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Partial Identification in non-separable triangular models

Abstract

We define an identification region and an estimator for the re-
gression function g(X,e) of non-separable triangular models in the
case where data is supposed to follow a general missing data pattern.
We use fundamental concepts of partial identification, the genera-
tion of the unobservable random term e from within the model and
assumptions on the instrumental variable to do so. General results
are given and an empirical example is presented.

1 Introduction

In statistical inference, we make a lot of assumptions to be able to find effi-
cient, convergent estimators or test statistics. One of the core assumptions
is point identification. It means that we want to find the parameters of the
distribution of interest in a single point, not having an interval. But it is
not always justifiable to make the assumptions needed to point identify the
parameters.

When we do sampling, we only analyze data from a sample of the popu-
lation. We usually assume that our sample was randomly selected. Meaning
each data point in the population had the same probability of being into the
sample. The opposite way of seeing this is by saying each data point in the
population had the same probability of not being in the sample: data points
are missing at random. When we have incomplete data in our sample, we
usually assume that each data point in the sample had the same probability
of having missing information. Missing information is, once again, missing
at random (MAR). But the literature shows several cases where this MAR
assumption is not justifiable.

Marlin et al. (2012) analyzed it in the case of rating of online content ( i.e.
songs), showing that in this case, it is not the case that ratings are missing
at random, meaning the sample of ratings they get is not representative
of the whole population, which can cause problems when doing inference
or comparison between the different contents. Pedersen et al. (2017) have
analyzed the validity of MAR in clinical epidemiological research, they have
found that this assumption is not always justifiable and that a lot of previous
results use this without clearly stating they use it.

After such results, we need to develop new tools to be able to do credible
inferences. One way is to relax the assumptions needed for point identifica-
tion. We need to examine how we can develop econometric modeling and
inference when the parameter of interest is partially identified, meaning that
only an interval is identified. Of course those results will not be as precise
but might be more credible ( Law of decreasing credibility, Manski (2003) ).
We will not be able to point identify parameters but will have identification
intervals. This must be used to prevent errors in inference when we cannot,
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under the sampling process, assume that data is missing at random. One
way it is done in the literature is by using partial identification.

This is a significant and emerging field in econometrics because it helps
to have more robust inference and help find some boundaries to problems
that were previously disregarded as "impossible" to assess. Finding more
restrictive theoretical boundaries in cases with missing data is something
very important to be able to do inference in a lot of empirical cases.

For example in economics when assessing the effect of a welfare program
where the population that uses the program is not random ( see Gundersen
et al. (2017)) or some variable people will not admit ( i.e. academic fraud
in Mavisakalyan and Meinecke (2016) or the wealth effect of some variables
when data is not complete in Lusardi et al. (2016)). Those are some usage of
partial identification in the literature, but this list is just a list of examples
and is not even close to being exhaustive.

The fields in which partial identification is helpful are not limited to eco-
nomics, some papers have found usage for it in epidemiology (i.e Agiiero
(2017)). Where the author tries to find a correlation between violence
against women and the health of their offspring. In this case, data is not
missing at random due to the relative cultural taboo on violence against
women. Using this kind of analysis is indeed helpful in a lot of cases where
we do not want to assume that data is MAR.

A lot has to be done in partial identification research due to the relatively
new interest in the last years. This essay paper will start from the latest
general research in non-separable triangular models (see D’Haultfoeuille and
Février (2015)).

Second part of this essay will focus on the identification and estimation of
the regression function g(X, ). Of course without point identification. This
means we will define an identification region for it and an estimator for this
identification region. This will be done using concepts from Manski (2003)
and generation of an unobservable random term from inside the model from
Matzkin (2003).

Part three will focus on some assumption we can make on g(X,¢) to be
able to get analytical bounds and to do interpretation of the parameters.
First assumption is that g(.) is a polynomial function. It is motivated by
a long tradition of such models since Gergonne (1815) due to their inter-
polation properties. Second assumption is that the function is a rational
function. Usage of this assumption in a model is more recent ( see Billings
and Zhu (1991)) but the interpolation properties of such models are way
better.

Part four will focus on an empirical example to be able to see in a real
case what the methods developed here are capable of and how to compute
estimators. This example will be an analysis of statistics of the OECD about
the number of practitioners in European Union countries and the percentage
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of population holding a master’s degree. It shows the usage of estimators
developed in parts 2 and 3 in a case where there is a nonadditive random
function.
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2 Identification and estimation of g(X,¢)

the analysis focus on the partial identification and estimation of non-separable
triangular models of form:
Y = g(Xv 5)

X = h(Z,n)

Where Y is the outcome, X an endogenous variable, €, and 7 are nonadditive
random functions that represent heterogeneity, and Z is the instrument. We
focus on the partial identification of the regression function g(X,e¢).
D’Haultfoeuille and Février in their 2015 paper proved that a non-separable
triangular model with discrete instrument had an identified regression func-
tion under some assumptions on the orbits of the support of the explanatory
variables. Let’s state it.

Theorem 2.1(from D’Haultfceuille and Février (2015) ): Suppose strong
exogeneity of Z, dual strict monotonicity of g(.) and h(.), and e following
an uniform distribution and some regularity conditions . Then g is iden-
tified if V(z,2') € X,3x1,...,x; 560, N Oy, # 0,¥j € 0,...,J where
xo=xand xji1 =2

The proof of this theorem and some more definitions of the concepts used
in it are available in the mathematical appendix.

We try to achieve partial identification of such models here.

First, using the same model, but removing the missing-at-random assump-
tion that is implied to be able to define an identification region for the
function g(X,¢).

The variable og is here to be read as the observability of the random vari-
able G. o is a binary random variable that equal 1 when G is observed and
0 when G isn’t. The o random variables are always observed. I use here a
different notation than Mansky due to the fact the letter z is already taken
by the instrumental variable. We stop assuming in this model a missing at
random hypothesis, that is:

PY=yX=2)=PY =y|X =z,0x =10y =1)
(Y =y|X =z,0x =0,0y =0)
( )
(

(2.1)
Y =y|lX =x,0x =0,0y =1

Y =y|lX =z,0x =1,0y =0)

I
T U

We stop to use this assumption here, meaning we have now 4 different types
of observation in our population, for each different combination of value for
ox and oy. We keep here assuming the instrumental variable Z is always
observed and missing at random.

After defining an identification region, we estimate it.
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2.1 Identification region
Definition and bounds of H[P(Y = y|X = z)]

This section is highly influenced by the general method used in Horowitz
and Manski (2000) , Horowitz and Manski (1998) and Manski (2003). We
can use in this case what is called a general missing data pattern, taking
into accounts the 4 different types of observations, as defined in equation
(2.1).

First, let us define an identification region, that is the set of all possible
value of a parameter we cannot reject given empirical evidences alone, for
P(Y = y|X = x) with a general missing data pattern.

