TP.

Definition 1.4.14 (Vertical bundle). The vertical bundle of P is the full subbundle of TP
whose fiber at p € P is the vertical space V,P. In other words,

vp=| |v,P.
peP

Since we already have a canonical subspace of T, P of dimension dim F and dim P =
dim N + dim F, we would like to construct another subspace H,P C T, P of dimension
dim N with the property

T,P =V,P & H,P.

Forinstance, if P = N'XF is a Cartesian product, then, forallp = (x,v) € P,
T,p =T:Ne®V,P
and we may define

H,P = TN x {0} C TN @ V,P = T,P.
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Note thatwe have H, P = ker K| p with the map K defined similarly to (1.4).

We are naturally led to a central object in bundle theory : a connection [21,23,24, 38,
39,42]. Three different but equivalent [24, Ch. 12; 42, Sect. 3.3] definitions of a linear
connection exist. We choose to work with [42, Def. 3.9] since it is nicely suited for
our work. We remind the reader that we use the term bundle to refer to vector bundles.

Definition 1.4.15 (Linear Connection). A linear connection on a bundle P is a bundle
morphism K: TP — P covering the projection tp: P — N

TP —X 5 p
Tip

T(TP\L
P

K o Vert, = idr

ip N

such that for all p € P

n(p) *

As usually in this text, the term linear will be omitted and thus the term connection
shall be used.

Definition 1.4.16 (Horizontal space). Let K: TP — P be a connection. The horizontal
space H,P at p € F, is defined as the kernel of the restriction

K|Tppl TPP — Fx
of the connection K to the fiber T,P,
HpP = ker K|TpP C TpP

A vector v € HyP is called a horizontal vector at p € P.

Proposition 1.4.17. Let K: TP — P bea connection. Then, forallp € P,dim H,P = dim N
and
T,P = V,P & H,P.

Proof. Label x = rtp(p). Since K o Vert, = idr,,
K|T,,P: TPP — Fx
is surjective and

V,P N H,P = {0}. (1.5)
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By the rank-nullity theorem, we have

dimTpP =dimF +dim N =dimF, + diranP
i.e. dim H,P = dim N. Since dim V,,P = dim F, the conclusion follows with (1.5). O
The name horizontal space is not only complementary to the vertical space, but also
quite intuitive. Indeed, when P = N X F is a trivial bundle, we have, for all p €

FXI
T,P =T N o V,P
and a natural connection is given by kerKiz,p = TN X {0}. In other words, the

horizontal space consists of the vectors that are horizontal to N.

Definition 1.4.18 (Horizontal bundle). Let K: TP — P be a connection. The horizontal
bundle HP is defined as the full subbundle of T P whose fiber at p € P is the horizontal space
HyP. In other words,

HP =| |H,P.

Proposition 1.4.19. Let K: P — TP be a connection. Then the linear map Dx defined for all
differentiable sections s € Cp, (N, P) by

Dgs = Ko Ds

is a covariant derivative on P.

Proof. We have to verify that Dk satisfies Definition 1.4.10. Let x € N, ¢ € R and v,
w € TyN. Then

Dgs(x)[cv + w] = K(Ds(x)[cv + w]) = K(cDs(x)[v] + Ds(x)[w])
= cK(Ds(x)[v]) + K(Ds(x)[w]) = cDks(x)[v] + Dgs(x)[w],
that is, Dgs(x): TyN — F, is linear.

LetfeC (N, R). Then, by the Leibniz rule for the differential of fs, we have, for all
vel N

Dk (fs)(x)[v] = K(D(fs)(x)[v]) = K(Df (x)[v]s(x) + f(x)Ds(x)[0])
= K(Df(x)[v]s(x)) + K(f(x)Ds(x)[v])

and since f(x) and Df(x) are scalars, the linearity of K yields

Dk (fs)(x)[v] = Df (x)[v]K(s(x)) + f(x)K(Ds(x)[v]) = Df(x)[v]s(x) + f(x)Ds(x)[v]
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where the last equality follows from the definition of Dx and K o Vert, = idF,. m|

In the following paragraph, we use the Einstein summation convention, that is, we sum
over the variables that appear as sub- and superscript. For example, if x = (x1, ..., xy),

y=1,...,yn) € R", then

n

(xly)= ) xiyi=x'y:

i=1

Let N be a Riemannian manifold endowed with the Levi-Civita covariant derivative
VL=C. Let (U, ¢) be a chart of N and denote by

Ji(x) =D(¢p H(x)[ei], 1<i<n

the standard basis of Ty N associated to the chart (U, ¢), (e;)1<i<n being the standard
basis of R". One defines the Christoffel symbols (ri.(]-)lgj’]',kgn by [24, Sect. 4.3], [39, Sect.

13.3]
VE€0;(x)[9i(x)] = T (x)9e(x).

The Christoffel symbols are such that, if s = s/d;: U — TN is a smooth tangent vector
field on N and v = v'9;(x) € TN is a tangent vector, then

VECs(x)[0] = VEC(s79))(x) [0'9i(x)] = o' (Ds/ (x)[9i(x)] 9;(x) + sj(x)l"i.‘].c?k(x)) (1.6)

and therefore completely determine the Levi-Civita covariant derivative above the
chart (U, ¢).

To establish the general local expression of a connection, we consider the following defi-
nition [39, Sect. 7.6] generalising the idea of the above vector fields

di:uU—>TN, 1<i<n

which, at each point x € U, form a basis of Ty N, the fiber of the tangent bundle TN
above x.

Definition 1.4.20 (Local frame). A (local) frame of P on an open subset U C N is an
ordered collection (e, ..., en) of smooth sections e;: U — P such that, for all x € U, the
collection (e1(x), ..., em(x)) forms a basis of the fiber Fy.

Lemma 1.4.21. An open subset U C N is a local trivialisation (U, ¢) of P if and only if it
admits a local frame.
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Proof. Assume (U, ) is a local trivialisation of P. Let (fi, ..., fn) be a basis of F and
define the smooth sections

ei:U—>P:x— ek, fi), 1<i<m.
Since ¢(x,-): F — F, is a linear isomorphism for all x € U,
(e1(x), ..., em(x))
defines a basis of F, and the ordered collection (¢;)1<i<y is a frame on U.
Conversely, let (e;)1<i<m be a local frame on U and (f;)1<i<m a basis of F. Let us define
p:UXF — nljl(U)

which maps

(x,v) = (x,z vifi

i=1

elUUXF

to the element

p(x,v) = Z viei(x) € Fy.

i=1

By definition, ¢ restricts to a linear isomorphism from {x} X F to F,. Its inverse is

given by
¢ (p) = (ﬂp(r)), > Pz’fi)
i=1

where p = )71, piei(x) € Fy. Since the sections e; and the projection 7p are smooth, ¢
is a diffeomorphism and (U, ¢ 1) a local trivialisation of P. O

We are now able to express any covariant derivative locally [21, Ch. III, Sect. 7], [24, Prop.
12.6]. In physical models involving covariant derivatives, such as quantum physics with
electromagnetism, Yang-Mills theories [2,18, 20, 36, 44, 45] or general relativity [16, 30]
and related subjects [3,4,13,16,23,33,37,38], one usually uses the local expression
of the covariant derivative as it enables one to do more advanced computations.

Proposition 1.4.22. Let (U, @) be a local trivialisation of a vector bundle P endowed with a
connection K: TP — P. Then there exists a Lin(F, F) valued 1-form A,
1
A(x) € A (TN, Lin(F, F)),

on U such that if s: U — P is a differentiable section with ¢ o s(x) = (x, 3(x)), we have, for
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allv € TN,
@ o Dgs(x)[v] = (x, D5(x)[v] + A(x)[v]s(x)). (1.7)

Proof. Let (fj)1<j<m be abasis of F and consider the frame (¢;)1<j<n associated to (U, ¢)
and (fj)1<j<m through Lemma 1.4.21, that is, for x € U,

ej(x) =D(@ ) WIfi], 1<j<m.

Lets = Z}”:l sjej: U — P be a smooth section and let v € T, N. Then, linearity and the
Leibniz rule for covariant derivatives, see Definition 1.4.10, yield

Dis(x)[ ZDK(s]e])(x) | = X (Dsj)[olej(x) + 5;(x)Dxe@)0]). (1.8)

j=1 j=1

We define the for 1 < j, k < m the 1-forms Ajx on U by

Diej(x)[0] = ) Ap(x)[v]ex(x)
k=1

which are essentially the analogue of the Christoffel symbols. By (1.8), we have
(pr2 o )(Dks(x)[v])

:i@ﬂmfﬁﬁmz¢m)ﬂ)nm>+§hmAmH(w>

j=1

where pry: U X F — U is the projection on the second component and
=z 1
A] = ZA]kfk € /\ (T*N, P)
k=1

is a F valued 1-form on U. Finally, we define the Lin(F, F) valued 1-form A on U by
setting

A(x)[v] € Lin(F, F),

w > A(x)[v ZA (0)[o]w;(x)

j=1

forallx e U,v € TN and w = Z}"zl w;fr € F. By (1.9), we have

(pr2 o @)(Dks(x)[v]) = D3(x)[v] + A(x)[0]5(x)
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which is equivalent to (1.7) and therefore yields the conclusion. |

In other words, we have shown that a covariant derivative Dk is completely deter-
mined by Dx = D + A in the trivialisation (U, ¢). This A is a Lin(F, F) valued
1-form,

A: U — /\s(T”ﬁJ,[in(F,IU),

and called the connection 1-form associated to Dk on the trivialisation (U, ¢). We
shall from now on always assume to have a connection K: TP — P on our bun-
dle.

We have previously mentioned that a connection K: TP — P separates the tangent
bundle TP into the vertical and horizontal subbundles, T,P = H,P & V,P. Since we
have a vertical lift Vert,: Fy,(,) — V,P and dimH,P = dim N, it is natural to ask
if one can define a horizontal lift. To do this, we begin by considering a notion of
parallelism [21,24,25,39].

Definition 1.4.23 (Parallel section). A smooth path t: I = [0,1] — P is said to be a parallel
section along a smooth path y: [0,1] — N if

I ‘ s P
N
N

commutes, i.e. tp o T =y, and, forall t € [0,1],

Dgz(t) = 0.

Lemma 1.4.24. Let y: [0, 1] — N be a smooth path and consider p € F,, ). Then there exists
a unique parallel section 15: [0,1] — P along y such that T;(O) =p.

Proof. We first assume that there exists a local trivialisation (U, ¢) of P such that
y([0,1]) c U. A parallel section 7 along y must satisfy Dx(t) [y'(t)] = 0 which one

can express in (U, ¢) by 7'(t) + A(y(t)) [y’(t)] 7(t) = 0, T being the local expression of
7. Since we have the condition ’55 ©0)=p, %5 must satisfy the initial value problem

(%5)’(1‘) = -A(y(t)) [y'(t)]%g fort € [0,1],
7(0) = ¢(p).
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The general theory of linear differential equations asserts [22, Thm. 2.1.1] that there
exists a unique solution ’f; : [0,1] — F to this problem, and we conclude by setting

(1) = o7 (y(1), ).

When there is no local trivialisation (U, ¢) with y ([0, 1]) € U, we may assume by com-
pactness of ([0, 1]) that there exists a finite covering of trivialisations {(Ui, (,0,')}1 ci<k
and a partition 0 = t; <t < ...tx = 1 such that y(t) € U;, t € [t;, tis1] and U; N Ui
is non-empty for all 1 < i < k — 1. By the first part of the proof, we find a solution
71 to the problem restricted to y|jo,] with the initial value 71(0) = p. By induc-
tion, we find a solution 7; of the problem restricted to yj;, , ;] with the initial value

7i(t;) = Ti-1(ti), 2 < i < k. The conclusion follows by considering the map ng defined
by the concatenation of all the 7;. O

Definition 1.4.25 (Horizontal lift). Let y: [0, 1] — N be a smooth path and let p € F,, ).
The parallel section T;j : [0, 1] — P along y is called the horizontal lift of y to p € F,,(g).

The horizontal lift gives a natural way to identify different fibers, which justifies why
connections are called connections: they connect the different fibers.

Definition 1.4.26 (Parallel transport). Let y: [0,1] — N be a smooth path. The parallel
transport Pt, along y is the operator defined by

Pt,: P — C'([0,1],P),

p

p T,

Forall t € [0, 1], it defines a natural isomorphism

Pt)(t): Fyo) = Fyq),
p = Pt,(t)p = T;j(t).

The parallel transport Pt, along a closed loop y, y(0) = y(1) = x is however in general
not the identity. The isomorphism between fibers is in fact in general highly dependent
on the chose path y. This phenomenon is due to the curvature of the connection [39, Sect.
11.1]. This notion of curvature is a generalisation of the curvature of a Riemannian
manifold. The fact the the parallel transport is not trivial along a loop is for example
visible on the sphere, see Figure 1.4.

Definition 1.4.27 (Curvature). The curvature of the connection K is the 2-form defined for
two smooth vector fields X, Y : N — TN and a smooth section s: N — p by

KX, Y]s(x) = DK(DKS(X)[Yx])[Xx] - DK(DKS(X)[Xx])[Yx] - DKS(x)[[Xx}Yx]]-
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Figure 1.4: Parallel transport of a tangent vector field along a triangle on the sphere
(from Wikipedia : parallel transport)

The curvature is by definition a kind of commutator as it interchanges the vector fields
X and Y. It measures the difference between the parallel transport Ptxy in the direction
X, followed by the direction Yy and the parallel transport Ptyx in the direction Y,
followed by the direction X,. As for the covariant derivative, it can be locally expressed
in terms of the connection 1-form A.

Proof. Let (U, @) be a local trivialisation such that the connection K: TP — P is
determined by Dx = D + A. Then Kk is locally expressed by

Ka(x)[X,Y] = (dA + A A A)X)[X, Y]
where
dA(X)[X, Y] = DA(X)[Xx, Ya] = DA(X)[Ys, Xc] — A(x) [DY (0)[ X ]] + A(x) [ DX (x)[ Yx]]
is the exterior derivative of A and
(ANA)X)X, Y] = AX)[Xe]JA(x)[Ya] = AQ)[Ya]A(X)[ X ]

is the wedge product. O

Proof. Since locally Dx = D + A, we have locally, omitting the evaluation point x,

Dk (Dks[Y])[X] = (D + A)(D3[Y] + A[Y][X]3)
= D*3[X, Y] + D§[DY[X]] + DA[X, Y]5 — A[X]A[Y]S.

Doing the same computation for the term Dg (Dgs[X])[Y] and subtracting, we obtain
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locally

Dx (Dks[Y])[X] - Dk (Dxs[X])[Y]
= DA[X, ]S—DA[Y X]5 +A[X ]A[Y]

+

Q

’E‘mz
5‘D>
=3
=
Sl
— W

DX[Y]]. (1.10)
Similarly, we compute locally

Dks[[X; Y]] = D§[DY[X]] - D§[DX[Y]] + A[DY[X]]5 — A[DX[Y]]5. (1.11)
Subtracting (1.11) from (1.10), we obtain

Ka[X,Y]§ = dA[X, Y]E + (A A A)[X, Y]5. 0

We conclude this chapter by a characterisation of metric connections. For this, we assume
thatourbundle P is endowed with abundle metric [39, Sect. 10.5].

Definition 1.4.28 (Metric connection). Let P be endowed with a bundle metricZ = (- | -). A
connection K: TP — P is said to be compatible with the metric E (or 2 metric connection)
if, for all smooth sections s, t: N — P,

DE(s(), t())(x) = (Dks(x) | #(x)), + (s(x) | Dxt(x))..
Werecall that we assume F to be endowed witha scalar product (- | -).

Lemma 1.4.29 (Isometric trivialisation). Let P be a bundle endowed with a bundle metric
E = (- | -). Then there exists a bundle atlas {(Ua, goa)}ae g for P such that ¢, is a fiberwise
linear isometry for all « € A. In other words, for all « € A and x € U,,

Payp, : Fy —» {x} XF

satisfies
plg)x=@lw)
where @ (p) = (x,v) and @,(q) = (x, w). In particular, P has structure group G C O(F).

Proof. Let U be a local trivialisation of P. In vertue of Lemma 1.4.21, there exists a
frame (e;)1<i<m of P on U. Applying the Gram-Schmidt process, we may assume that
(ei)1<i<m is a orthonormal frame, that is, for all x € U,

(ei(x) | ej(x)), =65, 1<i,j<m.
Let (fi)1<i<m be an orthonormal basis of F. We define the smooth map

Y: UXF — Py
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by mapping (x, f;) to e;(x) for all 1 < i < m and extending on each fiber by linearity.
In other words, for all (x,v) € U X F,

Y(x,0) :ilvZ i(x), v:iviﬁ.

The local trivialisation (U, ¢) where ¢ = 1~! is an isometric trivialisation of P above U.
Repeating this construction for a bundle atlas of P yields a bundle atlas {(Ua, (P“)}ae a
of isometric trivialisations. Since every trivialisation is isometric, the gauge transfor-
mations {gag} C GL(F) all preserve the scalar product of F, i.e. {gap} C O(F). O

Since the connection 1-form A associated to a connection K depends on the trivialisation
(U, @), itis natural to ask what happens if the connection is metric and the trivialisation
@ isometric.

Proposition 1.4.30. Let P be a bundle endowed with a bundle metric E = (- | -) and a metric
connection K: TP — P. Let (U, @) be an isometric trivialisation. Then, the connection 1-form
A is valued in o(F), the Lie algebra of O(F). In other words, A is a o(F) valued 1-form.

Proof. Let s: U — P be a smooth section and let v € Ty N, x € U. By definition of
metric connection, we have

DE(s, s)(x)[v] = 2(Dk(x)[0] | 5(x)). . (1.12)

Let us write ¢ o s(x) = (x, f(x)). Since (U, ¢) is an isometric trivialisation, we deduce
from (1.12) that

DIfP(x)[v] = 2(Df (x)[v] | f(x)) +2(A)[]f(x) | f(x)) (1.13)
but by classical differentiation, we have
DIf[*(x)[v] = 2(Df (0)[o] | f(x)) (1.14)

and subtracting (1.14) from (1.13), we obtain
(A@)[0]f(x) | f(x)) =
Since f(x) € F is arbitrary, we deduce that
(A()[v]w | w) =0

for all w € F which is equivalent to A(x)[v] € o(F). We conclude that A is a o(F) valued
1-form,

Ax) e N\ (TN, o(F)). 0
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Chapter 2

Bundle valued functional analysis

We introduce in this chapter spaces of sections which generalise well-know spaces
from analysis. Precisely, we define in Section 2.1 the bundle valued Lebesgue space L},
and we briefly present at the beginning of Section 2.2 the bundle valued Sobolev space

W; l’f, generalising the Lebesgue and Sobolev spaces respectively.

