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Abstract

We investigate target detection by employing joint sparse signal modeling and recovery
techniques for widely distributed multistatic Frequency Modulated Continuous Wave
(FMCW) radar systems using chirp modulation. The sparse domain considered is the
space-velocity domain. While a vast literature on applying joint sparse modeling and
recovery to distributed multistatic radars exists, the proposed models are often not scalable
in terms of complexity and required processing power for high resolution in the space-
velocity domain. Furthermore, while sparse modeling studies for multistatic FMCW radar
only consider static targets, we introduce a complete and generic sparse modeling in
the space-velocity domain to jointly represent baseband radar signals. From this model,
simplifications are introduced and a trade-off is drawn between the gain in computational
complexity and the impact on the accuracy due to added model mis-match. A low-
complexity adaptation of the Matching Pursuit algorithm relying on this simplified FMCW
model is designed, and an iterative algorithm to compensate for the errors caused by
these model simplifications is introduced. The effectiveness of the proposed method is
demonstrated through Monte-Carlo simulations. The method achieves a fast estimation of
moving target’s parameters on dense grids compared to previous sparsity-driven works on
multistatic FMCW radars.
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Introduction

In both military and civil domains, the need of localization and speed measurement systems
has lead to the development of a large variety of sensors and signal processing techniques.
In this framework, the widely-known Radar (RAdio Detection And Ranging) system has
been developed several decades ago and has grown very popular to perform target detection
and parameters (target location and velocity) estimation [I]. Depending on several signal
parameters such as central frequency, bandwidth and modulation format, a Radar may
provide information about one or several targets. While military and homeland security
applications mainly require long-range devices (for instance, able to detect air planes from
ground), the civil domain is more prone to require short-range devices (for instance, suited
to observe the traffic in smart-cities applications). This last application is precisely the
one targeted by this work.

In this context, the overarching purpose of this work is the derivation and improvement
of algorithms for short-range Radar systems able to detect targets and estimate both their
location and velocity vectors. To reach this goal, basic radar configurations containing a
single transmitter (TX) and a single receiver (RX) are not sufficient because the lonely
signal resulting from such systems may only provide information about a single speed
component and a single position component for each target. We thus need Radar systems
containing several TX antennas and/or several RX antennas, providing several distinct
signals containing distinct information about the targets. Sensor configurations meeting
this property are typically classified into two categories. The most conventional systems
are composed of co-located Multiple-Input Multiple-Output (MIMO) antennas where
all TX antennas and all RX antennas are close to one another. While more uncommon
systems, yet growing in interest, can also be composed of distributed multi-static sensors,
whose TX and RX antennas are all widely separated without any particular arrangement
concerning their location.

Conventional modeling and processing treat each received signal independently to
obtain estimates of distinct position and speed components, and subsequently combine
them to localize targets in the 2-D plane (thanks to, e.g., trilateration [2]). Unfortunately,
each independent process does not take advantage of information carried by other signals
to make their decisions of detection. Motivated by this potential advantage, another
approach, investigated in this work, consists in a joint modeling of received signals, hence
implying joint estimation of the target parameters, as depicted by Fig. [I}

Last but not least, an important feature characterizing the aspects of this work is the
assumption according to which the targets to detect are seen as point targets. Under
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Figure 1: Schematic illustration comparing disjoint signals modeling and processing involving later
combination of information extracted independently on each signal, and joint signals modeling and
processing.

such an assumption, the crucial key element of driving the modeling and algorithmic
developments is the sparsity prior on the received signals. More precisely, this assumption
suggests that there exists some basis allowing a description of the signals as vectors
containing only a very small amount of non-zero elements.

In this introduction, some general Radar and signal processing concepts are briefly
described in order to highlight the challenges imposed by the problem addressed in this
work. This analysis is followed by an overview of the existing solution proposed in the
literature and a proper description of the contribution this document claims to bring.

