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1. Introduction

Nowadays, more and more data come in the form of networks especially in the growing world
of Internet. Common examples are the World Wide Web with its pages and hyperlinks and
social networks like Facebook and LinkedIn. Beyond Internet, the same is true for examples like
citation networks of scientific literature or biological networks (e.g. protein interactions) [59].
Not only network data are more and more widespread, but they also have shown their incredible
utility such as with the example of Google. Google leveraged the network structure of the web
in order to rank the immense amount of pages by importance [41] and provide a powerful way

to find information.

In this master thesis, we focus on trying to group the objects of these networks (i.e. people in
the case of Facebook) into what we call clusters or communities (i.e. groups), based on closeness
or similarity between these objects. Imagine a network of people where these people are not
linked based on friendship but somehow linked because they have similar behaviours. Marketers
would be very interested to identify in this network communities of people that share a certain
type of behaviour, in order to target them. This is an example of business situation where graph
clustering can be very valuable. This business value, in addition to the research potential of the

field, is one of the main reasons why I chose to study the present topic.

In pattern recognition and data mining!, clustering is considered as part of what is called "unsu-
pervised classification methods" because clustering consists in categorizing data based on their
similarity and difference, without using class labels if available beforehand. Clustering has ap-

plications in many fields such as social sciences, engineering and life sciences [52].

Furthermore, this thesis focuses on the use of kernels that provide a way to represent similarity
between objects (that can be persons) in networks. Technically, kernels consist in the main input
on which clustering algorithms work here. We will compare the quality of different kernels, each
one being computed on a certain way to represent distance between objects. Indeed, there are

many ways to measure distance between objects of a network.

A main issue in clustering is that often the number of clusters needs to be specified as input

because it is not determined by the algorithm. In this thesis, we analyse the L method whose

! The two terms are equivalent



objective is to find the optimal number of clusters based on a set of clustering partitions for
different number of clusters possible. We compare its effectiveness compared to the Louvain
method, which is a clustering algorithm where the optimal number of clusters is determined by

the algorithm.

Sometimes, there are different numbers of clusters that would make sense in an application and
there is no "right answer". In those cases, the best thing is to give the outcome to an expert who
will decide which one should be kept [52]. However, here, we take only one "natural" number
clusters or classes as determined either by a human or by the context and we will judge the
effectiveness of the L and Louvain methods according to this benchmark. One may argue that
this research has no value because there is no definition of a "good" number of clusters and each
method has its own way to define what is "good". Nevertheless, we argue that it is valuable to
assess how "good" is the number of clusters found by those methods (in our case the L method
and the Louvain method) compared to the best benchmark that we have at hand (i.e. the

"natural" number of clusters).
The thesis is structured around the following research questions:

1. Which kernels give the best results when used in a Ward’s hierarchical clustering algorithm?

More specifically, ...

1.1 Which of the following kernels gives the best clustering partition: the sigmoid commute

time kernel or the one based on the free energy distance?

1.2 Does the sigmoid transformation of the corrected commute time kernel gives better

results than the same transformation applied on the commute time kernel?

1.3 If the free energy kernel matrix is made positive semi definite (thus a mathematically
valid kernel), does it give better results in a Ward’s hierarchical clustering than the

original free energy kernel?

1.4 Do the randomized shortest path and logarithmic forest kernels produce better parti-

tions than the previously analysed kernels?
2. Is the Ward’s hierarchical clustering algorithm better than the Louvain method?

2.1 Is the number of clusters found by the L Method used on a Ward’s hierarchical clus-
tering hierarchy more closer to the "natural" number of classes than the number found

by the Louvain method?

2.2 Does the Ward’s clustering produce better partitions than the Louvain method?



The structure of this paper starts with an introduction of the theoretical concepts of graph,
distance, kernel and clustering. Meanwhile, we cover the specific types of distance and kernel
used in this thesis, as well as the two clustering algorithms of interest, namely the Ward’s
hierarchical clustering (and the associated L method) and the Louvain method. Then, in the
experiments, after introducing the datasets and our experimental procedure, we present and

discuss the results for each research question.



Part I.

Theory



2. Preliminaries

2.1. Notations

Some useful notations to know are:

e Column vectors are represented by bold lower case letters like u and matrices by bold upper
case letters like A

e I is the identity matrix, containing zeros everywhere except on its diagonal that is full of

ones
e (m,n) represents the size of a matrix containing m rows and n columns

e e is the column vector full of ones of the appropriate size and e;is the i-th column of I,

containing zeros every where except on row i

2)

o /A\;; refers to the distance between 2 objects ¢ and j, A®@) is a square distance, and A

(A®) is the corresponding matrix regrouping all (squared) distances

e z;o and z,; mean the sum of the i-th row and the sum of the j-th column of the corres-

ponding matrix X, respectively
e diag(X) is a column vector containing the diagonal of a square matrix X

e trace(X) is the trace of a square matrix X, which is the sum of its diagonal elements

2.2. Networks or graphs

The foundation of this thesis is the concept of network or graph that we wish to introduce along
with some definitions. The interested reader is encouraged to look at [39] for a more detailed

introduction of networks.



Typically, in data analysis, it is assumed that all data instances are independent from each other.
Nevertheless, often in reality those instances are linked through various types of relationships;
sometimes in addition to be described themselves by various attributes [59]. This where networks

come in, they provide a way to represent relationships between data objects.

A graph, or network, G = (V| F) is a structure containing a set V' of n vertices hereafter called
nodes (i.e. the data instances or objects) and a set E of edges consisting in pairs of vertices
(vi,vj) that play the role of links in this graph. A node can be any type of entity such as a
person, a physical or abstract object and links are the representation of some kind of relation

between nodes such as the fact that two people are friends.

Two nodes that are connected via a link are said to be adjacent. When a node is connected to
itself, it is called a (self-)loop. In this paper, all networks (in the theory and in the experiments)
are undirected, which means that there is no order in any pair of nodes connected (i.e. (v;,v;)
is equivalent to (vj,v;)). Links can have several types of attributes associated which might be
numerical, categorical or even complex (e.g. time series) [59]. In this paper, the only information
that network ties may carry is a weight w;;, which makes the corresponding networks "weighted".
Weights are used to represent a degree of affinity (or similarity or closeness) between the nodes
connected [20]. How affinity is then defined is dependant on each application. Graphs can be

represented by a (n,n) adjacency matrix A that contains affinities a;; with:

w;; 1f nodesiand jare connected
ajj = (2.1)
0 otherwise

where a;; = aj; (i.e. A is symmetric) as we only use undirected graphs. In the case of an
unweighted graph, w;; is simply equals to 1 when nodes are connected and 0 otherwise. Figures

2.1a and 2.1b include visual representations of a graph and its adjacency matrix, respectively.

Another matrix representation of a graph is provided by the cost matrix C whose concept is
opposite to the one of an adjacency matrix. Costs ¢;; are related to the edges, are non negative
and are sometimes calculated based on the affinities as ¢;; = 1/a;; [20, 59]. For a weighted graph,

the cost matrix is defined as:

cij ifmnodesiand jareconnected
Cij = (2.2)
oo otherwise

The next notion is the concept of path or walk @ in a graph which is an ordered sequence of edges

such that each node browsed is adjacent to the previous one on the path. A path connecting
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Figure 2.1.: Example of a weighted graph. Source: [20]

nodes 7 and j is denoted by ;; and the set of all paths of different lengths possible in a graph
G starting at node ¢ and ending up at node j is denoted by Py [20, 59].

The degree of a node, d;, corresponds to the number of incident edges or, in other words, the
number of nodes adjacent to this node. The degree can be simply computed from the adjacency

matrix as followed:

d; = Zaij = Qe (2.3)
j=1

Then, D is the (n,n) "diagonal degree matrix" of the graph containing on its diagonal d; in i-th
position, while d is the vector containing all n degrees. The sum of all degrees of a graph is

referred to as the volume of the graph and is denoted by vol(G).

Finally, a useful matrix that will be used here is the (n,n) Laplacian matrix L which is defined

for undirected graphs without self-loops as:

L=D-A (2.4)

This matrix is symmetric and positive semi definite [4, 9], a property that is important for us as

it will be shown below.



3. Distances in a graph

In this chapter, we first introduce the concept of distance between nodes of a graph and the
opposite concept, similarity. Then, we present different ways to capture (i.e. measure) distance
in a graph, which leads us to what we called different types of distance. Distance measures will
serve as a basis for clustering techniques to form a set of clusters for which the intra-cluster
distance (similarity) is low (high) and at the same time the inter-cluster distance (similarity) is
high (low).

3.1. Concept of distance and similarity

A distance between two nodes is used to measure their dissimilarity and is the opposite concept
of a similarity measure. Let us start by similarity: such measure s shall respect the following

properties [20]:
e 5(i,j) > 0 where i and j are two nodes of a graph
e higher is s(i,j) > 0, more similar nodes ¢ and j are
e s is symmetric, in other words s(i,7) = s(j,1)

Furthermore, intuitively, the maximum similarity should be attained when nodes are identical

but this is not always the case as with inner product similarity that will be covered in section 4.

A dissimilarity index or distance A;; should decrease in function of the closeness of the nodes
and can be easily converted into similarity measure (and vice-versa) [20]. A distance measure
follows the first and the third properties of a similarity measure and, in addition, shall respect

the following ones|[19]:
o N;j=0ifand only if i = j

o Njj < ANjj+ Ay; (triangle inequality property)



Similarity (or distance) can be captured through two complementary sources: the features (i.e.
attributes) of the nodes and the structure of the graph. More (less) two nodes share common
features, more similar (distant) they are. The structure gives different types of information to
measure similarity between two nodes: their proximity in the network, their degree of connection,
whether they share common (sub-)structure and if they influence the graph in a similar way [20].
In this thesis, similarity will be derived from the second source only, from the structure of the

graph.

3.2. Types of distances

From now on we talk in terms of distances until the introduction of kernels where we show how
to convert distances into similarities. A good measure of distance should be able to capture the
dissimilarity between the nodes. There are many types of distances measures between nodes of

a graph but we only use five of them in this paper, all being part of the same family of distance.

The shortest path (introduced below but not used here) is maybe the most evident but it only
takes into account the length of one path and not the connectivity of the nodes. In other words,
it does not take into account all the other paths thus the fact that more paths they are between

two nodes, less distant they are.

An alternative is the commute time distance that focuses on the connectivity but suffers from
other limitations. Thus, we use also here a corrected version of this distance that will be ex-
perimentally tested compared to the original version. All that will be described in more details

below.

The two distances already mentioned have some limitations and they lead to problems in some
applications. As a consequence, recently, the research community started to look for distances
interpolating those two and as a result the following ones were introduced: the logarithmic forest,
free energy and randomized shortest path distances. They are all considered as part of the same
family of distances together with the shortest path and the commute time distance. In other
words, these 3 new distances can be viewed as located between the shortest path distance and the
commute time distance representing the extremes of a continuum. Further, those new distances
are even equal to these two extremes when their respective parameter takes a certain value as it

will be explained below [20)].



10

3.2.1. Shortest path

If we take a pair of nodes in the graph, they are likely to be connected through several paths of
different lengths. The shortest path (also referred to as geodesic) is defined as the path for which
the total cumulated cost along the path (derived from the cost matrix) is minimum. This total
cost is then taken as the distance separating the nodes. In unweighted graphs, the shortest path
is simply the most direct one (i.e. with the least number of edges) and the distance is simply
equal to the number of edges separating the nodes. Some pairs may not be connected at all;
then the graph is said to be disconnected (once there is one pair that is not connected) and the
distance between these nodes is infinite or undefined. There are different methods to calculate

this distance, see [20] for further information.

3.2.2. Markov chain and random walk

Following [33|, Markov chains, an important branch of dynamic systems in discrete mathematics,
are a system that evolves probabilistically. The concept comes from and has applications beyond
graph theory. Here, it serves as foundation to describe the concept of random walk and then to
define the commute time distance. A Markov chain is a finite process during which a marker (a
walker in the case of graphs) jumps around among a finite set of states (nodes of the graph in
this case)!. The system is said to evolve probabilistically because the transition from a node to
another is determined according to probabilities [33]. The advantage of Markov chains is two
fold: it provides a straightforward visualisation of a random walker and it has a simple matrix

representation [20].