Proposition 2.1(3.8 in Manski (2003) ): Let Pj; = P(ox = i,0y = j)
for 4,7 ={0,1}. Then:

HIP(Y = y|X = 2)] = (2:2)
{[PY =y|X =z,0x = 1,0y = 1)P(X =xlox = 1,0y =1)P11
+moP(X = zlox = 1,0y = 0)Pig + noopoFoo + 10101 Fo1]
- [P(X = :L'|OX =1l,0y = 1)P11 + P(X = l“OX =10y = O)Pl()
+ poPoo + p1Po1]
sm0,M00 € L'y, po,p1 € [0,1],m01 € Ty (p1)}
Where H[.] is the notation for the identification region of a parameter, Pjj
is Plox = j,oy = k), nji is an element of the set of all possible values
of P(Y = y|X = z,0x = j,oy = k) ( this notation is only used when we
cannot compute an exact value but we have a set of possible value). I'y is
the set of all possible values of P(Y = y). py is an element of the set of all
possible values of P(X = z|ox = 0,0y = k).
Proof:
By law of total probability:

PY=ylX=2x)=
PY =y|X =x,0x =1,0y =1)P(ox = 1,0y =1|X =)
PY =y|X =z,0x =1,0y =0)P(ox = 1,0y =0|X = x)
P(Y =y|X =z,0x = 0,0y = 1)P(ox = 0,0y = 1|X =2)

(Y =y|X ==z,0x =0,0y =0)P(ox = 0,0y =0|X =2)

x
And, we know by Bayes rule that for 7,7 = {0,1}:

Plox =i,0y = jlX =z) =
P(X =z|lox =i,0y = j)P(ox =i,0y =j)
Zz’:{(],l} Ej:{o,l} P(X = x\oX =1,0y = j)P(OX =1i,0y = j)
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We can replace by the right-hand side of each iteration of Bayes rule the
values of P(ox = 1,0y = j|X = z).
every term is revealed by the sampling process except P(Y = y|X = z,0x =
0,0y =1), P(X =zlox =0,0y =1i) and P(Y = y|X = z,0x =i,0y =0)
for ¢ = {0,1}.
We write all possible values of P(X = zlox = 0,0y =) as p; ranging from
0to 1.
We write all possible values of P(Y = y|X = x,0x =14,0y =0) as n;0 € I'y.
Those can take any value in the set of possible values of P(Y = y|X).
For P(Y = y|X = z,0x = 0,0y = 1), we write it as 19;. But unlike other 7,
the set of possible values for it can be smaller. By law of total probability:

P(Y =ylox =0,0y =1) =
PY =y|lX =x,0x =0,0y = 1)P(X =z|ox = 0,0y =1)
+ P(Y =ylX #x,0x =0,0y =1)P(X # z|ox =0,0y =1)

And if we isolate P(Y = y|X = x,0x = 0,0y = 1) and label terms not
revealed by sampling process as P(Y = y|X # x,0x = 0,0y =0) asy €'y
and P(X = zlox = 0,0y = 1) as p1, meaning P(X = z|lox = 0,0y = 1) is
(1 —p1). Then we get:

P(Y :y|0X = 0,0Y = 1) — (1 —pl)’}/
b1

P(Y = 4 X = ,0x = 0,0y = 1) =

Denote the set of all possible value for this as:

Ty(pl) =Ly ((P(Y =ylox = 0,0y =1) — (1 —p1))y + p1;7 € T'y]

Rewrite the identification region. O

This identification region is true without any further assumption. We how-
ever add an assumption now about the instrumental variable. We assume
statistical independance between Z and Y and a sequential cut between X
and Y, that is:

Assumption 2.1:
2.1.1.Statistical Independance (SI) of Z and Y:

PY=ylX=2,Z=2)=PY =ylX=x),Vz€ Z (2.3)

Where Z is the set of all possible values of Z.
2.1.2. Sequential cut between X and Y:
in FYy = Fx‘f'lX F$, o1 x 03 is full rank.

Using assumption 2.1 we can further shrink the identification region with
the following proposition.
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Proposition 2.2(similar to 3.4 of Manski (2003)):
Assume assumption 2.1, Z countable then:

Hg[P(Y =y|X =2)] = (2.4)
N, AP =ylX =z,0x =10y =1,)

P(X =xlox = 1,0y =1,Z = 2)Pyy|7—.

+moP(X = zlox = 1,0y =0,Z = 2) Py 7=

+ 100P0 Poo| z== + M01P1 01| 2]

+[P(X =xlox = 1,0y =1,Z = 2) Py z—.

+ P(X = xlox = 1,0y = 0,7 = 2)Pig|z=- + poFoo|z=> + P1Fo1|z=2]
;10,M00 € L'y, po,p1 € [0,1],m01 € Ty (p1)}

Proof:

Define for each value of Z, using proposition 2.1, H[P(Y = y|X = 2,7 =
z)]. Since Z is countable, we have a finite number of different identification
regions. Since we have assumption 2.1, it means the "real" value of P(Y =
y|X = x) is the same for all Z. It means it is in the identification region,
and that thus we can define:

Hy[P(Y = 4| X = )] =, HIP(Y = y|X = 2,7 = 2)

O
7 is discrete in d’Haultfceuille model, we make it countable here. Also it
can be interpreted as combining data from different sampling processes. As-
sumption 2.1.1 is falsifiable by the following corrollary:

Corollary 2.2.1: If Hg;[P(Y = y|X = z)] = @ then Assumption 2.1.1
is not correct.
Proof: By proposition 2.2:

Hywwzmxzm:@eﬁLdHWW:wX:@Z:@:@

It means that n € 'y s.t. n = P(Y = y|X = 2),Vz € Z. Meaning as-
sumption 2.1.1 does not hold. O

We can check our assumption here, that does not mean that statistical
independance is true, but if the test fails then statistical independance is
false.

Since the identification region is continuous over a compact set of values of
parameters pg, p1,1M10, 00, o1, it Mmeans we can maximize and minimize it
and get single-valued suprema. We get bounds for it. Let’s define them:
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Proposition 2.3:

Let B be a non-empty and proper subset of ), the support of Y. Let As-
sumption 2.1 hold. Let Z be countable. Let I'y be a bounded, continuous
set. Then the upper bound of P(Y € B|X = z) over Hg;[P(Y = y|X = z)]
is

Usryes(X = 2) = min ez (Uyep(X = 2,7 = 2)) (2.5)

where

JGB(X =z,Z = z) = MaXpy,p1,m10,m00,M01 H[P(Y € B|X =x,Z = Z)]
(2.6)

Proof:

Define H[P(Y € B|X = x,Z = z) using proposition 2.1. It depends on
parameter po,p1 € [0, 1] ; 710,700 € 'y and no1 € Ty (p1).

