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Abstract

Nowadays, classifications algorithms perform tasks such as filtering college and
loan applications or assessing the risk that an inmate reoffend when released from
prison. As our society becomes more and more driven by data and as machine
learning takes increasingly more place in everyday life’s decision making processes,
it becomes urgent that we find classification algorithms that ensure fairness and
equity between individuals. For instance, unfairness or discrimination may happen
in classification when the data is generated by a biased decision process. In such
cases, classification models could not only repeat the bias but also introduce new
ones. To tackle this issue, we look for accurate models for which the predictions are
uncorrelated with a protected sensible attribute (e.g. race, gender,...). In particular,
we propose decorrelation methods operating before, during and after the learning
phase of classification models. We show that our methods are able to remove the
correlation between the sensible attribute and the predictions while maintaining a
high level of accuracy. By limiting the biases present in the predictions made by
the classification algorithms, we reinforce the equality between individuals.



Acknowledgements

I would like to thank Prof. Marco Saerens, my thesis supervisor, who helped me a
lot in writing this paper. His advice and guidance were very helpful.



Contents

(1__Introductionl 3
[2__Theoretical basis| 6
2.1 _Sources of unfairnessl . . . . . . . . . ... 7
2.2  Problem definitionl . . . . . . . .. . ... ... 8
2.3 Definitions of fairness . . . . . . . . . .. ... 8
2.3.1  Statistical measures . . . . . . ... ... ... ... ... .. 9

2.3.2 [ndividual measure of fairness| . . . . . . .. ... ... .. 10

[2.3.3  Covariance as indicator of fairness/ . . . . . . ... ... ... 10

[2.3.4 Covariance between a categorical variable and a numerical |

[ variablel . . ... o 11
[2.3.5  Covariance between two categorical variables| . . . . . . . .. 13

2.4  Achieving fairness| . . . . . . .. ..o 14
[2.5 Measure for classification performance| . . . . . .. ... ... ... 15

[3 Supervised classification and maximum entropy| 16
[3.1 Logistic regression| . . . . . . . . . ... 16
[3.2  Maximum entropy| . . . . . . ... ... 19
[3.2.1 Shannon’s entropy| . . . . . .. ... ... ... ... 19

[3.3  Maximum entropy for classification| . . . . . . . .. .. ... .. .. 22
B.3.1  General formulationl . . . .. ... ... ... ... ... .. 22

[3.3.2  Optimality conditions] . . . . ... ... .. ... ...... 23

[4 Managing fairness constraints in classification| 25
4.1 Complete decorrelation with respect to the sensible variables| . . . . 25
[4.2  Partial decorrelation with respect to the sensible variables . . . . . 27
4.3  Pre-processing techniques| . . . . . . .. ... ... ... ... ... 28
[4.3.1 Un-correlating the data matrix wrt the sensible variables| . . 29




A

Post-processing techniques| . . . . . . .. ... ...

Implementation and experimental methodology|

B.1

Implementation| . . . . . .. ... 0o oo

[6.4 Results for post processing methods| . . . . . . . ... ... ... ..
[6.4.1 Results of the first approach| . . . . . . ... ... ... ...
[6.4.2  Results of the second approach| . . . . ... ... ... ...
[6.5 Combining pre-processing with post-processing|. . . . . . . . . . ..
[6.6 Pre-processing and post-processing applied to other classifiers|
(6.7  Equivalence with logistic regression| . . . . . . . ... ... ... ..
[6.8  Overall comparison between the models|. . . . . . .. ... ... ..
[7__Further work and conclusionl
APP d
lA_Source codel

(B Complementary results|
[B.1_Model with threshold constraintl . . . . . . . ... .. ... ... ..

[B.2 Post-processing results] . . . . . . ... 000000

[B.2.1 First approach : result tfor the Detfault dataset| . . . . . . ..
[B.2.2  Second approach : results for each dataset| . . . . . ... ..

32
32
33
34
35

36
37
37
38
42
42
45
46
46
48
49

53

59

60



Chapter

Introduction

Machine learning is one of the most popular field of computer science and mathe-
matics nowadays. As our society becomes more and more driven by data and as
data collection is now a billion dollar market, research on this subject is constantly
evolving bringing new questions and new considerations to the table. One of the
most common task in machine learning is classification. Given a certain number of
parameters observed on a sample, one would like to be able to assign a category
to it. This is usually done by training a model on a data set and then using the
knowledge that the model has learned to be able to make predictions on new samples.

In particular, supervised classification is very popular. A model is said to be
based on supervised classification when it uses the category label of the training
samples to acquire knowledge. In contrast, unsupervised classification will not
use the labels but just other features that have been observed. There exists a
tremendous number of applications using supervised learning in different domains
such has finance, healthcare, advertisement, etc. For example, Google is developing
artificial intelligence techniques to improve cancer detection [17]. To detect cancer,
doctors often use X-ray screening. However, detecting a cancer based on this
is quite a challenge and it is even more the case when the disease is still at an
early stage. Unfortunately, this means that the diagnosis made by doctors can
result in false negative. To lower the chance of false negative happening, google
researchers rely on machine learning and classification algorithm to try to cate-
gorize X-ray screening in the positive or in the negative group. As [17] shows, in
some cases Google’s technology can detect breast cancer better than the radiologists.

Although machine learning has clear benefit, we can and should ask ourselves
if we can always rely on data and on algorithms for any tasks. Over the last decade,
machine learning has found new domains of applications such as filtering loan



applicants, deploying police officers in the streets of a city or even assessing the risk
that a criminal reoffend a crime. In such areas, machine learning techniques raise
important concerns for unfair treatment and potential discriminatory practices.
For instance would you trust a method based on historical justice data to assess a
prison sentence to be fair between individuals of different races? These concerns
are supported by numerous research on the subject which leads to the need of
algorithms that ensure equal treatment for all [3}|5|18].

In the last 10 years, people have been talking more and more about fairness
and what was originally a niche topic of research is now an important subject in
machine learning. Despite of this, the task is still quite challenging as it is at the
boundary of different fields such as computer science, mathematics, statistics but
also ethics and morality. Moreover, it brings a lot of questions. What does it mean
not to discriminate? Where does unfairness find its sources? How can we detect
unfair treatment and how should we adapt our methods to tackle this issue? At
what cost 7

A straightforward idea that one can think of when considering fairness prob-
lems is to simply remove a sensible variable (e.g. race or gender) from the data set.
It turns out that this solution would not work as it is very likely that the sensible
variable and some other attributes in the data set are not independent [8,29}30].
The methods found in the literature concerning fairness can be grouped into three
categories. Methods that attempt to modify or change the representation of the
data (pre-processing), methods that try to impose equal treatment during the
learning phase and methods that try to modify the predictions a posteriori to match
some fairness criteria (post-processing). In the vast majority of cases, improving
fairness will result in a degradation of the classification performances. We will
therefore need to find a trade-off between the two [23].

In this master thesis, attempt to mitigate bias with all three kinds of methods have
been imagined. Pre-processing approaches has been imagined through projections
to remove the linear correlation between a protected group and other data that
will be used during training. Approaches that operate during the learning phase
were based on an optimisation problem known as maximum entropy (MaxEnt).
Finally, post-processing approaches using least square optimization combined with
fairness constraints have been implemented to try to mitigate bias. The methods
that were tried are non exclusive, they can be combined and one objective of this
master thesis will be to investigate whether or not a method working on "more
than one level" of the process can give interesting results.



The objective of this master thesis are thus the following :

e Does the mazimum entropy formulation allows to easily introduce fairness
constraint ¢

e Can we show empirically the equivalence between logistic regression and
mazimum entropy?

e What method offer the best trade-off between fairness and classification per-
formances ¢

o Are pre-processing methods able to fully decorrelate predictions with sensitive
variables ?

e (Can post-processing achieve a good trade-off between classification performance
and fairness? How does supervised method compare with semi-supervised
approaches ¢

e Does a combination of pre-processing, post-processing and learning methods
improve the results?

e How do our methods compare with approaches from literature ¢

This master thesis will be divider into two parts. The first one will be theoretical
(Chapter 1 & 2), it will consist of a state of the art and some basic theory (notably
about fairness) and then in some theory about maximum entropy and about the
pre- and post-processing techniques that we will apply later on (Chapter 3 &
4). The second part (Chapter 5,6 & 7) of the thesis will cover the experimental
methodology, the empirical evaluation of our models, a discussion about the results
and an assessment of the work that could be further developed based on our
findings.



Chapter

Theoretical basis

As introductory example, suppose that we want to implement a classification method
to determine whether a certain person is a serious candidate for employment in a
company. To this end, the company built a dataset over the years by taking note
of many parameters about the people who applied for the job and whether or not
these people were good candidates. With this dataset, the company implemented
a machine learning-based classifier. It turns out that the data is biased: in recent
years, the company has favoured white men over other genders and races. The
model that learned to classify based on historical data learned to reproduce this
discrimination. What we need is to find a way for the model to learn not to
reproduce this discrimination while maintaining some kind of accuracy.

