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Abstract

This thesis aims at characterising the potential of parallel computation for multi-
body systems and the consequential reduction of simulation time, understanding
the limitations, boundary conditions which we are currently facing and the future
improvements that could take place in order to push further away these boundaries.

Parallel computing in multibody dynamics is pushed by multiple causes: the
increasing complexity of multibody systems, the need for real-time applications, the
use of parallel computing in other research areas, the democratisation of multi-core
CPU.

During this thesis we develop a dedicated parallel architecture on a FPGA in
order to implement and test a multibody system. This implementation allows to
characterise the limitations, challenges and benefits of such an architecture.

Given the architecture we develop and in parallel to this, we create an algorithm
that is able to handle the multibody systems equations to extract the fine-grain
parallelism of these equations.

As multibody dynamic systems vary both in size and in morphological charac-
teristics, we make a study case of multibody systems with the variation of these
characteristics. These are on size, system with 23-, 50-, 70-, 100- and 130-dof and
on topology, with either a serial, a semi-serial or a parallel multibody system. We
will use these in order to compare their potential differences and similarities.

To further increase the extraction of the fine-grain parallelism, we propose three
methods in order to modify the equations, exploiting the following two concepts:
the atomisation into a binary expression tree and the critical path of the equations.
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Introduction

Multibody dynamics is a scientific area that is concerned with the kinematic and
dynamic study of multibody systems (MBS). These systems are characterized as
a set of bodies linked together by joints which are present in our everyday lives:
road- and railway vehicles, biomechanics, robots, etc. Research in this field focuses
both in the analysis of the multibody systems themselves and the production of
formalisms that are accurately able to simulate multibody systems.
In recent years, research has extended to the development of physical coupling
between the multibody systems and other physical domains such as flexible-joints,
granular mechanics, fluid-solid interactions, flexible bodies, etc.

As the complexity of the multibody systems grows, the need for performing
software increases. On software, a distinction is first made between the numerical
approach (e.g. Adams-MSC or Samcef-Mecano software) and the symbolic approach
(e.g. Neweul-M2, Maplesoft, ROBOTRAN software) [1].
This second approach uses a symbolic generator that is able to apply arithmetic
and trigonometric simplifications such that the number of equations produced to
describe the multibody system is very small. It allows the software to produce
systems of higher complexity while keeping the number of equations and therefore
the computing time low.
Most of the research that has been done recently is focused on the production and
improvement of formalisms and software that is able to exploit the topological
parallelism of multibody systems[2] and the implementation of these for parallel
computations. These can be made on homogeneous platform such as CPU or GPU,
or on heterogeneous platform as CPU/GPU, or on platform such as FPGA with a
dedicated architecture.

At the multibody team of UCLouvain, we are still looking for ways to decrease
the computing time of the multibody simulations. During the earlier days of
Robotran, Tony Postiau, a doctorate at the team studied the possibilities given at
that time for parallel computations [3], both on FPGA and on OpenMP.
Since then the technology has improved and will continue his work, specifically on
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CHAPTER 0. INTRODUCTION xiii

the vectorization with the fine-grain parallelism.

The structure of this thesis is organized as follow: after a state of the art on the
parallel computation taking place in multibody dynamics and closely related fields,
we will propose a FPGA architecture that will allow to test the following steps
and give real-world constrains regarding a performing computation on current-day
FPGA technology in Chapter 1. Chapter 2 will explain how we are able to extract
the fine-grain parallelism of the Robotran equations given the constrains of the
FPGA, thanks to a placement algorithm, additionally, we will present improvement
to increase the potential of parallelisation. Chapter 3 will take a set of multibody
systems which will be going through the placement algorithm, we will analyse
the different systems given their size, including some systems we have improved
manually using one of the method we presented. The concluding section will point
out the findings and the potential perspectives of this research.



State of the Art

Multibody dynamics is a scientific area that did originate from the work of Newton
and Euler which did respectively describe the free particle in 1686 and the rigid
body in 1776 [4]. This heritage is characterized by the formulation of the Newton-
Euler equations used in multibody dynamics.
For a number of years, the study of multibody dynamics was limited to the study of
mechanical systems for the development of new devices or the improvement of exist-
ing ones. The limited access to performing computers meant that the simulations
couldn’t reach real-time computations, but were limited to computer simulations.
The development of more performing hardware means, both in processors and
in memory allowed to improve the computing time of the multibody simulations.
Combined to this improvement in computational tools, researchers did look into the
production of compact formalisms, such as the symbolic generation [5], recursive
methods or order-N methods, the use of formalisms to be able to produce accurately
parallel formalism to exploit the most advanced computer architecture.

The research of today continues to study the optimisation of design and control
devices, applications in biomechanics, robotics and vehicle dynamics, real-time
simulation including haptic applications [1] to only name a few [6].
Multibody dynamics are also being linked together to have more real-world appli-
cations with other physical fields [7], driven by the need of the industry and the
possibilities offered by multibody simulation concepts[8]. In some of these coupling
applications, researchers have been able to produce parallel computation methods,
mostly in particles dynamics such with granular contact, fluid-solid contact or
terrain modules, where we have a spacial parallelism leverage [9, 10].
Regarding the multibody dynamics of rigid multibody systems, research on parallel
computation is focused on the development of formalisms able to extract the parallel
topology of the multibody system [11, 2, 12]. Effectively reducing the computation
time. This has been done a number of times on various practical cases such as a
the study on a N-bar linkage [13], a 4-bar linkage and 3-D steering system [14] or
the computation of 1/4 car and a full car [15].

xiv
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Methods to exploit the possibilities of parallel computing have been developed
over the years, these include specifically for rigid multibody systems: Method
of flexible joints combined with Heterogeneous Multiscale Methods (HMM) [16],
Modified State Space Methods (MSS) for flexible bodies [17], divide and conquer
methods [2, 12, 11, 18], and various matrix decomposition methods [19, 20]. The
method of flexible joints combined with HMM is used to decouple the equations
while the HMM is correcting the high frequency caused by this method. MSSs
for flexible natural coordinates leads to constant mass matrix and linear Jaco-
bian matrix, where these matrices are sparse and well structured. As a result
when MSSs are used in parallel form, the complexity of computation is linearly
dependent on the size of the system despite the occurrence of kinematic loops.
Divide and conquer methods divide the whole multibody system into subsystems,
which are integrated on several processors [2, 12, 11, 18]. For serial multibody
systems, they present the same parallelisation potential, because they will still be
constrained by the kinematic chains. However for parallel multibody systems, the
computation time follows a Ω(log(N)), where N is the number of degrees of freedom.

Regarding the implementation of those parallel formalisms, we have seen a
number of studies on both homogeneous hardware such as CPU or GPU. On
CPU, these are made through well established parallel standards such as OpenMP
and MPI and take into account multithreading. On the GPU, most of these
implementations take advantage of a spacial divide and conquer algorithm to
compute particles dynamics such as granular contact, fluid-solid contact and
interaction or terrain effect on a multibody systems [10, 9].
Some research has also been done on other hardware such as FPGA and embedded
processors. For example, the computation of a quarter of a car followed the full
car on a heterogeneous platform containing both a FPGA and an ARM processor
[15], the use of a ARM processor for predictive controllers and state observer of a
4-bar linkage and a 3D-steering[14]. In a closely linked field, there has also been
the usage of FPGA for molecule dynamics [21].
As we have multiple kind of architectures at our disposal and still evolving, the
debate arose regarding the architecture the most adapted to each application, the
challenges and perspectives [22].

FPGA have been used in recent years for numerous applications as they provide
a compromise between the dedicated architecture of ASIC and the polyvalence of
the CPU/GPU. They are now used to implement dedicated parallel architecture
such as in the encryption and decryption [23], for data analysis [24], soft-error and
fault-tolerant design for aerospace applications [25], artificial neural networks for
deep learning purposes [26], genetic algorithms [27], particle swarm [28].



Chapter 1

FPGA Model

Field programmable gate arrays (FPGAs) are a type of reconfigurable integrated
circuit which are made out of basic building blocks linked via configurable routing
interconnects. This allows to implement a particular hardware system, in the same
way an application specific integrated circuit (ASIC) could.
FPGAs are gaining a larger place alongside the classical general-purpose CPU/GPU
fixed hardware system and the purpose-specific ASIC.
While ASIC generally outperforms FPGA on power consumption, performance
and size, they need high amounts of time and money to develop. Compared to
CPU/GPU, FPGA can be used on several very different applications and can be
used on prototyping as they are re-programmable. FPGA are a trade-off between
the advantages and disadvantages of ASIC and CPU/GPU.

FPGA can be constituted of different kinds of blocks from a family to another
in the same way any other electronic hardware could. But is generally made out of
the following three elements [29];

• Adaptive Logic Module (ALM) : this is a volatile module that can be used
for different functions being made out of a combination of look-up tables,
multiplexer and registers.
The design of the ALM varies lightly between families. (Adaptive) Look-
up tables (LUT/ALUT) are representing a N input boolean function to
implement the functions. Registers are dedicated for improving time-closure.
The multiplexer can be used to choose between those two functions. As
the ALM can vary from generation to generation and from manufacturer to
manufacturer, we use a standardised unit called a logic element constituted
of a 4-input LUT, a flip-flop and a register.

• Digital Signal Processing (DSP) : Used for floating-point and fixed-point
calculations : additions, multiplications or both. They can also be used
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for multiply and accumulate purposes (MAC). These blocks are made to be
used in specific applications such as video signal processing, Finite Impulse
Reponse (FIR) Filter and pipelined/high-frequency computations.

• Embedded Memory Blocks : These are specialized blocks of a specific memory
size, M10K and M20K are respectively two blocs of 10 and 20 Mb of memory
which are used specifically as ROM or RAM in the design.

