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Abstract

The growing influence of power generation in the distribution network poses an important
challenge to power system operation. The environmental context and the recent developments
in solar generation and power storage are profoundly changing the structure of power systems,
adding distributed uncertain generation along with storage devices that could be capable of
mitigate the variability of renewable resources. In addition to this, the modern communication
infrastructure makes it possible to decentralize the operation of the network, relying on a
hierarchical organization. The advantage of a decentralized approach is that, if possible, it is
scalable to systems of arbitrary size.

The resulting optimization problem covers multiple time stages and must deal with the
uncertainty brought by renewables. This is typically the class of problems tackled by the
Stochastic Dual Dynamic Programming (SDDP) algorithm, developed in the framework of linear
programming and which has found great commercial success. However, distribution networks
are governed by a set of nonconvex constraints, Kirchhoff’s laws, which render the problem
challenging to solve efficiently. Under the ideal assumption of a balanced network, the problem
can be relaxed into a second-order cone program (SOCP). Otherwise, if the network is unbalanced
like in practical low-voltage distribution networks, we must resort to a semi-definite program
(SDP).

The goal of this thesis is first to try to extend the SDDP algorithm to convex programming,
i.e. the SOCP and SDP relaxations. To this end, these relaxations are first formally derived, and
theoretical tightness conditions are provided. After that, the next chapter introduces the SDDP
algorithm and argues that it can be extended to convex programming. Then, tightness and
efficiency are experimentally tested, discussed and compared to commercial solvers on a 15-bus
network. At last, we will study the influence of network imbalance, and try to understand its
consequences on the solution and the computational effort required.
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Chapter 1

Introduction

1.1 The Energy Challenge

ENJAMIN Franklin must be turning over in his grave. How could he even conceive the idea
that the extensive research he conducted on electricity [9] would eventually lead more than
two centuries later to the massive power systems as we know them today 7 Since then, researchers
have understood this physical curiosity to its core and discovered how to make the best use of
their findings. Indeed, the considerable scientific effort put on that physical curiosity during
all those years led to some of the most complex and expensive entities in the world nowadays:
power systems. Today, electricity flows all over the world and one could not easily imagine our
modern society without it. Our institutions and infrastructures rely heavily on it, such that
electricity has become a fundamental resource. However, even today, 17% of people around the
world still live with no access to electricity [3]. Furthermore, the current world population is
7.6 billion as of July 2018 according to the most recent United Nations estimates and is still
growing. Besides, the traditional ways of generating power are no longer acceptable due to their
environmental footprint, and there is a growing concern for green alternatives. Subsequently,
providing environmentally friendly power to the growing population of human beings, including
the ones living in a precarious situation, is one of the most crucial challenges of our time.

Distribution
(low voltage)
—]
Transmission ”;ﬁ Industrial
(high voltage) load
Production N |
s Commercial
i (1 [ [ load
% % L T~ . .
¥ m Residential
[ load

Figure 1.1: The electricity supply chain, taken from [I].

From its production in Tihange (for instance) to the power outlet which supplies your computer
in the FEuler building, electrical energy has travelled 50 km. Let us take a closer look at what it
went through, see figure [[.I} After its generation in the power plant at low voltage, it goes into a
first transformer that converts it to high voltage for efficient transport. Indeed, as we will see
in chapter [3| power loss depends on the current and by increasing the voltage, the current is
decreased since the power, which is the product of the two latter quantities, is conserved. The
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Figure 1.2: A typical flow chart of system operations. TD and TH stand for Trading Day and
Trading Hour respectively. Taken from [IJ.

power is thus transported through transmission lines over long distances with minor loss. It then
reaches the second transformer, close to the Euler building. This transformer delineates the
border between the Transmission network (left in Figure , and the Distribution network
(right in Figure . This transformer, called substation transformer, converts the high voltage
electricity to low voltage electricity that can be consumed over its downstream substation. It is
then carried through distribution lines, that operate at low voltage but on shorter distances, until
its destination, typically classified between industrial, commercial and residential load. Note that
industrial consumers may also be connected to the distribution network.

There are traditionally three actors on this chain. First, the system operator is in charge of
the high-voltage transmission network and is responsible for ‘keeping the lights on’ [1]. Then,
distribution system operators manage the low-voltage substations, ensuring that power is delivered
in acceptable levels, mostly 220 — 230 Volts in FEurope. Eventually, consumers are connected
to the distribution network. They may produce power as well, e.g. if they own solar panels, in
which case they can sell it and inject it into the distribution network. In order to conclude this
quick overview, we attach a typical US flow chart of system operations in Figure We observe
that it is a particularly strict process and models are run literally every 5 minutes in the USA in
order to meet the demand as precisely as possible. For further comments about this, we invite
you to consult [I].

Today, mankind is facing the greatest ultimatum of the century. Due to the human activity,
our planet as we have known it so far is vacillating and we must take urgent action before we reach
the point of no return. In 40 years, we have lost 50 % of the vertebrate population, 80 % of flying
bugs these 30 last years in Europe, 30 % of the birds. On the geopolitical front, countries will
wage war for the control of natural resources. Populism and xenophobia are already rising today
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Figure 1.3: The power mix in Belgium, taken from [2].

in our countries, and the United Nations predicts 250 million climate refugees by 2050, offering a
fertile ground for radical right politics [10]. This constitutes the most critical challenge of our
generation, and a substantial part of the solution lies in power generation. Indeed, traditional
ways of producing power appear to be noticeably damaging for the environment. Burning fossil
fuels contributes to the greenhouse effect, and nuclear power plants, in addition to constantly
threatening the people living around, provide radioactive waste that we are not able to treat
safely. Without the shadow of a doubt, these energy sources are not sustainable. However, we are
still extensively depending on them, as you can see in Figure This constitutes a compelling
call for sustainable alternative ways of producing power, and solutions have been available for a
few years already. Taking advantage of the free energy provided by the wind and exploiting the
almost infinite energy of the sun, wind turbines and solar panels are the energy of the future.

Combined heat and power (CHP) systemsﬂ, also known as cogeneration, generate electricity
and useful thermal energy in a single, integrated system. While the conventional method of
producing usable heat and power separately has a typical combined efficiency of 45 %, CHP
systems can operate at levels as high as 80 % [11]. Thanks to its flexibility, this technology
can balance the erratic and uncertain behavior of solar and wind. Electric vehicles provide
another solution to mitigate this issue. Indeed, batteries such as Tesla Powerwalls could be used
to store power during the peak power production, and restore it when needed. Furthermore,
these alternatives are more than castles in the air. More than half of Norway’s new car sales
were electric or hybrid in 2017, as the Norwegian Road Federation calculated. And even though
Belgium does not seem to be well engaged in light of figure the European Union has set a
target of 20 % energy coming from renewable sources in 2020 [12]. Eventually, solar panel prices
dramatically dropped recently because the fragmented industry has consolidated around a single
technology, which should hopefully involve a rise of their installations.

!One could highlight the fact that this is the technology that UCL is using to heat most university buildings
and produce its power.
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Figure 1.4: Tllustration of a residential microgrid. Taken from [3].

A common particularity between these salutary technologies is their localization in the
distribution network. In the traditional setup, power is unidirectionally routed from the few
large power plants over long distances to the consumers. On the economic front, installing
such extended infrastructure implies an important fixed cost and significant maintenance cost.
Moreover, transmitting power over long distances, even at high voltage, incurs substantial power
loss.

1.2 A Decentralized Approach

Consequently, one needs to change the power system paradigm. From this ancient centralized
unidirectional network, we must move to a decentralized, smart, flexible and resilient system:
the cornerstone of today’s energy challenge. The solution lies in Microgrids: a microgrid is an
energy supply network built around local power and heat generation facilities. It is designed to
operate autonomously or in synchronization with a national grid within a clearly defined area
[3]. As you can see in Figure a microgrid makes the best use of distributed generation (DG)
resources. Since power is generated locally, we spare the loss on the transmission lines. The
needed infrastructure being more modest, it is truly cheaper to set up in comparison to large
power plants and a wide network. In addition, an electrical power system with a high penetration
rate of microgrids is resilient to terrorist/cyber attacks, technological failures, a global shortage
of supply or disastrous meteorological conditions [I3]. Moreover, the local combination of CHP,
solar panels and storages offers the flexibility required by solar panels and users can adapt their
consumption to the intensity of the generation.

Operating a grid with a high penetration of renewables at large scale is challenging due to
the important number of variables and uncertainty [14]. Nevertheless, decentralizing gives the
opportunity to operate simultaneously subparts of the network, making the implementation
of scalable algorithms possible. A distributed approach allows us to exploit parallelization.
On the social front, a microgrid can be managed by the community living with it. With this
responsibility, the people would take more sustainable decisions than the capitalist 100-year
monopoly in charge so far. Energy would truly belong to the people, as well as the infrastructure.
Building and maintaining it would participate to the local economy we are missing today. John
Farrell, known as the guru of distributed energy, even compares power with food or waste: in
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Figure 1.5: A more detailed illustration of distribution networks. This illustration concerns
Finland, in most European countries low voltage is set at 220 — 230 V instead of 400 V. Taken
from [4].

these three cases, decentralization is the key to the corresponding modern issue (i.e. the energy,
food and waste issues) [I5]. Some countries have already taken this step: we can cite Denmark
and Germany, in their quest for greener energy, where microgrids are owned by cooperatives.
Similarly, Japan and the North-East of the USA, victim of hurricane Sandy, are also shifting to
microgrids for a less vulnerable network. To summarize, Dall’Anese et al. wrote: deployment
of microgrids promises drastic performance enhancement of the distribution grid in terms of
efficiency and stability, along with increased network scalability and resilience to outages [16].

While we were used to only optimize the transmission network, operating microgrids implies
optimizing the distribution network. The latter is slightly more advanced than as depicted in
Figure As you can see in Figure it is split into medium voltage networks and low-voltage
networks. On this same figure, you may also note that in this low voltage network, only one line
is sketched instead of three. This represents the fact that houses are only connected to one phase
whereas the rest of the network is composed of three phases. Indeed, since power is traditionally
created by a mechanical rotation, it is obtained in a waveform: it is referred to as alternating
current (AC). In order to keep the intensity within an acceptable range, most power systems
worldwide chose to use three phases of the same amplitude, each separated by 27 /3 radians, as
illustrated in Figure [1.6

e When the three phases are exactly as depicted on this figure, we say that the power flow is
balanced or symmetric. The word symmetric comes from the fact that the three line
conductors have to be disposed at the same distance from each other (i.e. in the corners
of an equilateral triangle), otherwise the inductances will be different, leading to unequal
voltages. It is the case in the high and medium voltage networks, thus we can only keep
one phase in their modelization since the two others can be inferred from the latter.

e On the other hand, if the three signals do not have a perfect sine form, are not separated
exactly by 27 /3 radians or have different magnitudes, the flow is said to be unbalanced
or asymmetric. This is typically the case in low-voltage networks, since different houses
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Figure 1.6: AC three-phase voltage, current or power in the ideal balanced case. Taken from [5].

are connected to each phase. In addition, non-equilateral conductor spacings of three-phase
line segments are involved and single-phase DG units may worsen the network imbalance
[17].

The operation of an unbalanced network is challenging because three times as many variables
are involved, and nonlinear relations link the three phases as we will see in chapter |3 The most
efficient models usually applied to distribution networks are second-order cone programming
(SOCP) relaxations, but to the best of my knowledge nobody managed to adapt them on an
unbalanced setup. Providentially, researchers recently achieved to formulate the unbalanced
case as a semi-definite programming (SDP) relaxation [16]. SDP relaxations are not as efficient
as SOCPs and do not scale for extremely large systems [I8], but it should not be an issue since
we adopt a decentralized approach. Over the last decade, semi-definite programming has been
an active research field and solvers are becoming increasingly efficient [I9]. One of the most
promising ones, Mosek, implements a primal-dual interior point method and is widely employed
in the financial, energy and forestry industry [20]. This is the one for which we opted in this
work.

1.3 Our Objective

The goal of this work is to operate a microgrid similar to the one depicted in Figure [[.4, We
consider that each house owns an energy storage, thus the battery state of the present has
consequences on the future. Therefore, the optimization needs to be performed over multiple
time stages. In addition, solar panels bring uncertainty to the net demand, such that we end
up with a multistage optimization problem under uncertainty. This is typically the
class of problems tackled by the Stochastic Dual Dynamic Programming (SDDP) algorithm,
designed by Pereira and Pinto in 1991 [21].

Relying on the combination of dynamic programming, cutting plane methods and a decompo-
sition of the mathematical program in order to exploit parallel computing, the SDDP algorithm has
found great commercial success. The SDDP algorithm was initially developed in the framework of



linear programming, and to the best of my knowledge, has not been applied to nonlinear programs
so far. Indeed, it requires to solve many subproblems a substantial amount of times, such that
SDDP was only tractable for linear programs before. Nevertheless, thanks to the extensive progress
achieved regarding nonconvex solvers [22], we are able to extend SDDP to SOCP and SDP in this
work.

We will also consider a linear approximation (LP) of our problem which will be used for
purpose of comparison. Putting it all together, we will:

e apply SDDP on an LP approximation, in the balanced case
e apply SDDP on an SOCP relaxation, in the balanced case
e apply SDDP on an SDP relaxation, in the balanced and unbalanced case

for a microgrid similar to the one depicted in Figure [I.4] In order to discuss the efficiency of
these implementations, we will also solve the problem as a whole using a commercial solver. The
ideal balanced case being an approximation of the practical unbalanced case, the unbalanced
solution given by SDP will be more accurate, and will lead to a better operation. On the other
hand, it will require more computational resources than the two other ones. The questions that
this document will address are the following:

1. Is it possible to extend the SDDP algorithm to nonlinear programs?

2. If so, is this algorithm worth the implementation, compared to the efficiency achieved by
commercial solvers?

3. Study the influence of network imbalance, and try to understand its consequences on
(a) the solution;
(b) the computational effort required.

Our broader objective is to analyze the possibility of a hierarchical organization of electricity
markets whereby pockets of decision making are developed that are capable of managing
storage/flexibility, in order to mitigate local uncertainty/variability of renewable resources. This
hierarchical organization is inspired by the fact that in radial distribution systems, agents interact
weakly, in the sense that they only interact on the interface edges so as to balance the power
leaving the higher level of the hierarchy and entering the lower level of the hierarchy. The
advantage of a hierarchical organization is the fact that, if it is possible, it becomes scalable to
systems of arbitrary size.

This thesis is organized as follows. First, a literature review about the optimal power flow
and its relaxations is presented. Then, the three addressed models are derived, and theoretical
conditions ensuring tightness are provided. After that, the SDDP algorithm is presented, and
we argue that it can be extended to our convex programs. Next, this algorithm is tested on a
small 15-bus network for the three formulations. Tightness and efficiency are discussed from this
experiment, before numerically testing the effect of imbalance on the same network. At last, the
three above questions can be answered along with additional observations, and perspectives are
provided for potential future work on the subject.



Chapter 2

State of the Art

2.1 Optimal Power Flow Convex Relaxations

The Optimal Power Flow (OPF) is the problem of dispatching power over a network while
minimizing the generation cost or power loss. Supply and demand need to be balanced, and
capacity, stability and contingency constraints must be satisfied. More significantly, power cannot
be routed arbitrarily over the network. The voltage, current and complex power are related by
nonconvex physical rules, Kirchoff’s laws, that must be respected in order to have a feasible flow.
These latter constraints cause the domain of the OPF to be nonconvex, which is regrettable since
this problem is used massively nowadays. All over the world, system operators solve it to do
long-term planning, days- to hour-ahead scheduling, real-time dispatch (every few minutes) ...,
making the OPF one of the most frequently employed optimization routines in power systems [23].
In addition to the substantial industrial interest, the OPF is highly nonconvex and NP-hard, and
has therefore been an active research field since Carpentier’s first formulation in 1962 [24]. A lot
of nonlinear optimization algorithms have been proposed for solving this nonconvex problem,
see surveys [25), 26], 27]. Most of these methods are based on the Karush-Kuhn-Tucker (KKT)
necessary conditions, which can only guarantee a locally optimal solution [28]. Researchers have
therefore oriented their research towards convex relaxations of the OPF rather than trying to
solve this nonconvex problem efficiently.

In the late 1880s, Thomas Edison and George Westinghouse fought the so-called War of
the Currents to decide whether the incumbent direct current or Nicola Tesla’s alternating
current technology would become the standard for future power systems [23]. As you may know,
Westinghouse won with the AC, and the OPF, also called ACOPF, is defined on alternating current.
Nevertheless, a popular approximation is called the direct current power flow problem (DCOPF),
ironically recalling Edison’s defeat. DCOPF is obtained by linearizing Kirchoft’s laws under some
assumptions inspired from typical power flow systems [29, [30]. It is a linear program, which
makes it easy to solve and is still used nowadays by power system operators when the more
elaborate methods are not scalable or not efficient enough [31), 32]. DCOPF was the only convex
option for power system optimization until 2006, when the SOCP relaxation was first proposed.

Although the DCOPF is widely used for some power system applications, it does not account
for voltage magnitudes and reactive powers, which can lead to non-physical solutions. On the
other hand, convex relaxations of the OPF manifest several advantages even though they cannot
compete with DCOPF regarding efficiency. First, one can always check whether the relaxation is
exact, i.e. if the obtained solution satisfies the original problem. Second, an infeasible relaxation
certifies that the original problem is infeasible as well. Over the last decade, researchers have been
actively developing two convex relaxations: second-order cone programs (SOCP) and semi-definite



programming formulations (SDP). In [33], Steven H Low lists the inconveniences of DCOPF and
compares the two latter convex relaxations.

In 2006, Jabr et al. pioneered the first convex relaxation of the OPF. Their model is formulated
as an SOCP on a radial distribution system, enabling them to find the solution in polynomial
time using interior-point methods [34]. Building on this breakthrough, Taylor et al. proposed
other conic relaxations on radial networks [35] [36]. Inspired by 20-year-old publications [37) 3],
Farivar et al. proved that Jabr’s relaxation is exact for radial networks, provided there are no
upper bounds on loads [6]. For meshed networks, this result does not hold but they developed
solution recovery algorithms. Many publications have used Jabr’s model: [39, [40} 8, [41] to name
a few. The nonconvexity of the OPF problem stemming notably from the arctangent function on
voltage angles, Kocuk et al. recently proposed three new SOCP relaxations approximating the
arctangent [42].

