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Abstract

Due to the non-convexities in the day-ahead electricity markets, it can be shown
that there are no uniform prices supporting the market equilibrium, i.e. there will
be side payments for the participants to compensate their losses and missed oppor-
tunities. The pricing policy minimizing those side-payments aims to computing
the Convex Hull Prices (CHP). To compute such prices, one requires the convex
hull of the feasibility constraints describing each individual generator involved in
the electricity market. The convex hull is modelled through an extended formu-
lation introducing more variables and constraints than the initial mixed-integer
optimization program modelling the market. Therefore the extended formulation
is a large linear optimization program. Instead of simply solving this optimization
program, different improved methods are investigated: row generation, column
generation, and column-and-row generation. These methods are used to provide
CHP and improve the initial time performances of the extended formulation. The
purpose of this master thesis is to compare those improved methods. Each of the
methods is separately described to demonstrate its basic principles and its time
performances on one real-world example. The performance of each method was
compared based on four data sets with different inputs. The most efficient method
was then selected and described in greater detail.
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Introduction

Pricing policy for energy markets brings current interesting challenges. Those
energy markets represent a huge amount of money. To have an idea, the total
consumption in Belgium in 2019 was 83.73 [TWh],[25], with an average price of
270.5[e/MWh],[8]. For the year 2019 it involved on average a total amount of
money that is 2.26e10[e]. The markets need to be flexible because they have
to manage uncertainties, especially coming from renewable energies. Hence the
generators must be precisely described by their technical constraints to switch from
on-status to off-status in order to meet the demand.

The day-ahead electricity market can be formulated as an optimization program
called the Unit Commitment. This market considers non-convexities and may
incur losses for some participants on the market, therefore side payments must com-
pensate those losses. The Convex Hull Prices minimize those side payments,[10].
Several US Independent System Operators (ISOs) consider convex hull prices,[1],
but they only compute approximations because of the challenging computability.

The initial framework to compute such prices is given by an extended formu-
lation. However the extended formulation can not be considered as the general
framework to compute Convex Hull Prices for real-world day-ahead electricity
markets. The provided optimization program is too large to be efficiently solved.
Several optimization methods can be considered to solve this large scale optimiza-
tion program. Three of those methods from the literature are investigated in this
thesis, namely row generation [16], column generation [1], and column-and-row
generation [24].

This manuscript aims at comparing the different methods to compute Convex
Hull Prices. Therefore three parts are clearly distinguished, among which different
chapters are detailed.

Part I The first part provides an intuitive description of the pricing policy
that is Convex Hull Prices. It provides the Unit Commitment problem
modelling the day-ahead electricity market, and defines what are exactly
the Convex Hull Prices.
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Part II The second part is about the understanding of each method. It presents
separately each method in order to give the mathematical background
supporting the method, the complete optimization programs used in the
algorithm related to the method, and an intuition about the method.
The order in which the methods are investigated is first the extended
formulation, second row generation, third column generation and finally,
fourth, column-and-row generation.

Part III The third part compares the four methods computing the Convex Hull
Prices on different real-world electricity markets to point out the most
efficient method.

In the last part of the thesis, the conclusion discusses which method is improving
the most the extended formulation and should be considered as the solution to
provide the Convex Hull Prices.
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Nomenclature

Sets

g ∈ G Set of generators

t ∈ [T ] Set of the time horizon

Parameters

T Last time of the time horizon, card ([T ]) = T

V OLL Values Of Lost Load

Lt Total amount of demand at time instance t

P̄ g Maximum run capacity of generator g ∈ G

P g Minimum run capacity of generator g ∈ G

RU g Ramp up limit of generator g ∈ G

RDg Ramp down limit of generator g ∈ G

SU g Start-up level of generator g ∈ G

SDg Shut-down level of generator g ∈ G

UT g Minimum up time of generator g ∈ G

DT g Minimum down time of generator g ∈ G

NLCg No load cost of generator g ∈ G

Cg Marginal cost of generator g ∈ G

F g Fixed cost of generator g ∈ G
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Variables

ptg Power output of generator g at time instance t

p̄tg Maximum power output of generator g at time t ∈ [T ]

utg Commitment decision of generator g ∈ G at time instance t ∈ [T ]

vtg Start-up decision of generator g ∈ G at time instance t ∈ [T ]

utg Shutdown decision of generator g ∈ G at time instance t ∈ [T ]

lt Demand meet by the market at time instance t ∈ [T ]

Acronyms

CHP Convex Hull Prices

EF Extended Formulation

UC Unit Commitment problem

RG Row Generation method

CG Column Generation method

CRG Column-and-row Generation method

VOLL Value of Lost Load

4



Part I

Description of the Problem
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Chapter 1

Real-world Day-ahead Electricity
Market

The market considered in this manuscript is an electricity market. The basic
concept of such a market is to find which generators should produce electricity
in order to meet the demand for the time horizon [T ]. There are two kinds of
participants.

The first kind of participant are the producers. It is the set G of generators on
the market. Those generators have technical constraints defined by the minimum
running capacity (P ), the maximum running capacity (P̄ ), the maximum ramp-up
rate (RU), the maximum ramp-down rates (RD), the minimum up time (UT ), the
minimum down time (DT ), the start-up level (SU) and the shut-down level (SD).
They have three types of costs :

• Start-up cost : fixed cost of the generator whenever it starts to produce. It does
not depend on its production.

• No load cost : fixed cost of the generator when it is producing. It does not
depend of its production.

• Marginal cost : cost of the generator for its production. It depends on what
amount of energy the generator is producing.

The second kind of participant is the consumer. There is one big consumer
having an inelastic demand Lt. The electricity market considered in this manuscript
does not model the electrical network. All the electricity produced by the generators
goes directly to the consumer assuming a theoretical electrical line with an infinite
load and no loss.
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1.1 Unit Commitment Problem
The market can be described as an optimization program. This optimization
program dispatches the production between all the generators while optimizing
the objective function that is the total welfare. The optimization can either be
a maximization of utilities, or a minimization of costs, for each participant. The
market clearing constraint is also called the balance constraint, and it ensures the
considered demand meets the total production of all producers.

The dispatch optimization program is known as the Unit Commitment
problem (UC). It considers the set of generators G and the demand over the time
horizon [T ].

Definition 1.1. A polyhedron P is a formulation for set X if X = P ∩ (Zn × Rp),
where P is the intersection of a finite number of half-spaces, i.e. it is such that
P =

{
x ∈ Rn+p

+ : Bx ≥ b
}
.

The unit commitment problem is a Mixed Integer Linear Programming (MILP)
problem of the general form F 1.1, where constraintDx ≥ d represents a "complicate
constraint" and set X represents a tractable set, i.e. min {cx : x ∈ X} can be
solved rapidly in practice. Set X is of the form X = P ∩ (Zn × Rp), with P ={
x ∈ Rn+p

+ : Bx ≥ b
}
that is a polyhedron from definition 1.1.

F ≡min cx

s.t. Dx ≥ d

x ∈ X

(1.1a)
(1.1b)
(1.1c)

The n first variables of vector x define the binary variables (u, v, w) and last p
variables of vector x define the continuous variables (p, p̄, l). Constraint Dx ≥ d
defines the balance constraint. The set X defines the technical feasible region
Πg

3−bin for all generator g ∈ G, and the bounds of the demand lt considered by the
market at each time instance. The unit commitment problem MILP problem F is
given by UC 1.2.
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Unit Commitment Problem (UC)

UC ≡min

∑
t

∑
g∈G

cg (pg, ug, vg, wg)
− V OLL∑

t

lt


s.t.

∑
g∈G

ptg

− lt = 0 ∀t ∈ [T ]

(pg, p̄g, ug, vg, wg) ∈ Πg
3−bin ∀g ∈ G

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(1.2a)

(1.2b)

(1.2c)
(1.2d)

Constraint 2.5b is the balance constraint ensuring that the total production
meets the demand.

The demand for each time instance is inelastic and it is defined by the variable
lt that belongs to the interval [0, Lt]. It can be cut if the producers are not able to
meet all the demand Lt. The demand that is not meet penalizes the total welfare
of the market by the Value of Lost Load (VOLL). VOLL is assumed to be 3000
[e/MWh], [23].

The technical constraints of each generator are defined by the three-bin feasible
set Πg

3−bin. It uses technical constants defined above P , P̄ , RU , RD, UT , DT ,
SU and SD. The state of a generator g is defined using five different variables(
ptg, p̄

t
g, u

t
g, v

t
g, w

t
g

)
.

1. utg is a binary variable. It indicates whether generator g is producing utg = 1 or
not utg = 0. It is the commitment status of generator g at time t.

2. vtg is a binary variable. It indicates whether generator g was started up at time
t vtg = 1 or not vtg = 0. It is the start-up decision of generator g at time t.

3. wtg is a binary variable. It indicates whether generator g was shut down wtg = 1
at time t or not wtg = 0. It is the shut-down decision of generator g at time t.

4. ptg is a continuous variable. It indicates the power output of generator g at time
t.

5. p̄tg is a continuous variable. It indicates the maximum power output of generator
g at time t.
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Maximum power output p̄tg is usually involved in the following constraint∑
g∈G p̄

t
g ≥ Lt + Rt , ∀t ∈ [T ], where Rt is the reserve required at time instance

t. Reserves are not represented in the considered market, therefore the previous
constraint is not implemented. For the sake of generality, the maximum power
output p̄tg is still represented in the set Πg

3−bin.

For a given generator g, the technical feasible region is the three-bin feasible
region Πg

3−bin. It is defined by the expressions 1.3.

utg − ut−1
g = vtg − wtg ∀t ∈ [T ]

t∑
i=t−UT+1

vig ≤ utg ∀t ∈ [UT g, T ]

t∑
i=t−DT+1

wig ≤ 1− utg ∀t ∈ [DT g, T ]

P gutg ≤ ptg ≤ p̄tg ≤ P̄ gutg ∀t ∈ [T ]
p̄tg − pt−1

g ≤ RU gut−1
g + SU gvtg ∀t ∈ [T ]

p̄t−1
g − ptg ≤ RDgutg + SDgwtg ∀t ∈ [T ]

(ug, vg, wg) ∈ {0, 1}3T

(1.3a)

(1.3b)

(1.3c)

(1.3d)
(1.3e)
(1.3f)
(1.3g)

Logical constraint

Constraint 1.3a is the logical constraint combining the binary variables utg, vtg and
wtg. There are three possible scenarios.

1. If generator g was committed off at time t− 1 ut−1
g = 0, and on at time t utg = 1,

then it starts up at time t vtg = 1.

vtg =
{

1 if ut−1
g = 0 and utg = 1

0 otherwise

2. If generator g was committed on at time t− 1 ut−1
g = 1, and off at time t utg = 0,

then it shuts down at time t wtg = 1.

wtg =
{

1 if ut−1
g = 1 and utg = 0

0 otherwise

3. If generator g stays in the same commitment state as previous time. In that
case utg = ut−1

g and wtg = 0 = vtg.

For the first time instance of the time horizon, t = 1, there might be some initial
condition imposed to specify which generators were committed before the time
horizon, and which were not for a horizon [T0] prior to the time horizon [T ], [22].
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Figure 1.1: Illustration of example 1.1.

Minimum up and down times

Constraints 1.3b and 1.3c are respectively the minimum up time and down time
constraints. Constraint 1.3b ensures the generator is committed on a minimum
up-time UT before it can be shut down. Constraint 1.3c ensures generator is
committed off a minimum down-time DT before being start-up.

Example 1.1. Consider a generator such that UT = 2[hour] and DT = 3[hour].
When the generator starts up, it must stay at least 2 hours on. It is represented
by the blue points. When it shuts down, it must stay off at least 3 hours. It is
represented by red points. Figure 1.1 provides an illustration of the example.

Maximum and minimum power output

Constraint 1.3d gives upper and lower bounds on the power output and the
maximum power output. If the generator is on, then power output ptg and maximum

11



Figure 1.2: Illustrative representation of the start-up level SU for a generator.

power output p̄tg must be in the interval [P g, P̄ g]. If the generator is off, then the
power output is 0 since there is no production.

Ramping up rate and start-up level

Constraint 1.3e provides an upper bound on the power output using the ramp-up
rate RU . It also forces the power output to be lower or equal than the start-up
level SU g when the generator starts at time t.
Consider that the generator starts at time t. It was not committed at time
t− 1, which implies that ut−1

g = 0 and pt−1
g = 0. Constraint 1.3e can be rewritten

ptg ≤ SU g. Constraints 1.3e and 1.3d provide a range of production P g ≤ ptg ≤ SU g,
when the generator starts producing as described on figure 1.2.
Consider now a generator that is already producing at time t − 1. It results
that vtg = 0 and ut−1

g = 1. Constraint 1.3e can be rewritten ptg − pt−1
g ≤ RU g.

The generator can not increase its production more than RU. Figure 1.3 gives an
illustrative example.
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Figure 1.3: Illustration of the range of production after one timestep.
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Figure 1.4: Illustrative representation of the shut-down SD level for a generator.

Ramping down rate and shut-down level

Constraint 1.3f provides a lower bound on the power output using the ramp-down
rate RDg. It also forces the power output to be lower or equal than the shut-down
level at time t− 1, before shutting down the generator at time t.
Consider a generator shutting down at time t, then wtg = 1. Hence constraint 1.3f
can be rewritten such that pt−1

g ≤ SDg. The production must be smaller or
equal than the shut-down level SD before shutting down the generator. Figure 1.4
provides an illustrative example.
Consider now a generator that was already producing at time t− 1 and that is still
producing at time t. Constraint 1.3f can be rewritten such that pt−1

g − ptg ≤ RDg.
Figure 1.3 provides an illustrative representation.

Separable Problem

It is important to notice that the generators can be considered separately. The
three-bin feasible region Πg

3−bin is specific to a generator g. Πg
3−bin does not take

14



into account the technical constraints of other generators. Intuitively it may seem
as an obvious remark. However it is important to be noted. Feasible regions can
be investigated separately for each generator. The only constraint binding all the
generators on the market is the balance constraint 2.5b. This characteristic of the
unit commitment problem will be used later in the manuscript.

1.2 Non-convex Bids
The day-ahead electricity market defined in previous section considers non-convexities.
They come from non-convex bids made by the generators due to technical con-
straints and start-up costs involving binary variables. Such constraints are the
minimum-maximum power output, the ramping rates and the start-up and shut-
down levels. It is not possible to find a market equilibrium supported by uniform
prices 1.2 under general conditions [11], [20].

Definition 1.2 (Uniform Prices [20]). Uniform prices λ are prices supporting a
market equilibrium such that in the market clearing solution every participant of
a same location and time t will pay or receive the same price and no other side
payments are considered.

Having uniform prices means that all the participants have the incentives to
commit and produce such that the market clearing from the unit commitment
problem solution asks them to do, [20]. Since it does not always exist near-
equilibrium prices are computed in practice.

1.2.1 Non Uniform Prices : Example of Missed Opportu-
nities

Example 1.2 shows that participants may miss opportunities when following the
market clearing solution of the unit commitment. An illustrative graph is provided
on figure 1.5. In the example marginal pricing is used, i.e. the price is the maximum
marginal price among all the generators involved in the market clearing solution.

Example 1.2. Consider two generators and a time horizon of one hour.

• Since there are 2 generators, then G := {g1, g2}. The technical constraints
are only min-max power outputs. There are respectively P =

(
0 6

)
[MW] and

P̄ =
(
15 10

)
[MW].

The generators only have the marginal cost, which are
(
10 40

)
[MW] respectively

for g1 and g2.
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• There is one demand block of 20[MW], with VOLL 60[e/MW].

The unit commitment problem applied to this problem is the following one.

min 10p1 + 40p2 − VOLL · l
s.t. p1 + p2 − l = 0

u1 · 0 ≤ p1 ≤ u1 · 15
u2 · 6 ≤ p2 ≤ u2 · 10
0 ≤ l ≤ 20
u1 ∈ {0, 1}
u2 ∈ {0, 1}

(1.4a)
(1.4b)
(1.4c)
(1.4d)
(1.4e)
(1.4f)
(1.4g)
(1.4h)

The optimal solution provided by the optimization program 1.4 is the following
one. (

p1∗ u1∗ p2∗ u2∗ l∗
)

=
(
14 1 6 1 20

)
Equilibrium price is λ∗ = 40[e/MW]. If it is less than 40[e/MW], then g2 won’t
produce. If it is more than 40[e/MW], then g2 will produce at the maximum of its
capacity to have a maximum profit.

• Generator g1.
Given the market clearing solution, g1 is not producing at its maximum capacity.
It could produce 1[MW] more. Hence there is a missed opportunity for g1 :

capacity left · (λ∗ − Cg1) = 1 · (40− 10) = 30

A side payment of 30[e] is required for g1 so that it stays at the market clearing
solution provided by the unit commitment problem. Otherwise it would produce at
full capacity (15 [MW]) and there would be 1 [MW] unconsumed on the market.

• Generator g2.
The benefit of g2 following the market clearing solution is p2∗ (λ− C2) = 6 ·
(40− 40) = 0[e].
There are no side payments required for g2.

There is a total side payments of 30[e] to pay for the participants to follow the
market clearing solution.
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Figure 1.5: Illustration of example 1.2 showing missed opportunities for participants.

1.2.2 Non Uniform Prices : Example of Losses
Example 1.3 shows that participants may face losses considering the market clear-
ing solution of the unit commitment. As previously the example considers two
generators over 1 time period. An illustrative graph is provided on figure 1.6.

Example 1.3. Consider two generators and a time horizon of one hour.

• There are 2 generators, therefore G := {g1, g2}. Technical constraints are
only min-max power outputs. There are respectively P =

(
0 10

)
[MW] and

P̄ =
(
10 20

)
[MW].

Generators have marginal cost C =
(
10 30

)
and fixed cost F =

(
400 0

)
.

• There is one demand block of 25[MW] with VOLL 500[e/MW].
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The unit commitment problem applied to this problem is the following one.

min 10p1 + 400u1 + 30p2 + 0u2 − VOLL · l
s.t. p1 + p2 − l = 0

u1 · 0 ≤ p1 ≤ u1 · 10
u2 · 10 ≤ p2 ≤ u2 · 20
0 ≤ l ≤ 25
u1 ∈ {0, 1}
u2 ∈ {0, 1}

(1.5a)
(1.5b)
(1.5c)
(1.5d)
(1.5e)
(1.5f)
(1.5g)
(1.5h)

The optimal solution provided by the the optimization program 1.5 is the following
one. (

p1∗ u1∗ p2∗ u2∗ l∗
)

=
(
10 1 15 1 25

)
If there is a market equilibrium supported by uniform prices then the price is set

by accepting a fraction of g2. The price is λ∗ = 30[e/MW] because the marginal
cost of g2 is 30[e/MW]. If the price is more than 30[e/MW], then g2 would produce
more than 15[MW]. If it less than 30[e/MW], then g2 won’t produce.

• Generator g1.
The benefit of generator g1 is λ∗p1∗ − C1p

1∗ − u1∗F1 = 30 · 10− 10 · 10− 400 =
−200[e]
Generator g2 has a loss of 200[e]. It needs a side payment of 200[e] to be willing
to produce the 10[MW] of the market clearing solution.

• Generator g2.
The benefit of generator g2 is λ∗p2∗−C2p

2∗−u2∗F2 = 30 · 15− 30 · 15− 0 = 0[e]
Generator g2 has no loss and is not missing an opportunity following the market
clearing solution.

There is a total amount of side payments of 200[e] to pay, for the participants to
follow the market clearing solution.

1.3 Definition of Side Payments : Uplifts
Examples 1.2 and 1.3 show that it is generally not possible to have uniform
prices for an electricity market considering non-convex bids. Participants may face
losses or miss opportunities following the market clearing solution, also called the

18



Figure 1.6: Illustration of example 1.3 showing losses for participants.

dispatch solution. The Uplifts are the side payments given to the participants in
order to compensate their losses and missed opportunities. They depend on the
near-equilibrium prices λ computed.

Definition 1.3 (Uplifts). The uplift for a participant p of the market is the
difference between the maximum surplus participant p could extract from the market
at a price λ, and the surplus it receives from the dispatch solution, [20].

The uplifts have a mathematical background leading to the definition 1.3.
Source [11] has shown that the sum of uplifts for all participants can be expressed
as the difference between the unit commitment problem and its dual Lagrangian.

Dual Lagrangian of the general MILP formulation F is L(λ) 1.6, where the
"complicate" constraint has been dualized with dual multipliers λ.

L (λ) =min {cx− λ (Dx− d) ;x ∈ X}
=min {(c− λD)x;x ∈ X} − λd

(1.6a)
(1.6b)

The dual Lagrangian of the unit commitment problem is thus L(λ) 1.8, where
the balance constraint has been dualized with dual multipliers λ. The term d of
equation 1.6 is 0, because the balance constraint has a 0 independent term. It is
thus not taken into account.
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The sum of the uplifts is the duality gap between the unit commitment and the
dual Lagrangian L(λ).

∑
p∈participants

uplift (λ) = UC − L (λ) ≥ 0 (1.7)

This duality gap is always positive. Proposition 1.1 states dual Lagrangian
L (λ) is a lower bound on the unit commitment problem UC.

Proposition 1.1. Any positive price λ ≥ 0 for a dual Lagrangian L (λ) 1.8 provides
a lower bound on the optimal value of UC.

Proof. See Appendix 9.3.1.

The dual Lagrangian is a relaxation of the unit commitment problem, from
definition 1.4. Condition (i) is trivial since the feasible set of the dual Lagrangian
does not consider the balance constraint, that is considered in unit commitment
problem UC. Proposition 1.1 shows that condition (ii) of the definition 1.4 is
respected.

Definition 1.4 (Relaxation). A minimization problem Q is said to be a relaxation
of the minimization problem P if :

(i) The feasible set of the relaxation problem Q is at least as big as feasible set
of relaxed problem P.

(ii) The objective function of Q is less or equal than the one of P.

Dual Lagrangian (L (λ))

L(λ) ≡min

∑
t

∑
g∈G

cg (pg, ug, vg, wg)
− V OLL(∑

t

lt

)

−
∑
t

λt

∑
g∈G

ptg

− lt


s.t. (pg, p̄g, ug, vg, wg) ∈ Πg
3−bin ∀g ∈ G

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(1.8a)

(1.8b)

(1.8c)
(1.8d)
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1.3.1 Mathematical Reasoning
Assume the dispatch solution of the unit commitment problem 1.2 is given by(
p∗g u∗g v∗g w∗g l∗

)
. Consider a reformulation of the cost of generator g for

convenience.

cg∗ := cg
(
p∗g, u

∗
g, v
∗
g , w

∗
g

)
and cg := cg (pg, ug, vg, wg)

Firstly, consider the objective function of unit commitment problem UC from
expression 1.2. It can be rewritten using the dispatch solution 1.9a. The last term
of expression 1.9b does not change the objective value. Indeed the dispatch solution
satisfies the balance constraint

(∑
g p

g
t

)
− lt = 0 , ∀t ∈ [T ]. Expression 1.9c is

composed of two terms :

• First term
[∑

t λtp
t∗
g − cg∗

]
is the surplus generator g received from the dispatch

solution considering price λ on the market.

• Second term ∑
t λt (V OLL− l∗t ) is the surplus consumer received from the

dispatch solution considering price λ.

UC =
[∑

t

(∑
g

cg∗
)]
− V OLL

∑
t

l∗t

=
[∑

t

(∑
g

cg∗
)]
− V OLL

(∑
t

l∗t

)
−
∑
t

λt

[(∑
g

ptg

)
− lt

]

= −
{[∑

g

(∑
t

λtp
t∗
g − cg∗

)]
+
∑
t

l∗t (V OLL− λt)
}

(1.9a)

(1.9b)

(1.9c)

Secondly, consider the dual Lagrangian L (λ) 1.8. In expression 1.10b terms are
only re-arranged. Expression 1.10c uses the separability characteristic of the unit
commitment problem. Indeed the balance constraint is the only constraint binding
the producers and the consumer. Since this constraint has been dualized in L (λ),
the optimization problems can be performed separately for each participant on the
market. Expressions 1.10c is made of two terms :

• The first term max
{∑

t λtp
t
g − cg

}
is the maximum selfish surplus a generator

g can extract from the market considering price λ.

• The second term max {∑t lt (V OLL− λt)} is the maximum selfish surplus a
generator g can extract from the market considering price λ.