All those sets are closed, bounded and continuous. They are also subsets of
R. H[P(Y € B|X = 2,Z = z) is linear. Meaning we can define a maximum
for each value of Z:

;GB(X =x,Z = Z) = MaXpg,p1,m10,m00,M01 H[P(Y € B‘X =z,Z = Z)
the answer to this maximization problem is trivial and is:

vep(X =2,7 =2) =

{[P(Y € Blox = 1,0y =1, X = 1)

P(X =zlox =1l,0y =1,Z = 2)P(ox = 1,0y = 1|Z = 2)
+P(X =zlox =1,0y =0,Z = 2)P(ox = 1,0y =0|Z = z)
+ P(ox = 0,0y =0|Z = 2)
+ P(y € Blox = 0,0y = 1)P(ox = 0,0y = 1|Z = 2)]
+[P(X =zlox =10y =1,Z =2)P(ox = l,0y =1|Z = z)
+P(X =zlox =1,0y =0,Z = z)Plox = 1,0y =0|Z = 2)
+ P(ox = 1,0y =1|Z = 2)
+ P(y € Blox = 0,0y = 1)P(ox = 0,0y = 1|Z = 2)|}

Compute it for each value of Z. We have a countable number of upper
bounds. By assumption 2.1, knowing the "real" value of P(Y € B|X = z) is
possible for all values of Z, meaning that the upper bound of P(Y € B|X =
x) is:

Usryes(X = x) = min.cz(Uyep(X = 2,7 = 2))

Since H[P(Y € B|X = z,Z = z) is an intersection over continuous sets
where at least one value is common to all the sets, the upper bound of the
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intersection must be minimal upper bound of the continuous sets. Meaning
that:

maxg, (p(y—y/X=2)(P(Y € B|X =1)) = Usr yep(X = 1)

Corollary 2.3.1:
Let assumptions of Proposition 2.3 hold. Then the lower bound of P(Y €
B|X = x) over Hg/[P(Y = y|X = x)] is

Lsryep(X = z) = maxez(Lyep(X = 2,7 = 2)) (2.7)
where

Z/EB(X =,7Z = z) = Milpy p1 momoomon HIP(Y € BIX =12,7Z = 2)]
(2.8)

Corollary 2.3.1 is proven conversely to Proposition 2.3.

We thus have upper and lower bounds for P(Y € B|X = x) for any interval
B. We can plot everything we have defined on the Y x P(Y|X = x) space as
done in Figure 1. B is supposed to be a proper subset of ). Such a graphical
representation is used throughout the analysis to help understand what we
are doing.

Usiyep(X =) ------ ‘
| Hs;(P(Y € B|X = 1))

Lsryep(X =a)f------ o

Figure 1: Graphical representation of previously defined concepts

We can choose B as small or as big as we want, we can thus define density-
"like" curves if B tends to 0 and take the function of values of Ugs yep(X = )
and Lgryep(X = x) for every proper subset B of ) that tends to zero. We
will call them Ugry(X = x) and Lgry(X = x). They are to be seen similar
to a classical density function ( as defined in Kolmogorov (1956) or Ord
(1972) ). Each point has probability zero but we can work with integrals.
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The integral of U(.) over ) is superior to one and the integral of L(.) over
Y is inferior to one because both are bounds for each interval, not designed
to be consistent density functions. As long as the number of intervals B is
finite, the functions are functions evolving by discrete steps over ). For a
number of intervals B sufficiently large, we can get a graph similar to figure
2.

Usiy(X =x)

3 LSI,y(X = 17)

Y

y

Figure 2: Graphical representation Ugy y(X = z) and Lgry(X = z)

The real density function of P(Y|X = x) must be contained between
those two functions. They are indeed bounds. Such bounds can be found
for every value of X.

Definition of H[g(X = z,¢)]

In our paradigm, we consider € not as "what we cannot explain" defined
after regression like in OLS and that must be additive, but as an idiosyn-
cratic random variable that can intervene in ¢(.) with any function. It is
independent of both X and Z. It means that for any value of X, we cannot
know in advance which value of € we get. This type of analysis comes from
Matzkin (2003). To be able not to restrict our problem to additive ¢ we
define it differently.

There may be not an identified pair (g(.), F.) from the data. That is what
is called observational equivalence.

Definition 2.1(similar to its definition in Matzkin (2003)):

Any two functions g¢(.),¢’(.) are said to be observationally equivalent if
3F., F! such that Fy x(g(.),F:) = Fy.x(¢'(.), F.). That is if both give the
same joint distribution of Y,X.

Here, since we work using partial identification, we have no interest in find-

ing an unique pair (g(.), F;), but we need to develop a criterion to see if a
pair is not falsifiable without further assumptions.

10
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Proposition 2.4:

Assume conditions of Proposition 2.3. denote I'.( C R) the support of e.
Denote a bounded interval on T, E and its bound E, E. Denote a proper
subset of ) defined by F, B(X,E) = [¢1(X, E); g1(X, E)].

Then, The couple (g1(X, ), Fr) is not falsifiable without further assumptions

<~

Vo € X,VE CTe, Ly yep@,p) < Ple € E) < UsryeB(a,E) (2.9)

Proof:

Ls1yeB(e,r) and Ustyep(s,p) are defined by Proposition 2.3 and Corollary
2.3.1 and give us theoritical bounds for P(y € B(z, E)|X = z).

For any interval E, we can generate an interval in Y that represents all the
value in the set gi(x,e € E). By definition, this is the interval B(x, E).

If g1(X,¢e) and F. are actually how data is generated, then probabilty of Y
being in interval B(z, E) is what we would observe if P(ox) = P(oy) = 1.
Here, we only have theoritical bounds on the possible values of P(y €
B(z,E)|X = z). If they are correct, gi1(X,e) and F. should give us a
value of P(y € B(z, E)|X = x) between those theoritical bounds.

By construction of the interval B(z, E), P(y € B(z, E)|X =x) = P(c € E).
thus , Lsryep@,p) < P € E) < Usryep(a,p) if the pair (g1(.), F:) is how
data is indeed generated. Meaning that if it is not the case, then we can
falsify it and say it is not how data is generated.

(]
PYIX=x)
9 X =z.¢)
y \ 3 v i
Y Y
(a) (g(.), F:) is not falsifiable (b) (g(.), F.) is falsifiable

Figure 3: Graphical representation of proposition 2.4

Figure 3 shows graphically what it means to be falsifiable; it means there
exist an interval where P(Y|X = z) generated from (g(.), F:) is higher than
the upper bound or lower than the lower bound.

Proposition 2.4 can be useful in many ways. If we are, for some reasons,
sure about the value of ¢(.), we can test whether or not our F; is correct or

11
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simply use it as stated and test a pair. We can assume F; and define from
there an identification region for g(X,¢).

Assumption 2.2: Assume ¢ ~F.

Sometimes researchers can make this assumption if they have good rea-
sons to know how data is generated. From this assumption we can derive:

Corollary 2.4.1: Assume conditions of proposition 2.4. Assume assump-
tion 2.2. Then

Hg[g(X,2)] = [All g(X,e) : X,T. - Y s.tVa € X,YE C T, Lss yepop)
(2.10)
< P(e € E) < Ugy yep(a,pywhere B(z,E) = [g1(X = 2, E); g1(X = z, E)]]

Proof: Define Hg;[g(X, )] as the set of all functions g(X, ) not falsifiable
in the way defined by Theorem 2.4 given Fr. O

We can also define a set of possible value of Y given X.

