B UCLouvain

Ecole polytechnique de Louvain

Investigating Deep Neural Network
Internal Clustering and

Generalization Properties

Author: Gilles PEIFFER

Supervisor: Christophe DE VLEESCHOUWER
Readers: Simon CARBONNELLE, John LEE
Academic year 2020—2021

Master [120] in Computer Science and Engineering




Abstract

The topic of generalization in deep neural networks has long been one that garners
a lot of interest from research groups all around the world [1, 2, 3, 4]. Despite all
this interest, however, current knowledge about this topic remains limited. In this
thesis, we present a novel way of looking at generalization, through the lens of how
internal representations at the neuron level relate to the generalization performance
of a deep neural network.

We present three main contributions on this subject. (i) First, we extend some
previous results in the literature about the statistical distribution of weights [5],
and introduce a novel concept, the EW product, whose distribution properties
have an even stronger relation to generalization performance. (ii) Second, we
build on results obtained in [6] that show that neurons act as binary classifiers
inside the network, and show that the quality of this binary partition is related to
generalization performance as well. (iii) Finally, we show that neurons not only act
as binary classifiers, but also as pattern discriminators, and that the quality of this
discrimination has strong ties to generalization performance.
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Chapter 1

Introduction

In this chapter, we detail the global goals and organization of this thesis, as well as
giving some insight into what motivated each investigation.

1.1 Thesis Goals

Our overarching goal with this thesis is to understand more about how internal (i.e.
at the neuron level) representations of data can be used to understand and predict
good generalization performance (i.e. accuracy on an unseen dataset, defined
more formally in chapter 2) in deep neural networks, which are some of the most
promising tools machine learning and artifical intelligence research has produced
to date, but whose true behavior remains widely misunderstood. More precisely,
our work tries to answer two questions related to internal representations and
generalization performance:

1. Do neurons of models with good generalization performance partition/binarize
the internal representation space better than those of worse-generalizing
models?

2. Do neurons discriminate between specific patterns in the internal repre-
sentation of input samples, and is this pattern detection ability related to
generalization performance?

1.2 General Organization

This document is organized as follows.

Chapter 2 contains some fundamentals of deep learning and covers some more ad-
vanced topics we believe are important to guarantee the reader’s full comprehension
of the material discussed in this thesis.
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In chapter 3, we look at the state of the art in the deep learning space, and
discuss some related work that helped us build our intuition about the topic at
hand. We show that understanding generalization is arguably the hottest topic
in current deep learning research, as well as motivating our decision to come at it
from the until now fairly understudied angle of neuron-level behavior.

Chapter 4 introduces the methodology and experimental setup we use through-
out this thesis, and we argue why this choice is sufficient to produce compelling
evidence about the link between neuron-level representations and generalization
performance.

In chapter 5, we study how the distributions of layer weights and excitation-
weight products (two notions we define more formally) are shaped, and through
statistical analysis of these distributions, show that only a subset of them is
relevant for our further investigations. This subset, which we call the “significant
components,” is central to the work done in later chapters, and we consistently
refer back to it.

Chapter 6 builds on an observation first made in [6] that neurons in deep
neural networks act as binary classifiers as a consequence of the way in which
neural networks are trained. We study this emergent classification through the
use of several clustering metrics, and see how these metrics are related to model
generalization performance. This chapter thus answers question 1, which we asked
earlier.

Chapter 7 follows the same methodology as the previous chapter and considers
the same clustering tools and metrics to a large extent, but studies whether models
with good generalization discriminate between specific patterns in the internal
representation, thus answering question 2 we asked earlier.

Chapter 8 considers possible avenues (theoretical and practical) for future
research based on the results we obtained in previous chapters. We also bring up
some remaining questions we would like to answer on this topic.

Chapter 9 contains a conclusion and recapitulates on the work we did, underlin-
ing our main results and assessing whether questions 1 and 2 have been answered
satisfactorily.

Finally, appendices A and B contain some figures that were omitted from the
main body of the text for reasons of brevity.
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Chapter 2

Background

This chapter gives an overview of the theory of artificial neural networks, in order to
bring the reader up to speed and to ensure the rest of this thesis is comprehensible.
We start by looking at deep learning and neural networks in a general sense in
section 2.1. Next, we review how deep networks learn, in section 2.2. We give some
additional considerations and talk about regularization in section 2.3, and take a
closer look at convolutional networks, which are the type of network we use in this
thesis, in section 2.4. Throughout this chapter and the rest of this manuscript, we
use the notation introduced in [7].

2.1 General Overview

An artificial neural network (NN) is a machine learning model that can be used to
approximate a function f*. For example, a network used for classification defines a
mapping y = f(x;0), and tries to learn the value of the parameters 6 such that
f(+; ) is the best function approximation of f*. The generalization performance of
this network is then a measure of its quality on a dataset it had not seen during
training. In the case of classification, generalization performance usually refers to
the percentage of correctly classified test samples. While a theoretical result known
as the “no free lunch” (NFL) theorem [8, 9] exists stating that no learning algorithm
(such as neural networks) is better than random guessing over all possible functions
to be learned, neural networks tend to perform extremely well in real-world tasks.

These models are called networks because they can be thought of as a com-
position of functions: f(x) = fO(--- fA(fM(x))---); each function f@ of this
composition then corresponds to a layer of the network, and the depth of the
model refers to the total length of this chain, {. As their name implies, deep neural
networks (DNN) are thus networks with a comparatively high number of layers.
An illustration of an artificial neural network is given in figure 2.1.

14



Input Hidden Output
layer layer layer

r1 —
To —

r3 ——

Figure 2.1: Example neural network with one hidden layer.

To understand these networks intuitively, we use the approach of [7]. Consider
a linear model. While linear models are easy to work with, they are also limited to
modeling linear functions. To allow linear models to represent nonlinear functions
of &, we can map the input  — ¢(x) before applying the linear model to this
mapped representation. ¢, which is a nonlinear transformation, then provides a set
of features describing «.

Deep learning tries to learn the optimal mapping ¢. In fact, this is one of the
places where it differs from traditional machine learning: the latter usually relies on
manually chosen features, whereas deep learning finds them on its own. In practice,
we often parametrize the representation as ¢(x;0). The optimal parameters 0
can then be learned by an optimization algorithm. The majority of neural nets
use a parametrized affine transformation, followed by a fixed nonlinear activation
function, as mapping in each layer. The outputs a of a hidden layer with inputs @
are then given by

a=ocW'z +b), (2.1)
—
where ¢ is the activation function (applied element-wise; we use the vector and
scalar versions interchangeably), W are the learned weights, and b are the learned
biases.

Several activation function choices are possible, though in practice hidden layers
almost always use the rectified linear unit (ReLU) [10, 11, 12], 0: R — R, defined
by the formula
z, if z>0,

0, otherwise. (2.2)

0(z) = max{0,z} = {
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This also means that (where o is diffentiable)

do(z) , _{ 1, if z>0,
——==0'(z) =

4z 0, otherwise.

(2.3)

Another activation function worth mentioning is the sigmoid function o: R —
0, 1], defined by [13, 14] as

1

) T ea

(2.4)

Its derivative is then given by

d‘(’i(j) = 0'(2) = o(2)(1 — o (2)). (2.5)

Finally, we also mention the softmax function o: R — [0, 1]%, which is often
used in the last layer of a neural network-based classifier [15, 16], and is given by
the formula

o(2); = % i=1,... K. (2.6)
>t exp(z;)
The reason for using this activation function in particular in the last layer is that
it normalizes its input into what can be interpreted as a probability distribution
consisting of K probabilities proportional to the exponential of the input numbers
(and in classification, can be used to represent the probability of assigning each
label to a given sample) [17]. From a deep learning perspective, this interpretation
can be considered valid because of the universal approximation theorems [18, 19,
20, 21, 22, 23]. However, it has been argued in [24] that certain improvements such
as those discussed in section 2.3 can affect whether the softmax output can truly
be interpreted as a probability distribution.
These various activation function choices are shown in figure 2.2.

2.2 Gradient Descent with Back-Propagation

In order for our neural network to learn a set of parameters that produces good
results, we must equip it with a cost function J that, in combination with gradient
descent, will improve the performance of the network on its intended task.! In
practice, this cost function is usually made up of a loss function L, which depends
on the output g and the target y, and a regularizer (@), designed to penalize
overly complex models, which usually result in worse generalization performance.
Note that @ contains all model parameters (weights and biases).

ntuitively, one would want to take e.g. classification error as loss function, but this “obvious”
choice cannot always be optimized efficiently [25].
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3] —ReLU: o(z) = max{0,z}
Sigmoid: o(z) = m
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Figure 2.2: Comparison of activation functions.

2.2.1 Cost Function

To intuitively arrive at the cost functions that are used in practice, let us start by
considering a single-input neuron, with a sigmoid activation function [26]. We also
forget about regularization for now. In other words, the output of our model is
given by .

1+exp(—(wx+b))'

9= f(zx;w,b) = o(wx +b) = (2.7)

Reasoning about the desired behavior of the loss function, one arrives at the
conclusion that we want its gradient to be large when the prediction is bad. Indeed,
this is a key principle of loss function design. Thinking back to our example
single-input sigmoid neuron in (2.7), and concentrating only on the bias term for
simplicity, this means that we want that

OL(§,y)
H— . 2.8
b XYy—y (2.8)
For simplicity, we can consider this proportionality to be equality. We also know

that

OL(G,y) _ OL(.y) OL(g.y)
N 99 o'(wx +b) = Ta(wx +b) (1 —o(wzx + b))
(2.9)
o 309 210
= L(jy) = Hdvz—@lngj—i—(l—y)ln(l—ﬁ)) Yoo (2.11)
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This function is called the cross-entropy, and is a very popular choice in the
literature [27]. Its shape is shown in figure 2.3. In the general case of n samples
2 and K output neurons, the cross-entropy is given by

n K

o 1 i) (i i (i
LY. Y) =33 (' mg’ + (1 -y ) (1 —5")),  (212)
i=1j=1
for i = 1,...,n. For brevity of notation, we write ¥ and Y to denote matrices

containing the model outputs and targets for each sample.

4,

Figure 2.3: Example of the binary cross-entropy.

2.2.2 Back-Propagation

In order to compute the gradient of the cost function, we apply a procedure called
back-propagation (BP, or backprop), based on repeated application of the chain
rule of derivation [7, 26, 28]. Again, we consider only the loss function for now.
Let us start by establishing some definitions:

o

° agk) =o(z

is the pre-activation of neuron 7 in the layer k (k € {1,...,1});

(k)

7

) is the activation of neuron i in layer k (k € {1,...,1});

° VVZ(;C) is the weight of the link between neuron ¢ in layer £ — 1 and neuron j

in layer k (k € {1,...,1}); and

o ") is the bias of neuron i in layer k (k € {1,...,1}).

Note that an activation coming out of layer k£ — 1 is also sometimes called an
excitation entering layer k.
We also use the following notation:
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z® a®_ and b* denote vectors whose ith components are zi(k ,a, , and
M respectively;

)

e W® denotes a matrix whose entry on row 4, column j is Wk 2k =

W a4+ p. s
e © denotes the Hadamard (or element-wise) product;
do
* (vva)i - an )
e Functions of vectors are applied element-wise.
OL(y
In order to update the network weights and biases, we need 81/(13//(”;5‘/) and
1]
OL(y
8(b?{k’)y>. Applying the chain rule of derivation, we get
L(y L(y
0 (yk, y) _ OLG.Y) & 509 (2.13)
ok 92
OL(9.y) _ 8[/@7'9)@(&—1) — 5®)  k=1) (2.14)
(k) (k) 77 A ’
We thus compute
L(y L(y
(‘321( ) 8a§k>
L
o(zM) 5, (a ((i’ﬂl)’ ) W}’“j”), if k<1,
= IL(g a)zi, (2.16)
o () L if k=1
da;
In vector notation, we thus write
S0 _ o' (z®™) @ (W(k+1)T5(k+1)>’ if k<1, (2.17)
o'(z0)® V4 L(9,y), it k=1.

In summary, the forward and backward passes through a deep neural network
can be computed by algorithms 2.1 and 2.2, respectively [7].

Note that these algorithms present a simplified view, and that more information
on these simplifications is given in section 2.3; we have nonetheless added the
regularization term, to generalize the presentation given above, which considered
only the loss function.
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Algorithm 2.1 Forward pass through a typical deep neural network.

1:

procedure FORWARD([, W® b z y) > the network depth, the weight
matrices and bias parameters at each layer, the input, and the target output

a® — > define zeroth layer
for k< 1,...,ldo
2B Wk g1 4 pk) > compute pre-activations
a®) < g(zR) > apply activation function
end for
Y a® > compute network output
J <+ L(g,y) + \2(0) > compute cost function value

end procedure

Algorithm 2.2 Back-propagation through the deep neural network of algo-
rithm 2.1.

1:

procedure BACKPROP([, W® b x y) > the network depth, the weight
matrices and bias parameters at each layer, the input, and the target output

0+ VyJ =VyL(Y,y) > compute gradient on output layer
for k< 1,l—1,...,1do
8+ V=800 (zM) > convert gradient on layer output into
gradient on pre-activation
Vi J < 0 + AV Q2(0) > compute gradient on biases
VwwJ sak-DT 4 AViw(0) > compute gradient on weights
0+ V- = w®'s > Propagate gradients w.r.t. excitations
end for

end procedure
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2.2.3 Gradient Descent

Note that our cross-entropy loss function (and thus the resulting cost function,
though for now we restrict ourselves to studying the case without regularization) is
nonconvex, and thus has to be brought to a very low value by iterative, gradient-
descent based procedures rather than solving the problem with convex optimization
algorithms, providing global convergence guarantees. The canonical example in
deep learning of such a method is stochastic gradient descent. Indeed, stochastic
gradient descent (SGD) is sensitive to initialization parameters when applied to
nonconvex cost functions, and provides no such convergence guarantee [7].

2.2.3.1 Benefits of Small Batches

SGD is different from traditional gradient descent in that it uses only a subset of
the training set at each step. To see why this choice makes sense, consider that
minimizing the cross-entropy corresponds to maximizing the likelihood [7, 27]. We

can thus write .

O\, = arg maxz lnpmodel(m(i), y, 0). (2.18)
R
Maximizing this sum is equivalent to maximizing the expectation over the
empirical distribution defined by the training set [7], hence we could use the
following objective function:?

J(0) = Bz ypgara 10 Pmodel (€, Y, 6). (2.19)
The gradient of the objective function thus has the same property:
V0J<0) == Em,ywﬁdawVO lnpmodel(wa Y, 0) (220)

Computing this expectation is linear in the size of the dataset, n. However, the
standard error of the mean, o/4/n, is inversely proportional to the square root of
the size of the dataset. In other words, using a small batch to approximate the
value of the gradient is much faster than computing the exact gradient using the
entire dataset, but is only slightly less accurate. We refer to passes of the entire
dataset as epochs; after each epoch, samples are usually shuffled to avoid cyclical
repetitions. In practice, most optimization algorithms converge faster (in terms of
operations) when using small batches [7].

This idea is behind many of the minibatch algorithms in the literature, with
SGD being arguably the most common one in deep learning. We also note the

2The notation here does not reflect the change in optimization goal (from minimization to
maximization) we make for simplicity, since it does not affect the argument. One could trivially
maintain the minimization goal by changing signs.
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inherent regularization that small batches bring [29]. It has been argued that this
is a consequence of the noise they add to the learning process [7, 30]. The influence
of batch size on generalization performance is discussed in [31].

2.2.3.2 Stochastic Gradient Descent

Stochastic gradient descent (SGD) is an optimization algorithm used in deep
learning. As discussed previously, it achieves considerable speed up over traditional
gradient descent by only considering a subset of size m (a minibatch) of the training
data to approximate the gradient of the loss function at each step. Because this
sampling is a source of noise, the learning rate (involved in the step size of the
gradient steps) of SGD should be decreased over time [7, 32]. We denote 7 the
learning rate at iteration k. A sufficient condition to guarantee convergence of
SGD is that [7, 33, 34]

>k = o0, (2.21)
k=1
> np < oo (2.22)
k=1

The minima found by SGD are influenced by three factors: the learning rate, batch
size and gradient covariance [35]. In [36], the authors argue that bad global minima
of the loss landscape exist, and can be reached by SGD. However, regularization
techniques such as those presented in section 2.3 can help prevent this from
happening.

