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Summary

Benign overfitting is a complex and recently discovered phenomenon that remains not
fully understood. It describes scenarios where a model fits perfectly the training data and
performs well on unseen testing data. This phenomenon contradicts the traditional belief
that overfitting normally results in poor data generalisation. In this master’s thesis, we will

explore the current literature on this theory and apply these insights to finance.

Firstly, we tested some benign overfitting conditions on multiple linear regression and ridge
regression models. We evaluated the presence of possible benign overfitting by examining
the excess risk and utilizing a pre-established taxonomy. Secondly, we introduced the
concept of the double descent curve, an extension of the bias-variance trade-off curve in
scenarios of overfitted models. We analysed this phenomenon in regression models and
we divided the risk into its variance and bias components to understand their respective
influences. Lastly, we investigated overfitting in modern portfolio theory by comparing
four portfolio models across various performance metrics. We also assessed the portfolios’

variance as the number of variables increased.

Our findings indicate that most of the benign overfitting conditions on our datasets were
met. The regression models also demonstrated a small excess risk, suggesting possible
benign overfitting. The double descent curve was evident, showing reduced risk when the
model was overfitted and reinforcing our hypothesis of benign overfitting. Furthermore,
the double descent curve is mostly due to increased variance and bias at a certain point.
We also observed that shrinkage can be beneficial in certain situations to reduce risk
even in overfitted models. However, for modern portfolio theory, we could not conclu-
sively determine the presence of benign overfitting in any model. We only noted that

portfolio variance decreased when the number of assets exceeded the number of observations.

In conclusion, we observed that benign overfitting can be applied to financial datasets, but
its applicability depends on both the dataset and the model. Even if the conditions are
met, the model’s role is crucial in determining the presence of benign overfitting. It is also

possible that benign overfitting conditions may not be extended beyond regression models.
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Introduction

Benign overfitting is a complex phenomenon that is not yet fully understood. It refers
to situations where a model fits the "training" data perfectly, including noise, and still
performs well on unseen "testing" data. This discovery is contrary to traditional belief
where overfitting typically leads to poor generalisation of new data. Several studies have
already been conducted to understand this benign overfitting phenomenon, though most of

the research focused on complex models used for image classification.

To advance the research of this phenomenon in finance, the primary objective of this
master’s thesis is to investigate the potential occurrence of benign overfitting in financial
data. If this phenomenon occurs, we aim to determine whether it is influenced by the
dataset, the model, or both. To analyse this, we will use Kenneth R. French datasets and
start with basic models of multiple linear regression and ridge regression. Subsequently, we

will investigate whether benign overfitting can be applied to modern portfolio theory.

This master’s thesis starts with an examination of the hypotheses and assumptions under
which benign overfitting can occur. We will discuss the conditions necessary for benign
overfitting in regression models, explained by Bartlett et al. (2020); Tsigler and Bartlett
(2023). Then, we will explain the concept of the double descent curve described by Li,
Su, and Sejdinovic (2021); Mikhail Belkin et al. (2019) and provide an overview of the
overfitting taxonomy detailed by Mallinar et al. (2022). After that, we will explain the
importance of model specification and the relevance of the double descent curve in financial
data, referencing studies by Kelly and Xiu (2023); Kelly et al. (2021); Kelly et al. (2022).
Lastly, to conclude the theoretical part, we will detail several portfolio optimization models,

with particular attention to the model proposed by Bodnar et al. (2023).

In the subsequent section, we will present our findings, which include the identification of
benign overfitting in financial datasets utilizing both multiple linear regression and ridge
regression models and the observation of the double descent curve. Additionally, we will
compare the predefined portfolios using different metrics. Finally, this master’s thesis will

conclude with a summary of our findings.


https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html#BookEquity

Chapter 1

Literature Review & Research

Question

In this chapter, we will delve into the theoretical and previously established findings to
gain a comprehensive understanding of benign overfitting. By explaining these theoretical
concepts and existing research, we will be better positioned to understand the findings

presented in this master’s thesis.

1 Benign Overfitting in Regression Models

1.1 Linear Regression and Benign Overfitting

The easiest way to observe benign overfitting is in linear regression, as explained by Bartlett
et al. (2020). The paper proposes specific conditions under which this phenomenon can be
observed. However, to fully understand the findings of this paper, we should first define

some statistical concepts.

Linear Regression

Linear regression is one of the most fundamental methods for supervised statistical learning
(James et al., 2023). The primary goal of these models is to predict an outcome y under a
distribution shift from other variables X (Hastie et al., 2009); (Mallinar et al., 2024). To
achieve this, we start with a dataset containing n observations and p variables. Typically,
the dataset will be divided into two distinct sections. The first part, normally large, is
known as the training dataset and is used to train the model. The second part, the testing
dataset, is used to evaluate the model’s accuracy. We assume an independent and identically
distributed sample, denoted as (z¢,y)", ~ D". Where s represents the "source" (training
dataset). We define the distribution Dy for the training dataset. We also determine ¢ which
stands for the "test" dataset and D, represents the testing dataset distribution.
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Then, we form a data matrix X € R™? and a corresponding outcome vector y € R". The

linear regression model is defined as follows:
y=X0"+¢,

The noise vector € are independent and identically distributed, each having a mean of
zero and variance v2. The vector 6* represents the optimal parameters used to predict the

outcome y. The covariance matrices are denoted by > € RP*P,

Bartlett et al. (2020) provides a more precise definition of linear regression:
1. The covariance matrix 3 = E[zz/].
2. The optimal parameter vector 6* € RP satisfies
El(y - «/6")’) = minE[(y — '6)’

This implies that #* must be the optimal linear predictor for minimising the mean

squared error.
Bartlett et al. (2020) also takes some assumptions defined as follows:

1. x and y are mean zero.

2. The covariate = can be expressed as:
z=VA/?;

where ¥ = VAV’ is the spectral decomposition of ¥, V' is an orthogonal matrix of
eigenvectors, A is a diagonal matrix of eigenvalues and z is a vector with independent
o2-subgaussian components. Subgaussian means that z has tail behaviour similar
to a Gaussian distribution, with exponentially decaying tails making extreme values

unlikely.

3. The conditional noise variance should be bounded below by some constant o2:

E[(y — 2'0%)?|z] > o>
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4. The noise y — 2'60* is Uz—subgaussian, conditionally on z. That is, for all v € R,

Elexp(y(y — 2'0"))|2] < exp(o;7°/2)

This also implies that the conditional expectation of y given x is:

Ely | x] = 2'6".

Minimum Norm Estimator

The optimal parameter §* defined above is not directly given and must be calculated. We
use ||.|| to denote the Euclidean norm of a vector in R™. This norm, also called ¢, can be

calculated as the square root of the sum of squares of its components:

1611 = | >_ 67
i=1

Bartlett et al. (2020) uses this formula to determine the minimum norm estimator, which

is the parameter # with the smallest squared sum norm:
6= argmein{||0||2 : X'X0 = X'y}
= X' (XX .

At this point, we consider X X’ invertible because we assume that n > p. When p is larger

than n, we use the pseudo-inverse matrix (X X')".

Effective Rank

The effective rank is an important condition for benign overfitting. This one is denoted (%)
and Ry(X), and measures the effective dimensionality of the data space based on the sum of
the eigenvalues of Y. It helps determine the noise distribution across the parameter space
and its impact on prediction accuracy. The parameter k represents the number of larger
eigenvalues in the linear regression model. A large k indicates a more complex capability of

capturing relationships between the independent variables X and the dependent variable y.

The covariance operator X, is composed of the eigenvalues \;, where 1 = 1,2, ..., n.
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If >, A <ooand A1 > 0 for &£ > 0, we define:

2
rp(X) = Lizk A . Re(%) = 7< b ) :
A1 Sian A

The effective rank r(X) is based on a weighted sum of the eigenvalues. A smaller r(X)
suggests that the covariance matrix has fewer important directions for prediction. In other
words, it estimates the amount of variance explained by the eigenvalues smaller than the
chosen k-th eigenvalue. On the other hand, Ry (X) reflects the rate at which the eigenvalues
of the covariance matrix decrease. A large Ry(X) indicates that a few eigenvalues dominate
the variance, whereas a smaller one tells us that the eigenvalues will be more uniformly
distributed.

Excess Risk Estimator

The most important factor in determining benign overfitting is the excess risk, defined as
the additional risk that an estimator € has compared to the optimal estimator 8*. The
excess risk, denoted as R(f), is mathematically expressed as the increase in mean squared
error (MSE) between 6* and 6. The excess risk explained by Bartlett et al. (2020) is defined

R(0) = Eq, [(y — 2/0)* — (y — 20")’

where [, , is the conditional expectation given all random quantities other than z, y.