Alongside the FPGA, some boards contain a Hard processor system (HPS), including
an embedded processor such as a ARM Cortex, to produce a System On Chip
(SOC). This allows the user to have at the same time the hardware possibilities
from the FPGA and software capacities to execute applications through an OS
(Linux) or Bare Metal.
Effectively extending the possibilities of applications while replacing the resource
usage of a potential embedded microprocessor, which will also be faster than using
the FPGA blocks.
The Cyclone V architecture with the different building blocks is illustrated in figure
1.1:

Figure 1.1: Cyclone V Architecture
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1.1 Proposed Architecture
In order to prove the feasibility and the interest of a vectorisation of Robotran
equations, we need to implement a dedicated architecture which can fully exploit
the fine-grain parallelism that the equations will contain. A FPGA allows to develop
such a specific architecture. For our implementation, we have at our disposal a
DE10-Nano containing a Cyclone V FPGA and an ARM processor, we will here
only rely on the FPGA.
When looking very closely at the Robotran equations, we notice that these equations
use three basic arithmetic operations (+, - , *) and two trigonometric functions
(sinus and cosinus). For the purpose of this thesis, we decided to express the
trigonometric functions with their Taylor series of order 1 equivalent.
This leaves us with the three basic arithmetic operations. Another possibility could
be to compute the sinus before computing the direct dynamics and add it to the
initial variables.
We will group the operations of addition and subtraction together, as the two
operations are sensitive to the sign of the terms.
Therefore, we can make two specialised processing elements (PE), which are either
making the operations of addition and subtraction, and the multiplication, which
we will simply call ADD and MULTI.

1.1.1 Technological Advances
Previously, the architecture used by Postiau in [3] suffered from FPGA size limita-
tions. The system was made out of 4 FPGA FLEX 10K100 that were mounted
on a PCI, implementation which is further explained in [30] and in [31]. This
implementation contained the three operations using a single PE on each FPGA,
because of the size of the FPGA. The PE were connected through a mesh-like
structure between the 4 FPGA’s.

However, almost 20 years later, the technology has radically changed. At the
time Tony Postiau did his PhD, the FPGA used for implementing the architecture,
the FPGA FLEX 10K100, contained 4,992 LE[3].
The FPGA we will use, the DE10-Nano of the Cycle V family, contains 110 000
LE and 112 DSP from 224 18 x 19 multipliers[32].
Another way of looking to this technological advance is by looking at the most
high-end FPGA proposed back then and today. In 2004, the Stratix II family
could offer up to 180 000 LE, 96 DSP or 392 18 x 18 multipliers compared to
the succession of the Stratix family as Stratix 10, which can offer up to 2 Million
LE, 3,456 DSP or 6,912 18 x 19 multipliers. These increases allow to effectively
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implement the dedicated architecture to test our small implementation, validate our
design and eventually in the future implement architecture with a higher amount
of PE [3, 33].

1.1.2 Constrains & Solutions
The architecture will separate the two operations to be made on two different blocks
as each of these blocks will contain a single type of PE. These two blocks will contain
either a PE that will be able to do 32-bits floating-point addition-subtraction with
the help of a bit selector for the operation or a PE that will be able to do 32-bits
floating-point multiplication.
Additionally, we will need one or more memories, both for storing the initial and
intermediate values but also to drive the memory and the PE’s.
We will not impose any restriction on the design of the overall but we will consider
that the final block or blocks containing both the PE and the memories will be
likewise with a difference due to the wire that is needed for selecting the operation
in the case of the ADD PE.

In an ideal world, we would have a shared memory scheme where all the results
of each cycle could be written in the memory and the values that are needed for
the PE could be read from that single shared memory. However this is not possible
in our case as we are limited on the DE10-Nano to two read or write, or a read
and a write per cycle [34, 35].
This is specifically the case for our DE10-Nano which belongs to the Cyclone V
family, but more recent families could offer a higher number of ports to write
and/or read per cycle, such as the Stratix 10 family that allows a 4-port memory
in the M20K memory block[33].
We haven’t talked yet about the frequency, but we consider at this moment that
we have a single frequency over the whole design.
We could implement a shared memory scheme using two frequencies on the design,
one for the shared memory and one for the PE’s. We could indeed decide to write
down all the results before having the start of a new cycle in the PE’s. As a
consequence, we would have multiple read and write cycles in the memory while
the PE’s have a single cycle.
It might present itself as a valid solution for a low number of PE, but as the number
of PE grows the scalability of this solution is less valid.
Indeed, the frequency of the memory is limited to a certain ceiling. The frequency
of the PE would need to be several times lower than the maximal frequency of the
memory. This frequency would be equal to the frequency of the memory divided
by the number of read and write cycles we would need.
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Therefore we looked into a different implementation for the memory.

Another solution is to use a distributed memory scheme where each PE has
his own memory. This memory is used for storing for a certain amount of time
intermediate results we will need in future computations for each PE. These in-
termediate values will either be obtained directly after they have been computed
or transmitted later by the PE. The memory will also be used for reading the
variables we need for the next cycle.
This solution however still presents a downside due to the amount of results we
could have to write down at a particular cycle. Indeed, at a cycle, we could need
most if not all of the results produced. Therefore, we return to the issue we faced
with the shared memory scheme. Quite intuitively, we know that at worst we
would have to read the two variables at each cycle and keep up writing at least
two variables per cycle in order to be able to keep feeding the PE with operations.
The extra variables that we would need in the future can be placed on hold until
we find a cycle where we have an empty writing slot.

As we choose to implement the second solution, we need a memory that is
associated to the PE that will contain the initial data and the intermediate values
that will be needed later in the processing. This memory, called PE Memory is
driven by instructions contained in another memory, called Instructions Memory,
that contains the instructions for the management of the memory and the selection
bit in the case of a PE for addition-subtraction.
We need a method to eventually send the needed variables to the PE at a certain
cycle after they are computed. For that purpose we use a buffer structure that
write and read the results. This Buffer structure is made out of two elements; first
a memory, called Buffer Memory, to save the results and be able to read them
at the right time and a memory, called Buffer Instructions, which contains the
instructions in order to drive the Buffer Memory.

We still face one issue regarding our PE memory. As we said earlier, the memory
is only able to do for each cycle either two read or two write, or one of each. We
need however to make, in the worst-case scenario, two reads and two writes for
each cycle, as we need to read the two values for the computation and to write the
two values to be used in future computations.
In the shared memory scheme, we proposed the two frequencies in the design, one
for the PE and one for the PE Memory. We use the same principle to solve this
issue. We divide the cycle of the PE into two cycles for the memory: one cycle to
read and one to write. Therefore here we will have a frequency on the PE Memory
that will be twice the frequency of the PE. The clock on the PE will be defined
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using a register and changing at each rising edge of the clock on the PE Memory.

This workaround is illustrated in figure 1.2, using a write-enable, we will be able
to read a first address and write on a second using the same port in the memory.

CLK PE
t=0 t=1 t=2 t=3 t=4

CLK Memory

Counter 16 17 18 19 20

enableWrite
read address 31 59 45 21 74

write address 45 70 13 56 25
memory address 31 59 70 45 13 21 74 25

Figure 1.2: Read and Write Cycles

This structure, which we will call block is illustrated in figure 1.3 with a data-
flow model. For more details, we added a detailed schematic in the appendix, with
the different building parts and the connections, respectively with the ADD PE
and the MULTI PE in figure A.1 and A.2.

Figure 1.3: Dataflow Block Architecture
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1.1.3 Interconnections
Once we created the two blocks needed for computing our equations, we have to
look into the interconnections to link our blocks. Some of them are described in
[36], where interconnections are mainly proposed for parallel computations where
PE need variables that are being computed by other PE’s.
These can be either static interconnections such as shown on figure 1.4, the the
latency is the maximal number of cycles we have between two nodes. They can be
made out of dynamic interconnections, as shown on figure 1.5.

For static intersections, a decrease of the latency between two nodes will be at
the cost of the amount of connections/links of the interconnection. This will also
increase the amount of links each node will have to handle.

On figure 1.4 A, the bus interconnection is a simple and cost-effective design

Figure 1.4: Static Interconnections : A) Bus, B) Hypercube, (C) 2D-mesh, (D)
2D-torus

but it is not possible to scale it to a high number of PE as only one PE can send
through the bus at each cycle while the others are writing down the data that is
being transmitted. For a number N of PE the cost is Ω(1) and the latency is Ω(N).
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On figure 1.4 B, the hypercube of order n contains 2n PE, where each node is
connected to n other nodes. This interconnection reduces even more the latency as
the nodes increases. For a number N of PE, the cost is Ω(2n · n) and the latency is
Ω(n).
On figure 1.4 C, the 2D-Mesh is a mesh with n2 PE which connects the adjacent
nodes, where n is the size of each row and column. This interconnection allows for
a better communication between the PE to the cost of more resources usage but
shows difference between the middle of the mesh and the sides of it regarding both
number of connections and maximal latency. For a number N of PE the cost is
Ω(N) and the maximal latency is Ω(

√
N).

On figure 1.4 D, the 2D-Torus is an improved mesh with n2 PE which connects the
adjacent nodes and the opposing nodes. This interconnection corrects the increased
latency for the nodes on the sides for a 2D-Mesh. For a number N of PE, the cost
is Ω(N2) and the maximal latency is Ω(N).

For dynamic interconnections, we also have an optimum between the latency
and the number of connections for different architectures. As these interconnections
use switches, we need to precise which interconnections are being closed and opened
at each clock-cycle.

On figure 1.5 A, the Crossbar Switch is an architecture with an assembly of

Figure 1.5: Dynamic Interconnections: A) Crossbar Switch, B) Omega Switch

individual switches organized in a matrix between a set of N inputs and a set of
M outputs. We will therefore call it a M x N Crossbar Switch. This allows the
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interconnections to have multiple times a single input being connected to several
outputs, but the user needs to have a single connection for each output, otherwise
the output will be undetermined. The cost is Ω(m · n) and the number of steps
is Ω(1). We need to precise that as the number of inputs and outputs increases,
the frequency at which this interconnection works will reduce as the number of
elements the signal needs to go through will increase.
On figure 1.5 B, the Omega Switch is an evolution of the Crossbar Switch. In fact
we use multiple smaller Crossbars, which are then used in the same pattern than
previously. Here for example, we create our interconnection between our 8x8 matrix
for a 3-stage Omega Switch with 2x2 Crossbars. We have a cost of Ω(N · log(N))
and a latency of Ω(log(N)).
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1.2 On Pipelining

1.2.1 Pipeline Principle
The design of modern CPU and other architectures use multi-stage pipelines. A
classical RISC ARM CPU, for example, uses five consecutive steps : Instruction
Fetch, Instruction Decode, Execute, Memory Access, Register Write Back. These
can be pipelined into a 5-stage pipeline, where each stage represents a step of the
ARM CPU, where at each clock, each stage is supposed to pass on the following
stage the instruction it has been working on.
This means that the 5-stage pipelined ARM CPU can execute instructions faster
than the equivalent non-pipelined ARM. This can be seen as a first level of parallel
computation, specifically on instruction-level parallelism, as we will see later in
this section.
Figure 1.6 represents the ARM CPU without pipelining which executes 3 instruc-
tions by inserting the next instruction when the previous is finished. Therefore, the
total number of cycles taken for the 3 instructions corresponds to 15 clock-cycles.
If we wanted to generalize this, the total number of cycles is equal to the number
of instructions multiplied by the number of steps.