Suppose a connected graph? made up of n nodes. This graph has a set of n states possible
associated which is denoted by {Si,S2, ..., Sp}. Markov chains are also determined by a set of
transition probabilities p;; which are associated to each edge (in the case of graphs). As an
illustration, in the unweighted graph in figure 3.1, there are 5 states whatever is the starting
point, of the process. If vertex B is the starting node, A and C are the two next destinations
possible and each corresponding edge has a (one step) transition probability of 1/2. Then, if C
is the next state in the process, there are three possible destinations ecp, ecp and ecp that
all have associated (one step) transitions probabilities equal to 1/3. In other words, at each
state, the probability to reach a non adjacent node as next state is 0 and the sum of all one step

transition probabilities is 1.

! States can be locations or conditions, when Markov chains are used beyond graph theory
2 In case of unconnected graphs they can be decomposed into several independent connected graphs as for their
corresponding Markov chain [19]
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Figure 3.1.: Markov chain and random walk - simple graph

All in all, the marker (i.e. walker) of the system moves stepwise and randomly among the
set of states (i.e. nodes). Furthermore, it is assumed that the probabilities in any states are
independent from the past states, from the number of steps and from time; they only depend on
the present state [20]. We define P as the matrix containing the one step transition probabilities
and we call it the transition matrix. Its values are non-negative and the sum of any row is equal
to 1 as the sum of all one step transition probabilities at each step in the process described above
is 1 [20].

When the Markov chain concept is used to describe the sequence of nodes travelled by a random
walker (i.e. when the marker is a walker and states are nodes), it is called a random walk on a
graph. In weighted graphs, transition probabilities associated to each edge are proportional to
the corresponding weights w;;. As a consequence, one step transition probabilities can be easily

computed from the adjacency matrix of weighted and unweighted graphs as followed:

n

aij

pi; = —= where a;q ;i 3.1
2= s o o
Equation 3.1 means that, at any step, the random walker will choose which link to travel along
randomly but still favouring the shortest links (i.e. the ones with the highest affinity a;;), as
transition probabilities are positively related to affinities. As a reminder, the walker does not
take into account variables such as the previous links walked. In matrix form, P is computed
like this:

P=D'A (3.2)

where is the diagonal degree matrix as defined above (see section 2.2). Finally, let us define a
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node j as absorbing when it is impossible for a random walker to leave it. This is done by setting
pjj to 1 and all p;; values to 0 (with j # ¢) [19, 23, 45].

3.2.3. Commute time distance

Based on the concept of Markov chain and the definition of transition probabilities, the average
first passage time can be computed and then the average commute time that is an extension of

the former.

The average first passage time m(j | i) between two nodes j and i is defined as the average number
of steps that a random walker starting at node i # j will take to reach the ending node j for
the first time (see [19]). Similarly, the average commute time n(7, j) is the average number of
steps taken by a random walker starting at ¢ % j to attain j for the first time and come back to
starting node i. As a consequence, n(i,7) = m(j|i) +m(i|j). As shown by [22, 30], the average
commute time is a distance measure because it respects all properties of such measure outlined

in section 3.1.

The average commute time distance is also called resistance distance for its close relationship

with electrical networks [30, 55| and will be called simply "commute time distance" hereafter.

The commute time distances separating nodes of a graph can be computed from the Moore-
Penrose pseudo-inverse® of the Laplacian matrix of the graph, denoted by L*. As [19] shows,

the commute time distance that is a squared distance is then:

[AGi; = n(i, j) = vol(G) (e;—e;) TL* (e;—e)) (3.3)

where L™ plays the role of a covariance matrix and the basis vectors are embedded in 3*[20].

3.2.3.1. Corrected commute time distance

In [34], authors show that the commute time distance between two nodes ¢ and j has a flaw.
Indeed, when the size of the graph increases the distance converges to d%- +d% which is meaningless
as distance measure. It has been observed empirically that the distance becomes quite small when
the corresponding vertices are highly connected. As a solution, they provide a corrected version

of the commute time distance where the pseudo-inverse Laplacian matrix in equation 3.3 is

3 See for example [2]
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replaced by D~Y2L*TD~1/2 which is still positive semi definite (fore more information see [20]).

The corrected commute time distance matrix is then:

AL = A% _ol(G) (D ee"+ee’ D +diag(D 'AD !)e T +ediag(D 'AD )T 2D 'AD )
(3.4)

Again, those distance measures are squared distances.

3.2.4. Logarithmic forest distance

Introduced by Chebotarev in [7], it is part of a class of parametric distances constructed on the
matrix forest theorem [8]. Assume that G is an undirected weighted graph. Chebotarev first

defined the following similarity matrix which is the regularized version of the Laplacian matrix:

Kgrr, = (I+aL) 'witha >0 (3.5)

Then, he performed an element-wise logarithmic transformation as followed:

a—1)log, K when o # 1
g _ v ( ) log, KrL # (3.6)
v In KRy, whena =1

where v > 0 and « are parameters.
(2)

Finally, the similarity matrix S is transformed into the logarithmic forest distance matrix A} ;

that contains squared distances:

A®) = diag(S)eT + e(diag(S))"—2S (3.7)

Chebotarev proved that equation 3.7 is a distance matrix because his metric respects the prop-
erties of a distance that were mentioned in section 3.1.This new distance is equal to the shortest

path distance when @ — 0" and to the commute time distance when o — oo [20, 29].
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3.2.5. Free energy and randomized shortest path distances
3.2.5.1. The bag of paths framework and the bag-of-hitting-paths probabilities

The main idea behind the bag of paths framework is the probability that a path picked from a
"bag of paths" has node i as starting node and j as destination node?. Each path is weighted
according to its total cost so that low-cost paths (i.e. shortest paths) are more likely to be
picked than high-cost paths (i.e. longest paths). This concept is the foundation of two distance

measures studied in this thesis: the randomized shortest path and the free energy distance.

The bag of paths model uses the transition probability matrix P of the graph coming from the
concept of random walks introduced above. In addition, it uses the cost matrix C containing the
direct costs of the edges in order to compute the total cost of any path p. More specifically, this
total cost is the sum of the direct costs over all edges along the path and is denoted by é(p) . It
is important to note that it is better to set the costs independently from the adjacency matrix,

that is, not computed from the affinities a;; [16].

First, let us define a matrix W as:

W =P o exp[-0C] (3.8)

where 6 is a positive® parameter and o is the element-wise (Hadamard) matrix product. Fur-

thermore, the fundamental matrix Z is constructed as followed:

Z=1-W)! (3.9)

Then, [16] determines the Boltzmann probability distribution necessary to compute the prob-
ability to pick up a certain path up to a certain arbitrary length. From this distribution, they
extended the concept to the probability of picking a path of any length starting in node ¢ and
ending in j. The bag-of-paths probability matrix IT that contains these probabilities for all pairs

of nodes is then:

(3.10)

4 In this thesis, the version where zero-length paths are allowed is used
5
0>0
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The real concept on which our two future distances are based is, however, the bag-of-hitting
paths probabilities which is the same notion but where the ending node j can only appear at the
end of the path. In other words, paths going through j twice or more are excluded from the bag.
Technically, this is done by making node j as absorbing as in a Markov chain (see section 3.2.2).

The bag-of-hitting-paths probability matrix I is computed as followed:

ZDy"  ihDy — Diag(2) (3.11)
= —2 —wi = Dia .
eTZD, 'e " &
where ZD; ' is the fundamental matrix of hitting paths denoted by Zy [16, 20]. For more
information, see [16, 20| that provides, among others, algorithms to compute those matrices, an

adaptation of the model where zero-length paths are excluded and an intuitive interpretation of
Zy,.

3.2.5.2. Randomized shortest path distance

Based on the bag-of-hitting-paths probabilities, the expected cost of going from node ¢ to node j
is first computed and called the randomized shortest path cost. Then, the randomized shortest
path distance between these nodes is the average of the randomized shortest path costs associated
with going from 4 to j and coming back to . The matrix containing the randomized shortest

path distances for the whole graph is:

S 4 ST — e (diag(S))T — diag(S)e™
2

ARsp = , with S=(Z(CoW)Z)+7Z (3.12)

This distance is part of the same family than the logarithmic forest distance and therefore, when
6 — oo, this measure is equals to the shortest-path distance and, when § — 07, it is equivalent
to the commute time distance . A limitation of this metric is that it does not verify the triangle
inequality property and is thus not a valid distance measure, as opposed to the logarithmic forest

distance. Nevertheless, it will be considered as such because it has a nice interpretation and has

generated good experimental results until now |20, 29, 56].

3.2.5.3. Free energy distance

The free energy distance (sometimes called potential distance) is a distance that also relies on

the bag-of-hitting-paths probabilities. Again, it is part of the family of distances that includes
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the previously mentioned distances and it is equal to the two extremes of the continuum, exactly
as the randomized shortest path distance (same parameter, same values). It is computed as

followed:

if i # j 1

ol 1.z
[Argl;; = 77 where 9(i,j) = — —2log 0 (3.13)

log zzhj =3 ~
33

As opposed to the randomized shortest path distance, this new distance respects the triangle

inequality and is therefore a valid distance measure [16, 20, 29].

This chapter presented different types of distances, which allow us to capture in different ways the
(dis)similarity between nodes of a graph. This is essential as we will try later to find communities
(i.e. cluster) in graphs based on the (dis)similarity. In addition to comparing the quality of the
different types of distances experimentally, we are interested to experiment the logarithmic forest
distance because it has never been done to our knowledge. The next chapter is about kernels that
provide a way to represent similarity. It is with similarity measures that clustering algorithms

will directly work and those measures will be derived from the different types of distances.
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4. Kernels on a graph

A kernel is a mathematical tool whose utility is to capture the similarity among a set of objects.
In the case of graphs, we use it to represent the similarity between nodes of a graph. More
specifically, here, we will use a kernel matrix K as input for the Ward’s hierarchical clustering
described in section 5.1. Element k;; of this matrix is the similarity between node ¢ and j.
Different types of kernel matrices are used here, each one being derived from a certain type of
distance (from the types defined in the previous section). Let us first introduce the concept of

kernel in general.

A kernel is a function mapping two objects in a real number that represents a similarity. Assume
a vector representation of each object in what is called an input space where each dimension
is the measurement of a characteristic on the objects. The kernel transformation consists in an
inner product between the vector representations of the nodes into an inner product space called
the embedding space. Note that, in our case, we are working with graph structures and not with
data defined in an Euclidean space thus the input space is not relevant. The kernel function can

be formalised as followed:

k(i,j) : £2 x £2 — R whereiand j are the objects (4.1)

The output of the transformation in equation 4.1 can then be considered a similarity measure
if it meaningfully represents the similarities between the two objects. In the case of kernels on
graphs, the main advantage of using kernels is that it is able to capture some meaningful notion

of similarity even though the objects cannot be represented with features.

One of the properties of a kernel function and matrix is that it is (should be) positive semi
definite. Sometimes, a similarity matrix is called a kernel matrix even though it is not positive
semi definite, but this is an abuse of language. In this thesis, we do this abuse of language with,
for example, the free energy kernel (see section 4.1.2) and one of the research question is to test
experimentally that the fact that it does not fulfil this property does not affect the quality of
the clustering results (see section 10.1.3). The kernel matrix is also known to be symmetric. For

more information about kernel functions and matrices, see |20, 48, 49].
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Finally, there is a third space called the sample space which is an Euclidean space with as many
dimensions as the number of data objects. This space will serve to perform the famous kernel
trick or substitution [48] that is used in Ward’s clustering (in section 5.1). Clustering algorithms
like Ward’s are usually designed originally for Euclidean distances so we need to adapt them in

order to work with kernels.

Figure 4.1 is a way to visually represent a kernel matrix with a heat map where each colour
represents a value from the matrix. In this case, blue colours are low values of similarity while
colours close to red mean high similarity between the corresponding nodes. Note that, in the

matrix underlying figure 4.1, nodes are ordered according to the "natural" classes.

Example of heatmap of a kemel matrix ordered according to a known structure

150

400 B ST TF Eosifey s £ C SLolE e =3 _C.F o

Figure 4.1.: Example of heat map for a kernel matrix ordered according to "natural" classes, for
a graph of 400 nodes

4.1. Computing the kernels from the distance matrices

Multidimensional scaling shows that inner products (and kernels are inner products) can be

computed easily from distances as followed:

K = —%HA@)H (4.2)

where H =(I — ee! /n) is the centring matrix that removes in each column of the distance matrix
the mean of the column. If the distances are not embeddable in an Euclidean space, then the

kernel matrix is not positive semi definite [20, 27].
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4.1.1. Sigmoid commute time (SCT) and sigmoid corrected commute time
(SCCT) kernels

If we apply the transformation depicted in equation 4.2, we obtain after some steps that the

commute time kernel is simply:

Kcr=L7* (4.3)

In other words, L™ contains inner products between the node vectors in an Euclidean space where
these node vectors are exactly separated by commute time distances. The commute time kernel
is positive semi definite because the Laplacian matrix (thus its pseudo-inverse) respects this

property [20].