The main criterion for evaluating benign overfitting is that the excess risk should be small.
However, Bartlett et al. (2020) does not specify a particular threshold for R(6).

Conditions for Benign Overfitting in Linear Regression

Relation between p and n Bartlett et al. (2020) emphasizes that to be sure that benign
overfitting occurs, the number of variables p in the model should exceed the number of
observations n. This condition ensures that the model has sufficient flexibility to capture
the variability in the data without being overly constrained by the limited number of
observations. This relationship can be expressed as p > n, or as ¢ > 1, where c¢ is the ratio

between the number of variables p and the number of observations n.

Effective Rank Condition The second condition defined by Bartlett et al. (2020) to
obtain benign overfitting is that the effective rank of ¥, Ry (X), should be large compared
to the sample size n. This can be expressed as Ry(X) > n and lim,,_, Rik = 0. Bartlett
et al. (2020) states that this condition is necessary for significant overfitting which could

allow nearly optimal prediction.
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Eigenvalues Conditions The eigenvalues of the covariance matrix ¥ provide insights into
the variance distribution in the data. Bartlett et al. (2020) identifies specific characteristics

of these eigenvalues associated with benign overfitting.

1. The first condition of eigenvalues includes that there should be a dominant first
eigenvalue (A1), indicating a strong signal in the data, as well as a substantial number
of non-zero eigenvalues relative to the number of parameters p: A\; > Xy > ... > A,
The presence of many eigenvalues smaller than the leading one further indicates a

smooth variance distribution.

2. The last important condition is that the cumulative sum of eigenvalues should be
smaller than n because it suggests that the scale of the problem is low compared to

the number of observations. This can be written as >-7_; \; < n.

These four conditions are important for assessing whether the data used can be subject to

benign overfitting in linear regression and whether the excess risk could be low.

1.2 Benign Overfitting in Ridge Regression

To delve deeper into the theory of benign overfitting, we will examine overfitting in ridge
regression. Ridge regression is typically used to avoid overfitting. However, Tsigler and
Bartlett (2023) explains that it can be useful in benign overfitting. The paper by Tsigler
and Bartlett (2023) is built on the conclusions presented by Bartlett et al. (2020), where

the number of variables p exceeds the number of observations n.

The regression model remains the same, where the optimal estimator 8* € RP is used, and
the relationship is given by:
y=X0"+¢,

where ¢ is the noise vector, consisting of i.i.d. centred random variables with variance v?.

Ridge Regularisation

Ridge regression is similar to multiple linear regression but primarily aims at avoiding
overfitting by adding a regularisation parameter A (Montesinos Lopez et al., 2022). This

parameter is introduced in the minimum norm estimator that estimates f from X and IE

0= X'(XX'+\,,) "ty

where [, is the identity matrix of size n x n.
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The matrix (A, + X X') is called the Gram matrix A (Tsigler & Bartlett, 2023).

A=\, + XX’

When A = 0, also called the ridgeless case, we obtain the same multiple linear regression
formula discussed in Section 1.1. Ridge regularisation shifts all eigenvalues by A. In ridgeless
regression, if the original eigenvalues of A were Ay, As, ..., \,, the eigenvalues of the new

regularised matrix will be Ay + A\, Ao + A, ..., A, + A

Another important recall from Bartlett et al. (2020) is the effective rank. Tsigler and

Bartlett (2023) use a more general definition that includes ridge regularisation:

)‘k+1 i>k

r(s) = (Hi&-)

So, if we set A = 0, () will have the same formula as defined earlier in Section
1.1. Additionally, Tsigler and Bartlett (2023) introduces another parameter pi(X), which

measures how large the effective rank is compared to the number of observations:

Noise Distribution, Variance, and Bias

In the study of benign overfitting in ridge regression, Tsigler and Bartlett (2023) defines

the bias (B) and variance (V') of a model as follows:

B = [0(X07) — 07|13, = [ (X'AT'X — L,)6" I3,

V =E.

2
Ve

) 2
|w<s>||z} G ATIXEX A

The bias and variance formulas show that these quantities depend only on the model and
the data structure, not on the specific noise characteristics. This means that, regardless of
how the noise in the data is distributed, these measures will consistently reflect the model’s

performance.

The main objective of Tsigler and Bartlett (2023) is to provide precise bounds on bias
and variance that are valid for any sample size, not just in the limit as n — oo. These
bounds are important because they help to understand the conditions under which benign

overfitting can occur. Tsigler and Bartlett (2023) defines that the bias should be low enough
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to capture the true signal without underfitting, while the variance should be controlled
to prevent the model from fitting the noise too closely. These conditions ensure that the
ridge regression model can perform well even in overparameterized settings, allowing benign
overfitting where the model interpolates the training data but still maintains low prediction

error on new data.

Regularisation and Benign Overfitting

Tsigler and Bartlett (2023) provides precise bounds on the bias term in ridge regression with
a non-zero A, extending the results of Bartlett et al. (2020). They replace the assumption
of independence of components with a broader sufficient condition. This control implies
that pi is at least a constant, offering a more general condition than independence and a
high effective rank. The key discovery from Bartlett et al. (2020) is the use of effective rank
to evaluate benign overfitting, which Tsigler and Bartlett (2023) builds upon by separating

the first k eigenvectors to bound the bias term.

Tsigler and Bartlett (2023) also introduces the concepts of "essentially low-dimensional’
(spiked part) and "essentially high-dimensional" (tail part). The spiked part refers to the
first & dimensions (0 : k) with high eigenvalues, important for determining the bias in ridge
regression with a regularisation coefficient of A + Y-,-; A;. The tail part (k : 0o) includes

smaller eigenvalues, where the signal is primarily embedded in the error.

Moreover, Tsigler and Bartlett (2023) demonstrates that if the noise and signal energy in
the tail (k : co) are small compared to the spiked part (0 : k) and the effective rank 7 of

the tail exceeds n, a negative A might be necessary.

1.3 Double Descent Curve

The double descent curve presents a new understanding of the trade-off between prediction
accuracy and model complexity, moving beyond the traditional bias-variance trade-off. Tra-
ditionally, machine learning models aim to balance between being too simple (underfitting)
and too complex (overfitting). The classical bias-variance trade-off curve shows that when
the model complexity increases, bias decreases and variance increases, with the optimal
model complexity lying at the "sweet spot" that minimises test error. This curve can be

observed in Figure I.1.
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Figure 1.1: Bias-variance trade-off curve. Where B represents the "sweet spot", (Guan &
Burton, 2022, p. 19).

However, high-dimensional machine-learning practices challenge this traditional understand-
ing by demonstrating that overfitted models can perfectly fit training data, including noise,
and still perform well on test data. This phenomenon, known as benign overfitting, calls into

question the applicability of the classical bias-variance trade-off in high-dimensional contexts.

In the paper by Mikhail Belkin et al. (2019), the authors introduce a performance curve
called the "double descent" curve, which is an extension of the classical risk curve. Mikhail
Belkin et al. (2019) demonstrates that at the interpolation threshold (p = n), the training
risk achieves a value of zero, while the test risk spikes. After this threshold, the test risk
declines and often reaches lower levels than at the classical "sweet spot", as you can see
in Figure [.2. This double descent curve reveals that increasing model capacity beyond
the interpolation point can improve performance, contrary to the conventional expectation
that models achieving zero training error would generalise poorly. This suggests that
large-dimensional models can yield lower risk than the sweet spot. However, it is important
to note that this phenomenon is not always observed, and in some cases, the risk after the
interpolation point can be higher than at the sweet spot. Various forms of bias-variance
curves are presented in the paper by Yang et al. (2020), indicating that the double descent

curve is not the only risk curve existing.
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Figure 1.2: Double-descent risk curve (Mikhail Belkin et al., 2019, p. 15850).

Similarly, Li, Su, and Sejdinovic (2021) investigated the double descent curve and show that
at the interpolation threshold (p = n), the risk peaks and then decreases until around p = n?,
where it starts to rise again. Their analysis highlights the necessity of overparameterization
to achieve the double descent curve. This phenomenon suggests that larger function classes
can create simpler interpolating functions that generalise more effectively to unseen data.
Furthermore, the findings of Li, Su, and Sejdinovic (2021) add that noise in the features

can improve generalisation by acting as a regularizer.

This phenomenon of double descent curve has also been observed in more complex models
(Muthukumar et al., 2020) and in models containing artificial neuronal networks (Belkin
et al., 2019); (Yang et al., 2020).