These two spaces set the foundations for our main interest in this thesis : the gauge

covariant Sobolev space Wj"p. Section 2.2 is mainly dedicated to the gauge covariant
Sobolev spaces and some properties of theirs. We then present in Section 2.3 the
parallel transport operator which allows to identify different fibers and give geometric
meaning to addition between two different fibers.

The connection to Chapter 1 is made by considering that N is a manifold of dimension
n > 1 and that P is a bundle with projection mp, base space N and model fiber
F. We furthermore assume that P is endowed with a bundle metric in the sense of
Definition 1.4.8 and that F is endowed with a Euclidean scalar product denoted by (- | ).
We denote by | - | the induced norm on F. Since P is endowed with a bundle metric, we
may assume that its structure group is O(F). We consider a connected and isometric
local trivialisation (Q2, w) of P, that is, O C N is connected and w: P|g — Q X Fis an
isometry with respect to the bundle metric of P and the norm of F. We may assume
that Q is a subset of R" by using charts for N. Any additional assumptions will be
explicitly stated.

It is important to note that we consider this isometric local trivialisation (Q, w) as fixed.
Therefore, we should verify that our definitions and results that follow do not depend
on the chosen trivialisation w: P — Q X F. In other words, the analysis we are
conducting should remain the same under the transformation

v ¢uv, veEF

for any gauge transformation ¢: QO — O(F). This property is called the gauge in-
variance and can be physically interpreted as the invariance under a change of co-
ordinates. The parts that do and do not depend on @ will be made as explicit as
possible.
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Being familiar with the usual vector valued Lebesgue and Sobolev spaces is strongly
recommended. We refer the interested reader to the corresponding chapter(s) in the
books [1,6,26,28,43] which contain all the necessary information.

2.1 Bundle valued Lebesgue spaces

The key idea for our work is that a section s: ) — P is locally expressed by a vector
valued function f: Q — F. If a notion for vector valued functions is independent
of the trivialisation w, we may transfer it to sections. The following lemma makes
this idea rigorous by giving a natural identification between the set of sections and
the set of maps to the model fiber above a fixed isometric local trivialisation (Q, w).

Lemma 2.1.1. Let (QQ, w) be a isometric local trivialisation of P. Then there exists a natural
linear isomorphism

Locy: {s:Q—=P:mpos=ida}—=>{f: Q—>F}
which preserves the pointwise norm.

Proof. Given a sections: (O — P,

(@ os)(x) = (x, f(x))

for some function f: QO — F. Since w is a diffeomorphism, the set of sections s: (3 — P
is in one-to-one correspondence with the set of functions f: () — F.

Since w is an isometry and, by definition, restricts to a linear isomorphism on each
fiber, the conclusion follows by setting

Loc,(s) =praowos =f,
pra: QX F — F being the projection to the second component of Q X F. O

Notation 2.1.2. If p: QO — O(F) is the gauge transformation from a trivialisation (Q2, w)
to a trivialisation (€2, @), we write @ = ¢ where ¢ acts on the second component of
w, i.e. for p € Pig with w(p) = (x,0)

w(p) = pw(p) = (x, p(x)0). A

It follows from the proof of Lemma 2.1.1 that for a gauge transformation ¢: QO — O(F)
from (Q, w) to (QQ, @), we have

Locyw = ¢ Locy
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which makes Loc,, called the localising map associated to w, gauge invariant. For
simplicity, we write Loc = Loc, as well as f = Loc(s) and say that f localises s in (Q, w).
In particular, we can define objects on P by localising the sections. For example, a
section s will be called measurable if Loc(s) is measurable — this notion being gauge
invariant. This way of localising definitions is nothing new, as it is for example done in
the definition of continuity of sections and, more generally, maps between manifolds.

Definition 2.1.3 (Lﬁp). Let p € [1,4+00). We define the P valued Lebesgue space LﬁP(Q, P)
as the set of all measurable sections s: () — P such that, if f = Loc(s),

/Q |fIP dx < +oo, 2.1)

where two sections s, s are identified if s = s almost everywhere in Q).

Similarly to an element of L7 (Q2, F) whichis a class of functions equal almost everywhere
rather than a single function, an element of Lﬁp (Q, P) is a class of sections equal almost
everywhere rather than a single section. Nevertheless, such a class will be referred
to as a function or section accordingly. Since (2.1) has the localised map f inside a
norm and gauge transformations are isometries, Definition 2.1.3 is gauge invariant.
The inequality

la+b|P <27 Y(|al? + |b]P)

ensures that the vector bundle valued Lebesgue space is a vector space. We endow it
with the norm

1/p
sl o) = ( [ ILocts)r dx)
P Q

which is also gauge invariant.

Remark 2.1.4. We choose to denote the bundle valued Lebesgue space by Lﬂp(Q, P)
rather than L?(Q), P) for two reasons. The first one being that we do not consider all
functions O — P but only those which are sections, i.e. their composition with the
projection 7tp is the identity. The second reason is that the notation L? (€2, P) could
be misunderstood as the Lebesgue space of maps valued in the manifold P. This
framework extends to Sobolev maps into manifolds which is a currently trending field of
research in geometric analysis and partial differential equations (see for example [7]
for the particular case of the circle or [11,41] for a general overview of the field). A

These bundle valued spaces are not the usual vector valued Lebesgue spaces. However,
the definition is very similar to that of the usual vector valued Lebesgue space L7 (€, F)
(see for example [43, Def. 4.2.1]) and entails a priori nothing new. In fact, the
localising map Loc restricts to a linear isometry between the two spaces L, ,(Q, P)and
LP(Q, F). This allows us to recover many properties of the vector valued Lebesgue
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spaces such as completeness or Holder’s inequality, see the corresponding chapter(s)
in[1,6,26,28,43].

Lemma 2.1.5. The localising map Loc restricts to a linear isometry, again denoted Loc,
Loc: ¥ (Q,P) — LP(Q, F)
between the bundle valued and vector valued Lebesgue spaces.

The proof essentially follows from inspection of definitions. Since the localising map
is gauge invariant, so is the above isometry, which will also be called the localising
map.

Notation 2.1.6. When no confusion is possible and with f = Loc(s), we shall write

Islly = lIslizz ,p) = Il = I lp- A

The key difference between the two spaces is that “ f(x) + f(y)” is always well-defined
if f € LP(Q), F),butifs € Lﬁp (Q, P), “s(x)£s(y)” is well-defined if and only if x = y, i.e.
s(x) and s(y) lie in the same fiber F, = F,. This restriction is reflected by the localised
map f = Loc(s) since the quantity f(x)+ f(y) for x # y is in general not gauge invariant.
It thus depends on the trivialisation @ and has no real geometric meaning. However,
this quantity still carries topological information such as the continuity of the section s
which, in contrast to the quantity itself, is gauge invariant. In order to add or subtract
elements of different fibers without losing gauge invariance, that is, geometry, we shall,
in Section 2.2, endow P with a connection K: TP — P. This connection then gives rise
to parallel transport and connects the different fibers, allowing a gauge invariant notion
of addition and subtraction between fibers, see Section 2.3.

As a consequence, properties such as the continuity of translations in L?, see for
example [6, Lemma 4.3] or [43, Lemma 4.3.8], are not recovered with Lemma 2.1.5.
The following definition is, for the same reason, different from the usual definition in
the vector valued case.

Definition 2.1.7 (Lfz 1o Letp €1, +00). We define the set of locally p-integrable sections

of P, denoted L” 10c(€, P), as the set of measurable sections s: Q0 — P such that for any
Ttp,10C
compact set X. C € one has

/|f|” dx < +oo
z

with f = Loc(s). As in Definition 2.1.3, we identify sections that are equal almost everywhere.
In a similar manner to L? ,, we note that the above defines a vector space and is again

gauge invariant. Correspondingly to Lemma 2.1.5, we have the below result which
also follows from inspection of definitions.
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Lemma 2.1.8. For a measurable section s: {3 — P and f = Loc(s) we have

self
mip,loc

(QP)(:}feL (Q,F).

In other words, the localising map Loc from Lemma 2.1.1 restricts to a linear isomor-
phism from LZP 1oc (€2, P) to LfOC(Q, F).

2.2 Gauge covariant Sobolev spaces

In order to define Sobolev type spaces, we need a notion of weak derivation. For a
smooth sections: () — P, we know thatits differential, the tangentmap Ds = T's of s, is
valued in the tangent bundle TP of P. We could proceed and define weak differentiable
sections with the usual differential of maps between manifolds. This definition of
weak derivative would come close to that used in the scope of Sobolev maps valued in
a manifold [7,11,41]. In that framework, one considers that the Riemannian manifold
M is always isometrically embedded in some Euclidean space R" with v € N large
enough. This may always be assumed by Nash’s embedding theorem, see [31, 32].
The M c R” valued Sobolev space of order k, denoted WEP(Q, M), is then defined
as the set of all functions u € W¥?(Q, R") such that u(x) € M for almost all x € Q.
In particular, the weak derivative between manifolds is the usual weak derivative.
With this definition, one completely avoids the tangent bundle of M, a relatively
complicated object. With a similar idea in mind, we will use the local expression of the
covariant derivative established in Proposition 1.4.22 and avoid the tangent bundle of
p.

Let us recall the definition of the Hilbert-Schmidt norm (also called Frobenius norm) [1,
Def. 6.57; 6, Prob. 40].

Definition 2.2.1 (Hilbert-Schmidt norm). Let X, Y be two finite dimensional Hilbert spaces
and denote by | - |y and (- | -)y the norm and scalar product of Y. Let {x;}_, and {yj};”zl be

orthonormal bases of X and Y respectively. Then, the norm

|- lls: Lin(X,Y) — R,

" 1/2 - 1/2
L I[Lllges = (Z|L<xi)|§) = ZZ i | L(x) )
i=1 j=1

on Lin(X, Y) is called the Hilbert-Schmidt norm.
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Remark 2.2.2. The Hilbert-Schmidt norm is induced by the scalar product

n n

(L1 | Lo)ys = Z((M(X ) | La(x))y = (i | Li(x1)) (i | La(xy)). A

i=1 i=1 j=1

The definition of the Hilbert-Schmidt norm is independent of the choice of basis and
generalises to separable Hilbert spaces (of infinite dimension). For the particular case
of this thesis, we need a norm on the space Lin(R", F) where the weak derivative lives.
This space is of finite dimension, which implies that all norms are equivalent and the
particular choice of the Hilbert-Schmidt norm is not important. For simplicity and
since no confusion is possible, we will write

IL| = lILll#s
for L € Lin(R", F).

We recall the definition of the weak derivative for vector valued mappings. Its main
properties can be found in the references [1, 6, 26,28,43] and will be assumed to be
known.

Definition 2.2.3 (Weak derivative). A function f € Llloc(Q' F) is weakly differentiable

if there exists a function g € Llloc(Q, Lin(R", F)) such that for any smooth and compactly
supported vector field ¢ € C°(€2, R") we have

/Qg[(p]dxz—/gfdiV(pdx.

If such a function g exists, we call it the weak derivative of f and write Vf = g.

When ¢(x) = A(x)e; with A € C°(Q), R) and e; € R” the ith vector of the usual basis of
R”, the definition becomes

/QVf[ei]/\dx:—/Qf8i/\dx.

One says that V f[e;] is the ith partial derivative of f and one writes d; f = V f[e;], which
gives the relation between our definition and the more commonly found in classical
works, e.g. [43, Def. 6.1.2]. Since we have endowed Lin(R", F) with the Hilbert-Schmidt
norm, we have

Vi = Y IVF@led = > |aif (ol

We also recall the definition of the first order vector valued Sobolev spaces. We again
assume that its main properties, see [1,6,26,28,43], are known. For simplicity, we write
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Vf € L? rather than Vf € L7 (Q, Lin(R", F)). There is no confusion possible since the
codomain of Vf is determined by that of f € LP(Q, F). A similar notation is used for
LP

loc®

Definition 2.2.4 (W!? and Wlicp ). Let p € [1, +00). The first order vector valued Sobolev
space is defined by

WYP(Q,F)={ f € LP(Q,F) | Vf existsand Vf € LP }
and the local vector valued Sobolev space is defined by

WP (Q,F)={feLl (QF)|Vfexistsand Vf e L _}.

loc

Let us think of f as the localised map of a smooth sections: O — P, i.e. f = Loc(s) is
smooth. Then V{ localises Ds, the differential of s, which lives in the tangent bundle
TP. The gauge transformations are thus the differentials of the change of charts of P,
see Example 1.2.6. Since those are smooth, the weak derivation of composition rule
entails that the following definition is well-defined.

Definition 2.2.5 (Wl’l1 ). We define the set Wl’l1 (Q, P) as the set of all sections s: Q2 — P
Ttp,loc Ttp,loC

such that Loc(s) € Wli’cl(Q, F). As usually, two sections are identified if they are equal almost
everywhere.

While this definition makes sense, it does not define a notion of weak derivative Vs
for sections s € L . One could define it by lifting the weak derivative of f = Loc(s) by
the differential of a chart, see [10, Sect. 4.3] for a similar approach. The weak partial
derivatives of s would define sections of TP, an object we wish to avoid. Projecting them
onto P via a connection K: TP — P solves this problem and defines a weak covariant
derivative. By Proposition 1.4.22, we know that for any smooth section s: 3 — P
localised by f = Loc(s), we have

Loc(DXs) = (D + A)f = Daf,

where A: Q — Lin(R", o(F)) is the connection 1-form. Strictly speaking, DXs is
not a section of P, but a bundle map (see Definition 1.3.4) from the tangent bundle
TO=QOxR"of QtoP:

DXs: TQ — P,
(x,0) — D¥s(x)[v],
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and

TQ Ds v p
Q

commutes. When expressed locally, it becomes
Loc(DXs) =Daf = (D+A)f =Df +A- f: QX R" > F,
(x,0) = Daf(x)[v] = Df (x)[v] + A(x)[v]f (x)

where we introduced the following notation.

Notation 2.2.6. Let A: QO — Lin(R"”, o(F)) and f: QO — F. We denote by A - f the map

A-f:Q — Lin(R", F),
x = A(x)[]f (%),

where, for all x € Q and v € R"” we have

(A ))[v] = A@)[v]f (x).

We also write, for ¢: QO — R”",

(A-Plel = Alplf: Q- F,
x 5 A [@()] f(2). A

Definition 2.2.7 (Weak Covariant Derivative). Let K: TP — P be a connection expressed
in Qby A e LY (Q,Lin(R",o(F))). The weak covariant derivative of a section s €

Wﬁ)’cl (Q, P) localised by f = Loc(s) is the section Vs € LllOC localised by
Loc(Vks) =Vaf =(V+A)f =Vf+A-fell (QLin{R"F)).

loc

Note that with the Hilbert-Schmidt norm, we have

n n

Vaf@ = Y IVf@)led + A@)elf )] = Y [aif () + Al f(x)]

i=1 i=1

where x € Q and ¢; denotes the ith vector of the usual basis of R"”. As an element
of a Lebesgue space, Vks is not a section but rather a class of sections equal almost
everywhere. In general, we will not bother talking about the connection K itself,
but only the connection 1-form A. We shall thus not talk about Vs, but only its
localised form V4 f which is a gauge invariant notion by the following proposition.
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Lemma 2.28. If A € L (Q,Lin(R",o(F))) is the connection 1-form of a connection
K: TP — P in a trivialisation (Q, w), then the connection 1-form A’ in the local trivialisation
(Q, pw) for a gauge transformation ¢: QO — O(F) is expressed as

A= (qu ol ¢V(¢-1)) € L°.(Q, Lin(R", o(F))).

In particular, if s € Wil’jlloc(Q,P) is localised by f = Locy(s) and § = ¢f = Locyw(s) in
(Q, w) and (Q, P w) respectively, we have

OIVaf1 = 6[(V+ A)f] = (V+0A- 67 +6V(9™)) g = Vag

as well as
Vafl =IVagl

An important consequence is that the quantity

/ LfIF +|Vaf|P dx
Q

is gauge invariant. This is the analogue of the Sobolev norm

1 Wrsiar = [ VP +IVFP dx

and will be the norm on the gauge covariant Sobolev space.

Proof of Lemma 2.2.8. We compute

Vald ') = V(@ g+ ¢V + A (0719 = 07 (V4 9A- 9T + oY) g
which yields the conclusion. m|
When A = 0, i.e. the connection is trivial, we recover the usual weak derivative as
shown by Proposition 2.2.10, which can be understood as a gauge covariant integration

by parts formula. To state this proposition, we introduce the gauge covariant divergence
operator which is a generalisation of the divergence operator div.

Definition 2.2.9 (Gauge covariant divergence). Let A: Q — Lin(R", o(F)). We define
the gauge covariant divergence of ¢ € C;°(Q, R") as the map

diva @ =divp — Alp]: Q — Lin(F, F),
x = divg p(x)
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where, for all x € Q,

diva @(x): F — F,
v > diva p(x)[v] = div(p(x))o — A(x)[p(x)]o.

In particular, when f: () — F, we define

diva @[f]: Q = F,
x - diva p(x)[f(x)].

Proposition 2.2.10. Let s € Wil’jlloc(Q, P)and A € Lf(‘)’c(Q, Lin(R", o(F))). For any smooth
and compactly supported vector field ¢ € C(QQ, R"), we have

/ Vafle]l dx = —/ diva @[ f] dx
Q Q
where f = Loc(s). Conversely, if ¢ € L, (€, Lin(R", F)) satisfies

/Qg[@]dx:—/gdiVAQO[f]dx

forall p € C°(QQ,R"), then g = Vaf.

Proof. By definition of the weak and weak covariant derivatives, we have

Vafleldx = | Vflp]dx+ [ Alp]f dx
:—/QfdiV(pdx—/Q—A[go]fdx:—/QdivA(p[f]dx

which is the first part.

