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Introduction

In 1984, Jones discovered a new invariant of knots, the now well-known Jones polynomial.
Since then, it has been described through many different approaches, demonstrating its
connection with various different subjects. This thesis is related to two of them: quantum
invariants and Khovanov homology.

Quantum algebras are certain algebraic structures related with Lie algebras. The de-
velopment of their representation theory lead to the discovery of a new family of knot
invariants, called quantum invariants. The Jones polynomial belongs to this family
through the representation theory of the quantum algebra U,(sly), a “deformation” of
the Lie algebra sl,. On the other hand, the Jones polynomial can also be obtained as
the graded Euler characteristic of a certain homology theory by assigning to each knot
diagram a complex in a certain category. Reidemeister moves on diagrams leave the
homotopy classes of the complexes invariant, making its homology an invariant of knots.
This invariant is called Khovanov homology, after it was first discovered by Khovanov
in 2000 [6]. In the same sense that homology “categorifies” the Euler characteristic,
Khovanov homology “categorifies” the Jones polynomial. In general, categorification is
the process of turning set-theoretic notions into categorical notions. By enriching the
structure, we hope to unravel new properties which could not be seen at the uncategori-
fied level. Indeed, similarly to the homology groups of a topological space, Khovanov
homology gives a stronger invariant of knots than the Jones polynomial. Moreover, one
can assign to each cobordism of knots (“morphism of knots”) a morphism between the
corresponding homologies, which means it can detect higher dimensions. In other words,
Khovanov homology is functorial.

Could one combine these two approaches? That is, would it be possible to categorify
(the representation theory of) quantum algebras in order to discover new invariants of
knots? In 2008, Webster [19] showed how Khovanov homology could be deduced from
a categorification of representations of U,(sly). Later work of Lauda, Queffelec and
Rose [8] gave an alternative construction through the categorification of U,(sl,,). In
2013, Oszvath, Rasmussen and Szabé [15] constructed a different version of Khovanov
homology using exterior algebras, called odd Khovanov homology. This construction also
categorifies the Jones polynomial, and over Z/27Z the resulting invariant coincides with
Khovanov homology. However, the two homologies are distinct (see [15, Proposition
1.8] or [17] for further details). In march 2020, Naisse and Putyra [11] extended odd
Khovanov homology to tangles. At the time being though, there is no representation
theory construction similar to the one given by Webster or Lauda, Queffelec and Rose



for (even) Khovanov homology. Moreover, it is yet to be shown that odd Khovanov
homology is functorial.

In this thesis, we categorify a certain quantum algebra and construct a new invariant of
oriented tangles, which we conjecture to coincide with odd Khovanov homology of [11],
and of [15] when restricted to knots. We hope that our construction can give the tools
to prove its functoriality. The suited framework for this categorification is a super-
structure. In a nutshell, superstructures are categorical structures whose morphisms
are equipped with a parity. We mainly focus on two of them: monoidal supercate-
gories, the counterpart of monoidal categories (categories with a tensor product), and
2-supercategories, the counterpart of 2-categories (categories with “morphisms between
morphisms”). Chapter 1 describes them in full details. In Chapter 2, we categorify a
certain quantum algebra S, 4 into a 2-supercategory, denoted S(n,d). Chapter 3 then
assign to each oriented tangle diagram D a certain complex Kom(D, n, d) in the category
of complexes of S(n,d) and show that it results in an invariant of oriented tangles. In
the process, we extend the tensor product of complexes to monoidal supercategories.
In Appendix B, we show that this tensor product leaves homotopy classes invariant,
an essential property if one wishes to construct an invariant of oriented tangles from
Kom(D,n,d).

My contributions

The definition of the 2-supercategory S(n,d) in Section 2.2 can be extracted from the
work of Vaz in [18]. From there, all results involving S(n,d) are original (that is, all
the results of Chapter 2 and Appendix A). In Appendix B, we give a new extension of
the Koszul rule for the tensor product in monoidal supercategories. Such an extension
was yet to be defined. All subsequent results are therefore original. Finally, as we
define a new invariant of oriented tangles, the proof that our construction does define
an invariant is original (that is, almost all the results of Chapter 3). If inspiration has
been taken for other works, it is explicitly stated in the text. We refer the reader to the
conclusion of the thesis for possible directions in future work.

Prerequisites
This thesis is intended to be readable by any Master student. The only prerequisites are
basics in some graduate topics:

e basics in knot theory (Reidemeister moves, the Jones polynomial, the notion of
tangles);

e basics in algebraic topology (homology, tensor product of complexes);



e and basics in category theory (functors, natural transformations, adjunctions).
Monoidal categories, 2-categories and diagrammatic calculus are recalled in details
in Chapter 1.
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Chapter 1

Superstructures

Before introducing our invariant, we define the abstract categorical framework in which
the invariant will be set. This is the goal of this chapter. We start in Section 1.1 by
recalling classical categorical constructions: monoidal categories, which are in essence
categories with a tensor product, and 2-categories, which are categories admitting mor-
phisms between morphisms. We call these morphisms 2-morphisms. A good example are
natural transformations, which are morphisms between functors. In Section 1.2, we delve
deeper into the notion of 2-categories and describe string diagrams, a visual and intuitive
way of depicting 2-morphisms. The material in these first two sections is basic and well-
known, and the accustomed reader may jump directly to Section 1.3, which introduces
the “super” counterparts of monoidal categories and 2-categories: monoidal supercate-
gories and 2-supercategories. These superstructures have a special property: their high-
est level morphisms (that is, morphisms for monoidal supercategories and 2-morphisms
for 2-supercategories) have a parity. This changes the usual laws of composition, adding
signs that depends on the parities of the morphisms involved.

Throughout this chapter we fix k a ground field. The reader can safely think of k as
a unital ring, where our results should work equally well. Moreover, we shall always
assume categories are small.

Reference notes

Section 1.1 contains basic notions given for example in the nLab [12] and in Borceux’s
Handbook [3, Chapter 7]. Additional information can be found in both of them. Globu-
lar expressions and string diagrams for 2-morphisms follow conventions given by Lauda [7]
(excepted for the orientation of strings, as explained in the text). Except for the term
“cartesian superproduct” introduced in Subsection 1.3.2, the superstructures of Sec-
tion 1.3 stem from the work of Brundan and Ellis [4].



1.1 Monoidal categories and 2-categories

1.1.1 Monoidal categories

Consider Vec the category of k-vector spaces and linear maps. Given two vector spaces
V and W, one can form their tensor product V' @ W. The tensor product is associative
in the sense that there is a natural isomorphism between U ® (V@ W) and (U V)@ W.
Moreover, the ground field plays the role of the unit in the sense that there are natural
isomorphisms k @ V=2V =2 V ® k. The general idea of tensor product is encompassed
in the following definition:

Definition 1.1 ([3, Definition 6.1.1, 13]). A monoidal category is a category K which
admits a functor ®: K x K — K, called tensor product, such that:

1. There exists a natural isomorphism aspe: (A® B)@ C — A® (B® C) satisfying
some coherent axiom.

2. There exists an object I € IC, called the unit, such that there exists a “left unit”
natural isomorphism la: I ® A — A and a “right unit” natural isomorphism
ra: A® I — A satisfying some coherence azxioms.

Using these natural isomorphisms, there are multiple ways of going from (A®I)® B)®C'
to (A®B)®1)®(C®1I), but the coherence axioms ensure that all are equivalent. This
means that an ordered sequence of objects (in our example, A, B and C') corresponds
to only one isomorphic class, no matter how parenthesis and units are set. In what
follows, we shall often avoid parenthesis altogether (e.g. write A ® B ® C), acting as
these isomorphisms were equalities. We refer the reader to Borceux’s Handbook [3,
p. 292, 13] for a complete definition and to Mac Lane [10, Chapter 7] for the details
about this fact.

Example 1.2. (a) Vec is monoidal with the usual tensor product of vector spaces,
but also with the direct sum: the way to make a category monoidal is not unique.

(b) Every category C with finite products is monoidal with tensor product given by
the cartesian product and unit given by the empty product [3, Example 6.1.9j].
In particular, the category Cat of small categories is monoidal. Recall that the
cartesian product of two categories A and B consists in formal pairs (A, B) for
A € ob(A) and B € ob(B), with morphisms being the formal pairs (f, g) where f
and g are respectively morphisms in A and B. The unit is the singleton category
7T, with only one object I and one morphism, the identity 1; of .

Remark 1.3. The functoriality of the tensor product gives a compatibility relation with
the composition:

(i®g)o(f2®g2) = (fiof2) ®(g1092) (1.1)
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This relation is called the interchange law (for monoidal categories). We will encounter
other interchange laws later, and see that the “super” counterparts of the definitions
given here differ mainly in these interchange laws.

1.1.2 Enriched categories

Vec has another interesting property: the Hom-set Hom(V, W) is a vector space. In
other words, Hom-sets are objects of a category KL = Vec. Moreover, composition is
compatible with the vector space structure, that is, it is bilinear. Using the tensor
product, it is equivalent to the map

Hom(V, W) ® Hom(W, X) — Hom(V,X)
f®g = gof

being linear: composition is a morphism in X = Vec. This leads us to the following
definition:

Definition 1.4 ([3, Definition 6.2.1]). Let I be a monoidal category. A K-enriched
category C consists in a class of objects ob(C) and objects C(A, B) in K for each pair A,
B of objects of C. Moreover,

1. for each triple A, B, C' of objects, there is a composition morphism in K
CABC : C(A, B) & C(B, C) — C(A, C)

which satisfies some associativity axiom.

2. For each object A € C, there is a unit morphism us: I — C(A, A) which satisfies
some unital axiom.

The associativity axiom ensures that the composition morphism is coherent with the
associativity isomorphism in /C, making composition associative. The unital axiom gives
a unit for composition through the unit of the tensor product. In particular, a enriched
category is a category.

Example 1.5. (a) As one could expect, Vec is an enriched category in Vec.

(b) A pre-additive category is an Ab-enriched category, where Ab is the category of
abelian groups.

1.1.3 2-categories

2-categories are categories with “morphisms between morphisms”. The first stereotypical
example is Cat, the category of small categories, since one can define natural transfor-
mations between functors. The reader should keep this example in mind throughout the
section.

11



Definition 1.6 ([7, p. 178]). A 2-category C is a Cat-enriched category, that is, a cate-
gory where each Hom-set is itself a (small) category and composition induces a bifunctor.

We call the morphisms of a 2-category C 1-morphisms. If f € C(A, B), we depict it as

a leftward arrow:

BAA.

1-morphisms can be composed:

f

C B A=cCc2 4,

The composition is associative and unital, the unit of A being denoted 1,4. Moreover,
the morphisms in each Hom-set are called 2-morphisms. If f === ¢ is a morphism in
C(A, B), we depict it as a globular diagram:

As this notation (and our stereotypical example Cat) suggests, 2-morphisms can be
composed both vertically and horizontally:

h
B A = B ﬂﬁaA C ﬂﬂB ﬂaA:C ﬂﬁ*aA.
N R S
f

Vertical composition is associative and unital, where the unit of B LA s de-
noted 1;. Horizontal composition is also associative and unital, the units being the
1; f’s:

g g

f f
1p g g g 1a
v N v, N\ v N\ v LN v, N
B ﬂhBB ﬂa A=C ﬂa A = B ﬂa A ﬂhAA
'\1_/ &}/ &}/ KE/ &1/
B A

Finally, vertical and horizontal compositions are compatible in the sense that the relation
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(0% B)(y* ) = (07) * (Bar) holds, that is

OmfmA = C@B . B@A .
C B A & Jl

This relation is the interchange law for 2-categories.

Remark 1.7. A monoidal category C can be seen as a one-object 2-category by consid-
ering the objects of C as the 1-morphisms of a single object, and composition to be given
by the tensor product on objects in C (this is similar to how a monoid can be seen as a
one-object category). Then morphisms in C are 2-morphisms, vertical composition being
composition in C and horizontal composition being the tensor product on morphisms in
C. With this identification, the interchange law for monoidal categories is exactly the
interchange law for 2-categories.

1.2 String diagrams

In 2-categories, calculations have a 2-dimensional aspect as 2-morphisms can be both
vertically and horizontally composed. This enlarges the possibilities, but also makes
calculations harder. Therefore, we introduce another way of depicting 2-morphisms
called string diagrams:

In general, given a globular presentation of a 2-morphism, its corresponding string dia-
gram is its Poincaré dual, that is:

e regions (2-morphisms) become points;
e edges (1-morphisms) become perpendicular egdes;

e and points (objects) become regions.
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!

/\ h y . g g
W a N
7 ! ! ! roof

(a) Vertical and horizontal composition as string diagrams.

g g
g g
Bd— A =DBd— A ~ =
f
f !
(b) Dots can slide on the string.
g g
C B A
- O
o C B A
AN
f! f
(c) First compose horizontally, then vertically.
g g g g
C B A C B A

0o = 0o %l =

C B A C B A , ,
I f f! !

(d) Dots can be slided past one another.

Figure 1.1: From globular diagrams to string diagrams.
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In Fig. 1.1 above we show several typical cases of globular diagrams turned into string
diagrams (note that we avoided writing objects in all string diagrams). Figure 1.1a shows
that vertical composition translates into two dots on a string, while horizontal compo-
sition becomes two strings next to each other. Figure 1.1b introduces the convention
that identity 2-morphisms are not drawn: together with the rules of vertical compo-
sition, the practical consequence is that dots can slide along their string. Figure 1.1c
fixes our convention when both vertical and horizontal compositions are involved. The
string diagrams should be read as first compose horizontally, and then vertically. In
2-categories, this convention turns out to be unnecessary thanks to the interchange law.
This won’t be the case for 2-supercategories though, as we shall see later in this chapter.
Furthermore, Fig. 1.1d shows another consequence of the interchange law and the iden-
tity convention: dots can not only slide along a given string, they can also slide past one
another. Finally, just like we avoid drawing identity 2-morphisms, we also avoid drawing
identity 1-morphisms. As a consequence, we can safely slide strand horizontally. For
example:

g g g
B A B A

@ = o = B a A
Id

B\ f B\ f f

The Poincaré dual helps us focus on what really matters in the calculation: the 2-
morphisms (and at a lesser extend, the 1-morphisms). The conventions on identities
enable us to think about the strings as topological objects: dots can be moved and
strands can be wiggled without changing the actual 2-morphism the diagram represents.
It turns out that by adding orientation to the strings, we can strengthen even more this
geometric intuition.