Modulations

A great richness of radars is the large variety of modulations that can be used by transmit-
ters. Each modulation has its own properties and advantages. There are two fundamental
classes of radars regarding the type of signal they transmit. The Pulse-Doppler Radars
(PDR), i.e., sending a sequence of very short signals separated by much longer breaks, and
the Frequency-Modulated Continuous Wave (FMCW) Radars, i.e., sensing an uninterrupted
modulated signal. While most contributions on multi-static Radars deal with PDRs, we
are targeting FMCW Radars through this work. In order to both motivate this choice and
highlight useful concepts to describe the literature on multi-static Radars, let us briefly
compare these two types of Radars.

FMCW Radars

A Frequency-Modulated Continuous Wave Radar sends an uninterrupted signal sp(t) with
an instantaneous carrier frequency f.(t) resulting from a modulation around a central
carrier fy. More precisely, the transmitted radio frequency (RF) signal writes

: t NAH
sp(t) = oI2m fo fe(t)at’ (1)

In the demodulation step of a FMCW Radar, the received signal is mixed with the
currently transmitted signal. The most basic CW Radars send a constant carrier, and
thus may provide unambiguous information only about the speeds of the targets thanks to
Doppler frequencies appearing in the demodulated signal. To get unambiguous information
on the targets location, modulated waves are required. In all generality, the resolution on



the distance estimate (denoted by Rj,) is linked to the bandwidth B of the transmitted
signal by
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where ¢ is the speed of light. More precisely, the distance resolution R, corresponds to
the minimal distance between two targets such that they are distinguishable. Therefore
we desire a low value of Ry. Some popular frequency modulations are given in Fig. 2] In
the step-frequency modulation, the echo resulting from the presence of a target is such
that the sample of a given step has a phase shift with respect to the previous one, caused
by the delay between transmission and reception, hence providing information on the
distance of the target. In the chirp, or saw-tooth modulation, the delayed echo of the
signal is demodulated with a slightly different frequency than the one it was modulated
with. Therefore, the frequency of the obtained baseband signal gives information about
the distance of the target. In both modulations, several stairs (or ramps) have to be
acquired to estimate both distance and speed. Finally, a third example is given: the
triangular modulation, whose advantage with respect to the chirp modulation is the fact
that having two different slopes in the function f.(t) enables to easily distinguish the
frequency resulting from the distance and the frequency resulting from the speed.
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Figure 2: Example of popular FMCW modulations f.(t). Theoretical illustrations of transmitted signals,
received signals (assuming one echo) and sampled received signals are displayed. (a) Step frequency, (b)
Chirps (Saw-tooth function), (c) Triangular.

Pulse-Doppler Radars

Pulse Radars send short pulses, typically around 0.01 to 1 us long, separated by breaks of
typically 0.1 to 1ms long. The signal, sr(t), transmitted during a given pulse is obtained
by the modulation of a waveform w(t) around a single carrier of frequency f., such that

sp(t) = w(t)e? e, (3)

The information about the distances of the targets is contained in the delay of the
received signal. Figure [3|shows a example of transmitted and received baseband signals of
a PDR using Gaussian waveform (as used, for example in [3]), in the presence of a target.
Note that we may acquire (sample) data only during some specific time periods if we
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Figure 3: Example of the baseband representation of the transmitted and received signals we would obtain
from a PDRs using a Gaussian waveform w(¢). The Gaussian represented has a variance of 0.5us, and
thus a bandwidth of 0.63M Hz. The sampling frequency is 1M H z.

desire to only consider a smaller domain of possible distances. Finding the delay, hence the
distance of a target, is performed by applying a sliding correlation between the transmitted
waveform and the received one. The speed is observed through the Doppler-effect, affecting
the received waveform. More precisely, the Doppler effect, generally neglected within a
pulse but significant between pulses, induces a phase shift between successive received
pulses. The resolution on the distance estimation is implicitly linked to the duration of
the pulse (denoted by 7},) via the relation

c
= — 4
Rd 2B’ ( )
where B % is the bandwidth of the waveform w(t). However, according to the

Shannon—Nyquistp theorem, the sampling frequency must be greater than the bandwidth.
Therefore in PDRs, a better resolution requires a higher sampling rate. The maximal
unambiguous range is related to the time between each pulse because the echo of the n'th
pulse is supposed to arise before the transmission of the (n 4 1)'th pulse.

