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ABSTRACT

This master’s thesis aims at developing an analytical model of a particular topology of active magnetic
bearing (AMB). This topology, called slotless homopolar hybrid AMB (SHH-AMB), presents the advan-
tage of mitigating the iron losses. This makes it an interesting candidate for a flywheel energy storage
system (FESS) application, that stores energy under a kinetic form.

After a description of the layout and a proof of concept, the global parameters of the SHH-AMB
topology are identified as the axial position stiffness kz, the radial position stiffness kϵ, the tilt angle
stiffness kΨ and the current stiffness ki. These stiffnesses model the electrodynamic and detent forces
acting upon the rotor of the bearing.

From these considerations, a semi-analytical magnetic model is developed based on a Fourier approach
also known as the subdomain method, which solves the Maxwell’s equations in every subdomain. This
model allows to precisely compute the distribution of magnetic flux density when the rotor of the AMB is
radially centered. The model is also extended to take a radial eccentricity of the rotor into account thanks
to a modulation function. The values of the global parameters are retrieved thanks to these distributions.
A comparison with a finite element model (FEM) demonstrates the validity of the model. A mechanical
model is also developed to assess the performances of a given bearing by computing the self-discharging
time as well as the maximum speed of the rotor.

Based on the magnetic and mechanical model, an optimization routine is set up with a view to the
building of a prototype. The objectives being to have a lightweight device with the highest self-discharging
time, this optimization uses the geometrical and electromagnetic parameters of the bearing as variables.
Constraints are added to ensure the feasibility of the device. These are of different natures: geometry,
magnetic saturation in the ferromagnetic materials, axial stability and lift-off criteria, and maximum
rotating speed. The output of the optimization consists in a Pareto fronts from which a device is selected
based on an analysis of the parameters of the machines.

A design of a prototype built on the basis of the optimization is proposed. The objective of the
prototype is to validate the magnetic model by comparing the actual global parameters of the prototype
with those predicted by the model. However, difficulties to lift off the rotor have been encountered,
making the experimental evaluation of some of the characteristics of the bearing impossible. As it does
not require the levitation of the rotor, the value of the axial stiffness is experimentally evaluated and
corresponds to the one predicted by the model.
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INTRODUCTION

In the last decades, the use of renewable energy sources has grown significantly, causing a need for
energy storage systems. These sources being driven by the natural variations, such as the wind, the water
flows or the temperature, the power production is not always in phase with the demand. To be able to
take advantage of renewables engineers resources have been invested toward the development of energy
storage technologies. Among those systems, the flywheel energy storage systems (FESSs) store energy
by converting it into a kinetic form and back to an electrical according to the power demand. The main
advantages of FESSs are their long lifespan, and low environmental impact. They can also withstand a lot
of charge/discharge cycles and can operate continuously. However, FESSs offer a poor storage duration
compared to other energy storage systems due to their high self-discharging rates.

The high self-discharging rate of FESS is due to several types of losses, intrinsic to its constitutive
elements, occurring even if the system is in standby. The traditional topology of flywheel consists in a
high inertia body, the rotor, fixed on a shaft, guided by a rolling bearing and actuated in rotation by
an electromechanical converter. The efficiency of this kind of flywheel is limited by several main losses.
Among these losses, are found the aerodynamic friction at the rotor surface and inside the converter
air gap. These losses are generally mitigated by working in a vacuum chamber. Another source of loss
is the friction inside the rolling bearing, that is mitigated by replacing the classical roller bearings by
active magnetic bearings (AMBs). AMB allows for a contactless guidance of the rotor, which removes
the mechanical wear and the dry friction. The use of AMB introduces two other sources of losses: the
Joule and iron losses, induced by the current flowing through the windings of the bearing and the varying
magnetic flux density within the ferromagnetic parts, respectively.

To improve the efficiency of AMB, Joule and iron losses are mitigated by employing different types of
AMB. Some of them tend to be more suitable for FESS. Hybrid-AMB (H-AMB) is a particular topology
of AMB that uses permanent magnets instead of windings supplied in DC to generate the polarizing
magnetic flux density, which allows getting rid of a part of the Joule losses. The paper [1] explains how
such a bearing can be obtained by modifying a classical radial AMB. The remaining significant losses
occurring in the H-AMB topology are iron losses due to the varying magnetic flux density inside the
rotor in rotation. The classical heteropolar AMB cause a switching of polarity of the polarizing magnetic
flux density in the rotor depending on its angular position. These iron losses are mitigated by using a
homopolar hybrid-AMB (HH-AMB) as explained in [2]. This particular topology provides a magnetic field
with a constant polarity in each iron tooth of the rotor. Small fluctuations in the magnetic field density
inside the rotor remain and still give rise to iron losses. These fluctuations come from the slots in which
the windings are inserted. Removing these latter would make the ferromagnetic parts axisymmetrical
and so would be the polarizing magnetic field that would not vary within the rotor, even in rotation.
Such a configuration is met in slotless homopolar hybrid-AMB (SHH-AMB) that theoretically removes
the iron losses by employing air gap windings, as explained in [3].

In this thesis, a specific topology of SHH-AMB with an additional axial stabilization of the rotor is
considered similarly as in [4]. This stabilization is obtained thanks to additional iron teeth on the rotor
that maintain it in a centered position by applying a detent force opposed to its axial displacement. The
first objective of this work is to develop a local magnetic model of such a topology to characterize it
globally, similarly to what is achieved in [5]. This bearing is designed such as it can be used as a FESS.
A model, characterizing the performances of this system, is developed to employ it in an optimization
routine that determines the best dimensions to give to the prototype that is finally built.

This document is divided into six chapters. In chapter 1, the state-of-the-art of FESS and AMB is
reviewed. The chapter 2 provides a description of the layout and the working principle of the topology.
The magnetic model of the bearing is developed and validated in chapter 3. The chapter 4 consists in
the modeling of the flywheel with a view to an optimization, performed in chapter 5. The results of this
optimization step are finally exploited in the building of a prototype and its characterization, explained
in chapter 6.
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CHAPTER 1

STATE OF THE ART

This chapter presents a review of the literature about the historical and technological aspect of flywheel
energy storage systems and active magnetic bearings that are frequently employed in these systems. The
Flywheels are presented in section 1.1 and the magnetic in 1.2.

1.1 Flywheel Energy Storage Systems

Flywheel Energy Storage Systems (FESS) stores energy in its kinetic form thanks to a rotating wheel,
known as a rotor, consisting of a heavy mass rotating at high speed. The energy is exchanged from
kinetic to electrical and vice versa by braking or accelerating the rotor. The origin of the word ”flywheel”
goes back to the industrial revolution, when flywheels were used in factories to accumulate energy, and
in steam engine boats and trains [6]. In the last decades, FESS gained significant attention as a potential
solution to store the energy for a long period to deal with the mismatch between the consumption and the
production. They also present a flexible architecture that can be adapted to optimize the performances
to the context it is used.

1.1.1 FESS among other energy storage systems

Fig. 1.1 illustrates the five main categories of energy storage systems in which the different technolo-
gies are classified. The mechanical storage, which includes FESS but also pumped hydroelectric energy
storage system and compressed air storage system, stores energy in a mechanical form. Energy is stored
electrochemically in classical batteries such as Lithium-ion. Electrical storage is another solution and uses
either capacitors, super-capacitors or superconducting magnets. The energy is stored chemically using
hydrogen, synthetic natural gas, thermochemical reversible reactions and biofuels in some systems. The
energy can also be stored in a thermal form using different technologies: sensible heat storage, latent heat
storage, absorption and adsorption storage.

Energy 
storage
systems

Thermal

Electrical

Chemical

Electrochemical

Mechanical Flywheel, pumped hydro, compressed air

Battery

Capacitor, supercapacitor, 
superconducting magnets

Hydrogen, synthetic natural gas, thermo-
chemical reversible reaction, biofuel

Sensible heat storage, latent heat storage, 
absorption and adsorption storage

Figure 1.1: Energy storage systems [7, 8, 9].
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1.1.2 Main advantages of FESS

The technologies previously mentioned come with advantages and drawbacks which make them more
appropriate for some applications than others. The performances of each technology are assessed with
different characteristics, the main ones being the power density, power quality (response time and voltage
stability), the efficiency, the lifespan, and the cycle life [8][10]. Other metrics are important to take into
account when searching for an energy storage system, such as: the cost, the environmental impact, the
power rating and the storage duration. Among the technologies of energy storage, FESS distinguishes
from others thanks to several characteristics.

As studied in [8], FESS typically provide a lifespan between 15 and 20 years depending on the topology.
This lifespan comes with a low need for maintenance [11]. As a comparison point, typical chemical
Lithium-ion batteries perform between 2 and 20 years [8]. The technology with the longest lifespan
studied in [8] is the Nickel Iron battery, with 100 years.

The cycle life of FESS reaches up to 100000 cycles, which is globally higher than other systems in [8].
Only electrical energy storage systems like superconducting magnets and super-capacitors with 100000
and 1000000 cycles, respectively can compete. Unlike electrochemical batteries, the cycle life of FESS is
also independent of the depth of discharge of the cycles.

FESS also distinguish from others regarding the power density with performances up to 2000 kW/m³
[8]. Only electrical storage technologies can realize better performances with 4000 kW/m³ for the su-
perconducting magnets and 4500 kW/m³ for the super-capacitors. For typical Lithium-ion batteries, the
power density reaches 800 kW/m³.

Efficiency is obviously an important characteristic of energy storage systems. Flywheels offer an ef-
ficiency ranging from 70% to 96%, with an average of about 89% which makes it the most efficient
mechanical energy storage system [8]. These figures can be compared to Lithium-ion batteries perfor-
mances, which reach efficiencies between 70% and 100% with an average of 90% [8].

Regarding the power quality, FESS allows response times of less than 4 ms, which is by far better
than other mechanical energy storage systems and in the range of electrochemical technologies [12]. This
feature of FESS makes it an appropriate system to enhance power quality problems such as voltage sag,
over/under voltage, supply interruptions, transients, and frequency deviation.

In terms of environmental impact, FESS induces relatively low manufacturing impacts, not significant
operational impact and relatively low disposal impact [13, 9]. FESS do not require the management
and the disposal of any chemical substance required in chemical and electrochemical systems [14], but
only raw materials for the manufacturing, which are metals or composites. These raw materials can be
partially recycled at disposal.

These advantages come with three main drawbacks [15, 8, 7]. FESS usually comes up with an energy
density lower than 430 kWh/m³, which is relatively poor compared to other technologies like certain
chemical batteries that can perform two to three times better [8]. High self-discharge rate due to standby
losses is also an important drawback of flywheel systems, preventing them to be used in long-term
applications. The potential failure modes that are also dangerous. As FESS employs mechanical parts
rotating at high speed, if a failure occurs (due to wear, problem in the controller, power electronics, failure
in the bearings), the mechanical energy of the rotor is released suddenly and leads to significant damage.

1.1.3 Applications of flywheel energy storage systems

In the last decades, FESS have emerged as a promising alternative to electrochemical batteries to store
energy in a wide range of applications [16]. Depending on the domain of application, the requirements in
terms of power capacity and discharge time change, but the technology remains the same [10].

One of the most discussed applications nowadays concerns the renewable energy integration, i.e., the
use of FESS to store the energy produced by renewable energy sources, typically solar and wind energy.
FESS can be a solution to the mismatch between the production and the consumption of the energy that
these renewable sources introduce with their intermittent nature. By making use of their fast response
time, FESS can also improve the power quality that is output by the renewables via an appropriate
control strategy[16]. They are also used to increase the energy penetration in power grids [17].
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At a residential level, FESS can be used for domestic electrical installations. It can help power suppliers
to store the excess of energy produced by renewable energy sources, as previously discussed [11]. FESS
can also provide an on-demand releasing capability, enabling power suppliers to deliver electricity during
peak hours or periods of high demand [18]. By harnessing the stored kinetic energy, these systems can
quickly release power, helping to stabilize the grid and ensure a reliable supply of electricity. It can also
be used for power peak shaving by smoothing out fluctuations in power demand by supplementing the
grid during times of peak usage [18]. This allows to reduce the strain on the grid and lower the electricity
costs for the consumers. Additionally, a FESS in a home can serve as an effective power backup solution
in case of power outage or disruption, allowing essential appliances and devices to continue operating
[18]. This feature can be interesting for regions with unreliable power infrastructures, as it allows an
uninterruptible power supply.

In aerospace, FESS are used to compensate for the period when low earth orbit devices can not
produce electricity from solar energy. Indeed, as stated before, the overproduction can be stored to power
onboard systems when the devices lie in an eclipse period [19]. FESS are preferred in this context than
electrochemical batteries [11] since FESS are less heavy for equivalent capacity, which reduces production
costs as the total weight is a major concern in aerospace. Moreover, they offer a longer lifecycle that can
go up to 100000 cycles as explained before, which is higher than the best Lithium-ion batteries that can
only reach 10000 cycles [20].

In the automotive field, FESS are used to smartly reused the energy doomed to be lost. The main goal
being to recover energy to reduce fuel consumption, the FESS design depends on the kind of vehicle. For
public transport buses or garbage trucks that start and stop frequently, energy can be recovered from
braking and can be used either to power on board systems or to power when starting [21]. The same
approach of regenerative braking energy is used for railway vehicles to improve their efficiency, to reduce
the peak power, but also allowing the vehicles to travel through areas without overhead line provision or
without power supply [22]. Regarding cars and their environmental impact, development has been put
on the hybridization [21]. Some systems have been experimented in motorsport, like the Kinetic Energy
Recovery System (KERS), first introduced in Formula 1 in 2009 [23]. KERS is used to convert the kinetic
energy that is normally lost into heat during braking, and can then provide an extra boost of power to the
car when accelerating or overtaking. However, the use of FESS in motorsport has different specifications
than for road cars. Indeed, since the driving is totally different on the road, the motorsport systems are
not adapted to every car. That is why car companies, like Jaguar and Volvo, have been investigating the
use of flywheel systems for their road cars in the last years [21]. They managed to save around 20% of
fuel using such systems.

Among the other applications, FESS can be found in charging stations to ensure the supply of electric
vehicles when power cannot be extracted from the grid [24]. FESS can also be used for frequency
regulations to compensate for the fact that the grid load is not constant [10]. There are other fields of
applications such as the marine, the defense, and the industries for which FESS can be used.

1.1.4 Constitutive elements

A FESS is composed of five main elements that ensure its functioning: the rotor, the motor/generator,
the guiding elements, the power electronics and the enclosure. These components are represented in fig.
1.2. Indeed, the FESS manufacturers propose different topologies as shown in table 1.1, but they are all
made of these five components.

Figure 1.2: Constitutive elements of FESS.
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Table 1.1: Different manufacturers of FESS and their topology [25].