1.2.1 Adjunctions and string diagrams

As Cat is our stereotypical example of a 2-category, we can define adjunction in 2-
categories similarly to the typical definition in Cat. Then, recall that the 1-morphism
f: A — B is left adjoint to the 1-morphism ¢g: B — A if there exists 2-morphisms
n: 1, = gf (the unit) and e: fg = 1p (the counit) satisfying the triangular identi-
ties:

1a
71N
AQ\@AQB
1p
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BngBfA:BﬂlfA
NI
1a

In string diagrams, the unit and the counit become

1a

g 1 /N (
Angva and B<TA<TB~»/‘\.
U fod

1p

We can get rid of the labels of f and g by assigning an orientation to the string: downward
for f and upward for g (beware that this is the opposite of Lauda’s convention in [7]).
Then explicitly writing the unit and counit can also be avoided if we assume that oriented
cup represents the former and oriented cap represents the latter:

g f

U:U and f/‘e\g: //\\

Ui

With this convention, the triangle identities have a surprising geometrical interpreta-

tion:
ION A

1a
We
UA . BB\[F}A -
/
VRN
B4
Wﬁ AV
1a

A B
[
1p
1p
P 504
= 1y ~
NG

That is, oriented zigzags can be “straighten up”.
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1.3 Monoidal supercategories and 2-supercategories

1.3.1 Supercategories

We can now define the “super” counterparts of monoidal categories and 2-categories. We
start with the notion of supercategories. As vector spaces were the motivating example
at the beginning of Section 1.1, the motivating example for this section are vector spaces
whose vectors are given a parity:

Definition 1.8. A superspace V is a k-vector space with a Z/27Z-grading, that is a
decomposition V = Vo ® V1. A vector is even if it belongs to Vg, and odd if it belongs to
V1. Homogeneous vectors are vectors that are either even or odd. A linear map is even
if it preserves parity, and odd if it switches parity. Homogeneous maps are maps that
are either even or odd.

We denote |v| the parity of a non-zero homogeneous vector v (beware that the zero vector
is the only homogeneous vector with no defined parity, being both even and odd). As
parities are elements of Z/27Z, |v| should always be understood modulo 2. If we encounter
relations involving the parity of an inhomogeneous vector, it should be understood by
extending it additively from the homogeneous case. Similar remarks can be made for
linear maps.

We can extend the tensor product of vector spaces to superspaces by giving V @ W the
following Z /27Z-grading (assuming V' = V@& V; and W = WydW):

VeaW)y=MWeW)o(VieW,) and (VaoW), =Vie W) o (Ve W).

For the ground field k to be a unit for the tensor product, we assume it is given a
Z./27-grading where all vectors are even. Thanks to the “super” structure, we can
define a more interesting tensor product (a super tensor product) on linear maps as
(feg)(vaw) = (1) f(v)@g(w)'. Note the sign! This forces a different compatibility
law between composition and tensor product:

(f®g)o(h@k)=(—DM"(foh)® (gok). (1.2)

This law is known as the super interchange law. Call SVec the category of superspaces
and linear maps: SVec is not a monoidal category! (Compare Eq. (1.2) with Eq. (1.1).)
Indeed, we shall see that is is a monoidal supercategory. Nonetheless, we can get a
monoidal category by considering only even maps. Call SVec the category of superspaces
and even linear maps: then the sign above disappears and SVec is a monoidal category.
This allows us to categorify the notion of superspace and define the notion of a category
whose morphisms have parities:

1One should not be confused by the —1: it is simply a scalar and does not depict a change in parity.
On the contrary, scalar multiplication does not affect the subspaces, and so does not change parity.

17



Definition 1.9. A supercategory is a SVec-enriched category, that is each Hom-set is
a superspace and composition induces an even linear map.

Since composition is even, it preserves parity and we have the rule |f o g| = |f| o |g]
(assuming f o g is non-zero and homogeneous). this also implies that identities must
be even, just like it was the case in superspaces. Unsurprisingly, SVec is a supercate-
gory. We define SCat to be the category of small supercategories. Its morphisms are
superfunctors, that is functors which preserve parity.

Remark 1.10. Note that in superspaces, the parity of some complicated expression
involving any kind of operation (composition, tensor product, or applying a linear map to
a vector) is actually easy to compute by taking the sum of the parities of its components
(assuming the parity makes sense, that is the expression is homogeneous and non-zero):

e whenever v and f are homogeneous and f(v) # 0, then |f(v)| = |f| + |v];
e whenever f and g are homogeneous and f o g # 0, then |f o g| = |f]| + |g;

e whenever v € V and w € W are homogeneous and v ® w # 0, then |v ® w| =
|v| + |w|. Similarly, whenever f and g are homogeneous linear maps and fog # 0,

[f @gl=[f]+1gl-

With this in mind it is easy to check that the interchange law is indeed compatible with
the definition of the tensor product of linear maps. Moreover, note that these laws (and
almost all laws in a “super” context) follow the same pattern: whenever elements a are
b are switched in an expression, we add the sign (—1)l/l®l.

1.3.2 Monoidal supercategories

Let C be a supercategory, and consider the tensor product ®: C x C — C defined
above. Note that it depends on what we mean by C x C, that is it depends on the
monoidal structure we give to SCat, the category of small supercategories. To get back
functoriality of the tensor product, we should define a monoidal structure that suits our
setting. Given two supercategories A and B, their cartesian superproduct AKX B is the
supercategory whose objects are formal pairs (A, ) for A € ob(.A) and p € ob(B), and
the Hom-sets are superspaces defined using the tensor product:

Hom yx5((\, 1), (0, 7)) == Hom4(\, o) @ Homp(pu, 7).

Composition is given by the super interchange law (1.2). One can check that it is indeed
associative and unital with 1(y ) = (1x,1,). This makes AXB a supercategory. The unit
of X is the supercategory with only one object and one morphism, namely the ground
field k with identity. Associativity of X can be defined using the associativity of the
tensor product. This makes SCat a monoidal category (we refer the reader to Brundan
and Ellis [5, p. 926] for the details). We can now make clear the statement the SVec is
a monoidal supercategory:

18



Definition 1.11. A monoidal supercategory is a supercategory C which admits a su-
perfunctor @: CXC — C and a unit object, satisfying analogous axioms [see 4, Defini-
tion 1.4] to the ones for a monoidal category.

The additional axioms ensure that ® is unital and associative up to isomorphism in a co-
herent way. In what follows, we shall act as all ways of putting parenthesis and tensoring
with the identities are equal, just like we do for monoidal categories.

1.3.3 2-supercategories

We define 2-supercategories similarly to 2-categories:

Definition 1.12. A 2-supercategory is a SCat-enriched category, that is, each Hom-set
is a supercategory and composition induces a superfunctor.

This gives us a structure similar to a 2-category, where one can speak of 2-morphisms
which can be both vertically and horizontally composed. Unlike 2-categories though,
each 2Hom-set (set of 2-morphisms in a given Hom-set) is a superspace, that is 2-
morphisms have parities. Since composition preserves parity in a given supercategory,
vertical composition of 2-morphisms preserves parity. The same can be said for hor-
izontal composition since it induces a superfunctor. We can depict 2-morphisms as
globular diagrams, and all properties found in the case of a 2-category remain the same,
except the interchange law. Instead, 2-supercategories follow the super interchange

law:
YA NP
o _ (_1)\5”7\ C+—B %« B+« A (1.3)

OWBWA

To avoid ambiguity we fix the convention that

is understood first compose horizontally, then vertically. Note that unlike 2-categories,
this convention is necessary. This leads to a potential additional sign when sliding dots

19



past one another (compare with Fig. 1.1d):

Remark 1.13. Just like monoidal categories are one-object 2-categories, monoidal
supercategories are one-object 2-supercategories. In particular, the previous results in
monoidal supercategories can be applied to 2-supercategories as long as we restrict our-
selves to 2-morphisms whose domain and codomain are 1-morphisms with the same
object as domain and codomain. This fact will be important in Chapter 3, as we will
define the tensor product of chain complexes in monoidal supercategories, but with
applications to 2-supercategories in mind.

20



Chapter 2

Supercategorification

In Chapter 1, we introduced superstructures, and in particular the notion of 2-supercate-
gories. This chapter describes the 2-supercategory S(n, d), thanks to which we will define
an invariant of oriented tangles in the next chapter. S(n,d) is the “categorified” (or
rather “2-supercategorified”) version of a well-known “lower level” notion, the quantum
algebra S, q. In general, categorification is the process of turning a notion into another
one of “higher structure”; in our case, it is the process of turning a category into a
2-supercategory (hence the term supercategorification). Adding structure allow new
properties to emerge and leave room for more natural definitions (think of the Euler
characteristic of topological spaces: without homology, its existence is rather obscure).
In [18], it is shown that one can construct an invariant of oriented tangles solely from a
supercategorification of a subalgebra of .S, 4; in this thesis, we show that the same can
be done with S(n,d). We conjecture that both invariants correspond to odd Khovanov
homology. However, our construction will shed more light on it, and in particular should
allow us to prove its functoriality in future work [16].

Section 2.1 describes the quantum algebra S, 4. As we are only interested in its cate-
gorified version S(n,d), we avoid going into the full details (they will be given in later
work). We mainly focus on ladder diagrams, the quantum algebra’s own diagrammatic
approach. In Section 2.2, we define the 2-supercategory S(n,d). Finally, Section 2.3
computes all the necessary relations between the 2-morphisms of S(n, d) needed for the
proof of invariance in Chapter 3. Appendix A gives more in-depth calculations, given
for completeness. They will be needed in later work.

Reference notes

The material described in Section 2.1 follows the exposition in [8] by Lauda, Queffelec
and Rose. Section 2.2 and Section 2.3 are new, they contain original results that are part
of my work. In particular, while a categorification of S, 4 already exists for all levels [9],
we give a supercategorification of S, 4 of level 2, which is new. The 2-supercategory
S(n,d) can be extracted from results of Vaz in [18]. The connection will be made clearer
in future work.
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2.1 The quantum algebra

2.1.1 Formal definition

We describe here the level 2 qSchur algebra, which we will elusively call the quantum
algebra S, 4. We restrict its definition to be purely descriptive, as the background
where the S, 4 was first defined is not important in what follows, and it is not the
subject of this thesis. The interested reader can refer to [8, 9]. S, 4 is a category: we
shall call it the “uncategorified level” nonetheless, as categories are “one level below”
2-supercategories.

Fix positive integers n and d, and set A, 4 = {A € {0,1,2}"|A\1 +---+ A, =d}. The X’s
are the objects of S, 4. One should think of them as representing vector spaces. Note
that only coordinates 0, 1 and 2 are allowed: whenever A has a different coordinate, its
identity morphism 1, is set to zero (which implies \ is zero). This is called the (level 2)
Schur quotient.

Let a; = (0,...,1,—1,...,0) with 1 being on the i-th coordinate. Foreach 1 <i <n—1,
define morphisms E;: A = A\+«q; and F;: A — A—q;. Note that they may be zero thanks
to the Schur quotient. Denote C, := C(q) the field of rational functions in ¢. Then the
Hom-set Hom(A\, i) is the C,-vector space generated by the identity 1, (if A = u), the
morphisms E; and F; and all their compositions. Furthermore, morphisms are subject
to the following relations:

(EiFj — FE)(N) = [ Ail 1

where \; = \; — \i11 and [-], is the quantum integer [see 7, p. 172]:

qm_qu n—1 n—3 1-n
[ ]q q_q_1

This ends the definition of the quantum algebra. ¢

To emphasise the codomain, We shall sometimes use the notation (A4 a;)E;(\) = E;(\)
and (A — «;)F;(A) == F;(\), and similarly for all morphisms. As only morphisms with
matching domain and codomain can be composed, in this notation A\’s are interpreted
as orthogonal idempotents: \ju = dy ..

2.1.2 Ladder diagrams

The previous chapter has taught us that finding the right picture is worth a thousand
words. For our quantum algebra, the right picture is a ladder diagram. Given some A\,
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write the coordinates 0, 1 and 2 respectively with a dotted line , a single line | and a dou-

ble line H . Then 1, is just a sequence of vertical lines, and if E and F acts on A = (A1, As),
they can be pictured as ladders, reading from bottom to top:

E(1,1) = PT E(0,1) = \—‘ E(1,2) = H E(0,2) = \—ﬁ
F(1,1) = ’_q F(1,0) = ’—‘ F(2,1) = H F(2,0) = ﬁ—f

To represent the composition f o g of two morphisms f and g, one stacks the ladder
representing f on top of the ladder representing g.

Consider the first relation in (2.1) when ¢ = j, i.e. (EF — FE)(\) = [)\],, where the sub-
script ¢ has been removed to simplify the (formulas and) diagrams. In terms of ladders, it
corresponds to the following relations (for all the possible values of \):

EF(1,1) FE(1,1) E.F((), 2) .(0, 2) FE(2, 6) (2, 0).

= and = = and =

EF(1,0) (1,0) FI.E(O, 1) (0,1) EF(2,0) (2,0) FE(0,2) (0,2)

In the ladder diagrams above we introduced the notation 1y = A\. When |i — j| > 1, the
three relations in (2.1) implies that two ladder’s rungs (the vertical bars) can be moved
one past the other as long as they don’t have any uprights (horizontal bars) in common.
The case |i — j| = 1 is more subtle: only the first relation of (2.1) applies, telling us that
E’s and F’s can be moved past one another, but not two E’s nor two F’s. Intuitively, this
can be understood as follows: first, avoid writing dotted lines altogether; then, consider
the regions delimited by the ladder; the allowed moves are the ones which do not unite
two regions nor split a region. For example:

N

E2F1(1,0,1) F1E2(1,0,1) E1E2(0,1,1) E5E1(0,1,1)

In the remainder of this thesis we shall use extensively the conventions introduced in
the text: dotted lines are not drawn and A := 1, (indeed 1, will refer to the identity
2-morphism 1, ).
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2.2 The 2-supercategory S(n,d)

Throughout this section we fix a ground field k, but the reader can safely think of k as a
unital ring, where our results should work equally well.

We define a 2-supercategorification of the quantum algebra S, 4 described in Section 2.1.
Fix a choice of scalars t;; € k (or k* in the case of a unital ring) for all 4,5 € I :=
{1, R ,n}, such that t” = 1, tz‘j = tji when ’Z —j| # 1 and tijtji = —1 when |Z —j‘ = 1,
and t;;t;, = 1 for all |i — j| = 1 and |i — k| = 1. Let also p;; be defined by p;; = piy1: =1
and otherwise p;; = 0, and put pijx = pipix + PijPjk + PirPjr- Recall A, 4, A and oy
defined in Subsection 2.1.1. Note that if (-,-) denotes the scalar product in Z", then
Ai = (A, ;) and p;; = (;); mod 2.

2.2.1 Definition

The 2-supercategory S(n,d) has objects A € A,, 4, generating 1-morphisms F;(A): A —
A—a; and E;(\): A = A+ for i € I, and the following generating 2-morphisms below,
subject to some relations (we denote by A the identity 1-morphism of the object A as
before, and by 1, the identity 2-morphism of \).