Now assume that g € L (Q, Lin(R", F)) satisfies
/ gle]l dx = —/ diva @[ f] dx
Q Q
for all p € C°(Q, R"). Then we have

[ rdivedr=- [ glpl-Alplfdr=- [ (- 4-Dlpldx,
Q Q Q

thatis, g —A-f =Vf and thus g = Vaf. O
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We are now able to define the spaces of interest in this thesis: the gauge covariant
Sobolev spaces. These spaces appear naturally in various fields of physics. They
appear for example when n = 3 and p = 2 in electromagnetism and quantum physics
in the presence of a magnetic field M. In this setting, the gauge covariant Sobolev
space is referred to as a magnetic Sobolev space. Such a magnetic field M is divergence-
free, i.e. divM = 0, and can therefore be described by the curl of a vector potential
(sometimes called a gauge field) B: R> — R3, thatis, M = V x B [3,18,30, 38,44, 45].
The curl of B is, in the language of differential geometry, the exterior derivative dB
of B seen as a vector valued 1-form. The magnetic field M = V X B = dB (more
precisely, the invariant quantity idB) is thus, in terms of geometry, the curvature of a
connection on a bundle with an abelian structure group (see for example [38, Ch. 11]).
In general in this magnetic setting, one considers a U(1)-bundle, that is, a bundle P
over an open set Q C R” with model fiber C = R? and structure group U(1) = SO(2).
The covariant derivative induced by the vector potential B: R" — R" is then given
by [3,4,13,18,28,33,34,38]

Vis=V+iB=V+A (2.2)

where

0 -1

iB: O — Lin(R",u(1)) and A= (1 0

) B: Q — Lin(R",s0(2)).  (2.3)

Gauge covariant Sobolev spaces on non-abelian bundles also appear naturally in
physics, a classical example being Yang—Mills theories which seek to describe the
behaviour of elementary particles using for example SU(n)-bundles [2, 16, 18, 20, 30,
36,38, 44,45]. It is thus natural to go beyond the initial abelian setting given by
electromagnetism and quantum physics and study gauge covariant Sobolev spaces on
bundles with non-abelian structure groups, that is, non-abelian gauge covariant Sobolev
spaces.

Recall that we assume that (QQ, w) is an isometric local trivialisation of a bundle P
endowed with a connection whose local expression is given by the o(F) valued 1-form
A: Q) — Lin(R", o(F )) In order to have a weak covariant derivative, we assume A to
be locally bounded, thatis, A € L;? (Q, Lin(R", o(F))).

Definition 2.2.11 (Wfl"p). Letp € [1, +o0). We define the first order gauge covariant Sobolev
space Wj"p (Q, P) as the set of all sections s € W;’}IOC(Q, P) such that, if f = Loc(s),

/ [fIF +|Vaf|P dx < +co.
Q

1, .
In other words, s € WAP(Q,P) if

feLP(Q,F) and Vaf € LP(Q,Lin(R",F)).
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We sometimes refer to gauge covariant Sobolev spaces as gauge covariant spaces for
short. We use the term vector valued spaces in a similar manner to refer to the usual
Sobolev spaces. The particular case of magnetic Sobolev spaces is the easiest non-trivial
case of gauge covariant Sobolev spaces and has already been the subject of thorough
research [3,4,13, 18,23, 28, 33,34, 38,44,45]. We shall sometimes refer to them as
magnetic spaces.

Definition 2.2.12. Let B € L (Q,R?), let P be a bundle with model fiber C = R and
structure group U(1) = SO(2) and let p € [1, +00). The first order magnetic Sobolev space
is defined as the gauge covariant Sobolev space

1,p _ 1,p
WA (Q/P) - VviB (Q/P)

with the notations of (2.2) and (2.3).

Similarly to their classical counter-part the Sobolev spaces, gauge covariant Sobolev
spaces are used in the study of partial differential equations and variational prob-
lems [14, Ch. 8]. In contrast to the usual spaces, the gauge covariant spaces take
into account the presence of a magnetic field or, more generally, a curvature act-
ing on the space. The equations studied are thus slightly different and appear for
example in settings of quantum physics such as magnetic Schrédinger equations and
others [3,4,13,18,23,30, 33,38, 38,44, 45].

As for the bundle valued Lebesgue spaces, the inequality

la +blP <2°7Y(|al? + |b]P)

ensures that le’p is a vector space. We endow it with the norm

1/p

1/p
Il py = (P15 + IVAF1G) = ( /Q FIP + IVaflP dx

where f = Loc(s). When A = 0, we obtain the usual Sobolev norm on Wl?(Q, F).

The gauge covariant Sobolev space and the here defined norm are gauge invariant in

virtue of Lemma 2.2.8. The norm for p = 2 is induced by a scalar product (- | ')Wl,z(Q P)
(Q,

defined by
(1 52z = [ 12+ (Tafi | Vafohus d 2

where f; = Loc(s;), i € {1,2}, (- | -) is the scalar product on F and (- | -)¢s is the
Hilbert-Schmidt scalar product on Lin(R", F), see Remark 2.2.2. We set H}q(Q, P) =

W, *(Q, P) [28, Sect. 7.20].

In order to avoid cumbersome notations as well as lightening the overall text, we shall
completely identify a section s and its localised form f = Loc(s). In other words, we
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will write .
few,”(Q,P)

instead of .
s € WA’p(Q,P) and f = Loc(s).
In particular, we have
[¥alls = I£1L + IVafll-

Lp
W, (Q,P)

Since these notions are gauge invariant, this shortcut does not generate any problems.
These notations are commonly used in literature regarding the theory of magnetic

Sobolev spaces and related subjects. The therein given definition of W:"p is usu-
ally

wjp(Q, F) = {f e W(Q,F) ‘ /Q|f|” +|VafIP dx < +oo} (2.5)

which completely omits the existence of the bundle P, see for example [4,13,33,34] as
well as [3,18,23,28,30,38,44,45].

Now that we have infinite dimensional normed vector space, one might ask whether it
is a Banach space or not. The following lemma is a straightforward adaptation of the

closing lemma [43, Lemma 6.1.5] and is used in the proof of the completeness of le’p.

Lemma 2.2.13. If (fi) is a sequence in Wj’p (Q, P) such that
fk = f and Vafi — g

in LP, then f € Wj’p(Q,P) and Vaf =g.

Proof. Let ¢ € C°(QQ, R"). Then

/QdivAgo[f] dx = lim QdivAgo[fk] dx =— lim [ Vafi[e]dx

k—+o00

which yields V4 f = ¢ by Proposition 2.2.10. O

Proposition 2.2.14. The gauge covariant Sobolev space Wj"p (Q, P) endowed with the norm
- ”wj’” @p) is a Banach space. In particular, H}L‘(Q, P) is a Hilbert space for the scalar product

defined in (2.4).
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Proof. For a given Cauchy sequence (f,;) C Wj"p (Q, P) we have, by definition of || -[[ 1+,
A

1= folly < 1f = Folly

and
1afo = Vafally < llfu = fully1o

which implies that (f,) and (V4 f,) are Cauchy sequences in L” and hence converge in
LP to f € LP(Q), F) and g € L¥(Q, Lin(R", F)) respectively. We conclude by applying
the closing lemma. m|

Let us consider a magnetic Sobolev space (Definition 2.2.12) on a U(1)-bundle P
induced by a vector potential B: () ¢ R" — R" of the form

B=VgelL®

loc

for a certain ¢ € C*(Q, R). In other words, we consider the space
WP, P) =W’ ={ fe W'HQ,C) | [ IfIP +|VisfIP dx < +oo
iB \&% iV loc \=%7 o iB

where V4 =V +iB = V +iV@. The gauge transformations are, under the assumption
that Q) is simply connected, of the form

qZ):ei(f

for o: R" — R. In particular, let us consider the gauge transformation ¢ = e'¥. Under
this transformation, we obtain a new vector potential B’ which, by Lemma 2.2.8, is
given by

iB’ = e!?iBe™'? + ¢!?V(e™?) = iB — iV = 0.

This means that, up the a gauge transformation, our here defined space le’p (Q,P)is
Ve

the usual Sobolev space WO1 ?(Q, P) = WhP(Q, C). More generally, two gauge covariant
spaces should be considered the same if they can be obtained one from another by a
gauge transformation as such a transformation is merely a change of trivialisation on

the bundle P.

Definition 2.2.15 (Gauge equivalence). Two gauge covariant Sobolev spaces le’p (Q,P)
and Wfl‘jp (Q), P) are gauge equivalent if there exists a gauge transformation ¢: Q — O(F)

such that
A= (pAd~ + oV(9T).

In that case, we write Wj"p (Q,P) = le’,p (Q, P) and say that ¢ is a gauge transformation
from Wfl"p(Q, P) to lep(Q, P).
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This gauge equivalence defines an equivalence relation. Given a bundle P with a fixed
connection K: TP — P and a local trivialisation (), the equivalence class of gauge
equivalent gauge covariant Sobolev spaces is precisely the collection of all possible
spaces on Q) obtained from P with the fixed connection K. If we consider a different

connection K: TP — P, we obtain a different equivalence class.

Proposition 2.2.16. If le’p (Q, P) is gauge equivalent to wWF (Q, P), then there exists a
natural linear isometry between Wj"p (Q, P) and lep (Q,P).

Proof. Since le’p (Q,P) = Wj",p (Q, P), there exists a gauge transformation ¢: Q —
O(F) from Wfl"p (Q,P)to Wb (Q, P). We consider the map sending f € Wj"p(Q, P) to
Of € W,”(Q, P) and conclude by Lemma 2.2.8. O

Definition 2.2.17 (Trivial space). A gauge covariant Sobolev space is trivial if it is gauge
equivalent to Wol’p(Q, P) = WLP(Q, F).

When A is essentially bounded on Q, ie. A € L¥(Q,Lin(R", o(F))), we have a
linear and continuous isomorphism between the gauge covariant and vector valued
spaces [34, Eq. (1.3)]. This isomorphism will be used in Section 3.6 to define traces
of gauge covariant Sobolev spaces on smooth and bounded domains when A is
continuous up to the boundary.

Proposition 2.2.18. If A € L*(Q, Lin(R", o(F))), then

FeW,”(Q,P) & feW"W(Q,F)
and there exists a constant C = C(p) > 0 depending only on p such that

1
C max{1, [|Alle

}”f”WLP(Q,F) < ||f||W/1‘,p(Q/p) = Cmax{l, ”AHOO}”]C”WLP(Q,F)'

If we use the notations s € Wj’p and Loc(s) = f, this proposition can be reformulated by
stating that the localising map Loc from Lemma 2.1.1 restricts to a linear and continuous

isomorphism between Wfll’p and W7, Note that since the estimate depends on the L*
norm of A, it is not a gauge invariant.

Proof of Proposition 2.2.18. We have

1/p
||Vf||psc( /Q VafP +IAILIFP) - < Cmax{L Alle}If e 26)
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as well as

1/p
||vAf||psc( [P+ 1AI) < Cmax{L BRI e @7

The conclusion follows from (2.6) and (2.7). O

We end this section by presenting an important inequality for gauge covariant Sobolev
spaces and a simple consequence of it. Recall how the assumption that the connection
1-form A is valued in o(F) , i.e. A: Q — Lin(R", o(F)), is equivalent to the statement
that the the connection is compatible with the metric (Definition 1.4.28), that is, for any
smooth sections s;: O — P with f; = Loc(s;), i € {1,2}, we have

D(fi | f2) = (Dafi | f2) +(f1 | Dafo) (2.8)

where Dy = D + A is the local expression of the covariant derivative. In fact, by
differentiation of bilinear maps, we have

D(fi | f2) =(Dfi| f2) + (fi | Df2)

and thus

D(fil f2) = [Dafil L)+ (filDaf)] ==[(A-Al L)+ (A lA-f)]

which is zero if and only if A is valued in o(F). When f; = f, = f, the equality (2.8)
reads

DIf> =2(Daf | f)

whichimplies the following inequality, known in the magnetic setting as the diamagnetic
inequality [28, Thm. 7.21].

Proposition 2.2.19. Let A € L7 (Q,Lin(R", o(F))) and f € le’p(Q,P). Then |f| €
WLP(Q, R) and

IVIfI()|< [Vaf(x)]
holds for almost all x € Q.

Proof. Since A is valued in o(F), we have

VIfI?=2(Vaf | ). (29)
The left-hand side of (2.9) rewrites as
VIfI? = 2IfIVIfI.
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It then follows by the Cauchy-Schwarz inequality that for almost all x € Q

FVIFIC] = [(Vaf () | f0))] < [f)|[Vaf ()|

and the conclusion readily follows. m|

The diamagnetic inequality, or rather generalised diamagnetic inequality, defines a map

le’p(Q, P) —» WLP(Q,R) by f + |f|. This map is not linear but still comes with an
estimate of the norm, namely

” £ ”wlw(g,m < ”f”Wj"p(Q,P)'

It furthermore allows us to recover some properties of the vector valued Sobolev
spaces without too much work. For example, let us consider the Sobolev—-Gagliardo—
Nirenberg inequality or embedding (see for example [6, Thm. 9.9] or [43, Thm. 6.4.4]).

Lemma 2.2.20 (Sobolev—Gagliardo—Nirenberg). Let (2 C R" be an open and bounded
domain of class C' or a product of n open intervals and let 1 < p < n. Then, there exists a
positive constant C > 0 such that, for all f € WYP(Q, F),

If Nl < Cllfllwee,

where p* = %. In particular, we have
WY (Q, F) c L1(Q, F)

forall p < q < p* and the canonical injection is continuous.

The diamagnetic inequality directly implies this analogue embedding for the gauge
covariant spaces.

Corollary 2.2.21 (Gauge covariant S-G-N). Let Q) C R" be an open and bounded domain
of class C' or a product of n open intervals and let 1 < p < n. Then, there exists a positive

constant C > 0 such that, for all f € Wj"p(Q,P),

£l < Cllfllys

where p* = %. In particular, we have

1,
w,”(Q,P) c LI, (Q,P)

forall p < q < p* and the canonical injection is continuous.
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Proof. Let f € Wj"p(Q, P). The diamagnetic inequality implies that ¢ = |f]| is in
WLP(Q, R), and the Sobolev-Gagliardo-Nirenberg inequality yields ¢ € L¥ (Q, R)
with
1811 0z < ClElhytoyzy < CllF oy
Since
11 = 1817 o

by definition, the proof is complete. ]

2.3 Connecting the fibers

Now that the bundle P is endowed with a connection (locally encoded by A: Q —
Lin(R", o(F))), we obtain a natural way to identify fibers connected by a path via
parallel transport. To discuss properties of the parallel transport, we recall in this section
some notions of linear differential equations [22, Ch. 2]. We follow an approach similar
to [40].

Recall thata smoothsection s : () — P is called parallel along the smooth path y: [a, b] C
R — Qif
Das(y(t)) =0 fort € [a,b]

or, in other words, f = Loc(s) satisfies

LF00) = -AO) [ OLF ()

on the interval [a, b].
Definition 2.3.1. A function f € CY(Q, F) is called parallel along a path y: [a,b] — Q if

L) = -AGO) Y OLF(®) fort <la,b)

In other words, f localises a section s: {3 — P which is parallel along y. This definition
is therefore in particular gauge invariant. Our wish is to construct the parallel transport
which creates sections parallel to a path based on an initial value. With this goal in
mind, we shift our interest to the linear differential equation

w'(t) = =A(y(1)[y/(t)|u(t) fort €[a,b]. (2.10)
Under the assumption that A € C%(Q, Lin(R", o(F))), there exists a unique solution of

(2.10) on [a, b] with initial condition u(s) =v € F, s € [a, b], see [22, Thm. 2.1.1]. If we
assume y to be continuous and piecewise C!, then there exists a unique continuous and
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piecewise C'solutionu on [a, b]. In fact, if y is C! on the intervals |t;, t;+1[,0 < i < N-1
wherea =ty < t; <--- <ty = b, the initial value problem

{u'(t) =—A(y®))[y’®)]u(t) fortela,b]\{ti:0<i<N},

w(e) = o (2.11)

can be decomposed into the N differential equations

uj(t) = —A(y () [y (£)]uo(t) for t € [a,t],
ui(t) = —A(y(®) [y’ (®)]ua(t) fort € [t1,t2],

up_ () = =A(y®) [y ()| un-a(t) fort € [tn-1,Db].

All of these are defined on subsets of [a,b] where y is smooth. Given an initial
condition u;(s;) = v;, s; € [t;, ti+1], there is thus a unique solution on [¢;, t;4+1]. Since
s € [tk, tx+1] for some 0 < k < N — 1, the kth equation has a unique solution uy
on the interval [tg, fx+1]. We then have the initial conditions u;_1(tx) = ur(tx) and
Uk+1(tk+1) = ur(trs1) which allow us to find the unique solutions of the (k — 1)th and
(k + 1)th equations (if those equations exist). Repeating this, we obtain all # unique
solutions of the N equations. They satisfy by construction u;(t;+1) = u;+1(ti+1) for all
0 < i < N - 1. The unique continuous and piecewise C! solution of (2.11) is then given

by
uo(t) ift €[a,ty],
u(t) = uy(t) ift € [t1, 2],
1;11.\]._1(t) if t € [tn-1,D].

The discussion made below thus easily generalises to the case of a merely piecewise
smooth but continuous path y. This is important as we will use parallel transport on
paths such as triangles in Chapter 3. In order to lighten this section, we will assume
that the path y is smooth unless otherwise stated.

Assume that uy, up: [a,b] — F are two solutions of (2.10). Then for any scalars «,
B € R, we have

(aur(t) + Bua(t)) = =A(y(®)) [/ ()] (au(t) + ua(t)),

i.e. the set S, of solutions of (2.10) is a vector space.

Lemma 2.3.2. Let a,b € R, let y: [a,b] — Q be a smooth path and assume that A €
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C%(Q, Lin(R", o(F))). Then, for all s € [a, b], the evaluation map

E,(s): S, = F,
u +— u(s)

defines a linear isomorphism.

Proof. Since E, (s) is linear, injectivity is equivalent to ker E, (s) = {0}. Letu € ker E, (s),
then
{u'(t) =—A(y®)[Y'(O]u(t) fort € [a,b],
u(s) = 0.

