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Abstract

This work focuses on efficient portfolio computation methods and more specifi-
cally on the estimation of the covariance matrix. First, theoretical reminders about
portfolio optimization are presented. A special focus is made on shrinkage-based
method (i.e. Ledoit & Wolf) and principal component analysis (PCA). Next, differ-
ent strategies are compared and new shrinkage- and PCA-based portfolio optimiza-
tion methods are presented. Then, the performance achieved with these methods
and those from the literature are compared and discussed.
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2 Introduction

Finding the best way to allocate his wealth has always been a historical topic which is at
the same time extremely interesting and difficult to solve because it is simply impossible
to predict the future. Nevertheless, it exists a lot of methods that aim to find an optimal
balance between risk and return using the information available at the moment investors
are taking their decisions. And when the discussion is about portfolio strategies, it is
totally impossible not to talk about Markowitz.

The Modern Portfolio Theory was born in 1952 with the publication of a paper by
Harry Markowitz [1].It assumes that the risk of a portfolio can be correctly measured
by the variance of its profitability, He formalized and made explicit the fundamental
dilemma of modern finance: obtain a low but certain return, or accept to take a risk
in the hope of increasing this return. That is how the Mean Variance Portfolio was
born. It has become the most well-known strategy due to its intuitive theory and its easy
implementation. The main difficulty in estimating the mean-variance portfolio resides in
the estimation of the mean returns p. This one is generally characterized by a much higher
variance than the sample variances. As Fischer Black claimed in 1993 [2],”Estimating
expected return is hard. Daily data hardly help at all. Only a longer period of data
can help. We need decades of data for accurate estimates of average expected return.”
Moreover, the portfolio is very sensitive to this estimate.

In the following years, a lot of mathematicians managed to improve this strategy.
One of the proposed solutions is to consider that all assets have the same sample mean.
As explained by Jagannatha and Ma [3], the sample mean is such a poor estimator of
the true mean that it is better to simply ignore the mean when no further information
available. This leads to the Minimum Variance Portfolio. This one aims to minimize
the risk and therefore suits to investors with infinite risk-aversion. Moreover, although
this portfolio is more robust, it is still quite sensitive to estimation error in the covariance
matrix [8].High levels of positive error result from the largest values and high levels of
negative error from the smallest values in the covariance matrix.

In order to overcome this estimation problem, different shrinkage methods were
developed. Shrinkage aims to pull these extreme values toward a central value. The
method allows to compute a covariance matrix by finding the right balance between two
matrices. This balance is defined by a coefficient shrinkage computed in different ways
that will be discussed later.

The shrinkage method we are focusing in this work is the Ledoit & Wolf strategy.
They propose to shrink an unbiased-high-variance sample estimate and a biased-low-
variance target estimate. As a target estimate, they used the identity matrix in [4]. They
also proposed a method to shrink the sample covariance matrix with the single-index
covariance matrix in [5] and with the constant correlation covariance matrix in [6]. They
explain that "The shrinkage target should fulfill two requirements at the same time: it
involves only a small number of free parameters (that is, a lot of structure) but it also
reflects important characteristics of the unknown quantity being estimated.” However, for
each method, the main challenge is to find the optimal shrinkage intensity to use.



In this work, the achieved performance with the mean variance portfolio, minimum
variance portfolio and the Ledoit & Wolf strategies are presented. Then, another method
is developed: as a target estimate, we use a covariance matrix computed after applying
Principal Component Analysis [22], and the shrinkage intensity is found with a 10-
fold cross-validation (this method is explained in [20]). Thanks to PCA, a low-dimensional
representation of the matrix of the returns is computed, capturing most of the information.
This is motivated by the performance achieved with the minimum variance strategy, which
is less sensitive to estimation error of the covariance matrix when the matrix dimension
is low [6]. Finally, the performance achieved with these four methods will be compared.



3 Mathematical Background

3.1 Mean and Minimum Variance Portfolios

Historically, investors have allocated their money to assets that exhibit the highest return,
where the volatility is usually stronger, allowing them to gain bargains on expected returns
[7]. However, it is really difficult to compute an exact forecast with any sort of asset
because markets are unpredictable and volatility is sometimes huge. The most famous
model that is used is the Modern Portfolio Theory introduced by Markowitz in 1952 [1]. As
written in his paper, the economic sciences Nobel Prize winner explains that portfolios
that seek to balance the volatility of their assets could perform better than standard
portfolios. He details the mathematics of diversification and demonstrates how risk can
be reduced through an efficient combination of assets.