Primary generating 2-morphisms

The superscript of Hom and End indicates the parity of the 2-morphisms, 0 denoting
“even” and 1 denoting “odd”:

)\ail/\ :IdFl()\) )\JrociT)\ :IdEZ()\)

k3

i* & Bndl, o (FiOV) DX € Hon,  (FF,(0). FiF(0)

i

A

U« Homg ) (A EiFi(\)) 0 € Homy, , (FiEi(V), )

A

Secondary generating 2-morphism
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Relations

e Being in a 2-supercategory, the super interchange law (1.3) holds:

=[ 7 q = (_1)|f\|g|

e The (level 2) Schur quotient. The identity 2-morphism 1, of the 1-morphism A is zero
if X ¢ A, 4. This means that we set to zero all diagrams containing a region with label
not in A, 4.

e Skew KLR relations. Downward pointing strands satisfy the skew KLR relations of [18,
Definition 2.1] for all ¢, j, k € 1.
i A . (2.3)

0 if 1 = 7,

tii lA if i —j] > 1,
A v (2.4)

of [ren] Poseeaos

S = K = S it
(2.5)
Liit1 \></)‘ + lit1 \></)‘ =0 (2.6)
i+ 1 i i+ 1 g
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PPl P e

[ [

§§<)\ — (1)Puk>i§)\ unless i = k and |i — j| =1, (2.8)
i j k @ J k
i J i i J @ i .

e Adjunction relations. Cups and caps are (almost) adjunctions (see Subsection 1.2.1):

mA = (=) l m o= (- T (2.10)

K3 3

e [somorphisms. Whenever non-zero, the following 2-morphisms are isomorphisms:

J i
><A € Hom, 4 (FiE;(A), E;Fi(N) ifi#7,  (2.11)

@ 12

Ai—1 _ -
n=0 >

2 [ —Xi—l _
n=0 "

Here @[n] denotes a shift in the g-grading (see below).

2.2.2 ¢-Grading

The 2-supercategory S(n,d) is Z-graded, with

deg(}*) _ 9, deg(ij) — —(ai ),
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>=1+/\z‘.

deg<yi>:1—Ai, deg(h

This grading is called the ¢-grading. It has the following natural properties:

i

e Similarly to the Z/2Z-grading, it is compatible with vertical and horizontal com-
positions, that is deg(af) = deg(«) + deg(f) and deg(a * 5) = deg(a) + deg(5),
whenever it makes sense. Moreover, deg(1,) = 0.

e It induces a Z-action (n, f) — f{n} on the l-morphisms, leaving the 2Hom-spaces
unchanged: 2Hom(f{n:}, g{n2}) = 2Hom(f, g). On the other hand, the g-grading
do change, with the property that if & € 2Hom(f, g) and dega = d, then as an
element of 2Hom(f{n1}, g{n2}) we have dega = d+ny —ny. The reader can refer
to Bar-Natan [2, Chapter 6] for a more thorough definition of grading in categories.

It is easy to see that all the defining relations are homogeneous with respect to the
Z-grading (that is, both sides have the same degree). Furthermore, if f is a 1-morphism
we denote f" = f{in—1}® f{n -3} ®...® f{1 —n}. Note that the ¢-shifts in (2.12)
and (2.13) unsure that the isomorphisms are of ¢g-degree 0. Most of the time, we shall
use the notation

¢"f = f{n}.
Note that this implies [n],f = f®M. Furthermore, g-shifting being an action we have

deg(fog) = deg f+degg. In particular, ¢" can be understood as a polynomial, compos-
ing two 1-morphisms resulting in the product of their polynomial.

2.2.3 Decategorification

As stated many times, S(n,d) is intended to categorify the quantum algebra. Indeed,
the variable ¢ has turned into a Z-grading, as the notation ¢"f := f{n} suggests. Also,
the relations (2.1) have become the isomorphisms (2.4), (2.11), (2.12) and (2.13). Only
the relation (E,E; — E;E;)(A) = 0 for |i — j| > 1 does not seem to be categorified, but
Lemma 2.7 will show that a relation similar to (2.4) holds for E, that is when all arrows
are pointing up. (For the experts: precisely, the quantum algebra is the Grothendieck
algebra of S(n,d). The fact will be established in future work [16].) In other words,
equalities at the quantum algebra level have become isomorphisms between 1-morphisms
at the level of the 2-supercategories. In particular, as long as we are only interested in
the isomorphic class of a 1-morphism, ladder diagrams of Subsection 2.1.2 can also be
used at the level of the 2-supercategory.
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2.3 Relations between 2-morphisms

In this section we compute relations between the 2-morphisms of S(n,d) that will be

useful in the next chapter.

2.3.1 More secondary generating 2-morphisms

Upward dotted arrow and upward crossing

P = (—l)mlm * € Endigq) (B:(V)
i J j

2-morphisms induced by the isomorphisms

Thanks to the isomorphisms (2.11), (2.12) and (2.13), we can define:

j><; = ><A) ifij

n=0 "* n=0 X
-1
i i Ni—1 ! ; -1 B
XA@@) WA XA@@OZM\A) it X, <0

Explicitly, this implies the following relations:

N R
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(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



Rightward cups and caps

The following 2-morphisms
i € Homb 1 () E;F; ()
\J" & Homgly' (A EFi()

can be defined by declaring that

"

A

Summary of parities and ¢-degrees

t

U an Vv on

parity 1 1

g-degree 2 2

L+ X1 Aipa

1—XN 14X\
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if N >0, (2.20)
o\ ifo<r<i-—-1
-’G =0 and 7’ 7é_7“ (2:21)
if \; <0, (2.22)
ifo<r<-—)\-—-1
=0 = = (2.23)
\ and 7" #£ 1.
¢ Ait1
and M\ € Homg'y (EiFi(X), A),
if X@ =Y
and ‘N= % : (2.24)
m it >0



XA XA XA X)\
i J i J i J i J

parity Dij 0 Dji 0

g-degree | —(oy, a;j) 0 —(a;, o) 0

2.3.2 Basic 2-morphism relations
The EF-relations

Lemma 2.1. We have

and

Proof. We focus on the case A\; > 0. The relation follows directly from the definition
(2.24), except when r # \; — 1. This only happens when \; = 2 and 7 = 0. Then we
must show that:

= rv= A

A1
It suffices to show that /%, satisfies the relation (2.21) for r = 0. It is easy to see

using the same relation for r = 1 and Eq. (2.3). O

Corollary 2.2.

1T Xi_l T —
Eéx _ S S i >0,
~ r=0 m

A *Xifl —
o ey B SN i <0
4 r=0 :ﬁf\
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Dot relations

Lemma 2.3.

ixzo_

i

Proof. It is an easy consequence of the adjunction relations (2.10) and the definition
(2.14). O

Lemma 2.4.

A =D, Y = (Y

N A

Proof. 1t follows from the definition (2.14) and the adjunction relations (2.10). O

Bubbles

Bubbles are formed by composing cups, dots and caps. It follows directly from (2.21) and
(2.23) and the definitions of rightward cup and cap (2.24) that:

A A

OXH =1, if X > 0, O =0 if A = 2, (2.25)

K3 3

A A

K3 3

Moreover it follows from Corollary 2.2 and (2.24) that when \; = 0:
O -0

2.3.3 Relations up to a scalar multiplication

We develop here the bear minimum for our purpose, that is, proving that we can derive
an invariant of oriented tangles from S(n, d). In 2-supercategories, the main difficulty in
calculations is to get the signs right. Thankfully, for our purpose only the relations up
to a non-zero scalar multiplication matter. Therefore, in relations below (and only for
them) we introduce the notation ~ to denote “equal up to a non-zero scalar multiplica-
tion”. Similarly, % denotes addition up to a non-zero scalar multiplication. The exact
computations (and other relations) can be found in Appendix A.

31



Pitchforks and kinks

Lemma 2.5 (Left pitchforks). We have

i g J
A\[><NA§<\ >CJ)\ A
i g i g
i g i
i g i g

Proof. Use the definition of the leftward (2.2) and upward (2.15) crossings and the
adjunction relations (2.10). O

i

~Y

Lemma 2.6 (Kinks). For \; = 0 we have

A A AN A AN
~Y ~Y

>

Proof. Use Lemma 2.5 and the adjunction relations (2.10). O

Lemma 2.7 (KLR Reidemeister 2 relation for E).

0  ifi=j
[k i > 1,
A ~U . .
T TNT T i#li— gl = 1.
Proof. Use the definition (2.15) and the adjunction relations (2.10). O
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Second adjunctions

Lemma 2.8 (Dot slide).

Proof. 1t is a consequence of the definition of the leftward crossing (2.2) and of (2.7). O

Lemma 2.9 (Right pitchforks). We have

i1

~ A

Proof. We show the first relation. The other relations are similar. We assume \; = (1,1)
since all other cases are zero thanks to the Schur quotient. All strings are labelled 1.

mm@T&&

¢>

&EQ&

compose with isomorphisms
in Corollary 2.2

dot slide (Lemma 2.8)

left pitchforks (Lemma 2.5)

~ ,\

~ 50 adjunction relation (2.10)
A

\X ~ TA kink (Lemma 2.6)

Lemma 2.10 (rightward zigzags). We have:
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In particular, the right zigzags are isomorphisms.

Proof. When \; = 1, it a consequence of Corollary 2.2 and the adjunction relations
(2.10), since then cups and caps are isomorphisms. If \; # 1, it is a consequence of
Lemma 2.9 and Lemma 2.6. O

Double bubble

Lemma 2.11 (double bubble case A). If A =(...,1,0,2,...), 1 being the i-coordinate:
i 741
oo~ 1y and Ao~ 1y

i+ 1

.

In particular, these 2-morphisms are isomorphisms.

Proof. We focus on the first case, the other case being similar. Using the left pitchforks
(Lemma 2.5), Reidemeister 2 for F (2.4) and the bubble relations (2.25) and (2.26), we

get:
i
N ~ ~ rt
A A A
141 P41 i+ 1 141
G, ,O
~ ~

o A
O~ D
O
Lemma 2.12 (double bubble case B). If A =(...,0,2,1,...), 0 being the i-coordinate:
; P41
Ao~ 1y and ro~ 1y

i+ 1

.

In particular, these 2-morphisms are isomorphisms.
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Proof. We focus on the first case, the other case being similar. Using the pitchforks
(Lemma 2.5 and Lemma 2.9), the isomorphism (2.19) and the bubble relations (2.25)
and (2.26), we get:

P41 i+ 1

Corollary 2.13. If A= (...,0,2,1,1,...), 0 being the i-coordinate:
i ito it 2 it+1
Lo~ 1y and v~ 1y
141

In particular, these 2-morphisms are isomorphisms.

Proof. In the first of these two 2-morphisms, the rightmost red arrow can be “separated”
from the rest using the isomorphism (2.19). The same can be done for the other red arrow
using the KLR Reidemeister 2 relation for E (Lemma 2.7) (indeed, |i — (i +2)| > 1).

The first case of Lemma 2.12 concludes. A similar argument holds for the second 2-
morphism, using the second case of Lemma 2.12. O
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Chapter 3

An invariant of oriented tangles

This final chapter introduces our new invariant of oriented tangles. For each diagram
D, we define Kom(D,n,d) as the horizontal product of some chain complexes in the
category S(n,d), described in Chapter 2. It is fully described in Section 3.2. Before
that though, the meaning of “horizontal product of chain complexes” in the context
of 2-supercategories needs to be clarified. We deal with this question in Section 3.1,
where we define the tensor product of chain complexes in monoidal supercategories.
Indeed, as we have seen in Remark 1.13 2-supercategories are closely related to monoidal
supercategories, and under this relation the horizontal product corresponds to the tensor
product.

To get an invariant of oriented tangles from Kom(D,n, d), we show in Section 3.3 that if
two diagrams D and D’ represent the same tangle, then Kom (D, n, d) and Kom (D', n,d)
belong to the same homotopy class. For T an oriented tangle, Kom(7', n,d) is then the
homotopy class of Kom(D,n,d), where D is any diagram representing 7. An important
step in this proof is to show that homotopy classes are invariant under the horizontal
product of chain complexes (or the tensor product in the context of monoidal supercate-
gories). This step is quite technical and therefore, despite its importance, it is postponed
to Appendix B to facilitate reading.

Reference notes

Except for the Homological Lemmas (3.15) and (3.19), all results in this chapter are
original, as well as the results of Appendix B. However, some approaches are inspired
by other works: the combinatorial approach of Subsection 3.1.1 is similar to Oszvath,
Rasmussen and Szabé in [15], although the proof of Lemma 3.5 is original; the definition
of Kom(D,n,d) in Section 3.2 is almost identical to the one given in [8, Part 4] by
Lauda, Queffelec and Rose; gaussian elimination is already used in [1, Lemma 4.2] by
Bar-Natan in the context of (even) Khovanov homology; and the importance of cones
in the proof of Reidemeister III is pointed out in [2] by Bar-Natan. These references are
recalled in the text.
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3.1 Chain complexes in monoidal supercategories

Let C be a monoidal supercategory (we shall always assume categories are pre-additive).
Our goal is to define all the usual constructions related to chain complexes in this new
framework, and to check that some typical results still hold. First of all, basic definitions
remain the same:

e a (chain) complex is a sequence of composable morphisms

r aT+1

Ar+1 E— AT+2 —_— ...

Ar =

such that o™t o " = 0 for all r. the A"’s are the chain spaces, and the a,’s
are the differentials. We usually denote such a complex (A, «) or simply A. A
complex is of length n if there exists some r such that A* = 0 for all i < r and
i+ 1 >n. Bounded complexes are complexes of finite length. In what follows, we
will only consider such complexes, and from now on all complexes are assumed to

be bounded.

e a morphism f: A — B between the complexes (A, «) and (B, 3) is a set of mor-
phisms f": A" — B" which commute with the differentials, that is

Ar a” Ar+1

lfr J{f’r-ﬁ— 1

BT B Br—i—l

is a commuting square for all r. This defines the category Ch,(C) whose objects
are complexes and whose morphisms are morphisms of complexes.

o A homotopy h: f — g of morphisms of complexes f: A — Band g: A - Bisa
set of morphisms h": A" — B"*! such that f" — ¢" = o"h" ' + b7 37! for all r. If
there exists such a homotopy, we say that f and g are homotopic and write f ~ g.
Moreover, if f: A — B and g: B — A are morphisms such that fg ~ Idg and
gf ~ Idy, we say that f and g are homotopy equivalences and that A and B are
homotopic (or homotopy equivalent) and write A ~ B. This defines an equivalence
relation, and therefore we can talk about homotopy classes.

None of the above depends either on the monoidal structure or the super structure, and
the same is true for any typical construction or result that do not involve the tensor
product (for instance, both Lemma 3.15 and Lemma 3.19 are “non-super” results, but
are still applicable in a super context). In particular, homology can be safely defined
and homotopic complexes have isomorphic homologies!.

INote that we speak of homology: indeed, (even) Khovanov homology is covariant with respect to
cobordisms [2]. Nonetheless, we use chain complexes with increasing degrees, which usually refers to
cohomology. This is an unfortunate historical consequence, and we shall not try to remake history
here.
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Difficulties arise when we try to define the tensor product of two complexes: compared
to the even case, new signs arise when composing the tensor products of the differen-
tials. This means that we need to adjust the definition, adding some signs to the right
differentials. We restrict ourselves to homogeneous complexes:

Definition 3.1. A complex is homogeneous if all its differentials are homogeneous (note
that it includes the zero map).