Notwithstanding the valuable performances of the latter relaxation, it ignores potential system
imbalance. As described in chapter imbalance is a non-negligible phenomenon that arises
in low-voltage distribution grids, notably due to single-phase loading. In order to address this
issue, we need to wait for the semi-definite relaxation, which was first proposed in 2008 by Bai
et al. [43]. They formulated the OPF as a quadratically constrained quadratic program, before
approximating it by a semi-definite program. SDP was already an active research field by that
time [44], 45], so they could efficiently solve their model by primal-dual interior point algorithms
on several IEEE test systems. In [46], another SDP based on the Lagrangian dual of the OPF was
proposed by Lavaie et al., along with a necessary and sufficient condition for a zero duality gap,
that guarantees the recovery of the optimal OPF solution. For both models, the exactness of the
relaxation can be assessed by checking the unitary of the rank of the voltage-related matrix and
the authors observed that it is the case for many practical instances. Examining the geometry of
the OPF, Lavaei et al. then provided sufficient conditions on the exactness of a convex relaxation
on a radial network [47]. [48] extended this work by taking into account limits on the reactive
power injections, and considering tight voltage magnitude constraints instead of fixed values.
Interestingly, [49] recently presented an example of OPF for which the SDP relaxation fails for one
formulation but succeeds in finding the global solution to another formulation, revealing that
success of the SDP relaxation must involve factors beyond just the network physics.

Yet, these SDP publications still assume a single-phase network, while distribution networks
are typically multiphase and unbalanced [50]. For multiphase balanced networks, single-phase
methods can be applied by only keeping one phase, from which the others can be inferred. But
when unequal single-phase loads must be served, the network becomes unbalanced. Dall’ Anese
et al. permitted the benefits of SDP relaxation techniques [5I] in an unbalanced setup [16] and
explained why they expect the results of [47] to hold even in the unbalanced case. However,
Dall’Anese’s model is prone to numerical instability when the network size grows. Gan et al.
indicted the nature of the model itself: in a bus injection model| (BIM) like the one of [I6],
similar variables are subtracted, leading to a bad numerical behavior. They proposed a novel
and more stable approach: an SDP branch flow model (BFM). Then, they proved that BIM-SDP
is exact if and only if BFM-SDP is exact, and empirically showed that BFM-SDP is numerically
exact for several IEEE networks [52]. In light of this work, [53] applied this branch flow model
on multiphase unbalanced radial networks. One should also mention that these SDP relaxations
do not scale for extremely large systems [18], resulting in publications exploiting the sparsity of
power systems [54] [55].

For a survey and more references to a growing literature on convex relaxations of OPF and
their exactness, see [56, [57]. In contrast to preceding studies which aim to explore a provable
exactness guarantee, [58] recently developed an algorithm to recover a global solution from an

!The reader can refer to chapter [3| for a definition of bus injection and branch flow model.

10



approximate solution offered by an inexact relaxation. Finally, one can wonder which relaxation
to use among all these models. Comparisons can be found in [54], 6] (5] [42]. What stands
out from these studies is the prohibitive amount of computational resource required by SDP
relaxations to solve large size networks.

In this document, we adopt the BFM-SDP relaxation of [52] on multiphase unbalanced radial
networks, as in [53] because of its satisfactory numerical behavior. We compare it with the
classical SOCP relaxation of [34] and [6] on the equivalent single-phase network. Indeed, we will
be working on a radial network, for which the relaxation is exact [6]. Furthermore, as mentioned
above, it is a relevant benchmark regarding efficiency. At last, we also implement a linear program
that will also be used for comparison purpose.

2.2 Distributed Algorithms for Microgrids

Most algorithms proposed in the literature are centralized and meant for applications in today’s
energy management systems that, e.g., centrally schedule a relatively small number of generators
[40]. However, with the advent of renewable variable generation resources (e.g. photovoltaics)
and new storage-capable loads (e.g. batteries for electric vehicles) in the distribution network
(commonly referred as distributed energy resources, DERs), power systems will undergo radical
transformations, as described in chapter |1} First, the numerous former passive consumers become
producers-consumers, increasing significantly the size of the problem. Second, their production
relies on the weather, introducing uncertainty that can notably be balanced by their energy
storage device. Subsequently, a massive penetration of DERs renders an efficient centralized
approach unthinkable due to the complexity of the resulting OPF and extensive amount of
computational and communication resources that would be required.

In order to address that issue, researchers have focused on distributed algorithms. Dividing the
huge main OPF into multiple scalable subinstances, they are able to benefit from parallelization
and dispersed computational resources and hence to meet this modern challenge. The very first
to propose a large-scale distributed algorithm for the OPF were Kim et al. in 1997 [59], but they
were not considering the nonconvexity of the OPF. From there on, various decentralized algorithms
have been developed. The SDP relaxation is solved by an efficient distributed algorithm in [48].
Building on these publications, Peng and Low applied ADMM to obtain a distributed algorithm
on a radial network using (i) the classic SOCP relaxation for the balanced case [40] (ii) the SDP
relaxation for the unbalanced case [53]. We will proceed similarly in this document, except that
we will use SDDP instead of ADMM. Indeed, we will apply SDDP on the classic SOCP relaxation for
the balanced case, before applying it on the SDP relaxation for the unbalanced case. A review
about SDDP is provided in the next section.

2.3 Stochastic Dual Dynamic Programming

In 1991, Pereira and Pinto proposed the Stochastic Dual Dynamic Programming algorithm to solve
multistage stochastic linear optimization problems [21]. By simulating the future state instead
of enumerating all possibilities, they manage to avoid the well-known curse of dimensionality
of dynamic programming. The algorithm can also be parallelized and they illustrated it in a
case study of optimal stochastic scheduling for a 39-reservoir system. The next year, Rotting
and Gjelsvik were already applying SDDP to the planning of the Norwegian hydro-dominated
power system. Obtaining good results, they even proposed improving implementation details
and concluded that the studied algorithm had a promising future in the stochastic scheduling
of hydro-dominated systems [60]. Since 1993, Brazil has been managing its reservoirs using
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SDDP-based algorithms to solve the large scale long term hydrothermal coordination problem
for the national hydro system [61]. The SDDP algorithm has been extensively studied in the
framework of hydrothermal scheduling [62] [63], 64, [65]. In fact, it is the principal tool used for
the purpose of scheduling hydrothermal systems, namely planning the level of water in hydro
reservoirs in order to meet the annual demand of a system at minimum expected cost [66].

[67] provides a novel convergence proof and [68] discusses statistical properties and convergence
of the SDDP algorithm. SDDP has found a great commercial success and could be valuable for
numerous other applications beyond hydrothermal scheduling. Recently, it has been applied to
the real-time dispatch of storage under renewable supply uncertainty [8], opening a fertile ground
for our work. As mentioned in section SDDP has never been applied to nonlinear programs to
the best of my knowledge. With the implementation of SDDP on SOCP and SDP relaxations, this
thesis stands out of what has been explored by the literature so far.
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Chapter 3

Models

In the present chapter, we address one of the most studied optimization problem in the literature,
the Optimal Power Flow. The single-phase case (OPF1) is first derived before the more elaborate
three-phase case (OPF3). The OPF1 is simpler but seems ineffective at first sight since power
systems are designed with three phases. Nonetheless, we show that in a balanced setup, an
instance of the OPF3 can be equivalently formulated as an instance of the OPF1.

This problem being highly nonconvex and NP-hard, we need to resort to approximations in
order to solve it on practical power networks. Concerning 0PF1, a rough linear approximation (LP)
is first presented. Then we introduce a popular convex relaxation: the second-order cone program
(SOCP). In the more realistic case of network imbalance, we develop the equally well-known
semi-definite program (SDP). A summary of these models is presented on figure Eventually,
we will discuss the inclusion relation between the primal and dual domains of these formulations.

3.1 Optimal Power Flow

As in the literature, power networks will be represented using directed graphs throughout this
document. Places where power is injected or withdrawn constitute nodes, also called buses.
Connecting these buses, power lines form the edges of the graph. In this way, power can only
be exchanged out of the network through the nodes of the graph, and is able to span over the

__.-LP
Balanced OPF3 OPF1 \
SACP
Unbalanced OPF3 SDP

Equivalence

_______ = Approximation

Relaxation

Figure 3.1: Relations between the problems used in this document. The reason why LP is not a
relaxation is given in section
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Figure 3.2: The graph representation of a power network.

nodes by using the edges. One can already highlight that the OPF can be cast as a network flow
problem and foretell that power will have to be balanced at each bus. An example of a graph
representation can be found in Figure [3.2]

In 1962, Carpentier pioneered power system research field by introducing the first formulation
of the Optimal Power Flow [24]. His work extends the Economic Dispatch problem, which
determines the optimal output of various generation facilities in order to satisfy loads at minimal
cost. In addition, the OPF accounts for physical and technical constraints such as limits on voltage
at the nodes and the maximal power that electrical lines can carry. More significantly, power
cannot be routed arbitrarily over the network. The voltage, current and complex power are
related by nonconvex physical rules, Kirchoff’s laws, that must be respected in order to have a
feasible flow.

As mentioned in chapter 2| two popular models of the OPF have been studied in the literature.
[69] summarizes: the bus injection model (BIM) is the standard model for power flow analysis and
optimization. It focuses on nodal variables such as voltages, current and power injections and
does not directly deal with power flows on individual branches. Instead of nodal variables, the
branch flow model (BFM) focuses on currents and powers on the branches. It has been used mainly
for modeling distribution circuits which tend to be radial, but has received far less attention.
Those two models and their various relaxations have been proven to be equivalent [69]. The
BFM-SDP relaxation displaying a better numerical behavior than the BIM-SDP [52], we opt for a
branch flow model in this document, not only for our SDP relaxation but also for the two other
formulations. In this way, we adopt the same SOCP relaxation as Farivar et al. [6].

Throughout this document, we will adopt the ‘per unit system’ [23]: all physical quantities
will be normalized about a nominal value. For example, in the low-voltage part of the network,
one might use 220 V to normalize the voltage

v
Vou = 220 V’

such that has V), is dimensionless and is expressed as [p.u.] (per unit). Since this has the benefit
of improving the numerical conditioning of computations [23], we will implicitly assume that all
quantities are per unit normalized for all this document. Furthermore, steady state is assumed,
so the dynamics of power flows are omitted.

In the present section, we briefly derive the Optimal Power Flow branch flow model. We first
warm up on the single-phase case before addressing the three-phase case. Then, clarifications are
presented on the equivalence between a balanced three-phase flow and a single-phase flow. For a
more detailed approach, the interested reader can refer to [23] [I].
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Type Notation Meaning

Sots A; The ancestor of bus 1
C; The set of children of bus
S; = P +1Q); Power flowing from bus ¢ to its ancestor A;
. s; = p; + ig; Power injected at bus ¢
Variables Vi Complex voltage at bus 4
I; Complex current flowing from bus i to its ancestor A;
sD; = pD; + iqD; Power demanded at bus ¢
Parameters Z; = R; +1X; Impedance of the line connecting bus 4 to its ancestor A;
Y; =G; —iB; =1/Z; Admittance of bus 7
Math z* The complex conjugate of z, i.e. z* = R(z) —iJ(z)

Table 3.1: Notations used in power flow equations, illustrated in Figure

Q

Figure 3.3: Illustration of the notations used in power flow equations, listed on table Variables
are written in green.

3.1.1 Single-Phase Flow

In order to derive the single-phase OPF, we proceed in two steps. First, we present the so-
called power flow equations, the nonlinear set of equations governing the physical behavior of
power. Then, we will refine this nonconvex skeleton with multiple time stages, uncertainty and
operational constraints, leading us to the full mathematical formulation of the single-phase OPF.

Power Flow Equations

Defining the notations listed in table and represented in Figure |3.3], one can write the power
flow equations of bus i

Vi—Va, = Zil; (3.1)
Si = Vil} (3.2)
sit ) (Sj - Zj|Ij|2) = S; + sD; + Y| Vi[>, (3.3)

JjeC;

This set of equations is also often referred as Kirchhoff’s Laws. These relations are fundamental:

(3.1) is none other than the reknown Ohm’s Law: it simply states that the current going through
the line is proportional to the difference of voltage between its extremities. In addition, the

impedance is constant, independent of the current. This elementary law was named after
Georg Ohm’s work in 1827 [70].
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(3.2) merely defines the electrical energy transmitted by a current I; at a voltage V;.

(3.3) constitutes the customary Power Balance: the total amount of power entering bus ¢ must
compensate the power flowing out, i.e. power cannot accumulate. Power loss comes from

— the impedance of the line, and is proportional to |;|?,
— the admittance of the bus, and is proportional to |V;|?.

One can highlight that if we neglect power losses, the well-known nonlinearity of the OPF solely
comes from equation , the basic definition of power. This single quadratic equality constraint
renders the problem nonconvex. [23] rightly points out that formulating the OPF using current
and voltage instead of power would avoid this issue since equation is linear. In this way, the
resulting problem would be far more tractable, so why not do it 7 The reason is that generators
produce power and loads need power. We could not formulate the OPF in terms of voltage without
mentioning and constraining the current, in this way effectively modeling the power. In the grave
words of [23], modeling power systems in terms of power is unfortunately an inescapable reality
of power system engineering.

Optimal Power Flow

Now that we have the nonconvex skeleton of our model, we can refine it with the particularities
of our problem:

e Each bus is considered to own a battery. The current state of the battery depends on past
decisions and will affect the future state, so our model needs to span over multiple time
stages.

e We consider a high penetration of renewables, e.g. each house owns rooftop solar panels.
In this way, each bus generates an uncertain amount of power. We subtract it from their
demand and therefore model the demand as a stochastic process.

Subsequently, we end up with a multistage stochastic model. In order to define the OPF rigorously,
we must mathematically model the uncertainty. To this end, we employ a common graphical tool
in stochastic programming: a Scenario Tree [66]. Our model starts at time 1 that constitutes
the root of the tree. Then, the realization of uncertainty at time ¢ is denoted as w; and the set of
values that wy can take is designated by 2;. But in order to account for the previous realizations,
we have to introduce wy = (w1, ...,w;) that represent the history of realizations until time t.
In the scenario tree, the nodes represent the wy’s and the edges the w;’s. Denoting the set of
values that wy can take by Qp, we can write Qp = Qp X -+ x .

A small example of scenario tree is given in Figure to illustrate these notations. We have
Ql = {1} QQ = Qg = {1,2} Q[g] = Ql X QQ X Q3.

The probabilities are also given on the figure. Let us assume that a quantity h is defined at the
third time stage. Its expectation is given by

E[h] = Py (Piah(1,1,1) + Pioh(1,1,2)) + Po - (Porh(1,2,1) + Paoh(1,2,2)).

Moreover, we must add thermal and technical constraints bounding the quantities in order to
account for physical limits of the network. The final ingredient that upgrades our model to an
optimization problem is the objective function. There are multiple relevant choices, as the total
real power generation, the resistive power losses or the cost of real power generation. We will opt
for the cost of real power generation since it is the most used in the industry. In addition, the
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Figure 3.4: Example of scenario tree.

objective function must be increasing with current in order to ensure the tightness of the SOCP
and SDP relaxations (cfr sections and |3.4.2). Therefore, resistive power losses are added to
the objective.

When solving the resulting problem, we obtain an infinite number of solutions with the same
objective. This is due to the fact that all voltage angles can be shifted by any value and provide
the same objective. As we are only interested in keeping one of them, we arbitrarily decide to fix
the angle of a bus, called the swing bus [23], to zero. The voltage at this bus will also be used as
a nominal value for normalizing all voltages, and in this document bus 0 will be the designated
swing bus, so we end up with constraint .

Defining all necessary new notations listed in table and illustrated in Figure [3.5] one can
finally write the comprehensive single-phase OPF accounting for all particularities of the problem
that we are addressing in this work.

i I 0OPF1
S,s,lf?/,lgbc,bd fls:.1) ( )
s.t. %7tuw[t] - VAmt,w[t] = Zi]i,tyw[t] i€ TE Taw[t] S Q[t] (3.4)
2 " 2
Sit,wpy + Z <Sj7taw[t] - Zj ijtw[t] ) + bdi,t,ww = Pitwpy + SDi,t,wt +Y; Vi,t,w[t] + bci,t,wm
JEC;
iEN+,t€T,W[t] GQ[t],wt EQt (35)
2 " 2
807t7w[t] + Z <Sj7t)w[t] - Z.] ‘Ij’tiw[t] ) + bdo)t7w[t] = YO “/Ozt’w[t] + bco)t7w[t]
Jj€Co
tc T,(,U[t] S Q[t] (3.6)
Si,t,w[t] = 1,t,wpy) I;:uw[t] 1€ g, te T, (U[t] S Q[t] (37)
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Type Notation Meaning

N The set of nodes, N ={0,...,n}
NT The set of nodes except node 0, N* = {1,...,n}
& The set of edges. £ = N

Sets T The set of time stages, T = {1,..., H}
Qy The set of possible realizations of uncertainty at stage ¢
Qpy The set of possible histories of realizations of uncertainty at stage ¢
TR Real energy stored in the battery at bus i, time ¢, history wy

Variables  be; 4, Real power charged in the battery at bus ¢, time ¢, history wp

bdi’mw[t] Real power discharged from the battery at bus 7, time ¢, history wy

MCi, Marginal cost of power generation at bus ¢, time ¢

PL Power loss constant
ne; Battery charge efficiency at bus ¢
nd; Battery discharge efficiency at bus ¢
Tinit,i Initial energy stored in the battery at bus ¢, before time 1

Parameters  pmax;: Maximal real power generation at bus i, time ¢
gmax,it  Maximal reactive power generation at bus ¢, time ¢
Umin,i Minimal squared voltage magnitude at bus ¢
Umax,i Maximal squared voltage magnitude at bus ¢
Tmax,i Battery capacity at bus ¢
bemax,i ~ Maximal battery charge rate at bus ¢
bdmax,;  Maximal battery discharge rate at bus ¢

Math  [f]  {L,....t}

Table 3.2: Notations used in the single-phase OPF, illustrated in Figure

bd;
Ti1 = Tinit,i +1C; - bei1 — ol ieN (3.8)

nd;

bd; 1, :
Titwy = Tit—1lwy T NC bcz-,t,wm - % 1eN,t=2... H,w[t] € Q[t] (3.9)
1
0< §R(si,t,z,um) < Pmax,i,t S N: te Ta w[t] S Q[t] (310)
0 S %(Si7t,W[t]) S Qmax,i,t 1€ N, te 7-, W[t] € Q[t]
2

Umin,i < V;,’,t,w[t] < VUmax,i 1€ NJr, teT, Wt S Q[t]
0< Lit g < Tmax,i 1€ N, teT, Wiy S Q[t]
0 < beitwy < bCmax,i ieN,teT,wy € Qpy
0< bdi,t,w[t] < bdmax,i 1€ N,t S T,W[t] S Q[t] (3.11)
Vorwy =1 teT,wy € Qy, (3.12)

where

f(s,1)=>"MCiy R(sin) + PLY  R; - |Li1|?
iEN €€

+E Z Z MCiy - %(Si,t»w[t]) + PL Z Z R; - Ii,t,w[t]

t=2...H icN t=2..H ic€ ]

Some clarifications about OPF1 are required:

All variables are defined for each history of realizations wy, for every time ¢. Indeed, since the battery
state x depends on past decisions, different solutions may be chosen for different past
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si, MC;

Figure 3.5: Illustration of the notations used in the single-phase OPF, listed on table Variables
are written in green.

decisions. Hence, each node of the scenario tree must have a different set of variables. Note
that the only stochastic parameter is sD and only depends on the current realization of
uncertainty wy, i.e. sD is a Markov stochastic process.

