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Abstract

In this thesis, we study derivative-free methods able to solve systems of nonlinear
equations with a particular emphasis on the underdetermined case. We present a
new class of methods which generalizes the works from Grapiglia and Chorobura
[11] and Echebest, Schuverdt, and Vignau [9]. If the Jacobian corresponding to the
system of nonlinear equations is Lipschitz continuous then we prove, for two partic-
ular methods belonging to this class, worst-case complexity bounds on the number
of function evaluations to reach some optimality measure. Afterwards, the methods
are implemented and tested numerically to observe how they behave in practice.
Finally, we provide an application of these methods in the context of black-box at-
tack against deep neural networks. In particular, we model mathematically the way
to modify slightly an input such that it is misclassified with the constraint that the
neural network’s structure is hidden.

Keywords : Underdetermined systems of nonlinear equations · Derivative-free ·
Nonmonotone line search · Complexity bounds · Black-box adversarial attack
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Chapter 1

State of the art

This chapter is mostly about reviewing some notions, motivating the topics of this thesis and
giving a brief overview of the existing methods for solving systems of nonlinear equations.

1.1 Background

In this thesis, we are interested in solving the system of nonlinear equations

F(x) = 0

where the mapping F : Rn → Rm is continuously differentiable with n ≥ m. The
Jacobian matrix of F(x) will be noted J(x). Moreover, we might also need to define
a merit function f : Rn → R+ corresponding to F such that we have F(x) = 0 for
some x ∈ Rn if and only if f (x) = 0. From this definition, it is clear that when the
system of equations admits at least one solution, we have

min
x∈Rn

f (x) ⇐⇒ Find x ∈ Rn such that F(x) = 0

Hence, we will often see the algorithms used to solve systems of nonlinear equations
as a way to minimize f . Nevertheless if f doesn’t reach 0 at some point then such
interpretation is no longer possible and the set {x ∈ Rn | F(x) = 0} must be empty.
We focus on a merit function of the form

f (x) =
1
2
||F(x)||2 (1.1)

where we use the notation ||.|| for the usual 2-norm namely ||x|| =
√

∑n
i=1 x2

i for any
x ∈ Rn and corresponds to the induced 2-norm for matrices. Although, we might
also mention other possible merit functions such as f (x) = ||F(x)||p for p ∈ {1, 2}
used in Cruz, Martínez, and Raydan [6]. An advantage of the merit function (1.1)
is that f is also continuously differentiable and its gradient has a concise formula
given by

∇ f (x) = J(x)T F(x)

Contrary to the framework of optimization methods, finding a point x̄ which is al-
most stationary meaning ∇ f (x̄) = J(x̄)T F(x̄) ≈ 0 is not always a good thing. In-
deed, we can converge to a stationary point x̄ that may be only a local minimum
hence with F(x̄) ̸= 0. However, under additional hypothesis on the structure of the
Jacobian, we should be able to go further into the developments. For example, we
can observe that if Ker(J(x)T) = {0} for all x ∈ Rn then ∇ f (x) = 0 if and only if
F(x) = 0.
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Thereafter, we recall few definitions of the properties that we can expect from the
mapping F(x) and that may be useful in the Chapter 2.

The Jacobian J : Rn → Rm×n is said Lipschitz continuous with constant LJ > 0 if

||J(x)− J(y)|| ≤ LJ ||x− y|| (1.2)

The hypothesis of Lipschitz continuity is quite common when we study the theo-
retical convergence of methods. Roughly speaking, inequality (1.2) means that the
rate of change of the Jacobian is bounded by some constant. In addition, we can also
consider mappings F : Rn → Rn that are µ-strongly monotone that is to say there
exists some µ > 0 such that

(F(x)− F(y))T(x− y) ≥ µ||x− y||2 ∀x, y ∈ Rn (1.3)

As explained in Geiger and Kanzow [10], this property is stronger than the mono-
tonicity for a multivariable function F(x) defined as

(F(x)− F(y))T(x− y) ≥ 0 ∀x, y ∈ Rn

and it can be shown that (1.3) is equivalent to have for any x ∈ Rn

vT J(x)v ≥ µ||v||2 ∀v ∈ Rn

Notice that the class of problems with µ-strongly monotone mapping is actually
larger than the previous definitions which is actually only true for strongly increas-
ing mapping. Indeed, if G : Rn → Rn is a µ-strongly decreasing mapping then there
exists µ > 0 such that

−(G(x)− G(y))T(x− y) ≥ µ||x− y||2

Therefore, −G(x) is µ-strongly monotone and we can reformulate without loss of
generality the system of nonlinear equations as

F(x) = −G(x) = 0

1.2 Motivations

In many fields of Applied Mathematics, it is common to come across the problem of
finding x ∈ Rn such that

F(x) = Ax− b = 0 (1.4)

where A ∈ Rm×n and b ∈ Rm. The equation (1.4) is known as a system of linear
equations and it is a quite well understood problem which can always be solved
exactly in a fixed number of steps thanks to Gaussian elimination. Firstly, linear sys-
tem may appear in approximation theory when we want to interpolate a given set
of points with a polynomial. Secondly, being able to solve a linear system is also
useful when we would like to compute numerically the solution of partial differen-
tial equations. Indeed, the discretization of a linear partial differential equation with
finite differences or finite elements results generally in a large scale linear system.
Thirdly, we might also want to do quadratic unconstrained minimization namely

min
x∈Rn

1
2

xT Ax− bTx (1.5)



1.2. Motivations 3

where A is positive semi-definite. Note that (1.4) and (1.5) have the same solutions.

However, the real world is mostly nonlinear and many problems can’t be written
under the form (1.4). For example, we might interpolate within a set of functions
which are parameterized in a non trivial way, discretize a differential equation pre-
senting nonlinearity or minimize an arbitrary function. All these problems motivate
the need for designing efficient algorithms able to solve systems of nonlinear equa-
tions.

We give thereafter few definitions which are really the key concepts to understand
the methods presented in this work

✧ Derivative-free : A method for solving the problem F(x) = 0 is called derivative-
free if it performs without any information about the derivatives of F hence we
are only allowed to query the value F(x) for any given point x ∈ Rn.

✧ Nonmonotone : A method for solving the problem F(x) = 0 has a nonmono-
tone behavior if the sequence of iterates (xk)

∞
k=0 generated by the method is

such that ||F(xk)|| is not always decreasing.

✧ Underdetermined : A system of nonlinear equations of the form F(x) = 0 with
F : Rn → Rm is underdetermined if there is (strictly) more unknowns than
equations meaning n > m. Oppositely, if n = m then the system of equations
is said determined.

Underdetermined systems of equations typically arise in the context of constrained
optimization where we want to solve

min
x∈Rn

g(x) such that c(x) = 0 (1.6)

with g : Rn → R the objective function and c : Rn → Rm the function (poten-
tially very complex) describing the constraints. Typically, we have an optimization
method which can solve (1.6) by generating a sequence of iterates that remains in
the admissible set. However, the method needs to start with an admissible point x0.
It corresponds to finding x0 ∈ Rn such that c(x0) = 0 which is an underdetermined
system of nonlinear equations because problems like (1.6) admit in general more
variables than constraints.

For a long time, the nonmonotone methods haven’t been used because the possibil-
ity to observe ( f (xk))

∞
k=0 with significant increases between some iterates was a bit

disconcerting. Indeed, the majority of theorems about global convergence required
a sufficient decrease condition on the objective function at the next step. Actually,
methods usually produce a first guess in order to find the next iterate xk+1. It often
happens that this guess violates the monotonicity condition but contains in gen-
eral sensibly more information about the structure of the problem. Therefore, the
nonmonotone approach tends to be more prone to accept the first guess instead of
modifying it so that the objective decreases enough.

The derivative-free methods are based only on the information provided by func-
tion values and are not allowed to access to the Jacobian. Notice that the evaluation
of the function F(x) is generally much more cheaper than its Jacobian J(x). There-
fore, the computation and then the storage in memory of a matrix with size m× n
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might become difficult for large values of m or/and n. In numerous fields of Sci-
ence such as Physics, Chemistry, Statistics, ... the data come from experiments and
observations hence the computation of formal derivatives concerning theses quanti-
ties is not possible in practice. On one hand, real systems are often very complex to
model exactly thus the derivative-free setup allows to treat these systems as black-
box giving function value as output for any input. On the other hand, derivative-free
methods make barely no explicit assumptions on the problem, while methods using
the Jacobian will require F to be at least differentiable.

A practical application of derivative-free methods is the design of particular inputs
able to mislead a classifier called adversarial examples. Especially in the context of
deep neural networks, adversarial examples are usually made without any informa-
tion about the structure or the weights. We are only allowed to give an input to the
classifier and then observe the corresponding output. This application is explained
in full details in Chapter 4.

1.3 Newton method

The most famous method used to solve the problem F(x) = 0 is certainly the New-
ton method which is reminded below

Algorithm 1: Newton method
∣∣ Suitable for n ≥ m

Data: Starting point x0 ∈ Rn

Step 0. Set k = 0

Step 1. Solve J(xk)dk = −F(xk)

Step 2. Pick a step size αk > 0

Step 3. xk+1 = xk + αkdk

Step 4. Do k← k + 1 and go back to Step 1.

The method can be retrieved heuristically with the following reasoning :

✧ Let xk be a starting point not too far from the solution x⋆

✧ Assume F is approximately linear in the neighbourhood of xk then

F(xk+1) ≈ F(xk) + J(xk)(xk+1 − xk)

✧ If we consider that the linear model is exact then we pick xk+1 = x⋆ hence

0 = F(xk) + J(xk)(xk+1 − xk)

At the end, we can add a step length αk > 0 in order to ensure a condition on the
new iterate xk+1 or nuance the importance given to the search direction obtained by
solving the linear system

J(xk)dk = −F(xk) (1.7)

For determined systems of nonlinear equations, if J(xk) is invertible then we can
simply write one step of the method as

xk+1 = xk − αk J(xk)
−1 F(xk) (1.8)
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Nonetheless, in the general case, the uniqueness of the search direction dk given by
equation (1.7) is not guaranteed especially when m > n. Even worst, the linear
system may not admit a solution so the direction is not defined. If we consider the
Newton method where all the steps are undamped meaning αk = 1 for all k then we
have the following theorem from Polyak [19] about the local rate of convergence for
determined systems of equations (another result concerning the underdetermined
case can also be found in the same reference).

Theorem 1.1. — Suppose F : Rn → Rn is twice continuously differentiable on the set
B =

{
x ∈ Rn

∣∣ ||x− x0|| ≤ r
}

such that J(x0) is invertible. Furthermore, we have

||J(x0)
−1F(x0)|| ≤ K1

||J(x0)
−1H(x)|| ≤ K2 ∀x ∈ B

where K1, K2 are constants and H(x) is the Hessian of F(x). If the previous constants satisfy

h = K1K2 <
1
2

, r ≥ 1−
√

1− 2h
h

K1

then it exists a solution x⋆ ∈ B and the iterations (1.8) with undamped steps are always
well-defined and converge to x⋆ with

||xk − x⋆|| ≤ K1

h2k (2h)2k

From this theorem, we can deduce that the error committed at iteration k will re-
duce at least proportionally to q2k

with 0 < q < 1 which is quite fast. We say that
the Newton method converges with a quadratic rate. In other words, the sequence
(xk)

∞
k=0 converges and there exists a constant c > 0 and k0 ∈N such that

||xk+1 − x⋆|| ≤ c ||xk − x⋆||2 for any k ≥ k0

Although this rate of convergence is among the fastest that we can expect in prac-
tice, it has also few drawbacks that might make it computationally too expensive or
even not applicable to certain classes of problems. On one hand, we need to solve a
linear system of size n at each iteration which can be very expensive for large scale
problems. On the other hand, the method also requires to compute all the entries of
J(xk) and then store them in memory which is sometimes quite costly.

1.4 Quasi-Newton method

The quasi-Newton method is a derivative-free alternative to the Newton method
where we try to estimate the Jacobian with an approximation Bk ≈ J(xk).
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Algorithm 2: Quasi-Newton method
∣∣ Suitable for n ≥ m

Data: Starting point x0 ∈ Rn

Initial approximation B0 ∈ Rm×n

Step 0. Set k = 0

Step 1. Solve Bkdk = −F(xk)

Step 2. Pick a step size αk > 0

Step 3. xk+1 = xk + αkdk

Step 4. Build Bk+1 ≈ J(xk+1)

Step 5. Do k← k + 1 and go back to Step 1.

Again, if m = n and B−1
k exists then we have the update

xk+1 = xk − αkB−1
k F(xk) (1.9)

It is in general not possible to prove the quadratic convergence for the quasi-Newton
method. Under reasonable assumptions, one can show that the method converges
super-linearly namely

lim
k→∞

||xk+1 − x⋆||
||xk − x⋆|| = 0

Notice that quadratic convergence also implies super-linear convergence. The super-
linear convergence of the quasi-Newton method is stated formally in the next theo-
rem, a complete proof can be found in Dennis and Moré [8].

Theorem 1.2. — Suppose F : Rn → Rn is continuously differentiable on some open
convex set D ⊂ Rn and there exists x⋆ ∈ D such that F(x⋆) = 0 and J(x⋆) is invertible.
Let (xk)

∞
k=0 be the sequence of iterates generated by recurrence (1.9) for αk = 1 where the

matrices (Bk)
∞
k=0 are all non-singular. If the sequence stays in D and limk→∞ xk = x⋆ with

xk ̸= x⋆ for any k ≥ 0 then (xk)
∞
k=0 converges super-linearly if and only if

lim
k→∞

||(Bk − J(x⋆))(xk+1 − xk)||
||xk+1 − xk||

= 0 (1.10)

Intuitively, the assumption (1.10) says that the approximation Bk should converge to
the true Jacobian J(x⋆) along the search direction. Usually, most of the quasi-Newton
methods are defined such that the equality (1.11) called secant equation is satisfied.

