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Introduction

In the field of fluid mechanics, all fluids are usually divided into two basic categories: Newtonian
fluids and non-Newtonian fluids. A fluid is Newtonian when its strain rate, i.e. the change of
deformation in the material, is a linear response to viscous stress. By contrast, a fluid is non-
Newtonian when its strain rate is not a linear response to viscous stress. Among non-Newtonian
fluids, it is possible to distinguish several sub-categories depending on how fluids react to viscous
stress.

In this study, we focus on one of these sub-categories: yield stress fluids. These fluids behave like
solids when subjected to low stresses, and like liquids otherwise. They therefore present an interface
between liquid and solid regions. They encompass some very common substances like blood, hair
gel, mayonnaise and cement.

Although these substances are very common and of great importance to the industry, to our
knowledge there is no model that precisely locates the solid-liquid interface. The challenge is that
it cannot be localized a priori, as its position depends on the stresses, and thus the flow, initially
unknown. And yet, a correct localization of this interface provides a substantially better resolution
of the physics of the flow.

The aim of this thesis is therefore to couple the flow simulation with an adequate interface tracking
on the mesh, i.e. the computational domain discretizing a physical continuum. This thesis is part
of the X-MESH project, which aims to track various interfaces that can arise in physics by allowing
extreme deformation of meshes. These interfaces can be material, i.e. attached to particles of matter,
like the interface between two immiscible fluids, or immaterial like a solidification front or a fire wall
crossing a forest. We will see later that we fall into the second category, as yield stress fluid particles
can freely move from liquid to solid regions.

The structure of this study is the following. In chapter 1, we derive the conservation equations
along with the constitutive model of the yield stress fluid, to arrive at an energy minimization
problem. In chapter 2, we focus on a flow that is simple enough to be studied in a one-dimensional
framework, and we develop a beta version of interface tracking. In chapter 3, we develop a two-
dimensional interface tracking algorithm, which enables us to simulate more complex flows and
observe some surprising properties of yield stress fluids.

The code developed for this thesis can be found on the following github repository: github.com
/vinzphenix/Bingham_fluid.
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Chapter 1

Governing equations

1.1 General notions of continuum mechanics

Let Ω ∈ R3 denote the domain of interest and Γ = ∂Ω its boundary. Let u be the fluid velocity,
and σ = −pI+τ be the stress tensor with the pressure term −pI, and the viscous term τ also called
deviatoric stress tensor.

Let us recall the mass and momentum conservation equations for incompressible flows, with body
forces f , expressed in an Eulerian reference frame:

∇ · u = 0 (1.1)

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇ · τ + f (1.2)

Throughout this study, we consider low velocity, i.e. incompressible flows, and low Reynolds
numbers, i.e. flows dominated by viscous forces. We thus neglect the inertia terms on the left of
equation (1.2).

0 = −∇p+∇ · τ (u) + f in Ω (1.3)

0 = ∇ · u in Ω (1.4)

u = U on ΓD (1.5)

σ · n̂ = g on ΓN (1.6)

The resulting equations (1.3) to (1.6) are the well known Stokes equations, with the unknown
velocity and pressure fields u and p. ΓD and ΓN are the partitions of the boundary ∂Ω where
Dirichlet and Neumann conditions are applied. U and g refer to the velocity and force imposed on
the respective partition. n̂ is the unitary vector normal to the boundary ∂Ω.

One could also decide to impose only the normal velocity along with the tangential stress, or the
tangential velocity along with the normal stress, as will be explained in more detail in section 3.2.

Before looking for a closure equation for the shear stress tensor, let us first recall the velocity
gradient decomposition,
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∇u = D+W (1.7)

D =
1

2

(
∇u+∇Tu

)
=

1

2
γ̇ (1.8)

W =
1

2

(
∇u−∇Tu

)
(1.9)

— D is the strain rate tensor, whose diagonal elements indicate the stretching of the fluid along
the basis vectors and whose off-diagonal elements indicate the shearing of the fluid from one
basis vector to another. γ̇ is the same tensor, scaled by a factor 2.

— W is the spin tensor indicating the axis around which the flow is locally rotating, as well as
the speed of this rotation. It contains the same information as the vorticity vector ω = ∇×v.

1.2 Constitutive equations of Bingham fluids

The Newtonian fluid is one of the simplest model of fluid mechanics, as it assumes that the change
of deformation of a fluid, or strain rate, is directly proportional to the shear stress it undergoes. This
model is highly accurate in describing the behavior of many liquids and gases, such as air, water,
gasoline or alcohol, under normal conditions [1]. However, it does not characterize inter alia yield
stress fluids, such as blood, toothpaste or ketchup, to name a few [12, 9].

Those non-Newtonian fluids are much better described as generalized Newtonian [9]. This model
extends the Newtonian fluid model with a specific nonlinear constitutive law between the stress τ
and strain rate γ̇:

τ = µ(γ̇, T, ϕ) γ̇ (1.10)

where µ, T and ϕ respectively refer to the fluid viscosity, the temperature and the particle concen-
tration (e.g. polymer chains in dilute solutions). Since the viscosity, a scalar, depends on the tensor
γ̇, then it must depend only on the combinations of components γij that are not dependent on the
coordinate system [2]. These combinations are the tensor invariants, described below and connected
to its eigenvalues λi, as one can find by diagonalizing the matrix γ̇.

I1(γ̇) := Tr(γ̇) = λ1 + λ2 + λ3

I2(γ̇) :=
1

2

[(
Tr(γ̇)

)2 − Tr(γ̇ · γ̇)
]
= λ1λ2 + λ2λ3 + λ3λ1

I3(γ̇) := det(γ̇) = λ1λ2λ3

(1.11)

The first invariant is always zero when we deal with incompressible flows since Tr(γ̇) = 2∇ · v.
The third invariant is always neglected because it is also zero for shearing flows in 3 dimensions –
v = u(y)e1 – precisely those for which the theory was developed. The constitutive law was then
later used to model more complex flows, but the absence of I3 has persisted [2].

The simplest example of generalized Newtonian fluids are the power-law fluids [2, 9], that assume
µ(γ̇) = Kγ̇n−1, with the consistency K and index n. This can already describe:

— Shear thinning fluids with viscosity inversely proportional to strain rate (n < 1). For example,
Ketchup or blood flow more easily with higher strain rates.

— Shear thickening or Dilatant fluids with viscosity proportional to strain rate (n > 1). A
typical example called Oobleck, the mixture of cornstarch and water, appears liquid at rest
but becomes solid under high deformation because it has become so viscous.
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— Newtonian fluids when n = 1.

However, this model is not sufficient to describe certain fluids under low shear stress. For example,
the toothpaste flows like a liquid out of the tube, but stays in its configuration once on the toothbrush,
so we can easily put it in our mouth without dropping any on the floor. At low stress, such a fluid
is considered to behave as a solid.

The Herschel-Bulkley Model [2, 9, 12] extends the power-law model with a yield stress τ0 which
enables us to simulate yield stress fluids like the toothpaste. When the shear stress tensor norm
τ < τ0, the fluid behaves as a non-deformable solid (γ̇ = 0) and is called unyielded. In these regions,
the fluid undergoes rigid-body motion only: either at rest, or in translation, or in rotation, but in
any case without deformation.

Above that threshold, the fluid becomes yielded and follows the power-law model. The constitutive
law of the Herschel-Bulkley Model is represented graphically in figure 1.1 along with the power-law
model, and has the following expression:

γ̇ij = 0 if τ < τ0

τij =

(
Kγ̇n−1 +

τ0
γ̇

)
γij if τ ≥ τ0

(1.12)

where γ̇ and τ are the square root of the second invariant tensor of γ̇ and τ , also equal to their
Frobenius norm since they are traceless:

γ̇ :=
√
|I2(γ̇)| =

√
1

2
γ̇ : γ̇ =

√
2D : D and τ :=

√
|I2(τ )| =

√
1

2
τ : τ (1.13)

Common values of n generally lie between 0.3 and 0.5, especially for Carbopol gels (e.g. hair gel)
and emulsions (e.g. mustard, mayonnaise) [12]. The Bingham model (n = 1) is thus very rarely
obtained when it is fitted over more than two orders of magnitude of shear rates. The yield stress

Figure 1.1. Non-Newtonian fluid models.
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Substance Yield stress τ0 [Pa] Consistency K [Pa sn] Index n [−]

Ketchup [13] 13 – 32 2–6 0.44 – 0.62
Mayonnaise [14, 15] 75 – 200 10 – 50 0.4 – 0.65
Molten chocolate at 40◦C [16] 8 2.4 0.88
Hair gel [32] 60 25 0.4

Toothpaste[33] ∼ 50 for children . .
∼ 220 for adults . .

Blood [17] 32.5× 10−3 5.62 0.955

Table 1.1. Herschel-Bulkley parameters for common substances.

value τ0 generally lies in the range [1, 100 Pa] [12]. To give an idea of how common substances fit
in this model, several sets of parameters are provided in table 1.1.