Manufacturer

Piller Power Bridge
Temporal Power

Rosseta T2
Vycon

Gyrotricity
Amber Kinetics

Active Power

Beacon Power Gen 4
Kinetic Traction Systems

Stornetic
Power Thru

Topology

The rotor

The rotor, also called the flywheel, is the rotating part of the system that stores the energy. More
specifically, it consists of a high inertia body that accumulates kinetic energy with its rotation. It is
mounted on a shaft and supported by guiding elements to minimize the friction and allow a smooth
rotation. The critical aspect of this element is its geometry and the material in which it is made [6, 26].
Both these parameters impact the moment of inertia I which determines the kinetic energy E that can
be stored at a given rotational speed Ω [6]:

Ek =
1

2
IzΩ

2 (1.1)

Regarding the geometry, it is generally a hollow cylinder of mass mrotor whose height h, inner radius
a and outer radius b influences the moment of inertia as follows [6]:

Iz =
1

2
mrotor(b

2 − a2) =
1

2
πρh(b4 − a4) (1.2)

where the mass m depends on the mass density ρ the height, the outer and the inner radii.

The material also determines the maximum speed the rotor can reach before failure [6, 26]. The material
is subject to mechanical stress appearing with the rotation and the centrifugal effect. Characteristics such
as the density, the yield stress, the Poisson coefficient and the Young’s modulus are key elements in the
design of the rotor [27, 28]. The mechanical design of the rotor is explained in chapter 4.

The required speed, available space and budget imposed by the application allow determining the
geometry, the dimensions, and the material of the rotor as well as the bearing type and the electrical
machine [11]. Two categories of FESS are distinguished regarding the operational speed. If this latter
is below 10000 rpm, the flywheel operates at ”low speed” and at ”high speed” otherwise [11, 18]. These
categories influence the technology employed in the system.

Speed limit being related to the choice of material, several materials with different stress limitations are
considered. In general, composite-based rotors offer superior performance in terms of speed, rotational
stress tolerance and energy density compared to their steel-based counterparts [29, 26]. That is why,
composite materials with lower mass densities are used for high-speed FESS while isotropic materials are
commonly used for low-speed ones. Some common materials used for rotors are detailed in table 1.2.

The motor-generator

The motor component of a FESS enables a bidirectional conversion process between electrical and
mechanical energy. When excess electrical energy is available in the system, the converter acts as a motor
and converts electrical energy into mechanical energy by accelerating the rotation rotor. Conversely, a
demand for electrical power is fulfilled by slowing down the rotor with the converter, which is used as a
generator.
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Table 1.2: Materials used for rotors in FESS [30].

Material
Density
[g/cm³]

Maximum tensile strength
(azimuthal for composites)

[MPa]
Cost [€/kg]

Aluminum (isotropic) 2.7 500 2.8 (Al-6061-T6)
Steel (isotropic) 7.8 800 0.56 (AISI 4340)

E-Glass epoxy (composite) 2 1000 4.43
High strength graphite

(composite)
1.6 1500 18.62

Because of the typically high speeds associated with flywheels, the use of brushes is avoided, which
means that neither DC machines nor wound rotor synchronous machines are employed [21]. The selection
of an energy conversion system for a FESS depends on various factors such as power requirements,
rotational speed, efficiency, control, cost, and the specific application context. Several types of technologies
are used [10, 11]:

• Permanent magnet synchronous machine (PMSM): it is a popular choice as it offers high power
density and high efficiency. This kind of machine is expensive, implies idling losses, uses permanent
magnets that are prone to demagnetization and has a narrow optimum range of temperature. Similar
machines to PMSM are also used in FESS such as the brushless direct current machine (BLDC)
and the axial flux permanent magnet (AFPM) [29].

• Induction machine (IM): it provides less power density and less efficiency than PMSM, but it is still
widely used for FESS since it is simple, reliable, and relatively inexpensive.

• Switched reluctance machine (SRM) and Synchronous reluctance machine (SyRM): it is simple,
reliable, more efficient than IM at high speeds and not subject to demagnetization since it is free
of permanent magnet. The drawbacks are the maturity of the technology and controllability.

• Synchronous homopolar machine (SHM): it induces low idle losses and its robust structure allows
for high speed and high efficiency FESS [31].

• Bearingless machine (BM): this kind of machine is of interest for FESS since it can both act as a
motor-generator and as a magnetic bearing for guiding. The difficulty of implementation of this
rather expensive machine lies in the complexity and the controllability.

• Magnetic gear (MG): this technology can be the direct link between the flywheel and the external
load. It is simple, robust and does not require power electronics. However, MG provides less power
density than others and that the technology is not mature.

The power electronics

The power electronics unit manages the conversion and the control of electrical energy between the
FESS, the load, and the grid by allowing a bidirectional power flow. Its components and circuits are used
to enable efficient energy transfers, ensure stable operations and provide control capabilities. There exist
several layouts of power electronics converter, but the most common is the AC-DC-AC, also known as
back-to-back [11]. This layout consists of two voltage source controllers that switch between rectifier and
inverter to allow charge and discharge modes [10]. Their current capacity determines the power rating
of the FESS. Other layouts of power electronics are possible, such as AC-AC, AC-AC matrix (without
system capacitor), DC-AC and DC-DC since some applications may require a DC link to provide an
uninterruptible power supply [11].

The guiding elements

These guiding elements support the rotor and allow it to rotate smoothly with minimum losses. Three
types of bearings can be used depending on the specific requirements of the FESS design: mechanical,
magnetic and hybrid.

• Mechanical bearings such as ball bearings or roller bearings are a cheap alternative but induce wear,
mechanical friction losses due to the contact with the rotor and need to be lubricated [30].

• Magnetic bearings (see section 1.2) offer advantages like no mechanical friction, high speed capa-
bility, and the ability to operate contactless but are complex [10].
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• Hybrid bearings are either composed of a mechanical and a magnetic bearing or of two topologies
of magnetic bearing (passive and active, developed in section 1.2). They imply fewer losses than
mechanical bearings alone and lower cost than magnetic bearings, but are also complex [10].

The containment

The containment refers to the protective housing or casing that surrounds the flywheel and associated
components in a FESS. This component has to ensure both the efficiency and the security. Indeed, to
reduce the aerodynamic losses from the rotational motion of the flywheel, the pressure in the enclosure
can be decreased to reach a partial vacuum with a vacuum pump [30]. It is also possible to fill the
enclosure with a gas having a lower density than air, like Helium, to improve the performances of the
FESS [30]. In terms of safety, the containment must keep the hazardous parts when the rotor fails [11].
The containment can also help to reduce vibrations and noise and can incorporate cooling mechanisms
for thermal management.

1.2 Magnetic bearings

The appearance of magnetic bearing has opened the way to new FESS topologies allowing the flywheel
rotor to levitate and spin at high speeds without physical contact with the housing. Compared to standard
bearings, it requires less maintenance and no lubrication [32]. The increased use of magnetic bearings
in flywheel was driven by developments in power electronics, materials technology, magnetic bearing
technologies and electrical machines [16]. Advancements in power electronics have enabled the use of
high-frequency switching to control the magnetic bearings, resulting in improved stability and reliability
of the system [6, 33]. The use of advanced materials, such as high-temperature superconductors, also
contributed to the development of more efficient and compact magnetic bearings [34]. The magnetic
bearing employed in this thesis is a particular topology, allowing to reduce drastically the iron losses
occurring within the ferromagnetic materials. This section explains how this topology is obtained starting
from the classical AMB. The SHH-AMB does not present slots in which the windings could be inserted
and uses air gap windings instead. The manufacturing method employed to implement such windings are
presented in this section. Finally, the control strategies adopted for hybrid active magnetic bearings are
presented.

1.2.1 Topologies of AMB

This section explains how and why the SHH-AMB topology is obtained from the classical AMB by
describing each intermediate topologies and by explaining their advantages and problems.

Active Magnetic Bearings (AMB)

Active magnetic bearings, allow a stable magnetic levitation of its rotor by applying forces resulting
from the interaction of the magnetic flux density with windings and ferromagnetic parts. Unlike passive
magnetic bearings, AMB require a controller, implying the measure of the position of the rotor and
external sources of current. Fig. 1.3, inspired by [35], represents a classical active magnetic bearing.
Such bearings require a bias magnetic field that is generally generated by applying a DC bias current ib
in the windings, added to the control currents, ic. In that way, no permanent magnets are used in the
bearing, which helps lower the cost and the complexity of manufacturing. The bias current gives rise to
Joule losses through the windings electrical resistance given by Ri2b which tends to reduce the efficiency
of such bearings.

Hybrid - Active Magnetic Bearings (H-AMB)

In hybrid-active magnetic bearings [1], the bias magnetic field is generated by permanent magnets
which removes the Joule losses associated with the bias current. A H-AMB is illustrated in fig. 1.4. The
permanent magnets (PM) are placed in the stator which simplifies the manufacturing of such bearings
and improves the robustness, as the PM are the most fragile part of the bearing.

Although the losses occurring within the bearing are reduced with the use of PM, the iron losses,
appearing with the rotation of the rotor, remain significant because of the heteropolar nature of the bias
magnetic field. As illustrated in fig. 1.5, the magnetic field switches its polarity at each pole, which gives
rise to a varying magnetic field within the rotor and to important iron losses if high speeds are reached.
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Figure 1.3: 8-pole radial active magnetic bearing.

Figure 1.4: 8-pole radial hybrid active magnetic bearing.

Homopolar Hybrid - Active Magnetic Bearings (HH-AMB)

Homopolar hybrid-active magnetic bearings remove the switch of polarity by imposing only one pole
in the rotor [2]. As magnetic monopole are not achievable, the pole is duplicated and placed next to the
first pole with the opposite polarity. The two poles are linked by an axial circulation of the magnetic flux
density in the rotor and in the stator (fig. 1.6).

HH-AMB drastically removes the iron losses occurring within the rotor, even at high speed, as the
polarity of the bias magnetic field does not switch with the position of the rotor (fig. 1.7). The iron
losses are not completely removed because of the presence of the slots in which the windings are placed
which results in asymmetry in the magnetic flux density, whose amplitude still varies with the position
of the rotor. This bearing tends to occupy more space axially than classical radial bearings because of
the duplication of the pole and the presence of permanent magnets between the poles.

Slotless Homopolar Hybrid - Active Magnetic Bearings (SHH-AMB)

Slotless homopolar hybrid-active magnetic bearings combine the advantages of the HH-AMB and re-
moves the remaining iron losses, due to the varying amplitude of the bias magnetic field, by employing
air gap windings instead of slots [3] (fig. 1.8 and 1.9).
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Figure 1.5: Illustration of the air gap radial magnetic field in a radial hybrid 8-pole active magnetic
bearing as a function of the azimuthal position θ. The polarity of the magnetic flux density switches at
each pole.

Figure 1.6: Homopolar hybrid-active magnetic bearing. The circulation of the bias magnetic field is axial
between the two poles.

The length of the air gap being increased to insert the windings, the currents required to control the
rotor are generally higher for such topologies. The remaining iron losses occurring in the SHH-AMB come
from the displacements of the rotor but are kept small as this latter is controlled in a centered position.

Axial detent force

The axial detent force in hybrid homopolar magnetic bearings is obtained by adding iron teeth to
the rotor such that the circulation of the bias magnetic flux is better if the rotor is axially centered.
Such a mechanism is employed in many electromagnetic system to provide a reliable axial force without
complexifying the system. An example of a similar mechanism is explained and characterized in [36].

1.2.2 Air gap windings

As the slots in which the windings are placed in common magnetic bearings are removed in the SHH-
AMB, this topology employs air gap windings. Such windings must be kept as thin as possible to ensure a
sufficiently high magnetic flux density in the air gap. They tend thus to be a manufacturing challenge for
their creation as well as their implementation within the bearing. This section reviews the manufacturing
process and technologies of the windings employed in slotless machines (motors or bearings) and discuss
their cost and feasibility.

Self-supporting windings

Self-supporting windings are made of insulated copper wires that are wounded to form a hollow cylinder
(fig. 1.10). An adhesive material is employed to maintain the shape of the winding. The shape given
to the turns can be adapted to optimize the performances of the winding by minimizing the length of
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Figure 1.7: Illustration of the air gap radial magnetic field in a HH-AMB as a function of the azimuthal
position θ. The polarity of the magnetic flux density is always in the same direction but the amplitude
of the magnetic flux density is lower at each slot.

Figure 1.8: Slotless homopolar hybrid-active magnetic bearing.
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Figure 1.9: Illustration of the air gap radial magnetic field in a SHH-AMB as a function of the azimuthal
position θ. The magnetic flux density is axisymmetrical.

the end windings. This kind of winding is widely spread in slotless BLDC motors developed by motor
manufacturing companies such as Maxon. A rectangular cross-section of the wire can be employed to
improve the fill factor of the windings, but the constant shape of this cross-section limits the performances
of the winding [37]. This manufacturing technology is cheap and adapted to mass production.
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Figure 1.10: Self-supporting winding [38].

Flex-PCB windings

The flex-PCB technology prints the windings of the machine on a flat flexible PCB that is wrapped
to form a cylinder that can be inserted within the air gap of the machine (fig. 1.11). In [39], this
technology is employed to optimize the windings of a BLDC motor, making use of the ability to change
the wire cross-section and to adapt the shape of the turns freely. This manufacturing technology is easy
to implement and is adapted for mass production but rather costly for prototyping.

Figure 1.11: Flex-PCB winding. [39].

Laser-cuting

The laser-cutting technology cuts the conductors of the windings into thin copper plate that is foiled
to form the hollow cylinder that is placed in the air gap [37] (fig. 1.12). Similarly to Flex-PCB, this
technology gives a degree of freedom over the cross-section of the conductors, and allows for complex
shapes of the turns. It however suffers from the constant thickness of the copper plate that does not allow
to change the height of the conductors. This manufacturing technology is rather cheap and appropriate
for prototyping.

Figure 1.12: Laser-cut winding. [37].

1.2.3 Modeling of AMB

This section gives an overview of the different numerical methods that are employed to develop math-
ematical models of active magnetic bearings that characterize them locally and globally. The different
methods are presented and their pros and cons are listed.
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Finite - element analysis (FEA)

Figure 1.13: FEA of a radial homopolar magnetic
bearing [2]. The mesh is shown in (a) and the mag-
netic flux density is shown in (b).

The finite element analysis is a local model that
discretizes a given geometry in a finite number of
elements to form a mesh. Equations modelling
the physics are then solved over the mesh to pro-
vide an approached solution to the equations. The
smaller the size of the elements, the more accurate
is the provided solution. The size of elements is
adapted to employ small elements where a good
accuracy is required and bigger elements where
the accuracy is not a concern limit the complex-
ity of the problem and the computation time of
the model. For magnetic bearings, the FEA solves
the Maxwell’s equations to provide the magnetic
flux density distribution in the bearing, from which
the global characteristics are extracted by integra-
tion. Fig. 1.13 shows the FEA applied to a 2-
pole homopolar radial magnetic bearing detailed
in [2]. This modeling method generally presents
high computation time to reach good accuracy but
allows for modelling any complex geometry. FEA
is also easy to implement if commercial software
programs are employed, such as COMSOL. FEA
is often employed to model machines or to validate
other models that are quicker, such as subdomain
models, magnetic equivalent circuit or analytical
models.