This equation is also satisfied by the constant zero function and by uniqueness of
solutions of linear initial value problems, we conclude that u = 0 i.e. ker E, (s) = {0}.

Given v € F, there exists a unique solution u of
{u’(t) =—A(y®)[Y'®O]u(t) fort € [a,b],
u(s) =o.
It follows that E, (s)u = u(s) = v and thus E, (s) is surjective. O

Definition 2.3.3 (Parallel transport). Let a,b € R, let y: [a,b] — Q be a smooth path and
let A € C°(Q,Lin(R", o(F))). The parallel transport along y

Pt,: [a,b] — GL(F)

is defined by
t o Pt (t) = E, (t) o (Ey(a)) .

We also define the operator R: [a,b]> — GL(F) by

(t,5) = Ry(t,s) = Pt (t) o (Pt,(s)) " = Ey(t) o (E,(s)) "

which we also call parallel transport along y.

If we fix a basis of F and express Pt, as a matrix in that basis, it is exactly a fundamental
matrix solution of the linear differential equation

u'(t) = -A(y(t)[y/(t)] fort € [a,b], (2.12)

see [22, Def. 2.2.3]. It will therefore appear in formulae such as the variation of
parameters [22, Thm. 2.3.1], see Chapter 3. For simplicity, we omit the subscript y when
no confusion is possible, and we always assume that A is continuous. We will also
omit the composition symbol o between linear mappings.

64



Proposition 2.3.4. If y*: [a,b] — Q is defined by y*(t) = y(a + b —t), then for all t,
s € [a, b], we have
R, (t,s)=Ry,(a+b—t,a+b-s).

Essentially, this means that if the paths y and y* parametrise the exact same curve
I = y([a,b]) = y*([a,b]) € Q but in opposite directions, then the induced parallel
transport operators will parametrise the same curve I'p; = Pt, ([, b]) = Pt,+([a, b]) C
GL(F) but in opposite directions. The range I'p; of the parallel transport from a point
x € Q to a point y € Q depends only on the curve I joining these two points and
not the precise parametrisation y of I' itself. In fact, the parametrisation y of I" will
simply be inherited by Pt,, which parametrises I'p;. In particular, we can always assume
[a,b] =[0,1].

Proof of Proposition 2.3.4. Letu € S,.. Then, defining u*: [a,b] — Qby
u(t)y=ula+b-t)
for t € [a,b], we have

W) () =-A(y@a+b-0)[-y'(a+b-]ut) = -A>y'®) [ O] ®).

It follows that u € Sy —ute Sy* is a linear isomorphism. Given vy € F, we have on
the one hand

where v* € S, is the unique solution with v*(s) = vg and, on the other hand,
Ry(a+b—t,a+b-s)vg=v(a+b—t)
where v € S, is the unique solution with v(a + b — s) = vg. Since v*(t) = v(a +b - t)

forall t € [a,b] and vg € F is arbitrary, the conclusion follows. O

By definition, for a smooth path y: [0,1] — Q,

R(t,t) =idp,
R(s,t) = R(t,s)7?,
R(t,s) = R(t, r)R(r,s)
forall v, t, s € [0,1]. Furthermore, u: [0,1] — F is a solution of (2.12) if and only
if
u(t) = R(t, s)u(s)

forall t, s € [0,1], in particular u(t) = Pt(t)u(0). Since v = u(0) € F is constant and
arbitrary, this suggests that the map t + Pt(t)v is parallel along y for any v € F.
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Proposition 2.3.5 (Derivation of parallel transport). The parallel transport operator R is
C! in both variables. Furthermore

R(t,s) = —A(y()) [y (H)|R(t,s) and IsR(t,s) = R(t,s)A(y(1))[y'(#)]

forallt, s € [0,1]. In particular, Pt € C1([0, 1], GL(F)) with
PY(t) = —A(y()) [y ()] Pt(t) and (PEY(t) = P (OA(y(®) [y (1)].

Proof. Let u be a solution of (2.12). Then, forall ¢, s € [0, 1],

IR(t, s)u(s) = d¢(R(¢t, s)u(s)) = u'(t)
= —A(y®) [y ©O]u®) == Ap®) [ OIRE, ) |ue).

Since v = u(s) is arbitrary,

IR(t,s) = —A(y(1)) [y’ (O]R(, 5)- (2.13)
For the partial derivative in s, we compute
ds[R(t, s)R(s, )| = 9s[R(t,s)|R(s, t) + R(t, s)ds [R(s, )] =0,
and therefore
dsR(t,s) = —R(t,s)ds [R(s, )| R(t, s). (2.14)
The conclusion follows from (2.13) and (2.14). O

Corollary 2.3.6. The element Pt(t) € GL(F) is an isometry for all t € [0, 1]. In other words,
we have
Pt: [0,1] — O(F).

In particular, R: [0,1]> — O(F) as well.

In general, it is possible to give a better characterisation of the range of the parallel
transport. If the structure group of our bundle P is assumed to be the Lie subgroup
G C O(F), the connection 1-form A must take its values in g = Lie(G), the Lie algebra
of G. The parallel transport is then the unique solution of

Pt'(t) = —A(y(t)[y/(t)] Pt(t) fort €[0,1],
{Pt(O) — idf

from which one can deduce that Pt(t) € G for all t € [0, 1] (see [42, Prop. 3.22]). In the
case of a magnetic Sobolev space for example, G = U(1) = SO(2), which implies that
Pt(t) is an element of the unit circle in C or, equivalently, a rotation of the plane R2.
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This enhanced characterisation will not be useful for us as we only need the isometric
property of the parallel transport.

Proof of Corollary 2.3.6. Let vg and wy be arbitrary elements of F. Define the functions
v,w:[0,1] = F by
v(t) =Pt(t)vg and w(t) = Pt(f)wy.

These two functions are parallel along y by Proposition 2.3.5, i.e. they satisfy Vav(t) =
Vaw(t) = 0 for all t € [0, 1]. Since the connection is compatible with the metric, we
have

L (olt) 10(6) = (Vav(t) | w(®) + (o(t) | Vaw(t)) =0
which implies that
t €[0,1] — (v(t) | w(t)) = (Pt(t)vo | Pt(t)wo)
is constant. Since Pt0) = idF,
(Pt(t)oo | P(t)uo) = (o0 | wo)

forallt € [0, 1], i.e. Pt(t) is an isometry and Pt: [0, 1] — O(F). O

The parallel transport R(¢, s) thus defines a linear isometry on F with the property
that for any smooth map f: QO — F satisfying

L F ) = -ab0) [y O] £ (o),
i.e. f localises a parallel section, we have

f(y®) =R(t,s)f(y(s)) € Fyp).

The parallel transport operator R(f, s) thus transports isometrically vectors from the
fiber F, ) to the fiber F,;), and therefore defines a natural isomorphism between
different fibers. This isomorphism however is in general highly dependent on the path
y, or rather the curve it parametrises. This can be visualised with the tangent bundle
of the sphere S?, in which case a section is a tangent vector field to the sphere, see
Figure 2.1.

With this isomorphism, we may now add or subtract the different values of a function
f: Q — Flocalising a section that is not necessary parallel in a gauge invariant manner.
In fact, since R(t, s)f (y(s)) € F ), the operation

R(t, ) (y(s) = f(y () (2.15)

is now well-defined on the bundle P itself (not only in the trivialisation) and is a
geometric quantity in contrast to f(y(s)) — f(y(t)).
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Figure 2.1: Parallel transport of a tangent vector field along a triangle on the sphere
(from Wikipedia : parallel transport)

It is worth mentioning that a parallel section is in some sense constant (with respect
to the connection) along the path since (2.15) is always zero. When the connection is
trivial, i.e. the covariant derivative is the usual derivative, parallel sections along a
path are exactly the constant functions along that path. The translation from a fiber
to another given by the parallel transport is thus in a certain manner constant (with
respect to the connection).

Before giving an important result involving the geometric quantity (2.15) presented
above, we establish the gauge invariance of the parallel transport.

Proposition 2.3.7. Let ¢p: O — O(F) be the gauge transformation from (Q2, w) to (Q, pw).
If Pt and Pty are the parallel transports along a path y: [0,1] — Q in the respective
trivialisations, then

Ptoo(t) = ¢ (y(t)) Pto(t)p(x) !

forall t € [0,1], where x = y(0) is the starting point of y. In particular, for all v € Fy
expressed in (Q, w), we have, for all t € [0,1],

Ptoo(t)w = ¢(y(t)) Pto(t)o,

where w = ¢(x)v is v expressed in the trivialisation (Q, pw).

Proof. By Lemma 2.2.8 and Proposition 2.3.5, Pt is the unique solution of

{Pt;,w(t) = —[ 0, (04,01 O] 6, + 6,0,V (B Plou(t) fort € [0,1],

Pt¢w(0) = idF/ )
(2.16
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where ¢, = ¢ oy and A, = A o y. Since

V(@)p™' =-pV(pT),
it follows that, with T(t) = ¢,,(t) th(t)qb(x)‘l,

T'(5) = [(6,) O, = 6, ()4, O (O] 6,07 | T(t)
== [$4(06, Y0 + 6y (A, O]y O] 60 [T0). @17)
Finally, since Pt,(0) = idF,
T(0) = ¢,(0) Pt,(0)p(x) ™" = id. (2.18)

By (2.16), (2.17) and (2.18), we deduce that T = ¢, (-) Pt,(-)p(x) and Pty satisfy the
same initial value problem. The conclusion follows by the uniqueness of the solution,
see [22, Thm. 2.1.1]. O

The notation R(t, s) was such that

u'(t) = —A(y(t)) [y’(t)]u(t) fort € [0,1],

if and only if
u(t) = R(t, s)u(s)

forall t, s € [0,1]. When f: QQ — F is parallel along y, the latter equation be-
comes q

/() ==A®) O] (r®)

if and only if
fy®) =R(t,s)f (v(s))
which suggests to write R(y(t), y(s)) = R(t, s) so that

Fy®) =R(y(#), y(s)) f (y(s))-

This notation becomes particularly elegant when t = 1 and s = 0. Indeed, denoting
the endpoints of y by y = y(0) and x = y(1), we have

f(x) = R(x,y)f ().

The operator R, (x, y) can be read as the parallel transport from y to x along the path
y. This makes it easier to know in which fiber we are working. Note that with this
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notation we have, by Definition 2.3.3,

R(le Zl) = idF!
R(z2,21) = R(z1,22)7},
R(z1,z3) = R(z1, 22)R(z2, 23)

for any z; € )/([O, 1]) , i € {1,2,3}. With this notation, we also have an elegant

expression for a generalisation of the fundamental theorem of calculus (FTC for
short) [34].

Notation 2.3.8. For any x, y € R", we denote by yy ,: [0,1] — R" the path from x to y
defined by

Vey(t) = (1 —t)x +ty. A

Proposition 2.3.9 (Gauge covariant FTC). Let Q C R" be convex and let f € CY(Q, F).
Then for all x, y € Q, we have

1
R(x, )f (y) — f(x) = /0 R(%, 72,y (D) Vaf (e (D) [y - x]

where R is the parallel transport along yx .

Since for all t € [0, 1]

(X, Vx,y(t))VAf(yx,y(t)) [y — x| € Fy

liesin Fy, this integral makes sense as an integral on P itself, notjust in the trivialisation.
In other words, it gauge invariant, it is a geometric quantity. Without the parallel
transport, we would be integrating

Vaf(rxy®)|y —x1 € Fy )

which are in general elements of different fibers, i.e. different vector spaces. Addition
between different fibers is not geometrically defined, that is, on P. In particular, one
cannot integrate between different fibers without losing the gauge invariance. Similarly,
the usual convolution

(p+ f)x) = /Q ol -y dy, @eC (QR)

does not define a section as it is not gauge invariant. One can however still define a
gauge invariant convolution-like operation by setting

(¢ *a F)x) = /Q p(x — YR, (0, f() dy, @eCo(QR).
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This kind of operation will be used for example for extensions of gauge covariant
Sobolev spaces mappings, see Section 3.4 as well as [34].

Proof of Proposition 2.3.9. Let us define the function v: [0, 1] — F by setting

o(t) = R(x, yx,y (1) f (7x,y(t)) (2.19)

for all t € [0, 1]. By the chain rule and Proposition 2.3.5, we have

v'(t) = R(x, 7xy()) A(Ya,y (D) [y = X1 f (72,5(1) + R(x, Y2,y (D)) Vf (yay) [y = ]
= R(x/ Vx,y(t))VAf(Vx,y(t))[y —x]. (2:20)

By the fundamental theorem of calculus, we have

1
v(1) —v(0) = /0 v'(t) dt, (2.21)

and the conclusion follows from (2.19), (2.20) and (2.21). O

The parallel transport in general depends on the path y and not only on the endpoints.
In particular, parallel transport along a closed curve has no reason to be the identity.
Given a closed curve y: [0,1] — Q, y(0) = y(1) = x, the parallel transport Pt, (1)
defines an isomorphism from the fiber above x to itself. This isomorphism Pt,(1)
is called the holonomy of the connection along y. The set of all the holonomies at a
point x forms a subgroup of O(F,) which is called the holonomy group at x, see [21, Ch.
II] as well as [37, Def. 1.7.6]. An important problem is finding estimates for the
difference between a vector v € F and its transported self Pt, (1)v, i.e. finding estimates
for
Pt ()0 — v| < [Pt, (1) — idp||o].

When A € C1(Q, Lin(R", o(F))) estimates involving the curvature of the connection
can be made, see Section 3.2 as well as [8].
Definition 2.3.10 (Curvature). Let A € C'(Q,Lin(R",o(F))). The curvature of the
connection V 4 is defined as the o(F) valued 2-form

Ka: Q — Bilin(R" x R", o(F))

defined by KXo = dA + A A A where dA is the exterior derivative of A and A denotes the the
wedge product. In other words, for (x,v,w) € QX R" X R", we have

Ka@)lo, w] = dA(x)[v, w] + A(x)[v] A A(x)[w]
= DA(x)[v, w] = DA(x)[w, v] + A(x)[v]A(x)[w] — A(x)[w]A(x)[v]
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where

DA(x)[v, w] = % A(x + to)[w].
£=0

In the particular case of a magnetic Sobolev space or, more generally, when the structure
group G is abelian, the term A A A is always identically zero as the Lie algebra is abelian.
For a magnetic Sobolev space, the curvature is therefore given by

Kaqa=dA

as we have already mentioned in Section 2.2. From now on, we assume the connection
1-form A to be C! in order to have curvature.

The gauge invariance of the curvature is easily established with a simple yet lengthy
computation using Lemma 2.2.8 and the fact that for a gauge transformation ¢ one

has pV(¢p~1) = —V(¢p)pL.

Proposition 2.3.11. Let ¢: QO — O(F) be the gauge transformation from (Q2, w) to (Q, pw).
If X 4 and K 4 denote the curvature 2-forms in (Q), w) and (Q, pw) respectively, then, for all
x € Q),

Kar(x) = p(x)Kagp(x)™".

The idea of curvature is that it controls how much a vector v € F, is different from
itself after being transported along a small closed loop y: [0,1] — Q, y(0) = y(1) = x.
For example, if y is the parametrisation of the sides of a closed diamond Q C Q of
area € > 0, then
Pt (1) —idr | < esup |Ka(x)l.
xeQ

It follows that when the curvature is bounded on Q, i.e. || X 4|/ < +00, One can obtain
upper bounds which are invariant under translations. To establish these bounds in
Section 3.2, we need the notion of amplitude of holonomy [8].

Definition 2.3.12 (Amplitude of holonomy). Let y: [0,1] — Q be a closed loop, x =
y(0) = y(1). The amplitude of holonomy {y) of y is defined by

(y) =inf{ &a(g) : g € C'([0,1], O(F)) and g ~. Pt, }

with the gauge covariant energy

1
Ea(g) = /0 }%g(t)+A(7(t))(g(t)))[Dﬂom(g(f))[g’(f)]]g(t)| dt

where To(r) is the projection of the bundle Q3 X O(F) and g1 ~. g» means that the two paths
<1, 821 [0, 1] — O(F) are homotopic with respect to their endpoints.
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The path g in the energy 4 also has a base point 1o (r)(g(f)) € Q, butitis notnecessary
a lift of the path y, meaning that it is not required that po(r) o ¢ is the same as y. The
only condition on 7g(r) © y is essentially inherited by the condition ¢ ~. Pt, and is
that 71o(r) is homotopic to y in Q. The condition that ¢ and Pt, are homotopic with
respect to their endpoints in particular implies that ¢(0) = idr and g(1) = Pt (1). If the
structure group of the bundle P is specified tobe G € O(F), one can replace O(F) in the
definition by G [8]. When the group is simply connected, the amplitude of holonomy
corresponds to the geodesic distance in G between idr and Pt,(1). In particular, we
have

[Pty (1) - ide| < €»)

where the left hand-side is the operator norm, the metric on Lin(F, F). If the structure
group is abelian, such as in the case of magnetic Sobolev spaces, the amplitude of
holonomy can be computed by the integral formula [8]

1
v =|[ Ao @] )

This was in particular used in [34] to establish a key estimate in the proof of the trace
theorem for magnetic Sobolev spaces, see [34, Lemma 2.2]. Section 3.2 is dedicated to
establishing the equivalent of that key estimate in order to prove the trace theorem for
non-abelian gauge covariant Sobolev spaces.

We conclude this chapter with the proof that the amplitude of holonomy is independent
of the particular choice of gauge.

Proposition 2.3.13. The amplitude of holonomy is gauge invariant.