Those values are not universal. It is in fact hard to find unanimous parameters values of the
Herschel-Bulkley model in the literature, especially for food products because their composition
may depend on the brand. For instance, the yield stress of mayonnaise is inversely proportional to
its fat content [31]. The values may also depend on the test methodology, and on the model for
which the experimental data is fitted, which is not always the Herschel-Bulkley model.

The present study will focus on simple yield stress fluids, i.e. those for which the shear stress
depends only on the imposed shear rate, and not on time (thixotropic/rheopectic fluids) or shear
(elastic behavior of solids) [18]. Thixotropic fluids have the property that their viscosity under
constant shear decreases with time. Though less common, rheopectic fluids are the exact opposite
because their viscosity increases with time. This time dependent viscosity means that those fluids
have a memory, more formally called hysteresis. Any thixotropic effects will therefore be neglected
in this study, since such effects are known to be particularly difficult to model [12, 2].

Furthermore, only Bingham fluids, i.e. n = 1 and τ0 > 0, will be considered hereafter. The
equations of this model are indeed simpler to solve than those of the Herschel-Bulkley model in
general, but still provide solutions with interfaces that make them interesting to analyze with the
X-MESH method. Let us then reformulate model (1.12) for n = 1, with γ̇ defined in (1.13):

∥τ∥ < τ0 if γ̇ = 0

τ =

(
K +

τ0
γ̇

)
γ̇ if γ̇ ̸= 0

(1.14)

1.3 Weak formulation

Equations (1.3) to (1.6) are discretized and solved numerically with the finite element method,
whose efficiency is well established. It was also the most natural method since it allows interfaces
to be represented intrinsically on the mesh. Before moving on to the discretization, the system of
equations first has to be written under its weak form. This is done by multiplying the equations (1.3)
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and (1.4) of the strong form by velocity and pressure test functions v ∈ V , and p ∈ Q, where:

Q = L2(Ω) :=

{
q : Ω→ R

∣∣∣ ∫
Ω
q2 dx < +∞

}
(1.15)

V = H1(Ω)d :=

{
v : Ω→ Rd

∣∣∣ ∫
Ω

(
∥v∥2 + ∥∇v∥2

)
dx < +∞

}
(1.16)

0 = −∇p+∇ · τ (u) + f

=

∫
Ω
−v · ∇p dx+

∫
Ω
v · (∇ · τ ) dx+

∫
Ω
f · v dx

=

∫
Ω
p∇ · v −

∫
Ω
∇ · (pv) +

∫
Ω
∇ · (τ · v)−

∫
Ω
τ (u) : ∇⊤v +

∫
Ω
f · v

=

∫
Ω
p∇ · v −

∫
∂Ω
pv · n̂+

∫
∂Ω

(τ · v) · n̂−
∫
Ω
τ (u) :

(
D(v) +Ω(v)

)⊤
+

∫
Ω
f · v

=

∫
Ω
p∇ · v dx−

∫
Ω
τ (u) : D(v) dx+

∫
Ω
f · v dx+

∫
ΓN

g · v ds

=

∫
Ω
p∇ · v dx−

∫
Ω

(
2K +

τ0
∥D(u)∥

)
D(u) : D(v) dx+

∫
Ω
f · v dx+

∫
ΓN

g · v ds

(1.17)

Equation (1.17) must hold ∀ v ∈ H1(Ω)d such that v = 0 on ΓD. In equation (1.17), we initially
multiplied equation (1.3) by a test function v that is zero on ΓD, then and integrated it over Ω.
Afterwards, we integrated by parts, used the Divergence theorem, and the property that the double
contraction of symmetric and antisymmetric tensors cancels out.

On the other hand, equation (1.4) gets multiplied by a pressure test function q.∫
Ω
q∇ · u = 0 ∀q ∈ L2(Ω) (1.18)

1.4 Energy functional

The velocity field u solution of this weak formulation can also be found through an energy func-
tional J (v) [3, 19]. With our hypothesis of low Reynolds number, the viscous forces alone dictate
the physics of the problem. We can then assume that viscous dissipation is the only source of internal
energy. As in linear elasticity for solids, the infinitesimal work of internal stresses in the deformation
is

Winternal(Dij) =

∫ Dij

0
σij dD

′
ij

=

∫
−pδij dD′

ij +

∫
2KD′

ij dD
′
ij + 2

∫
τ0D

′
ij

2
√

1
2D

′
klD

′
kl

dD′
ij

= −pDii +KDijDij + 2τ0

√
1

2
DijDij

= −p∇ · u+ 2K∥D∥2 + 2τ0∥D∥

Winternal(u) = −p∇ · u+
K

2
∥γ̇(u)∥2 + τ0∥γ̇(u)∥

(1.19)
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Note that we managed to eliminate the twofold definition of the constitutive law of Bingham
fluids. In fact, the stresses under the yield point τ0 do not generate any work due to the absence of
strain-rate in the non-deformable solid, i.e. Wsolid = σ : Dsolid = σ : 0 = 0.

The total energy of the system J is the work of internal forces diminished by the work of external
forces

∫
Ω f · u +

∫
ΓN

(σ · n̂) · v. We can now reformulate equations (1.3) to (1.6) as the solution of
the optimization problem (1.20).

u = argmin
v∈V

J (v)

J (v) = K

2

∫
Ω
∥γ̇(v)∥2 dx+ τ0

∫
Ω
∥γ̇(v)∥ dx−

∫
Ω
f · v dx−

∫
ΓN

g · v ds

V = {v | ∇ · v = 0 in Ω, v = uD on ΓD}

(1.20)

In equation (1.19), we observe that the first term is the incompressibility constraint with its
Lagrange multiplier: the pressure p, with a minus sign. It is therefore equivalent to set it as a
constraint of problem (1.20). A scaling analysis shows that the model is intrinsically dependent on
just one parameter, the Bingham number Bn:

v = U∞v∗ x = Lx∗ γ̇ =
U

L
γ̇∗ f =

KU∞
L2

f∗ (p, g) =
KU∞
L

(p∗, g∗) (1.21)

Bn =
τ0L

KU∞
yield forces / viscous forces (1.22)

J (v∗) =
1

2

∫
Ω
∥γ̇∗(v∗)∥2 dx∗ +Bn

∫
Ω
∥γ̇∗(v∗)∥ dx∗ −

∫
Ω
f∗ · v∗ dx∗ −

∫
ΓN

g∗ · v∗ ds∗ (1.23)

We can show that the weak formulation and the energy minimization problem are equivalent.
This can be done with a Gâteau derivative of the energy function around its minimum (u, p).

J (u+ ϵv, p+ ϵq) =

∫
Ω

K

2
∥2D(u+ ϵv)∥2 + τ0∥2D(u+ ϵv)∥ (1.24)

− (p+ ϵq)∇ · (u+ ϵv)− f · (u+ ϵv) dx (1.25)

∥2D(u+ ϵv)∥2 = 1

2
2D(u+ ϵv) : 2D(u+ ϵv)

= 2D(u) : D(u) + 4ϵD(u) : D(v) + 2ϵ2D(v) : D(v) (1.26)

dJ (u+ ϵv, p)

dϵ

∣∣∣∣
ϵ=0

=

∫
Ω

K

2
4D(u) : D(v) + τ0

4D(u) : D(v)

2
√

2D(u) : D(u)
− p∇ · (v)− f · (v) dx

=

∫
Ω

(
2K +

τ0
∥D(u)∥

)
D(u) : D(v)− p∇ · v − f · v (1.27)

dJ (u, p+ ϵq)

dϵ

∣∣∣∣
ϵ=0

= −
∫
Ω
q∇ · u (1.28)

It is clear that u is a stationary point of J when (1.27) and (1.28) cancel out for every perturbation
fields v and q. Those are precisely the expressions of the weak formulation we derived in (1.17) and
(1.18).
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Chapter 2

Simulation of unidirectional flows

In this chapter, we will study the well know Poiseuille flow: the fluid is pushed forward by a
constant pressure gradient in a channel between two infinitely long plates. As this flow is stationary
and fully developed, i.e similar for any upstream and downstream position, it can be analyzed along
any one-dimensional section perpendicular to the flow. This one-dimensional framework is the good
approach to introduce the optimization method and the interface tracking algorithm.

We consider Ω = [−h/2, h/2] that represents a transversal 1D slice of the channel whose width is
h. We also have that the velocity field reduces to u = u(y) êx, since the flow is x independent and
incompressible. The pressure gradient −∆p/∆x is imposed and considered as a body force f . The
fluid obviously does not slip at the wall. Furthermore, the symmetry of the problem implies that
the shear stress profile satisfies τxy(−y) = −τxy(y).

2.1 Analytic solution

We can now solve for u(y). With our hypothesis, the conservation of momentum (1.3) has boiled
down to a scalar equation:

0 = f +
∂τxy
∂y

=⇒ τxy = −fy since τxy(0) = 0 (2.1)

The expression of τxy can be obtained from the general expression of the stress tensor in (1.14):

τ =

(
0 K∂yu

K∂yu 0

)
+ τ0

(
0 1
1 0

)
sign(∂yu) (2.2)

=⇒ τxy =

{
K∂yu− τ0 y > y0

K∂yu+ τ0 y < −y0
(2.3)

The threshold shear-stress is reached at y = ±y0 when

τxy(±y0) = ∓f y0 = ∓τ0 ⇐⇒ y0 =
τ0
f

(2.4)

In view of (2.4), the fluid can be totally in an unyielded state when h
2 ≤

τ0
f . In that case, its

velocity is zero everywhere to satisfy boundary conditions: the fluid is said to be in an arrested state
[3].