Bk+1sk = yk (1.11)

where sk = xk+1 − xk and yk = F(xk+1)− F(xk). Thereafter, we give a sketch show-
ing that when (Bk)

∞
k=0 is a convergent sequence then (1.11) is a sufficient condition

for (1.10) to hold, indeed

||(Bk − J(x⋆))(xk+1 − xk)|| ≤ ||(Bk − Bk+1)sk||+ ||(Bk+1 − J(x⋆))sk||
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We deduce from the secant equation (1.11) and the Taylor expansion of F(xk+1) that

||(Bk+1 − J(x⋆))sk|| = ||yk − J(x⋆)sk||
= ||F(xk+1)− F(xk)− J(x⋆)(xk+1 − xk)||
= ||(J(λxk+1 + (1− λ)xk)− J(x⋆))(xk+1 − xk)||

for some 0 < λ < 1. Finally, since J is continuous and x⋆ = limk→∞ xk, we get

lim
k→∞

||(Bk − J(x⋆))(xk+1 − xk)||
||xk+1 − xk||

≤ lim
k→∞
||Bk+1 − Bk||+ ||(J(λxk+1 + (1− λ)xk)− J(x⋆))||

= 0

Moreover, the family of quasi-Newton methods in which the new matrix Bk+1 is
built by adding a symmetric low-rank perturbation to Bk are particularly efficient
to deal with the matrix storage since we only need to store the perturbations. This
class of methods can also avoid to solve the linear system at each iteration either by
approximating directly the inverse of the Jacobian Hk ≈ J(xk)

−1 or via an explicit
formula for B−1

k , see for example Broyden [4], Dennis and Moré [8].

To sum up, the quasi-Newton method is in general much more cheaper in terms
of computation by iteration than the Newton method only at the cost of losing the
quadratic convergence. Therefore, this method is often considered as one of the most
efficient method for solving large scale systems of nonlinear equations.

1.5 Spectral method

Firstly introduced in Barzilai and Borwein [2], the spectral method is a quasi-Newton
method for solving determined systems of equations where we do the rough approx-
imation Bk = 1

σk
I. The scalar σk is called spectral coefficient and must be such that

|σk| is bounded away from zero and not too large in other words

σmin ≤ |σk| ≤ σmax

for some constants σmin, σmax > 0. This very simple approximation allows to com-
pute directly dk = −σkF(xk) instead of having to solve a linear system. The algo-
rithm corresponding to the spectral method is presented below.



8 Chapter 1. State of the art

Algorithm 3: Spectral method
∣∣ Suitable for n = m

Data: Starting point x0 ∈ Rn

Bounds 0 < σmin ≤ σmax < ∞
Initial spectral coefficient σ0 ∈ R with σmin ≤ |σ0| ≤ σmax

Step 0. Set k = 0

Step 1. dk = −σkF(xk)

Step 2. Pick a step size αk > 0

Step 3. xk+1 = xk + αkdk

Step 4.0. σ =
sT

k sk

sT
k yk

with sk = xk+1 − xk and yk = F(xk+1)− F(xk)

Step 4.1. If σmin ≤ |σ| ≤ σmax then set σk+1 = σ

Step 4.2. Otherwise take arbitrary σk+1

such that σmin ≤ |σk+1| ≤ σmax

Step 5. Do k← k + 1 and go back to Step 1.

The spectral method applied to the optimization problem minx g(x), which can be
done by looking for stationary points so F(x) = ∇g(x) = 0, corresponds to a gradi-
ent method. We refer to Birgin, Martínez, and Raydan [3] for additional information.

Notice that σmax and σmin are often chosen very large and very small respectively,
typically σmin = 10−10, σmax = 1010. It implies that the constraints on the spectral
coefficient are almost technical assumptions hence for most of the iterations, we have

σk+1 =
sT

k sk

sT
k yk

(1.12)

The formula (1.12) is mainly motivated by the secant equation (1.11) which becomes
for the spectral method

Bk+1sk =
1

σk+1
sk = yk

Let’s define λk+1 = 1
σk+1

. Obviously the equation λk+1sk = yk has nearly no chance
to be true but if we consider the least square solution then we obtain

λk+1 = arg min
λ
||λsk − yk||2

= arg min
λ

sT
k skλ2 − 2sT

k ykλ + yT
k yk

=
sT

k yk

sT
k sk

=⇒ σk+1 =
sT

k sk

sT
k yk

If we solve instead the least square problem

σ̃k+1 = min
σ
||σyk − sk||2

then we get a different spectral coefficient provided by the formula (1.13).
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σ̃k+1 =
sT

k yk

yT
k yk

(1.13)

One can check that the spectral method for n = 1 with the spectral coefficient given
either by (1.12) or (1.13) reduces to the well-known secant method :

xk+1 = xk − αk
xk − xk−1

F(xk)− F(xk−1)
F(xk)

where J(xk) is approximated via the finite difference

J(xk) ≈
F(xk)− F(xk−1)

xk − xk−1

Nevertheless, the spectral coefficients (1.12) and (1.13) results generally in different
methods which are highly nonmonotone and relatively efficient given the very low
computational cost of an iteration.

1.6 Line search

Until now, we don’t really specify a way to find "good" values for αk > 0. We might
think about taking αk = 1 for all k. The iterations with the unit step are said un-
damped and lead usually to a faster convergence. Nevertheless, purely undamped
methods are relatively hazardous for general problems as the steps might become
out of control and generate iterates that never succeed to reach the solution.

Another approach consists to define beforehand a given sequence (αk)
∞
k=0 describing

the step lengths, for instance αk = 1
k+1 . The idea is that at the beginning we are

enough confident to make large steps but as we get closer to the solution, we try to
reduce the size of the steps in order to avoid missing the solution.

Concerning the methods presented here, we will mainly focus on a dynamical proce-
dure called line search which computes αk such that xk+1 = xk + αkdk satisfies some
condition. The line search algorithms are widely used in the optimization field and
usually require the computation of f (xk + αkdk). The name "line search" comes from
the fact that we only look at f along the search direction dk. Since we are looking
for a minimum, it would make sense to take αk such that the objective function f is
minimized in the given direction, thus

αk = arg min
α>0

f (xk + αdk) (1.14)

The strategy (1.14) is known as "exact line search". It works well for structured prob-
lems but in general solving a one dimensional optimization problem can be quite
expensive. Hence, most of the line searches will try to find

αk ≈ arg min
α>0

f (xk + αdk)

However, this choice may not be appropriate when the method which provides the
search direction has a highly nonmonotone behavior. The line search condition cor-
responds in general to an inequality which can be written without loss of generality
as ϕ(α) ≥ 0 for some function ϕ : R+ → R. If ϕ(α) ≥ 0 then we said that α is an



10 Chapter 1. State of the art

admissible step size for the line search otherwise ϕ(α) < 0 and we need to test again
the condition with another value.

The next algorithm try to find α such that ϕ(α) ≥ 0 by testing values decreasing
geometrically. We start with ᾱ an initial guess (often ᾱ = 1 because the undamped
step is more effective). Afterwards, we decrease our last value tested by a factor
β ∈ (0, 1) until the condition is satisfied.

Algorithm 4: General line search
Data: Rate of decrease β ∈ (0, 1)

Initial guess ᾱ ∈ R+

Step 0. Set l = 0

Step 1. α = βl ᾱ

Step 2. If ϕ(α) ≥ 0 then return α

Step 3. Do l ← l + 1 and go back to Step 1.

Notice that if ϕ is a continuous function such that ϕ(0) > 0 (meaning α = 0 is admis-
sible with the strict inequality) then the line search procedure above will terminate
in a finite number of steps. Indeed, by definition of the continuity, ϕ can’t change
of sign instantly so there exists δ > 0 such that for all α ∈ [0, δ], we have ϕ(α) ≥ 0.
Hence, it exists an interval of small admissible step sizes that we will reach if we
take α sufficiently small.

Ideally, we would like to have a line search specialized for nonmonotone and derivative-
free methods so that we can combine it with the spectral method described previ-
ously. The basic line search, proposed by Armijo [1] is

f (xk + αdk) ≤ f (xk) + cα∇ f (xk)
Tdk (1.15)

with 0 < c < 1

Inequality (1.15) requires the objective function at the next iterate to be smaller than
the tangent to f in xk, where we raise the slope by a factor c. The existence of suf-
ficiently small admissible step sizes can be proven but only when ∇ f (xk)

Tdk < 0.
Because for α→ 0, we have

f (xk + αdk)− f (xk)

α
= ∇ f (xk)

Tdk < c∇ f (xk)
Tdk

An issue with the Armijo line search is that we always impose that the next iterate
decreases the objective value. In order to allow a nonmonotone behavior, Grippo,
Lampariello, and Lucidi [12] proposed the following line search

f (xk + αdk) ≤ max
0≤j≤min(k,M−1)

f (xk−j) + cα∇ f (xk)
Tdk (1.16)

with 0 < c < 1 and M ∈N>0

This line search is a generalization of (1.15) since we take the maximum function
value over the last M iterates instead of only the current one. Similar results hold
for the existence of an admissible value of α as if (1.15) is satisfied then it will also
be the case for (1.16). However, both line searches make use of ∇ f (xk) which is not
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allowed in the context of derivative-free methods. In addition, the requirement of
using only descent directions can’t be done easily in our set up. For instance, if we
consider the search direction provided by the spectral method dk = −σkF(xk) then
we can see that ∇ f (xk)

Tdk = −σkF(xk)
T J(xk)F(xk) < 0 can’t be guaranteed easily.

A line search that fixes some of these issues is the one from Li and Fukushima [15] :

||F(xk + αdk)|| ≤ (1 + θk) ||F(xk)|| − ρα2||dk||2 (1.17)

with ρ > 0 and θk > 0 such that
∞

∑
k=0

θk < ∞

Here, we can prove that the line search will terminate in finitely many steps without
any restriction on the search direction because we can write (1.17) as

ϕ(α) = (1 + θk)||F(xk)|| − ||F(xk + αdk)|| − ρα2||dk||2 ≥ 0

and ϕ is continuous with ϕ(0) = θk||F(xk)|| > 0 when xk is not the solution. Con-
trary to (1.16), a method using the line search (1.17) will behave asymptotically as a
monotone method because ∑∞

k=0 θk < ∞ which implies that θk → 0 quickly enough.
Therefore, we have for large values of k

0 < ρα2||dk||2 ≤ (1 + θk)||F(xk)|| − ||F(xk + αdk)|| ≈ ||F(xk)|| − ||F(xk + αdk)||

Cruz, Martínez, and Raydan [6] describe a new line search combining features of
both line searches (1.16) and (1.17) which is particularly well-adapted for nonmono-
tone derivative-free methods namely

f (xk + αdk) ≤ max
0≤j≤min(k,M−1)

f (xk−j) + θk − ρα2 f (xk) (1.18)

with ρ > 0, M ∈N>0 and θk > 0 such that
∞

∑
k=0

θk < ∞

The nonmonotone behavior of (1.18) is mostly ensured by

max
0≤j≤min(k,M−1)

f (xk−j)

and this effect becomes more important when we take large values for M. This
nonmonotonicity may also come from θk > 0, nevertheless as explained before this
quantity tends relatively rapidly to zero as k increases. Finally, the purpose of the
term −ρα2 f (xk) is to obtain theoretical convergence results which will be explained
in the next chapter. Again, we can check that line search procedures that decrease
the step size at each iteration will terminate because

ϕ(α) = max
0≤j≤min(k,M−1)

f (xk−j)− f (xk + αdk) + θk − ρα2 f (xk)

is continuous and satisfies

ϕ(0) = max
0≤j≤min(k,M−1)

f (xk−j)− f (xk) + θk ≥ θk > 0
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1.7 DF-SANE

The method DF-SANE introduced by Cruz, Martínez, and Raydan [6] is at the origin
of the algorithm presented in this thesis. The name DF-SANE stands for "Derivative-
Free Spectral Algorithm for Non-linear Equations". It is a spectral method where we
consider two possible search directions dk = ±σkF(xk) combined with the line search
(1.18), as described in what follows :

Algorithm 5: DF-SANE
∣∣ Suitable for n = m

Data: Starting point x0 ∈ Rn

Bounds 0 < σmin ≤ σmax < ∞
Sequence (θk)

∞
k=0 with θk > 0 and ∑∞

k=0 θk < ∞
Line search parameters ρ > 0, M ∈N>0, β ∈ (0, 1)

Step 0. Set k = 0

Step 1. Compute σk such that σmin ≤ |σk| ≤ σmax

Define dk = −σkF(xk)

Step 2.0. Set l = 0

f̄k = max0≤j≤min(k,M−1) f (xk−j)

Step 2.1. If f (xk + βldk) ≤ f̄k + θk − ρ
(

βl)2 f (xk)

then set αk = βl , d = dk and go to Step 3.

Step 2.2. If f (xk − βldk) ≤ f̄k + θk − ρ
(

βl)2 f (xk)

then set αk = βl , d = −dk and go to Step 3.

Step 2.3. Do l ← l + 1 and go back to Step 2.1

Step 3. xk+1 = xk + αkd

Step 4. Do k← k + 1 and go back to Step 1.

In the paper of Cruz, Martínez, and Raydan [6], the following theorem is proved
about DF-SANE.