1.4 Taxonomy

This section discusses the classification of benign overfitting and its occurrence in various
machine learning and high-dimensional models. The authors of Mallinar et al. (2022);
Mallinar et al. (2024) created a taxonomy for defining overfitting by classifying different
models as benign or catastrophic and introduced the concept of tempered overfitting,
which lies between the two. The different classifications can be observed in Figure [.3. In
their research, Mallinar et al. (2022) classify different complex models using various image
datasets. They discovered that ridgeless and ridge models exhibit tempered overfitting,
a view that diverges from the conclusions in Tsigler and Bartlett (2023), which suggests
that ridge regression is generally benign. However, this difference may arise from different
experimental settings, as prior studies on benign overfitting, such as those cited in Bartlett
et al. (2020) and Tsigler and Bartlett (2023), typically considered scenarios where the
sample size n is large but still less than the dimensionality of p. The authors of the papers
Mallinar et al. (2022); Mallinar et al. (2024) do not impose such restrictions. The regression

models also have some differences between those articles.
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Figure [.3: A. Benign overfitting, the predictor approaches the optimal function. B.
Tempered overfitting, the predictor approaches a constant test risk greater than the optimal
risk. C. Catastrophic overfitting, the predictor generalises poorly. (Mallinar et al., 2022,

p. 2)

However, Mallinar et al. (2022) noted a decrease in the excess risk associated with certain
interpolating methods as the dimensionality of the space increases. This phenomenon,
referred to as "blessing of dimensionality," is also indicated in works such as Belkin, Hsu, and
Mitra (2018) and Rakhlin and Zhai (2019), suggesting that problems in higher dimensions
tend to experience lower risks. To categorize the different types of overfitting, Mallinar
et al. (2022) decided to use the excess risk. They defined that, as the number of samples
approaches infinity, the risk behaves in three different ways. This taxonomy is outlined in
Table 1.1, where R is the excess risk R(6) defined in Section 1.1. R*, the optimal excess

risk is normally close to zero.

Overfitting Classification R(0) Behaviour
Benign lim,,_,o R, = R*
Tempered lim,, 0 R, € (R*, 00)
Catastrophic lim,,_oo R,, = 00

Table I.1: Overfitting Taxonomy (Mallinar et al., 2022, p. 5).

2 Benign Overfitting on Return Prediction

2.1 Introduction to Machine Learning Return Prediction Model

One of the first financial applications of overfitted models, which can potentially be benign,
has been in return prediction models. Some papers have documented significant gains
in performance through the use of machine learning. However, there remains a limited
theoretical understanding of return forecasts and portfolios formed from these highly
parameterized models. Kelly et al. (2021) investigates the performance of flexible non-linear

return prediction models in regimes of high dimensionality and complexity.
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Kelly et al. (2021) and Kelly and Xiu (2023) start by imagining a return prediction
model. This model comes from a Data Generating Process (DGP), where the distributions,
relationships, and rules govern the generation of data points. Here, this DGP is the asset

return R that is generated by:

R = f(Xy) + e

where the variable X may be known, but the function f is unknown. Since f is unknown,

Kelly and Xiu (2023) states that they decided to approximate f with a basic neural network:

f(Xy) = Z Si ¢ Bi
i=1

where S;; = f(w}X,) is a known nonlinear activation function with known weights w;
and where p is large. An activation function is used to introduce non-linearity into a
model. It allows the neural network model to create complex representations and functions
based on the inputs, which is impossible with a simple linear regression model. When the
data we wish to model is non-linear, we must account for this in our model. Non-linear
activation functions are essential for handling non-linear problems such as classification,
image recognition, and language processing (Kelly et al., 2022). The returns R can be

determined as:

P
Riy1 = Z SiiBi + €
i=1

Next, we should define a returns performance metric. A commonly used metric is the
Sharpe Ratio, which involves subtracting the risk-free rate from the expected return and

then dividing it by the standard deviation of the returns.

_ BRf - Ry

O

SR

However, in Kelly et al. (2021), the authors aim mostly to optimise the unconditional
Sharpe Ratio, defined as:
Tp — _ EIRL]
E[(Rf)?]
In this unconditional Sharpe Ratio definition, the expected return is divided directly by the
root mean square of the returns. This version of the Sharpe Ratio is sometimes referred to
as the "uncentered" Sharpe Ratio. Kelly et al. (2021) explains that the use of centred (the
traditional one) versus the uncentered is without loss of generality, as it does not change

the qualitative conclusions drawn from those Sharpe Ratios.
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Another important point is how they define the relationship between p, the number of
parameters, and n, the number of time series observations, where p/n = ¢. When ¢ > 1, it
indicates an overparameterized model. Kelly et al. (2021) aims to test if the findings of
Bartlett et al. (2020) and Tsigler and Bartlett (2023) apply to return prediction models.

Kelly et al. (2021) demonstrates that the largest possible approximating model should be
used, meaning p should be much larger than n, as also shown by Bartlett et al. (2020).
They observed that expected out-of-sample forecasting and portfolio performance improve

with a higher model complexity.

2.2 R? for Judging Economic Benefits

R? is the coefficient of determination, a statistical measure that evaluates the quality of
regression model predictions (James et al., 2023). R? represents the proportion of variance
explained by the model. The formula is:

Rroq- B95

where

o TSS=3",(y; —y)?* is the total sum of squares, where y; is the observed value and

1y is the mean of the observed value.

e RSS =" (y; — 9;)* is the residual sum of squares, where §; is the value predicted
by the model.

R? typically has a value between 0 and 1, but it can also be negative if the model performs
worse at predicting than a simple horizontal line. In Kelly et al. (2021) paper, many of the
models exhibit large negative R? values, even when the Sharpe Ratio is high. The authors
also introduce a shrinkage z, which is useful for regularising the model. As explained in
Section 1.2, regularisation helps to deal with high-dimensional data especially when the

number of parameters exceeds the number of observations.
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Figure 1.4: Expected Out-of-sample R?, (Kelly et al., 2021, p. 22).

In Figure 1.4, we can observe several important points. First, when ¢ < 1, the ridge
parameter can improve R2. In cases where ¢ = 1, meaning the number of parameters equals
the number of observations, R? can be highly negative, especially when the shrinkage is
close to the ridgeless situation. However, when a large shrinkage is applied, the negativity
of R? is reduced. Finally, when c is high, models with a shrinkage parameter z smaller
than 1 show an improvement in R?, but they still perform worse than models with a higher

shrinkage parameter.

Introducing a positive ridge parameter pulls the coefficient estimates towards zero, which
reduces the model’s variance. This reduction often leads to an improvement in the out-
of-sample R?, particularly in complex models. This demonstrates the importance of
regularisation in managing high-dimensional data and enhancing the predictive performance

of regression models.

Kelly et al. (2021) indicates that using R? to judge the economic benefit of a machine
learning model can be theoretically not useful, and that out-of-sample R? from a prediction
model is an incomplete measure of its economic value. The reason is that R? is highly
influenced by the variance of forecasts. A very low out-of-sample R? indicates a highly
volatile timing strategy. However, the properties of least squares imply that the expected
out-of-sample return of a timing strategy is always positive. Therefore, as long as the timing
variance is not too high and R? is not too negative, the Sharpe Ratio can be substantial.
Kelly et al. (2021) also states that selecting the correct shrinkage maximises the expected

out-of-sample model performance.
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Kelly et al. (2021) also explains that when p = n, the regression exactly fits the training data
but performs poorly out-of-sample. However, in a high-complexity model regime, where
the number of predictors exceeds the number of observations (p > n), the situation changes
and the R? improve. Kelly et al. (2021) also shows that in this high-complexity regime,
ridgeless regression can achieve accurate out-of-sample forecasts despite perfectly fitting
the training data. All these findings align with the views of Bartlett et al. (2020); Tsigler
and Bartlett (2023) regarding benign overfitting and those of Li, Su, and Sejdinovic (2021);
Mikhail Belkin et al. (2019) concerning the double descent curve and the interpolation

point, but applied within a financial context.

2.3 Models Specification

Model specification is essential for creating an effective model with a given dataset. To
understand the differences between the correctly specified and the misspecified models, we
need to define and explain their characteristics first (Kelly et al., 2021). This will enable us
to evaluate the performance of each model in handling data, understand the implications
for their predictive accuracy, assess their capacity to generalise, and potentially deal with

benign overfitting.

Correctly Specified Models A correctly specified model should accurately capture
the underlying function, so the relationship between predictors and the target variable
should be well-represented. For these models, the amount of shrinkage that optimises the
expected out-of-sample R? also optimises the Sharpe Ratio. This means that by fine-tuning
the prediction model, we can ensure that the model performs well in both predictive

accuracy and economic value.