Algorithm 2.3 gives the general shape of an SGD update [7].

Algorithm 2.3 Stochastic gradient descent.

1: procedure SGD(0,7;,72,...) > the initial parameters, and a learning rate
schedule

2 k+1

3 while stopping criterion not met do

4 sample minibatch {z®, ... 2™} with corresponding targets y*

5: g+« =30, VgL(f(a:(i); 0), y(i)> > compute gradient estimate

6 0« 0 —n.g > apply update

7 kE+—k+1

8 end while

9: end procedure
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2.2.3.3 Momentum

In order to speed up SGD, the method of momentum [37] accumulates an exponen-
tially decaying moving average of past gradients, and continues to move in their
direction [7], by introducing a variable v playing the role of velocity. The rate of
decay is given by a hyperparameter a € [0,1). The update rule is given by

v av —nVy (7711 > L(f(m(i); 0), y(i))> , (2.23)
i=1
0« 6+wv. (2.24)

Algorithm 2.4 shows a version of algorithm 2.3 updated with the method of
momentum [7]. Note that other forms of momentum updates also exist, such as
Nesterov’s accelerated gradient method [38, 39, 40].

Algorithm 2.4 Stochastic gradient descent with momentum.

1: procedure SGDMOMENTUM(O, v,n, ) > the initial parameters, the initial
velocity, the learning rate, and the momentum parameter

2 while stopping criterion not met do

3 sample minibatch {z®, ... 2™} with corresponding targets y*

4 g+ =3, VgL(f(a;(i); 0), y(i)> > compute gradient estimate
5: V4 av —ng > compute velocity update
6 0+ 0+v > apply update
7 end while

8: end procedure

2.2.3.4 Adam

Adam [41] is an adaptive learning rate optimization algorithm whose name derives
from “Adaptive Moment Estimation.” It is generally regarded as robust to the
choice of hyperparameters. Algorithm 2.5 presents a more formal view of the
method [7]. All operations are applied element-wise. It has been argued in [42]
that adaptive optimization methods such as Adam generalize worse than stochastic
gradient descent.

2.3 Additional Considerations

The previous sections only give a brief overview of the fundamentals of neural
network training. We also mention some more advanced tools that were particularly
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Algorithm 2.5 Adam.

1. procedure ADAM(O, 7, p1,p2,d) > the initial parameters, the step size, the
exponential decay rates for moment estimates, and a constant for numerical

stabilization
2: s+ 0,r+0 > initialize first and second moment variables
3: t<« 0 > initialize time step
4: while stopping criterion not met do
5: sample minibatch {x("), ... 2™} with corresponding targets y”
6: g+ =3, VgL(f(a:(i); 0), y(i)) > compute gradient estimate
7 t+—t+1
8: s pms+(1—p1)g > update biased first moment estimate
9: r<pr+(1—p)geg > update biased second moment estimate
10 S+ 1_5/)11 > correct bias in first moment estimate
11 T4 1_’“p5 > correct bias in second moment estimate
12: AB < —n \/77:16 > compute update
13: 0+ 0+ A6 > apply update

14: end while
15: end procedure

useful for the work done in this thesis. Indeed, up until now, we have only considered
one side of the learning process of a deep neural network, namely the performance
on the training set. In practice however, we are also concerned with ensuring
good generalization performance on the test set, eventually with some cost to the
training performance of the network. Indeed, we want to avoid over- or underfitting
the network. One common definition of reqularization is “any modification we
make to a learning algorithm that is intended to reduce its generalization error
but not its training error [7].” We thus give a very brief overview of regularization
techniques that were used in this thesis: data augmentation, L? regularization,
batch normalization, dropout, and early stopping. Note that implicit forms of
regularization emerge from interactions between the neural network architecture,
optimization, and the inherent structure of the data [43].

2.3.1 Parameter Initialization

Parameter initialization refers to the way in which the various parameters 6 are
fixed at the start of neural network training. This part of training is mostly heuristic
in nature.

It has been argued [7] that the only property of parameter initialization that is
known with complete certainty is that one needs to “break symmetry” between
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different units, i.e., neurons with the same inputs and activation function. In
practice, this is achieved by drawing initial weights from a Gaussian or uniform
distribution [7], and by setting the biases and other extra parameters to heuristically
chosen constants.

In order to choose the scale of the initial weight distribution, several heuristics
exist. Larger weights favor optimization by increasing the symmetry-breaking
property of the initialization, but can result in exploding values during forward or
back-propagation, negatively affecting regularization. Considering initialization of
0 to 6, as being similar to imposing a Gaussian prior p(@) with mean 6y, it makes
sense to choose 0y to be near 0. This prior says it is more likely that units do
not interact than that they do interact. A larger value would specify which units
should interact with each other, and how they should interact [7].

Several more detailed heuristic strategies for initialization exist in the literature,
such as [44, 45, 46, 47].

2.3.2 Parameter Norm Penalties

Parameter norm penalty regularization works by adding a parameter norm penalty
2(0) to the objective function J, to obtain a reqularized objective function J [7]:

J(0; X,y)=J(0;X,y) + aQ(8), (2.25)

where a € [0, 00) is a hyperparameter weighting the relative contribution of €2 to
J [7]. It is customary to only penalize the weights of the affine transformation at
each layer, and leave the biases unregularized, as they require fewer data to fit
correctly, and regularizing them could introduce underfitting [7]. We thus use w to
denote the vector containing all weights affected by a norm penalty in what follows,
while 0 refers to the set of all parameters.

Perhaps the most well-known form of parameter norm penalty regularization
in deep learning (and the only one we will cover in any depth in this thesis) is
L2-norm parameter reqularization, also known as weight decay. It works by adding
a regularization term Q(0) = 1 |lw||} to the objective function.

The regularized objective function is then given by

J(w; X,y) = %wTw+J(w;X,y), (2.26)
with its gradient being
Vol (w; X, y) = aw + V. J(w; X, y). (2.27)
The weight update is then given by
w < (1 —na)w —nV,J(w; X, y). (2.28)
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This shows that the weight decay term multiplicatively shrinks the weight vector
by a constant factor on each step [7].

To garner more insight as to how this affects the entire training process, we
consider a quadratic approximation to the objective function in the neighborhood
of w* £ argmin,, J(w). This approximation is given by

J(0) = J(w*) + ;('w —w") H(w — w"), (2.29)

where H is the Hessian matrix of J with respect to w evaluated at w*. The
first-order term is omitted by virtue of w* being a minimum. This also allows us
to conclude that H is positive semi-definite: H > 0.

This approximation has a minimum where its gradient

Vel (w) = H(w — w) (2.30)
is 0.

Adding the weight decay gradient, we can solve for the minimum of the regular-
ized version of .J, w.

aw+ H(w—-w")=0 (2.31)
< (H +al)w = Hw" (2.32)
< W= (H+al) 'Hw". (2.33)

As « approaches 0, we get closer to the unregularized case, and w approaches
w*. On the other hand, as o grows, we observe the following. Because H is real and
symmetric, we can compute its eigendecomposition H = QAQ", with A = diag();)
a diagonal matrix containing the eigenvalues of H and Q an orthonormal matrix
containing its eigenvectors. Applying this to (2.31), we get [7]

W= (QAQ" +al) 'QAQ w" (2.34)
~ (@A +aDQ") 'QAQTw’ (23)
=Q(A+al) 'AQ T w". (2.36)

We thus see that the effect of weight decay is to rescale w* along the axes
defined by the eigenvectors of H: the component of w* that is aligned with the
1th eigenvector of H is rescaled by a factor /\ﬁa' L?-regularization thus causes the
learning algorithm to “perceive” the input X as having higher variance, causing
shrinking of the weights on features whose covariance with the output target is low
compared to this added variance [7].

Other forms of parameter norm penalties exist, such as L!-regularization [7, 48].

26



2.3.3 Data Augmentation

Deep learning models tend to benefit greatly from a larger amount of training data.
One way to achieve this is to manipulate existing data in order to create new, “fake”
data with desirable properties. This approach is easiest for classification tasks
where a high-dimensional input x is summarized with a single category identity
y [7]. This type of task thus requires the machine learning model to be invariant
to a certain set of transformations. New («,y) pairs can be generated easily by
applying those transformations to existing inputs @ in the training set. Example
transformations for the object classification task (which is at the center of the
investigations in this thesis) are translations by a few pixels, or scaling the image.

Injection of noise in the input to a neural network can also be considered a
form of data augmentation [49], whether it be as part of unsupervised learning
algorithms [50], or applied to the hidden units [51]. One should however keep in
mind that neural networks prove not to be very robust to noise [52].

2.3.4 Batch Normalization

Batch normalization (BN, or batchnorm) [53] is a method of adaptive reparametriza-
tion, motivated by the difficulty of training very deep models. Indeed, the gradient
update assumes that other layers do not change, which is not the case in practice.
The effect of this inaccuracy is exacerbated in very deep networks, because of the
high number of layers.

Batch normalization can be applied to any input or hidden layer in a network,
often with the goal of improving optimization, but can have a regularizing effect.
The summary we present here is inspired strongly by the one in [7]. Let H be a
minibatch of activations of the layer to normalize, arranged as a design matrix with
the activations for each example appearing in a row of the matrix. Its normalized
version, which we replace it by, is

H' = , (2.37)
where p and o are vectors containing the mean and standard deviation of each
unit. The operations are applied element-wise at every row of the matrix H: H; ;

is normalized by subtracting ;; and dividing by o;.
At training time, we thus have

p= —E:PIZ (2.38)
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and

o= JM%%(H—M)?, (2.39)

=1

where 0 is a small positive constant imposed to avoid the undefined gradient of /=
at z = 0. We back-propagate through these operations for computing the mean
and the standard deviation, and for applying them to normalize H. The gradient
will never propose an operation that acts simply to increase the standard deviation
or mean of H;.; the normalization operations remove the effect of such an action
and zero out its component in the gradient [7].

At test time, p and o may be replaced by running averages that were collected
during training time [7].

The approach outlined above can reduce the expressivity of the neural network
units to which it is applied. It is common to replace H by vH' + B instead, where
~ and B are learned parameters that allow the new variable to have any mean and
standard deviation, thus being able to represent the same family of functions of
the input as the simple normalization, while having different learning dynamics.
This new parametrization is much easier to learn with gradient descent [7].

Finally, one could ask whether batch normalization should be applied to the
input X, or to the pre-activation X W + b. The authors of [53] note that it is
preferable to apply batch normalization to the latter, and more specifically replace
it by a normalized version of X W, the bias term being omitted by virtue of its
redundancy with the second reparametrization parameter 8. The reasoning for
this choice is that the statistics of the input are less Gaussian than those of the
pre-activation, and thus less amenable to standardization by linear operations [7].

In the special case of convolutional neural networks, explained in section 2.4, u
and o should be the same at every spatial location within a feature map, so that
the statistics of the feature map remain the same regardless of spatial location.

2.3.5 Dropout

Dropout [54] provides a computationally efficient but powerful method of regulariz-
ing a broad family of models [7].

In order to understand dropout, one first needs to understand the concept of
bagging (from “bootstrap aggregating”), a technique combining multiple models to
reduce generalization error [55]. When bagging, several models trained separately
“vote” together on the predicted output for each test sample. This is an example
of model averaging, and techniques employing this method are known as ensemble
methods [7]. Bagging involves constructing k different datasets of the same size as
the original dataset, but sampled from it with replacement, for &k different models.
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Model 7 is then trained on dataset ¢. This improves the generalization error as
follows: consider k regression models, each making an error €; on each sample, with
the errors drawn from a zero-mean multivariate normal distribution with variances
E[e?] = v and covariances E[e;e;] = ¢. The error made by the average prediction of
the ensemble models is %Zi ;. The expected squared error is

(i3e)]-

If ¢ = v, the mean squared error reduces to v, and if ¢ = 0, the expected squared
error is equal to %v. The expected squared error is thus inversely proportional to
the ensemble size, and the ensemble model performs at least as well as its individual
submodels [7].

Dropout essentially trains the ensemble of all subnetworks that can be formed by
removing (i.e. multiplying by zero in our case) nonoutput units from an underlying
base network [7]. However, to train with dropout, one needs to use a minibatch-
based learning algorithm such as SGD, due to the exponentially growing number
of subnetworks. Each time an example is loaded into a minibatch, a randomly and
independently sampled binary mask is applied to all the input and hidden units in
the network, with the probability of inclusion being a fixed hyperparameter (which
can potentially depend on the type of unit) [7].

More formally, let o be a mask specifying which units to include, and let
J(0, u) define the cost of the model defined by the parameters 8 and mask .
Dropout training then attempts to minimize E,[J(0, pt)], containing exponentially
many terms. Through sampling of p, an unbiased estimate of the gradient of this
expectation can be obtained [7].

Dropout differs from traditional bagging in that the models are not independent
but share parameters. This makes the problem of representing an exponential
number of models have tractable space complexity. For reasons of tractability, we
also only train a fraction of the possible subnetwork models for a single step, with
parameter sharing allowing the remaining subnetworks to arrive at good settings
of the parameters [7].

To make a prediction, a bagged ensemble must accumulate votes from all its
members, a process called inference. Let us now assume that the role of the model
is to output a probability distribution. For bagging, each model 7 then produces
a probability distribution p®(y | &), and the ensemble prediction is given by the
arithmetic mean of the individual distributions

E

Z (53 +> 5,6]»)] = ;v + h ; L (2.40)

J#

Sy @), (241)

=1
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For dropout, each submodel (associated with a mask p) defines a probability
distribution p(y | @, ). The arithmetic mean is then given by

S plwply | =, p), (2.42)

where p(u) is the probability distribution used to sample p at training time [7].
This sum is intractable in general because of the large number of possible masks,
but the inference can be approximated by averaging the output from multiple
sampled masks.

A better approach that has shown promise both theoretically and empirically is
to use the geometric mean instead [56]. Our explanation of this method is inspired
by the one in [7]. This approach requires some additional requirements in order to
ensure that the result is still a probability distribution. We thus require that every
event gets assigned a nonzero probability by each submodel. The unnormalized
probability distribution defined directly by the geometric mean is then given by

ﬁensemble(?/ | CE) = zﬁd/Hp(y | €T, “’)7 (243)

where d is the number of units that may be dropped. We use a uniform distribution
over p to simplify the presentation. This probability distribution can be normalized
as

perisemble (y ‘ /CU) . (244)
Zy’ pensemble<y | w)

Perhaps surprisingly, pensemble can be approximated by evaluating p(y | @) in
the model with all units, but with the weights going out of unit ¢ multiplied by the
inclusion probability of unit 4 [54, 57]. This approach is called the weight scaling
inference rule, and its performance has been empirically shown to be good in the
literature [58, 59].

A key insight of dropout is that training a network with stochastic behavior
and making predictions by averaging over multiple stochastic decisions implements
a form of bagging with parameter sharing [7]. We described dropout as bagging an
ensemble of models formed by including or excluding units earlier. However, these
modifications do not need to be limited to modifications involving inclusion and
exclusion. Any form of modification parametrized by a vector p can be thought of
as training an ensemble consisting of p(y | «, u) for all possible values of .

The good performance of dropout in practice can also be explained by the
observation that dropout trains not just a bagged ensemble of models, but an
ensemble of models sharing hidden parameters [7, 57]. This means that each hidden
unit must be able to perform well regardless of which other hidden units are in the
model.

pensemble(y | m) =
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Finally, we give two more important aspects of dropout. The first is that the
power of dropout resides partially in the fact that the masking noise is applied to
the hidden units. In practice, this means that the information content is adaptively
“destroyed,” while still making use of the knowledge that the model has acquired so
far about the input distribution [7]. Secondly, the noise is multiplicative, and not
additive, meaning it does not allow pathological solutions to the noise robustness
problem. Indeed, dropout can be seen as a process of constructing new inputs
(which is data augmentation, as explained in section 2.3.3) by multiplying existing
ones by noise [7].