Proof. Let (Q2, w) and (Q, pw) be two local trivialisations of P, ¢: QO — O(F) being the
gauge transformation. We denote by Pt and Pt?“ the parallel transports along y in
their respective trivialisation and we label x = y(0). Let g € C*([0, 1], O(F)) such that
g ~« Pt;‘j. In vertue of Proposition 2.3.7, this implies that

3() = d(y()g()p(x) ™ ~ P, e C([0,1],0(F))

and we compute

FO=Vo(y®) [y’ ®]gshe()™ + ¢ (y()g' H)p(x) .
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In vertue of Lemma 2.2.8, we then have, since 1o(F) o ¢ = mo(r)© §

Ea(8) = /01

¢ (Dg(HP(X) ! + Py ()" () p(x) !
+ ¢, (DA, (1) [Drior 8" (D] @y () Py (g () p(x) ™
- 300,179y (g0 (x) | ot

1
= [ |60 + 9,04, [Proe [5' O] s)ptx) |

1
= [ Jo0(g'® + A0 Drow g O1]Jo a

where the y subscript means composition, i.e. ¢, = ¢ o y. Since the gauge transfor-
mations are isometries, the conclusion follows. O
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Chapter 3

Trace theory of gauge covariant Sobolev
spaces

The study of partial differential equations [6, 14, 28] often involves boundary value
problems, that is, a partial differential equation on a smooth and bounded domain Q) C
R" with a condition on the value of the solution on the boundary JQ of Q). For example,

consider the Poisson equation : find u € C?(Q) N C°(Q) such that

{ —-Au=f onQ), 3.1)

u=g on JQ.

When f € C%(Q) and ¢ € C%9Q), there exists at most one solution u € C%(Q) N CY (5)
to (3.1) [14, Thm. 5]. Constructing an explicit solution can however be tricky as the
regularity conditions are very robust. This problem, although seemingly simple, is
already complicated. An approach which we believe to be particularly elegant is by
weakening the problem. First of all, the equation

-Au=f onQ

with u € C*(Q) is weakened to
/(Vu | Vo) dx = / feodx, forallp e Cr(Q) (3.2)
Q Q

with u € H!(Q). By integration by parts, we see that a solution of the strong problem
(3.1) is always a solution of the weak problem (3.2). However, since solutions of the latter
are merely H 1(Q) functions, how does one interpret the equation

u=g ondQ (3.3)

in the weak sense ? In fact, amapping u € H'(Q) c L?*(Q) is defined almost everywhere
and the boundary JQ has measure zero. The equation (3.3) is thus not well-defined.
The goal of trace theory [1,6,14,43] of Sobolev spaces is exactly that : giving a weak
meaning to equality (3.3).
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We recall that the fractional Sobolev space W*(dQ, F) for0 < s < 1is defined as the set
of all functions u € LP(dQ), F) such that the Gagliardo seminorm

|u(x) — u(y)|”
(/ao/ao |x — y|"*sp dx dy

is finite. It is endowed with the norm

1/p

1
lellwerr) = (lullh + [ul?,) 7.

Note that the measure on L7(dQ), F) and W*"(dQ, F) is not the Lebesgue measure of
R" but the natural surface measure on JQ.

Theorem 3.0.1 (Trace theorem). Let n > 1,let 1 < p < +oo and let O C R" be an open and
bounded domain of class C' or Q = R" = {(xl, e, X)) ER" | x> 0}. Then there exists a
unique linear and continuous operator

Tr: WYP(Q, F) - W /PP(9Q, F)

called the trace operator, which satisfies Tru = ujyq for allu € C° (Q, F). Furthermore, there
exists a linear and continuous operator

Ext: WYP(9Q, F) — WP (Q, F)

such that Tr o Ext is the identity map on W'=1/P?(9Q), F).

The equation u = ¢ on dQ for u € H!(Q) can thus be interpreted as Tru = g in
H'/2(9Q). The trace theorem states that the trace operator is surjective. However, it

is not injective since any function u € C° (ﬁ, F) which vanishes on the boundary is
mapped to 0 € WI=1/P#(9Q), F).

The aim of this chapter is to prove an equivalent to the trace theorem for gauge
covariant Sobolev spaces. A summary of the results and the structure of the chapter is
given in Section 3.1.

3.1 Overview of the results

The general idea when working on a smooth and bounded domain Q is first to
study simple domains such the half-space R} = {(xl, o, xy) €ER? | x> O} whose
boundary is R”~! x {0}. Once the result has been proven for this particular case, one
uses charts of the form R’ for the manifold with boundary Q and a partition of unity
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allowing to obtain a global result on €. Therefore, we begin by studying the half-space.

Definition 3.1.1. Let n > 1, let 1 < p < +ooand let 0 < s < 1. Furthermore, let

A’ € C°(R",Lin(R", o(F))). We define the fractional gauge covariant Sobolev space

WIZ’,p (R", P) as the set of all functions u € LP(R", F) such that the gauge covariant Gagliardo

seminorm
1/p

R , _ p
[ dwsy (o py = (/n / R puty) ~ () dx dy (34)

|x_y|n+sp

is finite, where R(x, y) is the parallel transport from y to x along y, +(t) = (1 - t)y + tx.

The gauge covariant Gagliardo seminorm is gauge invariant in vertue of Proposi-
tion 2.3.7. We endow it with the gauge invariant norm

- 4 P Lp
Iy = (Ol + LT )
A standard proof shows that this defines a Banach space.

We prove the following theorem, based on [34, Thm. 1.1], in two parts. The first part
will be established in Section 3.3. The proof needs some fundamental estimates on the
amplitude of holonomy which we obtain in Section 3.2 based on [8]. The second part
of the theorem is proven in Section 3.4.

Theorem 3.1.2. Let n > 1and 1 < p < +oo. If A € CHR?*!, Lin(R"*, o(F))) and
|Kallw < B < +oo, then there exists a positive constant C = C(n, p) > 0 depending only on
n and p such that, with A'(-)[+] = A(-,0)[*,0] € C!(R", Lin(R", o(F))),

(i) Forallu € C}(R"*, F)

|u('/ O)|Wj‘,_1/p’p(R”,P) + ﬁ(P—l)/ZP”u(.’ O)”LP(R”,F)

< C(IVAM s Lnos ey + B2l ), B.5)

(ii) Forall U € CL(R", F), there exists u € CX(R*!, F) depending linearly on U such that
u(x,0) = U(x) on R" and

1/2
IV At gt Linre,pyy + B2 el e

< C (Ul g py + B WUl ) - (B6)
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In Section 3.5, we show that the space C°(R”*!, F) is dense in the gauge covariant
Sobolev space Wj"p (R™*1, P) and that the space C®(R", F) is dense in the fractional

gauge covariant Sobolev space W37 (R", P). By a standard density argument, we obtain
the following result generalising [34, Thm. 1.2].

Theorem 3.1.3. Let n > 1and 1 < p < +oo. Assume that A € C*(R'*!, Lin(R"*1, o(F)))
and ||Kallpeomyy < +00. Set A'(-)[*] = A(-,0)[*,0] € C!(R",Lin(R", o(F))). Then there
exists a linear and continuous operator

Tr: W7 (RI, P) - W PP (", P)

called the trace operator, which satisfies Tru(-) = u(-,0) forallu € CO(R"*, F). Furthermore,
there exists a linear and continuous operator

1-1/p, 1,
Ext: W,, PR, P) - WP (R, P)

such that Tr o Ext is the identity map on Wl,_l/ PP(R", P) and the estimates of Theoren 3.1.2
with U = Tru and u = ExtU hold.

With a localised version of Theorem 3.1.3, we obtain in Section 3.6 a gauge covari-
ant version of the trace theorem. As a little bit of work is needed to define the
fractional gauge covariant space on a non-convex domain, we leave the details for
later.

3.2 Estimating the amplitude of holonomy

The aim of this section is to establish Proposition 3.2.1 which gives a gauge invari-
ant upper bound on the amplitude of holonomy along a triangle depending on the
curvature X4 = dA + A A A of the connection V4.

Let x, y and z be arbitrary points of R". We denote by Ay , . C R" the open triangle
with vertices x, y and z, and we denote by |A, , .| its area. We define the path
y:[0,3] — R" as the parametrisation of dA, ., the boundary of A, , ., defined

by
ty +(1—t)x if0<t<l,

y#)=q(t-1)z+2-t)y ifl<t<2, (3.7)
(t-2x+(B—-t)z if2<t<3.
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The path y is the concatenation of the paths y, , y,- and y; x from Notation 2.3.8. It
is continuous and piecewise smooth with

y—-x if0<t<1,
y'i(t)y=4qz—-y ifl<t<?2,
x—z if2<t<3.

Proposition 3.2.1. Let A € C'(Ay,y -, Lin(R", o(F))) and assume that the curvature X  is
bounded, i.e. ||Ka|loo < +00. Then

€r) < [1KalleolAx,y 21

By definition, we have

3
Cry = inf{ /0 |g’(t)] dt : g € C'([0,3],O(F)) and g ~. Pt,, }

and it is thus sufficient to construct a function g € C!([0, 3], O(F)) homotopic to Pt,
relatively to their endpoints which satisfies

3
/0 19'(D] At < 1% allol Ay 2]

With the change of variable t = 3r, we have

3 1 1
/O|g'(t)|dt:/0 |g’(3r)|3 dr:/0 |h’(r)|dr

where h(r) = g(3r) for all r € [0, 1]. It follows that the particular interval on which we
construct an homotopic map ¢ is not important.

For r € [0, 1], we set

yr=ry+(1-r)x and z,=rz+(1-r)x.

The triangle A, ,, -, is a scaled copy of Ay, , with the same vertex x. We parametrise
dAy,y, 2, by yr: [0,3] = R" as in (3.7), replacing y and z by v, and z, respectively, see
Figure 3.1 for a visual representation. In particular, 1 = y and yp = x, i.e. )9 is constant.
A rapid computation shows that the function (r,t) € [0,1] X [0,3] — y(r,t) = y.(t)
is smooth and piecewise smooth in the variables » and t respectively. In fact, we

79



Figure 3.1: Representation of the parametrisations y and y;.

have

Vi) =ry(t),
2iyr(t) = y(B) - %, (3.8)
argtyr(t) = at&ryr(t) = V,(t)

forallr € [0,1]and t € [0,3] \ {1, 2}.

For each path y, we define the continuous and piecewise C! function g, : [0, 3] — O(F)
as the solution of the initial value problem

{8?0) +A(yr(0) [71(D)]g:(t) =0 for t €[0,3]\ {1,2},

g/(0) = id. 2)

In other words, g, = Pt,, is the parallel transport along the path y,. In particu-
lar,

8r(3) = R(xy, z;)R(zr, yr)R(yr, x;)

is the holonomy at x along that path. Here and in what follows, R(x, y) = Ryw(l, 0)
is the parallel transport from y to x along yy x(t) = tx + (1 — t)y, see the comments
preceding Proposition 2.3.9 in Section 2.3.

The initial value problem (3.9) is linear and homogeneous with a parameter r € [0, 1].
The general theory of ordinary differential equations with parameters [22, Thm. 1.5.3]
implies the following differentiation of the parallel transport with parameters formula.

Lemma 3.2.2. Let A € C1(Q, Lin(R", o(F))) and let H € C*([0,1] x J, Q) where ] C RY
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is an open set of parameters. If y, = H(,a) € C'([0,1],Q) for a € |, then Pt,, €
C([0,1]1 % J, O(F)) and ho = 94 Pty, is solution of the non-homogeneous linear initial value
problem

1 (8) + A(ya(®) [ ya() | halt)
= ~(DA(a() [9a7a®), VO] + Alya®) [0a76)] ) Pt (1),
ha(0) =0

fort € [0,1].

Combining this lemma with the variation of parameters formula for solutions of
non-homogeneous linear initial value problems, see [22, Thm. 2.3.1], we obtain the
following expression for h,.

Lemma 3.2.3. Let A € C'(Q, Lin(R", o(F))) and let H € C'([0,1] X J, Q) where ] c RY
is an open set of parameters. Let y, = H(-, ) € C1([0,1],Q) for a € J. Then h, = 9, Pt,,
is given by

ha(t)

t
== /0 R)/a(tr 7) (DA (Va(T)) [(%%(T), V;(T)] + A(V{X(T)) [&aV;(T)]) Pt)/a (1) drt.

Lemma 3.2.2 and Lemma 3.2.3 will be used multiple times during this chapter. The first
instance of their use will be in the proof of Lemma 3.2.4 and the other instances of their
use will be very similar, see Proposition 3.4.1 and Lemma 3.6.6.

We now establish Lemma 3.2.4 which is the core element in the proof of Proposi-
tion 3.2.1. It is strongly inspired by [8, Lemma 3.1] which is the analogue result when
y parametrises a circle.

Lemma 3.2.4. Let Ay, . C R" be a local trivialisation of a vector bundle P and assume that
A € CY(Ayx,y,z, Lin(R", o(F))). Then, for all r € (0, 1), we have

2
%gr@) =7 / (38 () Ka(yr(H))z -y, y — x]g(t) dt. (3.10)
1

Proof. We begin by setting h, = d,g,. Since g, satisfies (3.9) and is piecewise C!,
Lemma 3.2.2 applies on the intervals [0,1], [1,2] and [2,3]. Together with (3.2), it

81



implies that , is continuous and piecewise C! with

h(t) + A(yr () [ry' (O] he(t)

= ~(DAGAO) [yt = 1 (B)] + A ) [ ()] ) 2:(0),
he(0) = 0

fort € [0,3]\ {1,2}. Applying Lemma 3.2.3, we obtain

h(t) = — /0 o) gr(T)_l(DA()/r(T)) [y(1) - x, 17/ (0)] + Ay (0)) [)/’(T)]) ¢ (1) dt

and in particular

3
1 (3) = - /0 $r @2 (07 (DA (1) [y() = x, 17 (O] + Ay, 1) [y'®)])g.(1) at.

We now decompose the integral (3.11) into the integrals on the intervals [0, 1], [1, 2]
and [2, 3] which we analyse individually,

1
h(3) = — /0 §r(3)g () ((rDA(y (1) [(y — x), (v = )| + A(yr () [y — x]) & (t) dt
2
— /1 g3 () (rDA(y:)) [y —x +(t =Dz - y), z = )] + A(y»(t))[z — y]) g (t) dt

3
+ /2 g3 ()7 ((t = 3)rDA(y: (1)) [(x — 2), (x = 2)| + A(yr(t)) [x — z]) g (¢) dt.
(3.11)

In the first place, since for t € [0,1] y — x = (t(y — x))’, an integration by parts with
Proposition 2.3.5 yields

1
- /0 2 @)z (A (1) [y - x1ge (1) dit
= -g,(3)g (1) A(yr)ly — x1g-(1) + g-(3)A(x)[0]

1
+ /0 g (3)g T Ay () [r(y = DAy ) [ty — x)| g () dt
1
" /O 32 (7 DAy, (1)) [r(y - 2), ty - x)] g0 (¢) dt

1
- /O &g () Ay () [ty — )] Ay, (1)) [r(y — x)] g (1) dt
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which reduces by linearity to

1
- /0 5 @& O A O) [y ®)] g () dt = g B)g 1) AWy - x1g (1)
1
- /0 rtg(3)g:(1) DA (yr(1) [y - x,y — xg(D) dt. (3.12)

Similarly, we obtain

3
- [ 8O3 AQ @) [x - 2lgr () di = g, G)g D Az - X132
3
+ /2 r(t —3)g,(3)gr () 'DA(y, (1) [x — z, x — z]g,(t) dt. (3.13)
Finally, we reach with the same arguments
2
- [ 8@ 0 AQ )1z - g6 d
= -2,(3)8:(2) ' A(z,)[z - x]g-(2) + 8-(3)8- (1) Ay [y — x]g(1)
2
+ r/l g+(3)gr(H) ' DA(y, (1)) lz-y,y—x+({t-1)(z-y)]gt) dt
2
+ r/l :3)g () YA A A)(y:(1)) [z -y, y—x+({t-1)(z- y)]gr(t) dt. (3.14)

Injecting (3.12), (3.13) and (3.14) into (3.11), we obtain

2
h(3)=r /1 &3 () Ka(yr)) [z -y, y —x+(t =Dz - y)|g(t)dt.  (3.15)
Since the curvature K4 is bilinear and alternating, we have, for all ¢t € [1, 2],

Kalyr®)|[z-y,y—x+(t-Dz-y)] =Kaly+®)[z -y, y —x].

It follows that (3.15) reduces to

2
h(3) = 7/1 gr(B)gr(t)_lgCA ()/r(t)) [z - v,y - x]gr(t) dt.

which is the announced result (3.10). O

The path

g:[0,1] — O(F),
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Pt(1) Pf(t) Pt(2)

Sr(2)

gr(1)

gr(t)

P(0) = idr Pt(3)

Figure 3.2: Curves in O(F) drawn by the parallel transports Pt = ¢; and gr = Pt,,
with R = 7/10 as well as the map r € [0, 1] — ¢,(3) homotopic to Pt w.r.t.
their endpoints.

r = gr(3)

is homotopic to Pt,, with respect to their endpoints, see Figure 3.2 for a representation
of the paths involved in the above proof and the homotopy. Lemma 3.2.4 gives an
explicit formula for its derivative, d/drg,(3), which can thus be plugged into the
definition of the amplitude of holonomy along the path y.

Proof of Proposition 3.2.1. If there exists ¢ € R. such that y — x = ¢(z — y), then

) =KaO)lz—y,y —x] =Axy:l =0,

and the result follows from Lemma 3.2.4. If y—x = O or z—y = 0, the same phenomenon
produces. Therefore, we may assume without loss of generality that

X =span{y —z,y —x} CR"

is a two-dimensional subspace of R". Let x1, x, € X be an orthonormal basis of X.
Since the curvature X4 is a differential 2-form, its restriction to the two-dimensional
space X is completely determined by the formula

Ka(p)lv, w] = det(L)Ka(p)[x1, x2]

wherep € Qand v, w € X, and L: X — X is linear with L(x1) = v and L(x2) = w, see
for example [25, Ch. 14]. We therefore obtain that, for all t € [1,2] and r € (0, 1),

%A (yr®))y — 2,y = x]|< 1Kalle|(y = ) A (y = 2)| = 21K allco Axyzl- - (3.16)
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We deduce from Lemma 3.2.4 and (3.16) that

= | 1,3 ar - / 1

2
r /1 838 () Ka(yr))ly — 2,y — x]g,(t) dt| dr

1
< 21K Aol Ay e / rdr = 1KalloolAs, gz
0

which concludes the proof. |

Since the amplitude of holonomy ((y)) represents the geodesic distance between idr
and Pt (1) in the simply connected component of Pt, (), a consequence of Proposi-
tion 3.2.1 is that if ||K4|le < +00 on a convex set (), then for all x, y, z € Q we
have

[R(x, 2)R(z, y)R(y, %) ~ ide| < KallolAsy.cl.