Let us denote by R; the return of the asset X; in a portfolio. The expected return
{t, of the portfolio is defined as

N
Hp = Zwi i =w'p (1)
i=1

where N is the number of assets, p = [u1, ..., puy] with p; = E[R;] is a vector containing
the mean returns, and w = [wy, ..., wy]" is a vector of weights the investor chose to put on
each asset. The variance of the returns, corresponding in this field to the risk associated
to the portfolio, is defined as

o) =w'Iw, (2)

where X is the covariance matrix of the assets returns, i.e. [X];; = E[(R; — i) (Rj — 115)]-

In order to maximize the expected return in one hand and to minimize the risk in the
other hand, Markowitz proposes to compute the weights by solving the following quadratic
problem:

w* = argmax i, — Y05, (3)
w

with v modelling the risk-aversion of the investor. This gives rise to the efficient frontier,
i.e. the set of pairs (p,, ) which are solutions of the maximisation problem. All the
portfolios on this frontier are called mean-variance portfolios. With risk-free asset
s, the efficient frontier becomes a line called capital capital market line, starting at
(r,0) and tangent to the previous efficient frontier. The tangent point between the
capital market line and the previous efficient frontier gives the portfolio which maximizes
the sharpe ratio SR = %, i.e. the ratio between the mean excess return and the
volatility. This is illustrated in Figure 1.
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Figure 1: Efficient frontier and capital market line. The maximum sharpe-ratio portfolio
is located at the point M [24].

This portfolio is called maximum sharpe-ratio portfolio. Therefore, to compute
the maximum sharpe-ratio portfolio, Equation (3) is rewritten as

/

W)ISR = argmax Mo _ argmax _YE_ (4)
w Op w VWEw

With the only constraint W = {W eERY|wW1= 1} where 1 is a all-ones vector of NV
elements, the solution is given by

E_l
WMSR = —,{L (5)

The classical estimate of the maximum sharpe-ratio portfolio is computed as

. X g
WMSR = A—,{La (6)
1Y L

where 1 and 3 are respectively the sample mean and sample covariance matrix obtained
from a training set of 7' samples T = {X; = [X1, ..., Xne) }

12 ) (X — )

t=1

N[ =

This is an unbiased but also high-variance estimator. Therefore, the main difficulty to
obtain this mean-variance portfolio is the estimation of the mean returns fi, owing to its



high variance (generally much higher than the variance of ﬁ]), and the high sensitivity of
the mean-variance portfolio to the sample mean p.

One possibility to avoid facing the issue of the estimation of the sample mean is to
assume that the sample mean of all the assets is the same. In that case, the mean-
variance portfolio corresponds to the minimum-variance portfolio, and the weights
are computed as X
ot "
Although the minimum-variance portfolio is more robust than the mean-variance portfolio,
it is still sensitive to estimation error in the covariance matrix, especially when N >> T
since the cardinality of 3 increases quickly with N.

It is important to note that the sample covariance matrix is an efficient estimator
(unbiased and minimum variance) when the asset returns are Gaussian. However, in
practice, asset returns are not Gaussian, and there may be biased estimates which achieves
better out-of-sample performance [8]. More specifically, the sample covariance matrix is
the maximum likelihood estimator for normally distributed returns. However, even if this
estimator has the smallest asymptotic variance for this distribution, it is highly sensitive
to deviations of the asset-return distribution from the normal.

Wmv

There exists well known strategies in order to overcome this problem like the no-
short-selling constraint (”constraining portfolio weights to be nonnegative can reduce
the risk in estimated optimal portfolios even when the constraints are wrong” [3]) or the
shrinkage method. The shrinkage method is developed in details in Section 3.2.

3.2 Shrinkage-based Methods

As described in Section 3.1, the covariance matrix of the assets returns must be estimated
accurately in order to compute the weights of the portfolio strategy. This topic and its
related problems have been well documented in the literature [10-13]. In practice, when
the number of stocks is large, especially relative to the available number of historical
return observations (unfortunately, it is usually the case), numerous errors are committed
in the estimation of the sample covariance matrix. This leads to large errors on the optimal
weights, and therefore to a large variation of the weights over time. In order to avoid that,
shrinkage-based methods have been developed. The shrinkage is a concept in statistics
introduced by professor Charles Stein of Stanford university in 1955 [26]. The aim of
this operation is to pull the most extreme coefficients of the sample covariance matrix
towards more central values in order to reduce the impact of estimation errors when it
matters the most. The challenge is to know what is the optimal shrinkage intensity.two
shrinkage-based methods are presented in this Section: the Ledoit & Wolf strategy and
the Stein’s shrinkage estimator of eigenvalues.

3.2.1 Ledoit & Wolf Strategy

Ledoit & Wolf commented in [6] the attempts to use shrinkage in portfolio selection made
in [14] and [15] but the proposed shrinkage techniques broke down when the number of
stock exceeds the number of historical return observations, as often in practice. More



recently, [3] showed that mean-variance optimizers are already applying some form of
shrinkage implicitely to the covariance matrix, and proved that it is generally beneficial
to improve weights stability.