Misspecified Models A misspecified model normally fails to accurately capture the
true function, often due to oversimplification or incorrect assumptions. However, Kelly
et al. (2021) shows that increasing model complexity improves out-of-sample market timing

performance, even in cases where the models are not accurately specified.

Complexity is beneficial because it enables a better approximation of the true function,
resulting in higher expected returns and a better Sharpe Ratio. Kelly et al. (2021)
also explains that while smaller models are better when the model is correctly specified,

misspecified models benefit significantly from increased complexity.
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2.4 Double Ascent Curve

In the paper by Kelly et al. (2021), the authors discuss the discovery of the double ascent
curve, which is related to the double descent curve but applied to the Sharpe Ratio. This

curve is decomposed into three distinct phases and can be observed in Figure II1.3.

First, we start by describing the ridgeless case where there is an increase in complexity. As
complexity increases, measured by the ratio p/n = ¢, the Sharpe Ratio rises because the
model captures more of the underlying signal. The second phase is the intermediate decline.
After reaching a certain point, the Sharpe Ratio declines due to overfitting, because the
model starts capturing noise instead of the signal. Finally, there is a second increase in
the Sharpe Ratio after ¢ = 1. With further complexity, especially in high-dimensional
settings where p >> n, the Sharpe Ratio improves more than before. This counter-intuitive
improvement is attributed to the model exploiting implicit regularisation and benign over-

fitting. In this phase, the model fits the training data perfectly but still generalises well.

Kelly et al. (2021) and Kelly et al. (2022) also demonstrate that increasing the amount of
shrinkage makes complexity a "virtue" even in the low complexity regime (when cqg < 1). In
this scenario, the hump in the curve disappears, and the "double ascent" curve transitions
into a "permanent ascent' curve. The parameter ¢ represents the ratio of the number of
latent factors (p;) and the number of predictors (p), defined as ¢ = %. Latent factors are
hidden variables that may influence the observed data. This parameter essentially measures
the relative proportion of the unobservable factors compared to the observable predictors

used in the model. This double ascent curve is also observed by Didisheim et al. (2023).
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Figure 1.5: Expected out-of-sample Shape Ratio from mis-specified models, (Kelly et al.,
2021, p. 37).
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3 Benign Overfitting in Portfolio Construction

3.1 Introduction to the Modern Portfolio Theory

Portfolio selection is an important process in investments that aims to maximise returns
while managing risks. This involves carefully selecting a mix of different assets to create
a balanced portfolio that aligns with the investor’s risk tolerance, investment goals, and
market conditions. The objective is to achieve optimal chosen performance metrics, ensuring
that the portfolio is well-diversified and capable of resisting market fluctuations. In this
section, we will examine four different portfolios that will be useful for our analysis of

benign overfitting in modern portfolio theory.

3.2 Ledoit-Wolf Covariance Estimation

In this master’s thesis, we work with large datasets where the number of assets p exceeds
most of the time the number of observations n. Consequently, the covariance matrix is
not directly invertible. To resolve this issue, we use the Ledoit-Wolf shrinkage estimator
for the covariance matrix (Ledoit & Wolf, 2004). This shrinkage-based method is used
to improve the covariance matrix estimation, which is important for constructing optimal
portfolios. Traditional calculation of sample covariance matrices can be unstable and
imprecise, particularly when the number of assets (p) is large compared to the sample
size (n). The Ledoit-Wolf method avoids this problem by shrinking the sample covariance

matrix towards a stable target matrix.
The Ledoit-Wolf shrinkage estimator of the covariance matrix Xy is given by:

ZLW =aT + (1 - a)Z
where:
e X is the covariance matrix.

o T is the target matrix, which can be chosen based on the problem structure. A
common choice for T is a scaled identity matrix, representing a model where all assets

have the same variance and are uncorrelated.

e « is the shrinkage, this parameter can have a value between 0 and 1 that determines

the weight given to the target matrix versus the covariance matrix.

Ledoit and Wolf (2004) proposed an optimal shrinkage intensity « that minimises the mean

squared error (MSE) between the covariance matrix ¥ and the estimated covariance matrix

ELW-
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3.3 Mean-Variance Portfolio

One of the most important frameworks in Modern Portfolio Theory is the mean-variance
optimization model also called the Maximum Sharpe Ratio (MSR) introduced by Markowitz
(1952). This model aims to maximise the expected return of a portfolio while simultaneously
minimizing its risk which is mostly due to the variance of returns. This aims to maximise
the Sharpe Ratio:

W/
max —— 8 _ subject to  1'w =1,

vV wEw
where p and 3 are the mean returns and covariance matrix of returns, respectively. w

represents the portfolio weights for each possible asset.

The optimisation problem can be resolved by:
S
'S"u

The MSR portfolio has some issues because, most of the time, historical returns are not

WAMSR =

reliable for predicting future returns, as explained by Black (1993). Normally, this portfolio
model does not yield the best out-of-sample Sharpe Ratio.

3.4 Minimum Variance Portfolio

Another well-known portfolio optimisation model is the Minimum Variance (MV) portfolio.

This model aims to minimise the portfolio risk without considering the expected return.

The weights of the MV portfolio can be found by solving the following optimisation problem:

min w'YXw subject to 1'w =1,
The optimal weights are given by the following formula:

R > 11
Wyy = ———=
MV = 9s1

The minimum variance portfolio can have a better out-of-sample Sharpe Ratio than the

mean-variance portfolio.
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3.5 Naive Portfolio

The simplest existing portfolio is the Naive portfolio, also known as the equally weighted
portfolio. This strategy involves diversifying by investing equal weights in all available
assets (DeMiguel et al., 2009). This portfolio is defined as follows:

A
Whnaive = —

where p is the number of available assets.

The Naive portfolio can perform well out-of-sample and is easy to implement. It incurs

zero transaction costs and, sometimes, can outperform more complex portfolio strategies.

3.6 Bona-Fide Generalised Shrinkage Estimator

Bodnar et al. (2018) paper deals with the construction and evaluation of a shrinkage
estimator («) for a portfolio in a high-dimensional setting, where the number of assets p

and the sample size n grows proportionally (p/n = c).

Shrinkage Estimator

The weights Wgrase are obtained from the Bona-Fide Generalised Shrinkage Estimator
(BFGSE):

A o~ S:Lr]‘ 1 A*b
WBFGSE = O ST +(1—a")b,

where S} is the pseudo-inverse matrix of the sample covariance matrix S,,. We use S} = S1

if e < 1.

The different variables are defined as follows:
e a* is the optimal shrinkage intensity,
o S, is the sample covariance matrix,

e b, is the target portfolio, which can be either the Naive portfolio or the minimum

variance portfolio.
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Optimal Shrinkage Intensity (a*)
The optimal shrinkage intensity a* in the case ¢ < 1 is given by:
(1 - %)Rbn

24 (1-D)Ry,

For ¢ > 1, the optimal shrinkage intensity a* is:

(% - 1>]5le
(Z=12+ 2+ (2= DR

ar =

Estimator Rbn

For ¢ < 1:

Bon=(1-2)b/S,b, -1'S711 — 1
n

For ¢ > 1:

Ry = =(= —1)b/S,b, - 1'SF1 — 1

SIS
SIS

The studies by Bodnar et al. (2018); Bodnar et al. (2023) suggest that the performance of
the Sharpe Ratio is significantly influenced by the ratio ¢. When ¢ < 1, traditional portfolios,

such as the Maximum Sharpe Ratio (MSR) and Minimum Variance (MV) portfolios, as well

as the Naive portfolio, often outperform the Bona-fide shrinkage estimator, especially when

the target portfolio is the Naive portfolio. However, when ¢ > 1, the Bona-fide shrinkage

estimator generally outperforms the other portfolios mentioned above. Thus, the Sharpe

Ratio is better when employing the Bona-fide shrinkage estimator in high-dimensional

settings.
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4 Research Question

Benign overfitting is a complex phenomenon that challenges traditional statistical theories.
Understanding when and under which circumstances benign overfitting occurs is still a
subject of ongoing research. While most studies focus on image datasets to analyse benign

overfitting, this master thesis aims to extend these observations to financial data.

Research Question:
Does benign overfitting manifest in financial time series within high-dimensional datasets

and can it be used for portfolio optimisation?

Sub-Questions:

1. Do the conditions given by Bartlett et al. (2020) effectively allow the identification of

benign overfitting on financial data?

2. Does the occurrence of the double descent curve phenomenon arise in financial time

series?
3. How does shrinkage influence the double descent curve and overfitting?

4. Can high-dimensional models exhibiting benign overfitting improve portfolio perfor-

mance and reduce volatility?