21



−L(λ) = −min

∑
t

∑
g∈G

cg

− V OLL∑
t

lt −
∑
t

λt

∑
g∈G

ptg

− lt


= max
{[∑

g

(∑
t

λtp
t
g − cg

)]
+
∑
t

lt (V OLL− λt)
}

=
(∑

g

max
{∑

t

λtp
t
g − cg

})
+ max

{∑
t

lt (V OLL− λt)
}

(1.10a)

(1.10b)

(1.10c)

Finally the sum of uplifts can be rewritten using expressions 1.9c and 1.10c,
respectively derived from UC and L (λ). For both the producers and the consumer,
their uplift is the difference between the maximum selfish surplus and the surplus
received from the dispatch solution considering a price λ. It gives the mathematical
basis supporting the definition of uplifts 1.3.
∑
p

uplift (λ) =UC + (−L (λ))

= (−L (λ)) + UC

=
(∑

g

max
{∑

t

λtp
t
g − cg

})
+ max

{∑
t

lt (V OLL− λt)
}

−
{[∑

g

(∑
t

λtp
t∗
g − cg∗

)]
+
∑
t

l∗t (V OLL− λt)
}

=
[∑
g

max
{
λtp

t
g − cg

}
−
(∑

t

λtp
t∗
g − cg∗

)]

+
[
max

{∑
t

lt (V OLL− λt)
}
−
∑
t

l∗t (V OLL− λt)
]

(1.11a)

(1.11b)

(1.11c)

(1.11d)

(1.11e)

(1.11f)

Uplifts for Example 1.2

Example 1.2 considers three different participants on the market. There are two
producers which are generators g1 and g2, and there is one consumer with a demand
of 20[MW]. The price is λ = 40[e/MW]. Figure 1.7 shows the amount of maximum
selfish surplus, the received surplus and the uplift for each participant of the
example.
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Figure 1.7: The maximum selfish surplus, the surplus received from the dispatch
solution and the uplift for each participant of example 1.2

Generator g1

maximum selfish surplusg1 = max {p1 (40− 10) | s.t. 0 ≤ p1 ≤ u1 · 15;u1 ∈ {0, 1}}
= 450[e]

received surplusg1 = p∗1 (40− 10) = 14 (40− 10) = 420[e]
upliftg1 = 450− 420 = 30[e]

Generator g2

maximum selfish surplusg2 = max {p2 (40− 40) | s.t. u2 · 6 ≤ p2 ≤ u2 · 10;u2 ∈ {0, 1}}
= 0[e]

received surplusg2 = p∗2 (40− 40) = 0[e]
upliftg2 = 0[e]

Consumer l

maximum selfish surplusl = max {l (60− 40) | s.t. 0 ≤ l ≤ 20} = 400[e]
received surplusl = l∗ (60− 40) = 400[e]

upliftl = 0[e]
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Uplifts for Example 1.3

Example 1.3 considers also two generators g1 and g2, and one consumer with a
demand of 25[MW]. The price is λ = 20[e/MW]. Figure 1.8 shows the amount of
selfish surplus maximization, received surplus and uplift for each participant of the
example.

Generator g1

maximum selfish surplusg1 = max {p1 (30− 10)− 400u1 |s.t.10u1 ≤ p1 ≤ 10u1;u1 ∈ {0, 1}}
= 0[e]

received surplusg1 = 20p∗1 − 10p∗1 − 400u∗1 = −200[e]
upliftg1 = 0− (−200) = 200[e]

Generator g2

maximum selfish surplusg2 = max {p2 (30− 30) | s.t. 10u2 ≤ p2 ≤ 20u2;u2 ∈ {0, 1}}
= 0[e]

received surplusg2 = p∗2(30− 30) = 0[e]
upliftg2 = 0[e]

Consumer l

maximum selfish surplusl = max {l (500− 30) | s.t. 0 ≤ l ≤ 25} = 9400[e]
received surplusl = l∗(500− 30) = 9400[e]

upliftl = 0[e]
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Figure 1.8: The maximum selfish surplus, the surplus received from the dispatch
solution and the uplift for each participant of example 1.3.
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Chapter 2

Minimum Uplifts and Convex
Hull Prices

Due to the non-convexities in the unit commitment problem modelling the day-
ahead electricity market, there will be side payments defined as uplifts. The uplifts
depend on the near-equilibrium prices λ. The idea is to choose the prices λ in a
way to minimize the sum of uplifts to be paid to all participants on the market.

In the following sections the term uplifts, in the plural, is a short for sum of
uplifts.

2.1 Maximization of the Dual Lagrangian
Minimizig the uplifts is equivalent to minimizing the duality gap according to the
non-uniform prices λ. Minimizing the duality gap is equivalent to the maximizing
the dual Lagrangian L (λ).

minλ

 ∑
p∈participants

upliftp

 =minλ {duality gap}

=minλ {UC − L(λ)}
=UC −maxλ {L(λ)}

(2.1a)

(2.1b)
(2.1c)

The optimization problem to be considered for the uplifts minimization is the
maximization of the dual Lagrangian maxλ {L(λ)} 2.2. Figures 2.1 and 2.2 show
for both examples what price leads to minimum sum of uplifts, and what are the
uplifts with the marginal cost pricing.

Using the marginal cost pricing, the computed price of example 1.2 is λ =
40[e/MW]. This price is the one providing the maximum dual Lagrangian, or equiv-
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alently it is the price providing the minimum uplifts. For example 1.3, the marginal
cost pricing provides a price of λ = 30[e/MW]. It provides uplifts(λ = 30) = 200[e].
In this case the marginal cost pricing does not lead to the minimum uplifts. Price
λ = 50[e/MW] is the one providing the minimum uplifts, that is 100[e]. It is
obviously less than for price λ = 30[e/MW].

In general, the marginal cost pricing does not provide the minimum uplifts.

maxλ


min

{∑
t

[∑
g∈G c

g (pg, ug, vg)
]
− V OLL (∑t lt)−

∑
t λt

[(∑
g∈G p

t
g

)
− lt

]}
s.t.

(
ptg, p̄

t
g, u

t
g, v

t
g, w

t
g

)
∈ Πg

3−bin ∀g ∈ G
0 ≤ lt ≤ Lt ∀t ∈ [T ]


(2.2)

2.2 Convex Hull Optimization Program and Con-
vex Hull Prices

Solving directly the problem 2.2 is not so easy for more elaborated problems
than examples 1.2 and 1.3. Next proposition 2.1 allows to find the maximal dual
Lagrangian using an equivalent optimization program.

Proposition 2.1. Maximizing the dual Lagrangian maxλ {L(λ)} is equivalent to
minimize the objective value from UC 1.2 over the feasible region containing :

• conv (X), where X is made of the non-dualized constraints.

conv (X) =
{ (

ptg, p̄
t
g, u

t
g, v

t
g, w

t
g

)
∈ conv

(
Πg

3−bin

)
lt ∈ conv ([0, Lt])

}

• the balance constraint.

Proof. See Appendix 9.3.2.

Maximizing the dual Lagrangian 2.2 is equivalent to optimize over the set made
of the convex hull of the non-dualized constraints, and the balance constraint.
Therefore the optimization program must consider the convex hull of the three-bin
formulation Πg

3−bin, and the convex hull of the upper and lower bounds on the
demand 0 ≤ lt ≤ Lt.
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Figure 2.1: Sum of the uplifts and the dual Lagrangian according to prices applied
to market for example 1.2.
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Figure 2.2: Sum of the uplifts and the dual Lagrangian according to prices applied
to market for example 1.3.
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Definition 2.1. The convex hull of a set S is equivalently defined as :

• The smallest convex set containing the initial set S.

• The set of all the convex combinations of the elements of S, enumerated such
that x1, x2, ..., x|S|, assuming there is a finite number of elements.

conv (S) :=
x :

|S|∑
i=1

µix
i,
|S|∑
i=1

µi = 1, µi ≥ 0


It is denoted as conv (S).

Proposition 2.2. Convex hull of set [0, Lt] is the set [0, Lt].

Proof. See Appendix 9.3.3.

Convex hull of the upper and lower bounds on demand is simply the constraint
it-self. Hence the convex hull optimization is given by expressions 2.3.

Dual multipliers λCHP of the balance constraint in CH 2.3 are the ones providing
the maximum dual Lagrangian. Indeed due to linear dual optimality UC =
L
(
λCHP

)
≥ L (λ) ∀λ. Since they come from Convex Hull optimization prices λ are

called Convex Hull Prices (CHP). The main issue is now to find a formulation
for the convex hull of the technical constraints of generator g, i.e. a formulation
for conv

(
Πg

3−bin

)
.

Convex Hull Optimization Program (CH)

CH ≡min

∑
t

∑
g∈G

cg (pg, ug, vg)
− V OLL∑

t

lt


s.t.

(
λCHP

)∑
g∈G

ptg

− lt = 0 ∀t ∈ [T ]

(pg, p̄g, ug, vg, wg) ∈ conv
(
Πg

3−bin

)
∀g ∈ G

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(2.3a)

(2.3b)

(2.3c)
(2.3d)
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Important Propositions regarding Convex Hull Optimization

The following propositions are important for the convex hull optimization. They
will be used in later sections. In the considered case the set X is defined by
expression 2.4.

X =
{

(pg, ug, vg, wg) ∈ Πg
3−bin , ∀g ∈ G

lt ∈ [0, Lt] , ∀t ∈ [T ]

}
(2.4)

Proposition 2.3 states that minimizing over X, or directly over conv (X), is
equivalent.

Proposition 2.3. Let X ⊂ Rn and c ∈ Rn.
Then min {cx : x ∈ X} = min {cx : x ∈ conv (X)}.

Proof. See Appendix 9.3.4.

Proposition 2.4 states that for a mixed integer linear set X, its convex hull
conv (X) can be described with linear inequalities {x : A′x ≥ a}. Hence, for any
linear objective function cx, the mixed integer program minx {cx : x ∈ X} and the
linear program minx {cx : A′x ≤ a′} are equivalent.

Proposition 2.4. Assume a set of the form X :=
{
x ∈ Zn+ × R

p
+ : Ax ≤ a

}
, then

conv (X) is a set of the form {x : A′x ≤ a′}, where A′, a′ have rational entries.

Proof. See Appendix 9.3.5.

Considering an integer set X ⊂ (Zn × Rp), the MILP program F 1.1 can
be reduced to a linear program providing binary values (u, v, w) ∈ Zn from UC
problem 1.2.

Proposition 2.5 states that the infimum of cx is attained over X if and only if
it is attained over conv (X). It implies that the integer program min {cx : x ∈ X}
admits an optimal solution whenever the linear program min {cx : x ∈ conv (X)}
is feasible and bounded, and conversely, [6].

Proposition 2.5. Consider two optimization programs
inf {cx : x ∈ X} and inf {cx : x ∈ conv (X)}.
From proposition 2.3 inf {cx : x ∈ X} = inf {cx : x ∈ conv (X)}.
The infimum of cx is attained over X if and only if it is attained over conv (X).

Proof. See Appendix 9.3.6.
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2.3 Continuous Linear Relaxation of the three-
bin Formulation

The continuous linear program LP 2.5 considers the continuous linear relaxation
of the technical constraints RΠg

3−bin for each of the generators as feasible region.
It has thus continuous variables

(
utg, v

t
g, w

t
g

)
∈ [0, 1]3. When only considering the

minimum and maximum run capacities, and the ramping rates, the continuous linear
relaxation of three-bin formulation RΠg

3−bin provides a convex hull for the technical
constraints conv

(
Πg

3−bin

)
, [20]. In such cases the continuous linear program provides

a convex hull optimization program, and maximzes the dual Lagrangian. Therefore
in that case, the dual multipliers of the balance constraints λLP are prices leading
to minimum uplifts.

Continuous Linear Program (LP)

LP ≡min

∑
t

∑
g∈G

cg (pg, ug, vg)
− V OLL∑

t

lt


s.t.

(
λLP

)∑
g∈G

pgt

− lt = 0 ∀t ∈ [T ]

(pgt , ugt , vgt , wgt ) ∈ RΠg
3−bin ∀g ∈ G

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(2.5a)

(2.5b)

(2.5c)
(2.5d)

Under general conditions, the continuous linear relaxation of the three-bin
formulation RΠg

3−bin is a superset of the convex hull conv
(
Πg

3−bin

)
. Therefore the

continuous linear program is a relaxation of the convex hull optimization program,
and it does not provide the maximum dual Lagrangian. Under general conditions,
the dual multipliers of the balance constraint λLP do not lead to minimum uplifts.
It can be summarised by the expressions 2.6 and 2.7.

LP ≤ CH ≤ UC (2.6)
RΠg

3−bin ⊇ conv
(
Πg

3−bin

)
⊇ Πg

3−bin (2.7)

33





Part II

Computing Convex Hull Prices
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Chapter 3

Extended Formulation

Knueven’s papers [16], [18], provide a tight extended formulation Q of the convex
hull conv

(
Πg

3−bin

)
, in the sense of definition 3.1. The extended formulation for

conv
(
Πg

3−bin

)
is also a compact formulation, in the sense of definition 3.2.

This extended formulation is based on three main components. The first main
component is a feasible dispatch polytope D[a,b] considering the time interval
[a, b] and assuming generator g can only produce during this time interval [a, b]. A
polytope D[a,b] is described for each of the intervals [a, b] ∈ T respecting minimum
up time of the generator g.

The second main component is the indicator variable γ[a,b] ∈ {0, 1}. It
indicates whether the polytope related to time interval [a, b] is considered in
the packing dispatch polytopes or not. The indicator variables are defined by a
restriction Γ.

The third main component is a linear projection that enables to perform
X = projx (Q) ∩ Zn+p, i.e. to project the introduced variable of the extended
formulation in the initial space of UC problem 1.2

(
ptg, u

t
g, v

t
g, w

t
g, lt

)
.

Definition 3.1 (Tight Extended Formulation [14]). An extended formulation
Q ⊆ Rn+p for an integer set X ⊆ Zn ∩ Rp is tight if projx (Q) = conv (X).

Definition 3.2 (Compact Extended Formulation [14]). An extended formulation
Q ⊆ Rn+p for an integer X = P ∩ (Zn × Rp) is compact if the length of the
description of Q is polynomial in the length of the description of X.

37



3.1 Extended formulation : Basic Principles and
Definitions

Definition 3.3 details the general term extended formulation for a general polyhedron
P . Indeed convex hull the optimization program 2.3 needs a formulation for the
sets conv

(
Πg

3−bin

)
∀g ∈ G where Πg

3−bin is an integer set ∀g ∈ G.

Definition 3.3 (Extended Formulation). An extended formulation for a polyhedron
P ⊆ Rn is a polyhedron Q =

{
z ∈ Re+ : Hz ≥ h

}
such that P = projx (Q).

Definition 3.4 (Extended Formulation for IP set). Assume a linear transformation
F such that F : z ∈ Re+ −→ x = Tz ∈ Rn+p

+ .
An extended IP-formulation for a set X ⊆ (Nn × Rp) is a set Z = Q ∩ Ze+, with a
polyhedron Q =

{
z ∈ Re+ : Hz ≥ h

}
such that

X = projx (Z) =
{
x ∈ Rn+p

+ : x = Tz;Hz ≥ h, z ∈ Ze+
}

Recall the general MILP is F = min {cx : Dx ≥ d, x ∈ X}, where X =
P ∩ (Zn × Rp) with polyhedron P =

{
x ∈ Rn+p

+ : Bx ≥ b
}
. Constraint Dx ≥ d

represents "complicate" constraint and set X represents a tractable set.

The general extended formulation of an optimization program is given by R 3.1,
and its linear relaxation is RLP 3.2. For a tight extended formulation both R and
RLP are equivalent. As consequence, an optimization program over the extended
formulation of an integer set can be reduced to a linear program, that is RLP 3.2,
under the assumption that the convex hull has a tight extended formulation.

R ≡min cTz

s.t. DTz ≥ d

Hz ≥ h

z ∈ Ze+

(3.1a)
(3.1b)
(3.1c)
(3.1d)

RLP ≡min cTz

s.t. DTz ≥ d

Hz ≥ h

z ∈ Re+

(3.2a)
(3.2b)
(3.2c)
(3.2d)

3.2 First Main Component : Feasible Dispatch
Polytope

The feasible dispatch polytope D[a,b] represents the set of power output p[a,b]
t and

maximum power output p̄[a,b]
t considering time interval [a, b] at time t. Both the

power output and the maximum power output are vectors such that
(
p

[a,b]
t , p̄

[a,b]
t

)
∈
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R2T
+ . D[a,b] is defined by the set of linear equations 3.4. It uses technical constraints

related to ramping rates, start-up and shut-down levels, minimum and maximum
power outputs related to the given generator g. It is a bounded polytope. D[a,b]

can be represented such that

D[a,b] =
{

(p[a,b], p̄[a,b]) ∈ R2T
+

∣∣∣A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ b̄[a,b]
}

(3.3)

Constraints 3.4a and 3.4b specify that the polytope only considers the power output
and the maximum power output in the time interval [a, b]. Constraints 3.4c, 3.4d
and 3.4e specify the upper and lower bounds of the power output and the max-
imum power output. Constraint 3.4f specifies that generator g can not have a
maximum power output higher than the power level it could ramp up by time
time t. Constraint 3.4g specifies that generator g can not have a maximum power
output than what it could ramp down by time t. Constraint 3.4h specifies that the
power jump between two consecutive time steps must be less than the maximum
ramping up rate. Constraint 3.4j specifies that this power jump must be less than
the maximum ramping down rate. Constraint 3.4i specifies that generator g must
be able to ramp down by the remaining time and constraint 3.4k gives an upper
bound on what it can ramp up by the remaining time.

p
[a,b]
t ≤ 0 ∀t < a and t > b

p̄
[a,b]
t ≤ 0 ∀t < a and t > b

−p[a,b]
t ≤ −P ∀t ∈ [a, b]

p
[a,b]
t ≤ p̄

[a,b]
t ∀t ∈ [a, b]

p̄
[a,b]
t ≤ P̄ ∀t ∈ [a, b]

p̄
[a,b]
t ≤ SU + (t− a)RU ∀t ∈ [a, b]
p̄

[a,b]
t ≤ SD + (b− t)RD ∀t ∈ [a, b]

p̄
[a,b]
t − p[a,b]

t−1 ≤ RU ∀t ∈ [a+ 1, b]
p̄

[a,b]
t − p[a,b]

t−1 ≤ SD + (b− t)RD − P ∀t ∈ [a+ 1, b]
p̄

[a,b]
t−1 − p

[a,b]
t ≤ RD ∀t ∈ [a+ 1, b]

p̄
[a,b]
t−1 − p

[a,b]
t ≤ SU + (t− a)RU − P ∀t ∈ [a+ 1, b]

(3.4a)
(3.4b)
(3.4c)
(3.4d)
(3.4e)
(3.4f)
(3.4g)
(3.4h)
(3.4i)
(3.4j)
(3.4k)

The feasible dispatch polytope D[a,b] is considered for a given time interval [a, b].

Let T be the set of all possible time intervals [a, b] respecting the minimum up
time UT of generator g. Definition of T is given by expression 3.5.

T := {[a, b] |1 ≤ a ≤ a+ (UT − 1) ≤ b ≤ T } (3.5)
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For a given generator g all feasible dispatch polytopes D[a,b] such that [a, b] ∈ T are
considered. Since all possible time intervals are considered, some of them overlap.
Hence the time intervals need to be chosen and variables (p[a,b]

t , p̄
[a,b]
t ) are described

by the feasible dispatch polytope D[a,b] for those intervals.

One may note that all technical constants have been taken into account, except
the minimum down time. It is taking into account in the next section.

3.3 Second Main Component : Indicator Vari-
ables to build Packing Dispatch Polytopes

The feasible dispatch polytopes related to the chosen time intervals construct
the packing dispatch polytopes. Two overlapping time intervals, in the sense of
definition 3.5, can not be together in the same packing. Variable γ[a,b] ∈ {0, 1}
indicates whether a feasible dispatch polytope D[a,b] is in the packing, i.e. γ[a,b] = 1,
or not, i.e. γ[a,b] = 0.

Definition 3.5 (Overlapping Time Intervals [16]). Two intervals [a, b] and [c, d]
are overlapping intervals if [a, b+DT ] ∩ [c, d+DT ] 6= ∅.

The problem of choosing non-overlapping time intervals can be reduced to the
cliques inequalities in a graph. The undirected graph is G = (V,E), where the
set of vertices is V = T . An edge connects two vertices ([a, b]) and ([c, d]) if their
respective time intervals overlap each other.

Definition 3.6 (Clique [15]). A clique is a subset of vertices of an undirected graph
such that every 2 distinct vertices in a clique are adjacent.

The basic clique inequality is given by equation 3.6, where C is the clique and
xe is a variable related to an edge e of the graph, [14]. For a graph G a clique
represents the time intervals that overlap each other at a given time instance t, by
definition of the graph. Therefore the clique inequality for the considered graph
becomes 3.7. ∑

e∈C
xe ≤ 1 (3.6)

∑
{[a,b]∈T |t∈[a,b+DT ]}

γ[a,b] ≤ 1 ∀t ∈ [T ] (3.7)

Based on clique inequalities, Γ 3.8 defines a restriction on indicator variables.
Polyhedron Γ ⊆ R+ is a non-empty and non-negative polyhedron, as it is discussed
in proof of proposition 3.2. This restriction Γ enforces to not choosing overlapping
time intervals in the packing.
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Γ =
{ ∑

{[a,b]∈T |t∈[a,b+DT ]} γ[a,b] ≤ 1 ∀t ∈ [T ]
γ[a,b] ≥ 0 ∀[a, b] ∈ T (3.8)

Proposition 3.1. Restriction Γ 3.8 provides a convex hull description of the vertex
packing problem, using non-negative variables γ[a,b].

Proof. See Appendix 9.3.7.

From proposition 3.1, optimizing a linear objective function in terms of γ[a,b]
over Γ 3.8 provides binary values for γ[a,b].

The set T deals with the minimum up time when building all [a, b] intervals
1 ≤ a ≤ a + (UT − 1) ≤ b ≤ T . The clique inequalities deal with the minimum
down time. All the other constraints are used to describe the dispatch polytope
D[a,b]. Hence all technical constraint are taken into account.

In the appendix, the section Illustrative Representation of Restriction
Γ 9.2 provides an illustrative representation of the restriction Γ.

3.4 Third Main Component : Linear Transfor-
mation to write the Extended Formulation
of the Three-bin Formulation

The extended formulation of the three-bin formulation is given by equation 3.9. It
uses the convex hull description of the packing problem provided by the combination
of the clique inequalities and the feasible dispatch polytopes D[a,b]. The indicator
variable can consider, or not, a time interval in its packing.

• if the γ[a,b] = 0, then the power output and the maximum power output for that
time interval [a, b] are null production

• if γ[a,b] = 1, then the power output and the maximum power output are speci-
fied by the dispatch polytope using equation A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ b̄[a,b], i.e.(
p[a,b], p̄[a,b]

)
∈ D[a,b]
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Hence the packing polytope is described by equations 3.9.

D =


A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ γ[a,b]b̄

[a,b] ∀[a, b] ∈ T(
p[a,b], p̄[a,b]

)
∈ R2T

+ ∀[a, b] ∈ T∑
{[a,b]∈T |t∈[a,b+DT ]} γ[a,b] ≤ 1 ∀t ∈ [T ]

γ[a,b] ≥ 0 ∀[a, b] ∈ T

(3.9)

Proposition 3.2. Polytope D is a compact extended formulation, in the sense of
definition 3.2, for a constrained generator g described by Πg

3−bin. Vertices of D have
integer γ, i.e. it is a tight extended formulation in the sense of definition 3.1.

Proof. See Appendix 9.3.8.

The extended formulation of the three-bin formulation can be written using
polytope Dg for each generator g ∈ G.

min

 ∑
[a,b]∈T

∑
g∈G

cg
(
p[a,b]
g , γg[a,b]

)− V OLL∑
t

lt


s.t

∑
g

∑
[a,b]

p[a,b],t
g − lt = 0 ∀t ∈ [T ]

A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ γ[a,b]b̄
[a,b] ∀[a, b] ∈ T(

p[a,b], p̄[a,b]
)
∈ R2T

+ ∀[a, b] ∈ T∑
{[a,b]∈T |t∈[a,b+DT ]}

γ[a,b] ≤ 1 ∀t ∈ [T ]

γ[a,b] ≥ 0 ∀[a, b] ∈ T(
p[a,b]
g , p̄[a,b]

g

)
∈ R2T

+ ∀g ∈ G
0 ≤ ll ≤ Lt ∀t

(3.10a)

(3.10b)

(3.10c)
(3.10d)
(3.10e)

(3.10f)
(3.10g)
(3.10h)

Three variables
(
p[a,b]
g , p̄[a,b]

g , γg[a,b]

)
define the state of a generator g over a time

interval [a, b].