In particular, the problem of fairness in classification algorithms arises from a
dependence that is considered negative between certain attributes observed in the
dataset and the target class to which the observations belong. The dependency is
deemed negative because the decision process that determines the class is biased
and the attributes are attributes that are deemed sensitive (e.g. gender, race,...).
The dependency will have an undesirable effect on the predictions because they
will reproduce the bias present in the dataset. Not only can the classifier reproduce
biases but it can also introduce new ones [5,6]. A straightforward solution would
be to simply remove the sensitive attributes from the dataset. It turns out that
this solution is generally not sufficient to make the classifier unbiased [8}29,30].
Indeed, other attributes might themselves be related in some way to the sensitive
attributes. For example, it is reasonable to think that home address and race may
not be independent. Removing race from the dataset would therefore generally not



be sufficient to remove discrimination. This phenomenon is called redlining and
originated in the United States where banks coloured maps in different colours [31],
with red representing areas where they would not invest. This colouring was done
without direct observation of race, which appeared to be race-neutral but was not,
as the bank was observing attributes correlated with race. In addition, removing
the sensitive attribute as well as the attributes that are correlated with it usually
does not work either, because either too much dependency remains or the accuracy
decreases too much [8].

2.1 Sources of unfairness

Before going further and defining mathematically what unfairness is, let’s look at
the different sources that can lead a classifier to make discriminatory decisions.

bias encoded in the data set A first cause of unfairness is a bias encoded in
the data. It is indeed very common to find human biases in the training data. In
the example above, the company has hired white men in priority and therefore this
population will often be favoured by a classifier that has been trained to fit the
data. As there is no incentive to remove the biases, machine learning techniques
will just replicate them in order to minimize the error [22,23].

unbalanced data set A second phenomenon that can lead to unfairness is when
there is a majority and a minority population. If the classifier does not know which
individual belongs to which group and if it cannot fit both population at the same
time in an optimal way, then, by minimizing the overall error, the classifier will fit
the majority population. The distribution of the error will be different for the two
groups as it will be higher for the minority group. [6, 7]

need to explore A third scenario that can potentially lead to unfairness is the
so-called "need to explore' [23]. In many problems, the data available depends on
a decision the algorithm has made in the past. Suppose the goal of our classifier is
to determine whether a prisoner will be a recidivist if released from prison. The
dataset we have can only indicate that a criminal is a recidivist if he has been
released before. In this type of problem, for the learning phase to be effective,
sub-optimal decisions should be made in order to have more varied data. Of course,
ethical issues emerge from such problems and sometimes prevent exploration.



This is non-exhaustive and there are other sources of unfairness.

2.2 Problem definition

To give rigorous definitions of fairness, let us first define the classification problem.
In this thesis we will focus on binary classification, i.e. the target variable will
have two different values. Suppose we have at our disposal n observations with m
features in a n x m data matrix X.

X =[z' 2% ..., 2™ (2.1)

where 27 represents the observations of feature j. In addition we have p sensible
variables (e.g. gender, race,...) in a n X p data matrix Z.

A P (2.2)

Our goal is to predict target variable Y which is binary and such that dom(Y) =

{+?_}'

2.3 Definitions of fairness

Literature most often relies on a fairness definition that can be categorized in one
of the three following groups : statistical definitions, individual definitions and
causal definition [23]. At this point, there is not yet a consensus on which definition
is the most appropriate and it seems that depending on the application one can
be preferred over the other. This discussion is quite complex as it does not only
include mathematical and statistical arguments but must also be subject to ethical
considerations. What does fairness even mean ? Webster’s dictionary gives the
following definition [19).

The quality of state of being fair. Lack of favoritism toward one side or
another.

In this section, we briefly review the two first categories (statistical and individual),
compare them and introduce the notion of fairness that will be used throughout
this work.



2.3.1 Statistical measures

Statistical measures of fairness are the most used in literature. In general, these
definitions select a number of protected variables and then impose a semblance of
parity based on some statistical measure between the different protected attributes.
The notion of statistical independence is the one that most often emerges from
these discussions but there are many more (see [1]). For the sake of simplicity, we
will restrain ourselves to a binary sensible variable encoded such that its domain
is {0,1}. We will see later that the definitions below can be easily extended to a
case where there a several protected variables. Correspondingly, we will refer to
the O-class and the 1-class for the class.

Demographic or Statistical Parity (SP) A first notion based on this is the
demographic parity of the prediction Y which relies on a measure called the disparate
impact criterion (DI) [10L22]

MZP@—+M—® (2.3)
PY =+|Z=1)

This is also measured by the discrimination score which is defined as the difference
P(Y = +]|Z = 0) = P(Y = +|Z = 1) in [33]. Demographic parity is achieved
when DI is close to 1. This measure even has a legal value since it is part of
the employment rules in the United States which require that it be no less than
0.8 [32]. The definition above considers that there is one sensible attribute Z that
is binary (e.g. gender, race, ...). The generalization of this requires that Y and Z
are independent, i.e. V1 Z.

Equal opportunity (EO) However this measure is considered not good enough
for the following reason. A classifier that would assign 1 to the top 20% of the
0-class and randomly to 20% of the 1-class would be considered as fair when it
is clear that it is not. For instance, suppose that a company hire people based
on such a method. The best male candidate are preferred over the other male
candidate. The best female candidate however, have the same chances that any
other women. Would you consider this as fair treatment? To tackle this issue, the
notion of Equal opportunity (EO) was introduced |10]. This requires that the True
Positive Rates are equal across the protected groups and it is measured by the
Difference of Equal Opportunity (DEO).

DEO=PY =+|Z=1,Y =4) —P(Y =+|Z =0,Y = ) (2.4)



Equalized odds (EOdds) In addition to requiring EO, equalized odds require
that False Positive Rates are equal across protected groups

PY=+Z=1Y=-)—-PY =+|Z=0,Y = -) (2.5)

In practice, we will never impose that one of these criteria be exactly zero (too
restrictive), but rather that the model be what is called e-fair [10]. A model is
e-fair if the fairness constraint it uses is violated by at most €. For instance, a
model using EO as fairness criteria will be e-fair if the absolute value of DEO is
less or equal to ¢, i.e.

PY =+Z=1Y =+4)—PY =+|Z=0,Y =4)| <e (2.6)

Statistical measures are easy to handle, to understand and to verify. On the other
hand, even when satisfied, these fairness criterion won’t on their own achieve
extensive fairness in the sense that a particular individual or a particular sub-
group of the protected group might still be discriminated. Those definitions give
guarantees "on average' on the protected groups but not more than that. [2] extends
on numerous cases where statistical measures fail to ensure fairness at an individual
level.

2.3.2 Individual measure of fairness

To tackle this issue, some papers have focused on other kind of fairness criterion
that are more centered on individuals. For instance, |2] works with a task-specific
metric and used a criterion that ensures that "similar people should be considered
similarly by the classifier". Another example is [3] where researchers have worked
with the idea that "less qualified people should not be advantaged over better
qualified people". Compared to statistical approaches, these criteria are more
difficult to manage because they often require making assumptions that can be
quite significant about the problem to be solved. For this reason, these criteria are
less popular in the literature than statistical approaches, although they are still an
important research topic.

2.3.3 Covariance as indicator of fairness
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In this paper, we will use a slightly different yet straightforward measure for fairness
but we will see that it can be reduced to a very similar form of the statistical
measures discussed above. We will use the notion of covariance and correlation to
establish the degree of fairness of a classifier. Mathematically, the sample covariance
between n measurements of two variables X, Y on the elements of a sample set T
is given by

cov(X,y) = —5 ‘ (x; —2)(yi — V)

€T
= ﬁ (Fod Ly,
= %1( x) - (Hy)
= 5 (Hx)'(Hy)
= -Lx"Hy (2.7)

where H = (I — Zee') is the centering operator and e is a n x 1 column vector
containing 1’s.
The variance is given by

var(x) = cov(x, x) = — ||Hx||? (2.8)
And finally the correlation is expressed by

cov(x,y)
var(x)var(y)
~ Hx Hy
x| [Hy]|
= cos(Hx, Hy) (2.9)

cor(x,y) =

2.3.4 Covariance between a categorical variable and a nu-
merical variable

Let us suppose that Z € {0,1} is a binary discrete sensible variable and Y is
a numerical target to be predicted. Accordingly, let z and y be two vectors of
n realisations of those random variables. The class Z, will regroup indices of
observations exhibiting z = 0 and Z; those that are such that z = 1. We will use
ng = |Zo| and ny = |Z1] to refer to the number of instances of 7 that are in the class
Zo and Zp respectively. Let us further denote by m; and my the prior probabilities
of the corresponding classes, i.e. P(z =1) ~ 7 = ™ and P(z = 0) ~ mp = "2. We

11



start with our previous definition of the sample covariance that we can decompose
by regrouping the terms that belong to the same classes and then by noticing that

= _ 1 o
2= YieT 4 =M

cov(z,y) = =5 > (2 — 2)(y:i — ¥) (2.10)

€T

=L (m—-2)y—0)+ 5> (%—2)(y—7) (2.11)
i€z i€y

=g 2 =2 -9+ 5> (=) —19) (2.12)
1€ SV

= ﬁ (1—=m)(yi —y) + ﬁ (—=m1)(yi — ) (2.13)
€2 i€Zo

=L (m)wi— )+ 25 > (—m)(y — 1) (2.14)
1€21 1€Z0

=10, > Wi —9) =T e D (Wi — ) (2.15)

i€ 1€EZy
ZTLﬁ(Wo?Enll Y i~y —mmo Z(yi—g)) (2.16)
€21 ISV

e ( S ) - @) 217

Now we can define Ay = -z, (v — ) and Agy = nio Yiezo (Wi — y). This
represents the average excess or deficit in the numerical target with respect to the
global average for each class of the sensible variable. Substituting those variables

in the equation yields
cov(z,y) = “5mom (Ayr — Ayo) (2.18)

We can give the following interpretation. Suppose that the binary sensible variable
Z represents the gender with z = 0 for men and z = 1 for women. The y numerical
value represents the probability of getting hired for a job. If we wand similar
treatment between men and women, it is intuitive to require Ay, = Ay, i.e. the
two classes should have the same excess/deficit with respect to the global average.
This is very similar to the DI measure that we introduced earlier in this chapter
(and therefore also close to the discrimination score from [33]). Indeed we can write
that cov(z, §) o< E(Y|Z = 1) — E(Y|X = 0) where £ denotes the estimator of the
mean which is the empirical expectation.