5. Does the double descent curve appear in the context of high-dimensional portfolio

models?
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Data & Methodology

1 Dataset Description

To conduct the analysis and answer the research questions, we will use the Kenneth R.
French Data Library. We selected 12 distinct sets of data to construct a daily dataset,
referred to as FF526-daily, and a monthly dataset, referred to as FF526-monthly. Each
dataset contains the same number of variables, with p = 526. In contrast, the number of
observations differs, with n = 15312 for FF526-daily and n = 730 for FF526-monthly.
The returns are value-weighted on a daily and monthly basis from July 1963 to April 2024.
Missing values will be replaced with zero. The risk-free rate (RF), located in column 2 of
each dataset, will be subtracted from all variables except for the 'Mkt-RF’ column, where
the risk-free rate has already been deducted. Then, all the data is divided by 100 to convert
the values from percentages to the actual value. The datasets utilised for this analysis are

the following:

Datasets Assets (p)
Fama/French 5 Factors - Mkt-RF & RF columns 2
100 Portfolios Formed on Size and Investment (10 x 10) 100
100 Portfolios Formed on Size and Operating Profitability (10 x 10) 100
100 Portfolios Formed on Size and Book-to-Market (10 x 10) 100
25 Portfolios Formed on Size and Book-to-Market (5 x 5) 25
25 Portfolios Formed on Size and Operating Profitability (5 x 5) 25
25 Portfolios Formed on Size and Investment (5 x 5) 25
25 Portfolios Formed on Book-to-Market and Operating Profitability (5 x 5) 25
25 Portfolios Formed on Book-to-Market and Investment (5 x 5) 25
25 Portfolios Formed on Operating Profitability and Investment (5 x 5) 25
49 Industry Portfolios 49
25 Portfolios Formed on Size and Short-Term Reversal (5 x 5) 25

Table II.1: List of Kenneth R. French datasets used for the analysis.
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2 Methodology

The empirical study of this master’s thesis is divided into three distinct sections. The first
section examines the conditions and the existence of benign overfitting within regression
models. The subsequent section investigates the double descent curve phenomenon. The
final section explores the application of benign overfitting to modern portfolio theory on

high-dimensional datasets.

2.1 Benign Overfitting on Financial Data

In the first part, we will examine the conditions for achieving benign overfitting as proposed
by Bartlett et al. (2020). The conditions to be tested are the following:

o Condition 1: p>n
This condition ensures that the number of variables (p) exceeds the number of

observations (n), which is an important requirement for overparameterization.

o Condition 2: R,(X) >n
Ry(X) is the effective rank of the covariance matrix X. This condition implies that
Ry(X) should be much larger than the number of observations, ensuring that there
are many directions in the space with a small variance. Ry (X) formula can be found
in Chapter I, Section 1.1.

o Condition 3: Dominant first eigenvalue
This condition states that the first eigenvalue of ¥ should be significantly larger than

the other eigenvalues, indicating a dominant direction in the data’s variance structure.

o Condition 4: > \; < n
The sum of the eigenvalues of the covariance matrix should be much smaller than the
number of observations by ensuring that the scale of the problem is small compared

to the sample size.

We will first evaluate whether the selected datasets satisfy these conditions. Then, we will
apply a multiple linear regression model to the dataset. The market returns (Mkt-RF)
will be used as the outcome vector y € R”. The other variables except the risk-free
rate (RF), will be used as the data matrix X € R"*P™ (p,, = 524). We will modify the
dataset by selecting different numbers of observations for testing the regressions, with
n = [100; 200; 300; 400; 500]. Two selection modes will be applied. Observations will be
taken either from the "first" part of the dataset (starting in July 1970) or from the "last’
part of the dataset (ending in April 2024) to compare the results. The dataset will be
split into a training set (80%) and a test set (20%). To determine if benign overfitting
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is occurring, we will assess whether the excess risk R(f) is close to zero. The complete
definition of R(#) can be found in Chapter I, Section 1.1. To facilitate the calculation of
R(#), we will assume that we subtract the training MSE from the test MSE, given that the
training MSE should be very small.

We will also verify the condition proposed by Mallinar et al. (2022); Mallinar et al. (2024)
explained in Chapter I, Section 1.4 to classify the exact type of overfitting and define the

category to which our financial datasets could belong.

Lastly, we will use ridge regression and introduce different shrinkage parameters (\) to
examine the influence of shrinkage on overparameterized models. The shrinkage parameters

used will be A = [0; 1 x 107% 1 x 1075; 1 x 107%; 0.001, 0.01; 0.1].

2.2 Double Descent Curve

In the second part of the research, we will use the previous results observed on regression
models, starting with the multiple linear regression model, to investigate the double descent
curve and analyse the risk so the mean squared error (MSE) for different numbers of
variables (p) (changing between 5 and 524) while keeping the number of observations (n)
constant. We will test this for n = [100; 200; 300; 400; 500; 655; 700]. This test aims
to check if the double descent exists and how it manifests in the context of our financial
datasets. This test is important for determining the optimal number of variables needed
in a misspecified model, especially when the significance of each variable in the model is

uncertain.

We will analyse more precisely these three situations:

e The MSE before the interpolation point (p < n).
o The MSE at the interpolation point (p = n).

o The MSE after the interpolation point (p > n).

In the second phase, we will decompose the test MSE into its two main components: the
variance and the bias squared. This decomposition will help us to evaluate the impact
of each MSE component on the potential double descent curve. We will implement the
variance and the bias for a fixed n while continuously changing p to visualise the effects.

The decomposition of the MSE is as follows:

MSE(6) = Var(f) + Bias*(0, 0)
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At last, we will also utilise the ridge regression model with the previously set shrinkage

parameters A. It will help us to examine the impact of A on the double descent curve.

2.3 Portfolio Construction and Overfitting

In this last section, we will investigate whether benign overfitting exists within modern port-
folio theory by comparing portfolio optimisation strategies. The models under consideration
will be the Maximum Sharpe Ratio (MSR) portfolio, the minimum variance (MV) portfolio,
the Naive portfolio and the optimisation portfolio based on the Bona-Fide Generalised
Shrinkage Estimator (BFGSE). These models are detailed in Chapter I, Section 3. We will
use the notation P to describe the different portfolios in the mathematical equations. The
strategies will be based on the monthly dataset and will be long only to reduce the risk of
having really small variances due to the dataset dimension. We will compare these models
under three conditions: ¢ < 1, ¢ = 1, and ¢ > 1. The specific values of ¢ are [0.75; 1; 1.5],
where p/n = ¢ and p always contain the 524 variables (Without the Mkt-RF and the RF
columns). The portfolio’s performances will be evaluated using a 6-months rolling window

for out-of-sample data and assessed across three metrics:

1. Annual Average Returns:

P 1 & op
Rannual = | Ri, monthly x 12

Where n,, is the number of months for the rolling window.

2. Annual Volatility:

1 2
Uaﬁmual = \l ( ZVARll,D monthly> X 12
w =1
3. Sharpe Ratio (SR):
P
Sharpe Ratio = ;‘_f,"i"““l

annual

Lastly, the most important part will be to examine whether there is a variation in portfolio
variance when the number of p changes while n remains constant. We will determine if
there is evidence of a double descent and understand the consequences when ¢ rises on
the portfolio’s variances. This will help us to assess if there is any indication of potential

benign overfitting.
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Results & Analysis

1 Results Presentation

In this section, we start by presenting the various results obtained from different parts of
the study.

1.1 Benign Overfitting on Regression Models

To start this section, we will evaluate the results obtained from the FF526-monthly and
FF526-daily datasets. Only the monthly dataset results will be detailed. Nevertheless,
some daily dataset results are available in the Appendix. A general observation that we
can give is that both datasets yielded the same results concerning the benign overfitting
conditions. The first condition where p should be larger than n is pre-established by our
settings and, therefore, does not require further verification. In our tests, the only scenarios
that do not meet this condition are when n = 700 and when ¢ = 1. For other cases, p is

always larger than n and the condition 1 is satisfied.

However, the second condition concerning the effective rank is never met. The value of
Ry(X) is always smaller than n. This is due to the eigenvalues of the covariance matrix.
On the other hand, the third condition is satisfied across all different n, as there is always
a significantly large first eigenvalue compared to the second one. Similarly, the fourth

condition is always met, with the sum of the eigenvalues being significantly smaller than n.

In conclusion, with these datasets, we verified three out of the four conditions. This indicates
that we could achieve benign overfitting. The detailed observations can be found in Tables
II1.1, ITI1.2. If a condition is verified, it is indicated as TRUE. If not, it is indicated as FALSE.