Linear transformation F : z ∈ Re+ −→ x = Tz ∈ Rn+p is described by
equations 3.11, where x = (pg, p̄g, ug, vg, wg) and z = (p[a,b]

g , p̄[a,b]
g , γg[a,b]). F provides
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a way to project the packing polytope space Dg into the three-bin space.

pg =
∑

{[a,b]∈T }
p[a,b]
g

p̄g =
∑

{[a,b]∈T }
p̄[a,b]
g

utg =
∑

{[a,b]∈T |t∈[a,b]}
γ[a,b] ∀t ∈ [T ]

vtg =
∑

{[a,b]∈T |t=a}
γ[a,b] ∀t ∈ [T ]

wtg =
∑

{[a,b]∈T |t=b+1}
γ[a,b] ∀t ∈ [T ]

(3.11a)

(3.11b)

(3.11c)

(3.11d)

(3.11e)

If the linear transformation is defined in the optimization problem, one can
use the variables

(
p[a,b]
g , p̄[a,b]

g , γg[a,b]

)
to describe the convex hull, and the variables

(p, p̄, u, v, w) to describe the objective function and the balance constraint. Therefore
the extended formulation is provided by expressions 3.12.
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Extended Formulation Program (EF)

EF ≡min

∑
t

∑
g∈G

cg (pg, ug, vg)
− V OLL∑

t

lt


s.t (λt)

(∑
g

ptg

)
− lt = 0 ∀t ∈ [T ]

0 ≤ ll ≤ Lt ∀t
A[a,b]p[a,b]

g + Ā[a,b]p̄[a,b]
g ≤ γ[a,b]b̄

[a,b]
g ∀[a, b] ∈ T ,∀g ∈ G(

p[a,b]
g , p̄[a,b]

g

)
∈ R2T

+ ∀[a, b] ∈ T ,∀g ∈ G∑
{[a,b]∈T |t∈[a,b+DT ]}

γg[a,b] ≤ 1 ∀t ∈ [T ],∀g ∈ G

γg[a,b] ≥ 0 ∀[a, b] ∈ T ,∀g ∈ G∑
{[a,b]∈T }

p[a,b]
g = pg ∀g ∈ G

∑
{[a,b]∈T }

p̄[a,b]
g = p̄g ∀g ∈ G

∑
{[a,b]∈T |t∈[a,b]}

γg[a,b] = utg ∀t ∈ [T ],∀g ∈ G
∑

{[a,b]∈T |t=a}
γg[a,b] = vtg ∀t ∈ [T ],∀g ∈ G

∑
{[a,b]∈T |t=b+1}

γg[a,b] = wtg ∀t ∈ [T ],∀g ∈ G

(3.12a)

(3.12b)

(3.12c)
(3.12d)
(3.12e)
(3.12f)

(3.12g)
(3.12h)

(3.12i)

(3.12j)

(3.12k)

(3.12l)

Constraint 3.12b is the balance constraint. Its dual multipliers λt are the
CHP. Constraint 3.12c specifies that the amount of demand meets on the market is
between 0 and the actual total demand Lt. Constraints 3.12d, 3.12e, 3.12f and 3.12g
define the packing polytope, given by expressions 3.9. The remaining constraint
3.12h, 3.12i, 3.12j, 3.12k and 3.12l define the linear transformation F 3.11.

Proposition 3.3. EF is a relaxation of UC.

Proof. See Appendix 9.3.9.

Proposition 3.4. EF solves max {L (λ)}.

Proof. The extended formulation EF considers the polytope D that defines a
compact and tight extended formulation for conv

(
Πg

3−bin

)
from proposition 3.2, i.e.
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Figure 3.1: Illustrative example of the intersection between polytope D and balance
constraint.

projpg ,p̄g ,ug ,vg ,wg
(D) = conv

(
Πg

3−bin

)
. Expressions 3.11 provides a linear transfor-

mation F : z ∈ Re+ −→ x = Tz ∈ Rn+p. It provides a way to get back from the
packing polytope space to the three-bin space.

From proposition 2.1, solving max {L (λ)} is equivalent to optimize over the
set S that is

S =


(pgt , ugt , vgt , wgt ) ∈ conv

(
Πg

3−bin

)
lt ∈ conv ([0, Lt])(∑
g∈G p

t
g

)
− lt = 0 ∀t


Note that from proposition 2.2 conv ([0, Lt]) is [0, Lt].

From proposition 3.4 there is now a solution to solve max {L (λ)} 2.2. The
dual multipliers of balance constraint provide CHP.

One thing to note is that even if packing polytope D 3.9 provides a convex hull,
the balance constraint 3.12b cuts the polytope. The optimal solution may be on a
corner of this intersection. It that case the optimal solution may not have binary
values for u, v and w. Figure 3.1 provides an illustrative example.
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3.5 Examples
Now that the extended formulation 3.12 is completely describes, it can be tested
on two examples. Up to now the cost of generator g was represented such that∑
t [cg (pg, ug, vg)]. This cost takes into account the three different kinds of cost.

1. Marginal Cost C [e/MWh] : the cost of production of 1 [MWh].

2. Start Up Cost F [e] : the fixed cost whenever the generator starts producing.

3. No Load Cost NLC [MW ] : fixed cost of the generator when it is producing.

The total cost for generator g is given by expression 3.13.∑
t

[cg (pg, ug, vg)] =
∑
t

[
NLCgCgu

t
g + Fgv

t
g + Cgp

t
g

]
(3.13)

For those two examples and the following ones, total Running Time RT and
Solving Time ST are two performances indicator. RT indicates the total amount
of time the program has been running. It takes into account the time required
to model the optimization problem and the time required for the built model to
be solved. ST only indicates the time required to solve the optimization program
without the modelling part.

The number of variables and constraints are also used as performance indicators
for the two examples. They are directly taken from the optimization model Gurobi
builds.

Small Example : One Generator on Four Hours

Example 3.1 (One Generator Example : Extended Formulation). This first
example is a small example considering only one generator g1 over a time horizon
of four hours, i.e. [T ] = {1, 2, 3, 4}. The technical constants of generator g1 are
provided in table 3.1. The demand of the consumer is provided in table 3.2.

Table 3.3 summarises the uplifts and performances of UC, LP and EF programs.
UC and EF have the same objective values however it is not an observation that
can be generalized. Indeed EF is a relaxation of UC problem, from proposition 3.3.
Thinking about the primal approach of LP , and knowing its feasible region is under
general conditions not a convex hull for Πg

3−bin, it is clear that this program can
achieve better results in terms of objective value than EF . It is represented by a
smaller objective value, since it is a minimization. However dual multipliers related
to the balance constraint from LP do not lead to minimum amount of uplifts as it
is the case for EF .
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Pmin P̄max RU RD SU SD UT DT No Load
Consump-
tion

Marginal
Cost

Fixed Cost

g1 6 16 5 5 6 6 1 1 10 53 30

Table 3.1: Producers description for example 3.1.

L VOLL(
6 11 16 11

)
3000[e/MWh]

Table 3.2: Consumer description for example 3.1.

Table 3.4 shows prices from both EF and LP programs. CHP from EF lead to
the maximal dual Lagrangian L

(
λCHP

)
that is -66 161[e], and the minimum sum

of uplifts that is 0[e]. LP prices lead to a dual Lagrangian that is -66 317.25[e],
and a sum of uplifts that is 77.187[e]. Analyse the dual Lagrangian function and
the uplifts according to price of hour 1 λt=1 and price of hour 2 λt=2. Prices of
hour 3 and 4 are 3000[e/MWh] = λt=3 = λt=4. One can see on figure 3.2 that
prices from EF indeed lead to maximal value of L (λ) and prices from LP do not.
Figure 3.3 represents the uplifts for both prices for EF and LP . Prices from EF
provide the minimum uplifts, i.e. 0[e], and prices from LP do not lead to minimum
uplifts, i.e. 77.187e.

Table 3.3 reports the uplifts and performances for both EF and LP methods.
For this small example the time performances are not that representative because
the current example does not represent real-world market. One may see a small
difference for RT and ST between LP and EF methods. This comes from the
fact that EF considers more variables and constraints, i.e. 164 variables and 444
constraints, than LP , i.e. 34 variables and 97 constraints.

Real-World Example

Example 3.2 (Winter-WE : Extended Formulation). This second example is
bigger than the previous one since it is a real world example. The current example
considers 68 generators from Belgian electricity network and a demand over 24
hours. Belgian generators are fully detailed in the Appendix in tables 9.5 and 9.6.
One may note that the start-up and shutdown levels, SU and SD, are not given for
Belgian generators. Hence assume they are both equal to the minimum run capacity
P of the generator.
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Figure 3.2: Dual Lagrangian function according to price of hour 1 and 2 for
example 3.1.
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Method Objective
Value [e]

Uplifts
[e]

RT [s] ST [s] Iterations

UC -67,357 / 0.013 0.001 -
LP -67,434.187 77.187 0.013 0.001 -
EF -67,357 0 0.016 0.0038 -

Table 3.3: Description of uplifts and their performances using LP and EF methods
to compute prices for example 3.1.
RT : total Running Time of the program.
ST : Solving Time of the program.

Method CHP ? Prices [e/MWh]
LP No

(
88.8333 45.4375 3000 3000

)
EF Yes

(
30 90 3000 3000

)
Table 3.4: Prices from different methods for example 3.1.

Figure 3.3: Uplifts according to price of hour 1 and 2 for example 3.1.
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Method Objective
Value [e]

Uplifts [e] RT [s] ST [s] Iterations

UC -607,224,305 / 1.128 0.699 -
LP -607,435,576 35,550 1.940 0.205 -
EF -607,245,477 21,171 242.347 197.293 -

Table 3.5: Description of uplifts and their performances using LP and EF methods
to compute prices for example 3.2.
RT : total Running Time of the program.
ST : Solving Time of the program.

Tables 3.5 reports the uplifts and performances for UC, LP and EF methods.
As expected LP and EF provides smaller objective value than UC since there are
relaxation programs. CHP from EF give a 0[e] uplift for the consumer and a
total amount of uplifts that is 21 171[e] for the generators. LP does not provide
CHP. Uplift for the consumer is 0[e] and total amount of uplifts for generators is
35 550[e]. Both uplifts of generators for CHP from EF and prices from LP are
compared on figure 3.4.

To obtain CHP one need to consider the 607,446 variables and 2,080,438
constraints required to build the EF optimization program. In comparison, LP
considers 8,864 variables and 26,697 constraints. Such number of variables and
constraints impacts RT and ST. Both RT and ST from EF are bigger than the
ones of LP .

3.6 Size of the Extended Formulation
Extended formulation from paper [16] is a compact formulation. However even
if polytope D 3.9 has a polynomial size in T , there is a considerable amount of
variables and constraints. Figures 3.5 and 3.6 represent the amount of variables
needed to describe polytope D for one generator only, considering different values
of UT.

Besides the amount of variables and constraints required to describe D, the
balance constraint and the linear transformation F also need to be specified. For a
real-world problem, one needs to consider more than one generator. Therefore, the
number of variables and constraints can be very high for real-world problems.

Considering the Belgian system made of 68 generators and considering a vector
[T ] with a length 24, the amount of variables and constraints required to model and
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Figure 3.4: Uplift for each generator with CHP from EF and prices from LP .

solve EF are respectively 607 446 and 2 080 438. The demand can be modelled
using different timesteps than 1 hour. One can use 15-minutes timestep. Hence
the length of vector [T ] changes due to the timestep. For a timestep of 5 minutes
[T ] as a length of 96. With such a time horizon [T ] the extended formulation that
considers the Belgian generators can even not be modelled on an usual laptop.

To tackle the problem of size of the extended formulation three methods have
been explored. The first method is a row generation algorithm and more precisely
it is a Bender decomposition. The second method is a column generation. The
third method is a column-and-row generation.

3.7 Prior and Posterior Production
In this section terms, prior and posterior respectively refer to prior to time horizon
[T ] and posterior to time horizon [T ].

One may note CHP from EF for example 3.1 have values 3000[e/MWh] for
hour 3 and hour 4. It is quite a high price regarding the costs of generator g1.
Actually generator g1 is not able to meet all demand at hour 3 and hour 4, therefore
λt=3 = λt=4 = V OLL = 3000[e/MWh].

The maximum run capacity P̄ is 16 [MW]. The demand is 16[MWh] for hour 3
and 11[MWh] for hour 4. Hence the generator g1 should be able to meet all demand
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Figure 3.5: Number of variables of polytope D according to T considering different
value of UT.
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Figure 3.6: Number of constraints of polytope D according to T considering
different value of UT.
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at hour 3 and 4. However with the extended formulation prior and posterior
productions are set to 0. Next lines explain why it is the case and why it is a
problem.

Intervals [a, b], used by the extended formulation to build feasible dispatch
polytope D[a,b], consider that production is starting at t = a and ending at t = b.
Hence production outside a given interval [a, b] is a 0[MW] production. To consider
prior and posterior production, i.e. outside time horizon [T ], one needs to consider
intervals outside time horizon [T ], i.e. intervals [a, b] such that a < 1 for prior
intervals [a, b] and intervals such that b > T for posterior intervals.
Sources [16], [18] propose the following solution :

• Consider intervals [0, b] for intervals starting before t = 1, i.e. [0, b] is a prior
interval.

• Consider intervals [a, T +1] for intervals shutting down after t = T , i.e. [a, T +1]
is a posterior interval.

It would enable prior and posterior productions in the extended formulation. As
consequence, it would be possible to consider committed generators prior time to
horizon [T ], and to provide committed generators for the next time horizon.

However this solution is not always sufficient. Assume generator is shutted
down before t = 1, i.e. there are no prior intervals. Consider interval [a, b = T + 1]
to have production posterior to time [T ]. b = T + 1 should be sufficiently large
such that constraint 3.4g does not force the production to be less than what it
could be in t = T .

Case 1 Consider the generator provided in table 3.1. Consider a demand of
L =

(
10 10

)
[MWh]. Hence the time horizon is [T ] = {1, 2} and T = 2.

To meet the demand at t = 2, the production should be 10[MW] at t = 2. Note
that generator can ramp up to 10[MW]. Therefore compute the term b in the time
interval [a = 1, b] such that there is a production of 10[MW] at t = 2.

From constraint 3.4g :

p
[a=1,b]
t=2 = 10 ≤ SD + (b− t)RD = 6 + (b− 2)5⇐⇒ b ≥ 10− 6

5 + 2 = 2.8

It leads to b ≥ 2.8 =⇒ b = 3 = T + 1. The proposed solution works in this case.

Case 2 Consider same generator provided in table 3.1. Consider now a demand
L =

(
20 20 20

)
. Time horizon is [T ] = {1, 2, 3}.
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In this case production starts at t = a = 1 with start-up level that is 6[MW],
i.e. p[a=1,b]

t=1 = 6[MW].
At t = 2 production increases at most of ramp-up RU , p[a=1,b]

t=2 = p
[a=1,b]
t=1 + RU =

6 + 5 = 11[MW].
At t = 3 production increases again at most of ramp-up RU , i.e. p

[a=1,b]
t=3 =

p
[a=1,b]
t=2 +RU = 11 + 5 = 16[MW].

As previously computed the term b in the time interval [a = 1, b] such that there is
a production of 16[MW] at t = 3.

From constraint 3.4g :

p
[a=1,b]
t=3 = 60 ≤ SD + (b− t)RD = 6 + (b− 3)5⇐⇒ b ≥ 16− 6

5 + 3 = 5

It leads to b ≥ 5 =⇒ b = 5 6= T + 1 = 4. The proposed solution does not work in
this case.

Same reasoning can be made to show that considering prior intervals [a = 0, b]
is not always sufficient to represent prior production.

The proposed solution can not represent any prior or posterior productions.
Therefore it is imposed for all methods in the next chapters and for the extended
formulation, that prior and posterior productions to time horizon [T ] are a null
production. There are neither committed generator at the beginning of time horizon
[T ], nor committed generators provided to a possible next time horizon.

At the beginning of the time horizon generators need to be started. The
production increases step by step. At the end of the time horizon generators need
to be shutted down, and before being shutted down they must decrease step by
step. This is why at the beginning and at the end of the time horizon prices may
be high, i.e. equal to V OLL, because all demand can not be meet.
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Chapter 4

Row Generation based on
Extended Formulation

The first improved method providing CHP is a Row Generation (RG) method.
More precisely it is a Bender decomposition. The master program is the linear
relaxation of the three-bin formulation. Slave programs are built for each generator.
They model the convex hull of the three-bin formulation Πg

3−bin, related to the
considered generator. Required cuts are added using slave programs based on a
master solution until convergence of the method, i.e. for a given master solution
no cuts have to be added.

4.1 Bender Decomposition : Basic Principles
Bender master problem is denoted MRG

LP . It considers a relaxation of Πg
3−bin

as feasible region. This relaxation is denoted R
(
Πg

3−bin

)
. Assume this relax-

ation is more compact than conv
(
Πg

3−bin

)
and is less tight than conv

(
Πg

3−bin

)
. It

can be certified that a proposed master solution (p∗, p̄∗, u∗, v∗, w∗) is such that
(p∗, p̄∗, u∗, v∗, w∗) ∈ conv

(
Πg

3−bin

)
, in one of the three ways,[18].

(i) For generator g, R
(
Πg

3−bin

)
= conv

(
Πg

3−bin

)
.

In such a case it is not needed to have slave Bender programs since the relax-
ation is already the convex hull of Πg

3−bin. As detailed in section Continuous
Linear Relaxation of the three-bin Formulation 2.3, under general
conditions relaxation R

(
Πg

3−bin

)
=R Πg

3−bin does not provide the convex hull
conv

(
Πg

3−bin

)
.

(ii) For generator g, it may be that (u∗, v∗, w∗) are binary values in the master
programs solution.
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BecauseR
(
Πg

3−bin

)
and conv

(
Πg

3−bin

)
must agree when (u∗, v∗, w∗) are binary

values, this certifies (p∗, p̄∗, u∗, v∗, w∗) ∈ conv
(
Πg

3−bin

)
. Again slave Bender

programs are not needed.

(iii) If (i) and (ii) are false for generator g, then the master solution must be
tested (p∗, p̄∗, u∗, v∗, w∗) ∈ conv

(
Πg

3−bin

)
through a Bender slave program.

If the master solution is not in conv
(
Πg

3−bin

)
, then the slave program generates

a valid cut of the form

(ε∗)Tpg + (µ∗)T p̄g + (ξ∗)Tug + (α∗)Tvg + (σ∗)Twg ≤ ν

The slave programs use the master solutions as fixed parameters and minimize
the distance to feasibility considering the feasible region conv

(
Πg

3−bin

)
, at each

iteration. If it is not feasible, i.e. the distance to feasibility is strictly positive,
then it eliminates the point (p∗, p̄∗, u∗, v∗, w∗) from R

(
Πg

3−bin

)
, using the dual

information from the slave program related to generator g to build a linear cut.
The linear cut is added to the master program MRG

LP in order to not choose the
same point again.

4.2 Master Program, Slave Programs and Row
Generation

The big issue when using the extended formulation for the three-bin formulation is
that it needs a huge number of variables and constraints at once. Row generation
is an iterative algorithm converging towards the maximum dual Lagrangian. It
reduces the number of variables and constraints used to model the optimization
programs to be solved. All variables and constraints are not simultaneously used
at once. It also speeds up the process of computing CHP.

4.2.1 Description of Master Program
The master program MRG

LP is the continuous Linear Program LP 2.5. As described
in a previous section the linear relaxation of the three-bin formulation RΠ3−bin is
not the convex hull of the three-bin formulation, but it is a superset of it. Hence
optimal solution provided by master program without cuts does not generally
provides the CHP.

Master program has one main advantage; it is more compact than the extended
formulation. There are much less variables and constraints than the extended
formulation. Continuous linear program has a number of variables and constraints
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linear in T , from proposition 4.1. The extended formulation uses polytope D, that
is compact but with a polynomial size in T .

Considering the Belgian system of 68 generators, a time horizon over 24 hours
with a timestep of 1 hour. On the one hand, EF needs the 607,446 variables and
the 2,080,438 constraints, describe in table 3.5, to be modelled. On the other hand,
the linear relaxation of the three-bin formulation RΠ3−bin needs 8,864 variables
and 26,697 constraints. The difference of constraints and variables between the
two optimization programs is explicit.

Proposition 4.1. Continuous linear program 2.5 has a number of variables and a
number of constraints linear in size of T .

Proof. See Appendix 9.3.10.

The master program of Bender decomposition is defined by expressions 4.1.

Master Program - Row Generation (MRG
LP )

MRG
LP ≡min

∑
t

∑
g∈G

cg (pg, ug, vg, wg)
− V OLL∑

t

lt


s.t (λt)

∑
g

ptg − lt = 0 ∀t ∈ [T ]

0 ≤ ll ≤ Lt ∀t
(p, p̄, u, v, w) ∈ Πg

3−bin ∀g ∈ G
(ug, vg, wg) ∈ [0, 1]3T ∀g ∈ G
(ug, vg, wg, pg, p̄g) ∈ Cg ∀g ∈ G

(4.1a)

(4.1b)

(4.1c)
(4.1d)
(4.1e)
(4.1f)

Let vEF , vMRG
LP and vLP respectively represent the objective function of the

extended formulation, the master of Bender decomposition and the linear relaxation
of Πg

3−bin. Because the extended formulation is at least as tight as the three-bin
formulation, then vEF ≥ vRG. Adding cuts Cg tights the feasible region of LP and
it is clear that vEF ≥ vRG ≥ vLP .

After adding all required cuts, the master program MRG
LP converges towards EF .

After convergence of Bender decomposition algorithm then EF = MRG
LP .
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4.2.2 Description of Slave Program
The slave program related to a given generator g is a Cut-Generating Linear
Program (CGLP ). Those programs are proceed independently for each generator.
It verifies whether the master solution (p∗, p̄∗, u∗, v∗, w∗) is feasible or not in the
convex hull, by computing its distance to feasibility in the extended formulation.
If the distance is strictly positive, then the slave program generates a cut to the
feasible region of the master program to restrict it.

CGLP is defined by expressions 4.2. Variable z represents the distance to
feasibility of the master solution to the extended formulation. Constraints 4.2c
and 4.2d represent the convex hull description given by polytope D. Constraints
4.2e, 4.2f, 4.2g, 4.2h and 4.2i define linear transformation F described in previous
section.

Slave Program : Cut Generating Linear Program (CGLP ) - Row Gen-
eration

CGLP ≡ min z

s.t.
π A[a, b]p[a,b] + Ā[a,b]p̄[a,b] ≤ γ[a,b]b̄

[a,b] + ze ∀[a, b] ∈ T
δ

∑
{[a,b]∈T |t∈[a,b+DT g ]}

γ[a,b] ≤ 1 + z ∀t ∈ [T ]

ε
∑

{[a,b]∈T }
p[a,b] = p∗

µ
∑

{[a,b]∈T }
p̄[a,b] = p̄∗

ξ
∑

{[a,b]∈T |t∈[a,b]}
γ[a,b] = u∗t ∀t ∈ [T ]

α
∑

{[a,b]∈T |t=a}
γ[a,b] = v∗t ∀t ∈ [T ]

σ
∑

{[a,b]∈T |t=b+1}
γ[a,b] = w∗t ∀t ∈ [T ]

z ∈ R+; p[a,b], p̄[a,b] ∈ RT+, γ[a,b] ∈ R+ ∀[a, b] ∈ T

(4.2a)
(4.2b)
(4.2c)
(4.2d)

(4.2e)

(4.2f)

(4.2g)

(4.2h)

(4.2i)

(4.2j)

Variables π, δ, ε, µ, ξ, α and σ are dual variables of corresponding constraints
and e is a vector full of ones of the appropriated size. There are two possible cases
for a master solution processed by CGLP :
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• If z∗ = (δ∗)T e + (ε∗)Tp∗ + (µ∗)T p̄∗ + (ξ∗)Tu∗ + (α∗)Tv∗ + (σ∗)Tw∗ = 0 then
(p∗, p̄∗, u∗, v∗, w∗) is feasible in the extended formulation.
Nothing has to be done. No cut is needed for the considered generator.

• Else z∗ = (δ∗)T e+ (ε∗)Tp∗ + (µ∗)T p̄∗ + (ξ∗)Tu∗ + (α∗)Tv∗ + (σ∗)Tw∗ > 0. A cut
is needed for solution (p∗, p̄∗, u∗, v∗, w∗).
This cut has to be applied on the feasible region of the master program. The
cut is given by

cutg : (δ∗)T e+ (ε∗)Tpg + (µ∗)T p̄g + (ξ∗)Tug + (α∗)Tvg + (σ∗)Twg ≤ 0 (4.3)

4.2.3 Bender Decomposition Algorithm
Bender decomposition algorithm repeatedly computes a master solution, and then
it adds cuts if needed. It is an outer method of primal EF . It starts with a bigger
feasible region than EF . The cuts reduce the feasible region of the master program
to restrict to the convex hull of the explored region by the solver. Hence adding
cuts increases, not necessarily strictly, the objective value of the master program
since it is a minimization.

At the beginning of Bender decomposition set of cuts Cg := ∅ since there are
no cuts computed yet. At each iteration of Bender decomposition, the master
program computes a master solution in feasible set set RΠg

3−bin∩Cg, which is simply
RΠg

3−bin ∩ ∅ =R Πg
3−bin at first iteration. This first step provides a solution that

might or not be feasible in the extended formulation. Hence the second step uses
slave programs for one generator at a time to check whether a cut needs to be built
or not. If a cut needs to be built then Cg is updated such that Cg := Cg ∩ cutg.
Once master solution is checked for all generator then it goes to next iteration. If
the master solution did not add a cut to a generator, then the master solution is
feasible for the extended formulation and Bender decomposition has converged.
Illustrative representation of the algorithm is provided on figure 4.1.

Remark 4.1 (Separable Problem). Bender decomposition algorithm uses separabil-
ity characteristic of UC. It considers the convex hull description of one generator
at a time to check whether master solution is feasible or not. It enables to have
one slave program per generator and not to consider all generators at a same time.

One may notice that the total number of variables and constraints does not
get smaller than for the extended formulation because all generators need a cor-
responding slave program. However what gets smaller is the number of variables
and constraints involved simultaneously in an optimization program. Polytope D
that is providing a convex hull description for a given generator does not need to
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Figure 4.1: Illustrative representation of Bender decomposition,[16].
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Cg = ∅ ∀g ∈ G;
for iter in 1..iterMax do

Solve RG : (p∗, p̄∗, u∗, v∗, w∗)←−MRG
LP (Cg);

for g in G do
Compute the cut for generator g :
(z∗, δ∗, ε∗, µ∗, ξ∗, α∗, σ∗)←− CGLP

(
p∗g, p̄

∗
g, u
∗
g, v
∗
g , w

∗
g

)
;

if z∗ > 0 then
Build cut cutg :
(δ∗)T e+ (ε∗)Tp+ (µ∗)T p̄+ (ξ∗)Tu+ (α∗)Tv + (σ∗)Tw ≤ 0;
Add cut : Cg := Cg ∩ cutg;

end
end
if No cut added for any generator then

Optimal solution found : Stop;
end

end
Algorithm 1: Bender Decomposition

consider other generator. Slave programs can be processed independently of each
other. They are processed one at a time. Much less constraints and variables are
involved in each iteration of row generation.