3.3 Trace estimates on the half-space

In this section we derive the following trace estimates on the half-space when the
curvature of the connection is bounded. This generalises the result [34, Prop. 2.1] to

the non-abelian case. Our proof follows a structure similar to the one presented in the
article [34].

Proposition 3.3.1. Letn > 1,0 < s < 1and1 < p < +oo. Furthermore, assume that
A € CYR™, Lin(R"*, o(F))) and ||Xallo < B. Then there exists a positive constant
C =C(n,s,p) > 0depending only on n, s and p such that for all u € C}(R"*1, F)

+oo | u(z,t)|p+,87”/2|u(z,t)|p
p | A
) S C / n / AR dtdz  (3.17)

|u('/ O)

and

I, O

+oo |VAu(z t)|p +oo |u(z t)|p ’
<c(/n/ [Pate o /n/ e ), s
where A'(-)[+] = A(-,0)[+,0] € C}(R", Lin(R", o(F))).

By choosing a suitable 0 < s < 1, it implies (i) in Theorem 3.1.2.
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Proof of Theorem 3.1.2 (i). Since 1 < p < 400, we may consider 0 < s =1 — % <1lin
Proposition 3.3.1. The inequality (3.17) then reads

|u(-,0)|p

<
Wy P e )

C/ /+OO|VAu(z,t)|p +ﬁp/2|u(z,t)|p dt dz
R JO

— P /2 P
= C (IVau 1 et sy + B2 ) (B:19)

while (3.18) reads

”u("o)”iﬁ(R”,F)

+oo 1/p +00 1-1/p
<C (/ / |VAu(z,t)|p dt dz) (/ / |u(z,t)|p dt dz)
nJo r" Jo

= p-1
- C ||VAH ”LP(RTl,Lin(R”“,F)) ”1/[ ”LP(RZH,F) (320)

for some constant C > 0 depending only on n and p. Applying Young’s inequality
with % + % =1 to (3.20) yields C > 0 depending only on n and p such that

-1)/2 p = p 2 p
B2l O gy < € (IVA8 1] s sy + B2 s ) - B2D)

Applying the triangle inequality to (3.19) and (3.21) yields
0 < cYr (v aull” P24 1P tr
Juc-, )lw;,‘”f"’ﬂ(w,p) = IVau] L/ (RI Lin(Rr+1,E)) T p ”u”U’(]Rﬁ”,F)

< Cclr (||VA”||LP(R1+1,Lin(R"+1,F)) + ﬁl/ZH”HU’(Rﬁ”,F)) (3.22)
as well as
BVl 0)]| o ) < €7 (”Vz‘lu”LP(RTl,LiH(R”“,F)) + 51/2||”||U’(RT1,F)) - (3.23)

Summing the inequalities (3.22) and (3.23) completes the proof. O

Before proving Proposition 3.3.1 we present the following lemma generalising the
result [34, Lemma 2.3]. The proof is essentially the same since the core of the proof is
the estimate of the amplitude of holonomy which was made in Proposition 3.2.1. The
estimate in the abelian case was easier to obtain as it essentially follows from Stoke’s
theorem, see [34, Lemma 2.2] for details. The idea of the lemma is to estimate the
impact of parallel transport along a straight line by the parallel transport along two
other sides of a triangle. In particular, we obtain a bound depending on the area of the
triangle delimited by the two paths.
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Lemma 3.3.2. Ifn > 1, u € C(R**1,,F) and A € C*(R"*!, Lin(R"*, o(F))), then for

every x, Y, z € Rf}_”, we have

|R(x, y)u(y) — u(x)| < [R(z, y)uly) - u(z)|
+|[R(z, )u(x) — u(z)| + [u(z)| min{2, | Kallol A,y 21} (3.24)

Proof. Since R(v,w) € O(F) is an isometry for all v, w € R"*1, it follows that

|R(x, y)u(y) — R(x, y)R(y, z)u(z)|
= |R(z, y)R(y, x)R(x, y)u(y) = R(z, y)R(y, V)R(x, y)R(y, 2)u(z)|
=[R(z, )u(y) —u(z)| (3.25)
and
|u(x) — R(x, z)u(z)| = |R(z, x)u(x) — u(z)|. (3.26)
We have

R(x, y)u(y) — u(x) = R(x, y)u(y) — R(x, y)R(y, z)u(z) — u(x)
+ R(x, z)u(z) + R(x, y)R(y, z2)u(z) — R(x, z)u(z) (3.27)

and thus, applying the triangle inequality as well as (3.25) and (3.26), we obtain

[R(x, y)u(y) — u(x)| < [R(z, y)u(y) - u(z)|
+ |R(z, x)u(x) — u(z)| + |R(x, Y)R(y, z)u(z) — R(x, z)u(z)|. (3.28)

Finally, by Proposition 3.2.1

|R(x, y)R(y, z)u(z) — R(x, z)u(z)|
< |R(x, y)R(y,z)R(z, x) - idp||u(z)|
< |u(z)| min{2, [|KalleolAyy 21} (3.29)

Combining (3.28) and (3.29) yields the desired result. O

We may now prove Proposition 3.3.1. In this proof, we denote by C > 0 multiple
different positive constants that depend at most on 7, s and p. The constants may
vary in-between lines. If that is the case, a short sentence or inequality will make
that change explicit. We also identify R" with d(R”*!) = R" x {0} so that x € R" is
identified with (x,0) € R**1,
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Proof of Proposition 3.3.1. For each x, y € R", setting z = (3%, |y — x|), we have

min{2, [1Kallel Ay 21} < \21KallolAry ol = ly = 2WIKals  (3:30)

and thus Lemma 3.3.2 with (3.30) yields

IR(x, y)u(y,0) — u(x,0)] < |R(z, y)u(y) — u(z)|
+ |R(z, x)u(x) — u(z)| + |u(z)||y - x|V|IKallo. (3.31)

The gauge covariant fundamental theorem of calculus, see Proposition 2.3.9, applied
to (3.31) yields

|R(x, y)u(y, 0) — u(x,0)| < /01|VAu(yx,Z(t)) [74.(t)]| dt
o [ an e 0) [0 e+ @y - <18 632
Since z = (52, |y — x|), we have the estimates
V(O] <Cly-x| and |y .(t)] < Cly - x|
for some positive constant C > 1. Using these estimates in (3.32) we obtain
[R(x, y)u(y,0) = u(x, 0)

1 1
< Cly - x| (/0 [Vau(yez(8)| dt +/0 [Vau(yy-(t))| dt +ﬁ1/2|u(z)| . (3.33)

By assumption 0 < s < 1 and Hélder’s inequality with % + then implies that

;=1
P
there exists C > 0 such that for any measurable function f: [0,1] — F

1 P 1
( /0 £(1)] dt) <C /0 =D £ . (3.34)

Combining the inequalities (3.34) and |a + b + c|P < 3771 (|a|P + |b|P + |c|F), we derive
from (3.33) that for some C > 0

[R(x, y)u(y,0) - u(x,0)|” L C(

1
T [ DTl

0

1
+ / FI9-DIY gt (o ()] dt +p72Ju)|| (3.35)
0
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and dividing both sides of (3.35) by |y — x|"~(17%) yields, since z = (3%, |y - x|),

dt

|R(x Yu(y,0) —u(x, 0)|p / A=) 1)|VAu (1-5x+ 5y, Ly - XI)|
|y_x|n+sp 0 |y_x|n (1-s)p

p
n /1 $(1=5)(p=1) |VA”((1 - E)y + zx, §|3/ - x|)| dt
0

|]/ _x|n— (1-s)p
x+y p
p/2| |y B |
+ B 7 (3.36)

The integral of the left-hand side of (3.36) with respect to x and y will now be estimated
by the integrals of the three terms on the right-hand side. For t € (0, 1), we perform
the change of variable 1 = (1 — })x + fy and & = t(x — y) which has the 2n X 2n block

matrix
id, 3id,
id, 2id,

as Jacobian matrix, id, denoting the n X n identity matrix. The formula

det (é‘ g) = det(A) det(D — CA™1B)

for block matrices yields a Jacobian determinant of ¢t~ for this change of variable. For
allt € (0,1), we thus obtain

t t t P

ly — x|n-(1-s)p
|VA“(7?/ |§|)|p S” 1| +00 |VA14(T], )|P
n n |é|n (l S)P /n/ 1’1 (1 S) dr dT], (337)

where the last equality follows from integration of radial functions. Since 0 < s <1,
Tonelli’s theorem and (3.37) imply that there exists C > 0 such that

1 ¢t Ly Ely — P
/ / / t(l—s)(p—1)|vAu((1 §)x + 5y, Sly - x|)] dt dx dy
n n 0

[y =20
+oo |VAu(x r)|p
< C/n/ EETE— dr dx (3.38)

holds. This gives us the estimate for the first term of the right-hand side of (3.36). For
the second term we obtain in a similar manner a constant C > 0 such that
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p
ooy Va0 =Dy + 5v sly —DE o
v Jre Jo |y — x|~ !

+°°Vuxrp
<c// Vautx, nf dr dx. (3.39)

rl- (1 s)p

Finally for the last term, a computation as in (3.37) with the change of variable n) = %

and & = y — x as well as polar coordinates yields

[Vau (52, ly - x|)|” . +oo| u(n, )|’
// iy drdy =S |// iy drdn (340

Integrating both sides of (3.36) with respect to x and y and using the estimates (3.38),
(3.39) and (3.40), we reach

©|Vau(z, ) +pr2u(z, t)f
SP(Rn,P) < C/ /o+ | e )| M |”(Z )| dt dz
A 4 n

p
|u(.’0) W tl—(l—s)p

which is (3.17). The proof of the first part of Proposition 3.3.1 is thus complete.

We now work towards (3.18). By the diamagnetic inequality we have |V|u|| < |Vau|

everywhere in R”*! and therefore we have
t
|u(x,0)| < |u(x,t)| +/ |VAM(X,T)| dt
0
for all x e R" and t > 0. It follows that for A > 0 and x € R" we have
2 A t 2 A
|u(x,0)| < —/ / |VAu(x,T)| dr df + —/ |u(x,t)| dt
A 4 Jo A 4
A ) A
< / |VAu(x, t)| dt + X/A |u(x,t)| dt. (3.41)
0 2

Since 0 < s < 1, by applying Holder’s inequality with % + % =1, we obtain C > 0 such
that

A p A p-1 +00 |VAM(X t)|p
sp/(p=1)-1 ’
(/0 |VAu(x,t)|dt) s(/ot dt) /0 ey Ot

00 |V 4u(x, )|
< sp - .
< CA /0 P dt (3.42)
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as well as

AP A P C +00 |u(x, t)|P
2—p( /% |u(x, )| dt) < iy /0 iy A (3.43)

Injecting the estimates (3.42) and (3.43) into (3.41) we obtain C > 0 such that

+00
|VAu(x t)|p
/ |u(x, 0)|p dx <C (/\Sp/n/ iy dt dx

= utx, O dt dx|. (3.44
A(ls)p/n/ Ty dx|. 349

Finally, optimising (3.44) with respect to A > 0 yields C > 0 such that

+oo |VAu(x t)|p +0o |u(x t)|p ’
/|u(x0)|pdx<C(/”/ e // Ty dtdx

which is (3.18) and thus concludes the proof. O

With the same arguments, we obtain a localised version of Proposition 3.3.1 which is
the equivalent of [34, Prop. 2.4] in the non-abelian case. The localised version will be
used in Section 3.6 where we approximate a smooth and bounded domain €2 via local
charts. Here and in what follows, B(x, R) denotes the open ball in R" centred in x with
radius R. When x = 0, we also write Bg = B(0, R).

Proposition 3.3.3. Letn > 1,0 <s <1,1 < p < +ooand 0 < R < +oo. Furthermore,
assume that A € C'(Bg x [0, R], Lin(R™', o(F))), || Kallw < B. Then there exists a
positive constant C = C(n,s,p) > 0 depending only on n, s and p such that for all u €
C!(Br x[0,R],F)

B p
/B /B [R(x, y)u(y,0) — u(x,0)| dx dy

|y_x|n+sp
RIVAu(z, O + BP2u(z, 1)
sc// [Vautz O + B2 O ) o
Bx t1=-(1=s)p

3.4 Extension to the half-space

We establish in this section an extension result from the boundary of the half-space to
the entire half-space under the assumption of a connection with bounded curvature.
The proof of this proposition is similar to the proof of [34, Prop. 3.1] which it generalises
beyond the abelian case.
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Proposition 3.4.1. Letn > 1,0 <s < 1land1 < p < +oo. Furthermore, assume that A €

CH(R™*1, Lin(R"*, o(F))) and || K alleo < B. Then there exists a constant C = C(n, s, p) > 0
depending only on n, s and p such that for all U € CL(R", F) there exists

u € CHR™,F) n CY (R, F)

depending linearly on U and depending on B such that for all x € R" we have u(x,0) = U(x),

+oo |VAu(x t)|p )
/2
/n/ t1- (1 s)p dt dx < (lul SF’(Rn p)+ﬁsp ||u||Lp(Rn F)) (345)

00 P
) |u(x il dt dx < L|| uj (3.46)
n t1- F1-(1-s)p - ﬁ(l—s)p/Z LP(R",F)’ .

where A’(-)[*] = A(, 0)[*, 0] € CY(R", Lin(R", o(F)))

and

Choosing the appropriate 0 < s < 1 gives us (ii) in Theorem 3.1.2.

Proof of Theorem 3.1.2 (ii). Since 1 < p < +c0, we may consider 0 <s =1-1 < 1in

p
Proposition 3.4.1. The first inequality (3.45) then states that

1/p
p
|Wﬁmmmwmwﬂmﬁcoumuw@wﬂ$@Dﬂmmmwa)
Al 4

< C ('U'Wj‘,—l/p,p(R”IP)

+E¢“mwummw;ﬂ (3.47)

while the inequality (3.46) yields

BY2Nullpp e ) < ClUlLrge ) (3.48)

for a constant C > 0 depending only on # and p and thus summing (3.47) with (3.48)
yields C’ > 0 depending only on # and p such that

IV ALl ot Lingeres y + B2l p gy < €7 (lulef””"’(Rn,p) + B UN oo

which concludes the proof. O

We already have all elements needed to prove Proposition 3.4.1. The main difficulty

is finding the function u € C!(R"*!, F) with the right properties. Fortunately, the
candidate given by Nguyen and Van Schaftingen in their proof of [34, Prop. 3.1] works
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here as well. The main differences in the proof appear in the estimations of the functions
L, and L3 where we use results established in Section 3.2.

As in the proof of Proposition 3.3.1, we denote by C’, C > 0 multiple different positive
constants depending at most on 7, s and p. Any changes in between lines will be made
explicit. Finally, we again identify R"” with R" x {0} c R"*L.

Proof of Proposition 3.4.1. Let ¢ € C°(R") be a positive function such that

pdx=1 and ¢ =00onR"\B(0,1) (3.49)
RW

and let 6 € C*(R) be a function such that

O=1in(-a/2,a/2), 6=00nR)\(-a,a) and|0’| < %onR (3.50)

-1/2

where a = 777 and C > 0 is positive constant independent of a. For all ¢ > 0, we set

() =tT"p(-/t): R" > R
which defines a sequence of mollifiers. Given U € C’C1 (R", F), we define the function
u: R*™ — F by setting

u(x, ) = 0(t) /R il = R ((x, ), y)U(y) dy (351)

forall (x, t) € R"™. We begin by showing that u takes the right values on the boundary,
i.e. we need to show that, for all xy € R”,

lim  u(x,t) = U(xp).
(x,£)—(x0,0)
t>0

By (3.50), we have for 0 < t < 5

ur,t)= [ pilx=pR(x 1), 9)U) dy,
and the change of variable y = x — tz the yields

u(x,t) = [ @)R((x,t),x —tz)U(x — tz) dz (3.52)
Rﬂ

and we deduce from (3.52) and Lebesgue’s dominated convergence theorem that

lim  u(x,t) = R(xg, x0)U(xg) = U(xp) (3.53)
(x/t)igxo,o)
>
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which shows that u € CO(R"*1, F) and u(xq, 0) = U(xo).

We now work towards the estimates (3.45) and (3.46). Letey, ..., e,+1 denote the usual
basis of R"*1. Forall 1 < j < n, differentiating under the integral sign in (3.51) gives us

dju(x,t) + A(x, t)[ejJu(x, t)

= 0(t) /R ) (9jq0t(x = YR((x, 1), ¥) + @e(x = y)I;R((x, 1), y))U(y) dy
+A(x, t)[ejlu(x,t) (3.54)

and, with the understanding that ¢ is the n + 1th variable in R"*1,

Ins1u(x,t) + A(x, t)eni1] = 0'(t) /R" pr(x —y)R((x, 1), y)U(y) dy

1 -
-0 | (%pt(x - )+ Do (7 lx - y]) R((x, ), y)U(y) dy
+0(t) /R” r(x — y)IuaR((x, 1), y)U(y) dy + A(x, t)[ens1]u(x, t). (3.55)

Let us introduce the notations CDZ(Z) = dipi(z)if 1 < j < nand CD;H'I(Z) = Fpi(z) +
t~("*2Dg(z/t)[z] for z € R". Then we have forall 1 < j < n +1, since Jgo q)i(z) dz =0,

| @l =i, )uw) dy

[ @l = (R(x0,9) = R(Gx, ), 9)RGx, ) U ) dy

+ / CDi(x —y)R((x, 1), y) (R(x, U(y) - U(x)) dy. (3.56)
R

Using the fact that R(v, w) is an isometry for any v, w € R"*!, we deduce from (3.49),
(3.50), (3.54), (3.55) and (3.56) that there exists C > 0 such that for all (x, t) € R

|Vau(x, t)| < C(L1(x, t) + La(x, t) + La(x, t) + La(x, 1)) (3.57)

where for all (x, t) € R"*! we set

t"+1

Lo o (t
Li(x,t) = (;J;l:f) , t)|R(x,y)ll(y)—U(x)| dy,
Lo o (t
Lo(x, 1) = 2o R0 )R OR G5 ) - ideU)] dy,
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]1(0 a)( ) s

Ls(x,t) |8 R((x,t),y) +A(x, t)[e;IR ((x,t),y)||U(y)| dy,
B(x f)

Lio,a)(t)

La(x,t) = i

|u(y)| dy.
B(x,t)

In order to estimate the integral of V4u in (3.45), we will now estimate the related
integrals of the functions L; to L.