9



h/2

−h/2

y0

−y0

Figure 2.1. Channel description with the velocity and shear-stress profiles (left). Influence of the Bing-
ham number on the velocity profile (right).

In the lower zone [−h
2 ,−y0], we find the velocity profile u3(y) by integrating equations (2.1)

and (2.3): ∫ y

−h
2

K
∂u

∂y
+ τ0 =

∫ y

−h
2

−fy (2.5)

u3(y) = −
τ0
K

(
h

2
+ y

)
+

f

2K

((
h

2

)2

− y2
)

(2.6)

The continuity of the velocity field allows us to find the velocity of the plug:

u2 = u3(−y0) =
f

8K
(h− 2y0)

2 (2.7)

The procedure is very similar for the upper zone [y0, h/2].

Let us define the non-dimensional coordinate η, the reference velocity U∞ as the maximum velocity
of a classical Poiseuille flow and the Bingham number Bn that relates the yield and viscous stresses.

η =
2y

h
U∞ =

fh2

8K
Bn =

τ0h

KU∞
=

8τ0
fh

η0 =
2y0
h

=
Bn

4
(2.8)

The velocity profile can then be expressed by equations (2.9) to (2.11), in the presence of a
yielded region, i.e. when η0 < 1 ⇐⇒ Bn < 4. It is also illustrated in figure 2.1 for various
Bingham numbers.

u(η)

U∞
= −Bn

2
(1− η) + (1− η2) η0 < η ≤ 1 (2.9)

u(η)

U∞
=

(
1− Bn

4

)2

−η0 ≤ η ≤ η0 (2.10)

u(η)

U∞
= −Bn

2
(1 + η) + (1− η2) −1 ≤ η < −η0 (2.11)
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2.2 Finite element formulation

Let us first define the mesh Ω = [−h/2, h/2] that is made of n elements Ωi = [yi−1, yi], i =
1, . . . , N , and N +1 nodal values (yj). The velocity profile u(y) is approximated by a finite element
solution uh(y), expressed as the sum of shape functions ϕj weighted by their associated nodal
value Uj . These shape functions have a compact support around their associated node, and satisfy
ϕj(xk) = δjk.

uh(y) =
N∑
j=0

Ujϕj(y) (2.12)

We will consider both linear and quadratic shape functions. They are expressed on a reference
element Ω̂ = [−1, 1] and numbered with local node index 1, . . . , n in equation (2.13) and figure 2.2.

ϕ1(η) =
1− η
2

ϕ2(η) =
1 + η

2

ϕ1(η) =
1

2
η (1− η)

ϕ2(η) =
1

2
η (1 + η)

ϕ2(η) = 1− η2

(2.13)

Figure 2.2. 1-dimensional shape functions ϕ on the reference element.

The strain rate tensor of a unidirectional flow u(y) only contains the off-diagonal component,

Dh
12(y) =

1

2

∂uh

∂y
where

(
∂uh

∂y

)
Ωi

=
N+1∑
j=1

Uj
dϕj
dy

(2.14)

The minimization function J of equation (1.20) becomes:

J (uh) =
∫
Ω

[
K

2

(
∂uh

∂y

)2

+ τ0

∣∣∣∣∂uh∂y
∣∣∣∣− fuh

]
dy

=
N∑
i=1

∫
Ωi

[
K

2

(
∂uh

∂y

)2

Ωi

+ τ0

∣∣∣∣∂uh∂y
∣∣∣∣
Ωi

− fuh|Ωi

]
dy

≈
N∑
i=1

ng∑
g=1

ωg

[
K

2

(
∂uh

∂y

)2

y=yg

+ τ0

∣∣∣∣∂uh∂y
∣∣∣∣
y=yg

− fuh(yg)

]
∆yi
2

(2.15)
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where we used Gauss-Legendre quadrature of appropriate order with weights ωg and coordinates yg
in the element Ωi, mapped from coordinates ηg in the reference element [−1, 1].

In short, we are left with the following problem:

minimize
Uj ,Si,g ,Ti,g

J (uh)

s.t. uh(y = −h) = uh(y = h) = 0
(2.16)

However, this problem cannot be solved as it stands with classical optimization techniques such as
gradient descent or Newton’s method as it contains a non-differentiable term |∂uh

∂y |. One could argue
that linear optimization can still handle the absolute values by introducing additional variables and
constraints. However, this is no longer true as we go to higher dimensions because the tensor norm
will become the square root of multiple squared terms. Since we want the optimization problem
to be valid for any dimension, we have to resort to a more appropriate method, known as conic
optimization, which we discuss in the next section.

2.3 Conic optimization in a nutshell

Conic optimization extends linear programming which is restricted to linear cost and linear con-
straints, by allowing specific nonlinear inequality constraints. For example,

√
x2 + y2 ≤ z is ex-

pressed as (x, y, z) ⪰L3 0 or (x, y, z) ∈ L3, where the Lorentz cone L3 is precisely the set of points
(x, y, z) satisfying the nonlinear constraint.

A cone is a subset of a vector space that is closed under linear combinations with positive coef-
ficients. Additional properties can upgrade a cone to a proper cone, the only ones relevant to conic
optimization. These proper cones K ⊆ Rn satisfy the following properties, where x ⪰K 0 means x
belongs to K:

1. a ⪰K 0 =⇒ λa ⪰K 0 ∀λ ∈ R+ (cone)

2. a ⪰K 0 and b ⪰K 0 =⇒ a+ b ⪰K 0 (closed under addition)

3. x ⪰K 0 and x ⪯K 0 =⇒ x = 0 (pointed)

4. int(K) ̸= ∅ (solid)

5. if {xi}i→∞ with xi ⪰K 0 ∀i, then limi→∞ xi = x̄ =⇒ x̄ ⪰K 0 (closed)

Cones with such properties will ensure a global convergence of the Newton’s iterations through
functions known as self-concordant barriers. This is of course very appreciated since Newton’s
algorithm only converges locally in a general framework. A function g : X → R, where X ⊆ Rn is
called self-concordant if and only if:

– g ∈ C3, and

– g is convex, and

– ∇3g(x)[h, h, h] ≤ 2
(
∇2g(x)[h, h]

)3/2 ∀x ∈ X ∀h ∈ Rn

where ∇3g(x)[h, h, h] =
∑

i,j,k
∂3g

∂xi∂xj∂xk
(x) hihjhk. With univariate functions g(x) : R → R, this

last property gets simplified to |g′′′(x)| ≤ 2
(
g′′(x)

)3/2. Multivariate functions can then be verified
to be self-concordant using the univariate test version on Gx,h(t) : R → R : t 7→ g(x + th) ∀x ∈
X ∀h ∈ Rn.

Last but not least, self-concordance (s.c.) is preserved through

12



Name Definition and barrier

Half-space R+

g(x) = − log(x)

Lorentz/quadratic cone Ln+1 = {(x, t) ∈ Rn × R | ∥x∥2 ≤ t}
g(x, t) = − log

(
t2 − ∥x∥2

)
Rotated Lorentz cone Ln+2

R = {(x, s, t) ∈ Rn × R+ × R+ | ∥x∥22 ≤ 2st}
g(x, s, t) = − log

(
2st− ∥x∥22

)
Exponential cone E = closure{(x, y, z) ∈ R3 | z ≥ y exp(e/y), y > 0}

g(x, y, z) = − log(z − y exp(e/y))− log(y)− log(z)

Power cone Pα = {(x, y, z) ∈ R3 | xαy1−α ≥ |z|, x > 0, y > 0, 0 < α < 1}
g(x, y, z) = − log

(
x2αy2−2α − z2

)
− log(x)− log(y)

Table 2.1. Most frequent proper cones used in conic programming.

– sums: let f and g be s.c. functions, then h = f + g is also a s.c. function.

– linear change of variables: let x 7→ f(x) be a s.c. functions, then y 7→ f(Ay + b) is also a s.c.
function.

The most common proper cones, with their associated s.c. barrier. are listed in table 2.1. It
may not seem very useful to be limited to such a short list of cones, but a wide range of nonlinear
constraints can be reformulated to fit in any of these five cones.

Once all the nonlinear constraints have been translated into conic constraints with s.c. barriers
gi(x), the solution is found by using an Interior-point method minimizing fµ given below:

fµ(x) =
c⊤x

µ
+
∑
i

gi(x) (2.17)

where c is the original linear cost and µ > 0 is progressively brought to zero. For each µ, there is an
unique solution x∗µ. The set of solutions x∗µ is called the central path. One can eventually retrieve
the solution of the original problem since x∗µ → x∗ as µ→ 0.

