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Abstract

This master thesis brings new elements in the analysis of the worst-case performances of first-
order methods. We have focused this work on the gradient method with fixed variable step sizes
for unconstrained smooth (possibly strongly) convex minimization. The aim was to derive the
functions that achieve the worst-case behaviors of the gradient method according to objective
function accuracy. These behaviors are numerically computed with the PESTO toolbox. PESTO
relies on the performance estimation framework and allows the computing of tight worst-case
performance of first-order methods by solving a semidefinite program. A conjecture on the
exact worst-case bound of two steps of the gradient method for unconstrained smooth (possibly
strongly) convex minimization has recently been developed. A conjecture for three steps has also
been derived. In this master thesis, we have identified the functions that reach the worst-case
bounds conjectured for two and three steps of the gradient method. These functions are called
worst-case functions. The approach to identify these functions is based on convex interpolation.
We also provide some conclusions for N steps of the gradient method.

Keywords: Performance Estimation Problem, Convex Interpolation, Worst-case Function,
Gradient Method, Worst-case Bound, Objective Function Accuracy,
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Chapter 1

Introduction

In industry, it is common to face many problems where one needs to find the best way to
accomplish a task, and to choose the best solution from all possible solutions. Often these
problems involve searching for a minimum or a maximum of a given function: the minimum
cost of production in a factory, the maximum power that can be generated by a device, or the
minimum amount of material used to package a product in manufacturing. These are called
Optimization Problems. In a more mathematical way, the aim of an optimization problem is to
find a parameter x within a set S that gives the smallest value of f(x). We can give a general
formulation of such a problem:

min
x∈S

f(x) (OP)

Almost every problem in daily life can be modelled in the optimization framework. Unfortu-
nately, only a few instances can be solved in practice, at least for large numbers of variables. So
optimizers look for methods that guarantee a solution. To do that, they add assumptions on
both S and f . Such assumptions can lead to the design of efficient algorithms, i.e., with working
certifications. On the other hand, the purpose is also to design algorithms that can solve a rich
class of problems, so these algorithms can be applied to as many applications as possible.

There are many different methods to solve an Optimization Problem (OP). In this master thesis,
we will focus our work only on the gradient method (GM), an iterative black-box first-order opti-
mization method. An iterative method is an algorithm that starts with an initial value, and then
proceeds iteratively by determining a succession of refined approximate solutions that gradually
approach the final solution. However, black-box methods prevent the user from having complete
information about the objective function, as they are limited to restricted information at selected
points. A first-order method only exploits the values and gradients of points from the domain of f .

Moreover, we will consider only unconstrained optimization problems, meaning that S = Rd. We
will also restrict ourselves to the class of smooth convex and smooth strongly convex functions.
These functional classes are defined in Chapter 2. We will also establish some properties of such
functions and we will end the chapter by introducing the concept of convex interpolation. This
notion will be essential for the sequel.

Since there are several first-order methods, it is normal to wonder which one is the best
for solving (OP). Which method comes closest to the optimal solution in a fixed number of
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iterations? In other words, we want to study the performance of an optimization method on
a class of problems. We want to know how far a solution given by the algorithm will be from
the optimal solution. There are different criteria to characterize the performance of a method.
For example we can look at the distance between the values of f at the last iterate and at
the solution. We can also look at the difference between the last iterate and the solution, or
the norm of the gradient at the last iterate. In this thesis, we will be focus only on the first
criterion, the objective function accuracy. Obviously, the exact accuracy may vary from one
problem to another in the same class. Therefore, we want to derive a worst-case bound of our
selected performance criterion. This bound corresponds to the performance of the method on
the worst problem of the class. The worst-case performances are computed using the PESTO
toolbox [THG17a], a Matlab toolbox developed by A. Taylor, J. Hendrickx and F. Glineur. It
computes automatically tight worst-case bounds on our selected criterion and for our selected
first-order method. All these notions are detailed in Chapter 3.

The main objective of this master thesis is the research and analysis of worst-case functions of
the gradient method with fixed variable step sizes (worst-case in the sense that they achieve the
worst-case bound on the objective function accuracy, when applying the gradient method). Fixed
variable step sizes means that the step sizes are fixed in advance, but they are not necessarily
equal. We can find in [DT14] and in [Tay17] conjectures for the exact worst-case of the gradient
method on our desired performance criterion for fixed constant step sizes. Antoine Daccache
derived in his master thesis [Dac19] conjectures for the exact worst-case performance of GM with
fixed variable step sizes. Those conjectures are tailored for smooth (possible strongly) convex
functions. So the aim of this work was to identify the functions that match the worst-case
bounds found in [Dac19]. The results and how we proceeded can be found in Chapters 4,5,6
and 7.

Diego Eloi 4. Master thesis



Chapter 2

Elements of convex analysis

As explained in the introduction, we add assumptions on our objective function, in order to get
some theoretical guarantees that ensure the good behavior of the algorithms on these problems.
Those assumptions rely on the functional classes of interest. In this master thesis, we will study
two classes of functions: L-smooth convex and L-smooth µ-strongly convex functions. We will
begin this chapter by giving some definitions and properties of such classes of functions. At
the end of this chapter, we will define the concept of convex interpolation. It is an important
concept, which we use later in this thesis. Our main references for this chapter are [Tay17] and
[Nes18].

Also, we consider only an unconstrained optimization problem. Therefore the set of interest is
S = Rd. Thus, we will restrict ourselves to the real d-space Rd and we will use the standard inner
product ⟨x, y⟩ = xT y ∀x, y ∈ Rd and the Euclidean norm ∥x∥2 =

√
x2

1 + x2
2 + · · · + x2

d =
√

xT x.

2.1 Definitions

2.1.1 Convex sets and convex functions
We start by recalling the definition of a convex set. An intuitive view of this notion is that a
line segment joining any two points of that set lies completely within the set.

Definition 2.1. A set Q ⊆ Rd is convex if and only if for any x, y ∈ Q and for any λ ∈ [0, 1]:

λx + (1 − λ)y ∈ Q

For the following, we consider non-empty closed convex sets. Non-closed sets may turn simple
problems into ill-defined ones, i.e., having no solution. Such problems are often very impractical
to work with. Since we consider only an unconstrained optimization problem, the set of interest
will be Q = Rd. We can also define differently the convexity of a set, if it is closed. This
definition relies on the use of supporting closed half-spaces. We then state the following theorem
from [Tay17].

Theorem 2.2. ([Tay17, Theorem 2.4]) Consider Q ⊆ Rd a closed set with a non-empty interior.
We say that Q is convex if and only if for every point x0 of its boundary, there exists an
hyperplane {x ∈ Rd|⟨a, x⟩ = b} such that ⟨a, x⟩ ≤ b ∀x ∈ Q and ⟨a, x0⟩ = b.

5



2.1. DEFINITIONS

Now that we have defined a convex set, we can look at convex functions. The convexity of
functions has interesting properties, especially in optimization theory. We will see at the end of
this section how we can take advantage of such functions. We start by defining the epigraph of
a function.

Definition 2.3. Consider a function f : Rd → R∪ {∞}. We denote by epi f the epigraph of f
defined as follows:

epi f = {(x, t) ∈ Rd × R : f(x) ≤ t}

The first way to define convex functions is to take the definition of a convex set and apply it to
the epigraph of the function. This leads to the following definition.

Definition 2.4. Consider a function f : Rd → R∪ {∞}. Function f is convex if and only if its
epigraph is a convex set.

As for convex set, we restrict ourselves to closed proper functions, meaning that their epigraph
is a non-empty closed set.

Notations 2.5. We denote by F0,∞(Rd) the class of convex closed proper functions.

We also state a general definition of convex functions, which works with or without differentia-
bility.

Definition 2.6. A function f : Rd → R ∪ {∞} is convex if ∀x, y ∈ Rd and for any λ ∈ [0, 1]:

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

Graphically, this means that the line segment connecting each pair of points (x, f(x)) and
(y, f(y)) must sit above the graph of f . As we did for convex sets, we can use supporting
hyperplanes applied to the epigraph to define the convexity of a function. These hyperplanes
are usually non-vertical and are in a one-to-one correspondence with the subgradients. The
latter is defined as follows:

Definition 2.7. Let f : Rd → R ∪ {∞} be a function. A vector g is called a subgradient of
function f at point x0 ∈ dom f if for any x ∈ dom f we have:

f(x) ≥ f (x0) + ⟨g, x − x0⟩

Therefore, we can geometrically interpret subgradients as hyperplanes supporting the epigraph
of f at (x, f(x)). Subgradients also correspond to global under-estimators of f . The set of all
subgradients of f at x0 is denoted by ∂f(x0) and is called the subdifferential of function f at
the point x0. Also note that subdifferentiability everywhere of a function implies convexity.
When dealing with differentiable functions, the subdifferential at each point reduces to a
singleton containing the gradient. In other words, the subgradient replaces the gradient for
non-differentiable functions. For differentiable functions, we have the following definition of a
convex function:

Definition 2.8. A differentiable function f : Rd → R ∪ {∞} is convex if ∀x, y ∈ Rd:

f(y) ≥ f(x) + ∇f(x)T (y − x)

Diego Eloi 6. Master thesis



2.1. DEFINITIONS

The theorem below states the link between convex functions and the notion of subdifferential.
We refer to [Nes18, Theorem 3.1.13] for the proof.

Theorem 2.9. Consider a function f : Rd → R∪ {∞}. Function f is convex if and only if ∀ ∈
int(dom f), the set ∂f(x) is non-empty.

As explained previously, we can take advantage of working with convex functions in the field
of optimization. The following theorem states that every local optimum is global for convex
functions.

Theorem 2.10. Let f : Rd → R ∪ {∞} be a convex and proper function, then 0 ∈ ∂f(x∗) if
and only if f(x∗) = min

x∈Domf
f(x).

Proof: If 0 ∈ ∂f(x∗), then we have f(x) ≥ f(x∗) + ⟨0, x − x∗⟩ = f(x∗) valid ∀x ∈ dom f . If
f(x∗) = min

x∈Domf
f(x) we have that 0 ∈ ∂f(x∗) directly from Definition (2.7.).

2.1.2 Smoothness
In this section, we describe the notion of smoothness. As well explained in [Nes18, Section
1.2.2], there are no interesting properties on the minimization methods when one only admits
differentiability. To compensate for this, we add some conditions (i.e., smoothness conditions)
on the magnitude of the derivatives of the functions of interest. We begin by giving a definition
of smoothness of closed proper convex differentiable functions.

Definition 2.11. Consider f ∈ F0,∞(Rd) and a constant L ∈ R+. We say that f is L-smooth
if it satisfies:

∥∇f(x) − ∇f(y)∥2 ≤ L∥x − y∥2.

This is the well-known definition of L-smooth functions with a Lipschitz continuous gradient
with constant L.

Notations 2.12. We denote by F0,L(Rd) the class of L-smooth convex closed proper functions.

Another way to define smoothness is to require the function to be upper bounded by its first-order
development plus a quadratic term. Let’s state this in the following theorem:

Theorem 2.13. Consider f ∈ F0,∞(Rd). We have f ∈ F0,L(Rd) if and only if ∀x, y ∈ Rd we
have:

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩ + L

2 ∥x − y∥2
2 (2.1)

2.1.3 Strong-Convexity
The last assumption on the objective function that we will use is strong convexity. As for convex
functions, we begin with a very general definition that works also without differentiability.

Definition 2.14. A closed proper convex function f : Rd → R ∪ {∞} is said to be µ-strongly
convex with µ ∈ R+ if for any x, y ∈ Rd and for any λ ∈ [0, 1]:

f(λx + (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) − λ(1 − λ)µ

2 ∥x − y∥2
2

Diego Eloi 7. Master thesis



2.2. L-SMOOTH µ-STRONGLY CONVEX INTERPOLATION

Note that when µ = 0 we fall back on Definition (2.6.) and therefore the function will be only
convex.

Notations 2.15. We denote by Fµ,∞(Rd) the class of µ-strongly convex closed proper functions.

The following theorem characterizes the strong convexity of a function in a different way. It
corresponds to [Tay17, Theorem 2.31].

Theorem 2.16. f ∈ Fµ,∞(Rd) if and only if f(x) − µ
2 ∥x∥2

2 ∈ F0,∞(Rd).

A last equivalent way to view the strong convexity character of functions is given by the following:

Theorem 2.17. ([Tay17, Theorem 2.32]). A differentiable function f : Rd → R is called
µ-strongly convex if there exists a constant µ ≥ 0 such that for any x, y ∈ Rd we have:

f(y) ≥ f(x) + ∇f(x)T (y − x) + 1
2µ∥y − x∥2

2.

We finish this section by defining the class of L-smooth µ-strongly convex closed proper functions.

Notations 2.18. The class of L-smooth µ-strongly convex closed proper functions with L ∈
R ∪ {∞} and µ ∈ R+ is denoted by Fµ,L(Rd).

Using the previous theorem, we can add the smoothness to the strong convexity property as
explained in our main reference [Tay17].

Theorem 2.19. Consider a function f ∈ F0,∞(Rd). We have that f ∈ Fµ,L(Rd) if and only if
f(x) − µ

2 ∥x∥2
2 ∈ F0,L−µ(Rd).

2.2 L-smooth µ-strongly convex interpolation
For the sequel of this chapter we will consider a set of points S = {xi, fi, gi}i∈I where I denotes a
set of indices. The objective of this final section is to establish necessary and sufficient conditions
for the set S to be interpolable by a function F ∈ Fµ,L(Rd). As a reminder, Fµ,L(Rd) denotes
the class of L-smooth µ-strongly convex closed proper functions. We begin our explanations
with the following definition:

Definition 2.20. Let I be a finite index set and consider the set of points S = {xi, fi, gi}i∈I

with xi, gi ∈ Rd and fi ∈ R. The set S is Fµ,L(Rd)-interpolable if and only if there exist a
function F ∈ Fµ,L(Rd) such that for all i ∈ I we have gi ∈ ∂F (xi) and F (xi) = fi.

To simplify, we will start by finding necessary and sufficient conditions for smooth convex
interpolation. A naive approach is to discretize the main inequalities of the class with the points
within the set S. For example, we know from the previous sections that the class of L-smooth
convex functions is characterized by the two following inequalities

∥∇f(x) − ∇f(y)∥2 ≤ L∥x − y∥2, ∀x, y ∈ Rd

f(x) ≥ f (y) + ∇f(y)T (x − y), ∀x, y ∈ Rd
(2.2)

Diego Eloi 8. Master thesis



2.2. L-SMOOTH µ-STRONGLY CONVEX INTERPOLATION

Then, we restrict those conditions to the points of the set S. In other words, the Conditions (2.2)
need to be respected for all the pairs xi, xj with i, j ∈ I. The Conditions (2.2) then becomes

|gi − gj| ≤ L|xi − xj|, ∀i, j ∈ I

fi ≥ fj + gT
j (xi − xj), ∀i, j ∈ I

(2.3)

However this naive approach is wrong. Because although those conditions are necessary for
smooth convex interpolation, they are not sufficient. Even though the Conditions (2.2) are
sufficient to guarantee that f ∈ F0,L(Rd), they are not sufficient for the set S to be interpolated.
Let’s take an example to show this.

Example 2.1. In this example, I = {1, 2} and the two triples are given by

(x1, f1, g1) = (0, 3, −1) (x2, f2, g2) = (3,
3
2 , −1

2)

We want to interpolate these points by a smooth convex function F ∈ F0,L(Rd). The Conditions
(2.3) are satisfied for L = 1. Unfortunately, for any finite value of L, we can’t find a smooth
convex function that interpolates the set S. The interpolating function must lie entirely above its
linear under-approximations due to the convexity requirement. That implies non-differentiability
at x1 as we can see in Figure 2.1.

Figure 2.1: Interpolation of the set S. The red line segment has a slope of −1
2 and the green

line segment has a slope of −1.

Hence the naive approach, which involves discretizing conditions that are necessary and sufficient
on the whole space shows some weakness. If we face a constraint of the form f ∈ F0,L(Rd)
in an optimization problem and we replace it by the Conditions (2.3), we could obtain an
interpolating function that does not belong to the desired class function. However this example
shows us that the convexity constraint in Conditions (2.3) are necessary and sufficient to ensure
convex interpolation. We describe these interpolation conditions more formally in the following
theorem:

Theorem 2.21. The set of points S = {xi, fi, gi}i∈I is F0,∞(Rd)-interpolable if and only if

fi ≥ fj + gT
j (xi − xj), ∀i, j ∈ I

Diego Eloi 9. Master thesis



2.3. CONCLUSION

We refer to [Tay17, Theorem 3.4] for a proof. Finally we state in broad terms the necessary
and sufficient conditions of smooth strongly convex interpolation. They are the main conditions
that we will face in the sequel of this work. More details and proofs can be found in [Tay17].

Theorem 2.22. The set of points S = {xi, fi, gi}i∈I is Fµ,L(Rd)-interpolable if and only if the
following inequalities hold for every pair (i, j) ∈ I2

fi ≥ fj + gT
j

(
xi − xj

)
+ 1

2 − µ/L

(
1
L

∥∥∥gi − gj

∥∥∥2

2

+µ
∥∥∥xi − xj

∥∥∥2

2
− 2µ

L

(
gi − gj

)T (
xj − xi

)) (2.4)

Finally, we can derive the interpolation conditions to be met for the smooth convex case, i.e.,
when µ = 0.

Corollary 2.23. The set of points S = {xi, fi, gi}i∈I is F0,L(Rd)-interpolable if and only if the
following inequalities hold for every pair (i, j) ∈ I2

fi ≥ fj + gT
j

(
xi − xj

)
+ 1

2L

∥∥∥gi − gj

∥∥∥2

2

Taking the pair of triples from previous example, the condition of Corollary (2.23.) becomes:

0 ≥ 9
8L

Since L ∈ R+, the condition can not be respected. Therefore, the pair of triples is not
F0,L(Rd)-interpolable.