The tensor product (A, a) of n homogeneous complexes A" SN ATt s the complex

given by
A= @ A" where A/ =A'®...@ A"
7 |r=r
and af = of where af = eg’iIdAP R..0q ®...0Idsm.
1<i<n

Here €2, is a choice of signs such that A is indeed a complex, that is such that a™*! o

s

o” = 0. For this to be true, a sufficient condition is that all squares anti-commute:

§+€i RS of for all #and i # j (here (e;); denotes the canonical basis of Z").

In the even case, this is done with the Koszul sign rule e?yi = (—1)Zi<i” , which ensures
that in every square there is an odd number of signs, making all squares anti-commute.
In Appendix B, we give a choice that works in the super case:

a o = —«

T5 — .
el = (—1) Zsemrreitlel

where |a| (7,) is a quantity such that |a| (F+€;, 1) +|a| (7, i) = §;<;o) forall 1 < 4,5 < n.
This defines the following category:

Definition 3.2. The category TCh,(C) is the category® of tensor products of chain
complexes in C whose factors are homogeneous complexes. The morphisms of TCh,(C)
are the usual morphisms of complexes, making TCh,(C) a full subcategory of Che(C).
TChy (C) is the subcategory of TCh,(C) consisting only in tensor products whose factors
are of length n.

To facilitate reading, the proofs of the following important facts have been postponed
to Appendix B:

e Since the tensor product was defined for an arbitrary number of factors, we can
define a tensor product on TCh,(C) (Definition B.7). From the definition, it is
associative.

e Given two morphisms in TCh,(C), we can induce a morphism on the tensor prod-
uct, such that the induced morphism of a pair of identities is the identity (Propo-
sition B.9).

2Note that morphisms of complexes do not have a naturally defined parity, and thus TCh,(C) is in
general not a supercategory.
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e Given two homotopies in TCh,(C), we can induce a homotopy on the induced
morphisms (Proposition B.12).

As a direct consequence, we have that homotopy classes are invariant under taking tensor
products:

Theorem 3.3 (Theorem B.13). Let Ay, Ay, By and By be complexes of TCh,(C). If
Ay ~ By and Ay ~ Bs, then A; ® Ay ~ By ~ Bs.

This final result is sufficient for the purpose of this chapter. Moreover, we shall see that
we can actually restrict our attention to the category TCh2(C). As the factors of the
objects of TCh2(C) only have (at most) one non-trivial differential, we introduce the
following suggestive definition:

Definition 3.4. A complex (A, &) is said to be a hypercubic complex if it is isomorphic
to a tensor product whose factors are all of length 2.

If (A, «) is a hypercubic complex with n factors, we can associated to it a hypercube T'
of dimension n:

e the wvertices of T are the chain spaces A”.

e the edges of T are the differentials af. We call an i-edge any edge in direction i
(that is, an edge such that the degrees of its vertices only differ at coordinate ).

e the faces of T" are the anti-commuting squares

T
" ATHE

=, = J
7€,

J
Arve i ATHE+E

where ¢ # j and (€;); is the canonical basis of Z". We call an i-face any face
containing an i-edge.

The hypercubic complex (A, ) can be recovered by “smashing” T, that is by summing up
all vertices with the same degree together. The hypercubic complex and its associated
hypercube are essentially the same thing, and we often won’t distinguish the two in
what follows. By using the combinatorial picture of the hypercube, we show in the
next subsection that in the specific case of hypercubic complexes, all choice of signs
in the definition of the tensor product are actually equivalent; that is, two different
choices of signs result in two isomorphic complexes. Since the proof of Section 3.3
only cares about the homotopy classes, this will allow us to forget about the definition
given in Appendix B and set signs as we wish as long as the hypercube represents a
complex.
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Figure 3.1: Proof of Lemma 3.5: example with n = 2. Even and odd edges are respec-
tively pictured green and red.

3.1.1 Equivalence under different choices of signs

The combinatorial approach of this section is similar to Oszvdth, Rasmussen and Szabo
in [15], although the proof of Lemma 3.5 is original.

Let (A, a) be a hypercubic complex. We wish to use the corresponding hypercube 7" as
a proper combinatorial model for A, containing only the necessary information for our
purpose. Therefore, each edge of T" must have a sign and a parity, such that opposite
edges have the same parity (since |of| = |of| for all 7, §). We also give signs and parities
to faces:

a face is odd if all its edges are odd, and even if at least one pair of oppo-
site edges is even. The (global) sign of a face is the product of the signs of
its edges. A face commutes if the pair (parity, sign) is (even, positive) or
(odd, negative), and anti-commutes otherwise. This definition of commuta-
tion matches with the special case of hypercubic complexes.

Given two choices of signs for (A, a) such that all the faces anti-commute (that is, such
that (A, «) is a complex), we can always consider the identity morphisms between the
corresponding vertices. This creates a hypercube of dimension n 4+ 1 whose k-faces anti-
commute for all k& # n + 1. To get a proper morphism of complexes (and therefore
an isomorphism, since we are dealing with identities), we need to set the signs of the
n + 1-edges such that the n + 1-faces all commute. This is done by the following (purely
combinatorial) lemma.

Lemma 3.5. Let T' be a hypercube of dimension n+ 1 and let 1 < i < n+ 1 be some
direction. Assume the edges of T are given signs and parities such that opposite edges
have opposite parities. If all k-faces for k # i anti-commute, then there exists a choice
of signs for the i-edges such that the i-faces commute.

Proof. By removing i-edges in T', we get two hypercubes T7 and 75 of dimension n with
the same parities but different signs. Let 7" be another hypercube of dimension n.
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To every edge ¢ in T" corresponds a pair of edges (e, e2) where e; € T7 and e; € Ty
(one could think of 7" as being obtained from T' by “smashing” it along direction 4,
therefore contracting 77 and 75 into one another). We rephrase the problem in 7" (see
the Fig. 3.1):

e Vertices of T" are given signs, representing the signs of the i-edges in T'.

e Edges are given a black and white colouring. Let ¢’ € T" and (ey, e3) the corre-
sponding pair. Let s be the product of the signs of e; and es: the edge is white if
s = +1 and black if s = —1. In other words, white says that e; and e; have the
same sign, and black that they have opposite sign.

e Let f' be a face in 7" and (f1, f2) the corresponding pair of faces. T} and T3 have
the same parities and f; and f; both anti-commute, so they have the same global
sign. The product of these global signs must then be +1. This sign being the
product of the signs of the edges of f; and f5, one checks that this implies that
there is an even number of white (or black) edges in f.

Let f be a i-face in T" and call its edges e1, e, i, and i, where e; € T7 and ey € Ty (with
corresponding edge ¢’ € T") and i, and i, are i-edges:

€9

€9

We look for the conditions on 7" under which f commutes. If f is even, then its global
sign must be 41, that is f must have an even number of —1 in its edges: if e; and e
have the same sign (¢’ is white), then 7, and i, must have the same sign (the vertices of
¢’ have the same sign), and vice versa. We end up with the following condition:

the vertices of white edges must have the same sign and the vertices of black
edges must have opposite signs.

Now assume f is odd: then its global sign must be —1 and the opposite condition
must hold! Therefore, we modify the definition of our colouring: if the i-face in T
corresponding to €’ is odd, switch the colouring of ¢/. Note that since opposite edges
have the same parities, this does not affect the property that there is an even number
of white (or black) edges in each face.

The problem is thus rephrased in this terms: find a choice of signs for the vertices of T”
such that white edges have vertices with the same sign, and black edges have vertices
with opposite signs. We proceed by induction. Small cases are easily checked, so we
focus on the inductive step. Note the following fact:
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if in a face three edges are well-signed (that is, the signs of the vertices are
such that the condition is verified for the edge), then so is the last edge.

Indeed, call this last edge e and walk along the three well-signed edges, starting at a
vertex of e. While moving, the sign of the vertex will switch every time we cross a black
edge, and remain the same when we cross a white edge. But since there is an even
number of black edges, either e is black and when we reach the other vertex of e the
sign has switched, or e is white and the sign has remained the same. FEither case the
condition is verified and e is well-signed (see example below).

D—)
ol O
0

Assume now that we can give signs to hypercubes of dimension n — 1 so that all edges
are well-signed, and consider a hypercube A of dimension n. Let A; and As be the two
hypercubes of dimension n — 1 obtained by removing n-edges in A. We can give signs
to the vertices of A such that the edges in A; and in Ay (that is, the edges of A which
are not n-edges) are well-signed. Assume at least one n-edge is well-signed: then by the
previous fact, all n-edges sharing a face with this edge are well-signed. We can now re-
apply the fact to these edges to find new well-signed edges, and eventually conclude that
all n-edges are well-signed. On the other hand, if no n-edges are well-signed it suffices
to switch the signs of all the edges of Ay: all the n-edges will then be well-signed, and
the edges of Ay will remain well-signed. This concludes the inductive step, and ends the
proof of the lemma. O

Remark 3.6. In the previous proof, we could equally have chosen to make the i-faces
anti-commute, adding signs according to the Koszul sign rule. This gives the inductive
step necessary to prove the existence of a choice of signs in the specific case of hypercubic
complex. We thus have another proof of its existence, in addition to the explicit one
given in Appendix B.

3.1.2 Horizontal product of chain complexes in 2-supercategories

Until now we have been working exclusively with monoidal supercategories. Indeed,
they carry less data than 2-supercategories and are closer to constructions we are al-
ready familiar with, which makes them better suited for introducing the product of
chain complexes. However, Chapter 2 defined a 2-supercategory: we need to extend
the tensor product of complexes in monoidal supercategories to a suitable product
in 2-supercategories. The identification of monoidal supercategories as one-object 2-
supercategories pointed out in Remark 1.13 makes it straightforward.
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Under this identification, composition of morphisms become vertical composition of 2-
morphisms, so that a complex in a monoidal category becomes a sequence of vertically
composable 2-morphisms. Moreover, tensor product on objects become composition
of 1-morphisms, and tensor product on morphisms become horizontal composition. In
other words, we can define a horizontal product on complexes in a 2-supercategories
for horizontally composable complexes. More precisely, if we are given n sequences of
horizontally composable 2-morphisms:

£t

.

I o

such that o 'a]" = 0, their horizontal product is a sequence ( f, a) given by:

fr= @ fr where f7 = flto... o0 f™
7|7 =r
and afr = > of where of = G?ildflrl *.okagt k. ok Id g
1<i<n

with the same choice of signs defined previously. We extend all definitions to this context,
and in particular the definitions of TCh,(C) and TCh}(C) for C a 2-supercategory. All re-
sults developed in this section remain true, and in particular Theorem 3.3.

3.2 Definition of the invariant

Our construction is inspired by the work of Lauda, Queffelec and Rose in [8]: our defi-
nition is almost identical to theirs.

In this section, we associate to any oriented tangle diagram D a complex Kom(D,n, d)
in TChZ(S(n,d)) for n sufficiently large and d restricted to some values depending on
n. The next section will then show how one can induce an invariant of oriented tan-
gles from Kom(D,n,d). In what follows, if no orientation is given to a diagram then
it is assumed that the definition or the discussion does not depend on the orienta-
tion.

43



Y
\\é — — gt
(1,1) EF(1,1)
[ (1,1)
\X/ =g m(—> ‘
EF(1,1) (1,1)
n = ’_9 and U ~ \—ﬁ
F(1,1) | E(0,2)

Figure 3.2: Local definition of Kom(D,n,d). The bracket notation emphasises that the
inside is a complex. In all cases, the chain space of homological degree 0 is
the one of g-degree 0.

Any tangle diagram can be decomposed in slices containing only
one basic element: a crossing, a cup or a cap (this is explained ™\

for example in [14, Chapter 3]). The picture on the right illus- \
trates this idea (it is taken from [14, Figure 3.7]). We proceed as 7
follows: first, associate a basic homogeneous complex of length 2 //
to each basic element of oriented tangle diagrams; second, extend \
this definition to a whole slice; third, take the horizontal product / \
of the complexes associated to the slices (reading from bottom to /
ton): . A : N\
op); last, normalise the complex by ¢-shifting it according to the

writhe.

The first step is given by Fig. 3.2. Note that all differentials have g-degree 0. For the
second step, assume there are ¢ strands before the basic element and j strands after
it. The 1-morphism(s) in the basic complex can be extended such that it (they) act(s)
on

"
A

P~

(1,...,1,a,b,1,...,1)
i j
instead of (a, b) (where (a,b) = (1, 1) for crossings and caps, and (a, b) = (0,2) for cups).
For example (here i = 3 and j = 2):

Fa(1,1,1,1,1,1,1)

(3.1)

HAll —

Before proceeding to the third step (taking the horizontal product), we must ensure that
the complexes are horizontally composable. In other words, the \’s of consecutive slides
must match. First, we restrict them to a specific subset of A,, 4:
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Definition 3.7. A canonical sequence is a A € A, ¢ whose coordinates are in increasing
order. Given a A € A, 4, there is a unique canonical sequence associated to A obtained
by reordering the coordinates.

The domain and codomain of the 1-morphisms can be set to their corresponding canon-
ical sequence by composing with the following 1-morphisms:

F(170) = ’_‘ = // = / F(2, 1) = H = X
E(0,1) = \_‘ = \\ = \ E(1,2) = H = X

where the new notations are intended to make clearer the idea that “we send all dotted
lines to the left and all double lines to the right”. Thanks to the following remark, all
ways of applying isomorphisms (3.2) to get from one A to another result in isomorphic 1-
morphisms, so that the process of turning a A into its corresponding canonical sequence
is well-defined.

(3.2)

Remark 3.8. The relations (2.1) implies the following relations, matching the diagram-
matic intuition:

N : EY 2 \ /
/7 : AN : / \

As an example, the codomain of the 1-morphism (3.1) is (1,1,1,0,2,1,1). Its corre-
sponding canonical sequence is (0,1, 1,1, 1, 1,2) and we can use the 1-morphisms F3(1, 0),
Fo(1,0), F1(1,0), F5(2, 1) and Fg(2, 1) to turn (1,1,1,0,2, 1, 1) into (0,1, 1,1, 1, 1, 2):

Al = (11

(0,1,1,1,1,1,2)FgF5F1F2FgF4(1,1,1,1,1,1,1)

I

From now on, we assume all 1-morphisms have canonical sequences as domain and
codomain. Note that the number of 1’s in the \’s corresponds to the number of strands.
This means that the only difference between the \’s of consecutive slides is the num-
ber of 0’s on the left and the number of 2’s on the right. Thus, it suffices to add
enough 0’s and 2’s to the \’s to ensure that all consecutive A’s match up. In other
words, if we allow n (the length of the A’s) to be sufficiently large, the complexes can
be made horizontally composable. Here is an example of the full procedure with two
slices:
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Finally, Kom(D,n,d) is normalised by a global g-shift of —w(D), where w(D) denotes
the writhe of the diagram D (that is, all 1-morphisms are shifted by ¢=*(”)). This
normalisation is similar to how one must normalise the Kauffman bracket to define the
Jones polynomial.