Let us take a basic example in 2 dimensions, also illustrated in figure 2.3:

min
x,y

x

s.t. 2x+ y ≥ 3 and 2x− 4y ≤ 1 and x+ 5y ≤ 10

=⇒ fµ(x, y) =
x

µ
− log(2x+ y − 3)− log(1− 2x+ 4y)− log(10− x− 5y)

In practice, no one computes the x∗µ on the central path because these points are only used as
starting point of the next iteration with a lower µ. Instead, we use an iterative algorithm where we
alternate between a Newton step and a decrease of µ until we reach the required precision. Newton
steps keep the current solution close enough to the central path, while the decrease of µ brings the
objective function fµ to the linear function c⊤x, i.e. the original linear cost.

For a precision ϵ s.t. c⊤x− c⊤x∗ < ϵ, a solution x is obtained in O(
√
ν log 1

ϵ ) iterations with the
short-step algorithm briefly described here above. ν =

∑
i νi, with the barrier parameter νi, in a

sense related to the steepness of the constraint i. The initial value x must be close enough to the
central path. This can be done with damped Newton steps from any admissible x ∈ X.
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Figure 2.3. Solution of the basic example using the interior-point method

This section is of course a very short overview of conic optimization. Many more details can be
found in the following references [4, 5, 6].

2.4 Finite element solution

Based on the conic optimization theory presented above, we can reformulate problem (2.16) in
terms of second order cones only (SOCP), namely Lorentz and rotated Lorentz cones.

minimize
Uj ,Si,g ,Ti,g

N∑
i=1

ng∑
g=1

ωg

[
K

2
Si,g + τ0 Ti,g − fuh(yg)

]
∆yi
2

(2.18)

s.t.
(
∂uh

∂y

)2

y=yg

≤ Si,g ∀i ∀g ⇐⇒

[
Si,g,

1

2
,

(
∂uh

∂y

)2

y=yg

]
∈ L3

R ∀i ∀g

∣∣∣∣∂uh∂y
∣∣∣∣
y=yg

≤ Ti,g ∀i ∀g ⇐⇒

[
Ti,g,

∣∣∣∣∂uh∂y
∣∣∣∣
y=yg

]
∈ L2 ∀i ∀g

U0 = UN = 0

We minimize this problem over the nodal velocities Uj , and the newly added Si,g and Ti,g variables.
Although the inequalities with Si,g and Ti,g may be confusing at first glance, they are valid from a
modelling standpoint. They are always verified as equalities at the optimum. We can show it by
contradiction. Let us assume that (∂yu

h)2 < Si,g for a specific index i, g at the optimum. Then the
cost can be reduced by decreasing Si,g by ϵ > 0, keeping all other variables unchanged: we are not
at the optimum.

The optimization problem was solved with the interior-point solver of the open-source software
CVXOPT [34]. Every simulation presented in this chapter 2 was done with Bn = 2.

At this stage, the finite element solution will be relevant only when the interface is located at a
node on the mesh. Therefore, the arbitrary initial mesh is manually modified so that two nodes are
placed at y = ±y0. This is precisely how the results in figure 2.4 were obtained. The purpose of the
next section is to build an algorithm that moves the nodes without knowing the interface position
beforehand.
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(a) P1 elements

(b) P2 elements

Figure 2.4. FE solution of the Poiseuille flow. The unyielded zone is shaded in grey. The error is shown
at the nodes for u(y) and at the reduced integration point for the strain rate and shear.
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2.5 Interface tracking in 1D

The concept of front tracking was initially introduced by James Glimm and co-authors [20] in the
context of hydrodynamics. So I let him define it in his own words [11]:

Front tracking is the use of surfaces or lower dimensional manifolds as computational
degrees of freedom in a numerical algorithm. Its purpose is to improve the resolution of
discontinuities or steep gradients in the solution variables or in the laws of physics which
describe them.

In our model, the velocity field and even the strain rate field are continuous. In fact, one can infer
that on the liquid side of the interface, where τ = τ0, the strain rate must also equal to 0.

τ0 = ∥τ∥
(1.14)
= (K + τ0/γ̇)∥γ̇∥ = Kγ̇ + τ0 =⇒ γ̇ = 0 (2.19)

The discontinuity is to be found in the derivative of the deformation, e.g. the concavity of the
velocity profile in the 1-dimensional case. In fact, ∂yyu = 0 in the solid plug as ∂yu = 0 over a whole
nonempty interval, while ∂yyu > 0 in the liquid region. This is what we observed in figures 2.4a
and 2.4b.

2.5.1 Reconstructed strain

The continuity of the strain rate field will therefore be our main objective. Unfortunately, P1-
elements for the velocity only provide piecewise constant strains, which are of course discontinuous.
The idea is thus to reconstruct a continuous strain rate field as a linear approximation of the finite
element solution at the Gauss points. This approximation is one-sided at each interface as we should
only take the information from the yielded regions.

Algorithm 1: Interface tracking algorithm in 1 dimension.
1 optimalMesh ← false;
2 M← initial mesh with nodes yi;
3 while not optimalMesh do
4 Minimize the energy functional J withM and retrieve the solutions Uj , Ti,g;
5 I ← set of current interfaces (node shared between yielded and unyielded elements);

//Stop if I = ∅: the mesh should be finer to have unyielded elements
6 optimalMesh ← true;
7 foreach k ∈ I do
8 ℓk ← one-sided linear approximation function of the strain rate close to yk;
9 if ℓk(yk) ̸≈ 0 then

10 optimalMesh ← false ; //since ∂yu is not continuous at the interface
11 yk ← root(ℓk(y)) ; //update M using the linear approximation
12 end
13 end
14 end
15 return Uj
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The choice of Gauss points as abscissae of the linear approximation may seem trivial in this 1-
dimensional model case, but the topic was thoroughly investigated for general geometries. Barlow
showed that reduced integration points are superconvergent points, i.e. at which the stress is an order
of magnitude more accurate than in any other point within the element [21]. Later on, Zienkiewicz
and Zhu developed an error estimator by extrapolating values at the integration points [22].

The procedure is described in algorithm 1 and illustrated in figures 2.5 and 2.7. The strain rate
field ∂yu is shown at each iteration with its corresponding mesh. The complete overview of the
solution is provided for the first and last iterations, for both P1 and P2 elements, in figures 2.6
and 2.8.

Figure 2.5. Strain rate field and its reconstruction during the interface tracking algorithm. First to
second iteration above, and second to third iteration below. Mesh with 5 P1-elements.
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(a) Initial mesh.

(b) Final mesh.

Figure 2.6. Finite element solution of the Poiseuille flow at the start, and after convergence of the algo-
rithm. P1 elements.
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Although the initial velocity profile was far from correct in figure 2.6a, two iterations were enough
to bring the nodes to the interface, and provide an accurate numerical solution with errors around
10−6 in figure 2.6b.

Surprisingly enough, the convergence is faster for P1-elements (piecewise constant strain rate) than
for P2-elements (piecewise linear strain rate). This can be easily explained by a flaw in algorithm 1:
the reconstruction is made over all the Gauss points of elements near the current interface. However,
one of these Gauss point can be inside the unyielded region, as can be seen in figure 2.7. In that
case, the reconstruction is deteriorated because it uses information from the wrong side, leading to
a slower convergence.

Figure 2.7. Strain rate field and its reconstruction during the interface tracking algorithm. First to
second iteration above, and second to third iteration below. P2 elements.
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(a) Initial mesh.

(b) Final mesh.

Figure 2.8. Finite element solution of the Poiseuille flow at the start, and after convergence of the algo-
rithm. P2 elements.
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2.5.2 Energy-based tracking

An alternative approach was considered for the interface tracking, but was later abandoned. That
approach consisted of minimizing the functional not only over the nodal values, but also over the
position of the nodes. In that case, we were facing two issues.

The first issue was that the optimization problem became non-convex, because of the body force
term fuh(yg).

minimize
Uj ,yi

∑
i

∑
g

. . . − f
n∑

j=1

Ujϕj(yg)
∆yi
2

(2.20)

where the product Uj(yi− yi−1) was obviously not convex in the variables Uj , yi, yi−1 since Uj could
be positive or negative. This issue could be overcome by first solving the optimization problem with
the velocities as variables, and then fix the velocities while minimizing over the nodal positions. This
problem was in fact convex because the three terms of (2.18) were convex in yi:

(
∂uh

∂y

)2

∆yi =

∑
j

Uj
∂ϕ

∂η

2

∆yi

2

∆yi convex when ∆yi > 0 (2.21)

∣∣∣∣∂uh∂y
∣∣∣∣∆yi =

∣∣∣∣∣∣
∑
j

Uj
∂ϕ

∂η

∂η

∂y

∣∣∣∣∣∣∆yi = 2

∣∣∣∣∣∣
∑
j

Uj
∂ϕ

∂η

∣∣∣∣∣∣ convex because constant in yi (2.22)

−f
∑
j

Ujϕj∆yi convex because linear in yi (2.23)

The second issue was even greater: the optimum of this problem (fixing the nodal values or not)
was not a mesh with nodes placed at the analytical interface: with P1 elements, the energy functional
could be better minimized by wrongly placing the nodes, as shown in figures 2.9 and 2.10.