Application field of each molulation

From the descriptions given above, we can show that PDRs are more suited for long range
applications while FMCW Radars are more suited to short range applications targeted by
this work. There are three reasons supporting this:

o PDRs have the main advantage of distributing efficiently the transmitted power.
Indeed, for a given average power, FMCW Radars spread this power almost uniformly
across the time, while PDRs concentrate this power into very strong pulses. Therefore
PDRs are more robust against strong path loss occurring in long range applications
and thus, able to see much further away than their FMCW counterparts.

o In PDR, increasing B to improve the resolution requires to also increase the sampling
frequency. Therefore, the distance resolution usually remains limited for PDRs (e.g.,
in the multi-static PDR developed by Derham et al. in [4, [5], fs = 100M Hz and
B = 50M H z are chosen, leading to a resolution of 6m). Having such a limited
resolution is not an issue for long range applications but is problematic for short-range
applications. In FMCW, the sampling frequency is not linked to the choice of B, yet
is somehow linked to the maximal unambiguous speed. Therefore, if the bandwidth

4



allows it, FMCW are able to reach much better resolutions while keeping a small
sampling frequency (e.g., a resolution of 75cm with B = 200M Hz and f; = 50k H z
in this work).

« Finally, PDRs offer the possibility to use the same antenna for both the transmission
and reception. The only cost of doing so is the existence of a minimal detectable
range because the echo must not arrive during the transmission, when we are not
listening.

Radar Configurations

The most basic Radar configuration, consisting of a single TX antenna and the single RX
antenna located at the same location, is the monostatic configuration. We shall call a
location containing at least one antenna a node. Regardless of the modulation chosen,
the single signal acquired may only provide information about the distances travelled by
the wave and the radial speeds of the targets reflecting it. In other terms, we only know
the radius of the circles on which the targets are localized and the radial components of
their speeds. More generally, we can see the monostatic Radar as a particular case of
bistatic Radar, i.e., with a single TX antenna located far from a single RX antenna, hence
composed of two nodes. In this case, we only have information about the targets bistatic
range: the total distance travelled by the wave, defining an ellipse on which the targets
are localized. The speed component estimated is called the bistatic speed, which is the
sum of the projections of the velocity vector on the paths travelled by the wave (i.e., the
sum of the lengths of the green arrows in Fig. [4)).

If we want to recover the location and velocity vectors, multiple distinct range and
speed information are required. This means that at least 2 distinct paths are required for
2D vectors (3 distinct paths for 3D vectors). In other words, we have to add antennas.
From the bistatic configuration, we have two possibilities. We can keep the nodes and
increase the number of antennas per node to get a co-located MIMO configuration as shown
in Fig. [5| b. More precisely, we replace the antennas by linear antenna array (typically
spaced by a half-wavelength). Or, we can keep one antenna per node and add nodes far
from one another to obtain a multi-static SISO configuration such as shown in Fig.
c. Finally, we may also set up a configuration composed of multiple nodes composed of
antenna arrays, i.e., a multi-static MIMO system (Fig. |5/ d).

From a signal model point of view, the concepts of MIMO and multi-static are defined
by the hypothesis we use.

o All the signals resulting from one pair of nodes containing several antennas (i.e., one
MIMO path), are assumed to be affected by the same Radar Cross Section (RCS)T]
path loss and scattering. Only the phase shift due to the slight difference of travelled
distances is considered, hence providing some angular resolution.

'RCS measures how detectable an object is by a Radar. It reflects many parameters such as the
material, shape and size of the target but also the angle of reflections and the polarization
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Figure 5: Illustration of the different configurations. (a) bistatic
SISO, (b) bistatic MIMO, (c) multi-static SISO, (d) multi-
static MIMO.

o All the signals resulting from distinct pairs of nodes (multi-static configuration), are
assumed to be affected by i.i.d random (RCS) and different path losses and phase
shifts, hence providing diversity by viewing the targets from different angles.