Subdomain models

Subdomain models or Fourier based models provide a semi-analytical expression of the magnetic flux
density within the bearing by solving analytically the magnetic potential vector equation [5]. The solution
is semi-analytical because it is given as a Fourier series with a limited number of harmonics. This
model provides much lower computation time than FEA for similar accuracy and is thus employed in
optimization procedures that require numerous evaluation of the model with different parameters. This
method is more challenging to implement and is only feasible for machines presenting a symmetry in one
of the 3 dimensions. The SHH-AMB is thus particularly appropriate for the subdomain model, thanks to
the axisymmetry of the magnetic flux density distribution. The evaluation of the global characteristics
are obtained by integrating analytically the flux density distribution.

Magnetic equivalent circuit

Figure 1.14: Magnetic equivalent circuit method ap-
plied to a SHH-AMB [3].

This method models the machine by an equiva-
lent magnetic circuit (MEC) modeling the different
parts of the machine and the magnetic permeance
that links them to evaluate the magnetic flux that
flows in the different regions of the bearing [3], fig.
1.14. More complex geometry can be character-
ized by a MEC than with the subdomain method,
and the computation time is low but, the solution
does not provide the magnetic flux density distri-
bution in the air gap but only the magnetic flux
from which can be deduced the magnetic flux den-
sities if a uniform distribution is assumed. The
global values of the bearing are obtained by in-
tegration of the estimated magnetic flux density
distribution.
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1.2.4 Control strategy

The main concept of active magnetic bearings is that an external controller is required to ensure the
stability of the bearing, which is not stable in open loop due to the destabilizing radial detent force acting
on the rotor. This section explains why the bearing is not intrinsically stable, how the controller stabilizes
the AMB and presents the stability criteria. Control strategies allowing to account for non-idealities of
the machine are also explained.

Open loop stability

The open loop dynamic of the system is characterized considering a one degree of freedom - model of
the bearing, in which the rotor is only able to move in one radial direction. The position of the rotor along
that direction with respect to the center is noted ∆x. The radial destabilizing force Fx is modeled through
a positive radial position stiffness kϵ such that: Fx = kϵ∆x. The force generated by the windingsFi,x is
modeled through a current stiffness ki such that Fi = kiix. The equation of the motion applied to the
rotor is given by:

mrotor∆̈x = kiix + kϵx (1.3)

The transfer function in the Laplace domain between the input ix and the output ∆x is thus given by:

H(s) =
∆X(s)

Ix(s)
=

ki
mrotors2 − kϵ

(1.4)

where the characteristic polynomial of the system is given by: mrotors
2 − kϵ, and have two real poles,

being
√
kϵ/mrotor and −

√
kϵ/mrotor. By inspection of the poles, the system is instable in open loop as

one of the poles has a positive real value, which explains the necessity to add a controller.

Position control

Fig. 1.15, inspired from [40] represents a block diagram of the controller dedicated to one axis of
actuation of the bearing. In this figure, xref represents the reference position of the rotor, generally
set at zero so that the rotor remains centered. Hd(s) is the previous transfer function to which an
additional disturbance force Fd is provided. It is often assumed that the degrees of freedom of the rotor
are decoupled, which explains why the controller only considers one of the two degrees of freedom. The
coefficients of the PID controller are typically designed to ensure a good disturbance step response rather
than a good reference position step response as this latter is not subject to be different from zero over
the time.

xref = 0
+ e

PID Hd(s)
ix

∆x

Fd

−

Figure 1.15: Block diagram of the PID controller used in hybrid-active magnetic bearings.

The controller requires a proportional gain sufficiently high so that the destabilizing radial detent force
is compensated by this proportional action. If kϵ is the position stiffness of the bearing, ki its current
stiffness and kp is the proportional gain of the controller, the following condition is required to ensure the
stability [40]:

KP ki − kϵ > 0 (1.5)

If such a controller is implemented, has two poles located on the imaginary axis and is stable mathemat-
ically speaking but not in practice, as it behaves like a harmonic oscillator. The stability of the system
is ensured by adding a damping action to the controller that brings back the poles on the left half of the
complex plane [40]. The integral term of the controller is not required for the stability of the system but
is useful to cancel static errors occurring if constant disturbances are applied.
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Figure 1.16: Synchronous disturbance elimination: Block diagram. [40]

Unbalanced rotor

Rotating parts, in mechanics, are never perfectly balanced. Their center of mass is always not exactly
at the center geometrical center of the part. If the rotor operates at high speed, it is preferable to let it
rotate around its center of mass. As the position of the geometrical center is measured, this results in a
oscillating position of the rotor at a frequency corresponding to the rotation speed. It is required that
the controller ignore this component of the error so that it does not cancel it, which would result in a
rotor rotating around its geometrical center. A methodology allowing to get rid of this problem, called
the synchronous disturbance elimination, is explained in [40] and illustrated in fig. 1.16. In this method,
the position signals x and y are post-processed to remove their undesired component. A transformation
of the position of the rotor in a coordinate frame attached to this latter is first performed. In this frame
of coordinate, the component related to the balancing non-idealities of the rotor is a DC component that
is isolated using a low pass filter giving rise to X ′

d and Y ′
d , representing the position of the eccentricity

of the rotor. These new signals are then expressed in the initial frame of coordinate and subtracted to
the measured position of the rotor, giving rise to Xcom and Ycom, that are the signal provided to the
controller.
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CHAPTER 2

LAYOUT AND PROOF OF CONCEPT

This chapter presents the detailed layout of the SHH-AMB employed in the FESS device as well as
the parameters that describe its geometry and its configurations. The general working principle of the
bearing is explained and the main global characteristics such as its stiffnesses are identified and defined.

2.1 Detailed layout of the SHH-AMB

A schematic 3D view of the SHH-AMB and its rotor saliencies is presented in fig. 2.1. The stator
is made of two ferromagnetic rings between which a permanent magnet ring with axial polarization is
inserted. The rotor is made of one hollow piece of ferromagnetic material that has two saliencies, similarly
to the stator. The rotor is inserted inside the stator such that the iron saliencies face each other and give
rise to an air gap in which two sets of four coils, one set per axis of actuation, are inserted 90◦ apart.
In fig. 2.1, the yellow and green sets of windings actuate respectively the x and y-axis of the bearing.
The coils are connected to each other in series and anti-serie, such that the current flows in the direction
shown in the figure.

Figure 2.1: 3D cross-sectional view of the SHH-AMB with rotor saliencies.
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Figure 2.2: Cross-sectional view of the SHH-AMB with rotor saliencies and symbols used to describe its
dimensions.
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Fig. 2.2 shows a 2D cross-sectional representation of the bearing as well as a detailed definition of each
symbol used to describe the bearing’s geometry. The stator and rotor iron teeth as well as the width of
the space that separates them axially is thus left to be possibly different for the stator and the rotor.
The parameter ∆z describes the axial difference of position between the stator and the rotor center,
and is defined as positive if the rotor is above the stator. The parameters describing the end winding
leave their configuration is as general as possible and can be made inset or overlapping depending on the
value of these parameters. The possible configurations of the end windings are well as their effect on the
SHH-AMB are presented in [41]. Each coil of the bearing is made of NW spires.

2.2 Proof of concept

This section explains the intuitive working principle of the SHH-AMB and its axial stabilization and
identify the main global characteristics of the bearing.

2.2.1 General working principle

A key concept of magnetic bearings is the stability of each of the five degrees of freedom of the rotor that
need to be guided by the bearing (the axial rotation is left free and is actuated by the electromechanical
converter of the FESS). The stability of a degree of freedom around its equilibrium point is assessed by
introducing a small displacement along the concerned degree of freedom. The degree of freedom is stable
if the resulting force or torque is opposed to this displacement, and unstable otherwise. The five degrees
of freedom concerned are the translations in the x, y and z-directions as well as the rotation around the
x and y-axes. Some of these are naturally stable thanks to the detent forces and torques acting on the
rotor due to the bias magnetic flux density. Others need to be stabilized through an electromagnetic force
or torque generated by the currents flowing through the windings. From Earnshaw’s theorem, it is not
possible to have all the degrees of freedom naturally stable. It is therefore first required to identify the
stable and unstable degrees of freedom of the SHH-AMB.

The bias magnetic flux density flowing through the iron teeth, generated by the permanent magnets
in the SHH-AMB is illustrated in fig. 2.3. Not considering the windings, the forces acting on the rotor
are detent forces.

Figure 2.3: Scheme of the bias magnetic flux density lines generated by the permanent magnets.

The axial degree of freedom is first considered. Fig. 2.4 shows the magnetic flux density flowing
through the SHH-AMB whose rotor is moved downward. The air gap permeance is lowered because
of the unmatching iron teeth, resulting in a decreased magnetic flux. As the detent force acts in a
direction that maximizes the magnetic flux, the rotor is pulled upward. The axial degree of freedom is
thus naturally stable thanks to the detent forces.

Figure 2.4: Scheme of the bias magnetic flux density lines for an axial displacement of the rotor, the
resulting force is stabilizing.
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Figure 2.5: Scheme of the bias magnetic flux density lines for a radial displacement of the rotor, the
resulting force is destabilizing.

The x and y-translations, are assimilated as a single radial displacement thanks to the homopolar
nature of the SHH-AMB. Fig. 2.5 shows the bias magnetic flux resulting from a radial displacement
of the rotor. The permeance of the air gap being higher where the air gap is shorter, the magnetic
flux density is higher in these regions of the air gap. The resulting detent force is thus aligned with
the displacement and tends to pull the rotor is the same way as the motion. This degree of freedom is
therefore unstable by nature and is required to be stabilized.

The role of the windings introduced in the air gap formed by the iron teeth is to stabilize the radial
degree of freedom. The magnetic flux density of the SHH-AMB when current flows in one of the windings
of one axis of actuation is shown in fig. 2.6. The windings add a possibility to apply a force on the rotor
through the current that flows through them and can be used to counteract the radial detent force and
stabilize the radial degree of freedom.

Figure 2.6: Scheme of the bias magnetic flux density lines and the resulting force if current flows in the
windings of one of the axis of actuation.

The resulting forces applied to the rotor undergoing a tilt motion (rotation around the x and y-axis)
has two origins. The iron teeth of the rotor tend to have an axial motion with respect to the stator teeth,
which results in local axial forces that are unbalanced and creates a stabilizing torque that tends to bring
the rotor back to its initial position. On the other hand, the length of the air gap is also impacted by
the tilt motion that tends to make one of the iron teeth of the rotor closer to the corresponding iron
tooth of the stator ones, while the other teeth are brought further away. This configuration gives rise to
unbalanced local radial forces that result in torque that tends to destabilize the tilt degree of freedom.
The total torque, being the sum of the two effects, is either stabilizing or destabilizing depending on
the magnitude of the two effects. The stability of the tilt degree of freedom depends therefore on the
geometry of the bearing. Intuitively, bearings showing a bigger radius and shorter height are more stable
than high and narrow ones.

2.2.2 Modeling of the magnetic forces and torques

The same concept of small displacement around an equilibrium point is kept for the modeling of the
detent forces acting on the rotor. The forces are evaluated by multiplying the small displacements by
a constant to perform a linear approximation of the force around the equilibrium point. These value
of the slope of these linear approximations are called the stiffnesses as they have the same units (N/m
or Nm/rad). Regarding the forces generated by the currents flowing through the windings, the same
linearization is performed with a concept of current stiffness that has (N/A) as units. The electromagnetic
forces and torques acting on the rotor are consequently modeled by the following equations.

Fz,mag = ∆zkz (2.1)

{
Fx,mag = ∆xkϵ − ixki

Fy,mag = ∆ykϵ − iyki
(2.2)

{
TΨx,mag = ∆Ψx

kΨ

TΨy,mag = ∆Ψy
kΨ

(2.3)

where Fi,mag is the magnetic force applied to the rotor along the i-axis, ∆i is the displacement of the
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rotor along the i-axis, kz is the axial stiffness, kϵ is the radial stiffness, TΨi,mag is the magnetic torque
applied to the rotor along the i-axis, ∆Ψi

is the tilt angle of the rotor around the i-axis, kΨ is the tilt
stiffness, ii is the current flowing through the winding controlling the i-axis and finally, ki is the current
stiffness.

The currents ix and iy need to be computed appropriately regarding the position of the rotor in order
to stabilize the x and y degrees of freedom. An approximation is made regarding the radial displacements
where x and y motion are considered decoupled from each other, which is true only for small displacements.
The radial and current stiffnesses are not guaranteed to remain constant during the use of the bearing,
as they vary with the axial position of the rotor ∆z that is defined by the axial equilibrium point. The
current and radial stiffnesses must thus be evaluated for a given ∆z.
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CHAPTER 3

MAGNETIC MODEL OF THE BEARING

This chapter presents the model allowing to predict the electromagnetic characteristics of the bearing.
As it is meant to be employed in an optimization routine, this model is required to run quickly and to
give accurate results. To ensure these performances, a semi-analytical model based on a Fourier approach
has been selected. Despite its complex implementation, this approach provides quickly an accurate
distribution of the magnetic flux density within the bearing, from which can be extracted the desired global
characteristics with the same accuracy. The implementation of this model being challenging, this latter is
validated through a finite element analysis (FEA) by taking advantage of its easier implementation. This
chapter presents the local computation of the magnetic flux density for a centered rotor. The eccentricity
is then introduced and the extraction of the global characteristics as well as their validation are presented.
The assessment of the behavior of the model and of the bearing is finally analyzed.

3.1 Magnetic flux density distribution without eccentricity

The implementation of the semi-analytical model is fully detailed in this section. The division in sub-
domains, required for the Fourier approach, is first presented. The general expression of the magnetic
flux density distribution arising from the constitutive equation is then established. The boundary con-
ditions as well as the system of equations solved to obtain the distribution are established and, finally,
the results regarding the distributions are presented and compared to the results obtained with the FEA.
The procedure to develop this model is widely inspired from [42].

3.1.1 Division in subdomains and boundary conditions

First, a decision must be taken with regard to the coordinate system. Since the SHH-AMB is perfectly
axisymmetrical, the magnetic field distributions should not vary along the azimuthal position. The
subdomain model will therefore be a 2D model representing a cross-section of the bearing, leaving the
r and z-axis as the remaining frame of coordinates. Secondly, a periodization along the z-direction is
required to employ the subdomain method. The bearing showing no periodicity along this direction, it
is necessary to replicate it. As this artificial replication is a potential source of inaccuracy, the distance
between the replications, 2Lext must be kept large. The polarization of the permanent magnets of these
replications might still either always be in the same way or always be opposed to each other. These
two configurations are named respectively constant and alternated. The constant polarization has been
chosen and implemented in this work in accordance to what is suggested in [42].