Figure 2.9. Nodes at the interface: J (uh) = J (u∗) + 1.302× 10−3.
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Figure 2.10. Optimal nodes: J (uh) = J (u∗) + 5.787× 10−4.

With P2-elements, something even stranger happened: a numerical solution uh claimed to min-
imize the functional better than the analytical solution u∗. This was of course impossible because
u∗ is the minimum of J over all fields u ∈ H1(Ω), which includes piecewise quadratic fields (and
many more). This nonsense was due to the discrete integration rule, that was unable to exactly
integrate the absolute value in the functional: J = · · · +

∫
Ω τ0∥γ̇(v

h)∥. The quadrature succeeded
in decreasing the energy with a negative contribution from the integral of a norm, as shown in
figure 2.11.

Increasing the number of Gauss points could help, but it came with the prohibitive cost of adding
two variables per element to the optimization problem: Ti,g and Si,g. A cleverer improvement could
have been be to place an integration point at the boundary of each element, with the Simpson’s rule
for example.

Figure 2.11. Quadrature: J h(uh) = J ∗ − 2.36× 10−4. Exact integration: J (uh) = J ∗ + 2.498× 10−3.
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Chapter 3

Simulation of two-dimensional flows

3.1 Finite element formulation

It is well known that velocity-pressure fields discretized with P1–P0 and P1–P1 elements do not
provide stable discretizations of the Stokes equations, or of the equivalent incompressible linear
elasticity equations. There are two main options to overcome this. A first option is to enrich the
velocity space with a bubble function: this is the MINI element [23]. A second option is to use
Taylor-Hood elements, i.e. Pk–Pk−1 for 2 ≤ k. This element was implemented in the code for k = 2,
along with the MINI element. Unless otherwise specified, the simulations presented in this chapter
were done with the second option.

The shape functions ϕj are represented graphically in figure 3.1. Again, the finite element ap-
proximation velocity field vh is a sum of shape functions attached to each node j, weighted by the
nodal values Vj :

vh(x, y) =
∑
j

Vj ϕj(x, y) (3.1)

To express the deformation norm ∥γ̇∥ needed in the functional, we need the velocity gradient:

∇v =

[
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

]
(3.2)

=⇒ ∥γ̇(u, v)∥2Cart = 2

(
∂u

∂x

)2

+

(
∂u

∂y
+
∂v

∂x

)2

+ 2

(
∂v

∂y

)2

(3.3)

Each of these partial derivatives is also computed as a sum of shape functions derivatives. These
spatial derivatives in the physical domain (x, y) are themselves computed from derivatives in the
parametric domain (ξ, η) through the Jacobian of the transformation.

∂uhm
∂xn

=
∑
j

Vj,m
∂ϕj
∂xn

m = 1, 2 n = 1, 2 (3.4)

(∇x ϕ)Cart = ∇ξϕ ·
dξ

dx
(3.5)

dξ

dx
=

(
dx

dξ

)−1

=

[
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

]−1

(3.6)
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(a) Lagrange P1 (b) Bubble enriched Lagrange P1

(c) Lagrange P2

Figure 3.1. Shape functions used for the pressure and velocity fields in 2-dimensions.

The functional of the approximate field vh is recalled below, along with the weak incompressibility
constraint, where ψl denotes the pressure linear shape function, attached to every primary node l.

J (uh, vh) =
∫
Ω

K

2
∥γ̇(uh, vh)∥2 + τ0∥γ̇(uh, vh)∥ − f · vh dx (3.7)

0 =

∫
Ω
ψl ∇ · vh ∀ ψl (3.8)

It is also possible to impose the incompressibility constraint in a strong way, i.e. locally at each
integration point[19]. Both options (3.8) and (3.9) were implemented in the code.

∂uh

∂x
+
∂vh

∂y
= 0 ∀i ∀g (3.9)
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The minimization problem for Cartesian coordinate systems is given below.

minimize
Vj ,Si,g ,Ti,g

∑
i

∑
g

ωg

[
K

2
Si,g + τ0Ti,g − f · vh|xg

]
det

(
dx

dξ

)
i,g

−
∑
e

∑
g

ω̃g g · vh|x̃g

ℓe
2

s.t.
(
Si,g,

1

2
,
√
2
∂uh

∂x
,
√
2
∂vh

∂y
,
∂uh

∂y
+
∂vh

∂x

)
∈ L5

R ∀i, g(
Ti,g,
√
2
∂uh

∂x
,
√
2
∂vh

∂y
,
∂uh

∂y
+
∂vh

∂x

)
∈ L4 ∀i, g

0 =
∑
i

∑
g

ωgψl|xg

(
∂uh

∂x
+
∂vh

∂y

)
∀ l

Vj = U ∀ Vj ∈ ΓD

(3.10)

where ω̃g, x̃g are the integration weights and positions on the edges, while ℓe indicates its length.

For this larger scale problem, we switched from CVXOPT [34] to the MOSEK interior-point solver [35]
that handles sparse matrices more efficiently, and performs better overall as explained in table 3.1.
Gmsh was used trough its Python API to generate the meshes and provide the post-processing [24].

conelp from CVXOPT MOSEK through CVXOPT API MOSEK API

Nodes 52 350 2325
Elements 60 544 4202

Optimization variables 1834 15708 115643
Linear constraints 642 5566 16584

Cones 360 3264 25213

Table 3.1. Size of the optimization problem (3.10) that different solvers are able to solve within 5 seconds,
presolve included for MOSEK (it removes redundant constraints, linear dependencies, . . . ).

It is also worth noting that the pressure field can be obtained as the dual variables associated
to the incompressibility constraints: either at every primary node in the weak case, or at every
integration point in the strong case.

3.2 Boundary conditions

Boundary conditions cannot be overlooked, especially when there are an inflow and outflow in the
simulation, as for the Poiseuille flow.

No-slip walls are indisputably handled with homogeneous Dirichlet boundary conditions. However,
the inflow and outflow boundary conditions can be handled in multiple ways. We can list the three
most obvious choices.

1. Impose the velocity profile at the inflow (Dirichlet).

2. Impose the pressure at the inflow and at the outflow (Neumann).

3. Impose the pressure gradient over the domain Ω (Body force).

However, we need to be careful because we are only providing the normal force on the boundary,
due to the pressure gradient, but not the tangential force due to the shear stress that is not known
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yet. If we prescribe only the normal component of the traction g = (n̂ · σ · n̂)n̂, we also need to
prescribe the tangential component of the velocity v · t̂, as can be derived from the weak formulation
equation (1.17) [36].

Each description must then be completed with the following instructions in order to obtain a
correct physical flow.

1. At the inflow, impose the velocity profile with v · n̂ = vn and v · t̂ = vt = 0. At the outflow, set
zero tangential velocity vt = 0, along with a normal force g = (−p+ n̂ ·τ · n̂) n̂ = −poutn̂. It is
not very suitable for Bingham fluids because it requires the knowledge of the velocity profile
beforehand.

2. Impose the normal boundary force at the inflow and outflow, made up of the pressure and
normal shear stress: g · n̂ = −pin/out. Also set vt = 0 at the two boundaries.

3. Set the pressure gradient as body force f = −∂xp. It still requires to specify the normal shear
stress and tangential velocity: g = 0 n̂, and vt = 0.

If we forget to cancel the tangential velocity at the outflow, the problem becomes equivalent to
impose zero tangential shear stress at the outflow, which is of course not the situation of a Poiseuille
flow where τ12 = K∂yu ̸= 0.

We ran a first set of simulations with the correct setup, imposing vt = 0, and a second one with
the incorrect setup where the condition vt = 0 was intentionally forgotten, both without yield stress
(τ0 = 0). These two situations are compared in figures 3.2 and 3.3. When no condition is applied on
the tangential outflow velocity,the finite element solution gives a very high pressure gradient near
the outflow corners in order to achieve zero tangential shear force. Also note that the streamlines
are curved at the outflow, towards the corners.

We can also question whether the choice of boundary condition (1-2-3), or the choice of incom-
pressibility condition (weak-strong) influences the quality of the solution. In the case of a flow in a
channel of 2 meters long and 1 meter wide, the exact energy functional is −1/12. The deviation of
the numerical functional from the exact functional is given in table 3.2 for different setups.

0 0.25 0.5
Shear force

0 1 2
Pressure

X
Y
Z

Figure 3.2. Pressure field, streamlines and boundary forces of the correct flow.
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0 0.26 0.52
Shear force

0 1 2
Pressure

X
Y
Z

Figure 3.3. Pressure field, streamlines and boundary forces of the incorrect flow. Inspired from [25].

Correct setup Incorrect setup
vt = 0 vt free

Incompressibility Dirichlet/Neumann
Body force

Weak Dirichlet (1) 6.095× 10−10 −2.077× 10−3

Neumann (2) 2.201× 10−9 −2.130× 10−3

Body force (3) 1.858× 10−11 −2.130× 10−3

Strong Dirichlet (1) 7.603× 10−10 −2.037× 10−3

Neumann (2) 8.898× 10−10 −2.088× 10−3

Body Force (3) 5.483× 10−10 −2.088× 10−3

Table 3.2. Deviation from the analytical functional: J (uh)− J (u).