The objective to minimize is the expected total cost of generation, added to the total resistive power loss,
weighted by a constant PL. The expectation is computed over all histories of realizations
wyy], over all time stages except the first deterministic one.

& constitute the power balance. The charging and discharging of batteries are appended, but
one should keep in mind that unlike the other quantities of the equation, they are real. By
convention, there is no load and no edge leaving node 0 so its case needs to be handled
separately.

(13-8) & (3.9) describe the battery state dynamics. Since 0 < nc¢;,nd; < 1, one can check that the
imperfect efficiency of the batteries induces power loss when charging and discharging.
is the only constraint that involves other time stages in the model, and is responsible
for our multistage approach.

(3.10) — (3.11) ensure that the thermal and technical limits of the network are respected.

3.1.2 Three-Phase Flow

The single-phase OPF is one of the most frequently employed optimization routines in power
systems [36] and has been an active research field since Carpentier’s first formulation in 1962 [24].
The extensive amount of research led to numerous promising convex relaxations, including the
second-order cone program that will be introduced in section [3.3] and studied in this document.

However, power is constituted by three phases in modern power systems. In the ideal balanced
case depicted in Figure [3.6] we show that resorting to OPF1 is equivalent in the next subsection.
Nevertheless, in an unbalanced setup one cannot have recourse to this simplified single-phase
problem. The three phases interact with each other, and these interactions are modeled by
nonlinear relations as we will see hereafter. Furthermore, we are studying distribution networks,
which are typically multiphase and unbalanced [17].

The three-phase OPF is more elaborate than OPF1, but the physical laws governing those two
models are the same. Therefore, the equations look like each other and the derivation will be
proceeded similarly as the single-phase case. We first present the power flow equations before
refining the model with multiple time stages and uncertainty.
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Figure 3.6: AC three-phase voltage, current or power in the ideal balanced case. Taken from [5].
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Power Flow Equations

The three phases of the network will be denoted by a, b, ¢ and indexed by ¢ € ®;, ®; = {a,b,c}
denoting the phases of bus i € N or line i € £. Each variable and parameter is now provided for
the three phases. For example, we denote by Vf the complex voltage of bus ¢ for phase ¢ € ®;.

T
For a more concise formulation, we define the column vector v = [Vﬂ 174 Vﬂ . Throughout

all this document, a lower boldface letter denotes a column vector and an upper boldface letter a
matrix.

Defining the notations listed in table and represented in Figure one can write the
power flow equations of bus ¢

Vi — Va4, = Zifi (313)
Si = viﬁfl (3‘14)
s; + Z diag (Sj — Z]-Ejﬂf) = sD; + diag (Si + VivfIYZH) . (3.15)

JeC;

These relations are the matrix versions of the fundamental equations (3.1f) — (3.3)), which
explains the striking similarity.

(13.13]) simply states Ohm’s law for each phase.

(3.14) defines the matrix S;, its diagonal elements denote the complex power flowing from bus 4
to its ancestor A;. This equation is the first source of nonlinearity.

(3.15) constitutes the power balance. The mutual coupling between the phases stems from the
phase impedance and admittance matrices. These matrices account for the electromagnetic
effect of each line on the others, due to the electric and magnetic fields generated by the
current flowing through the lines. In addition to coupling the three phases, power losses are
the second source of nonlinearity to the model. At last, it can be noted that non-diagonal
elements of S;, which have no physical interpretation, are not used in the equation, since
we only take the diagonal of the matrix.
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Type Notation Meaning

s; Complex power injected at bus ¢ for phase ¢

Vf Complex voltage at bus i for phase ¢

If’ Complex current flowing from bus ¢ to its ancestor A; for phase ¢
Variables e b a7

T

v; |:‘/ia ‘/ib V;c

2 e 1]

S; Complex matrix with diagonal elements denoting power flowing from

bus i to its ancestor A;, S; € Cl®ilx[®:l,
The off-diagonal elements do not have a physical interpretation

sD? Complex power demanded at bus i for phase ¢

b T
sD;  [sD¢ sD! sDx]
Parameters

Z; Phase impedance matrix of the line connecting bus ¢ to its ancestor A;,
Z; € CIPil x| P4
Y; Phase admittance matrix of bus 4, Y; € Cl®ilx|®il
Math diag(M) The column vector composed of the diagonal of matrix M
MH The hermitian transpose of matrix M, i.e. MH = MT*

Table 3.3: Notations used in power flow equations, illustrated in Figure

Figure 3.7: Illustration of the notations used in power flow equations, listed on table Variables
are written in green.
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Optimal Power Flow

Similarly to

the single-phase case, we now add time, uncertainty and technical constraints to

the power flow equations. To this end, one must introduce the battery variables and bounding
parameters for each phase. Since it is just the vectorial version of table and figure [3.5] it
is not redone here but can be found in the list of notations. This results in the comprehensive
formulation of the three-phase OPF:

min
S,s,¢,v,x,bc,bd
S.t.

f(s,€) (OPF3)
Vi,t,w[t] - vAi,t,w[t Zl‘el tW[t 1€ 57 te 7-, W[t] S Q[t]
Sivtvw[t] + Z dla'g ( ] t w Z B] t OJ E] t W[t]) + bdi,t,W[t]

JE€C;

— SDi,t,w[t] + dla’g (Si,t,wlt] + vi,t,wlt] Vﬁ,w[t] Y{{) + bci,t,w[t]
1€ N+,t S T,W[ﬂ € Q[ﬂ,(ﬂt S Qt
So7t7w[t] + Z diag (Sjvtzw[t Z Ejzt7w t]e] tLU[t ) + bd07t7w[t]

Jj€Co
= diag (VO,t,w[t]Vé{tw[t]Y(gI) + bCO,t,w[t] te T, Wy S Q[t]
Siﬂf,wt - Vi,t,wtgg;wt 1€&,teT, Wy € Q[t]
bd;
Xi,1 = Xinit,; + 7¢; - bc;1 — ol ieN
nd;
bdiztuw[t] .
Xi7t7w[] Xit— 1wt]+ncl bcltw[]—T ZGN,t:QH,(JJ[t]EQ[t]
(2
0 < i (Si,t,w[t]) < Pmax,i,t 1€ N, t e T, W[t] S Q[t]
0<S (Si,t,W[t]) < Qmax,i,t 1€ N, teT, Wy S Q[t]
Viing < diag (Vi,t,w[t] Vﬁ,w[t]) < Vmax,i ieN,teT, Wiy € Q[t]
0<thw < Xmax,i iEN,tGT,OJ[t]EQ[t]
0<bcztw <bcmaxz iEN,tET,W[t]EQ[t]
0<bdztw <bdmaxz iEN,tET,w[t]EQ[t]
Vo0,t,wy = Vswing t e T,w[t} S Q[t}7
where
=3 > MY R(spy) +PLY > RYY- 49,67
iEN ¢pe®; €€ ped;
¢ b, p¢ P
+E Z Z ZMCz,t%( ltW[t +PL Z ZZR ztw[tgztw[t] ’
t=2...H icN ¢pcd; t=2..H i€ ¢pe®;
T
and Vgwing = [1 —% + i? —% — 1@} . A swing bus must be chosen for the same reason as

in the single-

phase case. Vocf,f’w[ is arbitrarly set to 1, and we set the two other phases in order

t]

to have a balanced flow: same magnitude and a 27/3 phase shift.
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3.1.3 The Equivalence Between a Balanced Three-Phase Flow and a Single-
Phase Flow

In a balanced setup, the three phases have a perfect sine form, same magnitude and an exact
27 /3 phase shift. So if we solve the OPF for one phase, we should be able to easily infer the two
other ones by just shifting them by 27 /3. However, we saw in equation that the phases are
mutually coupled:

An alternating current flowing through a conductor creates an alternating magnetic field
around this conductor. Since the three power lines are set next to each other, each line is exposed
to the magnetic field of the others. Moreover, Faraday’s law of induction dictates that a change of
the magnetic flux induces a voltage drop/increase across the line. In this way, each line undergoes
voltage variations because of the magnetic fields of the two other lines. This phenomenon is
known as mutual inductance.

The power losses ijjﬁf and v;viI Y account for such electromagnetic effects connecting
the phases with each other. More precisely, this mutual coupling is modeled by the non-diagonal
elements of the phase impedance and admittance matrices (respectively Z and Y).

In a balanced setup, conductors carrying the current are evenly spaced, so that the mutual
inductances and other electromagnetic effects are the same. By the way, it is why the word
symmetric is sometimes used instead of balanced. Since each signal is assumed to be perfectly
regular, the electromagnetic effects underwent by one line from its neighbours can be modeled
by a constant term. Added to the self impedance of this line, we obtain a special impedance that
accounts for the mutual coupling without having to explicitly equate the different phases with
each other.

This allows us to model a balanced three-phase power flow by a single-phase one, where Z
and Y account for the non-diagonal elements of Z and Y, in addition to their diagonal elements
(which are nothing but the self impedance and admittance of the line). Eventually, Z and Y can
be calculated by solving Maxwell’s equations, but usually computational models are being used
to approximate them [71], [72].

3.2 Linear Program

In this section, we present a first approximated formulation of the Optimal Power Flow. This
approximation ignores significant aspects of the original OPF1 and will mainly serve to assess the
impact of Kirchhoff’s laws on the solution. Indeed, this model is obtained by linearizing these
nonlinear constraints. Moreover, since we are working on a radial network, the problem can be
further simplified [35]. In this way, we are left with an ordinary network flow problem. Although
trivial, this approximation has valuable aspects:

e LP is linear, and can thus be solved efficiently. Hence, it provides a challenging benchmark
for the SOCP and SDP.

e LP is intuitive and the solution is easy to understand unlike the other formulations. The
SOCP and SDP may return perplexing solutions due to Kirchhoff’s laws, which are difficult
to apprehend. In that case, the LP solution would help us to value the effect of them on
the solution. Indeed, by comparing the LP solution with the conic solutions, we could be
able to understand the consequences of Kirchhoff’s laws, that transform the LP solution
into the conic ones.

Since Kirchhoft’s laws are ignored and the objective only involves the real power, voltage and
current can merely be discarded from the model. Similarly, real and reactive power are fully
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decoupled without these fundamental laws. Dismissing the reactive power might lead to an LP
feasible solution whereas OPF1 is infeasible if the maximal amount of reactive power that can be
injected is not sufficient to balance the reactive demand. However, we are not interested in such
cases, hence reactive power is also discarded.

Subsequently, removing I, V, @), ¢ and the related constraints lead to the formulation of our
Linear Program approximating the OPF1:

i Lp
Pp.aibebd 1) (LP)

s.t. pi,t,w[t] _pDi,t,wt + E P',t,w[t] - P’i,t,wm + bdi,t,w[t] - bc’i,t,w[t] =0
JEC;
ie Nt teT,wy € Qy,w €

p07tvw[t] + Z Pj7t7w[t] + bdozt’w[t] - bco7tvw[t] = 0 t € T’ w[t] € Q[t]
Jj€Co

bd; 1 ]
Ti1 = Tinit; + ¢ - beig — —2 ieEN

nd;

bdi7t7w[t] .
ity = Tit—1wpy T NC - bCitay — nd; ieNt=2...Huwy € Qpy
i

0< Dijt oy < Pmax,i,t 1€ N, teT, Wy € Q[t]
0 S x’i,t,w[t] S Tmax,i 1€ N,t € T,W[t] S Q[t]
0< bci,t,w[t] < bcmax,i 1€ N, teT, wpy € Q[t]
0< bdi,t,w[t] < bdmax,i 1€ ./V, te T,w[t} € Q[t},

where

fp) = Z MCiy-pig +E Z Z MCit - pity
ieN t=2...H ieN

One could mention that since power loss is neglected on the lines and reactive power is
discarded, a solution of LP is not necessarily a solution of OPF1. Thus, LP cannot be called a
relaxation of OPF1, but only an approximation of this problem.

3.3 Second-Order Cone Program

The second-order cone program is obtained after two relaxation steps as illustrated in Figure
The first one consists in dropping voltage and current angles from the model, resulting in
the OPF1-ar. The latter is still nonconvex due to a quadratic equality constraint. Nevertheless,
changing this equality into an inequality yields an SOCP: this constitutes the second relaxation
step. This second step is proved to always be exact provided there are no upper bounds on real
and reactive loads. The first one, however, can only be reversed if we can recover the voltage
and current angles from an optimal solution of OPF1-ar. Fortunately, the condition ensuring
this, called the angle recovery condition, is satisfied if the network is radial, i.e. its topological
representation is a tree. In addition, most distribution systems are radial [52].

This section briefly performs those two relaxation steps in order to obtain the SOCP, before
discussing the exactness of this model. For a more detailed approach, the interested reader can
refer to [6].
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Figure 3.8: Relaxation and recovery steps for solving OPF1 using the SOCP. Taken from [6].

3.3.1 Angle relaxation

Defining

vi=ViVieN G=|L*Viet,
the objective of this relaxation is to formulate 0PF1 using v and ¢ instead of V' and I. To this
end, we first plug equation (3.2 into (3.1))

S*
Vi, = Vi~ Zith

7

taking the squared magnitude of this reveals v and ¢

VA, = U+ ]Z,;\% — (ZZS: + ZZ*SZ)

Expressing the latter equation in terms of real variables yields
va; = v — 2(R P+ XiQi) + (Rf + XZQ) ti, (3.16)
similarly, equation (3.3)) gives the following real equations

pi+ Y (Pj— Rjlj) = P+ pD; + Gy,
J€C;

g + Z (Qj — Xjt;) = Qi + qD; — Byv;.
JEC;

Eventually, we take the magnitude squared of equation ([3.2))

2 2
l; = Mj (3.17)

Vg

leading to the OPF-ar formulation, obtained by replacing equations (3.4)) — (3.7)) by equations
(3.16) — (3.17)). The complete formulation of this model is presented in appendix
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Figure 3.9: Boundary of L2 (¢ stands for x(). Taken from [7].

3.3.2 Conic relaxation

The sole nonconvexity remaining in the OPFl-ar stems from the quadratic equality (3.17]).
However, one can note that this equation represents the border of a conic domain. From this
observation comes the conic relaxation, which consists in ‘filling’ this conic set by relaxing it to
an inequality
P2 2
>t (3.18)

Vi
Recalling that (z +)? — (z — y)? = 42y, we can give a more familiar look to this inequality
2P
AP? +4Q7 + (0 — v)* < (6 + v;)? & 2Q; || < 4+, (3.19)
fi — U;
which constraints these variables to stay inside a second-order cone.
Definition 1. The second-order cone, also called Lorentz cone (or ‘ice cream cone’), is defined
by the following convex set [73]
L" = {(z0;%) € R"™!| [x]| < o}

An illustration is given in Figure [3.9]

This second relaxation step consists in replacing the nonconvex quadratic equality by
the convex second-order cone inequality . Hence, the resulting problem aims at minimizing
a linear objective function over the intersection of a polyhedron and a Lorentz cone. This
constitutes a Second-Order Cone Program (SOCP) and can be solved efficiently by modern
convex solvers.

| | SOCP
Pvapylg}%,lzI)l,x,bcybd f(pa ) ( )

s.t. Vistwpy — 2- (Ripi,t,w[t] + XiQi,t,w[t]) + (Rz2 + Xz2) ’ Ei,t,w[t] = VA, twpy
1e&,te T,w[t] € Q[t]

Ditwn — PDi 0 + Z (‘Pjvtzw[t] - Rjej,t,w[tﬂ - Pi:taw[t] - Givivtw[ﬂ + bdivtvw[t] — beitw

JEC;
) €N+,t S T,W[t} € Q[t],wt e

26

g =0



pozt’w[t] + Z (P]»t7w[t] - Rjgjﬂt’w[t]) -

Jj€Co

GOUO,t,UJ[t] + de,t,w[t] - bCO,t,wM =0

t e T,w[t] € Q[t]

Qi twpy — qu,t,wt + Z (ijt:w[t] - ngj,t,w[t]) - Qi,t,w[t] + Bivi,t,w[t] =0

JjeC;

qo,t,w[t] + Z (Qj7t7w[t] — Xj€j7t,w[t]) + BO’UD,t,w[t] =0

Jj€Co
2Pi7t,wm
2Qi,t7wM S gi,t,w[t] + vi,t,W[t]
Ei,t,UJ[t] - vi,t,UJ[t]
bd; 1
X1 = Tinit,s + NC - bejn — —
nd;

xi,t,W[t] = xi,t—l,w[t] + ne - bci,tﬂ,um

0 < Pitwy < Pmax,it

0 < Gitwy < Gmax,it

0 < ity

Umingi < Vitwy < Vmax,i
0 < i twy < Tmax,i

0 < 0Citwy < bCmax,i

0 < bd; twy < bdmax,i

iEN+,t € T,w[ﬂ € Q[ﬂ,wt e
te T,w[t] S Q[t]

ie & te T,w[t] € Q[t]
ieN

bdi,t,W[t] .
— nd; ZEN,tZQ...H,w[t]EQ[t]

ie N,teT,wy € Qpy
i€ N,teT,wy € Qpy
ieN,teT,wy € Qpy
ie NT teT,wy € Qy
ieN,teT,wy € Qpy
ie N,teT,wy € Qpy
ie Nt eT,wy € Qpy

V0t wpyy = 1 te T,W[t} S Q[t},

where

f(p,l) = Z MCjiq-pin +PLZR1"£@',1 +E
iEN =

Z Z MCi - pitwy, + PL Z Z Ri - ity

t=2...H ieN t=2...H i€&

Since the feasible set of OPF1 is included inside the one of OPF1-ar, which is itself included in
the one of SOCP, the optimal solution of the conic relaxation provides a lower bound on OPFi-ar
and the initial problem. The next subsection addresses the tightness of these two relaxations:
when are these sets the same, when are the optimal solutions equal ?

3.3.3 Exactness

First, the angle relaxation will always be tight in our case since we will exclusively work on
radial networks in this document. Indeed, most distribution systems are radial [52] and the
angle recovery condition is satisfied for radial networks, as mentioned above. The detailed angle
recovery condition can be found in [6].

Concerning the conic relaxation, Farivar and Low proved the following theorem [6].

Theorem 1. Suppose that the cost function f(p, /) is strictly increasing in ¢, pDi 1y, and

qD@t,w[t] are variables with no upper bound Vi e N,t € T, wiy) € Q- Then any optimal solution
of SOCP is also optimal for OPF1-ar.

This theorem can be intuitively interpreted.
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e First, since the objective is strictly increasing with current, we aim at minimizing ¢, and
therefore tightening constraint [3.18] which results in constraint [3:17}

e However, in case of oversupply (i.e. more power is injected than withdrawn), the solution
might be tempted to get rid of this extra power by artificially creating resistive power losses,
in order to satisfy the power balance and ensure feasibility. Nevertheless, this would result
in a surge of current, rendering constraint [3.18 not tight and the solution not physical. To
address that issue, Farivar and Low suppose no upper bound on the real and reactive loads.
In this way, the solution has the possibility to give away surplus of power in any case.