2.3 Conclusion
In this chapter, we explained some definitions and theorems about the class of functions mainly
used in the field of optimization. Our classes of interest for the sequel of this master thesis will
be the classes of smooth strongly convex and smooth convex functions, denoted by Fµ,L(Rd)
and F0,L(Rd) respectively. We also set the stage for the next chapter by defining the necessary
and sufficient conditions to ensure that a set of points is Fµ,L(Rd)-interpolable or F0,L(Rd)-
interpolable. These notions will be the basis to formulate our main problem and for finding the
worst-case functions that are the purpose of this work.

Diego Eloi 10. Master thesis



Chapter 3

Performance estimation problem

In this third chapter we describe the performance estimation problems (PEPs) based on the PhD
thesis of Adrien Taylor [Tay17]. This will be our main reference again, together with [THG17c]
and [THG17b]. The performance estimation problems were initially introduced in the works of
Drori and Teboulle [DT14], who introduced a novel approach for analyzing the performance of
first-order black-box optimization methods. They formulate the worst-case behavior of such
methods in terms of the absolute objective inaccuracy as an optimization problem. Their work
was also focused only on smooth unconstrained convex minimization. At the end, they were
able to compute upper bounds on the worst-case performance by solving relaxations of (PEPs).
Later, A. Taylor, J. Hendrickx and F. Glineur [THG17c] proposed a generic way for formulat-
ing and solving the performance estimation problems, in order to achieve guaranteed tight results.

The main purpose of this chapter is to write the performance estimation problem as a convex
semidefinite program that can be solved numerically and provides tight worst-case bounds.
These bounds are numerically solved with the PESTO toolbox [THG17a], which was developed
by A. Taylor during his thesis [Tay17]. We will end the chapter with a simple example that
illustrates all the concepts discussed.

3.1 Formal definition
In this chapter, we will consider the following unconstrained minimization problem

min
x∈Rd

f(x),

where f belongs to the class of L-smooth convex or L-smooth µ-strongly convex function. We
denote the considered class by F . As explained in the introduction, we will solve this problem
using a first-order black-box method. As a reminder, this method relies on the computation of f
and its gradient at a sequence of iterates. In other words, the method M does not have access
to all the information on the considered function f . To have access to the function values and
the gradients, we provide the method with a first order oracle Of (x) = {f(x), ∇f(x)}. Consider
N iterates generated by a first-order black-box method M, starting from an initial point x0.

11



3.1. FORMAL DEFINITION

We have the following relationship between them:

x1 = M1
(
x0, Of (x0)

)
x2 = M2

(
x0, Of (x0) , Of (x1)

)
...

xN = MN

(
x0, Of (x0) , . . . , Of (xN−1)

)
(3.1)

where Mi outputs the iterate after the ith iteration of M.

Our objective is to study the accuracy of the method on a certain class of problems. Of
course, the accuracy is not constant from one problem to another in the same class. So we
will derive a worst-case bound on the accuracy. The bound corresponds to the performance of
the method on the worst problem of the class. We can study the accuracy on many possible
performance criteria. For example, the function value accuracy f(xN) − f(x∗), the squared
residual gradient norm ∥∇f(xN )∥2

2 and the squared distance to an optimal solution ∥xN − x∗∥2
2.

We denote by x∗ any minimizer of f . This additional point is obtained thanks to the oracle.
Given the type of method we use, these criteria can only be computed with the information we
get from the first-order oracle. We will focus our work on the objective function value accuracy
and we denote the performance criteria by P . The worst-case performance is then obtained by
maximizing the performance criterion P over the functions in the class F .

w(M, F , R, P , N) = sup
f,x0,...,xN ,x∗

P
(
Of , x0, . . . , xN , x∗

)
such that f ∈ F

x∗ is optimal for f,

x1, . . . , xN is generated from x0 by method M with Of ,

∥x0 − x∗∥2 ≤ R.

(PEP)

The parameter R is settled to bound the distance from the initial iterate x0 and the optimum
x∗. In most situations, the performance of a first-order method cannot be sensibly assessed
without such a constraint.

Evidently, the problem (PEP) involves an unknown function as a variable. Our problem is then
infinite dimensional. To avoid that, we can use the black-box method property. Indeed, only
the values given by the first-order oracle are needed. We can define the set I = {0, 1, . . . , N, ∗}
corresponding to the indices of the iterates and we denote the output of the oracle at each iterate
by Of(xi) = {fi, gi}. We can then reformulate the problem (PEP) into a finite-dimensional
optimization problem using only the iterates {xi}i∈I , their function values {fi}i∈I and their
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3.2. PERFORMANCE ESTIMATION FOR SMOOTH STRONGLY CONVEX FUNCTIONS

gradients {gi}i∈I :

wf (M, F , R, P , N) = sup
{xi,gi,fi}i∈I

P
(
{xi, gi, fi}i∈I

)
such that there exists f ∈ F such that Of (xi) = {fi, gi} ∀i ∈ I,

g∗ = 0,

x1, . . . , xN is generated from x0 by method
M using {fi, gi}i∈{0,...,N−1},

∥x0 − x∗∥2 ≤ R.

(f-PEP)

The first constraint requires that the function f belonging to the class F must interpolate the
set of variables {xi, gi, fi}. Any solution of the problem (PEP) can be discretized to provide
a solution to the problem (f-PEP). Inversely, any solution of the problem (f-PEP) can be
interpolated to provide a solution to (PEP). So it is clear that the optimal values of the two
problems are equal and we get:

wf (M, F , R, P , N) = w(M, F , R, P , N).

3.2 Performance estimation for smooth strongly convex
functions

In this section we restrict ourselves to the class of smooth strongly convex functions defined
on Rd. As a reminder, this class is denoted by Fµ,L(Rd). We then have an instance of the
problem (f-PEP). This specific class of functions and the considered first-order method are
invariant with respect to translation in their domain and additive shifts in the function values.
To simplify what is coming next, we assume without loss of generality that x∗ = 0 and f∗ = 0.
This particular case of (f-PEP) can be formulated as follows:

wd
µ,L(M, R, P , N) = sup

{xi,fi,gi}i∈I∈(Rd×Rd×R)N+2
P
(
{xi, fi, gi}i∈I

)
such that {xi, gi, fi}i∈I is Fµ,L − interpolable,

x1, . . . , xN is generated from x0 by method
M using {fi, gi}i∈{0,...,N−1},

{x∗, g∗, f∗} = {0, 0, 0},

∥x0 − x∗∥2 ≤ R.

(d-PEP)

We can easily deduce that wd
µ,L(M, R, P , N) = w(M, Fµ,L(Rd), R, P , N) since (d-PEP) is an

instance of (f-PEP). The second constraint in (d-PEP) means that the set of points {xi, gi, fi}i∈I

must respect the interpolation conditions given by Theorem (2.22.). However, because of this
constraint and especially the term gT

j (xi − xj), the problem (d-PEP) is not convex. We will see
in the next subsection how to transform this problem into a convex semidefinite program. This
can be done when dealing with fixed-step first-order black-box methods.
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3.2. PERFORMANCE ESTIMATION FOR SMOOTH STRONGLY CONVEX FUNCTIONS

3.2.1 Fixed-step first-order methods
We limit ourselves to the class of fixed-step first-order methods. Fixed-steps means that the
steps are fixed in advance. Here is a definition:

Definition 3.1. A method M is a fixed-step method if its iterates are computed according to

xi = x0 −
i−1∑
k=0

hi,kgk

where hi,k is a scalar coefficient.

Such a method applying N steps is represented by the lower triangular matrix H = {hi,k}1≤i≤N,0≤k≤N−1 ∈
RN×N with hi,k = 0 if k ≥ i.

Example 3.1. The gradient method with fixed variable step sizes that we will use later is
included in this class of method. Indeed by setting hi,k = ηk+1 for 0 ≤ k ≤ i − 1, we can write
the method as follows

xi = x0 −
i−1∑
k=0

ηk+1gk

Where the matrix H is given by

H = 1
L


η1 0 · · · 0
η1 η2 · · · 0
... ... . . . ...

η1 η2 · · · ηN


For example, the 4th iterate is defined as follows

x4 = x0 − 1
L

(η1g0 + η2g1 + η3g2 + η4g3)

Let’s continue our reformulation. Firstly, we define the vector P as follows:

P = [g0, g1, . . . , gN , x0]

Then we define a symmetric Gram matrix G = P T P ∈ SN+2 (Sd denote the set of symmetric
matrices of size d × d), which is equivalent to

G = {Gi,j}0≤i,j≤N with



Gi,j = g⊤
i gj for any 0 ≤ i, j ≤ N

GN+1,j = x⊤
0 gj for any 0 ≤ j ≤ N

Gi,N+1 = g⊤
i x0 for any 0 ≤ i ≤ N

GN+1,N+1 = x⊤
0 x0.
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3.2.2 Formulation as a convex semidefinite program
Let us now see the usefulness of the Gram matrix G. All iterates of (d-PEP) can be obtained
using the Definition (3.1.) of fixed-step first-order methods and the resulting formulation only
involves function values fi and inner products between x0 and all gradients. Consequently,
starting from x0, all the constraints in problem (d-PEP) can be entirely formulated in terms of
the entries of G and the function values fi. Furthermore, the Gram matrix G should be semidef-
inite positive, i.e., G ⪰ 0. Finally, the rank of G is at most d since vectors x0 and gi belong to Rd.

From now on, the objective is to rewrite the interpolation conditions of Theorem (2.22.) using
the Gram matrix G and the function values fi. To do that, let’s begin with some definitions.

• We define vectors hi ∈ RN+2 ∀i ∈ {0, . . . , N} and h∗ ∈ RN+2 as follows

hT
i = [−hi,0 − hi,1 . . . − hi,i−1 0 . . . 0 1], hT

∗ = [0 . . . 0],

in order to have xi = Phi (see Definition (3.1.)).

• We also define ui = ei+1 ∈ RN+2, the canonical basis vectors.

• Finally we define u∗ as the vector of zeros.

We can now rewrite the interpolation constraint of (d-PEP) for all i, j ∈ I as follows:

fi ≥ fj + L

L − µ

(
u⊤

j Ghi − u⊤
j Ghj

)
+ 1

2(L − µ)
(
ui − uj

)⊤
G
(
ui − uj

)
+ µ

L − µ

(
u⊤

i Ghj − u⊤
i Ghi

)
+ Lµ

2(L − µ)
(
hi − hj

)⊤
G
(
hi − hj

) (3.2)

It is also possible to formulate these constraints as well as the initial condition ∥x0 − x∗∥2 ≤ R
using the trace operator. In order to do so, we define the matrices Aij and AR for all i, j ∈ I as
follows:

2Aij = L

L − µ

(
uj

(
hi − hj

)⊤
+
(
hi − hj

)
u⊤

j

)
+ 1

L − µ

(
ui − uj

) (
ui − uj

)⊤

+ µ

L − µ

(
ui

(
hj − hi

)⊤
+
(
hj − hi

)
u⊤

i

)
+ Lµ

L − µ

(
hi − hj

) (
hi − hj

)⊤
,

AR = uN+1u
⊤
N+1.

Then we can rewrite all the constraints of problem (d-PEP) in the following compact form:

fj − fi + Tr
(
GAij

)
≤ 0 ∀ i, j ∈ I

Tr (GAR) − R2 ≤ 0
G ⪰ 0

(3.3)

We add the following non-convex rank constraint to impose the dimension of the original problem

rank G ≤ d
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3.2. PERFORMANCE ESTIMATION FOR SMOOTH STRONGLY CONVEX FUNCTIONS

The set of constraints (3.3) are linear in their variables f ∈ RN+1 and G ∈ SN+2. Finally, we
consider the performance criteria P . We observe that if P is a concave semidefinite-representable
function in G and f then the worst-case estimation problem can be cast into a convex semidefi-
nite optimization problem plus a rank constraint. For example, linear functions in G and f are
suitable and our three performance criteria that we have already presented are part of it.

We finally attained the main objective of this chapter, i.e., casting our performance esti-
mation problem into a convex semidefinite program. This program is provided in the following
theorem. We refer to [Tay17, Theorem 4.2] for a proof.

Theorem 3.2. Consider the class of L-smooth µ-strongly convex functions Fµ,Ł(Rd), a fixed-
step first-order method that computes N iterates according to matrix H ∈ RN×N , and a
performance criterion P that depends linearly on the function values at the iterates and
quadratically on these iterates and their gradients. This criterion is defined by Pb,C(f, G) =
bT f + Tr(CG) with b ∈ RN+1 and C ∈ SN+2. The worst-case performance after N iterations of
the method M is obtained by resolving the following rank-constrained semidefinite program:

w
sdp(d)
µ,L (R, H, N, b, C) = sup

f∈RN+1,G∈SN+2
bT f + Tr(CG)

such that fj − fi + Tr
(
GAij

)
≤ 0 ∀ i, j ∈ I

Tr (GAR) − R2 ≤ 0
G ⪰ 0

rank G ≤ d

(sdp-PEP(d))

We can observe that the Gram matrix G has a rank at most equal to N + 2 since G ∈ SN+2.
Therefore, if N ≤ d − 2, the worst-case performance is given by the following convex semidefinite
program:

wsdp
µ,L(R, H, N, b, C) = sup

f∈RN+1,G∈SN+2
bT f + Tr(CG)

such that fj − fi + Tr
(
GAij

)
≤ 0 ∀ i, j ∈ I

Tr (GAR) − R2 ≤ 0
G ⪰ 0

(sdp-PEP)

In that case, when N + 2 ≤ d, we have an equality between the optimal values:

wsdp
µ,L(R, H, N, b, C) = w

sdp(d)
µ,L (R, H, N, b, C) ∀ d ≥ N + 2 (3.4)

As we can see, this last formulation does not depend on the dimension value d. It means that
we are able to compute worst-case performances independently of d provided that the functional
class of interest contains functions of dimension at least N + 2.

When we are dealing with the formulation (sdp-PEP(d)), we can simply establish that the
sequence {w

sdp(d)
µ,L (R, H, N, b, C)}d=1,2,... is monotonically increasing with respect to the dimension

d. In addition to this, from [Tay17, Corollary 4.5] we know that problem (sdp-PEP) guarantees
that its optimal value can be achieved by an (N + 2)-dimensional L-smooth µ-strongly convex
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function. By combining these two statements with equality (3.4) we can show that w
sdp(d)
µ,L

increases until at most d = N + 2. Indeed, the sequence {w
sdp(d)
µ,L (R, H, N, b, C)}d=1,2,... converges

for a finite value of d. Consequently, if we obtain a function of dimension d∗ ≤ N +2 when solving
(sdp-PEP), then the resulting optimal value wsdp

µ,L is equal to the exact worst-case performance
for all functions of dimensions greater or equal than d∗. For example, on the basis of the
formulation (sdp-PEP) for the gradient method, there are numerical validations that provide
us with one-dimensional worst-case functions. So they are also the solutions to the problem
(sdp-PEP(d)) for any value of d greater than one.

3.3 Homogeneity of the optimal values
In what follows, we will only solve numerically our sdp-PEP problems with the parameters R
and L set to one. Indeed, we can deduce from those problems a general valid bound for every
value of L and R. As explained in [Tay17, section 4.2.5], for our desired performance criterion,
the function accuracy, we have the following homogeneity relation of the optimal values of
sdp-PEP with respect to L and R:

w
(d)
µ,L

(
R, H/L, N, f (xN) − f∗

)
= LR2w

(d)
κ,1
(
1, H, N, f (xN) − f∗

)
where κ = µ

L
is the inverse condition number and H

L
is the representation of the fixed-step

method where each step size hi,j is divided by the Lipschitz constant L (i.e., is normalized).
For the worst-case functions we will also first deduce them in the case L = R = 1 and then
by appropriate scaling we will deduce the worst-case functions valid for any value of these
parameters.

3.4 PESTO Toolbox
To compute these worst-case bounds, we will use a toolbox called PESTO [THG17a], which is
implemented in Matlab and allows users to compute automatically tight worst-case performance
for a wide class of first-order optimization methods. The toolbox is based on the use of Yalmip
[Löf04], a modeling language as well as the use of an SDP solver such as MOSEK [Mos10] or
Sedumi [Stu99]. Its purpose is to facilitate the use of the performance estimation methodology,
which we described previously, by allowing users to write the algorithms in a normal way. PESTO
then takes care of the modeling and worst-case analysis parts. More details and explanation on
how to handle the toolbox can be found in [THG17a].

In the next chapter, we will try to derive the worst-case functions associated with the ob-
jective function accuracy of the gradient method. The PESTO toolbox will be useful because
it provides us with the set of triples {xi, gi, fi}i∈I (with I = {0, 1, . . . , N, ∗}) corresponding to
each performance estimation problem that we will solve.

3.5 Illustration in an example
We will illustrate all the notions and concept discussed in this chapter with a simple example.
We therefore consider a method that performs a single gradient step. Let’s denote this method
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by M. The normalized step size used is equal to 1/L. Our single iterate is x1 = x0 − 1
L

∇f(x0).
We consider that function f is L-smooth convex, i.e., f ∈ F0,L. The purpose is to compute the
worst-case bound on the objective function accuracy after performing the step. The performance
estimation problem (PEP) can be written as follows

w(M, F0,L, R, f(x1) − f(x∗), 1) = sup
f,x0,x1,x∗

f(x1) − f(x∗)

such that f ∈ F0,L

x∗ is optimal for f,

x1 = x0 − 1
L

∇f(x0),

∥x0 − x∗∥2 ≤ R.

As stated previously, this problem is infinite dimensional. In order to obtain a finite-dimensional
problem, we can write our problem using the formulation (f-PEP), i.e., using only the iterates
x0, x1, their functions values f1, f2 and their gradients g1, g2.

wf (M, F0,L, R, f1 − f∗, 1) = sup
{xi,gi,fi}i∈{0,1,∗}

f1 − f∗

such that there exists f ∈ F0,L such that Of (xi) = {fi, gi} ∀i ∈ {0, 1, ∗},

g∗ = 0,

x1 = x0 − 1
L

g0

∥x0 − x∗∥2 ≤ R.

We can assume that x∗ = 0 and f∗ = 0 without loss of generality and based on the formulation
(d-PEP) we can rewrite our problem as

wd
0,L(M, R, f1 − f∗, 1) = sup

{xi,fi,gi}i∈{0,1,∗}∈(Rd×Rd×R)N+2
f1 − f∗

such that {xi, gi, fi}i∈{0,1} is F0,L − interpolable,

x1 = x0 − 1
L

g0

{x∗, g∗, f∗} = {0, 0, 0},

∥x0 − x∗∥2 ≤ R.