3.3 Streamlines computation

A streamline is a line that is tangential to the instantaneous velocity field. In our case, the
streamlines are constant over time as the problem is stationary. They also identical to the pathlines
and streaklines.

They can be computed as the path traced out by particles evolving through the flow field, starting
from a set of positions {x(i)}ni=1:

dx(i)

dt
= v(x(i)(t)) i = 1, . . . , n (3.11)

There is, however, a more elegant and useful method. It consists of computing the level sets of the
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streamfunction ψ = ψ(x, y) e3. This function is defined for incompressible flow as ∇×ψ = v, which
always ensures the incompressibility constraint. A difference in ψ between two points A,B ∈ Ω also
indicates the net flux across any curve connecting A and B.

ψ(B)− ψ(A) =
∫ B

A
dψ =

∫ B

A

dψ

dx
dx+

dψ

dy
dy =

∫ B

A
−vdx+ udy

=

∫ B

A
(u, v) · (dy,−dx) =

∫ B

A
v · n̂ dℓ

(3.12)

The level sets, i.e. iso-curves, of the streamfunction are therefore curves through which the
flux is zero, in other words, they are streamlines. Streamlines generated with this method (evenly
distributed level sets between ψmin and psimax) offer a significant advantage over the first method:
the flux between any two streamlines is the same everywhere.

Using some vector calculus, one can obtain a relation between the vorticity ω and the stream-
function ψ:

ω e3 = ∇× v = ∇×∇×ψ = ∇(∇ ·ψ)−∇ · ∇ψ = −∇2ψ e3 (3.13)

This is the classical Poisson equation, that is easily solved with finite elements, once expressed
under its weak formulation. The streamfunction is also discretized with P2 elements.

ψh(x, y) =
∑
j

Ψjϕj(x, y) discretization

∂2ψ

∂x2
+
∂2ψ

∂y2
= −ω = −∂v

∂x
+
∂u

∂y
strong form∫

Ω
∇ψh · ∇ϕj dx =

∫
Ω
ωh ϕj dx−

∫
∂Ω
ϕj v

h · t̂ dℓ ∀ϕj weak form

(3.14)

The boundary term ϕjv
h ·t̂ was deduced from ϕj(∇ψh)·n̂, so that it can be computed immediately

from the velocity field, as ψ is unknown at this stage. Since Neumann boundary conditions are used
everywhere, the solution ψh is defined up to a constant. This can be resolved by imposing Ψj = 0
at an arbitrary node j.

3.4 Interface tracking in 2D

As for the 1D simulation, we want the mesh to be topologically correct: the nodes should be
placed along the interface between solid and liquid behavior. This is done in three steps:

1. Solve the finite element problem by minimizing the functional J .

2. Estimate the interface position based on the strain rate field γ̇(vh).

3. Move the nodes of the mesh towards the interface estimation.

The challenge is that we want to find an interface that is not the root of a scalar field. In this case,
the interface would have been unambiguously located. Unfortunately, in our case, the interface is
instead the boundary of the zero level set of ∥γ̇(vh)∥, the latter being a surface of nonzero measure.
The idea is therefore to generate a virtual field φ : X ⊆ Ω → R whose zero level set would be the
interface. It will be done with a predictor–corrector method:
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— Predict an interface as the boundary of a set of elements having zero deformation at every
reduced integration point, i.e. {i | Ti,g = 0 ∀ g}.

— Construct a virtual field φ based on the positive values of strain rate norm ∥γ̇(vh)∥ near the
predicted interface. This virtual field will be constructed with local linear approximations of
∥γ̇(vh)∥, in the same idea as in the 1D case. The corrector will be the zero level set of the
virtual field: {x | φ(x) = 0}.

In practice, the norm will never be exactly zero, or close to machine epsilon, as we use an interior-
point algorithm. Therefore, yielded and unyielded regions will be distinguished with a tolerance
parameter ϵ. This ϵ was tuned to 10−4, as it provided the best results given that Ti,g ∼ 10−8 inside
the unyielded regions, and tends to increases near the interface, even when the mesh is topologically
correct.

The procedure described above is detailed in algorithm 2 and illustrated in figures 3.4 and 3.5 for
a Poiseuille flow.

Algorithm 2: Interface tracking algorithm in 2-dimensions.
1 M← initial triangle mesh;
2 for i = 1, 2, 3, . . . do

//Step 1
3 Minimize the energy functional J on the meshM and retrieve the solutions Uj , Ti,g;

//Step 2: Reconstruct a strain rate scalar field with negative values
4 I ← set of unyielded elements, i.e. elements i where the strain rate norm Ti,g < ϵ ∀g;
5 B ← set of nodes on the boundary of all connected components of I;
6 foreach j ∈ B do
7 Nj ← set of nodes n that are close to j, i.e. dist(n, j) ≤ 2 in the graph;
8 Sj ← support of Nj , i.e. elements whose all nodes ∈ Nj ;
9 ℓj ← linear approx of ∥γ̇(v)∥ on Sj , based on the local Ti,g > ϵ, ∀i ∈ Sj ∀g;

10 R
(j)
n ← ℓj(xn) ∀ n ∈ Nj ; //evaluate ℓj on the local support, and store it

11 end
12 N ← ∪j∈B Nj ; //compute the union of the interface nodes neighbours
13 foreach n ∈ N do
14 Rn ← average of the reconstructed values R(j)

n ∀j : n ∈ Nj ;
15 end
16 R← reconstructed strain rate field (P1), based on nodal values Rn ∀n ∈ N ;

//Step 3: move the nodes where the reconstructerd field cancels out
17 E ← edges with origin org and destination dst such that sign(Rorg) ̸= sign(Rdst);
18 C ← ∪e∈E

{
adjacent node of e closest to the root of R along e

}
;

19 foreach c ∈ C do
20 e← adjacent edge of c, belonging to E , that has the maximal gradient of R;
21 x̃c ← root of R along e;
22 end
23 Update the meshM with the new positions xc ← x̃c ∀c ∈ C;

//Stop to iterate when every node displacement is smaller than a tolerance
24 endfor
25 returnM, Uj , Ti,g
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(a) Zoom on the upper interface of the Poiseuille flow.
Gauss point are represented, in color when above the
threshold, in grey scale otherwise. The analytical
interface is represented as a red line. The predicted
unyielded zone is filled in blue grey.
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(b) Iso-contours of the linear approximation of the strain
rate field around one of the nodes of the predicted
interface. The reconstruction is only based on the
values of the colored Gauss points.
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(c) Evaluation of this linear approximation at every
node of the support.

-0.02 -0.01 0 0.01 0.02 X
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(d) Level sets of the virtual field. The node displace-
ments are shown as black lines, moving towards the
zero level set, not far from the analytical interface,
in red.

Figure 3.4. Description of the 2D interface tracking algorithm. The steps 3.4b and 3.4c are repeated for
every node on the predicted interface (the boundary of the blue grey region). After the mesh
update 3.4d, the finite element problem is solved again, and we repeat the process.
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(a) Initial mesh.
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(b) Mesh after 7 iterations: every estimated node displacement was smaller than 10−4.

Figure 3.5. Unyielded elements before and after the interface tracking algorithm. The exact interface is
shown in red for comparison. The velocity profile is also shown at the inflow and outflow.
This was done on a coarser mesh, with only ∼ 250 nodes for better visualization.

We could also have shown how the velocity and strain rate errors radically decrease once the mesh
matches the interface. However, it would have been slightly repetitive, as the graphs are no different
from figure 2.4b. Furthermore, we wanted to study other, slightly more interesting flows.
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3.5 Narrowing channel flow

In this section, we consider a channel whose width narrows from h1 to h2, either suddenly or
gradually. A pressure gradient is imposed through Neumann boundary conditions, while the inflow
and outflow velocities are forced to be horizontal.

Regardless of the Bingham model, the velocity must increase from the widest to the narrowest
section in order to satisfy mass conservation. We can thus expect a slower Poiseuille near the inflow,
and a faster Poiseuille near the outflow, with a transition region in between. We can also expect
the flow profile to be not only scaled as for Newtonian fluid, but to be qualitatively different as
the Bingham number are different in both regions. Using U1 and U2 as mean inflow and outflow
velocities, we find that

U1h1 = U2h2 mass conservation

Bn1 =
τ0h1
KU1

=
τ0h2
KU2

h21
h22

= Bn2

(
h1
h2

)2 (3.15)

As h1 > h2, we find Bn1 > Bn2, which is not surprising as the flow upstream is more likely to
be unyielded, as the velocity, and thus shear force, are smaller. We can also imagine a situation
where Bn1 > Bncrit > Bn2, where the downstream flow could have been partially liquid, while the
upstream flow is beyond the critical Bingham, totally unyielded, and therefore preventing any flow.
In fact, γ̇ = 0 enforces uniform motion in translation, or rotation, and the no-slip condition reduces
it to v = 0 throughout the solid region.