Corollary 2.4.2: Assume conditions of proposition 2.4. Assume assump-
tion 2.2. Assume X=x. Then there exist a bounded set [Y,Y].cg € ) for
each interval E of I'; that is the bounded set of possible value of Y given X
and €.

Proof of this corollary is trivial, if it was not correct then no g(.) would
be possible. It is only a proof of existence, not a definition of such Y. The
obvious assumption to hold to get a smaller identification region is to as-
sume E[Y|X, Z] = g(X,E(¢)) or to assume the error term is additive, but
we try for now to be as general as we can.

2.2 Estimation
Estimation of Hgy[g(.)]

From now on we assume we have n data points. First, let’s define estimators
for the lower and upper bounds on some intervals of B.

12
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Definition 2.2:

Un1sye(X =2, Z = 2) = {[Po(Y € Blox = 1,0y = 1, X € N,())
(2.11)

Py(X € Ny(z)lox = 1,0y =1,Z = 2)Py(ox = 1,0y = 1|Z = 2)

+ Py(X € Ny(z)|ox = 1,0y =0,Z = 2)Py(ox = 1,0y =0|Z = z)

+ Py(ox = 0,0y =0|Z = 2)

+ Py(y € Blox = 0,0y =1)P,(0x = 0,0y = 1|Z = 2)]

+ [Py(X € N(z)|ox = 1,0y =1,Z = 2)Py(ox = 1,0y = 1|Z = 2)

Py(X € Np(z)lox =1,0y =0,Z = 2)P,(0x = 1,0y =0|Z = 2)

P(ox = 1,0y =1|Z = 2)

P,(y € Blox =0,0x = 1)P,(0x = 0,0y = 1|Z = 2)]}

+ o+ o+

where P, of a probability is the sample equivalent of a probability and
N, (z) is a neighborhood of x as small as we want defined by some ¢ € Ry :
Ny(x) = [z — %; x+ %] We use here a neighborhood of x and not directly
x for convergence reasons.

Let’s state the Lehmann—Scheffé theorem.

Theorem 2.2(Lehmann-Scheffé Theorem, adapted for binomial distribu-
tion, from Lehmann and Scheffé (1950) and Lehmann and Scheffé (1955)):
Assume k data points generated from a bernoulli distribution with proba-
bility of success p(€ [0, 1]). Define estimator of p, p = ﬁofsu% Then p is
the unique uniformly minimum-variance unbiased estimator of p.

Proof:

E(p) = E(ﬁofszccess)
_pxk
ok

=P

By Rao-Blackwell Theorem ( RAO (1945)) since the number of success over
the total sample size is a sufficient statistic and p is an unbiased estimator
of p, All other estimators have at least same variance.

But is it unique ? Another unbiased estimator with same variance p’. Then
E(p' —p) = 0.

And since both are only defined by the parameter p (= both are complete
family over p),
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O
Remember that a sequence of Bernoulli processes is a binomial distribution.
We’ve showed in theorem 2.2 the optimal estimator for any binomial distri-
bution. We can continue and show convergence of our estimator:

Proposition 2.5: Assume n data points. Assume assumptions of proposi-
tion 2.3. Then U, 15,e5(X = 2,2 = 2) = Ussyen(X = 2, Z = 2) % 0 when
n — oo.

Proof: In Un,]S,yGB(X = x,7 = z) expression, each term can be inter-
preted as a binomial distribution. Using Theorem 2.2 we know the sample
equivalents, meaning the value of those probabilities in the sample, are the
uniformly minimum-variance unbiased estimator the parameter of interest.
It means that all terms that are sample equivalent in U() will converge to
their equivalent in U(.).

The only difference is for terms with N(x) in them in place of x.But: N(z) =
[~ %; 2+ 2] meaning that once n tends to infinity, N(z) — z. We can then
reuse Lehmann-Scheffé Theorem to show it is asymptotically unbiased and
converge to the real value. It is not the minimum-variance estimator though.
Overall it means that when n — oo, all terms of the estimator Un 1SyeB(X =
x,Z = z) converges to their equivalent in Urgyep(X = x, Z = z), meaning
Un’js,yeB(X:x,Z:Z)—U]&yeB(X:x,Z:Z) £>0. O

Corollary 2.5.1:

Assume assumptions of proposition 2.5.We can define f)n 1SyeB(X =2,7Z =
z) conversely to Un7157y€B(X = x,7Z = z). Then ﬁn7157y€B(X =ux,7 =
2) = LisyeBp(X = 2,7 = 2) 20 when n — oo,

The Proof is an emulation of proof of proposition 2.5.

Why do we use N(z) in the estimators and not x? It is due to proper-
ties of P,(Y € Blox = 1,0y = 1,X € N, (z)) in finite samples. The sample
equivalent of P(Y € Blox = 1,0y = 1,X = x)), due to the fact that X is
continuous, will always be either 0 or 1. It will never be another value. Even
if it will asymptotically converge to the actual value of the parameter, in
finite sample it can causes problems. That is why N (x) is used here, because
in a neighborhood of x, the value of P, (Y € Blox = 1,0y =1, X € N,(z))
can be anywhere on I'y-, the support of the measure. And it will also asymp-
totically converges to the real value of the parameter.

We need to define in a finite sample n all intervals with different values
of the bounds. Let’s do it.

Lemma 2.1:
Assume a finite sample n. Assume general missing data pattern. Assume
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h (0 < h < n) data points of type ox = 0,0y = 1,Z = 2. Then for any
complete observation where X = x,7Z = z,0x = 1,0y = 1, there exist a
set H,(X = x,Z = z,h), the set having all the intervals where we have one
interval for each possible pair (U(.), L(.)).

Proof:

We will work with a complete observation (X=x,Y=y, Z=z, o_ X=,0_Y=1)
and h uncomplete observations (ox = 0,0y = 1,7 = z,Y).

Sort the h+1 observations we have by their values of Y (observed for all
of them). Name each observation by their place in this sequence. we have
1,2,...,c,c+1,...,h, h + 1 . where c is the number in the sequence given to
the complete observation. The values of the bounds will change only when
a new observation is in the interval of Y we take.

Basic combinatorics tells us than in our situation we have (c-1)(h-c)+h in-
tervals on ) with distinct bounds and ¢ in them. In those intervals, the value
of U(.) will of course be 1 (because all that we observe is in the interval,
meaning the upper bound will of course be one). But the value of L(.) will
change, meaning we will have (¢ — 1)(h — ¢) 4 h intervals with U(.) = 1 and
a different value of the lower bound. Let’s call the set of all those intervals
Hp(X =x,Z = z,h). This set is always definable as long as h is non-null.