To obtain the kernel from corrected commute time distances we apply the same equation 4.2 to

the corrected distances and the end result is:

Kcer = Ker + HD'AD'H (4.4)

Then, we apply to those two kernels an element wise sigmoid transformation and we obtain the

corresponding sigmoid kernel K5:

1
[KSL‘]‘ 1+ exp [—aky; /o] (4.5)

where k;; is an element of the corresponding kernel matrix,« is a parameter and o is the standard
deviation of the elements of the kernel matrix. The sigmoid transformation converts all kernel
matrix elements into a [0 — 1] scale. This was done because we first experimented without a
sigmoid transformation and it led to very poor results on some datasets. The commute time
distance is embeddable in an Euclidean space so these two kernels are positive semi definite and
valid kernels [19, 20, 30, 45, 55]|.

4.1.2. Logarithmic forest (LF), randomized shortest path (RSP) and free energy
(FE) kernel

The logarithmic forest, the randomized shortest path and the free energy kernel, part of the
same family of distances, are all computed through the same equation 4.2 where A = AfF),
AQ) = A%P and A = A%QP%, respectively.
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They are not Euclidean distances therefore the similarity matrices are not positive semi definite
and are not valid kernels but we will use the term kernel hereafter (by abuse of language) [29].
As a reminder, this led to one of the research question whose purpose is to verify that turning the
free energy kernel into a positive semi definite matrix does not produce better clustering results.
In |29], they observed that converting those "kernels" in positive semi definite matrices did not
affect much the results of the kernel k-means, a clustering algorithm that is not studied here.
To obtain a positive semi definite positive matrix, we simply order the eigenvalues (thus also the

eigenvectors accordingly) and set the negative ones to 0.

This chapter presented the different types of kernel that were constructed following the same
way but based on different types of distances. Now, the hierarchical clustering methods that
we experiment in this thesis will be covered including the kernel-based Ward’s clustering where

kernels are used as input.
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5. Hierarchical clustering methods

As mentioned earlier, we focus exclusively on clustering objects' based on their links in a graph
or network (i.e. structure data) and not based on the observations of several features on the same
objects (feature data). For instance, clustering a network of people extracted from Facebook is
a potential application of this thesis but not segmenting the same people based on their age, sex
and other variables. It is possible that a network has nodes having features like age or sex but

it is not the case here.

The other particularity is that we compare hierarchical clustering algorithms only. Hierarchical
clustering is a special type of clustering technique because it produces a hierarchy of clustering
partitions, usually one for each number of clusters possible between 1 and n (with n nodes in
the graph) [52]. There are two types of hierarchical algorithms, namely the top-down and the
bottom-up ones, and the two methods studied here belong to the latter. Usually, such bottom-
up technique (also called agglomerative) starts with the n nodes as n clusters and, iteratively,
merges the two clusters most similar according to a certain criterion together. Please note that
the Louvain method is not a traditional hierarchical method, it works a bit differently. Top-down
(a.k.a. divisive) techniques work the other way around by starting with one clusters including

all nodes and dividing iteratively the clusters.

Let us recall the graph G that has n vertices or nodes V' = {vy, v, ..., v, } and denote a clustering
partition with m clusters by C = {C4,...,C,,}. Each cluster of a partition is a set of vertices
C; C V such as clusters are disjoint C; N C; = © for all ¢ # j and complete Ulec’l- =V. In
traditional bottom-up hierarchical clustering algorithms, at each step ¢, the partition created
is said to be nested in the partition created at the previous step because the new clusters are
subsets of the clustering partition produced at ¢t — 1. Typically, a hierarchical algorithm solution
(i.e. the hierarchy of partitions) is illustrated visually by a dendrogram representing the nesting
structure, which is a big advantage of such algorithms. An example is shown in figure 5.1 where
clusters A and B form one of the partitions of the hierarchy. The vertical axis usually represents

a similarity or dissimilarity metric that is measured at each step [52, 59|.

! Again, the term "object" is used in a broad sense. It means as much humans as physical and abstract objects
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Similarity

Clugter A

1 2 3 4 -]

Nodes

Figure 5.1.: Example of dendrogram for a hierarchical clustering on a 5-node graph

Alternatives to hierarchical clustering procedures are partitioning methods, density-based, model-
based clustering and grid-based methods that may overlap, following the categorization made
by [24]. Among the most popular, partitioning methods such as k-means start with a partition
containing a pre-specified number of clusters k. Then, it iteratively changes the node allocation

among the k clusters based on the optimization of a certain criterion [44].

5.1. Hierarchical clustering based on Ward criterion

Unsurprisingly, the Ward’s bottom-up hierarchical clustering was originally based on a data
matrix defined in an Euclidean space and on distances [53]. Let us first introduce the concept
of the method by using this environment and then present the kernel-based version that will be

used in this thesis for the experiments.

5.1.1. Distance-based version

Assume here n objects to be clustered that are represented by vectors x; that are embedded in
R™ where m is the number of features. The initial state of the algorithm is a partitioning where
each object forms, alone, one cluster, in other words the partition is {Cy = {x;},k =i =1,...,n}.
Then, at each step, the two most similar or the least dissimilar clusters from the previous partition
are merged until there remains only one cluster. Clustering often uses the notion of prototype
which is a point representative of a cluster. With continuous attributes in an Euclidean space, the
prototype is often a centroid such as the mean of all objects in the cluster while with categorical

attributes it is often a medoid that is the most central data point of the cluster.
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There are different versions of hierarchical clustering algorithms; they differ in the criterion
that they use to measure this similarity /dissimilarity and to select the pair to merge. The
Ward’s hierarchical clustering uses the Ward criterion which is the increase in the sum of squared
distances (SSE) as dissimilarity metric. In other words, the pair of clusters that leads to the
minimum increase in SSE is merged, at each step. The SSE (also called variance or within-

cluster inertia) within any cluster Cy, is defined by:

SSE = 3 Ixi—ml? (5.1)

x;€Ck

where p;, is the mean vector of all objects present in cluster C, in other words the prototype and
centroid of cluster C . The Ward criterion is the net change in SSE when two clusters Cj, and Cj
are merged into Cy; which is simply ASSEy = SSEy(after merge) — SSEy(beforemerge) =
SSEy — (SSE,+ SSE);). After several computational steps, [59] shows that this net change can

be rewritten as:

nen
ASSEy = (nk’;lm) sl (5.2)

where ny, is the number of objects contained in cluster Cy [20, 52, 55, 59].

5.1.2. Kernel-based version

To apply Ward’s clustering on graphs, we use kernels on graph because it allows us to work
around the fact that we lack an Euclidean space and thus we cannot compute mean vectors?.
Let us assume that we have a kernel K on a graph, that can be any of the types described in
section 4.1. The nodes are represented by node vectors x; and the prototypes by vectors g

(where k is the cluster Cf) in an Euclidean embedding space (also called feature space).

Initially, we have in the feature space gy = xj, for k € {1,...,n} because each node forms alone
one cluster so the prototypes are equivalent to the nodes. We use here the kernel trick mentioned
previously that consists in using XTh;, = x;, in order to express the prototype vectors in the
sample space where they are denoted by hy. If you pre-multiply this equation by X, knowing
that K = XXT (as kernels are inner products), we obtain Khy = ki = Key. Therefore, the

prototypes vectors of the n initial clusters are :

2 An alternative way would be to work with a distance matrix such as the ones introduced in section 3.2 but
this goes beyond this thesis [14]
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At each step, after each merge of two clusters C and Cj into Cyy, the new prototype vector
(i.e. of the newly created clusters) in the embedding space is simply a weighted average of the

former vectors:

nggr + ML
= 5.4
8rul e + 1 ( )

Using the same kernel trick, the new prototype vector in the sample space is:

_ nghgtnihy
hpy = Nt (5 5)

ngul = Ng + 1y

From equation 5.5, we can verify that if hge =1 and the = 1 then hgule = 1. Further, if it is
initially true, it remains so during the whole clustering process. Finally, it can also be verified
with the same equation that [hy|, = 1/nj at any step. In other words, each element of any
prototype vector hy simply equals to 1/ny, if this element belongs to the corresponding cluster k

and 0 otherwise.

Now let us define the Ward criterion which is the increase in within-cluster inertia brought by the
pair of clusters merged. Similarly to equation 5.1, we can define the total within-cluster inertia
J (i.e. total SSE) in the embedding space of a partition with m clusters (that can come from

any step of the algorithm):

k=1

k=1x;€C}

The increase in within-cluster inertia resulting from a merge of cluster Cp and Cj is then
obviouslyAJ(Cy, C;) = J(after merge) — J(beforemerge) as we did above in the distance-

based version. From equationb.2, we deduce that this quantity is:

o o ngny o 2
AJ(C}C, Cl)— ASSEM = (nk n nl) Hgk ng (5.7)

If we apply the kernel trick, this gives in the sample space:
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neny
ng + ny

AJ(Cy, C))= ( ) (hy—h;)TK(hy—h)) (5.8)

Therefore, at each step, the pair of clusters (Cy,C)) for which this quantity is minimum is
merged. Meanwhile, the corresponding prototype vectors and cluster sizes are updated according

to equation 5.5. This procedure is repeated until there is only one cluster remaining [20, 55|.

5.2. Louvain method based on modularity

We first introduce the modularity measure that is then used as an objective criterion to maximise

in the Louvain method to identify communities in networks.

5.2.1. Modularity

Modularity was introduced by [40] to quantify the quality of a particular division of a network.
Suppose a particular partition of a graph G into k communities (i.e. clusters) ; and E as the
(k, k) symmetric matrix whose element e;; is the fraction of all edges in the network that link

nodes in community 4 to nodes in community j (according to the partition supposed).

Its trace, trace(E), gives the fraction of edges in the network that connect vertices among the
same community. Obviously, higher is this scalar, better is the partition. However, it is not a
good indicator of the quality of the partition because a partition with £ = 1 cluster automatically

means that the maximum value of this indicator is reached because trace(E) = 1.

As a consequence, the authors go further by defining a new network where the edges fall between
vertices randomly without regard for their respective communities, which means that e;; = €;e€a;-
The modularity @ of the original network G is then the fraction of within-community edges
(defined above as trace(E)) minus the expected value of the same quantity (i.e. the fraction
of within-community edges) in our new network with random connections. According to their

notation:

Q="> (eii—€h) (5.9)

The total modularity @ for a given partition of the graph G is a scalar ranging from —1 to 1 but

in practice values range from 0,3 to 0,7. We now define the equivalent of equation 5.9 with the
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notation that is used to introduce the Louvain method and that leverages the adjacency matrix
A of the graph:

1 aioajo
@= vol(G) Z [aij_vol(G)] ot 45) (5.10)

1,JEG

where /; is the cluster label of node i and the function 6(¢;, ¢;) is 1 if ¢; = £; and 0 otherwise.

5.2.2. Louvain algorithm

The Louvain method, originally introduced in [3] as a method to find communities (i.e. clusters)
in a graph, is also a bottom-up clustering procedure. Though, it is a bit different from tradi-
tional hierarchical clustering like Ward’s method. The first difference is that it uses modularity
as criterion to maximise in order to decide which pair of clusters to merge® with the objective to
produce partitions with high-modularity. In large graphs, computing the modularity is compu-
tationally hard so approximation algorithms like the Louvain method are used, which is one of
the main advantages of the method. The fastest of these algorithms for large graphs that existed

before the Louvain method had several limitations therefore the latter was introduced [3].

The second important difference with Ward’s clustering is that, though it also starts with the n
nodes as n clusters, the Louvain method sometimes merges more than one pair of clusters per
step. In fact, the Louvain method works with "passes" that are iterations repeated until there
is no further improvement in modularity. It means that the method does not especially end
with one big cluster regrouping all the nodes (third difference). Each pass always involves the

following two steps:

1. Local optimization: At each iteration of this step, we compute the changes in modularity
that would occur if we move a certain node ¢ to its neighbouring clusters (i.e. clusters
different from the present one that includes at least one adjacent node of 7). The formula
for computing this change in modularity is provided at the end of this section. Then, the
node is moved to the cluster leading to the largest increase in modularity but only if it is
an increase in modularity, otherwise it does not move. All the nodes are considered one
by one without exception and it is done in random order. When all n nodes have been
considered, the procedure continues in a new random order. In other words, it reconsiders
all n nodes in a new random order, with the same procedure. It only stops when all n
nodes in a row stay in their respective cluster because modularity cannot be increased for

none of them.

