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1 Summary

The subject of our work is the BME (Balanced Minimum Evolution), an estima-
tion criterion for the reconstruction of phylogenetic trees, part of the distance-
based methods. It was introduced in 2002 by Gascuel, based on the work of
Pauplin (2000). The BMEP (the optimization of the BME) is NP-hard, and its
optimal solution has been proven to be statistically consistent, which makes it
a good model and justifies the numerous efforts made to decrease the computa-
tional cost and increase the number of taxa (molecular sequences, DNA, RNA
or proteins, or any other data that can be estimated in evolutionary distance)
that it can take into account.

Our introduction will focus on a historical presentation of phylogenetic anal-
ysis and its biological significance, as well as the various existing methods in
order to situate our subject in the general landscape of phylogenetic systemat-
ics.

The first part will provide the mathematical foundations of optimization and
combinatorial analysis on which the rest of the work will be based. Some no-
tions of graph theory will also be presented.

The second part will try to renew the first proposal to reach the optimal solu-
tion, introduced by Pardi in 2009, based on the combinatorial properties of the
BMEP.

The third part of the work is in line with another path to the optimal solu-
tion, taken by Catanzaro in 2012, on mathematical grounds by integer linear
programming. This method needs a characterization of the set of path-length
matrices. The necessary conditions identified so far are proven sufficient for a
number of taxa between 3 and 11 but remain open to conjecture for more than
11 taxa. Our approach will consist of an enumeration of all possible matrices for
increasing values of n, hoping to reduce the computational cost of our algorithm
and result in an enumeration for n = 12. Our hope is to find a counterexample
to the conjecture, a number of enumerated matrices greater than the expected
number, which would be sufficient to prove that the necessary conditions iden-
tified so far are not sufficient for n greater or equal than 12.



2 Introduction

The first part of this introduction will be devoted to a few words about the
history of phylogenetic analysis and some underlying biological concepts. A
second part will deal, in a more practical way, with the different steps required
to build a phylogenetic tree and will mention the different methods available.
The idea is to give an account of the general landscape and the place occupied
by the main subject of this thesis, the BMEP, by evoking the steps downstream
and upstream of the use of this criterion.

Phylogenetic analysis is one of the main tools of evolutionary biology. Evo-
lutionary theory predicts that common ancestry groups result from evolution-
ary processes termed speciation, this is a fundamental presupposition in biology.
While Charles Darwin was not the first to state that some species were genealog-
ically related to others, the publication of his book On The Origin of Species
[1] in 1859 had a very strong impact and is considered to be the foundation of
evolutionary biology. A key goal of evolutionary biology is to reconstruct the his-

Figure 1: A detail from Darwin’s Notebook B, (1837), showing his first sketch
of a tree depicting phylogenetic relationships among species [2]

tory of speciation events and build phylogenetic trees. Phylogenetic trees (also
called phylogenies) are graphical representations of the relationships between
the characteristics studied, in other words, a phylogeny is a tree representing



the speciation history of a group of organisms. The leaves of the tree are typ-
ically existing species (or taxa), the root corresponds to their most common
ancestor, and each branching of the tree indicates a speciation event.

Phylogenetic trees have been constructed for years using morphological, anatom-
ical and/or physiological features to compare living organisms and study their
relationship, based on the similarity (or analogy) of their characters.

It was not until the end of the 19th century, following the work of Gregor Mendel
[3] (who formalized the laws of heredity) and August Weissman [4] (who initi-
ated the distinction between somatic cells and germline cells, the latter being
the only ones to transmit genetic identity to one’s descendants and are therefore
responsible for heredity), that genetics was explicitly mentioned in the debate
on the evolution of life. Several schools of thought have since sought to model
the evolution of life-based on genetic data [5].

In 1950, the entomologist Willi Hennig [6] postulated that systematics should
express evolutionary knowledge: instead of trying to measure global similarity,
the reconstruction of the relationship between species can only be done by spec-
ifying the ancestral and derived states of homologous characters.

In 1953, James Watson and Francis Crick [7] discovered the double helix struc-
ture of DNA, and the rapid sequencing of DNA segments was made possible
in the mid-1980s by the development of PCR [8] (Polymerase Chain Reaction).
The discovery of DNA as a medium of heredity and the development of molec-
ular biology constituted a methodological revolution in phylogenetic analysis.
One of the most important aspects of the molecular revolution for phylogenetics
was the sheer amount of new data available to systematists. Molecular data also
provided evidence where other data were scarce, allowing us to compare very
different organisms or to distinguish very close organisms from a morphological
point of view. Moreover, this new type of data promoted the mathematization
of phylogenetics.

Historically, Emile Zuckerkandl and Linus Pauling [9] in 1965, then Walter Fitch
and Emanuel Margoliash [10] appear classically as the pioneers of molecular
phylogenies based on gene sequence data. Zuckerkandl and Pauling introduced
and used the hypothesis of a molecular clock. The basic idea is the following:
given some estimated rate of molecular evolution, the relative ages of branches
and nodes may be estimated given some set of molecular data mapped onto a
phylogenetic topology. Fitch and Margoliash funded strong similarities between
molecular and morphological phylogenies of vertebrates and made it possible to
understand that copies of a gene can be sisters by speciation (a series of muta-
tions followed by speciation), but also by duplication within the same genome,
and this is a factor to be taken in account when interpreting phylogenetic trees.
These conceptual tools are still in use today.

So, the basic assumption of phylogenetic analysis is that all living things descend
from a common ancestor. In the phylogenetic system, two taxa are related if
they share a common ancestry. A monophyletic group (or clade) consists of
an ancestor and all of its descendants. Each node on a tree is the origin of a
monophyletic group. The construction and interpretation of a phylogeny should



consider the following biological concept: the biological meaning of a common
ancestor is homology. Evolution is about homology, e.g., the similarity due to
common ancestry. Thus, homology is a result of divergent evolution. There
must be a good understanding of the functions of the genes of the proteins be-
fore starting the phylogenetic tree reconstruction.

In fact, it can sometimes be difficult to distinguish between homology (simi-
larity inherited directly from an ancestor) and homoplasy (similarity may have
occurred independently, does not emerge from a common ancestor, but results
of convergent and parallel evolution), especially at a molecular level. It is im-
portant to emphasize the difference between similar and homologous genetic
sequences, as one does not imply the other. The notion of similarity will be
used in particular by the distance-based methods discussed in more detail later
in this work.

Moreover, phylogenetic analyses that consider genes as taxa (gene trees) do
not match the phylogenies of organisms or species (species trees). Homolo-
gous genes can be present in different species, but in different ways, notably
by a duplication mechanism. Duplication refers to the evolutionary process by
which new strands of DNA are created by copying an initial strand. If duplica-
tion is involved, the genes are said to be paralogous, and the gene tree differs
from the species tree. To reconstruct a species tree, it is necessary to have
orthologous genes: two homologous genes are orthologous if their most recent
common ancestor has not undergone a gene duplication. The ortholog region is
the most suitable molecular marker for underlying speciation events [11, 12, 13].

Phylogenetic systematists reconstruct the evolutionary relationship among or-
ganisms, species, and taxa using homologies that are hypothesized to indicate
unique genealogic or at least evolutionary relationships. A phylogenetic tree is
a mathematical structure used to model the evolutionary history of a group of
organisms (or taxa). Phylogenies are hypotheses. They cannot be observed;
they can only be inferred because they reflect past evolutionary events.

Tumor evolution differs from “classical” speciation events (hypermutability,
chromosome or microsatellite instability). Single cells in a tumor evolve dif-
ferently from organisms within a population. Although the idea of adapting
methods for reconstructing species evolution to the study of tumors has proven
powerful, the analogy has limits. Several computational models that arise in the
study of tumor phylogenetics have been developed to account for this specific
case. The topology of the phylogeny is rooted (the root is the taxa relative to
a healthy cell). Distance-based methods can incorporate in the distance matrix
any type of data for which a dissimilarity is available and are, therefore, partic-
ularly suitable for dealing with this problem [14, 15].

Speciation events are not the only processes by which evolution can occur. Con-
sideration of these processes alone is a simplification of the real evolutionary
process, and the reconstruction of phylogenetic trees based on speciation events
alone is a model based on this simplifying assumption. For example, this may
explain some of the discrepant results between the species tree and the gene
tree. The graphical representation of these evolutionary events can be done in



the form of a phylogenetic network. This is beyond the scope of the present
work, but it is worth noting. A rooted phylogenetic network is a generalization
of a phylogenetic tree. It is a rooted acyclic digraph that is used to represent
complex evolution, where reticulation events such as horizontal gene transfer
(e.g., evolutionary event in which genetic material moves between organisms
other than by the transmission of DNA from parent to offspring), recombina-
tion, etc., play a role. They have been used to model evolutionary relationships
in population genetics, plant biology (hybridization network), and genome evo-
lution [16].

A second part of this introduction will deal, in a more practical way, with the
different steps required to build a phylogenetic tree and will mention the differ-
ent methods available. The idea is to give an account of the general landscape
and the place occupied by the main subject of this thesis, the BMEP, by evoking
the steps downstream and upstream of the use of this criterion [17, 18, 19].

The methods of analysis based on molecular sequences used in phylogeny were
initially developed for the study of evolutionary relationships between organ-
isms, genes or protein sequences. They are currently used in several fields and
have many applications such as the study of biodiversity [20], epidemiology
[21, 22], identification of gene functions [23], and in microbiology [24]. To il-
lustrate with an unfortunately still current episode, the SARS-CoV-2 pandemic
has demonstrated the crucial importance of these phylogenetic analyses for pub-
lic health, and a guideline published by the World Health Organization details
the necessary steps and technical aspects of genomic sequencing and analysis of
SARS-CoV-2 [25].

Selection of genetic marker and assembling a data set

The first step of a phylogenetic analysis is the selection of appropriate genetic
markers, i.e., identification of homologous sequences (gene with the same an-
cestral sequence). This require a good biological understanding of the function
of protein or gene and the process in which the phylogenetic analysis is carried
out. The assembly of a dataset in order to make a comparison between the
sequences is a crucial step. In order to be easily accessible to researchers and
to facilitate information processing, the nucleotide sequences obtained by biol-
ogists are stored in databases, accompanied by annotations allowing targeted
research, for example DDBJ (DNA Data Bank of Japan) or GenBank [26, 27].

Multiple sequence alignment

Once the sequences have been identified and the dataset assembled, they must
be aligned in order to be able to compare them and determine the homology
between each of the nucleotides (DNA/RNA) or amino acids (proteins). The
aim is to ensure an optimal correspondence of the sites between them. The basic
premise of a multiple sequence alignment is that, for each column in the align-
ment, every residue from every sequence is homologous; that is, has evolved from
the same position in a common ancestral sequence without insertion or deletion
(called indels). This is important, because the models of molecular evolution
(see further) are based on nucleotide substitutions models (AND/ARN) or pro-
tein and codon substitution models (and not on insertions or deletions).



The multiple alignment step is crucial because it determines the comparative
basis on which the phylogenetic tree is built. Molecular phylogenetic analysis re-
lies heavily on the accuracy of the sequence alignment. A molecular phylogeny is
only as good as the alignment it’s based on. Poor alignment introduces phyloge-
netic bias. At best, misaligned sequence has no useful phylogenetic information;
at worst, it might have convincing misinformation [28].

Many softwares are available to solve the problem of multiple sequence align-
ment, such as MAFFT [29] (Multiple Alignment using Fast Fourier Transform),
MUSCLE [30], ClustalW [31] and others [32].

It is still necessary to select a part of the alignment, areas of low similarity
are ignored, as well as gaps, insertion and deletion areas, which most alignment
algorithms have trouble handling properly. The goal is to keep only the sites
from which we could extract phylogenetic information.

Solving the multiple alignment problem is NP-hard [33], and some alignment-
free sequence comparison methods have been explored and proven useful for
dealing with large molecular databases, being computationally less expensive.
These methods are suitable for whole genome comparison, for the study of se-
quence rearrangement, or horizontal gene transfer. However, the alignment is
still an essential step in many aspects of today’s biology, like reconstruction of
ancestral DNA sequences [34].

Determination of substitution model

The estimation of dissimilarities or evolutionary distances between sequences is
the next step. The dissimilarity measure is based on molecular data extracted
from the species. Indeed, the real evolutionary difference can only be estimated:
a simple counting of the difference between sequences (or observed distance, i.e.,
the number of substitutions on the number of sites) underestimates the numer-
ous mutations that have occurred during evolution. Many substitution models
have been proposed to estimate the real difference between sequences, based
on their present state (which is often the only information available). It is
important to note that similarity (or homology) between two sequences is not
identical to homology, but the more similar the sequences are, the more likely
they are to be homologous. The substitution models of evolution constitute the
basis of the evolutionary analysis of genetic data at the molecular level. These
are probabilistic models that must be chosen according to the specific problem
studied. Each of them carries its own assumptions.

There are three types of molecular sequences (nucleotides, amino acids and
codons sequences). Therefore, there are three corresponding types of substitu-
tion models. All these substitution models are Markov chain models.