Now for all the sets without ¢, we get (¢ — 1)!+(h — ¢)! different inter-
vals on Y with distinct bounds if ¢ < k. In those intervals, the value of L(.)
will of course be 0 (because we can assume none of those have the same value
of X as our complete observation, meaning on this interval lower bound of
Y being in it can be 0). But the value of U(.) will change. Let’s call the set
of all intervals here Hy(X = z,Z = z,h). This set is always definable as
long as h is non-null.
let’s denote H,(X =x,Z =2z,h) = H (X =2,Z =2z, h) NHy(X =z,Z =
z,h). Tt is the set of intervals having for each of them a different pair
(U(),L(.)). and have (¢ —1)(h — ¢) + h + (¢ — 1)! +(h — ¢)! components
when ¢ < h. When ¢ > h, we can still define H,, but it will have a different
number of intervals.

O
Of course, each pair is true over more than one interval, but over a contin-
uous interval of values of Y ( between which there are no new data points).
Let’s define it more formally:
Definition 2.3:
for each interval j € H(X = z,Z = z,h), we can identify a pair (L;, U;).
This pair holds on an interval of values of Y. The smallest interval on which
the pair of bound is the same is interval j as defined in lemma 2.1. Because
it is a bounded interval, if we shrink it, we lose data points and the pair of
bound change too.
The largest interval on which the pair of bounds is identified is an open
interval. It is by definition the largest one with the same data points as
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j and only those, we will call it 5. When we sort by values of Y the h+1
observations used in lemma 2.1, if j, interval on Y, is defined by bound (on
j) observations f and f+1, then the interval j is the open interval | f—1, f+2].

Let’s define our estimator for the identification region of g(.):
Definition 2.4:

H, s:[9(X,e)] =[All g(X,e) : X,T. Y s.tVX; € X (2.12)
from complete observations,Vj € Hp(X = x,Z = z,h),
Lnstyej < Ple € B()) < Pe € B(7) < Un srye]

where E(j) = [e,&], E(j) = [e, €] where g(X =x,e =¢) =Y}, g(X = 2,6 =
) =Y, 9 X =x,e=¢)=Ys1, 9(X =2x,6 =€) = Yyio. We can define
E(j) as a closed interval and not an open one as it should be because F.
is a density function so the fact that the interval is open or closed does not

matter.

P(Y|X =)

lo(XiJe):0(X, )] |

9(Xile); 9(Xi,8)] !

Y

(Vi Z=2) (XiYiZ=2)

Figure 4: Graphical representation of values of interval used in definition of

A

H, s1lg(X,€)]

Let’s prove asymptotic convergence of I:Imsj[g(X, ¢)] towards Hgrlg(X, ¢)].

Theorem 2.3:(convergence of the estimator of the identification region)
Let assumptions of Lemma 2.1. Let assumptions of Corollary 2.4.1. Let F;
be a proper density function.Let P(ox = 0,0y = 1,Z = z) and P(ox =
l,oy = 1,Z = z) be non-null and independant of the size of the sample
VZ € Z. Then

A

H, s:[9(X,¢)] — Hsr[g(X,e)] 2 0 when n — . (2.13)

Proof:

The proof will be in three part. First, we will show that there exist H,(X =
x,Z = z,h),YX € X and it tends to the set defined by Vj C Y and
thus VE C I'. if F. is correct. The second one will show convergence of
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P(e € E(j)) andP(e € E(j)). Last part will show total convergence.
1.
As n tends to infinity, h, the number of observations in the sample of type
(ox = 0,0y = 1,Z = z) will will tend also to infinity if assumption on
P(ox = 0,0y = 1,7 = z) is respected. The same is true for n, the number
of observations of type ox = 1,0y = 1,Z = z. Meaning that eventually,
we will get a complete observation for all possible values of X. We can thus
define H,(X =z, Z = z,h) for all values of X eventually.
Also, since h tends to infinity with eventually values Vy € ), it means all
closed intervals on ) will eventually be in H,(X = z,Z = z,h), which in
turn, by definition of E, will be equivalent to all intervals on I',
2.
As h tends to infinity, the distance between the values of Y of the sorted
set of h+1 observations (h observations of type ox = 0,0y = 1,7 = z and
one observation of type ox = 1,0y = 1,Z = z, X = = ) will tend to zero.
meaning P(e € E(j)) and P(e € E(j)) tends to the same values.
3.
we showed in lemma 2.1 that estimators for the bounds are convergent
on any set. We showed in point 2 that P(e € E(j)) and P(e € E(j))
are assymptotically convergent. Meaning tpat for any set B we check on,
Lysryej < P(e € E(j)) < P(e € E(y)) < Un,s1,ye; will tend to Lgyyep <
P(e € E) < Ugy yep for some E.
Now, point one shows that U,cy Hn(X = 2,Z = z,h) tends to all the in-
tervals checked in the definition of Hgr[g(X,e)]. Meaning our criterion is
assymptotically correct and we assymptotically check on all needed inter-
vals. It means there exist a sample size 7 for which any function g(.) that is
not in Hg;[g(X, )] will be out of Hpsur s7[g(X,€)] for A% > . There also
exist a sample size 72 so that a function in g(.) in Hgs[g(X,¢)] will be in
I:IﬁZ,SMPVSII:g<X7E)] for A% > 2. Those two conditions are the definition
of convergence of a set toward another, meaning:
H, s:[9(X, )] — Hss[g(X,e)] & 0 when n — oo

O
This theorem is really important because now we have a definition to deter-
mine empirically in finite sample the identification region. We can further
assume form of g(.) to be able to have analytical bounds for its identification
region. First let’s take a look at the problem of estimation of g(.) itself.

Estimation of g(X,¢)

We can also, without even assuming F. , compute a set of function g for
which, for each value of X, the value of g(X = xz,e) will be the smallest
defined subset of Y on which Ugr yep(s,p) is at its maximum value. It is
a maximum likelihood estimator. To be precise, the maximum of possible
likelihood estimator.
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Conversely, we can define a "maximum of minimum likelihood" estimator,
using the maximum values of the lower bound of P(y € B|X = x). Those
two are equivalent in the sense that they will give the same value of g(.).
It is because lower bounds and upper bounds are just the same information
translated, so the maximum does not change of place.

The problem with this approach is that it will give us the same value as if
we assumed that data is missing-at-random in the sample because we don’t
model explicitly that what we don’t observe could change the maximum of
likelihood. It is therefore not interesting to continue in this way of maximum
of likelihood estimators. The point is that wanting to point identify in a
situation of partial observability will create an assumption of data missing
at random no matter how we do it.
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3 Analytical assumptions on g(X,¢)

Previous definition and estimation give a criterion to check if a function
g(X, ¢) is possible or not, but does not give a way to define bounds. Having
analytical bounds for the function would be convenient to be able to assess
the effect of the covariate on Y. It is particularly interesting compared to
the analysis of, for instance, F(Y|X = x1) and E(Y|X = z2) because we
can interpret parameters.