From these definitions, we can expect MIMO nodes to provide an array gain because
we are possibly able to add signals coherently. Multi-static configurations are expected to
provide a diversity gain and enhance the target recognition [6] and tracking [7].

Sparsity Principle

The sparsity principle relies on the fact that some vectors can be decomposed, in some
basis, with only a few non-zero elements. For example, a sine with an appropriate frequency
is a Dirac in the Discrete Fourier basis, and is thus expressed with only one non-zero
element. More precisely, a signal y is said K-sparse if, in some basis ¥, we can write

y=Us, (5)

where s has, at most, K non zero elements. The sparsity principle applies when we
assume, as a prior knowledge, that a signal y is sparse in a known basis . In the case of
the Fourier basis, ¥ is orthogonal. In fact, ¥ does not have to be orthogonal, neither it has
to even be a basis (i.e., be a square matrix of linearly independent rows/columns). It is com-
mon to interpret the sparsity principle by translating the fact that y can be obtained with
a weighted addition of a few elementary signals, called atoms, selected from a large bank of
atoms. This bank forms a matrix we call a dictionary. Unlike a basis, a dictionary is usually
not a square matrix. More precisely, if y € CM, s € CV and if we now consider that ¥ is a
dictionary, we have ¥ € CM*¥ with possibly N > M linking y and s the same way as ().

When we have the prior knowledge of the sparsity of y in a dictionary , it is often
desired to find its expression s in the sparse domain. Because there is an infinity of
possible vectors s when N > M, specific algorithms dedicated to the reconstruction of
sparse signals have been developed. Some of these algorithms are explained in Chap.
2l Such computations find many applications such as data compression, denoising and



deconvolution [§]. More recently, Compressed Sensing (CS) has emerged from the sparsity
principle [9] as a generalization of the Shannon-Nyquist sampling theory. In a few words,
CS suggests that the sparsity prior on a signal y would allow us to recover s with a number
of acquired samples related to the intrinsic complexity of the signal (typically its sparsity
level) and hence much lower than the ambient domain dimension, i.e., much lower than
the number of samples M necessary according to the Shannon-Nyquist theory. While this
document is only focused on the application of the sparsity principle to multi-static radars,
the CS theory and its possible application to multi-static radars is discussed in Chap. [5

Sparsity-Driven Contributions on Multi-static Radars

To sum up the concepts introduced so far, this work focuses on the joint modeling and
algorithmic development for distributed multi-static Radar systems using the FMCW
sawtooth modulation, suited for short-range applications, with the goal to estimate target
states (location and velocity vectors) of one or multiple point targets. Moreover, the prior
of the sparsity of the received signals (according to some known acquisition matrices) will
appear to be both useful for the derivation of such algorithms and advantageous for further
development of low-cost systems involving, for instance, Compressed Sensing (CS).

The sparse modeling of the signals acquired from Radar systems has been studied
for more than a decade and has been mainly motivated by the use of CS. Some of these
contributions are summarised in [10]. Regardless of the configuration, the sparse domain,
defined to build such sparse representations, corresponds to a chosen set of possible target
states to be tested. The best choice of this domain depends on the configuration and
the desire or not to form a joint model. For monostatic or bistatic configurations, the
target states defining the sparse domain are some set of bistatic ranges and bistatic speeds,
leading to a Delay-Doppler Shifted dictionary for PDRs (e.g., in [11]), or possibly a Fourier
based dictionary for FMCW Radars, if the set of states is well chosen (detailed in Chap.
. If we have a bistatic MIMO Radar, the set of target states grows as a third feature is
added: the angle(s) of arrival and/or of departure (see Fig. [6)).