3 This same measure is sometimes used to compare the quality of clustering partitions [37]
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2. Node aggregation or coarsening: the first step considered each node individually but
is not the case anymore here. Instead, during this step, a new graph G’ is built with the
clusters produced at the end of step 1 as nodes of G’. The affinity between two nodes of
G’ is then equal to the sum of the affinities of all pairs of nodes that bridge the two related
clusters in G (related to the two nodes of G’). Also, each node of G’ has a self-loop with a
weight equal to the sum of the weights of all pair of nodes that the corresponding cluster
of G included. The adjacency matrix of the new graph G’ is then A’ = UTAU where U
is the membership matrix of G with elements u;; = 1 if node i belongs to cluster £ and 0
otherwise. Finally, step 1 is performed on the graph G’, which is the beginning of a new

"pass".

At each "pass", the number of clusters decreases until no improvement in modularity is made
after step 1 and step 2. Then, the algorithm stops and the number of clusters of the final partition

is the optimal number of clusters.

Before computing the increase in modularity coming from moving a node to another cluster, let
us first define the total modularity associated with a certain partition, the equivalent of equation
5.10 but with matrices:

m

Quy,...,u,) = wll@) > ulQuy (5.11)
k=1

where Q is the modularity matrix, Q :(A—%(TG)) and uy is the k-th column of U.

Now, as |20] shows, the change in modularity due to a node ¢ moving to a cluster Cj is:

AQ(Z, Cl) = (ei + ul—uk)Tqi (5.12)

2
vol(Q)
where q; = Qe; is the i-th column of Q. The algorithm only computes the quantity from equation
5.12 and it is quite efficient because, for each node 4, only u;fqi needs to be computed for each

and every target cluster C; [20].

This chapter presented the two clustering algorithms that are implemented and compared in the
experiments. As opposed to the Louvain method, the Ward’s hierarchical clustering produces
several partitions, one for each number of clusters between 1 and n. As a consequence, we are
now interested in ways to select the best partition out of the hierarchy, in other words to select
the "best" number of clusters. The purpose of the next chapter is to present several methods

able to achieve that goal and present in details the one that is used in this thesis, the L method.



28

6. Approaching the "natural" number of

clusters

Several clustering methods suffer from the limitation that the number of clusters has to be
specified by a human. Non hierarchical procedures usually require to specify this number as
an input parameter while (traditional) hierarchical algorithms like Ward’s clustering produce a
series of partition, one for each number of clusters from 1 to n. In both cases, it requires this
person either to have specific knowledge about the application or to try different numbers by trial
and error, which is not always practical. To fill this gap, we are thus interested in procedures that
can determine an optimal number of clusters. In our case, this number will help us to keep only
one partition from the hierarchy of partitions produced by the Ward’s clustering introduced in
the previous chapter. First, we review the literature on the topic by presenting some procedures

and then we explain the L method that is used in this thesis.

6.1. Presentation of different procedures

There are several procedures that are able to heuristically approach the "natural" number of
clusters (i.e. determining an optimal number of clusters) based on a hierarchy of clustering par-
titions. The performance of 30 of these procedures (referred to as stopping rules) was compared
in [36]. As an illustration, we briefly present the three best rules according to the experiments
made by the very same [36]. Note two things: these rules are not specific to graph clustering and

they were sometimes applied on a part of the hierarchy to eliminate distracting patterns.

1. Calinski and Harabasz index [5]: is computed for each level of the hierarchy (i.e. each
number of clusters) as [trace(B)/(k—1)] / [trace(W)/(n—Fk)] where n and k are the total
number of nodes and the number of clusters in the solution, respectively. The B and W
matrices contain the between and pooled within cluster sum of squares and cross products.
The number of clusters associated with the maximum value of this index is then considered

as the optimal number of clusters.
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2. Je(2)/Je(1): Duda and Hart introduced in [12] this ratio criterion where Je(2) is the sum
of squared errors within the two clusters just before their merge and Je(1) the squared
errors when they form one cluster. This criterion is computed for each number of clusters
(i.e. each merge) in an ascending order. Each time, an hypothesis test is performed which
consists in rejecting the hypothesis of one cluster if the ratio is smaller than a certain
critical value. When the hypothesis is first rejected, the corresponding number of clusters

(i.e. before the merge) is then considered as optimal.

3. C-Index: this index was reviewed in [26] and is computed as [SSE—Smin] / [Smaz—Smin]*-
If m is the number of pairs of objects in the same cluster, Sy,;n, and Sy, are the sum of
the m smallest and largest distances between nodes, respectively, among all nodes of the
dataset. The C-index is comprised between 0 and 1 and the minimum value indicates the

optimal number of clusters.

In [6], another rule was recently proposed and called "Framework for Optimal Selection of
Clusters" (FOCS). Originally, FOCS was introduced within a semi-supervised context (where
some items are constrained to be in the same cluster) but the authors also presented an adapta-
tion for unsupervised clustering applications. Actually, the idea behind the unsupervised version
is quite straightforward. First, a measure of cluster quality is chosen, let it be S(C;) where C; is
a cluster. Then, the sum of the qualities over all clusters of a partition p is the objective function

that we denote by J in equation 6.1.

Ty =3 5(Cr) (6.1)

k=1

Then, the optimal number of clusters is the one corresponding to the partition that reaches the
maximum value of this function among all partitions. The framework is suited to any unsuper-
vised measure of cluster quality but the original paper decided to experiment their method with
cluster lifetime as measure of cluster quality. The lifetime of a cluster is defined as the length of

the dendrogram scale along the levels in the hierarchy where this cluster exists [28].

Finally, another procedure to achieve the same goal is the L method. In this thesis, we have
decided to focus on this method because it seems promising. It is described in the following

section.

1 SSE is the sum of within cluster inertia over all clusters
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6.2. The L method

6.2.1. Introduction

The L method? was originally introduced in [46] and is presented as an efficient algorithm to
determine the optimal number of clusters. To do so, this technique locates the "knee" - that is
the point of maximum curvature - in an evaluation graph that can be derived from the solution of
hierarchical clustering algorithms. The x-axis of such evaluation graph is the number of clusters
and the y-axis is the value of the evaluation function used by those algorithms to measure what a
"good" cluster is. For instance, the evaluation function of Ward’s clustering (on which we apply
later the L method) is the increase in within-cluster inertia coming from each merge. Figure 6.1

represents a typical evaluation graph.

Evaluation graph derived from a clustering procedure

Evaluation metric

/

Number of clusters

Figure 6.1.: Example of evaluation graph that can be derived from clustering procedures

Intuitively, the knee is considered as the optimal point because it is the point that separates the

right-side of the graph where y-values are low and increase slowly, from the left-side where they

2 Tt should not be mixed up with the Louvain method, they have no relation.
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increase very rapidly. In other words, on the right side, very similar clusters are being merged
because the evaluation metric is low while on the left side the steep increase in the metric means
that very dissimilar clusters are being grouped together. Main clustering theories (e.g. [51])
explain that a "good" clustering solution is a situation where the objects (nodes in our case)
within a cluster are very similar to each other while the clusters are very dissimilar between each
other. Therefore, finding the knee means finding this balance, that is the number of clusters for

which similar clusters are merged together but where dissimilar clusters are kept separated.

There are other procedures that try to find the knee, some of them are local and others like the L
method are global in the sense that they consider all the points of the graph to make a decision.
The L method has the benefit of being global thus less sensitive to outliers that might prevent

the true knee to be located. In addition, it works well even with curves including abrupt jumps.

In [46], the L method was shown to be both much more effective in approaching the "natural"
number of clusters and much more time-efficient than the Gap Statistic, another way to estimate
the "natural" number of clusters. This number of clusters was found 10 out of 12 times by the L
method against 3 out of 17 times by the Gap Statistic. The former took a fraction of second for
all tests, while the latter took tens of minutes. According to [46], the other algorithms designed

to determine the optimal number of clusters are inefficient.

Another advantage of the L method is that it works with all hierarchical algorithms that produces
an evaluation graph, whatever is the evaluation function used by the algorithm. The evaluation
metric can be of any type (e.g. distance, similarity, error or quality) and can be either global or
greedy measures. Greedy or local measures are metrics computed based on a part of the dataset,
such as the two clusters being merged or split by the clustering algorithm. Nevertheless, the L
method turned out not working as well with global measures because the knees in the graphs

were not as pronounced [46].

6.2.2. Core process

In the original paper [55], the evaluation metric used was the Ward’s criterion, the increase in
within-cluster inertia due to the merge performed based on the partition with x clusters. In
order to find the knee, the original L method fits two straight lines, for each possible number
of clusters (i.e. z value) from 3 to (n — 2) 3, one line on the left of this value and one on the
right. For each number of clusters, the total root mean squared error (RMSE) of the two fittings

is computed?. Then, the location of the knee is the number of clusters for which this sum is

3 The reason for that is that the original paper[46] uses an evaluation graph starting at x = 2 and fitting requires
each of the two fitted lines to contain at least two points
4 This is the sum of the RMSE of each fitting weighted with the number of plots covered by the fitting
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the lowest. The process is illustrated in figure 6.2 below that represents the method on a small
evaluation graph. The knee is located at x = 3 because the fitting in the lower-left picture looks
like the best and total RMSE the lowest.

] -H‘—‘

8 clust. | 2 3 4 5 i 7 8 clust.

"\rm

1 2 3 4 5 6 7 8 clust. x| 2 3 4 5 5 Fi 8 clust.

Figure 6.2.: L method - all four possible pairs of best-fit lines for a small evaluation graph.
Source: [46]

An issue that arose in this research is that the minimum x that this method is able to find is 3
and several of the datasets used here have 2 "natural" classes. It only starts at 3 because the
Ward Criterion is only computable until x = 2 clusters and the L. method needs at least two
points to fit a line on the left. Therefore, we used, mainly, another metric for the y-axis of the
evaluation graph, the total within-cluster inertia at = clusters, which is a global measure. In this
case, the evaluation graph starts at x = 1 and the first number of clusters that can be found by
the L method is 2. Still, in the experiments, we ran the L method with the original evaluation

metric to test the difference between the two metrics.

6.2.3. Refinements

The fitting procedure was the core algorithm of the method, then the algorithm proceeds with
refinements. The reason is that, in large graphs (i.e. large x), many values are irrelevant and

having them prevents from having an "L shaped curve" thus preventing the algorithm from
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finding the best knee [46]. As a consequence, refining consists in defining the maximum value®
of the graph as the double of the knee previously found and running the core algorithm again

until the knee does not change.

This chapter showed that there are many procedures aimed to determine an optimal number of
clusters from a hierarchy of clustering partitions. They vary pretty much in how they reach that
objective and all of them can be applied on all types of data structure thus not only on graphs.
The L method that apparently gave good results on a Ward’s clustering hierarchy is the one
tested in the experiments. Its quality will be compared to the optimal number of clusters found

by the Louvain method, through the "natural" number of clusters as benchmark.

5 This maximum value cannot be lower than 20 because there needs to be a reasonable number of point in order
to avoid detecting false trends
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Part II.

Experiments
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7. Description of the datasets

In this chapter, we present the 16 datasets on which clustering algorithms are experimentally
tested and compared. They are mostly social networks and their size is relatively limited, the
biggest graph containing 6142 nodes. We did not have the opportunity to make the experiments
on more datasets because network datasets including labels identifying the "natural" classes of

the nodes are rare.

Newsgroup datasets: those datasets!' are based on a collection of unstructured documents com-
ing from several discussion groups of the Usernet diffusion list. Nine subsets were extracted
from this collection and, in each one, the documents have been classified by topic. The top-
ics - that are the "natural" classes in this case - contain 200 documents each (see Appendix
A for further information about the topics). Three of the newsgroup subsets used contain
two topics or classes (i.e. 400 documents), three contain three topics (i.e. 600 documents)
and the three remaining subsets contain 5 different topics (i.e. 1000 documents). The ori-
ginal data have been pre-processed as described in [55] to reduce the high-dimensionality of
the feature space. The weights of the links between the documents of the network depends

on the terms that they have in common.

Political books dataset: the political books dataset refers to an unweighted network of books
about US politics and was compiled by Victor Krebs?. The edges indicate how frequent
two books were acquired by the same buyers on Amazon. The 105 books are grouped into

3 classes depending on their political orientation (conservative, liberal, or neutral)|38].