Theorem 1.3. — Suppose F : Rn → Rn is continuously differentiable and (xk)
∞
k=0 is a

sequence generated by DF-SANE. If x̄ is a limit point of the subsequence (xv(j)−1)
∞
j=0 with

v(j) = arg max
(j−1)M+1≤k≤jM

f (xk)

then
F(x̄)T J(x̄)F(x̄) = 0 (1.19)

This result remains valid when we take the merit function f (x) = ||F(x)|| but for
f (x) = 1

2 ||F(x)||2, we can write (1.19) equivalently as

∇ f (x̄)T F(x̄) = 0

hence at any limit point x̄ the gradient ∇ f and the residual F are orthogonal. This
means that we might have F(x̄) ̸= 0. However, if the mapping F is µ-strongly mono-
tone, then

0 = F(x̄)T J(x̄)F(x̄) ≥ µ||F(x̄)||2 =⇒ F(x̄) = 0
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Finally, note that none of the theoretical results requires explicitly σk+1 = σ with

σ =
sT

k sk

sT
k yk

if σmin ≤ |σ| ≤ σmax

but the implementation is usually done in the same way as with the spectral method
because it works well in practice.

1.8 DF-SAUNE

For underdetermined systems, DF-SANE can’t be applied directly. Indeed, one can
simply remark that it is not possible to sum up the search direction dk = −σkF(xk) ∈
Rm with the iterate xk ∈ Rn. The paper of Echebest, Schuverdt, and Vignau [9]
gives a method equivalent to DF-SANE from Cruz, Martínez, and Raydan [6] when
n = m but with the possibility to handle also the case n > m. Analogously to DF-
SANE, the author called this new method DF-SAUNE for "Derivative-Free Spectral
Algorithm for Underdetermined Non-linear Equations". DF-SAUNE is inspired by
the augmented Jacobian algorithm presented in Walker and Watson [21]. In this
method, the search direction dk ∈ Rn is found by solving the square system of linear
equations (

J(xk)
Vk

)
dk =

(
−F(xk)

0

)
(1.20)

where Vk ∈ R(n−m)×n is chosen such that the full matrix in equation (1.20) is in-
vertible. As a reminder for the spectral method with m = n, we approximate the
Jacobian by some multiple of the identity matrix nevertheless here the Jacobian is
not square hence we take instead

J(xk) ≈
1
σk

Ek (1.21)

where Ek ∈ Rm×n is a matrix with a very simple structure which reduces to Ek = I
for all k in the determined case. The authors Echebest, Schuverdt, and Vignau [9]
choose a periodic sequence (Ek)

∞
k=0 meaning that we repeat infinitely a sequence

E0, E1, . . . , EN−1 with N =
⌈ n

m

⌉
. If n is divisible by m then the matrix E0, E1, . . . , EN−1

are made of N blocks with size m×m as follow

Ej =
(
0 0 · · · I · · · 0

)
(1.22)

where the jth block that composes Ej is the identity matrix and the others are set to
zero. When n

m is not an integer E0, E1, . . . , EN−2 are built in the same way but the
last block of EN−1 will only consists in the n− (N− 1)m first columns of the identity
matrix and the remaining columns will be the first columns of EN−1. We clarify the
above with a simple example for m = 3 and n = 7 so N =

⌈ n
m

⌉
= 3

E0 =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0



E1 =

0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0


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E2 =

0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0


Combining the ideas of equations (1.20) and (1.21), we get

1
σk

(
Ek
Vk

)
dk =

(
−F(xk)

0

)
(1.23)

If we choose Vk such that the rows of Ek and Vk form the canonical basis of Rn

then
(

Ek
Vk

)
is invertible and also orthogonal hence multiplying equation (1.23) by

the transpose gives

1
σk

dk =
(
ET

k VT
k

) (−F(xk)
0

)
= −ET

k F(xk)

=⇒ dk = −σkET
k F(xk)

This particular choice of search direction leads to DF-SAUNE, we give thereafter
the pseudo-code for completeness but there are only few modifications compared to
DF-SANE. Notice that we can write

f (xk+1) ≤ max
0≤j≤min(k,M−1)

f (xk−j) + θk − ρα2||dk||2

= max
0≤j≤min(k,M−1)

f (xk−j) + θk − 2ρα2σ2
k f (xk)

because
||dk||2 = σ2

k ||ET
k F(xk)||2 = σ2

k ||F(xk)||2 = 2σ2
k f (xk)

thus the line searches of DF-SANE and DF-SAUNE are also closely related.
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Algorithm 6: DF-SAUNE
∣∣ Suitable for n ≥ m

Data: Starting point x0 ∈ Rn

Bounds 0 < σmin ≤ σmax < ∞
Sequence (θk)

∞
k=0 with θk > 0 and ∑∞

k=0 θk < ∞
Line search parameters ρ > 0, M ∈N>0, β ∈ (0, 1)
Matrices (Ek)

∞
k=0 with size m× n, see definition (1.22)

Step 0. Set k = 0

Step 1. Compute σk such that σmin ≤ |σk| ≤ σmax

dk = −σkET
k F(xk)

Step 2.0. Set l = 0

f̄k = max0≤j≤min(k,M−1) f (xk−j)

Step 2.1. If f (xk + βldk) ≤ f̄k + θk − ρ
(

βl)2 ||dk||2

then set αk = βl , d = dk and go to Step 3.

Step 2.2. If f (xk − βldk) ≤ f̄k + θk − ρ
(

βl)2 ||dk||2

then set αk = βl , d = −dk and go to Step 3.

Step 2.3. Do l ← l + 1 and go back to Step 2.1

Step 3. xk+1 = xk + αkd

Step 4. Do k← k + 1 and go back to Step 1.

An adaptation of the proof in Cruz, Martínez, and Raydan [6] for DF-SAUNE gives
an almost identical result :

Theorem 1.4. — Suppose F : Rn → Rm is continuously differentiable and (xk)
∞
k=0 is a

sequence generated by DF-SAUNE. If x̄ is a limit point of the subsequence (xv(j)−1)
∞
j=0 with

v(j) = arg max
(j−1)M+1≤k≤jM

f (xk)

then there exists j0 ∈ {0, 1, . . . , N − 1} such that

F(x̄)T J(x̄)ET
j0 F(x̄) = 0

1.9 General class of methods

In view of the astonishing numerical results of DF-SANE, see Cruz, Martínez, and
Raydan [6], a more quantitative approach was needed in order to better understand
the method theoretically. The paper from Grapiglia and Chorobura [11] presented a
general class of derivative-free nonmonotone methods which includes DF-SANE as
a particular case. The line search condition is extended as follow

f (xk+1) ≤ f (xk) + νk + θk − ρα2 f (xk) (1.24)

with ρ > 0, νk ≥0 and θk > 0 such that
∞

∑
k=0

θk ≤ θ < ∞
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We can show that (1.24) leads to a well-defined line search procedure with a similar
reasoning as for (1.18) because νk + θk > 0. The nonmonotone behavior of this line
search is mainly characterised by the choices for the sequence (νk)

∞
k=0 which is not

necessarily a summable sequence. If we decide to define

νk = − f (xk) + max
0≤j≤min(k,M−1)

f (xk−j)

then we recover the line search of DF-SANE.

Algorithm 7: General method
∣∣ Suitable for n = m

Data: Starting point x0 ∈ Rn

Bounds 0 < σmin ≤ σmax < ∞
Sequence (νk)

∞
k=0 with νk ≥ 0

Sequence (θk)
∞
k=0 with θk > 0 and ∑∞

k=0 θk ≤ θ < ∞
Line search parameters ρ > 0, β ∈ (0, 1)

Step 0. Set k = 0

Step 1. Compute σk such that σmin ≤ |σk| ≤ σmax

dk = −σkF(xk)

Step 2.0. Set l = 0

Step 2.1. If f (xk + βldk) ≤ f (xk) + νk + θk − ρ
(

βl)2 f (xk)

then set lk = l, αk = βlk , d = dk and go to Step 3.

Step 2.2. If f (xk − βldk) ≤ f (xk) + νk + θk − ρ
(

βl)2 f (xk)

then set lk = l, αk = βlk , d = −dk and go to Step 3.

Step 2.3. Do l ← l + 1 and go back to Step 2.1

Step 3. xk+1 = xk + αkd

Step 4. Do k← k + 1 and go back to Step 1.

The authors focus on finding a point x̄ such that ψ(x̄) ≤ ϵ where

ψ(x) =

{
min

(
||F(x)||, |∇ f (x)T F(x)|

||F(x)||

)
if F(x) ̸= 0

0 otherwise
(1.25)

The convergence analysis of the method is done under some hypothesis about the
problem and the parameters of the method which are

H1 The Jacobian J(x) is Lipschitz continuous.

H2 The sequence (νk)
∞
k=0 is summable so ∑∞

k=0 νk ≤ ν < ∞.

H3 The sublevel set L f (x0) = {x ∈ Rn | f (x) ≤ f (x0) + ν + θ} is bounded.

We now give an important result from Grapiglia and Chorobura [11]

Theorem 1.5. — Suppose that H1, H2 and H3 hold and let (x)∞
k=0 be a sequence generated

by Algorithm 8. Given a tolerance ϵ > 0, we consider the set given by

Ω(ϵ) = {k ∈N | ψ(xk) > ϵ}
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then we can bound the number of elements in this set as follow

|Ω(ϵ)| ≤ 2
f (x0) + ν + θ

ρ min
(

1,
(

2βσmin
ρ+Lσ2

max

)2
) ϵ−2

This theorem implies that the method is able to find x̄ with ψ(x̄) ≤ ϵ within O
(
ϵ−2)

iterations. Furthermore, it was also shown that if ψ(xk) > ϵ for some ϵ ∈ (0, 1) then
the step size at iteration k is bounded from above namely

αk ≥ τϵ

for some constant τ > 0. From there, we can deduce a bound for the number of
function evaluations because we have

αk = βlk ≥ τϵ =⇒ lk ≤
log(τϵ)

log β

Notice that the number of function evaluations at iteration k is at most 2(lk + 1)
because for l = 0, 1, . . . lk we need to check both directions (or potentially only one
at the last step). Hence Algorithm 7 with a summable sequence (νk)

∞
k=0 must perform

O
(
ϵ−2 log(ϵ−1)

)
computations of F(x) to find x̄ such that ψ(x̄) ≤ ϵ.

Another method called N-DF-SANE from Cheng and Li [5] is also described and it
is shown in Grapiglia and Chorobura [11], that this method belongs to the class of
methods corresponding to Algorithm 7. N-DF-SANE is a variant of DF-SANE which
demonstrates better results on most of the numerical tests compared to DF-SANE.
The line search condition used in N-DF-SANE is

f (xk+1) ≤ Ck + θk − ρα2
k f (xk)

with ρ > 0, M ∈N>0, and θk > 0 such that
∞

∑
k=0

θk ≤ θ < ∞

The sequence (Ck)
∞
k=0 characterizing the nonmonocity of the method is defined by

Ck+1 = (1− δk+1)(Ck + θk) + δk+1 f (xk+1)

with δk+1 ∈ (0, 1] and C0 = f (x0)

Afterwards, the problems with a µ-strongly monotone mapping are considered in
Grapiglia and Chorobura [11] where we can remark that

|∇ f (x)T F(x)|
||F(x)|| =

|F(x)T J(x)F(x)|
||F(x)|| ≥ µ||F(x)||

Therefore,
ψ(x) ≤ ϵ =⇒ min(1, µ) ||F(x)|| ≤ ϵ (1.26)

On top of this improvement in the previous results, they also consider two other
methods using the following parameters

νk = 0, θk = γkθ0 with 0 < γ < 1 and θ0 > 0
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and prove complexity bounds in O
(
log(ϵ−1)

)
for both iterations and function eval-

uations to find an iterate x̄ such that f (x̄) = 1
2 ||F(x̄)||2 ≤ ϵ. Notice that according to

(1.26), the general method Algorithm 7 has only a complexity of O
(

ϵ−1 log(ϵ−
1
2 )
)

to
find x̄ such that ψ(x̄) ≤ ϵ. In particular, one of these two methods uses an adaptive
approach for the step size that is to say

αk+1 = βlk−1αk

xk+1 = xk + αkβlk dk

Here, the notation αk doesn’t correspond to the step length anymore which is ac-
tually αkβlk . Instead, it is the guess that we make at the first iteration in the line
search. This strategy keeps in memory information from the last step and we will
investigate it further in Chapter 2.

1.10 Contributions

The goals of this work are :

✧ Present a new class of derivative-free methods

✧ Prove worst-case evaluation complexity for two new methods

✧ Experiment and compare numerically these new methods

✧ Provide a new way to generate adversarial example in the black-box setting
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Chapter 2

New class of methods

In this chapter, we present a new class of methods for solving underdetemined systems of
nonlinear equations. Then, we focus on two particular methods belonging to this class and
prove complexity bounds regarding the number of function evaluations.

2.1 Search direction

The new class of derivative-free nonmonotone methods for solving underdetermined
systems of nonlinear equations proposed in this thesis is a quasi-Newton method.
More precisely, in such method, the search direction dk ∈ Rn is computed by solving

Bkdk = −F(xk) (2.1)

where Bk ∈ Rm×n aims to approximate the Jacobian J(xk) and thus imitates the
"ideal" behavior of the Newton method. We have seen in Chapter 1 that methods
choosing a simple structure for Bk in order to be very cheap, remain quite competi-
tive in practice. We consider the approximation of the Jacobian given by

Bk =
1
σk

Ek ≈ J(xk) (2.2)

We remind that σk ∈ R is the spectral coefficient which must be bounded as follow

0 < σmin ≤ |σk| ≤ σmax < ∞

with some constant bounds σmin and σmax. Nevertheless, it is almost a technical as-
sumption required in the proofs as we often pick σmin, σmax respectively small and
large enough. The matrix Ek in equation (2.2) somehow represents approximately
the structure of the Jacobian. As a reminder, the spectral method presented in Chap-
ter 1 is such that Ek = I for all k hence we would like to generalize it to underdeter-
mined systems of equations.