Based on that, Ledoit & Wolf also shown in [6] that the sample covariance matrix
should not be used for portfolio optimization since the estimation errors perturb the
mean-variance optimizer. Instead, they propose a shrinkage estimator in which the sample
covariance matrix and another highly structured matrix are shrunk towards the center
using a weighted average. Formally, the shrinkage estimator is computed as:

Siw = 0F 4+ (1 - 6%, (8)

where 6 € [0,1] is the shrinkage coefficient and F is a highly structured matrix. In
[4-6], the matrix F is respectively chosen to be the identity matrix, the single-index
covariance matrix and the constant correlation matrix. Then, each one of their three works
previously mentioned propose a different way to estimate §. The shrinkage coefficient is
computed from the data itself and is not fixed exogenously. In order to compute the
optimal shrinkage coefficient, Ledoit & Wolf first define a quadratic loss function in [5]
as the Frobenius norm of the difference between the shrinkage estimator and the true
covariance matrix:

L(O) =[|Zw — 3, (9)

where ||-||r is the Frobenius norm, defined for a symmetric matrix A € RV*Y with entries
[A];; = a;; and eigenvalues \; as

N

AR = w(A%) =33 ay = DA (10)

i=1 =1

Then, they define the risk function as R(d) = E [L(¢)] and solve the following minimisation
problem:

0 = argm(SinR(é). (11)
The exact solution of this problem can be expressed as
K 1
—— — 12
) T +0 ( T2) : (12)

where k is a constant which depends on the unobservables. Note that the shrinkage
coefficient decreases with the number of samples T". Denoting respectively by fi; = [£1];

and ¢;; = [X];; the elements of the sample mean and covariance matrix, and by f;; = [F);;
the elements of F, they finally define a consistent estimator of x as

N N
Dic1 2ojmr (Pig — 1i5)
N N )
Dict Zj:l Cij

R =

(13)



with

T
1
? Z zt ;uz ]t - ,u]) 0’1]] 9 (14)
t=1
T . . N A N A A -
1 j0000(Xit — fui) + Gio0o0(Xjt — f1j) — Giodjo(Xor — fio)
=72 :
t=1 00
(XOt — f0)(Xae — f1:)(Xje — fi3) — 15045, (15)

In summary, the approach of Ledoit & Wolf suggests to shrink the sample covariance
matrix a given target matrix F involving only a small number of parameters (highly
structured) and reflecting important characteristics about the quantity being estimated.
Finally, this new matrix can be used for instance to compute the weights of the minimum
variance portfolio:

Sl
WMsR LW =~ (17)
1'%l

3.2.2 Stein’s Shrinkage Estimator of Eigenvalues

Another method that will be used in this work the Stein’s Shrinkage method. Stein’s
method is based on the observation that, unless 7" >> N, the eigenvalues of the sample
covariance matrix 3 are severly distorded compared to those of the true covariance matrix
3. The largest (resp. smallest) sample eigenvalues tend to significantly overestimate (resp.
underestimate) their counterparts in the population [9].

The Stein’s covariance matrix estimator is computed as
3g = VAV, (18)

such that this matrix is as close as possible to the true covariance matrix 3. In order to
measure the distance between both matrices, Stein proposes to use the Kullback-Leibler
divergence between two zero-mean Gaussian distribution with covariance matrices 3¢ and
3, defined in [8] for two multivariate random variables X and Y as

KL(X,Y) = / fx(z)In gg dz. (19)

This metric is always positive, and zero when fx = fy. If T'> N, the minimization of
the Kullback-Leibler divergence leads to the following eigenvalues correction:

~ TN
i = , (20)
T — N+1+2>\ZZ¢“ 5
where \; = []&]” and \; = [A];. This solution leads to negative eigenvalues and their

order is affected. Therefore, Stein also propose an isotonizing algorithm in order to solve
these issues..

10



3.3 Principal Component Analysis

The Principal Component Analysis (PCA) is one of the most popular and powerful
ways of tackling the curse of dimensionality and improve the out-of-sample performance
of predictive models via dimension reduction. Reducing the dataset dimension is very
useful for some methods (for instance [14,15]) which does not handle well large N values.