Finally, we can transform our problem into a convex semidefinite program. Since the method M
is a fixed-step first-order method, this transformation is possible. Therefore, the corresponding
formulation (sdp-PEP) with N = 1, H = 1, µ = 0, C = 03×3, b = (0 1)⊤ is written as follows

wsdp
0,L(R, 1, 1, (0 1)⊤, 03×3) = sup

f∈R2,G∈S3
f1

such that fj − fi + Tr
(
GAij

)
≤ 0 ∀ i, j ∈ {0, 1}

Tr (GAR) − R2 ≤ 0
G ⪰ 0
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where the Gram Matrix is given by

G =

 g⊤
0 g0 g⊤

0 g1 g⊤
0 x0

g⊤
1 g0 g⊤

1 g1 g⊤
1 x0

x⊤
0 g0 x⊤

0 g1 x⊤
0 x0

 ⪰ 0

Solving this problem with the PESTO toolbox [THG17a] with L and R set to one gives us the
following solution

wsdp
0,L

(
R, 1, 1, (0 1)⊤, 03×3

)
= LR2

6 (3.5)

We used the homogeneity of the optimal values with respect to L and R to generalize the
optimal solution to any value of these parameters. The optimal Gram matrix is now given by

G = LR2

 L/9 L/9 1/3
L/9 L/9 1/3
1/3 1/3 1/L

 ⪰ 0

It is clear that the matrix G is of rank one. So the function that achieves the worst-case bound
(3.5) is one-dimensional. We will see in the next chapter how we can find this function and
if there is only one worst-case function. Finally, f(x1) − f(x∗) ≤ LR2

6 holds for any function
f ∈ F0,L(Rd) for any value of d, for the same matrix H and provided that ∥x0 − x∗∥2 ≤ R.

3.6 Conclusion
In this third chapter, we introduced the performance estimation problem, i.e., the search for
the exact worst-case bound on some performance criteria of black-box first-order optimization
methods. We firstly formulated this problem as an optimization problem (PEP) over a set of
functions belonging to a certain class F . Then using the property of black-box methods, we
write our (PEP) problem as a finite-dimensional optimization problem (f-PEP). The next step
was to restrict ourselves to the class of smooth strongly convex functions Fµ,L(Rd) and using
the notion of convex interpolation we introduced a new formulation (d-PEP). Finally we were
able to express our problem as a convex semidefinite program (sdp-PEP), which can be solved
numerically. Note that this latter formulation is only valid for fixed-step first-order methods. In
the next chapter, the method of interest will be the gradient method with fixed variable step
sizes. The purpose will be to derive the worst-case functions according to the objective function
accuracy.
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Chapter 4

One iteration of gradient method

4.1 Introduction
In this chapter, we will derive the worst-case functions for one iteration of the gradient method
equipped with the objective function accuracy criterion and with variable normalized step
sizes. From the results obtained for one step, we will deduce in the next chapter the worst-case
functions for two steps of the gradient method. We begin by giving some well-known results on
the performance of the gradient method with fixed constant step sizes. Firstly, here again is the
method.

Gradient Method (GM) with fixed constant step sizes

Input: f ∈ Fµ,L(Rd), x0 ∈ Rd, 0 ≤ h ≤ 2
For i = 1, . . . , N

xi = xi−1 − h

L
∇f(xi−1)

As a reminder, Fµ,L(Rd) denotes the class of L-smooth µ-strongly convex functions. We can
also find in [DT14] the following conjecture for smooth convex functions.

Conjecture 4.1. ([DT14, Conjecture 3.1]). Any sequence of iterates {xi} generated by the
gradient method with constant normalized step size 0 ≤ h ≤ 2 on a smooth convex function
f ∈ F0,L(Rd) satisfies

f (xN) − f (x∗) ≤ LR2

2 max
(

1
2Nh + 1 , (1 − h)2N

)

We can find a proof for the case 0 ≤ h ≤ 1 in [DT14]. The proof for step sizes 1 ≤ h ≤ 2 remains
open. As explained in [Tay17], the upper bound in this conjecture cannot be improved, since
it matches the performance of the gradient method on two specific one-dimensional functions.
The first one is piecewise affine-quadratic while the second one is purely quadratic. We will use
these functions later to deduce the different worst-case functions wherever the step sizes are not
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constant. Let define these two functions:

f1(x) =


LR
2Nh+1 |x| − LR2

2(2Nh+1)2 if |x| ≥ R
2Nh+1 ,

L
2 x2 else,

f2(x) = L

2 x2.
(4.1)

We will show later that the function accuracy of the gradient method on f1 is equal to the first
part of the max expression in Conjecture (4.1.) and it is equal to the second part of the max
expression on f2. These two functions can be seen as the worst-case functions for the gradient
method with fixed constant step size applied to a L-smooth convex function. In other words,
the worst-case behavior of the gradient method with the objective function accuracy criterion is
achieved by f1 or f2, depending on which of the two is worse. We illustrate the behavior of the
gradient method on functions f1 and f2 in Figures 4.1a and 4.1b respectively. As we can see,
the iterates slowly approach the optimal value of f1 without overshooting the optimal solution.
On the other hand, the iterates of function f2 overshoot the optimal point at each iteration.

(a) piecewise affine-quadratic function f1 (b) quadratic function f2

Figure 4.1: Behavior of the gradient method on functions f1 and f2 for L = R = 1.

Note that the Conjecture (4.1.) has been verified numerically by solving the formulation (sdp-
PEP) in [Tay17].

We can find a new conjecture in [THG17c] that is a generalization of Conjecture (4.1.) for
smooth strongly convex functions.

Conjecture 4.2. ([THG17c, Conjecture 2]). Any sequence of iterates {xi} generated by the
gradient method with constant normalized step sizes 0 ≤ h ≤ 2 on a smooth strongly convex
function f ∈ Fµ,L

(
Rd
)

satisfies

f (xN) − f∗ ≤ LR2

2 max
(

κ

(κ − 1) + (1 − κh)−2N
, (1 − h)2N

)

where κ = µ
L

is the inverse of the condition number.
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We can find a proof of this conjecture for N = 1 in [Tay17, Appendix 4.A]. As for the case of
smooth convex functions, we can define two one-dimensional functions that achieve the two
parts of the max expression in Conjecture (4.2.):

f1,τ (x) =


µ
2 x2 + aτ |x| + bτ if |x| ≥ τ
L
2 x2 else

f2(x) = L

2 x2.
(4.2)

where aτ = (L − µ)τ and bτ = −
(

L−µ
2

)
τ 2 ensure continuity of f1,τ and its first derivative. The

parameter τ controls the radius of the central quadratic piece. As well explained in [Tay17], the
value of τ can be computed analytically by maximizing the objective value of the final iterate
f1,τ (xN) and we get:

τ = Rκ

(κ − 1) + (1 − κh)−2N

The worst-case behavior of the gradient method according to the objective function accuracy
is then achieved by f1,τ or f2, depending on which of the two is worst. Those behaviors are
illustrated on Figure 4.2. The same observations can be made as for the worst-case functions in
the smooth convex case. However, the affine pieces of f1 are replaced by quadratic pieces in f1,τ ,
as we can see in Figure 4.2a. As for Conjecture (4.1.), these two functions can be seen as the
worst-case functions for the gradient method with fixed constant step size applied to smooth
strongly convex functions.

(a) Worst-case function f1,τ (b) Quadratic worst-case function f2

Figure 4.2: Behavior of the gradient method on functions f1,τ and f2 for L = R = 1.

Now that we have identified the worst-case functions for fixed constant step sizes, we will use
them as a basis to find the worst-case functions for fixed variable step sizes. We will see in
the next chapter some new conjectures introduced for the first time in [Dac19]. The idea is
then to find a set of functions that achieve the bounds of these conjectures. The two previous
conjectures are no longer valid, since we are dealing now with variable step sizes, except for one
iteration. This chapter is dedicated to this case. Before that, here is a reminder of the method
used.
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4.2. SMOOTH CONVEX FUNCTIONS

Gradient Method (GM) with fixed variable step sizes

Input: f ∈ Fµ,L(Rd), x0 ∈ Rd, 0 ≤ hi ≤ 2
For i = 1, . . . , N

xi = xi−1 − hi

L
∇f(xi−1)

4.2 Smooth convex functions
For one step of gradient method, the exact worst-case bound on the objective function accuracy
is directly given by Conjecture (4.1.) with N = 1. The bound is defined by the maximum of
two functions. We will denote these functions b1,1 and b1,2. More precisely, they are defined as
follows:

b1,1(h) = 1
2h + 1

b1,2(h) = (1 − h)2

Therefore, the exact worst-case bound for one iteration of GM is given by

b1(h) = LR2

2 max(b1,1(h), b1,2(h)) (4.3)

The unique step size h will be considered Small if max(b1,1, b1,2) = b1,1. Conversely, when h is
Small we will be in the small step sizes regime. However, if max(b1,1, b1,2) = b1,2 the step size
will be considered Big and we will be in the big step sizes regime. Since we do only one step,
the worst-case functions are already known and are defined in equations (4.1) replacing N by
one, i.e., they are given by

ϕ1,1(x) =


LR
2h+1 |x| − LR2

2(2h+1)2 if |x| ≥ R
2h+1 ,

L
2 x2 else,

ϕ1,2(x) = L

2 x2

(4.4)

Our first objective was to verify those functions numerically. Firstly, we solved the formulation
(sdp-PEP) with the PESTO toolbox [THG17a] for hundred and one values of step size h between
zero and two defined as follows:

h ∈ {2i/100}i=0,1,...,100

The numerical resolutions of (sdp-PEP) are done using the SDP solver MOSEK [Mos10]. As
explained in section (3.3), thanks to the homogeneity of the optimal values of (sdp-PEP) with
respect to L and R, we set these parameters to one in our simulations. Each resolution of
(sdp-PEP) gives us the worst-case bound associated but also the set of triples S = {(xi, fi, gi)}i∈I

with I = {0, 1, ∗}. The first observation that we made was that all (sdp-PEP) solutions were
one-dimensional as functions ϕ1,1 and ϕ1,2. Thus, we recovered the set of triples of each (sdp-
PEP) problem and we generated our data set with them. Afterwards, we used an interpolation
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code developed in [KGH21]. It will compute a function F ∈ F0,1(R) such that for all i ∈ I we
have F (xi) = fi and gi ∈ ∂F (xi). More information about convex interpolation is available in
Chapter 2, Section (2.2). The interpolation code works only for one-dimensional inputs. This
applies for one iteration of GM, as we discovered.

Since we knew in advance the worst-case bounds to be reached and that they only depend on
the step sizes, we directly made groups with the step sizes corresponding to the right worst-case
function. For example, the first part of the max expression in equation (4.3), denoted by b1,1,
is reached for h ∈ {0, 0.5, 0.8, 1, 1.2, 1.4}. On the other hand, the bound b1,2 is reached for
h ∈ {1.6, 1.7, 1.8, 1.9, 2}.

Finally, we compared graphically the interpolating function F with the worst-case function
associated. Obviously, there are many functions satisfying our conditions of interpolation.
Indeed, several functions are 1-smooth convex, respecting the interpolation conditions and
having the same final objective value accuracy. Therefore, we only compared the behavior of
the two functions on our iterates. Outside them, the two functions may differ. Lastly, for
each worst-case function, we also applied one step of GM to prove that the objective function
accuracy corresponds to the conjectured worst-case bound.

For example, we can see in Figures 4.3a and 4.3b the interpolating functions as well as the
worst-case functions ϕ1,1 and ϕ1,2 for respectively h = 1.2 and h = 1.9 with the parameters L
and R set to one. In the sequel, the interpolating function corresponds to the blue segment, its
derivative function to the red segment, the worst-case function to the green dotted segment and
the iterates to the blue circles. As explained previously, we are only sure that the worst-case
function matches the interpolating function perfectly between the iterates. Since there is not
a unique worst-case function, the interpolating function outside the iterates can take several
shapes, as seen in Figure 4.3a. In Figure 4.3b, we observe that the interpolating function has a
linear form outside the iterates. This is possible because there is no strong convexity constraint,
as we will see later in this chapter.

The first iterate x1 in Figure 4.3a stays in the affine part and never comes close to the quadratic
part. On the other hand, the iterate x1 of function ϕ1,2 overshoots the optimal solution, as seen
in Figure 4.3b. This is characteristic of Big step sizes. We will discuss this notion in detail later
in this chapter. It should also be noted that the starting point x0 is equal to negative one in our
two examples. Since the initial distance to the optimum R is equal to one, the starting point
could also be equal to one instead. The worst-case performance according to objective function
accuracy is the same if we start with x0 = 1 or x0 = −1. This is confirmed by the fact that the
two worst-case functions are symmetric about the y-axis, i.e., they are even. Therefore, if the
initial iterate was equal to one, the first iterate x1 will be located at the opposite of the one in
our example.
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(a) ϕ1,1(x) for h = 1.2 (b) ϕ1,2(x) for h = 1.9

Figure 4.3: The iterates of the GM, the interpolating function and its derivative as well as the
corresponding worst-case function for two different step sizes h and with the parameters L and
R set to one.

Now that we have compared the two functions graphically, we can easily prove that the worst-
case functions ϕ1,1 and ϕ1,2 defined in equations (4.4) reach the bounds b1,1 and b1,2 when we
apply one step of GM. We took x0 = −R as the starting point to remain consistent with our
numerical simulations. For the piecewise affine-quadratic function ϕ1,1 we define the first and
unique iterate as follows:

x1 = x0 − h

L

dϕ1,1

dx
(x0)

= −R + h

L

LR

2h + 1

= −R(h + 1)
2h + 1

This expression clearly shows that the first iterate remains on the same side of the solution as
the starting point. The function accuracy is then given by

ϕ1,1(xN) − ϕ1,1(x∗) = ϕ1,1(x1)

= −LR

2h + 1
−R(h + 1)

2h + 1 − LR2

2(2h + 1)2

= 2LR(R(h + 1)) − LR2

2(2h + 1)2

= LR2(2h + 1
2(2h + 1)2

= LR2

2
1

2h + 1

It is indeed equal to LR2

2 b1,1. For the purely quadratic function, the proof is much simpler. We
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have x1 = −R + h
L

LR = −R(1 − h) and therefore,

ϕ1,2(xN) − ϕ1,2(x∗) = LR2

2 (1 − h)2

which is equal to LR2

2 b1,2. We can find in [Tay17, Section 4.3.1] details about the optimal step
size for one iteration (optimal in the sense of achieving the lowest worst-case). In this case, we
have hopt = 1.5. Then for one step, when h ≤ hopt we reach the bound b1,1 and when h ≥ hopt

we reach the bound b1,2. As already discussed, h is considered Small in the first case and Big in
the second case. Since h > 1.5 for function ϕ1,2, it is clear that the first iterate whose expression
is derived just above, overshoots the optimal solution. Finally, we have just proved that the two
worst-case functions reach the bounds of Conjecture (4.1.) when the number of iterations is one.

4.3 Smooth strongly convex functions
The exact worst-case bound on the objective accuracy function for one step of GM is given by
Conjecture (4.2.) replacing N by one:

b1,κ(h) = LR2

2 max
(

κ

(κ − 1) + (1 − κh)−2 , (1 − h)2
)

(4.5)

We will denote the first part of the max expression by bκ
1,1 and the second one by bκ

1,2. The
step size h will be considered Small if max(bκ

1,1, bκ
1,2) = bκ

1,1. Otherwise, the step size will be
considered Big. As for the smooth convex case, the worst-case functions are already known and
are defined in equations (4.2) where we set the number of iterations to one. More precisely,

ϕµ
1,1(x) =


µ
2 x2 + aτ |x| + bτ if |x| ≥ τ
L
2 x2 else

ϕµ
1,2(x) = L

2 x2.
(4.6)

where aτ = (L − µ)τ and bτ = −
(

L−µ
2

)
τ 2. Only the parameter τ changes and becomes

τ = Rκ

(κ − 1) + (1 − κh)−2

To verify those equations numerically, i.e., that the interpolating functions match the worst-case
functions, we proceed the same way as for the convex case. Thus, our unique step size h and
our strongly convex constant µ used in our simulations are defined as follows:

h ∈ {2i/100}i=0,1,...,100 and µ ∈ {i/100}i=0,1,...,50

Then, we solved the performance estimation problem (sdp-PEP) for the gradient method for
every combination of h and µ. The parameters L and R were set to one. Here too, all our
(sdp-PEP) solutions were one-dimensional as functions ϕµ

1,1 and ϕµ
1,2. Thus, we retrieved the set

of triples {(xi, fi, gi)}i∈{0,1,∗} and we generated our data set. The purpose in this case was to
find a function F ∈ Fµ,L(R) that interpolates the set of triples. In other words, the interpolation
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code tried to compute a function F ∈ Fµ,L(R) such that F (xi) = fi and gi ∈ ∂F (xi) for all
i ∈ {0, 1, ∗}. We refer to Theorem (2.22.) for more details about strongly convex interpolation.
As for the convex case, we compared the interpolating functions and the worst-case functions
graphically.

Figures 4.4a and 4.4b show the interpolating function and the corresponding worst-case function
for h = 1.4 and h = 1.8 with strongly convexity constant µ equal to 0.02 and 0.1 respectively. As
in the convex case, the interpolating function matches the worst-case function ϕµ

1,1 only in the left
side of the optimal solution. However, we can observe that the interpolating function in Figure
4.4a takes a small quadratic shape for points of positive abscissa. This can be explained by the
strong convexity character. We can do the same observation in Figure 4.4b. The interpolating
function has a growing derivative outside the iterates. Because of the strong convexity, there
are no more affine parts.

(a) ϕµ
1,1(x) for (h, µ) = (1.4, 0.02) (b) ϕµ

1,2(x) for (h, µ) = (1.8, 0.1)

Figure 4.4: The iterates of the GM, the interpolating function and its derivative as well as
the corresponding worst-case function for two different combinations of (h, µ) and with the
parameters L and R set to one.