Figure 1.6: 5-step classical ARM CPU[37]

Figure 1.7 represents an ARM CPU with pipelining executing 5 equations.
Hypothetically, if all equations are independent from each other, we could insert
an instruction at each clock-cycle and wait 4 clock-cycles more for the result of
the last instruction. Therefore, the total number of cycles taken for 5 instructions
raises to 9. If we generalize this, the total number of cycles is predictable by the
following formula :

(Number of Cycles) = 5·(Number of Instructions>1)+(Number of Instructions-1)

However, this is only true if at each cycle, the instruction that we insert in the
ARM CPU is not dependent on the results of the instructions still in the pipeline.
For example, if the fifth instruction depends on the result of the first instruction,
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Figure 1.7: 5-Stage Pipelined ARM CPU[37]

we will not be able to insert this fifth instruction until the first instruction is
finished. Therefore we will wait for a cycle until the first instruction is finished
and only afterwards insert the fifth instruction, as can be seen on figure 1.8. This
will decrease the effectiveness of the pipelined processor, which effectively shows
the importance of having independent instructions and being able to select them
accordingly to the possibility of inserting them in the pipeline.

Figure 1.8: 5-Stage Pipelined ARM CPU - Hazard[37]

Taking these elements into account, we see that pipelining is useful in the case
of instruction-level parallelism at the condition that we are able to effectively insert
independent instructions. This compensates a parallelisation we would have to
provide with multiple PE with the benefit of higher frequencies and resources
optimisation.
With regards to the frequency, the division of a sequence into successive smaller
ones decreases the total length that the signal must make in a single clock cycle.
Therefore increasing the potential frequency at which each of the stages of the
sequence will be ran. This effect decreases with the amount of stages as it becomes
systematically more difficult to divide the circuit into smaller coherent parts.
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1.2.2 Altera IP blocks
As we showed in section 1.1, we have mainly memories and Processing Elements
(PE) which are either 32-bits floating point multiplications or 32-bits floating point
addition-subtraction. We are not able to apply this pipelining on the memories
but it is possible from the IP library proposed by Altera to find pipelined PE of a
specific number of stages or frequency for the operations we want to implement.
We will first focus on the possibilities offered for each type of operations, then
compared both types of operations and finally take into account the memory and
the dependency it causes. We will consider these elements with the DE10-Nano,
which is a FPGA board of the Cyclone V family.
For the Cyclone V family we have the following stages, the resulting maximal
frequency and the use in resources as predicted by the internal compiler:

Latency (Stages) 1 2 3 4 5 6 7 9 10 14
Frequency 37 55 72 89 103 120 144 159 178 233

LUT 538 569 587 630 652 656 695 762 796 905

Table 1.1: Properties of Addition-Subtraction IP blocks

Latency (stages) 2 3 4 5 8 9
Frequency 63 109 153 199 218 230

LUT 170 193 207 231 362 391
Multipliers 2 2 2 2 4 4

Table 1.2: Properties of Multiplication IP blocks

Taking in account the frequency of both types of operations and starting from
the hypothesis that we will use a single clock for both types of operations, we can
search for valid couples of pipelined architecture for each frequency and the related
pipelined stage number of both types of operations.

ADD 1 2 3 3 4 5 6 6 7 9 9 10 14 14 14
MULTI 2 2 2 3 3 3 3 4 4 4 5 5 5 8 9

Frequency 37 55 63 72 89 103 109 120 144 153 159 178 199 218 230

Table 1.3: Coupling latency of subtraction/addition and multiplication
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We could also illustrate this with the following figure 1.9:

Figure 1.9: Maximal frequency by latency for ADD and MULTI PE

We can choose a combination of pipelined PE which will constrain the architecture
to a specific maximal frequency. In order to concretely find out which kind of
pipelining scheme is the most efficient, we need to test out a few of these combi-
nations and compare them between each other. On top of this, it will be a first
characterisation of a multibody system. For this example, we use a simple multi-
body system of a 23-dof railway-bogie, apply the equation placement algorithm
for 3 pipelining schemes (ADD, MULTI) = [(3+2,2+2), (6+2,4+2), (10+2,5+2)]
which constrain the frequency to respectively 72, 120 and 178 Hz. This gives an
approximately equal time of computation for the three cases for a single instructions
and will show or not the benefits for our application.

Remark - As mentioned previously, we implemented this study knowing the
number of bits, here 32-bits floating-points following the IEEE 754 standard. But
there are also 64-bits floating-points IP blocks for higher precision, these will re-
quire for the same frequency, a higher amount of resources combined with a higher
latency, approximately the double of that of the 32-bits floating-points. Finally,
the IP block can be customised for a specific number of bits between 32 and 64,
where the breakdown of bits through the mantissa and the exponent is determined
by the user following its own necessities.
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1.2.3 Pipeline Study
First we will show the number of cycles being produced for each case. Secondly, we
will show the amount of time needed to complete the equations for each case. And
finally, we will show the parallelisation rate for each case. Each of theses cases can
be found respectively in figure 1.10, 1.11 and 1.12.

Figure 1.10: Number of Cycles depending on the number of pipeline stages

Figure 1.11: Computing time depending on the number of pipeline stages
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Figure 1.12: Parallelisation rate depending on the number of pipeline stages

From the figure 1.10, we notice that the lowest amount of cycles is obtained for
a configuration where not only the number of PE is high, but also the number of
stages of pipeline is low. Before reaching that low amount of cycles, we see that
we have the same number of cycles for the same number of PE while varying the
number of stages. This is due to the fact that we are simply dividing the number
of operations by the number of PE.
For the figure 1.11, we notice that the computation time is starting lower for the
configurations that have a higher number of stages in their PE. This is kept while
increasing the number of PE until all the computations times reach a minimum
low which is common. Therefore, we will have for the same amount of resources, in
other words, the same amount of PE’s, a lower computation time when we increase
the number of stages in the pipeline. In our case, this is exceptionally true because
there is a proportional increase of the frequency with the number of stages. This
cause the final computation to tend to be the same.
For the figure 1.12, the inflexion of the curves corresponds to the moment we can’t
reduce any more the number of cycles. We should also note that the parallelisation
rate at this inflexion, is higher for configurations with a higher number of stages.
We conclude that we should take PE with a higher number of stages as long as the
frequency increases in the same proportion.
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1.3 Implementation
In this section, we will describe the practical implementation on our DE10, we
will characterize the amount of resources needed to compute the forward dynamics
of the 23-dof railway-bogie for 8 PE, equally divided to have 4 ADD PE and 4
MULTI PE. Additionally, we will talk about the current limitations and the future
perspectives for a FPGA implementation.

Regarding the frequency of both clocks, we know that the frequency for M10K
is limited to 240 in the case of the DE10-Nano. As the clock of the PE Memory
should run at twice the frequency of the PE, we know that the frequency of the rest
of the circuit is limited to 240. The other elements that could cause a limitation on
our frequency is the PE and the interconnections. In this case, we decide to aim to
a limitation only due by the PE Memory and have a maximal frequency for the PE
that would be higher to eventually compensate the delay in the interconnection.
Therefore choose the last couple of PE we had in 1.2.2, the ADD PE will have 10
steps for a maximal frequency of 178 MHz and the MULTI PE will have 5 steps
for a maximal frequency of 199 MHz. We need 2 additional steps for the passing
through the interconnections and the writing down of the intermediate values.

1.3.1 Resources usage
The final implementation will contain 8 PE, equally divided to have 4 ADD PE
and 4 MULTI PE. The choice of the number of PE will also determine the size
of the other parts inside each block: Instructions Memory, PE Memory, Buffer
Instructions and Buffer Memory, and the Interconnections.
The memory sizes will not only vary with the number of PE, but they will also
vary depending on the equations we are going to insert.
Regarding the amount of resources taken for the PE themselves, we already esti-
mated them previously, but we will correct them with the final numbers from the
software report.
Given the configuration and considering we want to process the direct dynamics of
the 23-dof railway-bogie, the number of cycles will be 987.

About the Instructions Memory, we need to drive 4 ’virtual’ ports on the PE
Memory, because we need to write two addresses and to read two addresses. Divided
over two cycles because we are limited to 2 ports on the memory.
Additionally, we need to have an enable-write bit for each port during the write
cycle. In the case of the Instructions Memory linked with the ADD PE, we need
to drive the selection of the operation with an extra bit. For the size of the ports,
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we consider that our PE memory contains 2048 addresses, which is depth of 11
bits. We decide to represent the addresses using 3 hexadecimal numbers. Therefore
we have a total width of 52 bits because we cannot implement a lower amount in
width for the M10K. The Instructions Memory will contain 48128 bits for the ADD
and 47104 bits for the MULTI PE. The memory is made out of 3 to 4 M10K.
The PE Memory will not only contain the intermediary variables but also the
initial data we needed at the start and throughout the computations. The memory
will contain 32-bits floating-points and as said previously, it would need to contain
2048 addresses. We will therefore use 65536 bits inside 7 M10K.
About the Buffer Instructions, we need to insert two addresses to read and write
the saved results, we include a bit for the enable-write. This leaves us with a final
8 bits width memory. Therefore the total number of bits is 48128 divided over 2 to
3 M10K.
About the Buffer Memory, we use 16 addresses to save the results, which is more
than needed to save the 32-bits floating-point results. Therefore, we need 512 bits
using a single M10K.

About the ADD PE, we have for each one around 360 ALM (565 ALUT, 600
Logic Registers) and 2 DSP. This is more than expected, and additionally, we have
DSP. The addition of DSP is due to the combination of the frequency with the
interconnections, which causes the design to be a loop.
About the MULTI PE, we have for each one around 100 ALM (169 ALUT, 170
Logic Registers) and 3 DSP.
In general we see that there is a higher need than what was written in the Altera
IP blocks. This is due to the practical implementation that is using more resources
than the ideal implementation. We could reduce the usage by changing the compi-
lation parameters of the software. But the final use is representative of what we
could expect if we wanted to add more elements.