2.3.6 Early Stopping

The final regularization method we present is early stopping. Given the large
representational capacity of neural networks, one can often observe that the training
error decreases steadily over time but that the validation error begins to rise again
after a certain number of epochs. One could thus obtain a model with a better
validation set error (and thus hopefully test set error) if one were to return to
the parameter setting at the point in time with the lowest validation set error.
Algorithm 2.6 gives a more formal view of how this can be achieved [7].

Early stopping can be viewed as a parameter selection algorithm, where the
parameter in question is the number of training steps. The optimal number of
training steps can then be computed in parallel to the training process, by periodi-
cally computing the validation set error. The length of this “period” determines
the resolution of the estimate of the optimal training time [7].

Early stopping requires a validation set, hence some training data is not fed
to the model. This extra data can be used for a second training process after the
first training process with early stopping has completed, this time using the entire
training set. This second step can be done in two ways:

e initialize the model again and retrain on all the data, either for the optimal
number of training steps, or for the optimal number of parameter updates; or

e continue training the model, but now on the entire training dataset, until the
training loss reaches its minimum from the early stopping step again.

Both methods are viable in practice, with the second being faster but less well-
behaved [7].

Finally, one could ask how early stopping serves as a form of regularization. It
has been argued that early stopping has the effect of restricting the optimization
procedure to a small volume of parameter space in the neighborhood of 8, [60, 61].
More formally, taking 7 optimization steps with learning rate 7, we can view n7
as a measure of effective capacity. Assuming the gradient is bounded, restricting
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Algorithm 2.6 Early stopping.

1: procedure EARLYSTOPPING(n, p, 6)) > number of steps
between evaluations, number of times to observe worsening validation set error,
and initial parameters

2: 0 00

3: 1+ 0

4: 740

5: V4= 00

6: 0 <« 0

7 17— 1

8: while j < p do

9: update @ by running n steps of the training algorithm
10: 14 1+n

11: v' <= ValidationSetError(8)

12: if v < v then

13: 73«0

14: 0«0

15: 1 =1

16: v

17: else

18: jej+1

19: end if

20: end while

21: best parameters are 8*, best number of training steps is ¢*

22: end procedure
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both 7 and n limits the volume of parameter space reachable from 6y. In this
sense, 7T behaves as if it were the reciprocal of the coefficient used for weight decay,
explained in section 2.3.2 [7].

2.4 Convolutional Networks

Convolution neural networks (CNNs) [62] are a specialized kind of neural network
for processing data that has a known grid-like topology. CNNs are distinct from
traditional neural networks in that they use convolution, as explained in section 2.4.1,
in place of general matrix multiplication in at least one of their layers [7].

2.4.1 The Convolution Operation

Convolution is an operation on two functions of a real-valued argument. Let f and
g be two such functions. Their convolution is then given by

(feg)0) 2 [ J()glt—7)ar, (2.45)
We say that f is the input, and g is the kernel. f x g is the feature map.

This definition can also be adapted to the discrete case, when f and g are only
defined for integer values of n:

(a2 S flmlgln —m). (2.46)

m=—0oQ

In convolutional networks, the input and kernel are often tensors, for which a
finite set of values are stored. We make the assumption that outside of the domain
for which values are stored, the function is zero. The infinite summation in (2.46)
can thus be replaced by a finite one [7].

Convolution can also be defined over more than one axis at a time. In general,
let f and g be functions on R? for the real-valued case, or Z? for the integer-valued
case. We then have

(3 @reosad [ Fn o vdg(@r =y, oaa = ya) dyr--dya, - (247)
(f*g)ni,...,ng = Z flma,...,malglny — mq, ... ,ng—my. (2.48)

meZd

Convolution is commutative by virtue of the kernel being flipped relative to the
input. In practical implementations, the commutative property is not required,
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and the cross-correlation is used instead:

(f*g)(xl,...,xd)é/Rdf(yl,...,yd)g(xl—i—yl,...,md—i—yd)dyl---dyd, (2.49)
(f*g)n1,...,ng = Z flma, ... ,malglng +ma, ..., ng+ myl. (2.50)
meZzd

We do not distinguish between the two and instead refer to both as “convolution,”
without specifying whether the kernel is flipped, unless relevant [7].

2.4.2 Intuition Behind Convolutional Networks

According to [7], there are three important ideas leveraged by convolution that can
improve a machine learning system, as well as allow one to work with inputs of
variable size.

2.4.2.1 Sparse Interactions

Convolutional networks have sparse interactions, i.e. input units do not interact
with every output unit and vice versa. This is a result of making the kernel smaller
than the input, which also allows us to lower memory requirements and improve
statistical efficiency, while speeding up the computation of the output: for m inputs
and n outputs, matrix multiplication requires O(mn) operations, whereas kernel
convolution with a kernel of size k only requires O(kn) [7].

2.4.2.2 Parameter Sharing

Parameter sharing, which we briefly touched on in section 2.3.5, refers to using the
same parameter for more than one function in a model. In a convolutional network,
each weight of the kernel is used at every position of the input, except potentially
at the boundary. This means only one set of parameters is learned. This does
not affect the O(kn) complexity of forward propagation, but reduces the memory
requirements to just k& parameters [7].

2.4.2.3 Equivariant Representations

The particular form of parameter sharing used with convolution causes convolutional
networks to have equivariance to translation. We say a function f is equivariant to
a function g if f(g(x)) = g(f(z)) [63]. Convolution is then equivariant with any
function g that translates the input. Convolution is not equivariant to some other
transformations, such as rotation or scaling [7].
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2.4.3 Pooling Functions

In convolutional networks, it is customary to use pooling layers to modify the
output of the activation function further. The goal of pooling is to make the
representation approximately invariant to small translations of the input, which is
a desirable property when the existence of a feature is more important than its
exact position [7].

Many different pooling functions can be imagined, with perhaps the most famous
example being maz pooling [64], where the pooled output is the maximum output
over a rectangular neighborhood. We also mention average pooling, where the
mean of the neighborhood is kept instead. Other approaches are explained in [65,
66, 67]. For example, one could pool over the outputs of separately parametrized
convolutions, so features can learn which transformations to be invariant to.

Pooling can also reduce the computational complexity by using a pooling stride
k > 1, i.e., by reporting pooling statistics for regions spaced apart k pixels. This
reduces the number of units to process in the next layer by a factor of k. Pooling
also allows one to handle inputs of varying size [7].

2.4.4 Convolution and Pooling as an Infinitely Strong Prior

This interpretation is adapted from [7].

A prior probability distribution is considered to be stronger when its entropy
is lower [68]. An infinitely strong prior is thus a distribution which places zero
probability on some events, regardless of the support the data gives to these events.
In our case, the events are simply the assignment of a certain value to a certain
parameter.

Indeed, a convolutional network behaves the same” as a fully connected network
with the infinitely strong prior that the weights for a hidden unit must be identical
to the weights of its neighbor but shifted in space, as well as that the weights outside
the spatially contiguous kernel assigned to that unit must be zero. Convolution thus
introduces an infinitely strong prior probability distribution over the parameters
of a layer, saying that the function the layer should learn contains only local
interactions and should be equivariant to translation. Similarly, pooling imposes a
prior that each unit should be invariant to small translations.

Two insights this perspective gives are worth pointing out:

3

e convolution and pooling can cause underfitting when the assumptions made
by the prior are not accurate; and

e convolutional models should only be compared to other convolutional models
in benchmarks of statistical learning performance; this insight has also led to

3Conceptually, but computationally it is much faster.
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the development of benchmarks specifically for permutation invariant models,
which have to “learn” the concept of topology, as opposed to models in which
this knowledge is built-in.

2.4.5 Modifying Convolution for Neural Networks

The convolution operation used in convolutional networks is slightly different from
the one in (2.46):

e convolution in neural networks usually refers to an operation that consists of
many applications of convolution in parallel; and

e the input is not just a grid of real numbers, but a grid of vector-valued
observations; each element of the vector corresponds to a different channel.

This means we lose out on the commutative property in general, regardless of
flipping [7].

Let K be a 4-D kernel tensor with element K; ;; giving the connection strength
between a unit in channel ¢ of the output and channel j of the input, with an offset
of k rows and [ columns between the output unit and the input unit, and let V
be the input tensor with element V; ;; giving the value of the input unit within
channel 7 at row j and column k. Finally, let Z be the output tensor, with the
same format as V. We then have

Zi,j,k = Z \/l,j—i-m—l,k—l—n—lKi,l,m,na (251)

l,m,n

where the summation bounds are inferred from the values for which the tensor
indexing operations are valid [7].

When we introduce a convolution stride s, meaning we sample only every s
pixels in every direction, we can skip over some positions of the kernel; this can
be thought of as a downsampling of the output of the full convolution. Defining a
downsampled convolution function ¢, we then have [7]

Zijr=c(KV,8)ijn= > [\/l,(j—l)s+m,(k—1)s+nKi,l,m,n} : (2.52)

Il,m,n

Note that, in general, a bias term is also used before the nonlinearity. It is
typical to have one bias per channel of the output, which is shared across all
locations within each convolution map. With fixed-size inputs, separate biases can
also be learned at each location of the output map, allowing the model to correct
for differences in image statistics at different locations [7].
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2.4.5.1 Zero Padding

Note that in positions where this is required, the input tensor V can be zero padded,
in order to maintain representation width. Indeed, we mention three common types
of zero padding:

e No padding at all; the convolution kernel can then only visit positions in
which the kernel is entirely contained within the image. With input width m
and kernel width k, the output will then have width m — k + 1.

e Fnough padding to maintain the size; the convolution kernel can then visit
every position in the input image, maintaining the representation width.

e Enough padding in order for every pixel in the input image to be visited &
times in each direction. With input width m and kernel width &, the output
will then have width m + k — 1.

The optimal (in terms of generalization performance) amount of zero padding is
usually somewhere in between the first two options [7].

2.4.5.2 Locally Connected Layers

In some cases, we know that certain features can only occur in a subset of the input
image. Convolution is then usually replaced by locally connected layers [62, 69],
also called unshared convolution. The adjacency matrix of the network graph is
then the same, but with a different weight on each connection, specified in a 6-D
tensor W. The indices into W are respectively: 7, the output channel; 7, the output
row; k, the output column; [, the input channel; m, the row offset within the input;
and n, the column offset within the input. The linear part of the locally connected
layer is then given by [7].

Zi,j,k - Z \/l,j+m—1,k+n—1 VVi,j,k,l,m,n- (253)

l,m,n

It is natural to give each unit its own bias in locally connected layers [7].

2.4.5.3 Tiled Convolution

A compromise between convolutional and locally connected layers is given by tiled
convolutional layers [70, 71]. Rather than learning separate weights at every spatial
location, we learn multiple kernels that we rotate through as we move through
space. This maintains the property of locally connected layers that neighboring
locations have different filters, while reducing the memory requirements compared
to this approach. Let K be a 6-D tensor where two of the dimensions correspond to
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different locations in the output map. Instead of separate indices for every location
in the output map, output locations are cycled through a choice of ¢ kernel stacks
in each direction. We thus have

Zi,j,k = Z Vl,j—i—m—l,k—i—n—l Ki,l,m,n,(j mod t)+1,(k mod ¢)+1- (254)
lm,n

This can be generalized to include different tiling ranges in each dimension. Note
that typically, tiled convolution also shares biases, with the same tiling pattern as
the kernels [7].

2.4.5.4 Learning in Convolutional Networks

In order to learn in convolutional networks, one needs to be able to compute the
gradient with respect to the kernel, given the gradient with respect to the outputs.
As convolution is a linear operation, it can be written as a matrix multiplication
(after the reshaping the input tensor into a flat vector), with a Toeplitz matriz [72].
This allows us to distinguish the three operations that are required to compute the
gradients to train a convolutional network [7]:

e Convolution is trivially required.

e Multiplication by the transpose of the matrix defined by convolution is
required to back-propagate error derivatives through a convolutional layer.

e Transpose convolution is necessary because, in general, convolution is not
sufficient to compute the input gradient.

We now give an example of how the gradient computation is done in the two-
dimensional, single example case, inspired from [7, 73]. More formally, we wish to
train a convolution network incorporating strided convolution of kernel stack K
applied to a multichannel image V with stride s as defined by ¢(K,V, s), with ¢
being defined as in (2.52). We thus wish to minimize some loss function J(V, K).
During forward propagation, we will need ¢ to output Z, which is propagated
through the network and used to compute J. During back-propagation, we will

J(V,K).
0Z; j
To compute the derivatives with respect to the weights in the kernel, which are
needed to train the network, we use an auxiliary function, g:

9
OKi jiky

receive a tensor G such that G; ;=

Q(G, V, S)i,j,k,l = J(V, K) = Z Gi,m,n \/j,(m—l)s-l—k,(n—l)s—i—l' (255)
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Unless this layer is the bottom layer of the network, the gradient with respect to V
needs to be computed in order to propagate the error further down. This can be
done with another auxiliary function, h:

0
WK, G, s)ijn = mJ(V, K)= > >, D KeimpGotn-  (2.56)
YD n,p q

lym
s.t. s.t.
(I-1)s+m=j (n—1)s+p=k

2.4.6 Efficient Convolution Algorithms

Convolution can be computed more efficiently by passing through the frequency
domain; indeed, convolution is equivalent to converting both the input and output
to the frequency domain using a Fourier transform, performing point-wise multipli-
cation of the two signals, and then converting back to the time domain using an
inverse Fourier transform [7].

Another way of improving convolution is through depthwise separable convolu-
tion. Indeed, when a d-dimensional kernel can be expressed as the outer product of
d vectors, it is called separable. When this is the case, it is more efficient to compute
a d-dimensional convolution as a composition of d instances of one-dimensional
convolution. If the kernel has width w in each dimension, the complexity improves
from O(w?) to O(wd), both in runtime and storage space [7].

2.5 Conclusion

In this section, we have introduced the necessary background information about
neural networks and deep learning for the rest of this thesis. We have given
a general introduction to the topic, an explanation of how neural networks are
trained, and some information about relevant modern tools. Finally, we have also
introduced the special type of networks known as convolutional networks, which
we use throughout this thesis.

In the next chapter, we will use some of these notions in order to motivate our
further experimental investigations.
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Chapter 3

State of the Art and Related
Work

This section gives a brief overview of the main related works that led us to develop
the intuitions which guided the investigations conducted during this thesis. It
should also allow the reader to infer that the topic of this thesis is of great interest
in the literature on deep neural networks. We divide these papers into two classes:
those discussing generalization in section 3.1, and those discussing the identification
of visual patterns by neurons in section 3.2. Our goal, as described in chapter 1, is
then to combine these two notions as well as the relation between the internal (i.e.
neuron-level) representations of networks and generalization.

3.1 Generalization

The topic of generalization, which we defined in section 2.1, is one that is discussed
extensively in the literature, and the problem of understanding how deep neural
networks are able to perform so well on generalization tasks can certainly be
considered timely. This section briefly summarizes some papers that helped us
build our current intuitions, and led to the experiments we discuss in the rest of
this thesis.

3.1.1 Layer Rotation: a Surprisingly Powerful Indicator of
Generalization in Deep Networks?

In [5], the authors observe that layer rotation (i.e. the evolution across training

of the cosine distance between each layer’s weight vector and its initialization)

correlates well with generalization performance. Specifically models with good
generalization performance are associated to fast layer rotation during the early
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phase of training. They also observe that the addition of weight decay (which we
describe in section 2.3.2) to a network’s cost function has precisely the effect of
increasing layer rotation.

This paper also shows evidence that networks with high layer rotation and
hence good generalization performance tend to have less noisy filters, i.e. that
the percentage of zero/negligible weights is larger. This observation led us to
perform the experiments in chapter 5, and section 5.1 in particular, and motivated
our subsequent definition of the notion of significant component. Fundamentally,
the notion of a noiseless filters is comparable to that of a pattern, which we
mention in chapter 7. This paper was instrumental in motivating the study of the
emergence of such patterns in the network, notably by generalizing its observations
to convolutional layers other than the first layer of the network.