Since function ϕµ
1,2 is equal to function ϕ1,2 (and therefore the worst-case bound is the same),

the proof of showing that we reach the right bound is already made in the previous subsection.
For function ϕµ

1,1 we can try to do the same reasoning than for ϕ1,1. We begin by setting L and
R to one. The first iterate is then given by

x1 = x0 − h
dϕµ

1,1

dx
(x0)

= −1 − h(−µ − (1 − µ)τ)

= −1 − h

(
−µ − µ − µ2

(µ − 1) + (1 − µh)−2

)

= −1 − h

(
−µ(µ − 1) − µ(1 − µh)−2 − (µ − µ2)

(µ − 1) + (1 − µh)−2

)
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= −(µ − 1) − (1 − µh)−2 + hµ(1 − hµ)−2

(µ − 1) + (1 − µh)−2

= −(µ − 1) − (1 − µh)−2(1 − hµ)
(µ − 1) + (1 − µh)−2

= −(µ − 1) − (1 − µh)−1

(µ − 1) + (1 − µh)−2

=
−
(
(µ − 1) + (1 − µh)−1

)
(µ − 1) + (1 − µh)−2

Therefore, the function accuracy is defined as follows:

ϕµ
1,1(xN) − ϕµ

1,1(x∗) = ϕµ
1,1(x1)

= µ

2

(
−((µ − 1) + (1 − µh)−1)

(µ − 1) + (1 − µh)−2

)2

+
(µ − µ2)

(
(µ − 1) + (1 − µh)−1

)
[
(µ − 1) + (1 − µh)−2]2

− µ(µ − µ2)
2
[
(µ − 1) + (1 − µh)−2]2

= µ

2
(µ − 1)2 + (1 − µh)−2 + 2(µ − 1)(1 − µh)−1[

(µ − 1) + (1 − µh)−2]2
+

2(µ − µ2)
(
(µ − 1) + (1 − µh)−1

)
2
[
(µ − 1) + (1 − µh)−2]2

− µ(µ − µ2)
2
[
(µ − 1) + (1 − µh)−2]2

= µ(µ − 1)2 + µ(1 − µh)−2 + 2µ(µ − 1)(1 − µh)−1

2
[
(µ − 1) + (1 − µh)−2]2

−
2µ(µ − 1)

(
(µ − 1) + (1 − µh)−1

)
2
[
(µ − 1) + (1 − µh)−2]2

− µ(µ − µ2)
2
[
(µ − 1) + (1 − µh)−2]2

= −µ(µ − 1)2 + µ(1 − µh)−2 + µ2(µ − 1)
2
[
(µ − 1) + (1 − µh)−2]2

= (µ − 1)(−µ2 + µ + µ2) + µ(1 − µh)−2

2
[
(µ − 1) + (1 − µh)−2]2

=
µ
(
(µ − 1) + (1 − µh)−2

)
2
[
(µ − 1) + (1 − µh)−2]2

= 1
2

µ

(µ − 1) + (1 − µh)−2

This last expression is indeed equal to LR2

2 bκ
1,1 when L and R are equal to one. Now that we

have proof for this specific case, we can generalize the proof to any value of these parameters.
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The first iterate is expressed as follows:

x1 = x0 − h

L

dϕµ
1,1

dx
(x0)

= −R − h

L
(−Rµ − (L − µ)τ)

= −R − h

L

(
−Rµ − R(Lµ − µ2)/L

(κ − 1) + (1 − κh)−2

)

= −R − h

L

(
−Rµ(κ − 1) − Rµ(1 − κh)−2 − Rµ(1 − κ)

(κ − 1) + (1 − κh)−2

)

= −RL(κ − 1) − RL(1 − κh)−2 + Rhµ(1 − hκ)−2

L
(
(κ − 1) + (1 − κh)−2)

= −R(κ − 1) − R(1 − κh)−2 + Rhκ(1 − hκ)−2(
(κ − 1) + (1 − κh)−2)

= −R(κ − 1) − R(1 − κh)−2(1 − hκ)
(κ − 1) + (1 − κh)−2

=
−R

(
(κ − 1) − (1 − κh)−1

)
(κ − 1) + (1 − κh)−2

Finally, the generalized objective function accuracy is given by

ϕµ
1,1(xN) − ϕµ

1,1(x∗) = ϕµ
1,1(x1)

= µ

2

−R
(
(κ − 1) − (1 − κh)−1

)
(κ − 1) + (1 − κh)−2


2

+
R2µ(1 − κ)

(
(κ − 1) + (1 − κh)−1

)
[
(κ − 1) + (1 − κh)−2]2

−
Rµ2

L
(1 − κ)

2
[
(κ − 1) + (1 − κh)−2]2

= µR2(κ − 1)2 + µR2(1 − κh)−2 + 2µR2(κ − 1)(1 − κh)−1

2
[
(κ − 1) + (1 − κh)−2]2

−
2R2µ(κ − 1)

(
(κ − 1) + (1 − κh)−1

)
2
[
(κ − 1) + (1 − κh)−2]2

−
R2 µ2

L
(1 − κ)

2
[
(κ − 1) + (1 − κh)−2]2

=
−R2µ(κ − 1)2 + R2µ(1 − κh)−2 + R2 µ2

L
(κ − 1)

2
[
(κ − 1) + (1 − κh)−2]2

= R2(κ − 1)(−µκ + µ + µκ) + R2µ(1 − κh)−2

2
[
(κ − 1) + (1 − κh)−2]2

=
R2µ

(
(κ − 1) + (1 − κh)−2

)
2
[
(κ − 1) + (1 − κh)−2]2
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= LR2

2
κ

(κ − 1) + (1 − κh)−2

We then proved that the worst-case function ϕµ
1,1 reaches the bound LR2

2 bκ
1,1(h) for any value of

L and R when applying one step of GM. In the sequel, we will only detail the proofs for such
cases. To end this section, we show that the function ϕµ

1,1 tends to function ϕ1,1 as parameter κ
tends to zero. We can find in [Dac19, Section 4.2, p. 25] the following for all N and h.

lim
κ→0

τ

R
= lim

κ→0

κ

(κ − 1) + (1 − κh)−2N
= 1

1 + 2Nh
(4.7)

Proof. Firstly, we introduce the following variable:

q = 1
(1 − κh)2

Then, we can write(
κ

(κ − 1) + (1 − κh)−2N

)−1

= κ − 1 + qN

κ

= 1 + 1
κ

(
qN − 1

)
= 1 + 1

κ

(
qN − 1
q − 1

)
(q − 1)

= 1 + 1
κ

1
q

N∑
i=1

qi

 (q − 1)

= 1 + 1
κ

1
q

N∑
i=1

qi

(2κh − κ2h2

(1 − κh)2

)

= 1 +
 N∑

i=1
qi

(2h − κh2
)

When κ tends to zero, q tends to one. Therefore,

lim
κ→0

(
κ

(κ − 1) + (1 − κh)−2N

)−1

= (1 + 2Nh)

Using this relation, our proof becomes straightforward. Indeed,

lim
κ→0

µ

2 x2 + (L − µ)τ |x| − (L − µ)
2 τ 2 = lim

κ→0
Lτ |x| + L

2 τ 2

= lim
κ→0

LR
κ

(κ − 1) + (1 − κh)−2 |x| − LR2

2

(
κ

(κ − 1) + (1 − κh)−2

)2

= LR

1 + 2h
|x| − LR2

2(1 + 2h)2

Which is equal to the affine-quadratic piece of worst-case function ϕ1,1 and valid for |x| ≥ 1
1+2h

.
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4.4 Conclusion
The aim of this chapter was to derive a set of functions that achieve the worst-case behaviors
of one step of GM according to objective function accuracy and that are valid for any value
of parameters L and R. For one step of GM on smooth (possibly strongly) convex functions,
the two worst-case functions are known and we started by checking them numerically. Then,
we applied one iteration of GM on these functions and we computed the final objective value
accuracy to confirm that the already known worst-case bound was reached. These functions are
summarized in Table 4.1.

µ = 0
µ > 0

a = (L − µ)τ and b = −
(

L−µ
2

)
τ 2

Small ϕ1,1(x) =


LR

2h1+1 |x| − LR2

2(2h1+1)2 , |x| ≥ R
2h1+1

L
2 x2, |x| < 1

2h1+1

ϕµ
1,1(x) =


µ
2 x2 + aτ |x| + bτ , |x| ≥ τ

L
2 x2, |x| < τ

with τ = Rκ
(κ−1)+(1−κh)−2

Big ϕ1,2(x) = L
2 x2 ϕµ

1,2(x) = L
2 x2

Table 4.1: Worst-case functions depending on the size of the unique step size, for the smooth
convex case and the smooth strongly convex case

These functions are used as a basis for deducing those with two and three iterations of GM as
we will see in the following chapters.
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Chapter 5

Two iterations of gradient method

In this chapter, we will try to derive the worst-case functions for two iterations of the gradient
method equipped with the objective function accuracy criterion and with variable normalized
step sizes. As previously stated, we will be inspired by the results of previous chapter. Also,
we will use conjectures on the behavior of the gradient method developed in the master thesis
of A. Daccache [Dac19]. These conjectures are tailored for smooth convex (possibly strongly)
unconstrained minimization. The purpose is then to identify the functions that will achieve
the tight worst-case bounds provided by the conjectures, when the gradient method is applied
to them. Moreover, from now on, we will only detail the proofs for the general case, i.e., for
any value of the parameters L and R. As we will see later, we first deduced the worst-case
functions for the specific case where L = R = 1. Then, by appropriate scaling, we generalized
the function for any value of these parameters. Also note that all our numerical examples are
with L = R = 1. We begin by the case of smooth convex unconstrained minimization.

5.1 Smooth convex functions
We begin by giving the following conjecture developed in [Dac19] for two steps of the gradient
method with fixed variable step sizes on smooth convex functions:

Conjecture 5.1. ([Dac19, Conjecture 4.3]). Any sequence of iterates {x1, x2} generated by
two steps of the gradient method with variable normalized step sizes (h1, h2) ∈ [0, 2] × [0, 2] on
a smooth convex function f ∈ F0,L

(
Rd
)

satisfies:

f (x2) − f∗ ≤ LR2

2 max
(

1
1 + 2h1 + 2h2

, (1 − h1)2 (1 − h2)2,

1
(1 + h1)2 (1 − h2)2,

1
1 + 2h2

(1 − h1)2
) (5.1)

This conjecture is not yet proven.1 However, we can find in [Dac19] a proof for the first part
of the max expression for step sizes such that (h1, h2) ∈ [0, 1]2. This is given in the following
theorem.

1A beginning of proof can be found in [Dac19, Section 5.2].
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Theorem 5.1. [Dac19, Theorem 5.5]. Consider a sequence {x1, x2} generated by two step sizes
of the classical gradient method on a smooth convex function f ∈ F0,L(Rd) then the exact worst-
case bound on the objective function accuracy for all (h1, h2) ∈ [0, 1]2 is given by

f(x2) − f(x∗) ≤ LR2

2
1

1 + 2h1 + 2h2

For two fixed variable step sizes of GM, we consider that there are four types of combination
between the step sizes (h1, h2) which are

(S,S),(B,B),(S,B) and (B,S)

Where S corresponds to a Small step size and B to a Big step size. We admit then four different
regimes for the worst-case performance. Each regime corresponds to a type of combination. The
worst-case bound according to the objective function accuracy is then given by

b2(h1, h2) = LR2

2 max(b2,1(h), b2,2(h), b2,3(h), b2,4(h))

Where h = (h1, h2). The {b2,i}i∈{1,2,2,4} are equal to the terms in the max expression of Conjecture
(5.1.). These terms correspond to the worst-case bounds of the four regimes. Encouraged by the
results for one step of GM, we can make the following assumption on the number of worst-case
functions.

Assumption 5.1. Each of the four functions {b2,i}i∈{1,2,2,4} that compose the worst-case bound
of Conjecture (5.1.) is respectively reached by applying two steps of GM on respectively four
different worst-case functions.

Our way of proceeding will be as follows. As for one iteration, we begin by solving the
performance estimation problem (sdp-PEP) for the gradient method for several values of step
sizes and according to the function accuracy criterion. In our simulations, we set L and R to
one, because of the homogeneity of the optimal values (see Section 3.3). The step sizes h1 and
h2 are defined as follows:

(h1, h2) ∈ {2i/100}i=0,1,...,100

The first observed result was that all problems were one-dimensional. Thus, we can make the
following assumption on the dimension of the worst-case functions.

Assumption 5.2. The worst-case performance according to the objective function accuracy
of two steps of GM with fixed variable step sizes such that (h1, h2) ∈ [0, 2], is achieved by a
one-dimensional function.

Since the iterates are one-dimensional, we can use the interpolation code developed in [KGH21]
again. The purpose is to find for each combination of step sizes, a function F ∈ F0,1(R) that
interpolates the set of triples {xi, fi, gi}i∈{0,1,2,∗} given by the PESTO toolbox [THG17a]. We
refer to Corollary (2.23.) for the interpolation conditions that the set of triples must meet.

Once we found the interpolating functions, the first step was to try to deduce the worst-
case functions graphically. As we will see, the technique involves looking at the derivatives of
the interpolating functions. The interpolating functions are piecewise functions with affine and
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purely quadratic parts. The purpose is then to look at the slope of the derivative functions and
where they change shape. Once we thought we had the right worst-case function, we applied two
steps of GM with h1 and h2 to verify if the objective function accuracy reaches the corresponding
bound. Then, we generalized the function to any value of parameters L and R and applied the
GM again. Since we knew in advance the worst-case bounds to be reached, we also grouped the
combinations of step sizes with the right bound. We can now begin with the first region.

5.1.1 Region 1 (S,S)
The first region corresponds to the regime (S,S) and the bound associated is the first part of
the max expression in Conjecture (5.1.), denoted by b1. More precisely,

b2,1(h1, h2) = 1
1 + 2h1 + 2h2

Intuitively we could imagine that the worst-case function will have the same behavior as the
piecewise affine-quadratic function ϕ1,1 defined in equations (4.4). For two constant step sizes,
the worst-case function is given by replacing h by h + h = 2h in equations (4.4). So we suppose
that for two variable step sizes, we can replace h by h1 + h2. We get the following piecewise
worst-case function:

ϕ2,1(x) =


RL
2h1+2h2+1 |x| − R2L

2(2h1+2h2+1)2 , |x| ≥ R
2h1+2h2+1

L
2 x2, |x| < R

2h1+2h2+1
(5.2)

We see in Figure 5.1 the iterates of the GM, the interpolating function and the worst-case
function ϕ2,1(x) for (h1, h2) = (1.2, 1.4) and L = R = 1. Here too, the interpolating function
matches with the worst-case function between the iterates but takes a different way outside
them, i.e., on the right of its axis of symmetry. As function ϕ1,1, the iterates stay in the first
affine part and the global shape is the same. Only the slope of the two linear parts changes. We
will see later that for three step sizes belonging to region (S,S,S), the worst-case function has
the same behavior. It should also be noted that the iterates never approach the quadratic piece.

We can demonstrate that our guessed worst-case function achieves the worst-case bound
LR2

2 b2,1 when we apply two steps of GM. Since the initial distance to the solution is R, the
starting point x0 can take the values R or −R for example. In all our simulations, the starting
point is x0 = −1. To remain consistent with this, we set x0 = −R in our proofs. It will play a
role for the next regions, as we will see later in this chapter. Thus, for the first iterate we have:

x1 = x0 − h1

L

dϕ2,1

dx
(x0) = −R + h1

L

LR

2(h1 + h2) + 1 = −R(2h2 + h1 + 1)
2(h1 + h2) + 1

The second iterate is given by

xN = x2 = x1 − h2

L

dϕ2,1

dx
(x1)

= −R(2h2 + h1 + 1)
2(h1 + h2) + 1 + h2

L

LR

2(h1 + h2) + 1
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Figure 5.1: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ2,1 for (h1, h2) = (1.2, 1.4) with the parameters L and R set to one.

= −R(h2 + h1 + 1)
2(h1 + h2) + 1

It is clear that the iterates stay on the same side of the solution. Finally, we compute the
objective function accuracy that is given by

ϕ2,1(xN) − ϕ2,1(x∗) = ϕ2,1(xN)

= LR2(h2 + h1 + 1)
(2(h1 + h2) + 1)2 − LR2

2(2(h1 + h2) + 1)2

= LR2(2h2 + 2h1 + 1)
2(2h1 + 2h2 + 1)2

= LR2

2
1

2(h1 + h2) + 1

This last expression is indeed equal to LR2

2 b2,1. We can now move on to the second region.

5.1.2 Region 2 (B,B)
The region (B,B) corresponds to the second part of the max expression in Conjecture (5.1.),
defined as follows:

b2,2(h1, h2) = (1 − h1)2(1 − h2)2

For two constant step sizes, the worst-case bound is given by Conjecture (4.1.) with N equal
to two, i.e., equal to (1 − h)2(1 − h)2. For two variables step sizes we only replace the two
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occurrences of h by h1 and h2 respectively. Since the worst-case function for constant step sizes
defined in equations (4.1) does not depend on the step size h, we can imagine that it is the same
case for fixed variable step sizes. The worst-case function is then equal to ϕ1,2:

ϕ2,2(x) = Lx2

2 (5.3)

We will see later that for three different step sizes in the region (B,B,B), the worst-case function
is the same. We will also generalize to N iterations with step sizes that belong to the region
with only Big step sizes. Figure 5.2 shows the interpolating function and the worst-case function
ϕ2,2 for the case where (h1, h2) = (1.8, 1.6) and L = R = 1. Here too, the interpolating function
takes a linear shape outside the iterates.

Figure 5.2: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ2,2 for (h1, h2) = (1.8, 1.6) with the parameters L and R set to one.