In our case, the condition on the objective is fulfilled for any PL > 0. Although the second
condition seems unrealistic [39], we could replace it by an infinite battery capacity Zmax,; for all
bus 7. The conditions of this theorem are sufficient but not necessary, as the authors showed in
simulations [6]. At last, the exactness of this relaxation will be further discussed on a practical
test case in section

3.4 Semi-Definite Program

In OPF3, nonlinearity stems from vivf{ and Eiﬂf{ terms, as well as the S; = viEZH constraint.
Similarly to the conic relaxation approach, we define

Vi=vivilVie N L=t£8vice, (3.20)

so that if we manage to formulate OPF3 using S;, V; and I; instead of v; and £;, we end up
with a linear program. However, we will have to impose nonlinear constraints on S;, V; and I;
in order to ensure that equations and are satisfied. These constraints consist in a
semi-definite constraint and a highly nonconvex rank constraint. Therefore, relaxing the rank
constraint results in a problem composed of a linear objective to minimize over the intersection
of a linear domain and a semi-definite cone: a semi-definite program. Semi-definite programming
lies in the esteemed field of convex programming. Over the last decade, SDP has been an active
research field and solvers are becoming increasingly efficient [19]. It is thus tempting to perform
this relaxation, but one must study if the rank constraint is satisfied to assess whether this
relaxation is practical.

In the present section, we first perform de derivation of the SDP relaxation, before taking a
closer look at its exactness.

3.4.1 Relaxation

After replacing v;v and £, by V; and I; in equation (3.15)), the only constraint involving v;
and £; remaining is equation (3.13))

VA, =V — Zzez

In order to rectify this, we multiply both sides by their hermitian transposes to reveal V; and I;
to obtain

Vi =Vi— (82 + 2,81) + Z1,27,

which is a linear constraint. The resulting problem is linear, apart from the definitions of S;, V;
and I;

S; = viel! V; =vivi I = 2017 (3.21)

)
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Figure 3.10: Boundary of S% in the real case, with [z y ; y 2] € S2. Taken from [7].

One might consider the possibility of simply ignoring them, leading to a linear formulation of
OPF3. A linear formulation of OPF3 would be a major breakthrough in power system scheduling,
and would have a dramatic economic impact. However, ignoring these definitions would lead to
non-physical solutions. It is equivalent to neglecting the fundamental relation between power,
voltage and current. So these solutions would be impractical and we need to account for equations
(13.21]).

A first step towards the relaxation of these quadratic equality constraints is observing that

equations (3.21) are equivalent to
H
Vi S| |vi| |Vvi
SH 1| — || |4

The key finding of this relaxation is then to realize that this equation is equivalent to

[Vi S;

g Ii] €Sy, rank lVi S"] =1, (3.22)

ST P

a proof can be found in [52].

Definition 2. The hermitian positive semi-definite cone is defined by the following convex set
[
§7 = {MeC™"| M =M" and M > 0}

The n superscript is sometimes omitted in this document. An illustration is given on figure [3.10]

The optimization problem obtained by replacing equations by its equivalent formulation
is thus equivalent to OPF3. It is denoted as OPF3rank and its complete formulation can
be found in appendix Relaxing the rank constraint from this problem yields the following
Semi-Definite Program (SDP).

f(s,I) (SDP)

H H H _
s.t. Vi,t,wm - Si,t,w[t] Zz‘,t,wm - Zi,t,w[t] Si,t,w[t] + Zi7t7w[t] Ii,tw[t] Zi,t,w[t] - VAivt"’"[t]

min
S,s,I,V.,x,bc,bd

1eé te T,w[t] € Q[t]

Si,t,wpy + Z diag (Sj,tw[t] - ZjIj,t,w[t]) + bdi,t,w[t]
JEC;
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- SDZ ,t Wit + dlag (Si,t,w[t] + Vi,t,w[t] YZI{) + bci,t,wlt]
ie Nt te T,w[ﬂ € Q[ﬂ,wt e

Jj€Co
te T,w[t] € Q[t]
A" S;
Sﬁt’wm Il’wM €Sy e & teT, wy ey
Z,t,u.J[ t] i,t,W[t]
bd;
X1 = Xinit,; + 1 - bci 1 — ol ieN
nd;
bdz tywry .
Xi,t,w[t] - Xi,tfl,w[t] + ne; - bci,t,w[t] TIT 1€ N, t = 2... H, W[t] S Q[t]
(
0 S R (Si,t,w[t]> S Pmax,it 1€ N, te T, W[t] € Q[t]
0<S (Si,t,w[tl) < Qmax,i,t ieN,teT, wry) € Q[t]
Vmin,iédiag( 'Ltwt]> < Vmax,i iEN,tET,W[t] EQM
ngitwtlgxmaxi iEN,tET,w[t]EQ[t]
O<bcztw <bcmaxz iEN,tGT,W[t]GQ[t]
0< bdi,t,w[t] < bdmax,i 1€ N, teT, Wiy € Q[t]
VO,t,w[t] = szing te T,W[t} < Q[t}7
where
D= Y MCP -R(s{)+PLY. S RP?- 1Y
ieN ¢ped; i€€ ped;
¢ 9
+E| Y YN mep, - Rw(s? ) TPL DS YD R ”w[t :
t=2...H ieN ¢€®; t=2...H i€€ $pcd;
1 —1-v3 =1+V3
2 2
and VSWing = VSWing . nging = _1‘5\/3 1 —15\/§
—1-v3 =1+V3 1
2 2

3.4.2 Exactness

. . . . . o Vi,t,w[t] Si,t,W[t]
Clearly, if the optimal solution of SDP is such that each matrix Wope = | o5 has
opt

i,t,w[t] Ii,tvw[t]
rank 1, then it is a globally optimal solution also for OPF3, since SDP with the rank constraint is
equivalent to OPF3. Hence, there exist vectors Vit Ei,t,w[t] such that

— H _ H _ H .
Sivt:“’[t] = Vitwy eivt’w[t] Vivt!‘”[t] = Vitw Vitwy Iivtv“’[t] - Eivtv‘*’[t] ei,t,w[t] Vit wre)

and the optimal costs of OPF3 and SDP coincide at the optimum. Moreover, this global solution
can be obtained via standard interior-point solvers in polynomial time [16].

However, Wy could have rank greater than 1. In this case, we could resort to rank reduction
techniques to approximate this matrix by a feasible rank-1 one, such as the method presented in
[51]. But as the authors stress in [51], the resultant solution is generally suboptimal.
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In [46], Lavaei et al. observe that the SDP relaxation is tight for many practical instances
of balanced radial networks. Examining the geometry of the OPF, they realize that the power
injection region can be modeled as a hollow ellipsoid. Relaxing the rank constraint consists in
filling the ellipsoid (i.e. taking the convex hull), and the SDP relaxation is tight if the Pareto
optimal front of the hollow and filled ellipsoids coincide. The authors formulate a practical
sufficient condition for this, involving voltage angles and the impedance of the lines. This
condition ensures the exactness of a convex relaxation on a radial network and is derived in a
subsequent publication of the same authors [47].

In [48], the authors extended this work by taking into account limits on the reactive power
injections, and considering tight voltage magnitude constraints instead of fixed values. Applying
their work to our problem yields the following theorem.

Theorem 2. Consider a power distribution network with a tree topology and assume f (s,1I) is
strictly increasing with diag(I). Let 6; be the smallest positive solution to the equation

Pmax,i = Gi + B; sin(6;) — G cos(6;).

Suppose 6; satisfies

B; 5 1 ( B;
—tan ! (Gz) < 0; < tan™! <Gz> , (3.23)
and reactive power demand upper bounds satisfy
qD; > B; Vi, (3.24)

with 8; = —B; + G;sin(6;) + B;cos(;), where §; = min(tan~(G;/B;),0;). Let Wy be an
optimal solution to the SDP relaxation. Then

H
1. If Wy is rank 1, then Wopy = Vopt | |Vopt | £ some Vopt and Lopt, and they are the
Eopt Eopt

optimal solution to OPF3.
2. If rank(Wopt) > 1, then there is no feasible solution to OPF3.
3. If SDP is infeasible, then OPF3 is infeasible.

Condition relies on the network structure, and using data from existing networks,
authors have showed that it is expected to be satisfied by most networks. Indeed, we will observe
that it is the case for the test network addressed in this work in section Moreover, the
assumption on the objective and condition recall the SOCP exactness theorem and has
similar consequences, as we will discuss in section

Unfortunately, when the power network is unbalanced, these results no longer apply. However,
Dall’ Anese et al. still expect a rank-1 solution even in the unbalanced setup, and support their
intuitive claim with two small meaningful examples [I6]. This intuition will be tested on a
practical example of unbalanced network in section [5.5.

3.5 Primal Domains

We have defined two versions of the optimal power flow and derived three different relaxations,
as summarized on figure 3.11] It is easy to get confused with all these models and it would be
convenient to have an unifying picture. Moreover, one can rightly wonder about the inclusion
relation between their feasible domains. The present section tries to remedy this issue, and
provides a geometrical insight of these five models. Since the single- and three-phase cases model
two different problems, they are addressed separately.
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——————— = Approximation

Relaxation

Figure 3.11: Relations between the problems used in this document.

3.5.1 Single-Phase Case

We first formally cover the relation between LP and SOCP before adding OPF1 in order to obtain
a complete picture.

LP vs SOCP

In order to compare the LP and SOCP problems, we have to neglect the power loss on the lines
due to impedance and admittance effects, i.e. the terms — Zje()i Rjﬁﬂ,wh] and —Givi,twt] in the
power balance of the SOCP model. Indeed, since this effect is neglected in the LP model, one

could not draw the following observations otherwise.

The inclusion relation between the primal domains of the LP and the SOCP problems seems
trivial at first sight since the LP problem is a relaxation of the SOCP. However, the SOCP problem
has more variables than the LP problem so we need to be careful and use a projection of the SOCP
domain on the LP variable space. In order to formulate this formally, we define the following
notations.

Definition 3.

e We will denote the total number of histories of scenarios by ¢ = S°H | ‘Q[t]‘.

e Sip = R(M-DEMO? ig the variable space of the LP problem. Indeed, P € R D¢ and
p,x,be,bd € R™ so (P,p,x,bc,bd) € R(—1&(n)*,

e Ssocp = RV (E)° ig the variable space of the SOCP problem. Indeed, P, Q,¢ € R(®—1¢
and p, ¢, v, z, be,bd € R™.

® Psocp—ip : Ssoce — Stp - PSDCP—)LP(P> Q,p,q,1,v,z,bc, bd) = (P,p,:c, be, bd) is the projection
from Ssgcp to SLp.

e Dip C S;p is the feasible domain of the LP problem.
® Dggcp C Ssocp is the feasible domain of the SOCP problem.

Those notations may appear cumbersome but will help us to formulate the following result
concisely. Since the LP problem does not account for Ohm’s Law, its domain is larger than the
projection of the SOCP domain.

PI‘OpOSitiOH 1. Psgcp*)Lp(Dsgcp) - DLP-
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Figure 3.12: Schematic representation of Proposition (1t Psocp—rp(Dsocp) € Drp.
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Figure 3.13: Primal feasible domains of OPF1 and its relaxations.

Proof. Let us consider (P,Q,p,q,l,v,x,bc,bd) € Dggcp. We verify that each constraint defining
Drp is satisfied by (P, p, z, be,bd), so (P, p,z,bc,bd) € Dyp. O

This proposition is schematically represented on figure [3.12] As we will see in the next section,
the inclusion relation will be contrary for the dual domains.

Adding OPF1

For the sake of conciseness, we proceed less formally for OPF1. OPF1 has more variables than
SOCP since it accounts for voltage and current angles. Its projection on Ssgep, named OPF1l-ar
can be interpreted as the contour of a conic domain as mentioned in section SOCP is then
obtained by ‘filling’ this contour. The unifying picture for the single-phase optimal power flow
and its relaxations is presented on figure [3.13

3.5.2 Three-Phase Case

In this case, we start with the nonconvex feasible domain of OPF3. Since its nonconvexity stems
from quadratic equalities, we represent it as the contour of an ellipsoid. The SDP relaxation first
performs an equivalent formulation of OPF3 by replacing v; and £; by V; and I;, resulting in
OPF3rank. Since it lies in a different variable space, we tilted the ellipsoid, as if the system of
axes was inclined. However, its projection on the initial space coincides with OPF3 since these
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Figure 3.14: Primal feasible domains of OPF3 and its relaxation.

formulations are equivalent. OPF3rank is nonconvex, but removing the rank constraint yields the
convex SDP. Similarly to the single-phase case, we illustrated the removal of this constraint by
filling the nonconvex domain. These feasible sets are depicted on figure [3.14]

[36] summarizes this clearly: In applying this relaxation, we have lifted a nonconvez feasible set
into a higher dimensional space. Intuitively, we can think of this as ‘filling in’ the nonconvexities.
The author just forgets to specify that the variable space of OPF3 is not included in the variable
space of SDP.

3.6 Dual Domains and Feasibility Cuts

It is now tempting to try to find the corresponding inclusion relation of the dual domains. This
question is trickier since in order to answer it, we must derive the dual problems, which admit a
large amount of variables and constraints. We will therefore perform these computations only for
a very basic instance of LP and SOCP : the one-stage deterministic case. From the two basic duals
obtained, we will be able to draw the inclusion relation between their dual domains. Then, we
will suggest that this inclusion relation extends to the general multi-stage case with uncertainty.

Taking advantage of these dual computations, we will analytically derive a meaningful
feasibility cut in the LP case, providing a physical interpretation of this concept. Finally, we will
conclude with a geometrical primal-dual interpretation of primal constraints, providing a better
understanding of the primal and dual inclusion relations.

3.6.1 Linear Dual

We are considering the deterministic one-stage case of the LP problem. In order to gain a
meaningful intuition of the feasibility cuts, we relax the three upper-bounding constraints on the
battery variables: the batteries have infinite capacity and we can charge and discharge as much
as we want at each time stage.

min zg: MC; - p;
ieN

P,p,x,bd,bc
st. pi+ Y Pj— Pi+bd; — be; = pD; (014) i€N
JeC;
bd; )
xi + — —n¢; - be; = Tinit i (020) 1€N
nd;
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pi < Pmax,i (0'371') i e N
Pi> Ti2,bd;, be; > 0 icN,

where pDg = Py = 0 for ease of presentation. We rearranged the equations to have the constant
terms at the right-hand-side. In order to compute the dual of this problem, we first formulate it

in its equivalent matrix form. We define

yT = [PT pT 2T bdT bCT]

where without the subscript, we denote the corresponding column vector, e.g. PT = [Py Pn} .
It yields
min 0 McT 0 0 0}-y
. |le-r 1o 1 -1l - [pD
o 0 0 I HD —-HC o Tinit
0100 0] y< pmas
bz, bd7 be > Oa
where
1.fEC L‘f: >'f.:.
Cy=4 7~ HD;j = - HCy= 0
0 otherwise 0 otherwise 0 otherwise.

Since the network is a tree, each node (except the root) is the child of one and only one node,
so each non-root column of C is full of zero except one entry equal to 1. Applying the usual

duality rules, we can write the dual

D
max O‘T' Tinit
_pmax
st. ol - (C=1)=0
7 0 I I
oT.l0 I HD —HC g[MCT 0 0 o]
70 0 0
O’3§0.

Performing the matrix multiplications gives a more readable formulation of this dual.

max Z 01, - PDi + 02 * Tinit;i + 03, * Pmax,i
iEN

s.t. 01, = 01,4, 1eN
o1 +o3; < MC; ieN
ieN

02, <0
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oL+ 22 <0 ieN
nd;

— 015 —1n¢i-02; <0 ieN
Ug,igo ieN

From the first constraint and the connectivity of the network, we deduce that all oy ; are
equal to the same value, let us call it o7. Rearranging the equations gives

(LP Dual) max Z 01-pD;i + 02, - Tinit,i + 03,i * Pmax,i (3.25)
1EN
s.t. 01+ 034 < MC; 1eN (3.26)
02, < —nd; - 01 ieN (3.27)
02, = o ieN (3.28)
ne;
024,033 <0 ieN. (3.29)

From this dual, we can now derive a feasibility cut to the primal problem.

The feasibility cuts are used in multi-stage algorithms to impose on the previous stage the
feasibility of the current stage. Concerning our problem, for the three different models, only one
variable has an impact on the next time stages : the battery state x. Thus, the feasibility cuts
will only apply on ;1. In this section we are considering the one-stage case, but xini; stands
for x;_1.

The infeasibility of the primal translates into unboundedness of the dual: we need to find
an extreme ray of the dual in order to derive the feasibility cut. The demand pD;, the power
stored Tinit,; and the maximal production pmax,; are non-negative and constraint bounds
o2, and o3; to 0. The only way to have an unbounded objective is thus an infinite value of oy.
We derive hereafter the conditions on the constants that would lead to such situation.

We begin with constraint (3.26)). At first sight, it seems that this constraint bounds oy to a
finite value. It is indeed the case if pD; < pmax,; V i € N: we have

UlzminMCj 0371‘:0\71'6./\/'.
JEN

But let us consider the case Y_;cnrPDi > Y ;c A Pmax,i, Where N7 is the set of nodes with low
marginal cost N/ = {i € N|MC; < minjeyr MC; + 1}. We will prefer

UlzmiNnMCj+1 U3¢=—1Vi€f\/, 037i=0Vi€N\Nl.
je

to the previous choice, since the objective value is increased by >, PDi — D ;cp7 Pmax,i- The
marginal costs can be different but o; is the same for each node. Thus constraint is not
necessarily tight for all nodes, which is why o3; can stay at 0 for some of them. However, since
the marginal costs are finite, if we want to increase o1 to infinity, at some point the constraint
will be tight for all nodes, and the objective will be increased by > ;- PDi — D ic A Pmax,i DT
increment.

So far we have totally ignored oy, we can now consider constraint (3.27)). Since Zinj; is
non-negative, this constraint will always be tight for every node. Thus, if o7 is increased by 1 unit,
o2, is decreased by nd; for each node, causing a decrease of ) ;.\ 1d; - Tinit,; on the objective.
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Putting it all together, increasing o to infinity will be strictly favorable if the increase on the
objective is strictly larger than the decrease, i.e.

Z pD; — Z Pmax,i > Z Nd; - Tinit,i

ieEN ieEN ieEN
~ Z pD; > Z Pmax,i T Z nd; - Linit,i-
iEN iEN ieEN

This equation carries a very meaningful physical interpretation. The dual is unbounded —
which is equivalent to the infeasibility of the primal — if the total demand on the network is larger
than the sum of the maximal production possible and all the stored power one can discharge at
its imperfect efficiency. Indeed, under this condition it is impossible to satisfy the demand since
the available resources are not enough.