Regarding the generation of slave programs there is a choice to make.

• First approach is to build all slave programs only once and store them into
memory. In that case even if less variables and constraints are involved in each
iteration of row generation than for EF , all constraints and variables are still
stored in memory. Depending on size of G and [T ] this solution might not be
always possible.

• Second approach is to build a slave program each time it is needed. In that way
it is possible to solve problems considering bigger G and [T ]. However it wastes
time because same problems may be build several times.

What has been done is to apply first approach, store slave problems in memory,
when possible. When it is not possible second approach is applied

4.3 Examples
For iterative methods performances indicator RT and ST accumulate time at each
iteration.
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First example is a small example to illustrate how row generation add cuts and
converge towards maximal dual Lagrangian. Second example is a bigger one and
gives an idea of the performances of the different methods.

Small Example : One Generator on Four Hours

Example 4.1 (One Generator Example : Row Generation). Consider the same
market as the one defined in tables 3.1 and 3.2, i.e. one generator and four hours.
Table 4.1 shows the iterates of row generation.
At iteration 1, as expected row generation has the exact same objective value and
prices as LP of previous chapter, since no cut has been added yet. The master
solution from MRG

LP provides the following optimal solution to CGLP .

p∗ =
(
6 11 6 0

)
p̄∗ =

(
6 11 6 0

)
u∗ =

(
1 0.6875 1 0

)
v∗ =

(
1 0 0.3125 0

)
w∗ =

(
0 0.3125 0 1

)
Slave program CGLP adds the following cut to MRG

LP .
−1.1ut=1

g1 + 0.1p̄t=2
g1 − 1.6vt=2

g1 + 1.1wt=2
g1 − 0.5ut=4

g1 ≤ 0
At iteration 2, MRG

LP provides the following solution to CGLP . For this master
solution no cut needs to added. Row generation has converged to maximal dual
Lagrangian. Objective value of RG is the same as EF .

p∗ =
(
6 11 6 0

)
p̄∗ =

(
6 11 6 0

)
u∗ =

(
1 1 1 0

)
v∗ =

(
1 0 0 0

)
w∗ =

(
0 0 0 1

)
Prices of LP , EF and RG for this example are provided in table 4.2. CHP are

not unique. Prices from EF and RG are not exactly the same but they both lead to
maximal dual Lagrangian.

Figure 4.2 shows the dual Lagrangian function according to prices of hour 1
and hour 2. Prices from EF or RG provide higher dual Lagrangian value than LP .
Price iterates in table 4.1 are represented on the dual Lagrangian function. One
can see iterates converge towards maxλL (λ).
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Iteration Objective value of Row
Generation method

Prices λ

1 -67,434.1875 [e]
(
88.8333 45.4375 3000 3000

)
2 -67,357 [e]

(
98.7121 52.4545 3000 3000

)
Table 4.1: Iterates of row generation method for example 4.1.

Figure 4.3 shows the uplifts according to price of hour 1 and hour 2. The two
CHP from EF and RG provide 0[e] uplifts and prices from LP provide 77.187[e]
uplifts. The prices iterates from row generation converge towards minimum uplifts,
that is 0[e] at iteration 2 in this case.

Method CHP ? Prices [e/MWh]
LP No

(
88.8333 45.4375 3000 3000

)
EF Yes

(
30 90 3000 3000

)
RG Yes

(
98.7121 52.4545 3000 3000

)
Table 4.2: Prices from different methods for example 4.1.

Performances are described in table 4.3. For this small example EF is faster
than RG to compute CHP, but it is not really representative of a real-world electricity
market.

Method Objective
Value [e]

Uplifts
[e]

RT [s] ST [s] Iterations

UC -67,357 / 0.013 0.001 /
LP -67,434.187 77.187 0.013 0.001 /
EF -67,357 0 0.016 0.0038 /
RG -67,357 0 4.052 0.015 2

Table 4.3: Description of uplifts and their performances using LP and EF methods
to compute prices for example 4.1.
RT : total Running Time of the program.
ST : Solving Time of the program.

Real-World Example

Example 4.2 (Winter-WE : Row Generation). Consider Belgian generators de-
scribed in tables 9.5, 9.6 and the demand Winter −WE on a time horizon of 24

65



Figure 4.2: Dual Lagrangian function according to price hour 1 and hour 2 for
example 4.1.
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Figure 4.3: Uplifts according to price of hour 1 and hour 2 for example 4.1.

hours with a timestep of 1 hour, i.e. [T ] is of length 24.

For this real-worl electricity market, it is possible to build all slave programs
CGLP and keep them in memory. Row generation converges after 31 iterations,
as one can see on figure 4.5. RT and ST are respectively 123.585[s] and 77.746[s],
and are reported in table 4.4. There is an improvement from row generation of
50% for RT and 60% for ST, based on the extended formulation. Row generation
method is already having interesting results for the data sample of this example.

Row generation with a rebuilding of slave programs has also been performed. It
provides the same results for the objective value and the uplifts, but not with the
same performances. As expected rebuilding slave programs takes more time and it
is visible in both RT and ST. This rebuilding impacts more RT than ST. Indeed row
generation with rebuilding is 8.84 times slower than without rebuilding, in terms of
RT, and it is 4.16 times slower than without rebuilding in terms of ST.

Figure 4.4 shows the convergence of RG towards the maximum dual Lagrangian,
iteration after iteration. It also shows the enhancement each iteration provides to
the objective value of MRG

LP in order to reach the maximum dual Lagrangian value.
Figure 4.5 shows the uplift for each generator according to CHP from EF and RG,
and price from LP . It is clear that total amount of uplifts is lower for EF and RG
than for LP .
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Method Objective
Value [e]

Uplifts [e] RT [s] ST [s] Iterations

UC -607,224,305 / 1.128 0.699 /
LP -607,435,576 35,550 1.940 0.205 /
EF -607,245,477 21,171 242.347 197.293 /
RG -607,245,477 21,171 123.585 77.746 31

RG re-build -607,245,477 21,171 1092.884 325.807 31

Table 4.4: Uplifts and performances using LP , EF and RG methods to compute
prices for example 4.2.
RT : total Running Time of the program.
ST : Solving Time of the program.

4.4 Hyper-Parameter of RG
In the row generation algorithm a cut is added if z∗ > 0. Due to floating point
errors, or because one is not interested to find the exact CHP but is satisfied with
approximate prices, the condition to add a cut might be formulated such that
z∗ > τRG. Hyper-parameter τRG has an impact on the behaviour of RG and on the
optimal solution of row generation.

Figure 4.6 shows the objective value and uplifts after converge of row generation
for different values of τRG. While τRG is increasing the objective value is decreasing
and the sum of uplifts is increasing. Being less strict when adding cut does not
exactly describe convex hull. Feasible region is bigger than convex hull and objective
value can thus reach a smaller objective value than the maximal dual Lagrangian,
causing uplifts to be higher. For τRG ≥ 0.23 the objective value of row generation
vRG is simply the one of the linear relaxation vLP . One can see on figure 4.8 for
τRG ≥ 0.23 that only one iteration is performed. No cuts are added to master
program.

Figure 4.7 shows the total running time RT and solving time ST needed for row
generation to converge. Both RT and ST are correlated to the number of iterations
on figure 4.8 to converge. The more hyper-parameter τRG is strict, i.e. close to 0,
the more cuts will be added, the more RT and ST will be big. Inversely, the more
τRG is loose, i.e. close to 1, the less cuts are added, the more RT and ST are small.
For τRG ≥ 0.23 no cuts are added and thus RT and St stay quite constant. For
such τRG, it converges in 1 iteration.

The objective of this master thesis is to compute exactly CHP therefore τRG = 0,
therefore a cut is added if z∗ > 0. The reader is aware that the behaviour of RG
might change with this hyper-parameter τRG.
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Figure 4.4: Evolution of row generation method and the impact of each iteration
on the objective value.

Figure 4.5: Uplift for each generator with CHP from EF and RG and prices from
LP .
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Figure 4.6: Objective value and uplifts for real-world example Winter − WE
considering different values of τRG.

Figure 4.7: RT and ST for real-world example Winter −WE considering different
vaues of τRG.
RT : total Running Time of the program.
ST : Solving Time of the program.
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Figure 4.8: Number of iterations row generation needs to converge for real-world
example Winter −WE considering different vaues of τRG.
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Chapter 5

Column Generation

The second improved method to compute CHP is a Column Generation (CG)
method based on Dantzig-Wolfe decomposition, [1]. Promising feasible schedules
are added to master program to improve current solution. Those schedules are
feasible points of Πg

3−bin. Convex hull of Πg
3−bin is not defined using extended

solution but using convex combinations between feasible points.

5.1 Dantzig-Wolfe Decomposition : Basic Prin-
ciples

Source [26] provides a detailed general Dantzig-Wolfe Decomposition. The basic
principles are the following ones.

Recall that the general MILP is F = min {cx : Dx ≥ d, x ∈ X}, where X =
P ∩ (Zn × Rp) with polyhedron P =

{
x ∈ Rn+p

+ : Bx ≥ b
}
. Constraint Dx ≥ d

represents a "complicate" constraint and set X represents tractable set.

Assume X is a bounded integer set. Let {xg}g∈G be either extreme points of
conv (X) or all points ofX. The master program of Dantzig-Wolfe decompositionM
for a general optimization program is given by expression 5.1. Its linear relaxation
is MPL 5.2. It is equivalent to solve either M 5.1 or F .
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M ≡min
∑
g∈G

(cxg) zg

s.t. (λ)
∑
g∈G

(Dxg) zg ≥ d

(ν)
∑
g∈G

λt = 1

z ∈ {0, 1}|G|

(5.1a)

(5.1b)

(5.1c)

(5.1d)

MLP ≡min
∑
g∈G

(cxg) zg

s.t. (λ)
∑
g∈G

(Dxg) zg ≥ d

(ν)
∑
g∈G

λt = 1

z ∈ [0, 1]|G|

(5.2a)

(5.2b)

(5.2c)

(5.2d)

Observation 5.1. It is equivalent to solve either MLP or optimization program
min {cx : Dx ≥ d, x ∈ conv (X)}.

From observation 5.1 one may want to solve directly MLP 5.2. However solving
the whole linear program MLP is not a reasonable option since it means to provide
an exhaustive enumeration of all xg. Hence suppose at each iteration t of the
simplex algorithm only a subset of the points {xg}g∈Gt available. Optimization
program considering only such a subset Gt ⊆ G is the restricted master program
M̄ . Its linear relaxation M̄LP given by expressions 5.3 and its dual D is given
by expressions 5.4. Let z′ and (λ′, ν ′) represent respectively the primal and dual
solutions of the restricted master program.
Observation 5.2 (From source [26]). There are three important observations to
build column generation algorithm.
(i) Given a current dual solution (λ′, ν ′), the reduced cost of the column associated

to solution xg is cxg − λ′Dxg − ν ′.

(ii) ξ = ming∈G(cxg − λ′Dxg) = minx∈X (c− λ′D)x. Not needed to examine
reduced costs on a huge number of columns, it can be carried out by solving a
single integer program over X.

(iii) The objective value of the restricted master problem vM̄ = ∑
g∈Gt(cxg)z′g =

λ′d+ ν ′ gives an upper bound on vM . M 5.1 is solved when ξ − ν ′ = 0, i.e.
when there is no column with negative cost.

M̄LP ≡min
∑
g∈Gt

(cxg) zg

s.t. (λ)
∑
g∈Gt

(Dxg) zg ≥ d

(ν)
∑
g∈Gt

zg = 1

z ∈ [0, 1]|G
t|

(5.3a)

(5.3b)

(5.3c)

(5.3d)
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D ≡max λd+ ν

s.t. λDxg + ν ≤ cxg ∀g ∈ Gt

λ ≥ 0, ν ∈ R

(5.4a)
(5.4b)
(5.4c)

5.1.1 Application to Unit Commit Problem
General formulations previously detailed can be adapted to UC problem in order
to find maxλ {L (λ)}, that is the initial goal.

Assume the set Πg
3−bin has a finite number of feasible schedules, defined by 5.1,

then UC is equivalent to the Set Partitioning Problem (SPP ) 5.5, from propo-
sition 5.1. Let ng ∈ Ng be an index to define feasible schedule (p̂ng

g , ˆ̄png
g , û

ng
g , v̂

ng
g , ŵ

ng
g )

of generator g. Each variable zng
g is related to a feasible schedule

(
p̂ng
g , ˆ̄png

g , û
ng
g , v̂

ng
g , ŵ

ng
g

)
.

For simplicity in let ĉng
g := c

(
p̂ng
g , ˆ̄png

g , û
ng
g , v̂

ng
g , ŵ

ng
g

)
. Then SPP 5.5 is an integer

linear program selecting optimal schedules to minimize the total welfare.
It is important to note that feasible schedules are parameters of the optimization
program.

Definition 5.1 (Feasible Schedule). A feasible schedule for generator g is a set of
fixed variables (p̂g, ˆ̄pg, ûg, v̂g, ŵg) such that (p̂g, ˆ̄pg, ûg, v̂g, ŵg) ∈ Πg

3−bin.

Constraint 5.5b defines the balance constraint. The total production is the
sum of all feasible schedules for all generators, and it has to meet the demand lt.
A given schedule might represent a zero production. Constraint 5.5c requires for
each generator to select exactly one schedule. Constraint 5.5d imposes zng

g to be a
binary variable, i.e. a schedule is chosen or not. Constraint 5.5e defines bounds on
the demand lt that is meet be the market.
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Set Partitioning Problem (SPP )

minzng
g ,lt

∑
g∈G

 ∑
ng∈Ng

(
ĉng
g · zng

g

)− V OLL∑
t

lt

s.t.
∑
g∈G

∑
ng∈Ng

p̂ng
g = lt ∀t ∈ [T ]

∑
ng∈Ng

zng
g = 1 ∀g ∈ G

zng
g ∈ {0, 1} ∀g ∈ G,∀ng ∈ Ng

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(5.5a)

(5.5b)

(5.5c)

(5.5d)
(5.5e)

Proposition 5.1. SPP is equivalent to UC.

Proof. See Appendix 9.3.11.

From proposition 5.1 SPP and UC are equivalent. UC optimizes over con-
tinuous variables and SPP selects the schedules leading to optimality among all
possible feasible schedules.

Using SPP to solve UC does not seem reasonable since it would require an
exhaustive enumeration of all feasible schedules in order to solve a huge integer
linear program that is 5.5. However SPP is not considered as optimization to be
solved instead of UC. It is a basis for restricted master program M̄LP of column
generation method.

Reminder of definition 2.1; assuming there is a finite number of elements in
set S, its convex hull is the set containing convex combinations of elements in
S enumerated such that x1, x2, ..., x|S|. The restricted master program M̄LP of
column generation considers continuous linear variables zng

g allowing to make
convex combinations of feasible schedules. Those feasible schedules are provided
by slave programs and are elements of S := Πg

3−bin. Column generation is building
conv

(
Πg

3−bin

)
by convex combinations between the schedules in the direction the

solver is looking for a solution.

conv (S) =
x :

|S|∑
i=1

µix
i

∣∣∣∣∣∣
|S|∑
i=1

µi = 1, µi ≥ 0

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5.2 Restricted Master Program, Slave Programs
and Column Generation

5.2.1 Restricted Master Program
The master program of column generation is M̄LP 5.6. It considers fixed feasible
schedules and can perform convex combinations with the schedules, i.e. zng

g is
continuous linear variables. To make a parallel with source [26] given Dantzig-
Wolfe principles, zng

g is equivalent to zg in expressions 5.3. Feasible schedules are
parameters for M̄LP , i.e. fixed values, and their equivalent is xg in expressions 5.3.
Promising feasible schedules are provided to M̄LP by the slave programs in order
to improve the current optimal solution.

Restricted Master Program - Column Generation

M̄LP ≡min
∑
g∈G

 ∑
ng∈Ng

(
ĉng
g · zng

g

)− V OLL∑
t

lt

s.t. (λt)
∑
g∈G

∑
ng∈Ng

p̂ng
g = lt ∀t ∈ [T ]

(νg)
∑

ng∈Ng

zng
g = 1 ∀g ∈ G

0 ≤ zng
g ∀g ∈ G,∀ng ∈ Ng

0 ≤ lt ≤ Lt ∀t ∈ [T ]

(5.6a)

(5.6b)

(5.6c)

(5.6d)
(5.6e)

5.2.2 Slave Programs
Reduced cost in Dantzig-Wolfe principles from [26] are defined such that
rc = minx∈X {(c− λ′D)x}−ν ′. Hence the reduced cost of a column can be defined
for a generator g by expression 5.7.

rcg = rcg (pg, p̄g, ug, vg, wg) = min
{
cg (pg, p̄g, ug, vg, wg)−

∑
t

λtp
t
g

}
− νg (5.7)

Slave programs generate new feasible schedules that are actually new columns to
be added to M̄LP , as long as they have a negative reduced cost rcg(p, p̄, u, v, w) < 0.
Slave programs are built for each generator g and they are given by expression 5.8.
λt and νg are constant terms in this program. They are provided from master
program M̄LP in which they are dual multipliers of the two constraints 5.6b and 5.6c.
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Last term −νg can be removed during the optimization, as it is a constant, but it
must remain for computing reduced cost. Reduced cost can be solved as an integer
program for each generator from observation 5.2-(ii).

Slave Program - Column Generation

min cg (pg, p̄g, ug, vg, wg)−
∑
t

λtp
t
g − νg

s.t. (pg, p̄g, ug, vg, wg) ∈ Πg
3−bin

(5.8a)

(5.8b)

From proposition 5.2 a finite number of feasible schedules, such that their
reduced cost is strictly negative, is required to be added to M̄LP .

Proposition 5.2 (From source 9.9). Only a finite number of iterations is required
if each feasible solution is improved by introducing into the basis either an extreme
point such that reduced cost rcg(p, p̄, u, v, w) < 0 or any homogenenous solution
from the finite set Πg

3−bin such that rcg(p, p̄, u, v, w) < 0.

Proof. See Appendix 9.3.12.

5.2.3 Column Generation Algorithm
Column generation is an inner method of primal EF . The column generation
algorithm starts with an initialization of the feasible schedules defined by FSg. A
possible initalization is to estimate prices and then compute feasible schedules but
the initalization implemented is to consider feasible schedules from the dispatch
solution as initialization.

For each iteration, the master program M̄LP is solved. It provides the dual
multipliers λt and µg to the slave programs. Then for each generator g a slave
program computes reduced cost rcg 5.7. If the reduced cost is non-positive then it
adds the corresponding feasible schedule

(
p̂, ˆ̄p, û, v̂, ŵ

)
as parameter to M̄LP . If the

reduced costs are positive for all generator g ∈ G, then the algorithm has converged
and it stops, from observation 5.2-(iii). Those columns allow M̄LP to perform
convex combinations with points of set Πg

3−bin to build convex hull conv
(
Πg

3−bin

)
.

Iteration after iteration, slave programs provide columns to build the convex hull
in the direction M̄LP is looking for a solution.
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FSg ←− initialization feasible schedules ∀g ∈ G;
for iter in 1..iterMax do

Solve master : (λt, νg)←− M̄LP (FSg);
for g in G do

Compute reduced cost for generator g : rcg ←− Slave (λt, νg);
if rcg < −τCG then

Add feasible schedule to M̄LP : FSg := FSg ∪
(
p̂g, ˆ̄pg, ûg, v̂g, ŵg

)
;

end
end
if No negative reduced cost then

Optimal solution found : Stop;
end

end
Algorithm 2: Column Generation : Dantzig-Wolfe Decomposition

M̄LP involves less variables and constraints simultaneously than the initial
optimization program EF computing CHP. Slave programs are actually MILP and
the master program M̄LP is a linear program. The expensive step in the algorithm
is solving the slave programs. To avoid loosing time, the slaves programs are kept
in memory when it is possible. They are built only once, at the beginning of the
algorithm, and then λt and νg are updated at each iteration. M̄LP is also built
only once at the beginning of the algorithm. Then variables and their respective
coefficients are added to the two existing constraints.

When it is not possible because the problem considered it too big either in the
size of G or in the size of [T ], then slave program are re-built at each iteration.
However for all examples presented through the manuscript, it was always possible
to store the slave programs and M̄LP in memory, and to only add or modify the
stored programs at each iteration.

One may notice τCG instead of 0 in the condition to add column. This hyper-
parameter will be explained later in the chapter. For now consider τCG = 0.

5.3 Examples
First example illustrates how iterates of column generation converge to the optimal
solution. Second example, as previously, is on a bigger data set to have an idea of
the performances of column generation, in comparison to row generation and the
extended formulation.
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Small Example : One Generator on Four Hours

Example 5.1 (One Generator Example : Column Generation). Consider the
market defined by generators and consumer respectively detailed on tables 3.1
and 3.2, i.e. one generator and four hours. Table 5.1 shows the iterates of column
generation.

At initialization there is one feasible schedule, the one from UC.

p̂ =
{(

6 11 6 0
)}

ˆ̄p =
{(

6 11 6 0
)}

û =
{(

1 1 1 0
)}

v̂ =
{(

1 0 0 0
)}

ŵ =
{(

0 0 0 1
)}

At iteration 1, master program M̄LP provides prices λ =
(
3000 −3123.36 3000 3000

)
.

The price of hour 2 is completely out of scope of graph 5.1, showing the dual La-
grangian function, and of graph 5.2, showing uplifts function. Hence iterate 1 of
prices from column generation is not represented on both graphs.
For this iteration as expected the only available schedule is completely chosen, i.e.
zn1 = 1. The slave program computes the reduced cost, and it is strictly negative
−34, 934. Hence it adds the corresponding feasible schedules.

p̂ =
{(

6 11 6 0
)
,
(
6 0 6 0

)}
ˆ̄p =

{(
6 11 6 0

)
,
(
6 0 6 0

)}
û =

{(
1 1 1 0

)
,
(
1 0 1 0

)}
v̂ =

{(
1 0 0 0

)
,
(
1 0 1 0

)}
ŵ =

{(
0 0 0 1

)
,
(
0 1 0 1

)}

At iteration 2, there is one more feasible schedule. Master program M̄LP provides
prices λ =

(
−2822.33 52.4545 3000 3000

)
. Price of hour 1 is completely out of

scope of graph 5.1, showing dual Lagrangian function, and of graph 5.2, showing
uplifts function. Hence iterate 2 is also not represented on both graphs.
First schedule is again the one to be fully chosen, i.e. zn1 = 1. There are still
negative reduced cost −17, 467 strictly negative. The slave adds the corresponding
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feasible schedule to the master program M̄LP .

p̂ =
{(

6 11 6 0
)
,
(
6 0 6 0

)
,
(
0 0 6 0

)}
ˆ̄p =

{(
6 11 6 0

)
,
(
6 0 6

)
,
(
0 0 6 0

)}
û =

{(
1 1 1 0

)
,
(
1 0 1 0

)
,
(
0 0 1 0

)}
v̂ =

{(
1 0 0 0

)
,
(
1 0 1 0

)
,
(
0 0 1 0

)}
ŵ =

{(
0 0 0 1

)
,
(
0 1 0 1

)
,
(
0 0 0 1

)}

At iteration 3, there are three different schedules given to M̄LP . First schedule
is fully chosen zn1 = 1. It computes prices λ =

(
88.8333 52.4545 3000 3000

)
.

Those prices can be represented on both graphs 5.1 and 5.2. With such prices there
are no negative reduced costs. Column generation has converged. First graph 5.1
shows that last iterate of M̄LP indeed reaches maximal value of dual Lagrangian
function. Equivalently graph 5.2 shows that last iterate of M̄LP reaches minimum
uplifts.

Iteration M̄LP Prices λ
1 -67,357

(
3000 −3123.36 3000 3000

)
2 -67,357

(
−2822.33 52.4545 3000 3000

)
3 -67,357

(
88.8333 52.4545 3000 3000

)
Table 5.1: Iterates of row generation method for example 5.1.

Table 5.2 reports the prices from LP , EF , RG and CG. Prices from EF , RG
and CG are CHP and lead to a 0[e] uplifts as one can see on table 5.3. The
performances for each method is provided on table 5.3. However for such a small
example, it is not really representative of a real-world electricity market. This is
why the method is the method is applied to the second example.

Real-World Example

Example 5.2 (Winter-WE : Column Generation). Consider Belgian generators
on tables 9.5, 9.6, i.e. 68 generators, and demand Winter−WE on a time horizon
over 24 hours with a timestep of 1 hour, i.e. [T ] has of a length 24.
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Figure 5.1: Dual Lagrangian function according to price hour 1 and price 2 for
example 5.1.
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Method CHP ? Prices [e/MWh]
LP No

(
88.8333 45.4375 3000 3000

)
EF Yes

(
30 90 3000 3000

)
RG Yes

(
98.7121 52.4545 3000 3000

)
CG Yes

(
88.833 52.4545 3000 3000

)
Table 5.2: Prices from different methods for example 5.1.