Fig. 3.1 represents the division in subdomains of the SHH-AMB under study. A local coordinate system
is assigned to each of these subdomains to simplify the expression of the magnetic flux distributions. The
transformation linking the local coordinate system of a region k (r, zk) with the main one, (r, z), is given
by: zk = z − ∆k. To each subdomain, a period τk is assigned. According to [42], τk is defined as the
width of the subdomain for those bounded by ferromagnetic materials (e.g., region I or II) and as half
of the width of the subdomain otherwise (e.g., region III or V II). This choice ensures the compliance of
a part of the boundary conditions introduced in section 3.1.3. The expressions of the τk’s and ∆k’s are
given in 3.1 and 3.2 for each of the seven subdomains.
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Table 3.1: Expression of τk for each region of the model.

Region τk

I 2Lext + 2LI,S + LPM − LB,R − 2LI,R

II LB,R

III Lext + LI,S + LPM/2
IV 2Lext

V LPM

V I LPM

V II Lext + LI,S + LPM/2

Lext

I
τ1

II τ2

2τ3
III

IV

τ4 τ5, τ6
V

VI

2τ7
VII

r

z

z1

z2

z3

z4 z5, z6

z7

Figure 3.1: Definition of the subdomains, their width as well as their local coordinates system. Grey and
red rectangles are respectively ferromagnetic materials and permanent magnets.

The assumptions performed in the implementation of the model are the following:

• Infinite magnetic permeability: The magnetic permeability of the ferromagnetic materials is
assumed to be infinite.

• Copper magnetic permeability: The magnetic permeability of the copper is assumed to be
equal to the magnetic permeability of the air.

• Windings magnetic flux density: The magnetic flux density engendered by the current flowing
through the windings is assumed negligible compared to the magnetic flux density generated by the
permanent magnets.

• Magnetic saturation: The magnetic saturation in the ferromagnetic materials is not taken into
account.

• Air in the hollow of the rotor: The magnetic flux density in the hole of the rotor is not modeled,
assuming that it does not affect the behavior of the bearing.

Table 3.2: Expression of the ∆k for each region of the model.

Region ∆k

I −Lext − LI,S − LPM/2 + ∆z + LB,R/2 + LI,R

II Lext + LI,S + LPM/2 + ∆z − LB,R/2
III 0
IV −Lext

V Lext + LI,S

V I Lext + LI,S

V II 0
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3.1.2 General expression of the magnetic flux density

According to [43], the general equation governing the distribution of the magnetic flux density B in
the magnetic bearing is:

∇2A⃗− µσ
∂A⃗

∂t
+ µσ(v⃗ × (∇× A⃗)) = −µ ⃗Jext − µ∇× M⃗0 (3.1)

where A⃗ is the magnetic potential vector such that ∇ × A⃗ = B⃗, µ is the magnetic permeability of the
medium, σ is the electrical conductivity of the medium, v⃗ is the speed vector, ⃗Jext is the imposed current
density, M⃗0 is the magnetization of the medium and B⃗ is the magnetic flux density. The problem being
static and the magnetic flux density generated by the windings not taken into account, the time-dependent
terms of the equation as well the one related to the current density are removed from the equation leading
to:

∇2A⃗ = −µ∇× M⃗0 (3.2)

The axisymmetry of the bearing cancelling the azimuthal component of the magnetic field, the mag-
netic potential vector only has one component in this direction such that: A⃗ = Aθ êθ. Regarding the
magnetization, section 3.1.1 showed that this latter was only axial such that M⃗0 = Mz êz and constant
over the whole region in which it is not null. Working in the cylindrical coordinate system and considering
these simplifications, eq. 3.2 becomes:

1

r

∂

∂r

(
r
∂Aθ

∂r

)
+

∂2Aθ

∂z2
− 1

r2
Aθ = µ0

∂Mz

∂r
(3.3)

This equation is solved with the variable separation method to obtain the general expressions, as
performed in [42]. The resulting general expression of the magnetic flux density of a region k is presented
hereafter:

B⃗k = Br,k(r, zk)e⃗r +Bz,k(r, zk)e⃗z (3.4)

where:

Br,k(r, zk) =

∞∑
n=1

[Br,s,k,n(r) sin (nωkzk) +Br,c,k,n(r) cos (nωkzk)]

Bz,k(r, zk) =

∞∑
n=1

[Bz,s,k,n(r) sin (nωkzk) +Bz,c,k,n(r) cos (nωkzk)] +Bz,k,0

(3.5)

ωk =
π

τk
(3.6)

Br,s,k,n(r) = an,kI1(nωkr) + bn,kK1(nωkr)

Br,c,k,n(r) = −cn,kI1(nωkr)− dn,kK1(nωkr)

Bz,c,k,n(r) = an,kI0(nωkr)− bn,kK0(nωkr)

Bz,s,k,n(r) = cn,kI0(nωkr)− dn,kK0(nωkr)

Bz,k,0 = Bk,0

(3.7)

where Iν and Kν are the modified Bessel functions of the first and second kind of order ν and an,k, bn,k,
cn,k, dn,k and Bk,0 are the unknown coefficients determined by the boundary conditions imposed in each
of the regions.
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3.1.3 Boundary conditions

Section 3.1.2 solves the magnetic potential equation in each region independently of each other. These
solutions need to be connected to each other through the boundary conditions, or to the outside of the
model through the limit conditions that appear in the model. The continuity between the domains is
imposed by a continuous boundary condition imposing that the normal and tangential components of,
respectively, the magnetic flux density B and the magnetic strength H are continuous at the interface
between those subdomains. For the subdomains that are in contact with the outside environment, two
limit conditions are applied depending on the outside medium. For subdomains interfacing with a fer-
romagnetic material (gray rectangles in fig. 3.1), the tangential component of the magnetic strength is
cancelled at this interface because of the infinite permeability of the ferromagnetic material. This bound-
ary condition is named a Neumann condition. The second limit condition is such that no magnetic flux
is allowed to flow through a boundary such that the normal component of the magnetic flux density is
cancelled. This condition is known as a Dirichlet condition and is employed at the inner hollow part of
the rotor (at r = RR,d). The last boundary condition refers to the periodicity of the model and imposes
the periodicity of the magnetic flux density in subdomains that cover the whole period of the model.

Radial boundary conditions

Among the aforementioned conditions, the radial ones (parallel to the r-axis) are satisfied by the nature
of the general expression of the magnetic flux density. Eq. 3.5 shows that the expression of the magnetic
flux density of a region k is a combination of sine and cosine series, for which the coefficients are functions
of r. The periodicity required by the periodic boundary conditions is thus satisfied by the definition of
the period τk of these trigonometric functions (section 3.1.1). Regarding the regions that are bounded by
radial boundaries of ferromagnetic materials, the graph of the sine and cosine functions are presented in
fig. 3.2 according to the definition of their periods in section 3.1.1. It is observed that, unlike the cosine
functions, the sine functions are always null at the two boundaries of the region (at zk = 0 and τk). The
Neumann’s condition requiring a null radial magnetic flux density at these boundaries, the coefficients of
the cosine terms in the Fourier series are imposed at zero, and the c and d coefficients of these regions are
thus null. The axial component of the magnetic flux density Bz is consequently only composed of cosine
terms, by inspection of the analytical expressions in eq. 3.7.

0 τk/2 τk

−1

0

1

z

sin ( π
τk
z)

sin ( 2πτk z)

cos ( π
τk
z)

cos ( 2πτk z)

Figure 3.2: Sine and cosine functions over a τk width (first and second harmonics) in a regions bounded
by ferromagnetic materials. The sine functions are always equal to zero at the limit of the region k.

Number of unknowns

The number of equations that need to be established being equal to the number of unknowns, it is
helpful to know what is the exact number of unknowns in the model. For the sake of clarity, it is
considered, unless mentioned, that the number of harmonics employed is the same for every subdomain
and noted as n. The solution of domains bounded by periodic conditions are composed of one constant
unknown term Bk,0 as well as four unknown a, b, c, and d per harmonic. Such regions lead thus to 4n+1
unknowns. Because two coefficients of the other regions have been taken away to ensure the compliance
to a part of the Neumann conditions, these regions lead to 2n + 1 unknowns. The model being made
of two domains with periodic boundary conditions and five domains bounded by Neumann boundary
conditions, the model leads to 18n+7 unknowns that are determined by the boundary conditions applied
to the axial (parallel to the z-axis) boundaries of the domains.
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Full Neumann limit condition

This condition concerns the domains that have at least one of their two axial boundaries made of a
ferromagnetic material. It appears that only the region II and its inner boundary at a radius RR,i fits
the requirements. The Neumann condition is written mathematically as:

Bz,2(RR,i, z) = 0 (3.8)

Leading to three sub-conditions:
Bz,s,2(RR,i) = 0

Bz,c,2(RR,i) = 0

Bz,2,0 = 0

(3.9)

Since the first equation of these three sub-conditions is already satisfied (section 3.1.3), only the two
last are kept, leading to the n+1 useful equations:

ap,2I0(pω2RR,i)− bp,2KK0(pω2RR,i) = 0

B2,0 = 0
(3.10)

with p ∈ (1, n)

Full continuous boundary condition

This condition relates to the continuity of the magnetic field along an interface between two regions
covering the same axial length. Regarding the studied bearing, only the axial boundary between region
V and V I at RPM,i matches the requirements. Mathematically, and knowing that for any region H⃗ =

1/µ (B⃗ − µ0M⃗), the continuity is written as:

Br,5(RPM,i, z) = Br,6(RPM,i, z)

µ6Bz,5(RPM,i, z) = µ5(Bz,6(RPM,i)− µ0Mz,6)
(3.11)

The development in Fourier series of this equation and considering regions of equal width, eq. 3.11 leads
to the following sub-conditions:

Br,s,6,p(RPM,i) = Br,s,5,p(RPM,i)

Br,c,6,p(RPM,i) = Br,c,5,p(RPM,i)
µ5

µ6
Bz,s,6,p(RPM,i) = Bz,s,5,p(RPM,i)

µ5

µ6
Bz,c,6,p(RPM,i) = Bz,c,5,p(RPM,i)

µ5

µ6

(
Bz,0,6(RPM,i)− µ0M0,6

)
= Bz,0,5(RPM,i)

(3.12)

The second and third equations being redundant, only the first, fourth, and fifth sub-conditions are
kept leading to the 2n+ 1 equations on the unknown coefficients:

an,6I1(pω6RPM,i) + bp,6K1(pω6RPM,i) = ap,5I1(pω5RPM,i) + bp,5K1(pω5RPM,i)
µ5

µ6

(
ap,6I0(pω6RPM,i)− bp,6K0(pω6RPM,i)

)
= ap,5I0(pω5RPM,i)− bp,5K0(pω5RPM,i)

µ5

µ6

(
B0,6 − µ0M0,6

)
= B0,5

(3.13)

with p ∈ (1, n)
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Combination of Neumann and continuous boundary conditions

This condition concerns the boundaries that are either in contact with multiple regions and ferromag-
netic materials, or whose axial width is not the same as the one of the single region which it is in contact
with. This condition is required at three boundaries, the two axial boundaries of region III at RR,e and
RS,i as well as in region V II at RS,e.

Region III, r = RR,e:

The continuity of the radial magnetic flux density is first imposed between region III and I which
gives rise to the following equation:

n∑
p=1

(
Br,s,1,p(RR,e) sin (pω1z1)

)
=

n∑
q=1

(
Br,s,3,q(RR,e) sin (qω3z3) +Br,c,3,n(RR,e) cos (nω3z3)

)
z ∈ [∆1,∆1 + τ1]

(3.14)

As regions III and I do not have the same width, as suggested in [42], the terms of the equation with
a sine function of pulsation nω1 are correlated over a period of region I. As a result, the sum over the
harmonics of region I disappears, which gives rise to the n sub-conditions:

Br,s,1,p(RR,e) =

n∑
q=1

(
Br,s,3,q(RR,e)ϵs,1,3(p, q) +Br,c,3,q(RR,e)ϵc,1,3(p, q)

)
(3.15)

where the ϵ functions are the correlation functions resulting from this operation and are defined as:

ϵs,j,k(p, q) =
2

τj

∫ ∆j+τj

∆j

sin (qωkzk) sin (pωjzj)dz

ϵc,j,k(p, q) =
2

τj

∫ ∆j+τj

∆j

cos (qωkzk) sin (pωjzj)dz

(3.16)

By applying the same procedure for the continuity at the interface of regions II and III, the following
n equations are obtained:

Br,s,2,p(RR,e) =

n∑
q=1

(
Br,s,3,q(RR,e)ϵs,2,3(p, q) +Br,c,3,q(RR,e)ϵc,2,3(p, q)

)
(3.17)

Regarding the magnetic strength, the condition requires the axial component of the magnetic strength
of region III to be either equal to the one of region I, to the one of region II or to zero, depending on
the z-position. Mathematically, this condition is written as:

Hz,3(RR,e) =

{
Hz,1(RR,e) +Hz,2(RR,e) z3 ∈ (∆1,∆1 + τ1) or z3 ∈ (∆2,∆2 + τ2)

0 Otherwise
(3.18)

The same idea of correlation is applied to get rid of the summation over the harmonics. However,
the correlation is performed with a sine and a cosine function to obtain all the equations required. The
resulting 2n sub-conditions are written as:

Bz,s,3,n =
µ3

µ1

( n∑
m=1

Bz,c,1,mκc,1,3(m,n) +Bz,0,1κ0,1,3(n)
)

+
µ3

µ2

( n∑
m=1

Bz,c,2,mκc,2,3(m,n) +Bz,0,2κ0,2,3(n)
)

Bz,c,3,n =
µ3

µ1

( n∑
m=1

Bz,c,1,mζc,1,3(m,n) +Bz,0,1ζ0,1,3(n)
)

+
µ3

µ2

( n∑
n=1

Bz,c,2,nζc,2,3(m,n) +Bz,0,2ζ0,2,3(n)
)

(3.19)
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all the terms of this equation being evaluated at r = RR,e. The corresponding correlation functions ζ
and κ are defined hereafter:

κc,j,k(m,n) =
1

τk

∫ ∆j+τj

∆j

cos (mωjzj) sin (nωkzk)dz

κ0,j,k(n) =
1

τk

∫ ∆j+τj

∆j

sin (nωkzk)dz

ζc,j,k(m,n) =
1

τk

∫ ∆j+τj

∆j

cos (mωjzj) cos (nωkzk)dz

ζ0,j,k(n) =
1

τk

∫ ∆j+τj

∆j

cos (nωkzk)dz

(3.20)

Region III, r = RS,i:

By analogy and by replacing the regions I and II by IV and V respectively, the condition imposed at
RS,i gives rise to the following 4n equations:

Br,s,4,m =

n∑
n=1

(
Br,s,3,nϵs,4,3(m,n) +Br,c,3,nϵc,4,3(m,n)

)
Br,s,5,m =

n∑
n=1

(
Br,s,3,nϵs,5,3(m,n) +Br,c,3,nϵc,5,3(m,n)

)
Bz,s,3,n =

µ3

µ4

( n∑
m=1

Bz,c,4,mκc,4,3(m,n) +Bz,0,4κ0,4,3(n)
)

+
µ3

µ5

( n∑
m=1

Bz,c,5,mκc,5,3(m,n) +Bz,0,5κ0,5,3(n)
)

Bz,c,3,n =
µ3

µ4

( n∑
m=1

Bz,c,4,mζc,4,3(m,n) +Bz,0,4ζ0,4,3(n)
)

+
µ3

µ5

( n∑
m=1

Bz,c,5,mζc,5,3(m,n) +Bz,0,5ζ0,5,3(n)
)

(3.21)

all the terms of these equations being evaluated at r = RS,i.