In the new method, we define Ek ∈ Rm×n as a matrix whose rows are distinct and
belongs to the set {e1, e2, . . . , en}. The vector ei ∈ Rn is made of zeros except the ith
component which is equal to 1. One can easily check that if m = n then we recover
the spectral direction.

An important property which will be used again later is that for any matrix Ek de-
fined according to the previous rule, we have

EkET
k = I (2.3)
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Notice that all the proofs done in this chapter are still valid if we only require that
each matrix in the sequence (Ek)

∞
k=0 satisfies the equation (2.3). However, using ma-

trices with entries in {0, 1} allows to compute very quickly the matrix-vector prod-
uct. Moreover, a valid search direction in the sense of (2.1) is provided by

dk = −σkET
k F(xk) (2.4)

Indeed, if we use equation (2.3) then we find

Bkdk =

(
1
σk

Ek

)(
−σkET

k F(xk)
)
= −EkET

k F(xk) = −F(xk)

Thus, the definition of Bk can be interpreted as follow :

Choose m variables and consider the other n−m as constants. Afterwards the new
system of equations has m unknowns and m equations so we can apply a spectral
method step to the corresponding subset of variables.

The formula for the spectral coefficient used in practice when its absolute value
is contained in [σmin, σmax] must be somewhat modified compared to the spectral
method of Chapter 1. Again, we consider the secant condition

Bk+1sk =
1

σk+1
Ek+1sk = yk (2.5)

where sk = xk+1 − xk and yk = F(xk+1)− F(xk). Given our choice of approximation
for the Jacobian, it is quite unlikely that the equation (2.5) holds. Nevertheless, if we
define λk+1 = 1

σk+1
and consider the least square solution

λk+1 = arg min
λ
||Ek+1sk λ− yk||

then we get, thanks to the normal equations

(Ek+1sk)
T(Ek+1sk) λk+1 = (Ek+1sk)

Tyk

Hence, we deduce the formula

σk+1 =
(Ek+1sk)

T(Ek+1sk)

(Ek+1sk)Tyk
(2.6)

2.2 Line search

We remind that we aim to minimize the merit function

f (x) =
1
2
||F(x)||2

At each step, we consider either the search directions dk provided by equation (2.4)
or −dk. We check the opposite direction of dk too because it is not clear which one is
suitable for the minimization of the merit function f (x).
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The line search is almost the same as Grapiglia and Chorobura [11] and corresponds
to finding a step length α > 0 such that we have for either

xk+1 = xk + αdk or xk+1 = xk − αdk

The next inequality which holds

f (xk+1) ≤ f (xk) + νk + θk − ργkα2 f (xk)

with ρ > 0, νk ≥ 0 and θk > 0 such that
∞

∑
k=0

θk ≤ θ < ∞
(2.7)

The purpose of the parameter γk in inequality (2.7) is to be able to prove theoretical
results for the line searches in both methods proposed in Grapiglia and Chorobura
[11] and Echebest, Schuverdt, and Vignau [9] corresponding respectively to γk = 1
and γk = 2σ2

k . Since the spectral coefficient σk is bounded, we have also

γmin ≤ γk ≤ γmax (2.8)

where

γmax =γmin = 1 for Grapiglia and Chorobura [11]

γmax = 2σ2
max, γmin = 2σ2

min for Echebest, Schuverdt, and Vignau [9]

As seen in Chapter 1, the summable sequence of positive numbers (θk)
∞
k=0 allows

to have a well-defined line search and the second sequence (νk)
∞
k=0 can be used to

design a large range of nonmonontone methods. Notice that the proofs thereafter
will require that ∑∞

k=0 νk < ∞ but it is not necessarily the case for the general class of
methods considered.

2.3 Different strategies

The general class of methods obtained with the search direction and the line search
presented above is provided explicitly in Algorithm 8.
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Algorithm 8: New class of methods
∣∣ Suitable for n ≥ m

Data: Starting point x0 ∈ Rn

Initial guess α0 > 0
Bounds 0 < σmin ≤ σmax < ∞
Sequence (νk)

∞
k=0 with νk ≥ 0

Sequence (θk)
∞
k=0 with θk > 0 and ∑∞

k=0 θk ≤ θ < ∞
Line search parameters ρ > 0, β ∈ (0, 1) and γk defined as 1 or 2σ2

k
Matrices (Ek)

∞
k=0 with size m× n and distinct rows in {e1, e2, . . . , en}

Step 0. Set k = 0

Step 1. Compute σk such that σmin ≤ |σk| ≤ σmax

dk = −σkET
k F(xk)

Step 2.0. Set l = 0

Step 2.1. If f (xk + αkβldk) ≤ f (xk) + νk + θk − ργk(αkβl)2 f (xk)

then set lk = l, d = dk and go to Step 3.

Step 2.2. If f (xk − αkβldk) ≤ f (xk) + νk + θk − ργk(αkβl)2 f (xk)

then set lk = l, d = −dk and go to Step 3.

Step 2.3. Do l ← l + 1 and go back to Step 2.1

Step 3. xk+1 = xk + αkβlk d

Pick initial guess αk+1 for the next iteration

Step 4. Do k← k + 1 and go back to Step 1.

Notice that we have many degrees of freedom in Algorithm 8 as the definition of the
sequences (σk)

∞
k=0, (νk)

∞
k=0, (θk)

∞
k=0, (Ek)

∞
k=0 and (αk)

∞
k=0 are not specified. Typically,

σk is defined according to the formula (2.6) and we often set

θk =
θ0

(k + 1)2 or θk =
θ0

2k

with θ0 a positive constant, one can check that we have ∑∞
k=0 θk < ∞.

Furthermore, if we define

νk = − f (xk) + max
0≤j≤min(k,M−1)

f (xk−j)

then we recover DF-SAUNE or it is also possible to simply pick νk = 0.

Each matrix Ek translates mathematically which subset of m variables among n are
updated at iteration k. We describe three possible ways of doing this without ex-
plicitly giving the corresponding matrices. The first two strategies use periodic
sequence. It means that we repeat indefinitely the matrices E0, E1, . . . , EN−1 with
N ∈N, the period of the sequence.

✧ Standard strategy : The sequence (Ek)
∞
k=0 is periodic with N =

⌈ n
m

⌉
. It is

the same strategy as DF-SAUNE from Echebest, Schuverdt, and Vignau [9],
see also Chapter 1. Each matrix Ej for j = 0, 1, . . . , N − 2 defines the subset of
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variables with indices

jm, jm + 1, . . . , (j + 1)m− 1

If n can be divided by m then the subset corresponding to EN−1 is defined simi-
larly, otherwise we complete the last subset of variables with the first variables
in order to have m variables in this subset.

✧ Modulo strategy : The sequence (Ek)
∞
k=0 is periodic with N equal to the lowest

common multiple of n and m. Each matrix Ej for j = 0, 1, . . . , N− 1 defines the
subset of variables with indices

jm, jm + 1, . . . , (j + 1)m− 1 modulo(n)

where we use the modulo operator to say that when indices overcome n then
we take the remainder of their division by n. Notice that when n is divisible
by m then it is the same strategy as previously.

✧ Random strategy : Each matrix Ej for j = 0, 1, . . . , N − 1 defines a subset of
m variables chosen randomly among n. This sequence is particularly useful
when we don’t want to have a regular pattern, see application in Chapter 4.

In the line search of Algorithm 8, we check successively for l = 0, 1, 2, . . . if the line
search condition (2.7) is satisfied by the step size α = αkβl where αk is a guess value
used at the first line search iteration. We present two different ways for defining the
sequence of guess (αk)

∞
k=0.

✧ Memoryless method : The first step size tested in the line search will always
be the same so αk = α0 for all k. We call this approach "memoryless" because
it doesn’t take into account the information from the past steps. However, it is
not really a drawback as we usually fix α0 = 1 hence we try first the undamped
step which is often the most efficient.

✧ Adaptive method : This approach is called "adaptive" because the guess at
iteration k + 1 is adapted based on what we know from iteration k. More pre-
cisely, we pick αk+1 = αkβlk−1 meaning that the next guess is the effective step
size at the previous iteration which is increased by a factor β−1. Therefore, we
do a guess which aims to be closer to the actual true step size in the hope of
observing less function evaluations in the line search.

We will provide theoretical results for both Memoryless method and Adpative method
regardless of the particular definition of the sequence (Ek)

∞
k=0 but we will need an

additional assumption about the sequence (νk)
∞
k=0.

2.4 Auxiliary results

In this section, we present four lemmas which will be important tools for carrying
the convergence analysis of Algorithm 8. We consider the following assumptions :

A1 The Jacobian J(x) is Lipschitz continuous with constant LJ

A2 The sequence (νk)
∞
k=0 is summable so ∑∞

k=0 νk ≤ ν < ∞
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A3 The sublevel set L f (x0) = {x ∈ Rn | f (x) ≤ f (x0) + ν + θ}
is bounded namely D0 = sup

{
||x− x0||

∣∣ x ∈ L f (x0)
}
< ∞

Lemma 2.1. — Any sequence (xk)
∞
k=0 generated by Algorithm 8 remains in the sublevel set

L f (x0) = {x ∈ Rn | f (x) ≤ f (x0) + ν + θ}

Proof. By the line search condition (2.7), we have

f (xk+1) ≤ f (xk) + νk + θk

Therefore

f (xk) ≤ f (x0) +
k−1

∑
j=0

(νk + θk) ≤ f (x0) + ν + θ

Lemma 2.2 and Lemma 2.3 are mainly consequences of the fact that J(x) is Lipschitz
continuous. We use conv(A) to denote the convex hull of A ⊂ Rn.

Lemma 2.2. — Under the assumptions A1, A2 and A3, we have for all x, y ∈ conv(L f (x0))

||F(x)− F(y)|| ≤
(

LJ D0 + ||J(x0)||
)
||x− y||

Proof. For any x, y ∈ conv(L f (x0)), Taylor’s expansion gives for some λ ∈ [0, 1]

F(x) = F(y) + J(λx + (1− λ)y)(x− y)

Therefore

||F(x)− F(y)|| ≤ ||J(λx + (1− λ)y))|| ||x− y||
≤
(
||J(λx + (1− λ)y)− J(x0)||+ ||J(x0)||

)
||x− y||

≤
(

LJ ||λx + (1− λ)y− x0||+ ||J(x0)||
)
||x− y||

≤
(

LJ D0 + ||J(x0)||
)
||x− y|| (2.9)

The last inequality (2.9) comes from the fact that if z ∈ conv(L f (x0)) then we have

||z− x0|| ≤ D0

It can be shown by writing z as a convex combination of two elements in L f (x0).

Lemma 2.3. — Under the assumptions A1, A2 and A3, the function f (x) = 1
2 ||F(x)||2

restricted to the domain conv(L f (x0)) has a L-Lipschitz gradient with

L =
(

LJ D0 + ||J(x0)||
)2

+ LJ D0
(

LJ D0 + ||J(x0)||
)
+ LJ ||F(x0)||

Proof. For any x, y ∈ conv(L f (x0))

||∇ f (x)−∇ f (y)|| = ||J(x)T F(x)− J(x)T F(y) + J(x)T F(y)− J(y)T F(y)||
≤ ||J(x)|| ||F(x)− F(y)||+ ||J(x)− J(y)|| ||F(y)|| (2.10)
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If we use Lemma 2.2 and the Lipschitz continuity of J(x) then equation (2.10) becomes

||∇ f (x)−∇ f (y)|| ≤
(
||J(x)− J(x0)||+ ||J(x0)||

) (
LJ D0 + ||J(x0)||

)
||x− y||

+ LJ ||x− y|| (||F(y)− F(x0)||+ ||F(x0)||)

≤
((

LJ D0 + ||J(x0)||)2 + LJ D0(LJ D0 + ||J(x0)||
)
+ LJ ||F(x0)||

)
||x− y||

In the following, when we assume that J(x) is LJ-Lipschitz, the Lipschitz constant
of ∇ f (x) induced by Lemma 2.3 will always be denoted by L. Lemma 2.4 states a
sufficient condition in order to have an admissible step size for the line search (2.7).