About the interconnections, to connect the 8 blocks, we need to have 16 inputs
and 16 outputs for the interconnections. Respectively to connect the 8 results, one
from each PE and 8 data read from the Buffer, one for each PE as well. We use a
multiplexer(MUX) for each PE such that each uses 160 ALU (110 to 150 ALM).
Therefore we use 2560 ALU (2080 ALM).
About the Interconnections Memory, the memory size will be equal to the number
of cycle times multiplied by 2 · N · sqrt(2 ∗ N), where N is the number of PE. We
will therefore use 65536 bits, for which the software would use 20 M10K.

We made a summary out of all this resources use which is available at table 1.4
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ALM ALUT Logic Registeries M10K DSP
PE ADD 360 565 600 0 2

PE MULTI 100 169 170 0 3
Instructions Memory 0 0 0 3-4 0

PE Memory 3 4 0 7 0
Buffer Instructions 0 0 0 2-3 0

Buffer Memory 0 0 0 1 0
Interconnections 2080 2560 0 0 0

Interconnections Memory 0 0 0 20 0
Total (%) 4413/41910 - - 120/553 20/112
Total (%) 11 % - - 22% 18%

Table 1.4: Resources Usage - DE10-Nano : 8 PE (4 ADD & 4 MULTI)

1.3.2 Limitations & Future Perspectives
We made the design expecting to have two final clocks. The first clock should
be running to incrementally increase a counter giving the current cycle we are in,
called CLK120. A second clock is used specifically for the PE memory to be able
to have the two cycles during a single cycle of CLK120, we call that clock CLK240.
These clocks should respectively run at a frequency of 120 and 240 Mhz, as they are
linked. As said in section 1.1.2 Constrains & Solutions, we implement the CLK120
using the rising edge of the CLK240.

Unfortunately, the claimed maximal frequency of the design we were able to
implement for CLK240 is about 50 Mhz, which is only a fifth of what we expected
from our initial discussion.
The only element we did not determine originally at which frequency it should work
was the interconnections. As a consequence, we tried out the design by ignoring
the interconnections. In that case, the maximal frequency of our CLK240 would
be around 50 MHz which is exactly the same as previously.
A second element could be simply the CLK120 we use for selecting the write or
read operation. As this clock is both used for that purpose and is being derived
from CLK240, which is also used as the assigned clock of the memory. We removed
in that purpose the CLK120 and tried to find the new maximal frequency. In this
case CLK240 is limited to 240 MHz.
Therefore we know that although the solution we implemented successfully handled
the issue regarding the number of ports. This causes the frequency to decrease
significantly. In the end, the main objective was to both test out the architecture
and the placement algorithm we will later explain. This objective was fully obtained
as we successfully computed our test case on ModelSim and on the FPGA with
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SignalTap but further development on the architecture will be needed.
Regarding the use of the resources, we see that for the DE10, we can have

two limitations, Memory and DSP. First on Memory, we have both an increase of
memory need in case of bigger system which needs more memory addresses and
has a higher number of cycles. Second on DSP, if we are willing to increase the
number of PE, we should be able to increase it until we have a number of PE equal
to 40; potentially even more as ADD PE are not supposed to contain any DSP and
MULTI PE are supposed to contain only 2.
In the same aspect of the maximal frequency, this is highly dependent of the design
we are able to implement. If we change some of the compilations parameters we
could be able to decrease that amount to contain more PE.

As said before, the use of a higher end FPGA could solve both of our issues.
For example the Statix 10 propose a 4-port memory block which allows to solve
our frequency issue. Additionally, the maximal frequency of the block on the Statix
10 is higher than what we are able to implement on our Cyclone V series, about
twice the frequency. Finally, the resources we have at our disposal would be higher
eventhough we have also a workaround that is possible with the embedded ARM
[33].





Chapter 2

Vectorisation of Equations

The final objective of this work is to show the potential vectorisation of the equations
that are produced by Robotran, as this work is written in the continuation of the
work accomplished by Tony Postiau during his PhD Thesis. We therefore took back
some of the advances he made and got further into the subject. What is meant
by Vectorisation is a fine-grain parallelisation where instruction-level parallelism is
exploited from the equations produced by the Robotran symbolic generator.
The advantage of this method is the applicability to any multibody system, regarding
both size and topology. Unfortunately, the dependencies between the successive
equations raise two issues. The first is the production of a parallel architecture
or interface. This architecture should be able to efficiently exploit the fine grain
parallelism of the instructions. We proposed such an architecture in section 1. The
second is a performing algorithm that is able to accurately place the equations
such that the maximum parallelism is exploited given the specific architecture.
The vectorisation of equations was born from an simple observation, as explained
in [38, 39], and exploited in [3], which we will further develop regarding the amount
of operations being made for each line of the vector step. As stated in [39], the
equations produced using a recursive algorithm might not each and every time be
dependent on the previous equation. The result of this can be illustrated in 2.1,
where we take every equation and establish successive steps to compute them in
parallel.
AF24 = −g(3) · S4;
AF34 = −g(3) · C4;
OM15 = qp(4) · C5;
OM35 = qp(4) · S5;
AF15 = −AF34 · S5;
AF35 = AF34 · C5;
OM16 = qp(5) · S6 + OM15 · C6;
OM26 = qp(5) · C6 − OM15 · S6;

−→

z1 =


−g(3) · S4;
−g(3) · C4;
qp(4) · C5;
qp(4) · S5;



z2 =


−z1[2] · S5;
z1[2] · C5;

qp(5) · S6 + z1[3] · C6;
qp(5) · C6 − z1[3] · S6;


(2.1)

21
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The observation is exploited by Robotran to make computations schemes where
the independent equations are detected and grouped together in successive steps or
vectors taking into account the dependencies towards the parents. This produces a
number of equation vectors which show the parallelisation potential of multibody
systems.
For example, a 23-dof railway bogie is constituted by 1812 equations which can
be grouped together in 18 successive vectors, which represent a reduction of 100
of the number of computation steps. A bigger multibody system such as a 70-dof
multibody system will produced 18536 equations which can be grouped into 80
successive vectors, which represents a reduction of 20 computation steps.
However, this vectorisation scheme presents a number of disadvantages:

• First, it is inefficient regarding the amount of computing units we should
put in parallel to compute the equation at each step. We could have for
some steps an under-use of the computing units as they have no equation to
process.

• Second, in the same way, the equation themselves are presenting a difference
in their computing cost as they can contain more or less operations. This
will cause during the step to have computing units which will have completed
their equation early and will have to wait for the most costly operations to
be computed before being able to compute the next step.

In the following sections, we will explain how we solve these issues by using the
individual successive operations and how by changing the expressions themselves
we are able to improve even more the vectorisation potential of these equations.
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2.1 Atomisation of Equations
Although our parallelisation potential was put in evidence thanks to the transfor-
mation of sequential equations into sequential vectors. The number of operations
in each equation and the number of equations in each step would prevent us to
fully exploit the parallelisation potential.
Therefore, we need to further manipulate the equations in order to fully exploit
the instruction-level parallelism of the equations.

In order to solve the issue regarding the difference in cost of the equations. We
exploit the same principle as in the PhD thesis of Postiau [3]. This consists into
dividing the equations into smaller parts, into unitary operations.
Taking the previous series of equations, we can atomise the complex expression of
the original equations using intermediate values such that will have the following
series of equations:

AF24 = −g(3) · S4;
AF34 = −g(3) · C4;
OM15 = qp(4) · C5;
OM35 = qp(4) · S5;
AF15 = −AF34 · S5;
AF35 = AF34 · C5;
OM16 = qp(5) · S6 + OM15 · C6;
OM26 = qp(5) · C6 − OM15 · S6;

−→

AF24d = g[3] · S4;
AF24 = 0.000 − AF24d;
AF34d = g[3] · C4;
AF34 = 0.000 − AF34d;
OM15 = qp[4] · C5;
OM35 = qp[4] · S5;
AF15d = AF34 · S5;
AF15 = 0.000 − AF15d;
AF35 = AF34 · C5;

OM16d = OM15 · C6;
OM16g = qp[5] · S6;
OM16 = OM16g + OM16d;
OM26d = OM15 · S6;
OM26g = qp[5] · C6;
OM26 = OM26g − OM26d;

(2.2)

With the atomisation we have to insert a zero in front of some equations in or-
der to effectively have an operation. This increases lightly the number of operations.
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2.2 Indexing of Equations
Once we atomised the equations into individual operations, we need to decide
which operations are prioritized in order to decrease the computation time and
increase the parallelisation rate. For this purpose, we will be using a list scheduling
mechanism, which will be able to separate the operations between each other based
on a range of factors.
We will first revisit and underline a few elements of the list scheduling as presented
in the PhD of Postiau [3], and afterwards explain how we implement this part in
the placement algorithm.
From the following equation, we represent a binary expression tree (BET), illustrated
in figure 2.1.