The basic principle of some classical models of nucleotide substitution are pre-
sented here. DNA is made up of four different nucleotides: adenine, thymine
cytosine, and guanine (ATCG). These come in two different shapes; adenine and
guanine are purine rings, cytosine and thymine are pyrimidine rings. Transitions
are the exchange of nucleotide of the same shape (AG or CT). Transversions are
the exchange of nucleotides of different shapes. The Jukes Cantor (JC) model



[35] is one of the first models proposed in 1969. It is a single parameter model.
It assumes that the four bases have equal frequencies and that there is the same
substitution rate for the four nucleotides. The Kimura’s 2 Parameter Model [36]
(K2P) proposed in 1960 allows transitions and transversions to occur at different
rates. The HKY85 model (Hasegawa-Kishino-Yano, 1985) and the F84 model
(Felsenstein 1984) accept arbitrary nucleotide frequencies, to name a few. All
common phylogenetic methods are based on certain assumptions that are not
biologically realistic (substitutions are independent of each other, the substitu-
tion rate is constant over time and between lineages, among others). Therefore,
it is common to correct the data by a gamma distribution that approximates
the rate heterogeneity over sites. [37, 12]

The substitution models based on amino acid or codon sequences are conceptu-
ally the same, except that the matrices are larger.

Tree building

There are two general categories of methods for calculating phylogenetic trees:
the distance-based methods and the character-based methods. We will focus on
the distance-based methods, of which the BMEP is a part.

Distance-based methods

The distance-based methods are based on the concept of evolutionary distance
between any two sequences or between pair of taxa. These distances are esti-
mated distances and are given a priori, they measure the dissimilarity between
pairwise molecular data. The sequence information is transformed into a pair-
wise distance matrix.

A distance-based method has two components: the evolutionary distance matrix
typically derived from a substitution model, which is the input of a tree-building
method, using an algorithm that construct a tree from the distance matrix.

The BME criterion, based on the work of Pauplin in 2002 [38], was developed to
overcome the inconsistencies of the MEP criterion pointed out by Rzhetsky and
Nei in 1993 [39], namely that if the distance matrix D is a biased estimate of
the real evolutionary distances, then negative values are found among the edge
weights of the optimal solution, which has no biological basis [40, 41].

At present, there is no exact solution algorithm able to handle a large number of
taxa, but several algorithms based on heuristic approaches are described in the
literature and widely used. The NJ method (Neighbor Joining), introduced by
Saitou and Nei in 1987 [42], is a greedy algorithm that build trees by iterative
agglomeration of taxa. The criterion being minimized by NJ is the BME, as
shown by Gascuel and Steel in 2006 [43]. FastME 2.0 [44], introduced by Des-
per Gascuel in 2002 [45], is a notable tool, fast and BME-based, that proposes
several sub-methods of heuristic and topological moves (Nearest Neighborhood
Interchange-NNT + Subtree Pruning and Regraphing-SPR neighborhoods).

The main advantage of approximative distance-based methods is their speed
of execution: they work on evolutionary distances of taxa and are therefore
computationally less demanding than other methods working directly on molec-



ular sequences (character-based methods). A general trend in bioinformatic and
computational biology is the growing demand for methods that can cope with
massive datasets of DNA sequences. Distance-based methods are a possible an-
swer to this demand, not only for phylogenetic inference, but also for related
tasks such as sequence identification and gene orthology inference [46].

A limitation of distance-based methods lies in the fact that if the distances
are estimated from pairwise sequence comparisons only, then it may be impos-
sible to infer some parameters common to the evolution of all the sequences [47].
For example, we cannot trace the evolution of individual sites on a tree, we only
have an overall estimate of the relationship between tree and data. There may
be some loss of information inherent in converting sequences to distances.

Character-based methods:

These methods consider each nucleotide site (or some function of each site) di-
rectly. These methods operate directly on the sequences, or on functions derived
from the sequences, rather than on pairwise distances. Discrete data methods
examine the nucleotide variation in each column of the alignment separately.
These methods are quite time-consuming because all the sequence information
is used for the evaluation of the best phylogenetic tree.

e Maximum parsimony (MP) [48]: chose the tree (or trees) that require
the fewest evolutionary changes, i.e., that explains the alignment with
the least possible substitutions. MP is based on the principle that the
best hypothesis to explain a process is the one that involves the smallest
number of events (Lex parcimoniae). The parsimony methods are not
based on an explicit evolution model. These methods are less used, but
they offer a great simplicity associated with fast algorithms.

e Maximum likelihood (ML): proposed by Felsenstein in 1981 [49], is a sta-
tistical method that chose the tree (or trees) that of all trees is the one
that is most likely to have produced the observed data. It is a frequentist
method that interpret the probability in terms of hypothetical frequencies
of events. ML requires an explicit model of sequence evolution, a tree
and the observed data. The phylogeny is a rooted tree. This method is
claimed to be very accurate, because the analysis relies heavily on the evo-
lutionary model. ML uses all the information in the sequence to calculate
the maximum likelihood value but has a high computational cost and is
not suitable for large data sets.

e Bayesian inference [50] is the newest method: this method relies on Bayes’s
theorem, which transform data and input probabilities (prior probabili-
ties) into output probabilities (posterior probabilities). Bayesian phylo-
genetic inference uses a Markov chain Monte Carlo (MCMC) algorithm
to search for the best tree. Some popular software are MrBayes [51], and
BEAST [52].

Most phylogenetic reconstruction methods generate unrooted trees. Un-
rooted trees do not specify evolutionary relationships in terms of ancestors or
descendant, they can only imply different relationships between taxa depending
on the location of the root. In other words, they don’t have an evolutionary
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direction, there is no temporal dimension in unrooted trees. In order to root an
unrooted tree, we need some other source of information. An outgroup can be
used to root the tree. An outgroup is a taxon and its data, chosen by the user,
to root the tree. Often a user will choose an outgroup that is a closely related
strain to the study group. Alternatively, a user might use an isolate of the same
strain collected earlier than the study group as an outgroup.

Tree evaluation

Trees are often reconstructed from several methods in the software on the mar-
ket to increase the confidence in the final result. The bootstrap [53] is a general
method in statistics to evaluate the uncertainty of an estimate due to incom-
plete sampling, this method was applied to phylogenetic trees by Felsenstein
in 1985 to evaluate the robustness of the inference. The idea is to perturb the
initial data (sequence alignment) in a random way, and for each data set a phy-
logenetic tree is built with the same method. But the bootstrap is not able to
overcome an inappropriate analysis of the data, and many other sources of error
are possible, such as sampling errors or choice of an unsuitable evolution model.

Trees are hypotheses of evolutionary relationship, and are inference made on

limited data using often greatly simplified models of evolution, that neverthe-
less pose immensely challenging computational problems.
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3 Notions of graph theory

Before getting into the details of the thesis, it is important to have some notions
of graph theory used throughout the thesis.

The basic assumption of phylogenetic reconstruction is that the evolutionary
history of species takes place through successive speciation events. According
to this hypothesis, an ancestral lineage can, by speciation, give rise to two new
lineages, and a phylogeny can be represented by a tree. This paragraph intro-
duces several concepts that are frequently used throughout this thesis. Some of
the notions mentioned below are based on elementary notions of Graph theory.

Definition 1 A graph is a triplet (V, E ,¢), where

e V is a finite set where the element’s constituents are called vertices or
nodes.

e E is a finite set where the element’s constituents are called edges.
e ¢ is an incidence function associating every edge with one or two nodes.

Definition 2 A directed graph is a triplet (V, E, ¢), where

e V is a finite set where the element’s constituents are called vertices or
nodes.

e F is a finite set where the element’s constituents are called edges.

e ¢ is an incidence function associating every edge with an ordered couple
of nodes. (The edge can only be used in one way)

Definition 3 Two vertices incident to the same edge is said to be adjacent or
neighbors.

Definition 4 The degree of a node represents the number of incident edges to
this node.

Definition 5 Two graphs (V, E,¢) and (V',E’,¢’) are Isomorphic if there ex-
ists bijective functions f:V — V' and g : E — E' such that:

o(e) = {u, v} iff d(g(e)) = {f(u), f(v)}

Definition 6 A path is a sequence of vertices xg,x1,...,T, such that every
consecutive vertex represents an edge of the graph. Meaning that for all 0 < i <
n we have (x;—1,x;) € E. A path can contain multiple times the same node. It
is called a closed path if xg = x,.

In link with the path, let’s denote the notation
Py =x;, ... x5
as the path between node z; and x;.
Definition 7 A cycle is a closed path in which every node and edge are unique.

Definition 8 A graph is called connected iff, for each pair of vertices, there
erists a path that connects them.

Definition 9 Let us call a path an Eulerian path if it traverses every edge of
the graph exactly once. A graph is Eulerian if it admits a closed Eulerian path.

12



3.1 Trees

An acyclic graph, one not containing any cycles, is called a forest. A connected
forest is called a tree. (Thus, a forest is a graph whose components are trees.)
The vertices of degree 1 in a tree are its leaves, and the others are its inner
vertices.

Definition 10 A tree is said to be bifurcating if all non-root internal nodes are
attached to precisely three edges and the root is connected to either one or two
edges.

Definition 11 A rooted binary tree is a binary tree in which only the root is
allowed to have degree 2. The remaining nodes have degrees equal to either 1 or
3. The nodes with degree 1 are called leaves and the nodes with degree 3 are the
internal vertices.

Definition 12 An unrooted binary tree is a tree whose leaves (degree 1 vertex)
are labeled bijectively by a (species) set I', and such that each non-leaf vertex is
unlabelled and has degree three. We let UBT(n) denote the set of such trees for

={1,...,n}. [54]
We now have enough background to define properly what a phylogeny is.

Definition 13 Consider a set T' = {1,2,...n} for n > 3 of distinct molecular
sequences referred as tarxa. A phylogeny T is an ordered triplet (U, ¢, w) where
U is an unrooted binary tree with n leaves, ¢ is a bijection between the leaves of
U and the taza of T' and w is a vector of weights associated to the edges of U.

»

(a) Unrooted binary tree (b) Rooted binary tree

Figure 2

For introduction purposes, we will define two specific phylogenetic trees.
These two topologies will be used throughout the thesis.

13



The first notable graph is the three-leaf phylogeny or the three-star phylogeny.
It is composed of only one internal vertex and has three leaves. This is the only
topology representing a phylogenetic tree, as we have defined it for three taxa.
It will be used as a base for a lot of developments. Its representation can be
seen in Figure 3.

Figure 3: three-star phylogeny

The second notable phylogeny is called "the comb”. It is composed of as
many leaves as we want, but every internal vertex is adjacent to two other ver-
tices and one leaf, except for the two most extreme vertices, which are adjacent
to one vertex and two leaves. An example of this type of tree for five taxa can
be seen in Figure 4.

Figure 4: Representation of the comb phylogeny for five taxa

3.2 Meaning for phylogenetic trees

Definition 14 The topology is the branching structure of the tree. It is of par-
ticular biological significance because it indicates patterns of relatedness among
taxa, meaning that trees with the same topology and root have the same biological
interpretation.

14



We will use phylogenetic trees as unrooted binary trees later in this thesis due
to some assumptions and aims of the model.

For unrooted trees, there is no ancestral root. Unrooted trees represent the
branching order but do not indicate the root of the location of the last common
ancestor [55]. So the aim is not to find the parent-child relations but to find the
speciation events between the species.

The tree is also not oriented because it does not represent a historical evo-
lution. It only gives relationships between taxa and speciation events. It also
comes from the fact that it does not aim to represent a parent-child relationship.

b
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Figure 5: Making rooted binary trees from unrooted binary trees [56]
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Another advantage of working with unrooted binary trees is that it is less com-
putationally demanding. This can be easily understood since that in order to
make a rooted binary tree from an unrooted binary tree. One can add a root

to any of the edges of the unrooted binary tree. Since there are 2n - 3 edges to
a rooted binary tree with n leaves, the following development follows [56].

UBT(n) = (2n — 5)!! (1)

RBT(n) =UBT(n)*(2n—3)=(2n—5!"x(2n—3) = (2n—-3)!!  (2)

So working with RBT with n leaves results in the same number of trees as
working with UBT with n+1 leaves. Therefore, choosing to work with UBT is
better from a computational point of view.

15



4 Estimating phylogenies from molecular data

Re-introduce this

There are multiple models that aim to reconstruct phylogenies but they can
be separated into two main archetypes. The first one is character based and
focuses more on morphological data, the two main models for this approach are
the Maximum parsimony and the maximum likelihood.

The second approach, on which the model hereafter is part of, is based on a
distance between species. that is, the best evolutionary trees are the ones that
minimize the number of changes along the edges of the tree. [57]

The most widely used methods are the maximum parsimony (MP; [ 14 , 15 ])
and maximum likelihood (ML; [ 16 , 17 |) methods.

Now that the problem is introduced, the question of how to actually con-
struct the optimal phylogeny still resides. How to translate the problem on
paper and which criteria of construction of the phylogeny to choose. This sec-
tion will address some of these questions and give a brief overview of all the
different choices available.

The general problem of the estimation of a phylogeny is stated as [58, 41]:

Problem 1 Given a set I' of n taza, find the phylogeny T* that solves the
problem

Optimize Ar(T) (3)
s.t. Qr(T) >0 (4)
TeT (5)

Where
e T is the set of (2n — 5)!! phylogenies of T.

e Ar : 7 — R is a function that models the criterion of selection for the
phylogeny to find.

e Q:I'xT — R™ for some m > 1, is an additional (not always required)
function that imposes additional constraints on the structure of the phy-
logenies based on some evolutionary assumptions.