We can easily show that our worst-case function reaches the worst-case bound LR2

2 b2,2 when we
apply two steps of GM. We have for the first iterate:

x1 = x0 − h1

L

dϕ2,2

dx
(x0)

= −R + h1

L
LR

= −R(1 − h1)
Iterate x2 is given by

x2 = x1 − h2

L

dϕ2,2

dx
(x1)
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= −R(1 − h1) + h2

L
LR(1 − h1)

= −R(1 − h1)(1 − h2)

Therefore,
ϕ2,2(xN) = LR2

2 (1 − h1)2(1 − h2)2

5.1.3 Region 3 (B,S)
The third region corresponds to the third bound of the max expression in Conjecture (5.1.).
More precisely,

b2,3 = (h1 − 1)2

(2h2 + 1)
The first step size is considered to be Big while the second one is considered to be Small. Figure
5.3 shows the starting point x0, the two iterates x1 and x2 as well as the optimal solution x∗.
As we can see, the first iterate x1 computed with the Big step size h1 goes to the other side of
the optimal solution (i.e., overshoots the solution). Then, the second iterate x2 computed with
the Small step size h2 stays in the affine part and does not oscillate around the solution.

We can suppose that the first piece of the worst-case function is purely quadratic and equal to
ϕ2,2 until we reach the affine part. In other words, the function is quadratic until its derivative
becomes constant. The worst-case function is then characterized by a single change in the form
of the derivative. Since the derivative of the quadratic part is equal to ϕ′

2,2(x) = x when L = 1,
at the intersection of the two pieces we have that dϕ−

2,3
dx

(m) = m where m denotes the slope of
the linear part. The minus sign indicates that the starting point is negative. We found out that
the slope is equal to h1−1

2h2+1 . We guessed this slope by setting h1 = 2 and h2 = 1. Therefore, by
appropriate scaling, we defined the following worst-case function valid for any value of L and R:

ϕ−
2,3(x) =


LR(h1−1)

2h2+1 x − LR2

2

(
h1−1
2h2+1

)2
, x ≥ R(h1−1)

2h2+1
L
2 x2, x < R(h1−1)

2h2+1

(5.4)

Figure 5.3 shows the interpolating function and the worst-case function for (h1, h2) = (1.8, 0.8)
and L = R = 1. The interpolating function is linear before the starting point and then matches
perfectly the worst-case function. The difficulty here was that the change of the derivative
function did not occur at one of the iterates, as is the case in the next region.
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Figure 5.3: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

2,3 for (h1, h2) = (1.8, 0.8) with the parameters L and R set to one.

Now that we have deduced graphically the worst-case function, we can demonstrate that the
objective function accuracy reaches the bound LR2

2 b2,3 when we apply two iterations of GM. But
first it is useful to ask what happens if the starting point is instead equal to 1 in our example.
The two previous worst-case functions from first and second regions have the property to be even
(i.e, f(x) = f(−x)). In this case, if the starting point is equal to one, the worst-case function
remains the same. For the third region, the worst-case function is no longer even. Figure ??
shows the interpolating function and the worst-case function associated when the starting point
x0 is equal to one. We can see that the worst-case function is obtained by symmetry of the
graph of ϕ−

2,3 around the y axis, i.e., exchange positive and negative abscissas (f(x) → f(−x)).
We will denote this new function ϕ+

2,3 to indicate that the starting point is positive.

Let’s return to our proof and define the first iterate as follows:

x1 = x0 − h1
dϕ−

2,3

dx
(x0) = −R − h1

L
(−LR) = R(h1 − 1)

The second iterate is defined as:

x2 = x1 − h2

L

dϕ−
2,3

dx
(x1)

= R(h1 − 1) − h2

L

LR(h1 − 1)
2h2 + 1

= R(h1 − 1)(h2 + 1)
2h2 + 1
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Therefore, the objective function accuracy is given by

ϕ−
2,3(xN) = (h1 − 1)2LR2(h2 + 1)

2h2 + 1 − LR2

2

(
h1 − 1
2h2 + 1

)2

= (h1 − 1)2LR2(2h2 + 2 − 1)
2(2h2 + 1)2

= LR2

2
(h1 − 1)2

(2h2 + 1)

This last expression is in fact equal to LR2

2 b2,3. Finally, the worst-case function for any value of
L and R when the starting point is positive, is given by

ϕ+
2,3(x) =


LR(1−h1)

2h2+1 x − LR2

2

(
h1−1
2h2+1

)2
, x ≤ R(1−h1)

2h2+1
L
2 x2, x > R(1−h1)

2h2+1

. (5.5)

5.1.4 Region 4 (S,B)
The last region corresponds to the fourth part of the max expression in Conjecture (5.1.). As a
reminder, it is given by

b2,4 = (1 − h2)2

(1 + h1)2

The first step size is considered to be Small while the second step size is considered to be Big.
As we can see in Figure 5.4a, the first iterate x1 stays in the affine part of the interpolating
function. Then, we have an overshoot of the optimal solution with the second iterate x2.
As we saw for the third region, a Big step size corresponds to an overshoot of the optimum,
while a Small step size corresponds to a simply descent on the affine part to approach the solution.

As for the second region, we can imagine that the worst-case function at the right of the
optimal solution will be purely quadratic and will not follow the second affine part of the
interpolating function. This quadratic piece will be the same function as in the second region,
i.e., ϕ2,2(x) = Lx2

2 . Therefore, looking in Figure 5.4a at the interpolating function and its
derivative, we realize that we only need to find the slope of the first linear part to describe the
worst-case function.

Firstly, we discovered with our numerical simulations that the slope does not depend on
h2, as we can see in Figures 5.4a and 5.4b. The function is continuous and the derivative of the
quadratic part is ϕ′

2,2(x) = x when L = 1. Also, graphically we can see that the change of shape
seems to take place at the first iterate x1. So we know that at the intersection of the two pieces
(i.e, at the change of derivative expression) we have that dϕ−

2,4
dx

(m) = x1, where m denotes the
slope of the affine piece. As for the previous region, the minus sign indicates the starting point
x0 is negative and equal to −1 in our example. We found out that the slope is equal to −1

1+h1
.

We guessed this slope by testing with h1 = 0.5 and h1 = 1. By appropriate scaling, we defined
the worst-case function as:

ϕ−
2,4(x) =


−LR
1+h1

x − LR2

2(1+h1)2 , x ≤ −R
1+h1

L
2 x2, x > −R

1+h1

(5.6)
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(a) (h1, h2) = (0.8, 1.8) (b) (h1, h2) = (0.8, 2)

Figure 5.4: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

2,4 for two different combinations of step sizes with the parameters L and
R set to one.

We are now able to prove that the worst-case bound LR2

2 b2,4 is achieved by function ϕ−
2,4 when

we apply two iterations of GM. The first iterate is defined as:

x1 = x0 − h1

L

dϕ−
2,4

dx
(x0) = −R + Rh1

1 + h1
= −R

1 + h1

And the second one as:

x2 = x1 − h2

L

dϕ−
2,4

dx
(x1)

= −R

1 + h1
+ h2

R

1 + h1

= −R(1 − h2)
1 + h1

Finally, the objective function accuracy is given by

ϕ−
2,4(xN) = LR2

2
(1 − h2)2

(1 + h1)2

This last expression is in fact equal to LR2

2 b2,4. As with the previous region, the question arises
as to what happens if the starting point is no longer equal to minus one but rather equal to
one. We clearly observe in Figure 5.4 that the worst-case function is not symmetric around the
y axis. Indeed, if x0 = 1, the first iterate will stay on the affine part on the right side of the
optimum while the second iterate will be on the other side, i.e., it will overshoot the solution.
This new worst-case function is obtained by orthogonal symmetry around the y axis of function
ϕ−

2,4. Figure 5.5 shows an example of the interpolating and worst-case function in this particular
case. The worst-case function valid for any value of R and L with a positive starting point is
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given by

ϕ+
2,4(x) =


RL

1+h1
x − RL2

2(1+h1)2 , x ≥ R
1+h1

L
2 x2, x < R

1+h1

(5.7)

Figure 5.5: The iterates of the GM, the interpolating function and his derivative as well as the
worst-case function ϕ+

2,4 for (h1, h2) = (0.8, 1.8) and the starting point x0 = 1.

5.2 Smooth strongly convex functions
For two steps of the gradient method on smooth strongly convex functions with fixed variable
step sizes, we begin with the following conjecture developed in [Dac19].

Conjecture 5.2. Any sequence of iterates {x1, x2} generated by two steps of gradient method
with variable normalized step sizes (h1, h2) ∈ [0, 2] × [0, 2] on a smooth strongly convex function
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f ∈ Fµ,L

(
Rd
)

satisfies:

f (x2) − f∗ ≤ LR2

2 max
 κ

(κ − 1) + (1 − κh1)−2 (1 − κh2)−2 ,

(1 − h1)2 (1 − h2)2, κ

(κ − 1) + (1 − κh1)−1

2

(1 − h2)2,

κ

(κ − 1) + (1 − κh2)−2 (1 − h1)2



(5.8)

As explained in [Dac19], there are four different regimes in terms of h1 and h2 for each value of
κ. Each regime corresponds to a type of combination between the step sizes. Those types of
combination are the same as for the convex case:

(S, S), (B, B), (B, S) and (S, B)

Each regime corresponds to a bound of the max expression in Conjecture (5.2.). We will denote
the worst-case bound of the above Conjecture as follows:

b2,κ(h1, h2) = LR2

2 max(bκ
2,1, bκ

2,2, bκ
2,3, bκ

2,4)

The four functions {bκ
2,i}i∈{1,2,3,4} denote respectively the worst-case bound of each regime. It

should also be noted that the functions bκ
2,i tend to the functions b2,i when κ tends to zero. We

can find a proof in [Dac19]. From this, we can suppose that Assumption (5.1.) is also valid
for the smooth strongly convex case and we will denote those four worst-case functions by ϕµ

2,i

with i ∈ {1, 2, 3, 4}. Encouraged by the results for one step of GM, we can make the following
assumption on the convergence of the worst-case functions.

Assumption 5.3. Consider two variable step sizes of GM. We have the following link between
the worst-case functions based on the objective function accuracy in the smooth convex and
smooth strongly cases for all i ∈ J = {1, 2, 3, 4}:

lim
κ→0

ϕµ
2,i = ϕ2,i

We will prove this statement for each region. Finally, we proceed the same way as for the
smooth convex case. Firstly, we solved the (sdp-PEP) for each combination of step sizes and
constant µ. We set also the parameters L and R to one. For our simulations, we took fifty one
values of step sizes (h1, h2) and twenty one values of µ. They are defined as follows:

(h1, h2) ∈ {4i/100}2
i=0,1,...,50 and µ ∈ {i/100}i=0,1...,20

As for the convex case, we observe that all problems were one-dimensional. Therefore, Assump-
tion (5.2.) is valid also for smooth strongly convex functions. For the interpolation part, the
interpolating function should belong to the class of L-smooth µ-strongly convex functions. More
precisely, the function F ∈ Fµ,L(R) that interpolates the sets of triples is such that F (xi) = fi
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and gi ∈ ∂F (xi). We refer to Theorem (2.22.) for more details about the conditions to be met.

Since we knew in advance the four bounds to be reached, we made groups of combinations
corresponding to the bounds. Once we thought we had found the worst-case function, we applied
two steps of GM to see if we had reached the right worst-case bound. We can begin by looking
at the first region.

5.2.1 Region 1 (S,S)
The first region corresponds to the first part of the max expression in Conjecture (5.2.). More
precisely,

bκ
2,1 = 1

2
κ

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

As for the smooth convex case in the region (S,S), the iterates do not oscillate around the
optimal solution, as we can see in Figure 5.6. This is the characteristic of Small step sizes.
However, the interpolating functions do not have more affine parts, since they belong to the class
of smooth strongly convex functions. The worst-case functions are already known for constant
step sizes. They have been defined in equations (4.2). For two constant step sizes considered to
be Small, the worst-case function is given by replacing (1 − κh)−2 by (1 − κh)−2(1 − κh)−2 in
the parameter τ in the definition of ϕµ

1,1. Then, for two variable step sizes, we can imagine that
the worst-case function is given by replacing the two occurrences of h by h1 and h2 respectively.
As a result, we define the worst-case function for the first region as follows

ϕµ
2,1(x) =


µ
2 x2 + aτ |x| + bτ if |x| ≥ τ
L
2 x2 else

(5.9)

where aτ = (L − µ)τ , bτ = −
(

L−µ
2

)
τ 2 and

τ = Rκ

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

Figure 5.6 shows the interpolating function and worst-case function for two different values of
constant µ with same step sizes. We can observe in Figure 5.6b that for a bigger value of strong
convexity constant, the growth of interpolating function is bounded by a better quadratic lower
bound. Finally, the same observation can be made about the iterates as for the region (S, S) in
the convex case. They stay in the first piece of the worst-case function and never come close to
the purely quadratic part x2

2 .

Diego Eloi 43. Master thesis



5.2. SMOOTH STRONGLY CONVEX FUNCTIONS

(a) µ = 0.08 (b) µ = 0.2

Figure 5.6: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕµ

2,1 for two different values of constant µ with the parameters L and R set
to one.

We can try to prove that our guessed worst-case function reaches the worst-case bound LR2

2 bκ
2,1

when we apply two steps of GM. We have for the first iterate:

x1 = x0 − h1

L

dϕµ
2,1

dx
(x0)

= −R − h1

L
(−Rµ − (L − µ)τ)

= −R − h1

L

(
−Rµ − Rµ(1 − κ)

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

)

= −R − h1

L

(
−Rµ(κ − 1) − Rµ(1 − κh1)−2(1 − κh2)−2 − Rµ(1 − κ)

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

)

= −R(κ − 1) − R(1 − κh1)−2(1 − κh2)−2 + h1κ(1 − h1κ)−2(1 − κh2)−2

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

= −R(κ − 1) − R(1 − κh1)−2(1 − κh2)−2(1 − h1κ)
(κ − 1) + (1 − κh1)−2(1 − κh2)−2

= −R(κ − 1) − R(1 − κh1)−1(1 − κh2)−2

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

=
−R

(
(κ − 1) + (1 − κh1)−1(1 − κh2)−2

)
(κ − 1) + (1 − κh1)−2(1 − κh2)−2

The second iterate is simply given by

x2 = x1 − h2

L

dϕµ
2,1

dx
(x1)

=
−R

(
(κ − 1) + (1 − κh1)−1(1 − κh2)−1

)
(κ − 1) + (1 − µh1)−2(1 − κh2)−2
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Therefore, the objective function accuracy is defined as follows:

ϕµ
2,1(xN) − ϕµ

2,1(x∗) = ϕµ
2,1(x2)

= µ

2

−R
(
(κ − 1) + (1 − κh1)−1(1 − κh2)−1

)
(κ − 1) + (1 − µh1)−2(1 − κh2)−2


2

+
R2µ(1 − κ)

(
(κ − 1) + (1 − κh1)−1(1 − κh2)−1

)
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

−
R2 µ2

L
(1 − κ)

2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

= R2µ(κ − 1)2 + R2µ(1 − κh1)−2(1 − κh2)−2 + 2R2µ(κ − 1)(1 − κh1)−1(1 − κh2)−1

2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

−
2R2µ(κ − 1)

(
(κ − 1) + (1 − κh1)−1(1 − κh2)−1

)
2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

−
R2 µ2

L
(1 − κ)

2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

= R2(κ − 1)(−µκ + µ + µκ) + R2µ(1 − κh1)−2(1 − κh2)−2

2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

=
R2µ

(
(κ − 1) + (1 − κh1)−2(1 − κh2)−2

)
2
[
(κ − 1) + (1 − κh1)−2(1 − κh2)−2]2

= LR2

2
κ

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

This last expression is in fact equal to the bound LR2

2 bκ
2,1. Before going to the next region, we

can prove that the worst-case function ϕµ
2,1 tends to function ϕ2,1 when κ tends to zero. Firstly

we have that

lim
κ→0

τ

R
= lim

κ→0

κ

(κ − 1) + (1 − κh1)−2(1 − κh2)−2

= 1
1 + 2(h1 + h2)

The proof is given by setting q = 1
(1−κh1)2(1−κh2)2 in the proof of expression (4.7). Therefore,

proving our statement becomes straightforward. Indeed,

lim
κ→0

µ

2 x2 + (L − µ)τ |x| − L − µ

2 τ 2 = Lτ |x| − Lτ 2

= LR

2h1 + 2h1 + 1 |x| − LR2

2(2h1 + 2h2 + 1)2

Which is valid when |x| ≥ 1
1+2(h1+h2) and corresponds to the affine piece of function ϕ1,1.
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5.2.2 Region 2 (B,B)
The second region corresponds to the second part of the max expression in Conjecture (5.2.),
denoted by bκ

2,2. The bound is the same as in the convex case. Our worst-case function is then
also equal to function ϕ2,2. We can directly generalize the function for any value of L and R as
follows:

ϕµ
2,2(x) = Lx2

2
(5.10)

Figure 5.7 shows the interpolating function and the worst-case function when (h1, h2) = (1.4, 2)
and µ = 0.1. Unlike the convex case, the interpolating function does not have a linear shape
outside the iterates but rather a quadratic form. This is because a strongly convex function can
not have an affine piece since its second derivative can not be zero.

Figure 5.7: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕµ

2,2 for (h1, h2, µ) = (1.4, 2, 0.1) with the parameters L and R set to one.

The proof of showing that the bound LR2

2 bκ
2,2 is achieved by function ϕµ

2,2 is the same as for
worst-case function ϕ2,2.

5.2.3 Region 3 (B,S)
The third region corresponds to the third part of the max expression in Conjecture (5.2.). More
precisely,

bκ
2,3(h1, h2) = κ(h1 − 1)2

(κ − 1) + (1 − κh2)−2
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This region consists of a first step of Big size and a second step of Small size. As for the third
region in the convex case, the iterates x1 and x2 visible in Figure 5.8, are located at the right
side of the optimal solution. Indeed, the first step size h1 results in a oscillation around the
optimum. Then, the second step size h2 brings us down to the solution. As for function ϕ−

2,3, we
can suppose that the first piece is equal to Lx2

2 until a change in the form of the derivative near
second iterate x2. This is illustrated in Figure 5.8. The term (1 − κh1)−2 seems to correspond
to a Small step size. Therefore, we try to use the parameter τ from the first region without the
(1 − κh1)−2 term and by multiplying it by (h1 − 1), as we did for the third region in the convex
case. We then define the worst-case function as follows:

ϕµ,−
2,3 (x) =


µ
2 x2 + aτ x + bτ if x ≥ τ
L
2 x2 else

(5.11)

where aτ = (L − µ)τ , bτ = −
(

L−µ
2

)
τ 2 and

τ = Rκ(h1 − 1)
(κ − 1) + (1 − κh2)−2

Figure 5.8 shows the interpolating function and the worst-case function for h1 = 1.6, h2 = 1
and µ = 0.14.

