Appendix

Appendix A: Solving the master equation

We want to solve
fLE+1) = f(Lk)+a—K(k)f(1,k)

fl,k+1)=f(i,k) + K(k)i—1)f(i — 1,k) — K(k)if(i, k),

knowing
l1-«a
K(k) = o

Let us assume
fli,k+1) B k+1

flik) ok
for all £ > 1 and 1 <+¢ < k. This last assumption induces that
fli,k+1) k+1  f(i—1,k+1)

so that in particular, for £ > 1 and 2 <i < k.

fl,k+1)  f(i,k)

f-1Lk+1)  fli—1k)

and thus this ratio does not depend on k. We write

fli,k+1)

PO = Fthr 1y

Using the relations [3] and [ in Equation [I] yields

PR = FOE) o

f(LE)

so that we find
ak

1,k)=
Let us now turn to Equation 2] Using the relations [3| [] and [f yields

SR = £ + - DI - i,

k



Let us rework this expression after cancelling the common factor f(i, k):
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or

and thus we find
L (A=a)(i-1)

Introducing
1

the last expression can be simplified to
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m”:‘pu1—®i_pu+§)_p+f

Let us go back to[6] the expression can also be written as
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f(lvk) =

akp

p+1

and by definition of «, Zle f(i, k) = ak = ny is the total number of different words

in the k first words so we can write

FLk) = ®)

Developing

flisk) =B fi—1k) = BB —1)f(i —2,k) =--- = B1)BGI —1)... B(2)f(1, k)



and using [7] and [§] gives

. 1—1 -2 1 ngp
fli k) = : -
prip+i—1 p+21+p
(i—1)(E—2)...2.1

— (P-l—i)(p—I—i—1)...(p+2)(p+1)nkp.

This last expression can first be written using the gamma function I'(n + 1) = n!:

T(i)[(p+1)

k) = U
F6k) = 16,51
which itself can be written using the beta function B(z,y) = FF(EQE%) to give

7i,k) = Bi, p+ 1)pns. (9)

Let us verify that it is indeed a solution of 2l Substituting [9] in [2] we find on the
right hand side

1—
B(i,p+ 1)pru, + Ta (i =1)B(i = 1,p+ 1)png —iB(i,p+ L)png] . (10)

Now note that

t—DIr@—DC(p+1)
I'(i+ p)
_ F@I(p+1)
I'(i+ p)
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L(i+p)(i+p)
_P@L(p+1)(i+p)
LGi+p+1)
= (i+p)B(i,p+1),

(i—1)Bi—1,p+1) =

so expression [I0] can be written as

, l—a . , o
B(i,p+ 1)pny + — [(i+ p)B(i,p+ 1)png —iB(i, p + 1) png]

B(i,p+1)p(ak + (1 — a)pa) = B(i, p + 1)pa(k + 1). (11)

The last expression is exactly the left hand side of [2| since
FGi b+ 1) = B(i, p+ Vg = B(i, p+ Dpa(k +1).

Now the particularity of the beta function B(i, p+1) is that, for i — oo, it behaves
as i~ (»*1) and thus f(i, k) follows a power law in the tail with exponent p+ 1: indeed,



using Stirling’s formula n! ~ v/27n (%)n we can write

T(i)T(p+ 1)
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~ i (PP (4 1) when i — oo.
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