Region V II, r = RS,e:

Regarding the edge of region V II at RS,e, the same analogy is performed by replacing regions III and
V by V II and V I respectively. However, the magnetic strength of region V I is slightly modified due to
the presence of a magnetization in this region. These conditions lead to the 4n equations:

Br,s,4,m =

n∑
n=1

(
Br,s,7,nϵs,4,7(m,n) +Br,c,7,nϵc,4,7(m,n)

)
Br,s,6,m =

n∑
n=1

(
Br,s,7,nϵs,6,7(m,n) +Br,c,7,nϵc,6,7(m,n)

)
Bz,s,7,n =

µ7

µ4

( n∑
m=1

Bz,c,4,mκc,4,7(m,n) +Bz,0,4κ0,4,7(n)
)

+
µ7

µ6

( n∑
m=1

Bz,c,6,mκc,6,7(m,n) + (Bz,0,6 − µ0M0,6)κ0,6,7(n)
)

Bz,c,7,n =
µ7

µ4

( n∑
m=1

Bz,c,4,mζc,4,7(m,n) +Bz,0,4ζ0,4,7(n)
)

+
µ7

µ6

( n∑
m=1

Bz,c,6,mζc,6,7(m,n) + (Bz,0,6 − µ0M0,6)ζ0,2,7(n)
)

(3.22)
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Air to infinity

This condition concerns the regions V II that is defined until an infinite-radius. As the presence of the
magnetic bearing should not give rise to infinite magnetic flux density, it is imposed that the expression of
the magnetic flux density of region V II converges to a finite number as r tends to infinity. Mathematically,
this condition is written:

lim
r→∞

Br(r, z) ∈ R

lim
r→∞

Bz(r, z) ∈ R
(3.23)

The coefficient of the Fourier series forming the expression of the magnetic flux density of region V II are
made of the contribution of two modified Bessel functions of the first and second kind. The graphs of
these functions of order 0 and 1 are illustrated in fig. 3.3 and show that the modified Bessel function of
the first kind (Iν(x)) tends to infinity for an infinite argument. The coefficients multiplying this function
in region V II (i.e: an,7 and cn,7) are thus imposed to zero to keep a finite solution. Regarding the
continuous component of the axial magnetic flux density B7,0, it is also set to be equal to zero in order to
ensure the magnetic flux conservation through the closed surface that is the hollow disk of infinite radius
located between two repetitions of the bearing. This condition therefore leads to 2n+ 1 equations.
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Figure 3.3: Modified Bessel functions of the first and second kind of order 0 and 1. The first kind (Iν(x))
tends to infinity with x.

Dirichlet boundary condition

This condition concerns the inner boundary of region I (RR,d) where the normal component of the
magnetic flux density is cancelled, leading to the n equations:

Br,s,1,n(RR,d) = an,1I1(nω1RR,d) + bn,1K1(nω1RR,d) = 0 (3.24)

Ampere’s law

Applying Ampere’s law around specific closed curves establishes additional equations determining the
continuous components of the axial magnetic flux densities. The specific curves in question are rectangles
spreading over the whole period of the model at each radius where a combination of a Neumann and a
continuous condition is applied, as illustrated in fig. 3.4 for one of the three possible curves. The length of
the vertical path of the curves dx tends then to zero to cancel the contribution of the radial components.
As the curve goes through a whole period of the repetition, the sine, and cosine terms of the Fourier
series are canceled in the integration leaving only the continuous components. The three final obtained
equations are presented hereafter:
RR,e: ∫ ∆1+τ1

∆1

Bz,1

µ1
dz +

∫ ∆2+τ2

∆2

Bz,2

µ2
dz + 0−

∫ ∆3+2τ3

∆3

Bz,3

µ3
dz + 0 = 0

⇐⇒ B01

µ1
τ1 =

B03

µ3
2τ3

(3.25)

RS,i: ∫ ∆4+τ4

∆4

Bz,4

µ4
dz +

∫ ∆5+τ5

∆5

Bz,5

µ5
dz + 0−

∫ ∆3+τ3

∆3

Bz,3

µ3
dz + 0 = 0

⇐⇒ B04

µ4
τ4 +

B05

µ5
τ5 =

B03

µ3
2τ3

(3.26)
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RS,e: ∫ ∆4+τ4

∆4

Bz,4

µ4
dz +

∫ ∆6+τ6

∆6

(
Bz,6

µ6
− µ0

µ6
M0,6

)
dz + 0−

∫ ∆7+τ7

∆7

Bz,7

µ7
dz + 0 = 0

⇐⇒ B04

µ4
τ4 +

(
B06

µ6
− µ0

µ6
M06

)
τ6 = 0

(3.27)

I II
III

IV

V

VI

VII

r
z

dx

Figure 3.4: Illustration of one of the three possible closed loops used for the integration in the Ampere’s
law (r = RR,i).

Magnetic flux conservation

Considering the 18n+6 equations that are established, one additional equation is required to determine
the 18n + 7 unknowns. This equation is given by the conservation of the magnetic flux that is applied
around one of the ferromagnetic blocks appearing in the model. The sum of the flux flowing through
each of these surfaces must be equal to zero. The choice of the block around which the conservation of
the magnetic flux is applied is arbitrary, and several solutions are possible. It was chosen to consider the
left tooth of the stator.

The magnetic flux entering the stator tooth via the region IV , ϕ4 is computed with the following
integral:

ϕ4 = 2π

∫ RS,e

RS,i

Bz,4(r, τ4)rdr (3.28)

that is further developed using the expression of the magnetic flux density:

ϕ4 = πB0,4(R
2
S,e −R2

S,i) + 2π

n∑
q=1

(−1)qaq,4

∫ RS,e

RS,i

rI0(qω4r)dr − (−1)qbq,4

∫ RS,e

RS,i

rK0(qω4r)dr (3.29)

where the integrals of the modified Bessel functions are evaluated numerically.

The expressions of the magnetic flux coming from regions V and V I are obtained by analogy to the
one of region IV :

ϕ6 = −πB0,6(R
2
S,e −R2

PM,i)− 2π

n∑
q=1

(−1)qaq,6

∫ RS,e

RPM,i

rI0(qω6r)dr

− (−1)qbq,6

∫ RS,e

RPM,i

rK0(qω6r)dr

ϕ5 = −πB0,5(R
2
PM,i −R2

S,i)− 2π

n∑
q=1

(−1)qaq,5

∫ RPM,i

RS,i

rI0(qω5r)dr

− (−1)qbq,5

∫ RPM,i

RS,i

rK0(qω5r)dr

(3.30)
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The expression of the magnetic flux entering the stator tooth from the region V II is given by the
following integral:

ϕ7 = 2π

∫ Lext+LI,S

Lext

−RS,eBr,7(RS,e, z)dz (3.31)

that is further developed using the expression of the magnetic flux density:

ϕ7 =

n∑
n=1

−2πRS,ebn,7K1(nω7RS,e)

∫ Lext+LI,S

Lext

sin(nω7z)dz

+ 2πRS,edn,7K1(nω7RS,e)

∫ Lext+LI,S

Lext

cos(nω7z)dz

(3.32)

The expression of the flux entering the stator from region III is obtained by analogy to the one of
region V II giving:

ϕ3 =

n∑
q=1

2πRS,i(aq,3I1(qω3RS,i) + bn,3K1(qω3RS,i))

∫ Lext+LI,S

Lext

sin(qω3z)dz

− 2πRS,i(cq,3I1(qω3RS,i) + dq,3K1(qω3RS,i))

∫ Lext+LI,S

Lext

cos(qω3z)dz

(3.33)

The equation of the magnetic flux conservation is then obtained by summing these fluxes and equalling
the result to zero, giving:

ϕ4 + ϕ7 + ϕ6 + ϕ5 + ϕ3 = 0 (3.34)

Number of harmonics

It was first considered that the number of harmonics n employed in each region was the same. The more
harmonics are employed and the more accurate is the solution. However, for a same accuracy, regions
with larger τk need more harmonics than shorter regions. Employing the same number of harmonics in
every region is thus not the mos optimized choice regarding the size of the system of equations. A more
appropriate choice is to employ more harmonics in wider regions than in shorter ones, which ensures a
similar accuracy in every region.

The number of harmonics employed in a region k in the model is set proportionally to its width τk.
As region II is one of the smallest regions, the number of harmonics employed in this region is left as a
parameter from which the number of harmonics employed in the other regions is determined by a law of
proportionality.

Conditioning of the matrix

The equations of the boundary conditions being linear with respect to the unknowns, they are written
under the classical form of a linear system of equation Ax = B that is solved with any numerical solver.
The accuracy of the answer provided by the solver will be affected by the conditioning of the matrix A
that characterizes the ratio of the relative error on the unknown vector x and the relative variation on
the source term B such that:

K(A) = ||A−1|| · ||A|| (3.35)

where K(A) is the conditioning number of matrix A. A numerical solver taking a poorly conditioned
matrix (high K(A)) outputs an inaccurate solution due to numerical errors. The conditioning number of
A must thus be kept as small as possible.

The general form of most of the equations coming from the boundary conditions is:

aIk(nωR) + bKk(nωR) = b (3.36)

They are thus generally composed of the sum of two terms multiplied by a modified Bessel function of
the first and second kind. The fig. 3.3 shows that these two functions, for a same argument, might
have output differences of several orders of magnitude, which typically degrades the conditioning of the
system. The argument of the Bessel functions increases with the number of harmonics employed in the
regions, which prevents from enjoying the increased accuracy of the increased number of harmonics.
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It is possible to increase the number of harmonics without degrading the conditioning of the matrix if
the equations are scaled over the modified Bessel functions such that:

a
Ik(nωR)

I0(nωR0)
+ b

Kk(nωR)

K0(nωR0)
= b (3.37)

where R0 is a radius that belongs to the region concerned. The equation is slightly modified to replace
the modified Bessel function by a ratio of the functions that have the same order of magnitude making
the two terms of the equation similar. The solution of such a system does not provide directly the a,
b, c and d coefficients but the value of, for example, aI0(nωR0) from which the value of the unknown
coefficients must be extracted. The value of R0, should be chosen such that the two ratios of the equation
are as close as possible to each other. After trying different possibilities, the average of the outer and
inner radii of the region concerned by the equation is employed.

Exponentially scaled modified Bessel functions

Thanks to the scaling, the value of the modified Bessel functions is not present in the equations but still
required in the evaluation of the ratios. Numerically, this leads to a problem regarding the floating point
precision of computers that does not allow evaluating the high or small values that these functions can
output for high number of harmonics. Exponentially scaled modified Bessel functions allow evaluating
the ratios required in the equations without evaluating the actual values of the modified Bessel functions.
The definitions of these functions are defined hereafter:

Iν,e(x) = e−xIν(x)

Kν,e(x) = exKν(x)
(3.38)

These exponentially scaled modified Bessel functions can consequently be evaluated for a higher argument
before reaching the maximum or minimum floating point value of the computer, as they are less increasing
than the classical modified Bessel functions. The ratios of the two modified Bessel functions are computed
as performed in the example below:

I0(nωR)

I0(nωR0)
=

enωRI0,e(nωR)

enωR0I0,e(nωR0)
= enω(R−R0)

I0,e(nωR)

I0,e(nωR0)
(3.39)

3.1.4 Results

A test machine, whose dimensions are given
in table 3.3, is created for validation purpose.
The distance seperating two models is set at 50
mm. The magnetic flux density distributions
over the bearing have then been evaluated with
the Fourier model for different numbers of har-
monics and compared to the results obtained
with a 2D Finite element analysis (FEA) in
which the same assumptions employed to imple-
ment the Fourier based model are reproduced.
Fig. 3.5 shows the radial and axial components
of the magnetic flux density as a function of
the axial position z in the middle of the air gap
as it is the most critical distribution regarding
the global values that will be extracted from
the model. The number given for the Fourier
based model (FBX) corresponds to the number
of harmonics employed in region II. Appendix
A shows that the limit boundary conditions are
well fulfilled by the output solution.

Table 3.3: Dimensions of the test machine.

Parameter value unit
LI,S 10 mm
LPM 15 mm
LI,R 10 mm
LB,R 15 mm
RR,d 45 mm
RR,i 60 mm
RR,e 72 mm
RS,i 75 mm
RPM,i 85 mm
RS,e 105 mm
Dz −5 mm
Brem 1.44 T
µr,PM 1.05 /

It is observed on this graph that, as expected, the solution given by the FB model tends towards
the results given by the FEA as the number of harmonics is increased. Although a similar model, the
convergence is slower than in [5]. The reason for this difference is the presence of 4 additional ferromagnetic
corners at the rotor iron teeth, which tend to make the axial component of the magnetic flux density
discontinuous, requiring a higher number of harmonics to be reached accurately with the Fourier series.
The difficult convergence of the model is also explained by the presence of an additional combination of a
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Figure 3.5: Air gap magnetic flux density distributions obtained with the FEA and Fourier model.

Neumann and continuous boundary condition at r = RR,e. As explained in appendix A, the compliance
of the solution to this kind of boundary condition depends on the number of harmonics that is employed,
which explains that more harmonics are required for the convergence of the solution. It is also noticed,
in fig. 3.5, that the radial magnetic flux density amplitude tends to be overestimated for a low number
of harmonics, and decreases when this number is increased. The impact of this phenomenon is reflected
in the values of the global characteristics of the bearing in the next sections.
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3.2 Magnetic flux density distribution with eccentricity

The model presented in the previous section computes the magnetic flux density in the bearing for a
rotor that is radially perfectly centered with respect to the stator. Despite the position of the rotor is
controlled to remain centered, it is required to model the behavior of the magnetic flux density distribution
for a rotor incurring an eccentricity to obtain some of its global characteristics. This section proposes
a methodology that evaluates this distribution analytically without additional evaluations of the model
using a modulation function, as presented in [5] in which the efficiency of the modulation function is
demonstrated. The implementation of the modulation function is detailed and validated through a 3D
FEA.