Figure 5.8: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕµ,−

2,3 for (h1, h2, µ) = (1.6, 1, 0.14) with the parameters L and R set to one.

As for the first region, we can prove that the worst-case function reaches the right bound. The
minus sign in the notation ϕµ,−

2,3 denotes that the starting point is negative. It is equal to minus

Diego Eloi 47. Master thesis



5.2. SMOOTH STRONGLY CONVEX FUNCTIONS

one in our example. As for the third and fourth regions in the convex case, the worst-case
function is not symmetric around the solution. Consequently, the worst-case function ϕµ,−

2,3
depends on the sign of the initial iterate and therefore it is valid only for negative values of the
latter. Since there is not a unique worst-case function, we will restrict ourselves to the function
defined above. However, it should be noted that the function valid for positive starting points is
obtained by orthogonal symmetry around the y-axis of function ϕµ,−

2,3 . In our specific case, the
first iterate is given by

x1 = x0 − h1

L

dϕµ,−
2,3

dx
(x0) = R(−1 + h1)

Then, the second iterate x2 is defined as follows:

x2 = x1 − h2
dϕµ,−

2,3

dx
(x1)

= x1(1 − h2κ) − Rh2κ(1 − κ)(h1 − 1)
(κ − 1) + (1 − κh2)−2

= R(κ − 1)(h1 − 1)(1 − κh2) + R(h1 − 1)(1 − κh2)−1 + Rh2κ(κ − 1)(h1 − 1)
(κ − 1) + (1 − κh2)−2

=
R(h1 − 1)

(
(κ − 1) + (1 − κh2)−1

)
(κ − 1) + (1 − κh2)−2

Finally, the objective function accuracy in function of parameters L and R is given by

ϕµ,−
2,3 (xN) − ϕµ,−

2,3 (x∗) = ϕµ,−
2,3 (x2)

= µ

2

R(h1 − 1)
(
(κ − 1) + (1 − κh2)−1

)
(κ − 1) + (1 − κh2)−2


2

−
2R2µ(κ − 1)(h1 − 1)2

(
(κ − 1) + (1 − κh2)−1

)
2
[
(κ − 1) + (1 − κh2)−2]2

−
R2 µ2

L
(1 − κ)(h1 − 1)2

2
[
(κ − 1) + (1 − κh2)−2]2

=
R2µ(h1 − 1)2

(
(κ − 1)2 + (1 − κh2)−2

)
2
[
(κ − 1) + (1 − κh2)−2]2 − 2R2µ(κ − 1)2(h1 − 1)2

2
[
(κ − 1) + (1 − κh2)−2]2

−
R2 µ2

L
(1 − κ)(h1 − 1)2

2
[
(κ − 1) + (1 − κh2)−2]2

=
R2µ(h1 − 1)2

(
−(κ − 1)2 + (1 − κh2)−2

)
2
[
(κ − 1) + (1 − κh2)−2]2 +

R2 µ2

L
(κ − 1)(h1 − 1)2

2
[
(κ − 1) + (1 − κh2)−2]2

= R2µ(h1 − 1)2(κ − 1)(−(κ − 1) + κ) + R2µ(h1 − 1)2(1 − κh2)−2

2
[
(κ − 1) + (1 − κh2)−2]2

=
R2µ(h1 − 1)2

(
κ − 1) + (1 − κh2)−2

)
2
[
(κ − 1) + (1 − κh2)−2]2

= LR2

2
κ(h1 − 1)2

(κ − 1) + (1 − κh2)−2
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Which is in fact equal to the bound LR2

2 bκ
2,3. To finish with this region, we show that the

worst-case function ϕµ,−
3,2 tends to function ϕ−

2,3 when κ tends to zero. We already know that

lim
κ→0

κ

(κ − 1) + (1 − κh2)−2 = 1
1 + 2h2

Therefore

lim
κ→0

µ

2 x2 + (L − µ)τx − (L − µ)
2 τ 2 = lim

κ→0
Lτx − L

2 τ 2

= lim
κ→0

LRκ(h1 − 1)
(κ − 1) + (1 − κh2)−2 x − LR2

2

(
κ(h1 − 1)

(κ − 1) + (1 − κh2)−2

)2

= LR(h1 − 1)
2h2 + 1 x − LR2(h1 − 1)2

2(2h2 + 1)2

This function piece is valid for x ≥ τ . Since limκ→0 τ = R(h1−1)
1+2h2

, we tend to function ϕ−
2,3. We

can now move on to the last region.

5.2.4 Region 4 (S,B)
The fourth region corresponds to the fourth part of the max expression in Conjecture (5.2.),
defined as follows:

bµ
2,4 =

(
κ

(κ − 1) + (1 − κh)−1

)2

(1 − h2)2

We see two examples of interpolating functions and iterates when (h1, h2, µ) = (0.8, 1.6, 0.2) in
Figure 5.9a and (h1, h2, µ) = (0.8, 1.8, 0.2) in Figure 5.9b. We can observe that the first step
size h1 does not make the iterate x1 oscillate around the optimum unlike the second step size h2.
We can interpret the interpolating function as a piecewise function with a particular piece, until
a change in the form of the derivative. After which, we fall back on the well-known quadratic
function. Also, we found out that the first piece does not depend on h2. Indeed, the derivative
functions in Figure 5.9a and Figure 5.9b have the same slope on the first piece for different step
size h2. Since the first part of the worst-case function does not depend on h2, we tried taking
the parameter τ from the first region, removing the (1 − κh2)2 term and replacing (1 − κh1)−2

by (1 − κh1)−1. We got the following worst-case function:

ϕµ,−
2,4 (x) =


µ
2 x2 − aτ x + bτ if x ≤ −τ
L
2 x2 else

(5.12)

where aτ = (L − µ)τ , bτ = −
(

L−µ
2

)
τ 2 and

τ = Rκ

(κ − 1) + (1 − κh1)−1

The worst-case functions associated with our two examples are also plotted in Figures 5.9a
and 5.9b. We can now prove that function ϕµ,−

2,4 reaches the bound LR2

2 bµ
2,4. As in the previous
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(a) h2 = 1.6 (b) h2 = 1.8

Figure 5.9: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕµ,−

2,4 for two different values of h2 with the parameters L and R set to one.

section, the minus sign indicates that the starting point must be negative. Therefore, we set
x0 = −R. Then, the first iterate is given by

x1 = x0 − h1

L

dϕµ,−
2,4

dx
(x0)

= −R − h1

L
(−Rµ − (L − µ)τ)

= −R − h1

L

(
−Rµ − Rµ(1 − κ)

(κ − 1) + (1 − κh)−1

)

= −R − h

L

(
−Rµ(κ − 1) − Rµ(1 − κh)−1 − Rµ(1 − κ)

(κ − 1) + (1 − κh)−1

)

= −R − h

(
−Rκ(1 − κh)−1

(κ − 1) + (1 − κh)−1

)

= −R(κ − 1) − R(1 − κh)−1 + Rhκ(1 − hκ)−1

(κ − 1) + (1 − κh)−1

= −R(κ − 1) − R(1 − κh)−1(1 − hκ)
(κ − 1) + (1 − κh)−1

= −Rκ

(κ − 1) + (1 − κh)−1

= −τ

The second iterate x2 is defined as:

x2 = x1 − h2

L

dϕµ,−
2,4

dx
(x1)

= −τ − h2

L
(−Lτ)
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= −τ(1 − h2)

Finally, the objective function accuracy is given by

ϕµ,−
2,4 (xN) − ϕµ,−

2,4 (x∗) = ϕµ,−
2,4 (x2)

= Lτ 2

2 (1 − h2)2

= LR2

2

(
κ

(κ − 1) + (1 − κh)−1

)2

(1 − h2)2

This last expression is in fact equal to LR2

2 bκ
2,4. We finish this section by showing that this last

worst-case function tends to function ϕ−
2,4 when κ tends to zero. Firstly, we have that

lim
κ→0

τ

R
= lim

κ→0

κ

(κ − 1) + (1 − κh1)−1

= 1
1 + h1

We can find the proof by setting q = 1
(1−κh1) and replacing −2N by −N in expression (4.7).

Therefore we have:

lim
κ→0

µ

2 x2 − (L − µ)τx − (L − µ)
2 τ 2 = lim

κ→0
−Lτx − L

2 τ 2

= lim
κ→0

−LRκ

(κ − 1) + (1 − κh1)−1 x − LR2

2

(
κ

(κ − 1) + (1 − κh1)−1

)2

= −LR

h1 + 1x − LR2

2(h1 + 1)2

This function piece is valid for x ≤ −τ . Since τ tends to 1
1+h1

when κ tends to zero, we indeed
fall back on function ϕ−

2,4.

5.3 Conclusion
The aim of this chapter was to derive a set of functions that achieve the worst-case behaviors of
two steps of GM according to objective function accuracy and that are valid for any value of
parameters L and R. For two steps of GM, our results rely on the use of Conjecture (5.1.) for
smooth convex functions and Conjecture (5.2.) for smooth strongly convex functions. These
conjectures are expressed as the maximum of four functions, depending on the step sizes. The
purpose was then to derive a worst-case function for each of these four bounds. Each function is
such that the final objective value accuracy of two steps of GM applied to it, is equal to one of
the four bounds. Also, we found that the worst-case functions were one-dimensional. The eight
functions are summarized in Table 5.1. We have also shown that the worst-case functions in the
strongly convex case converge to their equivalent in the convex case.
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Chapter 6

Three iterations of gradient method

In this chapter, we will try to identify the worst-case functions for three iterations of the gradient
method equipped with the objective function accuracy criterion and with variable normalized
step sizes. As for the previous chapter, we will only detail the proofs for the general case, i.e.,
for any value of the parameters L and R. Also note that all our numerical examples are with
L = R = 1.

6.1 Smooth convex functions
We can find some results on worst-case performances for three steps of the gradient method
according to the function accuracy in the master thesis of A. Daccache [Dac19]. Firstly, it is
considered that the number of functions that compose a possible conjecture is equal to 2N with
N the number of iterations. Thus for three steps, we shall consider eight functions. We denote
by b3,i the ith function. Each of these functions is maximum for some combinations of step sizes.
The exact worst-case bound is given by the maximum of those eight functions. We consider
then eight possible types of combination between the three step sizes:

(S, S, S) (S, B, B) (S, S, B) (S, B, S) (B, S, S) (B, S, B) (B, B, B) and (B, B, S)

Where S denotes a Small step size and B a Big one. Unfortunately, we can only find the
worst-case bounds associated with the first seven regimes. We start by identifying the worst-case
functions corresponding to these bounds. We proceeded the same way as for two steps. Firstly
we solved the performance estimation problems with the PESTO toolbox [THG17a] with N = 3,
R = 1 and L = 1. The three step sizes used were defined as follows:

(h1, h2, h3) ∈ {4i/100}3
i=0,1,...,50

The first interesting result that emerged was that not all problems were one-dimensional.
For example, the numerical resolution of sdp-PEP with (h1, h2, h3) = (2, 1.8, 0.3) was two-
dimensional. We will see later in this section that problems that are not in 1-D belong to the
eighth region, i.e., combinations of type (B, B, S). Knowing the bounds to be reached, we made
groups with the combinations of step sizes associated with each bound. We then tried to deduce
the different worst-case functions graphically with the interpolation code developed in [KGH21].
Once we had deduced the function, we applied three steps of the gradient method to verify if
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6.1. SMOOTH CONVEX FUNCTIONS

we landed on the right bound. We began with the worst-case bounds where the first step size h1
is considered to be Small. We find in [Dac19, Section 4.3] these bounds:

b3,1 (h1, h2, h3) = 1
1 + 2h1 + 2h2 + 2h3

b3,2 (h1, h2, h3) =
 1

(1 + h1)2

 (1 − h2)2 (1 − h3)2

b3,3 (h1, h2, h3) =
 1

(1 + h1 + h2)2

 (1 − h3)2

b3,4 (h1, h2, h3) =
 1

(1 + h1)2

 (1 − h2)2
(

1
1 + 2h3

)
(6.1)

6.1.1 Region 1 (S,S,S)
The first region corresponds to the worst-case bound defined by function b3,1. We had the same
intuition as for function ϕ2,1. For three constant step sizes, the worst-case function is given by
replacing h by h + h + h = 3h in equations (4.4). Then, for three variable step sizes, we obtain
our new worst-case function by replacing h by h1 + h2 + h3. In other words, we only add the
term 2h3 in the denominator of the first piece of function ϕ2,1. More precisely, the worst-case
function is defined as follows:

ϕ3,1(x) =


LR
2h1+2h2+2h3+1 |x| − LR2

2(2h1+2h2+2h3+1)2 , |x| ≥ R
2h1+2h2+2h3+1

L
2 x2, |x| < R

2h1+2h2+2h3+1
(6.2)

The behavior of the function remains the same as ϕ1,1 and ϕ2,1 as we observe in Figure 6.1. Only
the slope changes, since we added a new term involving the third step size in the denominator.
Here again, the interpolating function did not take the affine part at the right side of the solution.

We can easily prove that we reach the worst-case bound LR2

2 b3,1 defined in equations (6.1)
by generalizing the proof of function ϕ2,1 for three steps of GM. The first iterate is given by

x1 = x0 − h1

L
ϕ′

3,1(x0) = −R + Rh1

2(h1 + h2 + h3) + 1

Then, the second iterate is given by

x2 = x1 − h2

L
ϕ′

3,1(x1) = −R + R(h1 + h2)
2(h1 + h2 + h3) + 1

Finally, the third iterate is defined as:

xN = x3 = x2 − h3

L
ϕ′

3,1(x2) = −R + R(h1 + h2 + h3)
2(h1 + h2 + h3) + 1

Therefore, the objective function accuracy is expressed as:

ϕ3,1(xN) − ϕ3,1(x∗) = ϕ3,1(xN)
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Figure 6.1: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ3,1 for (h1, h2, h3) = (1, 1.2, 1.4) with the parameters L and R set to one.

= −LR2

2(h1 + h2 + h3) + 1 − LR2(h1 + h2 + h3)
(2(h1 + h2 + h3) + 1)2 − LR2

2(2(h1 + h2 + h3) + 1)2

= 4LR2(h1 + h2 + h3) + 2LR2 − 2LR2(h1 + h2 + h3) − LR2

2(2(h1 + h2 + h3) + 1)2

= LR2

2
1

2(h1 + h2 + h3) + 1

Which is in fact equal to LR2

2 b3,1.

6.1.2 Region 2 (S,B,B)
The second region corresponds to the worst-case bound b3,2. Figure 6.2 shows the iterates
and the interpolating function when h1 = 0.6, h2 = 1.8 and h3 = 1.8. As expected, the first
iterate stays in the affine part and does not oscillate around the optimal solution. That is the
characteristic that we found for Small step sizes. Then, the second and third iterates, considered
to be Big, overshoot the solution. We were inspired by the worst-case function of region (S, B)
with two steps of GM. Firstly, we can suppose that the second piece of our function will be
purely quadratic and equal to Lx2

2 . Then, here again, the aim is to find the slope of the affine
part and where the change in the form of the derivative occurs. Also, as for ϕ2,4, we found out
that the slope did not depend on step sizes h2 and h3. So, the first thing we tried was to take
the same slope as for ϕ2,4. Since the second and third iterates are located in the quadratic part,
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our choice to test −1
h1+1 for the slope is pertinent. The worst-case function is then defined as:

ϕ−
3,2(x) =


−LR
1+h1

x − LR2

2(1+h1)2 , x ≤ −R
1+h1

L
2 x2, x > −R

1+h1

(6.3)

Figure 6.2 shows the worst-case function for (h1, h2, h3) = (0.6, 1.8, 1.8). It is not symmetric
with the origin and therefore the function will depend on the sign of the starting iterate. The

Figure 6.2: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

3,2 for (h1, h2, h3) = (0.6, 1.8, 1.8) with the parameters L and R set to one.

proof is straightforward. We defined the three iterates:

x1 = x0 − h1

L

dϕ−
3,2

dx
(x0)

= −R + Rh1

1 + h1

= −R

1 + h1

and x2 = x1 − h2

L

dϕ−
3,2

dx
(x1)

= −R

1 + h1
+ h2

R

1 + h1

= −R(1 − h2)
1 + h1
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finally, x3 = x2 − h3

L

dϕ−
3,2

dx
(x2)

= −R(1 − h2)
1 + h1

+ h3
R(1 − h2)

1 + h1

= −R(1 − h2)(1 − h3)
1 + h1

Therefore,
ϕ−

3,2(xN) = LR2

2
(1 − h2)2(1 − h3)2

(1 + h1)2

Which is in fact equal to bound LR2

2 b3,2.

6.1.3 Region 3 (S,S,B)
The third region corresponds to the worst-case bound b3,3 defined in equations (6.1). The two
first iterates are considered to be Small while the third is seen as Big. Figure 6.3 shows the
iterates of the gradient method when h1 = 1, h2 = 0.8 and h3 = 2 as well as the interpolating
function associated. Here again, we can suppose that the second part of the worst-case function
is equal to the usual quadratic form Lx2

2 . We now only need to find the slope of the affine
part and where the change in the form of the derivative occurs. We found with our numeric
resolutions that the slope does not depend on the third step size. Our intuition was to replace
h1 by h1 + h2 in the denominator of worst-case function ϕ3,2. We define thus the following
worst-case function

ϕ−
3,3(x) =


−LR

1+h1+h2
x − LR2

2(1+h1+h2)2 , x ≤ −R
1+h1+h2

L
2 x2, x > −R

1+h1+h2

(6.4)

Figure 6.3 shows also the worst-case function that we just defined for (h1,h2, h3) = (1, 0.8, 2).
As in the previous region, the function is not symmetric around the optimal solution, which
makes it dependent on the sign of the starting point.