The result is similar if the binary sensible variable Z € {—1,1}. We consider
that Z;- is the class regrouping observations exhibiting z = —1 and correspond-

12



ingly Z;+ for those such that z = 1. We have

Z=1Y "z (2.19)

€T
=13 Zz+2 > % (2.20)
Z€Z1+ iGZl,

And thus we can compute

coviz,y) =+ > (1=2)yi—y)++ > (-1=2)(yi —¥) (2.23)

’iEZ1+ ’LEZ
= (l=me+m-) D (i —9) — (A +me —m-) > (v~ )
i€Z,4 i€z,
2.24)
=2m-tn > (i) = 2me e D (v ) (2.25)
ez, Yiez, -
= 27T1+7T1— (Ag1+ - A?jr) (226)

We find the same requirement to equal treatment across population of the protected
attribute Ay;+ — Ay-.

2.3.5 Covariance between two categorical variables

When both Z and Y are categorical variable, we find

cov(z,y) = =5 ) (x; — ) (2.27)
€T
= Y (wiyi + &Y — 23§ — y:) (2.28)
€T
= (wy) 40Ty — gy wi— Ty yi (2.29)
i€T i€T €T
= 2yy; + nay — 2niy (2.30)
€T
e % Z Ty — TY (2.31)
€T
= 5 (May — mumy) (2.32)

where 7, = >7;c7 x;y; is the proportion of observations for which both x; =1 and
y; = 1, m, is the proportion of observations for which x = 1 and correspondingly

13



for 7, which is the proportion of observation that exhibit y = 1. Recall that one
way of stating that two random variable X and Y are independent is by writing
P[X NY] =P[X]|P[Y]. Thus the covariance quantifies in some way the departure
from independence between X and Y observed in the sample. For similar treatment,
we find 7., = m,m,. If we take the sample example as previously (job selection)
this means that requiring the covariance to be zero is essentially saying that being
a man/woman should be independent from being selected for the job.

2.4 Achieving fairness

Generally speaking, there are three main categories of methods that can be used
to achieve fairness.

Pre-processing techniques The first category includes methods that work on
the dataset and attempt to remove bias by preprocessing the data in order to learn
unbiased representations of the data. A first group of methods works directly on
the samples, for example by modifying them directly [8] or by adding observations
while respecting the observed distribution [7]. Other preprocessing techniques use
for instant projection and basis changes to remove some kind of dependency in the
data set.

During learning The second category includes algorithms that attempt to force
fairness during the learning phase. Those approaches rely solely on tuning the
hyper parameters to obtain accurate and fair solutions. |9] is an example of such
approach, achieving what they call a fair principal component analysis through
multi-objective optimization where the aim is not to minimize the error and then
to maximize a fairness criteria but rather to optimize both at the same time. |10]
provides a framework that can handle different definitions of fairness at the same
time and that can apply to a large family of machine learning techniques which is
often not the case in other fairness techniques proposed in literature.

Post-processing techniques Finally, the last category is that of methods that
work on predictions and attempt to correct the bias a posteriori. Those methods
often work as black-box methods that adjust a classifier predictions in order to
be e-fair according to a certain fairness measure. A popular example of such
approach is [13] where the idea is to optimally adapt an already fitted classifier
using randomized positive discrimination. Another way to think about it is to
imagine that a biased coin is flipped to apply a positive discrimination in order

14



to reduce the bias produced by the classifier. The advantages of post-processing
techniques is that they are black box methods which means that we can use it with
any classifier that already exist without the need of adapting algorithms. The main
problem with post-processing techniques is that they are inherently sub-optimal.
Once the model is fitted, these techniques do not account for the data anymore
and only act on the previously learned information.

2.5 Measure for classification performance

Obviously, when dealing with fair classifier, one does not only care about fairness
but also about the performance of the classifier. There are several ways to assess
the performance of a classification method such as recall, precision or f-score [24].
In this paper as in the vast majority of the paper that focus on fair classification
we will use the accuracy criteria, i.e.

TP + TN
TP + TN + FP + FN

(2.33)

accuracy =

where

e TP is the true positive predictions, i.e. the predictions that were correctly
assigned to the + class.

e TN is the true negative predictions, i.e. the predictions that were correctly
assigned to the - class.

e FP is the false positive predictions, i.e. the predictions that were incorrectly
assigned to the + class.

e FEN is the false negative predictions, i.e. the predictions that were incorrectly
assigned to the - class.
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Chapter

Supervised classification and
maximum entropy

A common task in machine learning is to predict a target variable Y based on
observation X of several attributes. For instance, we could try to predict the
number of views of an online article given observations on the date of publication,
the subject of the article, the number of words in the article etc. In this case, the
target variable Y would be numerical and we call this task a regression problem.
When, on the other hand, Y is a categorical variable we talk about classification
problems. As we said earlier, the focus of this paper is on classification problem.
There exists plenty of different algorithms to solve such problems, among which
logistic regression.

Logistic regression is a very popular classifier as it is efficient, easy to imple-
ment and easy to interpret [34]. In this section, we will first present a simple
version of logistic regression. Then, we will introduce the maximum entropy prin-
ciple and show that we can derive logistic regression from a maximum entropy
argument. The model that we will have will be equivalent to logistic regression
and will allow to introduce new (linear) constraints to enforce fairness. As [27,28]
shows, logistic regression formulated from a maximum entropy argument cope well
with linear constraints.

3.1 Logistic regression

Instead of predicting the binary discrete target variable Y directly, logistic regression
will model the probabilities that Y belong to a certain category. Let us consider
x € R™ be a vector containing observations of m features including an extra column

16



of 1’s for the bias term and for the sake of simplicity, we will restrict ourselves to a
binary target variable, i.e. domy = {—, +}. We will need a function p : R™ — [0, 1],
i.e. a function that maps any input x to a probability between 0 an 1. There are
numerous such functions but logistic regression uses the following :

p(x)+ = 11 erx (3.1)
p(x)- =1-p(x); = Hle,\,x (3.2)

with A € R™ a vector of m unknown parameters. Notice that p(x)y is the sigmoid
function, which is the inverse of the logit function after which logistic regression is
named. Equivalently we can write the probability function as

ekk-x

a Zledomy e (33)

p(X)k:

where k € domy, A € R?*™ is now a matrix with one row for each category that Y’
can take (in this case 2). Equivalence with Equation can be found by requiring
that the values in the second row of A be 0.

To estimate A, logistic regression uses the maximum likelihood method. The
intuition behind this method is the following. Across the training set, we would like
that the probabilities p(x)+ be close to 1 when the observations were made on an
instance of the + class and conversely that p(x)_ be close to 1 for instances of the
— class. Considering that we have a dataset X = (z;7) € R"*™ of n samples where
x; denotes the i*" sample and y; the category of the i*" sample, this transposes to
the maximization of the likelihood function

n

() = [T p(xi)y, (3.4)

i=1

Equivalently, we can maximize the log-likelihood function which will have a different
optimal value but the same optimum. The log-likelihood function is

1(\) = log (Z"1p<xi>yi) (3.5)

= i log p(x;)y, (3.6)

The log-likelihood function is concave as it it the sum of log functions which are
concave themselves. We know that the derivatives with respect to Axy must vanish
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at the optimal value. Let us first compute the derivative of the probability function
with respect to Agy

a)\akfp(xi)k = 2;p(%:)k (1 — p(x:)k) (3.7)
afkfp(xi>l = —x;p(Xi)kp(x:)1  for l #k (3.8)

Now we can compute the derivative of the log-likelihood function with respect to
ks using the chain-rule

0 g
N = 1 s 3.9
Oy W ONs ; o8P, (3.9)
=N ' 3.10
B Xi)k + v P(Xi)y, 3.11
; (i) a/\kfp( L 2:21 p(Xi)y, 3/\kfp( Jy (3.11)
y(@)=k y(1)#k
- 1 n 1
= Z p(X‘)kxifp<Xi>k(1 — p(xi)k) — Z mxifp(xi>y¢p(x)k
oy ! 1=1 1) Yi
us)=k y(i)#k
(3.12)
= > wi(L=pxie) = > wigp(Xi)k (3.13)
i u(th
= 2w = 2 wip(xi (3.14)
7J¢:=1k =1
We can set this derivative to 0 and we find
S aip =S wigp(xi)i for all k, f (3.15)
=1 i=1

yi=k

This is a set of m x 2 non-linear equations that we can solve to find the estimate
A’s that maximize the log-likelihood function and now we can make predictions on
new observations by computing

p(x) (3.16)
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3.2 Maximum entropy

In this section we introduce the maximum entropy principle and we will see later
that logistic regression can be derived from a maximum entropy argument.

The maximum entropy principle was first developed by E.T. Jaynes in 1957 [4].
In his work, he shows the link between mechanics and information theory, and in
particular he shows that statistical mechanics should be seen as a special case of
logical inference and information theory.