Method Objective
Value [e]

Uplifts
[e]

RT [s] ST [s] Iterations

UC -67,357 / 0.013 0.001 /
LP -67,434.187 77.187 0.013 0.001 /
EF -67,357 0 0.016 0.0038 /
RG -67,357 0 4.052 0.015 2
CG -67,357 0 1.836 0.005 3

Table 5.3: Description of uplifts and their performances using LP and EF methods
to compute prices for example 5.1.
RT : total Running Time of the program.
ST : Solving Time of the program.

M̄LP and the slave programs are built only once and then kept in memory. CG
converges in 29 iterations as visible on figure 5.3. The objective value of M̄LP

stagnates between iterations 1 and 10, and then between iterations 16 and 29. The
impact of those iterations is less visible. Finally it provides CHP at iteration
29. Consumer has a 0[e] uplifts and uplift for each generator are provided on
figure 5.4. On this figure, uplifts from the four tested methods EF , LP , RG, CG
are represented.

CG algorithm struggles to converge due to floating point errors when τCG = 0.
Indeed, for this example CG still finds non-positive reduced cost of the order −10−10

after performing the 29 iterations. Therefore it continues to add columns and reach
the maximal number of iterations that is 500. To avoid adding columns on CG
when it should have converged, the hyper-parameter is set to τCG = 10−5. For such
a value it prevents from looping until maximal number of iterations, and it preserves
the precision for CHP. Solution CG(τCG = 10−5) is considered as optimal solution
for the rest of this example.

Row generation and column generation perform almost the same number of
iterations however CG converges in 10.463[s], that is 10 times faster than RG.
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Figure 5.2: Dual Lagrangian function according to price hour 1 and price 2 for
example 5.1.

Based on row generation, there is a improvement of 91% of time for RT. Based on
the extended formulation, there is a improvement of 95% of time for RT.

Up to now there are three different methods providing CHP leading to minimum
uplifts. For the same data sample, that is the Belgian generators and demand
Winter −WE, the extended formulation needs 242.347 [s], row generation needs
123.585 [s] and column generation needs 11.97 [s]. Up to now, column generation
is outperforming the two other methods on the given data sample.

5.4 Hyper-Parameter of CG
One may note there is a close similarity between the condition to add rows in RG
and the condition to add columns in CG. RG adds a constraint if z∗ > 0 and CG
adds a column if rcg < 0. However z∗ and rcg have complete different orders of
magnitude. The first represents the distance of master solution to feasibility and
the second represents reduced cost of a column for given dual multipliers λt and νg.

Due to numerically floating point errors, or because one is not interested in
exact CHP but in an approximation, condition to add columns in RG might

84



Figure 5.3: Evolution of row generation and column generation methods and the
impact of their iterates on the objective value.

Figure 5.4: Uplift for each generator with CHP from EF , RG and CG and prices
from LP .
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Method Objective
Value [e]

Uplifts [e] RT [s] ST [s] Iterations

UC -607,224,305 / 1.128 0.699 /
LP -607,435,576 35,550 1.940 0.205 /
EF -607,245,477 21,171 242.347 197.293 /
RG -607,245,477 21,171 123.585 77.746 31

RG re-build -607,245,477 21,171 1092.884 325.807 31
CG(τCG = 0) -607,245,477 21,171 117.136 94.340 500 (iter

max)
CG(τCG = 10−5) -607,245,477 21,171 11.976 5.346 29

Table 5.4: Uplifts and performances using LP , EF and RG methods to compute
prices for example 4.2.
RT : total Running Time of the program.
ST : Solving Time of the program.

be changed such that rcg < −τCG, for τCG ≥ 0. Hyper-parameter τCG highly
conditioned behaviour of the column generation algorithm and its results. For
τCRG = 0 example 5.2 reaches the maximal number of iterations, that is 500,
because some reduced costs had very small negative values, i.e. rcg = −10−10.
The proposed solution for this example was to use τCG = 10−5 and for such a τCG
column generation converges after 29 iterations. What about other values for τCG ?

For column generation, the smaller is the objective value, the better is the
solution. Indeed, column generation is an inner algorithm, adding columns enables
CG to improve its objective function and thus to get closer to CHP .

On the one hand, for small values of τCG the condition rcg < −τCG is often
satisfied, and thus more columns are added to master program M̄LP . The solution
after convergence of column generation is closer to the maximal dual lagrangian
and the prices lead to smaller uplifts, as one can see on figure 5.5. However it needs
more iterations for the column algorithm to converge, as one can see on figure 5.7,
and RT and ST are higher, as one can see on figure 5.6.

On the other hand, for bigger values of τCG the condition rcg < −τCG is less
often satisfied. Therefore less columns are added. Because column generation is
an inner method, then the solution after convergence of CG is less good with less
columns, i.e. prices lead to bigger uplifts as one can see on figure 5.5. In such
cases, column generation provides an approximation, but it needs less iterations to
converge, see on figure 5.7, and RT and ST are smaller 5.6.
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Figure 5.5: Objective value and uplifts for real-world example Winter-WE consid-
ering different values of τCG.

The increasing of the objective value and the uplifts on figure 5.5 is not mono-
tonic. Depending on the hyper-parameter τCG, the columns added to the restricted
master M̄LP are not always the same. Hence from one value of τCG to another, the
feasible schedules in the restricted master are not the same. The general trend is
indeed to have an increase of the uplifts and the objective value. However sometimes
with a looser constraint rcg < −τCG, there might have different schedules that
combined together provide a better solution after convergence, than for a constraint
less loose.
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Figure 5.6: RT and ST for real-world example Winter-WE considering different
values of τCG.
RT : total Running Time of the program.
ST : Solving Time of the program.

Figure 5.7: Number of iterations column generation needs to converge for real-world
example Winter-WE considering different values of τCG.
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Chapter 6

Column-and-Row Generation
based on Extended Formulation

The third improved method to compute CHP is the Column-and-Row Genera-
tion (CRG) method, [24]. The extended formulation presented previously has the
advantage to provide a tight and compact extended formulation for Πg

3−bin as linear
program. However it introduces a lot of constraints and variables. Row generation
tackles the size of the linear program with an outer approach, by adding successive
cuts to a master program. Column generation tackles the size of the linear program
with an inner approach, by adding successive feasible schedules to its restricted
master program.

Column-and-row generation is actually a column generation method for the
extended formulation. Promising intervals of production along with their constraints
are added to restricted master program in order to improve current solution. The
slave program, that is the pricing problem, selects intervals as columns of the
extended formulation with negative reduced cost.

6.1 Column-and-Row Generation : Basic Princi-
ples and General Formulations

Recall that the general MILP is F = min {cx : Dx ≥ d, x ∈ X}, where X =
P ∩ (Zn × Rp) with polyhedron P =

{
x ∈ Rn+p

+ : Bx ≥ b
}
. Constraint Dx ≥ d

represents a "complicate" constraint and set X represents tractable set.

Recall also that in previous sections, the general linear extended formulation
RLP is given by expression 6.1, the restricted linear master program of column
generation M̄LP is given by expression 6.2 and its dual D is given by expression 6.3.
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They have been specified in order to apply different algorithms computing CHP for
the Unit Commitment problem through the chapters Extended Formulation 3
and Column Generation 5. Those general formulations are also used in this
section to provide the basic principles of column-and-row generation.

RLP ≡min cTz

s.t. DTz ≥ d

Hz ≥ h

z ∈ Re

(6.1a)
(6.1b)
(6.1c)
(6.1d)

M̄LP ≡min
∑
g∈Gt

(cxg) zg

s.t. (λ)
∑
g∈Gt

(Dxg) zg ≥ d

(ν)
∑
g∈Gt

zg = 1

z ∈ [0, 1]|G
t|

(6.2a)

(6.2b)

(6.2c)

(6.2d)

D ≡min λd+ ν

s.t. λDxg + ν ≤ cxg ∀g ∈ Gt

λ ∈ R|G
t|

+ , ν ∈ R

(6.3a)
(6.3b)
(6.3c)

Assumption 6.1. Assumptions made in source [24].
There exists a polyhedron Q =

{
z ∈ Re+ : Hz ≥ h

}
, defined by a rational matrix

H ∈ Qf×e and a vector h ∈ Qf , and a linear transformation F defining projection
: z ∈ Re+ −→ x = (Tz) ∈ Rn+p

+ such that

(i) Q defines an extended formulation for conv (X)

conv (X) = projxQ =
{
x ∈ Rn+p

+ : x = Tz;Hz ≥ h; z ∈ Re+
}

(ii) Z = Q ∩ Ne defines an extended IP-formulation for X, i.e.

X = projxZ =
{
x ∈ Rn+p

+ : x = Tz;Hz ≥ h; z ∈ Ne
}

Assumption 6.1-(i) is verified by proposition 3.2, whereQ is actually the polytope
D 3.9. Assumption 6.1-(ii) is also verified since the polytope D defines a tight
extended formulation. The linear transformation is defined by expressions 3.11.

Restricted Extended Formulations

Let {zs}s∈S be the enumerated set of solutions zs of Z ⊆ Ze+. Then S̄ ⊂ S defines
an enumerated subset of solutions : {zs}s∈S̄.
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Definition 6.1 (From source [24]). Given a solution zs of Z, let J(zs) =
{
j : zsj > 0

}
⊆

{1, ..., e} be the support of solution vector zs and let
I(zs) = {i : Hij 6= 0 for some j ∈ J(zs)} ⊆ {1, ..., f} be the set of constraints of Q
that involve some non zero components of zs.

From previous definition 6.1, refines the following terms :

• z̄ is the restriction of z to the components of J̄ = ∪s∈S̄J(zs).

• h̄ is the restriction of h to the components of J̄ = ∪s∈S̄J(zs).

• H̄ is the restriction of H to the rows of Ī = ∪s∈S̄I(zs) and the columns of
J̄ = ∪s∈S̄J(zs)

• T̄ is the restriction of T to columns of J̄ = ∪s∈S̄J(zs)

Define the general expression of Restricted Extended Formulation R̄ that is given
by expression 6.4, and its linear relaxation is R̄LP that is given by expression 6.5. For
those restricted formulations only a subset of variables and coefficients are available
in the optimization programs. Both formulations R̄ and R̄LP are equivalent since
packing polytopes D provide a tight extended formulation from proposition 3.2.

R̄ ≡min cT̄ z̄

s.t. DT̄ z̄ ≥ d

H̄z̄ ≥ h̄

z̄ ∈ N|J̄ |

(6.4a)
(6.4b)
(6.4c)
(6.4d)

R̄LP ≡min cT̄ z̄

s.t. DT̄ z̄ ≥ d

H̄z̄ ≥ h̄

z̄ ∈ R|J̄ |

(6.5a)
(6.5b)
(6.5c)
(6.5d)

Definition 6.2 (From source [24]). Assume subset S̄ ⊂ S properly chosen to
guarantee the feasibility of R̄LP . The associated set is

Ḡ = G
(
S̄
)

=
{
g ∈ G : xg = Tzs for some s ∈ S̄

}
Proposition 6.1 (From source [24]). Let R̄ 6.4 and M̄ be the restricted versions of
formulations R and M , both associated with the same subset S̄ ⊂ S of subproblem
solutions and associated Ḡ as defined in 6.2. Under assumption 6.1, their linear
relaxation values are such that

v∗ ≤ vR̄LP ≤ vM̄LP (6.6)

Proof. See Appendix 9.3.13.
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Proposition 6.1 states that for a given subset S̄, the restricted extended formula-
tion R̄ gives a better solution than the restricted Dantzig-Wolfe decomposition M̄ .
Hence the idea is to do column generation on the restricted extended formulation
R̄LP 6.5, with the hope to converge in less iterations than the regular column
generation, i.e. with Dantzig-Wolfe decomposition M̄LP 6.2.

6.1.1 Column-and-Row Algorithm : General Procedure
The procedure proposed by [24] is a dynamic column-and-row generation for linear
program R̄LP . It generates new columns, i.e. new production intervals, for T̄ while
getting the prices as the dual multipliers of the balance constraint from R̄LP . It
is not a simple column generation since adding a production interval [a, b] in the
basis T̄ requires to add constraints defining the production on this interval [a, b],
i.e. the dispatch polytope D[a,b].

Column-and-row method is based on several propositions summarised in 6.2.

Proposition 6.2. From source [24].
Let vR̄LP denote the optimal LP value of R̄LP , while (λ, σ) denotes an optimal dual
solution respectively associated to the balance constraint and to the constraints
defining extended formulation of convex hull. Let z∗ be the subproblem solution
given by the pricing problem in Step 2 of the procedure 6.1, and ζ = (c− λD)Tz∗
be its objective value. Then

(i) The dual Lagrangian bound : L(λ) = λd+ (c− λD)Tz∗ = λd+ ζ defines a
valid dual bound for MLP , while (λ, ζ) defines a feasible solution of D, the
dual of MLP .

(ii) Let β denote the best of the above Lagrangian bound encountered in the
procedure 6.1. If vR̄LP ≤ β, i.e. when the stopping condition is satisfied in
Step 3, then v∗ = β and (λ, ζ) defines an optimal solution to D.

(iii) If vR̄LP > β, then [(c− λD)T − σH] z∗ < 0. Hence, some of the component
of z∗ were not present in R̄LP and have a negative reduced cost for the current
dual solution (λ, σ).

(iv) Inversely, when [(c− λD)T − σH] z∗ ≥ 0, i.e. if the generated column has
non negative aggregate reduced cost for the dual solution of R̄LP , then vR̄LP ≤ β
(the stopping condition of Step 3 must be satisfied) and (λ, ν) defines a feasible
solution for formulation D defined in 6.3 for ν = σh

Proof. See Appendix.
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What utility for these propositions ?
• Proposition 6.2-(i) states that L(λ) defines a valid dual bound for MLP . It is

used to define the dual bound update in Step 3.

• Proposition 6.2-(ii) defines the stopping criteria of the column-and-row generation
algorithm 6.1. This stopping criteria is used in Step 3 and it involves the dual
bound.

• Proposition 6.2-(iii) states that if the stopping criteria is not satisfied, then the
columns with negative reduced cost have to be added to R̄LP . Those columns
are the ones added in Step 4, if stopping criteria is not satisfied.

• Proposition 6.2-(iv) states that if stopping criteria is satisfied, then there are no
more columns with negative reduced cost. Hence algorithm 6.1 has converged
and it stops.
From the proposition 6.2 dynamic column-and-row generation algorithm can

be built. It is provided for general formulations in table 6.1.

Step 0 : Initialize the dual bound, β := −∞, and the subproblem solution set S̄
so that the linear relaxation of R̄ is feasible.

Step 1 : Solve the LP relaxation of R̄ and record its value vR̄LP and the dual
solution λ associated to constraint DT̄ z̄ ≥ d.

Step 2 : Solve the pricing problem ,i.e. slave program,

z∗ := argmin {(c− λD)Tz : z ∈ Z}

and record its value ζ := (c− λD)Tz∗.
Step 3 : Compute the Lagrangian dual bound: L(λ) := λd + ζ, and update the

dual bound β := max {β, L(λ)}. If vR̄LP ≤ β, STOP.
Step 4 : Update the current bundle, S̄, by adding solution zs := z∗ and update

the resulting restricted reformulation R̄ according to definition 6.1. Then
go to Step 1.

Table 6.1: Dynamic column-and-row generation for R̄LP ,[24]

6.2 Restricted Extended Formulation, Pricing Prob-
lem and Column-and-Row Algorithm

Derive now the general formulation from previous section for the current problem,
that is to solve maxλ {L (λ)} 2.2.
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6.2.1 Restricted Extended Formulation
The extended formulation derived in previous chapter for the current problem is
given by expressions 6.7. It is important to remember that the extended formulation
uses intervals of production [a, b] ∈ T , where T defines all production intervals
respecting minimum up time UT .

min

 ∑
[a,b]∈T

∑
g∈G

cg
(
p[a,b]
g , γg[a,b]

)− V OLL∑
t

lt


s.t (λt)

∑
g

∑
[a,b]

p[a,b],t
g − lt = 0 ∀t ∈ [T ]

A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ γ[a,b]b̄
[a,b] ∀[a, b] ∈ T(

p[a,b], p̄[a,b]
)
∈ R2T

+ ∀[a, b] ∈ T∑
{[a,b]∈T |t∈[a,b+DT ]}

γ[a,b] ≤ 1 ∀t ∈ [T ]

γ[a,b] ≥ 0 ∀[a, b] ∈ T(
p[a,b]
g , p̄[a,b]

g

)
∈ R2T

+ ∀g ∈ G
0 ≤ ll ≤ Lt ∀t

(6.7a)

(6.7b)

(6.7c)
(6.7d)
(6.7e)

(6.7f)
(6.7g)
(6.7h)

For the problem of interest it means to restrict only to some intervals [a, b] ∈ T̄ ,
and their related variables and constraints. Restricted Extended Formulation for
the current problem is given by expressions 6.8.

94



Restricted Extended Formulation - Column-and-Row Generation

R̄LP ≡min

 ∑
[a,b]∈T̄

∑
g∈G

cg
(
p[a,b]
g , γg[a,b]

)− V OLL∑
t

lt


s.t (λt)

∑
g

∑
[a,b]∈T̄

p[a,b],t
g − lt = 0 ∀t ∈ [T ]

A[a,b]p[a,b] + Ā[a,b]p̄[a,b] ≤ γ[a,b]b̄
[a,b] ∀[a, b] ∈ T̄(

p[a,b], p̄[a,b]
)
∈ R2T

+ ∀[a, b] ∈ T̄∑
{[a,b]∈T̄ |t∈[a,b+DT ]}

γ[a,b] ≤ 1 ∀t ∈ [T ]

γ[a,b] ≥ 0 ∀[a, b] ∈ T̄(
p[a,b]
g , p̄[a,b]

g

)
∈ R2T

+ ∀g ∈ G
0 ≤ ll ≤ Lt ∀t

(6.8a)

(6.8b)

(6.8c)
(6.8d)
(6.8e)

(6.8f)
(6.8g)
(6.8h)

6.2.2 Pricing Problem
The pricing problem is the slave program. It is the optimization program providing
the dual bound L(λ). Hence it dualizes the constraint DTz ≥ d from RLP 6.5.
Dual Lagrangian bound is described by following expression.

L(π) = min {cTz − λ (DTz − d) : z ∈ Z}
= min {cTz − λDTz : z ∈ Z}+ λd = (c− λD)Tz∗ + λd = ζ + λd

For the current problem, the pricing problem is given by expression 6.9 in the
dispatch polytopes basis, i.e. variables

(
p[a,b]
g , p̄[a,b]

g , γ[a,b]
)
∈ D[a,b], that is the dual

extended formulation.
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min

 ∑
[a,b]∈T

∑
g∈G

cg
(
p[a,b]
g , γg[a,b]

)− V OLL∑
t

lt

−
∑
t

λt

∑
g

∑
[a,b]∈T

p
[a,b]
t − lt


s.t

∑
{[a,b]∈T |t∈[a,b+DT ]}

γg[a,b] ≤ 1 ∀g

A[a,b]
g p[a,b]

g + Ā[a,b]
g p̄[a,b]

g − γ[a,b]
g b̄[a,b]

g ≤ 0 ∀g
(p[a,b]
g , p̄[a,b]

g ) ∈ R2T
+ ∀g

0 ≤ γg[a,b] ∀g,∀[a, b]
0 ≤ ll ≤ Lt ∀t

(6.9a)

(6.9b)

(6.9c)

(6.9d)
(6.9e)
(6.9f)
(6.9g)

However solving this pricing problem requires to formulate all variables and con-
straints causing problems in EF 3.12. From proposition 3.2, the constraints 6.9c, 6.9d
and 6.9e provide compact and tight extended formulation. The balance constraint
is not binding all the generators any more, i.e. the "complicate" constraint Dx ≥ d
is not in the feasible region any more. Hence, from proposition 2.3, solving the dual
extended formulation problem is equivalent to directly solve the dual Lagrangian
L (λ).

ζ = min {(c− λD)Tz : z ∈ Z} = min {(c− λD)x : Bx ≥ b} (6.10)

The pricing problem can be formulated as the dual Lagrangian problem 6.11,
where cg := cg (pgt , ugt , vgt , wgt ).

Pricing Problem - Column-and-Row Generation

z∗ = argmin
{(∑

g

cg − V OLL
∑
t

lt

)
−
∑
t

λt

(∑
g

pgt − lt
)}

s.t (pg, p̄g, ug, vg, wg) ∈ Πg
3−bin ∀g ∈ G

0 ≤ ll ≤ Lt ∀t

(6.11a)

(6.11b)
(6.11c)

6.2.3 Column-and-Row Generation Algorithm
Column-and-row generation is based on the generic procedure 6.1. The implemented
initialization is to define the initial production intervals using dispatch solution.
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Then for each iteration, the algorithm first solves the restricted extended formulation
linear program R̄LP , using the production intervals such that [a, b] ∈ T̄ . R̄LP defines
a primal bound on the optimal solution v∗ as it is an inner method. Then it solves
the pricing problem with price λ from R̄LP . It provides a dual bound on the optimal
solution v∗. β is updated to always represent the maximal dual bound reached.
If both primal and dual bound are equal, then optimal solution has been found
and CHP are λ. If optimality criteria is not satisfied, then the production intervals
obtained from the pricing problem are added to set T̄ .

This method adds columns, production intervals [a, b], but also rows since those
production intervals [a, b] are defined by a dispatch polytope D[a,b]. When adding
the interval [a, b] to T̄ , the algorithm must also add the packing polytope D[a,b] to
feasible region of restricted extended formulation R̄LP .

T̄ g ←− initialization production intervals ∀g ∈ G;
for iter in 1..iterMax do

Solve R̄LP :
(
λ, vR̄LP

)
←− R̄LP

(
T̄
)
;

x∗ ←− Pricing Problem (λ);
Compute L(λ) := λd+ ζ = λd+ (c− λD)x∗;
Update dual bound β := max {β, L(λ)};
if vR̄LP ≤ β + τCRG then

Optimal solution found : Stop;
end
T̄ := T̄ ∪ {[a, b] s.t. [a, b] ∈ x∗};

end
Algorithm 3: Column-and-Row Generation (CRG)

R̄LP and the pricing problem are only built once. At each iteration the objective
value of the pricing problem is updated, and intervals of production [a, b] with their
packing polytopes D[a,b] are added to R̄LP .

Hyper-parameter τCRG ensures not to miss stopping criteria due to floating
point errors. It could also be used if one is interested in approximation of CHP
and make less iterations. For now consider τCRG = 10−5.

6.3 Examples
As previously two different example are analysed. First example is small example
to illustrate how iterates of column-and-row generation converge towards maximum
dual Lagrangian, equivalently minimum sum of uplifts. Second example is a

97



bigger one, to have an idea of the performances of column-and-row generation in
comparison to the three other methods.

Small Example : One Generator on Four Hours

Example 6.1 (One Generator Example : Column-and-Row Generation). Consider
a market where the generator and the consumer are respectively detailed in tables 3.1
and 3.2, i.e. one generator on four hours. Table 6.2 reports the iterates of column-
and-row generation algorithm.

At initialization, there is one interval, the one provided when looking a solution
from UC, that is T̄ := {[1, 3]}.

At iteration 1, R̄LP provides prices λ =
(
30 30 3000 3000

)
. It computes the

pricing problem and updates the dual Lagrangian bound β = −67, 957. The stopping
criteria is not satisfied. Solution x∗ from the pricing problem indicates what interval
[a, b] to add to R̄LP . The production from pricing problem is px∗ =

(
0 0 6 0

)
hence production interval is [3, 3]. Update of the set containing the intervals
T̄ = {[1, 3], [3, 3]}.

At iteration 2, R̄LP provides prices λ =
(
30 84.5455 3000 3000

)
. The dual

bound is now β = −67, 384.2727. The stopping criteria is not satisfied yet, since
vR̄LP = −67, 357 � β = −67, 384.272. The solution x∗ from the pricing problem
indicates what new interval to add to R̄LP . Production from pricing problem
is px∗ =

(
0 6 6 0

)
hence the production interval is [2, 3]. Update of the set

containing the intervals T̄ = {[1, 3], [3, 3], [2, 3]}.

At iteration 3, R̄LP provides prices λ =
(
38.3333 80 3000 3000

)
. The dual

Lagrangian bound is now β = −67, 357 and the stopping criteria is satisfied, i.e.
R̄LP = 67, 357 ≤ β = −67, 357. The optimal solution has been reached by column-
and-row algorithm. Prices are CHP, as reported in table 6.3. Prices from EF , RG,
CG and CRG are CHP and lead to a total amount of uplift that is 0[e] , as one
can see in table 6.4. It also reports performances for each method. However for
such a small example is not really representative of real-world example. This is
why comes second example 6.2.

Figure 6.1 shows the convergence of column-and-row iterates towards the max-
imal dual Lagrangian function, according to price hour 1 and hour 2. One can
see that each iterate improves current dual Lagrangian bound, to finally obtain the
optimal solution.
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Iteration R̄LP [e] L(λ) [e] Intervals Prices λ
0 / / {[1, 3]} /
1 -67,357 -67,957 {[1, 3]; [3, 3]}

(
30 30 3000 3000

)
2 -67,357 -67,384.272 {[1, 3]; [3, 3]; [2, 3]}

(
30 84.5455 3000 3000

)
3 -67,357 -67,357 {[1, 3]; [3, 3]; [2, 3]}

(
38.3333 80 3000 3000

)
Table 6.2: Iterates of column-and-row generation for example 6.1.