CF323 =0.000 − FA123 ∗ L[2, 23] + FA223 ∗ L[1, 23] − I[1, 23] ∗ OM123 ∗ OM223
+ I[5, 23] ∗ OM123 ∗ OM223 + I[9, 23] ∗ OA323;

CF323

+

+ *

- * I[9,23] OA323

- * OM223 *

+ * OM223 * I[5,23] OM123

0.000 * FA223 L[1,23] I[1,23] OM323

FA123 L[2,23]

Figure 2.1: Treelike structure of an equation
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2.2.1 ALAP and ASAP Attributes
In [3], we took the classical attribution of two indices which are showing both the
interdependence of equations and the successive operations. These two indices are
ASAP (As Soon As Possible) and ALAP (As Late As Possible). We will use them
for our individual operations.
The first attribute, ASAP, is representing the cycle in which the operation should
be computed considering that it must be done the earliest knowing the ASAP of the
two parents. To process this, we are starting at the initial variable and successively
increment on the children considering the maximal value of both parents.
The second attribute, ALAP, is representing the cycle in which the operation
should be computed considering that it must be done as late as the parents of the
operation allows. To process this, we start at the end of the list of equations. We
give the operations which do not have any children the maximal ASAP attribute
from our list of equations. And we will gradually get to the beginning of the list of
equations by decrement the minimal ALAP attribute of the children.
We took binary expression tree, gave ASAP attributes to the initial variables and
deduced the successive attribute which can be seen in figure 2.2.
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Figure 2.2: ASAP and ALAP indices for dependency tree
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2.2.2 ASAPCycle and ALAPCycle Attributes
Previously, we explained a list scheduling based on the simple indices ASAP and
ALAP, where the weight of the operations is of a single unit. An improvement
over this will be presented in this section. We will take into account the number of
cycles each operation by introducing them in the BET. We call these new attributes
ASAPCycle and ALAPCycle.
We will use for example the maximum of these attributes in the chapter 3 Robotran
Equations.
We take the latency due to our current architecture, therefore we associate each
operation with a certain weight which represents the number of cycles taken for
each type of operations. We consider that multiplication has a weight of 7 cycles
due to the 5-stage pipelined multiplication PE and two cycles for the memory.
While the addition/subtraction operation has a weight of 12 cycles due to the
10-stage pipelined addition/subtraction PE and two cycles for the memory.
The resulting dependency tree with the associated attributes can be seen at figure
2.3.
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Figure 2.3: ASAPCYCLE and ALAPCYCLE indices for dependency tree
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2.3 Placement of Equations
Once the equations have been atomised into single operations and these have
been classified according to a classical ALAP-ASAP scheduling list, we are able to
describe the final part of the algorithm we developed.
For the correctness of the algorithm, it shall verify at each cycle a few elements
when proposing to insert an operation:

1. What is the status of the two parents of the operation. For each parent, we
could either not have started the computation; or if the computation has
started, it could still be in the pipeline of the PE. We are only selecting the
operation if the two parents have been processed. Otherwise, we would need
to restart back for the next operation.

2. When this verification is done, we still need to check for each parent whether
it is already in the PE Memory or if eventually we could write it. If we need
to write down the variable, two possibilities are offered:

(a) First possibility called Direct is when the variable is being written
down directly in the PE memory after being computed, without passing
through a write and read in the buffer.

(b) The second possibility called Indirect, writes down the variable after
it has been computed, by writing it down in the Buffer memory and
reading it later in order to write it in the PE memory.

A naive selection of the PE will insert the equation in the first PE that is
available, independently of any other consideration such as memory.
We propose an alternative where we make a difference based on a memory status,
which is aimed at reducing PE memory writing rates, the size of the PE memory,
the Buffer memory read and write rates and the size of the Buffer memory. We
expect the load of the computation to be more equally divided between the PE
and as a consequence also reach the goals we mentioned regarding memory size
and usage.

We will consider a status for each parent, if the parent is in the PE memory, if
the parent can be written directly or indirectly in the PE memory.
We respectively call these as PE (Left and Right), Direct (Left and Right) and
Indirect (Left and Right).
These three cases present different memory usages. We will always prefer to have
less memory usage and therefore we decide to use the following preference, ranged
from 1 to 9. We show this preferential selection in table 2.1.
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PE Right Direct Right Indirect Right
PE Left 1 2 5

Direct Left 3 4 7
Indirect Left 6 8 9

Table 2.1: Preferential Placement

We tested both placement techniques to prove that indeed the second technique
would give significant advantage over the previous, more naive. The memory usage
of both techniques is illustrated in figure 2.4 and 2.5 for the 23-dof railway-bogie
and in figure 2.6 and 2.7 for the 70-dof system, respectively for the memory of
the PE and the Buffer at different numbers of PE. Where the bar represents the
minimal and maximal size and the points represent the mean usage.

In the case of the 23-dof railway-bogie there isn’t a very large difference between
both techniques. We can explain this by the low number of PE we need to extract
the maximal parallelisation for that particular multibody system and by the small
number of equations, around 5500 operations. We tested it with a bigger system
such as the 70-dof system, which has 100000 operations and where the size would
allow to show the utility of our preferential treatment.

The reader should note that when N_ADD=N_MULTI=1, the size is the same
as the placement algorithm doesn’t have a choice over the PE it could use, as there
are only one PE for each type of operation.
We notice the following elements:

1. A difference on the size of the PE Memory and of the Buffer Memory between
the ADD and MULTI blocks.

2. Classical Scheme has a slight increase in the size of the PE Memory for the
MULTI block. Opposed to that, the Preferential Scheme has a constant
decrease of size.

3. Classical Scheme has a size increase on the Buffer Memory MULTI, while
the Preferential Scheme has a constant decrease.

4. In general, the Preferential Scheme has a lower size regarding both memories
compared to the Classical Scheme. The difference between the maximal
and minimal size of the memories for the different PE is smaller for the
Preferential Scheme.

We will simply conclude that our preferential scheme shows a constant decrease
throughout the increase of PE numbers both for the PE Memory and the Buffer
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Memory.

This issue of having an equal memory size (or nearly equal) is dominated by good
practices in FPGA design, we desire to have regular design element. Additionally,
decreasing the size of it lowers the usage of resources on the FPGA and potentially
avoid frequency limitations due to increased interconnections.

Figure 2.4: Memory associated with PE for the two placement methods - 23-dof -
railway-bogie

Figure 2.5: Memory associated with Buffer for the two placement methods - 23-dof
railway-bogie
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Figure 2.6: Memory associated with PE for the two placement methods - 70-dof
system

Figure 2.7: Memory associated with Buffer for the two placement methods - 70-dof
system

2.3.1 Classical vs Mobility List Scheduling
The classical classification consists in sorting the operations first based on their
ALAP attribute, then secondly for the operations with equal ALAP attribute, in
sorting operations by their ASAP attribute. This allows to group together the
operations which should in last instance be computed at the same time. The second
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sorting argument does not have a significant influence on the result.
We could talk about a third attribute, derived from the previous two, which we call
mobility. We compute it as the difference between the ASAP and ALAP attributes.
This attribute represents as the name suggest the number of cycles we can pass
before we insert the operation without causing an increase on the critical path. If
an operation has a mobility of 0, this means that the equation is on the critical path.
Higher number of mobility means that the operations is further away from the
critical path allowing us to compute more critical operations. For paths that have
a low mobility and therefore are close, failing to insert the equation for more than
the mobility will cause the children of this equation to become the new critical path.

Therefore, we could use this third attribute as an alternative to the classical
classification.

This alternative classification is to first sort the operations based on the mobility
and in second instance to sort the operations having the same mobility based on
the ALAP. This classification will rather give a priority on the critical path and
successively on the paths that have a higher mobility, where we are inside each
path prioritising the elements that are at the start of the path.
The main difference between these two elements is that the classical classification
will consider the operations based on the stage in which they need to computed at
the latest, while the alternative we have with the mobility attribute, the operations
will be seen with regards to the path they are in.
We looked into the practical differences between both classifications and if either is
better than the other. We can characterise this based on two elements, the first is
the number of cycles from the placement algorithm and the second is regarding
the efficiency of the placement algorithm.
Efficiency of the placement algorithm, there is no doubt that the classical algorithm
is better than our alternative. as our alternative does iterate on all the critical path
from the beginning until the end, before getting on paths which are less critical
but yet are locking the critical path. For the first element, we did pass the 23-dof
railway-bogie through both cases and the results can be seen in table 2.2.

Number of PE 1 2 4 8 16 32
Classical ALAP - ASAP 3137 1578 806 743 743 743

Mobility Based 3187 1606 854 743 743 743

Table 2.2: Number of Cycles for classical Alternative Classification

The conclusion is that currently, the classical classification works better compared
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to the alternative classification, at least in the way we implemented it. It iterates
more efficiently over the dependency tree, and also more effectively vectoring the
equations. This is because our alternative classification computes first the critical
path before being constrained at an operation where one of the two parents is out
of a path which has not yet been started. Therefore the critical path is delayed
because we need to compute this less critical first before being able to continue
computing the critical path.
The classical classification is able to compute all the paths so that when they meet
they do not represent a bottleneck for each other.
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2.4 Leads on improving cycles
The existence of the critical path is limiting the parallelisation of the equations
because the number of cycles cannot be decreased below the length of the critical
path. This constrain is permanent but if the length of the critical path could be
lowered, this would enable us to increase the parallelisation of the equations.

Currently, we have taken directly the equations produced by Robotran without
applying any kind of transformation except the atomisation of these into individual
operations. We notice that although we have extracted the fine-grain parallelism
of those equations, there can be improvements if we change the expression itself.
This is due to the binary expression tree as the atomisation of the equations is
processing the equation from the left to the right. In the case of the placement
algorithm, we took into account the attributes to place the operations to improve
the parallelisation. In the atomisation, we did not exploit the attributes to ma-
nipulate the operations to rewrite the equations such that the operations can be
processed in parallel or at a more opportune timing.

In that purpose, we take back the binary expression tree (BET) and attributes
from 2.2.2ASAPCycle and ALAPCycle Attributes, but we could also make this
using the the BET and attributes we saw in 2.2.1ALAP and ASAP Attributes. We
make this choice here to show the decrease in the number of cycles we can bring to
the original Robotran equations.
In this section we present three improvements that could be implemented to de-
crease the critical path. These three improvements are: the zero removal, the tree
balancing and the tree swapping.
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2.4.1 Zero Removal
Some equations present either a minus before the equal sign or before a parenthesis,
in order to manage this case we simply added a zero in front causing the minus
to be handled thanks to the transformation in an operation. This operation can
be avoided in most cases with two techniques, the first is to find a variable in the
expression that we are able to move and put forward the minus sign, the second is
to simply report the minus sign to the children of the variable.