3.1 Parametrization

We can decompose g(.) in:

9(X,e) = g1(92(X),€) (3.1)

It is not an assumption in that all functions g(.) are decomposable like that.
We can remark g¢;(.) is not unique because multiple decomposition are pos-
sible, but a couple (g1, g2) is unique.

Assumption 3.1: Assume we know g;(.).

It is a big assumption if, as we will do, we assume after a form on gs(.).
Sometimes, if the data generating process is well known in its form, we can
make assumption 3.1 . It needs anyway to be thoroughly justified.
Coupled with an assumption on the form of go(.) and its parametrization
(for example assume g1(X) = 8% or g1(X) = BX), we can find an identifi-
cation region for those parameters, which is very convenient when we want
to interpret the parameters.

Definition 3.1: The identification region of a parameter [ is:

Hg;[8] = () Hx=a.s1[5] (3.2)

TeX

Where Hx—, s7[f] is the set of value of the parameter so that gi(g2 (X =
x),¢) € Hgrlg()].

Since we have an asymptotically convergent estimator Hgr[g(.)], we can
conversely define an asymptotically convergent estimator of Hgr[3]:
Definition 3.1: An asymptotically convergent estimator for Hgy[3] is:

A

Hn,Sl[ﬁ] = ﬂ I:In,X:x,SI[B] (33)
TEX

Where H,, x—, s7[] is the set of value of the parameter so that gy (g (X =
),e) € Hy s7[9(.)] and x is the set of all value of X from complete observa-
tion ( ox = oy = 1) in the sample.
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Proposition 3.1: Let assumptions of Theorem 2.3. Let assumption 3.1.
Let some parametrization ga(.). Let P(oy = 1,0x = 1) be stable no matter
the size of the sample. Then

A

H, 578 — Hsr[8] & 0 when n — oo (3.4)

Proof:

as n tends to infinity, x tends to X. Meaning we take the intersect as-
symptotically on all the sets needed. The rest has already been proven to
converge in Theorem 2.3. O
This method would work for any parametrization of g2(.). But which parametriza-
tion should be used when we don’t know which to use ?

3.2 Polynomial function modeling

Let’s make the following assumption on the form of go(X):
Assumption 3.2:

92(X) = Bo+ B1X + B X? + .. + B X* (3.5)

for some k and for some parameters S, ..., 5 € RF.

This assumption is non-falsifiable of course. It can be a good assumption
because curve fitting properties of those functions are well known and have
been used for a long time ( since Gergonne (1815) ). Also, interpretation
of the parameters is possible. But a big problem with polynomial func-
tions is that they fit poorly oscillating functions. When we suspect the data
generating process to be of this type, next section may be useful.

3.3 Rational function modeling

In the same fashion, we can make the following assumption on the form of
g2(X):
Assumption 3.3:

Bo+ b1 X + B X%+ ... + B X

92(X) =
2(X) Brt1 + BrreX + Bri3X? + ...+ Popp1 XF

(3.6)

for some k and for some parameters By, ..., Bop1 € RZFF1,

This assumption may be relevant when we need to fit more closely oscillat-
ing phenomenons. Interpolatory properties of rational functions are better.
It also already has been used in econometric models for a long time (since
Billings and Zhu (1991)). It may be very difficult to interpret the parame-
ters due to the rational form, which makes it less popular and less useful in
a wide range of cases.
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Other forms are possible for g»(.) and should not be avoided when the re-
searcher has strong reasons to think gs(.) is otherwise, but the previously
presented assumptions help gather a wide range of phenomenon and are the
ones used in most econometric models.
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4 Empirical Example

This section will focus on the usage of the new tools defined before to es-
timate bounds on parameters in an empirical case. First Data will be pre-
sented, then the model will be specified. In a third section, the actual esti-
mation will occur and then results will be presented. All computation will
be commented on to be sure to present a comprehensive and understandable
way of computing the estimators.

4.1 Data

We will work with data from OECD about the number of doctors per 1000
inhabitants ( OECD (2019)) and the percentage of the population with a
master equivalent degree ( OECD (2016)). For this analysis, all data that is
an estimation in the OECD report will be considered to be missing. Also,
we will work with all countries in the European Union, but some are not
affiliated with the OECD. We will interpret data for those countries to be
missing too. From doctors per 1000 inhabitants, it is straightforward to find
the percentage of population composed of doctors, it is what will be used
here, to be in the same metric ( percentage of the total population) for the
two data used.

A table with everything can be found in the appendix.

4.2 Modeling

We denote from here the percentage of doctor in population by Y and the
percentage of master equivalent holder in population by X. No instrumental
variables will be used here. To use notation from last sections, we will assume
g1(.) of form X3, or to be more clear, that data is generated following:

Y =¢(Xp) (4.1)

Where X, Y are defined as before, ¢ is an homogeneity parameter between
countries. [ is a parameter common to all countries that will express the
country-mean of population having a master having this master in medecine.
we need to do some assumptions:

e We can always write F{y = Fli|1X F$, but we assume furthermore

here that there is a sequential cut between F)i|1X and F3?, that is
o1 X 09 is full rank.

e We assume ¢ € [0, 2] following an euclidian density rising linearly be-
tween 0 and 1 and decreasing linearly between 1 and 2, like in figure
5.

e We assume here data is generated from a general missing data pattern.
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e X is discrete and not continuous due to rounding to the percent in
data. We will use it here but keep in mind it would be the same with
a continuous X.

P(e)

Figure 5: Density of

4.3 Estimation of bounds

We will try to find here the identification region of parameter 8 according
to our sample. First, we can compute some sample equivalent probabilities
we will need during estimation. Since data is assumed to be generated from
a general missing data pattern, we can always compute:

. 1
Pn(OX = 1,0y = 1) = j

27
pn(OX = 1,0y = 0) = E
27
pn(OX = 1,0y = 0) = i
27
PR(OX = 0,0Y = 0) = 3
27

All those are different from 0, which mean that the assumption that data is
generated from a general missing data pattern may be not a strong one.
Knowing that, we can start our estimation by defining, according to notation
of Lemma 2.1, the set of all intervals B on ) (which here is [0, 100] ), where,
for the value of X of some complete observation (here we will do the complete
observation of Austria), the values of the bounds of P(Y € B|X = x) are
different. One will remember that it is all possible combination of all the
observations of type (ox = 1,0y = 0) and of the complete observation.
Here we have only one observation of type (ox = 1,0y = 0) (France) and
the complete observation (Austria), meaning we have 3 different intervals:

H,(X =12) = {[0.337;0.512],[0.337;0.512[, [0.512; 100]}  (4.2)
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There exist also other intervals but they are not informative ( the upper
bound is equal to 1 and the lower bound equal to 0). We need also to keep
in mind that here are one interval with the values of the bound, but there
exist an infinity of them (all intervals on the value of Y where only the ob-
servations in each interval is). For each of those interval B, we will compute
the upper and lower bound of P(Y € B|X = 12). All bounds defined here
after are given X=12, but it is omitted to have lighter notation.