Thus, the feasibility cut of this problem is the exact complement of the above equation.
Feasibility is assured if the total demand is lower or equal to the total available resources

Z pD; < Z Pmax,i T Z nd; - Linit,i

ieN ieN ieN
which corresponds to the extreme ray

o1, =1 o2, = —nd; o3;=—1 VieN.

We also know that the dual multipliers o can be interpreted as the marginal impact of the
right-hand-side constants on the objective value. If we multiply the extreme ray by MCpi, =
minepn MCjj, we obtain

01, = MChuin o2, = —nd; - MCnin 03,; = —MCpin VieN

For example, if pD; is increased of 1 unit, the objective value will be increased of o1 ; units.
If 1 more unit of power is needed to satisfy the demand, one need to produce it at a cost of
MCnin, thus 01; = MCpin. On the other hand, if xinit; is increased of 1 unit, we will be able to
discharge it at the efficiency nd;, saving o3 ; = nd; - M Cp,in unit of power.

3.6.2 Conic Dual

Proceeding similarly as the previous section, we consider the deterministic one-stage case of the
SOCP problem, the three upper-bounding constraints on the battery variables being relaxed. In
addition, we also relax the lower and upper bounds on the voltage and drop de prescribed value
of vg.

min > MC; - p;
PQpglvzbdbe =5

s.t. vi—UAi—2'(Ripi-f—XiQi)-f—(R?—f—Xf)-ﬁi:O ieN
pi+ > (Pj— Rjl;) — P; + bd; — be; = pD; ie N
e
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qi + Z (Qj

JEC;

bd,;

z; + nd;
2P
2Q;

el‘—’ui

= Xjl;) — Qi = qD;
—nc;i - bei = Tinit 4

</l +v

Pi < Pmax,i

qi < Qmax,i
piaQiyfi’inTz’abCi,bdi > 0

ieN

i1eN
1eEN
1eEN

where pDg = qDg = Py = Q¢ = {o = 0 for ease of presentation. We rearranged the equations
to have the constant terms at the RHS. In order to dualize properly the conic constraint, we
introduce the following change of variables

pi = 2P ¢i = 20Q; a; =L + v Bi = Lli — v; VieN
. . o, + 6 o — /B )
=>Pi:% Qz:% l; = 12 ! v; = 22 ! VZEN,
which gives us, after some rearrangements
PQpaiar b be igf Civpi
R? + X? +1 R+ X2 -1 aa, — Ba, ,
s.t. -~ 22 a7 %',@i—#ﬁl—Rim—Xﬂm:O (0'172') ZEN
pi—kZ(p;—RjJ26]>—f;+bdi—bci:pDi (0'271') 1EN
JE€C;
qi+z<q;—ij26j>—q;:qu (03i) 1€N
JEC;
bd; .
T+ — = 1ci - bei = Tinit,i (045) i€N
nd;
pi < Pmax,i (0'571) 1eEN
q; < Gmax,i (0-6,1) 1eEN
o
Pi c ]L3 1€ N
bi
Bi
Dis Qs Tiy bei, bd; > 0 i€ N.
Defining

yT:[aT BT o7 T pT g7 2T bd” bCT}

yields the equivalent matrix form
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V(minit):myin 00 0O
%(F—C’T) %(B—FCT)
1 1
it —?CR —?CR
~lox —fox
0000 T 000
0000O0T 0O
yG]L3”><Ri”,

where

R+ X2+1ifi=
Fij = .
0 otherwise
Roifi—i
Ry=4" ')
0 otherwise

Let us recall the conic duality pair

min cTy
y
st. Ay=25>
yrk 0

MCT 0 0 0 0}.y

-R -X
3(C—1) 0 I
0 H(Cc-1) 0
O max
<
O y - |fhnax]

B

0 otherwise.

s.t.

max blo
(o

R4+ X2-1ifi=j
10 otherwise

X, {Xi ifi=j

ATo < c

where K* is the dual cone of K. In our case, K = L3" x ]Ri". Using the following properties

(Kl X KQ)* = Kf X K; A Kl,KQ

(R")* =R" ¥ n

(L") =L" ¥ n,

we deduce that our cone is self-dual, i.e. (L3 x RY")* = L3" x R%". We can now write the

dual
max Z 02 - pDi+ 03 - qD; + 04, - Tinit,i + 054 - Pmax,i + 06, * Gmax,i
ieN
T
2T -1) —i(CT+B) R X o1
s.t. %CR %CR 1(I-0) 0 oy €13
5CX 3CX 0 1(I-0) o3

02, +05; < MC;
03+ 065 <0
04; <0

044
) S 0
nd;

— 02— NC;-04; <0

o9+
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Table 3.4: Mapping table for the numbering of the dual variables.

05,06 < 0 ieN. (3.37)

Now that we have the dual problems of the deterministic one-stage LP and SOCP, we are
able to determine the inclusion relation between their domains. But once again, we need a few
notations first.

Definition 4.
e Sip = R3" is the variable space of the LP dual problem since 01,09 and o3 € R™.
° Ssgcp = R5" is the variable space of the SOCP problem.

. stocp—mp ZASSDCP — Stp ¢ Psocp—1p(01,02,03,04,05,06) = (02,04, 05) is the projection from
Ssoce to Stp.

. ﬁLp C S’Lp is the feasible domain of the LP problem.
o Dsocp C Ssocp is the feasible domain of the SOCP problem.

Looking back at (LP Dual), the similarity between the LP and the SOCP duals should be clear
to the reader’s eyes. First, note that the numbering of the ¢’s is not the same, see table [3.4] for a
practical mapping. Then, apart from the variables and constraints related to the reactive power
and voltage, only one constraint differs: 01; = 01 V4 € N in the LP case, and the conic constraint
in the SOCP case. At first sight, one could claim that the conic contraint is more restrictive and
end up with the same conclusion as the primal case. On the contrary, we prove the opposite.

Proposition 2. Dip C PSUCP—>LP(IZ§SOCP)-
Proof. First, note that the above formulation of the proposition is equivalent to the following
v (02704705) S 75]..137 El 01,03,06 S Rn SuCh tha't <017027U37U47U57 06) S ﬁSOCPv

which is more practical.

Let (02,04, 05) € Dyp. This point already satisfies constraints (3.32), (3.34)), (3.35) and (3.36).
We choose o¢ < 0 and o3 < —og such that constraints and are also fulfilled. Now
we only have to find o1 such that constraint is satisfied in order to complete the proof.
Let us develop this constraint

[c-1T RTCT XxTCOT

—~C—-BT RTCT XTcT| |7 __,
2R 1-CT 0 02| € LT
g3

2xT 0 1-cT

>jec; 015 — o1 + Rioa A, + Xi03 4,
—2jec; 01,5 — Bio1i + Riog a, + Xio3 4,
2R;01; + 02 — 02,4,
2X;01; + 03 — 03,4,

cl3VieN.
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The two first entries of this vector can be rewritten as

¢
2 2
> o1 —Tio1i + Rioga, + Xio3.4, = Y 015 — 01, + Rioa.a, + Xio3,.4, — (RY + X7 )01
JjeC; Jj€C;
- Z o1,; — Bio1; + Rioo 4, + X;03 4, = — Z o1,j — 01,4+ C.
JEC; JEC;

Since (o9, 04,05) € ZA?Lp, 02, = o2 V i. We impose the same restraint to o3: 03; = 03 V 1,
such that o3 < —max;epr 06, in order to satisfy constraint (3.33). This yields

[ ZjGCi 01,5 — Fial,z‘ + Rio9 + X;03
—Yjec; 01,j — Bio1; + Rioz + Xio3 3
! el
2Ri01
L 2Xio-1,i
2
2 2 2 2 2
A 0-1774' - Z Ul,j + 2< Ul,i - Z Ul,j +< + 4Rl 0'177; + 4X’L 0'177:
JEC; JjeC;
2
2
= Z o1 — 01| +2¢ Z 01,5 — 014 | +C
JeC; jeC;

& 4(R? + Xf)aii <4 Z 01,4 — Ol (Ri02 + Xio3 — (R; + Xz?)gl,i)
jeC;

& 0< Z o1, — 01, (Rmz +X¢U3> —o14(R? + X?) Z o1,

jeC; jeC;
o oL >jec; 01,5 < Rioa + Xiop VieN
Yjec; 01— o1~ R+ X}
f(o1)

We are now going to build o7 such that this last inequality is satisfied for any choice of o9
and 3. Defining

Rio0 + X053
QZZULJ‘ B =01, e e

allows us to rewrite the inequality

An interesting property of the LHS function is lim,_,g ;‘fﬁﬁ = —oo for «, 8 # 0. Using this
<

property, we can build a o; that keeps f(o71) small enouéh. Proceeding recursively, we propose

14 —€ . )
o10=1 015 = LA; with e > 0 Vi € N,

7 ’CAZ‘
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Figure 3.15: The recursive attribution of ¢; on a 4-node network, the node on the left being the
root.

Figure 3.16: Schematic representation of Proposition Dip C Psocp%Lp(ﬁsgcp).

which allows us to reach an arbitrary small value for f(o1) by decreasing e towards 0. This
attribution is represented on a small example on figure [3.15

Using this o1, one can find an € which ensures that the conic constraint is satisfied for any o9
and o3. O

This proposition is schematically represented on figure [3.16] In comparison to the primal
domains, the inclusion relation is the opposite.

We can now conclude with an interesting geometrical interpretation of primal constraints,
which provides a better understanding of propositions [I] and 2] The key property that we will
apply is simply that each point of the dual domain corresponds to a constraint on the primal
domain, and vice-versa. A point of the interior of the dual domain corresponds to a non-tight
primal constraint, but a point of the closure of the dual domain corresponds to a tight primal
constraint.

Knowing that, let us take a look at figures orp being on the closure of ﬁLp, the
corresponding primal constraint is tight for the LP domain, but is not tight for the SOCP domain
since OLp lies in the interior of f)sgcp. Slmllarly, osocp € Cl(ﬁsgcp) 4 fsgcp is tlght for DSOCP, but
Osocp & Dip < fsacp is not satisfied for Drp.

Therefore, since Drip C psgcpg)]__p(ﬁsgcp), all points of Drp also lie in f)sgcp, so all constraints
defining Drp are also satisfied by Dsgep, which yields Psgep—srp(Dsocp) C Drp.
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JLp

Dsocp Js0cp

(a) Primal domains (b) Dual domains

Figure 3.17: Link between the primal and dual domains: each dual point corresponds to a primal
constraint. This allows us to deduce proposition [I]| from proposition
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Chapter 4

Algorithm

The models derived in the previous section lie in the intersection of two reknown classes of
optimization problems: on the one hand, convex non-differentiable optimization, typically tackled
by cutting plane methods, and on the other hand, multi-stage optimization under uncertainty,
typically tackled by approximate dynamic programming.

In 1991, Pereira and Pinto proposed the Stochastic Dual Dynamic Programming algorithm
to solve multistage stochastic linear optimization problems [2I]. By simulating the future
state instead of enumerating all possibilities, they manage to avoid the well-known curse of
dimensionality of dynamic programming. Combining dynamic programming, cutting plane
methods and a decomposition of the mathematical program in order to exploit parallel computing,
the SDDP algorithm has found great commercial success. It was initially developed in the framework
of linear programming, and to the best of my knowledge, has not been applied to nonlinear
programs so far.

In this chapter, we first present a gentle introduction to the algorithm, before discussing how
it can be applied to convex programming. For a more comprehensive description of SDDP, the
reader may refer to [66].

4.1 Stochastic Dual Dynamic Programming

4.1.1 Benders Decomposition

Before introducing more than two time stages and uncertainty, we first present the application
of Kelley’s cutting plane algorithm on a deterministic two-stage problem, in order to gain an
insight of this concept, which is central to SDDP.

Consider a problem of the form
Z=min z+q'y
x7y
st. reX

y €Y(x)

where in our case, x denotes the decision variables of the first time stage, while y denotes the
second one, X and Y correspond to their convex domain and ¢’z + ¢y stands for the total cost
of operation on the two time stages. The main idea of the algorithm is to “relax the second-stage
constraints, and to gradually account for their impact on the optimization problem by adding
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xXy

Figure 4.1: Hlustration of the approximation of the value function by some of its supporting
hyperplanes. The construction is represented on the left panel, while the resulting approximation
is given on the right panel.

terms in the objective function of the problem that reflect the second-stage cost of a given
first-stage trial decision” [66].

To this end, we decompose the problem into two subproblems, which leads us to the important
concept of value function V' (z), that provides the best cost which can be achieved in the second
stage given a first-stage decision x

V(z) =min ¢’y (Slave)
Y
st. yeY(x).
This allows us to rewrite the initial problem without the second-stage variables and constraints

2 =min 'z +V(z) (Master™)
x
s.t. rzeX.
However, the challenge is that V() is typically not available. The idea of the algorithm is to
approximate it by a piecewise linear function, by employing supporting hyperplanes of V. To
this end, given a first-stage variable xj, we must find parameters a; and by satisfying
V(zy) = ay, + bl xy, for some x3, € X
V(z) > ap + bl x VaoelX.

ar, and by can be computed for different trial decisions z; by solving the Slave problem with
Y (xr). Iteratively repeating this exercise yields a piecewise linear approximation of V(x) as
illustrated in Figure and allows us to write the following problem

ze=min ¢z 46 (Master,,)
xT
st. reX
GZak—i—bfx k=1,...,K.
The constraints 0 > a; + bg.’ﬂ are referred to as optimality cuts. The Benders decomposition
algorithm consists in successively solving the Master, feeding the Slave with the obtained

solution and then coming back to the Master with the resulting optimality cut. Moreover, the
resolution of Master, provides a lower bound z, to the optimal objective value of the initial
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3.4,

Figure 4.2: Lattice where each node stands for a different NLDS. Forward (left panel) and backward
(right panel) pass in SDDP. The forward pass of Monte Carlo sample i generates trial decisions
Zt4. The backward pass generates the optimality cut parameters 7, ; that can be used for the
previous time stage. Taken from [66].

problem z*. In the context of linear programming, i.e. if X and Y (x) are polyhedra made of
linear inequalities, the Benders decomposition algorithm converges finitely, i.e.

3 k* € N such that 2z = 2*.

A proof can be found in [66].

4.1.2 Adding multiple time stages and uncertainty

The Benders decomposition algorithm provides the skeleton of SDDP. We can now refine it by
adding multiple time stages and uncertainty to the problem.

The concept of value function is thus extended to the Nested L-shaped Decomposition
Subproblem at (¢,w) (NLDS(¢,w)), which is the subproblem that models time stage ¢ under the
realization w of uncertainty. For the sake of clarity, we introduce a new graphical representation
of uncertainty where each node corresponds to a different NLDS. Thus, each node stands for a
time stage and a realization of uncertainty: this representation is called a lattice and although it
differs slightly to the scenario tree presented in section they are equivalent [66]. A graphical
example of lattice is presented in Figure [£.2]

The idea of the algorithm is the same as Benders decomposition:

1. First, we propagate forward through the lattice by generating trial solutions at each NLDS
and feeding a descendant NLDS with it. It consists in the forward pass.

2. Then, we proceed from the last time stages to the early ones by computing optimality cuts
and adding them to the ancestor NLDSs. This composes the backward pass.

This process is illustrated in Figure [4.2] and the SDDP algorithm is composed of a succession of
forward and backward passes that eventually converge.

Furthermore, two important features improve significantly the efficiency of SDDP, and allow it
to outperform a related algorithm called nested decomposition:
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e Instead of enumerating all possible outcomes, the forward pass relies on Monte Carlo
simulations: each forward pass consists in K samples of the random process (w1, ...,ws),
and each sample i provides a set of trial decisions #;;. Although it yields probabilistic
outcomes, simulating the future states instead of enumerating all possibilities allows us to
avoid the well-known curse of dimensionality of dynamic programming.

e The optimality cut parameters generated during the backward pass are shared between all
the NLDSs of the previous time stage. In the example of Figure the four parameters
Tt w,i are provided to both previous NLDSs. In this way, we make the best use of these
parameters, and this allows a faster learning of the future time stages.

In light of that, we can now describe formally the SDDP algorithm as follows [66]:
Definition 5. SDDP algorithm.
Forward pass
e Solve NLDS(1). Let x; be the optimal solution. Initialize &1, =27 fori=1,..., K
e Repeat fort=2,.... H—-1,i=1,... K
— Sample an outcome w;; from the set €
— Solve NLDS(t, wy ;) with trial decision Z;_1 ;
— Store the optimal solution as Z;;
Backward pass
e Repeat fort =H,H—1,...,2
— Repeat fori =2,... K
o Repeat for w € €
¢ Solve NLDS(¢,w) with trial decision & ;
& Store the optimality cut parameters resulting from the solution
o Using these parameters, add an optimality cut to every NLDS(t—1,) for ¢ €

We can calculate that the forward pass needs to solve the initial NLDS once, before solving
H — 2 NLDSs for each Monte Carlo simulation. Given K Monte Carlo simulations, this results in
a total of 1+ K - (H — 2) programs that need to be solved at each forward pass. Considering the
backward pass, the resolution of Ztsz || programs is needed per sequence of trial decisions.
Thus, over K Monte Carlo trials, the total backward pass requires the resolution of K - ZfiQ ||
programs. Therefore, the computational effort needed by each iteration scales linearly with K.

On the other hand, a larger K provides a better learning of the future states for the algorithm.
Indeed, “the role of the forward pass is to determine the point Z;; at which the value function
should be explored” [66]. Hence, a larger K allows convergence in fewer iterations.

As a result, the choice of K involves a trade-off and is actually an important feature of the
design of the algorithm. This will be addressed on a practical test case in section and we
will discuss the influence of uncertainty on the optimal choice of K.

4.2 Application on Convex Programming

One step still remains unclear in definition [5; how to extract the optimality cut parameters
from the solution of NLDS(t,w) in the backward pass ? Similarly, coming back to Benders
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decomposition, how do we compute aj and by from the solution of V (zy) 7

In the linear case, it is straightforward. If we have
Y(2) = {Wy =h—"Ts, y>0,
the dual of the Slave can be expressed as

max 7l(h — Tx) (Slave Dual)
7l W < qT
and the supporting hyperplane of V(x) at zj, is given by
i, (h = Tx),

where 77% denotes the dual optimal multiplier of the Slave (i.e. the optimal solution of the Slave
Dual) fed with the trial decision xj. In addition, “since the Slave Dual has a finite number of
optimal solutions, only a finite number of supporting hyperplanes exist for V(x), therefore the
function must be piecewise linear convex” [66].

However, for SOCP and SDP, this result does not hold. But Kelley’s cutting plane method
is designed for convex programming, and linearity has not been assumed in the derivation of
the SDDP algorithm in the last section. It should be mentioned that Pereira had hinted at this
idea back in 1991 [21I]. In particular, he mentions briefly in paragraph 4.3: The algorithm can be
extended to the nonlinear case. Naturally, convergence to the global optimum can only be ensured
under the usual convexity conditions for nonlinear problems.