When taking the BET, we have a zero along the path the most on the left. It
turns out that this path is also the critical path we are willing to shorten. We
therefore exchange the terms FA123 · L[2, 23] and FA223 · L[1, 23] such that we
can remove the zero and decrease the critical path. We see the resulting tree in 2.8.
With the removal of one addition/subtraction operation, we notice that we could
end up with another critical path which is passing through other variables. In this
case, this situation does occur, as the critical path goes again through FA123 but
we see a decrease of the ALAPCycle Attributes on other variables showing that
as we decrease the critical path length, we also decrease the mobility on other paths.
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Figure 2.8: Dependency Tree - Zero Removal
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2.4.2 Tree Swapping
The zero removal is a simple example of what we want to implement on a larger scale
on a tree. In a more general context, we are willing to exchange the place of some
paths or sub-trees to take advantage of the difference of their respective attributes.
When looking at our BET, we notice a succession of additions/subtractions which
are currently the most left path and also the critical path.
On top of this we see that the mobility of nodes connected to that succession of
additions/subtractions has a different ASAPCycle attribute. We will therefore cut
the link between the nodes and rearrange these such that the sub-trees that have
the head with the biggest ASAP attribute are closer to the head of our BET.
The final result can be seen in figure 2.9.
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Figure 2.9: Dependency Tree - Tree Swapping
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2.4.3 Tree Balancing
In his PhD. Postiau [3] explained that there were two different ways to make our
tree. Either in a cascade scheme or a parallel scheme, illustrated in figure 2.10.
For an equation such as d + c + b + a, the cascade scheme is represented by
((d + c) + b) + a) and the parallel scheme is represented as (d + c) + (b + a). The
expression in parallel represents a shorter critical path and a higher parallelisation
rate but the Robotran Equation represents itself in a cascade scheme. The mul-
titude of those cascade expressions together however still presents an interesting
parallelisation rate.

(a) Cascade (b) Parallel

Figure 2.10: Binary Expression Tree[3]

As we are trying to decrease the length of the critical path, we are attracted by
the idea of a parallel tree. In our case, we need to take into account the ASAPCycle
Attribute to determine if this is useful. We saw from the previous BET that we
have 3 sub-trees that have a very low mobility and that the critical path is due to
OM123. The objective is therefore to change the mean head to the first left node.
This decreases the critical path of 12 cycles unless the path changes of origin.
Taking the BET modified in the previous section, we apply these changes and
obtain the BET visible in figure 2.11.
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Figure 2.11: Dependency Tree - Tree balancing

2.4.4 Effectiveness
Regarding the effectiveness, we manually exploited the tree swapping technique.
Because it is the method that present the highest gain while being easy to apply
to our cases. For small systems of any topologies, we have been able to decrease
the length of the critical path, to about one third in some cases. More data on this
is presented in 3.2 Study Cases.

Regarding the tree swapping we have two situations:
• Serie of additions/subtractions : swap out the sub-trees to take advantage

of their attributes. We need to take their associated sign and prevent the
need for the insertion of an unnecessary zero. We used specifically this in our
example.

• Serie of multiplications : swap out the sub-trees to take advantage of their
attributes. As multiplications are associative, we are able to switch all the
terms of the series of multiplications independently.

The tree balancing is the extra step we can implement after the tree swapping.
Because the sub-trees are ordered such that we exploit the most out of our cascade
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type structure. The tree balancing will change the structure of the tree to a more
parallel type structure.
The principle of the tree balancing is like-wise the divide-and-conquer paradigm
we use for sorting. We divide the operations that are on the critical path or very
close over multiple parallel operations instead of successive ones. This allow us to
reduce further the time when we have a high amount of elements that have the
same or close attributes.
One of the issues this could present is that all the different sub-trees results need to
be communicated between the PE. In architectures where communication between
PE takes a high amount of cycles, this could in fact worsen the number of cycles
we are taking to compute the equations. Indeed, instead of having all successive
calculations, we need to communicate between the PE the successive results. Taking
into account a large communication cost we have for OpenMP and MPI, we could
have a higher number of cycles.

Regarding the zero removal, we are mainly aiming to show that for the addition-
s/subtractions, we need to take into account the sign of the operation. For most
equations, we should implement this improvement. The exceptions are present
when the displacement of the sub-tree in front of the subtractions would increase
the length of the critical path.



Chapter 3

Robotran Equations

A multibody system (MBS) is a mechanical system composed of bodies connected by
joints. Two studies can be made on a MBS, direct dynamics and inverse dynamics.
The direct dynamics consists of predicting the motion of the MBS given the known
forces and torques. The inverse dynamics consists of producing the joint forces and
torques to follow a specific trajectory.
The direct dynamics for open-loop systems is characterised by the following equation,
which can be obtained by the Euler-Newton equations recursively computed on
this topology [1]:

M(q)q̈ + c(q, q̇, frc, trq) = Q(q, q̇)

Where q and q̇ are respectively the generalized relative velocity and acceleration,
M(q) is the system mass matrix, c(q, q̇ represent the Coriolis, centripedal, gyro-
scopic forces as well as the externally forces f(q, q̇) and the torques trq(q, q̇) and
Q(q, q̇). Theses forces and torques depend from a user-input perspective through
the implementation of the active and passive elements, such as a motor, a contact,
etc.

For the inverse dynamics in open-loop, the same equations are used to find the
forces and torques therefore [1]:

Q(q, q̇) = ϕ(q, q̇, q̈frc, trq)

with
ϕ ≜ M(q)q̈ + c(q, q̇, frc, trq)

39
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In the case of closed-loop systems, we apply the Lagrange multipliers such that
the equations of direct dynamics are defined as:[1]

M(q)q̈ + c(q, q̇, frc, trq) = Q(q, q̇) + J t(q)λ

h(q) = 0 ; ḣ(q, q̇) = J(q)q̇ = 0 ; ḧ(q, q̇, q̈) = 0

While for the inverse dynamics, the equations are defined as :[1]

Q(q, q̇) = ϕ(q, q̇, q̈frc, trq) − J t(q)λ

h(q) = 0 ; ḣ(q, q̇) = J(q)q̇ = 0 ; ḧ(q, q̇, q̈) = 0

Robotran is a program generating symbolic multibody equations (kinematic,
dynamic) of rigid multibody systems for applications in dynamic behavior of
railway and road systems, biomechanics of the human body, satellites and much
more(Figure 3.1).

Figure 3.1: Multibody Applications

Using the symbolic approach allows Robotran to simplify the mathematical
expressions both on arithmetic and trigonometric functions. Therefore reducing
the number of operations and increasing the computation speed.
Moreover, Robotran is portable, meaning that once the equations related to the me-
chanical system are generated, the systems does not need any further programming
for the characterisation of the system. Implementations are possible in Matlab, C
and python, allowing the user to implement the desired functionalities. Multiple
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extensions can be provided such as in fluid mechanics, granular material & contact
and robotics (ROS). Simulations can be done in real-time and can be rendered in a
3D animation through a graphical interface.
Robotran has been developed for more than 30 years by the Multibody research
group of the Center for Research in Mechatronics (CEREM) which is part of
Institute of Mechanical, Material and Civil Engineering (iMMC) of the Université
Catholique de Louvain (UCLouvain).[40]

3.1 Topological Parallelism
The topology of a system, meaning the way the bodies are connected, vary from
system to system. We can’t say that each system has a specific type of topology
but we can explain why they lean towards one of the two absolute topologies
which are serial and parallel topologies. Both are illustrated in figure 3.2 a) and b)
respectively.
The serial topology is characterized by a tree-like structure which has in the most
extreme cases only a single branch. The parallel topology is characterized by the
existence of a closed loop between bodies. These closed-loops need to be opened in
order to find back the tree-like structure of serial systems. For that purpose, we
will cut either a body or a joint in two.

Figure 3.2: System topology

Parallel systems have therefore multiple kinematic chains, succession of bodies
connected with joints. This allows some formalism to differentiate the successive
chains and enable parallel computation. Such parallel systems are used in our
everyday life such as illustrated in figure 3.3, like a 4-bar system, a railway-bogie,
a parallel robot or the suspension system in a vehicle.
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Figure 3.3: Example of closed-loop multibody systems
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3.2 Study Cases
As the amount of multibody systems is very large we have to prove that our findings
are valid and representative for most of the MBS. This will highlight similarities
and differences across the different categories we could divide a range of MBS into.
To do this, we took the two systems we initially used to develop the algorithm,
a 23-dof railway-bogie and a 70-dof system, and we added on top of these a set
of representative MBS. These systems vary both in their size and their topologi-
cal/morphological characteristics. The variations are first on the number of dof;
we have chosen to take 23-,50-,70-,100- and 130-dof systems, and for each we will
choose 3 systems with different topological characteristics as explained in section
3.1 Topological Parallelism, these are : a multibody system of serial topology, a
multibody system of parallel topology and a multibody system of a intermediate
parallel topology. This gives a total of 17 cases that can be compared with each
other to draw strong conclusions.
As we wanted to show the effectiveness of the leads we presented in section 2.4Leads
on improving cycles, we applied the tree swapping technique manually on the sys-
tems of 23-dof and 50-dof, mainly to show his potential. We will compare these
against their initial counterparts. It should be noted that the potential isn’t limited
to our manual work as this would be easier with the appropriate software tooling.
Unfortunately, we weren’t able to develop an implementation of the leads in the
algorithm in the frame of this thesis, therefore we satisfy ourselves with the manual
changes we applied which will raise the interest in this approach.
The cases and their characteristics are presented in the following table 3.1. We
included the number of operations we are computing for each system and the
length of the critical path both in the simple unitary weight and in our specific
latency. Additionally we computed a fourth characteristic which is a number Y
which corresponds to the number of operations divided by the ASAPCycle, we will
explain this further in section 3.3.