Let us consider a matrix X = [X,..., Xy]' € R¥*T containing T observations of N
random variables. We assume that X is centered, i.e. each random variable is zero-mean
(otherwise, the matrix is centered by subtracting the means). The goal is to find a low-
dimensional representation of X that captures the most information. More specifically,
the k' principal component Y}, is defined as the standardized linear combination of the
variables X; that has maximum variance and is uncorrelated with the other principal
components:

N
Y, = kain‘ st. vivi=1 and vy,v,=0VI#k, (21)

i=1
where v, = [vg1, ..., vpn]’ is the weight vector associated with the & principal compo-

nent of X. The iterative process is stopped after K iterations, giving the K principal
components Y = [Y, ..., Yg|' € REXT computed as

Y = V'X, (22)

with V = [vy, ..., vk]| and V'V = I. These components represent the maximal-variance
directions of the data, and thus are the most relevant to represent the sample matrix
X with only K dimensions. The weight matrix V can be computed using an eigenvalue
decomposition of the sample covariance matrix 3 of X: since the covariance matrix is
symmetric and positive semi-definite, it can be written as

3 = QAQ, (23)

where Q € RY*¥ is an orthogonal matrix (Q'Q = QQ’ = Iy) and A € RV is a diagonal
matrix. We are looking for a matrix Z = W’'X composed of uncorrelated variables. If we
choose W equal to Q, the sample covariance matrix of Z is computed as

3. =WEW =QQAQQ = A, (24)

which is diagonal. Therefore, K principal computed are obtained by keeping the K
columns of Q associated with the largest eigenvalues to form the matrix V, and finally
Y = V'X is computed. This low-dimensional representation can be used to obtain more
robust predictions, i.e. a more robust estimate of the covariance matrix 3 of X. Note
that this method differs from the independent component analysis, which looks for
components that are as independent as possible. It therefore accounts for non-linear
dependence (beyond the covariance). Finally, if an high-dimensional representation of Y
is needed, the matrix can be back-projected into the initial space by computing

X=VY=VVX. (25)

11



Figure 2 illustrates the back-projection of 2D data which have been projected on the first
principal component.

Figure 2: Projection and back-projection of 2D samples on the first principal component.

The main challenge of PCA is to choose the number of principal components wisely. In
this work, we will focus on two methods from the literature: the percentage variance [3]
and the Marchenko-Pastur theorem [5].

3.3.1 Percentage of Explained Variance

The total amount of variance in the correlation matrix is computed by adding the diagonal
values of the sample covariance matrix 3. Additionally, this sum is equal to the sum of

the eigenvalues of X:
N N
Sa=ye 20
i=1 i=1

where \; = [A;] and 62 = [%];;. Therefore, as detailed in [3], the percentage of the total
variance of an eigenvalue is computed as the ratio between the eigenvalue and the total
variance. The method of the percentage explained variance tries to find an optimal value
of K by choosing the first value of K for which the sum of the percentage of the total
variance of these K eigenvalues exceeds a given threshold a € [0, 1]:

K
Zi:l Ai
N .
i=1"\

Select the smallest K such that > . (27)

The threshold « should be close to one in order to select a sufficient number of components
to represent X. However, the issue is not really solved since the choice of K has been
replaced by the choice of a.

3.3.2 Marchenko-Pastur Theorem

In order to choose K, Marchenko and Pastur described in [18] a method that is still
very popular in order to choose K: K should be selected such that the K first principal

12



components represent relevant signals, whereas the N — K remaining components represent
noisy signals. Assuming that the entries of X are independent and identically distributed
random variables with zero-mean and unit variance, the Marchenko-Pastur distribution
describes the spreading of the eigenvalues of the covariance matrix of X. When N,T" — oo
with 1 < T'/N < oo, each eigenvalue has the following probability density function:

TV o)A
N 2rx

Ay = (1 + \/¥> . (29)

This density is illustrated in Figure 3 for different N/T ratio.

falz) 1(ze[A,\]), (28)

with lower and upper bounds

dv(x)/dx

o
o
I
L
o
o
)

0 2 4 0.00 0.25 0.50 0.75 1.00
X X

Figure 3: Marchenko-Pastur distribution for various ratio A = N/T" [25].

Note that each eigenvalue has the same probability density function since it is assumed
that each return is i.i.d with zero-mean and unit variance. This is indeed not the case in
practice, and it explains why eigenvalues outside of the range [A_, A, ] are observed.

In practice, the eigenvalues which are smaller (resp. upper) than A_ are considered
to be associated with noisy (resp. relevant signals). Therefore, all the eigenvalues higher
than A, are kept, and K = #{\; | \; > A} is therefore defined. [17]

3.3.3 Application to Portfolios

In [21], Chen & Yuan proposed to reduce the dimension of the dataset to work in another
subspace of dimension K, typically the PCA subspace. The projection of the asset re-
turns is computed following (22), leading to a sample mean and covariance matrix in low
dimension given by

fry =V'p, 3y =V'IV. 30
Y

13



Finally, the estimates of the maximum sharpe-ratio and minimum-variance weights com-
puted through the low dimensional representation are respectively obtained as