Lemma 2.4. — Under the assumptions A1, A2 and A3, let xk be an iterate generated by
Algorithm 8 such that ∇ f (xk)

Tdk ̸= 0 and

0 < α ≤ c
|(Ek∇ f (xk))

T F(xk)|
||F(xk)||2

where c =
2σmin

Lσ2
max + ργmax

then at least one of the two inequalities below is satisfied

f (xk + αdk) ≤ f (xk) + νk + θk − ργkα2 f (xk)

f (xk − αdk) ≤ f (xk) + νk + θk − ργkα2 f (xk)

Proof. We show the statement by contraposition and define the function ϕ+ as

ϕ+(t) = f (xk + tdk)− f (xk)− νk − θk + ργkt2 f (xk)

Notice that ϕ+(0) = −νk − θk < 0 and ϕ+(α) > 0 by hypothesis, since we assume
that the line search is not satisfied by the step length α. From the Intermediate Value
theorem, we know that there exists t+ ∈ (0, α) such that

ϕ+(t+) = f (xk + t+dk)− f (xk)− νk − θk + ργkt2
+ f (xk) = 0 (2.11)

Moreover, by Lemma 2.3∇ f is L-Lipschitz on conv(L f (x0)) 1, thus we can bound the
Taylor expansion of f as follow

f (xk + t+dk) ≤ f (xk) + t+∇ f (xk)
Tdk +

Lt2
+

2
||dk||2

f (xk + t+dk)− f (xk) ≤ t+∇ f (xk)
Tdk +

Lt2
+

2
||dk||2 (2.12)

.
By combining (2.11) and (2.12), we obtain

t+∇ f (xk)
Tdk +

Lt2
+

2
||dk||2 − νk − θk + ργkt2

+ f (xk) ≥ 0

Lt2
+

2
||dk||2 + ργkt2

+ f (xk) ≥ −t+∇ f (xk)
Tdk

1Note that we should prove formally that xk + t+dk ∈ conv(L f (x0)) but it can be shown with
equation (2.11) and a reasoning analogous to Lemma 2.1
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Now, we introduce the definitions of the search direction dk = −σkET
k F(xk) and the

merit function f (x) = 1
2 ||F(x)||2 hence

Lt2
+

2
||σkET

k F(xk)||2 +
ργkt2

+

2
||F(xk)||2 ≥ σkt+∇ f (xk)

TET
k F(xk)

Now, we recall that σk and γk are bounded, furthermore EkET
k = I hence

Lσ2
max + ργmax

2
t+||F(xk)||2 ≥ σk(Ek∇ f (xk))

T F(xk)

t+ ≥
2σk

Lσ2
max + ργmax

(Ek∇ f (xk))
T F(xk)

||F(xk)||2
(2.13)

If we use a similar reasoning for

ϕ−(t) = f (xk − tdk)− f (xk)− νk − θk + ργkt2 f (xk)

We deduce that it exists t− ∈ (0, α) with ϕ−(t−) = 0 hence

t− ≥ −
2σk

Lσ2
max + ργmax

(Ek∇ f (xk))
T F(xk)

||F(xk)||2
(2.14)

Finally, the claim follows from the fact that α > t+ and α > t−.
Therefore, by combining inequalities (2.13) and (2.14), we deduce that

α ≥ 2|σk|
Lσ2

max + ργmax

|(Ek∇ f (xk))
T F(xk)|

||F(xk)||2

≥ 2σmin

Lσ2
max + ργmax

|(Ek∇ f (xk))
T F(xk)|

||F(xk)||2

We can observe that the main difference with Grapiglia and Chorobura [11] is that
(Ek∇ f (xk))

T F(xk) appears instead of ∇ f (xk)
T F(xk) meaning that we only consider

a subset of the gradient’s components. Thereafter, we might be interested in the
quantity defined by

ωk = αkβlk ||F(xk)|| (2.15)

Lemma 2.5. — Let (xk)
∞
k=0 be a sequence generated by Algorithm 8, then we have

T−1

∑
k=0

ω2
k ≤ Ω where Ω = 2

f (x0) + ν + θ

ργmin

Proof. By the definition (2.15), the line search condition (2.7) can be written as

f (xk+1) ≤ f (xk) + νk + θk − ργk(αkβlk)2 f (xk)
ργk

2
(αkβlk)2||F(xk)|| ≤ f (xk)− f (xk+1) + νk + θk

=⇒ ργmin

2
ω2

k ≤ f (xk)− f (xk+1) + νk + θk
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Finally, taking the sum for k = 0, 1, . . . , T − 1 gives

ργmin

2

T−1

∑
k=0

ω2
k ≤ f (x0)− f (xT) +

T−1

∑
k=0

(νk + θk)

=⇒
T−1

∑
k=0

ω2
k ≤ 2

f (x0) + ν + θ

ργmin

We are now ready to establish an upper bound on the required number of iterations
to find an iterate xk such that ψk(xk) ≤ ϵ with a given tolerance ϵ > 0 and

ψk(x) =

{
min

(
||F(x)||, |(Ek∇ f (x))T F(x)|

||F(x)||

)
if F(x) ̸= 0

0 otherwise

Notice that if ||F(x)|| ≤ ϵ then ψk(x) ≤ ϵ but the converse is not true. Moreover, the
function ψk which measures the accuracy of iterate xk depends itself on k through
the current matrix Ek.

Thereafter, we only consider two particular cases of Algorithm 8 namely the Memo-
ryless method and the Adaptive method. However, this can also be done for other
choices as long as one can show that

ψk(xk) > ϵ =⇒ ωk ≥ τϵp

for some constants τ ∈ R and p ∈ N. As a quick reminder, these methods differ
only by the update formula for the guess αk+1. The Memoryless method picks

αk+1 = α0 for k = 0, 1, 2, . . .

while the Adaptive method takes

αk+1 = αkβlk−1 for k = 0, 1, 2, . . .

2.5 Memoryless method

Thereafter, we prove in Theorem 2.1 and Corollary 2.1 that the Memoryless method
has complexity bounds given by

T = O
(
ϵ−2)

V = O
(
ϵ−2 log(ϵ−1)

) (2.16)

where T, V are respectively the number of iterations and function evaluations to
find xT such that ψT(xT) ≤ ϵ with a tolerance ϵ ∈ (0, 1).
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Lemma 2.6. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence generated

by the Memoryless method. Suppose that for some ϵ ∈ (0, 1) we have

ψk(xk) > ϵ for k = 0, 1, . . . , T − 1

then for any k ∈ {0, 1, . . . , T − 1}

ωk = αkβlk ||F(xk)|| ≥ τ1ϵ where τ1 = min(α0, βc)

Proof. The step length at iteration k is equal to α0βlk , we consider two cases depend-
ing on the value of lk. When lk = 0, the claim is obviously true because

ωk = α0||F(xk)|| > α0ϵ

Otherwise lk > 0 and we can apply Lemma 2.4 to α = α0βlk−1 which can’t be an
admissible step size for the line search so

α0βlk−1 > c
|(Ek∇ f (xk))

T F(xk)|
||F(xk)||2

≥ c
ψk(xk)

||F(xk)||

=⇒ α0βlk > βc
ϵ

||F(xk)||

Hence, we deduce that ωk = α0βlk ||F(xk)|| ≥ βcϵ

Theorem 2.1. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence gener-

ated by the Memoryless method. Suppose that for some ϵ ∈ (0, 1) we have

ψk(xk) > ϵ for k = 0, 1, . . . , T − 1

then
T ≤ Ω

τ2
1

ϵ−2 = O
(
ϵ−2)

Proof. From Lemma 2.6, we know that ωk ≥ τ1ϵ for k = 0, 1, . . . T − 1,
then we combine this with Lemma 2.5

T−1

∑
k=0

ω2
k ≤ Ω =⇒ Tτ2

1 ϵ2 ≤ Ω

Thus
T ≤ Ω

τ2
1

ϵ−2

Corollary 2.1. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence gener-

ated by the Memoryless method. Suppose that for some ϵ ∈ (0, 1), we find xT the first iterate
with ψT(xT) ≤ ϵ then the number of function evaluation V is bounded as follow

V ≤ 1 +
Ω
τ2

1
ϵ−2

(
1

log β−1 log

(
α0
√

2( f (x0) + ν + θ)

τ1ϵ

)
+ 1

)
= O

(
ϵ−2 log(ϵ−1)

)
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Proof. By assumption ψk(xk) > ϵ for k = 0, 1, . . . , T − 1 so by Lemma 2.6

α0βlk ||F(xk)|| ≥ τ1ϵ =⇒ βlk ≥ τ1ϵ

α0||F(xk)||
(2.17)

Moreover, as a consequence of Lemma 2.1

||F(xk)|| =
√

2 f (xk) ≤
√

2( f (x0) + ν + θ) (2.18)

Then, we use the results (2.18) in inequality (2.17) and take logarithm on both side

lk log β ≥ log

(
τ1ϵ

α0
√

2( f (x0) + ν + θ)

)

lk ≤
1

log β−1 log

(
α0
√

2( f (x0) + ν + θ)

τ1ϵ

)
(2.19)

At the end, we combine (2.19) with Theorem 2.1 in order to bound the number of
function evaluations

V ≤ 1 + 2
T−1

∑
k=0

(lk + 1)

≤ 1 + 2T

(
1

log β−1 log

(
α0
√

2( f (x0) + ν + θ)

τ1ϵ

)
+ 1

)

2.6 Adaptive method

Thereafter, we prove in Theorem 2.2 and Corollary 2.2 that the Adaptive method has
complexity bounds given by

T = O
(
ϵ−4)

V = O
(
ϵ−4) (2.20)

where T, V are respectively the number of iterations and function evaluations to
find xT such that ψT(xT) ≤ ϵ with a tolerance ϵ ∈ (0, 1). At the first look, the theo-
retical bounds (2.20) of the Adaptive method is worst compared to the bounds (2.16)
of the Memoryless method. We can’t get the same result as presviously because of a
small detail in the proof namely the case lk+1 = 0 in Lemma 2.7. However, it shows
that the number of function evaluations is bounded and the method may behave
well in practice.

Lemma 2.7. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence generated

by the Adaptive method. Suppose that for some ϵ ∈ (0, 1) we have

ψk(xk) > ϵ for k = 0, 1, . . . , T − 1
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then for any k ∈ {0, 1, . . . , T − 1}

ωk = αkβlk ||F(xk)|| ≥ τ2ϵ2 where τ2 = min

(
α0,

βc√
2( f (x0) + ν + θ)

)

Proof. Since we assume that ψk(xk) > ϵ, we have also ||F(xk)|| > ϵ. Therefore, it is
sufficient to prove

αkβlk ≥ τ2ϵ for k = 0, 1, . . . , T − 1 (2.21)

We proceed by induction, the case k = 0 given by α0βl0 ≥ τ2ϵ is obviously true for
l0 = 0 otherwise we use a reasoning like (2.22). Then, we assume that the inequality
(2.21) holds. We consider two cases depending on the value of lk+1. When lk+1 = 0,
we find by the induction hypothesis

αk+1βlk+1 = αk+1 = αkβlk−1 ≥ αkβlk ≥ τ2ϵ

Otherwise lk+1 > 0 and we can apply Lemma 2.4 to α = αk+1βlk+1−1 which can’t be
an admissible step size for the line search so

αk+1βlk+1−1 > c
|(Ek∇ f (xk))

T F(xk)|
||F(xk)||2

≥ c
ψk(xk)

||F(xk)||

=⇒ αk+1βlk+1 > βc
ϵ

||F(xk)||

With a similar trick as (2.18), we deduce that

αk+1βlk+1 >
βc√

2( f (x0) + ν + θ)
ϵ ≥ τ2ϵ (2.22)

Theorem 2.2. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence gener-

ated by the Adaptive method. Suppose that for some ϵ ∈ (0, 1) we have

ψk(xk) > ϵ for k = 0, 1, . . . , T − 1

then
T ≤ Ω

τ2
2

ϵ−4 = O
(

ϵ−4
)

Proof. From Lemma 2.7, we know that ωk ≥ τ2ϵ2 for k = 0, 1, . . . T − 1,
then we combine this with Lemma 2.5

T−1

∑
k=0

ω2
k ≤ Ω =⇒ Tτ2

2 ϵ4 ≤ Ω

Thus
T ≤ Ω

τ2
2

ϵ−4

Corollary 2.2. — Under the assumptions A1, A2 and A3, let (xk)
∞
k=0 be a sequence gener-

ated by the Adaptive method. Suppose that for some ϵ ∈ (0, 1), we find xT the first iterate



2.6. Adaptive method 31

with ψT(xT) ≤ ϵ then the number of function evaluation V is bounded as follow

N ≤ 1 + 4
Ω
τ2

2
ϵ−4 +

2
log β−1 log

(
α0β

τ2
ϵ−1
)
= O

(
ϵ−4
)

Proof. Applying logarithm to both sides of the update formula gives

αk+1 = αkβlk−1 =⇒ (lk − 1) log β = log αk+1 − log αk

If we take the sum for k = 0, 1, . . . , T − 1 then we find

log β
T−1

∑
k=0

(lk − 1) = log αT − log α0

Since we assume that ψk(xk) > ϵ for k = 0, 1, . . . , T − 1,
we can write thanks to the inequality (2.21)

αT = αT−1βlT−1−1 ≥ τ2ϵ

β

Therefore

log β
T−1

∑
k=0

(lk − 1) ≥ log
(

τ2ϵ

α0β

)
T−1

∑
k=0

lk ≤ T +
1

log β−1 log
(

α0β

τ2ϵ

)
(2.23)

At the end, we combine (2.23) with Theorem 2.2 in order to bound the number of
function evaluations

V ≤ 1 + 2
T−1

∑
k=0

(lk + 1)

= 1 + 2T + 2
T−1

∑
k=0

lk

≤ 1 + 4T +
2

log β−1 log
(

α0β

τ2ϵ

)
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Chapter 3

Numerical experiments

Now that we have obtained theoretical bounds, we look at three methods belonging to the class
described in Chapter 2 and observe how they actually behave numerically on test problems.

3.1 Implementation

In all the tests, the methods are implemented in MATLAB (version R2022a) and the
experiments are made with a processor Intel Core i5.

We use the following set of parameters

α0 = 1 β = 0.5 ρ = 10−4 ϵ = 10−6

σ0 = 1 σmin = 10−1 σmax = 1010 γk = 1

Furthermore, we might sometimes give the number of function evaluations obtained
when we pick γk = 2σ2

k as in Echebest, Schuverdt, and Vignau [9]. Nevertheless we
will see that the choice γk = 1 makes that the methods behave generally better on
the considered test set. Both resulting line search are reminded below

γk = 1 =⇒ f (xk+1) ≤ f (xk) + νk + θk − ρα2 f (xk)

γk = 2σ2
k =⇒ f (xk+1) ≤ f (xk) + νk + θk − ρα2||dk||2

As described in Chapter 2, the spectral coefficient is computed as follow

σk+1 =
(Ek+1sk)

T(Ek+1sk)

(Ek+1sk)Tyk
(3.1)

where sk = xk+1 − xk and yk = F(xk+1)− F(xk). If the value provided by formula
(3.1) doesn’t satisfy σmin ≤ |σk| ≤ σmax then we use the same rule as Cruz, Martínez,
and Raydan [6] and take instead

σk =


1 if ||F(xk)|| > 1
105 if ||F(xk)|| < 10−5

||F(xk)||−1 otherwise

For the moment, we choose to keep free the definition of the sequence (Ek)
∞
k=0 in

order to observe later which options seem the best based on the numerical exper-
iments. Once all these parameters are fixed, a particular method belonging to the
class generated by Algorithm 8 is fully characterized by the sequences (αk)

∞
k=0, (νk)

∞
k=0

and (θk)
∞
k=0.
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We focus our analysis on the following algorithms

✧ DFSAUNE (abbreviated as DFS)

αk = α0 νk = − f (xk) + max
min(0,k−M+1)≤j≤k

f (xj) θk =
ϵ

2k M = 2

✧ Memoryless method (abbreviated as MLS)

αk = α0 νk = 0 θk =
ϵ

2k

✧ Adaptive method (abbreviated as ADP)

αk+1 = αkβlk−1 νk = 0 θk =
ϵ

2k

3.2 Methodology

On one hand, the results are presented in tables containing the number of function
evaluations and the best value of ||F(xk)|| achieved by the algorithm (given this
number of function evaluations). The size of the problem (m, n) is also provided
and one can find the references to the exact formulation in Appendix A.