Characteristics comparison - From the table 3.1, we see that the amount of
operations is both correlated to the topology of the systems and the amount of
dof. First with respect to the topology, we see that the number of operations can
vary from 4 to 10 times between a parallel topology and a serial topology. Second
with respect to the number of dof, there is an increase of the number of operations
that is linked to the increase of dof but that increase does not follow a linear or
quadratic evolution. The evolution on the dof seems to be mostly linked to the
specific complexity of simplicity of the MBS. While the reason of the difference
on the topology is due to the length of the kinematic chain, which is shorter in a
parallel MBS as we have multiple kinematic chains compared to a a single or two
in the case of a serial MBS.
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Number of Operations ASAP-ASAPCYCLE Number Y
23-dof railway-bogie 5469 69 - 737 7.42

23-dof serial 19970 342 - 3968 5.03
23-dof semi-serial 9150 155 - 1784 5.12

23-dof parallel 6410 136 - 1576 4.06
23-dof railway-bogie - Modified 5469 47 - 471 11.61

23-dof serial - Modified 19970 115 - 1239 12.25
23-dof semi-serial - Modified 9150 53 - 560 15.35

23-dof parallel - Modified 6410 43 - 460 13.38
50-dof serial 93525 757 - 8793 10.64

50-dof semi-serial 40348 349 - 4042 9.98
50-dof parallel 15187 206 - 2416 6.28

50-dof serial - Modified 93525 266 - 2939 31.82
50-dof semi-serial - Modified 40348 107 - 1228 32.85

50-dof parallel - Modified 15187 56 - 626 24.26
70-dof 100143 662 - 7703 13

70-dof serial 194946 1077 - 12488 15.61
70-dof semi-serial 37847 260 - 3024 12.51

70-dof parallel 19444 107 - 1228 15.83
100-dof serial 367118 1517 - 12488 29.39

100-dof semi-serial 66960 253 - 2935 22.81
100-dof parallel 42676 343 - 4050 10.53
130-dof serial 620257 1965 - 22874 27.12

130-dof semi-serial 140783 427 - 4963 28.36
130-dof parallel 68844 462 - 5473 12.58

Table 3.1: Study Cases Characteristics

On the critical path, we see that most of the operations are additions or subtrac-
tions, because the ratio between ASAP and ASAPCycle is in almost all cases
higher than 10 and closes to 12 in most MBS. Therefore an improvement on the
addition-subtraction block could be much more beneficial to the computation time
of our simulation, even if it would be detrimental to the multiplication block.
Regarding the ASAP and ASAPCycle attribute, we can highlight the same tenden-
cies as for the number of operations. These will be lower in the case of a parallel
MBS compared to a serial MBS of the same dof and will increase with respect to
their dof without respecting a linear or quadratic evolution.
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3.3 Minimal and effective Cycle Time
In the PhD Thesis of Postiau [3], he proposed methods to find the number of units
of each type needed in order to have a certain execution time, or in another way to
have the maximal parallelisation rate with still a correct execution time.

We propose a method, which we call lower bound guidance, which uses the
maximal path with the maximal asap attribute and two assumptions:

1. The first assumption is to consider that the number of additions/subtractions
is equal and therefore that the number of PE is equally divided between both
types of operations.

2. Neither type of operations will be delayed because of a bottleneck in the
computation of the other type of operations.

The method’s objective is to guide the number of cycles and provide a reliable
prediction for the number of cycles we will obtain, given a certain number of PE
and the minimal number of PE to reach the minimum number of cycles.

The method uses two distinct cases. In the first case, the dependence of the
equations does not impact the reduction in time. In the second case, the cycle
time is constrained by the length of the critical path. Therefore, the lower bound
guidance is made out of two curves corresponding to theses cases:

1. First curve corresponds to the number of cycles we would have considering a
perfect parallelisation rate of 100%.

2. Second curve corresponds to the critical path defined by the ALAPCycle, as
we are not able to compute faster than the critical path.

Therefore, as we mentioned in section 2.4Leads on improving cycles, we can reduce
the critical path length. This will result in a lower second curve.
At the intersection of both curves, we have a point which we called previously
the number Y. This number corresponds to the point where we transition from a
parallelisation to a saturation of this parallelisation. In others words, we cannot
to reduce the number of cycles. This is possible considering our hypothesis, if we
indeed have the same amount of both operations and that none of the type of
operations will restrict the placement algorithm.
We are able to see it in two ways:

1. The first is that we have enough PE to insert an operation on the critical
path when their parents are computed. This is possible if the number of
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PE is at least greater than the number of operations divided by ASAPcycle.
Because the rest of the PE could handle the rest of the operations which are
not on the critical path.

2. The second is that we need to have a PE, or in this instance a fraction of
the PE, free for the critical path, in order to have that free fraction, we need
to have a number of PE that is at least equal to the number of operations
divided by ASAP.

We will therefore describe three different zones in the following figures, which
are called parallelisation zones, transition zone and saturation zone:

1. Parallelisation zone before the number Y, where the addition of PE allows a
significant reduction in the cycle time while holding a significant parallelisation
rate;

2. Transition zone around the number Y, where the addition of PE still brings
a reduction of the cycle time but at the cost of the parallelisation rate

3. Saturation zone after the number Y, where the addition of the PE does not
reduce the cycle time but still reduces the parallelisation rate.

This gives a clearer view of the resources that will be needed. On top of this, it
allows in case we want to reduce the cycletime to the maximum to effectively find
a number of PE and then by iterating increase this number.
We therefore studied the systems and verified this for all systems. We can respec-
tively see the 23-dof, 50-dof, 70-dof, 100-dof and 130-dof systems in figure 3.4, 3.5,
3.6, 3.7 and 3.8. We include for the 23-dof and 50-dof systems the cases where
we decreased the critical path. The figures 3.4 and 3.5, which include the systems
with a reduced critical path, show that the decrease of the critical path causes
the second curve to lower and the number Y to shift towards the right, effectively
showing that these method could further improve the decrease in computing time
we are looking for.

More specifically, we see that for MBS that contain a low number of dof, we
have numbers Y which is quite low, around 4 to 7, while for MBS with higher
numbers Y we will increase until almost 30 for serial systems.
We see that for the systems where we decreased the critical path, we can see an
increase by 3 of the number Y, both for the 23-dof systems and for the 50-dof
systems. We need to remind that the number Y takes into account the latency of
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the two types of operations. Therefore in fact, each incremental increase of the
number Y represents the equivalent of several non-pipelined computing units.

Figure 3.4: Cycletime for the 23 dof

Figure 3.5: Cycletime for the 50 dof
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Figure 3.6: Cycletime for the 70 dof

Figure 3.7: Cycletime for the 100 dof
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Figure 3.8: Cycletime for the 130 dof
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3.4 Parallelisation Rate
A second way of looking at the vectorisation, is to look at the parallelisation rate
of the systems at the different configurations with a varying number of PE.
The parallelisation rate will be computed by comparing the amount of operations
the system contains divided by the maximal amount of operations the configura-
tion could compute given the configuration and the cycletime taken to make the
computations.

We can see the parallelisation rate in the following figures 3.9, 3.10, 3.11, 3.12
and 3.13, which represent respectively the parallelisation rate of the 23-dof, 50-dof,
70-dof, 100-dof and 130-dof. We included the 23-dof and 50-dof with the reduction
of the critical path.

Regarding the differences between different topology, we will again divide the
study into three cases or zones, these are the parallelisation zone, the transitional
zone and the saturation zone as described in 3.3.

In the parallelisation zone, we notice that more parallel systems tend to have
a better parallelisation rate compared to the more serial systems. This is mainly
due to the existence in those systems of several kinematic chains which allows
the equations to be less dependent from each other therefore achieving a better
parallelisation rate. However some exceptions can be exist, because the parallel
systems contain less operations than their serial counterparts, sometimes with an
order of magnitude. But the fact that we have more kinematic chains does have a
greater effect. But the difference of the parallisation rate stays very small.
We also see that systems with a shorter critical path have a higher parallelisation
rate than their counterparts showing that there is a slight decrease of the number
of cycles. Therefore reducing the length of the critical path is also useful when we
not yet constrained by the length of the critical path.

In the saturation zone, the parallelisation rate systematically decreases as there
is no possibility to parallelise any more the operations, we are constrained by the
critical path. The order of the systems are here determined by their Y number.
More specifically, if we had to order all systems between each other regarding the
parallelisation rate for a number of PE in the saturation zone, this could be simply
made by comparing the Y number.

Regarding the systems with a lower critical path, these will present a greater
parallelisation zone, because as was explained earlier in section 3.3, the Y number
will be shifted to the right. They therefore present a better parallelisation rate in
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that conquered zone, which was previously a saturation zone.

Figure 3.9: Parallelisation Rate 23-dof

Figure 3.10: Parallelisation Rate 50-dof
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Figure 3.11: Parallelisation Rate 70-dof

Figure 3.12: Parallelisation Rate 100-dof
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Figure 3.13: Parallelisation Rate 130-dof



3.5. PROJECTION 54

3.5 Projection
As we have seen, the number Y gives the approximative number of PE we can
have until reaching the maximal parallelisation possibilities offered by the system.
We proved it both in sections 3.3 Minimal and effective Cycle Time and 3.4
Parallelisation Rate. Using the Y numbers we computed in 3.2, we are able to
make the following figure 3.14. This figure shows the Y number for various systems
given their size and their topology.

Figure 3.14: Number Y given topology and size

We can notice from the systems we studied two different projection curves,
both linear. The first one is with the serial systems, the linear evolution of the
number Y is slowly increasing, about 0.05 per dof. The second one is with both
the semi-serial and the parallel systems, this time, the linear evolution increases
faster, about 0.25 per dof.
This is only true for the systems of the topologies and sizes close to the ones we
studied.

When implementing our improvement to have a shorter critical path, we im-
proved the general number Y and its evolution. At least in theory because we only
have two dof and we improved it manually. The increase can go up to three times
the original number Y.
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3.6 Occupation Rate of PE
In this section, we analyse the occupation rate with the different architecture
configurations as in previous sections. For this purpose, we decided to plot for
each MBS individually, the mean occupation rate of the PE. We took the rolling
average over 50 cycle and smoothed it. This enables us to analyse properly and
have readability on the repartition through time of the operations.
In the figures, the x-axis has a normalized timecycle

First, we will draw overall conclusions with a general analysis on the 23-dof
railway-bogie and the 70-dof system. Second, we will make an analysis based
specifically on the typology of the systems, we therefore have grouped together the
systems with the same topologies: parallel, semi-serial and serial. Finally, we will
conclude with the 23-dof and 50-dof systems where we reduced the length of the
critical path.

We have the occupation rate for the 23-dof railways and the 70-dof MBS re-
spectively in figure 3.15 and 3.16.
The first point is that we can once again see the three zones, we talk here about
three types of cases which have the same meaning, parallelisation case, transitional
case and saturation case.
The parallelisation cases are characterized by a rather flat occupation rate, with
eventually a buildup phase, but they will usually be able to occupy the PE units
until the very end. While the saturation case, is characterized by a more oscillating
occupation rate. As in the parallelisation case, we have the same buildup phase,
which can either be followed by ; a peak as for the 70-dof for N = 64, ending with
a sharp decrease in the occupation rate; a plateau which will know a decrease after
some time, as for the 23-dof railway-bogie for N=32; or a simple decrease after a
build-up, as for the 23-dof railway-bogie for N=64. We also see that the transition
zone is passed when we have at the very end of the cycletime a decrease of the
occupation rate. This is due to the fact that all the operations out of the critical
path are being computed and we are left with those on the critical path. In that
scenario, we need to wait the end of the computations to be able to insert the
following equations, which impacts the occupation rate.