Finding an optimal solution to this kind of problem means finding the tree T
that minimizes (or maximizes) the objective function while respecting the con-
straints.

There are different criteria proposed in the literature for different purposes, dif-
fering from each other by the type of observed data, the evolutionary hypotheses,
and the assumptions. This has been further discussed in the introduction part
in much further detail.

In this thesis, we will be focused on one evolution criteria based on distance
methods, namely the Balanced Minimum Evolution Problem (BMEP), which is
presented hereafter.

4.1 The BMEP formulation
The BMEP is formulated as follows:
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Problem 2 (The balanced minimum evolution problem)
Given a set I' of taza, find an phylogeny T € T having T as leaf set and mini-
mizing the following length function:

min L(T) = Z Z er”J (6)

i€l jer'\i

where 7;; represents the path length between taxon i and taxon j in T i.e. the
number of edges belonging to the path connecting these two taxa and d;; rep-
resents the distance between taxon i and j i.e the dissimilarity metric between
the two taxa [41].

This formulation is a particular case of Problem 1 where Ap(7T') is L(T"), without
any additional constraint on the set apart the implicit fact that T € T hence
Qp(T) = 0.

One easy way to understand the objective function is by looking at the terms
that compose it. The term d;; represents a measure of dissimilarity or a ge-
nealogical distance between the taxa i and j. We can understand the terms
277ii as a discount factor that decreases when the distance between taxa in-
creases. Simply said, minimizing this function means trying to make taxa that
lie nearby each other be as similar as possible (having a small 7;; with a small
d;;) and making taxa that are more different be far away from each other in the
binary tree (big d;; implies big 7;;).

Now that this intuitive description is given, we will take a deeper look and
give more details about where this originates from.

4.2 Combinatorial and optimization aspects of the BMEP

Before explaining in detail the description of the optimization problem, there
are two main properties of a phylogenetic tree. They are stated hereunder: [59]

(i) A binary phylogenetic tree with n leaves has 2n — 3 edges and n — 2 in-
ternal vertices.
(i) For a fixed set T" of size at least three, the number of binary phylogenetic
trees is
(2n — 4)!

(n—2)12n—2
where n = |T|
An easy way to understand (i) is by seeing that to increase the size of a phy-
logenetic tree, one can add a taxon on every edge of the tree. Doing so actually
means that a speciation event happened in between either a taxon and a speci-
ation event (leaf and internal vertex) or in between two speciation events (two
internal vertices), and in both cases, it resulted in a new specie.
By applying this idea, the following equation results:

| Trs1] = [Tl (2n —3)

which gives the same results under n > 3. The following graph shows the idea
behind this explanation and by knowing that |73| = 1.
A visual representation of the proof is shown in Figure 6.

=1x3x---x(2n—=5)=(2n—>5)!l (7)
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Figure 6: Different possibilities to add a taxon to a tree

4.3 Development of objective function with circular or-
derings applied to phylogenetic trees

To have a deeper understanding of how the function L(T'), which represents
the length of the phylogenetic tree, evolved to this form and the development
that led to it so as how to characterize formally the set ©, which is the set of
path-length matrices corresponding to a phylogenetic tree, some notions and
bases must be introduced.

The particular form of the length function L(T) originates from a concept
called circular ordering [60]. To form a circular permutation 7 of a phylogeny
T of the set 7 made by n taxa, you start by representing the phylogeny on
a planar space and take a first leaf/taxa and set it as the first element of .
After that, you add the next leaf that comes in the circular order, i.e. the next
one that comes clockwise (or counter-clockwise) on the graphical representation.

Some examples illustrate what an actual circular order is and what it is not in
figure 7. The subfigure (a) represents an actual circular ordering of a phylogeny
T made by five taxa, the permutation of the circular order is 7, = (1,2, 3,4,5).
We can see that each edge is visited twice, whereas the ordering on the subfigure
(b) m = (1,2,4,3,5), one edge is visited four times.

We can see that these orders are related to Eulerian circuits because they pass
only twice on each edge and once on each leaf before returning to the initial leaf.

Let 7(7) denote the i*" element of a permutation 7 of I' and by convention,

assume that 7m(n 4+ 1) = m(1) to be able to completely describe the circuit in an
easy way. Then with these notions introduced, two demonstrations were made
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Figure 7: (a) : circular order, (b) : not a circular order

[59]:
(i) A circular order decomposes T in precisely n paths () Pri4+1), @ € {1,--- ,n}
(ii) Every edge occurs only twice in the paths (1)Pr2y, " s n(n) Pr(nt1); it is

a necessary and sufficient property of 7 to be a circular order of T.

A further observation is that out of the n! permutations of 7 for a set T,
only 2”2 are circular orders on T [59, 61, 62].

The term d;; represents the measure of dissimilarity but is also a notion of
evolutionary distance between taxa i and j € I'.

If we suppose that d;; it is equal to the sum of the weights of the edges on the
path between taxa i and j, i.e.

dij= Y we Vij €l (8)
e€E(pij)

where p;; represents the shortest path between taxa i and j. This is an important
property since we can calculate the distances d;; between taxa with different
methods, whereas the weights of the edges w, are difficult to estimate and
change in each phylogenetic tree.
Under the assumption that (8) holds true and by knowing that L(T) is the
length function of the tree then:

I

2L(T) =23 we =D de(iyn(isy) 9)
=1

ecl
It was also proved by Semple & Steel [59] that the length of a tree does not
depend on the choice of 7. Therefore the following holds true:

| 1 1 T

1
L(T) =3 ;dw(i)w(m) = 0] Y. 5O deymiisn) (10)

Tell(T) k=1

Where TI(T) represents the set of the circular orders for a specific phylogeny
T. As a reminder, it was proven that this set has 2”2 different sequences in it.
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By introducing u,; as the fraction of circular orders in which taxon j imme-
diately follows taxon i and by noticing that the number of internal vertices not
belonging to the path p;; is equal to (n—2) — |V (p;;) \{¢, 7} = (n—2) — (7; — 1)
[41]; n-2 being the number of internal vertices and |V (p;;)\{%, j}| being the num-
ber of vertices not belonging to the path between taxon i and j, which is equal
to the number of edges separating them - 1.

The following results comes from [59] in which he proved the following proposi-
tions:

Proposition 1 Let T be a phylogenetic I'-tree with at least one interior vertes.
Then the number of distinct circular orderings for T is:

I @) —1)

veV(T)
[e]
Where V (T') denotes the set of interior vertices in a graph T.

Furthermore, for all distinct elements xz,y € T' , the proportion of these cir-
cular orderings for which y immediately follows z is

I @w-n~!

veEV (pij)

Since we know that there are n-2 internal nodes in an unrooted binary graph
and that each internal node is of degree 3 we have enough information to derive
the number of circular orders in which taxon j immediately follows i:

IT @@ -1 [ @) -1~ =2r227(u-b (11)
UG\(}(T) ’UEV(pU)
We now have all the tools to derive the mathematical expression of p;j;, the
fraction of circular orderings in which taxon j immediately follows taxon j:
143 9(n—2)—(7i;—1) 9(n—2)—(7i;—1)

— — = 927 Tij

2 u(m) on—1

We now have all the elements to explicitly describe the function L(T) as
formulated in (6).

Tl

T€I(T) i€l jer\{i}

The transformation in equation (12) comes from a change in the summation
order. Instead of doing the summation over the circular orderings, we do the
summation over the distances present in the circular orderings, which are mul-
tiplied by how often they are present in all the cycles. Since u;; is a proportion,
Z? Z?;m ti; = 1, this means that the objective function is a weighted average
of the half distances. This is where the term balanced in the model’s name
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comes from.
and by developing the term p;; it finally becomes the objective function of the
BMEP (6):

L=y ¥ 5 (13)

i€l jer\{i}

Which gives the same length formula as in the BMEP formulation [61, 62].

4.4 Description of the set describing path-length matrices
of phylogenetic trees

As a reminder T represents the set of the (2n — 5)!! different phylogenies made
upon the set I' where n = |T'|. We will now describe all the known properties
that the set ©, which represents all the path-length matrices associated to the
phylogenetic trees.

4.4.1 Conditions inherent to path-length matrices

The question of how to characterize the set © rose and is (was) an open problem.
The first observations are straightforward, since 7 is a path-length matrix of an
UBT(T"), its entries must respect the next three necessary constraints [41, 61]:

Ti; €{2,..,n—1} Yi#j (14)
T, =0Viel (15)
Tij = Tji Vi,jeF (16)

These are the first conditions of the set.

The first property, equation (14), indicates that the number of edges separating
two taxa is at least two and at most n-1.

The null diagonal property, equation (15), comes from the fact that there are
no loops in a tree.

The symmetric property, the equation (16), comes from the fact that an un-
rooted binary tree is not directed. An edge can be used on both sides, so the
distance to go from taxon i to taxon j is the same as the distance to go from
taxon j to taxon i.

The other nontrivial necessary properties to characterize the set of path-length
matrices of unrooted binary trees are explained hereafter.
4.4.2 Kraft equality applied to phylogenetic trees

This next equation originates from a property applied to rooted binary trees,
which is widely used with Huffman codes. The theorem called the Kraft Equality
is stated as follows [63]:
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Theorem 1 For alin <1, Py, Ps,...,. P, is a sequence of path lengths be-
tween the leaf i and the root of the tree (r) in a rooted binary tree iff

n

doarhi=1 (17)

By finding an analogy between rooted binary trees and unrooted binary trees,
the latter being what is of interest for this model, we can adapt the Kraft equal-
ity to our problem.

The analogy between rooted and unrooted binary trees comes by seeing that a
contraction of a leaf in an UBT to its adjacent vertex results in a rooted binary
tree, to which we can apply the equality [61].

This operation can be visualized in Figure 8. If we denote 7;; as the number
of edges separating the taxon i and the taxon j, let’s denote Tfj" the distance
between the node i, which is the node resulting from the contraction of the leaf
i to its adjacent vertex, and taxon j. We can now apply the Kraft equality to
this tree since it is an UBT.

(@) T (b) T

Figure 8: (a): Unrooted binary tree T, (b) Contraction of the tree T on taxa 1

n
Yo o2 =1 (18)
J=1 j#i
We can apply this operation on every leaf of an unrooted binary tree indepen-
dently, which leads to the following:

S oo =1 vier (19)

j=1.j#i
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This implies that every path-length sequence between two taxa if reduced
by one, respects the Equality. By noting that 7;; = TZ-CJ? + 1, we can expand the
original equation to another equation that can be applied to phylogenetic trees.

zn: 27 =1

J=1, j#i

—Tij _ —(ri+1) _ L -t _ L
2 = ) TT=g ) T =g
J=1, j#i J=1, j#i J=1, j#i

Which results in this general relation for all the taxa:
- 1
> o2 = 5 VieT (20)
J=1j#i

This equation is independent of the row we select and states that for any
taxon we contract to its closest vertex, the obtained result is a rooted binary
tree, which incorporates the notion of connectivity and respect for the degree of
internal nodes of an unrooted binary tree. However, since each row can repre-
sent a different unrooted binary tree, more constraints are needed to ensure that
the complete matrix 7 encodes a tree. This is, therefore, a necessary condition
but is not sufficient.

This makes up for a fourth necessary condition that defines the set ©.

4.4.3 phylogenetic manifold

Another condition on ©, known as the phylogenetic manifold, is expressed as
[64, 61]:

SN 2 =(2n-3) (21)

i€l jel'\i

It originates from the work of Pauplin [38], in which he established the rela-
tion between an edge set and the edge weights of a phylogenetic tree. It states
that for any phylogeny T with edge set £(T') and for any set of edge weights
{we : e € £}, the following condition holds: >~ cewe = 3 icr X jery; 05277,
where 9;; is equal to the sum of the weights w. along the path from taxon i to
taxon j, for all ¢ € T and j € T'\ . When setting w. = 1, for all e € E(T),
we obtain §;; = 7;; and the statement (21) follows naturally since we know the
exact number of edges in a phylogeny of size n [64].

4.4.4 Triangular inequality

The last condition comes from the triangular inequalities of a path-length se-
quence applied to phylogenetic trees. The normal condition is stated as follows:

Tij + Tjk — Tik = 2 Vi,jkel:i#£j#k (22)
Because any path-length matrix 7 € © must encode a tree, the triangular

inequalities (13) can be further generalized by means of Buneman’s additive
property [65, 41], which states that:
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Theorem 2 a given graph G = (V,E) is acyclic and connected (i.e., a tree) if
and only if

dij+dpg < maz{digt+d;p, dip+djq} ¥ i,4,0,q € V at least three of which distinct.