Figure 6.2 shows the convergence of column-and-row iterates towards minimal
uplifts. Each iteration improves the current uplifts to finally reach minimal uplifts.
One can note CHP from extended formulation, row generation, column generation
and column-and-row generation are all different but still provide the same maximal
dual Lagrangian and minimum sum of uplifts.

Method CHP ? Prices [e/MWh]
LP No

(
88.8333 45.4375 3000 3000

)
EF Yes

(
30 90 3000 3000

)
RG Yes

(
98.7121 52.4545 3000 3000

)
CG Yes

(
88.833 52.4545 3000 3000

)
CRG Yes

(
38.333 80 3000 3000

)
Table 6.3: Prices from different methods for example 6.1.

Method Objective
Value [e]

Uplifts
[e]

RT [s] ST [s] Iterations

UC -67,357 / 0.013 0.001 /
LP -67,434.187 77.187 0.013 0.001 /
EF -67,357 0 0.016 0.0038 /
RG -67,357 0 4.052 0.015 2
CG -67,357 0 1.836 0.005 3
CRG -67,357 0 5.906 0.015 3

Table 6.4: Description of uplifts and performances for LP , EF , RG, CG and CRG
methods to compute prices for example 6.1.
RT : total Running Time of the program.
ST : Solving Time of the program.
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Figure 6.1: Dual Lagrangian function according to price hour 1 and hour 2 for
example 6.1.

100



Figure 6.2: Uplifts according to price of hour 1 and hour 2 for example 6.1.

Real-World Example

Example 6.2 (Winter-We : Column-and-row Generation). This example considers
the set of Belgian generators, given in tables 9.5, 9.6, and the Belgian demand
Winter-WE on a time horizon over 24 hours with a timestep of 1 hour, i.e. [T ] is
of length 24.

CRG converges in 3 iterations, as one can see in table 6.5 and on figure 6.3.
Second iteration has a notable impact to improve R̄LP . Between iteration 2 and 3
objective value of R̄LP does not improve but there were still columns with reduced
cost. The stopping criteria was not satisfied. At iteration 3 it provides CHP since
the optimal value is found v∗ = vR̄LP . Those CHP provide a 0[e] uplift for consumer
and the uplifts for the generators are described on figure 6.4.

It needs 11.4 seconds to perform the 3 iterations, however most of the time is
spent building optimization programs. It only solves those optimization programs
during 1.297 seconds. CG has a total running time a bit faster than CRG, but the
CRG spends much less time solving optimization programs. One can also see that
CRG needs 3 iterations to converge where CG needs 29.

Based on EF , column-and-row generation CRG provides an improvement of
95% for RT and an improvement of 99% for ST.
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Figure 6.3: Evolution of row generation, column generation and column-and-row
generation methods, and the impact of their iterates on the objective value.

Figure 6.4: Uplift for each generator with CHP from EF , RG, CG and CRG, and
prices from LP .
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Method Objective
Value [e]

Uplifts [e] RT [s] ST [s] Iterations

UC -607,224,305 / 1.128 0.699 /
LP -607,435,576 35,550 1.940 0.205 /
EF -607,245,477 21,171 242.347 197.293 /
RG -607,245,477 21,171 123.585 77.746 31

RG re-build -607,245,477 21,171 1092.884 325.807 31
CG(τCG = 0) -607,245,477 21,171 117.136 94.340 500 (iter

max)
CG(τCG = 10−5) -607,245,477 21,171 11.976 5.346 29
CRG(τCRG = 0) -607,245,477 21,171 204.391 188.237 500 (iter

max)
CRG(τCRG = 10−5) -607,245,477 21,171 11.420 1.297 3

Table 6.5: Uplifts and performances using LP , EF , RG, CG and CRG methods
to compute prices for example 4.2.
RT : total Running Time of the program.
ST : Solving Time of the program.

6.4 Hyper-Parameter of CRG
As for RG and CG, the stopping criteria may need to be changed for some data
samples due to some floating point errors. Instead of considering the condition
vR̄LP ≥ β one may consider the condition vR̄LP ≥ β + τCRG, with τCRG ≥ 0, as
stopping criteria for the column-and-row generation algorithm.

One can see on figure 6.5 the uplifts and objective values vR̄LP , and on figure 6.7
number of iterations according to different values of τCRG for real-world example 6.2.
Note that both graphs consider values for τCRG from 0 to 10−5 with a step of 10−6.

For τCRG = 0, CRG iterates until 500 iterations, i.e. the maximum number of
iterations. One can see that the total amount of uplifts is the same for τCRG = 0 or
τCRG = 10−6, but the difference is in the number of iterations. For τCRG = 0, the
algorithm reaches 500 iterations and for τCRG = 10−6 it converges in 3 iterations.
Actually the algorithm has already converged for τCRG = 0 after 3 iterations but
the stopping criteria is not satisfied due to floating point error. There is a difference
of the order of 10−10 between vR̄LP and the dual Lagrangian bound β.

τCRG has big impact on CRG in the sens that the number of iterations drops
from 500 to 3, when changing τCRG from 0 to 10−6. However τCRG has little impact
on the behaviour when varying from 10−5 to 10−6. As soon as τCRG > 10−10, then
CRG converges in 3 iterations. For the rest of the manuscript, assume τCRG = 10−5.
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Figure 6.5: Objective value and uplifts for real-world example Winter-WE consid-
ering different values of τCRG.

6.5 Column-and-Row Generation versus Column
Generation

Column generation and column-and-row generation are both algorithm adding
columns with negative reduced cost to a restricted master program. But the
restricted master program is not the same. Primary interest to implement R̄LP ,
instead of M̄PL, is to exploit second inequality of proposition 6.1, i.e. vRLP ≤ vMLP .

Consider the column generation restricted master program M̄LP 5.6. It is
a Dantzig-Wolfe decomposition considering the balance constraint and convex
combinations as its feasible constraints. Columns are feasible schedules, i.e. fixed
set of vector (p̂, ˆ̄p, û, v̂, ŵ). Schedules are considered as parameters by restricted
master program CG of column generation.

Consider the column-and-row generation restricted master program R̄LP 6.8.
It is a restricted extended formulation considering packing polytope D 3.12 of its
production intervals, and the balance constraint as its feasible region. The columns
are production intervals [a, b]. Adding columns to R̄LP means to add all variables
(p[a,b], p̄[a,b], γ[a,b]) and constraints D[a,b] 3.12 to R̄LP , where for the regular column
generation CG, it is only means to add feasible schedules and variables zng .

In practice R̄LP considers more variables and constraints than R̄LP . Table 6.6
reports number of variables and constraints needed to build the master programs
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Figure 6.6: RT and ST for real-worl example Wintr-WE considering different values
of τCRG.
RT : total Running Time of the program.
ST : Solving Time of the program.

Figure 6.7: Number of iterations column-and-row generation needs to converge for
real-world example Winter-WE considering different values of τCRG.
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Row Generation Column-and-Row Genera-
tion

Iteration Number Vari-
ables

Number Con-
straints

Number Vari-
ables

Number Con-
straints

1 12,786 35,368 92 276
2 13,581 37,213 153 398
3 13,634 37,392 214 520
... ... ...

29 861 1,814

Table 6.6: Number of variables and constraints building restricted master program
according to the iterate of CG and CRG considering real-world example 6.2.

of column generation and column-and-row generation. Since the first iteration,
R̄LP considers more variables and constraints than M̄LP . However this difference
is also visible in the time required to perform restricted master programs. One can
see detailed solving time for column generation and column-and-row generation
on figure 6.8. Column-and-row iterations converges in less iteration, but each
iteration for its restricted master program R̄LP 6.8 and its slave program Pricing
Problem 6.11 needs more time to be solved, than the ones of column generation.
Restricted master program M̄LP 5.6 of column generation is simply a linear program
with variables zng , since feasible schedules are parameters It is thus solved in a
small amount of time. The solving time required for all the slave programs 5.8,
i.e. one per generator, of column generation are summed up and considered as one
big slave program for each iteration. But still, they need less time than Pricing
Problem to be solved.

Key Properties of the interest of Column-and-Row Generation

Source [24] advances Recombination property 6.1. One may not need to generate
further columns to achieve some solution Q\conv

(
Z
(
S̄
))
, i.e. that is in the ex-

tended formulation of conv (X), but not the part already representing conv
(
Z
(
S̄
))

.
Intuitively, production intervals are fixed, but the way generators produce in those
intervals is free. Hence it can represent different feasible schedules

(
p̂, ˆ̄p, û, v̂, ŵ

)
from CG. With one iteration CRG can thus represent several iterations of CG.
For all the coming data samples, CRG always needs less iterations than CG to
converge.

Property 6.1 (Recombination). From sources [24].
Given S̄ ⊂ S, ∃z̃ ∈ RLP

(
S̄
)
, such that z̃ /∈ conv

(
Z
(
S̄
))
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Figure 6.8: Solving Time (ST) for master and slave programs considering both
column generation and column-and-row generation.
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Part III

Comparison of the Methods
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Chapter 7

Computational Experiments and
Conclusion

All different methods, the extended formulation, row generation, column generation,
and column-and-row generation, compute CHP for real-world day-ahead electricity
markets. They have been detailed in previous chapters and tested on one real-world
example, that isWinter-WE. Table 6.5 summarises performances of the different
methods for this specific example. This chapter compares the four methods, when
possible, on four data sets considering different amounts of generators and different
time horizons.

RT is the total Running Time needed to provide CHP, for a given method, and
ST is the total Solving Time Gurobi needs to provide CHP, for a given method.
Those two quantities are used to describe the behaviour of the methods when
computing CHP. The main performance indicator is RT. ST is an additional
performance indicator allowing to see what percentage of RT is dedicated to solving
optimization problems.

All computational experiments were performed on an Asus Harkort STR 24
laptop with a 7 Intel 6500U processor, and 8 Go of RAM, running Windows 10.
Gurobi 9.1.1 was used to solve all the presented optimization problems using Julia
as the programming language. All parameters of Gurobi were preserved at default,
in particular the feasibility tolerance, the optimality tolerance and the barrier
convergence tolerance, for which the default value is 1e− 8.

For all the data sets, prior and posterior productions are set to 0, as explained
in section Prior and Posterior Production 3.7.
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7.1 small_belgian Data Set
The first data set is called small_belgian. It considers the 68 Belgian generators
given in tables 9.5 and 9.6. Time horizon [T ] is over 24 hours with a timestep
of 1 hour, i.e. [T ] has a length 24. Table 9.1 is in the appendix, and it reports
performances of the four methods providing CHP for all the data samples of the
data set considered. In table 9.1, the smallest RT value between all the four
methods is highlighted in green. Figure 7.1 reports the average performances of
the methods considering all data samples.

The extended Formulation As expected the extended formulation is the
method with the highest average RT and ST values, as one can see on figure 7.1.
This means it is the slowest method to provide CHP. Average RT and ST values are
respectively 206.265 seconds and 168.763 seconds. Such values are a consequence
of the number of variables and constraints required to build the complete optimiza-
tion program. Indeed on average among all the data samples there are 607,446
variables and 2,080,438 constraints required to model the extended formulation.
On average solving the optimization program takes 81% of the total running time
RT. The algorithm does not spend much time doing other things than solving the
optimization program. The aim for the other three methods is to improve both RT
and ST values of this method.

Row Generation It provides CHP faster than the extended formulation. Average
RT is 143.595 seconds and average ST is 59.96 seconds. As one can see on figure 7.1
those values for RT and ST are already lower, for row generation, than for the
extended formulation. For all the data samples it was possible to build the slave
programs only once, and then to store them in memory. Solving optimization
programs takes on average only 41% of RT. The rest of the time is spent building
slave programs, among other things. Even if this percentage is not very high,
keeping slave programs in memory increases the percentage of solving time ST
among the total running time RT. This percentage would be higher if all slave
programs would need to be re-built at each step.

The expensive step of the algorithm is checking if the master solution is feasible
for all the slave programs. Solving master programs takes on average 0.829 seconds,
i.e. 1.3% of ST, and solving slave programs takes on average 59.131 seconds, i.e.
98.7% of ST. It makes sense since the master program is a simple linear program
and slave programs are extended formulations for the generators. Based on the
extended formulation, row generation makes improvements of 30% for RT and 64%
for ST.
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Column generation It is faster than row generation, and as a consequence it
also improves the extended formulation. Average RT and ST values for column
generation are represented on figure 7.1. Both values are lower than the ones of row
generation. They are respectively 8.953 seconds and 4.739 seconds. The method
spends 52% of its running time solving optimization programs. This percentage is
less than the one of the extended formulation because column generation needs to
build all the slave programs.

Solving restricted master programs M̄LP of column generation takes on average
0.06 seconds, i.e. 1% of ST, and solving slave programs takes on average 4.679
seconds, i.e. 99% of ST. As for row generation, the expensive step is running slave
programs. However it needs less time to run slave programs for column generation
than for row generation. This has an impact on both RT and ST values, that
are on average smaller for column generation than for row generation. Based on
the extended formulation, column generation makes improvements of 95% for RT
and 97% for ST. Those improvements are already better than the ones of row
generation.

Column-and-row Generation For column-and-row generation, average RT
and ST values are respectively 5.349 seconds and 1.475 seconds. They are the
smallest ones, as one can see on figure 7.1. Solving optimization programs takes on
average 27% of RT. This percentage is smaller than the one of the other methods
because the steps in the algorithm, that are not solving optimization programs,
require more time. Indeed the method needs time to generate production intervals,
and to add the related constraints and variables to the master program.

Solving restricted master programs R̄LP takes on average 0.108 seconds, i.e. 7%
of ST, and solving slave programs takes on average 1.367 seconds, i.e. 93% of ST.
Again, the expensive step is running the salve programs. It is on average faster
to solve slave programs of column-and-row generation than to solve the ones of
row generation or column generation. Column-and-row generation also needs less
iterations than column generation to converge. Hence column-and-row generation
provides CHP faster than column generation. It is actually the fastest method to
provide CHP for this data set. Based on the extended formulation, column-and-row
generation improves even more RT and ST values than column generation. The
improvements for RT and ST respectively reach 97% and 99%.

Column-and-row generation provides the highest improvements based on the
extended formulation. It is on average the fastest method to provide CHP for the
data set small_belgian.
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Figure 7.1: Average RT and ST for the data set small_belgian.

7.2 rts_gmlc Data Set
The second data set is rts_gmlc, [3]. It considers 73 generators from US. The time
horizon [T ] is over 48 hours with a timestep of 1 hour, i.e. [T ] has a length of 48.
This data set has almost the same number of generators as the previous data set
small_belgian but it considers a bigger time horizon. For this data set, as prior
and posterior productions are set to 0, the demand has been cut in two to have
prices closer to the reality, i.e. different than V OLL for each hour. Table 9.2, in
the appendix, reports performances of the four different methods. For each data
sample the smallest RT value between all the four methods is highlighted in green.
Figure 7.2 reports the average performances of the methods considering all data
samples of the current data set rts_gmlc.

The Extended Formulation For the rts_gmlc data set it is not possible
to build the extended formulation. Gurobi needs too much memory for the
optimization program to be completely modelled. Hence it is not possible to
provide RT and ST values. Neither RT, nor ST are described on figure 7.2.

Row Generation Since the extended formulation can not be built, it is straight-
forward that all the slave programs of row generation can not be built once and then
kept in memory. The number of variables and constraints of each slave program
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depends on the technical constraints of generator g. On average, among all the 78
generator from the data sample 2020-01-27, a slave program has 100,120 variables
and 327,633 constraints. One may think it is not a big issue to re-build slave
programs at each iteration. However for the data sample 2020-01-27, the first
iteration takes 451.921 seconds, i.e. 7 minuntes and 31 seconds. If row generation
converges after 30 iterations it would roughly take 3 hours and 45. Row genera-
tion does not converge in less than 30 minutes for any of the data samples from
rts_gmlc. In comparison to column generation and column-and-row generation,
row generation is completely outdated. Row generation is considered as unable to
provide CHP, therefore neither RT, nor ST are described on figure 7.2.

Column Generation This method is able to provide CHP in a reasonable
amount of time, and it does even better than reasonable time. Average RT value is
66.694 seconds and average ST value is 54.812 seconds. As for the previous data
set, RT and ST values are described on figure 7.2. The method spends 82% of its
total running time solving optimization programs. This percentage is higher than
for the previous data set because there are much more iterations performed for this
data set than for the previous one.

Solving restricted master programs M̄LP takes on average 2.747 seconds, i.e. 5%
of ST, and solving slave programs takes on average 52.065 seconds, i.e. 95% of ST.
As for the previous data set, the expensive step of the algorithm is solving the slave
programs. Since neither the extended formulation, nor row generation provide CHP,
column generation serves as a basis to be improved by column-and-row generation.

Column-and-row Generation It provides CHP faster than column generation,
as one can see on figure 7.2. The method has average RT value of 10.871 seconds
and average ST value of 4.797 seconds. It spends 44% of the total running time RT
solving optimization programs. This percentage is lower than the one of column
generation because the steps in the algorithm, that are not solving optimization
programs, require more time. However this percentage is higher than the one of
the previous data set because there are more performed iterations for this data set.
The total amount of time needed to build the slave programs is the same, but the
percentage is different because the method runs longer.

Restricted master program R̄LP of column-and-row generation takes on average
1.184 seconds to be solved, i.e. 24.7% of ST, and slave program takes on average
3.614 second to be solved, i.e. 75.3% of ST. As for all the previous methods, the
expensive step is solving slave programs. Based on column generation, there is an
improvement of 83% for RT and 91% for ST.
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Figure 7.2: Average RT and ST for the data set rts_gmlc.

Column-and-row generation is clearly the fastest method to compute CHP for
the rts_gmlc data set, just like for the small_belgian data set.

7.3 ferc Data Set
The third data set is ferc [17], [19]. It considers between 934 and 978 generators,
depending on the data sample. The two first data samples 2015-03-01_hw and
2015-03-01_lw consider 934 generators. The other data samples consider 978
generators. Table 9.3 is in the appendix, and it reports the performances of the four
different methods. The time horizon [T ] is over 48 hours with a timestep of 1 hour,
i.e. [T ] has a length of 48. For this data set, as prior and posterior productions are
set to 0, the demand has been cut in twelve to have prices closer to the reality, i.e.
different than V OLL for each hour. For each data sample the smallest RT value
between all the four methods is highlighted in green. Figure 7.3 reports average
RT and ST values for all the four methods considering the current data set ferc.

The Extended Formulation As expected, it is not possible to build the ex-
tended formulation. The ferc data set considers more generators than the previous
rts_gmlc data set, for which it was already impossible to build the extended
formulation. There are too many variables and constraints for Gurobi to store the
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optimization problem in memory. It is not possible for the extended formulation
to provide RT and ST values. They are both not described on figure 7.3.

Row Generation Row generation can not store the slave programs in memory.
It was expected since there are more generators for this data set than for the
rts_gmlc data set, and the time horizon [T ] is the same as the one in rts_gmlc.
On average among all the 934 generators from the data sample 2015-03-01_hw, a
slave program has 88,408 variables and 293,636 constraints. At each iteration of
row generation all the 934 slave programs are re-built from scratch. It is costly and
one iteration roughly takes 4336.371 seconds, i.e. 1 hour and 12 minutes. Assuming
row generation has to perform 30 iterations, the average number of iterations from
the small_belgian data set, it would roughly take 36 hours and 7 minutes for
row generation to provide CHP. Again, for this data set row generation never
provides CHP in less than 30 minutes. In comparison to column generation and
column-and-row generation, row generation is again completely outdated. Row
generation is considered as unable to provide CHP, therefore neither RT, nor ST
are described on figure 7.3.

Column Generation This method is able to provide CHP and does even better
than simply providing CHP. Average RT and ST values, among all the data samples,
are respectively 240.602 seconds and 165.127 seconds. This means that column
generation spends on average 68% of its total running time RT solving optimization
programs. The time needed to build the slave programs is bigger because there are
more generators. Hence this building time is bigger in the total running time. It
decreases the percentage of solving time ST. This percentage is also lower than the
one of column generation applied to the rts_gmlc data set, because there are less
iterations performed by column generation.

Solving master programs takes on average 3.395 seconds, i.e. 2% of ST, and
solving slave programs takes on average 161.732 seconds, i.e. 98% of ST. As
previously, solving slave programs is the expensive step of the algorithm. Column
generation is the fastest method for two lasts data samples in table 9.3. However
on average it is not the fastest one, as one can see on figure 7.3.

Column-and-row Generation Column-and-row generation is able to provide
CHP faster than column generation. Average RT value is 188.655 seconds and
average ST value is 138.091 seconds. This means that the method spends 73% of
its total running solving optimization problems. This percentage is higher because
the problems to be solved are bigger and take more time. Hence the method spends
more time solving problems and the percentage increases.
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Figure 7.3: Average RT and ST for the data set ferc.

Column-and-row generation spends on average 38.184 seconds solving restricted
master programs R̄LP , i.e. 27.6% of ST, and it spends on average 99.907 seconds
solving slave programs, i.e. 72.4% of ST. The expensive step is again solving the
slave programs. Based on column generation, column-and-row generation makes
improvements of 21% for RT and 16% for ST.

As for the small_belgian and rts_gmlc data sets, column-and-row generation
provides CHP faster than the other methods.

7.4 big_belgian Data Set
The fourth data set is big_belgian. It considers the same 68 Belgian generators as
for the previous small_belgian data set, given in tables 9.5 and 9.6. The demand
is still over 24 hours but it considers a timestep of 15 minutes. Hence the length of
the time horizon vector [T ] is 96. Table 9.4, in the appendix, reports performances
of the four different methods. For each data sample of the big_belgian data set,
the smallest RT value between all the four methods is highlighted in green.

The Extended Formulation It is not possible to build the extended formulation
for any of the data samples. There are too many variables and constraints for
Gurobi to store the optimization problem in memory. It is not possible to have
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RT and ST values for the extended formulation. They are both not described on
figure 7.4

Row Generation As expected, row generation can not store the slave programs
in memory. Indeed, since the extended formulation can not be built due to a lack of
memory, it is straightforward that building all the salve programs representing the
extended formulation of the corresponding generators can not be stored in memory.
On average, considering all the 68 generators from data sample AutumnWE, a slave
program has 395,082 variables and 1,306,185 constraints. At each iteration of row
generation, all the 68 slave programs must be re-built from scratch. Therefore one
iteration roughly takes 12,728.92 seconds, i.e. 3 hours and 31 minutes. Assuming
row generation has to perform 30 iterations, it would take 106 hours, i.e. 4 days. In
comparison to column generation and column-and-row generation, row generation is
completely outdated, just like for the rts_gmlc and ferc data sets. Row generation
is considered as unable to provide CHP, therefore neither RT, nor ST are described
on figure 7.4.

Column Generation Column generation is able to provide CHP in a reasonable
amount of time. On average among all the data samples, RT and ST values are
respectively 320.485 seconds and 294.532 seconds. It means that column generation
spends on average 91% of the time total running RT solving optimization problem.
In comparison to previous data sets, this percentage for column generation is higher.
It increases due to the number of iterations performed. Column generation simply
solves more optimization programs on average for this data sets than for the other
data sets.

Solving restricted master programs M̄LP takes on average 4.302 seconds, i.e.
1.4% of ST, and solving slave programs takes on average 290.229 seconds, i.e. 98.6%
of ST. As previously, solving slave programs is the expensive step in the column
generation algorithm, and by far. Column generation is not the fastest method to
provide CHP, as one can see on figure 7.4.

Column-and-row Generation Column-and-row generation is on average the
fastest method. Average RT value is 45.691 seconds and average ST value is 33.664
seconds. Solving optimization programs takes on average 73% of the total running
time RT. This percentage is higher than the previous data sets, because the method
as to perform more iterations to provide CHP. Hence it solves more optimization
programs.

Solving restricted master programs R̄LP takes on average 23.604 seconds, i.e.
12.5% of ST, and solving slave programs takes on average 165.050 seconds, i.e.
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Figure 7.4: Average RT and ST for the data set big_belgian.

87.5% of ST. Average RT and ST values from column-and-row generation are smaller
than the ones from column generation. As all previous data sets, the expensive step
is solving slave programs. Based on column generation, column-and-row generation
makes improvements of 21% for RT and 16% for ST.

Column-and-row generation is the fastest method to provide CHP for the
big_belgian data set, as one can see on figure 7.4.
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Chapter 8

Conclusion

The extended formulation provides a compact and tight extended formulation
for the convex hull conv

(
Πg

3−bin

)
. The linear program provided is too big to be

efficiently solved, or even sometimes to be built, for real-world markets. Hence
row generation, column generation, and column-and-row generation are iterative
methods that improve the total running time and the solving time of the extended
formulation.

8.1 Main Results and Discussion
The four methods providing CHP are analyzed according to the three following
questions.

1. Is the method able to provide CHP at some point ?
This question defines whether the method is going to provide CHP, even after a
long time of computation.

2. Can the method be considered as a solution to provide CHP ?
If the method can provide CHP, then it looks if they can be provided in a
reasonable amount of time. The reasonable limit time is set to 30 minutes. For
a total running time RT bigger than 30 minutes the method is considered as
outdated, as one can see on previous figures 7.1, 7.2, 7.3, 7.4.