Set of bislab&c

speeds

-—== _ |Set of angles

r - 3 ; N = N, N, N, target states
o)L - ‘33\;331, of arrival LA &
Fd - — N | Y
Fa - - = x
’ /I - -— ~ b
s, , .- - [N
1, . LSRN s
£l T T T T S S
,, v - NANRAS o p
[ \
i \ vy B
— IJ e 1 N Yy -1 1 A47| Ny speed states
i A
1 TTX E p
\ ‘ . -
RN ' |Set of bistatic
Voo | - -
PR I TN RX ranges g
A S ~ - - 7 — 7
AT T ’ ’
~ ’
PP —— L N; angle states
A s . e == - #
’ < <
\\\\ .,‘\“ . R N, range states
S \h'u i Pl
~ e e e == T -
\‘ -

Figure 6: Schematic illustration of the (bistatic range, bistatic speed, angle) sampled domain.
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Figure 7: Schematic illustration of the location-velocity sampled domain according to a uniform set of
target states to be tested

When dealing with multi-static Radars, we have two possibilities to build a sparse
model. In the first method, we can consider each pair of nodes as a bistatic Radar.
Therefore, for each pair, we define independently from the others a set of target states and
the associated dictionary as explained above. Each problem can be solved independently
and the solutions are combined using, for instance, trilateration. The second method
consists in building a joint model, where a unique set of target states is defined for all
pairs. Therefore the concept of bistatic range and bistatic speed no longer holds and the
states are defined as vectors belonging to the location-velocity 2Dx2D domain (Fig. [7)).
Such modeling was performed for PDRs in [12] [13], where the location-velocity domain
was sampled into N possible states to be tested, hence building N basis functions for
each TX-RX pair. While this case is still stated as multiple reconstruction problems,
they are now coupled by a common sparsity pattern. Such model enables the use of an
algorithm known as Block Matching Pursuit (BMP) described in Chap. [2] suited to solve
the problem we just defined [14].

However, the number of states N can be tremendously large, even at the minimum
sampling rate required to fully exploit the potential of the radars. To overcome this issue, a
lower complexity strategy has been proposed for PDRs [3]. The idea consists in estimating
separately the location and the velocity, which dramatically reduces the dimensions of
the problem. To do so, the authors are taking advantage of the pulse structure of the
transmitted signal. More precisely, they are first selecting arbitrarily one single pulse
per received signal and build a joint model considering only the location states of the
targets. This can easily be done in PDRs because the joint modeling still preserves the
intrinsic location-velocity decoupling (coming from the delay-Doppler decoupling) of the
signal structure. Similar solutions have not yet proposed to overcome the dimensional
issue for FMCW Radars. For example, in [I5], the authors are working with static targets,
hence with a reduced number of target states to avoid facing this complication. Unlike
multi-static PDRs signals, jointly modeled multi-static FMCW signals do not have simple
properties directly exploitable to perform decoupled location-velocity estimation. In the
present work, we perform a rigorous analysis of the atoms of the dictionaries resulting
from the joint modeling of multi-static FMCW Radars signals. From this analysis, we



found a way to express this dictionary in a factored fashion, suggesting the possibility
of decoupling the target states estimation. To harness this property, we developped an
adaptation of MP and BMP we named the Factored Matching Pursuit (FMP) and Factored
Block Matching Pursuit (FBMP).

The next chapters are organized according to the following methodological steps. In
Chap. [I} the received signals description is provided according to several hypothesis that
will be highlighted. These expressions enable the formulation of sparse modeling, possibly
involving further approximations to enable simplifications. In Chap. [2| a relevant overview
of sparse recovery algorithms is proposed. Adaptations and improvements of existing
algorithms are developed to efficiently process signals whose properties correspond to
model previously obtained, while meeting the desired low-complexity. Then, in Chap. [3]
these algorithms are applied to the Radar systems of interest, in order to be evaluated
and discussed. Thanks to simulations, the different sources of inaccuracies in the targets’
parameters estimation are described and enable the derivation of iterative corrections
to improve estimation performances of the low-complexity algorithms. The next step is
the validation and performances analysis, performed in Chap. first using extensive
simulations and then completed with real measurements. Finally, the many perspectives
offered by this work are discussed in Chap. [5| encouraging further works that will allow
the development of efficient applications of CS algorithms, and super-resolution algorithms
to multistatic FMCW radars.