3.1.2 Experimental Study of the Neuron-Level Mechanisms
Emerging from Backpropagation

In [6], preliminary evidence is presented that during network training using back-
propagation, which we discussed in section 2.2, local, neuron-level mechanisms
emerge, despite the fact that back-propagation is based on a global, black box
optimization procedure.

These observations motivate our investigation into binary partitions at the
neuron level, which are discussed in chapter 6.

3.1.3 Intraclass Clustering: an Implicit Learning Ability
that Regularizes DNNs

The results of [1] show that intraclass clustering (i.e. the ability to extract meaning-
ful clusters among the samples of a class) is an implicit regularization mechanism
in deep neural networks. In order to validate this hypothesis, they design several
measures of intraclass clustering, and show that these measures correlate with
generalization performance across a large set of hyperparameters.

This paper was instrumental to this thesis, most notably in inspiring the
methodology of our work, which we explain in section 4.1, as well as guiding our
choice of measures in chapters 6 and 7. The authors also provided us with a large
part of the experimental data and models that were used throughout this thesis.

3.1.4 Exploring Generalization in Deep Learning

In [2], the authors discuss two related questions:
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e What is the complexity measure that is implicitly enforced to lead to good
generalization performance of deep neural networks?

e Given different global minimizers of the empirical risk, can one tell which one
generalizes better based on this complexity measure?

As such, this paper presents an empirical analysis of different metrics, such as
sharpness, Lipschitz continuity, and various norms on the weight matrices, that
can be used to predict the generalization error of a neural network.

This paper and the investigations detailed in it give the reader a good idea
of the complexity of understanding generalization in deep neural networks, thus
affirming the importance of the work done in this thesis.

3.1.5 Understanding Deep Learning Requires Rethinking
Generalization

In [3] and its updated version [74], the authors explore the curious observation that
despite their enormous expressivity (as evidenced by the universal approximation
theorems of [18, 19, 20, 21, 22, 23|, but also by the observation that given enough
training time, convolutional neural networks are able to reach a zero loss on a
training set with random permutation of labels), deep neural networks rarely overfit
thanks to implicit regularization, which is also discussed in [1].

However, while regularization improves performance, it is not the end-all-be-all
of understanding generalization, and it is still not clear what in CNNs may allow
one to predict their generalization performance; our hope with this thesis is to
work towards a theory of generalization in deep learning.

3.1.6 Asymmetric Valleys: Beyond Sharp and Flat Local
Minima

In [75], the authors show that the loss landscapes of modern neural networks present

local minima which, rather than being flat or sharp, present many asymmetric

directions. This type of loss landscape favors robustness, as SGD is favorably

biased towards flat sides, and is thus more robust to empirical shift.

These observations helped us choose and study the optimizer and effective
learning rate hyperparameters in this thesis.
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3.1.7 An Investigation into Neural Net Optimization via
Hessian Eigenvalue Density

In [76], the authors uncover more about the learning and optimization dynamics of
deep neural networks, using properties of the Hessian eigenvalue spectrum. The
first contribution of the paper is the development of a tool allowing one to study the
evolution of the Hessian eigenvalue spectrum throughout the optimization process
of a neural network. This tool is then used to study several hypotheses in the
existing machine learning literature about the geometry of the loss surface. The
role of outlier eigenvalues in particular is explored further, and the authors show
that it is closely related to the method of batch normalization, and explains how
this innovation in training deep neural nets speeds up optimization.

These observations, together with many of the other papers in this section,
motivate our research into what causes good generalization performance in modern
neural networks.

3.1.8 The Lottery Ticket Hypothesis: Finding Sparse, Train-
able Neural Networks

In [77], it is shown that “a randomly-initialized, dense neural network contains a
subnetwork that is initialized such that —when trained in isolation— it can match
the test accuracy of the original network after training for at most the same number
of iterations.” Finding this subnetwork is referred to as finding the “winning ticket,”
and the paper describes an algorithm to do so:

1. randomly initialize a network f(ax;8y) (where 8y ~ Dy);
2. train it for j iterations, arriving at parameters 6;;
3. prune p % of the parameters in 6;, creating a mask m;

4. reset the remaining parameters to their initial values in 8;, creating the
winning ticket f(x;m © 6y).

They show that the network obtained by pruning with reset outperforms the
network without pruning, but also strongly outperforms the network obtained
through pruning and reinitialization.

This paper thus partially motivated our investigations in chapter 5, about
the existence of significant weight components that are particularly important for
classification.
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3.2 Visual Pattern Identification by Neurons

In this section, we discuss some related work concerning the presence of visual
patterns and their identification by neurons. This observation has been extensively
discussed in the literature [78, 79, 80, 81].

3.2.1 Visualizing and Understanding Convolutional Net-
works

In [82], the authors show that features learned by convolutional networks have
many desirable properties, and are far from being random. They thus agree with
the intuition one would have of the type of learning done by each layer: the first few
layers of the convolutional network learn basic characteristics of the input image,
while later layers compose these basic characteristics to form more abstract objects.

These basic characteristics and abstract objects lead us to a particular definition
of patterns, and motivate our study of these patterns in chapter 7.

3.2.2 Deep Inside Convolutional Networks: Visualising Im-
age Classification Models and Saliency Maps

In [83], the authors present two visualization techniques of image classification
models learned using deep convolutional networks, based on computing the gradient
of the class score with respect to the input image. The first generates an image
which maximizes the class score, thus embodying the notion the convolutional
network has of a given class. The second computes a saliency map specific to a
given image and class.

This paper contributed to our desire to study the presence patterns at the
neuron level in chapter 7.

3.2.3 Understanding Neural Networks Through Deep Vi-
sualization

The authors of [84] introduce two tools that aid in understanding how convolutional
networks work (specifically, what computations they perform in their intermediate
layers). Their first tool enables one to look at how activations are produced in
each layer of a trained convolutional network as it processses an image or video,
thus helping build one’s intuition as to how convolutional networks work. The
second tool helps to visualize features at each layer of a deep neural network via
regularized optimization in the image space.
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This work clearly shows the importance of studying what is happening inside the
network at the neuron and layer level when trying to understand how convolutional
networks generalize.

3.2.4 Compositional Explanations of Neurons

[85] proposes a way to explain deep neural network models as compositions of
atomic concepts based on observed neuron activations. This paper considerably
extends previous work by allowing concepts to be composed by defining logical
operators, and applying a beam search to identify a logical form that closely matches
the neuron behavior. They apply their procedure to study models trained on an
image classification (scene classification) task and a natural language inference
(NLI) task.

This paper partially motivates our decision to mainly consider neuron-level
behavior throughout this thesis, and helped us build our intuition about what
drives deep convolutional networks to perform so well.

3.3 Conclusion

Through the related work in this chapter, we hope to have convinced the reader
of a couple of things: (i) understanding generalization in deep neural networks
is a hot topic for theoretical machine learning research, and (ii) there are strong
indications that pattern detection plays an important role in a network’s ability to
generalize well.

These notions are studied in more detail throughout this thesis, with the
global objective being to better understand how internal representations of the
network are related to its generalization performance. In chapter 4, we explain our
general methodology (which was also inspired from related work), and lay out the
experimental setup and tools that were used to arrive at our results.
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Chapter 4

Methodology and Experimental
Setup

This section gives an overview of the methodology (section 4.1) and experimental
setup (section 4.2) that were used to evaluate whether a specific characteristic of
the trained models correlates with generalization.

4.1 Methodology

In chapter 1, we explained several hypotheses that we study as part of this thesis.
Generally speaking, our goal is to better understand the link between the generaliza-
tion performance of a model and a given metric of interest. In our case, the metrics
are functions of the characteristics of the filter or of the internal representation of
samples at the neuron level, for a given model, as motivated in chapter 3.

With results mainly based on experimental investigation, it is important to
make our experiments as broad and all-encompassing as possible. Our experimental
setup is a consequence of this insight. It is explained in more depth in section 4.2,
but the general idea is simple to grasp. As depicted in figures 4.1 and 4.2, through
the use of a large family of trained models {.Z;}, each with its own parameter
choices 0;, we obtain a set of vastly different generalization performances. We can
then plot the generalization as a function of some metrics of interest, each of those
metrics reflecting the state of neuron filters or internal activations. Through careful
examination of the resulting figures, we then hope to highlight some correlation
between generalization and some characteristic of the model captured by the metric
of interest, thereby validating the hypothesis that led to the metric definition. Our
methodology is thus similar to the one employed in [1, 86].
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Figure 4.1: The experimental methodology used in chapter 5. We look at how
the statistical properties of the distribution of layer weights (section 5.1) and
of excitation-weight products (section 5.2) relate to generalization performance
through studying them for a variety of models.

k-means
clustering
(Ch.7)

Figure 4.2: The experimental methodology used throughout chapters 6 and 7.
There are three steps to our approach: (i) Select the excitations corresponding to
significant weight components, and project input samples onto this representation
space. These components are typically the ones corresponding to large weight
magnitude for the neuron of interest. (ii) Assign a label to each sample, based on
a certain aspect of the internal representation of the input vector associated to
that sample. These labels are represented by the various colors in the clusters. In
chapter 6, these labels are obtained through the implicit partition of samples as
activated or not activated by the neuron, whereas in chapter 7, they are obtained
through k-means clustering in the internal representation space. (iii) Compute a
metric on the clusters resulting from applying this labeling strategy to each sample,
and see how this metric correlates with model generalization performance.
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4.2 Experimental Setup

4.2.1 Dataset

The dataset we use for the experiments in this thesis is the CIFAR-10 dataset [87].
It consists of 60000 32 x 32 colour images in 10 classes, with 6000 images per class.
There are 50 000 training images, and 10 000 test images. We thus constrain ourself
to the study of deep neural networks for the image classification task.

The arguments for using CIFAR-10 are as follows:

e the dataset is representative of real image contents; and

e the small size and relative simplicity of the dataset allow us to reduce the
complexity and thus the training and evaluation time of the networks, which is
useful when one wants to perform a wide array of vastly different simulations,
as is the case in this thesis.

Our choice of dataset was also influenced by the choice of [1], one of the many
papers that helped shape our current intuition and understanding of the field.

4.2.2 Models

As described in section 4.1, our methodology revolves around using various models
M;, each with its own parameter set 6;. For reasons not dissimilar to those
explained in section 4.2.1, we use a network architecture based on the family of
VGG models [88] for our experiments.

Indeed, the VGG model architecture is fairly simple from a theoretical point
of view compared to many of the current state-of-the-art networks, and networks
implementing it can be trained in a reasonable amount of time. Despite this
simplicity, they perform reasonably well on image classification tasks such as
CIFAR-10, with minimal adaptations. The various original VGG configurations
are presented in table 4.1.

In order to make VGG work on images from the CIFAR-10 dataset, our
architectures are slightly modified. Figure 4.3 shows a schematic of one of the model
architectures that was actually used; other adapted models are easily visualized
through the explanations in this section.

As explained in section 4.1, we train a varied set of models {.Z;}, each with its
parameter set @;. In order to obtain different models, we densely explore a grid of
hyperparameter values, and train the resulting models to convergence. We consider
the following hyperparameters:

e The architecture refers to the shape of the layers and network, with the depth
and width factors being multiplicative with respect to a base value.
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VGG Configuration
A A-LRN B C D E

11 weight 11 weight 13 weight 16 weight 16 weight 19 weight
layers layers layers layers layers layers

Input (224 x 224 RGB image)

conv3-64 conv3-64 conv3-64 conv3-64 conv3-64 conv3-64
LRN conv3-64 conv3-64 conv3-64 conv3-64

Max Pooling

conv3-128  conv3-128 conv3-128 conv3-128 conv3-128 conv3-128
conv3-128 conv3-128 conv3-128 conv3-128

Max Pooling

conv3-256  conv3-256 conv3-256 conv3-256 conv3-256 conv3-256
conv3-256  conv3-256 conv3-256 conv3-256 conv3-256 conv3-256
conv1l-256 conv3-256 conv3-256

conv3-256

Max Pooling

conv3-512  conv3-512 conv3-512 conv3-512 conv3-512 conv3-512
conv3-512  conv3-512 conv3-512 conv3-512 conv3-512 conv3-512
convl-512 conv3-512 conv3-512

conv3-512

Max Pooling

conv3-512  conv3-512 conv3-512 conv3-512 conv3-512 conv3-512
conv3-512  conv3-512 conv3-512 conv3-512 conv3-512 conv3-512
convl-512 conv3-512 conv3-512

conv3-512

Max Pooling

fc-4096

fc-4096

fc-1000

Softmax

Table 4.1: VGG model configurations. The depth increases from left (A) to right
(E), as more layers are added (added layers are in bold). Convolutional layer
parameters are denoted as “conv(receptive field size)-(number of channels);” fully
connected layer parameters are denoted as “fc-(layer width).” The ReLU activation
functions are not shown. This table is heavily inspired from table 1 in [88].
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Figure 4.3: Example architecture of one of the models that was used. Convolutional
layers are in yellow; (average) pooling layers are in red; fully connected layers are
in light purple; and softmax layers are in dark purple. Inputs are assumed to be
of size 32 x 32, over 3 RGB channels, as is the case with CIFAR-10 images (sec-
tion 4.2.1). Regularization techniques implemented as layers (e.g. dropout/batch
normalization/etc. (section 2.3) are omitted), and the convolutional and fully
connected layers implicitly assume ReLU activation (section 2.1). Image generated
using software based on [89].
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e The batch size is the number of samples per minibatch (section 2.2.3), i.e. m
in algorithms 2.3 through 2.5.

e The effective learning rate is a combination of the learning rate (LR) and
eventual L*-regularization/weight decay. Note that the learning rate is not
constant, but is scheduled to decrease by a constant multiplicative factor at

predefined numbers of epochs. The weight decay value simply refers to «
in (2.25).

e Noise regularization combines the dropout rate when dropout is used (sec-
tion 2.3.5) and whether data augmentation is used (section 2.3.3).

e The optimizer is the algorithm used to perform gradient descent. It is either
SGD with momentum (algorithm 2.4, though it is simply written as “SGD”
in figures) or Adam (algorithm 2.5).

Table 4.2 gives an overview of the values each hyperparameter takes.

Hyperparameter Values

Architecture
(depth factor, width factor) {1, (1, 1.5), (1.5, 1)}

Batch size {100, 300}

Effective learning rate _
(learning ratc Weigﬁt docay)  (001,0),(0.082,0), (0.1,0),(0.1,4- 10 5))
Noise regularization
(dropout, data augmentation) {{0:n0), (0.2,m0), (0.4, m0), (0, yes)}

Optimizer SGDMomentum, Adam

Table 4.2: Model hyperparameter choices. The meaning of each hyperparameter is
explained in the main body of the text.

Additionally, all models use batch normalization, described in section 2.3.4, and
implement some form of early stopping (section 2.3.6). Through the use of early
stopping, we have thus implicitly taken into account part of the learning dynamics
of the network. This leaves us with a total of 192 different models, which are used
for the experiments throughout the rest of this thesis.
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4.2.3 Hardware and Software Specifications

Due to the largely experimental nature of this thesis, this section gives a brief
overview of the technical environment in which experiments were run.

The following hardware and software were involved in getting the material for
this thesis:

e Networks were trained using the Cassiopee remote server containing four
Nvidia GeForce GTX 1080 Ti graphical processing units, with just under
12GB of RAM.

e Experiments using these networks were run on one of two computers:

— An Early 2015 MacBook Pro, with a 2.9 GHz Intel Core i5 processor,
8 GB of 1867 MHz DDR3 RAM, an Intel Iris Graphics 6100 GPU with
1536 MB of RAM, and 500 GB of flash storage. This machine runs on
macOS Sierra, version 10.12.6.