Zachary dataset: this network represents friendships between the 34 members of a karate club
at a US university, as described by [58]. Members belong to one of the two sub-groups that
our clustering methods will try to predict. The network is represented by an unweighted
graph where two nodes are connected if they consistently interacted in the context outside
of the club.

LFR datasets: those datasets represent binary networks of 600 vertices that were generated via

the LFR benchmark as introduced by [31]. In this paper, two variants are used:

! Available here: http://qwone.com/ jason/20Newsgroups/
2 Available on his website: http://www.orgnet.com/
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e LFRI1: it has 6142 edges and includes 3 classes

e LFR3: it has 5233 edges and includes 6 classes

School dataset: this dataset represents a high school with 236 students and teachers, the nodes

of the network. There are two variants of this dataset:

e one with the two classes of each year kept separated, thus containing 11 groups in
total

e the other with the classes of the same education year grouped together thus containing

6 groups in total

Football dataset: this last dataset ® is a representation of American football games that took
place during the 2000 season. Nodes in the unweighted graph are teams of the college
Division I and the links refer to whether two teams played against each other. The 115
teams are divided into 12 conferences (i.e. the "natural" classes), each one containing
around 8 to 12 teams. Games involving teams from the same conference are more frequent
than inter-conference games. The number of inter-conference games played by the teams
depend positively on their geographic proximity. This network is interesting because the

system of conferences is a known community structure [21].

Table 7.1 provides an overview of the datasets.

3 Available here: https://networkdata.ics.uci.edu/data.php?id=>5
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Dataset family

Dataset name

Number of nodes

"Natural" number of classes

news_ 2cl 1 400 2

news_ 2cl 2 400 2

news_2cl 3 400 2

news 3cl 1 600 3

Newsgroup news_3cl 2 600 3
news_3cl 3 600 3

news_5cl 1 1000 5

news_ocl 2 1000 5

news_5cl 3 1000 5

Political books polbooks 105 3
Zachary zachary 34 2
LFR1 6142 3

LFR LFR3 5233 6
School school 6 236 6
school 11 236 11

Football foot 115 12

Table 7.1.: Overview of the datasets used in the experiments
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8. Quality measures

In this section, we introduce the 3 metrics that are used to measure the quality of the clustering
partitions generated by the clustering algorithms. More specifically, these measures are used for
comparing both (the partitions given by) the different kernels between each other (first research
question) and the clustering algorithms (second part of the second research question). All 3 are
external quality measures that judge the quality of a clustering partition given by a clustering
algorithm with a "natural" partition with classes determined by human judgement or with the
context. Higher those measures are, better will be the clustering partition assessed. On the
other hand, there exists internal quality measures such as the ones used in evaluation functions

of clustering algorithms but they are not always effective in an application [35].

8.1. Correct classification rate (CCR)

The (correct) classification rate is simply the percentage of objects correctly classified. This type
of measure presents serious limitations such as the fact that it evaluates how well the clustering
algorithm has labelled the clusters according to the original class labels. This can lead to poor

results because the cluster labels may be switched even if the classes were well identified [47].

8.2. Normalized mutual information (NMI)

The normalized mutual information (NMI) is a measure ranging from 0 to 1 that indicates how
much information is shared between the "natural" classes and the clusters found by the algorithm.
The normalization ensures that the measure does not depend on the number of clusters, thus
allowing to compare solutions with different number of clusters. [35] provides further details

about this metric and its formula.
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8.3. Adjusted rand index (ARI)

The computation of this metric is based on the evaluation of each of the w

The rationale behind this measure is that the quality depends on how many pairs are correctly

pairs of nodes.

classified as similar or dissimilar . As it evaluates the relation between the objects and not
the labels produced by the algorithm, it does not have the same issue as the classification rate
because it evaluates how well the algorithm split the objects. There are four cases to which each
pair can belong. The two first ones are true positive (TP) when the two nodes are correctly
grouped into the same cluster by the algorithm and true negative (TN) when they belong to
different classes and they are correctly put in different clusters. The two last scenarios are the
false positive (FP) and the false negative (FN) when they are incorrectly grouped into the same
clusters and incorrectly kept separated, respectively. The rand index RI is then the percentage

of correct allocations:

TP + TN

=
R TP + FP + FN + TN

(8.1)

An issue with the rand index is that its expected value for two random partitions (in this case
the partitions with the classes and the clusters) does not take a constant value [57]. To correct
that, [25] suggested to make the adjustment in equation 8.2 where the index is RI. We obtain
the adjusted rand index that equals O when the rand index equals its expected value and 1 as a

maximum.

index — expected index

adjusted index = - - -
maximum index — expected index
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9. Experimental procedure

9.1. Parameter tuning

In order to build the free energy distance (thus kernel) that is used in the Ward’s clustering,
the first step is to optimize its parameter 6 (see section 3.2.5.3 for the theory). On one selected
dataset!, we applied the clustering algorithm on free energy kernels corresponding to different
values of #. Then, the value of 6 giving the highest value of a certain quality measure (in our
case the NMI) is then used for all subsequent experiments, on all datasets. We assume here that
the parameter stays optimized for all datasets. Remember that Ward’s clustering produces a
hierarchy of partitions for every number of clusters. In order to simplify the tuning, we chose to
only take into consideration the clustering partition with the "natural" number of clusters and
compare them across several values of . As table 9.1 shows, § = 0,01 yields the highest NMI

and will be thus used for the subsequent analysis.

0 0,000001 0,01 0,1 1 10 20
NMI score | 0,0317 | 0,4032 | 0,3453 | 0,4006 | 0,3509 | 0,3813

Table 9.1.: Free energy distance - tuning results of 6

The exact same procedure was used to tune the parameter « of the logarithmic forest distance
(see 3.2.4 for the theory). Results given in table 9.2 show that = 1 is the optimal value because
the corresponding NMI is the highest, so this value will be used hereafter.

o 0,000001 0,01 0,1 1 5 10 20
NMI score | 0,2340 | 0,3593 | 0,3608 | 0,3929 | 0,3285 | 0,1203 | 0,0809

Table 9.2.: Logarithmic forest distance - tuning results of «

Table 9.3 summarizes for all kernels the parameter values that they use, including the ones that
were already optimized. Apart from the free energy and logarithmic forest kernels, the parameter

values are the ones commonly used in the literature. As a reminder, the SCCT and SCT kernels

! news_ 3 parameterTuning provided by M. Saerens, it comes from the newsgroup dataset and was used only
for parameter tuning
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need a parameter « for the sigmoid transformation while the others need it to compute the

underlying distance.

Type of distance / kernel Parameter value
Sigmoid transformation on kernels a=17
Free energy distance 6 =0,01
Randomized shortest path distance 0 =0,01
Logarithmic forest distance o =1 and vy = In(exp(1) + a®/™) 2

Table 9.3.: Overview of parameter values used to compute the different types of distance / kernel

9.2. Clustering procedure

When any of the clustering algorithms is launched, it computes the kernel (or the modularity
matrix in the case of the Louvain method) by taking as input the adjacency matrix of the graph
and the tuned parameter value. The output of the Ward’s clustering algorithm is a series of
vectors, one for each number of clusters from 1 to n, including cluster assignments of the nodes.
Meanwhile, the only meaningful output of the Louvain method is the same vector but only for
the number of clusters it considers as optimal (i.e. the last partition, when the algorithm stops).
See sections 5.1 and 5.2.2 for the theory. This difference has the following implications for the

experimental comparisons:

First research question: because this question compares only Ward’s clustering solutions between
each other, partitions for the "natural" number of clusters and for the optimal number of
clusters are available. Therefore, two comparisons are made in each sub-question: one is
to compare the different kernels based on the corresponding clustering partitions for the
"natural" number of clusters and the other is to compare based on the partitions for the

optimal number of clusters.

Second research question: as the Louvain method does not automatically give a partition for
the "natural" number of clusters, only the clustering partition for the optimal number of

clusters is used for the comparison.

For the Ward’s clustering, the optimal number of clusters is determined by the L method based
on the Ward’s output hierarchy (see section 6.2 for the theory).

Finally, note that the Ward’s hierarchical clustering is deterministic and was thus run once.
However, the result of the Louvain method changes at each iteration because it is affected by the

order of the nodes in the adjacency matrix. As a consequence, at each iteration, the modularity
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matrix is mixed randomly and 30 runs of the method were made. All measures computed from

the Louvain method results (e.g. NMI) are average of the 30 runs.

9.3. Performance evaluation

Now that clustering procedures have been run and have generated clustering partitions, the
quality of each partition can be calculated based on the different quality measures introduced
in section 8. Note that it is impossible to compute the CCR for clustering partitions for the
optimal number of clusters. Indeed, this measure needs that the clustering partition has the
same number of clusters than the partition with "natural" classes. That’s why comparisons

involving partitions for the optimal number of clusters are only done based on NMI and ARI.

For each research question, we obtain several values for the different quality indicators on several

datasets. The following types of analysis are performed depending on the case case:

1. In order to summarize all the values given by all datasets into one, an hypothesis test
(Friedman test) and a multiple comparison are performed, per quality indicator, to see if
there is a statistically significant difference between the methods compared. See 9.3.1 for

more details.

2. Per quality indicator, we generate a two dimension graph where each axis represents a
method compared and measures the scores obtained in each of the 16 datasets. Figure 9.1
shows an example where each point represents a dataset and its coordinates are determined
by the scores obtained by the two methods when they were applied on the dataset. A y =«
line (hereafter called separation line) is drawn and the scores for all datasets are plotted.
So if a method has more points on its side, it is better than the other method (in figure
9.1, method A is better). Since it consists in looking dataset per dataset, this can deliver
some more insights but it is time consuming. That’s why, it is only used for the second

research question, the most important one.

Finally, remember that, for the Louvain method, each quality indicator is an average of the 30

runs made.

9.3.1. Friedman test and multiple comparison

The Friedman test [17, 18] is an equivalent of the repeated-measures ANOVA but it does not
take a parameter as input. In [18], Friedman showed by experimentations that the ANOVA and
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Figure 9.1.: Two-dimension graph for pairwise comparison of methods over all datasets

his test mostly agree in their conclusions. How does the Friedman test work? For each dataset,
the test orders all classifiers, in our case a classifier is the score in a certain quality indicator of a
partition (thus of a clustering method or kernel). Then, better is the order of a classifier, more
points it gets. In other words, when a classifier is ranked 1st out of 4, it gets 4 points so that the
higher number of points, the better. After, it computes the average number of points (average

rank hereafter) of each classifier over all datasets.

An hypothesis test at a 95% confidence level (o = 0,05) is performed where the null hypothesis

is that all the methods are equivalent thus their average ranks equal. The Friedman statistic

12N k(k + 1)
2 2
E R2_ 2" "7 1
XF k(k+1) - J 4 (9-1)

is distributed according to X% with & — 1 degrees of freedom, when N and k are big enough.

Rjis the average rank of a method j from the & methods compared.

Then, if the Friedman test rejects the null hypothesis and more than 2 classifiers are compared,
we are interested to find which pair of classifiers is significantly different and causes this rejection.
To do that, we use a Nemenyi test in a multiple comparison, a post-hoc test used in the case

where all methods are compared to each other and not against a fixed method (called a control
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classifier). This test computes the following critical difference where k is the number of methods

compared in total and g,a critical value based on the Studentized range statistic divided by v/2:

k(k+ 1)

CD = q, 6N

(9.2)

Any difference in rank between two classifiers that is greater than this threshold implies that
these classifiers are significantly different from each other. Note that, with this type of tests,

more techniques are compared, harder it is to draw conclusions from the test [10].

9.3.1.1. Post-hoc test with a control classifier

In the experiments, we also did multiple comparisons against a control classifier because the
power of this test was shown to be much greater. In other words, it consists in comparing one of
the methods to all the others instead of all methods to each other. It should be done when we

test whether a newly proposed method is better than the existing ones [10].

Among the different tests that allow us to do this, we use the Bonferroni-Dunn test [13]. Basically,
it controls the family-wise error rate by dividing a by the number of comparisons made, k — 1
and then compute an hypothesis test statistic whose p-value is then compared to the adjusted «.
However, in practice, we use an equivalent and easier to implement way of doing this test that
consists in using the same critical distance and « value than for the Nemenyi test but using the

critical values from table 9.4 [10].