3. Is the method considered as THE solution to provide CHP ?
If several methods can provide CHP in a reasonable amount of time, then
the method considered as the solution to provide CHP is the fastest method
on average among the four data sets small_belgian, rts_gmlc, ferc and
big_belgian.
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The Extended Formulation This method is the basic one. It simply considers
the large linear optimization program EF 3.12. The extended formulation quickly
reaches its limits. It can not be built for the three last data sets rts_gmlc, ferc
and big_belgian. It considers more variables and constraints than Gurobi can
handle. Hence a method being able to provide CHP for any of the data sets is
already an improved method, in comparison to the extended formulation.

Row Generation This method can be used to solve all the data sets, therefore it
already improves the extended formulation. For the first data set small_belgian,
row generation provides CHP faster than the extended formulation, but clearly not
as fast as the two other improved methods. Even if row generation can be used to
have CHP, it does not mean that row generation is able to always provide CHP.
Indeed for the three last data sets, namely rts_gmlc, ferc and big_belgian, row
generation is not able to build the slave programs only once and to keep them in
memory. They must be re-built at each iteration. It impacts the total running
time. Considering that row generation has to perform 30 iterations, it needs more
than 30 minutes to provide CHP. The estimated convergence times for the three
last data sets are :

• 3 hours and 45 minutes for rts_gmlc.

• 36 hours and 7 minutes for ferc.

• 106 hours for big_belgian.

Even if row generation improves the extended formulation, in the sense that it
is able to provide CHP, it is not considered as a solution to obtain CHP.

Column Generation Column generation is able to provide CHP for any of the
data sets in a reasonable time, i.e. always lower than 30 minutes. Hence column
generation is an improved method in comparison to the extended formulation. It is
also an improved method in comparison to row generation because it provides CHP
in a reasonable time and therefore can be considered as a solution to have CHP.

Column-and-Row Generation As for column generation, column-and-row
generation is able to provide CHP for any of the data sets in a reasonable time,
i.e. lower than 30 minutes. Hence this method is already an improvement, in
comparison to the extended formulation and row generation. It is actually the
fastest method to provide CHP, on average. To illustrate this, table 8.1 reports
improvements of RT and ST that column-and-row generation brings to column
generation on average. Column-and-row generation is on average always improving
column generation for any of the data sets.
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CG CRG Improvements of
CRG based on CG

Data Set RT [s] ST [s] RT [s] ST [s] RT ST
small_belgian 8.953 4.739 5.349 1.475 40% 68%
rts_gmlc 66.694 54.812 10.871 4.797 83% 91%
ferc 240.602 165.127 188.655 138.091 21% 16%
big_belgian 320.485 294.532 45.691 33.664 86% 89%

Table 8.1: Average performances of the four methods computing CHP according
the different data sets.
RT : Total Running Time of the method.
ST : Solving Time of the method.

The Solution to Provide CHP is Column-and-row Generation This
method provides CHP in an efficient way. Regarding the use of this method
for an industrial purpose, it provides CHP in less than 4 minutes on a simple
laptop, for any of the tested data sets.

Table 8.2 provides a summary of the methods and their answers to the three
questions. Symbol 5 means that the answer for the method to the related question
is negative, and symbol means that the answer is positive.

Able to Provide
CHP ?

Considered as a
Solution ?

Considered as
THE Solution ?

Extended Formulation 5 5 5

Row Generation 5 5

Column Generation 5

Column-and-row Gen-
eration

Table 8.2: Analysis of the methods and their answers to the three questions.

8.2 Improving Paths
Modelling the Network
The day-ahead electricity market considered in this manuscript does not model
the electricity network. It only considers one node where all producers input their
production and where the one big consumer outputs its consumption. A good
improvement to the current unit commitment problem would be to model the
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transmission and distribution of the Belgian electricity network. Hence the model
would be closer to the reality.

Source [9] is a good start to tackle non-convexities in the modelling of the
network. It gives a general version providing CHP solving multiobjective minimum
uplift problem and potential congestion revenue shortfall.

Consider Prior and Posterior Production
Section Prior and Posterior Production 3.7 shows why considering prior pro-
duction intervals [a = 0, b], or posterior production intervals [a, b = T + 1], is not
always sufficient. Hence in this manuscript all prior and posterior productions
have been set to zero production. To have a complete modelling of the demand it
would be interesting to be able to have non-zero production for prior and posterior
intervals.

A possible solution could be to take the smallest value a∗ such that all committed
production, i.e. pt=0 > 0, are feasible in the time horizon [a∗, b∗], and to take the
biggest value b∗ such that all posterior production, i.e. pt=T+1 > 0, are feasible
in the time horizon [a∗, b∗]. The considered time horizon would be [T ∗] = [a∗, b∗],
where a∗ ≤ 0 and T + 1 ≤ b∗. Column-and-row generation dynamically adds
intervals. Hence it is not necessary to consider the complete time horizon [a∗, b∗]
and the complete set of intervals T ∗ := {[a, b] |a∗ ≤ a ≤ a+ (UT − 1) ≤ b ≤ b∗}.

a∗ = minpt=0>0
{

0− pt=0−SU
RU

}
b∗ = maxpt=T +1>0

{
(T + 1) + pt=T +1−SD

RD

}
a∗ and b∗ are found using constraint 3.4f and constraint 3.4g.

Spinning Reserves
Reserves have not been implemented in the market. It could be interesting to add
this feature to the market and compute the related prices. Therefore the method
would be able to both provide prices for the electricity and the reserves.

Column-and-row generation method is already providing promising time perfor-
mances. Implementing the improving paths would allow to have a closer look at
the performances of this method for an industrial purpose.
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Part IV

Appendix
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Chapter 9

Appendix

9.1 Computational Experiments : Performances
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Extended
Formulation

Row Generation Column
Generation

Column-and-row
Generation

Data
Sample

RT [s] ST [s] RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

Autumn-
WD

134.518 90.148 70.898 37.904 23 9.822 2.396 9 12.720 1.085 2

Spring-
WD

166.572 132.223 65.421 37.231 24 5.321 2.220 11 2.896 1.202 3

Summer-
WD

170.152 134.801 69.917 41.927 26 6.063 3.487 18 2.233 1.234 3

Winter-
WD

110.623 75.182 62.181 36.956 22 3.539 1.259 7 1.740 0.779 2

Autumn-
WE

242.648 208.194 98.402 69.761 31 9.085 5.703 30 4.023 2.099 5

Winter-
WE

242.347 197.293 123.585 77.746 31 11.976 5.346 29 11.42 1.297 3

Spring-
WE

291.981 256.638 120.471 90.647 41 13.667 9.417 38 4.056 2.166 5

Summer-
WE

291.283 255.625 117.309 87.510 43 12.153 8.089 39 3.710 1.943 5

On aver-
age

206.265 168.763 143.595 59.960 30.125 8.953 4.739 22.625 5.349 1.475 3.5

Improve-
ment of
EF

0% 0% 30% 64% - 95% 97% - 97% 99% -

Table 9.1: Performances of extended formulation, row generation, column generation
and column-and-row generation on the data set small_belgian. The data set
considers 68 generators and time horizon is on 24 hours with timestep of 1 hour.
RT : Total Running Time of the method.
ST : Solving Time of the method.
# iter : number of iterations performed by the method.
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Extended
Formulation

Row Generation Column Generation Column-and-row
Generation

Data
Sample

RT [s] ST [s] RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

2020-01-
27

- - >30min >30min - 101.776 82.361 156 20.373 3.014 4

2020-02-
09

- - >30min >30min - 69.414 56.480 126 11.599 5.951 5

2020-03-
05

- - >30min >30min - 85.815 71.744 147 7.440 3.754 5

2020-04-
03

- - >30min >30min - 82.991 69.437 144 8.292 3.576 4

2020-05-
05

- - >30min >30min - 81.678 69.257 143 11.304 5.286 5

2020-06-
09

- - >30min >30min - 62.065 50.228 111 11.608 4.831 5

2020-07-
06

- - >30min >30min - 53.158 44.586 106 7.483 3.968 5

2020-08-
12

- - >30min >30min - 25.624 18.939 51 11.018 5.564 5

2020-09-
20

- - >30min >30min - 53.331 43.324 105 10.403 4.835 6

2020-10-
27

- - >30min >30min - 55.328 45.424 92 10.190 5.573 6

2020-11-
25

- - >30min >30min - 67.794 54.588 120 12.083 6.646 6

2020-12-
23

- - >30min >30min - 61.358 51.384 107 8.662 4.577 5

Average - - - - - 66.694 54.812 106.5 10.871 4.797 5.08
Improve-
ment of
CG

- - - - - 0% 0% - 83% 91% -

Table 9.2: Performances of column generation and column-and-row generation on
the data set rts_gmlc. The data set considers 73 generators and time horizon is
on 48 hours with a timestep of 1 hour.
RT : Total Running Time of the method.
ST : Solving Time of the method.
# iter : number of iterations performed by the method.
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Extended
Formulation

Row Generation Column Generation Column-and-row
Generation

Data
Sample

RT [s] ST [s] RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

RT [s] ST [s] #
iter

2015-03-
01_hw

- - >30min >30min - 181.940 124.016 45 120.125 75.359 4

2015-03-
01_lw

- - >30min >30min - 166.124 112.732 42 111.618 79.234 4

2015-04-
01_hw

- - >30min >30min - 369.113 276.190 78 158.328 105.721 4

2015-04-
01_lw

- - >30min >30min - 318.927 229.850 67 168.865 113.626 4

2015-05-
01_hw

- - >30min >30min - 102.703 46.458 11 54.914 18.571 1

2015-05-
01_lw

- - >30min >30min - 90.395 36.186 8 53.507 16.848 1

2015-06-
01_hw

- - >30min >30min - 353.580 249.001 70 315.378 240.260 7

2015-06-
01_lw

- - >30min >30min - 400.565 296.711 83 291.098 227.436 7

2015-07-
01_hw

- - >30min >30min - 314.361 229.230 65 298.616 235.297 5

2015-07-
01_lw

- - >30min >30min - 262.500 182.937 56 251.439 199.698 4

2015-08-
01_hw

- - >30min >30min - 174.187 100.728 28 220.687 164.655 5

2015-08-
01_lw

- - >30min >30min - 152.830 97.489 27 219.295 180.390 5

Average - - - - - 240.602 165.127 48.33 188.655 138.091 4.25
Improve-
ment of
CG

- - - - - 0% 0% - 21% 16% -

Table 9.3: Performances of column generation and column-and-row generation on
the data set ferc. The two first data samples consider 934 geenrators. The other
data samples consider 978 generators . Time horizon is on 48 hours with a timestep
of 1 hour.
RT : Total Running Time of the method.
ST : Solving Time of the method.
# iter : number of iterations performed by the method.
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Extended
Formulation

Row Generation Column Generation Column-and-row
Generation

Data
Sample

RT [s] ST [s] RT [s] ST [s] #
iter

RT [s] ST [s] # iter RT [s] ST [s] #
iter

Autumn-
WE

- - >30min >30min - 438.571 401.993 273 69.984 52.114 11

Spring-
WE

- - >30min >30min - 705.126 659.137 354 43.792 34.469 10

Summer-
WE

- - >30min >30min - 725.615 677.638 363 56.753 43.646 11

Winter-
WE

- - >30min >30min - 290.674 267.276 195 78.149 68.593 11

Autumn-
WD

- - >30min >30min - 91.032 73.979 65 40.196 15.239 3

Spring-
WD

- - >30min >30min - 105.460 93.476 73 21.444 14.996 3

Summer-
WD

- - >30min >30min - 159.694 144.293 114 23.800 16.568 3

Winter-
WD

- - >30min >30min - 47.710 38.468 32 31.410 23.689 5

Average - - - - - 320.485 294.532 183.625 45.691 33.664 7.125
Improve-
ment of
CG

- - - - - 0% 0% - 86% 89% -

Table 9.4: Performances of column generation and column-and-row generation on
the data set big_belgian. There are 68 generators. Time horizon is on 24 hours
with a timestep of 15 minutes, [T ] has a legnth of 96.
RT : Total Running Time of the method.
ST : Solving Time of the method.
# iter : number of iterations performed by the method.
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9.2 Illustrative Representations of Restriction Γ
Restriction Γ enforces a generator g to only chose non-overlapping intervals using
clique inequalities. Example 9.1 gives an intuition on the graphs that are built at
each time instance t and the cliques on those graphs.
Example 9.1. Consider a generator such that its minimum up time and down
time are UT = 1 = DT . Consider a time horizon of two time instances, i.e. T = 2
and [T ] = {1, 2}. T = {[1, 1]; [1, 2]; [2, 2]} represent all intervals respecting the
minimum up time. From undirected graph G = (V,E), the set of vertices is V =
{[1, 1]; [1, 2]; [2, 2]} and an edge connects two vertices when there are overlapping
intervals. Edge xij connects node i to node j.

A [1, 1]

B [1, 2]

C [2, 2]

For t = 1 the basic clique inequality is
given by the following expressions : xAB ≤
1

Considering the graph problem with clique
inequalities at t = 1 both nodes A [1, 1]
and B [1, 2] are overlapping. Therefore
those two nodes are connected by the edge
xAB.

Figure 9.1 also expresses the fact that intervals [1, 1] and [1, 2] are overlapping
intervals at time t = 1. One can see that intervals [a, b+DT ] intersecting vertical
black line at t = 1 have their indicator variable in the inequality. The basic clique
inequality xAB ≤ 1 can be rewritten with indicator variables γ[1,1] and γ[1,2].

xAB ≤ 1 =⇒ γ[1,1] + γ[1,2] ≤ 1

A [1, 1]

B [1, 2]

C [2, 2]

For t = 2 clique inequality is given by
xAB + xAC + xBC ≤ 1.

Three nodes A [1, 1], B [1, 2] and C [2, 2]
are overlapping intervals at time t = 2.

One can see on figure 9.1 that interval [1, 1] is indeed overlapping with two
other intervals. Intervals [a, b+DT ] for [1, 1], [1, 2] and [2, 2] are intersecting black
vertical line at t = 2. The basic clique inequality can be rewritten with indicator
variables γ[1,1], γ[1,2] and γ[2,2].

xAB + xAC + xBC ≤ 1 =⇒ γ[1,1] + γ[1,2] + γ[2,2] ≤ 1

132



Figure 9.1: Illustrative representation of intervals for example 9.1.
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Example 9.2. Consider a more complex example than example 9.1. the time
horizon is bigger, T = 3, but it keeps the minimum up time and down time
UT = 1 = DT . Therefore T = {[1, 1]; [1, 2]; [1, 3]; [2, 2]; [2, 3]; [3, 3]} represents all
intervals respecting minimum up time UT .

A [1, 1]

B [1, 2]

C [1, 3]

C [2, 2]

C [2, 3]

C [3, 3]

One can see on figure 9.2 for t = 1
that the three intervals [1, 1], [1, 2]
and [1, 3] are overlapping. The
basic clique inequality is the fol-
lowing expression. Then it can be
rewrite using indicator variables
γ[a,b].

xAB + xAC + xBC ≤ 1
=⇒ γ[1,1] + γ[1,2] + γ[1,3] ≤ 1

A [1, 1]

B [1, 2]

C [1, 3]

D [2, 2]

E [2, 3]

F [3, 3]

One can see on figure 9.2 for t = 2 that the
five intervals [1, 1], [1, 2], [1, 3], [2, 2] and
[2, 3] are overlapping. The basic clique in-
equality is the following expression. Then
it can be rewrite using indicator variables
γ[a,b].

xAB + xAC + xAD + xAE+
xBX + xBD + xBE+
xCD + xCE+
xDE

≤ 1

=⇒

γ[1,1] + γ[1,2] + γ[1,3] + γ[2,2] + γ[2,3] ≤ 1
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Figure 9.2: Illustrative representation of intervals for example 9.2

A [1, 1]

B [1, 2]

C [1, 3]

D [2, 2]

E [2, 3]

F [3, 3]

One can see on figure 9.2 for t = 3 five
intervals [1, 2], [1, 3], [2, 2], [2, 3] and [3, 3]
are overlapping. The basic clique inequal-
ity is the following expression. Then it
can be rewrite using indicator variables
γ[a,b].

xBC + xBD + xBE + xBF+
xCD + xCE + xCF+
xDE + xDF+
xEF

≤ 1

=⇒

γ[1,2] + γ[1,3] + γ[2,2] + γ[2,3] + γ[3,3] ≤ 1
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9.3 Proofs Propositions

9.3.1 Proof Proposition 1.1
Proof. Let (p∗, u∗, v∗, w∗) be the optimal solution of UC. Objective value of UC can
be rewrite using optimal solution. Dualizing this constraint with price λ ≥ 0 does
not penalise the objective value since balance constraint is tight

(∑
g∈G p

t∗
g

)
− l∗t = 0.

Dual Lagrangian is smaller than the rewrite objective value because (p∗, u∗, v∗, w∗)
is in the feasibility region of L (λ).

UC =
∑
t

∑
g∈G

cg∗

− V OLL(∑
t

l∗t

)

=
∑
t

∑
g∈G

cg∗

− V OLL(∑
t

l∗t

)
−
∑
t

λt

∑
g∈G

pt∗g

− l∗t
 ≥ L (λ)

9.3.2 Proof Proposition 2.1
Proof. The proof comes from source [26].
Consider general integer minimization progam 9.1 and general dual Lagrangian
relaxation dualizing constraint Dx ≥ d with price λ 9.2. Constraint Dx ≥ d is
considered as complicated and constraint Bx ≥ b is considered as easy.

z = minxcx
s.t. Dx ≥ d

Bx ≥ b

x ∈ Zn+

(9.1a)
(9.1b)
(9.1c)
(9.1d)

z (λ) = minxcx+ λT (d−Dx)
s.t. Bx ≥ b

x ∈ Zn+

(9.2a)
(9.2b)
(9.2c)

The considered problem is to find price λ such that lower bound z (λ) is the
closest possible to z. Define zLD as the solution the maximization problem.

zLD = maxλ≥0z (λ) = maxλ≥0


minxcx+ λT (d−Dx)

s.t. Bx ≥ b
x ∈ Zn+

 (9.3)
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Assuming constraints set Z :=
{
x ∈ Zn+ : Bx ≥ b

}
is non-empty and bounded,

problem 9.3 is reformulated as a linear program. The dual Lagrangian sub-problem
achieves its optimum at an extreme point xt of conv(Z). {xt}t=1,...,T is the set of
extreme points of conv(Z) or alternatively {xt}t=1,...,T is the set of all points of Z.

zLD = maxλ≥0mint=1,...,T
{
cxt + λT (d−Dxt)

}
(9.4)

= maxλ≥0mint=1,...,T
{
λTd+

(
c− λTD

)
xt
}

(9.5)

To reformulate the problem introduce variable σ representing a lower bound on
values

(
c− λTD

)
xt.

zLD = maxλ≥0


mint=1,...,T λTd+ σ

s.t. σ ≤
(
c− λTD

)
xt∀t = 1, ..., T

σ ∈ R

 (9.6)

Since σ is a lower bound inequality σ ≤
(
c− λTD

)
xt must hold ∀t. The dual

Lagrangian sub-problem does not depend on t anymore and the "max-min" problem
of the dual Lagrangian can be rewrite by expressions 9.7.

zLD = maxλ,σλTd+ σ

s.t. (µt)λTDxt + σ ≤ cxt∀t = 1, ..., T
λ ≥ 0
σ ∈ R

(9.7a)
(9.7b)
(9.7c)
(9.7d)

In its matrix form is given by expressions 9.8.

zLD = maxλ,σ
(
dT 1

)(λT
σ

)

s.t.



DTx1 1
DTx2 1
DTx3 1

... ...
DTxT 1


(
λ
σ

)
≤



cx1

cx2

cx2

...
cxT

 λ ≥ 0

σ ∈ R

(9.8a)

(9.8b)

(9.8c)
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The linear programming dual gives 9.9.

zLD = minµt

T∑
t=1

(
cxt
)
µt

s.t. D
(

T∑
t=1

xtµt

)
≥ d

T∑
t

µt = 1

µt ≥ 0 ∀t

(9.9a)

(9.9b)

(9.9c)

(9.9d)

By definition of the set of point {xt}Tt=1 convex hull is
conv (Z) =

{
x = ∑T

t=1 x
tµt : ∑T

t=1 µt = 1, µt ≥ 0 ∀t
}
. Hence the value of the maxi-

mum dual Lagrangian is equal to the value of the linear minimization of cx over
the intersection of the complicate constraint Dx ≥ d with the convex hull of set Z.

zLD = minxcx
s.t. Dx ≥ d

x ∈ conv (Z)
In the considered case the complicate constraint Dx ≥ d is balance constraint(∑
g∈G p

g
t

)
− lt = 0. The set Z is made of feasible constraints of all generators

Πg
3−bin and the set [0, Lt] bounding demand lt.
The linear objective function cx is in the objective coming from UC 1.2. It is

given by ∑t

[∑
g∈G c

g (pg, ug, vg, wg)
]
− V OLL∑t lt.

9.3.3 Proof Proposition 2.2
Proof. The set [0, Lt] is simply a line. All the convex combinations using points
xt ∈ [0, Lt] are also on the line. It is already a convex set.
Therefore conv ([0, Lt]) = [0, Lt].

9.3.4 Proof Proposition 2.3
Proof. The proof comes from source [6].
Proof is made of two points.

1. Since S ⊆ conv (S) and it is a minimization.
Then min {cx : x ∈ S} ≥ min {cx : x ∈ conv (S)}.
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2. Let z∗ = min {cx : x ∈ S}. Assume −∞ < z∗ otherwise it is trivially satisfied.
Let H := {x ∈ Rn : z∗ ≤ cx}. Note that H is convex and by definition is
contained in every convex set containing S. Therefore conv (S) ⊆ H and thus
min {cx : x ∈ conv (S)} ≥ z∗ = min {cx : x ∈ S}.

Combining point 1 and 2 gives min {cx : x ∈ S} = min {cx : x ∈ conv (S)}.

9.3.5 Proof Proposition 2.4
Proof. Proof of proposition 2.4 is given by source [21].

9.3.6 Proof Proposition 2.5
Proof. The proof comes from source [6].
From definition 2.1 of the convex hull conv (S) is the smallest convex set containing
S. It must contain all convex combinations of points in S. Hence convex hull can
be written such that

conv (S) = {x ∈ Rn : xis convex combination of points in S}

Assume S is finite and all points in S are {xt}Tt=1, then

conv (S) =
{
x =

T∑
t=1

xtµt :
T∑
t=1

µt = 1, µt ≥ 0 ∀t
}

For the "only if" direction, assume inf {cx : x ∈ S} = cx̄ for some x̄ ∈ S. Then
clearly x̄ ∈ conv (S) and it follows from proposition 2.3 that
inf {cx : x ∈ conv (S)} = cx̄.
For the "if" direction, assume there exists x̄ ∈ conv (S) such that inf {cx : x ∈ conv (S)} =
cx̄. By definition 2.1 of convex hull x̄ = ∑T

t=1 µtx
t for some finite number of points

x1, ..., xT ∈ S and µ1, ..., µT > 0 such that ∑T
t=1 = 1. By definition of x̄, cx̄ ≥ cxt

∀t
cx̄ =

T∑
t=1

µt
(
cxt
)
≤ cx̄

T∑
t=1

µt = cx̄

Since µt > 0 it follows that cx̄ = cxt ∀t. Thus the infimum over S is achieved by
x1, ..., xT .
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9.3.7 Proof Proposition 3.1
Proof. Graph G = (V,E), where the set of vertices V = T and where an edge
connects two vertices ([a, b]) and ([c, d]) if their time intervals [a, b] and [c, d] overlap
each other, is a graph intervals. From [12] intervals graph is a perfect graph.
From Theorem 3.1, [5], cliques inequalities in Γ 3.8 defines the convex hull of a
stable set in a perfect graph.

Definition 9.1 (Intervals Graph, [12]). A graph is an interval graph if each vertex
can be represented by an interval on the real line in such a way that two vertices
are adjacent if and only if their corresponding intervals intersect. These graphs are
perfect graphs.

Definition 9.2 (Perfect Graph, [12]). A graph is called perfect graph if the chro-
matic number and the clique number have the same value for each of its induced
subgraphs.

Definition 9.3 (Stabel Set, [5]). A stable set in graph G is a set of vertices, no
two of which are adjacent.

9.3.8 Proof Proposition 3.2 : Constrained Minkowski Sums
of Polyhedra

Proof. Proof comes from [16]. All definitions and theorem used are given just after
the proof.

The goal of this proof is to arrive at a representation of constrained Minkowski
sums of polyhedra using indicator variables. In this proof scalar multiples is defined
by definition 9.4 and Minkowski sum is defined by definition 9.5.
The current proof generalizes theorems 9.1 and 9.2 to allow for different combinations
of polyhedra. Assume polyhedron Γ ⊆ Rn defining a restriction on indicator
variables γ to define the set ∪{∑m

i=1 γiP
i γ ∈ Γ}. The idea is to derive similar

results in the spirit of the two preceding theorems but considering indicator variables
γ and restriction Γ.