When Buneman’s additive property is applied to UBTs, any quartet i, j, p, and
q of its vertices (at least three of which are distinct) must satisfy exactly one of
the following conditions:

Tij + Tpqg + 2 < Tig + Tjp = Tip + Tjq
Tig + Tjp + 2 < Tij + Tpg = Tip + Tjg (23)
Tip + Tjg + 2 < Tij + Tpg = Tig + Tjp

Another result that can be used from Buneman is that given an arbitrary dis-
tance matrix d, we can determine whether d is additive without attempting to
obtain a suitable tree. [56]:

Theorem 3 A distance matriz D on T is additive, iff for every quartet of (not
necessarily distinct) taxa x;,xj,xk,x; € T the so-called four-point condition
holds:

d(zi, xj) + d(zg, x) < max(d(x;, k) + d(z;, 1), d(x;, x1) + d(z;, zx))

The essential difference between Buneman’s theorem and the additivity of a
matrix is that for Buneman’s four-point condition, he is verifying the condition
for all the nodes of the graph. Here the matrices we are using only represent
matrices of distances between tree leaves. Therefore the acyclicity of the graph
to which the distance matrix is associated cannot be verified by only checking
the distances between taxa. However, if the matrix does not respect the four-
point condition, it cannot be represented by a graph, reason why it is only a
necessary condition of the set. This is a question still pending. Bringing an
answer to the question of whether checking Buneman’s property to only the leaf
set is sufficient to have a graph without a cycle for the matrix 7.

This can be applied to the matrix 7 in which case all the edges have a weight
of 1 (topological distance) or on the distance matrix d that represents the evo-
lutionary distance or dissimilarity between taxa. This property has a double
use, since it is a necessary property of a tree, it verifies that the matrix of path
length and the matrix of relative distance can both be represented as trees. In
fact, it was first used to verify that the matrix d could be encoded by a tree
since it was already used before introducing the matrix 7 in the previous models
but, is also handy for the definition of the matrix .

4.4.5 Independence of conditions

An important remark about the conditions on © is that they are independent
of each other. This can be shown with the following three examples:

W w w o
W w o w
W o W w
W W w w
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0 55 5 45
5 0 2 2 3 4
5 2 0 2 3 4
5 2 2 0 3 4 (25)
4 3 3 3 0 4
5 4 4 4 4 0
0 3 5 5 2 4
30 3 4 4 3
5 3 0 2 5 4
5 4 2 0 5 3 (26)
2 4 5 5 0 3
4 3 4 3 3 0

The three previous matrices all satisfy all the different conditions stated above
except one. Indeed matrix (24) satisfies all the properties except the phyloge-
netic manifold (21):

SN e = % #7=(2n—3)

i€l jel\i

matrix (25) satisfies the properties but not the Kraft equality (20):

- 1
D> 27 =0.1875 # 3
J=1,j#1

and the property that matrix (26) does not satisfy is the triangular inequality
(22):
Tig+To3 —T13=1<2

The fact that all the properties are independent implies that there is no overlap
between the conditions. This will be important in the second section of this
thesis, where we will enumerate different sets. It is essential to notice that the
addition of conditions results in more restrictive sets.

This gives us the necessary state-of-the-art constraints for a matrix to be an
element of ©. However, the question that still needs to be answered is if this
set of equations is sufficient to properly describe this set.

Conjecture 1 The equations (15,16,20,21,23) are necessary and sufficient to
characterize © the set of path-length matrices encoding phylogenetic trees.

This conjecture is still open, and one part of this thesis will try to give a partial
answer to it. The question that still needs an answer to prove this conjecture
is whether Buneman’s four-point condition applied only to the leaves of a tree
results in the same acyclicality of a tree.

4.5 Interesting properties of model

4.5.1 statistical consistency

One essential property that the BMEP holds is called statistical consistency
[40, 66].
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In statistics, an estimator is said to be statistically consistent if the value it pro-
duces as an estimate of a parameter converges in probability to the true value
of the parameter as the sample size used to compute the estimate increases. As
the number of data points used to compute the estimate increases, the estimate
becomes more accurate and less variable.

For example, suppose we want to estimate the mean of a population using a
sample of data. If we use a statistically consistent estimator for the mean, then
as the sample size increases, the estimate of the mean produced by the estimator
will become more and more accurate and less and less variable. This is because
the estimator is able to accurately capture the true mean of the population as
the number of data points used to compute the estimate increases.

Statistical consistency is a desirable property of an estimator because it means
that the estimator will become more accurate as the sample size increases. This
is important in many applications where it is essential to have accurate esti-
mates of population parameters.

So applied to the BMEP, we know that the more taxa are used, the closer
the optimal solution given by the model will be to the actual/real phylogenetic
tree. This alone provides an excellent reason to study this model.

Definition 15 A real phylogeny is seen as the phylogeny that describes the real
evolutionary process of taxra occurring in nature and the true phylogeny with
respect to the considered criterion as the phylogeny that one would obtain if all
molecular data from taza were available [58, 64].

The balanced minimum evolution is an improvement of the minimum evolution
problem under ordinary least squares (OLS) [41]. That model tried to associate
weights to the edges of the phylogeny. The first problem that occurred was that
for some solutions, the weights could be negative, which does not hold any sig-
nificance in biology. The next try was by adding the constraint that all weights
had to be positive, but that did not solve all the problems [40]. What happened
in the OLS model was that certain edges of a phylogeny may be weighted more
than others, and this fact, in general, is not supported by any biological evi-
dence or rationale.

This led the researchers to the balanced minimum evolution problem (BMEP).
The attribute “balanced” assigned to the Problem indicates that the number of
times each evolutionary distance appears in the summation of all edge weights
is normalized by reflecting that all of the edge weights are weighted similarly.
The optimal tree produced by the BMEP is the one with the shortest balanced
minimum evolution length and its edge weights are always positive whenever the
distance matrix d is an actual distance matrix (satisfies the triangular equality).

4.5.2 NP-hardness

In computer science, there are different classifications of problems based on their
computational complexity, P, NP, and NP-hard. These classifications are used
to describe the difficulty of solving a problem and the number of resources (such
as time and space) required to solve it.
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P is the class of problems that can be solved efficiently by a computer, meaning
that an algorithm exists for solving the problem that runs in polynomial time.
Polynomial time means that the algorithm’s running time is a polynomial func-
tion of the input data size (for example, O(20n2+5n)). Examples of problems in
the P class include sorting algorithms, linear search, and matrix multiplication.

NP is a class of problems for which a proposed solution can be checked effi-
ciently by a computer, but it is unknown whether an efficient algorithm for
finding a solution exists. In other words, verifying a solution to an NP problem
is easy, but it is not known whether it is easy to find a solution. Examples of
NP problems include the traveling salesman problem.

NP-hard is a class of problems that are at least as hard as the hardest problems
in NP. In other words, if an NP-hard problem can be solved efficiently, then all
problems in NP can also be solved efficiently. However, it is unknown whether
this is possible, and many researchers believe it is not. NP-hard problems are
considered some of the most difficult problems in computer science.

A famous question in computer science theory is to prove P=NP In other words,
the question is whether a problem can be in both the P and NP classes.

If P=NP, it would mean that all NP problems can be solved efficiently and
that there is an efficient algorithm for finding a solution to every problem in
NP. This would have significant implications for various problems in computer
science and other fields and could potentially lead to the development of more
efficient algorithms for solving various problems.

On the other hand, if P # NP, which is widely believed, it would mean that
there exist problems for which it is easy to verify a solution but hard to find a
solution and that there is a fundamental limit to the efficiency of algorithms for
solving these problems.

In the case of the BMEP, it has been proven that it is an NP-hard problem; a
problem difficult to find and verify whether an answer is a solution [67].
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5 Branch and Bound

In this first section, we will implement a first algorithm that finds the optimal
solution of the BMEP, i.e., finding the phylogenetic tree that minimizes the
length function.

As a reminder, the BMEP problem is stated as follows:

Given a set I' of taxa, find an phylogeny T € 7T having I" as leaf set and
minimizing the following length function:

min Lr=> % 2dj (27)

i€l jer\i
The approach to solve this is by using a branch and bound paradigm.

5.1 General conception of a branch and bound algorithm

A Branch and bound algorithm is a method for solving optimization problems,
such as the traveling salesman person. In that problem, the salesperson must
visit several cities, each at a certain distance from one other. The goal is to find
the shortest route that visits each city exactly once and returns to the starting
city.

Here is an example of a branch and bound algorithm:

One way to solve the traveling salesperson problem using branch and bound
is to divide the problem into smaller subproblems. For example, we could di-
vide the cities into groups: North, South, East, and West. Then, for each group,
we could find the shortest possible route that visits each city in that group ex-
actly once and returns to the starting city.

Next, we would combine the solutions to the subproblems to find the short-
est possible route for the entire problem. For example, if the North group has
cities A, B, and C, and the South group has cities D, E, and F, then the shortest
possible route for the entire problem would be the shortest route that visits A,
B, and C in the North group, followed by the shortest route that visits D, E,
and F in the South group, followed by the route between the last city in the
North group and the first city in the South group.

By dividing the problem into smaller subproblems and then combining the so-
lutions to those subproblems, we can often find the optimal solution to the
traveling salesperson problem more quickly than if we had tried to solve the
entire problem at once. This is the key idea behind the branch and bound
algorithms.

28



Figure 9: Traveling salesperson problem

5.2 Computational limitation of the problem

The first limitation of the problem is due to the floating point error (¢) of a
computer. It is the difference between the smallest possible representable num-
ber and the value that is actually represents. Since we are working with small
numbers, 2774 it is essential to understand the highest path length the com-
puter can represent without any loss of information.

In C++, the machine epsilon for a value stored as a double is 2.22045 x 10716
[68]. With the following development, we will check the highest amount of taxa
We can process.

27T > 2.92045 x 10710
—7ij > logy(2.22045 x 10_16) = —161og,(2.22045 * 10)
—7ij > —161og,(2.22045  10)
Tij < 71.39

So by design, in the best world possible, without any time limitations, the
problem would be able to optimal tree with taxa separated by at most 71 edges.
All the taxa lying beyond that threshold would be disregarded. It would be as if
the computer did not see them and did not take them into account. This would
take away the idea of the program, which is finding the optimal solution to the
problem. [67]

However, other models can work with more taxa, but they give an approximation
of the solution, not the optimal one.

5.3 Branch and bound algorithm for BMEP

The general idea of solving the BMEP with a branch and bound algorithm is
progressively constructing trees starting from the 3-star topology, which is the
origin of all phylogenetic trees we are exploring. We will progressively explore
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all its descendants and asses at each step if the descendants of the current tree
have the potential to give a lower objective value than the one already found.
We can add a new taxon to extend a current tree on every edge. We have seen
that for a tree with h taxa, there are (2h-3) edges in the graph.

An important property that we want for this method is that every tree we
explore is unique so that there is no redundancy or overlapping. The method of
starting from the three-star tree and expanding a taxon to every different edge
and doing this for all the intermediate trees we encounter has the property of
having a unique sequence of addition of taxa.

Note that adding a taxon k to an edge e creates a new leaf with taxon k at
its end, splitting edge e into two new edges. This only creates bifurcating trees
since we are adding taxa to the interior of the tree; it will never be added to an
existing leaf.

To assess the potential of the descendants of a tree, we have to understand
how adding a taxon to a tree changes the balanced length of the tree. If we can
deduct from this how to formulate a lower bound that represents the minimum
balanced length for the complete topologies (finding a way to see how adding all
the taxa will change the objective value), this algorithm will work. Note that a
complete topology is a topology that includes all of the taxa in the set I'. This
explanation will be done in the following sections by introducing two different
bounds that can be used.

The general idea is to be able to express a bound such that:

L(T") = B(T)

Where T'" represents all the complete trees that can be constructed with the
tree T as its root tree and (T the lower bound associated with the tree T.
When the bound 3(T) is calculated, it is compared with the best optimal value
already found among the complete topologies encountered; let’s call it L*. If
the lower bound for T is higher than that optimal value previously calculated
(L* > B(T)), then every complete tree descendent of T will have a higher ob-
jective value than the best tree already found. Therefore there is no reason
to explore all the different cases underlying the tree T. We can then save the
calculation of these trees. In the branch and bound terminology, we say that
this part of the problem is pruned.

The last part to discuss is how we add the taxa. There are two different ways
to do it. The first is known as the static order, and the second is the dynamic
order. The static order is when we already know when each taxon will be added
to the tree before starting the expansion of the trees. The dynamic order is when
we calculate which next taxon will be added to the tree at each step based on
the current topology. Dynamic ordering might be useful to converge quicker
to better result by picking the taxon that will produce the smallest change in
the objective function. However, the drawback of this method is that it has to
be calculated at every step of the algorithm. It might produce more prunings
and, therefore, fewer calls to the main processing algorithm, but we have to
calculate which taxon to add each time. This addition in the calculation does
not always lead to faster results. In this thesis, we will only look at static orders.

30



So the first step of the algorithm is to construct a complete tree to compare
its objective value with all the different topologies. To do this, we use a greedy
algorithm; as explained, we start with the three-star tree and add the taxon
defined in the static order to the edge where it will result in the smallest objec-
tive value for the next tree. In essence, we add the next taxon to the edge on
which the next tree will produce the lowest objective value. This operation is
repeated until the first tree is complete (the n taxa are present in the tree).

Algorithm 1 First tree (d)

construct the 3-star tree
fori=4 to ndo
add taxon i to the edge s.t. L(T1!) is smallest
end for
return L(T)

Now that we have the first completed tree, the question of how to process
the rest of the trees to find the exact result remains. The general approach is
shown in the algorithm below 2.