Remark 3.9. It is clear that the minimal n for which Kom(D, n,d) is defined isn = N,
where N is the maximum number of strands in a given slice of D. In that case, the only
possibility for d is d = dyy = N. By extending the canonical sequences with 0’s and 2’s,
Kom(D,n,d) can be defined for any n > N andd = N+2kfor0 <k <n—N (n—N—k
and k being respectively the number of 0’s and the number of 2’s added). However,
doing so doesn’t bring anything new to the complex. In particular, if Kom(D,m,d) ~
Kom(D’,m,d) for two diagrams D and D', then Kom(D, 1, d) ~ Kom(D',m,d) for all
m and d such that the complexes are well-defined.

Remark 3.10. There is an alternative way of proceeding (steps one to three). First,
align all the slices such that the tangle is in a “centered position”. That is, if one only
looks at the gluing slices (the set of points connecting two slices), then all the center
points are aligned (or the pair of center points, recalling that the parity of the number
of strands in the slices is invariant in a given diagram). Then, rigidify the tangle so that
the strands are piecewise segments. Finally, add double lines by starting on the right
corners of caps and cups, only travelling through diagonals and reaching another right
corners of a cap/cup or an endpoint of the diagram (and if you wish, similarly for dotted

NS

Remark 3.11. The local definition of Kom(D,n, d) for the crossings mimics the Kauff-
man bracket. Indeed, the non-trivial 1- morphlsm is really the composition of the con-
tribution of a cap and a cup. In some sense, our definition is a supercategorification of
the Kauffman bracket.
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trivial T
tangle
diagram — T — trivial (3,3)
tangle
T diagram
trivial trivial
tangle T’ T’ tangle
diagram diagram
\ (3.4)
trivial trivial
T’ tangle tangle T’
diagram diagram

pel-ly e
R -
polop

G-y

G-I

Figure 3.3: The Reidemeister-Turaev moves for oriented tangles.
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3.3 Proof of invariance

This section is devoted to the proof of the following theorem:

Theorem 3.12. Let D and D’ be two diagrams representing the same oriented tangle
T, and let n and d be such that Kom(D,n,d) and Kom(D',n,d) are well-defined (such
n and d always exist). Then

Kom(D,n,d) ~ Kom(D', n,d)
in TCh2(S(n, d)).

Call TCh?h(S (n,d)) the quotient of TCh2(S(n, d)) under the homotopy equivalence rela-
tion (that is, the objects are the same but homotopic maps are identified). Thanks to the
previous theorem, we can define an invariant of oriented tangles:

Definition 3.13. Let T be an oriented tangle, D a diagram of T and Kom (D, n,d)
the image of Kom(D,n,d) in TCh?h(S(n,d)). By Theorem 3.12, the homotopy class of
Kom(D,n,d) does not depend on the choice of D. Therefore we define

Kom (T, n,d) := Kom/,(D,n,d).

To prove Theorem 3.12, we verify all Reidemeister-Turaev moves of oriented tangle di-
agrams (Fig. 3.3). Indeed, it is shown for example in [14, p. 47] that all the diagrams
representing a given oriented tangle are related by a sequence of these moves. Thanks
to the invariance of homotopy classes under the tensor product (Theorem 3.3), we can
proceed locally, that is without considering the moves as being applied to a wider di-
agram. Finally, except for the Reidemeister I moves (3.7), all moves in Fig. 3.3 leave
the writhe invariant. Thus normalisation can be safely forgotten in all cases except
Reidemeister I.

3.3.1 Invariance under planar isotopies of diagrams

Relation (3.3) is trivial. We focus on (3.4). It is actually already verified at the un-
categorified level of S(n,d) (this is an abuse of language: to be precise, the relations
are satisfied on the Grothendieck group of S(n,d). See Subsection 2.2.3). In particu-
lar, all calculations can be done using ladder diagrams (see Subsection 2.2.3): we will
then prove that the complexes are not merely, homotopic but are isomorphic. To show
(3.4), it suffices to show the invariance under the switch of any two basic elements of

v, L LU
J ~ ﬂ||U - \bm ~ k\@ (3.11)

n n

2
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TR R
Yo - G -
u|T|U~UL€-/|u - @LJHJN é} (3.14)

Note that we don’t need to consider the cases involving the two crossings. Thanks to
Remark 3.11, the non-trivial 1-morphism in the complexes corresponding to the two
crossings is the composition of the 1-morphisms assigned to a cap and cup, and there-
fore the cases involving the two crossings are deduced by horizontally composing the
isomorphisms above. We focus on (3.11) and (3.12), the two relations (3.13) and (3.14)
being analogous.

Switching a cap and a cup (3.11)

We have underlined position 1 in the calculation below:

Enireo ExFppr . Fi(L,.. ., 1,2) © EpiiFrr . EfFi(L, ..., 1,2)
= En+2Fn+2En+1Fn+1 R ElFlEOFO(Oala teey 17 2)
~F,oF it FiFoEnseBnsr .. . E1Eo(0,1,...,1,2)

Here is a graphical proof of the calculation above in the case n = 0:

Switching a cap and a cap (3.12)

We must show that

Fioo FooiFrsoFper . FiFo(L1, .. 1) 2 Fopr .o FiFoFy o FrgiFrga(1,1, .., 1)
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We first check the case n =0 (A = (1,1,1,1)):

)= )

(¢4 q ")F1FoF Fo(1,1,1,1) & FiE,FiFoF Fo(N) = F2E,FoF,Fo())
>~ FIF,E FiFo(\) = FIFaFo())
> FIFoE F1F2()\) & FSE FoF Fa())
= (q + q_l)F1F0F1F2(17 17 17 1)

o R - - B
T B B

We conclude that FiFoF1Fo(1,1,1,1) = FiFgF1F5(1,1,1,1). To get the general case, we
use the following simple relation (the lockswitch; here A = (1,1, 0,0)):

I
I
12

12
I
I

FiFoF1Fo(1,1,0,0) = FiFyF FoE F1(A) = FiFsFEjFoF1(A) = FiFoE1F1FoF ()
= FE FoFFoF1 () = FoF1FoF1(1,1,0,0).

pleg g

Note that the proof would have work just as well if we had A\g = 2 or/and A3 = 1.
Therefore we have the general lockswitch given by

FiFoF1Fo(1/2,1,0,0/1) = FoF1FoF1(1/2,1,0,0/1)
where - /- denotes different possible choices. We can now prove the general case:

Fr...FuFniiFosoFniiFuFoo1 .. FiFo(1,1,...,1)

=F .. F. R FaFnaFroFn 1. . FiFo(N) n=>0
=F . FaF R R Fe . FiFoF i Fria(N)
=F .. FoaFaF R FaF o FiFoF i Fria(N) lockswitch
=F,F . FooFqFuFa i FhoF, 5. FiFoF FriiFria(X)

e lockswitches
=F,q1...FsFiFoF FoFs . Fia(X)
=Fupr.. FiFoF . FFaga(1, 1,000 1) lockswitch
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3.3.2 Invariance under zigzags and the crossing twist

Invariance under the relations (3.5) and (3.6) is already checked at the uncategorified
level, so that we can use ladder diagrams to check invariance. The first relation of (3.5)

gives

N
FaF1E2E1(0,1,2) FoF1E2E1(0,1,2) 0,1,2)

The other relation is similar. The two l-morphisms of the complex associated to the
left-and side of (3.6) can be simplified as follows:

ﬁ T
IS it

0

) ILIIL

Here the orange circle indicates the difference between the two 1-morphisms, that is, the
two resolvings of the crossing. A similar calculation can be done with the right-hand
side, giving the same 1-morphisms. We conclude that the complexes associated to the
two sides of the relation are isomorphic.

I

112
112
[

Remark 3.14. In the definition of Kom(D, n, d) in Section 3.2, we didn’t give an explicit
definition of the complex associated to an upward positive crossing. That is because it
can be derived from the definitions given for the downward positive crossing and for
cups and caps. One possible way is through the counter-clockwise twist:

Kom< \,n,d> — Kom <mnd>
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Figure 3.4: Proof of Lemma 3.15.

The other possibility is through the clockwise twist. Thanks to the previously proven
isomorphism, both choices result in the same complex (up to isomorphism). Actually,
the explicit isomorphisms given above show that the same complex is associated to
both the downward positive crossing and the upward positive crossing (again, up to
isomorphism). The same argument holds for negative crossings.

3.3.3 A useful tool: gaussian elimination

Until now, all relations were already verified at the uncategorified level, such that we
proved the complexes to be isomorphic, and not merely homotopic. This won’t be the
case for the three Reidemeister moves, hence we will need to deal with homotopies. To
make the task easier, we introduce here a useful tool in homological algebra: gaussian
elimination (note that since it doesn’t involve the tensor product, it applies to our
setting).

Lemma 3.15. Consider the complex
o B Y
B
\

05/

If a is an isomorphism, then this complex is homotopic to the complex C -, D.
More generally, if one of the edge is an isomorphism, the complex is homotopic to the
opposite edge. (The reader can find a more detailed version of this result in [1].)
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Proof. Assume « is an isomorphism. Consider the diagram in Remark 3.14 and call d
the differentials of both complexes, F' and G the morphisms of complexes respectively
going from top to bottom and from bottom to top and h the homotopy. No arrow means
the zero arrow.

It is straightforward to check that F' is a morphism of complexes and that GF = Id +
dh + hd = Id. Since the square ABCD is a complex, we have yoa = —d o . But «
is an isomorphism, therefore v = —§ o S o a~!. With this in mind, one easily checks
that G is a morphism of complexes and that FG = Id +dh + hd < Idg — Boa™! =

IdB@C —Idgp — B oa L.

The case where (3 is an isomorphic is similar. The cases where + and ¢ are even simpler,
as the following diagram shows when we assume that ¢ is an isomorphism:

A—25 B

b ]

P !

A b
%C%D

]

Remark 3.16. G is actually a bit more than a homotopy: it is a strong deformation
retract (in the sense of the following definition). This fact will be important in the proof
of the invariance under Reidemeister III (Subsection 3.3.6).

Definition 3.17 (Strong deformation retract [2]). A morphism of complex G: (A, o) —
(B, ) is said to be a strong deformation retract if there is a morphism F: (B,() —
(A, ) and homotopy maps h from A to itself so that GF = 1d, FG = 1d + Sh + h«a
and hF' = 0. In this case we say that F is the inclusion in a strong deformation retract.
Note that a strong deformation retract is in particular a homotopy equivalence.

3.3.4 Invariance under Reidemeister |

The complex associated to the left-hand side of (3.7) is, up to some g-shifting (here
A= (1,0,2)),

FoE1F1E2()\)
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We show that it is homotopy equivalent to the single-object complex [A]. Note that we
didn’t pre-compose with E; (0, 1) and post-compose with F;(1,0) to get 1-morphisms with
canonical sequences as domain and codomain. Indeed, thanks to Remark 3.8 if this com-
plex is equivalent to [A] then so is the same complex pre- and post-composed respectively
with E;(0, 1) and F;(1,0). We start by simplifying the 1-morphisms:

ko H o || ~

~ ~ ~
[ e = =

F2E1F1E2(1,0,2) E;F2E2F1(1,0,2) E;F1(1,0,2) (1,0,2)

. o\

(1’072) (170’ 2) F2E2(170’ 2)

Therefore the above complex is isomorphic to the complex

102)

102

102

Thanks to the first case of Lemma 2.11, the bottom 2-morphism is an isomorphism.
Applying Lemma 3.15, the complex is homotopic to the following single object com-
plex:

Finally, recall the normalisation by ¢~“(): since w(D) = —1, this ends the proof

of invariance of homotopy classes under the first Reidemeister I move of (3.7). The
invariance under the other Reidemeister I move is similar, only using the second case of
Lemma 2.11.
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3.3.5 Invariance under Reidemeister |l

Consider the first of the two Reidemeister IT moves in (3.8). The left-hand side is assigned
the complex (A = (1,1)):

M A
Y o Ty
AU e,
EF(1, 1) \ ﬂ% EF(1,1)

EFEF(1,1)

By applying the isomorphism § /5 ¢\ /% on the bottom 1-morphism we get the complex

below. Thanks to the rightward adjunction relations (Lemma 2.10), the bottom right
2-morphism is an isomorphism and we can apply Lemma 3.15. Applying this lemma
once again on the bottom 2-morphism of this new complex (thanks to the leftward ad-
junction relations (2.10)), we conclude that it is homotopic to the single-object complex
Ry

(1,1)

/ -T\) e

qEF(1,1) —>qEF11)—>q—1EF11) ~ gEF(1,1) m

\A T/ — .

q 'EF(1,1)

R

The same argument holds for the second relation, as the right-hand is assigned the same
complex.
We prove the invariance under the move (3.9) in a similar fashion. The left-hand

side is assigned the following complex, where A = (0,2,1,1) (note that analogously
to Subsection 3.3.4, we discarded the 1-morphisms used to make A\ a canonical se-

quence):
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iA«TlT EI H Iy

/ FrEafE ) \
\ /

YT Lt

F1ExF2E3F3EaF2Ey (X)

F1E2F2E3F3E1 (X) F1E3F3E2F2E1 (X)

Note that the middle bottom 1-morphism is isomorphic to the identity. Moreover, we
can apply the isomorphism & /5 ¢\ /5 on the middle top 1-morphism to split the top
two differentials into a square. Therefore, we can proceed similarly to the previous
Reidemeister 1T move: find two opposite edges in this square that correspond to isomor-
phisms and conclude with Lemma 3.15. The square is given below, where in addition

1-morphisms have been simplified through 2-isomorphisms:

F3Es(\)

.
@% e

F3E3(\)

The bottom left and top right edges are isomorphisms, thanks to Corollary 2.13.

concludes the proof.
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3.3.6 Invariance under Reidemeister IlI

We start by introducing a typical construction in homological algebra:

Definition 3.18 (Cone [2]). Let ¢: (A, a) — (B, ) be a morphism of complexes. The
cone (1)) of 1 is the complex with chain spaces T'(¢) = A"t @ A" and with differentials

_ar-i-l 0
dr = ( > One should have in mind the following picture:

2/}7‘—1—1 57’
—a” 7ar+1
A" Ar+1 Ar+2
ld)r & lw'ﬁle@ o l¢r+2
B" Br+1 ‘ Br+2
/37" ,87“+1

Any hypercube T' of dimension n can be seen as cone. Indeed, choose a direction £ in the
hypercube. Ignoring the k-edges, T breaks in two hypercubes T} and 75 of dimension
n — 1. Then switch the signs of all differentials in 77. T} is still a complex, but the
k-faces of T" now commute instead of anti-commuting: the k-edges form a morphism
: Ty — Ty. It is then easy to see that I'(1)) = T. The importance of cones comes from
the following lemma:

Lemma 3.19 (Invariance of cone under strong deformation retract [2]). The cone con-
struction is invariant up to homotopy under compositions with the inclusions in strong
deformation retracts. That is, consider the diagram of complexes and morphisms

Go
Ay —— By

Fy
#
F

1
A1<TB1
1

If in that diagram Gy is a strong deformation retract with inclusion Fy, then the cones
[(¢) and T(YFy) are homotopy equivalent, and if Gy is a strong deformation retract
with inclusion Fy, then the cones I'(¢)) and T'(F1) are homotopy equivalent.