\% <V’2V) Vi \% (V’ﬁ)V) v

WMSR+PCA = — 3 , WMV+PCA = —— (31
1V (V’EV) Vi 1V (V’EV) V1
With the PCA subspace ,since Sy = A, this is further simplified into
R VAV . VAVl (32)
W = A% = —— -
MSREPCA = T ASTyT, MVHPCA = Trva—ing
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4 Application of Portfolio Strategies on Datasets

4.1 Datasets

Through all the following analysis, the performance of the evaluated portfolio strategies
are computed for 4 datasets:

1. The 48 industry portfolios downloaded from Kenneth French’s [1], regrouping the
returns of 48 different industries, i.e. Agric, Food, Soda, Beer, Smoke, etc. Each
NYSE, AMEX, and NASDAQ stock are assigned to an industry portfolio at the end
of June of year t based on its four-digit Standard Industrial Classification code at
that time.

2. An artificial dataset created with the same parameter as the 48 industry portfolios
and simulating shocks at a rate of one percent. Each shock will be represented by
a fall of ten percent of the returns.

3. The 100 portfolios formed on size and book-to-market dataset, downloaded from
Kenneth French’s. The portfolios are constructed at the end of each June. They
are the intersections of 10 portfolios formed on size (market equity, ME) and 10
portfolios formed on the ratio of book equity to market equity (BE/ME).

4. An artificial dataset created with the same parameters as the 100 portfolios formed
on size and book-to-market and simulating shocks at a rate of one percent.

The time period is from January 1970 to December 2020, for a total of 612 months. We
will use monthly frequencies. Values at -99.99% in the original datasets correspond to
missing data and must be discarded. We decided to replace those values by 0. These
variables could be suppressed but it would lead to the undesirable suppression of useful
information. Other solutions are possible, i.e. replacing these values by the sample mean
of the entire dataset or the sample mean of this variable. However, the number of missing
values is very small and results are insensitive to the way they are replaced.

4.2 New Portfolio Strategies

In this work, we propose two new shrinkage-based strategies for the optimization of the
porfolio. The shrinkage is performed as proposed by Ledoit & Wolf in (33):

Y= §F +(1-6%, (33)
However, instead of the scaled identity matrix, two other target matrices F are proposed:

1. The back-projected sample covariance matrix after performing PCA; Assuming that
the number of principal components K has been determined, the following opera-
tions are performed:

(a) Centering of X.

(b) Computation of the sample covariance matrix 3.
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(c) Eigenvalue decomposition of the sample covariance matrix 3 = QAQ.

(d) Computation of the matrix V which is composed of the K columns of Q
associated with the highest eigenvalues in A.

(e) Computation of the back-projection of the samples X =VV'X (and compen-
sation of the centering).

(f) Computation of the sample covariance matrix of the back-projected data ﬁ?x

This matrix has a rank of K << N. It is composed of the projection of the sample
set on the principal directions obtained from its covariance matrix. Therefore, it is
chosen as a candidate for the target matrix used in the shrinkage.

2. The diagonal matrix containing the eigenvalues of the sample covariance matrix; The
sample covariance matrix of the centered data can be decomposed using eigenvalues
decomposition: 3= QAQ'. Therefore, we choose A as a candidate for the target
matrix used in the shrinkage. It is highly structured since it is a diagonal matrix, and
it contains information about the sample set (intensity of the principal directions of
the samples).

In order to estimate the shrinkage coefficient 6*, 10-fold cross validation is used on the
training set. More specifically, The training set is first splitted in ten folds. Then, each
fold is considered one at a time as the testing set, and the other folds are merged to
form the training set. Using that, the selected porfolio strategy is applied and the returns
achieved for this fold are computed. At the end, the returns obtained on each fold are used
to compute the expected return, the variance of the returns and the sharpe ratio. This
is illustrated in Figure 4. This methodology is applied for different shrinkage coefficients
(i.e. every multiple of 0.01 between 0 and 1), and the optimal shrinkage coefficient is
finally chosen to be the one which achieves the greatest sharpe ratio.

Iteration 1 Iteration 2 Iteration 3 Iteration K
Fold 1 Fold 1 Fold 1 Fold 1
Fold 2 Fold 2 Fold 2 o0 0 Fold 2
Fold 3 Fold 3 Fold 3 Fold 3

[ [ ] L ] [ ]

[ ] [ ] [ ] [ ]

® ® ® ®
Fold K Fold K Fold K L Fold K

I:l Training data |:| Test data

Figure 4: K-fold cross validation [23].
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Finally, the portfolio weights are computed using the shrunk matrix following the
minimum variance method:

s
'l

'S "1

W= (34)

4.3 Methodology

The performance achieved with multiple portfolio strategies is compared. More specifi-
cally, the following strategies are implemented:

e The maximum sharpe-ratio portfolio presented in Section 3.1, where the weights are
computed based on the sample mean and sample covariance matrix as shown in (6).

e The minimum variance portfolio presented in Section 3.1, where the weights are
computed based only on the sample covariance matrix as shown in (7).

e The minimum variance portfolio with dimension reduction through PCA presented
in Section 3.3.3. The weights are computed following (32) based on the sample
covariance matrix.

e The Ledoit & Wolf strategy presented in Section 3.2.1, where the target matrix F
is a scaled identity matrix and the shrinkage parameter is computed as in [4]. The
weights are computed with the shrunk matrix as in (17).

e The new shrinkage-based portfolio strategies presented in Section 4.2. The weights
are computed as shown in (34).