To understand the results of the dataset condition and the MSE in the context of possible

benign overfitting, as well as the results on the double descent curve, we will introduce the

26
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parameter Ny.qn. As explained in the methodology, we split the dataset into training and
testing parts. The training part constitutes 80% of the total dataset, S0 ny.qim = 0.8 X n.
This is important because the interpolation point of our results will be when 1.4, = p.
We also define that ¢ = p/n4pqim. All the observations and conditions for benign overfitting

in the monthly dataset can be found in the table III.1.

n 100 200 300 400 500 600 655 700
Nirain 80 160 240 320 400 480 524 560
condition 1 | TRUE  TRUE  TRUE TRUE TRUE  TRUE FALSE FALSE
c 6.55 3.27 2.18 1.64 1.31 1.09 1 0.94
condition 2 | FALSE FALSE FALSE FALSE FALSE FALSE FALSE FALSE
Ri(%) 61.1011  101.4975 133.1122 156.2970 170.9266 183.9540 190.5702 194.2840
k optimal 11 27 37 52 60 66 66 71
condition 3 | TRUE  TRUE  TRUE TRUE TRUE TRUE  TRUE  TRUE
15t 1.3182  1.5964  1.5900  1.3718  1.3861  1.4304  1.3672  1.4265
condition 4 | TRUE  TRUE  TRUE TRUE TRUE TRUE  TRUE  TRUE
S, 1.7399  2.0143  1.9989  1.7648  1.8787  1.9142  1.8447  1.9277
MSE train | 1.52E-31 2.85B-32 1.96E-31 1.01B-32 9.94E-32 3.39E-32 2.25E-32 9.58E-08
MSE test | 2.54E-06 3.25E-06 7.03E-06 8.56E-06 2.24E-05 3.77E-05 5.25E-04 5.03E-05
R(6) 2.54E-06 3.25E-06 7.03E-06 8.56E-06 2.24E-05 3.77E-05 5.25E-04 5.02E-05

Table III.1: Benign overfitting conditions and MSE for p = 524, selection mode = "first",
FF526-monthly.csv.

Regarding the Mean Squared Error and particularly the excess risk R(f), we observe that
when p > Ngai, the train MSE is zero, indicating overfitting and an overtrained model.
However, a significant finding is that the test MSE is lower when p > ny..;, compared to
when p < Nypain, suggesting a reduced risk when the model is overfitted. We can also note
that R(0) is smaller when ¢ > 1.

When we set niaim = p, we still achieve a zero training MSE. Nevertheless, by examining
the test MSE, we notice that it is relatively higher at this interpolation point compared to
when n is either larger or smaller than p. This observation raises the possibility of a double

descent curve.

In Table II1.2, we observe similar results for the selection mode "last", where the higher test
MSE is when ¢ = 1. This indicates that something significant occurs at ¢ = 1, which we
will analyse in detail in this Chapter, Section 1.2. The results for the daily dataset, which

led to similar observations, are available in Appendix A.1; A.2.
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n 100 200 300 400 500 600 655 700
Ntrain 80 160 240 320 400 480 524 560
condition 1 | TRUE TRUE  TRUE TRUE TRUE TRUE FALSE FALSE
c 6.55 3.27 2.18 1.64 1.31 1.09 1 0.94
condition 2 | FALSE FALSE FALSE FALSE FALSE FALSE FALSE FALSE
Ri(%) 54.956  95.434  124.692  148.821  167.569  182.041  188.917  193.807
k optimal 17 38 59 65 71 73 71 73
condition 3 | TRUE  TRUE  TRUE  TRUE TRUE  TRUE  TRUE  TRUE
15t 1.830 1.789 1.559 1.383 1.391 1.459 1.503 1.495
condition 4 | TRUE  TRUE  TRUE TRUE TRUE TRUE  TRUE  TRUE
S 2.505 2.356 2.208 1.975 1.935 1.980 2.023 2.013
MSE train | 9.56E-32 1.99E-31 4.30E-33 9.87BE-33 6.19E-32 8.765-33 8.85E-32 1.01E-07
MSE test | 9.54E-06 5.41E-06 1.80E-05 1.46E-05 2.30E-05 4.38E-05 0.000326 3.18E-05
R(0) 9.54E-06 5.41E-06 1.80E-05 1.46E-05 2.30E-05 4.38E-05 0.000326 3.17E-05

Table II1.2: Benign overfitting conditions and MSE for p = 524, selection mode = "last",
FF526-monthly.csv.

Concerning the ridge regression results, we tested the different values of shrinkage A detailed
in Chapter II, Section 2.1. When A = 0, we are in the case of ridgeless regression, resulting
in the same outcomes as those obtained in linear regression (Table III.1, II1.2). We observed
that when p > nyan, shrinkage is not particularly useful when c is very high. For example,
as shown in Table II1.3, at ¢ = 6.55, increasing A results in both the test and train MSE

becoming worse.

A 0 1E-06 1E-05 0.0001 0.001 0.01 0.1

train MSE | 4.96E-31 | 1.41E-16 | 1.41E-14 | 1.41E-12 | 1.40E-10 | 1.26E-08 | 6.66E-07
test MSE | 2.54E-06 | 2.54E-06 | 2.54E-06 | 2.54E-06 | 2.55E-06 | 2.65E-06 | 4.06E-06
R(6) 2.54E-06 | 2.54E-06 | 2.54E-06 | 2.54E-06 | 2.55E-06 | 2.64E-06 | 3.40E-06

Table II1.3: Ridge regression with different A for n = 100 and p = 524, selection mode =
"first".

However, when c¢ is smaller (¢ = 2.18) but still higher than one, shrinkage starts to become
useful and reduces the test MSE. For the shrinkage to be effective, the value of A must
be sufficiently high. If the shrinkage is too low, there is no significant change in the test
MSE. The results, presented in Table II1.4, show a change in the test MSE only when
A=1x10"%

A 0 1E-06 1E-05 0.0001 0.001 0.01 0.1

train MSE | 1.89E-30 | 1.71E-15 | 1.70E-13 | 1.69E-11 | 1.52E-09 | 7.35E-08 | 9.19E-07
test MSE | 7.03E-06 | 7.03E-06 | 7.03E-06 | 7.01E-06 | 6.84E-06 | 5.91E-06 | 4.62E-06
R(6) 7.03E-06 | 7.03E-06 | 7.03E-06 | 7.01E-06 | 6.84E-06 | 5.83E-06 | 3.70E-06

Table II1.4: Ridge regression with different A for n = 300 and p = 524, selection mode =
"first".
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The main discovery here is when ¢ = 1, we observe a significant reduction in the test MSE
even for small values of X\. This indicates that at the interpolation point, where there is a
substantial increase in the test MSE, applying shrinkage can highly influence the test MSE
and the excess risk R(0).

A 0 1E-06 1E-05 0.0001 0.001 0.01 0.1

train MSE | 8.51E-32 | 4.53E-09 | 1.89E-08 | 6.70E-08 | 1.89E-07 | 5.36E-07 | 1.55E-06
test MSE | 5.25E-04 | 1.37E-04 | 6.20E-05 | 2.89E-05 | 1.91E-05 | 1.13E-05 | 8.69E-06
R(9) 5.25E-04 | 1.37E-04 | 6.19E-05 | 2.88E-05 | 1.89E-05 | 1.08E-05 | 7.14E-06

Table II1.5: Ridge regression with different A for n = 655 and p = 524, selection mode =
"first".

All the previous observations are illustrated in Figure I11.1. In this figure, it is clear that
when c is very high, applying shrinkage results in worse test and train MSE values. However,
when c¢ is moderate, a higher shrinkage parameter leads to a slight reduction in the test
MSE. Finally, when ¢ = 1, there is a significant reduction in the test MSE as the shrinkage
parameter increases. This demonstrates the impact of shrinkage across different values of c.
The results for the daily dataset, using the same shrinkage parameters A, are available in
Appendix A.3.

Test MSE for different A\ and different n
—— n_max = 100
—— n_max = 300
—s— n_max = 655

Test MSE

1073

10-° 10~ 10~ 1073 1072 107!
Shrinkage Value

Figure I11.1: Ridge regression test MSE with different shrinkage .

1.2 Double Descent Curve

Regarding the double descent curve, we tested various values of n and consistently obtained
similar results to the previous section. When ¢ < 1, the train MSE decreased continuously
with the addition of more p, resulting in a continuous descending train MSE curve. At the
interpolation point, the training MSE is zero and remains zero for all p > ny.4in. For the

test MSE, it remained approximately constant until approaching the interpolation point
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(N¢rain = D), at which the test MSE spiked. However, the maximal test MSE did not occur
exactly at the interpolation point, but it was more observed at n — 1 or n — 2 relative to
the theoretical interpolation point. What is particularly noteworthy is that when ¢ > 1, the
resulting test MSE is consistently lower than it was before the interpolation point. This
was observed across several different n values and in various tests on both the daily and

monthly datasets.