The results of a simulation are shown in figure 3.6, with parametersK = 1, τ0 = 0.1, h1 = 2h2 = 1.
We observe that the solid plug we had found in the Poiseuille flow is discontinued in the narrowing
region. This is confirmed with the velocity profile in figure 3.6a, that is not flat when the channel
narrows.

Furthemore, the width of the solid plugs can be estimated from the analysis we did in section 2.1.

y0 =
τ0
−∂xp

≈

{
0.1

0.25/(0.6) = 0.24
0.1

2/(3.5−2.25) = 0.0625
≈

{
0.2175 measured at the inflow
0.0675 measured at the outflow

(3.16)

We also notice on figure 3.6a that the left unyielded region has corners. This is in fact a fairly
common situation, which will be repeated in subsequent cases.

The type of transition between the smallest and largest width does not significantly modify the
flow. With a sudden decrease (figure 3.7), two dead zones have nevertheless appeared before the
channel narrows. These would typically be recirculation zones with a Newtonian fluid.

The sudden bottleneck also increases the strain rate near the corners compared to a smooth
transition. This is not immediately obvious from figure 3.7b as the colormap is rescaled to to keep
a meaningful scale over the whole channel, thus hiding the extreme strain-rate near the corner.
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(a) Velocity profiles.
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(b) Strain rate norm.
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(c) Pressure field and streamlines.

Figure 3.6. Visualization of the flow in a smoothly narrowing channel. The unyielded regions are shown
in blue grey. Simulation made over a mesh with 12 000 elements.
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(a) Velocity profiles.
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(b) Strain rate norm.
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(c) Pressure field and streamlines.

Figure 3.7. Visualization of the flow in a forward facing step. Simulation made over a mesh with 14 000
elements, denser near the inside corners.
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3.6 Curved channel flow

In this section, we examine a flow with a rigid rotating zone for the first time. To do this, we
simulate a flow in a pipe changing direction along a circular arc of 180◦ after a straight section.
Only the upper part of the pipe has been meshed, since the situation is symmetrical.

The features of this flow will be similar to the straight Poiseuille flow: a plug region in the center of
the channel, surrounded by two liquid zones near the walls. However, there is one notable difference:
the velocity field is not uniform in the solid plug of the turn but it follows a rigid body rotation
v(x) = ω × (x− xcenter) = W · (x− xcenter).

It can be easily demonstrated that zero deformation implies a constant spin:[
γ̇ = 0 in Ωs ⊆ Ω s.t. vol(Ωs) > 0

]
=⇒

[
∇ω = 0 in Ωs

]
(3.17)

-0.05 -0.02 0.01 X
Y
Z

(a) Iso-contours of the vorticity. Dashed lines indicate the location of the profiles of figure 3.10.

1e-10 1e-05 1 X
Y
Z

(b) Average strain rate per element, with a logarithmic scale.

Figure 3.8. Visualization of the flow in a in a curved channel. Mesh with 20 000 elements, denser near the
boundaries, and near the transition from unyielded to yielded. K = 1, τ0 = 0.2, width = 1.

35



Hence, in order to modify the vorticity from the staight section plug to the rotating plug, there
must be a transition with nonzero deformation, as observed in figure 3.8b. This deformation is
however two orders of magnitude smaller than the one observed near the walls. Moreover, there
seems to be a filament connecting the unyielded regions, with deformations going as low as 10−7.
This does not contradict equation (3.17), as the curve with vorticity gradient and zero strain rate
has zero measure in R2.

In general, the numerical values of deformation at a position x in the solid region typically increase
the closer x gets to the interface: ∼ 10−10 deeply inside it and ∼ 10−7 at the interface as shown in
figure 3.9. Since the deformations on the filament are of that order (∼ 10−7), and are accompanied
by a pressure jump, we can expect that it is the physical solution, and not an artefact of the
interior-point solver.

1 2 3 X
Y
Z

(a) Gauss points with deformation Ti,g < 10−4 = ϵ (the yield tolerance we set before).

1 2 3 X
Y
Z

(b) Gauss points with deformation Ti,g < 10−8.

Figure 3.9. Zoom in transition region, on the filament with zero strain rate. Note the streamlines (white
curves) going through it, and the discontinuous pressure field (filled iso-contours). The mesh
was strongly refined near the filament, with elements 100 times smaller than the average.
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Figure 3.10. Slice of different fields in two unyielded regions and in the yielded transition zone.

Figure 3.10 illustrates the main features we observed previously:

— A velocity profile flat in the straight channel, and inclined towards the outer radius on the
bend. This is consistent with the solid body rotation where the speed must be proportional
to the distance to the center: ∥v∥ ∝ (x− xcenter).

— A strain rate profile equal to zero over a whole interval at the inflow and outflow. In the
transition region however, the strain rate is only zero locally.

— The vorticity being constant, either zero for the inflow solid plug or strictly negative for the
outflow solid plug.

We can derive equation (3.18) to perform a sanity check of the outflow profile:

γ̇ = 0 =⇒


∂v

∂x
+
∂u

∂y
= 0

∂v

∂x
− ∂u

∂y
= ω0

 =⇒ ∂v

∂x
= −∂u

∂y
=
ω0

2
(3.18)

2
∂v

∂x

∣∣∣∣
solid
≈ 2
−0.033− (−0.024)

0.6− 0.15
= −0.04 ≈ ω|solid (3.19)

There is aslo an analytical solution for the flow of yield stress fluids in a circular channels [26].
It provides velocity profiles similar to the outflow profile of figure 3.10. The present model could
be further validated by precisely quantifying the difference between the numerical and analytical
solutions.
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3.7 Lid-driven cavity

The lid-driven cavity is a well known benchmark problem for viscous incompressible fluid flow [10].
The geometry and boundary conditions are detailled in figure 3.11, along with a modified version of
this benchmark inspired from an exercise in [7], which will be studied afterwards in section 3.7.2.

v · n̂ = 0

v · t̂ = −1

g = −pn̂
v · t̂ = 0

v = 0

Figure 3.11. Description of the lid-driven cavity geometry. On the left, the classical setup with no-slip
walls in blue and the upper surface with imposed velocity in red. On the right, the modified
setup with inflow/outflow in green, where p = 0. The normal n̂ is pointing outwards, and
the tangent vector t̂ is oriented anti-clockwise.

3.7.1 Original geometry – closed cavity

With a Newtonian fluid, the strain rate cancels at a position slightly below the stagnation point
along the center vertical line, and in the two lower corners as shown in figure 3.12a. As soon as the
Bingham number becomes positive, these three points become surfaces. The two unyielded regions in
the corners merge for Bn ∈ [1, 1.5]. There, the velocity must be zero to satisfy the no-slip boundary
condition. In the central region however, the fluid follows a solid body rotation, clearly visible in
figure 3.12d with the circular streamlines.

Higher Bn leads to larger unyielded regions: this has already been observed many times in the
literature [19, 27, 28]. Specifically, the velocity profiles obtained by the present method, by Bleyer
et al. [19] and by Syrakos et al. [27], are compared in figure 3.13b.

The mesh used for the simulations contains 12 000 elements, which are denser closer to the upper
boundary and the upper corners. The simulation with Bn = 500 was however done on a finer mesh
with 9 000 elements, refined inside the yielded region because the interface tracking did not orginally
succeeded. We will come back to the robustness of the algorithm in more detail in section 3.9.

Again, there appears to be curves with small values of deformation, emerging from the corners of
unyielded region.

We can also note that the rotating behavior is verified with the velocity profile of figure 3.13a.
Using equation (3.18) derived earlier, it is not surprising that ∂yu is constant in the solid rotating
region.
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(a) Bn = 0 (Newtonian fluid)
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(b) Bn = 1.
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(d) Bn = 100

Figure 3.12. Streamlines in white, and colormap of the strain rate norm using a logarithmic scale.
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(a) Velocity profile and its derivative.

(b) Comparison with the litterature.

Figure 3.13. Horizontal velocity profile along the center vertical line.
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3.7.2 Modified geometry – open cavity

1e-04 1e-01 1e+02 X
Y
Z

(a) Bn = 0 (Newtonian fluid)

1e-11 1e-04 1e+03 X
Y
Z

(b) Bn = 100.

Figure 3.14. Streamlines in white, and colormap of the strain rate norm using a logarithmic scale. The
mesh is made up of 14 000 elements, and is refined along the top and right boundaries.

In this exotic lid-driven cavity, there are open boundaries on the left and on the right of the cavity
where no pressure difference is imposed. In the Newtonian case (figure 3.14a), we can also observe
that the left boundary is both an inflow and an outflow, as a streamline goes around the stagnation
point and goes back.

There are 5 unyielded regions in figure 3.14b: a large one with no flow, 3 medium-sized ones, and
a small one close to the outflow and stuck to the wall. The 4 largest seem to emerge once again
from the roots of the strain rate of the Newtonian fluid flow. The pattern could however be broken
as the last, smallest region seems to emerge from nowhere.

Finally, we observe that the two solid regions above are connected by a curve with low strain rate.
It once again comes with a pressure discontinuity.

3.8 Flow past an obstacle

It is well known that, to a first approximation, the drag force experienced by an object moving
through a fluid is either proportional to its speed, or to the square of its speed, depending on the
Reynolds number.