In the tables, we consider that a problem is solved at iteration k when we have

||F(xk)|| ≤ max (1, ||F(x0)||) ϵ (3.2)

The purpose of this stopping criterion is that if ||F(x0)|| is very large then we will
be satisfied by reducing only the relative error ||F(xk)||

||F(x0)|| . Otherwise we will look at the
absolute error. We also require that the total number of function evaluations done
by the methods must be less than

MAXEval = 30000

If a problem is not solved in the sense of (3.2) within this budget of function evalua-
tions then we write MAXEval in the corresponding column.

On the other hand, we would like to compare the algorithms relatively to each other
with data profiles, a tool introduced by Moré and Wild [17]. We consider a set of
solver S that we want to test on some set of problems P . Given a point xs generated
by the solver s ∈ S , a problem p ∈ P defined by Fp(x) = 0 with f p(x) = 1

2 ||Fp(x)||2
and a maximal budget tmax, we define the stopping criterion

f p(x0)− f p(xs) ≥ (1− η)
(

f p(x0)− f p
best

)
(3.3)

where η ∈ (0, 1) and f p
best correspond to the best value of f (x) obtained by any solver

in S for problem p with a budget of tmax function evaluations. The inequality (3.3)
can also be written under the form

f p(xs) ≤ f p
best + η

(
f p(x0)− f p

best

)
=⇒

f p(xs)− f p
best

f p(x0)− f p
best

≤ η
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Thus, the stopping criterion (3.3) can be interpreted as requiring the relative decrease
to be smaller than some tolerance η when we take as solution the best point provided
by all the solvers in S . Notice that this criterion depends highly on the set of solvers
considered. For instance, if all the solvers behave badly on a problem p ∈ P then
f p
best can be very far from f (x⋆) = 0 but some solvers might still reach the stopping

criterion. That is why we first need to observe the behavior of the methods with the
stopping criterion (3.2). Then, we compare them according to (3.3).

If we note tp,s the required number of function evaluations for solver s to find a point
xs such that (3.3) holds for problem p then the data profile curve of s is given by

ds(t) =
1
|P|

∣∣{p ∈ P | tp,s ≤ t
}∣∣

In other words, ds(t) is the proportion of problems such that the solver s ∈ S reaches
the stopping criterion in less than t function evaluations. All the data profile graphs
are done with the values η = 10−5 and tmax = 1000.

3.3 Results of the tests

❐ First test set

Table 3.1 summarizes the results obtained for the same test set as Grapiglia and
Chorobura [11] which contains 16 problems with a number of unknowns ranging
from 2 to 40. The problems were designed by Moré, Garbow, and Hillstrom [16] to
put more emphasis on the reliability and the robustness of algorithms. Notice that
all these tests are such that n = m so we have Ek = I for all k.

Problem n=m
# Evaluations mink ||F(xk)||

DFS MLS ADP DFS MLS ADP
1 2 MAXEval MAXEval MAXEval 1.8735e+00 1.8112e+00 1.5791e+00
2 2 MAXEval 3663 MAXEval 1.1782e+01 1.1635e-05 1.1297e+01
3 2 MAXEval MAXEval MAXEval 1.1196e-01 1.1446e-01 3.4622e-01
4 3 MAXEval MAXEval MAXEval 4.2500e+01 4.2500e+01 4.2500e+01
5 4 MAXEval MAXEval MAXEval 7.0768e+00 6.8793e+00 6.4302e+00
6 10 MAXEval MAXEval MAXEval 4.1894e+00 4.0500e+00 3.5309e+00
7 12 MAXEval MAXEval MAXEval 1.2257e+01 1.1915e+01 1.1137e+01
8 10 11 12 60 (57) 1.0045e-07 9.9205e-08 3.7435e-08
9 40 17707 MAXEval 3647 1.2773e-04 1.0590e+01 1.2735e-04
10 10 706 920 345 9.2917e-07 9.5521e-07 8.9314e-07
11 10 6 6 42 (89) 1.2296e-07 1.2296e-07 8.0665e-07
12 10 59 MAXEval MAXEval 4.2521e-06 9.0420e-01 9.8942e-01
13 10 MAXEval MAXEval MAXEval 2.7949e+00 1.8231e+00 1.9108e+00
14 10 3 3 3 0.0000e+00 0.0000e+00 0.0000e+00
15 10 19 19 26 1.4945e-13 1.4945e-13 4.2307e-14
16 10 17 17 23 3.4436e-14 3.4436e-14 7.2492e-14

TABLE 3.1: Results obtained with the same test set as Grapiglia and
Chorobura [11]
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If the number of function evaluations obtained with γk = 2σ2
k is different, we add it

to the column "#Evaluations" between parenthesis but mink ||F(xk)|| is always com-
puted only for γk = 1. The best results with respect to the number of function
evaluations are highlighted . In the case where the problem is not solved, we look
for the best method in terms of min0≤k≤MAXEval ||F(xk)||.

We observe in Table 3.1 that the problems 1 → 7 and 12 → 13 are very hard to
solve with Algorithm 8 because at least two of the presented methods don’t succeed
to solve them in the given budget MAXEval = 30000. Nevertheless, the problems 2
and 12 are respectively solved by the Memoryless method and DF-SAUNE with a
number of function evaluations relatively small compared to MAXEval.

Notice that picking γk = 1 or γk = 2σ2
k has almost no effect on the result. This is due

to the fact that ρ = 10−4 is very small hence −ρα2 f (xk) and −ρα2||dk||2 are small too
and the line search procedure picks the same step size for both in general. There are
two exceptions occurring for the Adaptive method namely the problems 8 and 11.
In the first case γk = 2σ2

k saves 3 function evaluations but the second case doubles it
hence we are more prone to choose γk = 1.

Overall, DF-SAUNE reaches with less function evaluations the stopping criterion
closely followed by the Memoryless method. Nevertheless, they are widely beaten
by the Adaptive method in problems 9 and 10. Moreover, for the non solved prob-
lems, the values of ||F(xk)|| found by the Adaptative method are usually slightly
better. This behavior is a consequence of the way we guess the first step size αk+1
in the line search. Indeed, the Adaptive method does most of the time less function
evaluations by iteration. It means more iterations which is an advantage when the
step sizes are not too small compared to the other methods.
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FIGURE 3.1: Data profile with the same test set as Grapiglia and
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Figure 3.1 represents the data profiles corresponding to the problems from Table 3.1.
Contrary to previously, we focus here on performances comparison between the
methods with a lower budget, 1000 instead of 30000 function evaluations. It is worth
to mention that we look at the decrease of the objective regardless if the problem was
solved. One can notice that the Adaptive method reaches after approximately 200
function evaluations, a proportion of 80% problems solved for the relative stopping
criterion (3.3). The data profiles of the Memoryless method and DF-SAUNE are al-
most identical and struggle to solve more than 60% of the problems with this shorter
budget.

However, we remark in Figure 3.1 that about half of the problems are considered as
solved with about 50 function evaluations by the three methods. It means that some
problems are solved quite quickly according to the criterion (3.3) and Algorithm 8
encounters some difficulties for the remaining. Finally, we see that for very few
function evaluations (less than 30), it is better to use DF-SAUNE or the Memoryless
method.

❐ Second test set

Thereafter, we present in Table 3.2 the result for the tests found in Echebest, Schu-
verdt, and Vignau [9] which contains 20 small size problems and 6 larger problems.
Most of these problems are underdetermined hence we first try the standard strategy
for defining the sequence (Ek)

∞
k=0.

Problem m, n
# Evaluations mink ||F(xk)||

DFS MLS ADP DFS MLS ADP
17 1, 2 4 4 4 4.4409e-15 4.4409e-15 4.4409e-15
18 1, 2 73 23 55 1.0445e-05 1.6109e-05 2.2841e-05
19 2, 2 23 31 55 7.6680e-06 1.7169e-05 1.6903e-05
20 1, 3 104 86 100 1.8861e-05 9.4628e-06 9.4628e-06
21 1, 3 2 2 2 0.0000e+00 0.0000e+00 0.0000e+00
22 2, 4 114 175 759 1.5376e-06 9.5516e-06 9.9879e-06
23 3, 4 248 385 288 5.5557e-07 7.3671e-07 9.9024e-07
24 2, 4 2 2 2 0.0000e+00 0.0000e+00 0.0000e+00
25 2, 5 538 104 187 2.2005e-07 8.6495e-07 4.7379e-07
26 3, 5 194 157 92 6.5183e-07 3.1195e-07 2.7550e-07
27 2, 5 10 11 13 0.0000e+00 5.0243e-15 5.0243e-15
28 3, 5 2 2 2 0.0000e+00 0.0000e+00 0.0000e+00
29 4, 7 137 168 237 1.8489e-06 2.9735e-06 4.5840e-06
30 2, 3 435 476 132 6.3515e-06 1.2485e-05 1.2815e-05
31 2, 3 216 110 135 1.2693e-05 7.0179e-06 1.3071e-05
32 2, 5 507 117 14778 1.9936e-05 5.0651e-05 5.6559e-05
33 3, 5 1205 3823 MAXEval 4.5273e-06 4.0327e-06 1.1162e+00
34 3, 5 428 2218 MAXEval 6.0454e-06 8.0510e-06 1.5187e+00
35 3, 5 571 MAXEval MAXEval 4.0657e-06 3.0523e+00 3.9796e+00
36 3, 10 502 578 (711) 2071 1.0769e-06 1.2926e-06 1.1740e-06
37 300, 300 295 (296) 199 (MAXEval) 150 5.0744e-03 1.6436e-03 1.9924e-03
38 300, 300 111 91 344 3.6946e+01 2.7445e+01 3.6307e+01
39 150, 300 4 4 4 2.2204e-16 2.2204e-16 2.2204e-16
40 150, 300 244 292 96 2.7240e-01 2.2125e-01 1.5093e-01
41 149, 150 207 (209) 146 (MAXEval) 167 (158) 2.6999e-06 2.4541e-05 1.2572e-05
42 299, 300 191 (216) 80 MAXEval 1.3997e-05 2.3543e-05 3.7580e-01

TABLE 3.2: Results obtained with the same test set as Echebest, Schu-
verdt, and Vignau [9]
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We see that these tests are a bit easier than the previous one as all the problems
are at least solved by one of the method. Although it still gives a good idea of the
behavior of the methods, we need to be more critical. Firstly, notice that the choice
of γk seems to be more important for large size problems but γk = 1 remains the best
in most of the tests. Especially, the Memoryless method with γk = 2σ2

k can’t solve
the problems 37 and 41 while it can solve them with γk = 1. As said in Echebest,
Schuverdt, and Vignau [9], the methods for underdetermined system of equations
using this sequence (Ek)

∞
k=0 are in general more efficient when n can be divided by

m because the partitioning of the variables is done equally. That is to say that the
last matrix in each period EN−1 doesn’t introduce a bias by reusing some of the first
variables.

Few test problems (17, 21, 24, 28 and 39) that have a linear or quadratic structure
are solved quite easily by the three methods. However, it is not always the case for
Algorithm 8. For instance, problems 39 and 40 have the same function F(x) but the
initial point in the problem 40 is chosen very far from the solution hence a significant
increase in the number of function evaluations. From a global view point, the best
methods in terms of function evaluations are DF-SAUNE in 9 problems, Memoryless
method in 8 problems and Adaptative method in 4 problems (with equality for the
other problems).

One can note that the Adaptive method works less efficiently in the underdeter-
mined case. The main reason is that at each iteration, the set of variables updated
by the step changes. Therefore, using the information from the previous step is not
always convenient as it might be very small compared to other admissible step sizes.
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FIGURE 3.2: Data profile for the test set from Echebest, Schuverdt,
and Vignau [9]
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We notice in Figure 3.2 that DF-SAUNE becomes the best method on this set of prob-
lems after 150 function evaluations as always closely followed by the Memoryless
method. Even if the performance of the Adaptive method gets worse with underde-
termined systems of equations, we are barely at 80% of the problems solved which
is still satisfactory.

❐ Third test set

Now, we compare the result with the standard way of building (Ek)
∞
k=0 and the mod-

ulo approach, see Chapter 2. We denote methods using the standard sequence by "(0)"
and the modulo sequence by "(%)". Since both these sequences are identical when
modulo(m, n) ̸= 0, we only consider a subset of problems from Echebest, Schuverdt,
and Vignau [9] and we again highlight the most efficient strategy for the number
of function evaluations among the two.