[0.337;0.512]

For this interval, since it contains the only complete observation where
X=12, We can compute the upper bound but some logic will tell us that it
is 1 since all observations are in it.
Un,yefo.337:0512] = 1

For the lower bound, we just need to apply the formula defined before. We
don’t use the estimator with the neighborhood of X but replace all instance
of N(z) by X = z due to the fact X is here discrete, meaning the reasons
why the neighborhood of x was used in place of X = x makes no sense here.

Lyyepssrosa = [Pu(Y €[0.337,0.512]|X = 12,0y = 1,0y = 1)
Py (X =12Jox = 1,0y = 1)P,(11)]=
[P, (X =12ox = 1,0y = 1)P,(11)+
P, (X = 12|ox = 1,0y = 0)P,(10) + P,(00)+
n(

A A

P (Y ¢ [0.337;0.512]|ox = 0,0y = 1)P,(01)]
Where P,(ij) = P,(ox = i,0y = j). We compute from data the different
value needed and get:
A 1% 0.076923 x 0.48148

I . =
nY€[0.337:0.512] 7 (176093 % 0.48148 + 0.25 % 0.29629 + 0.18518 + 0 % 0.037
=0.125

Remember the value of those bounds are correct for all sets with the same
observations inside it. Meaning all sets from Y € [0.337;0.512] to Y €
[0,100]. We can thus write, in the fashion of proposition 2.4:

0.125 < P(12¢f3 € [0.377,0.518]) < P(12¢3 € [0,100]) < 1 (4.3)

B are used and not regular 8 because we are here estimating. We will not
get a point-identified estimation for 8 of course since we are in partial iden-
tification.
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[0.337;0.512]

For the second interval, since it does not contain the only complete obser-
vation we have, of course the lower bound possible is 0, we can compute it
analytically but it will of course be the same value.

A

Ly yep.337;0512] = 0

For the upper bound, we need to apply formula defined in definition 2.2. It
is not copied here to keep the document readable.

o B 0+ 0.25 % 0.29626 4 0.18518 -+ 0.037037
nY E[033T0.5120 = ) 076023 % 0.48148 + 0.25 % 0.29629 + 0.18518 + 0.037
— 0.88888

We can thus write, defining the smallest set with those bounds [0.377,0.518]
and the biggest one [0,0.518] :

0 < P(12¢8 € [0.377,0.518]) < P(12 € [0,0.518]) < 0.88888  (4.4)

10.337;0.512]

Once again, since this interval does contain the only observation given X=12,
we can say that the upper bound, obviously, will be one.

A

Un,yejo.337,0512) = 1

the lower bound will be:

; B 1 %0.076923 * 0.48148
nY€J0.3370.512] = 076093 % 0.48148 + 0.25 % 0.29629 + 0.18518 + 1 * 0.037
—0.11111

Meaning we can write:

0.11111 < P(12¢f €]0.377,0.518]) < P(12¢f €]0.377,100]) <1  (4.5)

4.4 Estimation of ﬂn[ﬁ]

We can write, using equation (4.3).
0.125 < P(12¢/3 € [0.377,0.518]) (4.6)

Define the identification region of parameter j3.

A

H,, (8] = [B,

=
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P(Y|X =12)
0.888!
I
1 0.125
0.111
! Y
0.337 0.518

Figure 6: Bounds in the Y x P(Y|X = 12) space

where _
P(12¢5 € [0.377,0.518]) = 0.125

Let’s focus on ﬁ: We can define, following definition 2.4, £ and € so that:

€
/ edF. = 0.125
€

where 12§B = 0.337 and 12Eﬁ = 0.518. Since we assumed F., we get (F; is
discontinuous, we write here that the interval of € is strictly below one, it
is not an assumption but just a way to write less useless computation given
the solution is unique):

€
/ ede = 0.125

£
After integration and replacement of both bounds on € by their expression

in term of B, we get the following second degree equation:
5.373437504 « 104
éQ

This equation has two solution, but one gives a negative value to B, which
of course since the interpretation we give of it is that it’s the percentage of
population having a master being a doctor, it is strictly positive. We get:

—1125=0

B = 0.0655647

If F. is correct, then we have at most 6.55 percent of the people having a
master having it in medicine. To get the estimation region of £, we should
check all conditions on all complete observations and take the intersection
of those. If this intersection is null then F; is wrong. We must keep in mind
we only proved that our estimator is asymptotically correct, and here, with
n=27, it is really a strong assumption to say it is correct. The point of
this section is just to show how to compute bounds on parameters with real
data.
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5 Conclusion

This work define an estimator of the identification region of the regression
function. This is really incomplete and is based on very strong assumptions
that are not always justifiable. We managed to remove the Missing-at-
random assumption at, mainly, the cost of adding an assumption on Fr.
It may not always worth it. It must be thoroughly justified, from other
observations of the phenomenon of interest for example.

Everything here stay as general as possible. Another assumption is that,
even if we use an instrumental variable, we also assume that we could work
without at the price of a larger identification region, by assuming a sequential
cut. Future research may be done in trying to define an IV estimator in cases
where we cannot assume a sequential cut nor that data is missing-at-random.
Future research may also want to find a more efficient way to do estimations,
because when n ( and particularly h) go up, computation necessarly become
factorially more complex. In large data sets it may be highly inefficient.
Also, we had to add an assumption after removing one, it shows how data
itself say nothing, and that it is data and some assumptions about it that
make any econometrics possible.
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Appendix

1 D’Haultfeeuille and Février theorem

Let’s first define some concepts used in the proof and then let’s do the actual
proof.

1.1 Definitions

Orbit of a point:
Oy ={g-2|g € G}

The orbit of a point is the set of element g(x) that are possible under g being
in a group G.
Without lose of generality, it means, for example in the case of the group of
inversible matrix and matrix multiplication:

Si1j1 e Sipj1
z’ € Op means Js;; = sit.x' =sij-x

Siljp Sipjp
There exists an inversible matrix of dimension [p x p| that can gives x’ from
x in a matrix multiplication. In this document, it is how O, is used. In the
same fashion, here, O, means here the closure of O, in X' , meaning every
possible value of x ( 2z € X ), the matrices in O, produces value that are
also in X .

identification:

We say something is identified if we can find it in an unique way from ob-
servable variables.

In a model of type Y=m(X, ¢€), the pair ( m, F, ) is identified in the set of
their support ( M , T') if two conditions are verified:

(i) (m,€) € (M,T)
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(ii) [FYX(m7 Fe) = FYX(m/7 Fe/)] - [(m’ F€) = (m/7 Fé)]? v(mlv FEI)ZTL(M, F)

observational equivalence:

In a model of type Y=m(X, €¢),Two functions m’ and m" € M are observa-
tionally equivalent if

JF!,F’. €T st Y(x,y), Fyx(y,x;m/, F!) = Fyx(y,z;m”, F",)

Lemma 1 of Matzkin (2003):

In a model of type Y=m(X, ¢), v,0 € V defined as v = m™*,v' = m'~
are observationally equivalent if and only if there exists a strictly increasing
function g : v(A, R) — R so that o = gowvon A X R .