For a low Reynolds Newtonian fluid flow, the drag can even be exactly computed with Stokes’
equations. After a few calculations, the expression of the drag force around a sphere of radius a boils
down to 6πKU∞a [37, 38]. This law was already derived back in 1851 by Stokes himself. However,
a dimensional analysis shows that there is always a distance r ≳ a/Re where the convective term
start to dominate [8, 38].

For 3D flow, the approximation Re ≪ 1 does not have any major consequences. However, this
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H = 5h h

h/2

L = 10h

v · n̂ = −1
v · t̂ = 0

v · n̂ = 0

g = 0t̂

g = 0n̂

v · t̂ = 0

Figure 3.15. Flow around a cylinder. The inflow velocity is uniform. The outflow pressure is uniform
and set to 0. The lateral boundaries are slip-walls.

is quite different in 2D. There is in fact no solution to the Stokes problem for a an unbounded flow
around a disk that respects both boundary conditions far away (v = U∞e1) and around the disk
(v = 0): this is the Stokes’ paradox. Progress can however be made with an asymptotic expansion
of the convective term of the Navier-Stokes equations [38].

To summarize, the flow we are considering here is bounded with slip-walls and does not attempt
to reproduce an unbounded flow that is impossible to simulate because of Stokes’ paradox.

In addition, we do not study the flow around a disk, i.e. the cross section of a cylinder, but instead
around a rectangle because it generates bigger unyielded regions, and therefore easier to visualize
(cf. figure 3.15). Those regid zones around the obstacle are well known in the litterature [29, 30],
and are also observed here in figure 3.16:

— A dead zone upstream and downstream, where the velocity profile is uniform.

— A deformation zone around the rectangle, allowing the particles to change direction and bypass
the obstacle.

— Two pikes, or caps, stuck to the obstacle, pointing in the direction of the flow.

— Two rigid zones, called almonds where the fluid is in solid rotation. They are lying inside the
deformation zone.

In order to capture the pikes and almonds, the mesh was refined near the rectangle, and the
vertical center line. The mesh size grows from l ∼ h/40 around the obstacle, to l ∼ h/3 in the far
field (outside of figure 3.16). The observations are comparable to previous situations:

— The unyielded zones grow in size as the Bingham number increases.

— Some unyielded zones are connected through valleys of low deformation, that come with a
pressure discontinuity.

The interface tracking is illustrated in figure 3.17 for Bn = τ0h
KU∞

= 10. We can see that the
algorithm struggles to capture the kinks of the interfaces when the mesh is not fine enough.
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Figure 3.16. Strain rate tensor norm in log-scale, near the obstacle, for Bn = 0, 1, 10, 100.
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Figure 3.17. First and last (7th) step of the interface tracking. Predictor is colored blue, and the zero
level set of the corrector is the red line. The node displacements are shown in green.
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3.9 Failures of the interface tracking

As shown in the previous sections, the algorithm provides convincing results for different flows in
various geometries. However, it is not yet sufficiently robust, as illustrated by the following examples.

3.9.1 Zero measure elements

Some elements may end up with an area close to zero. In this case, the symmetrical velocity
gradient γ̇ can become inconsistent, with a norm much higher than its neighbors. The caps, i.e.
triangles with two angles that tend towards 0, seem to pose the most problems. Less troublesome,
but still problematic, are the needles, i.e. triangles with one angle that tend towards 0.

An example is given in figure 3.19, in the simulation of a flow around a cylinder. Linear approx-
imations in the vicinity of such triangles are unphysical, and so is the resulting interface corrector.
The problem has been corrected, with relative success, by discarding the values of γ̇ over those
elements, by fixing a threshold.

In the simplest Poiseuille flow configuration, a similar situation can unfortunately arise, as il-
lustrated in figure 3.18. By iterating the algorithm more than necessary, we obtain elements with
negative aera. This makes the optimization problem (3.10) non-convex, and thus impossible to solve
by the interior-point algorithm.

3.9.2 Deformations γ̇ of totally different scales

Based on a C2 discontinuity, the algorithm searches for the tangent plane to γ̇ from the yielded
side. However, the slope of this plane can cover several orders of magnitude at different locations of
the interface, and in a non continuous way. Two examples will be given to illustrate this point.

The first example is the flow in a curved channel represented in figure 3.20. The deformation
varies significantly radially, and much less in the tengential direction. Near corners, the linear
approximation has no chance of being accurate. The average of those different linear approximation
generates a bulge instead the desired sharp corner.

A second illustration is provided with the lid-driven cavity flow. For that matter, a new simulation
was carried out, with a mesh size 250 times smaller than the height of the cavity near the corners.
Figure 3.21 shows that γ̇ does not vary at all with the same intensity at different positions around the
solid region. Along the black circles, the strong variations allow us to easily determine the interface: 5
to 6 orders of magnitude spanned over a short distance. However, along the white lines, the situation
is less clear-cut as the change in γ̇ is smoother: only three 3 orders of magnitude over a comparable
distance. More importantly, linear approximations in this zone generate a virtual field φ positive
everywhere on its support. This absence of zero level set of φ prevents any node displacement, and
thus any interface improvement. This issue could perphaps be resolved by extending the support.
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(a) Upper interface of the solid plug of a Poiseuille flow. The
triangle with negative Jacobian is colored red. The numerical
values indicate the average of γ̇ over each element. The node
displacements (upwards) are magnified 100 times.
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(b) Colormap of the velocity field ∥v∥ after the next iteration.
The finite element solution is deteriorated, along with the
next interface corrector (red curve).

Figure 3.18. Impact of a negative Jacobian on the solution accuracy.
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(a) Colormap of the strain rate tensor norm.

0.10 15.10 30.10 X
Y
Z

(b) Strain rate norm Ti,g at the Gauss points.
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(d) Inconsistent linear approximation.

Figure 3.19. Bad estimation of the interface (red curve) due to deformation anomalies in degenerate
triangles.
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(a) Colormap of the strain rate tensor norm. The relevant
corner is circled in white.
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(b) Colormap of the virtual field, whose zero level set (red
curve) is the interface corrector.
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Figure 3.20. Misestimation of the interface near sharp corners. The interface predictor and corrector
are the black and red curves. The lower figures show the linear approximation on three
neighbouring patches. Note the difference in scale for each patch.
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(a) Predictor in yellow, corrector in red.
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(b) Parametric curves: lines and circles.
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Figure 3.21. Interrogations about the smoothness of the strain rate norm ∥D∥ = γ̇/2. Parametric curves
are shown above in the domain Ω, and the evaluation of ∥D∥ along them is shown below.
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Conclusion

In this study, we modeled the flow of yield stress fluids, which, as a reminder, behave like solids
under low stress, and like liquids otherwise. More specifically, we considered the Bingham constitu-
tive model to close our system of PDE’s. The resulting non-linearity was handled by expressing the
problem as an energy minimization, which was later solved with an interior-point algorithm.

Our main objective was to correctly represent the liquid-solid interface by developping an interface
tracking algorithm. This task was fullfilled by allowing extreme deformations of the mesh near that
interface. It improved the quality of the simulations and avoided the pitfall of mesh refinement,
namely high computational costs. The study was conducted in two stages, first in a 1D framework,
and then in a 2D framework.

On one hand, the 1D case allowed us to familiarize ourselves with the equations and the optimiza-
tion solver, but also to develop a technique that recovers the interface. The core of this thesis, on
the other hand, is the simulation of various 2D flows with surprising features, typical of yield stress
fluids, like the rigid rotating regions.

Despite notable progress, the algorithm is not yet mature. At this stage, it is not yet capable
of iterating and stopping autonomously while maintaining a conformal mesh. Each simulation was
therefore stopped manually based on a visual check. The cases of failure examined in detail in
section 3.9 give a good idea of the avenues to follow to make it more robust. Three aspects need to
be studied in detail before any 3D simulation can be undertaken:

1. The treatment of interface corners. A better understanding of filaments with pressure discon-
tinuities, regularly appearing at those corners, could be the first step towards improvement.
It is fair to assume that those corners are generally kinks (instantaneous change of direction),
and maybe cusps (instantaneous u-turn) when filaments emerge from the rigid zone.

2. The regularity of the solution. Ideally, we would like to obtain a proof of the discontinuity
level (always C1, never C2 ?) to ensure a solid mathematical foundation for the reconstruction
method.

3. The yield tolerance parameter ϵ. The algorithm would be much more efficient and accurate if
it were able to detect the change in scale of the deformation field γ̇ (indicating the solid-liquid
transition) on its own instead of using an absolute parameter ϵ fixed beforehand. This could
be achieved, for example, by searching for a sudden drop in γ̇, as illustrated in figure 3.21.

The idea of extreme mesh deformation could be push even further, by pushing the nodes away
from solid to liquid regions. This would densify the mesh were large gradients might occur, and
coarsen it were uniform and rotational motion happen. The velocity field would be well resolved
there anyway, since it is either constant or linear.

Through the use of an interface tracking algorithm, this study paves the way to cheaper, and
more accurate simulations of yield stress fluid flows.
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