Consider the set S := ∪γ∈Γ (∑m
i=1 γiP

i) where P i, i ∈ [m], are non-empty
polyhedra in Rn and Γ ⊆ Rm+ is a non-empty and non-negative polyhedron. The
goal is to arrive at a polyhedral representation for S.
From proposition 9.3
P = projx (Y ) := {x ∈ Rn|∃ (x1, ..., xm, γ) ∈ Rnm+m s.t. (x, x1, ..., xm, γ) ∈ Y } and
P is a polyhedron, where Y is such that

Y :=
{
Aixi ≤ γib

i i ∈ [m];
m∑
i=1

xi = x; (γ1, ..., γm) = γ ∈ Γ
}

(9.11)
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Hence the restriction Γ of indicator variables γ provides a polyhedron.

Remark 9.1. For all Γ ⊆ Rm+ , Y provides a polynomial-size (in dim(P i) and
dim(Γ)) polyhedral representation of P . Further, if for all i ∈ [m], P i is bounded
(i.e. Ri = {0}), then P = S and Y provides a compact formulation for S.

Remark 9.2. If Γ ⊆ Rm++ (then open, strictly positive orthant), then γiP
i =

γQi + P i ∀(γ1, ..., γm) ∈ Γ. Therefore P = S and so Y provides a compact
formulation for S.

Theorem 9.4 demonstrates that cl (S) = P with a restriction on Γ. This
restriction is required to have γ̂ ∈ Γ such that γ̂i > 0 ∀i ∈ [m]. The requirement
should not been seen as overly restrictive. If for some i there is γi = 0 ∀γ ∈ Γ then
this particular P i should be discarded since it never contributes to the sum.

Remark 9.3. If there exists γ̂ ∈ Γ such that γ̂ > 0 and P 1, ...Pm are all non-empty,
then theorems 9.3 and 9.3 together imply that cl (S) = projx (Y ).

From theorem 9.5, for P 1, ..., Pm non-empty polyhedra and identical recession
cones, and considering 0 /∈ Γ, then the set defined previously S = ∪γ∈Γ (∑m

i=1 γiP
i)

is a polyhedron and is such that S = projx (Y ). It means Y 9.11 is an extended
formulation in the sens of definition 3.3 for set S.

Remark 9.4. To see the necessity of 0 /∈ Γ in theorem 9.5, consider the sets S
and P when γ = 0. If P 1, ..., Pm have the same recession cone R, then P |γ=0 =∑m

i=1 0Qi +∑m
i=1R

i = R, whereas S|gamma=0 = ∑m
i=1 0P i = {0}, and R = {0}if and

only if all the P i’s are bounded. Hence it can be done without the assumption 0 /∈ Γ
in theorem 9.5 if all P i’s are bounded.

It may be that Γ is the continuous relaxation of some integers set which
determines the polyhedra P i simultaneously allowed in the sum. The next theorem
shows that vertices and extreme rays of Y have γ components which are vertices
and extreme rays of Γ, hence if Γ is a perfect formulation for some integer set,
vertices of Y will have integer γ. Further even if Γ is not a perfect formulation,
this shows that to find solution with integer γ one needs only to consider cuts on Γ
and not on the entire polyhedron Y . For ease of notation, for y ∈ Y define yΓ to
be components of y in Γ.
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Theorem 9.6 demonstrates that if Γ is a perfect formulation of some integer set
and the variables xi are continuous, then Y (under the given assumptions) provides
a perfect formulation for S|Z+ = ∪γ∈Γ∩Z+ {

∑m
i=1 γiP

i}.
Note the polyhedron D defined by proposition 3.2 is exactly of this form. Vertices
of polytope D must have integer γ.

Definition 9.4. Assume a set C ⊆ Rn then scalar multiplication in previous proof
is defined such that

µC := {µx|x ∈ C}

Definition 9.5. Assume two sets C1 ⊆ Rn and C2 ⊆ Rn, Minkowski sum is defined
such that

C1 + C2 := {x1 + x2|x1 ∈ C1, x2 ∈ C2}

Definition 9.6. The conic hull of a non-empty set S ⊆ Rn is

cone (S) :=
{
x ∈ Rn : x =

k∑
i=1

µix
iwherek ≥ 1, µ ∈ Rk+andx1, ..., xk ∈ S

}

If S is a finite set, cone (S) is said to be finitely generated, [16].

Theorem 9.1. Consider m polyhedra P î = {xinRn|Aix ≤ bî} and their polyhedral
recession cones Ri = {x ∈ Rn|Ai ≤ 0} and let Qi be a (bounded) polytope such that
P i = Qi +Ri. The notation [m] refers to the set {1, ...,m}.
Define the set S = conv

(
∪i∈[m]P

i
)
and polyhedron P = conv

(
∪i∈[m]Q

i
)
+cone

(
∪i∈[m]R

i
)
.

Then the polyhedron

Y :=


Aixi ≤ γib

i i ∈ [m]∑
i∈[m] x

i = x∑
i∈[m] γi = 1
γi ≥ 0 i ∈ [m]

 (9.12)

provides an extended formulation of P . If each P i i ∈ [m] is nonempty then
cl (S) = P . Additionally, the vertices of Y have binary γi.

Proof. Proof of theorem 9.1 is given by sources [16], [2].

Theorem 9.2. If P 1, ..., Pm are all nonempty and have identical recession cones
then S = P and so Y provides a polyhedral extended formulation for S.

Proof. Proof of theorem 9.2 is given by source [13].
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Theorem 9.3. Consider m non-empty polyhedra P i = {x ∈ Rn|Aix ≤ bi}, i ∈ [m],
and for each i ∈ [m] let Qi be a (bounded) polytope in Rn and Ri be a (closed
convex) cone in Rn such that P i = Qi +Ri. Let Γ ⊆ Rm+ be a nonempty polyhedron.
Consider the set P := ∪γ∈Γ (∑m

i=1 γiQ
i +∑m

i=1R
i) and consider the polyhedron

Y ⊆ Rn+nm+m defined by

Y :=


Aixi ≤ γib

i i ∈ [m]∑m
i=1 x

i = x
(γ1, ..., γm) = γ ∈ Γ

 (9.13)

Then P = projx (Y ) := {x ∈ Rn|∃ (x1, ..., xm, γ) ∈ Rnm+ms.t.(x, x1, ..., xm, γ) ∈ Y }.
In particular, P is a polyhedron.

Proof. Proof from source [16].
Let x ∈ P . P is non-empty as the union of the sum is non-empty sets. There
exists points qi ∈ Qi, ri ∈ Ri and γ ∈ Γ such that x = ∑m

i=1 γiq
i +∑m

i=1 r
i. Define

xi = γi + ri for i ∈ [m].
Now by construction x = ∑m

i=1 x
i and Aixi = Ai (γiqi + ri) = γiA

iqi+Airi ≤ γib
i+0

since γiAiqi ≤ γib
i and Airi ≤ 0. Hence (x, x1, ..., xm, γ) ∈ Y , so P ⊆ projx (Y ).

Conversely, let (x, x1, ..., xm, γ) ∈ Y . Consider I+ := {i|γi > 0} and I0 :=
{i|γi = 0}. For i ∈ I+, Aixi ≤ γib

i and so xi ∈ Qi + Ri. For i ∈ I0, Aixi ≤ 0 and
so xi ∈ Ri = γiQ

i + Ri. Since x = ∑m
i=1 x

i ∈ ∑m
i=1 (γiQi +Ri) and γ ∈ Γ, this

shows x ∈ P , and hence projx (Y ) ⊆ P .
As the projection of a polyhedron, P is itself a polyhedron.

Theorem 9.4. Let Γ ⊆ Rm+ and P 1, ..., Pm ⊆ Rn be non-empty polyhedra. Suppose
there exists γ̂ ∈ Γ such that γ̂i > 0 ∀i ∈ [m]. Then for P and S defined as above,
cl (S) = P .

Proof. Proof from source [16].
First consider cl (S) ⊆ P . Since P as a polyhedron is closed, it suffices to show
S ⊆ P . Hence let x ∈ S. Then ∃γ ∈ Γ, pi ∈ P i for i ∈ [m] such that x = ∑m

i=1 γip
i.

As above for each i ∈ [m], consider P i = Qi + Ri, so for each i ∈ [m] we have
pi = qi + ri for qi ∈ Qi and ri ∈ Ri. Thus x = ∑m

i=1 γiq
i + ∑m

i=1 r
i, and since

γiq
i ∈ γiQi and γiri ∈ Ri (as Ri is a closed convex cone, γi ≥ 0), we have x ∈ P .

Conversely, let x ∈ P . Then there exists γ ∈ Γ, qi ∈ Qi and ri ∈ Ri such that
x = ∑m

i=1 γiq
i + ∑m

i=1 r
i. By assumption ∃γ̂ ∈ Γ that is strictly positive. By

convexity, (1− ε)γ+ εγ̂ ∈ Γ ∀ε ∈ (0, 1); further (1− ε)γ+ εγ̂ > 0 ∀ε ∈ (0, 1). Define
xε := ∑m

i=1 [(1− ε)γi + εγ̂i] qi + ∑m
i=1 r

i. Clearly limε−→0+xε = x and we see that
xε := ∑m

i=1 [(1− ε)γi + εγ̂i] (qi + ri)
(
qi + ri

[(1−ε)γi+εγ̂i]

)
∈ P i for i ∈ [m], ε ∈ (0, 1)

and 1− ε)γ + εγ̂ ∈ Γ ∀ε ∈ (0, 1) we have that xε ∈ S ∀ε ∈ (0, 1). Hence x ∈ cl (S).
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Theorem 9.5. Suppose P 1, ..., Pm are non-empty polyhedra with identical recession
cones and Γ ⊂ Rm+ is a polyhedron such that 0 /∈ Γ. Then S = ∪γ∈Γ (∑m

i=1 γiP
i) is

a polyhedron and S = projx (Y ).
Proof. Proof from source [16].
Let x ∈ P . Then there exists qi ∈ Qi, ri ∈ Ri and γ ∈ Γ such that x =∑m
i=1 γiq

i +∑m
i=1 r

i. By assumption there exists j ∈ [m] such that γj > 0. As the
P i’s have identical recession cones, we have∑m

i=1 r
i ∈ γjP j . Define pj = qj+∑m

i=1
ri

γj

and pi = qi for i 6= j and it follows that x = ∑m
i=1 γip

i. Hence x ∈ S. The results
then follows from theorem 9.3.

Theorem 9.6. Y = conv (V ) + cone (R), for finite set V and R, where for each
vertex v ∈ V , vΓ is a vertex of Γ and for each extreme ray r ∈ R, rΓ is an extreme
ray of Γ. That is projγ = Γ.
Proof. Proof from source [16].
Let y ∈ Y such that y = (x, x1, ..., xm, γ1, ..., γm) and define γ := yΓ. Since Γ
is a polyhedron, by the Minkowski-Weyl theorem 9.7 (compact form is given by
theorem 9.8) there exist vectors v1, ..., vp, r1, ..., rq ∈ Rm and λ ∈ Rp+, µ ∈ Rq+ such
that γ = ∑p

k=1 λkv
k +∑q

l=1 µlr
l and ∑p

k=1 λk = 1. In particular

γi =
p∑

k=1
λkv

k
i +

q∑
l=1

µlr
l
i , with

p∑
k=1

λk = 1 (9.14)

Let I+ = {i|γi > 0} and I0 = {i|γi = 0}. Define

xki :=


xi

vk
i

γi
if i ∈ I+

xi if i ∈ I0 and λk = 0
x̂ki ∈ vki P i if i ∈ I0 and λk = 0

(9.15)

xli :=


xi

rl
i

γi
if i ∈ I+

0 if i ∈ I0 and µl > 0
x̂li ∈ rliP i if i ∈ I0 and µl = 0

(9.16)

and xk = summ
i=1x

k
i for k ∈ [p] and xl = ∑m

i=1 x
l
i for l ∈ [q]. For k ∈ [p] define

yk :=
(
xk, xk1, ..., x

k
m, v

k
1 , ..., v

k
m

)
and for l ∈ [q] define yl := (xl, xl1, ..., xlm, rl1, ..., rlm).

Firstly check the feasibility of the points constructed above. So for each k ∈ [p],
consider yk. By construction ykΓ ∈ Γ and xk = ∑m

i=1 x
k
i , so for feasibility it needs to

verify Aixki ≤ vki b
i.

Suppose i ∈ I+, then Aixi ≤ γib
i, and multiplying both sides by vki and dividing

by γi shows xki is feasible.
Now suppose i ∈ I0 and so Aixi ≤ 0. If λk > 0, then we must have vki = 0, so xki is
feasible. If λk = 0, xki is feasible by construction (since each P i is non-empty it is
always possible to find a point x̂ki ). The feasibility of yl for each l ∈ [q] is similar.
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To complete the proof y = ∑p
k=1 λky

k +∑q
l=1 µly

l must be shown.
First suppose i ∈ I+, then

p∑
k=1

λkx
k
i +

q∑
l=1

µlx
l
i =

p∑
k=1

λkx
k
i

vki
γi

+
q∑
l=1

µlx
l
i

rli
γi

= xi
γi

( p∑
k=1

λkv
k
i +

q∑
l=1

µlr
l
i

)
= xi

Conversely, suppose i ∈ I0 then
p∑

k=1
λkx

k
i +

q∑
l=1

µlx
l
i =

∑
k:γk>0

λkxi +
∑

k:γk=0
µl0 +

∑
l:µl>0

µl0 +
∑
l:µl=0

µlx̂
l
i

=
∑

k:γk>0
λkxi + 0 + 0 + 0 = xi

∑
k:γk>0

λk = xi

It then follows
p∑

k=1
λkx

k+
q∑
l=1

µlx
l =

p∑
k=1

λk
m∑
i=1

xki +
q∑
l=1

µl
m∑
i=1

xli =
m∑
i=1

( p∑
k=1

λkx
k
i +

q∑
l=1

µlx
l
i

)
=

m∑
i=1

xi = x

Hence it has been shown that y = ∑p
k=1 λky

k + ∑q
l=1 µly

l with λ, µ ≥ 0 and∑p
k=1 λk = 1, proving theorem 9.6.

Theorem 9.7 (Minkowski-Weyl Theorem - full version). Let X ⊆ Rd. Then the
following are equivalent.
1. (H-description) There exists m ∈ N, a matrix A ∈ Rm×d and a vector b ∈ Rm

such that X =
{
x ∈ Rd : Ax ≤ b

}
.

2. (V-description) There exist finite sets V,R ⊆ Rd such that X = conv (V ) +
cone (R).

Proof. Proof of theorem 9.7 is given by source [4].

Theorem 9.8 (Minkowski-Weyl Theorem - compact version). Let X ⊆ Rd. Then
X is a bounded polyhedron if and only if X is the convex hull of a finite set of
points.
Proof. Proof of theorem 9.8 is given by source [4].

9.3.9 Proof Proposition 3.3
Proof. From definition 1.4 EF is a relaxation of UC.
1. The feasible set of the EF is at least as big as feasible set of UC. Indeed feasible

set of EF is the convex hull of feasible set of UC.

2. Objective function of EF is equal than the one of UC.
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9.3.10 Proof Proposition 4.1
Proof. Continuous Linear Program 2.5 considers 5 · |G| · T = O (T ) variables. It
considers 2 · T +∑

g∈G (4 · T + (T − UT g) + (T −DT g)) = O (T ) constraints.

9.3.11 Proof Proposition 5.1
Proof. Objective function from SPP and UC are equivalent. Constraints 5.5b
defines the balance constraint as in UC. Three-bin feasible region Πg

3−bin is not
explicitly represented in the formulation of SPP but it is implicitly since fea-
sible schedule (p̂, ˆ̄p, û, v̂, ŵ) ∈ Π3−bin and since in SPP all feasible schedule are
considered.

9.3.12 Proof Proposition 5.2
Proof. Apply theorem 9.9 from [7]
λt and πt are respectively dual multipliers of the two following constraints.

(λt)
∑
g∈G

∑
ng∈Ng

p̂ng
g = lt ∀t ∈ [T ]

(µg)
∑
ng∈Ng

zng
g = 1 ∀g ∈ G

Selection of the schedule to join the basis already in RMP is chosen for each
generator g such that it improves the current optimal solution of RMP .

cg (pg, p̄g, ug, vg, wg)−
∑
t∈[T ]

(
λtp

t
g

)
− µg = rcg (pg, p̄g, ug, vg, wg) < 0

The expression corresponds well to reduced cost defined by 5.7.

Theorem 9.9. Only a finite number of iterations of the simple algorithm is required
if each basic feasible solution is improved by introducing into the basis either an
extreme point Pj∗ ∈ Cj∗ chose so that

πPj∗ = minPj∈Cj
πP < 0,j = 1, 2, ..., n (9.17)

where π are the simplex multipliers of the basis or any homogeneous solution P̄j∗

from the finite set such that πPj∗ < 0.

Proof. Proof of theorem 9.9 is given by source [7].
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9.3.13 Proof Proposition 6.1
Proof. Proof from source [24].
The first inequality results from the fact that R̄LP only includes a subset of variables
of R whose LP value is vRLP = v∗, while the missing constraints are satisfied by the
current restricted reformulation R̄LP , which we denote by z̃. More explicitely, all
the missing constraints must be satisfied by the solution that consists in extending
z̃ with zero components, i.e. (, 0) defines a solution RLP ; otherwise, such missing
constraints is not satisfied by solution of S̄ in constradiction to the fact solutions
of S̄ satisfy all constraints of Q.

The second inequality is derived from the fact that any solution π̃ to the LP
relaxation of M has its counterpart z̃ = ∑

g∈G z
gπ̃g that defines a valid solution for

R̄LP , where zg ∈ Z is obtained by lifting solution xg ∈ X. The existence of the
associated zg is guaranteed by assumption 6.1-(ii).

9.3.14 Proof Proposition 6.2
Proof. From source [24].

(i) For any λ, and in particular for the current dual solution associated with
balance constraint, L (λ) defines a valid Lagrangian dual bound on F 1.1.
As ζ = min {(c− λD)Tz : z ∈ Z} = min {(c− λD)x : x ∈ X}, (λ, ζ) defines
a feasible solution of D and hence its value, λd+ ζ, is a valid dual bound on
MLP .

(ii) From point (i) and proposition 6.1, we have L(λ) ≤ β ≤ v∗ ≤ vR̄LP . When the
stopping condition in Step 3 is satisfied, the inequalities turn into equalities.

(iii) When vR̄LP > β ≥ L(λ), we note that σh > (c−λD)Tz∗ because vR̄LP = λd+σh
and L(λ) = λd + ζ = λd + (c − λD)Tz∗. As Hz∗ ≥ h and σ ≥ 0, this
implies that [(c− λD)T − σH] z∗ < 0. Assume by contradiction that each
component of z∗ has non negative reduced cost for the current dual solution
of R̄LP . Then, the aggregate sum, [(c− λD)T − σH] z∗ cannot be strictly
negative for z∗ ≥ 0. As (λ, σ) is an optimal dual solution to R̄LP , all
variables of R̄LP have positive reduced cost. Thus, the negative reduced cost
components of z∗ must have been absent from R̄.

(iv) Because Hz∗ ≥ h, [(c− λD)T ] z∗ ≥ σHz∗ implies (c − λD)Tz∗ ≥ σH, i.e.
ζ ≥ σh. In turn, ζ ≥ σh implies that (λ, ν) with ν = σh is feasible for D
(all constraints of D are satisfied by (λ, ν)). Note that ζ ≥ σh also implies
vR̄LP ≤ β, as vR̄LP = λd+ σh ≤ λd+ ζ = L(λ) ≤ β
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9.4 Belgian Generators
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Generator Min
Run Ca-
pacity

Max
Run Ca-
pacity

Ramp Up Ramp
Down

UT DT No Load
Consump-
tion

Startup
Cost

Marginal
Cost

[MW] [MW] [MW/min] [MW/min] [hours] [hours] [MW] [e] [e/MWh]
G_1 525.5 1051 35.03333 35.03333 168 168 0 22624.2 7.2276
G_2 10.3 43 2.15 2.15 2 2 41.0889 0 59.7183
G_3 10.3 43 2.15 2.15 2 2 57.3333 0 61.3861
G_4 240.4 437 13.10667 13.10667 8 4 422.1467 11903.56121 44.4739
G_5 5.1 64 0.64 0.64 12 8 54.3515 3871.126193 53.5481
G_6 3.7 46 0.46 0.46 12 8 0 2782.371951 46.117
G_7 16.8 70 3.5 3.5 2 2 0 0 87.585
G_8 15.4 64 3.2 3.2 2 2 70.7657 1103.313312 67.1551
G_9 15.4 64 3.2 3.2 2 2 70.7657 1103.313312 73.2508
G_10 192.5 350 10.5 10.5 8 4 255.566 0 48.0159
G_11 14.5 14.5 0 0 8 8 9.396 0 49.582
G_12 504 1008 33.6 33.6 168 168 0 21844 7.2445
G_13 253 460 13.8 13.8 8 4 0 0 48.0159
G_14 211.8 385 11.54667 11.54667 8 4 281.1226 0 45.6913
G_15 48.7 203 10.15 10.15 2 2 0 0 44.9865
G_16 48.7 203 10.15 10.15 2 2 0 0 50.0534
G_17 48.7 203 10.15 10.15 2 2 0 0 47.4682
G_18 48.7 203 10.15 10.15 2 2 0 0 47.6574
G_19 48.7 203 10.15 10.15 2 2 0 0 44.8836
G_20 48.7 203 10.15 10.15 2 2 0 0 44.2396
G_21 18.7 78 3.9 3.9 2 2 104.8125 0 86.5361
G_22 10.8 45 2.25 2.25 2 2 59.7427 0 18.9648
G_23 481 962 32.06667 32.06667 168 168 1574.1818 0 7.315
G_24 23.5 294 2.94 2.94 12 8 0 16267.29631 64.4349
G_25 7.6 95 0.95 0.95 12 8 142.5 8302.837604 71.0255
G_26 15.6 52 0.52 0.52 3 2 127.6364 0 224.4062
G_27 94 94 0 0 8 8 0.0025 0 44.1246
G_28 225.5 410 12.3 12.3 8 4 398.6316 0 42.2347
G_29 96 140 2.8 2.8 8 8 122.5069 0 48.8841
G_30 96 135 2.6 2.6 8 8 0.0014 0 42.2347
G_31 34 85 1.7 1.7 8 8 65.79 0 51.3525
G_32 42 58 1.06667 1.06667 8 8 31.9464 0 50.1702
G_33 48 48 0 0 8 8 14.8135 4694.354261 68.3508
G_34 48.7 203 10.15 10.15 2 2 0 0 43.4767
G_35 43 43 0 0 8 8 8.9301 4205.359026 46.117
G_36 43 43 0 0 8 8 25.3293 0 47.0009

Table 9.5
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Generator Min
Run Ca-
pacity

Max
Run Ca-
pacity

Ramp Up Ramp
Down

UT DT No Load
Consump-
tion

Startup
Cost

Marginal
Cost

[MW] [MW] [MW/min] [MW/min] [hours] [hours] [MW] [e] [e/MWh]
G_37 43 43 0 0 8 8 7.9423 0 47.4614
G_38 22.8 22.8 0 0 8 8 5.13 0 49.4535
G_39 231 420 12.6 12.6 8 4 0 0 48.8841
G_40 270 375 15 15 8 4 0 0 47.4682
G_41 280 305 1.66667 1.66667 12 8 0 0 20.3643
G_42 42 140 1.4 1.4 3 2 0 0 222.6571
G_43 4.8 20 1 1 2 2 34.3511 0 36.1915
G_44 2.5 10.5 0.525 0.525 2 2 18.9 0 26.9735
G_45 48.7 203 10.15 10.15 2 2 0 0 43.8617
G_46 42 50 0.53333 0.53333 8 8 10.8 0 49.0903
G_47 40 40 0 0 8 8 0.0006 0 47.6022
G_48 266.8 485 14.54667 14.54667 8 4 0 0 45.6913
G_49 192.5 350 10.5 10.5 8 4 0 0 20.3643
G_50 23.5 294 2.94 2.94 12 8 411.1888 0 64.4349
G_51 23.2 290 2.9 2.9 12 8 0 0 69.4517
G_52 17.2 215 4.3 4.3 12 8 237.7286 0 68.5876
G_53 10.4 130 1.3 1.3 12 8 0 0 32.2246
G_54 9.8 122 1.22 1.22 12 8 0 0 34.6503
G_55 4.2 52 0.52 0.52 12 8 0 0 82.6683
G_56 154 154 0 0 8 8 0 0 44.4739
G_57 25 104 5.2 5.2 2 2 114.9943 0 69.0237
G_58 10.3 43 2.15 2.15 2 2 0 0 62.0372
G_59 10.8 36 0.36 0.36 3 2 88.3636 0 217.1073
G_60 264.2 480.3 14.40667 14.40667 8 4 489.3623 0 20.3643
G_61 7.2 30 1.5 1.5 2 2 0 0 7.5107
G_62 522 1044 34.8 34.8 168 168 1708.3636 0 7.658
G_63 503 1006 33.53333 33.53333 168 168 0 22775.9 7.7644
G_64 216.3 432.5 14.41333 14.41333 168 168 0 9372.6 7.9161
G_65 216.3 432.5 14.41333 14.41333 168 168 0 9372.6 7.415
G_66 43 43 0 0 8 8 27.864 0 42.2203
G_67 20.6 258 2.58 2.58 12 8 339.8049 0 21.7826
G_68 20.6 258 2.58 2.58 12 8 243.5268 0 62.5744

Table 9.6
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