First, using Holder’s inequality with % + % = 1 we have for all (x, t) € R

B(x, )

[La(x, B < i+ D)p

[ R pue) -uel dy
B(x,t)

1
- tp+n

/B( Re ) - UG dy G35)

which together with Tonelli’s theorem implies our first estimate

too \[q(x, t P
/ / | 1(1 Szl dt dx
S/ /+°° 1 / |R(x,y)U(y)_u(x)|P dy| dt dx
nJo t1+n+sp B(x1)

_ _ p( [T 1
= /R” /RW|R(x,y)U(y) U(x)| (/Iy—xl Py dt) dy dx
_ p

|y _x|n+sp

Next, we have for all y € B(x, t) in vertue of Proposition 3.2.1

IR((x, 1), y)R(y, x)R(x, (x, t)) —idp| < \[Btly — x| < pY/2t.

Therefore, Holder’s inequality as in (3.58) together with Tonelli’s theorem yields, since
a= ﬁ_l / 2/

oo |L2(x I 519/2 )
/n/o f1=(-s)p df dx /RH/O pd+1-(1-s)p (/ t)|u(y)| d]/) dt dx

a p/2
<C’ _1€1—_s / |U(y)|p dy dt = CﬁSP/Z/ |u(y)|P dy (3.60)
o t ( )p R" R

for some C’, C > 0, giving us our second estimate.
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To compute 8]-R((x, t), y) forall1 <j < n+1, we recall that R(v, w) is a notation for
R,,.(1,0) = Pt,, (1) which is the solution of the initial value problem

8TR)/w,v (T' O) = _A(yZU,U(T)) [y;U,U(T)]Ryw,U(T/ 0) on [O, 1]/
Ry, ,(0,0) = idF,

with parameter v and w, where vy, (1) = (1 — 7)w + v for T € [0,1]. Applying

Lemma 3.2.2 together with Lemma 3.2.3 and integrating by parts as in the proof of
Lemma 3.2.4, we obtain

R((x,t),y) = =A(x, H)[ejIR((x, 1), y)
1
¢ [ R( 0, 0)Xa (@) (6= 9,0, 76 R(1(0), ) de

where y: [0,1] — R?*! is defined by y(1) = ((1 - 7)y + 7x, tt). It follows that there
exists C > Osuch thatforalll1 <j<n+1landy € B(x,t)

|9iR((x,£), y) + A(x, t)[ejIR((x, 1), y)| < ClIKallot < CBE.

We then reach as in (3.60) the third estimate

+o0 |L3(x ol
// Ty A
, _prr p /2 p
e[ [ [ ay) ardx=cpr [ juel ay e
R Jo (x,t) R

pn+l- (1 s)p

where C’, C > 0 are as usually.

Finally we argue as previously to obtain C’ > 0 and C > 0 such that

/ /+°° Lace o, dx<C/ / / U dy| dt dx
nJo tl (1-s)p n aPt1+” (1 s)p (x,) Y Y

= CpP/? /R n|U(y)|p dy. (3.62)

Combining (3.57), (3.59), (3.60), (3.61) and (3.62), we reach

+00 |VAu(x t)| -
// T Oy df dx < C(|U|WS”(R" P)+5Sp ||U||Lp(Rn F)) (3.63)

which is precisely (3.45), the first estimate of Proposition 3.4.1.
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Similarly to (3.62) and using (3.49), (3.50) as well as (3.51), we reach

oo |u(x t)|p C
/n/ $1-(-s)p dt dx < ﬁ(l—s)p/Z” ”LP(]R" 2% (3.64)
The conclusion follows from (3.63) and (3.64). 0

As in Section 3.3, we also have a local version of Proposition 3.4.1 which will be used
in Section 3.6. The proof uses the same arguments as the proof of Proposition 3.4.2.

Proposition 3.4.2. Letn >1,0<s <1,1 <p < +ooand 0 < R < +oo. Furthermore,
assume that A € C'(Bg x [0, R], Lin(R"*1, o(F))) and || K |1 (Byex(o,r]) + 2= < B. Then
there exists a constant C = C(n,s,p) > 0 depending only on n, s and p such that for all
U € C'(Byg, F) there exists

u e C'(Brx(0,R),F)nC°(Br x [0, R], F)

depending linearly on U such that u(-,0) = U(-) on Bg,

\Y HlF
// [Vau(x, " 4 dx
Bx t1- (1 s)p
R(x, HU(y) = U(x)|
<c / / IR(x, 1) )~ OF 4y qy 4 g2 / UGp dx
Bor J Bor |y—x|n °p Bor

R |u(z t)|p C )
/ / t1- (l—s)p dz < ‘B(l—s)p/Z /BZR|U(X)| dx.

3.5 Characterisation of trace spaces on the half-space

and

We prove in this section a density result concerning the usual gauge covariant Sobolev
space on the half-space R”*! and the fractional gauge Covariant Sobolev space on

= J(R"*). Together with Theorem 3.1.2, they imply Theorem 3.1.3 by a standard
density argument.

Our results are the analogue of [34, Lemma 4.1] and [34, Lemma 4.2] which state these
results in the case of magnetic Sobolev spaces. The here given proofs are analogue to
the proofs given in [34] which we follow.
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Lemma 3.5.1. Let 1 < p < 400 and A € CO(R™*!, Lin(R"™, o(F))). Then the space
C (R™*1, F) is dense in le’p (R™1,p).

Proof. Let x € CX(R"",R) such that 0 < y < 1 and x(x) = 1 for all |x| < 1. For all
A >0, we set
x1: RS R,
x = xa(x) = x(x/A).

We then compute, for u € Wj"p (R™+1, P),

Va(u = xau) =-uVxr+ (1 - xa1)Vau.

Therefore, we have

p
u — u
=000 1

<C /Rnﬂ (1 - X/\(x))p(|u(x)|p + |VA”(X)|p) + |VXA(x)|p|u(x)|p dx =0

as A — 0 since |[Vx,| < C’/A for some constant C” > 0. It follows that any function

in Wj"p (R"*1, P) can be approximated by functions in Wj"p (R"*1, P) whose support is
bounded.

A classical result in extensions of Sobolev mappings asserts that any function in the
Sobolev space WO1 P (R, P) = WLP(R"1, F) can be extended by even reflection to
the whole space R"*1, see [43, Lemma 6.2.1] (see also [1, Sect. 5.4] and [6, Sect. 9.2]).
In particular, C®(R"*!, F) is dense in WO1 PR, P) = WLP(R™, F) by restricting
smooth and compactly supported functions on R"*! to the half space, see [6, Thm. 9.2]
or [43, Thm. 6.1.10].

Since A is locally bounded on R”*!, any function u € Wj"p(Rﬁ”, P) with bounded

support is also in WO1 P(R"*1, P). In fact, for such a function u € le’p (R"*1, P) with
bounded support, we have

”u”WOLP < (1 + ||A||L°°(suppu))”u”Wj‘r%

Since the space C°(R*, F) is dense in WO1 PR, P) = WLP(R™1, F), a function
u e le’p (R"*1, P) with bounded support can be approximated in WO1 P(R"1, P) by

C>(R™*1, F) functions. Indeed, for a mapping u € W/ll’p (R**1, P) with bounded
support, we have

||u||Wj‘/P < (1 + ”A”L""(suppu))”u”WOLP'
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It follows that Wj"p (R"*1, P) functions with bounded support can be approximated in

le’p (R"*1, P) by smooth and compactly supported functions from C°(R”*!, F). The
conclusion follows by a diagonal argument. O

Lemma 3.52. Let 0 < s < 1and 1 < p < +oo. Furthermore, assume that A €
CY(R", Lin(R", F)). Then the space C(R", F) is dense in WZ’P(R”, P).

Proof. Consider xy € C°(R",R) such that 0 < y <1and x =1 on the unit ball B;. For
A > 0, we set

i1 R" > R,
x = xalx) = x(x/A).

Letu € Wj’p (R", P). Then, for all A > 0 and for all x, y € R", we have
(1= xa@)R(x, yu(y) = (1= xa(x))u(x)

xa(x) + xa(y)
2

)(R(x, yu(y) —u(x)) + M(R(% y)(y) + u(x)).

(3.65)

=|1-

Furthermore, for all y € R” and A > 0, we have

o < (3.66)

/ |X/\(x)_)(/\(y)|pd C

for some C > 0. It follows from (3.65) and (3.66) that, for every A > 0,

_ P

p - P p
<C / /n(l_m(x);r)m(y)) |R(|ff)y|ni$)l dydi+C /R |u;5,3| b 6

where C, C’ > 0. We deduce from (3.67) and Lebesgue’s dominated convergence
theorem that
|lu — )(Aule‘,p -0, A—>+

which implies that ||u — )(Aulle,p — 0 when A — +o0. In other words, Wj’p(R”,P)

functions with bounded support are dense in Wj’p (R", P).

Since A is locally bounded on R", any function in Wj’p (R", P) whose support is
bounded is also in WOS P(R",P) = WSP(R", F). Indeed, if u € LP(R", F) has bounded
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support, then, by the triangle inequality, we have

/ / R, puy) —u@ _ |Ju) —uel”
n n |y_x|1’l+5p |y_x|n+sp y
_ p
<C / / [R(x, y)u(y) - u(y)|
n n |y — xl?’l+sp
|R(x/ ]/) - idp|p )
= su dX/u Pdy. (3.68
yesugnu(/]gn |y — x|"*sp Rﬂ| (y)| y. (3.68)

Since the parallel transport is an isometry, we have
IR(x,y) —idp| < 2. (3.69)

By Proposition 2.3.5, we have

%R(Vy,x(t)r }/) = _A(Vy,x(t))[x - y]R()/y,x(t)/ }/)

and by the fundamental theorem of calculus, we have

|R(x y)— 1dp| ‘/ (7y, (D)) [x=yIR (yy,x(t), y) dt

< A=, «(o1px=Yyl. (3.70)
It follows from (3.69) and (3.70) that

IR(x, y) —idp|’

sup
yesuppu J R" |y - x|n+sp

min{l, |y - x|p”A”Z°°(suppu)}

[y = 2 dx < +o00. (3.71)

<C sup
yesuppu J R

Combining (3.68) and (3.71), we deduce that if u € LP(R", F) has compact support,
then
ueW"(R"P) & ucW,”R",P).

Since C*(R",F) is dense in W*P(R",P), see [27, Thm. 6.66], any function u €
WZ'p (R", P) can be approximated in WOS 7 (R", P) by functions with uniformly compact
support. Since A is locally bounded, the above calculation shows that the approximat-
ing sequence also converges in Wj’p (R", P), and the conclusion follows by a diagonal
argument. a

100



3.6 Traces and extensions on a domain

In this section, we consider the trace problem on a general open and bounded domain
Q c R"™1 of class C}, that is, its boundary dQ) is a C! manifold of dimension n. We
then use the fact that () and its boundary can locally be approximated by subsets
of the Euclidean space such as half-balls B(0, R) N R"*! via local charts up to the
boundary. The results of Chapter 3 on the trace and extension are then used locally
on the charts, and the local results are glued back together. The structure is inspired
by [34, Sect. 6] which studies the same problem in the case of magnetic Sobolev
spaces.

Proposition 2.2.18 asserts that, assuming that the connection 1-form A is bounded, the
gauge covariant Sobolev space is characterised by

Lp _ 1A7l,
WA (Q,P)=W"P(Q), F).

Therefore, the trace space of Wj"p(Q,P) for a bounded A is simply the fractional
Sobolev space W~1/PP(9Q, F). Although this already characterises the trace space of
Wj"p(Q, P) when

A € CH(Q, Lin(R"*, o(F))),

this does not yield a gauge invariant estimate. Since in that case A is continuous up to

the boundary, the trace space of le’p (Q, P) should be characterised with a gauge invari-
ant dependence in A. We achieve this at the end of this section.

We begin by introducing some geometric tools needed for our study. We shall denote
by W a chart of Q and by V a chart of Q. When ¢: W — Q is a chart up to the
boundary such that (W) N dQ is not empty, one should think of V as a subset of JW
with (V) = (W) N 9Q.

The pull-back [21, 24, 25, 38] is a tool that allows us to transport a 1-form from a
domain to another diffeomorphic domain. In particular, we shall use it to transport a
connection from € to a local chart (W, ¢) of Q.

Definition 3.6.1 (Pull-back). Let X be a finite dimensional vector space and W C R"
open. Assume that Y: W — R" is a diffeomorphism on its image and consider a map
L: ¢(W) — Lin(R", X). Then, the pull-back

Y*L: W — Lin(R", X)
of L by  is defined for all x € W by
P"L(x)[] = L(¢(x)) o DY(x)[-] € Lin(R", X).
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When L = A: Q — Lin(R", o(F)) is a connection form on Q, the pull-back *A: W —
Lin(R“, D(F)) defines a natural connection form on W, and thus also a covariant
derivative V-4 = V +1p"A. When L = Vau: Q — Lin(R", F) is the weak covariant

derivative of some u € Wfll’p (Q, P), the pull-back 1p*(V su) also defines a weak covariant
derivative of a certain map on W. The following classical lemma shows that these two
induced connections are one and the same.

Lemma 3.6.2. Let W C R" be an open and bounded domain and let ¢: 3 — R" be a
diffeomorphism up to the boundary on its image. Then

Hot € wjgg(w,p) = ueW,”(YW),P)

and for almost all x € W
Vyeal o )(x) = (§"(Vau)) (x).

Consequently, we have

|VAu(gb(x))|
P,

for almost all x € W.

< [Vya(u 0 )(x)] < DY loo|Vau (p(x))|

Proof. By Definition 3.6.1 and the chain rule, we have for almost all x € W

Vyralu 0 Y))
= Vu((x) + A(P()) 0 DY) - u(p(x)) = Vau(p(x)) o Dy (x)
=" (Vau)(x). (3.72)

Since 1) is a diffeomorphism on its image up to the boundary, it follows that

Va0 9)(x)] < 1D lloo| Var (¢(x))| (3.73)

and
[Vau (p(x))] = [Vyra(u o )(x) o D) ((x)] < DO Va0 )(x)|- (3.74)
The conclusion follows from (3.72), (3.73) and (3.74). C

Given a smooth path y € cl ([O, 1], W), the connection V-4 gives rise to a parallel

transport Pt;f*A along y which is defined as in Definition 2.3.3 with respect to the linear

differential equation

w'(t) = —¢*A(y()) [y’ (®)]u(t) fort €[0,1]. (3.75)
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We recall that we established in Section 2.3 that Pt;/j*A : [0, 1] — O(F) satisfies the linear
initial value problem

d A . , ‘A
- Pt*” (1) = —p*A(y®) [y’ ()] P (1) fort € [0,1],
Pt;’j 4(0) = idp
and u € C!([0, 1], F) satisfies (3.75) if and only if, for all ¢ € [0, 1],
u(t) = Pty 4 (£)u(0).
For such a path y € Cl([O, 1],W), we define, as in Definition 2.3.3, the operator
‘A
RY™: [0,11> — O(F) by
‘A ‘A R
RYA(t,s) = P A () (Ptﬁ (s))
where (t,5) € [0,1]%. We also write
A A
Ry (), (1) = RY (s, )

so that u: y([0,1]) — F is parallel along y, that is, Vy-au(y(t))[y'(t)] = 0 for all
t € [0,1], if and only if

u(y(5) = Ry (y(8), 7(5))u ()

When W is convex which we may assume by taking a smaller convex chart of (3, we
denote by Pt the parallel transport along the path

Ve [0,1] =W,
Vey(t) = (1 —t)x +ty

where x, y € W. As above, we set
R, 0) = P s (P 0) T = P o) P e

as well as ) o
RY A(Vx,y(t)/ Vry(8)) = Rl;c[},y (t,s)

for all (s, t) € [0,1]%. In particular, we have
RVA(y, x) = RY,'(1,0) = PE,' (D), (3.76)

the parallel transport from x € W to y € W along yy, ,. We then have Vy-4u = 0in W
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if and only if
u(x) = RV (x, y)uly)

forall x, y € W. The general discussion made in Section 2.3 holds with respect to the con-
nection Vy-4. In particular, the path y may only be piecewise C L

We next presentaresultsimilar to Lemma 3.6.2 regarding the gauge covariant Gagliardo
seminorm with charts i: V + dQ. The boundary dQ of a bounded domain Q of class
C! is not convex and therefore, parallel transport along yy , does not make sense in
general. However, since dQ is a compact C! manifold by assumption, it has a positive
injectivity radius inj,, > 0, and if x, y € JQ are such that distyn(x, y) < inj,,, then
there exists a unique distance minimising geodesic

Cx,y: [0,1] — 9Q

with Cy 4(0) = x and Cy,(1) = y, see [12, Ch. 13]. Given a continuous connection
1-form
A’ € C°(9Q, Lin(R", o(F)))

on the boundary, we define for such points x, y € JQ with distyn(x, y) < inj,q the
parallel transport operator

P4’

20,1,y [0,1] — O(F)

as previously with respect to the linear differential equation
w'(t) = —A"(Cey (1)) [Ty (D] u(t) fort €[0,1].
We also write, for x, y € JQ with distyn(x, y) < inj,e,

Rgg)(xl ]/) = Pt?Q,y,x(l)/

the parallel transport from y to x along the geodesic C; »: [0,1] — dQ, (y(0) = y
and Cyx(1) = x. Here again, the general discussion made in Section 2.3 holds with
respect to the connection A’: dQ — Lin(R", o(F)). Pulling back the connection A’ by
Y : V — dQ induces the connection 1-form ¢*A” which in return gives rise to another
parallel transport. Assuming that V' is convex, we denote the parallel transport
from y € V to x € V along yy,x by R4 (x,y). Its general definition along a path
y:[0,1] — V is similar to that of RY"4, see (3.76).