The reader can refer to [2, Lemma 4.5] for a proof of Lemma 3.19 (where the idea of
using cones to prove Reidemeister III has been taken). We are now ready to prove
invariance under Reidemeister III. The two sides of (3.10) are respectively assigned the
cubes below (where the differentials have been omitted). The choice of signs and the
ordering of the differentials are such that similarities are apparent. The ordering is given
by the numbers on the edges, assuming the crossings are numbered reading from bottom
to top.
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hY
2

S

—

N N N
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Note that the top faces are the same. Consider the cubes to be respectively cones of
morphisms ¢1: Ay — B; and 1y: Ay — By as defined in the picture, where A; = A,.
Focusing on By, the middle top 1-morphism can be split using cups and caps (similarly
to the proof of Reidemeister IT) and the rightmost 1-morphism can be simplified through
2-isomorphisms, giving the following complex:

Two opposite edges are isomorphisms: the middle left edge thanks to the adjunc-
tion relations (2.10), and the top right edge thanks to Lemma 2.11. Applying twice
Lemma 3.15 similarly to the proof of Reidemeister II, there exists a morphism of com-

plex Fi: By — D:E‘:H inducing a homotopy equivalence. Thanks to Remark 3.16, F'is the
inclusion of a strong deformation retract, and therefore using Lemma 3.19 we find that
[(¢q) =~ T'(Fi11). A similar argument gives Fy: By — [’\:ﬁ] such that T'(¢)g) ~ T'(Fys).

To finish the proof we need to check that Fii, = F1)s, and therefore we need an exact
expression for F} and F5. This turns out not to be that difficult, delving into the proof
of Lemma 3.15. We find:
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Using the adjunction relations (2.10), it is not difficult to check whether Fi¢y = Fyi)s.
It turns out that some signs appear, and one finds Fyi; = —F55. But this not problem-
atic: —Id, is an isomorphism of complex, and in particular the inclusion of a deformation
retract. Therefore,

[(tpg) ~ I(Forpg) ~ T'(=Fyhy) = I'(F1) ~ L(F1).

This concludes the proof of invariance under Reidemeister III, and ends the proof of
Theorem 3.12. O
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Conclusion

We have fulfil our original goal, which was to construct an invariant of tangles through
a supercategorification of the quantum algebra S, 4, and thus give a good candidate
to explain odd Khovanov homology. As usual though, we have raised more ques-
tions than we answered. We detail a few of them. Some will be answered in future
work [16].

o [s S(n,d) well-defined?

In Chapter 2, we only gave a presentation of S(n,d) by generators and relations:
at first glance, it is not clear that S(n, d) is non-zero. This will be shown by con-
structing a faithful 2-representation of S(n,d). This 2-representation provides an
isomorphism between our invariant and the invariant constructed in [18], which is
distinct from even Khovanov homology. In particular, it implies that our invariant
is distinct from even Khovanov homology.

e Does our invariant correspond to odd Khovanov homology?
This was our original motivation. As hinted in [18], we conjecture it does.
o What is the value of our invariant in specific ezamples?

In [18], some examples have been computed. However, in this uncategorified frame-
work calculations are significantly harder. Our 2-supercategorical construction is
more natural, and give an easier method to compute examples. (Notice that the
differentials in Fig. 3.2 are not isomorphisms, and thus do not have a clear corre-
spondence at the uncategorified level of the quantum algebra.) To do so, explicit
relations between the 2-morphisms of S(n, d) (such as the ones in Appendix A) and
standard computation shortcuts in even Khovanov homology [1] (such as gaussian
elimination) will be needed.

e [s our invariant functorial?

As already pointed out, the functoriality of odd Khovanov homology is still an
open question. Our construction could give the necessary tools to prove it.

e Can other quantum algebras be supercategorified?

The Temperley-Lieb quantum algebra TL, controls the representation theory of
U,(sly). Indeed, if U; are the generators of TL,, setting 7(U;) = (1,1)E;F;(1,1)
gives an embedding of algebras TL,, C S, 4 (for all d > n). Can we then similarly
categorify TL,,?
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e What are the properties of the tensor product?

As pointed out in Remark B.10, it is not clear whether the tensor product is
functorial. Also, we only showed equivalence between different choices of signs in
the case of hypercubic complexes. What about tensor products with longer factors?
What about the choice of signs made to define induced morphisms and induced
homotopies? Moreover, when defining the tensor product we had to restrict to
homogeneous factors: what about the general case? If such a definition is possible,
a different approach should probably be needed, as our hypothesis (homogeneity
of the factors but no conditions on the morphisms and the homotopies) seem to
be the most general case where choosing parity is applicable.
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Appendix A

Additional relations between
2-morphisms in S(n, d)

This appendix gives additional relations between the 2-morphisms of S(n,d). In par-
ticular, it gives exact calculations for most of the results given in Section 2.3. Such
relations are not needed in this thesis, but will be needed in later work (for exam-

ple, to compute the invariant for particular tangles). We give them for complete-
ness.

Dot slides

Lemma A.1. We have

e

7, ji41

><><

Lemma A.2. We have

w
f\
- }{ }{ }{ fori#
Liit1 /><\A + (_1)>\i+1ti+1,i/><\>\ =0

i+ 1 @ P41 i



oS Ul N I oSt

Lemma A.3. We have

><: ><: = (-1 ><: fori# j

2%
< ><:><?><:A+><:A

Proof of three previous lemmas. Lemma A.1 and Lemma A.2 are consequences of the
definitions and Lemma 2.4. Lemma A.3 is a direct consequence of Lemma A.1, where all
relations are obtained by composing both upward and downward by a right crossing. [

Lemma A.4. We have

Y = (DY +2%, = s +2gx

7

Proof. Tt follows from Lemma 2.4, Corollary 2.2 and Lemma A.3 for the case \; = 0. [

Pitchforks and kinks

Lemma A.5 (Left pitchforks). We have

i J

SR =R R =R

i J

i J @ J

bé* = (—1)pij+)\i+1 w N \ >§\ _ (_1)pij+)\i+1 N [2<

i g i J
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In particular,

Proof. Use the definition of the leftward (2.2) and upward (2.15) crossings and the
adjunction relations (2.10).

Lemma A.6 (Kinks). For \; = 0 we have

Proof. Use Lemma A.5 and the adjunction relations (2.10).

2 %\ )\/\

Second adjunctions

Lemma A.7 (KLR Reidemeister 2 relation for E). We have

0

(_letj,T T

i g

e Sl R AR T S

]
%5 - T (A1)
fﬁ - —lx (A2)
]
if i =7,
i gl > 1,
o (A.3)

where s = 6i,j+1(/\j + 1) + 5j,i+1(/\i + ].) + Xz + Xj.
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Proof. 1t derives directly from the definition of the upward crossing (2.15) and the
adjunction relations (2.10). O

Lemma A.8 (Right pitchforks). We have

(A.4)

Proof. Use Corollary 2.2 to compose with the right isomorphisms. Then use Lemma A.5
and Lemma A.1 to get three terms, two of them being zero thanks to KLR R2 (either for

F, (2.4), or E, Lemma A.7). Conclude using adjunction relations (2.10) and Lemma A.6.
O

mA = (=) \[x m = (1) T (A.6)

(3 (3

X
/2< (A.5)

Proof. When \; = 1, it a consequence of Corollary 2.2 and the adjunction relations
(2.10), since then cups and caps are isomorphisms. If \; # 1, it is a consequence of
Lemma A.8 and Lemma A.6. O]

Dot interchanges

Lemma A.9 (Dot interchange). When )\; # 0, we have

FLo- ey me T o]

% i

When \; = 0, we have

Lot
A erl

Y%
ry
S
VA
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Proof. The first relations are consequences of Corollary 2.2 and Lemma 2.4. When
A; = 0, the first relation follows from

KU -DHL UL LT

where we used Corollary 2.2 and adjunction relations (2.10) and (A.6). A similar argu-
ment holds for the other one. ]

Lemma A.10. If \; =0 :

HeRon- e 2

i @

oAb

i @

Proof. Consequence of Corollary 2.2 and Lemma A.1. n
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Appendix B

Tensor product of chain complexes in
monoidal supercategories

This appendix shows all the results stated in Section 3.1. In particular, we show that
the Koszul rule can be extended to monoidal supercategories in a sensible way, such
that the tensor product leaves homotopy classes invariant. This last result is central if
one wishes to define an invariant of oriented tangles in the context of 2-supercategories.
Nonetheless, the proofs are gathered here to facilitate reading, as they are quite technical.
Every definition and result in this appendix is original.

B.1 Further aspects of working with monoidal
supercategories

Scalars depending on parities

Let C be a monoidal supercategory. Each morphisms space is a superspace, that is, any
morphism F' can be uniquely decomposed into an even and an odd part:

F:fe+fo

where f. and f, are respectively the projections on the even and the odd subspaces.

Definition B.1. A choice of parity for F' is a choice between the two projections f. and
fo- In what follows, we always denote a (not necessary homogeneous) morphism with an
uppercase letter (e.g. F') and a choice of parity for this morphism as the corresponding
lowercase letter (e.g. f).

More generally a choice of parities for morphisms Fi, ..., F, is a choice of parity for each
of them. Recall that in a monoidal supercategory, the interchange law

(F1 ® FQ) O (G1 ® Gg) — (—1)‘F2HG1|(F1 O Gl) ® (FQ @) GQ)

67



is understood for inhomogeneous morphisms by extending it additively. Using the
notion of choice of parity, this amounts to summing up over every choice of pari-
ties:

(F1 ®@ Fy) 0 (G1® Ga) = (Fi0gie) ® (fae 0 G2) + (F1 0 g1c) @ (fa0 0 Go)
+ (F1 0 g10) ® (fae 0 Ga) — (F1 0 g10) ® (f20 © G2)
= Z (_1)\f2\|g1|(pl 0g1) ® (f20Gs)

f2,91

More generally, an expression e involving inhomogeneous morphisms and scalars de-
pending on the parities of these morphisms should be understood as the sum owver
every choice of parities for the morphisms of e, each time setting the scalars accord-

ingly.

Remark B.2. Note that an expression doesn’t make sense if one of the scalars depends
on the parity of an inhomogeneous morphism which doesn’t belong to the expression.
Nonetheless, when encountering an equality between such expressions we shall mean
that the equality holds whatever the choice of parity for this morphism.

Choice of parities for equations

Since the decomposition into even and odd parts is unique, any equality between two
morphisms should really be understood as two equalities:

F=aG And Je=9¢e and f,=go.

This leads to the following definition:

Definition B.3. A choice of parity for an equation F = G is a choice of one of the
projection f. = g. or f, = g,. An equation is verified if and only if both its choices of
parity are verified.

We would like to relate a choice of parity for an equation to a choice of parities for all
the morphisms involved. In general, this is not possible, as the quite simple example
below shows:

FoG=H & feoge+ foogo=h. and foog,+ fo0ge = ho.

The first of the two projections is a single choice of parity for F' o G = H, namely the
choice “even”. If both f and g are inhomogeneous, both f, o g. and f, o g, are non-zero
and both choices of parity for f and g appear in this equation. In other words, a choice
of parity for F o G = H does not determine a choice of parities for the morphisms
involved. On the other hand, if we now assume that g is homogeneous, e.g. odd, we
get:

FoG=H & foogo=he and f.og,= h,.
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Here a choice of parity for F' o G = H does determine the choices of parities for the
morphisms involved. Notice that now, equations before and after the choice of parity
both look the same. This encourages us to write:

FoG=H & fog=h.

The right-hand side should be understood as “f o g = h is verified for all choice of
parities such that |f o g| = |h|” (here f, is considered to be odd even if it is zero, and
similarly for the other choices of parity). The benefit of this trick is that we can work
with essentially the same equation as F' o G = H, but with the additional assumptions
that the morphisms are homogeneous. In particular, scalars depending on parities do not
induce an intricate summation over all choices of parities. We call this trick choosing
parity.

In general, we can choose parity if a choice of parity for the equation determines a
choice of parities for the morphisms involved. Call a term a sequence of compositions
and/or tensor products of morphisms: the choice of a projection for this term deter-
mines a choice of parities for the morphisms if and only if all the morphisms are homo-
geneous, except perhaps one. Then if both sides of an equation are sums of such terms,
a choice of parity for the equation determines a choice of parities for the morphisms
involved if and only if for each term, all morphisms are homogeneous, except perhaps
one.

We will extensively use the trick of choosing parity in the proofs. The attentive reader
will notice that if we often encounter cases where choosing parity is applicable, it is essen-
tially due to the fact that the factors of the tensor product are homogeneous.

Sign conventions

Whenever the context makes it clear, we usually avoid using |.| for the parity of a
morphism. This should not be a problem for the reader, since parities appear either as
an exponent of (—1), or in equations where we use the symbol = to denote equalities
modulo 2, which only happens when dealing with parities.

Composition of tensor products

Recall the rules of parities detailed in Remark 1.10.

As already mentioned, the composition of two tensor products of morphisms follows the
interchange law:

(F1 ® FQ) O (G1 ® G2> - (—1)F2G1 (Fl @) GQ) ® (FQ O GQ)
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We can deduce the general rule of composition of tensor products:

(F1®...0F)o(Gi®...0G,)

= (—1)Ee-SRG (B o G R (F,Q...® F,) o (Gy®...0Gp))
_ (_1)(F2®-..®Fn)G1+(F3®...®Fn)G2

(F10G)®@ (F0G) @ (F3®...0 F,)o(G3®...0 Gy))

= (—1)22;11 (Fr41®...©Fn) Gy (F1o0G))®...Q (F,0G,)
— (_1)2:;11(Fk+1+.‘.+Fn)Gk(Fl 0G1)®...® (F,0Gh)

In particular, if only F; and G; are (possibly) not even:

n—1

Z(Fk-i-l + ...+ Fn)sz = (F}'+1 + ...+ Fn)Gj = 5i>jFi : Gj.

k=1

In short, add (—1)%"¢ whenever you need to “switch” F' and G' when composing.

Notations

The proofs in the rest of this appendix are quite technical, therefore a good deal of
simplified notations is welcome. The reader may refer to this list whenever a notation
seems unclear.

As mentioned, uppercase letters denote general morphisms while the corresponding
lowercase letters denote some choice of parity. This convention does not apply to
Greek letters as they most of the time already denote homogeneous morphisms
(see the next entry).

« always denote the differential of the complex A, and S the differential of the
complex B (with an additional subscript if more than one complex of the kind is
needed). Moreover, we shall always use the letter  (resp. s) to denote the degree
in the complex A (resp. B), and the letters ¢ or n (resp. j or m) when an iterator
is needed. Again, we may sometimes use an additional subscript.

(e:); always denote the canonical basis of N", where n denotes whatever dimension
makes sense in the context.