Algorithm 2 Branch and bound (d)

L* = First tree(d)

construct 3 star tree

if T contains all taxa in {1,2,...,n} then
Calculate L(T)
if L(T) < L* then

L* =L(T)
0={r(T)}
end if

else
Calculate lower bound S(T,d)
if (T,d) > L* then
Remove the last taxon
else
choose edge to add next taxon
add next taxon to the edge
end if
end if

What the algorithm tries to achieve is to select potential new optimal trees.
A visual representation of the aim is shown in Figure 10. Suppose we have to
partial trees (trees that do not have all the taxa as leaves) T} and T5. If we can
find a lower bound based on the current tree, we are able to assess the poten-
tiality that one of their complete subtrees will produce a better solution than
the one currently found. In the example, the lowest possible length value of T}
is lower than the value currently stored. This means that one of its descendants
might lead to a new better solution, which is not assured. In contrast, for the
graph T5, even in the best possible scenario, none of its descendants will produce
a better result than what is already found; thus, there is no reason to explore
this tree further. There are two ways to improve an algorithm like that, firstly,
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Figure 10: Representation of the use of the lower bound for the algorithm

finding the lowest upper bound 7%, and secondly, finding the best estimate (7"
for a lower bound. In the following sections, we will see how this lower bound
B(T) can be found.

5.4 Adding a taxon to a tree

To come up with a lower bound, the first step is to understand how adding a
taxon affects the balanced length of the tree. In the BMEP, adding a taxon can
decrease the length function associated with a partial tree. So adding a taxon
does not always result in a bigger objective function. Therefore, we cannot use
the objective value of the current phylogenetic tree as a lower bound. We will
now look at what happens when a taxon is added to a tree. This will introduce
two lower bounds used for the branch and bound algorithm.

Before getting into the details, we have to introduce the concept of clades and
how they will be used in the rest of the chapter. A phylogenetic tree can be
divided into subtrees called clades.

A clade in a topology T is defined as follows [69]:

Definition 16 It is any set of tazxa lying on one side of a branch in T.

Figure 11 gives a visual representation of different clades in a tree.
The BMEP has a property that is stated as follows [69]:

Theorem 4 Suppose the taxa in a phylogeny T can be partitioned in X1, Xo, ..., X,
where each X; is a clade of T. Then

M =Y L+ Y v [ gomey

h=1 1<h<k<m vE Py,

Where

R D S

1€l(Xp) jeT(Xn)\J
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Figure 11: Three different possibilities of clades
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and Py represents the edges that separate the root of clades X, and Xj.
If we denote T, the current phylogenetic tree, then T’ l% k is the tree produced
by the addition of the taxon k between the clades A and B of the tree T.
The notation 7;x represents the distance between taxon i and the root of clade
X. For example, the distance 735 in figure 12a between the taxa number 3 and
the vertex 6 equals 2.

Suppose we were to construct the sequences 7;4 and 7;5 based on the tree
represented in Figure 12a. They would represent the number of edges separat-
ing taxon i and the root of the clade. The root of clade A would be vertex 5
and for clade B, it would be vertex 6. It would give the following result:

ria=[1 1 mp=1[2 2 1]

From the theorem 4 applied to two clades, where the two clades are separated
by the edge where the next taxon will be added (12a as an example), the length
function can be expressed as:

L(T) = L(A) + L(B) + das
and 1 1 1
L(T |5 k) = L(A) + L(B) + 5448 + Sdagy + 5dBy

Therefore the change in length by adding taxon k between the clades A and B
is given by:

L(T {5 k) - L(T) = %(dA{k} +dpry — dap) (28)

33



Where

1 1 1 1
dagy =D grdie =D 5oy 3 5o = D> ooy i

i€A i€A jEB i€A jEB

1 1 1 1
oy = Y grgin =D 5omdind 5o =D D s i

jeB jeB icA i€AjEB

11 |
dap =D > srrgmathi = DD grares s

icAjeB icAjeB

By substituting these equations in the equation 28 we obtain:

A 1 1
LTk - LT =5 Y gy i+ dje — dij) (29)
i€A, jEB
By introducing the notation
1
i(dik +dj — diz)

We can simplify the equation 29 and it becomes:

A 1 ij
LT -LD = Y, oW (30)
i€A, jEB

o
Ay =

Since every clade is a rooted binary tree, the sequence 7; 4 satisfies the original
Kraft equality. This comes from a property of Huffman codes applied to Rooted
binary trees, as explained in Chapter 3. We explained how to change from Kraft
equality, based initially on rooted binary trees, to an equivalent property applied
to unrooted binary trees. In our case, we use the original equality, coming from
[63]. An example can be seen in Figure 12 where we can see that the clade B
in Figure 12b is a rooted binary tree.

(a) Topolgy T divided into two clades (b) Clade B seen as a rooted binary tree

Figure 12

Therefore the following equation holds:

1
2271‘)( =1

ieX
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When summed, the factors multiplying )\Zj are equal to 1.

1 1 1
QI 7m)= X s !

icA jeB i€A, jeB

This means that expression (30) can be seen as a weighted average of the terms
AP

We have seen how adding one taxon changes the length function of the problem.
On this basis, it is possible to expand the addition of any number of taxa. This
makes the Branch and bound algorithm applicable to this problem.

The two following bounds that will be explained will be applied in a static or-
dering heuristic. This means that the order in which each taxon will be added
to the tree is predefined. This reduces the computation needed at each step of
the program. The other method is called dynamic order when we decide which
will be the next taxon to add at each step. Dynamic ordering might produce
more ”prunings” and converge to the optimal solution in fewer iterations, but
each iteration is more costly. In this thesis, we only consider static ordering
because it is easier to implement and both methods converge in approximately
the same time complexity [69].

If we had to use the same bounds for dynamic ordering, the central assumption
that is required is to assume that all the taxa are already in the tree except the
one that we are trying to add. Regarding the rest of the development, it is quite
similar.

5.5 « as a lower bound

Since equation (30) can be seen as a weighted average of the terms /\zj , the first
bound that comes to mind is to take the minimum value among these. This
simplifies the equation in the following way:

LTH k) = L(T) > | min, X (31)
Since we work with a static order, we know when which taxa will be added to
the tree. This means that depending on the number of taxa already present in
the topology, we already know what taxa are present and when the other taxa
will be added. This enables the algorithm to find the value min; jer.i2; )\ZJ as
soon as the order is available.
If we assume that the order is the following: we add taxon 4, then taxon 5,
then the sixth, and so on until the tree is complete. Then we can add taxon k
(4 < k < n) onto the partial topology T. In that case the set of taxa in T is

{1,2,...,k — 1} and we can rewrite min; jer.iz; A} as:
. ij
ap = min A\ 32
igil<i<j<k ® (32)

Adding taxon k will at least change the objective function by «aj. If we
denote T the subspace containing all the complete topologies of T, the next
equation can be deduced:

L(TY) > L(T)+ ) ay (33)
k¢T
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As explained before, the computation of all the oy can be done before the
branch and bound process because there is no need for any information regarding
the topology T to which the taxon k is added. The only need is to know which
taxa are included in the topology and which taxon will be added next. This is
possible because the static order gives us this information. Based on the number
of taxa in the tree, we know which taxa the tree is composed of and what the
next taxon is added.

5.6 v as a lower bound

By taking the minimum of /\Zj in the a; bound, we are sure that the value
is lower than the weighted average of the different /\Zj . In this part, we will
explore another tighter bound than the first one. This is done by considering
more terms in the average and by understanding the different topologies of A
and B, the clades where the taxon k is placed in between.

However, an essential property that has to be kept is that the bound must be
independent of the clades since, to be efficient, the bound has to be computed
easily without knowing the topology of the tree T without the taxon k. The
only information we have at our disposition is the order in which the taxon is
added. We use the same assumption as in the last lower bound: we assume
that the taxa are numbered 1,2,...,n following the predefined static order. We,
therefore, can assume that the taxon k will be added to a topology T, including
the set of taxa {1,2,...,k —1}.

The concept behind this bound is to find the worst case (where the change in the
balanced length is the smallest, whatever the current topology is). To express
it clearly, the following definition has to be added:

Definition 17 Denote by )\](ch) the h-smallest value among the )\g such that

k—1
1 <i<j<k. This means that (/\g), )\,(62), ce )\,2 2 )) is obtained by sorting the
vector (A} )i<i<j<k in ascending order.

There are only a limited number of ways to add a taxon to a topology. Let’s
explore the different possibilities by looking at the alternatives for trees with an
increasing number of taxa.

For three taxa, there is only one way a taxon can be added: on an edge
separating a taxon from the central vertex. This is an easy case; there is only
one way to add a taxon. Depending on which edge the taxon is added, the sum
of the weights in that multiply A}’ terms are either equal to:

1 1

LV Ve

1 1

M+ SA°

1 1

AT+ A
The first equation is when the fourth taxon is added to the branch eq, the second
is when it is added to the edge es and the third is for e3. Since we are ordering

the )\2] by smallest to greatest, we can express the minimum among these values
as:

36



e2
o 00
Figure 13: Addition of a taxon to the three-star phylogeny

Ly, 1
s+ 57 (34)

Doing this gives an optimally tight bound independent of where the fourth taxon
is added.

oo
.

Figure 14: Addition of the fifth taxon to the phylogeny

When looking at how to add the fifth taxon, adding the taxa can define
clades in two different ways. Either it splits the current topology into two
similar clades, or it creates a clade with three taxa on one side and one on the
other (see Figure 14).

If the fifth taxon is added to the internal edge between the two vertices, the
change in balanced length is the following:

1 .. 1 .. 1 .. |
Z)\%1.71 +Z}\15112+Z)\2231 _’_1)\152]2
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Figure 15: Addition of the sixth taxon to the phylogeny

If the taxon is added to an edge that links a vertex and its taxon, then we have:
1 .. 1 .. 1 ..
5)\1531 + 1)\%]2 + 1)\z_)]a
We can easily see that a lower bound for the fifth taxon is given by:
1
2
For the case where we add the sixth taxon, there is only one unlabelled tree
[41], which is represented by the comb with five taxa, a case still easy to check.
Figure 15 represents the three ways the sixth taxon can be added to the tree.
There are two edges where the clades A and B have, respectively, two and three

taxa in their set, these edges are the two that link the central vertex with the
other vertex. An addition in this situation gives a change of balance of:

1 1
A+ A A

%/\ém + é)\éljz + i)\éu's + é)\ém + é)\ézjz n %/\?js_

The second case is when the taxon is added to an edge linking a taxon to a
vertex on the side of the tree. Another way to see it is by adding a taxon to a
terminal branch except for the one that links the central vertex and its taxon.
This divides the graph into two clades of one and four taxa. In this case, we get
the next equation:

1 .. 1 .. 1 .. 1 ..
5)\%]1 +1/\éj2+§)\éj3+§/\g4

The last case happens when the sixth taxon is added to the edge connecting
the central vertex and its taxon. This also divides the two clades into sets, where
they include one and four taxa. The difference lies in how they are connected
to the root of the clade. This case gives the following result:

1 .. 1 .. 1 .. 1 ..
Z)\gl +1>‘16J2+Z)‘g3+1)‘26j4

These are the three different possibilities to add a taxon to a five-taxa topology.
We can see that for the addition of the fifth taxon, the lower bound is:
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8 8
Looking at the seventh taxon takes more time since we have to look at all the

O

o o006® s
e o o
(a) first unlabelled topology for six taxa O O

(b) second unlabelled topology for six taxa

Figure 16: Addition of the seventh taxon to the phylogeny

different cases that it can be done on a six-taxa tree. For this kind of tree, there
are two different unlabelled trees to which the seventh taxon can be placed (see
Figure ?7). If we were to check every possibility, there would be eight cases to
analyze. We can already understand intuitively from the previous developments
what the lower bound will ultimately be. However, the resulting bound for the
seventh taxon would be:

1 1 1 1 1

oA+ A gAY A A (36)
We notice from this that the weight associated with the Azj always happens
in the same topology and at the same place where the next taxon is added.
Proving this enables the bound to work without taking into account the place
the taxon is added and without taking into account the topology to which the

taxon is added.

The general idea of finding this lower bound is multiplying the smallest )\Zj with
the largest possible weight while keeping the number of additions the smallest
possible. This always happens when the taxon is added on one of the edges of
an extreme taxon of the ”comb” topology 17.

el i

Figure 17: Representation of the place and topology where the taxon is added
for the v bound

Based on this intuition, we can derive a second lower bound which is tighter
than the first introduced.
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Proposition 2 Let T be a bifurcating tree topology over {1,2,.... k — 1} with
ke {3,4,...,n}. Also, let A and B be the two clades separated by exactly one
branch in T. Then,

k—
A 1 1 _
L(THE k) — L(T) > Z 24,@ + 2,@73A§f 2 (37)

=1

There is a formal proof of this proposition provided in [69], but it is lengthy and
unnecessary for this thesis’s sake. Getting into the details of it does not provide
any relevant information for this thesis.