From this idea comes the principle of maximum entropy, a method used to estimate
the probability distribution of a random variable. Let us suppose that this variable

can take n distinct values with probabilities p1, ps, ..., p, such that
i >0 Vi
ST =1 (3.17)

Some additional knowledge, for instance the expected value, might be known
about this random variable. With this additional information, we can write linear
equations that must be satisfied by our random variable. Those equations have the
form

daipi=b (3.18)
i=1

With each new equation, the distribution is further constrained and the imprecision
on the probabilities is reduced. Nevertheless, usually there is still an infinite number
of distributions that verify these constraints. How to choose among them? The
principle of maximum entropy answers this question. It states that the probability
distribution that best describes a certain system is the one that maximises entropy.
In other words, the one that best describes the system is the one that makes no
additional assumptions about the data, the one that uses only information that
is known for sure. This approach is conservative and quite intuitive. We do not
want to impose constraints on the distribution beyond those that we know it must
satisfy.

3.2.1 Shannon’s entropy

Claude Shannon proposed in 1948 [14] a mathematical expression to quantify
the uncertainty of a random variable and referred to it as the notion of entropy
information. Given a discrete random variable y taking n distinct values with
probabilities pyi, pa, ..., pn, the entropy of y is defined as:
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H(pi,...,pn) = —k ) _pilogp; (3.19)
i=1
There also exist a continuous analogy for continuous random variable. The random
variable y with probability density function f(y) with support €2 has the following
Shannon’s entropy:

H(y) = —k /Q f(y)log(f(y))dy (3.20)

In both definition, k is an arbitrary positive constant that is in many definition set
to 1 and thus omitted.

This measure can be interpreted as the average number of bits needed to de-
scribe the random variable. The choice of the logarithm base corresponds to the
choice of the base of the binary representation. The higher the uncertainty on the
random variable, the higher the function H and thus the higher the number of bits
needed to represent it will be.

Shannon gives an example of this concept in [14]. Suppose we have a random
variable that takes two distinct values with non-negative probability p and 1 — p
If we try to maximise the entropy of the random variable we find that p = % This
means that the uncertainty is the maximal when both event happen with the same
probability. In this case we find that Shannon’s entropy with a logarithm in base 2
is equal to 1 and thus that the random variable has an entropy of 1 bit. If, on the
contrary, we try to minimize the entropy (with the constraint that the probabilities
should be non-negative and sum to 1) we find that the uncertainty is minimal
when p = 0 or p = 1. In this case, we are sure about the outcome, the entropy is 0
(perfect information).

The function from Equation has interesting properties when it comes to
optimization. The first one is that it is a strongly concave function. Let us prove
it by showing that —H (y) is convex. We start with a probability mass function
p: 2 —[0,1] such that > .o p(y) = 1. We have

= > p(y)logply (3.21)

yeN

where we consider that H(0) = lim,_oplogp = 0[]

We denote by P C R the set of all probability mass functions on Q. This set is

! This is necessary because p denotes a probability and a probability of 0 is possible in some
cases.
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compact and convex. Furthermore, let us show that the function f :p — plogp is
strongly convex. By deﬁnitionﬂ, it is when we can find a constant g > 0 such that

(Vi) = Vf(@),y—a) > plly—=|* , Yo,y el0,1] (3.22)
in our case we have V f(y) = logy + 1 and the previous equation transposes to
logy —logx > pu(y —x) Va,y € [0,1] (3.23)

We can start with the fact that the mapping p — log p is concave and thus it holds
that [20]

logz < logy + ;(x —y) , Va,y€0,1] (3.24)

< logy — logx > ;(y —z) , Vz,y€][0,1] (3.25)
@logy—loglei(y—m) , Vx,y €10,1],pn € (0,1) (3.26)
(3.27)

where the use of parenthesis in the interval denote the open interval between 0
and 1. The first inequality can be loosely explained by the fact that the tangent
line computed at one point of a concave function is always above its graph. The
mapping f : p — plogp is thus strongly convex. Moreover, the sum of convex
functions with at least one strongly convex function is strongly convex and so
we conclude that —H(p) is indeed strongly convex and conversely that H(p) is
strongly concave. From an optimization point of view, this is a nice property
because it means that when optimized the function H(p) will admit at most one
(global) maximizer [20]. This only required that the function be strictly concave but
strong concavity implies strict concavity. In addition, some very popular methods
require the objective function to be convex (interior-point method for instance) and
methods usually converge faster when the objective is strongly convex/concave. For
instance, gradient method used to maximize (minimize) strongly concave (convex)
functions has a linear convergence [20].

A second nice property of Equation [3.19]is that the logarithm ensures that the
probabilities are non-negative. The case where the probabilities are zero is handled
by the remark above stating that we should consider H(0) = lim, ,oplogp = 0.
The importance of this property will become apparent in what follows.

?The reader might be more familiar with the definition f(y) > f(z)+V f(2)” (y—2)+4]ly—=z|*.
The definition above comes from this and the requirement that f(y) > f(z)+Vf(z)T (y—=2), Vz,y
which is roughly saying that the graph of a convex function is above its tangent (in 2 dimensions).
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Finally, a last thing we need to emphasize is that there are other forms of entropy
than the one defined by Shannon. Authors of [15] draw a comparison between
Shannon, Tsalis and Renyi entropy. In a nutshell, the two later use measures that
depend on powers of probability > ; p¢* which allows to increase (decrease) the
impact of outliers when « is a large negative (positive) value.

Using Shannon’s definition with the entropy principle, we end up with the following
optimization program

maximize — Y p;logp;
{pi} i=1

subjectto 3L @imp; = by, for all m (3.28)

Zpizl pl = 1

assuming m linear constraints that reflect knowledge on the probability distribution.
Notice that the non-negativity does not appear explicitly in this optimization
program. The problem is convex since every constraint is linear and we are
maximizing (strongly) concave objective function. This optimization program can
be solved by very efficient algorithm such as interior-point method or using conic
formulation. [20]

3.3 Maximum entropy for classification

Let us now have a look on how the theory that we have discussed above transpose
in a classification setting. Our goal is to assign a probability for each of the possible
target classes. Here, we will focus mainly on the binary classification task, i.e.
there will only be two possible target classes. Moreover, for the sake of simplicity
we will derive methods for problem considering only one sensible variable. The
extension to multiple sensible variables is fairly easy and straightforward.

3.3.1 General formulation

Let us consider a n x m data matrix X = (z;7) whose elements z;; contain the
measurement of feature f on sample 7 of the training set. There are m such features,
including an extra feature for the intercept or bias term of the regression. This
extra column only contains 1’s. Categorical variables are represented by binary
indicator variables in a one-hot encoding fashion as usual.
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The observed target values are recorded in the n X ¢ target matrix Y = (yix)
where ¢ is the number of different classes and y;;, encodes the class membership of
each individual 7. As it is assumed that classes are mutually exclusive, the y;; are
binary indicator variables, y;; = 1 if sample i is categorized in class k& and y; = 0
for all [ # k. The predicted a posteriori probabilities of belonging to each class,
provided by the supervised classification model, are §;; with >-{_; J; = 1, and are
encoded in Y.

The maximum entropy (MaxEnt) problem for classification can be stated as
follows,

maximize Z Z Uir log Jix
{9k} i=1 k=1

subjectto >, Uaxir = i YiuTip for all f &
Sh1 Dk =1 for all

(3.29)

The objective function is simply the maximisation of Shannon’s entropy. The
first constraint is very important, we will refer to it as the co-moment features-
predictions constraint. It states that, within any class, the sum of all the observed
values of any feature should be equal to the sum of probability mass multiplied by
the observation value of the same feature across all data. The second constraint
simply states that the sum of probabilities of one observation across all classes
must sum to 1.

3.3.2 Optimality conditions

Let us compute the Lagrangian function of the optimization problem (3.29. With
some arbitrary choice, the Lagrangian can be written as follows

q
Z Ui 1og i, + Z Z Ak f < Z YikTif — yikl'if)

f=1k=1
q
Z@zk —1) (3.30)

where \’s and pu’s are the free dual variable of the first and the second constraint
in problem [3.29| respectively. As a consequence of Karush-Kuhn-Tucker theorem,
the derivative of this Lagrangian function with respect to ¢;; will vanish at the
optimum. We can thus compute the partial derivative with respect to the predicted

23



values, 0.2 /0%, and set the result to zero. We readily obtain

0=—logQm — 1+ D> Neszis + s
=1

Uik = exp (Z AkpTif + i — 1) (3.31)

f=1

We can further develop this equation by using the fact that the sum of the
probabilities for a given observation across all categories must add to 1.

q m
Z exp (Z AkfTif + pi — 1) =1 (3.32)
k=1

f=1
This yields,

exp(p; — 1) = (2‘1: exp (g:l/\kf:vif)> R (3.33)

k=1
which we can plug into equation to obtain the form

exp ( Z )\kfxif)
f=1
q m
Z exXp Z /\lfxif
=1 f=1

which is the form of the probability function in Equation I' This shows the
equivalence between the two formulations, the dual variable in the maximum
entropy formulation are the coefficients fitted by logistic regression. Notice that
this form does only depend on the \’s, the dual variable of the first constraint of
the optimization problem [3.29] This form is thus suitable to make predictions on
the basis of the training set, which is what classification is all about. Starting with
an optimization program and a training set, we have been able to compute an
equation that can be used to estimate the probability that an observation belong
to a certain class. At this point, we did not take fairness into account, the next
section will incorporate fairness into the model that we have just seen.