Definition 3.6.3. Let n > 1, let 1 < p < +00, let 0 < s < 1 and let Q c R"*! be
an open bounded domain of class C1. Furthermore, let A’ € C°(9Q, Lin(R", o(F))). We

define the fractional gauge covariant Sobolev space W” (9Q, P) as the set of all functions
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u € LP(R", F) such that the gauge covariant Gagliardo seminorm

[u]

W 00,P) = dx dy (3.77)

// RS (x, p)u(y) = ux)|”

|x y|Vl+Sp
(x,y)€d0QxdQ
distyn (x,y)<inj,e
is finite.
The gauge covariant Gagliardo seminorm is gauge invariant in vertue of Proposi-
tion 2.3.7. We endow it with the gauge invariant norm

) 1p
lutllysr aa,p) = (Ileelly + [u] SP(aQP)) '

A standard proof shows that this defines a Banach space.

Lemma 3.6.4. Let x, y € dQ with distyn(x, y) < inj,q. Then, forall t € [0, 1],
PrAY A’
Ptzw (t) = Ptio « y(t)

where Cy = ylo Cxy-

Proof. On one hand

d , ,
T —Ptl, . (D)= =A(Cay (1)) [y ()] Ptg‘Q/xly(t) for t € [0,1], (5.78)
Pty . ,(0) = idr
and on the other hand,
d - - ar
=Pt (1) = <¢*A'>(cx,y<t>) 8, 0] Pt () fort €[0,1],
dt x, Cx,y (379)
Pty (0) =
Cx,y
By the chain rule and Definition 3.6.1, we have, for all t € [0, 1]
=" A) Ly (1) [T (D] PEE (1) = A (Coy (1) [, ()], (3.80)

We deduce from (3.78), (3.79) and (3.80) that Ptlp and PtA satisfy the same initial
Xy

value problem and conclude by uniqueness of the solutlon m|

105



Lemma 3.6.4 in particular tells us that parallel transport in dQ) with respect to the
connection A’ boils down to the same as parallel transport in a chart (V, i) of JQ with
respect to the pull-back connection ¢*A’. In particular, we may observe how parallel
transport along a path y in JQ) behaves by analysing the parallel transport along the
path 7 = =1 oy for in V behaves. We shall use this to find estimates on the difference
between the parallel transport along the path y,, in V, x,y € V, and the parallel
transport along the unique geodesic Cy(x),y(y) in dQ by computing the amplitude of
holonomy along the concatenation y: [0,2] — V,

(3.81)

(t) = Coy(t) = @7 0 Ly p)t)  for0<t <1,
! Yyt =1)=(t-1Dx+2-t)y forl<t <2

We obtain the following relation for the gauge covariant Gagliardo seminorms with
the connections 1*A” and A’.

Lemma 3.6.5. Letn > 1,1 < p < +ooand 0 < s < 1. Let V C R" be open and bounded and
let: V. — R"*! bea diffeomorphism up to the boundary on its image as a subset of the manifold
9Q such that diam (¢(V)) < inj,q. Furthermore, assume that A’ € C'(9Q, Lin(R", o(F))).
If V is convex and (V) is geodesically convex, then there exists a positive constant C such
that for every measurable function U: (V) — F,

RA x,y)u U(x)
/ / |R45,(x, ) (yn)+s (x)| dy dx
V) Jy(v) ly — x|"+sP

RV (0, w)U (p(w)) - U (p(0))[
<c ( [/

|w — v|+sp

dw do

+min{||fKA/|| |5<A’||Sp/3}/|u (¥ (o) |p dv)
and

/ / IRVA (0, w)U (p(w)) - U (p(@))[

|w — v|+sp

IRY (x, y)U(y) - U(x)]
sC (/(V) /(V) ly — x|"*sP dy dx

+min{”gCA’”Zm||J<A’||if/3}/ u(x)|” dX)-
p(V)

dw dv

To prove this result, we first establish an estimate comparing the two parallel transport
operators via the amplitude of holonomy along the concatenation y defined in (3.81).
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Lemma 3.6.6. Let n > 1, let V. C R" be open and bounded and let : V — JQ be a
diffeomorphism up to the boundary on its image as a subset of the manifold dQ) such that
diam(y(V)) < inj,q. Furthermore, assume that A € C1(9Q, Lin(R", o(F))). If V is convex
and (V) is geodesically convex, then there exists C > 0 such that forall x, y € V

() < Cmin{1, |Ka [l =@vyly - xI°}
where y is the concatenation (3.81). In particular,
IRV (2, y)RA, (0(y), ¥(x)) —idp| < Cmin{2, [|Kallpspyly — xIP}-
Proof. Since C = Cy(y),p(x) i @ geodesic, its local form

= F |
C=Cry =9 o Cywm)uy

satisfies the local geodesic equation

C"(t) =T(CB) [C'®), C(0)]
where I is a symmetric 2-form (defined with the Christofell symbols), see for example

[12, Ch. 3]. Since geodesic have constant speed proportional to the Euclidean distance
between their endpoints, it follows that there exists C1, C2 > 0 such that

27| < Ci|T )] < Caly - xP. (3.82)
Let us define u € C%([0,1], V) by

u(t) = z(t) - Vx,y(t)-

By the Taylor-Lagrange theorem, we have

[Ll”(C)

u(0) = p(t) = ' (B)t + ——#2
for some 0 < ¢ < t and
144 d
u(1) = p() + @ ()1~ 1) + 2( Ja -1y
for some t < d < 1. Since u(0) = p(1) = 0, we obtain
u(e) = (@ = D) + ) = L0 - i) - ) (3.89)

for all t € [0,1]. Since u” = ", it follows from (3.82) and (3.83) that, for all t € [0,1]
and some C > 0,
|u(t)] < CtL = t)ly — x|*. (3.84)
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Let H: [0,2] x [0,1] — V be the continuous and piecewise differentiable homotopy
operator defined by

(1-s)((1—t)x+ty) +sC(t) for0O<t<T1,

H(t,s)={(t_1)x+(2_t)y forl<ts<2.

We have H(t,1) = y(t) and H(t, 0) is the concatenation of yy,, and y, .. We consider
the parallel transport Ptg} 4 (-) along vs(:) = H(-, s). In particular, Ptgb A (2) =idf and

Pt/ Y(2) = P (2) = RV (x, y) RA, (9 (), ¥ (x))

is the holonomy along y. We compute, for all t € [0,1) and for all s € [0, 1],

Vi) =1 =s)y—x)+sC(),
dsys(t) =C(t) = (1= t)x + ty) = u(t), (3.85)
01 dsys(t) = dsyi(t) = C'(t) +x —y = p'(t)

while for t € (1,2] and s € [0,1] J:H(t,s) = y — x and dsH(t,s) = 0. In vertue of
Lemma 3.2.2, Lemma 3.2.3 and (3.85), we have

2, PtV (2)

=- /0 P )P (071D (7 00) [u0), 20 P ()
_ /O 1 P () P (1) (W A (s (1)) [ (0| PE Y (1) dE. (3.86)

Integrating by parts, we obtain

- /0 P @) B (0 (gAY () [ 0] P (1)

= /O P @) P (7 ) (1 0) [ O] ) (00 [ P 1)
- /0 P @) P (6 DAY (00 [0, ) P 0

: /O PP (0 A () O] A (1) [uD)] P (1) e, 387

Injecting (3.87) into (3.86), we reach

9 PtV A (2) = /0 1 P () P (1)K e (75(0) [0, ()] P () at
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and therefore, by (3.84) and (3.85), we have
iA’
[P @)] < ClIlKyearlloly - 2P

We conclude that

1
* A’
) < /0 |9 pt! (2)| ds < ClIKgarllz=nly — xP = ClKarllps@yly —xI°. O

Proof of Lemma 3.6.5. By the change of variable formula, we have

IRY (x, U(y) - U]
/ / — dy dx
p(v) Jpv) ly — x|"*sp

-, [Roa (¥ (®) p (@)U (p@) - UlpE)
|y (w) - ()"

Since 1) is a diffeomorphism up to the boundary, we obtain C > 0 such that

IRY (x, U(y) - U)]
/ / e dy dx
W(V) Jy(v) ly — x|

YA B p
B C(// |R (w, )U (P(w)) (1,[)(7}))| 4w do

Jacy(v)Jac P (w) dw do.

[w — o|t*sp
RY'A P b
// Faulv) 1#(u))l)w |n+(sz’ZU)| 1) dw dv|. (3.88)

It follows from Lemma 3.6.6 that, for all v, w € V, we have

RS (W(@), v(@) - R @@ min {1, 15l 0 — w7}

lw — v|"+sp =+ [w — o|"+sp

(3.89)

The conclusion for the first estimate is then obtained from (3.88) and (3.89) together
with the estimates

/ min{l, ”JCA’”ZMW)(V))'ZPP}

3
PGS dz < CallKarl}2)

L=@p(V))

and
|z [P

[
(V)

dz < G3llKarllb..
/B(O,diam(V)) |z|"*sP L=y (V))

which follow from direct computation. The proof for the second estimate is analogue.
O
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We are now ready to characterise traces and extensions of gauge covariant Sobolev
spaces on open bounded domains Q C R"*! of class C! with connection 1-form

A € CY(Q, Lin(R"*!, o(F))). Under this assumption on A, the gauge covariant Sobolev

space Wj’p(Q, P) is the same as the usual vector valued Sobolev space W1?(Q, F) since
the connection 1-form A is bounded, see Proposition 2.2.18. Therefore, the usual trace
theorem applies and yields a linear and continuous trace operator

Tr: W,"(Q, P) — W'"P(9Q, F).

However, the norm estimates are not gauge invariant, and the trace space should
depend on A in a gauge invariant manner. The results that follow achieve this
enhanced characterisation.

We obtain the following estimates on the traces of gauge covariant Sobolev spaces,
generalising the particular case of [34, Prop. 6.4] regarding magnetic Sobolev spaces.
In this and the following proof, we denote by C1, C», . . . positive constants independent
of A, uorU.

Proposition 3.6.7. Let n > 1, let 1 < p < +oo and let Q C R™! be an open and

bounded domain of class C'. Furthermore, assume that A € C'(Q, Lin(R"*?, o(F))) and that
|Kalloo < B. Then there exists a constant C = C(Q, p) > 0 depending only on QO and p such

that for all u € Wj"p(Q, P) with U = Tr u, we have

/ IRY (x, U (y) - U)]"

dx dy < c/ IVau()lP + (1+B72) [u(x)l? dx.
|y _xli’H—p—l Q

(x,1)€d0QxdQ
distyn (y,x)<injye

Here and in what follows, we write, for z € JQ),
Al(z) = A(z) - (A(2) | v(2))v(z)

where v(z) denotes a unit normal vector of JQ at z.

Proof of Proposition 3.6.7. Since Cm(ﬁ, F) is dense in WP(Q), F) = Wj"p (Q, P), see for

example [6, Cor. 9.8], we may assume u € C*(Q, F). By divergence theorem and the
diamagnetic inequality, we have

1/p 1-1/p
/aQ|U(x)|p dx << Cg (/Q|VAu(x)|p + |u(x)|p dx) (/Q|u(x)|p dx) . (3.90)
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Since dQ is compact and Q of class C!, there exists a finite number of maps, say

jed{l,... k},
it By x(-1,1) > R"*!

that are diffeomorphisms on their image such that

¥j(B1x(0,1)) = (B x (-1,1)) N Q,
;(B1 x {0}) = ¢(B1x (-1,1)) N 9Q,

k
9Q | (B x {0})

j=1
and, for every j € {1,...,k}, ;(B1 x {0}) is geodesically convex with
diam (1 (B1 % {0})) < injyp -

In vertue of Proposition 3.3.3 with s =1 — %, we have, forj € {1, ..., k},

p
dx dy

/ / IRV (x, y)U (;(y,0)) - U (¢j(x,0))]
Bi /By

|x _ y|n+p—1

1
<G /B 1 /O [Vyear(u o)z, )| + BP2|(w o i)z, 1) dt dz. (3.91)

Since § is an arbitrary upper bound on [[X 4|, Wwe may assume without loss of
generality that f > 1. Lemma 3.6.2 and Lemma 3.6.5 then imply together with (3.91)
that

RA (x, y)U(y) - U(x)[
|y _ x|n+p—1

dx dy
¥;(Brx{0})x4;(B1x{0})

<Cs / |VAU(X)|p + ﬁp/2|u(x)|p dx + pr-b/3 / |U(x)|p dx). (3.92)
¥;(B1x(0,1)) ¥i(B1x{0})

Since pP~1/3 < gr=1/2 using (3.90) and with Young’s inequality we obtain

g3 / U d
P;(Bix(0))

1/p 1-1/p
< Clﬁ(p_l)/z (/ |VAu(z)|p - |u(x)|p dx) (/ |u(x)|p dx)
Q Q
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< Cy / [Vau()]” + (14 gF2)|ux) dx. (3.93)
P;(B1x{0})

The conclusion follows by summing over j € {1, ..., k} and combining the estimate
(3.92) with the estimate (3.93). O

Regarding extensions, we have the following result generalising its analogue for
magnetic Sobolev spaces [34, Prop. 6.5].

Proposition 3.6.8. Letn > 1,1 < p < +ooand let Q C R be an open and bounded domain

of class C'. Furthermore, assume that A € C'(Q, Lin(R"*!, o(F))) and that || Kallc < B-
Then there exists a constant C = C(Q, p) > 0 depending only on Q and p such that for all

ue le,_l/p’p(&(), P), there exists u € Wj"p(Q, P) N CYQ, F) such that Tru = U and

/ |Vu(x)|P dx
Q

RY (x, y)U(y) - U(x)
<c // RS0, U (y) (Idydx
|y_x|n+p—1
(x,y)€dQx0Q
distyn(y,x)<inj,q

+(1 +5(p—1)/2)/ |U(x)|p dx)
IQ

and

/Q|u(x)|p dx < 1+C;p/2 /(m|ll(x)|p dx.

Proof. Since dQ is compact and Q of class C!, there exists a finite number of maps, say
je{l,...,k},
it By x (-1,1) > R"*!

that are diffeomorphisms on their image such that

Y’U]'<B1 % (0, 1)) = Ebj(Bl X (—1, 1)) NnQ,
¥;(B1 % {0}) = ¥(B1 x (-1,1)) N 9Q,

k
0Q C U IP] (B1/2 X {O})
i=1

]

and, for every j € {1,...,k}, ¥;(B1 x {0}) is geodesically convex with

diam (¢ (B1 X {0})) < injyp -
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Moreover, there exists a a collection of smooth functions {n; ;.‘:1 cCc” (5, R) such that
forallj e {1,...,k}
supp ¢j C ¢;j(B1/2 x[0,1/2])

and Z;‘zl nj=1onQ.

In vertue of Proposition 3.4.2 withs =1 - %, forevery j € {1,..., k}, there exists

uj € WJ};’;(BUZ N [0,1/2]) x C'(B1/2 x [0,1/2])

such that Tru; = U o 1; on By, X {0} and furthermore u; satisfies

1

2
/ / |V¢*Auj(x, t)|p dt dx
By, J0 !

IRV (x, YU (¥i(y,0)) - U (¢j(x,0))]
<c(f, [,

p
ly — x|m+p-1 dr dy

4 g1 /B U (i(x,0) dx| (3.94)

and, assuming without loss of generality that f > 1,

/ / Wy au(0)ff dx < C / (U o))" dx. (3.95)
By J0 / By

Applying Lemma 3.6.2 and Lemma 3.6.5 to (3.94) and (3.95), we obtain

/ |VA (u]- o l’bj_l)(x)|p dx
V;(B1/2X[0,1/2])
IRY (x, y)U(y) - U(x)[

<C
3 |]/ _x|n+p—1

¥j(B1x{0})x1p;(B1x{0})

dy

+ plr-b/2 / |U(x)|dx) (3.96)
;(B1x{0})

and

/ |u]~(x)|p dx < C4 / |U(x)|p dx. (3.97)

¥j(B1/2x[0,1/2]) ¥j(B1x{0})
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We define on Q)

By the Leibniz rule for covariant derivatives, see Definition 1.4.10, we have

k

Vau = ( (0 971)Dn +n;Va (uy 0 p7)). (3.98)
j=1
The conclusion follows from (3.96), (3.97) and (3.98). O

In vertue of Proposition 3.6.7 and Proposition 3.6.8, we conclude that if the curvature
is bounded on (), the trace space of the Gauge covariant Sobolev space Wj"p(Q, P)is

the fractional gauge covariant Sobolev space wHer (0Q, P).
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Conclusion

This concludes our exploration of gauge covariant Sobolev spaces. Although this thesis
places itself in mathematical analysis, our study was intertwined with the beautiful
branch of mathematics that is differential geometry. The different nature of sections and
covariant derivatives together with parallel transport yields many initial obstructions
which one has to overcome.

Our aim was to give a new and gauge invariant characterisation of the trace space of
a gauge covariant Sobolev space. We reached this goal in Chapter 3, and concluded

that the trace space of Wj"p(Q, P) is the fractional gauge covariant Sobolev space

Wl—l/P/P

n (dQ), P) with the gauge covariant Gagliardo seminorm

X.

// R4 (x, U(y) — U(x)[ 4

|]/ —x | n+p-1
(x,y)€dQ2x3Q
distyn (y,x)<inj,q

Although new, this result is not surprising as it was already known in the classical
case, due to Gagliardo [17], and the case of abelian gauge covariant Sobolev spaces,
due to Ngyuen and Van Schaftingen [34]. Most propositions we proved in Chapter 3
are better than needed. In fact, the presence of the 0 < s < 1 was not needed as we
could simply chose s =1 - %. However, this sets a first step towards another result,

namely characterising fractional gauge covariant Sobolev spaces as interpolation spaces

between L¥ and Wj"p . This problem was already approached and solved by Ngyuen
and Van Schaftingen in the case of magnetic Sobolev spaces [34]. It is expected that
the proof adapts without much effort.

In Chapter 2, we constructed piece by piece these gauge covariant Sobolev spaces and
established some basic properties. Remarkably, we were able to obtain an equivalent
to the Gagliardo-Nirenberg-Sobolev embedding without much effort. A continuation
of this thesis could be to establish the Morrey-Sobolev embedding, as the definition of
the Holder spaces should involve parallel transport similarly to the fractional gauge
covariant Sobolev spaces.

Another possible continuation of this thesis is trying to work with L” connections or
LP curvatures rather than C! connections like we did. Such connections appear in
Yang-Mills type theories, where the connection itself is an unknown and part of the
problem.
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