Now define this bound as 7y, which is:

k-3
e = )\(
i=1

= (38)

It is clear that this bound is tighter than the first introduced, simply because
Ve > )\g) = ay, and will help converge to the result quicker by bringing more
prunings in the algorithm. It, however, keeps the important property of being
able to be calculated before the process of the main algorithm. We can therefore
express a bound for a complete extension of a tree T7:

LITH) > L(T) + > % (39)
k¢T

This explains the two known bounds we can use for the branch and bound
algorithm.

5.7 Data structure and algorithm

We now have all the aspects needed to implement the branch and bound. Let’s
now take a deeper look at the algorithm. The first thing to explain is the
representation of a tree T in the program. The only thing in which we are
interested in is the edges of the tree and what nodes they connect. Therefore,
we only store the edge set in the program. In the array that defines tree a tree
with h taxa, the first h elements of the arrays are the edges that connect the
taxa to their vertex, and the h-2 following elements are the edges that connect
the vertices in between them. An example of the data structure is shown in
Figure 18.

The three pieces of information needed for the algorithm are the number
of taxa already in the graph, the past edges to which the previous taxa were
added, and the edge set. With this base of data, we can access every phyloge-
netic tree. As a reminder, the lower bounds a and/or + are calculated before
the algorithm’s processing. For each
The complete algorithm works as shown in algorithm 3.

This approach makes a parallelization job relatively easy. What needs to be
done to do that is to define the starting point and ending point of each proces-
sor. For example, if there were three processors, each processor could explore
all the subtrees of the direct descendants of the 3-star tree. If they were 15
processors, they could explore all the second generations of the original tree.
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T= [ {1,7}.{2,7},{3,8}.{4,8},{5,10},{6,10},{7,9},{8,9},{9,10} ]

Figure 18: Example of the data structure

Suppose there is a number between these boundaries without overthinking too
much about the load distribution among the processors. In that case, some will
explore multiple second generations of subtrees some will only explore one.

Number of trees enumerated depending on the number
of taxa
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Figure 19: Number of complete trees enumerated

On both of the the Figures 19 and20, we used a logarithmic scale, so even
if the differences between the two lower bounds seem to be quite similar, the
gamma bounds consitently converges to the same optimal value twice as fast as
with the alpha bound. We also only enumerate half of the complete trees, this
is where the time difference comes from.
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Algorithm 3 Branch and bound (d,«)

L* = First tree(d)

construct the 3 star tree

if T contains all taxa in {1,2,...,n} then
compute 7(7T)
calculate L(7,d)
if L(T) < L* then

L* = L(T)
0 = {r(T))
end if

else if Edge[current taxa] < max number of edges then
compute 7(7T)
calculate L(7,d)
B= L(T, d) + Qcurrent taxa
if 3 > L* then
Remove the last taxon
edges[current taxa -1] = edges[current taxa -1] 4+ 1
else if current taxa != 2 then
add next taxon
Edge[current taxon + 1] = 0
else if current taxon == 2 then
Return 7™
end if
else
remove last taxon

end if

We see from this that implementing tighter lower bounds really improves the
time complexity. If we were able to produce even tighter ones, we could process
more and more data. However, this implementation of the branch and bound al-
gorithm already takes up to 21 minutes to process 14 taxa. Since this time grows
exponentially (linear relationship on a logarithmic scale) further increasing the
size of the problem will soon lead to impossible computational time.

5.8 Improvement of the code

At the moment, the most significant improvement in the temporal complexity
that can be made is to improve the construction of the matrix 7 based on the
edge set. Currently, it works with a depth-first search (DFS) algorithm.

A depth-first search (DFS) algorithm traverses a graph or tree data structure.
It involves searching through a node’s children before exploring its siblings. In
other words, it explores as far as possible along each branch before backtracking.
The algorithm starts at the root node and explores as far as possible along each
branch before backtracking. It continues this process until all the nodes in the
graph have been explored. The computational cost of this method to build the
matrix 7 is O(n?).

To get a better result, one analysis that could be interesting is to improve the
lower bound that is initially found by the greedy algorithm. One idea is, instead
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Figure 20: Time of convergence

of using the exact value found, to use a discounted value, for example, using the
value 0.95 % L(T) instead of L(T). The only problem is that it could possibly
lead to no optimal value if the exact solution is in between L(T') and 0.95% L(T).
In that case, changing the coefficient or keeping it as original could not lead to
better results and is more of a case-by-case. Doing so would however lead to
more pruning, it would give a better approximation to the first lower objective
function.

For each taxon, it looks at how far each other taxon is located. The improvement
that can be made is to reuse previous calculations to reduce future ones. This
is the function that takes the most amount of time in the branch and bound
process.

There are two different methods to change this part of the execution of the
algorithm completely. The first method is to store the trees as a prufer code
and then implement the optimal algorithm that reconstructs the path-length
matrix explained in this paper [70].

The second approach would be to pre-calculate all the different clades that can
be produced by adding a taxon to a branch and then applying the following
equation:

A 1
L(T b5 k) = L(T) + 5(dagy +dppy —das) (40)
This enables us to skip the calculation of the path-length matrix entirely by

using the balanced length of the previous tree and the change created by adding
the taxon. This is the method used in the FASTME2 algorithm [45].



6 On the path of a counter-example of ©

The second part of this thesis is to find a counter-example of the condition that
the set © satisfies, i.e. trying to find a matrix that follows all the necessary
conditions but that is not part of the set defining 7 of phylogenies. That would
prove that the conditions (15,16,20,21,23) are not sufficient to characterize ©.

This is essential because we have seen in the previous section that solving this
problem for a large number of taxa is exponentially difficult. To counter this
problem and try to tackle larger sets, new methods are required. Defining the
set of possible solutions completely will help in the development of more ad-
vanced representations. One way to improve the branch and bound problem, as
previously stated, is to formulate the problem in a way that enables an Integer
linear program or mixed integer solver to function. This requires that the set
of possible solutions to the problem can be expressed in a multi-dimensional
polytope. The definition of © is key for this approach [71].

We know that for a problem with n taxa, there will be (2n — 5)!! different
phylogenetic trees, each represented by a different path-length matrix [41, 19].
The objective is to enumerate all the different matrices that respect the neces-
sary conditions. If we can find (2n — 5)!! + 1 matrices, this would mean that
the conjecture is insufficient to define © completely and that at least one other
constraint must be added to perfectly describe the convex hull.

At the moment there exists a theoretical proof that the conjecture holds up
until eleven taxa. The proof is still being reviewed and has not yet been pub-
lished. So the aim would be to reach the threshold of twelve taxa. This would
require an enumeration of at least 654 729 075 12 x 12 matrices.

This chapter will explain how to find this counter-example. An analogy of
the method would be trying to find all the prime numbers between 1 and 1 000
000. This analogy will be used during the whole chapter to give an understand-
able and relatable example of what is done for © if it were applied to the set of
prime numbers.

If that approach was applied to the set of prime numbers, there would not
be any sufficient way to describe a prime number. The only info there would
be is the number of prime numbers to find and some known conditions for a
number to be a prime number. It would be the same as if the definition of a
prime number would not be the definition but a condition on the set.

A more rigorous definition of the approach is to define O as the approximation
of © and the definition of © is composed of the 5 conditions (15,16,20,21,23).
Since we know what |©] is equal to (2n — 5)!!, we are going to test if |O] is
composed of the same number of elements. If they are not equal, it would mean
that © is not an accurate representation of ©.
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6.1 Simple approach

The first attempt to enumerate is the simplest approach which takes into ac-
count the discrete interval of each entry of 7;; € {2,...,n — 1}, the symmetry
Tij = 7j; and null diagonal 7;; = 0 properties of a path-length matrix.

The simple enumeration works with the same principle as a regular enumer-
ation from 0 to 10™ but with an enumeration on a different basis. The bounds
of each entry lie between 2 and n — 1 instead of 0 and 9 compared with an
enumeration on basis 10. Therefore the < zero > is composed of 2 in each entry,
and then the first entry is increased from 2 to n — 1 before increasing the second
entry to 3 and then repeating the process until all the different matrices are
enumerated.

That makes up for an algorithm that enumerates (n — 2) matrices.

It is the same as counting from 0 to 9. Once we reach 9, we use a second digit to
keep the enumeration going. We then use 10 to represent the number following 9.

n(n—1)

The symmetry and null-diagonal properties are used to reduce the calculation
time. With these properties, it is possible to represent a matrix as a vector. For
a n x n matrix, the vector will be of length > ; n — ¢ which is equivalent to

Z:;é z = w The first n —1 elements of the vector represent all the entries
to the right-hand side of the diagonal of the first row, the next n — 2 are all the
right-hand size elements of the second row, and so on up until the penultimate

one. Here is an example of how this translates :

0 2 6 4
2.0 9 6
600 7 =[264095067

The problem with this approach is that with each increment in the size of
the matrix, the number of enumerations drastically increases since both the base
and the exponent increase. Going from a matrix n x n to a (n+ 1) x (n+ 1)
changes the number of matrix to enumerate from (n — 2)% to (n— 1)%
The algorithm has, therefore, a time complexity of O(n”2)7 which is far from
ideal.

With this approach, the time used for the different sizes of the problem is as
shown in Figure 21. It struggles for matrices as soon as for 7 x 7 matrices, for
which, even after 24 hours of running, it still had not found one valid matrix.
This shows the limitation of this approach and the need for improvement.

It gives us, however, more certainty that the conditions (15,16,20,21,23) are
sufficient to define properly the set © for at least 6 taxa but to have results for
more taxa another method has to be taken into consideration.

What is interesting, however, is that many matrices that are enumerated are
unnecessary and could be scrapped since the set of the relevant matrices can be

reduced, which is the idea explored in the next chapter.

To link this with the prime number analogy, this approach checks all numbers
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Figure 21: time taken for the simple enumeration process

between 1 and 1 000 000 and checks if every integer is a prime number.

6.2 Reduction of the cardinality of the enumerative set

This section will analyze how to improve the simple algorithm by adding a
necessary property of ©. Namely, the Kraft equality will help to reduce the
cardinality of the set that will be enumerated.

This would be equivalent to enumerating all the odd numbers after 2 if we
were looking at the prime numbers. The condition on prime numbers would be
that except for 2, there are no other even numbers that are prime. Therefore,
enumerating even numbers after 2 would be unnecessary. Reducing the enumer-
ative set to only odd integers reduces the cardinality of the set by half.

The choice of integrating the Kraft equality first is due to its independence of
row. If we are able to create all the sequences that respect the equality since
each row of the matrix is composed of a variation of these sequences, we can
construct the matrix row by row. This is not possible with the other equations,
none of them enables the construction of a matrix. They are used to check
whether or not a matrix is in the set.

The size of this new set is smaller than the one previously enumerated, sim-
ply by the fact that the intersection of spaces results in a smaller space. It
is, however difficult to compute exactly the cardinality of this set, and we will
therefore consider the worst-case scenario even though that will never occur.

If we consider that every combination of the permutation of all the sequences
that respects the Kraft equality, which actually means all the matrices that only
respect that property and not the symmetry one, it gives the following cardi-
nality.
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Figure 22: sets

Let’s denote m(n), a function of n as the number of different sequences re-
specting the Kraft equality for n taxa. Since each sequence has (n-1) elements
in it that means that each sequence has at most @ permutations. This is the

formula for permutations with repetition. That makes for a total of m(n)w
sequences It is a worst-case scenario where there is only one repetition of inte-
ger since there are at least 2 similar integers in each sequence but there can be
more [63]. Then the cardinality of this set is nxm(n) * (”;!1)! = m(n) * 2} since
each row of the matrix can be composed of any ordered sequence or one of its
permutation.

The difference between the cardinality of the first set and this one is, there-

fore, (n — 2) "5 for the first set and m(n)% for the second. This is an
improvement, it can be quickly understood by expanding each expression:

n(n—1)

n—2)"2 =Mn-2)x(n—-2)x---x(n—2) (41)

n(n—1) .
— s times

This is for the set of the simple enumeration, whereas for the second set the

cardinality is
n! m(n)
m(n)§:(1><2><-~-><n) 5

For larger values of n and under the assumption that m(n) does not increase
too much, the second set is smaller than the first.
To support the hypothesis that m(n) does not grow too rapidly, that function
can be approximated by m(n) ~ 0.148(1.791)("_1) for n < 30 [63].

(42)
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Something to keep in mind is that not the entirety of this set will be enumer-
ated since a lot of matrices in this set are not symmetric and the enumeration
will take advantage of this property of the set ©.

6.3 Simple algorithm including Kraft

The algorithm works in 3 different stages. Firstly it creates all the ordered
path-length sequences that respect Kraft equality. Secondly, it generates and
stores all the permutations of these sequences in a file. Lastly, it processes the
information to create all the possible matrices.

ath-lenath All ordered permutation creatin
pof com% Kraft path- of all the matricegs
length path-lengths

Figure 23: Kraft algorithm steps

The core idea of the algorithm comes from the fact that each row of 7 is a
Kraft sequence.

d 27w :% Viel
Jer\{i}
When looking only at the Kraft equality and its impact on the construction of
T we see that each row must independently respect the equality. There is a way

to construct all these sequences, which makes this approach feasible. How to
generate these sequences is explained in the following part.