A

Yik =

(3.34)
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Chapter

Managing fairness constraints in
classification

In the previous chapter, we have seen that a very popular classification model,
logistic regression, can be derived from a maximum entropy argument under the
form of a convex optimization program with linear constraints [27,28]. We know
that our MaxEnt model copes well with linear constraints. Hence, we propose
to integrate linear constraints to our formulation from Equation to enforce
fairness.

4.1 Complete decorrelation with respect to the
sensible variables

First, we propose a model that will impose that the correlation between the sensible
variable and the predicted class probabilities ;5 is zero. Let z be the n x 1 column
vector of measurements of a sensible variable. We want to impose that each n x 1
prediction vector ¥, (column k of Y) is uncorrelated with this sensitive variable
z. Thus the covariance between the prediction vector and the sensitive variable
should be zero, cov(yx,z) = 0. Recall that we have

cov(x,y) = ;15 Zr<:v —Z)(yi — 9) (4.1)
= -Lx"Hy (4.2)

where H = (I — %eeT) is the centering operator introduced earlier.

Therefore, the null covariance constaint can be written z' Hy;, = 0 and after
defining Z = Hz, the constraint becomes z'y; = 0.
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Integrating these new constraints into the maximal entropy problem yields

n_ 4
maximize — Y > 9§ log Ji
i=1 k=1

{9}
subjectto Y1, Yikip = >y YixXip for all fik (4.3)
>ic1 JiZi = 0 for all k
Y1 G =1 for all 4

Assuming the problem is feasible, we proceed as before and the Lagrange function
becomes

n q n
Z=- Z Z Uir log Jir, + Z Z (Z yzk%f Z/ik%f))
=1

i=1 k=1 f=1k=

<Zyzkzz ) iu( k_1> (4.4)

=1

M@

k=1

By taking the partial derivative and setting the result to 0, we obtain

—log Gir — 1+ Y Mg + vrZi + i = 0 (4.5)
f=1

which leads to

exp (f: )\kfl'z‘f> exp (l/k,%l)

F=1

Yik = =, -~
Z exp ( Z /\lfxif) exp (Vléi)
=1 F=1

This form is proportional to equation by a factor that depends on the dual
variable of the fairness condition constraining complete decorrelation between the
probabilities 7;; and the sensible variable. Again it only depends on dual variables
of the optimization program and this form is suitable to make predictions on new
samples. We must emphasize that Z; represents the centered observation of the
sensible variable of the sample we are trying to make predictions for. When making
predictions on new sample, we should use the same centering that we used during
training. More specifically, centering the variable amounts to subtract the mean of
the sensible variable across the training set and not the test set.
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4.2 Partial decorrelation with respect to the sen-
sible variables

Now, we propose to loosen the fairness constraint a little bit. A partial decorrelation
can also be achieved by using inequality constraints, stating that the absolute value
of the covariance is no more that some predefined (small) value ¢ > 0. Of course
we want our constraint to remain linear so the absolute value cannot appear in the
optimization program, we split this constraint into two linear constraints.

n g
maximize — Y > G log Ji
subjectto >0, Uuxir = Y YieTip for all f &
4.7
ﬁ Yo Jinzi < e for all k (4.7)
LS Dindi > —€ for all k
She1 Dk =1 for all 4

We compute a Lagrangian function

q m q n
> Ginlog i + Y Z (Z YikTif — Z/ikﬂvif))
k=1 f=1k=1 =1

+ > oy (g—iz >+Zq:6k <6+Zzlgj¢k>
+§:Mz‘ (2(1: Uik — 1) (4.8)

(4.9)
We compute the derivative of £ with respect to §;; and set it to 0. We find
0L z
o0 :_1Ogyzk_1+Z)\kfxzf+uz+7(ﬁk_ak)—0 (410)
Yik f=1
and in the same way as before to remove p; from the equation, this yields
Zi
exp (Z )\kfl"zf) exp ( —3 (Br — ak))
N 1
Yie = —, = (4.11)
> exp ( ) )‘lfof) exp ( (B = az))
=1 f=1

This form is again proportional to equation by a factor that depends on the
dual variables of the fairness constraints. This form is again suitable for predictions
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on new samples. The same remark that we made in the previous section about the
centering of the sensible variable can be made here.

4.3 Pre-processing techniques

As discussed in the second section of this paper, pre-processing techniques have
shown interesting result in fair machine learning. In this section, we propose a
preprocessing technique to mitigate the effect of sensible variables in our binary
classification task. The idea is to use projection to remove linear correlation
between the data set and the sensible variable and then use this uncorrelated (with
respect to the sensible variables) data matrix to make predictions. This technique is
closely related to the technique of partialling out in statistics when controlling with
respect to some control variables, in our case the protected variables (see [25,126]
for instance).

Assume as before that we have recorded the values of m features recorded in

an x m data set X.
X =[x, x*...,x" (4.12)

where x/ represents column f of the data matrix and thus the observations of
feature f. Let H = (I — Lee') be the centering operator with e a n x 1 column
vector containing 1’s. Notice that HX has the effect of centering each column
vector and thus each variable,

HX = [Hx' Hx? ..., Hx’] (4.13)
It thus centers the data matrix.

A number of p sensible variables have also been recorded together with the data
matrix for each sensible variable. The matrix containing the observations of the

sensible variables is
Z=1z"72° ..., 72" (4.14)

Now, it is well-known that the orthogonal projection operator on the column space
of Z is
My =27(Z"2)'7" (4.15)

Therefore, because for each column vector v, Ilz v + I, z v = v, the projection on
the column subspace orthogonal to Z is

I, =1-TI (4.16)
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Also note that IIz Z =Z,I1,77Z = 0 and z-II, , v = 0 where - is the inner product.
Moreover, the projection applies on each column of the matrix,

My X =[Lgx" Tzx* ... TLzx" (4.17)

4.3.1 Un-correlating the data matrix wrt the sensible vari-
ables

Let us further define the projection of x on the subspace orthogonal to the centered
matrix Z = HZ as x,; = I, 5 x, for any column x of data matrix X. Thus,
Equation is used with Z instead of Z.
In this context, the empirical covariance between any column z of matrix Z
and x, 7 is
1

cov(z, X, z) = —5 THx, 5 = ﬁ(Z)TXL

= 5@ Tz x = ;5(2) - (%)

0 (1.18)

By using the same argument and HH = H, it follows that the covariance with
Hx, 5 (the centered vector) is also equal to 0. Therefore, the projected data matrix
X, 7 and the centered projected data matrix are both uncorrelated with the sensible
variables.

4.4 Post-processing techniques

Post-processing techniques are applied after the predictions are made. It works
in two steps. First, we only care about classification performance and fairness is
put aside. Then, in a second round, we constrain the predictions to satisfy some
fairness constraint. The second step is obviously going to constrain the original
problem even more and the solution will often be less accurate.

Two approaches are proposed. In the second step, both of these consist of a
least square optimization program with a constraint on the covariance between
the sensible variables and the predictions. However, the two models will not make
predictions on the same data set nor will they apply the fairness constraint on the
same set.
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First approach In the first step of this approach, the model will be fitted over
the training set and then predictions are going to be made both on the prediction
set and the test set. After that, we optimize a least square problem considering all
the predictions with a fairness constraint on all the predictions as well. Finally, to
assess performances, we only care about the predictions made on the test set.

With our maximum entropy model, we would keep the same model illustrated
by the optimization program [3.29] and we would have the same expression as
Equation for the predictions but instead of making predictions on new samples
only, we would also make predictions on the training set that we used to fit the
MaxEnt model. Assume that d is the number of samples in the test set and that as
previously, n denotes the number of samples in the training set. Then, we would
optimize the following least square problem for the variable ¢

n+d ¢
minimize Z Z(glk — gik)2
subject to Zl Yoz < 4+e  forall k
(4.19)
ZZL LUz > —e  forall k
Zkzl Ui = 1 for all ¢
Uik >=0 for all 4, k

where for all i should be understood as Vi € {1,...,n + d} and not until n as
before.

Second approach The second approach is more standard. We fit the model on
the training set, then we make predictions on the test set and we only optimize the
least square problem for the predictions that we made, i.e. the predictions on the
test set.

The first step is thus the same as before since we also fit on the training set.
The expression for the prediction is still the same as Equation [3.34] The least
square optimization problem is the following

q
minimize Z ik — i)
{#ir} 1 k=1
subject to Zizl JinZ < +e  forall k
. (4.20)
Zi:l Yik<i Z —€ for all k
Sty Uik = 1 for all i
Yir >=0 for all 4, k
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where for all i should now be considered as Vi € {1,...,d} and not n or n + d.
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Chapter

Implementation and experimental
methodology

5.1 Implementation

To test the performance of our models, each of them have been implemented in
Python. The MaxEnt classifier was written as a class following the same structure
as other classifiers in the sklearn[]] library. The first part is the training part where
the model fits the data solving an optimization problem as discussed in the previous
section. Then, one can provide the model with new data and the model will make
predictions on this sample.

Learning phase This process happens in the fit method. It takes two arguments
e X, the n x p data matrix with n samples and p features.

e Y, the n x 1 label vector of the training set. MaxEnt is fitted with supervised
learning, this means that it requires the labels of all the samples in the
training set.