In order to compute the supporting hyperplanes in the nonlinear convex case, a new notion
and a proposition are needed.

Definition 6. (From [66]). Consider a function g, 7 is a subgradient of g at u if
g(w) > g(u) + 77 (w — u) for all w.

Proposition 3. (From [66]). Define c(u) as the optimal value of the following mathematical
program
c(u) =min  fo(a)
st filz) <y i1=1,...,m
r € dom fjy,
and suppose that domfy is a convex set and fy, f; are convex functions for i =1,...,m.
e Then c¢(u) is a convex function.

e Suppose strong duality holds, and denote A* as the maximizer of the dual function

min fo(z) — )\T(f(x) —u)

x€dom fo
s.t. A <0,
Then \* is a subgradient of c(u).

In the SOCP case, the value function of stage t is given by

Vi(wi—1) =min > MCiy pig+PLY Rl
ieN i€
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bd;
(7‘(’2‘) st Ty =wi—1 + NG - bCM - T}Cli't ieN
i

Other convex constraints of stage ¢

The equality constraint can be rewritten equivalently with two inequality constraints of
opposite sign. Proposition [3] can then be applied, and yields

e Vi(x¢—1) is a convex function.

e The optimal multiplier 77} = (T a1 15 - - - » Tivialn) 1S & subgradient of Vi(z;—;) at the given
value T4_1 trial-

Then, merely writing down the definition of a subgradient yields the optimality cut for the
SOCP case, given a trial value x;_1 trial

V;f(xt—l) > Vvt(xtfl,trial) + Wg;im(x - mtrial)'

Finally, a similar derivation can be performed for the SDP case. Since it is exactly the same
developments but for three phases, it is not redone for the sake of concision.

4.3 Shape of the Value Function

As mentioned in the previous section, the value function is piecewise linear in the linear case,
and this is due to the fact that the Slave Dual admits a finite number of solutions since it is a
linear program. A relevant question is whether this result extends to the convex case or not. In
order to see whether the same reasoning as the linear case can be done, we must derive the dual
of the second-order cone problem.

Proposition 4. (From [7]). The dual of the SOCP
min  fTx
x
st || Az +bil|o < Tz + d; i=1,...,m

with variables x € R, can be expressed as

m
max > b ug — divg (SOCP Dual)
l;l
S.t. Z(A?ul —cvi))+f=0
i=1
HUZHQS’Ul ’L'Zl,.‘.,m

with variables u; € R™,v; € R,i = 1,...,m. The problem data are f € R", A; € R™*" b, €
R c;eRandd; e Rye=1,...,m.

Then, we are interested in whether the SOCP Dual admits a finite number of solutions as in
the linear case. The answer is negative, at least in the general case since the domain of the SOCP
Dual is the intersection of a second-order cone an a polyhedron, and not only a polyhedron.

More specifically, in order to gain an insight about the shape of the value function, we
consider a perturbation fo the right-hand side d;. Then what we obtain is a perturbation in the
objective function of the dual, at the term d;v;. In order to understand the geometry of the value
function, it is necessary to understand how the dual optimal multipliers behave in response to a
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Figure 4.3: Numerical experiment on the shape of the value function for the three formulations.
We can stress that SOCP and SDP provide the same solution. Green linear segments have been
added to the right figure in order to highlight the nonlinearity of the SOCP and SDP value function,
since it was not easily identifiable on the left figure. Otherwise, the two figures are identical.

perturbation in d;. Since the dual feasible region is an intersection of a second-order cone and a
polyhedron, there is nothing to preclude the possibility that the dual optimal multiplier changes
smoothly. So as a general principle, the value functions will be convex, but their shape will not
follow any specific functional form, e.g. piecewise affine. This does not pose a problem (unless
one is interested in finite convergence proofs), because as long as the value function is convex we
can anyways apply Kelley’s method (and by extension SDDP) in order to attack the problem.

In order to confirm that theoretical analysis, we tried to see whether we would be able to
experimentally capture nonlinearities in the value function of SOCP and SDP. As presented in
Figure the answer is positive, and this single counter-example proves our intuition that the
value function is not necessarily piecewise linear when addressing nonlinear problems.

This figure has been obtained on the network presented in the next chapter. All batteries are
initially empty except the one at bus 14, which varies between 0 and 3. The maximum battery
discharge constraint is relaxed such that bus 14 can discharge all its power, and supply the whole
network. Further comments can be stressed.

e The LP solution achieves tu fulfill all the demand from z14 2 16. Note the two different
slopes of the value function. The steepest is when we are reducing the power produced
at the expensive source (MC = 50), and then the second one is when we do not produce

anymore at this source, but we are reducing the power produced at the cheap source
(MC = 10).

e For SOCP and SDP, on the other hand, an interesting behavior arises. Bus 14 can discharge
its power all over the network, and not only in a local neighbourhood. And as this flowing
power expands wider, Kirchhoff’s laws come into play more significantly, introducing
nonlinearities. At the end, SOCP and SDP are not able to reach 0 because of the voltage
constraint.

e While the above theoretical discussion has only been done for SOCP, we observe that this
experiment extends the conclusion to SDP as well. It convinces us that a similar discussion
can be done for SDP.

A last comment should be mentioned about our implementation of SDDP. In the present
chapter, we did not consider infeasibilities. But in the complete SDDP algorithm, when a NLDS is
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infeasible due to a poor trial decision, a feasibility cut is added to the ancestor in order to make
sure that it does not occur again. However, in the considered test case that will be presented in
the next chapter, each NLDS is feasible so the need for feasibility cuts is avoided. This is further
discussed in section along with other further improvements on this subject.
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Chapter 5

Results

5.1 Optimization Software

If SDDP has not been applied to nonlinear programming so far, there is a reason: it requires
to solve a significant amount of subproblems repeatedly, wich makes it hardly tractable for
nonlinear programs. Therefore, the efficiency was a crucial concern in the implementation of SDDP,
particularly when applying it on SDP. Before our final Julia implementation, we implemented
the algorithm in three other optimization languages, but none of them suited our modeling and
efficiency requirements. In order to grasp the dominance of Julia over the latter, we must keep
in mind an important classification of programming languages.

e In interpreted languages, the execution is directly done step-by-step from source code,
without any pre-runtime translation. “They must be parsed, interpreted, and executed
each time the program is run, thereby greatly adding to the cost of running the program.
For this reason, interpreted programs are usually less efficient than compiled programs”
[74]. Interpreted languages include AMPL, Python, R, Matlab to name a few.

e In compiled languages, the source code is first translated into machine code — this step
is called the compilation. Then, the resulting machine code can be executed very efficiently,
and any number of times without repeating the compilation. Compiled languages include
C/C++, Julia, Pascal, Fortran to name a few.

e In a compiled language, the overhead is incurred just once, during compilation, then it only
needs to be loaded and executed. However, each line of an interpreted program must be
translated each time it is executed, leading to a higher overhead [74]. For example, if a
piece of code is used N times in an algorithm, the translation will be incurred only once by
a compiled language, instead of N times for an interpreted one.

5.1.1 Convex Modeling Toolboxes

As mentioned above, we have implemented the algorithm in four different reknown convex
modeling languages/toolboxes. However, only one of them suited our modeling and efficiency
requirements. An illustration of our progression is presented in Figure [5.I] and the drawbacks
of the first three languages/toolboxes are given hereafter. Note that since SDP is formulated in
complex variables, a language supporting them would be convenient, but otherwise SDP can be
reformulated in real variables (see below).

1. AMPL does not support complex variables, and cannot handle semi-definite constraints as
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Figure 5.1: Illustration of our pursuit of a suitable convex modeling toolbox.

of today’s date. If it was possible, solvers such as Mosek would update their AMPL version
such that it could be used to solve SDP.

2. YALMIP is a Matlab toolbox for optimization modeling developed and maintained predomi-
nantly by Johan Loéfberg from Linképing University, Sweden. Built on Matlab, it has the
convenience to support complex variables. It can also handle SDPs, but unfortunately, it is
not possible to extract the optimal dual multipliers of an SDP problem, which renders the
computation of optimality cuts impossible.

3. CVX is “a popular modeling framework for disciplined convex programming that turns
Matlab into a modeling language, allowing constraints and objectives to be specified using
standard Matlab expression syntax” [75]. It supports complex variables, solves SDPs and
their optimal dual multipliers can be extracted. However, solving one single SDP takes 2
seconds on a personal computer, rendering the SDDP implementation not tractable.

4. JuMP is “an open-source modeling language that allows users to express a wide range of
optimization problems (linear, mixed-integer, quadratic, conic-quadratic, semidefinite, and
nonlinear) in a high-level, algebraic syntax. JuMP takes advantage of advanced features of
the Julia programming language to offer unique functionality while achieving competitive
performance” [76]. JuMP remedies to CVX efficiency issue for the following reasons:

(a) Since it is written in Julia, it is compiled instead of interpreted.

(b) It achieves performance on par with commercial modeling tools, as benchmarks show
n [76]. As a result, it has recently received the INFORMS Computing Society (ICS)
Awards 2016 Prizdl]

(c) JuMP allows us to modify the parameters of a problem and solve it with this modification
without having to generate a whole new model. This feature is particularly relevant
to SDDP, since the same NLDSs are solved at each Monte Carlo sample, they only differ
from the trial decision that is seen as a parameter by the language. This is exploited
in [77], and we have added this improvement to our code.

(d) After all, JuMP supports warm starts, i.e. the possibility, when solving a sequence of
similar problems, to start the resolution with the solution of the previous problem
in order to save time by not starting from scratch every time. This is also relevant
to SDDP, since the same NLDSs, only differing from additional cuts and different trial
decisions, are solved a substantial amount of times. Our code also implements warm
starts.

However, while displaying these advantages, JuMP does not support complex variables in its
current version. Hence, SDP must be rewritten in real variables in order to be solved via JuMP.

"https://juliacomputing.com/press/2016/12/15/jump-prize.html
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The constraints defining can be cast into three categories.
e The inequalities already involve only real variables and can remain unchanged;

e The complex equalities can simply be split into the equality of the real parts and the
equality of the imaginary parts;

e The semi-definite constraint seems more challenging, but Boyd and Vandenberghe help us
to overcome this task.

Proposition 5. (From [7]). Let X € C"*", X = X, We have

X>0 =0

X —8X
X RX

Applying this proposition to our semi-definite constraint yields

vV S ‘v s "
= - =

[RW  —SW RW = RW7

& =0,
RV P -3V -Q RV = R®V7T

PT RI QT -91 <0 NI = RIT

T lav Q@ wv P |~ IV = —3Vv7

-Q7 ST PT ORI oT = —SI7,

which involve only real variables and can be modeled in JuMP.

5.1.2 Solvers

Given its very good reputation in convex programming and competitive performances on semi-
definite programming [19], we opted for Mosek. This solver implements a state-of-the-art
primal-dual interior point method and is widely employed in the financial, energy and forestry
industry [20]. Mosek uses its same reknown interior-point optimizer for our SDP, SOCP and even
the LP.

However, Mosek performed poorly when solving SDDP on the LP formulation of our test case,
while it encountered no issue for SOCP and SDP. We may attribute this behaviour to limited
numerical precision. Thus, we resorted to Gurobi for LP.

Another drawback of Mosek is that it cannot be warm-started. Indeed, “since there are no
known generally reliable ways to hot-start interior-point methods. This is an open research topic’
[78]. Therefore, another solver which supports warm starts could be tested in future works. For
instance, SCS solves SDPs using ADMM and can be warm-started. Other performant SDP solvers
can be found in [19].

9

At last, all the tests of this work were realized on a MacBook (Retina, 12-inch, Early 2015)
with a 1,3 GHz Intel Core M processor and 8 GB of memory 1600 MHz DDR3. All the presented
results were obtained by JuMP code running on the versions of Julia packages given in Table
and the 8.1.0.47 release of Mosek.
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Package Version Branch if not released

Julia 0.6.2

JuMP. j1 0.17.1+ master
MathOptInterface.jl 0.3.0
MathOptInterfaceMosek.jl 0.0.3+  bl/moi0.3
Mosek. jl 0.8.3

Gurobi.jl 0.3.3+  odow/moi

Table 5.1: Versions of Julia packages used in this work.

i1 | 2 | 3 | 4 [ 5 |6 | 7 | 8 | 9 [ 10 | 11 |12] 13 | 14
R; [[.001 | .0883 | .1384 [ .0191 | .0175 | .0482 | .0523 | .0407 | .01 | .0241 [ .0103 | .001 | .1559 | .0953
X; || 12 | 1262 | .1978 | .0273 | .0251 | .0689 | .0747 | .0582 | .0143 | .0345 | .0148 | .12 | .1119 | .0684

Table 5.2: Impedance of the lines composing the test case network, given in 2. Taken from [§].

5.2 Test Case

5.2.1 Description

The test case network is composed of 15 buses radially connected and rooted at node 0, the swing
bus. The structure of the network and the impedance of the lines are taken from [§] and are
given in Table and Figure , respectively. It is a MATPOWERE] case provided by N—SIDEH7
and reproduces a network from Liege. We aim at optimizing a residential microgrid with a
significant penetration of distributed energy resources, as illustrated in figure Therefore,
each bus models a house equipped with solar panels and a local storage device, e.g. a TESLA
Powerwall. Apart from bus 0, which stands for the substation linking the microgrid to the rest
of the network. At this node, power can be bought from the electric utility company, e.g. ENGIE,
at the market price. In addition, the network is provided with a micro CHP generator connected
to bus 11.

The market price depends on the period of the day: it is cheaper during off-peak hours (i.e.
10 pm — 6 am) than during rush hours, i.e. the rest of the day, as in Belgium [79]. However, the
price of generating power from the micro CHP is constant over the day since it just depends on
the fuel price. We assume that it is cheaper than rush market price, but more expensive than
off-peak market price

MCO,Oﬂ‘_peak =10 MC()Jush =50 MCll,t =20 V¢t

We model bus 0 as an unlimited source of electricity, whereas the micro CHP can only deliver
a limited amount of power

Pmax,0,t = ©© Pmax,11,t = 2.5 [kW], v t.

Note that this unlimited source of electricity ensures that the problem will always be feasible, for
each time stage.

The objective is to operate this network over a day. However, we cannot afford an hour-
precision since 24 time periods would not be tractable on a personal computer when optimizing
the SDP formulation. We opt for 5 time periods of 4 hours, starting at 6 am and ending at 10

2http://www.pserc.cornell.edu/matpower/
3https://www.n-side.com/
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Figure 5.2: Radial structure of the test case network.

pm. In this way, it is tractable, matches the market price hours and only ignores the dark part
of the day, when solar panels do not produce. Therefore,

T ={1,2,3,4,5} ~ {6 am, 10 am, 2 pm, 6 pm, 10 pm}, H =5.

The power demand is not constant during the day. There is a peak of consumption in the
morning and one in the afternoon, around 6.30 pm. In order to account for this, we adopt
the daily load variation characteristic given in [80], depicted in Figure Further, the solar
generation also varies over daytime. The total solar-PV power generation of Elia in Belgium at
the 14th March 2018 is presented in Figure It was a bright day, and the profile exhibits a
Gaussian form. From these two profiles, we approximate for the five time periods

pload:[l 4/3 7/6 3/2 4/3} ppvz[o 1/3 1 1/2 o},

both given in [kTW}, Pload 1S per bus and ppy is per solar panel. Indeed, pjoaq sums to 19/3 ~ 6.4
kW h, the average household electricity consumption in France [81]. Regarding solar generation,
we assume that houses are equipped with standard solar panels of dimensions 1.64 m? and 250
W maximal production. Therefore, in the ideal case of 4 hours of full sun between 10 am and 2
pm, 1 kW h is produced per solar panel.

However, the solar production must be lowered when the weather is not bright. Moreover,
this reduction is uncertain since it depends on the weather. We model it by a random scaling
factor W F which can take four possible values

PWF=0)=01 PWF=1/4)=04 PWF=1/2)=04 P(WF=1)=0.1,

respectively standing for rainy, cloudy, partly cloudy and sunny. Moreover, we assume this
probability distribution to hold for every time period, i.e. the current weather has no influence
on the next forecast. This results in the stochastic process represented in Figure [5.4] The net
demand of a bus can then be computed

pD=[1 4/3 7/6 3/2 4/3| —~PV-WF-[0 1/3 1 1/2 0],
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Figure 5.3: Daily load and solar profiles used in this document. Left: daily load variation
characteristic, from [80]. Right: total solar-PV power generation of Elia in Belgium at the 14th
March 2018. The monitored solar PV capacity is 3 369.05 MW and measures are taken every 15
minutes. The red segments delimit the considered time periods. Taken from [82].
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Figure 5.4: Representation of the model of uncertainty adopted for the test case.
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where PV stands for the number of solar panels equipping each house.

Furthermore, we assume that each bus is equipped with a TESLA Powerwall. From [83], we
have the technical specifications

Tmax = 13.0kW h bemax = bdmax = DKW NCmax = Ndmax = 0.9.

Finally, we allow voltage magnitude to vary up to 10 % from its nominal value and assume
that we start the day with empty batteries

VUmin = 0.81 VUmax — 1.21 Tinit = 0,

where v stands for the squared voltage magnitude. Also, reactive power parameters are obtained
as a third of real power ones, and shunt susceptance and conductance effects are neglected. While
basic and simplified, this test case has the advantage to be tractable and permits a physical
understanding of the solution, as presented in the following section.

5.2.2 Linear Solution

The solution of this test case given by the linear formulation is presented in Table[5.3]and provides
an optimal cost of 614.629. Only the first three time stages are listed for ease of presentation.
We can make the following observations

e At t = 1, we take advantage of the lowest power price of the day to buy an important
amount of power from the electric utility company and store 64 % of it in the batteries, i.e.
about 2 kWh per bus.

e Thanks to these provisions, power does not need to be bought at t = 2. The load is fulfilled
only by discharging the batteries, 2/3 of the total storage in case of rain. In case of full
sun however, the solar production suffices to balance the demand and the surplus is stored,
even though the solar intensity is only at the third of its maximum.

e At the third time stage, we must resort to turn on the micro CHP in case of rain. In three
cases, it is used at its maximal production capacity while storage could contribute instead.
It is due to the fact that in subsequent time stages, power will need to be bought at the
rush hour market price (50) in case of bad weather because the micro CHP will not be
sufficient to satisfy the demand. Therefore, power produced now at bus 11 is cheaper than
the market power, even though it undergoes a 0.81 factor due to charge and discharge
efficiency. Also, note that the sun is at its zenith, and charges the batteries for the three
other realizations of uncertainty.