— A 2019 MacBook Pro, with a 2.3 GHz 8-Core Intel Core i9 processor,
16 GB of 2667 MHz DDR4 RAM, an AMD Radeon Pro 5500M GPU
with 4 GB of RAM, and 1TB of flash storage. This machine runs on
macOS Big Sur, version 11.2.3.

e Models and experiments are implemented in Python (version 3.6.8) [90], on
the Anaconda distribution platform.

e Jupyter notebooks (version 6.0.1) were used for rapid prototyping of code.

e The machine learning library Keras (version 2.4.3) [91] was used for tasks
related to the neural networks, as well as NumPy (version 1.18.5) [92], SciPy
(version 1.3.1) [93] and Scikit-learn (version 0.23.2) [94] for other numerical
problems.

e Matplotlib (version 3.1.1) [95], PlotNeuralNet (version 1.0.0, adapted) [89],
and tikzplotlib (version 0.9.8) [96] were used to generate the various plots in
this thesis.

e This thesis was typeset using KTEX 2¢ (TEX Live 2018), using the EPL thesis
template.

4.3 Conclusion

In this chapter, we have given a fairly exhaustive overview of both the method-
ology and experimental setup of this thesis. This information should help the
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reader understand our experimental procedure, as well as allow a high level of
reproducibility.

In the next chapter, we will follow this methodology as we described it in
figure 4.1 in order to learn more about the statistical properties of the neuron-level
representations of samples.
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Chapter 5

Statistical Analysis of
Neuron-Level Representations

As explained in section 1.1, our thesis aims at studying whether the hidden neurons
perceive the internal representation of samples as a set of clusters, whether binary
or otherwise (the latter case being referred to as “patterns” in this manuscript).
Before considering how the input vectors of each neuron are clustered (which is
the purpose of chapters 6 and 7), this chapter investigates whether it is relevant,
when considering a specific neuron, to restrict the dimension of the input vector
to a small subset of neuron-dependent significant components. Our investigation
is motivated by preliminary results from the literature, explained in chapter 3,
showing that models offering better generalization are characterized by filters with
many close-to-zero coefficients in the first layer of the network [5]. Demonstrating
that this observation remains valid in other layers of the network would suggest that
only the layer-input components (the excitations) that correspond to large absolute
values of the weights of a neuron have the opportunity to significantly impact the
pre-activation of a sample for this neuron, i.e. are relevant for this neuron. Hence,
in section 5.1, we study whether the peakedness of the distribution of weights in
a layer is correlated with generalization (as hypothesized in section 3.1.1), and
confirm experimentally that this is the case. In section 5.2, we give theoretical
arguments based on network structure for why the distribution of “excitation-
weight” products (which we define formally) is also worth studying, and show that
it behaves similarly.

5.1 Weights

This section looks at the intuition mentioned in section 3.1.1, based on results
of [5], that the empirical distribution of layer weights tends to be more peaked in
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models that generalize well.

5.1.1 Terminology and Notation

In order formally study this notion, we must first define what is meant by the
distribution of layer weights, as well as its “peakedness.” Recall from section 2.4.5
that in convolutional networks such as the ones we use (figure 4.3 gives an example
of such a network), the weights in a given layer are given by a 4-D kernel tensor
K, with K;;x,; giving the connection strength between a unit in channel 7 of the
output and channel j of the input, with an offset of k rows and [ columns between
the output unit and the input unit. By “distribution of layer weights,” we simply
mean the distribution of all the values in K. For simplicity of computation, we
assume that this tensor is rearranged into a vector k of length n.

We only consider in this section the weights of the last convolutional layer of
the network, because this layer contains the largest number of weights (as can be
seen in table 4.1), and should thus be the most robust to noise. Figure 5.1 shows
that this assumption holds reasonably well in practice on a randomly picked model.

0.2 7 ——stage(__layer(
stage(_ layerl
0.15 - ——stagel_layerO
——stagel layerl
& —— stage2_layerQ
% 0.1+ ——stage2_layerl
A stage3_ layer(
——stage3_layerl

5-1072 1

0 _

T T T T
-1 -08 -06 -04 =02 0 02 04 06 08 1
L*>-normalized weights

Figure 5.1: Comparison of layer weight distributions across convolutional layers of
a randomly chosen network. The weights of the last layer appear to be a robust
approximation to the behavior of the other layers, and we restrict our study to
them in what follows.

In contrast, the definition of “peakedness” is less straightforward. The intuition
given in [5] on a toy example is that networks that have a high layer rotation and
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that generalize well had learned less noisy filters, i.e. filters containing a larger
percentage of close-to-zero weights, for the same features, when compared to other,
worse-generalizing models. To define this formally, we look at two metrics: the
variance of L*>-normalized weights, and the kurtosis!. More formally, the variance
of normalized weights is defined as

- 2
1 & ki — k
Volk] = V||| = —— — 5.1
[ ] “’ ” } n—1 i=1 (max1<]'<n‘kj’> ( )
where k refers to the mean of k. The kurtosis of weights is defined as [98]

K[k] = 2 = . ?:1(]{"_?)42, (5.2)
M| S (k= k)2

where my is the second sample moment around the mean, and my is the fourth
sample moment around the mean. L°°-normalization has no effect on kurtosis;
when looking at this metric, we thus do not mention explicitly whether weights are
normalized or not.

Note that for the variance-based metric, a low value indicates a high “peaked-
ness,” whereas for the kurtosis, higher values are indicative of a more peaked
distribution.

5.1.2 Relation with Generalization

Figure 5.2 shows the link between the variance of the L*°-normalized weights
as defined in (5.1) and the generalization performance of the models (note the
use of the logarithmic scale on the vertical axis). It also shows the link between
the kurtosis of the weight distribution, as defined in (5.2). Interestingly, a low
variance (or a high kurtosis) appears to be a sufficient condition for
good generalization, but it is not necessary for this to be the case.

This observation is particularly interesting, as it allows us to define a significant
weight component as one whose weight strongly differs from zero. This notion is
central in this thesis, and will especially be useful when analyzing results related
to clustering in chapters 6 and 7. A more precise definition is given in section 6.1.
Indeed, it hints at the presence of patterns in the neuron-level representation, a
notion we will define in more detail in section 5.2 and chapter 7.

IThe erroneous notion that kurtosis measures peakedness in general has been discussed in
the literature before [97]. However, in our simple, well-behaved case where the distribution is
approximately normal, we expect that kurtosis still provides a reasonable measure of peakedness,
or at least captures what we wish to convey. Additionally, our true use of the peakedness metric
is its impact on the large magnitude weights, i.e. those in the tails of the distribution. The choice
of the kurtosis as metric is then perfectly reasonable.
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Figure 5.2: Relation between peakedness of weight distribution and generalization
performance. Peakedness is measured using either variance (top) or kurtosis
(bottom) of L*-normalized weights. Lower variance or higher kurtosis indicates
a more “peaked” distribution. The vertical axis is logarithmically scaled. We
note that low variance or high kurtosis appear to be sufficient conditions for good
generalization performance, but are not necessary.
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Due to the similarity of the results with both metrics, we only consider the
kurtosis in the main body of the text that follows. Appendix A.1.1.2 contains the
full results when using the variance of L*°-normalized weights as metric instead.

5.1.3 Influence of Hyperparameters

In order to better understand which hyperparameters are influencing these results
most strongly, figures 5.3 through 5.5 separate the models according to their
values of one given hyperparameter “family,” as presented in table 4.2. We only
mention here the hyperparameters for which there is a strong link to the weight
distribution kurtosis. Results for other hyperparameters and metrics can be found
in appendix A.1.1.

We observe on figure 5.3 that while noise regularization has no direct effect on
the kurtosis of the weight distribution, it could potentially help explain why a high
kurtosis appeared to be a sufficient condition for good generalization performance
in figure 5.2. Indeed, the noise regularization hyperparameter puts some models at
a strong generalization disadvantage compared to others, which obscures the fact
that for a given choice of noise regularization, models with high weight distribution
kurtosis have good generalization performance, and vice versa.

Note that data augmentation tremendously improves generalization performance,
and that the optimal dropout rate without data augmentation appears to lie between
0 and 0.4.

Figure 5.4 shows that the effective learning rate (and in particular, its weight
decay component) has a very strong impact on kurtosis. This intuitively makes
sense when one considers that weight decay tends to penalize models with large
weights, as discussed in section 2.3.2.

Finally, figure 5.5 shows that models trained with Adam (algorithm 2.5) tend
to have a much higher weight distribution kurtosis than their counterparts trained
using stochastic gradient descent with momentum (algorithm 2.4).

5.2 Excitation-Weight Products

The observation that a high weight distribution peakedness is not always a necessary
condition for good generalization performance can be explained theoretically by
thinking about how information is propagated through the network layers. Indeed,
the pre-activation is computed as a sum of products between weights and excitations;
we call these excitation-weight products, or EW products. This section uses much
of the notation and terminology that was described in section 5.1.1. Note that
rather than using the vectorized weights in (5.1) and (5.2), we use the vector p of
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Figure 5.3: Influence of noise regularization hyperparameter on kurtosis of weight
distribution. Each color corresponds to a different value of the noise regularization
hyperparameter tuple. The vertical axis is logarithmically scaled. The noise
regularization strongly impacts generalization performance, while barely affecting
kurtosis. This is partly why the results in figure 5.2 were not conclusive.
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Figure 5.4: Influence of effective learning rate hyperparameter on kurtosis of weight
distribution. Each color corresponds to a different value of the effective learning
rate hyperparameter tuple. The vertical axis is logarithmically scaled. We observe
that weight decay, in accordance with the theory, penalizes large weights and thus
leads to a more peaked distribution.
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Figure 5.5: Influence of optimizer hyperparameter on kurtosis of weight distribution.
Each color corresponds to a different value of the optimizer. The vertical axis
is logarithmically scaled. The Adam optimization algorithm clearly leads to an
increase in weight distribution peakedness.
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Section 5.2.1 discusses why studying EW products is important.

5.2.1 Motivation

Trivially, the EW products are zero when the weights implicated in them are zero.
However, zeroing the weights is not the only way the network has of zeroing the
EW products; it could also learn to zero excitations; this is a potential explanation
for why some models have good generalization despite not having extremely peaked
weight distributions. The precise utility of the ability to zero out excitations is
detailed in chapter 7, but we give a preview here. In chapter 7, we explain how the
significant weight components can be used to define “patterns,” which are simply
sets of high-magnitude weight components, forming a mask through which the
neuron views the important components of its input. As we will show in section 7.3,

60



these patterns help with classification. However, one neuron can be equipped
with weights allowing the detection of multiple patterns, thus potentially making
its weight distribution less peaked when these patterns have little overlap. This
means that not all high-magnitude weights should be getting multiplied by large
excitations in the computation of the pre-activation.

In the simplest case, consider a neuron able to detect k input patterns P;
through Py, with each pattern being a set of indices in k. Ideally, this means that
kil > 0if i € Uj<j<x Pj, and k; = 0 otherwise. When a sample @ is being fed as
input to the model, assuming this sample activates pattern P; in that neuron, then
we want the excitations entering indices in (U;<j<x P;) \ P; to be zeroed out, lest
they add noise to the classification process.

We have thus given a theoretical argument for why EW products should be
peaked at least as much, and very likely even more than the weight distribution.
Section 5.2.2 demonstrates that these hypotheses hold, and shows how the statistical
properties of the excitation-weight product distribution relate to generalization
performance, while section 5.2.3 details the influence of the various hyperparameters
on this relation.

5.2.2 Relation with Generalization

Figure 5.2 shows the link between the variance of the L*°-normalized EW products
defined in (5.3) and the generalization performance of each model (note the use
of the logarithmic scale on the vertical axis). It also shows the link between the
kurtosis of the EW product distribution, as defined in (5.4). We see that EW
product peakedness is an even stronger sufficient condition for generalization than
the weight peakedness, but not a necessary one. Note that as we predicted in
section 5.2.1, the distribution of EW products is much more peaked than the
corresponding distribution of weights.

Due to the similarity of the results with both metrics, we only consider the
kurtosis in the main body of the text that follows. Appendix A.2.1.2 contains
the full results when using the variance of L*-normalized EW products as metric
instead.

5.2.3 Influence of Hyperparameters

As we did in section 5.1.3, we now look at the influence of the various hyperparame-
ters of the model on the relation between EW product peakedness and generalization
performance. We only show hyperparameters for which there is a strong link to the
EW product distribution kurtosis; results for other hyperparameters and metrics
can be found in appendix A.2.1.
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Figure 5.6: Relation between peakedness of EW product distribution and general-
ization performance. Peakedness is measured using either variance (top) or kurtosis
(bottom) of L>®-normalized EW products. Lower variance or higher kurtosis in-
dicates a more “peaked” distribution. The vertical axis is logarithmically scaled.
We note that low variance or high kurtosis appear to be sufficient conditions for
good generalization performance (even more so than when simply considering the

weights), but are not necessary.
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We observe on figure 5.7 the same thing that we observed on figure 5.3 for the
weight distribution, namely that noise regularization explains the large differences
in generalization performance between models. Looking only at models within one
noise regularization “family,” we observe that a peaked EW product distribution is
both sufficient and necessary for good generalization.

@ data augmentation:
odata augmentation:
@ data augmentation:
@ data augmentation:

no, dropout: 0.0
no, dropout: 0.2
no, dropout: 0.4
yes, dropout: 0.0
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Figure 5.7: Influence of noise regularization hyperparameter on kurtosis of EW
product distribution. Each color corresponds to a different value of the noise
regularization hyperparameter tuple. The vertical axis is logarithmically scaled.
The noise regularization mainly impacts generalization performance. This is partly
why in figure 5.6, we concluded that peakedness is not a necessary condition for
good generalization, when in fact is appears to be once noise regularization is
accounted for.

Figure 5.8 shows that the effective learning rate (and in particular, its weight
decay component) has a very strong impact on kurtosis. This intuitively makes
sense when one considers that weight decay tends to penalize models with large
weights, as discussed in section 2.3.2. This observations is thus in line with what we
observed for the weights, although the EW products make it even more apparent.

Finally, figure 5.9 shows that models trained with Adam (algorithm 2.5) tend
to have a much higher EW product distribution kurtosis than their counterparts
trained using stochastic gradient descent with momentum (algorithm 2.4).
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Figure 5.8: Influence of effective learning rate hyperparameter on kurtosis of EW
product distribution. Each color corresponds to a different value of the effective
learning rate hyperparameter tuple. The vertical axis is logarithmically scaled. We
observe that weight decay, in accordance with the theory, penalizes large weights
and thus leads to a much more peaked distribution.
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Figure 5.9: Influence of optimizer hyperparameter on kurtosis of EW product
distribution. Each color corresponds to a different value of the optimizer. The
vertical axis is logarithmically scaled. The Adam optimization algorithm clearly
leads to an increase in EW product distribution peakedness.
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5.3 Conclusion

In this chapter, we have laid the foundations for the investigations of the next
chapters, through the introduction of significant components in section 5.1, and
patterns in section 5.2. More specifically, we have shown strong indications that
networks with good generalization performance tend to learn weights whose distri-
bution is peaked. We have also shown that networks learn configurations which
allow them to have a very peaked distribution of the so-called excitation-weight
products.

In chapter 6, we revisit this notion of significant component, and show that it
is fundamental to the emerging behavior of neurons as binary classifiers. Then,
in chapter 7, we look at what these significant components truly represent at the
neuron level, namely the union of a set of pattern indices.
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Chapter 6

Neurons as Binary Classifiers

In this section, we look at the implicit partition created by neurons as they are
activated for certain internal representations of samples, and not for others. We
henceforth call this partition the activation partition. By studying this binary
partition, and how its quality relates to generalization, we hope to learn more about
the generalization properties of neural networks. Our motivation for studying this
phenomenon is explained in section 3.1.2, which covers the ideas presented in [6].

We also look at the influence of the number of significant components on this
partition quality.

6.1 Terminology and Notation

In this section, we describe some terminology and notation that we use throughout
this chapter as well as chapter 7.

6.1.1 Terminology

Let us start by defining some terminology that we use throughout the rest of
this thesis. We say a neuron activates a sample ¥ when the pre-activation
value computed by that neuron when ¥ is given as input is strictly positive (or
equivalently, when the activation value is strictly positive). Conversely, the neuron
is not activated (or inhibited) when the pre-activation is negative (or when the
activation is zero). Note that strictly speaking, the computed pre-activation only
looks at the internal representation (i.e. representation at the neuron level) of the
sample given as input, not necessarily at the original sample as it was given as
input.