The optimization part of the training is performed using the CVXPYE] package and
Moself?| as solver. First, we build the optimization problem, defines the objective
function as Shannon’s entropy, create the constraints etc. Then the optimization
program is solved and the dual variables of the constraints are stored.

'https://scikit-learn.org/
’https://www.cvxpy.org/
3https://www.mosek.com/
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Making predictions The two functions responsible for making predictions on
new samples once the model is fitted are the predict and predict proba methods.
Both take only one argument

e X, the data matrix of the test set. The number of samples is not important
but there should be the same number of features, i.e. the same number of
columns as the data matrix of the train set.

The predict_proba procedure outputs a vector § with values in [0,1] that give the
probability of belonging to the + class for each sample. The predict procedure
is the decision function of the classifier that outputs the predicted class for each
sample, i.e. the output is in {0,1} The decision function is simply to output 0
when the probability of belonging to the + class is below .5 and to output 1 in the
other case.

5.1.1 Datasets

Three datasets were used for experimentation. They all come from real data and
they are often used when it comes to fairness classification.

COMPAS COMPAS stands for Correctional Offender Management Profiling for
Alternative Sanctions dataset, it is a commercial algorithm provided for judges
and parole officers to give a score to a criminal’s likelihood of re-offending. This
algorithm was used in several U.S. states such as New York, Wisconsin and
California. A few years ago, Propublica, a non-profit organisation specialising in
the investigation of issues of public interest, published an analysis stating that
the algorithm was biased in favor of white defendants. This dataset contains
observations of variables used by the COMPAS algorithm and the re-offending
outcome within 2 years. It contains 5278 samples of 12 features, 5 of which are
categorical and 7 continuous. The sensible variable is race which is either Caucasian
or African-American and the target is binary and is either 0 (no recidivism within
2 years) or 1 (recidivism within 2 years).

Default This dataset contains 30,000 instances and 24 attributes. The classifica-
tion task is to determine whether or not a person will be in default of payment.
The protected attribute is gender. Other attributes include amount of the credit,
education, marital status, age, history of past payment etc. To keep low computa-
tional cost, 30% of the data were sampled at random. The protected variable is a
little bit unbalance (2 against 1). Earlier, we stated that one cause of unfairness
is that sometimes, classifiers optimize for the majority class at the expense of the
minority class because it can not optimize for both at the same time. It will be
interesting to see if accuracy is significantly different for the two protected groups.
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Student The prediction task of this dataset is to decide if a student will pass or
fail a math course. It contains 395 samples and 30 features. Other features are for
instance age, school (binary between two schools), address (urban or rural), father
education, mother education, romantic status, number of past failures, etc. The
target attribute is called G in the dataset and represents the final grade. It is
replaced by a binary variable with value 1 when then grade is > 10 and 0 otherwise.
The protected attribute is gender.

5.1.2 Experimental tests

Different models were implemented and compared during the experimentation.

e baseline. The first model (acting as baseline to get reference accuracy and
correlation score) is a simple MaxEnt as introduced in Section which
predicts the target class on the basis of the data matrix (that does not include
the sensible variable).

e projection. Then the same model is used but rather than learning on the
data matrix X, we learn on the projected data matrix that is uncorrelated
with the sensible variable (pojection technique introduced in Section . A
choice has to be made about whether to apply projection on the training
set and on the data set combined or if we use projections on those set
separately. The first approach is more heavy computationally but projections
are relatively cheap in that respect. Both approaches will be tested and
compared.

e with threshold constraint. This is the model introduced in Section (4.2

e post-processing. The two approaches in Section [4.4] that we proposed to
achieve post-processing techniques that enforce fairness.

e pre-processing + post-processing. A combination of pre-processing
(projection) and then post-processing.

The model with the threshold constraint and the two post-processing approaches
were tested for different value of the parameter € in the interval {0} U [0.001,0.01].
The choice of the interval was made empirically. We also need to choose if we will
standardize the data before fitting. This is not required by logistic regression but
optimization algorithm converge faster when the data are scaled. The models have
been tested both with scaled and raw data. However, only the results for the scaled
data will appear in the paper as they are better and depending on the dataset
Mosek sometimes has a hard time converging with the raw data.
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5.1.3 Cross validation

For every model, 5-fold cross-validation was used while computing the values for
accuracy and correlations. The principle is that the training set gets split into 5
folds of approximately even size. Sequentially, each of the 5 folds is used as a test
set while the other 4 folds are used for training. In the end, each fold has been used
exactly once as a test set and the model has been fitted on 5 different training set.

Each time, computations were recorded and the end result is the average of
the 5 simulations. Averaging the computations over different training and test
sets distribution has the benefit of mitigating randomness and yields more reliable
outputs.
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Chapter

Experimental results and
discussion

In this chapter we evaluate the different models that we have presented in the
previous sections. To do so, we compare them to each other and to a baseline for
reference. The criteria are accuracy, which measures the classifier performances,
and the correlation between the predictions (binaries and probabilities) and the
sensitive variables, which will measure the extent to which the proposed models
are able to mitigate the biases from the data sets. The results for the correlation
with the binary prediction will be more presented than those of the probability
predictions because the purpose of classification is primarily to categorize. All
results omitted in the paper can be found in the Appendix. )

We answer several research questions of this thesis in this chapter:

e (Can we show empirically the equivalence between logistic regression and
maximum entropy?

e What method offer the best trade-off between fairness and classification per-
formances ¢

o Are pre-processing methods able to fully decorrelate predictions with sensitive
variables ?

e (Can post-processing achieve a good trade-off between classification performance
and fairness? How does supervised method compare with semi-supervised
approaches ¢

e Does a combination of pre-processing, post-processing and learning methods
improve the results?
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e How do our methods compare with approaches from literature ¢

6.1 Baseline results

The baseline model is just the maximum entropy formulation of logistic regression
that we introduced in Section 3.3l The data matrix X does not contain the sensible
attribute. Table [6.1] shows the result observed for each dataset. On Student and
Default we can see that the correlation is already quite small (.02). It will be
interesting to see if we can improve the fairness even when the baseline already has
a very low correlation.

’ \ Accuracy \ Correlation binary \ Correlation probability ‘

COMPAS | 0.6789 0.2576 0.3131
Student 0.6789 -0.0273 -0.0396
Default 0.8087 -0.0247 -0.0442

Table 6.1: Results of the baseline on all datasets, correlation binary is the correlation
between the sensible variable and the binary prediction and correlation probability
is the correlation between the sensible variable and the continuous probability of
belonging to the + class.

6.2 Projection results

Using projection as a pre-processing technique that will remove linear correlation
between the sensible attribute and the data matrix X has been introduced in
section 4.3} The model that we used is the same model as in the previous section,
i.e. the maximum entropy formulation of logistic regression.

As we mentioned earlier, projections can be applied either on the training set
and the test combined or separately. Both have been tried and the results are
reported below on Table [6.2] and [6.3] Both approach yield similar results on the
COMPAS and Default datasets but the combined projection seems to work better
for the Student one.

We can see that correlation has decreased a lot on the COMPAS dataset (from
0.25 to about -0.04). On the Student dataset the correlation slightly increases and
on Default, it is the opposite as it slightly decreases. Overall, accuracy has been
traded for fairness when fairness improved.
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\ Accuracy \ Correlation binary \ Correlation probability ‘

COMPAS | 0.6614 -0.0384 -0.0106
Student 0.6688 0.0295 0.0147
Default 0.8087 0.0173 0.0176

Table 6.2: Results obtained with the projected data matrix for all datasets when
projection is applied on the training and test set combined.

’ \ Accuracy \ Correlation binary \ Correlation probability ‘

COMPAS | 0.6599 -0.0427 -0.0127
Student 0.6789 0.0895 0.0308
Default 0.8087 0.0173 0.0105

Table 6.3: Results obtained with the projected data matrix for all datasets when
projection is applied on the training and test set separately.

6.3 Results for the model with threshold con-
straints

The model with threshold constraint was introduced in Section 4.2l This model is
characterized by the value of the threshold e. We will test different value of € and
plot the evolution of the accuracy and of the correlations with respect to the value
of the threshold. For visualization, we will also plot the accuracy-correlation pairs
for the different value of the threshold to see the different trade-off that we can
find.

COMPAS In Figure we can see the evolution of the accuracy and of the
(absolute value of the) correlation between the sensible variable and the binary
predictions when the threshold of the inequality constraint changes. We clearly
see that the model trades accuracy for fairness. As the threshold e lowers the
correlation lowers as well but at the expense of accuracy that is also diminishing.
Here we see that when the threshold gets from 0.01 to 0.005 the correlation with
the binary prediction decreases and almost drops to zero but after that value, the
correlation is going up again. The accuracy on the other hand, decreases from
0.6789 (Baseline value) to 0.663 which is roughly a 1% decrease in accuracy for a
huge fairness gain as we went from 0.2576 to almost 0 (on the binary predictions).

The trade-off between accuracy and correlation is also visible on Figure[6.2] On the
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Figure on the right, we see that the correlation with probabilities is monotonically
decreasing while it is not the case with the correlation with binary predictions. In
our model, we impose a constraint on the covariance with the probabilities and not
with the binary predictions. It is interesting to see that the two correlations do not
always follow the same trend.
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Figure 6.1: COMPAS - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure 6.2: COMPAS - Correlation between predictions and sensible variable (left)
and between probabilities and sensible variable (right) versus accuracy for different
value of the threshold e.