In Table II1.6, we can observe the test outcomes with varying n values, the table shows the
maximum and minimum test Mean Squared Error (MSE) observed on the FF526-monthly
dataset. The maximum test MSE consistently occurs when the parameter p equals the
training sample size Nyqin. In contrast, the minimum test MSE is always observed when p

exceeds Niyrgin-

n | Ngrain | Minimum test MSE | optimal p | maximal test MSE | worst p
100 | 80 9.35E-06 455 0.01196 79
200 | 160 5.41E-06 524 0.03057 159
300 | 240 1.52E-05 476 0.00158 238
400 | 320 1.37E-05 521 3.83995 319

Table I11.6: Maximum and minimum test MSE results.

The situation when n = 100 and .., = 80 is illustrated in Figure I11.2. In this figure, the
train MSE is represented in blue, showing that the MSE drops to zero when p is equal
t0 Nyain and remains at zero for all p > n. This indicates that it fits the training data
perfectly. On the other hand, the test MSE is depicted in green. A spike is observed when
p equals ngam — 1. After this spike, the test MSE begins to decrease, showing lower values
compared to when n was larger than p. However, in this configuration, it is not possible
to determine if the test MSE starts rising again when p = n?, as explained by Li, Su, and
Sejdinovic (2021).

—=— Train MSE —— Test MSE

- Number of samples () ( | kL
0.0004 . ples (n) 0.008 Number of samples (n)
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0.001
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(b) Test MSE vs number of p

Figure II1.2: Double descent curve for different p and n = 100.
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We also decided to develop a code to investigate whether the order and possible arrangement
of the dataset influenced the double descent curve. To do this, we shuffled the columns of
the dataset to create other orders and check if the double descent curve persisted. In each

case, we observed that there was always a spike in the test MSE at the interpolation point.

As explained in the methodology, we decided to examine the variance and bias components
of the test MSE. Our results indicate that the spike in the test MSE is primarily due to a
significant increase in variance near the interpolation point. However, there is also a spike
in the bias at that point, though it is relatively low compared to the increase in variance.
Additionally, the scope of our investigations includes testing whether this kind of result

will be obtained in the portfolio models when ¢ = 1.

Variance and Bias? for different numbers of p
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Figure I11.3: Test MSE decomposition in variance and Bias? for different p and n = 100.

Considering ridge regression and the discussions in Chapter I1I, Section 1.1, we observed a
significant reduction in the test MSE when the shrinkage parameter A is high, particularly
at the interpolation point. In Figure III.4, it is evident that higher A\ values effectively
truncate the peak of the curve, reducing the MSE at and slightly beyond the interpolation
point. However, beyond the interpolation point, the curves for different \ values converge,
with A = 0 ultimately resulting in the lowest MSE when p is much larger than n. The
results for this test on the daily dataset, which demonstrate the same results discussed in

this section, are available in Appendix A.1.
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Test MSE for different numbers of p for different shrinkage A
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Figure I11.4: Double descent curve in ridge regression with different shrinkages A for a fixed

n = 100.

1.3 Portfolio Theory and Overfitting

In this section, we will examine the behaviour of different portfolios for the values of
¢ =1[0.75; 1; 1.5], with the number of p held constant at 524. The results are as follows:

Annual Performance Metrics

c = 0.75
Strategy Returns Volatility SR
MSR 0.005023  0.177399  0.028315
MV -0.022919  0.147755  -0.155112
Naive 0.095268  0.240049  0.396870
BFGSE 0.093748  0.240952  0.389074
c=1
Strategy Returns Volatility SR
MSR 0.015826  0.164100  0.096441
MV -0.046736  0.159526  -0.292967
Naive 0.095268  0.240049  0.396870
BFGSE 0.095268  0.240049  0.396870
c=1.5
Strategy Returns Volatility SR
MSR 0.052076  0.154905  0.336176
MV -0.023905  0.158838  -0.150502
Naive 0.095268  0.240049  0.396870

BFGSE 0.093654  0.228707  0.409494

Table II1.7: Annual performance metrics of portfolios for different values of c.
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The Table II1.7 indicates that, across all scenarios with varying ¢, the BFGSE portfolio has
not always the highest Sharpe Ratio. The Naive portfolio maintains a constant value for
all ¢, which is anticipated since the rolling window is fixed at 6 months, ensuring that the
returns for each p remain unchanged regardless of c¢. This stability allows us to effectively

compare the performance of other models as ¢ varies.

Notably, as ¢ increases, the Sharpe Ratio of the BFGSE model continues to improve, deliv-
ering better results despite its higher volatility compared to the MSR and MV models. In
contrast, the minimum variance portfolio does not perform well in any scenario. Although
it exhibits the lowest out-of-sample volatility even as ¢ increases. Nevertheless, its returns
are consistently negative, resulting in a negative Sharpe Ratio. Finally, the MSR portfolio
shows enhanced performance with increasing ¢, reflecting an improvement in its Sharpe
Ratio.

Ultimately, we investigate whether there is a reduction in portfolio variance as the number
of p increases, while n remains constant. It is important to note the continuous decrease in
portfolio variance as ¢ increases in the MSR, MV, and Naive optimization models. However,
in the BFGSE portfolio, variance rises near ¢ = 1 due to shrinkage &* being equal to
zero at that point, indicating that this is not a double descent curve. This investigation
demonstrates a reduction in variance when ¢ > 1, as illustrated in Figure I11.5. To conclude,

increasing the number of p generally leads to a reduction in out-of-sample portfolio variance.

Portfolio’s variance for different p numbers
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Figure I11.5: Portfolio variance for different p and a fixed n = 350, ¢ = 0.75
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2 Results Analysis

Concerning the used datasets, we can say that they meet three out of the four conditions
necessary for establishing benign overfitting given by Bartlett et al. (2020). Additionally,
by examining the excess risk R(f), we observe that the risk decreases as ¢ increases, and it
performs better than when ¢ < 1 in every case. This suggests that we might be operating in
a regime of benign overfitting or at least in a tempered overfitting scenario close to benign,

as described by the taxonomy from Mallinar et al. (2022).

Furthermore, the results obtained from the double descent curve are also really significant.
They indicate that the test MSE improves when p is larger than n, implying that the
overfitting in our multiple linear regression model could be benign. This is especially
notable because the minimum test MSE when p > n is always better than the minimum
test MSE when p < n. This suggests that when there is uncertainty about which variables
are determinants, including more variables than observations is preferable. This double

descent curve reinforces our belief that we are observing a case of benign overfitting.

Regarding the shrinkage parameter A for ridge regression, we can observe that it can
be useful in certain situations. As explained by Kelly et al. (2021) and Kelly and Xiu
(2023), the amount of shrinkage can make complexity a virtue. Specifically, when we are
close to the interpolation point (¢ = 1), where there is a clear reduction in the test MSE.
However, it does not work in all cases, particularly when p is significantly larger than n. In
such scenarios, if we are experiencing benign overfitting, the test MSE with shrinkage can
sometimes yield worse results than in the ridgeless case (A = 0) as shown in the results for
¢ = 6.55 in Table II1.3 and Figure III.1.

Regarding the MSE decomposition, we can conclude that the variance primarily drives
the double descent curve, while the bias remains low when p is larger than n. Near
the interpolation point, both bias and variance increase, indicating that the results at
this point are not stable and that a dataset with n = p should be avoided. Even if we

apply shrinkage, as shown in Figure III.1, the test MSE will still be higher than when p > n.
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Concerning the portfolio optimization models, we can note that the best model in terms of
Sharpe Ratio is consistently the BEGSE portfolio when ¢ > 1. This is not surprising, as this
model is designed to work well with high-dimensional datasets. However, it is important
to highlight the significance of the decreasing variance of the portfolios as p increases
while n remains fixed. Despite this observation, it is not possible to definitively conclude
that we are experiencing benign overfitting. This is because the results we obtained do
not align with those observed in the multiple linear regression and ridge regression cases.
Therefore, further analysis is needed to determine the nature of the overfitting in the

portfolio optimisation models.

In conclusion, while the data must generally meet most conditions for benign overfitting, it
is not the only influencing factor. The variations between models also play a significant
role, as benign overfitting can be more evident in some models than in others. Furthermore,
we can not guarantee that the conditions on datasets for benign overfitting are applicable

to models other than regression models.