We can now demonstrate that the bound LR2

2 b3,3 is achieved by function ϕ−
3,3 when apply-

ing three steps of GM. The iterates are given by

x1 = x0 − h1

L

dϕ−
3,3

dx
(x0)

= −R + Rh1

1 + h1 + h2

= −R(1 + h2)
1 + h1 + h2

and x2 = x1 − h2

L

dϕ−
3,3

dx
(x1)

= −R(1 + h2)
1 + h1 + h2

+ h2
R

1 + h1 + h2

= −R

1 + h1 + h2

Diego Eloi 57. Master thesis



6.1. SMOOTH CONVEX FUNCTIONS

Figure 6.3: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

3,3 for (h1, h2, h3) = (1, 0.8, 2) with the parameters L and R set to one.

finally, x3 = x2 − h3

L

dϕ−
3,3

dx
(x2)

= −R

1 + h1 + h3
+ h3

R

1 + h1 + h2

= −R(1 − h3)
1 + h1 + h2

Therefore, the objective function accuracy is expressed as follows and reaches in fact the bound
LR2

2 b3,3:

ϕ−
3,3(xN) = LR2

2
(1 − h3)2

(1 + h1 + h2)2

6.1.4 Region 4 (S,B,S)
The last region where h1 is considered to be Small corresponds to the worst-case bound b3,4
defined in equations (6.1). This is the most particular case, because we alternate between Small
and Big step sizes. As can be seen in Figure 6.4, the first iterate did not oscillate around the
optimal solution and stayed on the affine part of the interpolating function. Then, the second
iterate overshoots the optimum, as the step size associated is considered to be Big. Since the
third step size is also considered to be Small, it creates a second affine piece where the third
iterate is located. The purely quadratic piece lies then between the two linear parts. The
difference with the two previous worst-case functions is that the usual quadratic function Lx2

2 is
blocked by the affine pieces.
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6.1. SMOOTH CONVEX FUNCTIONS

The purpose here is to find the values of the two slopes and where the two changes in the form
of the derivative functions occurs. We found that the slope of the first linear part only depends
on first step size h1. We supposed that this piece function is equal to the first part of worst-case
function ϕ−

3,2, characterized by a slope equal to −1/(1 + h1). For the third piece, i.e., the second
affine part, we noticed that the slope depends on the three step sizes. Our intuition was to
be inspired by region (B, S). Firstly, we supposed that the slope m will have the following
expression:

m = η(h1)
h2 − 1
2h3 + 1

where η(h1) will be the contribution in h1. The term involving h1 in b3,4 is the same as in b3,2.
From this, we found that the contribution in h1 will be equal to the opposite of the slope of the
first affine part, i.e., η(h1) = 1/(h1 + 1). The deduced worst-case function is defined as:

ϕ−
3,4(x) =


−LR
1+h1

x − −LR2

2(1+h1)2 , x ≤ −R
1+h1

LR(h2−1)
(1+h1)(2h3+1)x − LR2

2
(h2−1)2

((1+h1)(2h3+1))2 , x ≥ R(h2−1)
(1+h1)(2h3+1)

L
2 x2, −R

1+h1
< x < R(h2−1)

(1+h1)(2h3+1)

(6.5)

Figure 6.4 shows the worst-case function just defined for (h1, h2, h3) = (1, 2, 0.4). This is the
only case where the interpolating function matches perfectly the worst-case one everywhere.
The previous interpolating functions always took a linear path instead of following the quadratic
piece. The region (S,B,S) forces the interpolating function to take two affine parts created by
the Small step sizes.

Figure 6.4: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

3,4 for (h1, h2, h3) = (1, 2, 0.4) with the parameters L and R set to one.
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Function ϕ−
3,4 is valid only for negative starting point. We now prove that the bound LR2

2 b3,4 is
achieved by function ϕ−

3,4 when applying three steps of GM. The three iterates are defined as:

x1 = x0 − h1

L

dϕ−
3,4

dx
(x0)

= −R + Rh1

1 + h1

and x2 = x1 − h2

L

dϕ−
3,4

dx
(x1)

= −R − Rh1 + Rh1 + Rh2

1 + h1

= R(h2 − 1)
1 + h1

finally, xN = x3 = x2 − h3

L

dϕ−
3,4

dx
(x2)

= R(h2 − 1)
1 + h1

− h3

L

LR(h2 − 1)
(1 + h1)(2h3 + 1)

= R(h2 − 1)(h3 + 1)
(1 + h1)(2h3 + 1)

Therefore, the final objective function accuracy is given by

ϕ−
3,4(xN) = LR2(h2 − 1)2(h3 + 1)

((1 + h1)(2h3 + 1))2 − LR2

2
(h2 − 1)2

((1 + h1)(2h3 + 1))2

= LR2

2

(
1

(1 + h1)2

)
(1 − h2)2

(
1

1 + 2h3

)

Now that we have defined the worst-case function when h1 is considered to be Small, we can
look at the worst-case bounds when h1 is considered to be Big. Unfortunately, we can find only
three of the four worst-case bounds in [Dac19], as the last one not has been identified. The
three bounds are defined as:

b3,5 (h1, h2, h3) =
(

1
1 + 2h2 + 2h3

)
(1 − h1)2

b3,6 (h1, h2, h3) =
 1

(1 + h2)2

 (1 − h1)2 (1 − h3)2

b3,7 (h1, h2, h3) = (1 − h1)2 (1 − h2)2 (1 − h3)2

(6.6)

6.1.5 Region 5 (B,S,S)
The fifth region corresponds to the bound b3,5. Figure 6.5 shows the iterates of GM as well
as the interpolating function associated when h1 = 1.8, h = 0.6 and h3 = 1. The first step
size is considered to be Big and therefore the first iterate overshoots the solution. The two
other iterates stay on the same side and approach the solution by moving through the affine
part of the function. As can be seen in Figure 6.5, we can imagine that the first piece of the

Diego Eloi 60. Master thesis



6.1. SMOOTH CONVEX FUNCTIONS

worst-case function is purely quadratic and equal to Lx2

2 . The function will be quadratic until
the derivative becomes constant. We were inspired by the region (B, S). Since we have one
more iterate computed with a Small step size, we can imagine that the slope is obtained by
adding 2h3 in the denominator of the linear piece of function ϕ−

2,3. We defined the following
worst-case function:

ϕ−
3,5(x) =


LR(h1−1)

2h2+2h3+1x − LR2

2

(
h1−1

2h2+2h3+1

)2
, x ≥ R(h1−1)

2h2+2h3+1
L
2 x2, x < R(h1−1)

2h2+2h3+1

(6.7)

We can observe the behavior of the worst-case function in Figure 6.5. As previously, we prove

Figure 6.5: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

3,5 for (h1, h2, h3) = (1.8, 0.6, 1) with the parameters L and R set to one.

that the bound LR2

2 b3,5 is attained by three steps of GM on function ϕ−
3,5. The three iterates are

defined as:

x1 = x0 − h1

L

dϕ−
3,5

dx
(x0)

= R(h1 − 1),

and x2 = x1 − h2

L

dϕ−
3,5

dx
(x1)

= R(h1 − 1) − h2
R(h1 − 1)

2(h2 + h3) + 1)

= R(h1 − 1)(2(h2 + h3) + 1 − h2)
2(h2 + h3) + 1 ,
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finally, xN = x3 = x2 − h3

L

dϕ−
3,5

dx
(x2)

= R(h1 − 1)(2(h2 + h3) + 1 − h2)
2(h2 + h3) + 1 − h3

R(h1 − 1)
2(h2 + h3) + 1

= R(h1 − 1)(2(h2 + h3) + 1 − h2 − h3)
2(h2 + h3) + 1

Therefore, the generalized objective function accuracy is expressed as:

ϕ−
3,5(xN) = LR2(h1 − 1)2(2(h2 + h3) + 1 − h2 − h3)

(2(h2 + h3) + 1)2 − LR2

2
(h1 − 1)2

(2(h2 + h3) + 1)2

= LR2(h1 − 1)2(4(h2 + h3) + 2 − 2h2 − 2h3 − 1)
2(2(h2 + h3) + 1)2

= LR2

2
1

2h2 + 2h3 + 1(h1 − 1)2

Which is indeed equal to LR2

2 b3,5

6.1.6 Region 6 (B,S,B)
The sixth region corresponds to the worst-case bound b3,6. Figure 6.6 shows the different iterates
of GM and the interpolating function associated for step sizes (h1, h2, h3) = (1.8, 1, 1.8). It is
obvious now, that the first iterate overshoots the solution, as the corresponding step size is
considered to be Big. The second iterate does not oscillate around the optimum and stays in
the affine part while approaching the solution. Finally, the third iterate again overshoots the
solution. The first piece of the function will be equal to the classic quadratic form Lx2

2 until
we reach the affine part of the function. The purpose is then to find the value of the slope
and where the derivative becomes constant. Firstly, we found that the slope does not depend
on third step size h3. As the last iterate is located on the left side of the solution (i.e., in the
quadratic piece), the behavior of the combination of step sizes h1 and h2 is similar to the one of
region (B, S). We can then suppose that the slope is the same, i.e., equal to (h1 − 1)/(2h2 + 1).
Therefore, we define the following worst-case function:

ϕ−
3,6(x) =


LR(h1−1)

1+h2
x − LR2(h1−1)2

2(1+h2)2 , x ≥ R(h1−1)
1+h2

L
2 x2, x < h1−1

1+h1

(6.8)

We apply now three steps of GM on the function defined above. The three iterates are defined
as follows:

x1 = x0 − h1

L

dϕ−
3,6

dx
(x0)

= R(h1 − 1),

and x2 = x1 − h2

L

dϕ−
3,6

dx
(x1)

= R(h1 − 1) − h2
R(h1 − 1)

h2 + 1
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Figure 6.6: The iterates of the GM, the interpolating function and his derivative as well as the
worst-case function ϕ−

3,6 for (h1, h2, h3) = (1.8, 1, 1.8) with the parameters L and R set to one.

= R(h1 − 1)
h2 + 1 ,

finally, xN = x3 = x2 − h3

L

dϕ3,6

dx
(x2)

= R(h1 − 1)
h2 + 1 − h3

R(h1 − 1)
h2 + 1

= R(h1 − 1)(1 − h3)
h2 + 1

Therefore, the objective function accuracy is defined as follows:

ϕ3,6(xN) = LR2

2

(
1

(1 + h2)2

)
(h1 − 1)2(1 − h3)2

Which is indeed equal to LR2

2 b3,6.

6.1.7 Region 7 (B,B,B)
The region corresponding to three Big step sizes is characterized by the bound b3,7. This bound
is the same as bound b2,2 multiplied by (1 − h3)2. Since the worst-case function corresponding
to the bound b2,2 does not depend on the step sizes, we can suppose that the worst-case function
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for three Big step sizes is also equal to Lx2

2 . Therefore,

ϕ3,7(x) = Lx2

2 (6.9)

We can see in Figure 6.7 the interpolating function, the iterates and the worst-case function
when L = R = 1 and for (h1, h2, h3) = (1.8, 1.6, 1.9). The proof is straightforward. Indeed, the

Figure 6.7: The iterates of the GM, the interpolating function and its derivative as well as the
worst-case function ϕ−

3,7 for (h1, h2, h3) = (1.8, 1, 1.8) with the parameters L and R set to one.

iterates are defined as:

x1 = x0 − h1

L

dϕ3,7

dx
(x0)

= R(h1 − 1)

and x2 = x1 − h2

L

dϕ3,7

dx
(x1)

= x1(1 − h2)
= −R(1 − h1)(1 − h2)

finally, xN = x3 = x2 − h3

L

dϕ3,7

dx
(x2)

= −R(1 − h1)(1 − h2)(1 − h3)

Therefore,
ϕ3,7(xN) − ϕ3,7(x∗) = ϕ3,7(xN) = LR2

2 (1 − h1)2(1 − h2)2(1 − h3)2
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6.1.8 Region 8 (B,B,S)
Until now, there has been no derived bound for three steps of GM with step sizes belonging to
the regime (B, B, S). As explained previously, there were some combinations of step sizes for
which the sdp-PEP problems associated were not one-dimensional. More precisely, we found that
the solutions of (sdp-PEP) for the gradient method with such step sizes are two-dimensional.
Since the interpolation code is tailored only for one-dimensional inputs, we were not able to
compute the required interpolating functions.

However, we have gathered some information about the worst-case function by analyzing
the set of triples {(xi, fi, gi)}i∈{0,1,2,3,∗}. Firstly, we found with numerical resolutions that the
gradients at second and third iterates are equal, i.e., ∇F (x2, y2) = ∇F (x3, y3). Also, for
(x0, y0) = (−1, 0), we have that

∂F

∂x

∣∣∣∣∣
x2

= ∂F

∂x

∣∣∣∣∣
x3

≤ 0 and ∂F

∂y

∣∣∣∣∣
y2

= ∂F

∂y

∣∣∣∣∣
y3

≥ 0

We also found that x2 ≤ x3 ≤ 0 and y2 ≥ y3 ≥ 0. From this, we can imagine that the worst-case
function between second and third iterates takes the form of a plane. We found another useful
information about iterates. It seems that x1 = h1 − 1, as for regions 5, 6 and 7. Since f1 = 0.5,
we can imagine that the first piece has the following expression:

ϕ1
2,8(x, y) = x2

2 + η(y)

Where η(y) is the contribution in y. For example, the resolution of (sdp-PEP) for (h1, h2, h3) =
(1.9, 1.8, 0.8), gives the following set of points

Step (xi, yi) fi ∇f(xi, yi)
0 (−1, 0) 0.5 (−1, 1e − 06)
1 (0.9, 1e − 08) 0.30 (0.64, −0.36)
2 (−0.26, 0.65) 0.14 (−0.15, 0.2)
3 (−0.14, 0.49) 0.09 (−0.15, 0.2)
∗ (0, 0) 0 (0, 0)

We believe that by being able to compute the interpolation functions, we will be able to deduce
the worst-case function and subsequently identify the missing worst-case bound.

6.2 Conclusion
For three steps of GM, there is still no conjecture in the literature for a tight worst-case bound
on the objective function accuracy. As explained above, a possible conjecture will be expressed
as the maximum of eight functions that can be seen as worst-case bounds attained by eight
different types of combination of step sizes. Seven of the eight functions can be found in [Dac19].
Therefore, we identified seven worst-case functions. Each of these functions reaches one of the
seven bounds. These functions are summarized in Table 6.1. The eighth function that composes
the worst-case bound corresponds to the regime (B, B, S). We found that the solutions of
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problem (sdp-PEP) according to function accuracy with step sizes belonging to the (B, B, S)
regime, are two-dimensional. We have not been able to identify the last worst-case function
because the interpolation code is calibrated for only one-dimensional inputs. However, it may be
easier to deduce the worst-case function first and then derive the worst-case bound associated.

µ = 0

(S, S, S) ϕ3,1(x) =


LR

2h1+2h2+2h3+1 |x| − LR2

2(2h1+2h2+2h3+1)2 , |x| ≥ R
2h1+2h2+2h3+1

L
2 x2, |x| < R

2h1+2h2+2h3+1

(S, B, B) ϕ−
3,2(x) =


−LR
1+h1

x − LR2

2(1+h1)2 , x ≤ −R
1+h1

L
2 x2, x > −R

1+h1

(S, S, B) ϕ−
3,3(x) =


−LR

1+h1+h2
x − LR2

2(1+h1+h2)2 , x ≤ −R
1+h1+h2

L
2 x2, x > −R

1+h1+h2

(S, B, S) ϕ−
3,4(x) =



−LR
1+h1

x − −LR2

2(1+h1)2 , x ≤ −R
1+h1

LR(h2−1)
(1+h1)(2h3+1)x − LR2

2
(h2−1)2

((1+h1)(2h3+1))2 , x ≥ R(h2−1)
(1+h1)(2h3+1)

L
2 x2, −R

1+h1
< x < R(h2−1)

(1+h1)(2h3+1)

(B, S, S) ϕ−
3,5(x) =


LR(h1−1)

2h2+2h3+1x − LR2

2

(
h1−1

2h2+2h3+1

)2
, x ≥ R(h1−1)

2h2+2h3+1

L
2 x2, x < R(h1−1)

2h2+2h3+1

(B, S, B) ϕ−
3,6(x) =


LR(h1−1)

1+h2
x − LR2(h1−1)2

2(1+h2)2 , x ≥ R(h1−1)
1+h2

L
2 x2, x < h1−1

1+h1

(B, B, B) ϕ3,7(x) = Lx2

2

Table 6.1: Worst-case functions for three steps of GM on smooth convex functions.
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Chapter 7

N steps of gradient method

As we have seen in the previous chapters, it is possible to find some conclusions on the worst-case
functions for N steps of GM with variables fixed step sizes. As detailed in [Dac19, Section
4.4.2], a conjecture for the worst-case bound on the objective function accuracy of N steps of
GM, will be expressed as the maximum of 2N functions. Therefore, we admits that there are at
least 2N worst-case functions. For each functional class, we can find in [Dac19] the generalized
worst-case bound for three types of combination between the step sizes. We begin with the case
of L-smooth convex functions.