Student The results are a bit different on the Student dataset. On Figure [6.3]
it can be seen that accuracy varies in steps. The covariance constraint is on the
probabilities, not on the binary predictions and therefore binary predictions do
not always vary for different threshold. Imposing the constraints on the binary
predictions would not allow linear constraints, which explains this choice. In
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this case, it seems that although the probabilities vary to satisfy the threshold
constraint, the predictions do not necessarily change as well. It is possible that the
probabilities do not vary enough to induce a difference in the binary predictions
for successive thresholds. In the COMPAS dataset results, the binary predictions
vary with each new threshold but here they seem to do so in intervals (Figure .
Hence, there are different levels of accuracy and different level of correlation with
the binary predictions. Again we see that after a threshold value of 0.005, the
correlation on binary predictions goes up again.

Figure [6.4] shows the different trade-off. We can see that correlation on the proba-
bilities vary for each threshold and that again we were able to almost completely
remove the correlation with binary predictions.
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Figure 6.3: STUDENT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure 6.4: STUDENT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.
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Default On this dataset, results are similar to those above. We see on Figure [6.5
and on Figure that the accuracy and the correlation with binary predictions
vary in step as it is the case for the dataset Student. We also see that the values of
correlation with the binary prediction goes up again towards 0.001. On this data

set, correlation remains above 1%.
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Figure 6.5: DEFAULT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function

of the threshold € on inequality constraints.
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Figure 6.6: DEFAULT - Correlation between predictions and sensible variable (left)
and between probabilities and sensible variable (right) versus accuracy for different
value of the threshold e.

Table [6.4] shows the best results that were obtained for two distinct criteria :
accuracy and correlation with the binary predictions. The baseline is also noted
in the table for comparison. The results are really interesting. In all cases, we
managed to remove the correlation on the binary prediction almost completely and
at a very low cost in terms of accuracy (about 1% at most).
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’ \ \ Accuracy \ Correlation binary \ Correlation probability ‘

baseline 0.6789 0.2576 0.3131
COMPAS | best acc. 0.6672 0.0185 0.0429
best corr. 0.6645 9.37e-5 0.0234
baseline 0.6789 0.0273 0.0396
Student best acc. 0.6789 0.0146 0.0242
best corr. 0.6688 0.0017 0.0204
baseline 0.8087 0.0247 0.0442
Default best acc. 0.8087 0.0247 0.0356
best corr. 0.8069 0.0014 0.0020

Table 6.4: Summary of the results for the model with threshold constraints. For
each data set, best acc. is the result for the value of the threshold that produced
the highest accuracy and best corr. is the result for the value of the threshold that
produced the lowest correlation on the binary predictions.

6.4 Results for post processing methods

Two post processing approaches were introduced in section [4.4] The first one
consists in making predictions on both the training and the test set and then
optimize a least square on all those predictions with fairness constraints on the
covariance. The second one is similar but makes predictions on the test set only
and then optimize a least square on those predictions only.

6.4.1 Results of the first approach

COMPAS On Figure we can observe that this model also trades accuracy
for low correlation. Now there is a monotonic decrease with the correlation on the
binary predictions compared to the previous model where we had a value from
which the correlation was going up again. On this dataset, correlation could not
be completely removed.
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Figure 6.7: COMPAS - Evolution of the predictions accuracy and of the correlation

(in absolute value) between the predictions and the sensible variable as a function

of the threshold € on inequality constraints.
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Figure 6.8: COMPAS - Correlation between predictions and sensible variable (left)
and between probabilities and sensible variable (right) versus accuracy for different
value of the threshold e.

Student On the Student dataset, we observe that the predictions seem to change

by intervals (Figure and which is the same observation that we made
for the model that imposes threshold constraint. The correlation could not be
completely removed even when the threshold is set to 0.
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Figure 6.9: STUDENT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure 6.10: STUDENT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.

Default The results for this dataset are reported in the Appendix as they
are similar to the previous ones.
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’ \ \ Accuracy \ Correlation binary \ Correlation probability ‘

baseline 0.6789 0.2576 0.3131
COMPAS | best acc. 0.6728 0.0953 0.0904
best corr. 0.6678 0.0181 0.0002
baseline 0.6789 0.0273 0.0396
Student best acc. 0.6789 0.0273 0.0306
best corr. 0.6722 0.0145 0.0078
baseline 0.8087 0.0247 0.0442
Default best acc. 0.8091 0.0147 0.0222
best corr. 0.8073 0.0038 0.0027

Table 6.5: Summary of the results for the approach using post-processing first
approach. For each data set, best acc. is the result for the value of the threshold
that produced the highest accuracy and best corr. is the result for the value of the
threshold that produced the lowest correlation on the binary predictions.

6.4.2 Results of the second approach

For this approach, we only present the summary table in the paper and the graphs
can be found in Appendix The same conclusion that were drawn for the first
approach can be drawn here.

Table shows a summary of the results for each data set. It is interesting
to note that with the method with the threshold constraints, we managed to
remove the correlation on the binary predictions whereas here we were able to
remove the correlation on the probabilities. With this approach, the covariance
constraint is directly on the predictions of the test set which is why it is able to fully
remove the correlation with the probabilities. For the model with the threshold
constraint, constraining the binary predictions will result in a non-linear constraint
but with the post-processing approach we could try to constraint the covariance
with the binary predictions and it would be interesting to compare those results
with the model with the threshold constraints.
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’ \ \ Accuracy \ Correlation binary \ Correlation probability ‘

baseline 0.6789 0.2576 0.3131
COMPAS | best acc. 0.6705 0.0948 0.1007
best corr. 0.6680 0.0204 0.1.31e-9
baseline 0.6789 0.0273 0.0396
Student best acc. 0.6722 0.0139 7.71le-11
best corr. 0.6688 0.0071 0.0018
baseline 0.8087 0.0247 0.0442
Default best acc. 0.8091 0.0148 0.0210
best corr. 0.8073 0.0038 1.96e-10

Table 6.6: Summary of the results for the approach using post-processing second
approach. For each data set, best acc. is the result for the value of the threshold
that produced the highest accuracy and best corr. is the result for the value of the
threshold that produced the lowest correlation on the binary predictions.

6.5 Combining pre-processing with post-processing

Pre-processing the data matrix using projection and both post-processing ap-
proaches that we presented are not exclusive, they can be done simultaneously.
Recall that we proposed two different projection approach, one where we project
using the training set and test set together and one where we do it separately for
both sets. Here, the test were made with the projection of both sets together.

6.6 Pre-processing and post-processing applied
to other classifiers

One shortcoming of our maximum entropy formulation is that it is non parametric.
As a result, one can not tune any meta-parameter to improve the results as it is
often the case with other classifiers. We can easily compare our MaxEnt model
with a random forest classifier. Indeed, the idea behind our post-processing model
is that it can be used as a blackbox filter after the prediction phase. Let us compare
the MaxEnt model with sklearn’s random forest, first with default meta-parameter
and then with a model that has been tuned to increase accuracy’s performance.

To tune the performance of the Random Forest classifier, randomized search

and grid search were used. The idea is to select several specific values for each
of the parameters that we want to tune. Then, randomized search will first try
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some of the possible combinations of the parameters setting and output the best
combination. This gives a first grasp of the range of values that will improve the
model’s performance and we will build a second set of parameter’s range based on
this result. Grid search will then test every combination of the parameters setting
that it got as input. All results are cross-validated and this allows us to boost the
performance of our model through a good choice of the meta-parameters.

Table [6.7| shows the result for complete decorrelation with the first post-processing
approach that we presented earlier. We see that by adjusting the parameters of
random forest, we were able to improve the performance of random forest by 6%
in terms of accuracy and we were able to reduce the correlation as well. In this
case, the tuned random forest model does also slightly better than the maximum
entropy model.

From Table we can see similar results for the pre-processing. Again, we
see that random forest with default parameters was outperformed by the maximum
entropy model but the adjustment of those parameters made the tuned random
forest classifier more accurate than Maxknt.

This highlights the interest of parametric models. A counter-benefit is that adjust-
ing the meta-parameter is quite costly from a computational point of view, even
more when one resorts to grid search. Moreover, it is not an exact science, there is
no procedure that will always lead to a very good set of meta-parameters which
makes this step of the model selection quite difficult.

’ ‘ Accuracy ‘ Correlation on predictions ‘ Correlation on probabilities ‘

MaxEnt 0.6675 0.0212 0.0106
RF 0.6233 0.0627 0.0417
Tuned RF | 0.6685 0.0860 0.0085

Table 6.7: COMPAS - Comparison between MaxEnt and Random Forest when

requiring complete decorrelation with post processing first approach.

|

\ Accuracy \ Correlation on predictions \ Correlation on probabilities ‘

MaxEnt 0.6619 0.0272 0.0098
RF 0.6362 0.1765 0.1994
Tuned RF | 0.6695 0.2476 0.3170

Table 6.8: COMPAS - Comparison between MaxEnt and Random Forest trained
with pre-processed data matrix.
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6.7 Equivalence with logistic regression

In this section we answer one of the research question of this thesis : Can we
empirically show equivalence between logistic regression and a method based on a
maximum entropy arqument ¢

Earlier, we have demonstrated that the model using maximum entropy is equivalent
to a simple logistic regression model. In this section, we will empirically show that
this is verified.