6.3.1 Kraft equality and ternary exchanges to create path-length
sequences

The first step is to create all the paths-lengths that respect the Kraft equality,
thanks to the work done on Huffman codes where it is stated that with ternary
exchanges it is possible to generate all the sequences and by understanding the
link between a Huffman code (rooted binary tree) and an unrooted binary tree
it is possible to apply this research on our problem [63].

The creation of all the different sequences is done through ternary exchanges ap-
plied to an original sequence that already respects Kraft’s equality, from which
all the other sequences can be derived.

A ternary exchange is a process that works as follows, given any path length
sequence:

(oo p e (g+1) (g+1) )

then the change
( (p+]_) (p+1) ...... q )

is a ternary exchange.
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If the first sequence is a Kraft sequence then all the resulting sequences are also
Kraft sequences [63]. This can be shown by seeing that performing a ternary
exchange does not affect the result of the following sum:

9=P 4 9=(a+1) 4 9=(¢+1) — 9=(p+1) | 9—(p+1) 4 9—¢

27P 4 2x2797 =924 27P71 4 274
27P 4279 =27P 274

and therefore it does not change the summation of the terms in the Kraft equal-
ity:

> 276 Viel
Jer\{i}

By using minimal balancing exchanges (when p+ 1 = ¢) and regular ternary
exchanges it is possible to generate all the different sequences relevant to the
problem.

Doing so results in all the ordered sequences that can be used to form any
row of 7, this is however not yet sufficient since all the permutations of these
sequences can also result in rows of 7.

Concretely, the first part of the algorithm creates all the different Kraft se-
quences. It starts with the path length from one of the extreme leaves to all the
other taxa in the phylogenetic tree called the ”comb” represented in Figure 24.
For 5 taxa it gives the sequence {2,3,4,4}. The complete explanation is that
the shortest path to go from taxon 1 to taxon 2 is of length 2 (there are 2 edges
separating them), 3 to go from 1 to 3, 4 to go from 1 to 4, and 4 to go from 1 to 5.

The general form of that first sequence for n taxa is {2,3,---,(n —1),(n —1)}.
Based on this, the first part of the algorithm computes all the other sequences
by using minimal balancing exchanges.

Figure 24: ”comb” phylogenetic tree

Doing so creates all the unique ordered sequences of which each row of the
matrix 7 can be composed.
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Figure 25: storage of permutations

6.3.2 Storage of permutation of the path length sequences

The next step, after having computed all the ordered path length sequences, is
to compute all of their permutations. It is at this point that some reflection
is needed. The first algorithmic design decision, choosing between storing the
permutations or calculating them progressively without storage. That decision
was quick since the larger the size of the problem, the more permutations would
be calculated numerous times.

All the sequences are stored in a CSV format. The CSV (comma-separated
values) format is chosen in order to be able to make the difference between
the sequence of factors [---,21,2,---] and the sequence [---2,1,2,---]. This
is important since the way a .txt is read in c++ is by returning strings. The
addition of a parsing delimiter is therefore necessary.

Furthermore, the storage of permutations is done in the following way: for any
originally ordered sequence, we create all its permutations in a certain order as
well. For example, the sequence {2, 3,4, 4} will be stored as shown in Figure 25.

6.3.3 Processing of the main enumeration algorithm

The general idea of the algorithm is to construct the matrix row by row, start-
ing at the first row. Then at each step/row, it looks what are the constraints
induced by the previous rows are already in place due to the symmetry prop-
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erty of ©. If it finds a sequence whose beginning corresponds to the constraint,
the sequence is then added to the matrix. If there are none, it looks at the
previous row and checks if there is any other sequence that can replace the one
that is already in place. That is the general scheme of the algorithm. When
the algorithm arrives at the N-1 row, a matrix is constructed, all the degrees
of freedom are under constraint, and it checks if the constructed matrix verifies
all the properties of ©. If it does, it increases the value of matrices found. The
algorithm stops when all the possible different matrices are built.

The processing of the algorithm can be linked to the simple enumeration al-
gorithm with some abstraction. For the simple enumeration, each entry of the
matrix is progressively increased from 2 to n — 1. In the enumeration using
Kraft, we do not work by entry but rather by row. If we link each row of the
matrix 7 to the index of sequence in the permutation file, it would result in a
simple enumeration where each row is increased from 0 to the last index of the
permutation file.

Note: That would be the case if the only property of © used for generating the
matrices was the Kraft equality but by using the symmetry property, a lot of
unnecessary matrices can be skipped.

For example, if we consider 5 taxa, there are 13 unique path-length sequences,
therefore the number of matrices that would be enumerated (only using Kraft)
would be 13°. A simple observation is that by using symmetry, the last row of
7 is actually already constructed, making it 13* matrices.

index permutation
ol [ 2344 ]
1 2434
2 2443
tau index of permutation

3 3244
4 3424 0 2 3 4 4 0
5| | 3442 2 0 3 4 4 0
6 4234

3 3 0 3 3 12
7 4243
8 4324 4 4 3 0 2 11
9 4342 4 4 3 2 0 1
10 4423
11 4,432
12 | 3333

Figure 26: simple Kraft algo

By adding the symmetry property, it further reduces a lot of matrices to
enumerate, but it is difficult to quantify. A simple example is that by the addi-
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tion of the symmetry property in the whole process, the matrix 7 represented
in Figure 26 is the first matrix to be completed. The 2 first rows were directly
added, but when looking at the third row, the matrix would have looked like
the matrix (43), that is if we take symmetry into account. The constraint for
row 3 is 3, 3, and the only permutation that has that as its first entry is the
permutation at index 12. So simply by adding this constraint, it avoided the
program to enumerate 12 x 13 x 13 matrices, which would have never been part
of ©® anyway since there is no other sequence with these same 2 first rows that
respects the Kraft equality on row 3.

0 2 3 4 4
2 0 3 4 4
33 0 z =z (43)
4 4 z 0 =z
4 4 z x 0

Concretely the implementation part is done in 2 steps. The first one is find-
ing the constraint for the current row, and the second one is finding the sequence
that completes the row under the constraint if there is one.

Finding the constraint is quite straightforward, it consists in looking at the val-
ues that are on the left of the diagonal.

The second step is however more interesting, it will be the subject of loads of
performance improvements. But the simple and first version of the function
finds row works as shown in the algorithm 4.

The function loops through the file where the path lengths are stored until
the index of the previous row (if there was one) is encountered. Once it reached
the start of the comparison it compares each sequence with the constraint al-
ready present. If there is a suitable sequence it will add it to the matrix, update
the index of the permutation associated with the row and return a true value.
If it does not find one it removes the current row (in case there was one already
in place), resets the index of permutation, and returns a false value.

The whole enumeration algorithm is included in the algorithm 5. It is done
recursively and stops when the function cannot find the next row when looking
for the first row.

This approach worked perfectly for small problems 4 or 5 taxa but it was not

able to handle larger problems. It was facing an error as soon as 7 taxa were
considered.

52



Algorithm 4 function find row (tau, permutation file, index permutation, cur-
rent row, last perm)

constraint = find constraint(tau, current row)
start = index permutation[current row]
line =0
while not end of file do
s = get sequence of file
if line > start then
if constraint == first element of s then
add s to current row of tau
index permutation[current row] = line
return true
end if
end if
line++
end while
remove current row
index permutation[current row] = -1
return false

Algorithm 5 function enumerate(tau, file, current row, last permutation)

if row = N-1 then

if tau € © then

valid matrices ++

end if

return
end if
flag < find row() » if sequence is added is true, if sequence is removed false
if flag is true then

return Enumerate(tau, index permutation, file, current row + 1)
else if flag is false and current row = 0 then

return
else if flag is false and current row # 0 then

return Enumerate(tau, index permutation, file, current row - 1)
end if

The problem encountered when implementing this with a recursive paradigm
is called stack overflow. To have a better understanding of the type of problem
faced, it is easier to describe the same problem with an easier function such as
the calculation of a factorial with a recursive paradigm and how a computer
manages that type of data storage.

The code to calculate a factorial is shown in the algorithm 6
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Algorithm 6 factorial(N)

Require: N >0
if N > 1 then
return 1
else
return N * factorial(N-1)
end if

Stack overflow happens when the function is called too many times before
returning, so for example if we try to compute the factorial of 1,000,000 the
computer will have to keep in memory the call to the function factorial a million
times before returning a value:

N x factorial(N-1) = N x (N — 1) x (N —2) x -+ x 2 x factorial(1)

In this example before being able to compute the factorial, the computer has to
store in memory N variables. It is in a sense the same as dynamically increasing
an array until a length N.

When that occurs the code cannot execute and returns an error of stack over-
flow, meaning that the program runs out of memory in the call stack i.e. there
is no more space to allocate more memory for another call to a function. It
does not mean that the code has a syntax error, it can execute the code as
intended and give correct results but it just cannot manage a problem of that
size due to the obligation of keeping that many calls to the function. This was
the exact problem I faced when using recursion on this problem of enumeration
of matrices.

To solve this, the function enumerate returns the next row that needs to be
filled as an integer instead of calling itself again with a change in the parameter.
In a sense the recursion part is taken out of the function and done outside of it,
it now only does one step at a time instead of working everything out by itself.

There must be a stopping criterion to indicate when the enumeration is
completely done. That happens when the first row of the matrix has been
through each of the sequences in the permutation file. When that happens, the
index of the permutation is put to —1. That is the stopping criterion of the
enumeration problem.

This explains how the basic enumeration is done using Kraft equality in
addition to the symmetry and null diagonal property.
There are many ways to improve and make the enumeration more efficient,
which will be exposed in the next section.

6.4 Improvements of the simple Kraft enumeration

To compare how the various changes impact the efficiency of the algorithm, the
benchmark will be the time to enumerate all the different path-length matrices
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Algorithm 7 function enumerate(tau, file, current row, last permutation)

if row = N-1 then

if tau € © then

valid matrices ++

end if

return current row - 1
end if
boolean flag
flag + find row() » if sequence is added is true, if sequence is removed false
if flag is true then

return current row +1
else if current row = 0 then > if no sequence was found for first row — end
of enumeration

return 0
else if flag is false and current row # 0 then

return current row -1
end if

Algorithm 8 procedure(tau, permutation file, index permutation)

while index permutation[0] != -1 do
next row = Enumerate(tau, index permutation, file, next row)
end while

associated to 7 taxa. There are 945 different matrices to find. All the calcula-
tions will be done on a PC with the following specifications:

CPU | Intel(R) Core(TM) i7-1065G7 CPU @ 1.30GHz 1.50 GHz
Ram | 16,0 GB (15,6 GB usable)

The algorithm is coded in C++, choice of language is made for performance
purposes. The basic algorithm takes 1321.96 seconds or around 22 minutes to
do the full enumeration and it enumerates 899210 matrices to find the 945 valid
matrices that are part of the set © for 7 taxa. This will be the benchmark to
compare how each improvement improves the efficiency of the algorithm.

The first and easiest improvement to add to the current algorithm is to change
the reading of the permutation file. For the first algorithm, when reading a
file, starts at the first line and loops through the first sequence to compare. It
reads each row from the beginning, even the unnecessary rows. To change that,
instead of looping through the whole file, the function ”istreamé& seekg (stream
pos)” is used. That function enables the stream to directly access a specific
entry of a file [72].
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performance of algorithm
algorithm Enumeration time | Matrices enumerated
(seconds)
Basic algorithm 1321.96 899210
Improved reading 1074.98 899210
Improved reading and | 885.53 899210
comparison

The second improvement is linked to the comparison between the constraints
and the sequences. In the basic algorithm, the comparison is done between all
the constraints and all the first elements in the sequence that corresponds to the
constraints. At each comparison, the algorithm compares a number of elements
equivalent to the row at which the comparison occurs. Since this is an operation
that is happening a lot and is at the core of the algorithm, the optimization of
this operation will have a significant impact.

The change made is instead of checking if the whole sequence and the whole
constraints are matching, it only first checks the first value. If the first values
are equal, it checks the rest of the constraint. This may seem counterintuitive
but let’s take an example to illustrate how this changes efficiency. If we look
at the permutations for 5 taxa, as represented in 26, and the algorithm tries to
find a row that has as constraint 2,3, 2, then it will only perform a comparison
between 3*3 + 10 integers instead of 13*3 integers. These figures come from the
fact that there are only 3 sequences beginning with a 2. The comparisons are
the ones highlighted in red in Figure 27. This small change has an impact since
the comparison operation is performed for every step. Another observation is
that this change is more and more important for increasing sizes. This can be
shown by looking at the following equation.

(N — 1)m(x) + (total perm — m(z))1 < total perm(N — 1)

Where m(x) represents the number of sequences starting with the integer x and
N is the number of taxa considered.
Something interesting to add can be expressed by looking at the ratio %.
This ratio expresses how many operations are saved with this little change de-
pending on the size of the problem.

Number of taxa | All permutations | Sequences starting with 2 | Ratio
5 13 3 0.230
6 75 13 0.173
7 525 75 0.142
8 4347 525 0.121
9 41245 4347 0.105
10 441675 41245 0.093

Interesting observation: number of sequences that starts with 2 for
N taxa is the same as the number of permutations for N-1 taxa

This table shows that the greater the problem, the more impact that mod-
ification will have relatively speaking. So for 8 taxa and for checking the
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Figure 27: operations for efficient comparison

sixth row that starts, instead of checking 4347 % 5 = 21735 values, it checks
525 %5+ 4347 — 525 = 6447 values at each time a sixth row is constructed which
constraints start with a 2. This simple change reduced, in this case, the number
of operations by 3.37 times.