In order to compare the performance achieved with each strategy, the (annualized) mean
sharpe ratio is computed, as developed by William Sharpe in 1966 [19]. It is computed
as the ratio between the expected returns and the standard deviation of the returns, and
describes how much excess return is received for the extra volatility endured for holding a
riskier asset. The higher the ratio is, the more attractive the portfolio is for investors who
are looking for well-balanced return-variance couple. The applied methodology is a rolling
window analysis: starting from the first month, a window of 120 months is defined. Then,
the weights of the different portfolio strategies are computed using these 120 months as
the training set. Next, the returns achieved with the different strategies are computed
in the 6 months following the window. These operations are repeated after shifting the
window 6 month later one at a time, until the end of the dataset is reached. Since there
is 612 months (51 years) available in the different datasets, the procedure generates 492
portfolio returns for each strategy. Using these returns achieved with each strategy over
all the 6-month test windows, the performance metrics are finally evaluated. The rolling
window analysis is illustrated in Figure 5.

17



Dataset

120 months 6 months t

Window 1 Training Test

Window 2 Training Test

Window M Training Test

Figure 5: Rolling window.

In order to apply these methods, two meta-parameters should be optimized:

1. The number of principal components K for the dimension reduction through PCA.
It is estimated using the percentage variance or the Marchenko-Pastur method, as
respectively described in Section 3.3.1 and 3.3.2.

2. The shrinkage coefficients 0* for the two new shrinkage-based portfolio strategies.
It is estimated as described in Section 4.2, using a 10-fold cross validation method
with the mean sharpe ratio as metric.

Two approaches have been followed in this work: either the meta-parameters are
optimized on the whole dataset before the application of the rolling window, or the meta-
parameters are optimized during the rolling window using only the training set. In the
first approach, the meta-parameters are estimated at the start only once. Then they are
applied on each window. The available number of sample is high, but it contains samples
which are used in the test sets of the different windows. In the second approach, the
meta-parameters are estimated for each window, and varies between different windows.
It does not contain sample from the test sets, but the number of samples available for the
estimation is limited.

4.4 Numerical Results
4.4.1 With meta-parameters Optimization on the Whole Datasets

In this section, the optimization of the meta-parameters on the whole datasets is detailed.
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Figure 6: Eigenvalues distribution (in log scale) for the four datatsets.

Dataset 1 | Dataset 2 | Dataset 3 | Dataset 4
N 48 100 48 100
K (PV) 14 6 11 3
K (MP) 2 3 2 3

Table 1: Estimation of the optimal K values using the percentage of explained variance
(PV) and Marchenko-Pastur (MP) methods, on the four datasets.

Table 1 summarizes the optimal K values computed on the whole four datasets with
the percentage of explained variance (PV) and Marchenk-Pastur (MP) methods, and
Figure 6 illustrates the eigenvalues distributions and the upper bound A, of the MP
distribution. The former compute K in order to preserve 85% of the total variance of the
initial sample covariance matrix, while the latter keeps only the eigenvalues higher than
the upper bound A, .

First, looking at the distribution of the eigenvalues in the four datasets, it can be
observed than most of the eigenvalues are grouped around small values, while a limited
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number of eigenvalues are present in large values. Therefore, low K values are obtained
with the MP method. The PV method selects instead higher K values since multiple
small eigenvalues should be summed in order to fulfill the total variance criterion. Note
that the K value is not correlated to N: even if the number of assets increases, the number
of principal component needed to represent the dataset does not increase if the new assets
are correlated with the dataset.
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Figure 7: Mean Sharpe Ratio over the 10 folds for the two new methods with different K
values on Dataset 1, in order to optimize the shrinkage value.
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Figure 8: Mean Sharpe Ratio over the 10 folds for the two new methods with different K
values on Dataset 2, in order to optimize the shrinkage value.
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Figure 9: Mean Sharpe Ratio over the 10 folds for the two new methods with different K
values on Dataset 3, in order to optimize the shrinkage value.