3.2.1 Modulation function

The methodology of the modulation function consists in assuming that the air gap magnetic flux
density distribution with eccentricity is obtained by multiplying the magnetic flux density distribution
of the centered configuration by a function of the azimuthal position θ as well as the eccentricity ϵ to
account for the effect of this latter. This function is called the modulation function and is defined in eq.
3.40. The eccentricity of the rotor as well as the convention regarding θ are illustrated in fig. 3.6.

θ

ϵ

Figure 3.6: Eccentricity of the rotor.

Γ(θ, ϵ) ≜
Br(r, z, θ)

∣∣∣
ϵ̸=0

Br(r, z)
∣∣∣
ϵ=0

(3.40)

The Γ function is made from two variations of the behavior of the magnetic flux density, both involving
the magnetic permeance of the air gap. One of the contribution is the variation of the local permeance of
a magnetic flux tube in the air gap. Fig. 3.6 shows that the eccentricity tends to tighten the air gap in the
direction of the eccentricity and to make it longer in the opposite direction. As the stator and the rotor
are ferromagnetic materials, the magnetic potential difference between these two latter will be the same
in the whole air gap, implying a modulation of the magnetic flux density by the length of this air gap.
The other contribution regards the global permeance of the air gap that is impacted by the eccentricity,
which changes the working point of the permanent magnets. The two contributions are defined in eq.
3.41, illustrated in fig. 3.7 and detailed hereafter.

Pag(ϵ)

dθ

dPag(ϵ, θ)

Figure 3.7: Local and global permeance of
the air gap.

Γ(θ, ϵ) =
Pag

∣∣∣
ϵ̸=0

Pag

∣∣∣
ϵ=0

×
dPag(θ)

∣∣∣
ϵ̸=0

dPag

∣∣∣
ϵ=0

(3.41)

33



3.2.2 Air gap flux tube permeance

Assuming a small eccentricity ϵ compared to the internal and external radii of the stator and the rotor
RS,i and RR,e, it can be written that e(θ) = e − ϵ cos(θ) where e is the length of the air gap for a centered
position of the rotor (i.e. RS,i − RR,e). The eccentricity is thus considered to be equivalent to a centered
configuration in which the stator has a radius that is a function of θ such that: RS,i(θ) = RR,e + e(θ) =
RS,i − ϵ cos(θ). By integrating from RR,e to RS,i(θ) the expression of the reluctance of a local flux tube
located at a radius r, with a radial width dr, an angular opening dθ and an axial length L, the following
equation is obtained:

dRag(θ) =

∫ RS,i(θ)

RR,e

dr

µ0rdθL
=

1

µ0dθL
ln

(
RR,e

RS,i(θ)

)
=

1

µ0Ldθ
ln

(
RS,i − ϵ cos(θ)

RR,e

)
(3.42)

The local permeance is found by inverting this latter expression. The assumption of small eccentricity
allows for a Taylor approximation of the first order of the denominator, such that:

dPag(θ) ≃
µ0dθL

ln
(

RS,i

RR,e

)
− ϵ cos(θ)

RS,i

(3.43)

This function is periodic along θ and has a period 2π. As suggested in [5], a development in a Fourier
series with two harmonics is made to further simplify this expression:

dPag(θ) ≃
µ0

ln
(

RS,i

RR,e

)3
(
ln

(
RS,i

RR,e

)2

+

(
ϵ

RS,i

)
ln

(
RS,i

RR,e

)
cos(θ) +

(
ϵ

RS,i

)2

cos(2θ)

)
(3.44)

The approximated expression of the local permeance contribution of the modulation function is therefore
given by:

dPag(θ)
∣∣∣
ϵ̸=0

dPag

∣∣∣
ϵ=0

=

1 +
ϵ

RS,i ln
(

RSi

RRe

)cos(θ) + ( ϵ

RSi

)2
1

ln
(

RSi

RRe

)cos(2θ)
 (3.45)

3.2.3 Air gap global permeance

Employing the same assumption of small eccentricity, the expression of the global permeance is obtained
by integrating eq. 3.44 over θ from 0 to 2π. The resulting expression is given by:

Pag =
2πµ0LI,S

ln(
RS,i

RR,e
)

(3.46)

This approximation not being a function of ϵ, the contribution of the global permeance of the air gap
to the modulation function is neglected for small eccentricities. The final approximated expression of the
modulation function is consequently given by:

Γ(θ, ϵ) =

1 +
ϵ

RS,i ln
(

RSi

RRe

)cos(θ) + ( ϵ

RSi

)2
1

ln
(

RSi

RRe

)cos(2θ)
 (3.47)
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3.2.4 Comparison with the Finite element analysis

The accuracy of the modulation function is assessed with a 3D FEA simulating the magnetic flux
density distribution of an off-centered configuration. The air gap magnetic field is compared to the
one obtained with the Fourier model and its modulation function inside and outside the iron poles to
assess the validity of the modulation function over the whole period of the model (see fig. 3.8). The
modulation function matches the results obtained with the FEA inside the iron pole, but the effect of
the eccentricity is overestimated by the modulation function outside the iron pole. The modulation
function being used over the whole width of the model in the evaluation of the global characteristics,
this overestimation introduces error. The amplitude of the magnetic flux density being smaller where the
modulation function is not accurate, the error committed in the evaluation of the global characteristics
is not expected to be important after the integration over the whole period of the model.
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Figure 3.8: Air gap radial magnetic flux density inside (left) and outside (right) of the iron teeth of the
bearing for a rotor off-centered of 100 µm. Comparison between FEA and the modulation function.
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3.3 Global values

The previous sections present a tool capable of modelling locally the bearing and its magnetic flux
density distribution. This section explains how the global characteristics of the bearing are extracted
from this local model. The three position (radial, axial and tilt) stiffnesses presented in section 2.2 are
first developed followed by the current stiffness as well as the electrical resistance of the windings.

3.3.1 Axial displacement stiffness

The Fourier model including a possibility to move the rotor axially and to compute the exact magnetic
flux density of such a configuration, the characteristic linking the axial force and the axial displacement is
directly obtained from the model. The value of the axial force is obtained by integration of the Maxwell’s
stress tensor (MST) over a closed surface The MST is defined in the coordinate system of the Fourier
based model in eq. 3.48 in which a simplification is performed by removing the azimuthal component of
the magnetic field.

σ˜ =
1

µ0

 1
2B

2
r BrBθ BrBz

BrBθ
1
2B

2
θ BθBz

BrBz BθBz
1
2B

2
z

 =
1

µ0

 1
2B

2
r 0 BrBz

0 0 0
BrBz 0 1

2B
2
z

 (3.48)

The chosen surface of integration is a cylinder aligned with the rotor and wrapping this later in the
air gap, as represented in fig. 3.9. The radius of this cylinder is the average of RS,i and RR,e and its
length is the period of repetition of the subdomain model so that the contributions of the MST in the
two lateral surfaces (the disks) cancel each other. The normal vector associated to this cylinder is radial,
such that n⃗ = êr. The corresponding force per unit of area on the surface of integration is thus the first
column of the MST (σ˜ · n⃗). which is made of a radial and an axial component. After integration, the
radial component cancels itself due to the axisymmetry of Br. The remaining component of the detent
force is axial and given by:

Fmag,z = 2π
RMST

µ0

∫ 2τ3

0

Br(RMST , z)Bz(RMST , z)dz (3.49)

Figure 3.9: Illustration of the closed surface used for the integration of the MST.

The axial force - axial displacement characteristic obtained by the Fourier model has been validated
through a 2D finite element analysis. The characteristics obtained with the FEA and the Fourier based
model with different numbers of harmonics are presented in fig. 3.10. The average error committed with
the Fourier models are also given in table 3.4 considering the FEA as a reference. As expected, the Fourier
model tends to match the FEA as the number of harmonics is increased, which validates the computation
of the axial detent force. For a given configuration of the bearing, the value of the axial force given by
the Fourier based model decreases in amplitude if more harmonics are employed which is explained by
the overestimation of the radial magnetic flux density amplitude for low number of harmonics (section
3.1.4).

36



0 2 4 6 8 10

0

200

400

600

800

1,000

∆z (mm)

F
z
(N

)

FEA

FB5
FB20
FB100

Figure 3.10: Axial displacement - Axial force characteristics. Comparison between FB and FEA.

Table 3.4: Average error commited by the Fourier model over the axial force.

FB5 FB20 FB100

Relative error [%] 9.59 2.27 0.80

3.3.2 Radial displacement stiffness

Unlike for the axial stiffness, the radial force - radial displacement cannot be obtained directly from
the model as it does not allow evaluating the exact magnetic flux density for such a configuration. The
characteristic is thus approximated by the radial stiffness by the use of the modulation function presented
in section 3.2. The value of the stiffness is, similarly to the modulation function, only valid for small
eccentricities. The radial stiffness is defined by:

kϵ ≜
∂Fr

∂ϵ
(3.50)

The radial force Fr is obtained by integrating the MST over the same integration surface employed for
the axial force characteristic (fig. 3.9). The first column of the MST is thus also considered, in which
the axial component of the force per unit of area is not of interest. The axisymmetry of the bearing not
being conserved if incurring an eccentricity, the radial component of this force per unit of area vector
allows obtaining the resulting radial force acting on the rotor after integration.

Fr =
1

µ0

∫ 2τ3

0

∫ 2π

0

B2
r (RMST , z)Γ(θ, ϵ)

2

2
cos(θ)RMST dθdz (3.51)

in which Γ(θ, ϵ) is the modulation function. The radial force - radial position characteristic obtained with
a 3D FEA is compared to the values of the radial stiffness obtained with the Fourier model for different
numbers of harmonics (fig. 3.11). The radial stiffness computed with the Fourier model approximates
accurately the characteristic obtained with the FEA around the centered. As it is observed with the axial
stiffness, the radial stiffness is overestimated for small number of harmonics, which is also explained by
the overestimation of the radial magnetic flux density amplitude by the model in these conditions.

3.3.3 Tilt stiffness

The tilt stiffness links the tilt degree of freedom of the rotor to the detent torque acting on it when
incurring tilt. Similarly to what is performed for the radial stiffness, the Torque - tilt characteristic is
approximated by a stiffness since the model does not allow evaluating the exact magnetic flux density in
the bearing in such a configuration. The tilt stiffness is defined as:

kΨ ≜
∂TΨ

∂Ψ
(3.52)

37



0 10 20 30 40 50

0

20

40

60

ϵ (µm)

F
r
(N

)

FEA

FB5
FB20
FB100

Figure 3.11: Radial displacement - Radial force characteristic of the bearing. Comparison between 3D
FEA and FB model.

Figure 3.12: Illustration of the radial (green) and axial (blue) local forces contributing to the global tilt
stiffness acting on the rotor. The axial contribution is stabilizing, unlike the radial contribution.

where Ψ is the angle of rotation of the rotor around its center of mass. It is considered that the center of
mass of the rotor is radially centered and that the axis of rotation of the rotor goes through this center
of mass.

The resulting torque on the rotor originates from two contributions. One of the contribution is axial
and due to the azimuthal dependence of the axial local forces acting on the rotor, if this latter incurs
tilt. This contribution is stabilizing, as it generates a resulting torque opposite to the tilt. The other
contribution is radial and due to the disequilibrium of the local radial forces in the air gap if the rotor
incurs tilt. This contribution is destabilizing, as it generates a resulting torque in the same direction as
the tilt motion. The tilt degree of freedom of the rotor is stable as long as the axial contribution is greater
than the radial one. The two contributions are illustrated in fig. 3.12 and evaluated separately before
being summed to evaluate the global tilt stiffness.

Axial forces contribution

The axial contribution comes from the local axial displacement of the edges of the rotor that becomes
a function of θ if the rotor presents a tilt angle Ψ. This local axial displacement, linked with the axial
stiffness, leads to varying local axial forces, resulting in a torque. The axial deflection with respect to the
axial equilibrium point of the rotor of a point located in (r, θ) on the rotor undergoing a small tilt angle
Ψ is given by:

δ(r, θ) = Ψr cos (θ) (3.53)

As the iron rotor teeth are the part of the rotor that interact the most with the magnetic flied, it
is assumed that the axial position stiffness is uniformly distributed over these teeth. An equivalent
axial stiffness per unit of surface is defined and obtained by dividing the axial stiffness kz (obtained by
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performing a linear approximation of the characteristic presented in section 3.3.1) by the surface of the
iron teeth (i.e. π(R2

R,e − R2
R,i)). The local force generated by a local element of integration located in

the rotor at (r, θ) is consequently:

dF = δ(r, θ)
kz

π(R2
R,e −R2

R,i)
rdrdθ =

Ψr2 cos(θ)drdθ

π(R2
R,e −R2

R,i)
(3.54)

This local force, multiplied by its lever arm, is integrated over the surface of the iron teeth leading to the
resulting torque:

TΨ,z =

∫ 2π

0

∫ RR,e

RR,i

r cos(θ)dF =

∫ 2π

0

∫ RR,e

RR,i

Ψr3 cos(θ)2

π(R2
R,e −R2

R,i)
drdθ (3.55)

from which the axial contribution of the tilt stiffness is obtained by derivation, with respect to Ψ:

kΨ,z =
kz
4

R4
R,e −R4

R,i

R2
R,e −R2

R,i

(3.56)

Radial forces contribution

The evaluation of the radial contribution of the tilt stiffness is obtained similarly to the axial contribu-
tion. If undergoing a tilt angle, the position of a point located on the edge of the iron tooth becomes a
function of z. This local radial displacement, linked to the radial stiffness, gives rise to unbalanced radial
forces resulting in a torque on the rotor. These local radial displacements can be assimilated to a global
eccentricity that becomes a function of z. If zc is the axial position of the center of mass of the rotor in
the frame of the model, the z-dependant eccentricity is given by:

ϵ(z) = Ψ(z − zc) (3.57)

It is assumed that the radial stiffness is uniformly distributed over the outer edges of the rotor, which
allows to define an equivalent radial stiffness per unit of area by dividing the radial stiffness by the area
of these edges. The local force acting on a point located in (r, z, θ) is thus given by:

dF =
Ψ(z − zc)kϵdθdz

4πLI,R
(3.58)

The resulting torque is obtained by integrating the local force multiplied by its lever arm over the edges
of the rotor iron teeth: The radial contribution of the tilt stiffness is thus given by:

kΨ,r =
kϵ

6LI,R

(
(z1 − zc)3 + (z2 − zc)

3 + (z3 − zc)
3 − (z4 − zc)

3
)

(3.59)

where z1 = zc − LB/2 − LI,R, z2 = zc − LB/2, z3 = zc + LB/2 and z4 = zc + LB/2 + LI,R.

The tilt stiffnesses obtained with the Fourier model for different numbers of harmonics are compared
to the results obtained with the 3D FEA in fig. 3.13. The tilt stiffness given by the Fourier based model
tends to match the FEA analysis and the accuracy is enhanced for higher number of harmonics. The
machine used for the validation of the model is stable in tilt, as the tilt stiffness is negative.