We use 7 as the vector of all the “r’s” in the context at hand: it may either mean
7= (ry,...,m) or 7= (7, 73). Similarly for §.

Since we will be dealing a lot (if not only) with signs, we use throughout the paper
the notation € = (—1)?, with additional subscripts depending on context.
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B.2 Summary of the results

Recall the definition of homogeneous complexes (Definition 3.1).

Tensor product of homogeneous chain complexes
Let (A;, ;) be n homogeneous complexes and 7= (ry, ..., r,). Weset
A=At ®.. @Ay and o ={ldyn ©...0a®@...@ldyy,

T
i l*

afz|a

where ei’i is a choice of signs given below. Note that

Lemma B.4. There exists a quantity || (7,4) for all ¥ and i such that

la| (F+ &;,1) + |a] (7,i) = 0;<ia) V1<i,j<n,

where §;<; s the Kronecker symbol (6;<; =1 if j <1, 0 otherwise).

Recall our convention that we don’t use |-| to denote parities: here Oé;j should really be
understood as the parity of o’ . We also define |« (7) := |a| (7,n), which is such that for
all 1 <1 <mn,|a|(r+€;) = a;". Similar definitions are given for m homogeneous com-
plexes (Bj, ;). Assuming this lemma, we can define the tensor product of homogeneous
complexes:

Definition B.5. The tensor product of n homogeneous complexes (A;, «;) is the complex
(A, o) with chain spaces

and with differentials

where the choice of signs € = (—1)"Z’i is given by
ai’i = er +a - |af (7)10).
j<i
This extends the Koszul rule to monoidal supercategories.

T

By our convention on parities, «;* in the definition of crf{i denotes the parity of a;': «;
and |a (7,7) are elements of Z/27 and - merely denotes the product of two numbers.
Obviously, we must check that the tensor product is a complex:

Lemma B.6. If A = ®A; is a tensor product, then A is a chain complex.
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The previous definition induces a tensor product on the objects of TCh,(C) by splitting
each object into its factors and then use the definition above. This gives the following
definition:

Definition B.7. Let A = ®;A; and B = ®;B; be objects of TCh,(C). Their tensor
product is the tensor product of their factors. In other words, AR B is the complex with
chain spaces:

(A B)= H A B

7,87+ [31=t

and with differentials dep, acting on A" @ B as

G- BN - 75,0 5] _ 3
1<i<n 1<j<m

7,58,

Here eAéfB = (—1)74eB s a choice of signs such that
o = 71+ 57 1ol (7).

By definition, the tensor product is associative.

Induced morphisms on the tensor product

A morphism F between the complexes A and B is a set of morphisms between objects
of the same degree which commute with the differentials: o F = F o . If the com-
plexes are tensor products, A = ®;A4; and B = ®;B;, this is equivalent to the data of
morphisms

FPS. A" —» BS, VP 5|7 =5,
such that o

Z ijej o FF,g—é’]- _ Z FF+€¢,§O O-/f-
1<j<m 1<i<n

Definition B.8. if Ffl’gl: A" — B and F;Q’gzz A2 — BS? are two morphisms of
tensor products, their induced morphism is the morphism F: A; ® Ay — B1 ® By given
by the data of morphisms (here ¥ = (7,75) and § = (51, 52))

s

s — (_1)02’ F11?1,§'1 ® F;2:§2

?

setting . L -

op’ = |B2| (52) - (F1"™ + |aa| (71) + [ Ba] (1)) + F2™ - Jou| (7).
Proposition B.9. F™ defined above is a morphism of complexes. Moreover, if Ffl’gl
and Fy>** are identities, then F™° is the identity.

Remark B.10. Even though we can assign a morphism to a pair of morphisms through
the tensor product, it is not clear whether the tensor product is functorial. With the
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usual cartesian product of categories, it seems not to be. Nonetheless, it is possible that
similarly to the case of monoidal supercategories, a suitable product of categories would
turn the tensor product into a functor (although it won’t be that easy, as for example it
is not clear whether we can assign a parity to morphisms of complexes). We leave this
question to be investigated in future work, as it is not important for our purpose.

Induced homotopies on the tensor product

A homotopy H between morphisms F': A — B and G: A — B is a set of morphisms
going one down in degree such that ' — G = H oa + o H. If the complexes
are tensor products A = ®;A; and B = ®;, this is equivalent to the data of mor-
phisms

H™: A" — B VF 5| =|5+1

such that

Definition B.11. If F| and G (resp. Fs and G3) are morphisms of tensor products A,
and By (resp. Ay and By) and Hy (resp. Hs) is a homotopy between Fy and Gy (resp.
between Fy and Gs), their induced homotopy is the homotopy H: F' — G (where F' and
G are the morphisms induced by (Fy,G1) and (Fy, G2)) given by the data of morphisms

o 1 7 = o - P oo -
HT’,S — 5 (—1)UH'“’H{1751 & F27‘27S2 + (—1)UH,IH{1’81 ® G72“2,82

+ (_1)‘72,ny1’§1 ® H§2,§2 + (—1)Uf}aZG1;1’§1 ® H§2,§2

setting
0T =1Bal (52) - (HY™ + |aa| (7)) + 1] (51)) + F3>% - e | (71),
0y = 102] (52) - (H{V™ 4 |an| (71) + 1] (51)) + G557 - |au ] (71),
UE,Sy = |m| + 52| (82) - (F1V° + |aq| (71) + |61] (51)) + Hy>™ - |aq| (71),
o, =7 48] (52) - (G177 + |ou| (71) + 81| (51)) + Hy>™ - |ou | (71).

Proposition B.12. H is a homotopy between F and G.

Invariance of homotopy classes under the tensor product

Theorem B.13. Let Ay, Ay, By and By be tensor products of homogeneous complezes.
If Ay >~ By and Ay >~ By, we have

A1®A2231®B2.
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Proof. Let Fy: Ay — B; and G1: By — A; be morphisms and Hy, : G1Fy — Id, and
Hp,: F1Gy — 1dp, homotopies. Define similarly F5, Gy, Ha, and Hp,. By Proposi-
tion B.9, the pairs (F, Fy) and (G1, G3) induce morphisms F': A; ® Ay — By ® By and
G: By ® By — A; ® As. By Proposition B.12, the pairs (Hya,, Ha,) and (Hp,, Hp,)
induce homotopies Hy: GF — Ida,g4, and Hp: FG — ldp,gpB,, recalling that the
pairs of identity morphisms induce an identity morphism on the tensor product. This
concludes. O

B.3 Proofs of the results

Tensor product of homogeneous chain complexes

Proof of Lemma B.4. The following definition gives the desired property:

la] (7)1) = Z Z o

j<i  s<r;
non-zero
where “non-zero” should be understood as “start summation at r; — 1 and continue

until running into a zero map. Then stop”. It is well-defined since the complexes are
bounded. O

Proof of Lemma B.6. We must show that for all 77 and § such that |§] = |F] + 2, the
morphisms going from A" to A% sum to zero. Since there are only two such paths, this
amounts to show that all squares anti-commute:

(30l %) o (€ a]) = —(4"™"al™) o (o).
When i = j, both sides are zero since (A;, «;) is a complex. When i # j, the condition
is satisfied if, whenever ;" and oz;j are non-zero:

e T oliald € 7
ef = —(=1)% % ey ey

€A A
AR N ioTi TG T
oy o =14 afa) + oy T+ ol

It is easily check using the property of || (7, 4) (here, we assume i < j, the other case is
analogous):

Yo+ l4a) ol (F+6&,7) + D> re+ o - o (74)
k<j k<i
=1+ojo) +> ret+ap ol (F+e,i) + > r+ay - |a| (7))
k<i k<j
& o - (la (7, 7) + i) + o - |a] (70) = o' a + ai* - o] (7,4) + af - |l (7, ).
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Induced morphisms on the tensor product

Let FIV51: AT — B and Fi>™: A — B3? be two morphisms of tensor products. Our
goal is to define a morphlsm F from A = Ay ® A; to B = B; ® By. The only natural
choice is to set

FF’g eh 7,5 7’1781 ®FT2’52
- -F

where €5;° is a choice of signs. We will prove that
oF" = 1B2] (32) - (F"™ 4 lea| (7)) + 1B81] (31)) + F5> - |u | (7))

is the right choice for F to be a morphism (as usual, we write ¢7° = (=1)°). To
avoid unnecessary heavy notations, we will sometimes abuse notation for the canonical
basis (e;);, e.g. writing é;, for &,,,,. The meaning should be clear by the context and
the nature of the subscript (e.g. 52 + €, really means 35, + €),, while 5§+ €}, means

5+ gmﬁ-jz)'

Proof of Proposition B.9. We must check that fo F' = Foa. First, we unfold both sides
of the equation:

> BT ers

1<j<m
_ §1—-¢5, 7\5—€j) 1,51 —€j, 72,52
= Y 6 " eldo|e ® F,
1<j1<my
51,52—€jy,J2 §2—€jy 7,8—€jy 171,51 72,52 —€jq
+ Y emen 2 e BL "o 6 P @ F ]
1<ja<ma
= Z 7"5 6]16 eJ1 Tlvsl €jy ®F2FQ’§2
1<j1<my
Frs 1 5352 2 FTl 51,52~ 6J2’]2 7,5—=€jy p82— €J2 T2v§2_512
+ e Y (-1 631®B2 B,

1<ja<ma

1<i<n
74€;y 8 T1+Eip,51 72,52 1
_ Z € F, ® F ool ®@Id
1<i1<nq
r+€; ,§ ﬁ',ﬁ‘ 7'2+6 752 372,
Y [ETH Y e o [dEid @ of
1<iz<na
F;2’§2~aﬁ T+€iy 8 ~T1+Eip,51 71 72,52
= > (=D nep I o | ® I
1<t1<n1

71,51 """‘612:3 7’1,7’2,7,2 T2+€i27§2 7
+F | Y e Pengn by °
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Since FJ"* is zero whenever |7 | # ||, and similarly F3>™ is zero whenever || # ||,
we can split the equation o F' = F o « in two cases.

Case 1. When |s1| = |r1| and |s3] = |r3] + 1, the equation holds if:

So—€;

8. 72 FT1 51 81,82 6]27]2 75— 6J2 §2—5j2 7?2,52—5j2
Z (_1) 72 €B1®B> EF BJ'Z © F2

1<ja<ma
_ T4€iy,S 71 Fasin (a2 +HEig,52 P
= Z EF €A1®A2 F2 @) OZZ'2 .
1<ia<ng
. . _ Sj2 7’2,82 6]2 . F2+€i2,§2 'ri2 .
Choosing parity, we can assume s = (3] gt fo = fy + «;,? is constant.

Moreover, using the fact that F5, is a morphism, the equation holds if:

527€jy 7,51 o 7.5—&; . .
o () =(—1 )sz h egl’;B;”’jze;’s “2 does not depend on js for all 1 < jo < my

such that 582 €ja frz,SQ €y 7& 0:

o ()= e}JrelQ’serAll’gjz does not depend on iy for all 1 < iy < ny such that frﬁ%’s2
a2 #0;
19 )
and C7 = Cs. Using respectively s = ;2]2 + fm’sz_e]2 and s = ;2+€i2’§2 + oz:;2
T oy 58’2 T
= (51 + 8 |6l (50) + B A
+18o] (52— &) - (T + loa] () + 18] (5) + f577 7% - o] (7)
= [51] + 18] (32) - (f1™ + Jaa| (72) + 8] (51)) + s - Jau | (72)

€;+ei2’s R = |7 4 o (m

18] (3) - (1™ + Jaa| (7)) + 8] (B1) + oo 72 - fau| ()
= 71|+ [Ba] (32) - (1 + eu| (1) + |81 (31)) + s - eu | (71)

and the two are equal since || = |51].
Case 2. when |s1| = |r1| + 1 and |s3] = |r3], the equation holds if :
S GBI = Y () el T [ o o).
1<ji<my 1<ii<my

. . o 8]‘1—1 F17§1_€j1 o F1+€i1,§1 Tip .
Choosing parity, we can assume s = (3] 1 = fi + o, is constant.

Moreover, using the fact that F; is a morphism, the equation holds if:

o () = 6?5—63-1 is constant for all 1 < j; < my such that le & ffl’sl_ejl #0;

720520 7183 i1 7
o () = (—1)f2 % e:fe 1" is constant for all 1 < 4; < ny such that fﬁJre 8, oa;! # 0;
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o . . _ aSii— 71,51— e]l . F1+€i1 81 Tiy
and C; = Cy. Using respectively s = 3] gt fi and s = f; +oa;t

0;7§_€j1 =181 (32) - (1777 | () + |B1] (Br — @) + [ - Jau | (72)
= [Be] (52) - (s + |aa| (71) + |B1] (1)) + 52 + |aut | (1)

F a4+ o = R R e (74
+ 5] (52) (A o] (7 + &) + 18] (51)
= f37% - Joa| (1) + 182 (32) - (s + o] (71) + |81 (51))
and the two are indeed equal.

We conclude that F' is a morphism of complexes. Moreover, if both F} and Fy are
identities, then F' is the identity (6" = 0 in all cases). O

Induced homotopies on the tensor product

Let Fy and Gy (resp. Fy and G3) be morphisms of tensor products A; and B (resp. Ay
and By). Denote F' (resp. G) the morphism between A; ® Ay and By ® By induced by
Fy and Fy (resp. G and Gy), that is,

F’I‘S — ET}}’T2F{1781 ® F;2752 and GT‘S . 7'1»7'2GT1751 G;Q,SQ
where

o = (Bo] (52) - (FTV™ + |aa| (1) + [Bu] (51)) + F52% - o | (%),
o™ = (Bl (52) - (GT7™ + |au| (71) + |B1] (51)) + GE™ - || (7).
Let also Hy (resp. Hs) be a homotopy between F; and G; (resp. between Fy and Gy).
Our goal is to define an induced homotopy H between F' and GG. A natural choice for
H is
HF,§ _ (GHwHThSl ® Fr2782> + (EHIHTL& G§2’§2)
+ (e yFTl’Sl ® Hy>™) + <€H,ZG;1’§1 ® Hy™)

where we define ¢}, Huw = %(—1)021{” (similarly for z, y and z). Note the factor . We show

that under the following definitions:

Thiw = 1Bl (52) - (HT"™ + |aa | (71) + |B1] (1)) + F5>% - |ou] (7)),
i = 1Bal (82) - (HT™™ + |au| (7)) + 8] (51)) + G5 - |au | (7)),
oy =P + 182 (52) - (FTV™ + Jau | (71) + |Bu] (51)) + H3™™ - |on| (F),
i = |7+ 182l (52) - (GT + |ou| (1) + |Ba] (1)) + H5>™ - [en| (7)),
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H is indeed a homotopy.