#classifiers 2, 3 4 5 6 i 8 9 10
qoos 1960 2241 2394 2498 2576 2638 2690 2724 2773
qo0 1.645 1960 2,128 2241 2326 2394 2450 2498 2.539

Table 9.4.: Critical values for Bonferroni-Dunn test; the number of classifiers includes the control
classifier. Source: [10]
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10. Results and discussions

This chapter is meant to present, discuss and compare the results of the experiments made on
the different clustering algorithms and kernels. Table 10.1 indicates the acronyms used in this
thesis for the different kernels and the corresponding references to the theory so that the reader
can quickly find the theoretical background. Appendices B to F include the detailed NMI, ARI

and CCR scores obtained by all clustering algorithms and kernels involved in the subsequent

analysis.
Full name of the kernel Acronym Reference to the theory
Sigmoid commute time SCT Equations 4.3 and 4.5
Sigmoid corrected commute time SCCT Equations 4.4 and 4.5
Free energy FE Section 4.1.2
Positive semi definite free energy PSDFE Section 4.1.2
Randomized shortest path RSP Section 4.1.2
Logarithmic forest LF or log. forest Section 4.1.2

Table 10.1.: Overview of the kernels: their acronyms and references to the theory

10.1. First research question

As a reminder, the first research question is: "which kernels give the best results when used
in a Ward’s hierarchical clustering algorithm?" and is divided in several sub-questions (see the

introduction).

10.1.1. Sigmoid commute time vs. free energy kernel

First, the sigmoid commute time and the free energy kernels are compared based on their re-
spective partitions for the "natural" number of clusters. A Friedman test on the NMI scores of
the partitions shows that the two kernels cannot be differentiated, even if the SCT kernel obtains

a better rank. On the visual output of the tests illustrated in figure 10.1, the x-axis represents
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the mean rank of each kernel where 2 is the highest rank (i.e. the best). On the picture, the two
lines are overlapping horizontally, which leads us to the conclusion that no one is significantly
better than the other in terms of mean rank for the NMI. In other words, the difference between
the mean ranks of the two kernels computed from the NMI scores is not significant. In this case,

we even see that the two lines are strongly overlapping.

Friedman test results based on N
for the "natural" number of clusters

Sigmoid commute time kernel | .

Free snergy kermel - .

1 12 14 16 18 2
Mo groups have mean column ranks significantly different from Group 1

Figure 10.1.: Results of the Friedman test on the NMI scores of the sigmoid commute time and
the free energy kernel ("natural" number of clusters). Rank on the x-axis ranges
from 1 to 2 (the best).

A Friedman test on the ARI scores gives the same mean rank for the two kernels so they can even
less be differentiated (the two lines are fully overlapping). The test on the correct classification

rate produces the same output than the ARI.

The same comparison based on partitions for the optimal number of clusters supports this con-
clusion. The Friedman test for the ARI outputs the same mean ranks for the two kernels while
in the case of the NMI, the SCT kernel has again a better rank without being significant because

the two lines overlaps (see figure 10.2).

All in all, it seems that the sigmoid commute time kernel and the free energy kernel are not
different in terms of quality, even if the former obtains non significantly better ranks when we

take NMI as quality measure. As with any hypothesis test, no significant difference does not
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mean that they are automatically equivalent. It just means that the present data do not allow

us to conclude that they are different.
Friedman test results based on RNl

far the optimal number of clusters

SCT kernel

FE kernel - B

1 1 | 1 1 1 1
1.1 12 13 14 15 16 17 18 19
Mo groups have mean column ranks significantly different from Group 1

Figure 10.2.: Results of the Friedman test on the NMI scores of the sigmoid commute time and
the free energy kernels (optimal number of clusters). Rank on the x-axis ranges
from 1 to 2 (the best).

10.1.2. Sigmoid commute time vs. sigmoid corrected commute time kernel

The comparison based on NMI scores of the "natural" number of clusters partitions with a
Friedman test shows that the SCCT kernel has a better rank than the SCT kernel. Further, the
visual output shows that this difference is statistically significant because the two lines clearly
does not overlap as shown in figure 10.3a. The p-value associated with the hypothesis test
equals 0,02, which means that the superiority of the corrected version is significant up to a 98%
confidence level. The confidence interval (at a 95% confidence level) on the difference in rank
between the two kernels ranges from 0,088 to 1,037, with 0,5625 as a mean. In other words, we
are 95% sure that the mean rank of the SCCT is superior by values within this range to the
mean rank of the SCT kernel.

Both the adjusted rand index and the correct classification rate support this conclusion, with an
even stronger p-value of 0,0045. Again, these two quality indicators lead to the same results, see

figure 10.3b and Appendix G, respectively.
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Friedman test resuits based on NivI Friedman test results based on ARI
for the "natural" number of clusters for the "natural" number of clusters

SCTkermnel - —_— B SCT kemnel - _——
SCCT kemel - —_— q SCCT kermnel —_——
. . . . . . . . I . . .
08 1 12 14 18 18 2 22 08 1 1.2 14 16 18 2 22
The mean column ranks of groups 1 and 2 are significantly different The mean column ranks of groups 1 and 2 are significantly different
(a) Test on the NMI scores (b) Test on the ARI scores

Figure 10.3.: Result of the Friedman test comparing the sigmoid commute time and the sigmoid
corrected commute time kernels ("natural" number of clusters). Rank on the x-axis
ranges from 1 to 2 (the best).

The same test on the clustering partitions corresponding to the optimal number of clusters gives
sightly different results: the two kernels slightly overlap and this is true for both NMI and ARI.
Figure 10.4 shows the visual output for the NMI and the result given by the ARI is identical (see
Appendix H). The p-value associated with the tests on the NMI and ARI scores is 0,07 in both

cases.

All in all, the sigmoid corrected commute time was always superior in the tests, in terms of rank,
to the commute time kernel. Based on the partitions for the "natural" number of clusters, this
superiority was significant up to a 98% and 99,5% confidence level based on NMI and ARI/CCR,
respectively. However, it was not significant for the optimal number of clusters partitions because
the p-value was only 0,07. Anyway, we can conclude that the correction of the commute time

distance generated very good results compared to the original version.

10.1.3. Free energy vs. positive semi definite free energy kernel

The first experiment that we made as a pre-process stage was to verify that the free energy kernel
matrix after being forced to be positive semi definite does not change too much compared to the
original free energy kernel matrix. This is verified on several datasets, the matrix does not not

change dramatically.

Then, as for the previous sub-questions, we compare the two kernels based on a Friedman test

on the different quality indicators. For the "natural" number of clusters, the tests on all three
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Friedman test results based on Ml
for the optimal number of clusters

SCT kernel - B

SCCT kernel + B

1 1 1 1
1 12 14 16 18 2
Mo groups have mean column ranks significantly diferent from Group 1

Figure 10.4.: Result of the Friedman test on the NMI scores of the sigmoid commute time and
the sigmoid corrected commute time kernels (optimal number of clusters). Rank
on the x-axis ranges from 1 to 2 (the best).

indicators assign a higher rank to the free energy kernel but the difference is not significant at a
95% confidence level. Figure 10.5a illustrates the test on the NMI scores. It should be highlighted
that for the ARI (figure 10.5b) and CCR, the two kernels only slightly overlap at this confidence
level. Indeed, the original free energy kernel is significantly better with a 0,0578 p-value (i.e. at
a 94,22% confidence level).

For the optimal number of clusters, the tests on the scores obtained in the two indicators give a
higher rank to the original free energy kernel. However, the difference in rank is again insignificant
at 95% of confidence (similarly to the test on the NMI scores of the "natural" number of clusters

partitions).

All in all, we can easily conclude that the positive semi definite version of the free energy kernel

does clearly not generate better results than the original version, which answers our sub-question.

10.1.4. Randomized shortest path and logarithmic forest kernel

As a reminder, this sub-question is: "do the randomized shortest path and logarithmic forest
kernels produce better partitions than the previously analysed kernels?". Therefore, we compare
here the RSP kernel and the logarithmic forest kernel together with the SCT, SCCT and free

energy kernels.
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Friedman test results based on NMI Friedman test results based on ARI
for the "natural" number of clusters for the "natural" number of clusters
FE kemel q FE kemel |
PSDFE kemel - q PSDFE kemel |
. . . . . . . . . . . . . .
1.1 12 13 14 15 16 1.7 18 19 1.1 12 13 14 15 1.6 17 18 18
Mo groups have mean column ranks significantly different from Group 1 Mo groups have mean column ranks significantly different from Group 1
(a) Test based on NMI scores (b) Test based on ARI scores

Figure 10.5.: Result of the Friedman test comparing the free energy and positive semi definite
free energy kernels ("natural" number of clusters). Rank on the x-axis ranges from
1 to 2 (the best).

10.1.4.1. For the "natural" number of clusters

The Friedman test on NMI scores shows that there is a significant difference among this set of
kernels. As a consequence, a multiple comparison with a Nemenyi test is done to compare all the
possible pairs of kernels in this set. The result illustrated in figure 10.6 suggests that the RSP
(as well as the FE) kernel is significantly inferior to the sigmoid corrected commute time kernel.
Furthermore, we clearly see that the LF kernel is inferior to the sigmoid corrected commute time
but not significantly because the two corresponding lines slightly overlap. As a consequence,
we decided to perform a multiple comparison against a control classifier (procedure described in
section 9.3.1.1) - in this case the LF and RSP kernels are this classifier, each one at a time -
to check whether this classifier is not significantly different from one of the non control kernels.

Unfortunately, this test did not generate better results as these were very similar.

For the ARI scores, the Friedman test also signals a significant difference among the kernels.
As for the NMI scores, the following Nemenyi test showed that this was again because the RSP
kernel is significantly inferior to the SCCT. Further, the LF kernel is again inferior - without
significance - to the SCCT, the two lines overlapping a bit more than for the NMI scores. Figure

10.7 represents the multiple comparison results for the ARI scores.

Again, we tried two multiple comparisons against a control classifier, one with the RSP and one

with the LF kernel as control classifier but the conclusions were the same.

The very same analysis on CCR scores leads us to the same conclusion because the output of

the tests is very similar to one of the tests on ARI scores.
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Friedman test and multiple comparison results (MNemenyi) based on Ml
for the true number of clusters

Sigmoid commute time kermns

REP kernel = =

Log. forest kernel

Free energy kermsl

Sig. corrected CT kernel

1 2 3 4 5 4]
2 groups have mean column ranks significantly different from Sig. corrected CT ke

Figure 10.6.: Results of the Friedman test and post-hoc Nemenyi test on the NMI scores of the
SCT, RSP, LF, FE and SCCT kernels ("natural" number of clusters). Rank on the
x-axis ranges from 1 to 5 (the best).
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Friedman test and multiple comparison results (Memenyi) based on ARI
for the true number of clusters

Sigmoid commute time kermel - .

RSP kemnel

Log. forest kernel

Fres energy kernel - .

Sig. corrected CT kernel | .

| | | | | |
15 P 25 3 35 4 45 5
The mean column ranks of groups Sig. corrected CT kernel and RSP kernel are significantly different

Figure 10.7.: Results of the Friedman test and post-hoc Nemenyi test (multiple comparison) on
the ARI scores of SCT, RSP, LF, FE and SCCT kernels ("natural" number of
clusters). Rank on the x-axis ranges from 1 to 5 (the best).
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10.1.4.2. For the optimal number of clusters

When we compare the partitions for the optimal number of clusters, the Friedman tests on both
NMI and ARI scores indicate no significant difference among the set of kernels, as opposed to
here above. In figure 10.8b, we see that for the NMI scores the sigmoid corrected commute time
is again better ranked than the RSP and the LF but the difference is not significant. The results

are similar for the ARI.

Friedman test results based on Nl Friedman test results based on AR
for the optimal number of clusters for the optimal number of clusters
SCT kernel e 4 SCT kemel
RSP kemelf  ——a—— 4 RSP kernel
Log. forest kemel - —_— B Log. forest kemel
Free energy kernel - _—s 1 Free energy kernel
SCCT kernel —_— B SCCT kernel
15 2 25 3 35 4 45 5 15 2 25 3 35 4 45
Mo groups have mean column ranks significantly different from Group 1 Mo groups have mean colurmn ranks significantly different from Group 1
(a) Test on NMI scores (b) Test on ARI scores

Figure 10.8.: Result of the Friedman test comparing the SCT, RSP, LF, FE and SCCT kernels
(optimal number of clusters). Rank on the x-axis ranges from 1 to 5 (the best).

10.1.5. Conclusion

We can now wrap up the first research question that was aimed to find the best kernel. The
sigmoid corrected commute time kernel clearly stands out compared to all kernels as the previous
section showed. In our tests, it is consistently ranked higher than the others but in most cases
without significance according to the hypothesis test. Still, the difference between this kernel

and the RSP and SCT is in some cases significant.