Next, we formalize the notion of significant component, introduced in sec-
tion 5.1.2. Indeed, our previous definition was purposely vague. We now define a
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significant weight component as a weight component whose magnitude is larger
than a certain percentile of the vector of weights k. When we say section 6.3 looks
at the influence of the number of significant components, we mean it looks at the
influence of the percentile threshold.

6.1.2 Metrics to Assess the Binary Partition

In order to evaluate the quality of a binary partition, we make use of the literature
on clustering and information theory. As we mentioned earlier, our goal is to study
the quality of the binary partition one gets at the neuron-level when labeling the
internal representations of samples according to whether they activate the neuron
in question, or not. More specifically, we wish to know how the quality of this
partition, which we denote 7, relates to the generalization performance of the
model in question.
We look at three tools of doing so:

o The silhouette [99] of the implicit partition. The silhouette is a value between
—1 and 1 measuring how well a data point is matched to the cluster it is
assigned to.

More formally, let data point ¢ be assigned to cluster C;. We define two
auxiliary measures:

a(i) = > d(i k), (6.1)
’CJ| 1k€C kA1

b(i) = min — » d(i,1). (6.2)
k#j |Ck| zgc:k

The first, a(7), defines the mean distance from ¢ to the other points in its
cluster, whereas b(7) is the minimum mean distance from i to the points in
another cluster!. From this, we define the silhouette of i as
b@)—a(i) o
s(i) = { max(ao@y 1 Gl > 1

I

(6.3)

otherwise.

Finally, we define the mean silhouette [100] as

Xn: s(i (6.4)

=1

§\H

We sometimes refer to the latter as simply “silhouette,” and rarely consider
the silhouette for a single data point.

'Tn theory, d can be any distance metric, but unless specified otherwise, we consider it to be
the Euclidean distance. This choice is motivated by the fact that the k-means algorithms we use
bases its labeling on the Euclidean distance metric.
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e The wvariation of information (VI) [101] between the activation partition
and a reference clustering. The VI is an information theoretic metric for
comparing two clusterings 4 and € of the same dataset.

Consider the probability of a point ¢ being in cluster Cy:
1Gd

P(k) = . 6.5
19 = = (6.5)
The discrete random variable (written upright to distinguish it from a simple
iteration variable) k is thus uniquely associated to the clustering %', which
we assume contains K clusters. The entropy associated with clustering & is

given by
K
Z k)log P(k (6.6)

From this, we can define the mutual information between two clusterings €
and %”, i.e. the information one has about the other. Let P(k,k’) represent
that a point belongs to C in € and Cy in €
C.NC,
Pk, X) = 160Gl (6.7)
n
The mutual information (%, %”) is then given by the mutual information
between the associated random variables k and k':

K K’ P(k k/)
1(¢,¢) = P(k, k') log ———"—. 6.8
2r2 & P P() 09
Finally, we then define the variation of information as
VI(€,¢')=H(€)+ H(E') —21(¢,%") (6.9)
=H(C |€¢)+ H(E |F) (6.10)
=2H(¥¢,¢')— H(¢)— H(¥"), (6.11)

where H(€ | €') = H(€) — 1(€¢,%¢") represents the conditional entropy,
and H(%€,%") is the joint entropy of the two clusterings, or equivalently, the
entropy of P(k, k).

e The ratio of cluster sizes. We compare both clusterings on the ratio [Cuin|/|Cimax/,
i.e. the ratio between the size of the smaller cluster and the size of the larger
cluster.
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2-means as Reference Binary Partition Note that the variation of informa-
tion is a tool for comparing clusterings; we thus also make use of the k-means
algorithm [102, 103, 104, 105, 106] to find the reference clustering for a given
neuron, with k = 2. We refer to this reference clustering as the 2-means clustering,
Z. We are thus comparing the quality of the implicit activation-based clustering
to the best possible binary partition of the data.

6.2 Experimental Study of Binary Partition Char-
acteristics and Generalization

As explained in section 5.2, the pre-activation (and hence also the activation) of
a given neuron for a certain sample is computed as a sum of products of weights
and excitations. Each weight component thus has an associated excitation. As we
discussed previously in sections 5.1 and 5.2, only the components with non negligible
weights (which we call significant components) are important. In order to define
the clustering task formally, we make use of this notion: rather than clustering the
data in the representation space containing all components, we only look at the
excitations associated to significant weight components. To illustrate this, consider
the vectorized weights (0,0.9,0.03,0.8,0.93), with associated vectorized excitations
(0.4,0.7,0.2,0.03,0.9), with the significance threshold being 60 %. The data point
to which we associate a label would then be (0.7,0.9). This masking process is also
shown graphically on figure 4.2.
There are various reasons, theoretical and empirical, to make this choice:

e computation time to find the reference clusterings is reduced;

e considering components with negligible weights makes little sense, as they do
not matter in the pre-activation computation, and taking them into account
would needlessly add noise to the process;

e our experiments from chapter 5 show that models which generalize well have
a tendency to have a very limited set of non negligible weights;

e pruning even a fairly high percentage of weights does not affect accuracy,
indicating that only a few weight components are truly involved in the final
decision-making process [107, 108, 109].

In section 6.3, we study the influence of the number of significant components in
more detail, but for now we consider the top-1% magnitude weight components.
Results for other percentages are given in appendix B. For some of these figures,
a handful of models had to be omitted because of artefacts of the randomization
process.
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6.2.1 As Measured Using Silhouette
6.2.1.1 Relation with Generalization

Figure 6.1 shows a side-by-side view of the mean silhouette score for the activation
partition and the reference clustering obtained with 2-means. We limit ourselves
to only considering top-1 % magnitude weight components, and show results for
other percentages in appendix B.1.1. We observe the following:
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Figure 6.1: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using top-1 % magnitude weight components.
As expected, the mean silhouette of the activation partition is lower than the
silhouette of the 2-means clustering, but well-generalizing models tend to have
better implicit partitions, and are more easily clustered with 2-means than their
worse-generalizing counterparts.

e The mean silhouette of the activation partition is lower than the mean
silhouette of the reference clustering; this is not surprising, when one considers
that the 2-means algorithm minimizes an objective closely related to what
the silhouette measures.

e Models whose internal representation is well-clustered (according to the
silhouette metric) both by the activation partition and 2-means are more
likely to have good generalization performance.
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6.2.1.2 Influence of Hyperparameters

Figures 6.2 through 6.5 show how these plots look when we isolate families of hyper-
parameters, as we did in section 5.1.3. We again limit ourselves to only considering
top-1 % magnitude weight components, and only show the hyperparameters that
are worth further discussing; for the sake of completeness, we show results for other

threshold percentages and hyperparameters in appendix B.1.1.

Noise Regularization Figure 6.2 shows the various values of the noise reg-
ularization hyperparameter, for the plots of figure 6.1. We observe that noise

, S

Mean silhouette

Figure 6.2: Influence of noise regularization on mean silhouette with internal
representation using top-1% magnitude weight components. As we already ob-
served in figure 5.3, the noise regularization accounts for most of the difference
in generalization performance; within one noise regularization “family,” better-
generalizing models tend to display better implicit clustering, and can be clustered
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more effectively using 2-means (according to the mean silhouette).

regularization is largely responsible for the large differences in generalization perfor-
mance between models, and that for a given noise regularization choice, models that
generalize better also have better activation partition clustering and 2-means clus-
terability (as measured with mean silhouette) than models that do not generalize

as well.
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Architecture Figure 6.3 shows the various values of the architecture hyperpa-
rameter, for the plots of figure 6.1. We observe that the deeper models in green
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Figure 6.3: Influence of architecture on mean silhouette with internal representation
using top-1 % magnitude weight components. We see that models with greater
depth (in green) have worse implicit clustering and 2-means clusterability (as
measured by silhouette) than their shallower counterparts.

have a lower mean silhouette than the more shallow models in blue and orange,
both for the implicit partition and 2-means clustering.

Effective Learning Rate Figure 6.4 shows the various values of the effective
learning rate hyperparameter, for the plots of figure 6.1. We observe two things:

e models with weight decay have better implicit clustering than models without;
and

e increasing the learning rate of a model also increases its 2-means clusterability,
as does adding weight decay.

Optimizer Figure 6.5 shows the influence of various optimizers, for the plots of
figure 6.1. We observe that models trained with stochastic gradient descent with
momentum have better implicit clustering than models trained with Adam, but
perform worse from the point of view of 2-means clusterability.
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Figure 6.4: Influence of effective learning rate on mean silhouette with internal
representation using top-1 % magnitude weight components. We observe two things:
first, models with weight decay have better implicit clustering (as measured using
silhouette) than their non regularized counterparts; second, increasing the learning

rate of a model increases its 2-means clusterability, and adding weight decay on
top does as well.
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Figure 6.5: Influence of optimizer on mean silhouette with internal representation
using top-1 % magnitude weight components. We observe that while models trained
with SGD (with momentum) have better implicit clustering than models trained
with Adam, the opposite is true for their 2-means clusterability.
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6.2.2 As Measured Using Information Theory
6.2.2.1 Relation with Generalization

Figure 6.6 shows the variation of information, as defined in (6.9), between the
activation partition and reference 2-means clustering. We limit ourselves to the case
where only the top-1% magnitude weight components are kept; results for other
percentages are in appendix B.1.2. We observe that the variation of information is
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Figure 6.6: Variation of information of activation partition and 2-means clustering
with internal representation using top-1% magnitude weight components. We
observe that for models that generalize well, the variation of information between
the activation partition and the reference 2-means clustering decreases, i.e. they
become more similar.

noticeably smaller for models with good generalization performance. This means
that the activation partition that is implicitly created gets closer to the optimal
2-means partition of the space.

6.2.2.2 Influence of Hyperparameters

Effective Learning Rate Figure 6.7 shows the influence of the effective learning
rate hyperparameter on the variation of information between 2/ and %Z. We see
that models with a higher learning rate tend to arrive at configurations for which
the activation partition &7 is closer to the reference 2-means clustering %, as
measured by the variation of information. Similarly, adding weight decay also
decreases that metric, indicating more similar clusterings.
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Figure 6.7: Influence of effective learning rate on variation of information with
internal representation using top-1% magnitude weight components. We observe
that increasing the learning rate leads to models with an activation partition that
is closer to the reference 2-means clustering, as does adding weight decay.

Optimizer Figure 6.8 shows the influence of the effective learning rate hyperpa-
rameter on the variation of information between &7 and #. We see that models
trained using SGD with momentum have lower variation of information between
&/ and Z than their counterparts trained using Adam.

Batch Size Figure 6.9 shows the influence of the batch size hyperparameter on
the variation of information between 27 and #. We see that models with a smaller
batch size have a lower variation of information between .7 and %, indicating a
higher level of overlap between the two clusterings.

6.2.3 As Measured Using Cluster Size
6.2.3.1 Relation with Generalization

Figure 6.10 shows a comparison the ratio of cluster sizes for the activation partition
and reference 2-means clustering. We limit ourselves to the case where only the
top-1 % magnitude weight components are kept; results for other percentages are
in appendix B.1.3. We observe two things:

e the cluster sizes of the activation partition do not present a clear link to
generalization performance; but
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Figure 6.8: Influence of optimizer on variation of information with internal repre-
sentation using top-1 % magnitude weight components. We observe that models
trained using SGD with momentum arrive at lower values of the variation of
information between the activation partition and the 2-means reference clustering.
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Figure 6.9: Influence of batch size on variation of information with internal repre-
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batch size tends to give models with more similar activation partition and 2-means

reference clustering.

7



Activation-based clustering 2-means-based clustering

1.0
§ 0.8 - . .
2 061 1° %,
=
© [ ]
= 0.4 - °ee°® o *
9 .
E 024 ° ° -
00 I I I I I I I I I I I I I I
0.3 04 0.5 0.6 0.7 0.8 0.9 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Generalization Generalization

Figure 6.10: Comparison of cluster size of activation partition and 2-means clus-
tering with internal representation using top-1 % magnitude weight components.
We observe two things: the ratio of cluster sizes for the activation partition has no
definite relation to generalization performance; on the other hand, the ratio for the
reference 2-means clustering is smaller for models that generalize better.

e the ratio of 2-means reference cluster sizes decreases as models generalize
better.

The influence of hyperparameters was not conclusive for this last metric, and
has thus been omitted.

6.3 Influence of Number of Significant Compo-
nents

In previous sections, we have always shown results when the top-1 % magnitude
weight components are kept. This particular value is not important; we simply use
it because it provides a good trade-off between computation time and clarity of
results. For the interested reader, appendix B contains results presented in previous
sections, with other pruning percentages. The influence of the number of significant
components is also discussed, be it for a different purpose, in section 7.2.

We observe on figure 6.11 that the percentage threshold above which weights
are kept does not affect results qualitatively, as most lines on the plot do not cross.
However, higher threshold percentages make for clearer plots, because there is less
noise from parasite connections. We also see on the figure that models with good
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Figure 6.11: Influence of number of significant components on 2-means clusterability
for a variety of models with different generalization performances. We observe
that the choice of threshold does not matter qualitatively, but can reduce noise on
the results. Additionally, we verify that in accordance with what we observed on
figure 6.1, models with higher generalization performance also have better 2-means
clusterability, for the most part.
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generalization performance tend to have higher mean silhouette 5 than models with
worse generalization, which is in line with our observation from figure 6.1.

6.4 Conclusion

In this chapter, we have introduced the notion of significant component, and have
presented some metrics to evaluate the quality of a clustering, in a broad sense.
We did this in order to study one of the theme questions of this thesis: do models
with good generalization performance exhibit better implicit binary partitioning
at the neuron-level, and/or are their internal representations more easily 2-means
clusterable?

We looked at the relation between this binary partition quality and generalization
performance, concluding that while there is definitely a relation between the two,
it is not abundantly clear, and that the choice of significant components strongly
influences the clarity of the resulting figures. In order to better grasp this relation,
we studied the effect the various hyperparameters of our models have on it, and
finally, we explored the effect of the threshold in the definition of significant
components.

Thanks to this extensive investigation, we are now able to conclude with a
reasonable amount of certainty that models with good generalization tend to have
better implicit partitioning of their thresholded neuron-level representations and
better 2-means clusterability than their worse-generalizing counterparts, with the
effect being the result of a combination of hyperparameters.

The notions we introduced in this chapter and the one before it will also be
central to the discussions in the next. Indeed, having examined how the binary
partition of internal representations relates to generalization, one could now wonder
whether a similar clustering-based approach could detect patterns in neuron inputs,
as we defined them in section 5.2.1, and see how these patterns influence or correlate
with generalization performance. The idea of patterns in deep neural networks has
been discussed before in the literature, as we briefly showed in section 3.2, and it
is precisely the one we study in the next chapter.
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Chapter 7

Neurons as Pattern
Discriminators

After having studied binary partitions in chapter 6, we now broaden our perspective,
looking at neuron-level patterns instead. As we discussed in section 3.2, the idea of
patterns in visual classification tasks is not new, and has been studied extensively
in the literature. In this chapter, we start in section 7.1 by refreshing our definition
of the term “pattern,” introduced in section 5.2.1, and lay out the tools we use
to detect them. Then, in section 7.2 we present some simulations on synthetic
data created for this thesis, in order to verify that our tools are appropriate for
the task at hand; we also indicate which underlying assumptions we make. Finally,
we present the results of our search for patterns on the real data and models in
section 7.3. They are some of the most compelling pieces of evidence known to
date of the existence of patterns at the neuron level.

7.1 Terminology and Notation

Throughout this chapter, we make use of much of the same terminology as was
introduced in section 6.1, notably the notion of significant component, as well as
the definition of the mean silhouette § and the mutual information in (6.8). Other
than the fact we use a normalized, chance-adjusted version of the latter [110], these
notions are unchanged. For clustering, we again use the k-means algorithm.