5.2.3 Conic Solution

While the linear program provides a meaningful solution, it does not take the physical constraints
governing power flows into account: Kirchhoff’s laws. In order to consider them, we must resort
to more complete formulations. SOCP and SDP, when tight, respect Kirchhoff’s laws. Moreover,
they provide the same solution since the considered network is assumed to be balanced, as
discussed in section [3.1.3] Then, let us refer to it as the ‘conic solution’ Besides, as the LP
feasible set is larger, the linear solution is a lower bound of the conic one, as presented in section

B.5T

The conic solution of the test case with 5 solar panels per bus and PL = 50 is presented
in Table It yields an optimal generation cost of 659.861, which corresponds to an increase
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Table 5.3: The first three time stages of the LP solution for the test case, with 5 solar panels per
bus. p is given in [kW/4] and z in kWh.

of 7.36 % of the linear optimal cost. In other words, Kirchhoff’s laws ‘charge’ 7.36 % of the
objective. Indeed, they prevent us from buying as much as the linear solution at the market
off-peak price. Therefore, power must be bought later on at a higher price, as displayed in Table

b4l

However, the objective to minimize has changed from the linear formulation. Resistive power
losses PL -3 ,ce R; - |1;]* are added to the generation cost. The power losses account for 58.875,
so the total cost, including generation cost and power losses, is given by 718.736. Thus, the 7.36
% increase of generation cost is also due to the presence of this penalty term: a higher amount
of power bought at the market off-peak price would have implied larger currents in order to
store it in the network batteries, which would have resulted in more important power losses.
Nevertheless, if PL is too low the relaxations are not tight and the obtained solution not physical.
This issue is discussed in the next section.

5.3 Exactness of the Relaxations

5.3.1 Theoretical Conditions
Second-Order Cone Program

As stressed in section a sufficient condition for the tightness of the SOCP relaxation consists
in
1. PL > 0, in this way we aim at minimizing the current, and therefore tighten the second-order
cone constraint;
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Table 5.4: The first three time stages of the SOCP and SDP solution for the test case, with 5 solar
panels per bus and PL = 50. p is given in [kW /4] and z in kWh.

2. an infinite battery capacity for all buses, allowing the solution to get rid of extra power in
case of oversupply.

The first condition is easily satisfied, even though PV distorts the solution, as discussed in
the experimental discussion. For the second one, the value 13.5kW h taken from [83] suffices for
the considered test case. However, when experimentally checking the exactness of the relaxation,
we observed that the slack of the SOCP constraint was rising when w; = 3,4 and wy_1 = 3,4. In
other words, it happened in case of consecutive sunny time periods, i.e. oversupply. It is actually
for the exact same reason as before: get rid of extra power by artificially creating resistive power
losses. Except that here, it is for reactive power. Indeed, batteries can only store real power,
so the problem remains for reactive oversupply. In order to address that issue, we introduced
the possibility for the solution to get rid of extra reactive power by relaxing the reactive power
balance equality into an inequality.

Semi-Definite Program
A sufficient condition for the tightness of the SDP relaxation was given in section and can
be summarized as

1. a constraint involving the maximum injection power of each bus and impedance, difficult to
interpret but Zhang et al. showed that it is expected to be satisfied by most networks [48];

2. PL > 0, otherwise the solution could artificially increase the current to create resistive
power losses in case of oversupply, just like in the SOCP case;

3. a lower bound on ¢D, for each bus i, for the same reason as cited above: ensuring that
reactive power can be shed in case of oversupply.
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First, we check that the constraint on the network is satisfied by our test case EL Then, the
second condition is discussed in the next section for both SOCP and SDP relaxations. Eventually,
the lower bounds of the last condition can be computed using the expression provided by Theorem

given in section This yields
4D,y > —0.0518 4Dy, > 0.1389 aD; >0 Vi,

which would be fullfilled if there was distributed generation. However, from a certain number of
solar panels (e.g. 5), in case of bright weather the loads become negative: the solar production
is larger than the demand. The same issue as the SOCP thus arises: an oversupply of reactive
power, and no possibility to shed the surplus. Similarly to the SOCP case, we relax the reactive
power balance equality into an inequality to correct that issue.

The theoretical conditions of these two convex relaxations share many similarities. This
particularity will be experimentally confirmed in the following discussion.

5.3.2 Experimental Discussion

Our test case satisfies the theoretical conditions, so both relaxations should be tight. In the
present section, we experimentally discuss the influence of two parameters on their tightness:
PV, the number of solar panels per bus and PL, the weighting factor of resistive power losses in
the objective. In order to assess tightness, the following criteria are used

2 2
Pi,t,w[t] + Qi,t,W[t]

'UZ',LUJM

)\Q,i,t,w[t]

ratio; ¢ ,

slacki ¢ ) = Ei,t,W[t] - M = ‘

>\17i7tvw[t]

| is the jth largest eigenvalue of [V;}t’w[t] %’t’wm
(AN (AN
the SOCP relaxation is exact. Similarly, a rank-1 solution to the SDP relaxation is ensured if
ratioiﬁt,w[t] =0V 4,t,wpy). However, due to finite numerical precision, these criteria will never be
exactly equal to 0 even if the relaxation is tight. Therefore, we rely on their maximum and mean,

taken over all 7,t,w). The smaller the maximum and mean, the more tight is the relaxation.

where Aji ¢,

]. If slackiyt,wm =0V i,t,wm,

We first study the influence of the number of solar panels, PV, on tightness. Note that
this parameter actually stands for the magnitude of uncertainty in our model: the greater PV,
the more stochastic is the problem. From Figure 5.5, we observe that tightness worsens while
increasing PV. It should be stressed that the solutions presented on this Figure do not benefit
from the possibility to shed reactive power, i.e. the reactive power balance has not been relaxed
to an inequality. Therefore, a larger PV yields more serious reactive oversupply in case of good
weather, forcing the SOCP and SDP solutions to artificially generate reactive power losses, and
move away from tightness. In order to address that issue, the reactive power balance will be
relaxed to an inequality for the following tests. In addition, all the following numerical tests will
be conducted with PV =1 and 5, respectively standing for low and high uncertainty.

Then, we address the influence of the weighting factor of resistive power losses in the objective,
PL, on tightness. As shown in Figure tightness improves while increasing PL. However,
theoretical conditions state that a strictly positive value of PL should ensure tightness, no matter
its value. This is due to limited numerical precision: a too low PL does not sufficiently penalizes
untight solutions to the eye of the IPM solver. This numerical behavior appears at its worst for
the SDP case with 5 solar panels per bus, where PL = 1000 is needed to ensure a ratio of 1072
for all matrices.

4 For bus 0, pmax = 10 yields —1.5625 < 6o = 0.1202 < 1.5625. For bus 11, we have —0.9628 < 611 = 0.0044 <
0.9628 and for the other buses 4, pmax,; = 0 50 §; = 0 and —tan™* (%) <0; =0 < tan* (%) is satisfied since
B;i >0 Vi.
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Figure 5.5: Study of the influence of PV on tightness of convex relaxations. The left figure
illustrates the SOCP relaxation, while the right figure considers the SDP relaxation. Results are
presented for PL = 10 and 100, without the possibility to shed reactive power.

Slack of the SOCP constraint

10°

107 -
10°

10°

T 10° H— -
—e— Mean(slack), PV =1
f— —o— Max(slack), PV =1
T Mean(slack), PV = 5|} )
T~ —+— Max(slack), PV =5 107
P—— S
A
=
<
g 02k
=9
a
wn
[
=
et
S 103k J
2 b—
= e
~ —
.| | e Mean(ratio), PV =1 T .
1078 | —e—Max(ratio), PV =1 — ]
Mean(ratio), PV =5
—— Max(ratio), PV =5
Il Il L 105 L L Il
10° 10’ 102 10° 107! 10° 10' 102
PL value PL value

Figure 5.6: Study of the influence of PL on tightness of convex relaxations. The left figure
illustrates the SOCP relaxation, while the right figure considers the SDP relaxation. Results are
presented for PV =1 and 5, with the possibility to shed reactive power.
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Figure 5.7: Study of the influence of PL on the objective of convex relaxations. The left figure

illustrates the evolution of the power loss fraction of the total objective, while the right figure

considers the increase of generation cost as a fraction of the initial one, i.e. (GCpr — GCy)/GCy,

where GCpy, stands for the generation cost with PL. Results are presented for PV =1 and 5,

with the possibility to shed reactive power.

However, PL modifies the objective, and therefore the solution. With a too large value of PL,
the problem shifts from optimizing generation cost to minimizing power losses. The resulting
solution buys less power at the market off-peak price (at ¢ = 1) since it would have implied larger
power losses in order to store it in the network batteries, as discussed in section [5.2.3] Figure
shows that if PL = 1000, power losses account for up to 30 % of the objective. By adjusting to
this shifted objective, the optimal generation cost increases by 30 %. Note that in Figure the
curves represent both SOCP and SDP relaxations. Indeed, they provide the same solution since
the considered network is assumed to be balanced, as discussed in section [3.1.3]

As a result, we end up with a trade-off to choose the value of PL. On one side, it improves
tightness, but on the other side, it distorts the solution. After examining Figures and
we opt for PL = 100 for the ensuing numerical tests. In this way, the worst-case SDP ratio is
0.1 but 1073 on average, and the SOCP slack is always lower than 1073. Besides, the increase of
generation cost does not exceed 10 %, thus the solution is not considerably modified.

5.4 Computational Results

In the present section, the SDDP algorithm is run on the three formulations of the test case
introduced in section [5.2l We discuss the number of iterations and time of convergence of the
algorithm, and the influence of K, the number of Monte Carlo simulations performed at each
iteration. As mentioned in the previous section, the tests are run with PL = 100 and PV =1,5.
The choice of K is an important feature of the design of the algorithm, and a relevant concern is
to find the optimal K™* that minimizes the time of convergence. Interestingly, K* depends on
PV and it can be intuitively understood, as explained at the end of this section.

First, we must choose the termination criterion of the algorithm. Usually, SDDP is terminated
when it reaches a confidence interval based on an estimation of the optimal objective. However,
here, since the test case is not too large, we can solve it in its Extensive form (i.e. solve the
whole problem at once, as a unique optimization problem), and obtain the exact optimal solution.
Actually, it is what has been done in the two previous sections. Therefore, we will stop the
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algorithm when it reaches an objective sufficiently close to the optimum f*, i.e. when
f =7

f*
where the value of tol still needs to be defined. Given the large difference in efficiency of the
three considered formulations, different gap tolerances will be chosen. For SDP, we settle to tol

= 2 or 3 %, as usual stochastic unit commitment models [84]. However, SOCP and LP are solved
significantly faster, allowing us to afford gap tolerances of 0.01 % and 0.001 %, respectively.

< tol,

Figure[5.§ presents a study of the performance of the SDDP algorithm on the three formulations,
for different values of K. On the left figures, the evolution of the objective value is presented as
the algorithm progresses for 4 values of K. A higher number of Monte Carlo simulations per
iteration increases the rate of convergence over the number of iterations. Indeed, a larger K
accelerates the learning of the value function, resulting in more efficient iterations.

The number of iterations needed to reach the gap tolerance thus decreases with K, as illustrated
by the blue curves on the right figures. We can further observe that this decrease seems to
follow an exponential shape. However, when K is larger, each iteration takes more time. Indeed
the forward pass requires to solve 1+ K(H — 2) = 3K + 1 problems, and K - Y2, || = 16K
problems are solved during the backward pass. Thus, each iteration requires to solve 19K + 1
problems.

Therefore, the choice of K involves a trade-off: a larger value ensures a lower number of
iterations before convergence, but at the cost of increasing the number of problems that need to
be solved at each iteration. In addition, a larger K increases the size of the NLDS subproblems
more rapidly because of a greater number of cuts [66]. This trade-off is well depicted on Figure
[.8bF when K changes from 2 to 3, the number of iterations drop from 10 to 6. Gaining 4
iterations is worth charging each iteration with 19 additional linear problems to solve, so the
time of convergence drops to 8.93 s. However, when K = 4 we only save one iteration, so the
time of convergence increases to 11.25 s. In this case, the optimal number of Monte Carlo is
given by K* = 3.

Nevertheless, this optimal choice of K does not extend to SOCP and SDP. Conic programs
require a more important computational effort to solve, and the iterations saved by a larger K
do not balance the 19K + 1 additional conic programs that must be solved at each iteration. As
a result, we observe on Figures [5.8d] and [5.8]] that the optimal number of Monte Carlo is given
by K* =1 for SOCP and SDP when PV = 1.

As a comparison, the time needed for Mosek to solve the whole problem at once (i.e. the
extensive form) is also represented on the right figures. This allows us to assess whether
the implementation of SDDP is worth the computational effort gained. For Kip € [2,5] and
Kgpp € {1,2}, SDDP outperforms the extensive optimization. Although we do not save an
important amount of time, it should be recalled that the considered test case is a small problem.
On practical instances, this saving could be more significant, especially if we parallelize the
algorithm.

Furthermore, we ran the same tests with PV = 5 instead of 1. It yields a problem with
a larger influence of uncertainty, and we observe in Figure [5.9] that it affects significantly the
optimal choice of K. When PV = 1, cursory simulations in the forward pass were sufficient
to achieve the prescribed gap tolerance, leading to K{p = 3 and Kggep = Kgpp = 1. But with
PV =5, a more accurate representation of uncertainty is required since it has more weight.
In particular, the forward passes do not often simulate the rainy and full-sun realizations of
uncertainty, i.e. w = 1,4. However, they have an important influence since they correspond
to either none or full solar generation. More simulations per forward pass help to capture the
uncertainty model more accurately, and therefore reach convergence faster.
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Figure 5.8: Study of the performance of the SDDP algorithm on the three formulations, for
different values of K. The left figures show the evolution of the objective as the algorithm
progresses, while the right figures consider the number of iterations and time of convergence for
different values of K. As a comparison, the time needed for Mosek to solve the whole problem at
once (i.e. the extensive form) is also represented. These tests are performed for PL = 100 and

PV =1.
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Figure 5.9: Study of the performance of the SDDP algorithm on the three formulations, for
different values of K. The number of iterations and time of convergence for different values of K
are presented. As a comparison, the time needed for Mosek to solve the whole problem at once
(i.e. the extensive form) is also considered. These tests are performed for PL = 100 and PV = 5.

In this way, it yields K{p = 5, Kyep = 3 and Kgpp € (5,10) when PV = 5. Concerning Figure
up to K = 4 the decrease of iterations does not balance the additional time required by
each iteration. But when K = 5, the number of iterations drops from 12 to 9, and it pays off
regarding the time of convergence. However, K = 8 manages to save 2 more iterations and
decreases again the time of convergence, although 8 Monte Carlo simulations are performed at
each forward pass.

5.5 Network Imbalance

5.5.1 Unbalanced Test Case

The present section studies the case of an unbalanced network. In order to be able to compare
the unbalanced solution with the balanced one, we consider and unbalanced version of the test
case examined so far. To this end, we connect each load to only one phase, like it is the case in
real distribution networks. The phase assigned to each load is illustrated in Figure [5.10, and the
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Figure 5.10: Unbalanced test case network. Each color corresponds to a different phase, while
black stands for the three phases. The micro CHP and power substation are connected to the
three phases.

geometry of this attribution is inspired from real data [85].

5.5.2 Unbalanced Solution

On this unbalanced setup, even though we have been working on the same network, no solution
computed so far can be used. For example, power cannot be exchanged between loads 1, 2 and 3
even though they are connected next to each other, because they are connected to three different
phases. Therefore, in order to operate this network efficiently, the single-phase formulations are
of no use, and we have no other choice than resort to the semi-definite formulation.

Apart from connecting the loads to single phases instead of the three of them, no modification
needs to be performed on the SDP formulation and implementation. The solution is presented
in Table as the sum on the three phases. In this way, it can be compared to the balanced
solutions previously presented in the same format. In addition, solution for each different phase
is given in appendix [B]

This solution reaches a generation cost of 972.026 and power losses of 283.06, for a total
optimal objective of 1255.086. This can be compared to the balanced conic solution of section
that achieved a generation cost of 659.861 and power losses of 58.875, for a total optimal
objective of 718.736. Apart from the network imbalance, these two solutions perform on the
exact same network (PV =5, PL = 50).

First, it can be stressed that network imbalance is costly to the solution: the optimal objective
increases by 74.62 %. Yet, by looking at the two components of the objective, we observe that
this increase is mostly due to power losses: they increase by 380.78 % while generation cost
increases by 47.30 %. It can be explained by the fact that power losses increase quadratically
with current, and thus flowing power, since they are given by PL -3 ;¢ R; - \Iﬁ. Therefore, in
the balanced setup, power is evenly shared through the three phases in order to minimize power
losses. However, when for example bus 6 needs to be supplied in the unbalanced case, all the
needed power, and therefore current, has to be routed through the second phase. This results in

67



t=1 t = t =

w  p Yt Yyl w Sph S el | w Yl Yl S xal
1 15319 9.965 19.980

2 2400 7.673 23.144

1 0518 9617 14309 | o a0 sy a5 5e7

4 0.142  3.697  62.320

1 5662 9976 13.825

2 0013 5846 22.063

20009 6461 16376 | L 0 06 33470

4 0078 0.196 62.159

1 36.693 6.870 24.917 I3 997 1R R
2 0.051 4.904 24.307

3 0051 3649 19.627 | o uos 0973 35080

4 0.080 0.175 65.267

T 8229 90925 31.806

2 0.026 6.264 38.369

40079 6075 33216 | o 00 Ueio 40000

4 0074 1177 78271

ppv  MCy MCi1  poaa | ppv MCy MCii Poad | ppv MCy  MCi1 Pload
0 10 20 1 1/3 50 20 4/3 1 50 20 7/6

Table 5.5: The first three time stages of the SDP solution for the unbalanced test case, with 5
solar panels per bus and PL = 50. p is given in [kW /4] and x in kWh. In this table, the sum of
the three phases is presented.

more important power losses when network imbalance is taken into account.

At last, Tables and allow us to compare the influence of network imbalance on the
optimal operation. The unbalanced solution seems to follow the same heuristic as the balanced
one, taking advantage of cheap power sources to fill the batteries. However, more power is bought
at each time stage, and the batteries are filled more generously. Once again, it can be attributed
to the larger power losses: since more power is wasted because of its circulation, more power has
to be generated and stored for the ensuing time periods.

5.5.3 Exactness

Finally, we can conclude this study on network imbalance by testing the exactness of SDP when
applied on an unbalanced setup. As mentioned in section no theoretical condition ensuring
tightness is known in case of imbalance. However, Dall’Anese et al. still expect a rank-1 solution
even in the unbalanced setup, and support their intuitive claim with a 2-bus and a 3-bus example
[16].

The mean and maximal ratios of the unbalanced SDP are presented and compared with the
balanced case in Figure for PV =1 and various values of PL. We observe that imbalance
worsens significantly tightness: a factor 10 increases the mean of ratios while the maximal ratio,
although already large, reaches 0.23 and almost ignores the variation of PL.

5.6 Discussion

After observing all these computational results, some conclusions can be drawn.
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Figure 5.11: Study of the influence of imbalance on tightness of SDP, for various values of PL.
Results are presented for PV = 1, with the possibility to shed reactive power.