Problem m, n
# Evaluations

DFS(0) DFS(%) MLS(0) MLS(%) ADP(0) ADP(%)
23 3, 4 248 285 385 254 288 162
25 2, 5 538 104 104 174 187 155
26 3, 5 194 167 157 186 92 261
27 2, 5 10 256 11 100 13 121
28 3, 5 2 2 2 2 2 2
29 4, 7 137 1582 168 1936 237 MAXEval

30 2, 3 435 213 476 187 132 156
31 2, 3 216 107 110 226 135 99
32 2, 5 507 434 117 486 14778 MAXEval

33 3, 5 1205 476 3823 417 MAXEval 464
34 3, 5 428 536 2218 287 MAXEval 1354
35 3, 5 571 739 MAXEval 427 MAXEval 3136
36 3, 10 502 828 578 289 2071 MAXEval

41 149, 150 207 MAXEval 146 MAXEval 167 MAXEval

42 299, 300 191 MAXEval 80 MAXEval MAXEval MAXEval

TABLE 3.3: Subset of tests with modulo(m, n) ̸= 0 from Echebest,
Schuverdt, and Vignau [9]

We can’t really identify from the Table 3.3, a strategy which is clearly more efficient
than the other. Despite this, we observe that some problems are solved only for one
type of sequence (Ek)

∞
k=0. For instance, the problems 41 and 42 are unsolved for the

modulo strategy (with any methods) but they are mostly solved with the standard
strategy. We have the contrary for the Memoryless method applied to problem 35
and the Adaptive method applied to problems 33, 34 and 35. The main issue with the
modulo strategy is that the periodic sequence E0, E1, . . . , EN−1 might contain many
matrices. This is typically the case for the sequences generated for the problems
41, 42 and 29 which can have a very large value for N while the standard way has
always N =

⌈ n
m

⌉
.
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The corresponding data profiles are shown below in Figure 3.3, Figure 3.4, Figure
3.5 for respectively DF-SAUNE, the Memoryless method and the Adaptive method.
Concerning DF-SAUNE and the Memoryless method, we remark that the standard
strategy works better on the full test. Nevertheless, we think that the data profiles
are a bit biased by the problems 41 and 42 which are quite hard to solve with the
modulo strategy. Therefore, the modulo strategy should lead to an improvement for
the Adaptative and the Memoryless methods when the period N of the sequence is
not too important.
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FIGURE 3.3: Data profile for a subset of tests with modulo(m, n) ̸= 0
from Echebest, Schuverdt, and Vignau [9]



3.3. Results of the tests 41

0 100 200 300 400 500 600 700 800 900 1000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

FIGURE 3.4: Data profile for a subset of tests with modulo(m, n) ̸= 0
from Echebest, Schuverdt, and Vignau [9]
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Chapter 4

Adversarial attack

This chapter presents an application of derivative-free methods for solving underdetermined
systems of equations in the context of adversarial attack against deep neural networks.

4.1 Context

Nowadays, the deep neural networks find a growing number of applications such as
self-driving cars, facial recognition, email malware detection or forecasting of natu-
ral disasters to cite only few of them. Nevertheless, it was shown that in some cases
these classifiers suffer from a lack of robustness. Namely, tiny modifications of the
input might lead to large variations of the output.

It is particularly problematic when a self-driving car is not able to interpret the per-
turbed image of a road sign or an email containing a malware is written such that it
is classified as safe. Especially, in the context of image classification slight changes
even not visible for the human being, could produce the misclassification of initially
well-classified images.

Formally, we consider an input space X , a discrete space C containing all the classes
and a function c : X → C assigning to each x ∈ X its true class c(x).
For example :

✧ Image classification
X = RM×N×3 images with M× N pixels
C = {”Panda”, ”Apple”, ”Llama”, ”Tree”, . . . }
c(x) gives what really represents the image

✧ Email malware detection
X = subsets of words in {”Hello”, ”Dear”, ”Sincerely”, . . . }
C = {”Dangerous”, ”Sa f e”}
c(x) says if the email contains truly a malware

In this setup, a classifier is a function ĉ : X → C assigning to each x ∈ X a guess
in C such that ĉ(x) ≈ c(x). We say that x ∈ X is misclassified when ĉ(x) ̸= c(x).
Obviously, a "good" classifier should be such that most of the elements inX are well-
classified. As we mainly focus on neural network classifiers, we briefly remind how
the predictor ĉ(x) is obtained in this case.

A neural network is usually represented by a weighted graph which can be divided
in successive stages called layer. At the begining, we have the input layer x ∈ Rn

then the information is propagated through the hidden layers. Between each layer,
we apply some kind of algebraic manipulations from one node to another node of
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the next layer, see Figure 4.1. When we want to emphasis on the fact that there
are many hidden layers, we often speak about deep neural network. Finally, the
last layer is the output y(x) ∈ Rm which is usually a conditional class probability
in the case of neural networks trained for classification. It means that we have for
i = 1, . . . , m

yi(x) = P(ci|x) = ”probability of observing the class ci given the input x”

Afterwards, the classifier is obtained by looking at the output of the neural network
and picking the class with the biggest conditional probability hence

ĉ(x) = arg max
c∈C

P(c|x) (4.1)

FIGURE 4.1: Illustration of a deep neural network

What makes the model (4.1) so powerful is that the way information is transferred
from the input layer to the output layer can be arbitrarily complex thus it is possible
to represent a very large set of classifier functions ĉ(x) which can be very close to the
true function c(x). Typically, we set x = z0 then we repeat for each layer k

zk+1
i = hk

(
∑

j
wk

i,jz
k
j

)
where hk : R→ R is a well-chosen nonlinear function and wk

i,j ∈ R is the weight on
the arc going from node j in the layer k to node i in the next layer. In general, the
weights wk

i,j are "learned" by training the neural network on a dataset via gradient
method done in a particular way. We refer to Papernot et al. [18] for more details.

4.2 Adversarial setup

As explained previously, the deep neural networks are often quite sensitive to slightly
modified inputs called adversarial examples, see also Ughi, Abrol, and Tanner [20]
and Ilyas et al. [14]. We talk about adversarial attack when we refer to the process for
building an adversarial example. In order to find such inputs, we consider ourselves
as an opponent of the neural network with the following aim :
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Given a classifier ĉ : X → C and x0 ∈ X correctly classified,
we look for x ∈ X such that

ĉ(x) ̸= ĉ(x0) and ||x− x0||∞ ≤ δ

with the perturbation bound δ > 0.

We consider perturbations that are bounded with respect to the infinite norm de-
noted by ||.||∞. Typically δ is taken sufficiently small so that x actually belongs to
the same class as x0 so we have c(x0) = c(x) = ĉ(x0). Therefore, if we are able to
find such x not too far from x0 then we know that x is misclassified by ĉ hence our
attack manage to mislead the classifier. The adversarial attacks can be separated into
two main categories.

✧ Non-targeted attack : The adversary wants to modify x0 in a way that it is
classified in a class different from c(x0) without any preferences.

✧ Targeted attack : The adversary must specify beforehand a class ct ∈ C with
ct ̸= c(x0) then find a perturbed version of x0 classified as ct.

We can notice that targeted adversarial attacks are harder than non-targeted attacks
because we add a constraint on the classification of the adversarial example. Non-
targeted examples are useful when we are only interested in excluding one of the
classes but we should pay attention when the classifier can classify the input in
classes which are barely the same. Indeed, adversarial attack on an image classi-
fier leading to c(x) = ”Llama” given that c(x0) = ”Alpaca” may not be considered
as fully successful as this two animals are already quite similar.

We will develop an algorithm able to generate targeted adversarial examples against
neural networks. As said previously, the output for such classifiers is generally a
conditional class probability yi(x) = P(ci|x). Nevertheless, the amount of informa-
tion available about y(x) is very limited in practice, we distinguish

✧ White-box setting : The adversary has a full knowledge about the network
architecture and the weights so it is possible to compute yi(x), ∇yi(x) for all i.

✧ Black-box setting : The adversary can only ask to receive the class probability
yi(x) for all i and the neural network is considered as hidden to the attacker.

White-box adversarial examples can be built easily via gradient-based method but
having as much information about the classifier is quite uncommon. It only happens
for open source softwares or attacks on neural networks trained by the attacker him-
self. In the real world, the commercial neural networks are black-boxes and even
if we know on which data set the classifier was trained, it is usually impossible to
know exactly how it was done.

Furthermore, we may be restricted on the maximal number of calls to y(x). Because
many classifiers either limit the number of queries with a threshold or still accept
queries but with an additional cost for each new prediction. Consequently, the need
for efficient algorithms in terms of function evaluations is not only motivated by the
algorithm’s running time but also by money.
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4.3 Mathematical modeling

Analogously to the previous chapters, we consider iterative methods starting with
the well-classified input x0 and hope that at some point, an iterate xk generated by
the method will be an adversarial example. A way to create a targeted adversarial
example is to solve the following constrained optimization problem.

min
x∈X

L(x) such that ||x− x0||∞ ≤ δ (4.2)

where L : X → R measures how "well" x is assigned to the targeted class ct,
for instance :

L(x) = − ln yt(x) + ∑
i ̸=t

ln yi(x)

=⇒ ∇L(x) = − 1
yt(x)

∇yt(x) + ∑
i ̸=t

1
yi(x)

∇yi(x)

In the white-box setting, the problem (4.2) can be solved with a projected gradient
method namely repeat for k = 0, 1, 2, . . . until xk is misclasified

xk+1 = Pδ(xk − αk∇L(xk))

where Pδ denotes the orthogonal projection on the set {x ∈ X | ||x − x0||∞ ≤ δ}.
However, if we are not allowed to compute ∇L(x) then the optimization problem
(4.2) becomes harder.

A possible remedy is to create a substitute neural network trained with a data set
obtained by querying the initial network. Afterwards, we can apply techniques for
generating white-box adversarial examples on this new network instead of black-
box attacks on the targeted network. Both neural networks might have different
architectures but we expect that they will behave in a similar way namely the adver-
sarial examples of the substitute classifier are likely to be adversarial example of the
original classifier too, details on this approach can be found in Papernot et al. [18].

A drawback of the substitute neural network is that many predictions may be re-
quired for building it, especially if we are only interested in making few adversarial
examples. Furthermore, it is not possible to guarantee that the perturbed inputs
found with the white-box attack on the substitute network are truly adversarial ex-
amples.

Thereafter, we consider the next mathematical formulation for black-box adversarial
attacks which can be solved via the methods seen in Chapter 2.

Given the output layer y : X → Rm of a neural network and x0 ∈ X ,
we look for x ∈ X such that

y(x) = ytarget and ||x− x0||∞ ≤ δ

with the targeted score ytarget ∈ Rm and the perturbation bound δ > 0.
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Notice that F(x) = y(x) − ytarget = 0 is an underdetermined system of nonlinear
equations which must be solved with a derivative-free method. If ytarget is chosen
properly then an input satisfying the previous constraint is an adversarial example
but this problem might seem harder as we enforce a constraint on the whole set of
conditional probabilities instead of the final classification. Nevertheless, we don’t
really need to run the method until y(x) = ytarget but we can stop iterating when we
found an adversarial example.

4.4 Practical implementation

We consider that the classes are numbered hence C = {1, 2, . . . , m}. We would like
to make an adversarial example x classified in the targeted class t ∈ C. Nevertheless,
the classifier has often quite accurate ideas about the category corresponding to the
initial input x0. Therefore, we need to act in such way that the perturbed input
promotes the class t but also avoids (or favors) other classes in some set A ∈ C.

Remark that all the classes able to challenge the targeted classification of x must
belong to A. Although, classes might only take importance during the iterative pro-
cess, making the choice of A beforehand sometimes quite challenging.

Given a target t ∈ C, a set A ⊂ C and ξ ∈ (0, 1], we define ytarget ∈ Rm as follow

(ytarget)i =


ξ Y if i = t

1−ξ
|A| Y if i ∈ A

yi(x0) otherwise
with Y = ∑

j∈{t}∪A
yj(x0)

Notice that ytarget represents a probability distribution because

m

∑
i=0

(ytarget)i = 1 and (ytarget)i ≥ 0 for i = 1, 2, . . . , m

which is required for feasibility. Intuitively, we look at the aggregated probability Y
that x0 belong to a class in {t} ∪A and after we redistribute it between t and A. The
parameter ξ controls the weight given to the targeted class meaning that ξ close to 1
gives almost zero probabilities to avoided classes while ξ = 1

2 tends to be more fair
between t and A. Sometimes, we would like to allow other classes than the target to
have a potentially non negligible probability in order to weaken the initial class of
x0 and obtain more easily a misclassification.

To summarize what was said before, we want to find x ∈ Rn such that

F(x) = y(x)− ytarget = 0 (4.3)
||x− x0||∞ ≤ δ (4.4)

We have already methods that can solve equation (4.3). However, we need to do
small adjustments to Algorithm 8 so that it can also handle the constraint (4.4). Typi-
cally, this can be done by using a modified line search condition given by

f (xk+1) ≤ f (xk) + νk + θk − ργk(αkβl)2 f (xk) and ||xk+1 − x0||∞ ≤ δ
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Moreover, we use the random definition of the matrices (Ek)
∞
k=0 because the com-

ponents in F(x) with the highest magnitude are usually always the same hence we
don’t want to have a periodic sequence. Indeed, a periodic sequence in the case of
image classification would mean that only few pixels change the most. For repro-
ducibility, we fixed the seed in MATLAB as follow

rng(0,’twister’)

4.5 Black-box attack on googlenet

We experiment our techniques to generate adversarial examples on the image clas-
sifier googlenet available at https://nl.mathworks.com/help/deeplearning/u
g/classify-image-using-googlenet.html. Googlenet is a deep neural network
trained on the ImageNet database and made of 22 layers. The network takes as input
an image with size 224× 224 under RGB representation meaning that each pixel is
represented by three components of color red, green and blue.

For an image x, googlenet returns the vector of conditional probabilities y(x) for
1000 possible categories such as ”espressomaker”, ”ski”, ”minivan” and also many
kind of animals. In the next experiments, we use a perturbation bound δ = 0.5 and
the parameters of Algorithm 8 are the same as in the Chapter 3, except the precision
which is lowered to ϵ = 10−2.