We also repeat the notion of a pattern at the neuron-level, which we introduced
in section 5.2.1. Intuitively, a pattern in our case is a set of incoming significant
weight components along which the neuron has excitations different from the typical
excitations. More formally, let k represent the vectorized weight components linking
the neuron to its input. A pattern is then a set of indices P such that |k;| > 0
for i € P, and k; =~ 0 otherwise. The intuition we want to empirically study in
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this chapter is that neurons identify a finite set of patterns in their input, and
that the better they are at recognizing such patterns, the better the generalization
performance of the model. Note that these patterns do not need to be bijective with
respect to the class labels of the dataset; indeed, multiple patterns can correspond
to the same label [111]. To visualize an example of this many-to-one mapping,
consider that objects can look different when viewed from different angles. As such,
we expect that neurons in models that generalize well should be able to recognize
the visual patterns associated to a given class label.

Our hypothesis, which we verify experimentally in section 7.3, is that such
patterns correspond to clusters that can be detected by using k-means, for increasing
values of k. Indeed, we hypothesize that a neuron will learn to recognize a set
of patterns P = {Py,...,Pr}. This means that its weights k; will be large (in
absolute value) when i € |U; P;, and negligible otherwise. In order to correctly
identify the pattern P, a sample presents, the neuron then needs to also know how
to zero out the input coming in through components i for i € U; P; \ P;. If this
is not done well, the classification process will be polluted by noise introduced
through the parasitic connections.

7.2 Investigation on Synthetic Data

As mentioned previously, we now present a study showing that patterns of the
form we described in section 7.1 can be detected using the clustering tools and
evaluation metrics that we introduced.

7.2.1 Synthetic Data Generation Process and Clustering

We simplify the problem at hand by considering that there are five variable
parameters to the problem:

® ngm refers to the number of dimensions of the data; in the terminology we
introduced previously, this is the number of significant components.

o [, denotes the length of each pattern. We make the simplifying assumption
that all patterns in a given simulation have the same length.

® Ny, is the number of patterns in a given simulation.
® Ngata refers to the number of samples in the dataset.

e ) is the amount by which components included in a pattern are separated from
the initialization value. We again make a simplifying assumption, namely
that this value is constant both within a pattern as well as for all the other
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patterns in a given simulation. By default, we consider it to be a positive
value.

We present the values these parameters take in table 7.1.

Parameter Values Default
Ndim 30, 50, 75, 100, 200, 300, 500, 1000 100
lpat 1,2,3,5,10,15, 20, 25, 30, 50, 75,90 10
Npat 1,2,3,5,10,25, 30,50, 100, 200 10
Ndata 100, 200, 500, 1000, 3000, 5000, 10000 1000

0 0.1,0.2,0.5,0.75,1,1.25,1.5,2,3,5,10 2

Table 7.1: Parameters for synthetic data. The meanings of these parameters are
explained in the main body of the text.

The process by which the synthetic data is then generated is presented in
algorithm 7.1.

Algorithm 7.1 Generation of synthetic pattern data.

1: procedure GEN(Ndim, lpat, Mpat; Ndata, 0) > number of dimensions, pattern
length, number of patterns, number of samples, and pattern separation
2: initialize ngata normally distributed samples 29 i =1,... Nqata, such that
xg-l) ~N(0,1) for j =1,...,ngim
3: assign a pattern label p® € Z N [1, 1. to each sample (¥ creating a
reference clustering &2
4: assign a set of indices P® C ZN[1, ngim], |P®| = lpas, to each pattern label
p@ such that if p® = pU), then PO = PU)
for i+ 1,... nga. do
for j € PO do
xg-l) — :BEZ) +9 > add separation to pattern components
end for
end for
10: L?-normalize each sample a®
11: end procedure

Once the data has been generated for a given parameter choice, it is clustered
using k-means, for k = 2,...,2n,, + 10. For each resulting clustering &%, we then
compute its mean silhouette, as well as the normalized chance-adjusted mutual
information between itself and the (known) reference clustering &, 1(%6}., &?). By
repeating this process for the various possible parameter choices, we then get an
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idea of how well our tools detect the presence of patterns of the form we defined in
section 7.1.

7.2.2 Synthetic Data Parameter Influence

We now show the effect of varying each hyperparameter, keeping the others at their
default values as described in table 7.1. In every figure, each color corresponds to
a different value of the parameter being studied.

7.2.2.1 Influence of ngiy,

Figure 7.1 shows the effect of the number of dimensions on the pattern detectability
through k-means clustering. This parameter is thus the synthetic analog of the
number of significant components. We observe that lower-dimensional data is more
easily clustered than higher-dimensional data, an observation that is in line with
the one we made in figure 6.11, when we mentioned that larger pruning percentages
correspond to better clusterable data. This also intuitively makes sense when one
considers that the Euclidean distance between two samples is computed as a sum
of squared differences along each axis. When the number of axes increases, but the
length of patterns stays the same, the influence of the pattern components on the
distance between samples is decreased.

7.2.2.2 Influence of [,

Figure 7.2 shows the effect of the length of the patterns on pattern detectability
through k-means clustering. We see that very short patterns are poorly detected
by k-means clustering. On the other hand, [ .. = naim/2 appears to be the optimal
pattern length for cluster detection, possibly because for this value, pattern overlap
should be minimal, and the average distance between samples of different patterns
is maximal. We also see that l,,; = x behaves the same as [, = nqim — @, Which is
logical considering that both cases are functionally identical.

7.2.2.3 Influence of n,

Figure 7.3 shows the effect of the number of patterns on pattern detectability
through k-means clustering. We see that unclustered data (n,,, = 1) results in
very poor k-means clusterings, as expected. Increasing the number of patterns for
a given length [, inevitably leads to more overlap, and thus explains why the
mean silhouette for k = ny,; decreases as np,y increases. However, we find that for
extremely large values of np,, k-means no longer allows us to deduce the correct
number of patterns.
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Figure 7.1: Influence of number of dimensions on pattern detectability through
k-means clustering. Each color corresponds to a different value of ngy,. We observe
that k-means clustering performs better the lower the number of dimensions, ngiy,.
This ties into what we observed previously in figure 6.11 concerning the number of
significant weight components; when the threshold percentage is increased, data
becomes more easily clusterable (as measured by mean silhouette). This is because
as the number of dimensions increases, the influence of the components included in
the sample’s pattern on the distance between samples decreases (it is “diluted” in
a way).
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Figure 7.2: Influence of pattern length on pattern detectability through k-means
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very short patterns, k-means can fail to distinguish patterns correctly. We also
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it being the value for which patterns overlap the least), and that [, = = behaves
the same as lpay = Ndim — -
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Figure 7.3: Influence of number of patterns on pattern detectability through k-
means clustering. Each color corresponds to a different value of n,.. We observe
that for data without patterns np,, = 1, no clusters are found, as expected. We
also notice that as the number of patterns increases, k-means becomes worse at
identifying clusters; this is probably again due to an increase in overlap. We also
note that when the number of patterns becomes extremely large, k-means no longer
reaches the highest mean silhoutte at k = npas.



7.2.2.4 Influence of ngu,

Figure 7.4 shows the effect of the number of samples on pattern detectability
through k-means clustering. We see that increasing the number of samples positively
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Figure 7.4: Influence of number of samples on pattern detectability through k-
means clustering. Each color corresponds to a different value of ng.i.. As expected,
having more data allows k-means to be more robust to noise, and to cluster the
data better. This is especially visible when £ > n,,, as simulations with larger
Ngata Show a marked decrease in parasitic clusterability compared to simulations
with smaller datasets.

influences the ability of k-means to identify the correct clusters, as well as reducing
parasitic clusterability for k > np,. This observation is not surprising.

7.2.2.5 Influence of §

Figure 7.5 shows the effect of the pattern separation on pattern detectability through
k-means clustering. Unsurprisingly, we observe that the larger the separation 9,
the easier it is for k-means to cluster the data correctly. When one considers that
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Figure 7.5: Influence of pattern separation on pattern detectability through k-
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separation improves clusterability; this can be explained by again examining the
effect of increasing ¢ on the average distance between samples presenting different
patterns. It appears that the separation should at least be around one standard
deviation of the initialization (1 in our case) for k-means to be able to cluster data
correctly.



the Euclidean distance between samples is the sum of squared differences along
each axis, this makes intuitive sense. We also notice that in order for k-means to
clearly identify the true number of patterns in the data, the separation should be
approximately greater than or equal to the standard deviation of the initialization
noise, which was 1 in our case.

7.3 Empirical Evidence for the Presence of Neuron-
Level Patterns

Having demonstrated experimentally that clustering tools can detect patterns of
the form we described, we now wish to study whether such patterns are present
in the internal representations of data at the neuron level, for a randomly chosen
neuron.

Figure 7.6 shows the results of this experiment for three classes of generalization
performance: bad, average, and good, each containing three models, for three
different significant component thresholds. We observe that

e Models with poor generalization performance barely (if at all) identify any
patterns in the internal representation, independent of threshold percentage.

e Models with good generalization are very consistently able to identify patterns,
even across different threshold percentages. The number of identified patterns
is usually slightly above 10, which is the number of supervision labels in the
dataset, a result which we predicted in section 7.1 when talking about e.g.
the effect of different viewing angles on classification.

e Models with average generalization are sometimes able to discriminate be-
tween patterns, with models having high pattern detection ability for some
threshold percentages, and low pattern detection ability for others.

Interestingly, the results for models with good generalization are quite similar to
what we observed when detecting patterns with ¢ slightly smaller than the standard
deviation of the initialization.

We also note that choosing the right significant components is crucial, as
evidenced by the fact the results obtained with a lower number of significant
components are clearer than their more noisy counterparts.

Recalling our definitions and intuitions from sections 5.2.1 and 7.1, we can try
to provide an explanation for the behavior of the various models in figure 7.6. We
defined a pattern as a set of significant components, and explained how a single
neuron could learn to discriminate between multiple patterns. There are thus two
“steps” to learning patterns: first, the neuron needs to learn which of its input
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Figure 7.6: Relation between k-means pattern clusterability (by a randomly selected
neuron) and generalization for a variety of models. The color of a curve defines
its generalization capabilities, as indicated by the test accuracy percentage table
provided on the right of the figure. Each figure corresponds to a different threshold
percentage to define the significant components associated to a neuron (top: top-5 %,
center: top-2 %, bottom: top-1%). We see that models with poor generalization
perform very poorly, and do not detect patterns in the data across all threshold
percentages. On the other hand, models with good generalization are able to
identify patterns; interestingly, the mean silhouette of the clustering on their
internal representations seems to consistently hit its maximum value slightly beyond
k = 10, which is the number of supervision labels in the dataset. They are also
consistent across different threshold percentages. Average models are all over the
place, clearly identifying patterns for some threshold percentages but not for others.
Finally, we note the importance of correctly selecting significant components, as
evidenced by the fact the results are clearer on the plots with smaller numbers of
significant components.
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components are important (the answer being those with indices in the union of all
patterns the neuron detects); second, it needs to learn to cluster inputs according
to their values along these components, a process we studied in section 7.2.

The behavior of the good and bad models is quite expected: the former perform
well at both tasks, while the latter do a poor job of identifying important connections,
and thus cannot learn to cluster properly either. The case of average models is
more interesting. As we showed in chapter 5, some of them are able to learn peaked
weight distributions. Similarly, figure 7.6 shows that some average models are able
to learn the clustering step well. Our hypothesis is that average models are those
that are able to do one of the two steps well, but not the other. This would explain
why the clustering ability of the neurons in average networks is so dependent on
the threshold percentage in some cases; through imposing a cutoff point, we are
“helping” the model with the first step, leaving them to do mainly the second step,
which they are good at. In other average models, the significant components are
chosen correctly, but the clustering step is not done well, and this is shown through
their poor performance in figure 7.6.

7.4 Conclusion

In this chapter, we have looked at the ability of networks to detect patterns in the
internal representation of samples. We showed on a synthetic dataset what the
effect of various parameters is on their detectability through clustering tools like
k-means and the mean silhouette.

We then applied these techniques to a case with real-world data, and observed
that this pattern detection is related to generalization, observing that models with
good generalization performance consistently find patterns, and that the number
of these patterns is slightly higher than the number of supervision labels of the
dataset. We explain this phenomenon by noticing that in image classification, it is
reasonable for a dataset to contain widely different images of the same object, an
example being the front and side views of it. On the other hand, we see that models
with bad generalization performance perform poorly at pattern detection, leading
us to think there is a causal link between pattern detection and generalization
performance.

The correlation between model generalization and the clustering of data in the
subspace of significant components associated to a neuron makes the characteriza-
tion of those clusters especially attractive. Some of the questions of interest are:
(i) Are the clusters captured by distinct neurons in a layer related or not? (ii) Is it
important that each neuron captures only a small number of clusters?

In addition to demonstrating the emergence of patterns/clusters in the subspace
of significant components associated to a neuron, our approach also provides a
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means to define those patterns explicitly, as the centroid of the k-means clusters.
Hence, it becomes possible to identify which patterns are matched by a test sample,
and to investigate whether a good matching between neuron patterns and the
associated internal representation of a sample is an indicator of a reliable decision.
This idea is explained in more detail in section 8.2.

This investigation has shown promising results, but as mentioned, the work
presented here would benefit from additional research. Chapter 8 contains some of
our ideas we would like to explore in future work on this topic.
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Chapter 8
Future Work

Many of the ideas developed in this thesis are still in an early stage, and present
interesting avenues for future work. This chapter contains some ideas for future
work based on the investigations in this thesis.

8.1 Leveraging Neuron Behavior to Predict Gen-
eralization Performance

One of the key goals of this thesis is to work towards a way of predicting general-
ization performance in models through the study of the properties of neuron-level
representations. In this sense, the observations of chapters 6 and 7 are very
promising when combined with the notion of significant components of chapter 5.

Indeed, we showed evidence that models with good generalization performance
appear to consistently (i) arrive at a peaked distribution of weights isolating a set
of significant components, and (ii) learn to cluster samples through manipulation
of the incoming excitations. These observations could be used to predict whether
a given model will generalize well (an important problem in the literature, as
evidenced by [4]), or even to guide research towards training methods that arrive
at models that perform well at both these tasks.

8.2 Pattern-Based Confidence Measures for Clas-
sification and Out-of-Distribution Detection

In chapter 7, we studied the hypothesis that neurons in a network learn to recognize
patterns in their input. More precisely, they learn to isolate a subset of their

components that matters for classification, and learn to cluster the inputs received
through these components.
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Through studying the internal representations of neurons, we have come to
believe that samples will be clustered according to the presence of certain patterns
in the neuron inputs; one possible way of leveraging this observation would be
to establish and verify confidence measures showing how close a new sample is
to existing clusters of samples. Indeed, our approach also provides a means to
define those patterns explicitly, as the centroid of the k-means clusters that are
found. It then becomes possible to identify which patterns are matched by a
test sample, and it would be interesting to investigate whether a good matching
between neuron patterns and the associated internal representation of a sample is
an indicator of a reliable decision. This would be timely work, with recent research
having been oriented towards training networks that help users understand their
predictions through the use of confidence measures [112]. A similar approach could
be considered to detect adversarial attacks [113, 114], for the same reasons.

In a similar vein, the problem of out-of-distribution (OOD) detection is a
growing one in computer vision and deep learning [115, 116, 117, 118, 119]. It is
concerned with what happens to models when they are tasked with classifying
images whose label is not part of the training set on which the model was trained.
In real world applications, we want our models to be able to detect when they are
in such a situation, which is precisely the problem of OOD detection.

Combining these ideas, it would be very interesting to study whether OOD
samples can be detected using pattern-based measures, such as the distance between
the internal representation of a sample and the average distance of other samples
assigned the same label. In essence, what this would be doing is studying whether
the sample presents one of the patterns that were learned during training.

8.3 Class-Specific Study of Clustering and Pat-
tern Detection

In chapters 6 and 7, we showed that models with good generalization tend to
learn cluster their inputs better. However, the precise effect of class labels was not
studied. One avenue for future work would be to further investigate what can be
learned from isolating samples on a per-class basis.