Method 1 - K = 3 - Sbm_100_monthly_Simu.csv Method 2 - K = 3 - Sbm_100_monthly_Simu.csv

0.750 -
0.725 4
0.725 A
0.700 +
0.700 -
iel 2
® ©
e 0.675 4 <
>  0.675
e =
2 1 2
& 0.650 % 0.650 1
5 5
S 2
0.625 0.625 4
0.600 + 0.600 -
0.575 1 0.575 -

Figure 10: Mean Sharpe Ratio over the 10 folds for the two new methods with different

0.0

T T
0.4 0.6
Shrinkage coefficient

(a) K =3, method 1

0.0

T T
0.4 0.6
Shrinkage coefficient

(b) K = 3, method 2

K values on Dataset 4, in order to optimize the shrinkage value.
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1 2 3 1
K=1]K=2 K=11|K=2|K=6|K=3| K=3
Method 1[0 0 0 012 [ 0 0 0
Method 2 | 052 | 052 | 013 | 013 | 0.2

Dataset

Table 2: Estimations of the optimal shrinkage coefficient values using the percentage
variance and Marchenko-Pastur methods, on the four Datasets.

Table 2 illustrates the optimal shrinkage coefficients computed for the K values ob-
tained with both the PV and MP methods on the four datasets. Figure 7 to 10 illustrates
the shape of the mean sharpe ratio over the 10 folds evaluated for different shrinkage
coeflicients values. As a remainder, the first method uses the covariance matrix of the
back-projected samples as a target matrix F, while the second method uses the matrix of
the eigenvalues of the sample covariance matrix.

First, it can be observed that the first method nearly always proposes a shrinkage
coefficient of 0, meaning that no shrinkage is performed and the target matrix is ignored.
Thus, it is already possible to anticipate that the achieved performance with this strategy
will be similar to the one achieved with the minimum variance strategy. Even if the
matrix F has a rank of K << N since is generated from the back-projected samples
of the initial dataset, as illustrated in Figure 11 and 12. it is still composed of a lot of
non-zero coefficients with a structure close to the one of the sample covariance matrix.
However, the diagonal terms weakens. Note that the low rank of the target matrix leads to
numeric instabilities when the shrinkage coefficient is close to 1, since the shrunk matrix
is inverted to compute the optimal weights.

Contrariwise, the second method leads to various shrinkage coefficients depending
on the studied dataset. There is no difference whatever the K value since there is no
dimension reduction in this method. Figure 11 and 12 illustrates the shape of the of the
target and shrunk matrix. The target matrix is highly structure since it only contains
diagonal terms, i.e. the eigenvalues of the sample covariance matrix. After the shrinkage
operation, new terms are integrated on the matrix, but the diagonal terms stays dominant.
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Figure 11: Covariance matrix, target matrix for both methods and Shrunk matrix for
method 2 with Dataset 1 and K = 14.
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Figure 12: Covariance matrix, target matrix for both methods and Shrunk matrix for
method 2 with Dataset 3 and K = 6.

. 1 2 3 4

Sharpe Ratios | Tk =9 [ K=11|[K=2 | K=6|K=3| K=3
MSR In-Sample 1.5033 0.6292 2.4994 2.3170
MSR Out-Of-Sample 0.36 0.038 -0.163 -0.003
MinV In-Sample 1.0135 0.5381 1.3366 1.0091
MinV Out-Of-Sample 0.732 0.181 0.828 0.345
MinV with PCA 1.104 | 0.76 | 0.456 | 0.289 | 1.016 | 0.977 | 0.657
LW 0.961 0.335 1.406 0.792

Method 1 0.732 | 0.732 | 0.181 [ 0.164 | 0.828 | 0.828 | 0.345
Method 2 0.98 0.297 111 0.699

Table 3: Mean sharpe ratios computed using all the windows and precomputed meta-
parameters, with the percentage variance and Marchenko-Pastur methods for the selection
of K, and on the four Datasets.

Table 3 summarizes the achieved mean sharpe ratio with the 6 presented methods
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(i.e. the maximum sharpe-ratio (MSR), minimum variance (MV), minimum variance
with PCA, Ledoit & Wolf (LW) and the two new methods), using the meta-parameters
optimized previously in the four datasets.

A first observation on the performance achieved with the in- and out-of -sample sets
of the MSR and MV strategies shows that the MSR (resp. MV) achieve better results
than the MV (resp. MSR) for the in-sample (resp. out-of-sample) set. The first strategy
looks for the efficient frontier and is therefore optimizing the sharpe ratio, leading to data
overfitting. The second strategy aims to minimize the variance of the returns. This is
therefore less sensitive to shocks and has better results out-of-sample. Note that this also
leads to smaller difference between the achieved mean sharpe-ratio of the in- and out-of
-sample sets.