1 1

1.2 The model

The model here is defined in a bit of a different way as in D’Haultfoeuille and
Février (2015). It is just a matter of notation and the results, assumptions
and so on are the same. In general, we can always define the joint CDF of
Y, our independant variable, and X, our explanatory variable. From here,
we can always define the distribution of Y given X:
Fyx=F )(;|1X Py

The problem here is that what we want to measure (typically elements in o}
) is dependant with X. It means we have endogeneity. To circumvent this
problem, we will use an instrument Z. The instrument will make us able to
get parameters independant of X.

Fyxz = F;TXZ F;(TZFg5
Here we got rid of endogeneity. What we want to measure (typically elements
in 03) is independant of X. We got back to exogeneity, which is needed to
do the modeling here.
From here we can define X and Y:

X = (z,n)
Y =g(X,e)

Where h(.) and g(.) functions ,e and 7, random terms (not necessarily the
error terms).

The generalization of € and 1 as being random terms, and not necessarily
errors terms that need to be in Y in a nonadditive way comes from Matzkin
(2003). € and 1 can be interpreted as different things depending on the model
( heterogeneity of the sampling for example) and shouldn’t be interpreted
as an error as like in OLS models. The use of those two random variables
as argument of g(.) and h(.) here is there to generalize this to all possible
roles of € and 7.
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Assumption 1

Strong exogeneity of Z.
Z AL (e,n)

We cannot define here strong exogeneity using sequential cut because € and
7 are generic random variables, not error terms.

Assumption 2

Dual Strict monotonicity.

V(z,2) € X x{1,...,K},7 = g(z,7), v= h(z,v)

It creates a one to one mapping between ( X, Y) and (e,n) for Z fixed.

Assumption 3
€ has a uniform distribution.
e~U0,1)

It is just a normalization. Using lemma 1 of Matzkin, we know that we just
need to find a observationally equivalent functions, not the real ones. Hence,
we just need F; to be monotonically increasing. We choose thus an uniform
distribution for simplicity purpose.

Assumption 4

Regularity conditions. Those are really straight forward.

1.
support of X|Z = [z,z] 1L Z with —oco <2 < < 00
2.
F, is continuous and strictly increasing on the support of n
3.

(u,v) = Fep—y(u) is continuous on [0, 1] x H where H is the interior of
support of n

u = F,_,is strictly increasing on (0,1) Vv € H

g(.,.) is continuous on X x (0,1)

h(z,.) is continuous on H
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1.3 Theorem

Suppose Assumptions 1 to 4 hold. Then g is identified if V(z,2') €
X, 31,25 5.4.0,,N04;,, # 0,V €0,...,J where xg = z and x41 = 2’

Proof: We want to prove g(.,.) is identified. It means, by lemma 1 of
Matzkin and definition of identification that we need to prove:

Qg 5 strictly increasing s.t.
9(@',7) = Qu 0 g(z,7), Y(x,2',7) € X? % (0,1)

1. prove it is the case when 2/ € O,

By definition of the CDF, while fixing values of Z and X (and thus 7 since
X=h(Z,n ) and Z, h(.,.) and X don’t change):

Fy|x=s z=i(9(x,7)) = P(Y < g(a,7)|ln = h™"(i,2), Z = i)
Since g(x, 7 ) is strictly increasing in 7 , due to assumption 2:
=P(e<7in=h"Yi,2),Z =1)
and, by assumption 1, we know n 1L Z | so:
=Pe<tln=h"'(i,2),Z = j)
By definition of a CDF function and define s;;(x) = h(j,h~(i,)):
= Fy|xX=s;;(x),2=5(9(8ij(2), T)
to sum up, we have:
Fy|x=2,2=i(9(, 7)) = Fy|x=s,;(x),2=5(9(si5(x), T)
we know, by the fact that Fy|x—, z—; is monotonic, that it is inversible. so:
g(x,7) = ;‘1)(:3572:1‘ o Fy|X=s;;(x),2=5(9(5ij(2), T)

. . T |
Now, we can define a monotonic function Qsij(x),x = FY‘X:%Z:Z@
, L .
Fy|x=s;;(),z=j- We know 2" € Oy, meaning in our case that there exist a
function s that can be represented as an inversible function:

Si1j1 Sipj1 )
ds;5 = stz = s;5(x)

Siljp Sipjp

We can represent it without matrices for the univariate case:

e . . . . /— ..
dsij = siy,j, © ... 084, st 2 = s5(w)
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Which means that the proposition is true for Q,x = Q;,j,2 © ... 0 Qi j,a-

2. prove it is the case when 2/ € O,

We define by O,, the closure of the orbit of x in X . Since g is continuous
in all its argument ( see assumption 4.4) , we can define a sequence of n x :

T1, .y Tpst lim @, =2’ withVa; € x1,...,zy 1 2 € Oy
n—o0

It means that for each term of the sequence z;, by the first point of this
proof, 3Q, . strictly increasing s.t. g(xj,7) = Quz;z0g(x,7) . Even when
n tends to infinity. It exists thus too for x’ in the closure of the orbit of x.

3. prove it V(z,2',7) € X2 x (0,1) ) )
By assumption of the theorem, 3z1,...,x7 5.t Op, N Oy, # 0.
Let 27 € (’);j N (’)g;jJrl

By previous discussion, we have:

g(:):;k»,T) = QI;,(L’]' © g(:nja T) and g(x;a T) = Qx;,x]url o g($j+1a T)

So:
Qa:;f,xj © g($ja T) = Qx;f,xjurl © g(ijrla T)

And since Qac;‘x7 is strictly increasing, we can invert it:
9(xj,7) = Q Lot a; © Qur oy, © 9(Tjt1,7)
by iteration, for any x’ and x:
92", 7) = (Q Loz 0 0 Qur ) © v 0 (Q Ly 2y © Qup 2) © g(,7)
or in a more compact form using some notation:
g(@',1) = Qurz0g(x,7)
It holds for any (z,2’,7)

4. Identify g(.)
Let’s define:

By normalization:

Gy(g(z,7) =71

Since the Q and F functions are strictly increasing, G is strictly increasing
too. Thus it has only one solution.
g(z,7) is identified as the solution in u to:

Gy(u) =71
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2 Data table

Countries Doctors in % | Master equivalent in %
Austria 0.518 12
Belgium 0.308 15
Bulgaria / /
Croatia / /
Cyprus / /
Czech Republic | / 16
Denmark 0.4 11
Estonia 0.347 20
Finland / 14
France 0.337 /
Germany 0.425 11
Greece / 2
Hungary 0.332 9
Ireland / 8
Ttaly / 14
Latvia 0.321 11
Lithuania 0.456 15
Luxembourg 0.298 18
Malta / /
Netherlands / 12
Poland 0.238 21
Portugal / 17
Romania / /
Slovakia 0.342 17
Slovenia 0.31 15
Spain 0.388 14
Sweden / 12
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