3.3.4 Current stiffness

The current stiffness is the value that links the current flowing through the windings to the resulting
force that is applied to a radially centered rotor. Considering one radial degree of freedom for the rotor
(the eccentricity ϵ), the equation of the electromagnetic force is obtained by derivation of the co-magnetic
energy with respect to the eccentricity ϵ:

Fr =
∂Wcmag,0(ϵ)

∂ϵ
+

n∑
k=1

∂Φk,0(ϵ)

∂ϵ
ik +

1

2

n∑
k=1

n∑
j=1

∂Lk,j(ϵ)

ϵ
ikij (3.60)

Where Fr is the resulting radial force, Wcmag,0 is the co-magnetic energy present in the bearing if no
currents flow in the windings, Φk,0 is the magnetic flux circled by the windings of phase k if no current
flows in the windings, Lk,j is the inductance coefficient linking the phase k with the phase j and ik is
the current flowing through the phase k. The first term represents the detent force, which is null for a
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Figure 3.13: Tilt angle - Tilt torque characteristic of the bearing. Comparison between 3D FEA and FB
model.

perfectly centered rotor. The last term of the equation is the reluctant force, due to the variation of the
inductance coefficients of the windings with respect to the eccentricity and null for a perfectly centered
rotor, the inductance coefficients of the windings being symmetrical around the centered position. The
useful term of the equation corresponds thus to the electrodynamic force originating from the interaction
between the magnetic flux generated by the permanent magnets and the current flowing through the
windings. The current is consequently given by:

ki =
∂Φ

∂ϵ
(3.61)

where Φ is the total magnetic flux circled by the coils dedicated to one axis of actuation. Here, ϵ is the
eccentricity in the direction aligned with the axis of actuation considered.

The magnetic flux circled by the windings is obtained by integrating the magnetic flux density obtained
with the Fourier model and the modulation function over the four coils constituting a phase as in the
following equation:

Φ =

4∑
k=1

∫ RS,i

RW,i

∫ ΘW,e,k

ΘW,i,k

dΦk (3.62)

r θ

dθ

dr

dΦ
Φ

Figure 3.14: Illustration of the coil of infinites-
imal section for the integration.

The term dΦk corresponds to the flux circled by a
winding of infinitesimal section inside the real winding,
as illustrated in fig. 3.14. The section of this coil is dS =
rdrdθ and contains dSNW /SW turns, the go conductors
are located in (r, θ) and the back ones at (r,−θ). The
flux caught by such a winding is given by:

dΦ =
NW

SW
dS

∫ θ

−θ

∫ z2(θ)

z1(θ)

Br(r, z)Γ(θ′, ϵ)rdθ′dz (3.63)

where z1 and z2 are the axial coordinates of the begin-
ning and the end of the coil in the coordinate system of
the model.
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The stiffness given by the Fourier model is compared to the results of a FEA in table 3.5 for different
numbers of harmonics. Even though the Fourier model tends to converge towards the FEA for an increased
number of harmonics, the error made remains above 13 % of the value obtained with the finite element
model. This error originates from the overestimation of the effect of the eccentricity over the magnetic
flux density distribution outside an iron pole in the air gap (section 3.2.4). As the coils circle magnetic
flux outside the iron teeth, this contribution to the current stiffness is also overestimated. The reason for
which the radial stiffness is impacted to a lesser extent by this overestimation is that the square of the
magnetic flux density is integrated for its evaluation, which reinforces the difference of magnitude of the
radial magnetic flux density outside and inside the iron poles.

Table 3.5: Current stiffnesses obtained with different numbers of harmonics and the FEA.

FB5 FB20 FB100 FEA

ki [N/A] 15.771 15.187 14.9519 13.126
Relative error [%] 20.2 15.7 13.89 -

3.3.5 Windings electrical resistance

Although the electrical resistance of the windings is not a magnetic global value, this value remains
useful to evaluate the performance of the bearing. The resistance of one phase of winding is evaluated
similarly to what is done in [3], starting from the classical expression of the resistance:

R =
ρCul

A
(3.64)

in which R is the resistance, ρCu is the electrical resistivity of the material and l and A are namely the
length and the cross-section area of the conductor.

The length of conductor is approximated by the average length of one spire Lloop multiplied by the
number of spires in each coil NW multiplied by the number of coils per phase, four. Considering the
geometry of the coils, the average length of one loop is given by:

Lloop = LW,i + LW,e +
(RS,i +RW,i)

2

(π
2
(θW,e − θW,i) + 2θW,i

)
(3.65)

The cross-section of the cable used to form the windings is evaluated, considering the available space
in one ”slot” dedicated to the windings, the number of turns as well as the fill factor modelling the empty
space around the conductors in the slot. The surface of one cable is consequently given by:

Sc = η
Scoil

NW
= η

(θWe − θW,i)(R
2
S,i −R2

W,i)

4NW
(3.66)

leading to the expression of the electrical resistance of one phase of winding:

R =
16N2

W ρCuLLoop

η(θWe
− θW,i)(R2

S,i −R2
W,i)

(3.67)
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3.4 Analyzis

This section analyzes the results provided by the Fourier model to draw conclusions about the behavior
of the model and of the bearing. The impact of the periodization of the bearing in the Fourier model is
first assesses. The evolution of the position and current stiffnesses with respect to the axial position of
the rotor are then presented and analyzed.

3.4.1 Impact of the periodization

The impact of the periodization of the model is assessed by adjusting the length separating these
repetitions Lext. A model in which the periodization are separated by a long distance is more faithful
to the reality, but requires more harmonics for an accurate evaluation of the solution. Models in which
Lext is smaller require fewer harmonics, but might not give relevant results as the periodization impacts
these latter. Fig. 3.15 shows the axial detent force evaluated with the Fourier model with 20 harmonics
in region II as a function of Lext. The value of the axial magnetic force tends to oscillate as the value
of Lext is modified, but a convergence is roughly reached once the value of 60 mm is reached, which
corresponds to 170 % of the axial width of the stator. Below this value, the periodization of the bearing
alters the results given by the model. A similar observation is made for the other global values, as they
originate from the same magnetic flux density distribution.
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Figure 3.15: Axial magnetic force obtained with the Fourier model with 20 harmonics in region II as a
function of Lext.

Impact of the axial position of the rotor

As explained in chapter 2, the axial position of the rotor is expected to vary once the bearing is in
operation. The axial position of the rotor ∆z impacting the magnetic flux density distribution, it is
interesting to assess how the global characteristics of the bearing vary with this position. Fig. 3.16
shows the radial position stiffness kϵ as a function of the axial displacement ∆z. This stiffness remains
constant as long as the axial displacement is kept smaller than 1 mm and is lowered by 16.7% for an
axial displacement of 5 mm. Compared to fig. 3.10, this roughly corresponds to the linear portion of the
axial force - axial displacement characteristic.

A similar observation is made for the current stiffness as it originates from the same phenomena as the
radial position stiffness (fig. 3.17).

The tilt stiffness as a function of the axial displacement is provided in 3.18. It is observed that kΨ
strongly depends on the axial position of the rotor. This observation finds its explanation considering
that the lever arm of the radial detent force increases with ∆z. If ∆z increases, the lever arm of the
radial local forces increases as well. The tilt stiffness being the sum of the axial contribution (negative)
and radial contribution (positive), the resulting it increases similarly to an affine function.
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Figure 3.16: Radial position stiffness as a function of the axial displacement of the rotor ∆z.
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Figure 3.17: Current stiffness as a function of the axial displacement of the rotor ∆z.
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Figure 3.18: Tilt stiffness as a function of the axial displacement of the rotor ∆z.
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CHAPTER 4

MODELING THE FLYWHEEL

The dimensions of the FESS under development are determined by an optimization routine that aims
at optimizing the performance of the system as a flywheel. This section details the model that allows for
an evaluation of these performances and other global characteristics related to the FESS that are required
in the optimization routine. These models are meant to be executed after the magnetic model of the
bearing (see chapter 3) and use the global characteristics obtained with this model. The evaluation of the
axial equilibrium point of the rotor is first presented, as this equilibrium point influences the value of the
other global characteristics of the bearing. The mechanical model, characterizing the maximum speed
of the rotor, is then established and the evaluation of the self-discharge rate of the system, taking into
account the aerodynamic friction as well as the electrical consumption of the bearing, is finally presented.

4.1 Axial equilibrium point

The axial equilibrium point of the bearing is the axial position that the rotor reaches when it is incurs
gravity. This position is such that the gravitational force acting downward on the rotor is compensated
by the axial magnetic detent force that pulls the rotor upward. It is required to find the value of ∆z such
that Fz(∆z) = mrotorg, where mrotor is the mass of the rotor and g is the gravity constant (9.81 m/s2).

This equilibrium point is obtained through a dichotomic method that iterates on the value of ∆z until
the condition is satisfied within a given tolerance. An initial value, ∆z,0 is arbitrary chosen as a fraction
of the length of the permanent magnets LPM . For this axial position, the magnetic model is evaluated
and the magnetic detent force Fmag,0 is obtained and an axial equivalent stiffness kz,0 is estimated by
dividing Fmag,0 by ∆z, 0. From this axial stiffness, the axial equilibrium point ∆z,1 is estimated such
that kz,0∆z,1 = mrotorg. The magnetic model of the bearing is thus evaluated with ∆z,1 and the same
procedure is applied until the axial equilibrium point ∆z,n is such that:

|Fmag(∆z,1)−mrotorg| < tol (4.1)

where tol is the numerical tolerance. The dichotomic method is illustrated in fig. 4.1. The convergence of
the method is ensured by the monotonicity of the axial force - axial displacement and would not converge
if the initial axial position was chosen too far beyond the equilibrium point where the rotor is unlocked
from the stator and does not interact with it anymore.

∆z

F

Fmag(∆z)

mrotorg

∆z,0 ∆z,1

kz,0

kz,1

Figure 4.1: Illustration of the working principle and the convergence of the dichotomic method employed
to obtain the axial equilibrium point of the rotor.
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After the first iteration, the model compares the estimated axial equilibrium position with the total
width of the rotor to stop the iteration process if the machine does not have a sufficient axial position
stiffness to stand the weight of its rotor. This feature is employed in the optimization routine.

4.2 Speed limit: mechanical stress in the rotor

This section explains how the speed of the rotor is mechanically limited. When the flywheel rotates
around its center of mass, mechanical stress appear inside the material due to the local centripetal
acceleration. The mechanical stress increases with the speed of the rotor and, if not properly designed,
gives rise to cracks leading to the failure. A limit upon the speed at which the rotor is allowed to rotate
is required to avoid this problem, which imitates the maximum energy that can be stored in the FESS.
The static and fatigue design leading to the evaluation of this limit is presented in this section.

4.2.1 Static design

The rotational speed of the rotor, Ω, is considered constant in the first place. To evaluate the mechanical
stress in the rotor, this latter is considered as a hollow cylinder of inner radius RR,d, outer radius RR,e

and a height 2LI,S + LB . This assumption adds matter to the real rotor and lead to an overestimation
of the actual mechanical stress in the real rotor, which acts as a safety factor on the speed limit of the
rotor. It is considered that the upper and lower surfaces of the cylinder deform themselves freely and
that the rotation of the rotor only results in radial (σr) and azimuthal (σθ) stresses. The appendix B,
inspired by [28], explains how to evaluate analytically the mechanical stress in a hollow cylinder rotating
at constant speed. The resulting radial and azimuthal stresses are given by:

σr(r) =
ρΩ2

8

3− 2ν

1− ν

(
R2

R,e +R2
R,d −

R2
R,eR

2
R,d

r2
− r2

)
(4.2)

σθ(r) =
ρΩ2

8

3− 2ν

1− ν

(
R2

R,e +R2
R,d +

R2
R,eR

2
R,d

r2
− (1 + 2ν)

3− 2ν
r2

)
(4.3)

where ν is the Poisson coefficient of the material and ρ is its density. The rotor being made of ductile
materials, the equivalent Von Mises stress is compared to the yield stress of the material, σy to determine
the speed limit of the rotor. The Von Mises stress, for a planar strain, is given by:

σVM (r) =
√

σ2
r + σ2

θ − σrσθ (4.4)

The static condition to avoid a failure of the rotor is:

max(σVM (r)) <
σy

ks
(4.5)

where ks is the safety factor, set to two in this application, that allows for taking into account the
uncertainty over the materials, the load or the stress concentrations that appear because of the real
shape of the rotor.

The Ω2 present in the expression of the stresses is taken out of the square root, giving the following
expression for the maximum speed that the rotor can reach in static:

Ωmax =

√
2σy

ks ×max(σVM (r)/Ω2)
(4.6)

4.2.2 Fatigue design

The assumption over the constant speed of the rotor is lifted in this section. Throughout its service, a
flywheel undergoes cycles of charge and discharge in which the speed first increases to a given level and
decreases until the flywheel is empty. The load introduced in the static design is thus not constant but
cyclic. The cyclic load tends to give rise to cracks appearing in the material even though the rotor is
well-designed to withstand the static load. A fatigue design must be applied to avoid the fatigue failure
of the materials. The cyclability of the FESS being one of its main advantages over classical ESS, an
infinite number of cycles is considered for the fatigue design. The methodology applied to design the
rotor in fatigue is inspired by [27].
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The endurance limit of the rotor is given by: Sn = S′
nCLCGCSCTCR. Where Sn is the endurance

limit in MPa, S′
n is the R.R.Moore’s endurance limit in MPa, CL is the load factor, CG is the gradient

factor, CS is the surface finish factor, CT is the temperature factor and CR is the reliability factor. The
values of these factors chosen for this application are given in table 4.1 considering a 106 cycles before
failure which is equivalent to an infinite number of cycles before failure.

Table 4.1: Values of the factors used for fatigue design.

Factor CL CG CS CT CR

Values 1.0 1.0 0.6 1.0 0.753

The mean value (σm) and the alternating value (σa) of stress level are required for the fatigue design.
It is considered that the load applied on the rotor varies between 0 and the maximum value σVM obtained
in the static design, which corresponds to a situation in which the flywheel is fully charged and discharged
at each cycle, and is the worst case for the fatigue design. The values of σm and σa are thus equal to the
half of the maximum value of stress that can be achieved.

σa

σm

σy

σy

Static

Sn

Su

Fatigue

Load
Operating point

Figure 4.2: Constant-life fatigue diagram: the oper-
ating point must remain within the green area.

A constant-life fatigue diagram is built in fig.
4.2. The rotor withstands the cyclic load if the op-
erating point, illustrated on the graph, that moves
along the Load line as Ω is increased, remains in
the green area, below the fatigue and static limit
lines. The line on which the operating point moves
follows the equation σa(σm) = σm, the static and
fatigue limit lines are expressed by: σa(σm) =
σy − σm and σa(σm) = Sn − σm

Sn

Su
, respectively.