We compare our MaxEnt implementation with Sklearnﬂ’s logistic regression. Lo-
gistic regression from sklearn uses a slightly different objective function than the
logistic regression that we introduced in Section (3.1}

1 n
min inw + C Y log(exp(—y; (X[ w+¢)) +1) (6.1)

=1

This is in fact the exact same form with an extra regularization term. To find
equivalence between our model, we must set the C' parameter to a very large value
so that the regularization term become unimportant to the optimization.

Figure [6.11] gives a convincing visual argument that both methods give the same
results. Our maximum entropy model and sklearn’s logistic regression classifier
were trained on the same training set and then predicted the probabilities of being
in the + class for the same test set. We can see in Figure that plotting the
predictions of logistic regression versus those of maximum entropy yield a line
y = x which shows that the predictions are the same with both method. In this
case, the correlation between the two vectors of predictions is obviously 1.

Probability estimated with logistic regression and with Maximum Entropy
10

= = o
= @ @

probability from logistic regression
s
9

02 04 06 08 10
probability from maximum entropy

Figure 6.11: COMPAS - Probabilities estimated by logistic regression (from sklearn)
versus probabilities estimated by maximum entropy.

'https://scikit-learn.org/stable/modules/generated/sklearn.linear_model.
LogisticRegression.html
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6.8 Overall comparison between the models

Let us now compare all the models together. Figures [6.13] [6.14] and |6.15| show the
accuracy-correlation trade-off for every dataset. We can see that in every cases,
we managed to find models that completely removed the correlation between the
sensible variable and the predictions (binary and probability). Most often, this
decrease in correlation comes with a decrease in accuracy. However, this decrease
is relatively low on our datasets, for instance on COMPAS, we were able to remove
a correlation of .25 for just 1% of accuracy.

The pre-processing approach using projections does not seem very effective. In some
cases, it manages to decrease the correlation but the trade-off seems worse than for
the other models. Moreover, in some cases the correlation increases. The fact that
it only makes a difference on the linear relationship between the attributes and the
sensible variable sure is a drawback of this approach. On the upside, projection
is fairly easy to implement and it can be used before any classifier that already exists.

The model that uses threshold constraints (labeled fair in the graphs) shows
potential. In every dataset, it offers the lowest correlation on the predictions. The
drawback of this method is that it can not be applied as a black box procedure with
the already existing classifier as it the case for pre- and post-processing approaches.

Finally, we should ask ourselves if our models behave the same way for every
protected groups. For instance, an algorithm could have an 80% overall accuracy
while being extremely inaccurate for some sub-populations of the dataset. In our
case, all methods have shown similar accuracy across all protected groups. Figure
shows this for the COMPAS data set and the model with post-processing.
The graphs for the other data set and models can be found in the Appendix.
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Figure 6.12: COMPAS - Accuracy across all protected groups for the model with
post-processing.

We can answer several research questions of this thesis in the light of these
results

e  What method offer the best trade-off between fairness and classification per-
formances ¢

It seems that the method with the threshold constraints and the post-processing
methods are the most promising one as they manage to decrease correlation at a
very low accuracy cost. The results between the two are comparable. The best
trade-off is clearly application dependent. In some cases, fairness will be our most
important criteria and we would not mind losing a bit of accuracy when in other
application it will be the opposite. Both methods have the ability to incorporate
more than one definition of fairness which is really interesting since we know that
there exists plenty of different measures of fairness and that deciding which is the
most appropriate is difficult.

e (Can post-processing achieve a good trade-off between classification performance
and fairness? How does supervised method compare with semi-supervised
approaches ¢

Semi-supervised approaches and supervised approaches seem to yield very similar
results. The advantage of the supervised method is that it constraints our predic-
tions directly so it is able to reduce the correlation no matter the costs which is
not the case with the other models.

e Does a combination of pre-processing and post-processing methods improve
the results?

In some cases, it seems that is has been the case but there is no real tendency as it
is definitely not always the case.
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Figure 6.13: COMPAS - Correlation between predictions and sensible variable (left)
and between probabilities and sensible variable (right) versus accuracy for different
value of the threshold e.
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Figure 6.14: STUDENT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.
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Chapter

Further work and conclusion

Through this paper we have found ways to limit bias in supervised classification
algorithms. The sources of bias are numerous and the role that machine learning
will play in the medium and long term in decision processes has made this research
topic an imminent research branch in only a few years.

After a broad state of the art, we defined the statistical measure we used for
our experiments. We used the correlation between the sensitive variables and
the predictions to quantify the degree of fairness of our models. We have also
shown that this measure is in fact quite close to the disparate impact also called
discrimination score which is a quite popular measure in the literature covering
the subject thanks to its interpretation and its simple use. We also saw that the
solutions already proposed to improve the fairness of classifiers could be grouped in
three categories: pre-processing methods, methods that operate during the learning
phase and finally post-processing approaches.

We then introduced the maximum entropy model for which we established the
equivalence with logistic regression, a very popular model for classification prob-
lems. This model is efficient and allows to easily introduce linear constraints such
as covariance constraints. From there, we defined different promising models to
reduce the correlation between the predictions and the sensitive variable. There
are three categories of methods to improve fairness and we proposed methods for
each category.

We used projection methods to remove the linear correlation that exists between the
sensitive variable and the other variables in the dataset. On the upside, this method
can act as a black box before any classification algorithm already implemented.
The drawback is that it only accounts for linear relationship between the sensible
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attribute and the other features in the data set. When a non-linear relationship
exists, this method often fails to mitigate the bias.

For the methods that operate during learning, we proposed to use the maxi-
mum entropy model and to incorporate linear constraints on the covariance. This
method has shown promising result on our tests. It has been able to reduce the
correlation with the binary predictions to zero, trading little accuracy in the process.
The problem is that there exists no guarantee that the correlation will fall to zero
for a certain threshold.

Finally, for the post-processing methods, we proposed to optimize a least square
to constrain the covariances of our predictions with the sensible attribute. Two
different approaches were suggested, both showed similar and promising results.
There are two main advantages for those methods. First, they can operate as
black box which makes them usable with pre-existing implementations without
having to change anything. Secondly, the second approach offers guarantee that
the correlation with the probabilities will fall to zero. The downside is that those
methods are known to be sub-optimal as they trade to much accuracy compared
to cutting-edge fairness methods.

Finally, the methods we proposed all performed well in some way and all managed
to mitigate the bias initially present in the predictions. These methods are also
relatively simple to implement. The post-processing methods and the method with
threshold constraints also have the advantage of being able to incorporate different
fairness measures and to be able to use several at the same time. We know that
it is very difficult to choose the most appropriate measure, so this feature is very
interesting.

Further work. In this paper, we limited ourselves to the binary classification
task with one sensitive attribute. A first improvement in the continuity of this
paper would be to extend and evaluate how the methods we have presented behave
in the context of multiple classification and with several sensitive attributes.

Another possible improvement would be to add other fairness constraints to the
MaxEnt model. The covariance constraints that we used was very close to the
disparate impact measure but there exists other measures that might be suitable for
the MaxEnt formulation. It would be interesting to see if the results are also promis-
ing for those measures and to see if we could use multiple measures at the same time.

Finally, the MaxEnt model that we used is non parametric (aside from the thresh-
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old). It would be interesting to see if we could add meta-parameters to the model
such as regularization parameters to try to enhance the performances.
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Appendix

Source code

A notebook containing all implementations and graphs presented in this report is
available from :

https://github.com/constdesch/Fairness

Running the implementation will require:

Numpy : https://numpy.org

sklearn : https://scikit-learn.org/
pandas : https://pandas.pydata.org
matplotlib : https://matplotlib.org
cvxpy : https://www.cvxpy.org

Mosek licence : https://www.mosek.com/license/request/?i=acp

The notebooks are documented, alternatively if you do not have a Mosek licence,
you can change the solver for each optimization program of the code.

60


https://github.com/constdesch/Fairness
https://numpy.org
https://scikit-learn.org/
https://pandas.pydata.org
https://matplotlib.org
https://www.cvxpy.org
https://www.mosek.com/license/request/?i=acp

Appendix B

Complementary results

B.1 Model with threshold constraint

This is the accuracy for each protected groups.
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Figure B.1: Accuracy for each protected groups in the Student and Default data

set

61



B.2 Post-processing results

Here are the results that were not presented in the paper for the post-processing
approaches.

B.2.1 First approach : result for the Default dataset

Accuracy vs threshold

Correlation on predictions vs threshold
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Figure B.2: DEFAULT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure B.3: DEFAULT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.
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B.2.2 Second approach : results for each dataset

Accuracy vs threshold

Correlation on predictions vs threshold
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Figure B.4: COMPAS - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function

of the threshold e on inequality constraints.
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Figure B.5: COMPAS - Correlation between predictions and sensible variable (left)
and between probabilities and sensible variable (right) versus accuracy for different
value of the threshold e.

63



Accuracy vs threshold Correlation on predictions vs threshold
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Figure B.6: STUDENT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure B.7: STUDENT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.
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Accuracy vs threshold Correlation on predictions vs threshold
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Figure B.8: DEFAULT - Evolution of the predictions accuracy and of the correlation
(in absolute value) between the predictions and the sensible variable as a function
of the threshold € on inequality constraints.
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Figure B.9: DEFAULT - Correlation between predictions and sensible variable
(left) and between probabilities and sensible variable (right) versus accuracy for
different value of the threshold e.
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Figure B.10: First approach - Accuracy for each protected groups in each data set
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Figure B.11: Second approach - Accuracy for each protected groups in each data
set
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