The third improvement is the enumeration of the last rows. The idea is to
do a simple enumeration, as explained in section 6.1, for the last 2 or three
rows, depending on the size of the problem and the efficiency of the comparison
algorithm it can reduce the computational complexity of the problem. This idea
comes from the observation that the more there are elements in the constraint,
the more individual operations are to be done. In other words, exploring the
last rows of the matrix to find a sequence that match takes more and more
computational time compared to finding rows at the beginning of the matrix.
To address this issue, the idea of using simple enumeration for the last rows, i.e.
where there are fewer degrees of freedom, is the same as if the algorithm did a
simple enumeration for a part of the sub-matrix.

The computational cost of doing so is each time the algorithm is at row N-
2 of the matrix, there is (IV — 3)3 operations happening, (N — 3)° if the simple
enumeration starts for the last 3 rows. This approach will make the algorithm
faster if the computational cost of finding the last 2 or 3 rows is less than with
the Kraft algorithm. With the Kraft algorithm, we have

(Current row) * m(z) + (total perm — m(x)) * total perm
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performance of algorithm

algorithm Enumeration time | Matrices enumerated
(seconds)

Basic algorithm 1321.96 899210

Improved reading 1074.98 899210

Improved reading and | 885.53 899210

comparison

Improved reading, com- | 672.509 899210

parison and simple enu-
meration for last 2 rows

The fourth and last improvement, probably the most significant one, is
adding a step before doing the comparison. Instead of browsing through the
whole permutation file to check if a sequence fits the constraints, the algorithm
will first check in the ordered sequences to see if among their permutations there
is a sequence that fits.

Figure 28 is represented the process for 6 taxa with constraints that are 3,3.
The algorithm will first search in the ordered sequences if an ordered sequence
contains the constraint. If it does, the only permutations that will be checked
are those originating from the ordered sequence.

Index Permutation

0 23455
Index of
. tau .
. - __ permutatiomn
¢ 0 2 3 4 5 5 0
Ordered sequence 59 554,32 2 0 3 4 5 5 0
23,455 60 24444
24444 . 3 30 ?
33344 ® 4 4 0
64 44442
5 5 0
65 3,3,344
° . 5 5 0
° . . -
74| | 44,333

Figure 28: Improved enumeration process

To check if the constraints are in the ordered sequences a special comparison
is used for efficiency purposes. The ordered sequences are stored in a different
way. They are decomposed into 3 different arrays. The first array stores the
unique values that appear in the sequence, the second stores the number of
repetitions there is of the unique value, and the last one stores the number of
unique values there. The decomposition works as shown in Figure 29.

This decomposition enables the comparison between constraints and order
sequences to be faster especially when there are a few unique values in the or-
dered sequences.
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Repetition of Number of unique

Ordered sequence Unique values
values values
23455 Decomposition 2,345 1,1,1,2 4
24444 T———> 24 14 2
33344 34 3,2 2

Figure 29: Decomposition of ordered sequences

The comparison of a 3,3 constraint happens in the following way:

Firstly it browses through the array of unique values to check if there is a 3.
If there is, it then checks if the number of repetitions of the value is greater or
equal to 2 (number of repetitions of 3 in the constraints).

When a sequence has embedded constraints, it only looks at the permutation
of the relevant sequence instead of the whole file.

Another small improvement regarding this part is similar to the second im-
provement discussed before but pushed even further. It is taking advantage of
the way permutations are stored. To keep the example of a constraint that is
3,3 if the first element of permutation starts with 2, it goes to the next one, as
explained in the first. However, if the constraint is greater than 3, it directly
switches to the next permutation of the ordered sequence that contains the con-
straint if there is one.

This is shown in Figure 30 when there are 5 taxa and the constraint is composed
of only 3.

performance of algorithm

algorithm Enumeration time | Matrices enumerated
(seconds)

Basic algorithm 1321.96 899210
Improved reading 1074.98 899210
Improved reading and | 885.53 899210
comparison
Improved comparison | 286.216 899210
and decomposition
Improved comparison, | 225.286 23180390
decomposition and sim-
ple enumeration for last
row

There are two main concerns with this approach, the first one is memory allo-
cation. The BMEP problem is considered as NP-Hard; the bigger the size of '
the more matrices have to be enumerated, and it increases hyper-exponentially
(2n-5)!!. The problem with this approach is the balance between computing all
the permutations of the sequences respecting the Kraft equality and the mem-
ory that it needs to be stored.
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index permutation

ol [ 2,344 ]
1 2,434
Ordered 2 2443
tau
sequence 3 3244
4 3,424
2344 . s 0 3 4 2 4
3,3,3,3 344, 3 0 x x X
6 4234
4 x 0 x x
7 4243
8| | 4324 2 x x 0 X
9 4,342 . 4 x x x 0 |
10 4423
1" 44,32
12 | 3,333 |

Figure 30: Optimized comparison algorithm

The second concern is the algorithm’s time complexity as encountered with
the simple method. The algorithm has to be performed in a "reasonable” time
frame. Reasonable means different things depending on the problem. Since the
code has to be performed only once and not regularly, the maximum amount
of time the code has to be executed should not exceed a few days or a week at
most if it delivers good results, i.e. works for sufficiently large matrices.

At the moment, this approach struggles for 8 x 8 matrices. After one hour of
running time, it has only found 5 valid matrices of 7. If it were to enumerate
all the 11! or 10395 matrices, it would take 2079 hours or 86 days. This is
obviously a big problem. The next section will explain how this problem can be
parallelized to reduce the running time.

Adding the Kraft equality to reduce the number of matrices enumerated en-
abled us to work with 7 x 7 matrices in a reasonable time frame. Without it, it
was not even possible to find one matrix in one complete day whereas now, the
whole 945 matrices in 7 are found in 21 minutes.

6.5 parallelization

Parallelization is the process of dividing the workload of the algorithm between
a number of processors. Implementing it in our case is relatively easy since it
is possible to make each processor work independently on a different subsection
of the enumerative set. The only thing to do is divide the set into sub-spaces of
equal cardinality.

To keep the analogy of finding prime numbers, it would be equivalent to dividing
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the interval of interest between the number of processors that are available. So
if the interval is 1 000 000 and we have five processors, then processor 1 would
search the prime numbers in the interval [0,199999], processor 2 in the interval
[200000, 399999], etc...

In our problem of trying to find all the elements of (:), the approach is similar,
but instead of representing the set on a 10 basis, each entry lies between 0
and 9, the basis of enumeration of the problem is on a total permutation basis,
where each entry represent a row in matrix 7. All the set lies in between these
2 representations of the index of the rows of 7.

Index Permutation
0| [23455]  Indexof Index of

. . last tau

. permutation first tau permutation _

. 0 [0 2 3 4 5 57 [1a 0 4 4 3 3 3
59| 155432 0 2 0 3 4 5 5 74 4 0 4 3 3 3
60| |24444

: 0 2 3 0 455 74 4 4 0 3 3 3
64| | 44442 0 2 3 405 5 74 4 4 3 0 3 3
65| | 33344 0 2 3 4505 74 4 43303

: L5 5 5 5 5 0 333330
74| 44,333 - o

Figure 31: Interval of enumerative Set

In figure 31, we see that the interval, for 6 taxa, lies between the vector
[0,0,0,0,0] and the vector [74,74,74,74,74]. By analogy (or bijection), the
vector [0,0,0,0,0,0] is similar to the 0 in the set of integers and the vector
[74,74,74,74,74] is similar to the integer 1 000 000. The next question is how
to find the value 200 000 in this other set that describes 7. The bijection of
200 000 would give the vector [15,0,0,0,0], (15 = 75/5). So the boundaries of
each subset for each processor works like this, for processor n the enumeration

. . max permutation . max perm _
starts at [Numberofprocessors n, 07 0’ O’ 0] and ends at [numberofprocessors (n + 1)

1, max perm, max perm, max perm, max perm].

In Figure 32, we can see the processing time of each processor. The time spent
by each processor is different due to the aspect of the problem and the approach.
Half of the improvements were to avoid the enumeration of unnecessary matri-
ces, and it is impossible (extremely difficult, at least) to predict how many of
these matrices there are to avoid in each sub-space of the set assigned to the
processors. This explains why certain processors are done with their sequence
faster than others.

6.6 adding the triangular equality

Until now, three out of the five equations defining © have been used to enu-
merate the matrices. The symmetry property, the null diagonal, and the Kraft
equality. The next step would be to incorporate the additive property of Bune-
man into the already created submatrices. The phylogenetic manifold equation
will not help us reduce the cardinality of the enumerative set since it only ap-
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Figure 32: load distribution analysis (time per processor)

plies to fully constructed matrices.

The addition of the Buneman property would be incorporated in the follow-
ing way:

Since this relation applies to every triplet of already connected leaves, once the
matrix has four rows, the property can be checked in the submatrix already
fully constructed. An example of a submatrix to which it can be verified is
shown in Figure 33. In this example, we could already check if all the entries in
the submatrices A and B (C is similar to B because of symmetry), which corre-
sponds to the distance of taxa already connected, are respecting the four-point
condition of Buneman.

So if the submatrix does not hold the Buneman additive property, all the ma-
trices that are constructed based on this will never be in © since the part of the
matrix constructed will not change and is fixed for all its descendants.

One way to see it is that by constructing the matrix with path-length sequences
that respect the Kraft equality, we are building a forest of trees. Adding the
Buneman property checks whether the connected taxa (the part of the matrix
already constructed) can represent a tree and not a network [?]. It verifies if
there are no cycles in the graph that 7 represents.

This would enable is similar to pruning for the branch and bound algorithm. It
would enable to enumerate subspaces still relevant to find matrices that fit the

restrictions on the set describing ©.

Adding this would probably enable the enumeration process to matrices of size
8 x 8, maybe even 9 x 9 but it is unlikely that it will help achieve an enumer-
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Figure 33: Meaning of the addition of Buneman’s four-point property

ation of path-length matrices whose sizes are high enough to possibly find a
counter-example of the conjecture we are trying to disprove.

6.7 Possible different approach

The first thing to do is to add the additive property to the algorithm.
Another approach that might produce better results, is to work on the unla-
belled trees. To use the kraft equality again in trying to create matrices in ©
but once they are created find all of the matrices that are associated with the
isomorphism of the graph. The idea is that isomorph graphs are created with
the same sequences but orderred in different ways. For example, a graph with
ficve taxa is only composed of three path lengths (2,3,4,4) and one (3,3,3,3),
which is linked with the unique unlabelled unrooted tree it can be represented.
For six taxa, the two only compositions of a matrix tau are either four sequences
(2,3,4,5,5) and two (3,3,3,4,4) or six sequences (2,4,4,4,4).

So the next step in enumerating the matrices would be to incorporate the iso-
morphisms into the enumeration. This is a step that I could not produce but
might reduce the whole process even more. Identifying all the compositions
of sequences generating the matrices and enumerating only these possibilities
instead of all of them.
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7 Conclusion

In this thesis, we have approached the Balanced Minimum Evolution Problem
(BMEP) in two different ways. The first axis of this thesis is solving the prob-
lem and providing an algorithm that finds an exact solution. Implementing a
branch and bound algorithm and explaining the concepts behind the change in
the objective function by the addition of a taxon. There exist other approaches
that find an approximate solution to the problem but being able to have a pre-
cise answer is essential, simply to have a reference point in assessing which other
approximate methods are giving the best results. This method is not destined
to solve problems with 200 taxa but it will help improve and select the other
methods that can do it.

The second axis is about helping the research on the characterization of the
path-length matrices of phylogenetic trees. The idea is to computationally find
a counter-example to the conjecture that tries to define this set. Up to this day,
there is no formal proof that the set of equations that currently characterize
this set is sufficient, up until 11 taxa; they are, however, necessary. We tried
to use all the equations to their fullest extent to produce the best result. The
aim was to enumerate all the elements of the set defined by these equations. If
the number of elements in the set were superior to the number of unique path-
length matrices (2n — 5!!) associated with the problem, it would have meant
that there exists a counter-example and that to have a sufficient representation
of the problem at least one new relationship has to be expressed. To do this,
the main property used to create the different matrices was based on the path-
length sequences that respect the Kraft equality. This was the groundwork for
the whole algorithm. Built on that, the complexity came from the research of
performance in the algorithm and asking ourselves questions on how the other
equations can reduce the number of matrices enumerated.

Unfortunately, this approach does not have much future since the publication
of an article gives theoretical proof that the actual characterization holds true
for problems with at least eleven taxa. The enumeration process was only able
to get to 7 taxa in a reasonable time. Due to the hyper-exponentiality of the
problem, optimizing it to expand this approach to 12 taxa seems difficult. How-
ever, a possible lead could be used to give a more promising result, trying to
use the isomorphism of unrooted binary trees. This could possibly be achieved
but it seems rather complex. This concept would need more research and work
to possibly lead to a new discovery.
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