7.1 Smooth convex functions
Even if we have not been able to identify the eight worst-case functions for three steps of GM,
we can generalize the worst-case functions for N steps of GM for some types of combinations.
Indeed, we can find in [Dac19] a few worst-case bounds on the objective function accuracy for
N steps of GM and for specific regimes. Firstly, we can find the following generalization of the
worst-case bound for the regime (S, S, . . . , S) or SN :

bSN (h) = 1
1 +∑N

i=1 2hi

(7.1)

This bound is valid for Small values of hi. From this, we can derive the worst-case function
associated:

ϕR,L
N,S(x) =


LR

1+
∑N

i=1 2hi
|x| − LR2

2(1+
∑N

i=1 2hi)2 , |x| ≥ R

1+
∑N

i=1 2hi

L
2 x2, |x| < R

1+
∑N

i=1 2hi

. (7.2)

The proof is straightforward using the proofs for region (S, S) and (S, S, S). We have for the
first iterate,

x1 = x0 − h1

L

dϕR,L
N,S

dx
(x0) = −R + h1

L

LR∑N
i=1 2hi + 1

= −R(1 + h1 +∑N
i=2 2hi)

1 +∑N
i=1 2hi

Therefore, any iterate xj is given by

xj = xj−1 − hj

L

dϕR,L
N,S

dx
(xj−1) =

−R(1 +∑j
i=1 hi +∑N

i=j+1 2hi)
1 +∑N

i=1 2hi
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Also, the last iterate is defined as follows:

xN = −R(1 +∑N
i=1 hi)

1 +∑N
i=1 2hi

Finally, the objective function accuracy is given by

ϕR,L
N,S(xN) − ϕR,L

N,S(x∗) = ϕR,L
N,S(xN)

= LR2 (1 +∑N
i=1 hi)

(1 +∑N
i=1 2hi)2 − LR2

2(1 +∑N
i=1 2hi)2

= LR2(1 +∑N
i=1 2hi)

2(1 +∑N
i=1 2hi)2

= LR2

2
1

1 +∑N
i=1 2hi

Which is in fact equal to LR2

2 bSN (h). Figure 7.1 shows an example for seven iterations and with
the vector h = (0.9, 0.7, 1.3, 1, 0.8, 1, 1.2). The same observations can be made as for one, two
and three steps of GM in the region SN . The iterates stay in the first linear part of the function
while approaching the optimal solution. However, they never come close to the optimum.

Figure 7.1: The iterates, the interpolating function and its derivative as well as the worst-case
function associated for seven iterations of GM with h = (0.9, 0.7, 1.3, 1, 0.8, 1, 1.2).

We can also find a tight worst-case bound for N steps of GM for step sizes that belong to the
regime (B, B, . . . , B), denoted BN . This bound is only valid for Big step sizes and is defined as
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follows:
bBN (h) =

N∏
i=1

(1 − hi)2 (7.3)

The worst-case function associated is given by the well-known quadratic form:

ϕR,L
N,B = L

x2

2 (7.4)

Figure 7.2 shows an example of interpolating function, iterates and worst-case function associated
for N = 10 and with vector h defined as linspace(1.89, 2, 10). The proof is also straightforward.
The N th iterate is given by

xN = −
N∏

i=1
(1 − hi)

This expression shows that in fact, each iterate overshoots the optimal solution and changes of
sign. Finally, the objective function accuracy after N steps is defined as follows:

ϕR,L
N,B(xN) = 1

2

N∏
i=1

(1 − hi)2

Figure 7.2: The iterates, the interpolating function and its derivative as well as the worst-case
function associated for seven iterations of GM with h = linspace(1.89, 2, 10).

The last tight worst-case bound that we can find in [Dac19] for N steps of GM is the following:

bSN−1,B = 1
(1 +∑N−1

i=1 hi)2 (1 − hN)2 (7.5)
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This bound is valid for a combination of step sizes where all hi are considered to be Small
except the last one which is considered to be Big. The worst-case function associated is defined
as follows

ϕR,L,−
NS,B (x) =


−LR

1+
∑N−1

i=1 hi
x − LR2

2(1+
∑N−1

i=1 hi)2 , x ≤ −R

1+
∑N−1

i=1 hi

L
2 x2, x > −R

1+
∑N−1

i=1 hi

. (7.6)

Figure 7.3 shows the interpolating function, the iterates and the worst-case function for N = 10
and with h = (0.2, 0.9, 0.2, 0.3, 2). We can make the same observations as for region (S, S, B).
The iterates computed with a Small step size stay in the first piece of the function, i.e., the
affine part. Then, the last iterate computed with a Big step size overshoots the optimal solution.

Figure 7.3: The iterates, the interpolating function and its derivative as well as the worst-case
function associated for seven iterations of GM with h = (0.2, 0.9, 0.2, 0.3, 2).

Let’s prove that the bound LR2

2 bSN−1,B is attained by N steps of GM on function ϕR,L,−
NS,B .

Since the latter function is not symmetric with the y-axis, function ϕR,L,−
NS,B is only valid for

negative starting points. Therefore, we set x0 = −R. The first iterate is given by

x1 = x0 − h1

L

dϕR,L,−
NS,B

dx
(x0) = −R + Rh1

1 +∑N−1
i=1 hi

= −R(1 +∑N−1
i=2 hi)

1 +∑N−1
i=1 hi

The second iterate is given by

x2 = x1 − h2

L

dϕR,L,−
NS,B

dx
(x1)
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= −R(1 +∑N−1
i=2 hi)

1 +∑N−1
i=1 hi

+ h2
R

1 +∑N−1
i=1 hi

= −R(1 +∑N−1
i=3 hi)

1 +∑N−1
i=1 hi

Then, the (N − 1)th iterate is given by

xN−1 = −R

1 +∑N−1
i=1 hi

Finally, the last iterate is defined as follows:

xN = xN−1 − hN

L

dϕR,L,−
NS,B

dx
(xN−1)

= −R

1 +∑N−1
i=1 hi

+ hN
R

1 +∑N−1
i=1 hi

= −R(1 − hN)
1 +∑N−1

i=1 hi

Therefore, the objective final accuracy is equal to

ϕR,L,−
NS,B (xN) = LR2

2
(1 − hN)2

(1 +∑N−1
i=1 hi)2

Which is in fact equal to LR2

2 bSN−1,B.

7.2 Smooth strongly convex functions
For N steps of the gradient method applied to smooth strongly convex functions, we can also
generalize the worst-case functions according to specific regimes. We can find in [Dac19] the
following tight worst-case bound for the objective function accuracy for step sizes that belong
to the regime (S, S, . . . , S) or SN :

bµ
SN (h) = κ

(κ − 1) +∏N
i=1 (1 − κhi)−2

This bound is valid for Small values of hi. From function ϕµ
2,1, we can derive the following

worst-case function associated to the regime SN :

ϕµ
N,S(x) =


µ
2 x2 + aτ |x| + bτ if |x| ≥ τ
L
2 x2 else

(7.7)

where aτ = (L − µ)τ , bτ = −
(

L−µ
2

)
τ 2 and

τ = Rκ

(κ − 1) +∏N
i=1 (1 − κhi)−2
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We can prove that the latter function reaches the bound LR2

2 bµ
SN when applying N steps of GM.

The N th iterate is defined as follows:

xN = xN−1 − hN

L

dϕµ
N,S

dx
(xN−1)

=
−R

(
(κ − 1) +∏N

i=1 (1 − κhi)−1
)

(κ − 1) +∏N
i=1 (1 − κhi)−2

Therefore, the objective function accuracy after N steps is given by

ϕµ
N,S(xN) − ϕµ

N,S(x∗) = ϕµ
N,S(xN)

= µ

2

−R
(
(κ − 1) +∏N

i=1 (1 − κhi)−1
)

(κ − 1) +∏N
i=1 (1 − κhi)−2


2

+
R2µ(1 − κ)

(
(κ − 1) +∏N

i=1 (1 − κhi)−1
)

[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

−
R2 µ2

L
(1 − κ)

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

= R2µ(κ − 1)2 + R2µ
∏N

i=1 (1 − κhi)−2 + 2R2µ(κ − 1)∏N
i=1 (1 − κhi)−1

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

−
2R2µ(κ − 1)

(
(κ − 1) +∏N

i=1 (1 − κhi)−1
)

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

−
R2 µ2

L
(1 − κ)

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

= R2(κ − 1)(−µκ + µ + µκ) + R2µ
∏N

i=1 (1 − κhi)−2

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

=
R2µ

(
(κ − 1) +∏N

i=1 (1 − κhi)−2
)

2
[
(κ − 1) +∏N

i=1 (1 − κhi)−2
]2

= LR2

2
κ

(κ − 1) +∏N
i=1 (1 − κhi)−2

This last expression is in fact, equal to LR2

2 bµ
SN .

The tight worst-case bound associated to the regime BN for smooth strongly convex func-
tions is the same as for the smooth convex case. More precisely,

bµ
BN (h) = bBN (h) =

N∏
i=1

(1 − hi)2
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Therefore, the worst-case function is also the same:

ϕµ
N,B = ϕR,L

N,B = Lx2

2

The worst-case behavior of GM according to objective function accuracy for the regime (SN−1, B)
is given by the following function:

bµ
SN−1,B(h) =

 κ

(κ − 1) +∏N−1
i=1 (1 − κhi)−1

2

(1 − hN)2

This bound is valid for step sizes such that all but the last one are considered Small. Then, the
worst-case function associated is defined as follows:

ϕµ,−
NS,B(x) =


µ
2 x2 − aτ x + bτ if x ≤ −τ
L
2 x2 else

(7.8)

where aτ = (L − µ)τ , bτ = −
(

L−µ
2

)
τ 2 and

τ = Rκ

(κ − 1) +∏N−1
i=1 (1 − κhi)−1

We can finally prove that the bound LR2

2 bµ
SN−1,B is reached by N steps of GM applied to the

function just defined. The (N − 1)th iterate is given by

xN−1 = xN−2 − hN−1

L

dϕµ,−
NS,B

dx
(xN−2)

= −τ

Then, the last iterate xN is defined as:

xN = xN−1 − hN

L

dϕµ,−
NS,B

dx
(xN−1)

= −τ − hN

L
(−Lτ)

= −τ(1 − hN)

Finally, the objective function accuracy is given by

ϕµ,−
NS,B(xN) − ϕµ,−

NS,B(x∗) = ϕµ,−
NS,B(xN)

= Lτ 2

2 (1 − hN)2

= LR2

2

 κ

(κ − 1) +∏N−1
i=1 (1 − κhi)−1

2

(1 − hN)2

This last expression is in fact, equal to LR2

2 bµ
SN−1,B.

Diego Eloi 73. Master thesis



7.3. CONCLUSION

7.3 Conclusion
Based on the number of functions composing the worst-case bound for N iterations and on
our results for two and three steps, we acknowledge that there are also at least 2N worst-case
functions. It was also found that for the majority of cases, the worst-case function depends
on the sign of the starting iterate. In this master thesis, we focused only on functions valid
for any negative starting points provided that ∥x0 − x∗∥ ≤ R. Unfortunately, it is apparently
complicated to derive the worst-case functions as the number of iterations increases. For example,
we observed that for some combinations of step sizes the performance estimation problems were
three-dimensional for five iterations or five-dimensional for eight iterations. However, we were
able to identify the worst-case functions associated with specific regimes for N steps of GM for
both functional classes.

Diego Eloi 74. Master thesis



Chapter 8

Conclusion

8.1 Research outcomes
This master thesis tries to bring new elements in the analysis of worst-case performances of
first-order optimization methods. We focused our work on the gradient method with fixed
variable step sizes. More precisely, the aim of this thesis was to derive the functions that achieve
the worst-case behaviors of the gradient method according to the objective function accuracy.

We can find in the literature conjectures on the behavior of the gradient method with fixed
constant step sizes for the objective function accuracy f(xN ) − f(x∗). Conjecture (4.1.), derived
in [DT14], provides us with a worst-case bound for smooth convex unconstrained minimization.
This conjecture is extended to the class of smooth strongly functions in [Tay17] and corresponds
to Conjecture (4.2.) in this work. Moreover, it has been found that the worst-case behavior of
the gradient method according to objective function accuracy is achieved by a one-dimensional
function for both functional classes.

One step of gradient method. The worst-case bounds of Conjectures (4.1.) and (4.2.) for
one iteration of gradient method are both expressed as the maximum of two functions depending
on unique step size h. We have seen that the optimal step size (optimal in the sense of achieving
the lowest worst-case) for one step of gradient method is given by hopt = 1.5. Therefore, when
h ≤ hopt, the worst-case bound is given by the first part of max expression in Conjectures (4.1.)
and (4.2.), depending on whether the objective function belongs to the class of smooth convex or
smooth strongly convex functions. Otherwise, when h > hopt, the worst-case behavior according
to objective function accuracy is given by the second part of previous conjectures.

The worst-case functions that were already known for N constant step sizes, were numeri-
cally verified for one step in this work. The second parts of max expression in Conjectures (4.1.)
and (4.2.) are attained by the same purely quadratic function. The first bound that composes
Conjecture (4.1.) is attained by one step of gradient method on an affine-quadratic piecewise
function. The worst-case function that achieves the first part of Conjecture (4.2.) converges to
the affine-quadratic function when κ tends to zero.

Two steps of gradient method. A. Daccache has derived in his master thesis [Dac19]
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two new conjectures for a tight worst-case bound on the performance criterion f(xN) − f(x∗),
for two steps of gradient method. The first one corresponding to Conjecture (5.1.), is tailored for
smooth convex unconstrained minimization. The second one provides an exact worst-case bound
for the function accuracy of gradient method applied to smooth strongly convex functions. It
corresponds to Conjecture (5.2.). It turns out that both worst-case bounds are expressed as the
maximum of four functions depending on the step sizes (h1, h2). Each function corresponds to a
regime defined by a type of combination between the step sizes: (S,S), (B,B), (B,S) and (S,B)
where S stands for Small step sizes and B for Big ones. It also turns out that the functions
composing the conjecture for smooth strongly convex functions converge to those of the smooth
convex case.

Therefore, the second part of this work was to derive functions that achieve the bounds
composing Conjectures (5.1.) and (5.2.) when applying two steps of gradient method and for
any value of L and R. To proceed, we started by solving (sdp-PEP) for several values of (h1, h2)
between zero and two. For the case of smooth strongly convex functions, we also added several
values of constant µ. We also set the parameters L and R to one, thanks to the homogeneity
of the optimal values of (sdp-PEP). Then, we generated our data set with the set of triples
{(xi, fi, gi)}i∈{0,1,2,∗} given at each resolution of (sdp-PEP).

Furthermore, we observed that all performance estimation problems that we solved were
one-dimensional. Therefore, the functions that achieve those worst-case performances are
one-dimensional too. Finally, for each pair (h1, h2) and each triple (h1, h2, µ), we respectively
derived a function F ∈ F0,L(Rd) and a function F ∈ Fµ,L(Rd) that interpolate the corresponding
set of triples. From these interpolating functions, we tried to deduce the worst-case function
associated with each regime. We were also inspired by the worst-case functions for one-step of
gradient method.

For smooth convex unconstrained minimization, the worst-case functions associated with
regimes (S,S), (B,S) and (S,B) are affine-quadratic piecewise functions. The one corresponding
to regime (B,B) is purely quadratic and equal to the quadric worst-case function for one step
of gradient method. Moreover, the worst-case functions of regimes (B,S) and (S,B) are not
symmetric around the optimal solution. Therefore, they depends on the sign of the initial iterate.

The same conclusions can be drawn for the worst-case functions for smooth strongly con-
vex unconstrained minimization. However, the affine pieces are replaced by quadratic pieces,
characterizing the strong convexity. As for the worst-case bounds, we have shown that the
worst-case smooth strongly convex functions converge to those of the smooth convex case.

Three steps of gradient method. A. Daccache conjectured in his master thesis [Dac19] that
the worst-case bound for three fixed but arbitrary step sizes of gradient method on smooth
convex functions, appears to be expressed as the maximum of eight functions, which depend on
these step sizes. Each of these functions is maximum for a type of combination between the step
sizes (h1, h2, h3). Each step size can be either Small (S) or Big (B). Therefore, the types of
combination are defined by all possibilities between Small and Big step sizes. Moreover, these
types correspond to eight different regimes. We find in [Dac19] seven of the eight functions that
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seem to compose the worst-case bound. The function that was not identified corresponds to the
regime (B, B, S).

The third part of this work was to derive the smooth convex functions that achieve the
worst-case bounds associated to the seven regimes, when applying three steps of gradient
method and for any value of L and R. We proceeded the same way as for two steps. From the
interpolating functions and based on the worst-case functions for two steps, we tried to deduce
those seven worst-case functions. It should be noted that the worst-case bound associated
to regime (B, B, B) is attained by the same quadratic function as for regime (B, B). The
other worst-case functions remain affine-quadratic piecewise and, except for regime (S, S, S),
they are all not symmetric around the optimum. Therefore, they depend on the sign of the
starting point. We tried to identify the worst-case function associated to the last regime in
order to subsequently derive the worst-case bound that was not identified in [Dac19]. Unfortu-
nately, it turns out that the performance estimation problems with step sizes belonging to this
regime are two-dimensional. Therefore, we have not been able to compute interpolating functions.

N steps of gradient method. Finally, we can also draw some conclusions on the worst-case
bound for N steps of the gradient method with fixed variable step sizes in [Dac19]. First, it seems
that the worst-case bound for N steps will be expressed as the maximum of 2N functions. From
this, we also conjectured that the number of worst-case functions is at least 2N too. In addition
to this, we find in [Dac19] the worst-case bounds associated to three of the 2N regimes. We then
derived the corresponding worst-case functions. Identifying all the worst-case functions when
N increases is complicated. Indeed, we find that the dimension of the performance estimation
problems for some regimes increases with N . Therefore, it becomes very difficult to compute
the interpolating functions.

Proofs. All the worst-case functions we have identified rely on the worst-case bounds numer-
ically derived in [Dac19]. The Conjectures (5.1.) and (5.2.) are not proved, therefore our
functions are not proved either. However, we succeeded in proving that each worst-case function
identified, achieves the corresponding worst-case objective function accuracy when applying the
gradient method. Our proofs are generalized for any value of parameters L and R. Once the
worst-case bounds on the objective function accuracy for the gradient method are proven, so are
our worst-case functions. In the mean time, each of our functions establishes a rigorous lower
bound on the performance of the GM with fixed variable step sizes.

8.2 Further research
In this master thesis, we also tried to analyse the performance of a variant of the gradient method.
In this variant, the second iterate is computed with the gradient at the initial iterate and at
the first iterate. More precisely, iterate x2 is computed as: x2 = x1 − h2∇f(x1) − h21∇f(x0).
The purpose was to analyze the worst-case performances of this method and compare it with
the gradient method with fixed constant step sizes and fixed variable step sizes. Unfortunately,
we found with numerical resolutions of (sdp-PEP), that almost half of the solutions are not
one-dimensional. Moreover, the first iterate is very often equal to the solution. The second
iterate is then further away than the starting point. Therefore, the worst-case performance for
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such cases is relatively poor. Due to lack of time, we could not go further in the process.
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