First of all, in addition to providing the same solution when tight, the second-order cone and
semi-definite programs undergo the same issue in case of oversupply. The solution tends to shed
real and reactive power by creating artificial resistive power losses in order to satisfy the power
balance. In both formulations, this behavior is detected by the tightness criterion (i.e. the slack
of the SOCP inequality or the eigenvalue ratio of the SDP matrix) and leads to an untight solution.
In order to ensure the absence of that behavior, theoretical conditions are provided for SOCP [6]
and SDP [4§]. Although these conditions are derived in different contexts and formulated in two
distinct manners, they appear to involve noticeably similar consequences, and translate into the
same conditions on the considered test case.

Moreover, the efficiency properties of the three studied formulations have not be compared
between each other yet. In order to remedy this, we plotted the time of convergence of the three
problems, for all tested values of K and for PV =1 and 5 in Figure Since the same gap
tolerance required for convergence has not been applied on the programs, it is represented by the
abscissae. Thus, the lower left corner of the figure indicates high efficiency while the upper right
corner stands for low efficiency.

As we would expect, the linear program is undoubtedly the most efficient, since it reaches the
lowest gap in the shortest time. However, as stressed before, this formulation does not account
for Kirchhoff’s laws, the well-known nonlinear rules governing power flows. For a more detailed
formulation, one must resort to SOCP and SDP. Although these two convex problems provide the
same solution, SOCP is significantly more efficient. It was not obvious with the time needed to
reach a 0.01 % gap tolerance, so we reran it for a 0.1 % gap. Note that solving the whole SOCP at
once (i.e. its extensive form) outperforms all SDDP executions, but parallelization would rectify
this on a larger instance.

However, in low voltage networks, different houses are connected to each phase, which results
in network imbalance. In this case, LP and SOCP are of no use since they rely on a single-phase
model of the optimal power flow. Nevertheless, SDP can be applied on the unbalanced setup
without any further implementation effort. Although less efficient than the two others, SDP can
be solved in polynomial time by interior-point solvers like Mosek [86].

Furthermore, SDDP outperforms the optimization of the extensive form on our small test case
when K is well chosen, as depicted in Figure [5.12] This promises good performance on larger
instances, with the support of parallelization. It also stresses that even with the computational
effort gained by the implementation of SDDP, the resolution of a small instance already requires
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Figure 5.12: Comparison of the efficiency of the three considered formulations. The presented
results were obtained for K € {1,2,3,4,5,8,10}, PL = 100 and PV =1 (left panel) or 5 (right
panel). In the legend, “Extensive” stands for the time required by Mosek to solve the whole
problem (i.e. its extensive form) at once.

a non-negligible amount of time. Therefore, it confirms the relevance of a distributed approach
to operate distribution networks.

Nonetheless, network imbalance seems to worsen tightness as observed on the test case in
the previous section. Actually, no theoretical condition ensuring tightness is known in case of
imbalance although Dall’Anese et al. still expect a rank-1 solution [I6]. This question could
be further studied in future works. Otherwise, we could resort to an approach similar to the
one proposed in [58]. In this publication, the authors recover a feasible power flow solution
from an inexact one, provided by an untight SOCP model. Even though their method relies on a
single-phase model of the OPF, a similar approach could be attempted in the unbalanced setup.

5.7 Further Improvements

5.7.1 Test Case

The test case considered in this document was basic and small in order to ensure a physical
understanding of the solution and tractability on a personal computer. However, future works
could address more detailed and larger instances in order to study the application of SDDP on
SOCP and SDP more practically.

First of all, future test cases could cover more time stages: one per hour would be good.
Then, loads could differ from each other, instead of having the same load at each bus. Also, a
more detailed model of uncertainty would be more practical: real solar data could be sampled to
this end. In addition, one could account for shunt susceptance and conductance effects in the
model, while they were neglected for the test case. Moreover, larger networks could be considered.
Eventually, in order to model more accurately unbalanced networks, non-diagonal impedance
matrices could be used. All these improvements would result in a more practical review of the
studied method, but would require more significant computational resources.
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5.7.2 Stochastic Dual Dynamic Programming

Concerning the algorithm SDDP itself, an important improvement would be to add feasibility
cuts. Indeed, for the considered test case, they were not needed since there was no bound on
the power injected at bus 0. In order to verify this, we implemented a script which checked
that each NLDS was feasible without any battery to charge or discharge from. But if all power
injections are bounded, or under some technical constraints, subproblems could reach infeasibility
and feasibility cuts would be required. We implemented them on LP and tried to extend them
on the conic formulations, but without success: the dual values returned by Mosek were not
practical. We also tried to avoid that issue by adding slack variables instead, and a penalty term
in the objective. Nevertheless, these slack variables lead to a bad numerical behaviour of Mosek,
and we had to abandon the possibility to take infeasibilities into account in our implementation.
However, we remain confident about the feasibility of implementing feasibility cuts on the conic
formulations.

Besides, it can be stressed that the number of Monte Carlo simulations, K, could change over
iterations of the algorithm to accelerate the convergence of the algorithm, while we restricted
ourselves to constant values of K in this document. “For example, the parameter may increase
over iterations, since early iterations will anyways lead to short-sighted trial decisions, and there
is little gain from exploring the value function in the neighborhood of such poor decisions” [66].

In addition, the performance of SDDP could be improved by using a solver that can be warm-
started, i.e. use the last solution of a NLDS as a starting iterate. Although the NLDS has been
changed by cuts and/or different trial decisions, it remains quite similar and warm start could
significantly decrease the time of convergence, especially for SDP. However, Mosek, which is one
of the best SDP solvers today, cannot be warm-started. On the other hand, SCS solves SDPs using
ADMM and can be warm-started.

Moreover, since SDDP relies on random Monte Carlo simulations, the algorithm can converge
faster or slower over different executions with the same parameter K. Hence, the algorithm
should be executed several times for each K in order to have a significant sample of the outcomes.
The discussion of section could then be performed on a statistical version of Figures [5.8 and
Unfortunately, we did not have the time to perform such statistical study, but we believe
that the main consequences drawn in this discussion are relevant.

At last, SDDP can be accelerated by sorting the optimality and feasibility cuts generated
through the iterations, and only keeping the “active” ones. Indeed, the algorithm generates
a significant amount of cuts, and as it progresses, some former cuts may be deprecated and
slow down the resolution of the subproblems at each iteration. [87] implements a method that
estimates the “trust” of each cut by a decaying function over iterations, which gets a bonus if it
used when solving a subproblem. When this trust falls under a threshold, the corresponding cut
is pruned.
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Chapter 6

Conclusion

6.1 Main Results

This thesis focused on the optimal operation of distribution networks over multiple time periods
and under uncertainty caused by renewables, which can be mitigated by the presence of local
batteries. This problem is challenging due to the imbalance arising in low-voltage networks, but
a recent convex relaxation, SDP, can be applied to manage it. Moreover, semi-definite has been
an active research field over the last decade, and modern interior-point solvers as Mosek can
solve SDPs in polynomial time. In order to deal with the multistage stochastic character of the
problem, the SDDP algorithm, which has found great commercial success in linear programming,
is implemented on the nonlinear SOCP and SDP.

In the first chapter of this thesis, a broad literature review is realized on the optimal power
flow and its relaxations, which have been extensively studied. Then, the three addressed models
are derived from the very beginning, and the relation between their feasibility sets is discussed.
After that, the stochastic dual dynamic programming is presented, along with its application
on our convex programs. After all, the derived methods are tested on a simple test case and
compared by mean of tightness and performance. Some important conclusions were drawn from
these results, and can be summarized as follows:

e In addition to provide the same answer when tight, SOCP and SDP relaxations exhibit the
same issue of oversupply, and their respective theoretical conditions to ensure tightness
translate into the same consequences on the studied test case.

e The SDDP algorithm performs well on SOCP and SDP, and shows promising efficiency
performances compared to a commercial solver, especially by recalling that SDDP can be
parallelized.

e Network imbalance is shown to imply substantial modifications to the solution, rendering LP
and SOCP impractical. Therefore, we must resort to SDP, the least efficient of the considered
models. However, it can still be solved in polynomial time.

e Network imbalance worsens tightness of the SDP relaxation, and no theoretical condition
ensuring tightness is known in this case.

e This convinces us that optimizing low-voltage networks remains challenging regarding
computational resources, which stresses the relevance of a distributed approach.

The three questions asked in the introduction are thus answered by these highlighted results.
In this way, this work tries to progress in the broader objective to analyze the possibility of a
hierarchical organization of electricity markets, as mentioned in the introduction.
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6.2 Future Perspectives

As this thesis lies in the intersection of diverse active research fields, future works on the subject
can explore various directions.

First of all, larger and more detailed test cases can be considered, at the cost of more significant
computational resources requirements. The algorithm can be applied on diverse larger networks,
and over more time stages. In addition, loads and solar data can be sampled at a better precision
to model uncertainty more accurately, which would result in a more practical study of the
algorithm.

Moreover, an important improvement to the SDDP algorithm itself would be to add feasibility
cuts to the implementation. The test case considered in this thesis did not suffer from infeasibilities,
but it does not reflect practical instances. Although we did not manage to implement feasibility
cuts on the conic formulations, we remain confident about the feasibility of this task.

Besides, SDDP can be accelerated by increasing the number of Monte Carlo simulations over
iterations, since a large K is not valuable in the early iterations. Also, pruning redundant
feasibility and optimality cuts might avoid the slowdown caused by a substantial amount of
constraints in the late iterations.

In addition, parallelizing an algorithm allows it to execute several instructions simultaneously,
and therefore substantially improves its performances. It also allows to solve instances that would
not be tractable without parallelism. Thanks to its structure, SDDP can be easily parallelized,
and it has already been done extensively in the literature. In particular, parallelization could
help us to achieve better performances when applying SDDP on SDP.

As stressed above, network imbalance worsens tightness of the SDP relaxation, and no
theoretical condition ensuring tightness is known in this case. However, Dall’Anese et al. still
expect a rank-1 solution [I6]: this question could be studied in future works. Otherwise, one could
resort to a feasible-recovering approach like the one proposed in [58] for single-phase networks.

Furthermore, it has been argued by Stephen Boyd and Bill Hogan that the use of SDDP for
tackling this problem is an overkill, and that one should instead resort to model predictive
control. The weakness of model predictive control is that it does not secure the system well
against low-probability, catastrophic outcomes. It would therefore be interesting to see whether
MPC can be shown to perform significantly worse than stochastic programming for this problem.

Eventually, although the state-of-the-art interior-point solver of Mosek has a really good
reputation when it comes to convex programming, and rank among the most performant semi-
definite solvers [19], other solvers may be tested in order to take advantage of the warm start
feature that we implemented, and could potentially significantly accelerate SDDP on SDP.
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Appendix A

Intermediate Formulations

A.1 Single-Phase OPF after the Angle Relaxation

The single-phase optimal power flow after the angle relaxation is given by the following optimiza-
tion problem.
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P7Q7p7Q7£7U7x7bC7bd ieN t_2 H ieN
st Vi — 2-(R; Pltw + X; Q”w ) (R? + XZQ) . fz’,t,w[t] = VA; by

1e€é&,te T,w[t] € Q[t]

pi,t,w pDz t,we + Z Jitwie - R; g] 1wy ) - Pz twp -G, iVit Wit + bdi,t,w[t] - bci,t,w[t] =0
JjeC;
) €N+,t S T,w[t] € Q[t},wt e
p07t1w[t] + Z (P])t7w[t] - R.]e.]vt)w[t]) - Govovt)w[t] + bdoatzw[t] - bcoﬁt7w[t] = 0
J€Co
tc T,w[t] € Q[t]

qi,t,LU[t] - qu,t,wt + Z (Qj,t,wm - ngj,t,w ) QZ t, UJ [t] + B iVi ,t, UJ [t] = O

JEC;
1 €N+,t S T,W[t] S Q[t],wt €
QO,t,w[t] + Z (Qj,t,w[f] X e],t,w ) + BOUO twy = =0 t e T, Ld[t] € Q[t]
Jj€Co
P t + Q t
ei,t,w”] = & ’w 4 - ’w Z S g, t € T, W[t] € Q[t]
U’L,t,W[t]
bd; 1 ]
Ti1 = Tinit; + NC; - bejg — —2 ieEN
nd;
bdi9t7w[t] .
xi,t,w[t] = $i7t—1,w[t] + ne; - bci,t,w[t] — nd‘ 1€ N, t=2...H, Wt) S Q[t]
i
0< Pit oy < Dmax,i,t 1€ N, teT, wpy € Q[t]
0< Qi,twt] = Qmax,i,t 1eN,te T,w[t] S Q[t]
0 < Ei,t,w“] 1€ N,t S T,W[t] S Q[t]
Umin,i < Vit < Vmax,i 1 e N+, teT, wpy € Q[t]
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Oéxitwlt]gxmaxi iGN,tET,w[t]GQ[t]

0<bcztw <bcmaxz iEN,tGT,W[t]GQ[t]
O<bdztw <bdmax1 iEN,tET,W[t]EQ[t]
UO,t,w[t] =1 t e T,(.U[t] S Q[t}

A.2 The equivalent formulation of OPF3 with the SDP and rank
constraints

The equivalent formulation of 0PF3 with the SDP and rank constraints is given by the following
optimization problem.

min Z Z MC’;;?1 . S‘E(sfl) +E Z Z Z MC’Z)t R (Sit,w[t]> (OPF3rank)

S,S,I,V,X,bC,bd ieN ¢>€‘I% t=2..H ieN ¢)€¢'1
H H H
88 Vitwy = Sitwy Bitwy — LitwySitey T Ditwylitoy Litwy = Vautey

(228}

1€ te T,w[t] S Q[t]

]

Si,twpy + Z diag (Sj,t,w[t Z; Ij twi ) + bd; bW
JEC;

= SDi,t,w[t] + dlag (Si,t,w[t] + Vi,t,w[t] YzI{) + bci,t,UJ[t]
Z'ENJF teT, wiy) GQ[t],wt e
S0,twpy T Z diag( it —7Z; I]tw ) + bd()tw = diag (VOtW[t Y ) + bco,tva

Jj€Co
t € T,w[t] € Q[t]
\%% S,
g W T es,y i€ teT,wy €y
i,t,UJ[t] ivt’w[t]
Vv S,
rank Z’t’w“ Il’t’w[t] =1 i€ &, teT,wy € Qp
i t Wi A2
bd;
X1 = Xinit,; + 7C; - bci1 — ol ieN
nd;
bd;, :
Xitwy = Xit—lwy + nec; - bCi,t,w[z] — % 1€ _/\/’7 t=2...H, W] c Q[t]
(

0<R (Si,t,w[t]) < Pmax,i,t 1€ N, teT, Wy € Q[t]
0SS (Si,t,w[t]) < Qmax,i,t 1€ N,t S T,w[t] € Q[t]
Viin,; < diag (Vz’,t,w[t]> < Vmax,i ieN,teT, Wi € Q[t]
ngitwtlgxmaxi iEN,tGT,w[t]GQ[t]
O<bc7,tw < bCmax,i iEN,tET,W[t]EQ[t]
0< bdi,t,w[t] < bdpax,i 1eN,teT, Wiy € Q[t]
VO,t,w[t] = szing te T,W[t} € Q[t}7

111



where Vgying = Vswing * V.

H —
swing —

v




Appendix B

Complete Solution of the
Unbalanced Test Case

The solution of the unbalanced test case for each phase is presented in Figures and



t = t= t=3

w Po b1y im? w pg Py E:zx? w Pg P?1 ix?
1 6.605 3.312 8.168

2 0.055 2.724 8.041
1 0.079  3.178 5.482 3 0.014 2.200 13.089
4 0.003 1.731 22.713

1 1.865 3.321 4.880

2 0.021 2.225 8.305
2 0.019 1.748 6.144 3 0.030 0.075 12.018
4 0.036 0.081 22.201

1 15.152 1.321 9.659 1 1196 3.321 5351
2 0.023 1.336 &.721
3 0.024 - 0.704 7.336 3 0.026 0.064 13.186
4 0.035 0.074 23.365
1 2.662 3.301 11.920
2 0.003 1.566 14.290
4 0.004 2.374 12.972 3 0019 0180 18.616
4 0.008 0.622 29.021

ppvy  MCy MCi1  Doada | PPy MCo MCi1 pioad | pPv MCo  MCi1 Pload

0 10 20 1 1/3 50 20 4/3 1 50 20 7/6

Table B.1: The first three time stages of the SDP solution for the unbalanced test case, with 5
solar panels per bus and PL = 50. p is given in [kW/4] and = in kWh. This table presents the
first phase of the solution, i.e. ¢ = 1.

t=1 t = t =

w Pg Pf1 ix? w pg p?l §:i$? w Pg Pf1 ix?
1 4.619 3.334 4.218

2 2.313  2.629 7.151

1 0383 3.334  2.872 3 0.057 2.100 10.429

4 0.081 0.497 19.531

1 3.298 3.331 4.174

2 0.030 2.507 6.529

2 0029 3.053  4.057 3 0.015 0.894 10.677

4 0.020 0.045 20.597

1 9.493 3.334 6.506 I 5807 3.330 5076
2 0.006 2.591 7.935

3 0.004 2439 5.549 3 0.019 0.163 11.478

4 0.021 0.039 22.024

1 3.787 3.325 8.786

2 0.037 2.882 11.045

4 0.076  1.300  8.574 3 0.005 1.342 15.351

4 0.041 0.181 24.697

ppy MCy MCi1 Doad | ppv MCy MCi1 Pioad | ppv MCoy MCi1 Pioad
0 10 20 1 1/3 50 20 4/3 1 50 20 7/6

Table B.2: The first three time stages of the SDP solution for the unbalanced test case, with 5
solar panels per bus and PL = 50. p is given in [kW /4] and z in kWh. This table presents the
second phase of the solution, i.e. ¢ = 2.

VI



t = t = t =
w o opb e el w ph ph el | w  ph ph Lzl
1 4.095 3.320 7.595
2 0.032 2.319 7.953
1 0056 3.105 5.954 3 0.004 1.929 12.069
4 0.064 1.470 20.076
1 0.499 3.324 4.771
2 0.022 1.114 7.229
2 0.019  1.659 6.175 3 0.029 0.048 10.785
4 0.023 0.069 19.360
1 12.047 2.215 8.752 1 0312 3324 5195
2 0.022 0.977 7.652
3 0.023  0.505 6.742 3 0.029 0.045 11.325
4 0.024 0.063 19.878
1 1.781 3.299 11.100
2 0.007 1.815 13.034
4 0.007 2.400 11.670 3 0015 0.128 16.022
4 0.040 0.374 24.554
ppy  MCy MCi1 poad | ppv MCy MCi1 pioad | ppv MCy MCi1 Dioad
0 10 20 1 1/3 50 20 4/3 1 50 20 7/6

Table B.3: The first three time stages of the SDP solution for the unbalanced test case, with 5
solar panels per bus and PL = 50. p is given in [kW /4] and = in kWh. This table presents the

third phase of the solution, i.e. ¢ = 3.

VII
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