Conclusion

This master’s thesis has analysed the phenomenon of benign overfitting, which has been
predominantly studied using image recognition models, within the context of financial
data. The primary objective was to determine whether benign overfitting can be applied in

finance and modern portfolio theory.

To investigate the presence of benign overfitting in our selected financial data, we started by
testing the benign overfitting conditions outlined by Bartlett et al. (2020). After verifying
that 3 out of the 4 conditions were met, we calculated the excess risk R(f) in a multiple
linear regression model across the different datasets for ¢ > 1, ¢ = 1, and ¢ < 1. We observed
that R(6) was lower when ¢ was higher than one, and it further decreased as ¢ increased.
The excess risk was so low when p > n that, according to the taxonomy established by
Mallinar et al. (2022), we could conclude that we were in a regime of benign overfitting or
at least tempered overfitting. Additionally, the train MSE remained zero when p = n, and
at that point, the test MSE was at its maximum. This gave us the intuition that there
might be a double descent curve for the linear regression model. As explained by Mikhail
Belkin et al. (2019), the double descent curve can justify the presence of being in a regime
of benign overfitting. To further investigate, we set the linear regression model with a fixed
number of observations n and a varying number of variables p. This approach revealed the
double descent curve with a noticeable spike at the interpolation point when n = p. The
main observation is that the test MSE after the interpolation point was better than the
ones observed at ¢ < 1, confirming that we could be in a situation of benign overfitting

under those circumstances.

We also applied a ridge regression model to examine the impact of the shrinkage parameter
A and compared it to the ridgeless case. We observed that the effectiveness of shrinkage
depends on the value of c¢. Specifically, when c¢ is very large, the test MSE results are worse
than in the ridgeless case, making shrinkage unhelpful. However, near the interpolation
point (¢ = 1), even a small shrinkage can be beneficial and significantly reduce the test MSE.
This phenomenon can be observed on the double descent curve for the ridge regression
model. Additionally, there are cases where the test MSE is reduced but only with a large

A, indicating that for some values of ¢, the test MSE remains stable across all A\. This

36
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suggests that there is a critical value of ¢ where the utility of shrinkage is neutral and
at that point, the shrinkage may change from beneficial to detrimental for the test MSE.
So we can state that a ridge regression with shrinkage can be useful, but only under the

conditions mentioned above.

We also noticed that the spike in test MSE at the interpolation point is mainly due to
an increase in variance, along with a rise in bias. However, after the interpolation point,
the bias stays very low, and the variance decreases. We considered using this variance
curve to check for potential variance increases in portfolio optimization when ¢ = 1 and to

explore the presence of a possible double descent curve in high-dimensional portfolio models.

For the portfolio optimisation section, we applied four different optimization models. Three
of these are well-known: the Maximum Sharpe Ratio (MSR) portfolio, the Minimum
Variance (MV) portfolio and the Naive portfolio. The fourth model, less famous but
developed to perform better in high-dimensional settings when p > n, is the Bona-fide
generalised Shrinkage Estimator (BFGSE) portfolio. We implemented these portfolios for
three different values of ¢ = [0.75; 1; 1.5] and evaluated the models over a 6-month horizon
using a rolling window approach. We observed that the BFGSE portfolio consistently
yielded the highest Sharpe ratio when ¢ > 1. Additionally, we demonstrated that for a fixed
number of observations n and a varying number of variables p, the out-of-sample variance
of the portfolio decreased as p increased. However, we did not observe any double descent
curve or an increase in out-of-sample variance at the interpolation point. Consequently, we

could not conclude that we were in a regime of benign overfitting for these portfolio models.

In conclusion, our findings indicate that benign overfitting can occur within financial data,
driven by both the dataset and the model employed. If either the dataset or the model fails
to meet the necessary conditions, the presence of benign overfitting cannot be confirmed.
Additionally, the applicability of the benign overfitting conditions to models other than

regression could maybe not be extended beyond regression models.
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Appendix

The results mentioned in this master’s thesis for the daily dataset FF526-daily.csv are

detailed below.

Linear Regression and Benign Overfitting Conditions

n 100 200 300 400 500 600 655 700
Nirain 80 160 240 320 400 480 524 560
condition 1 TRUE TRUE TRUE TRUE TRUE TRUE FALSE FALSE
c 6.55 3.27 2.18 1.64 1.31 1.09 1 0.94
condition 2 | FALSE FALSE FALSE FALSE FALSE FALSE FALSE FALSE
Ri(%) 60.19 95.4101 1229005 143.5874 156.6956 169.8501 174.7016 177.9267
k optimal 9 24 35 41 45 49 51 50
condition 3 | TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
158\ 0.0083 0.01357  0.01127 0.0098 0.0104 0.0113 0.0111 0.0121
condition 4 | TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
> A 0.02295 0.0303 0.0272 0.02531 0.02554 0.02679 0.02719 0.02868
MSE train | 1.57E-33 2.80B-34 3.34E-35 3.99E-35 1.67E-34 144E-34 3.81E-33 3.59E-10
MSE test 1.27E-07 5.72E-08 6.25E-08 8.19E-08 9.16E-08 1.57E-07 1.62E-05 1.28E-07
R(6) 1.27E-07 5.72E-08 6.25E-08 8.19E-08 9.16E-08 1.57E-07 1.62E-05 1.27E-07
Table A.1: Benign overfitting conditions and MSE for p = 524, selection mode = "first".
n 100 200 300 400 500 600 655 700
Nirain 80 160 240 320 400 480 524 560
condition 1 | TRUE TRUE TRUE TRUE TRUE TRUE FALSE FALSE
c 6.55 3.27 2.18 1.64 1.31 1.09 1 0.94
condition 2 | FALSE FALSE FALSE FALSE FALSE FALSE FALSE FALSE
Ri(%) 50.36 87.42 117.11 137.59 152.48 164.79 169.60 173.12
k optimal 21 41 61 67 74 79 79 7
condition 3 TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
15\ 0.0589 0.0580 0.0614 0.0757 0.0918 0.0936 0.0910 0.0881
condition 4 TRUE TRUE TRUE TRUE TRUE TRUE TRUE TRUE
> 0.0849 0.0831 0.0874 0.1037 0.1223 0.1264 0.1240 0.1206
MSE train | 3.29E33 4.36BE-34 3.26E33 3.44B-33 4.39E33 1.45E34 8.05E33 9.97E-10
MSE test 6.81E-08 4.83E-08 &8.15E-08 1.47E-07 1.97E-07 3.32E-07 2.17E-06 3.30E-07
R(6) 6.81E-08 4.83E-08 8.15E-08 1.47E-07 1.97E-07 3.32E-07 2.17E-06 3.29E-07

Table A.2: Benign overfitting conditions and MSE for p = 524, selection mode = "last".
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Ridge Regression and Shrinkage
c = 6.55
A 0 1.00E-06 | 1.00E-05 | 0.0001 0.001 0.01 0.1
train MSE | 1.75E-36 | 1.75E-15 | 1.75E-13 | 1.72E-11 | 1.51E-09 | 7.57E-08 | 1.23E-06
test MSE 1.27E-07 | 1.27E-07 1.27E-07 | 1.28E-07 | 1.39E-07 | 2.56E-07 | 1.08E-06
R(9) 1.27E-07 | 1.27E-07 1.27E-07 | 1.28E-07 | 1.37E-07 | 1.81E-07 | -1.50E-07
c = 2.18
A 0 1.00E-06 | 1.00E-05 | 0.0001 | 0.001 0.01 0.1
train MSE | 7.27E-34 | 5.85E-15 5.70E-13 | 4.55E-11 | 1.55E-09 | 3.05E-08 | 5.03E-07
test MSE 6.24E-08 | 6.23E-08 6.18E-08 | 5.78E-08 | 4.70E-08 | 7.09E-08 | 3.53E-07
R(9) 6.24E-08 | 6.23E-08 6.18E-08 | 5.78E-08 | 4.54E-08 | 4.04E-08 | -1.50E-07
c=1
A 0 1.00E-06 | 1.00E-05 | 0.0001 | 0.001 0.01 0.1
train MSE | 7.31E-33 | 1.96E-10 5.56E-10 | 1.48E-09 | 3.76E-09 | 1.99E-08 | 2.51E-07
test MSE 1.62E-05 | 6.15E-08 3.86E-08 | 3.52E-08 | 3.15E-08 | 5.33E-08 | 3.77E-07
R(0) 1.62E-05 | 6.13E-08 3.81E-08 | 3.37E-08 | 2.78E-08 | 3.34E-08 | 1.25E-07

Table A.3: Ridge regression with different « for different ¢, selection mode = "first".
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Figure A.1: Double descent curve in ridge regression with different shrinkages A and a fixed

n = 100.
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