Then, one can focus on the performance achieved when PCA are introduced in the
minimum-variance strategy. In a first time, the introduction of PCA in the strategy
increases in a significant manner the achieved performance. It confirms that the dimension
reduction helps to limit the impairments introduced by the estimation of the covariance
matrix. Additionally, the performance achieved with the K values estimated through the
PV method are better than the ones achieved with the MP method. It seems that the
MP method is too restrictive regarding the number of principal components associated
with useful signals, while the PV method uses in most of the case more components.

Next, the shrinkage processed in the LW method gives always better performance than
the MSR and MV methods. However, on these datasets, when the number of selected
component is high (datasets 1 and 2), the LW method is outperformed by the MV with
PCA method. In the other datasets, the number of principal components seems to limited,
leading to information losses and decreasing the achieved performance.

Finally, the first proposed method achieves obviously similar performance than the
minimum-variance portfolio since the shrinkage coefficients have been optimized to the
zero value. With this value, the target matrix is not used at all and no shrinkage is
performed. The only case where it is not the case shows that the performance of the
method are worse than the performance achieved with the MV method. This translates
probably an issue in the estimation of the shrinkage coefficient for this dataset. Regarding
the second method, it performs a little bit less well than the LW method. This is either
related to the choice of the shrinkage coefficient, done previously on the whole dataset,
while the LW method computes it analytically. Despite that, the achieved results are
better than the ones achieved with the MSR and MV methods. The eigenvalue matrix
seems to be a decent choice as a target matrix, since it contains few coefficients translating
information about the sample set.

4.4.2 Without meta-parameters Optimization on the Whole Datasets

In this section, the meta-parameters are not computed beforehand, but they are optimized
for each window using the training samples before computing the weights.
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Dataset 1 2 3 4
PV [MP | PV | MP | PV [ MP | PV | MP
MSR 0.36 0.038 -0.163 -0.003
MinV 0.732 0.181 0.828 0.345
MinV with PCA \ 0.437 | 0.267 [ 0.841 [ 0.639 |
LW 0.961 0.335 1.406 0.792
Method 1 0.731 ] 0.732 [ 0.129 [ 0.827 [ 0.828 | 0.34 |
Method 2 0.925 0.259 0.981 0.676

Table 4: Mean sharpe ratios computed using all the windows and precomputed meta-
parameters, with the percentage variance and Marchenko-Pastur methods for the selection
of K, and on the four Datasets. Green (resp. red) numbers illustrates increases (resp.
decreases) compared to Table 3.

Table 4 shows the mean sharpe ratio achieved without optimization of the meta-
parameters beforehand, for the four datasets. Therefore, the meta-parameters are now
varying from window to window. In most of the cases, the achieved performance are
degraded compared to 3. This can be explained by two reasons: first, when optimization
of the meta-parameters is done beforehand, the whole dataset is used. Therefore, samples
included in the test windows have been already used to train the models, leading to
increased performance. Then, using 10-fold cross validation into the rolling window leads
to only 12 samples (one year) to estimate the meta-parameters. However, in some case, it
helps to improve the performance achieved using the MV with PCA method. In these case,
a better choice of K is made, leading to the good trade-off between dimension reduction
and information loss. Regarding the first new method, the variations are negligible and
are provoked by non-zero shrinkage coefficients, giving worse performance than when the
shrinkage coefficient is set to zero.
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5 Conclusion

In order to compute portfolio strategies, the estimation of the returns data statistics (mean
and covariance) is crucial. With standard estimators, the portfolio strategies breaks down
when the number of assets is too large.

In this work, multiple portfolio strategies have been presented to overcome this prob-
lem. More specifically, a particular focus has been made on shrinkage-based methods,
and especially the Ledoit & Wolf strategy. In another hand, the introduction of PCA
for dimension reduction of the sample set has shown excellent results to get around the
problem. Therefore, two new methods involving shrinkage and PCA have been proposed.
In the former, the covariance of the back-projection of the sample set after dimension
reduction is used as a target matrix. In the latter, the matrix of the eigenvalues of the
sample set covariance matrix is used as a target matrix.

Finally, the performance of all these strategies have been compared and discussed,
after being applied on four datasets, whose two where generated artificially. In order to
assess the performance, the mean sharpe ratio has been used as the main metric, and
a rolling window has been performed. The meta-parameters have been optimized using
10-fold cross validation. Either the meta-parameters have been computed beforehand
using the whole dataset, or they are computed in each window using the training set of
the window. Unfortunately, the results have shown that the first method does not work,
since it always suggests to only use the sample covariance matrix and avoid any shrinkage.
However, the second method has shown good performance, similar to the ones achieved
with the initial Ledoit & Wolf strategy.

In future works, the first method should be further studied. First, the choice of the
target matrix could be improved in order to achieve an efficient shrinkage. Then, the
choice of the optimal shrinkage coefficient could be improved, either through another
optimization method or analytically.
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