Further, making the free energy kernel a positive semi definite matrix (thus a valid kernel) did not
improve the results significantly, they tended to be even worse. Finally, the quality differential

between the other kernels is much less obvious so no conclusions can be drawn about them.

To illustrate the quality of the SCCT kernel, we provide two heat maps for the newsgroup 2cl 3
dataset for which it generated good results. On the left (figure 10.9a), the heat map is the kernel

matrix arranged according to the "natural" classes and on the right (figure 10.9b) the same
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matrix but arranged according to the clusters of the partition for the optimal number of clusters

found after running the Ward’s clustering algorithm and the L method.

(a) Matrix arranged according to the "natural” classes (b) Matrix arranged according to the clusters found
by the Ward’s clustering + L method (optimal
number of clusters partition)

Figure 10.9.: Heat maps of the SCCT kernel matrix for the newsgroup 2cl 3 dataset. Blue
(red) colours represent low (high) values of similarity.

10.2. Second research question

The second research question consists to compare the Ward’s hierarchical clustering algorithm
with the Louvain method (see sections 5.1 and 5.2.2 for the theory). The first sub-question
relates to how well the Louvain method vs. the L method (on a Ward’s hierarchical clustering
partition) approach the "natural" number of clusters. The second part compares Ward’s clus-
tering partitions (for the optimal number of clusters as found by the L. method) and Louvain

partitions based on two quality indicators, the NMI and ARI.

10.2.1. L method vs. Louvain method and the "natural" number of clusters

For this question, the output of interest is the optimal number of clusters found by the L method
on the Ward’s clustering hierarchy and by the Louvain method. Appendix I and J include the
details about those numbers regarding each individual dataset, when using the total within-
cluster inertia and the Ward’s criterion as the evaluation metric, respectively. Based on those
data, was computed the absolute error on each dataset, which is simply the difference between
the optimal number found and the "natural" number of clusters/classes. Then, we calculated

the average absolute error obtained by each method over all datasets, which is the criterion used



95

to answer this sub-question. Table 10.2 presents this average for the total within-cluster inertia,
which is the evaluation metric with which conclusions will be drawn (see the reasons in section
6.2).

Method L method on Ward’s clustering Louvain method
Average 1,95
absolute 2,88
error
Kernel SCT SCCT FE PSDFE RSP Log. forest
Average 2,31 1,75 1,87 1,94 1,75 2,06
absolute
error per
kernel

Table 10.2.: Average absolute error with total within-cluster inertia as evaluation metric. The
lower, the better.

Results in the table show that the L method - whatever is the kernel as basis for the Ward’s
clustering algorithm - is better than the Louvain method to approach the "natural" number of
clusters because the average absolute error is lower. The average of this metric over all kernels is
1,95 against 2,88 for the Louvain method. In addition, we can observe that the different kernels
generate relatively different outcomes with the L method ranging from 1,75 of absolute error up
to 2,31. The sigmoid commute time is clearly the worst of the kernels but is still much better,
while the Louvain method and the randomized shortest path and the sigmoid corrected commute

time are the best.

We decided to go further than just comparing the averages and performed an hypothesis test as
for the other questions. The Friedman test confirms that there is a significant difference among
the classifiers (in this case the average absolute error of each kernel and of the Louvain method),
with a p-value of 0,0033. Then, we performed both Nemenyi and Bonferroni-Dunn tests in
multiple comparisons. Even if the latter is supposed to give better results when the question is
a comparison against a certain classifier (see section 9.3.1.1) - in this case the Louvain method -
the two tests give similar results here. They show (see figure 10.10a and 10.10b) that the Louvain
method is significantly inferior in terms of approaching the "natural" number of clusters to the
L method when the SCCT, FE or RSP kernel is used in the underlying Ward’s clustering. It is

also inferior in rank to the two remaining kernels (SCT and LF) but not significantly.

Even if it made more sense in theory to use the total within-cluster inertia as evaluation metric in
the L method (see section 6), in practice using the incremental inertia brought by the pair being
merged (i.e. Ward’s criterion) in the L method produces better results. For most of the kernels
studied, using the latter decreases their average absolute error except for the sigmoid corrected

commute time kernel where it increased - yet only slightly - the error. Table 10.3 presents the
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Friedman test and multiple comparison results (Nemenyi) based on average absolute errars
when approaching the "natural® number of clusters

L method wi SCT kernel - &

L method wi SCCT kermel -

L method wi FE kemnel -

L methad wf RSP ketmel -

L method wi LF kernel - &

Louvain method - —_—s—

| . | . | . | .
15 2 25 3 35 4 45 5 55 6
3 groups have mean column ranks significanty different from Louvain method

(a) Nemenyi test, all methods compared to each other

Friedman test and multiple comparison results (Bonferroni) based on average absalute errars
when approaching the "natural" number of clusters

L method wi SCT kernel 1

L method wi SCCT kernel

L method wf FE kernel

L method wi RSP kernel

L method wi LF kernel 1

Louvain method

. I L I I L . .
15 2 25 3 35 4 45 5 55 6
3 groups have mean column ranks significantly different from Louvain method

(b) Bonferroni-Dunn test, comparison against a control
classifier (Louvain method)

Figure 10.10.: Results of multiple comparisons following the Friedman test on the average abso-
lute errors of the L method vs. Louvain method. Rank on the x-axis ranges from

1 to 6 (the worst).

average absolute errors and the increase or decrease when using incremental inertia instead of

total inertia as above.

Kernel SCT SCCT FE

PSDFE

RSP Log. forest Average

Average 1,56 1,62 1,81
absolute

error

1,69 1,69 1,53 1,65

Increase
(decrease)
in average

absolute

error

-0,75 0,06 -0,18

-0,25

-0,22 -0,53 -0,31

Table 10.3.: Average absolute error when using the Ward’s criterion and difference compared to
using total inertia. Lower is the average absolute error, the better.

This comparison is made over all datasets including the ones having 2 "natural" clusters. For

the same reasons outlined in section 6, one may argue that this comparison is flawed because

incremental inertia cannot identify 2 as optimal number of clusters. Therefore, we make the same

comparison but excluding datasets with 2 "natural" clusters (i.e. 3 of the newsgroup datasets

and Zachary). Results are shown in table 10.4.

Table 10.4 surprisingly indicates that using one of these two evaluation metrics does not matter

so much because, at average, the corresponding average absolute errors are very close. Indeed, we

would have rather expected the average absolute error of incremental inertia to decrease because

it is now able to detect the same range of number of clusters than total inertia. For some kernels,
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Kernel SCT SCCT FE PSDFE RSP Log. forest Average
Total 2,08 1,92 1,58 1,58 1,58 1,83 1,76
within-
cluster
inertia -
average
absolute
error
Incremental 1,66 1,83 1,92 1,75 1,75 1,5 1,74
inertia -
average
absolute
error
Difference -0,42 -0,08 0,33 0,17 0,17 -0,33 -0,03

Table 10.4.: Comparison of the average absolute errors when using incremental inertia and total
inertia as evaluation metric for the L method, excluding datasets with 2 "natural"
clusters. Lower is the average absolute error, the better.

incremental inertia is better similarly to the previous results of table 10.3. However, for others
like the free energy kernel, total inertia is now giving better results than incremental inertia. It
might be interesting to push the analysis further but since it is not a central part of this research,
we consider total within-cluster inertia as good enough. In other words, it remains the evaluation

metric used to answer the second research question.

10.2.2. Ward’s hierarchical clustering vs. Louvain method

We now compare the clustering partitions of the Louvain method and Ward’s hierarchical cluster-
ing for the optimal number of clusters. This comparison is done based on two quality indicators,
namely NMI and ARI, because the third (CCR) cannot be computed based on a partition having
a different number of clusters than the "natural" number. Based on the results of the previous
research questions, we decided to use only the sigmoid corrected commute time, the free energy,

the logarithmic forest and the randomized shortest path kernels in Ward’s clustering.

10.2.2.1. Friedman test

The Friedman test on NMI scores (figure 10.11a) indicates that the Louvain method and the
Ward’s clustering are not significantly different, whatever kernel is used. The same test on ARI

scores (figure 10.11b) supports this conclusion. Therefore, a multiple comparison is not relevant
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here since all classifiers together are not different from each other. The visual representations are
provided to show the mean rank of each method. We see that the Louvain method has a better

rank compared to all kernels used in Ward’s clustering, with the rank of the SCCT kernel being

very close.
Friedman test results based on Nl Friedman test results based on AR
for the aptimal number of clusters for the optimal number of clusters

Ward w/ sig. corrected CT kernel —_—— 4 YWard w sig. corrected CT kemel | _——————

Ward wf RSP kernel —_— B Wyard w/ RSP kemel - —_—
Ward w/ log. forest kernel —_—— 1 Ward wf log. forest kemnel - —_——
Ward wi free energy kernel —_— B Ward wi free energy kemel f —————
Louvain method —_—s— Louvain method —_— A
15 2 25 3 35 4 45 15 2 25 3 35 4 45
Mo groups have mean column ranks significantly different fram Group 1 Mo groups have mean column ranks significantly different from Group 1
(a) Test based on NMI scores (b) Test based on ARI scores

Figure 10.11.: Results of the Friedman tests on Ward’s clustering partitions vs. the Louvain
method. Rank on the x-axis ranges from 1 to 5 (the best).

10.2.2.2. Per dataset comparison

Since the Friedman test over all datasets does not distinguish the methods, let us use the two-
dimension graphs introduced in section 9.3 to compare them in more details, per dataset. We
thus generated 6 graphs, each one comparing the Louvain method with one kernel of the Ward’s

clustering based on one of the two indicators.

SCCT kernel vs. Louvain method: Looking at the position of the NMI scores of the datasets
in figure 10.12a, we see that the majority is located next to the separation line except two
points that are far but each one is on a different side. These two outliers are datasets for
which one method gives very poor results and the other very good results. However, the
Louvain method has more plots on his side (10 vs. 6) so we may say that it is slightly better.
The same analysis on ARI scores (figure 10.12b) gives that plots are a bit farther from the
separation line and that there is, similarly, two outliers as well. However, this time, there
is almost as many points on each side. All in all, it is very difficult to differentiate the two

methods here.

Free energy kernel vs. Louvain method: Again, here, the Louvain method has more plots on
its side for both NMI (figure 10.13a) and ARI (figure 10.13b), even when excluding the
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Comparison of Ward clustering with a SCCT kernel and the Louvain method based an Nl
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(a) Per dataset comparison based on NMI
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(b) Per dataset comparison based on ARI

Figure 10.12.: Per dataset comparison between SCCT kernel in Ward’s clustering (y-axis) and

Louvain method (x-axis)

points almost on the separation line. The two methods have their points at the same

distance from the separation line (more or less) for the ARI while for the NMI the Louvain

method plots are a bit farther (i.e. it is better). Further, it should be outlined in this case

that the Louvain method has a point located very far from the separation line. For the

corresponding dataset, results are very poor with Ward’s clustering but very good with

the Louvain method. All in all, it is again difficult to draw conclusions but the Louvain

method is again slightly better.

imparison of Ward clustering with a free energy kemel and the Louvain method based on the NI <
1 T T

ost 8
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06r

free energy kernel
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(a) Per dataset comparison based on NMI

Comparison of Ward clustering with a FE kernel and the Louvain method based an ARI

1F ! ! ! |

FE kemel

0 . . . . * A
0 02 04 0.6 08 1
Louvain method

(b) Per dataset comparison based on ARI

Figure 10.13.: Per dataset comparison between FE kernel in Ward’s clustering (y-axis) and Louv-

ain method (x-axis)

RSP kernel vs. Louvain method: For the two quality measures, the Louvain method obtains 9
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and 10 datasets on its side and Ward’s clustering the remaining 7 and 6 datasets. Further,
the Louvain method has again one outlier but not the Ward’s clustering. For the NMI
(figure 10.14a), most of the datasets for which the latter is better are close to the separation
line while the plots on the side of the former method are a bit more distant from this line,
at average. Regarding ARI scores (figure 10.14b), the two methods have their points at the
same distance from the line more or less. Altogether, we can conclude that the Louvain
method is slightly better than its opponent, the difference being a bit more important with
this kernel than the others but still not substantial (which is in line with the results of the

Friedman test).