When we increase the number of PE, we will have that phenomenon earlier and
earlier on. This means that the operations which are not on the critical path, will
be computed earlier. This leaves us earlier with only the critical path to compute.
While decreasing the length of the critical path is crucial in order to further improve
the parallelisation potential of the MBS, we need to point out that during the early
stages of the build-up phase, the occupation rate can be quite low as illustrated in
figure 3.16. Therefore we will need to compensate this later on, which could block
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our configuration from reaching his optimal cycletime.

Figure 3.15: Occupation 23-dof railway-bogie

Figure 3.16: Occupation 70-dof
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3.6.1 Serial Topological Systems
The mean feature in serial topological systems is the almost linear buildup we can
observe during the saturation, eventually followed by a plateau phase where in fact
the buildup is limited by the amount of PE of the configuration.
Therefore, when we increase the number of PE, we are able to continue the buildup
until the severe drop we noticed in the section 3.6 Occupation Rate of PE. It should
be noted that the occupation rate of this final part of the cycletime stays very low
as we saw in the section 3.6 Occupation Rate of PE.
This is mainly visible in the figures 3.18 and 3.19, which represent the 50-dof and
70-dof serial MBS. These present both two configurations in the saturation zone.
For the 23-dof serial, illustrated in figure 3.17, we have in fact two buildup phases,
first with a spike in the multiplication then with the linear build-up. One of the
explanations could simply be the low number of equations which is about 20000.
For the 100-dof and 130-dof serial, illustrated in figures 3.20 and 3.21, although we
do not have two saturation cases, the buildup is successively shifting to the right
as we increase the number of PE because the number of cycles decreases.

Figure 3.17: Occupation 23-dof serie
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Figure 3.18: Occupation 50-dof serie

Figure 3.19: Occupation 70-dof serie
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Figure 3.20: Occupation 100-dof serie

Figure 3.21: Occupation 130-dof serie
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3.6.2 Semi-Serie Topological Systems
For semi-serial MBS, we see also an almost linear buildup, but this is preceded by a
first build-up with a high spike in the occupation rate of the MULTI PE compared
to the ADD PE.
We notice to some extend that the build-up is starting at a higher occupation rate
compared to their serial counter parts and that the linear increase is less steep.
This is caused by the existence of multiple shorter kinematic chains.
The occupation rate of the semi-serial systems; 23-, 50-, 70-, 100- and 130-dof, are
illustrated respectively in figure 3.22, 3.23, 3.24, 3.25 and 3.26.

Figure 3.22: Occupation 23-dof semi-serie
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Figure 3.23: Occupation 50-dof semi-serie

Figure 3.24: Occupation 70-dof semi-serie
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Figure 3.25: Occupation 100-dof semi-serie

Figure 3.26: Occupation 130-dof semi-serie
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3.6.3 Parallel Topological Systems
Regarding the parallel MBS, we have as we saw in 3.6.2 Semi-Serie Topological
Systems, two distinct build-ups. First a small build-up as we had for the semi-serial
MBS, followed now by a steep increase of the occupation rate that can either stay
on a plateau when the amount of PE is close to the transition zone, or that can
present oscillations when being in the saturation zone.
We have differences on the occupation rate between the MULTI PE and the ADD
PE. The MULTI PE is more occupied than the ADD during the first small build-up:
up to 3 times, which is greater than for the semi-serial MBS. And during the second
build-up, where the MULTI PE oscillates more than the ADD PE.
The occupation rate of the parallel systems; 23-, 50-, 70-, 100- and 130-dof, are
illustrated respectively in figure 3.27, 3.28, 3.29, 3.30 and 3.31.

Figure 3.27: Occupation 23-dof parallel
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Figure 3.28: Occupation 50-dof parallel

Figure 3.29: Occupation 70-dof parallel
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Figure 3.30: Occupation 100-dof parallel

Figure 3.31: Occupation 130-dof parallel
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3.6.4 Critical Path Reduction
We saw previously that the occupation rate of the systems presents two areas of
improvement: the first stage of build-up and the critical path closing. Because of
the reduction in critical path length, we expect the occupation rate to improve
overall.
The occupation rate of the 23-dof railway-bogie, 23-dof serie, 23-dof semi-serial, 23-
dof parallel, 50-dof serie, 50-dof semi-serial and 50-dof parallel MBS are illustrated
respectively in figures 3.32, 3.33, 3.34, 3.35, 3.36, 3.37 and 3.38.
The most general observation on all occupation rates compared to their counterparts
is that the curves aspect are the same eventhough the amount of PE we can setup
is higher. Additionally, we have a shift of this curve towards the right as in some
sense we are cutting off the end of the cycletime. More specifically, the occupation
rate is proportionally higher at the start of the buildup and after the build-up drop,
compared to the top of the occupation rate curve. The reason for the end of the
cycletime to have a better occupation rate is that we reduced the length of the
longest critical path and any other path that would take his place. Therefore in
the end, we have more paths that have a length close to the current length of the
critical part.

Figure 3.32: Occupation 23-dof - railway-bogie - lowered critical path
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Figure 3.33: Occupation 23-dof - serie - lowered critical path

Figure 3.34: Occupation 23-dof - semi-serie - lowered critical path
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Figure 3.35: Occupation 23-dof - parallel - lowered critical path

Figure 3.36: Occupation 50-dof - serie - lowered critical path
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Figure 3.37: Occupation 50-dof - semi-serie - lowered critical path

Figure 3.38: Occupation 50-dof - parallel - lowered critical path





Conclusion

During this thesis, we focused on the development and the characterization of
parallel computation potential for multibody systems, specifically instruction-level
parallelism, using as basis a dedicated architecture on a FPGA and the equations
produced by the symbolic generator Robotran.

Synthesis
The equations of motion produced by Robotran by a symbolic generator allowed
us to highlight the instruction-level parallelism present in these equations.

We have first presented in Chapter 1 an appropriate architecture on FGPA that
allowed to accurately compute these equations in parallel. This architecture took
advantage of the two operations we had in the equations to increase the number of
PE in parallel. Indeed, we were limited to addition/subtraction and multiplication.
We showed that pipelining was an effective way to have intrinsic instruction-level
parallelism which would reduce the overall resource usage and increase the potential
frequency.
The architecture design takes into consideration the constrains imposed by the
DE10-Nano board as we were limited to two ports for the memory associated with
the PE. From that constrain, we introduced a two clock design which limited the
frequency of 50 MHz. We used for the connections between the different PE a
dynamic interconnection, called Crossbar Switch, that enables us to choose for
each data entry point of each PE Memory which result we want to write.
Finally, we showed that the DE10 could contain about 32 PE in parallel given the
resources we have available on the board.

Based on this architecture, we developed in Chapter 2 methods to accurately
extract the parallelism in the equations based on a list scheduling. We divided the
equations into smaller parts to increase the parallelisation potential. Successively,
with the aim to reduce the critical path and to increase the parallelisation rate
even more, we presented three methods to expand the extraction of parallelism.

71
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Regarding the placement algorithm we developed, we proposed a method to divide
more equally the memory between the different PE. This reduced the memory size
when increasing the number of PE. Effectively allowing for the FPGA design to
have the same size of memory for the two types of PE.

Thanks to the development of both, an appropriate dedicated architecture
for parallel computations and the writing of the instruction placement script, we
were able to produce a study regarding the parallelisation potential for systems
depending on their size and on their topological characteristics in Chapter 3.
Based on the length of the critical path and the number of operations in each
multibody system, we were able to predict: the number of PE that would be needed
to effectively have the minimal number of cycles or the number of cycles we will
have given a amount of PE.
With regards to the size and the topological characteristics of the multibody system,
we were able to present a projection for any other multibody system of the amount
of PE they required for maximal reduction in computing time.
We studied the 23-ddl and 50-ddl system which equations had been modified to
reduce the critical path, and we showed that we could divide the length of this
path by at least two or three. Effectively increasing the parallelisation potential by
the same magnitude.
Finally, we looked at the occupation rate of the PE throughout the cycletime and
we highlighted that the occupation rate has similarities for systems of different
sizes but sharing the same type of topology.

Limitations & Perspectives
In chapter 1, we had at our disposal a DE10, the implementation to overcome the
difficulties caused by the 2-ports memory meant that the frequency was drastically
limited. This issue is on top of a theoretical maximal frequency already low, of
120 MHz. While for modern CPU, eventhough they don’t make an operation every
cycle, have a clock of around 2.5 GHz. Combined with the possibility to have
multi-core or multi-thread computations being produced through MPI or OpenMP,
this leaves our dedicated architecture in a competitive disadvantage.
Fortunately, we are not limited to implement an architecture on a DE10-Nano.
More recent FPGA present solutions to us. We have the possibility to take a FPGA
from the Stratix 10 Family. Such a FPGA could provide a 4-port RAM Memory
with a clock-speed between 400 and 600 MHz depending on the speed grade [33].
On top of that the Altera IP we are using for the ADD PE and MULTI PE would
also know a proportional improvement in speed, therefore not becoming a limiting
factor.
This would effectively enable us to reach much desired performances which are
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needed in order to prove the interest and worth-while investment for such an
architecture.

In the chapter 2, we showed that we could reduce the need for a buffer by
preferring to select a PE for an operation based on the elements already present in
the memory of each PE.
With the reduction of the buffer activity to a minimum low, we notice the possibility
of removing the buffer as a whole. Although, this would necessitate the implemen-
tation of a new version of the placement algorithm, we could see a simplification of
the architecture. Indeed, we would remove the presence of the associate memories
and the number of inputs in the interconnection would be cut by half as the inputs
linked to the buffer are no longer needed.

In Chapter 3, we applied the reduction of the critical path to the 23-dof and
50-dof systems. We applied manually the method named the tree swapping. We
could write additional algorithms to implement the three methods to further reduce
the length of the critical path.
In the end, for the 23-dof railway-bogie : from the 1812 equations grouped in 18
vectors, which results in 5469 operations for a critical path ALAP/ALAPCycle was
69/737. This critical path length was reduced to 47/471 using the tree swapping
method.
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A.1 ADD block

Figure A.1: Detailed ADD Block Architecture
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A.2 MULTI block

Figure A.2: Detailed MULTI Block Architecture
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A.3 SignalTap

Figure A.3: SignalTap Screenshot :expected vs results
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