Proof of Proposition B.12. We must check that F'— G = fo H + H o«. First, we unfold
the terms of this equation, focusing on the paths from A™ to B®:

(F- Q)5 =

(H o )[4

(8o H)|%:

( 7‘1,7‘2F7“1,81 ® F;27§2) _ (EE,FQGTLE& ® G§2’§2)

E H™ %% o ql

1<i<n
_ 7’+e7,17 7'1+611731 79,59 T+e7,17 T1+611751 79,52
= > |(ego' H ® Fy*%) + (eg, ' H, ® Gy™)
1§i1<n1

T ( r+ell, Fr1+e,1751 ® Hrg,sz) +( 7"+6117 GT1+6”781 Q ng,s*z)} o [afll ® Id]

> B Yo HE

1<j<m

2.

1<ji<m

e

+ (€m,

71,81
lHl ’

oo o
7,5—€;

H,w

—C1

I
7,5—€; 71,81 —

v

[ﬁjllgjl (% Id} o

® F3%) +

T+612: 71,51 7'24’512:52 T+6127 71,51 T2+612782
+ [(Hw H"™ @ F, )+ (e o2 HiP™ @ Gy )
1<ia<na
7“‘!‘612, 71,51 F2+€i27§2 7"“"312) 71,51 F2+€i2 ,52 7‘1 72,09
+ (e, F1""' @ H,y )+ (g, 2 GY7 @ Hy )| o A1®A21d®a
”FT2 52 T+6117 71+€;,51 = 72,8
= Z (—=1)% € | ol | ® Fy
1<i1<ny
Al GR2T2 T4E [ e 8 ] 7 5
+ (—) T G T g o 0T @ R
TlHT2 52 718 5] iy ,E 7 ]
+ (—1)" 6H7y11 Fom" ool ® Hy
TlHTQ’ %2 T+6 8| ~T1+E 81 7 |
+ (_1) 11 G i1 Oé,?l ® HT2,82
172,82 T+el2v§ 1,51 T2+€iy,52 7|
+ Y dioaen,’ HIVT® {Fz ° a,
1<ia<na -
71,72,02 ’”"‘612’# 71,51 T2+€iy,52 Fz_
+ €ajonstns . HI'® |Gy °
71,7 i T1€iy,8 71,51 T2+€iy,52 Fz_
+ €A,0A2€H y F ® H2 ° g,
P iais THEip. S 715 Pty S i)
T €4 0A,€H 2 G177 ® | Hy o ay,

7\5—€j) 7471,51—€j, 72,52
(EH:): H ® G2 )

—&; 7 5 7,5—€. 71,51 —€; 7 5
J1 ® H;msz) +( ]1G J1 ® H52’82)
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51,52—€jy,J2 §2—€j,
+ Z {631 ® B2 ld® B }
1<j2<mo

[( 75— 612[{7‘17&1 ® F”2752 512) +( 75— 612 HT’1,S1 ® GT2752 612)

7\8—€jy 171,81 ® HF27§2_€j2) +( 75— 672 GT17S1 ® H7’2752 632)
2

+ (EH,y 1
75—€j1 | n¥1—€), Tlv 51—€j 72,52
E €Hw {le oH ® F,
1<j1<ma
7,8—€j; §1—€j, rl,sl € 72,52
+ 6H,z 6]’1 oH ® G
F,g—gjl §1—€j1 7"1,81 6]1 7-275‘2
+ EH’y /6.]1
7,58, | ,51-€), 71,81—€5; 72,52
+eg. B oGy ® H,
5’2*5]'2 P81 2 == i mo = N = o
B. H, 81,82 —€j5,J2 T,8—€jy 71,51 52 632 7"2,52 €jy
+ ) (1) €BwB,  fHw - Hi @ |8,
1<j2<ma2
52—y 171,51
B. H1 81752 6]2,]2 7,5— 6]2 71,51 So— 6J2 7’2,82 6J2
+ (=1)7% €Biop,  €Ha - 1T ®|f,

|
e %}
)

B2 ET § 88y e FEEy S 52—
_ ) g2 8y 1,51 2
+ ( 1) 2 €B1®B; Hy Fl ® |:6j2 oH.
1 /852—5JQGT17§1 §1,§2—€j2,j2 'F,g—é'jQ Grf‘l’gl §2—€j2 7"2,82 632
+ (—=1)"72 €B@B>  CH,z 1 Bj, o H.

Similarly to the proof in the case of induced morphisms, we split the equation F' — G =
BoH+ Hoq into cases depending on the values of 7~ and §, using the fact that morphisms

of complexes preserve the degree and homotopies reduce it by one.

Case 1. When || = [51] and || = |5;[, we need to check that the following expression
is equal to ( Tl’TzF{I’Sl ® FTQ:SQ) ( 7"177“2GT‘1,S1 Gr2,52)

(%) =

71,51 T+el275 71,72,i2 T2+€iy,52 2
el > €y €avmns (Hy °a;7)
1<ia<ngy

Fo—Ejy _M.E = o= = i mm o - oL
2.p 101 81,89—€5,,52 T,5—€j, (682_6]2 OH§2’S2_B2>

+ > (—1)%2 ' €peB,  CHy 2
F| X ()BT T o o)

7,5—€; 51—¢€; 71,51 —€; 7 -
+ Z ) ]1(6'1 J1 OH117 1 11) ®F27"2,82

J1

79



-

71,51 ’“+61273 12,02 T2+€iy,52 )
+G1 ® Z H z A1®A2 (H © aiQ )

1<ig<ng
N Z 52 g G;l ,51 51,52 6327]267“ \5—€jy (ﬁggfé’m o HFQ,E’Q*E’]‘Q)
€B1®B; H,z J2 2
1<j2<ma
75— le §1—é'j1 F1,§1—é’j1
+ > eme (B o Hy )
1<j1<my
7‘2 §o T N o
‘a; T+elly T1+€51,51 lal 72,52
+ Z ‘1€ (Hi "o O‘z@) ® Gy
1<11<ny

We can simplify each bracket using homotopy relations, assuming the signs are equal
when the corresponding morphisms are non-zero. To check that, we can choose parity
similarly to the proof of induced morphisms, and assume equality of the parities of the
morphisms involved.

e Consider the first bracket [...]. We can choose parity and set

s, = h§2+€i2’§2 —|—Oé1-n2 = 552 €y + hr2732 er
Yy — J2
Then:
ZZ%’ ol = 7|+ Bl (52) - (I + |ou (7"1) + 18] (51))
Ry T oy | (1) + |7 + a2 - |aq| (7)
= [Ba] (52) - (72 + Jeu| (1) + [Bi] (31)) + sy - eu ] (7)),
5;422*5]‘2 . 7"1,81 + glv;;B;uJ? +o 78— 6J2

1 -
=8 TR+ 5 1B

+ 7]+ [Ba| (52 — €),) - ( T Jon| (7)) + [B1] (51)) + by - Jou | ()
= [Ba] (82) - (ST + lou] (F) + 18] (51)) + sy - e | (7).
The two quantities are equal and independent of i5/j,. We call it \,. Observe that

since we chose parity, by the homotopy relation of hy we get s, = ;232 = g’;’g?
that is,

Y

Ay =182 (32) - (1™ + o] (71) + [Ba] (31) + f7 - Jau | ()
=1Ba (32) - (1™ + o] (71) + |Ba] (1)) + 957 - |en| (7).

This shows that the first bracket is

7,5, 7,5 7252y 7% . 7252y 2, 3
[. ) ] _ (_1))\y(f22 2 g22 2) — (_1)>\y( 5 )f22 2 (_1>)\y(92 )g22 2
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Similar argument can be given for the three other brackets. We only give the

calculations.
e Setting s, = hThLe”’s1 + ozfll = 5;11 4 hrl’s1 e,
ol oS SR el 2 ol (7 + )
+15] <S2> <h + lon| (7 + &) + 18] (51))
= 277 - Jaa| (71) + |Ba| (82) - (sw + |ou| (71) + [B1] (51)),
Th P =[5 o | (FL) + [Ba] (52) - (B 7+ o | (71) + | Ba] (51— €,))
= 277 |oa| (71) + [Ba] (82) - (5w + |ou| (71) + | Bu] (51))-
The two quantities are equal and we call it A\, where s,, = f LSl = gfl’gl.

To+€;., ,59 = So—€ 75,50 —€;
— h 129 + a:22 = 6]2 J2 _'_ h ’ .72

e Setting s, =

T+6127 T1,72,02

The T OEE = R+ | Ba] (82) - (615 + |au| (F1) + |Ba] (51))
hy ] (7)) + |71 ]+ g, - Jou | (7)

= [Ba] (82) - (91" + |au| (71) + 1Ba] (51) + sz - o] (71)

6]5;2_51'2 . 9171751 + zllvf;;jjg »J2 1o 75—y
— ]552 .gr1,s1 + ’81| + 3]2 . |51| (51> + |T1‘

+ 82| (85 — €j,) - (971"1’81 +Jaa] (7)) + 8] (51) + By ™" - Jau | (71)
= +18o] (52) - (g7 + |aa| (F) + |Bu] (51)) + s - ot | (71)

The two quantities are equal and we call it \,, where s, = 2772’52 = g’;?’gQ.
e Setting s, = @11 oy hrl’s1 G = hfl+€i1’§1 + 0421:
O =Bl (52) - (hy RO 4 Jan| (7)) + 8] (B — €3)) + 652 - Jau | (7)
= |Ba] (5) - (50 + laua| (71) + |Ba] (1)) + 957 - |ou| (7),
657" ol + o = g Al + g o (7€)
714€;4 ,8" - = =
+ [ (52) (hy 7 A+ Jea | (Fy + €5,) + [Bi] (51))
= g5 - Jaa| (1) + B2 (52) - (s + |oa| (71) + |Bu] (51))-
The two quantities are equal and we call it \,, where s, = { L8 = gfl’gl.
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Weseethat A\ .= A, =\, =\, =\, = 0::17‘;2 = 05152! Thus

1 71,5 71,5 75,5 1 71,51 71,5 75,5
(1) = SO = gt @ 7% 4 S (- = g @ g5
1 Lo 1 Lo
+ 5(_1))\yff1751 ® ( 72,52 972"2,82) + 5(_1)&9;“1,81 ® ( 72,52 952,32)

- -

— (67;1’F2ff1’§1 ® f2772752) - (6;1’ 2951,51 ® g§2’§2).

Case 2. When |7 = |51] — 1 and |rh| = |52| + 1, we need to prove that

1<ii1<ny

e

I O AIC AR s

1<ji<m

72,52
© H]

Z (_1)H;2’32 1 r+ezl, (GT1+611’81 O[F;l)

(2
1<ii<ny

+

jr—

bY G e )

1<ji<mq

® H’r’g 82

Again, we can use the morphisms relations of F} and G; and prove that the right signs
are equal by choosing parity:

e Consider the first bracket. We need to prove that

HI2%2.471 74E; 5. . . 71+€i,,51 7
(=1)" “ey,"" is independent of i; whenever Fy " o oy # 0;

75— 71,51 —€;
— €1y s independent of j; whenever 6 o F} £ 0;
HT'27S2‘O/71 7‘+el rs €; 1 e’L 81 Sl €j
_ 2 1’ — J1 1’ 7"1 J1
and (—1) ey, €y + Whenever G # 0 and 8

F; S £ 0.

. . . 71+€;, ,81 7 §1—€; 71,51—€; .
Choosing parity and setting s = f;° """ +a;) = 8; "'+ fi 1 we indeed
check that:

72,52 71 T+ell ) 72,52 7"11 72,52

h2 C Oy +o —h2 : —|—|T’1—f-6z1|+h |Oé1|(’/’1+6“)

115 - FTR | (7 + &) + 181 (51)
=+ |7+ 14+ hy>" - |ag] (7))
+ 82| (852) - (s + || (71) + | B1] (51)),

Oy = P e (F1) 4 1B (82) - (7T el (71) + 181 (81 = €,)
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=[]+ 75 - Jau| (7)) + 15a] (52) - (s + laa| (71) + |B1] (31))

The other bracket being similar, we only give the calculations.

T1+€11751 I 5175]‘1 T_“l,glfé‘jl .
e Setting s = ¢, + a5 = B, 0 :
72,52 7‘1 T+611 ) 72,52 7"11 72,52 — =
h2 . +o _h2 . +|T1+611‘+h |Oé1|(7”1+6i1)

—

+ B2 (32) (07 || (71 + &) + B (51))
= 4+ ‘7“1’ + 1 + th’SQ ‘041’ (771)
+ 15| (52) - (s + [aa| (71) + |B1] (51))

o =] 4Bl (52) - (g7 | (71) + 18] (51 — &) + h3 - Jou| ()
= 7]+ 1Bal (52) - (s + || (7)) + 81| (51)) + B9 - e | (7))

Case 3. When |r| = [51] + 1 and |75| = |35] — 1, we need to prove that
0— HF1,§1 T+E€iy,8 71,7 ia FF2+€1'27§2 7
=17 ® Z €' €A (Fo o)
1<izg<na
s;.—1 = 3 JN - . JERERN - -
B2 HVO 81,52—€jy 02 T\§—€jy  n52—Ej, 72,52 —€jy
+ Z (=1)7 €B,®B, €Y w (6]’2 o Iy )
1<j2<mo
71,51 T+61275 7“1,7“2,22 7’2+622752 I
+H" e | Y (G, o aj?)
1 €Hz  €A10A4, ia
1<ig<na
s;.—1 = = S 5 5 . s o N 5 o5 5
B2 H VS 81,82—€jy .02 T\§—€jy  n52—Ej, 72,52 —€j,
+ Z (_1) 2 €B1®B; €Hx (sz OG? )
1<j2<mo

This is similar to the previous case, and therefore we only give the calculations.

o Setting s = f3°7%™ 1 o2 = 652 2 4 {72 7% and recalling that || = |51| + L:

12
T+61 ,8 1,79,1 71,57 - -
Thaw 4o Olans = B2 (52) - (""" 4 |au | (71) + | B1] (51))
+ LT | (7)) + |7 + a,? - ag] (7))
= |B2] (52) - (""" + [aa| (1) + |Ba] (31)) + |71 + 5 - |ou| (71),

51,52— 6]2,32 7,5—€;

522_1 B 4o OBoBs - T Ohw
=82 R 3+ 852 1] (5)
+1Ba] (52) - (A" + |041| (7)) + 18] (51)) + f52% - |au | (1)
= |51| + |Ba] (52) - (W1 + | (7)) + [B1] (51)) + s - |eut| (7).
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T2 +€iq,52 §2—€j, 72,82 —€jq

e Setting s = g, + 04522 = f; 0 gy and recalling that |7 | = |5 | + 1:

r+€i,8 7l P - 71,5 - -
Ohy 2 ou s = 6] (52) - (" + Joa| (71) + |51 (51))
T2+€iy,52 Tig

+ 9o o | (71) + |7 4 i) - Joa | (71)
= |71] + B2 (52) - (RV™ 4 ou| (71) + |B1] (51)) + 5 - |au| (71),

553'2*1 AR a;’;f;j? g2 a;,;fem
. _1 - = = . _1 N
=0 W BB A (3)

+ 1Bl (3o — €1,) - (BT + |eu | (71) + | Ba] (1)) + 957777 - e | (7))
= |51] + |Ba] (52) - (Ry"°" + |aa| (71) + | Bl (31)) + s - |ou| (71).
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