Comparison of Ward clustering with a RSP kernel and the Louvain method based on the NIl scor Comparison of Ward clustering with a RSP kernel and the Louvain method based on the ARI scor
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*ﬁ Z0s
* 2 i
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03f 03t * 4
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02f 02t
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0 . . . . 0 L . L .
i 02 04 06 08 1 0 0.2 04 06 08

Louvain method Louvain method

(a) Per dataset comparison based on NMI (b) Per dataset comparison based on ARI

Figure 10.14.: Per dataset comparison between RSP kernel in Ward’s clustering (y-axis) and

Louvain method (x-axis)

LF kernel vs Louvain method: the graphs for the two quality measures (figures 10.15a and

10.15b) lead us to the same conclusion than for the other kernels, for instance it is very
similar to the ones of the RSP kernel. Again, most points (9 and 10 out of 16) are on the
Louvain method side that has again one outlier. In addition, points on the Louvain method
side are at average located farther from the separation line than points on the LF kernel

side are.

10.2.3. Conclusion

All in all, mixed results were obtained for this second research question.

On one hand, the

Friedman test indicated that the quality of the partitions produced by the Ward’s clustering

and by the Louvain method are not significantly different, based on NMI and ARI. This was
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Figure 10.15.: Per dataset comparison between LF kernel in Ward’s clustering (y-axis) and Louv-
ain method (x-axis)

confirmed when we looked dataset per dataset even if we could see the Louvain method tended

to have a slight advantage.

On the other hand, when we compared them on the basis of the average absolute error that they
get when approaching the "natural" number of clusters, it is the Ward’s clustering on which is
applied the L method that takes the advantage over its opponent, the Louvain method. Indeed,
using the L method on a Ward’s clustering hierarchy with a SCCT, RSP or FE kernel (but not
the LF or SCT kernel) gives an average absolute error significantly lower than the one of the

Louvain method.

As we did for the SCCT kernel above, we provide for the newsgroup 2cl 3 dataset a heat map
representing the Louvain method modularity matrix. On the left (figure 10.16a), nodes in the
matrix are grouped according to their "natural" classes whereas, on the right (figure 10.16b), the

nodes are ordered according to the optimal partition determined by the Louvain method.
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Lowvain modularity matrix reorganized

Wodularity matrix organized according to true classes according to Louvain method solution
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(a) Matrix arranged according to the 3 "natural" (b) Matrix arranged according to the 5 clusters found
classes by the Louvain method.

Figure 10.16.: Heat maps of the Louvain method modularity matrix for the newsgroup 2cl 3
dataset. Blue (red) colours represent low (high) values of modularity.
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11. Managerial implications

Clustering have several applications in business and management. First, we describe its use in
marketing followed by its application in social networks (thus for advertisers leveraging those
networks) as it is the focus of this thesis. Finally, we present the case of Real Impact Analytics,
a start-up that uses the Louvain method as well as other algorithms to analyse mobile phone

networks in Africa for various purposes, including societal ones.

11.1. Clustering and marketing

Market segmentation is among the most fundamental concepts in marketing [11]. Market seg-
ments are sub-markets that share commonalities in their demand and as a consequence respond
similarly to the marketing mix. Therefore, under certain conditions, segmentation can be useful

for marketing practitioners [54].

Traditional clustering allows marketers to segment the market based on multivariate data about
customers that typically come from market surveys and test panels. This provides a more data-
driven, objective approach than segmenting based on some subjectively picked criteria, without

using predictive algorithms.

Further, in marketing, we easily imagine marketers who do not have or do not want to form an
idea about the number of segments that there should be. In this case, the L method that was
covered in this thesis can be of a great help to them because we saw that it was very powerful
at approaching the "natural" number of clusters. Therefore, they can use it together with a
Ward’s hierarchical clustering in order to determine a good partition of the market, with the

right number of segments, without having to specific this number.

11.2. Clustering social networks and advertising

Social networks such as Facebook have been a major innovation in the business field during the

last decade, revolutionizing how close and targeted to individuals advertising can be, as Google
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had done some years before.

Engaging users as much as possible is a key success factor of Facebook strategy, even more than
growing their user base [15]. Obviously, higher is the number of connections that users possess,
bigger is the opportunity to engage them. Therefore, suggesting friends means supporting this
engagement strategy thus creating business value. For example, assume you and your friends
like the same brands on Facebook. Then, if you connect with new friends with whom you have
similar interests, you will create an even more extended market of people with whom you are
likely to share information about products, special offers and events [32]. In this case, this is in

turn valuable for Facebook and its advertisers.

Clustering algorithms can help social networks like Facebook to determine the community to
which each user belongs and then recommend to them new friends from this community [50].
That’s why this thesis have important implications for companies managing social networks

because it will help them identify more accurately the "natural" communities.

Further, it may sound paradoxical and counter-intuitive but it has been proved by [1] (written by
Facebook employees among others) that people with whom you have weaker ties (i.e. people less
close to you) are the ones responsible for the propagation of novel information even if stronger
ties (i.e. the ones with people in your community) are more influential. In this case, using graph
clustering to identify communities of close people and then the connections that are outside of
those communities is valuable to advertisers. Indeed, connecting the people with weaker ties

together is likely to improve the propagation of information about advertisements, for example.

11.3. Clustering mobile networks: the case of Real Impact

Analytics

Real Impact Analytics is a start-up that mines mobile networks of telecom companies, for societal
good as well as for the same telecom companies in order to help them understand their customers

and target their strategy. It focuses on emerging markets, mostly from Africa.

One of their projects is aimed to fight extreme poverty by stimulating financial inclusion as it was
proved by several studies that poverty results from social and financial exclusion. In emerging
markets, some adults do not have a bank account so telecom operators seize this opportunity
by offering Mobile Financial Service (MFC) products that help to diminish financial exclusion.
However, most countries have poor adoption rates of MFC and the insights from mobile networks
that Real Impact Analytics draws help to better understand how to increase this adoption rate
[42].
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To achieve that, Real Impact Analytics determined what drives the adoption of mobile money
(MM) based on a data set of transactions including phone calls, SMS and data. Technically, those
data represent affinities between mobile users (i.e. nodes) in the mobile network (see section 2.2
for the theory of networks). In [42], they found that one of the key variables that determines
the propensity of a non user of MM to adopt it is the number of connections in his community
already using MM as well as the level of mobile activity of those connections. It is to find those

communities that the start-up applies the powerful! Louvain method on the mobile network [43].

Knowing all that, telecoms can offer incentives to adopt MM to people who are identified as the
most likely to adopt it with the technique just described. In addition, they can target customers
who are the most likely to influence others to adopt and encourage the former to actually convert
the latter into MM users. For example, they can offer to those influential users currency to send

via MM to non users [42].

Finding communities in mobile networks is also used to determine the probability of churn of a
mobile user (i.e. probability that he/she leaves his/her operator). Indeed, they showed that if a
lot of people in the community of an individual have recently changed of mobile operator, he is

more likely to take the same decision.

All in all, the example of Real Impact Analytics illustrates a direct and concrete impact of graph
clustering in business, more especially an impact of the Louvain method studied in this thesis.
The company works for the biggest telecoms operating in emerging markets such as Vodafone,

Telefonica or Orange. In addition, it helps to eradicate financial exclusion and poverty.

! Recognized as such on large graphs by [3]
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12. Conclusion

In this thesis, we used various types of analyses to reach the more informed conclusions possible.
We compared the quality of clustering methods and kernels based on several external quality
indicators assessing their resulting partitions. This was done for the partition corresponding
to the optimal number of clusters found by the methods but also for the "natural" number
of clusters/classes, when possible. Comparisons were made with hypothesis tests at a 95%
confidence interval, both pairwise and against a control classifier when more than 2 methods

were compared. Finally, we also performed per dataset analyses.

12.1. Findings

In the first part of the experiments, we found that, among all kernels used as a basis for Ward’s
hierarchical clustering, the sigmoid corrected commute time generally stands out. More spe-
cifically, when we compare all kernels together, it is the best ranked kernel and it is generally
significantly superior to the randomized shortest path and sometimes to the free energy kernel.
When we compared the sigmoid corrected commute time kernel to the kernel based on the non
corrected version of the same distance, we found that the correction improved significantly the
results. However, it should be outlined that this only happened when comparing clustering par-
titions for the "natural" number of clusters. With the optimal number of clusters, however, no
significant difference at a 95% confidence interval was found. Still, the superiority of the cor-
rected version is almost significant and it is the best kernel! in terms of how well it is able to

approach the "natural" number of clusters.

Furthermore, when we compared only the free energy with the sigmoid commute kernel together,
we found no significant difference. Also, we discovered that making what we call the free en-
ergy kernel? positive semi definite so that it is a mathematically valid kernel did not produce
significantly better results. It shows that having a similarity matrix that is not positive semi

definite thus a valid kernel is good enough to use in a Ward’s clustering. Of course, it would still

! Ex aequo with the RSP kernel
2 Mathematically it should not be called a kernel but a similarity if it is not positive semi definite
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be interesting to verify this conclusion on other similarity matrices that are not positive semi
definite. In addition, one could replicate the test on more and/or different datasets than what

we used because it may then show a difference.

In the second part of the experiments, the comparison between the Ward’s hierarchical clustering
(associated with the L method to find the optimal number of clusters in the hierarchy) and the
Louvain method gave mixed results. On one hand, the L, method on Ward’s clustering partitions
was in most cases significantly better to approach the "natural" number of clusters than the
Louvain method. Whatever kernel was used in the Ward’s clustering, the optimal number of
clusters found by the L method was closer to the "natural" number of clusters, compared to the
Louvain method. However, the difference between the two methods was only significant when
using the sigmoid corrected commute time, free energy or randomized shortest path kernel in the

Ward’s clustering.

On the other hand, when we compared their partitions based on the quality measures, the Louvain
method tended to be superior to the Ward’s clustering, no matter which kernel was used in the
latter. Nevertheless, it is essential to highlight that we could never reject the hypothesis that the
two clustering algorithms are generating the same scores. The per-dataset analysis confirmed
the relatively better results of the Louvain method and showed that, for some datasets, it gives

good results while the quality of the Ward’s clustering is very poor.

12.2. Limitations

This research, like any, has limitations that should be taken into account when taking the results

for granted. These are:

e A great part of the datasets represented social networks. It is thus not sure that the findings

are applicable to other types of networks as they were under represented here.

o All the datasets that we used were small, the largest network including 6142 nodes. This
matters because we did not take into account in our analysis that for large graphs some
clustering algorithms are faster than others. For example, the Louvain method is recognized

to be very time efficient for large graphs.

e Due to time constraints, only one type of test designed to do a multiple comparison against

a control classifier was used (the Bonferroni-Dunn test).

e We used maximum 3 (external) quality measures because adding one measure means adding

a complete set of analyses and more difficulties to integrate the findings across the measures.
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e Only 16 datasets were used, which was due to the rarity of network datasets including node

labels indicating their "natural" class.

12.3. Further work

This research revealed new potential for further work. First, it would be interesting to test several
evaluation metrics in the L method and see which one is the best to approach the "natural"
number of clusters. As we did here, this comparison should be done with an hypothesis test
(e.g. Friedman test) at the end to see if the difference is significant. On top of that, it is worth
paying attention to which ones are able to find 2 as optimal number of clusters. Doing so was
not possible with the Ward’s criterion and, even if it is recognized as the best performer by the
original paper [46], it is still an important limitation. Unfortunately, the very same paper does

not provide us with any details about the comparison of different evaluation metrics.

Second, the research should be replicated on more datasets, bigger datasets and most varied
datasets (i.e. more non social networks). On one hand, more datasets could offer more insights
about the methods that could not be differentiated here. On the other hand, including a more
diversified panel of datasets can permit to generalize the findings so that they would be applicable
to graph clustering in general. Specifically, we would be interested in confirming the good results

generated by the corrected version of the commute time distance.

Finally, it would be interesting to experimentally test the Ward’s hierarchical clustering on large
graphs. In order to avoid an enormous dendrogram that would not be readable, the network
should first be clustered with a k-means algorithm (the interested reader can look at [59]) with a
relatively small & (100 for example). This would lead to a network with 100 clusters that should

then be considered as nodes of a new graph on which the Ward’s clustering can be applied.

12.4. Skills acquired by the author

In this small section, we present the skills that have been acquired through this thesis and the

research behind it.

Programming skills: algorithms were developed or adapted, and run with Matlab. I therefore

learnt to program in Matlab, including how to produce graphics.

IATEX: this present document was edited in IXTEX (via LyX) which I had to learn as well.
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Clustering: T acquired a lot of knowledge about data mining and clustering, mostly things that
I did barely know beforehand. It definitely made me more interested in the field of Big

Data for my upcoming career.

Quantitative skills and Excel: analysing the output data further strengthened my quantitative
skills. In addition, those data from Matlab were stored in Excel where they were processed

so I improve my usage of the software.
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