In addition, we change the stopping criterion and consider that we found a good
adversarial example when the probability of the target t ∈ C satisfies

yt(x) ≥ µ max
i∈C, i ̸=t

yi(x) (4.5)

If we pick µ = 1 then criterion (4.5) is equivalent to stopping the method when we
found an adversarial example. However, the probability yt(x) might be very close
to certain other class probabilities. Thus, we add the parameter µ ≥ 0 to say that
the targeted class must be at least µ times more likely than any other classes. All the
next experiments are done with the value µ = 1.1.

It is worth to mention that we keep in memory the image with the larger value of
yt(x) during the iteration process. It means that the targeted class probability is al-
ways increasing.

We choose to focus mainly on the Memoryless method as it seems to be the fastest
when it converges and the comparison of the methods with the same value of ξ is
not always adequate. Additional results for DF-SAUNE can be found in Appendix B.
We don’t provide an analysis of the Adaptive method because it struggles a bit with
underdetermined systems of equations, see Chapter 3.

❐ First adversarial example

We start with the image of a lesser panda given by Figure 4.2. This image is correctly
classified with probability 0.973 which is actually quite high. Despite this, the clas-
sifier attributes a significant probability to the red fox as they are similar animals,
the remaining classes are considered as very unlikely. Based on this information, we
will manage to find an adversarial example classified as t = ”Red f ox” and the set of
avoided classes in this case will simply be A = {”Lesser panda”}.

https://nl.mathworks.com/help/deeplearning/ug/classify-image-using-googlenet.html
https://nl.mathworks.com/help/deeplearning/ug/classify-image-using-googlenet.html
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FIGURE 4.2: Initial image representing a lesser panda 1

For this example, we fix ξ = 0.65. Other choices are possible but large values might
lead to an infeasible problem. Indeed, if the targeted probability of the class t is too
high then it can be impossible to reach it because of the perturbation bound. The
value of ξ is found by testing different guesses and then picking the best, see Figure
B.1 and Figure B.2 in Appendix B.

We observe in Figure 4.3 that the sum of both probabilities is always close to 1 mean-
ing that we don’t have issues with classes outside of A ∪ {t}. Therefore, we focus
on the required number of function evaluations to observe the intersection between
the curves ”Lesser panda” and ”Red f ox” which will correspond to an adversarial
example. We notice that the Memoryless method needs needs approximately 6500
function evaluations to get an adversarial example.
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FIGURE 4.3: Adversarial attack via Memoryless method for Figure 4.2

1Image available here : https://www.animalwised.com/why-is-the-red-panda-endangered-4
097.html

https://www.animalwised.com/why-is-the-red-panda-endangered-4097.html
https://www.animalwised.com/why-is-the-red-panda-endangered-4097.html
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The adversarial example found by the Memoryless method with the stopping crite-
rion (4.5) is shown in Figure 4.4. The method used 6560 function evaluations to find
this adversarial example which looks a bit like Figure 4.2. However, if we have a
closer look then we can see few pixels with a modified color, see Figure 4.5. Notice
that this adversarial example doesn’t really solve y(x) = ytarget according to Figure
4.4 because as we increase the probability of ”Red f ox”, other species of fox appear
while they should have a nearly zero probability in ytarget. Therefore, we might think
about adding other classes to A in order to make the problem "more feasible".

FIGURE 4.4: Adversarial example ”Lesser panda” found with the
Memoryless method, ξ = 0.65 and A = {”Lesser panda”}

FIGURE 4.5: Closer look on the adversarial example ”Lesser panda”
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❐ Second adversarial example

Figure 4.6 is a picture showing a llama which is clearly well-identified by the classi-
fier then follow in order of probability the animals ”Ram”, ”Bighorn” (two kind of
sheeps), ”Kuvasz” (a species of dog) and ”White wol f ”. We will aim to classify this
llama as a white wolf. It is a bit harder than the previous case because there is more
than one class which is more likely than the target. In addition, the initial probability
is lower 0.004 instead of 0.018 before with the red fox.

FIGURE 4.6: Initial image representing a llama 2

We consider the same greedy approach as the previous attack meaning that we
choose t = ”White wol f ” and A = {”Llama”}. However, the first result with
ξ = 0.65 presented in Figure 4.7, is a little bit disappointing since the method gets
quickly stuck and can’t do better than a probability of 0.52 for the llama and 0.1 for
the white wolf. It means that the probability ytarget is too difficult to reach. Further-
more, it seems quite hard to find good values of ξ which would allow us to build an
adversarial example, see Figure B.3 and Figure B.4 in Appendix B.

2Image available here : https://fr.depositphotos.com/stock-photos/llama.html

https://fr.depositphotos.com/stock-photos/llama.html
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FIGURE 4.7: Adversarial attack via Memoryless method for Figure 4.6

Therefore, we need to make a guess based on the output score of the initial image by
taking some inspiration from the last example with the foxes. We assume that if the
perturbed image looks like a white wolf then it should also looks like a kuvasz as it
is a kind of white dog. Consequently, allowing an increase of the kuvasz probability
should make the problem feasible hence we define A = {”Llama” , ”Kuvasz”}.
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FIGURE 4.8: Adversarial attack via Memoryless method for Figure 4.6

With this approach, it is not too difficult to find a targeted distribution which works,
for instance the case ξ = 0.625 is shown in Figure 4.8. We observe that both the
probabilities of ”Kuvasz” and ”White wol f ” increase at the beginning. Afterwards,
the ”White wol f ” becomes more likely than ”Llama” and the probability of ”Kuvasz”
at the end is nearly equal to the one of ”Llama” which makes sense has all the classes
in A have the same targeted probability. The resulting adversarial example found
with 6435 function evaluations is given in Figure 4.9.
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FIGURE 4.9: Adversarial example ”Llama” found with the Memory-
less method, ξ = 0.625 and A = {”Llama” , ”Kuvasz”}

In conclusion, an advantage of this technique compared to derivative-free optimiza-
tion methods, is that each class probability can be specified, instead of only min-
imizing one class probability. We think that the most challenging part about this
technique is to find a relatively good target distribution ytarget. Nevertheless, when
this is done, the Memoryless method is able to find an adversarial example with
approximately 6000-7000 queries to the neural network.
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Conclusion

To sum up, the main aim of this work was to analyze new derivative-free methods
for solving underdetermined systems of nonlinear equations. The analysis focused
both on theoretical results and numerical experiments. On the top of that, we also
described a new technique based on these derivative-free methods allowing to build
targeted adversarial examples in the black-box setting.

Firstly, we presented a new class of methods generalizing the work from Grapiglia
and Chorobura [11]. This set of new methods uses a modified spectral search direc-
tion like Echebest, Schuverdt, and Vignau [9] to handle underdetermined systems of
equations. Concerning the search direction dk = −σkET

k F(xk), a larger set of matrices
Ek was considered in our analysis as the only property required in the proofs was
EkET

k = I. We showed that there were many degrees of freedom in this new class
of methods. Indeed, the sequences (σk)

∞
k=0, (θk)

∞
k=0, (νk)

∞
k=0, (Ek)

∞
k=0 and (αk)

∞
k=0 can

be defined arbitrarily. It was only required that σmin ≤ |σk| ≤ σmax, νk ≥ 0, θk > 0
and ∑∞

k=0 θk < ∞. Afterwards, we focused on two new methods, the Memoryless
method and Adaptive method, differing only by the choice for (αk)

∞
k=0. From the

theoretical view point, we managed to compute the maximal number of function
evaluations required to generate an iterate xk such that ψk(xk) ≤ ϵ with ϵ ∈ (0, 1).
We founded complexity bounds in O

(
ϵ−2 log(ϵ−1)

)
and O

(
ϵ−4) function evalua-

tions respectively for the Memoryless method and the Adaptive method.

Secondly, three methods belonging to the new class mentioned above, specifically
DF-SAUNE, the Memoryless method and the Adaptive method were tested. In addi-
tion, we compared them via data profiles, a tool from Moré and Wild [17]. Despite its
worst theoretical complexity bound, we observed that the Adaptive method was the
most competitive method for solving determined systems of equations. However,
the Adapative method was usually less efficient than DF-SAUNE and the Memory-
less method while tested on underdetermined systems of equations. It may be due
to the fact that the change of matrix Ek at each step deteriorates the information pro-
vided by the last step. Finally, we did few experiments with a new sequence (Ek)

∞
k=0

and showed that the relation between m and n can have a huge effect on the behavior
of the methods.

Thirdly, we modeled the creation of adversarial attacks as an underdetermined sys-
tem of equations y(x) = ytarget with ||x − x0||∞ ≤ δ. In order to solve this prob-
lem, the new class of methods was modified by adding the bounded perturbation
constraint to the line search condition. Moreover, we use the random strategy for
(Ek)

∞
k=0 to avoid prioritizing only few pixels. It appeared that the more challeng-

ing part was to find a "good" targeted class probability ytarget. We also remarked
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that if we manage to find such probability then our technique could build relatively
quickly an adversarial example.

Finally, the next suggested improvements about this class of methods should be
done on the way the sequences (νk)

∞
k=0, (Ek)

∞
k=0 and (αk)

∞
k=0 are defined. Indeed,

in the proofs about the complexity bounds, we required ∑∞
k=0 νk < ∞ but this some-

how restricts a lot the nonmonotonicity. Thus, it might be interesting to see if alter-
native proofs avoiding such constraint, can demonstrate similar complexity bounds
for particular choices of νk. Moreover, selecting Ek either heuristically or based on
the values m and n may lead to improved methods. Finally, in the case of sequence
(Ek)

∞
k=0 with period N, one could think about modifying the Adaptive method so

that the guess αk is based on the information from the step k − N instead of k − 1
or even several steps. An other direction of research for the black-box adversarial
attacks could be to automate the process of defining ytarget such as a more efficient
trial and error process or accurate guesses based on the initial image.
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Appendix A

Test references

Problem m n Source
1 2 2 Problem 1 in Moré, Garbow, and Hillstrom [16]
2 2 2 Problem 2 in Moré, Garbow, and Hillstrom [16]
3 2 2 Problem 3 in Moré, Garbow, and Hillstrom [16]
4 3 3 Problem 7 in Moré, Garbow, and Hillstrom [16]
5 4 4 Problem 13 in Moré, Garbow, and Hillstrom [16]
6 10 10 Problem 21 in Moré, Garbow, and Hillstrom [16]
7 12 12 Problem 22 in Moré, Garbow, and Hillstrom [16]
8 10 10 Problem 26 in Moré, Garbow, and Hillstrom [16]
9 40 40 Problem 27 in Moré, Garbow, and Hillstrom [16]
10 10 10 Problem 28 in Moré, Garbow, and Hillstrom [16]
11 10 10 Problem 29 in Moré, Garbow, and Hillstrom [16]
12 10 10 Problem 30 in Moré, Garbow, and Hillstrom [16]
13 10 10 Problem 31 in Moré, Garbow, and Hillstrom [16]
14 10 10 Problem 32 in Moré, Garbow, and Hillstrom [16]
15 10 10 Problem 33 in Moré, Garbow, and Hillstrom [16]
16 10 10 Problem 34 in Moré, Garbow, and Hillstrom [16]
17 1 2 Problem 6 in Hock and Schittkowski [13]
18 1 2 Problem 7 in Hock and Schittkowski [13]
19 2 2 Problem 8 in Hock and Schittkowski [13]
20 1 3 Problem 26 in Hock and Schittkowski [13]
21 1 3 Problem 27 in Hock and Schittkowski [13]
22 2 4 Problem 39 in Hock and Schittkowski [13]
23 3 4 Problem 40 in Hock and Schittkowski [13]
24 2 4 Problem 42 in Hock and Schittkowski [13]
25 2 5 Problem 46 in Hock and Schittkowski [13]
26 3 5 Problem 47 in Hock and Schittkowski [13]
27 2 5 Problem 48 in Hock and Schittkowski [13]
28 3 5 Problem 53 in Hock and Schittkowski [13]
29 4 5 Problem 56 in Hock and Schittkowski [13]
30 2 7 Problem 61 in Hock and Schittkowski [13]
30 2 3 Problem 61 in Hock and Schittkowski [13]
31 2 3 Problem 63 in Hock and Schittkowski [13]
32 2 5 Problem 77 in Hock and Schittkowski [13]
33 3 5 Problem 78 in Hock and Schittkowski [13]
34 3 5 Problem 79 in Hock and Schittkowski [13]
35 3 5 Problem 81 in Hock and Schittkowski [13]
36 3 10 Problem 111 in Hock and Schittkowski [13]
37 300 300 Problem 2 a) in Dan, Yamashita, and Fukushima [7]
38 300 300 Problem 2 b) in Dan, Yamashita, and Fukushima [7]
39 150 300 Problem 4 a) in Dan, Yamashita, and Fukushima [7]
40 150 300 Problem 4 b) in Dan, Yamashita, and Fukushima [7]
41 149 150 Problem 42 in Zaslavski and Powell [22]
42 299 300 Problem 42 in Zaslavski and Powell [22]
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Appendix B

Additional results about
adversarial attacks

✧ First adversarial example : ”Lesser panda”
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FIGURE B.1: Adversarial attack via DF-SAUNE for Figure 4.2
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FIGURE B.2: Adversarial attack via Memoryless method for Figure 4.2
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✧ Second adversarial example : ”Llama”
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FIGURE B.3: First attempt via Memoryless method for Figure 4.6
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FIGURE B.4: Second attempt via Memoryless method for Figure 4.6
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FIGURE B.5: Adversarial attack via DF-SAUNE for Figure 4.6
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FIGURE B.6: Adversarial attack via DF-SAUNE for Figure 4.6
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FIGURE B.7: Adversarial attack via Memoryless method for Figure 4.6
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