Notations and Conventions

Notation Meaning
¥ Imaginary unit /—1
a, A A scalar is denoted by a non-bold symbol
a A vector is denoted by a bold lowercase symbol
A A matrix is denoted by a bold uppercase symbol
A, i-th row of the matrix A
A, i-th column of the matrix A
[A], i-th column of the matrix A when A.; would be a heavy or ambiguous notation
AT Transpose of the matrix A
A* Conjugate, element by element, of the matrix A
Al Conjugate Transpose of the matrix A
Supp (a@) | Support of the vector a, i.e., {i: a; # 0}
(a,b) Scalar product of @ and b (@ and b must be vectors of the same length)
lall, ¢p norm of the vector a, i.e., |Supp (a)|
lall, ¢, norm of the vector a, i.e., >; |a;]
lall, {5 norm of the vector a, i.e., (a,a)
Vec (A) | Vector reshape of the matrix A, by concatenating its rows
Maty (a) Nf[atr.ix Reshape of the vector a by gtacking chunks of N consecutive components
of a in the rows of the output matrix.
f(t) A continuous function of ¢t € R
y[n] A discrete signal of n € Z

S

2

@)
=
=
q[\.’)

the n-th element of the set (2

"Defined as'

"Proportional to"

"Approximately proportional to"

"Such that"

Set of N first positive integers: [N]:={1,.., N}
Independent and Identically Distributed

Centered complex normal distribution of variance o2

Table 1: List of notations
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Chapter 1

RADAR Signal Models and
Acquisition

The first step to solve the problem stated in the introduction is the establishment of a
proper joint acquisition, or sensing, model of the signals acquired by multi-static FMCW
Radars. Therefore, the focus of this chapter is the formulation of this acquisition as a
sparse sensing model, i.e., with dictionaries linking each received signal to a sparse vector.

The multi-static signals form a group of distinct, yet linked, bistatic signals. There-
fore, in this chapter, we start with the most simple case of a bistatic SISO Radar and
progressively build the models describing the complete multi-static MIMO Radar system.
Regardless of the configuration, we need to provide a transmission model, describing
every alteration occurring between a transmitted waveform and the corresponding received
waveform. The analysis of a complete transmission model is a wide topic because such
transmissions are affected by many specific system parameters such as the properties of
the antennas, of the targets and of the surrounding environment. In the first section of
this chapter, in order to define a very simple and general transmission model, we state
many hypothesis on the transmission scene and derive an expression of the received wave-
form. Next, the acquisition step is considered and requires several additional assumptions
that enable the derivation of a complete expression of the sampled received signal. This
expression allows us to define a dictionary linking it to a sparse representation. Also,
simplifications are proposed to reformulated this sparse model in a factored fashion.

Finally, with the help of additional assumptions, we extend this bistatic Radar acqui-
sition sparse model to both multi-static and MIMO systems, taking into account their
respective properties stated in the introduction. Moreover, the possibility to either build a
joint acquisition model or separate bistatic models is discussed.
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1 Transmission Model

1.1 Problem statement and hypothesis

Let us address the problem of the transmission of a modulated wave propagating in the
2D-plane from a transmitter located in X; € R?, reflected by a single point target located
in £ € R? and arriving to a receiver located in X, € R2. The target is moving with a
constant velocity v € R?. The transmission scene is described in Fig. u, it is assumed
that there is no direct transmission between the transmitter and the receiver. Also, there
are no ground reflection nor any other path taken by the wave than the one shown in
Fig. [[.1] As in Fig. we assume a single target located in the far field of both the
transmitter and the receiver, and such that the wave reaching it is seen as a plane wave
propagating along the direction of @ — X;. Let us define two unitary vectors, @ and ',
respectively pointing from the transmitter to the target and from the target to the re