In particular, we would like to know whether our hypothesis that the pattern-
to-class label mapping is many-to-one holds in general [111]; one way to do this
would be to observe how many patterns are observed when only samples of a given
class are considered.
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8.4 Learning Dynamics of Good Models

Throughout this thesis, we have only looked at results obtained on models that
had been trained to approximate convergence. None of our experiments explicitly
look at the differences in learning dynamics between bad models and good models.
This is especially important in view of known results in the literature such as
those in [120] concerning the importance of the early phase of network training in
generalization performance.

It would be particularly interesting to study whether the emergent behaviors
described in chapters 6 and 7 emerge at the beginning of training, or whether they
gradually develop throughout the entire training process.

8.5 Conclusion

In this chapter, we have given some perspectives for future work related to the
main topics of this thesis. Several interesting directions present themselves and
will be explored in future research.

In chapter 9, we will recapitulate the main observations made during this thesis,
and give an overview of the current state of our intuitions.
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Chapter 9

Conclusion

In this thesis, our overarching goal as defined in section 1.1 was to study how
internal representations of deep neural networks are related to the generalization
performance of these networks.

We started this study in chapter 2 by giving an overview of the fundamentals
of neural networks, as well as introducing some concepts which are particularly
important for the reader’s comprehension of the work done in this thesis.

We then gave an overview of related work in the literature in chapter 3, and
showed how the problem we study is relevant to other work in the deep learning
space, as well as giving some insight into our motivation for performing the precise
experiments we did.

In chapter 4, we introduced the reader to our methodology, and explained the
precise experimental setup that was used throughout this thesis in hopes of allowing
reproducibility.

Chapter 5 detailed our analysis of the statistical distribution of layer weights.
In particular, we found that its peakedness (a measure we defined more formally in
section 5.1.1) is a good indicator of generalization performance, and showed which
hyperparameters of the network contribute to this. We also made the fundamental
observation that only a small subset of weight components is responsible for the
majority of the “information” entering a neuron. This observation allowed us to
define the concept of significant components, a notion that we used in later chapters
to facilitate the use of clustering metrics based on distance.

In chapter 6, we showed that neurons implicitly partition their inputs into two
categories through the use of the ReLLU activation function, leading to a funda-
mentally different treatment of samples with negative and positive pre-activations.
Combining this with our notion of significant components, we used clustering
tools and measures such as k-means and the silhouette in order to study how the
quality of this implicit partition is related to generalization performance. Again,
we enriched our results by integrating an analysis of how network hyperparameters
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interact with the various measures that were used.

The results of chapter 7 built off of these clustering-based observations and
looked at how the input to a neuron is clusterable into more than two categories.
We started by experimentally validating the tools we used in the rest of the chapter
to evaluate clustering quality, noting the effect of various dataset properties on
the clarity of the results, then proceeded with our pattern detection experiments.
These experiments helped us validate our hypotheses concerning the presence of
patterns at the neuron level, and we found compelling evidence that the presence
of these patterns combined with the learning of a peaked weight distribution is a
strong indicator of generalization.

In chapter 8, we gave some perspectives on this work, and showed how future
research (both theoretical or more practical in nature) could build on the results
obtained in this thesis.

Our work has shown strong evidence that studying internal representations
can help to better understand how deep neural networks generalize. We hope
it will stimulate further investigation on this topic, and ultimately help lead the
theoretical deep learning community towards a higher level of understanding about
how the surprisingly good performance of deep neural networks comes to be.
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Appendix A

Omitted Figures for Chapter 5

This appendix gives the figures that had to be omitted from chapter 5 for reasons
of brevity.

A.1 Weights

A.1.1 Influence of Hyperparameters

A.1.1.1 Kurtosis
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Figure A.1: Influence of architecture hyperparameter on kurtosis of weight distribu-
tion. Each color corresponds to a different value of the architecture hyperparameter
tuple. The vertical axis is logarithmically scaled.
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Figure A.2: Influence of batch size hyperparameter on kurtosis of weight distribution.
Each color corresponds to a different value of the batch size hyperparameter. The
vertical axis is logarithmically scaled.
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Figure A.3: Influence of architecture hyperparameter on L*>-normalized variance of
weight distribution. Each color corresponds to a different value of the architecture
hyperparameter tuple. The vertical axis is logarithmically scaled.
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Figure A.4: Influence of noise regularization hyperparameter on L*-normalized
variance of weight distribution. Each color corresponds to a different value of the
noise regularization hyperparameter tuple. The vertical axis is logarithmically
scaled.

1071 < o
1 . ® o ®
b o
] [ J o © ‘. . J ~.ﬁ
= 1071
3 ]
> ]
1 @learning rate: 0.01, weight decay: 0.0
10-3 4 ©learning rate: 0.032, weight decay: 0.0
1 elearning rate: 0.1, weight decay: 0.0
1 @learning rate: 0.1, weight decay: 4e-05 °
h T T T T T T T T T T T T T T
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

Generalization

Figure A.5: Influence of effective learning rate hyperparameter on L*>°-normalized
variance of weight distribution. Each color corresponds to a different value of the
effective learning rate hyperparameter tuple. The vertical axis is logarithmically
scaled.
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Figure A.6: Influence of batch size hyperparameter on L*>°-normalized variance of
weight distribution. Each color corresponds to a different value of the batch size
hyperparameter. The vertical axis is logarithmically scaled.
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Figure A.7: Influence of optimizer hyperparameter on L*°-normalized variance of
weight distribution. Each color corresponds to a different value of the optimizer.
The vertical axis is logarithmically scaled.

102



A.2 Excitation-Weight Products

A.2.1 Influence of Hyperparameters
A.2.1.1 Kurtosis
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Figure A.8: Influence of architecture hyperparameter on kurtosis of EW prod-
uct distribution. Each color corresponds to a different value of the architecture
hyperparameter tuple. The vertical axis is logarithmically scaled.
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Figure A.9: Influence of batch size hyperparameter on kurtosis of EW product distri-
bution. Each color corresponds to a different value of the batch size hyperparameter.
The vertical axis is logarithmically scaled.
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Figure A.10: Influence of architecture hyperparameter on L*>°-normalized variance
of EW product distribution. Each color corresponds to a different value of the
architecture hyperparameter tuple. The vertical axis is logarithmically scaled.
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Figure A.11: Influence of noise regularization hyperparameter on L*°-normalized
variance of EW product distribution. Each color corresponds to a different value of
the noise regularization hyperparameter tuple. The vertical axis is logarithmically
scaled.

VoolP]

1073

1074

4
[ ¢ [ [ ¢ ﬁ \d
° ° o e® %0 . °
® 0. oc.of
RSN
o0 0.3‘:0.3..‘
o °
® o o% o
@ weight decay: 0.0, Ir: 0.01 ° '.: P
oweight decay: 0.0, Ir: 0.032 ° .0.
@ weight decay: 0.0, Ir: 0.1 % ®
@ weight decay: 4e-05, Ir: 0.1 ¢ °
T T T T T T T T T T T T T T
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

Generalization

Figure A.12: Influence of effective learning rate hyperparameter on L*-normalized
variance of EW product distribution. Each color corresponds to a different value of
the effective learning rate hyperparameter tuple. The vertical axis is logarithmically
scaled.
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Figure A.13: Influence of batch size hyperparameter on L*-normalized variance of
EW product distribution. Each color corresponds to a different value of the batch
size hyperparameter. The vertical axis is logarithmically scaled.
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Figure A.14: Influence of optimizer hyperparameter on L>-normalized variance
of EW product distribution. Each color corresponds to a different value of the
optimizer. The vertical axis is logarithmically scaled.
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Appendix B

Omitted Figures for Chapter 6

This appendix gives the figures that had to be omitted from chapter 6 for reasons
of brevity.

B.1 Experimental Study of Binary Partition Char-
acteristics and Generalization

B.1.1 As Measured Using Silhouette

B.1.1.1 Relation with Generalization
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Figure B.1: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using all weight components.
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Figure B.2: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using top-10 % magnitude weight compo-
nents.
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Figure B.3: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using top-5 % magnitude weight components.
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Figure B.4: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using top-2 % magnitude weight components.
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Figure B.5: Comparison of mean silhouette of activation partition and 2-means
clustering with internal representation using top-0.5 % magnitude weight compo-

nents.
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B.1.1.2 Influence of Hyperparameters
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Figure B.6: Influence of batch size on mean silhouette with internal representation
using top-1 % magnitude weight components.
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Figure B.7: Influence of noise regularization on mean silhouette with internal
representation using all weight components.
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Figure B.8: Influence of architecture on mean silhouette with internal representation
using all weight components.
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Figure B.9: Influence of effective learning rate on mean silhouette with internal
representation using all weight components.
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Figure B.10: Influence of optimizer on mean silhouette with internal representation
using all weight components.
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Figure B.11: Influence of batch size on mean silhouette with internal representation

using all weight components.
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Figure B.12: Influence of noise regularization on mean silhouette with internal
representation using top-10 % magnitude weight components.
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Figure B.13: Influence of architecture on mean silhouette with internal representa-

tion using top-10 % magnitude weight components.
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Figure B.14: Influence of effective learning rate on mean silhouette with internal

representation using top-10 % magnitude weight components.

114



, S

Mean silhouette
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Figure B.16: Influence of batch size on mean silhouette with internal representation

Activation partition

2-means clustering

0.3 e batch size: 100
) e batch size: 300 °
[ ]
0.2 - .
0.1+ ° - e
@
1] ”. o ® )
eo®o .o:f .5. ~..:.
[ ]
O | [ ] o |
0.4 0.6 0.8 0.4 0.6 0.8
Generalization Generalization

using top-10 % magnitude weight components.

115




Activation partition

2-means clustering

0.4 - edata augmentation: no, dropout: 0.0 °
edata augmentation: no, dropout: 0.2 °
o edata augmentation: no, dropout: 0.4 .
s 0.3 1 edata augmentation: yes, dropout: 0.0
©
3
= 0.2 a
@ ° ° °
% 0.1 4 ® 1 e ° °.:
= ¢ ° 03. o0 00’
° ° .. [ ]
v b TERN
O B [ N ] B
T T T T T T
0.4 0.6 0.8 0.4 0.6 0.8
Generalization Generalization

Figure B.17: Influence of noise regularization on mean silhouette with internal
representation using top-5 % magnitude weight components.
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Figure B.18: Influence of architecture on mean silhouette with internal representa-
tion using top-5 % magnitude weight components.
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Figure B.19: Influence of effective learning rate on mean silhouette with internal
representation using top-5 % magnitude weight components.
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Figure B.20: Influence of optimizer on mean silhouette with internal representation
using top-5 % magnitude weight components.
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Figure B.21: Influence of batch size on mean silhouette with internal representation

using top-5 % magnitude weight components.
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Figure B.22: Influence of noise regularization on mean silhouette with internal
representation using top-2 % magnitude weight components.
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Figure B.23: Influence of architecture on mean silhouette with internal representa-
tion using top-2 % magnitude weight components.
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Figure B.24: Influence of effective learning rate on mean silhouette with internal
representation using top-2 % magnitude weight components.
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Figure B.25: Influence of optimizer on mean silhouette with internal representation
using top-2 % magnitude weight components.
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Figure B.26: Influence of batch size on mean silhouette with internal representation
using top-2 % magnitude weight components.
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Figure B.27: Influence of noise regularization on mean silhouette with internal
representation using top-0.5 % magnitude weight components.
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Figure B.28: Influence of architecture on mean silhouette with internal representa-
tion using top-0.5 % magnitude weight components.
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Figure B.29: Influence of effective learning rate on mean silhouette with internal
representation using top-0.5 % magnitude weight components.
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Figure B.30: Influence of optimizer on mean silhouette with internal representation
using top-0.5 % magnitude weight components.
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Figure B.31: Influence of batch size on mean silhouette with internal representation
using top-0.5 % magnitude weight components.
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B.1.2 As Measured Using Information Theory
B.1.2.1 Relation with Generalization
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Figure B.32: Variation of information of activation partition and 2-means clustering
with internal representation using all weight components.
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Variation of information, VI(.2/, %)
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Figure B.33: Variation of information of activation partition and 2-means clustering
with internal representation using top-10 % magnitude weight components.
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Figure B.34: Variation of information of activation partition and 2-means clustering
with internal representation using top-5 % magnitude weight components.
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Figure B.35: Variation of information of activation partition and 2-means clustering
with internal representation using top-2 % magnitude weight components.
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Figure B.36: Variation of information of activation partition and 2-means clustering
with internal representation using top-0.5 % magnitude weight components.
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B.1.2.2 Influence of Hyperparameters
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Figure B.37: Influence of noise regularization on variation of information with
internal representation using top-1% magnitude weight components.
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Figure B.38: Influence of architecture on variation of information with internal

representation using top-1 % magnitude weight components.
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Figure B.39: Influence of noise regularization on variation of information with
internal representation using all weight components.
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Figure B.40: Influence of architecture on variation of information with internal

representation using all weight components.
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Figure B.41: Influence of effective learning rate on variation of information with

internal representation using all weight components.
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Figure B.42: Influence of optimizer on mean silhouette with internal representation
using all weight components.
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Figure B.43: Influence of batch size on variation of information with internal
representation using all weight components.
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Figure B.44: Influence of noise regularization on variation of information with
internal representation using top-10 % magnitude weight components.

130



~ 1
@h 8 [ I ]
N R
g ° ° ° o: e '..o o® *e
> ]. 6 B . [ ] [ ] o [ ) N .. ..‘. .. Q
gﬁ ¢ ° ° ® ° ° %o ° '.0.’
.= P P ©
Z 144 ° .. w . ?}:.\
S o U ‘ .}‘:o o
g i %?
5 1.2 . o
o ewidth factor: 1.0, depth factor: 1.0 o °.
2 L ewidth factor: 1.5, depth factor: 1.0
= ewidth factor: 1.0, depth factor: 1.5 .
<
=

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
Generalization

Figure B.45: Influence of architecture on variation of information with internal
representation using top-10 % magnitude weight components.
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Figure B.46: Influence of effective learning rate on variation of information with
internal representation using top-10 % magnitude weight components.
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Figure B.47: Influence of optimizer on variation of information with internal
representation using top-10 % magnitude weight components.
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Figure B.48: Influence of batch size on variation of information with internal
representation using top-10 % magnitude weight components.
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Figure B.49: Influence of noise regularization on variation of information with
internal representation using top-5 % magnitude weight components.
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Figure B.50: Influence of architecture on variation of information with internal
representation using top-5 % magnitude weight components.
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Figure B.51: Influence of effective learning rate on variation of information with
internal representation using top-5 % magnitude weight components.
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Figure B.52: Influence of optimizer on variation of information with internal
representation using top-5 % magnitude weight components.
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Figure B.53: Influence of batch size on variation of information with internal
representation using top-5 % magnitude weight components.
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Figure B.54: Influence of noise regularization on variation of information with
internal representation using top-2 % magnitude weight components.
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Figure B.55: Influence of architecture on variation of information with internal
representation using top-2 % magnitude weight components.
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Figure B.57: Influence of optimizer on variation of information with internal
representation using top-2 % magnitude weight components.
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Figure B.58: Influence of batch size on variation of information with internal
representation using top-2 % magnitude weight components.
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Figure B.59: Influence of noise regularization on variation of information with
internal representation using top-0.5 % magnitude weight components.
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Figure B.60: Influence of architecture on variation of information with internal
representation using top-0.5 % magnitude weight components.
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Figure B.61: Influence of effective learning rate on variation of information with
internal representation using top-0.5 % magnitude weight components.
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Figure B.62: Influence of optimizer on variation of information with internal
representation using top-0.5 % magnitude weight components.
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Figure B.63: Influence of batch size on variation of information with internal
representation using top-0.5 % magnitude weight components.
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Figure B.64: Comparison of cluster size of activation partition and 2-means clus-
tering with internal representation using all weight components.
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Figure B.65: Comparison of cluster size of activation partition and 2-means clus-
tering with internal representation using top-10 % magnitude weight components.
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Figure B.66: Comparison of cluster size of activation partition and 2-means clus-
tering with internal representation using top-5 % magnitude weight components.
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Figure B.67: Comparison of cluster size of activation partition and 2-means clus-
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Figure B.68: Comparison of cluster size of activation partition and 2-means clus-
tering with internal representation using top-0.5 % magnitude weight components.
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