The intersection between the load and fatigue lines
occurs at σm = Sn − σm

Sn

Su
and the intersection

between the load and static line occurs at σm =
σy − σm. The two solutions of these equations are
given by eq. 4.7. The minimal value between these
two solutions is consequently chosen for the fatigue
design (σm,min). The maximum rotational speed
of the rotor, that allows it to stand a cyclic load,
is consequently such that σm(Ω) = σm,max.{

σm ≤ Sn

1+Sn/Su

σm ≤ σy/2
(4.7)
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4.3 Self-discharge time

As explained in section 1.1, the self-discharge of the FESS is a critical performance as it is the main
disadvantage compared to other energy storage technologies such as Lithium-ion batteries. The SHH-
AMB aiming at reducing the losses in the bearings, it is required to evaluate the duration in which the
FESS discharges itself. The self-discharge time of the FESS under study is defined by the time required
for the FESS to dissipate 50 % of the energy that was stored initially, if no power is injected or extracted
from the energy storage system. It is considered, during this test, that the power consumption of the
magnetic bearing is extracted from the flywheel such that no external power supply is connected to the
device. As the iron losses occurring in the bearing are suppressed by the use of SHH-AMB, two kinds of
losses give rise to the discharge of the flywheel: the power consumption of the magnetic bearing and the
aerodynamic friction acting on the rotor in rotation. This section explains how these two contributions
are estimated and what is their impact on the self-discharge time of the flywheel.

4.3.1 Conservation of the energy

The evaluation of the self-discharge time of the FESS requires the knowledge of the time evolution
of the energy stored in the flywheel that is obtained by deriving the law of conservation of the energy
applied to the rotor. The time variation of the kinetic energy stored inside the flywheel is equal to the
power losses that it incurs. Considering the expression of the kinetic energy of rotation of a rotating
mass, the law of conservation of energy for the flywheel is given by:

dEk(t)

dt
=

d

dt

(
IzΩ(t)

2

2

)
= IzΩ(t)

dΩ(t)

dt
= PJoule + PAero(Ω(t)) (4.8)

where Ek is the kinetic energy of rotation of the rotor, Iz is its inertia along its principal axis of rotation,
Ω is its rotation speed, and PJoule and PAero are namely the Joule losses and the aerodynamic losses
occurring within the system rotor and are negative. This differential equation is integrated, starting from
an initial kinetic energy Ek,0, until it reaches the half of Ek,0 giving the self-discharge time of the flywheel.

4.3.2 Joule losses

The Joule losses come from the current flowing through the windings of the SHH-AMB, required to
control the rotor position. Given a control current ic, the Joule losses are given by:

PJoule = Ri2c (4.9)

where R is the resistance of one phase of the windings of the bearing (section 3.3.5).

∆ϵ

Center of mass

Geometrical center

Figure 4.3: The rotor and its unbalanced
center of mass.

The control current is determined by the disturbances act-
ing on the rotor, as a not disturbed rotor does not require
current to remain in a central position. Among the distur-
bances that the rotor incurs, it is assumed the one coming
from the not perfectly balanced rotor is the most critical.
Indeed, to every manufactured rotating part constituting a
mechanical system, is associated a balance grade G in ac-
cordance with the ISO 21940 standard. The G grade of a
part refers to the radial distance ∆ϵ between the geometrical
center of the part and its actual center of mass, as depicted
in fig. 4.3. A well-balanced part has a small G and implies
a small distance between the two centers. Typical values of
G grades are given in [44]. A grade of 6.3 for the FESS is
advised but, this grade being a choice left to the manufac-
turer, a value of 2.5 is chosen to improve the performances of
the bearing while remaining within a realistic value, typically
used for electrical motors and generators.

The relation linking ∆ϵ to the G grade is given by:

G = Ω0∆ϵ (4.10)

where Ω0 is the operational rotation speed of the rotating mass. In the case of the FESS under study,
the operational speed is considered to be the speed at which the kinetic energy of the flywheel is equal
to Ek,0.
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The control of the rotor is such that it rotates around its principal axis of inertia (i.e. around the
center of mass) and presents a constant eccentricity ∆ϵ once it is in rotation. This eccentricity, through
the radial position stiffness kϵ, gives rise to a radial detent forces that needs to be compensated by the
control currents of the axis of actuation. The current required to compensate the radial detent force due
to the eccentricity if this latter is aligned with the concerned axis of actuation is given by:

ic =
kϵ∆ϵ

ki
(4.11)

Due to the rotation of the rotor, the control current that compensates this eccentricity is an alternative
current oscillating between this value and its opposite at a frequency Ω. The RMS value of this control
current and the Joule losses that it generates when flowing through the two phases of windings is given
by:

ic,RMS =
kϵ∆ϵ

ki
√
2

⇐⇒ PJoule = RW
k2ϵ∆ϵ

2

k2i
(4.12)

The value of the Joule losses does not vary with time or the rotation speed and is constant during the
whole discharge of the FESS.

4.3.3 Aerodynamic friction

An accurate evaluation of the friction losses occurring within the bearing requires complex numerical
methods such as FEA to be performed. These models are not compatible with the optimization routine
and would slow down the characterization of the system as a flywheel and would make the quick evaluation
of the magnetic properties of the bearing useless. The problem fluid mechanics problem is thus split into
several simple problems that can be approximated analytically.

Fig. 4.4 illustrates the three origins of aerodynamic friction into which the complex problem is de-
composed. The red area represents the friction occurring in the air gap. The problem is assimilated to
two cylindrical walls separated by air, one of which rotates at a rotational speed of Ω. The green area
represents the friction occurring between the PM ring and the inner part of the rotor. The fluid mechanics
problem in this part is approximated similarly to the one in the red area. The orange area represents
the friction occurring on the upper and lower edges of the rotor, where a boundary layer problem is
considered.

Figure 4.4: Illustration of the different origins of aerodynamic friction occurring on the rotor.

Air gap aerodynamic friction

Similarly to [45], an incompressible Couette flow is considered within the air gap. It assumed that this
flow is turbulent as the flywheel is meant to rotate at high speed. The shear stress applied onto the rotor
surface τwall due to such a flow, is given by:

τwall =
1

2
cfρair

(vwall

2

)2
(4.13)
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where cf is the skin-friction coefficient, ρair is the density of the fluid and vwall is the speed of the surface
of the rotor in contact with the air. The expression of the skin-friction coefficient cf is given by:

cf = 2

(
κ

lnRec
G(Λ, D)

)
(4.14)

where G(Λ, D) is a function defined such that Λ
G + 2 ln Λ

G −D, Λ = 2 lnRec, D is a coefficient equal to

2(ln 2κ+ κ(C+ +C)), κ is the Karman constant (0.41), C+ is a universal constant equal to (5) and C is
evaluated at 2.1 through experimental approximations. The Reynold number Rec is defined as ρair

vwallh
µair

,
where h is the axial length of the Couette flow.

The value of τwall is multiplied by the radius of the rotor and integrated over the outer surface of the
rotor iron teeth to obtain the resulting torque applied to the rotor. By multiplying this torque by the
rotational speed of the rotor, the air gap origin of the aerodynamic friction losses is obtained:

Pfriction,airgap =
cfρairπR

4
R,eLI,rΩ

3

4
(4.15)

Aerodynamic friction between the inner part of the rotor and the permanent magnet ring

The same procedure is applied to obtain the friction torque and losses occurring in the region between
the permanent magnets and the inner part of the rotor:

Pfriction,PM−rot =
cfρairπR

4
R,iLB,RΩ

3

4
(4.16)

Aerodynamic friction on the upper and lower edges of the rotor

On the edges of the rotor, a boundary layer problem is considered in which the rotating disk of the rotor
is assimilated to a moving wall in contact with ambient air. Classical boundary layer problems are applied
to a planar wall travelling at a constant speed. The disks forming the edges are thus decomposed into
an infinite number of bands of radial thickness dr travelling at a speed Ωr to which a classical boundary
layer problem is applied. The resulting torque is obtained by integrating the shear stress obtained from
the boundary layer problem.

The friction shear stress acting on the circular band is obtained through the skin-friction coefficient
that is approximated in boundary layer problems by:

cf =
τwall

1/2ρairu2
wall

≃ 0.664Re−1/2
x (4.17)

where the characteristic length x for the Reynold number Rex is the length of the considered band 2πr.
The expression of τwall is given by:

τwall(r) =
0.664ρairΩ

3/2r

2

(
2π

νair

)−1/2

(4.18)

where νair is the kinematic viscosity of the air.

The resulting torque is obtained by integrating the expression of τwall multiplied by its lever arm over
the disks forming the edges of the rotor. The aerodynamic losses due to this torque is given by:

Pfriction,edges =
R4

R,e −R4
R,d

4

0.664

2

(
2π

ν

)
2πρΩ5/2 (4.19)
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CHAPTER 5

OPTIMIZATION

This chapter explains the optimization routine used to obtain the parameters of the SHH-AMB under
study, leading to the best performances as a FESS. The optimization is a multi-objective problem acting
on several variables, being the parameters of the bearing, while ensuring the compliance to constraints
that are applied to the devices encountered during the routine. The result of such a procedure is a
Pareto front whose every device is the best in one of the objectives for a given performance in the
other objectives. The algorithm that is used to solve this problem is a non-dominated sorted genetic
algorithm-II (NSGA-II), implemented in the platform Optimeed. This chapter starts by presenting the
objectives of the optimization problem. Secondly, the variables on which the algorithm acts are listed
and explained. The constraints applied to the devices generated by the algorithm are then presented
and justified. The process through which a device goes once it is generated by the algorithm, allowing to
evaluate the objectives and the constraints, is then explained and the results of the optimization procedure
are presented and analyzed.

5.1 Optimization objectives

The objectives that are given to the optimization algorithm are meant to represent the performances of
the SHH-AMB under study as a FESS rather than as a bearing. The role of the active magnetic bearing
being to reduce the losses whose the guidance system is responsible, it seems relevant to evaluate the
self-discharge rate of the FESS, presented in section 4.3 as it is also the main disadvantage of FESS with
respect to other energy storage systems. The first objective given to the optimization procedure is thus
the self-discharge time defined as the time required for the system to dissipate half of the energy that
was initially present within the system. The amount of initial energy E0 is chosen here as the amount of
energy stored in a small battery having the following specifications: 12 V and 100 mAh, corresponding
to 4320 J . Regarding the aerodynamic environment of the flywheel, the optimization is performed in
two configurations: at atmospheric pressure or at a lower pressure to simulate the flywheel performing
in a vacuum chamber. The considered aerodynamic characteristics in the two possible configurations are
presented in table 5.1

Table 5.1: Aerodynamic characteristics of the air in the two configurations considered.

Configuration Pressure (bar) Density (kg/m3) Dynamic viscosity (µNs/m2)

Atmospheric 1.0325 1.292 18.03
Vacuum 0.001 0.00108 19.622

Another issue with FESS is their weight and the space they can take, especially if the self-discharge
time is aimed at being maximized. To avoid the results of the optimization simply being the heaviest
flywheel, a second objective is given to the algorithm, being the total mass of the system that is to be
minimized. The purpose of the optimization procedure is thus to find the FESS that dissipates the less
quickly its energy while being as light as possible. The optimization objectives are summarized in table
5.2.

Table 5.2: Optimization objectives.

Objective Target

Self-discharge time maximize
Total mass minimize
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5.2 Optimization variables

This section enumerates the variables that are given to the optimization algorithm and how they are
linked to the SHH-AMB. The variables are split in different sets regarding the nature of the effect of the
parameters. The variables affecting the dimensions of the ferromagnetic parts, the permanent magnets
and the windings dimensions are first presented. The second set of variables affects the electromagnetic
behavior of the bearing through the windings and the permanent magnets.

5.2.1 Geometrical variables

A significant part of the variables given to the optimization procedure are related to the geometry of
the bearing. It could be chosen to provide each of the parameters presented in fig. 2.2 to the optimization
algorithm to let it act on the dimensions of the bearing to obtain the best performances. This choice
would lead to many devices that are not physically possible due to the random nature of the value that
takes the optimization variables in a genetic algorithm (e.g., a bearing with inner radii greater than
outer ones). Constraints could be employed to remove these unfeasible devices, but would degrade the
convergence of the algorithm. It has been decided to employ ratios rather than absolute values of the
dimensions to avoid this problem. The value of the outer radius of the stator RS,e, which is the greatest
radius for a feasible machine, is first set and the other radii are determined thanks to the ratios defined
in table 5.3. In that way, unfeasible machines are avoided without additional constraints. The value of
RS,e is not set as an optimization variable but at 130 mm, the maximum acceptable value possible for
the prototype, as it has been observed in preliminary optimizations that maximizing the self-discharge
time of a FESS leads to machines that are radially spread at a most. The same idea is employed for
the axial lengths that are determined from the value of LPM and the ratios defined in table 5.3. As no
similar conclusions can be drawn for the length of the permanent magnets LPM , this latter is part of the
optimization variables provided to the algorithm.

Table 5.3: Definition of the ratios over the dimensions of the bearing that are employed as optimization
variables.

Symbol Signification Expression

αRPM
Ratio between the stator outer radius and PM inner radius RS,e/RPM,i

αRS,i
Ratio between the PM inner radius and stator inner radius RPM,i/RS,i

αRW,i
Ratio between the stator inner radius and windings inner radius RS,i/RW,i

αRR,e
Ratio between the windings inner radius and rotor outer radius RR,e/RW,i

αRR,i
Ratio between the rotor outer radius and rotor inner radius RR,i/RR,e

αRR,d
Ratio between the rotor inner radius and rotor innermost radius RR,i/RR,d

αLB
Ratio between the rotor middle width and stator PM width LB,r/LPM

αLR
Ratio between the rotor iron teeth width and rotor middle width LI,r/LB,r

αLS
Ratio between the stator iron teeth width and PM width LI,s/LPM

αLW
Ratio between the winding inner width and stator iron teeth width LW,i/LI,s

To optimize the performances of the bearing, the value of the outer opening angle of the windings ΘW,e

is set at the maximum possible value: 90 ◦. The inner opening angle ΘW,i is left as an optimization variable
from which the outer axial length of the end windings LW,e is determined so that the cross-sectional area
of the windings in the (r, θ) and (r, z) planes are equal, leading to:

LW,e = 2(SW /(RS,i −RW,i + LW,i) (5.1)

where SW is the cross-sectional area of the windings evaluated in the (r, θ) plane:

SW =
(ΘW,e −ΘW,i)

(
R2

S,i −R2
W,i

)
2

(5.2)
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5.2.2 Electromagnetic variables

The other variables are related to the magnetization of the permanent magnets and the number of
turns in the windings. The number of turns in the windings NW impacts the current stiffness, which is
proportional to this number. On the other hand, the electrical resistance also depends on this number.
The number of turns NW is thus provided as a variable to the optimization algorithm so that a trade-off
between high current stiffness and high electrical resistance is found by the algorithm.

To make the polarizing magnetic flux density independent of the dimensions of the bearing, a fill factor
is applied to the permanent magnet PMFF that multiplies the remanent flux density of the permanent
magnets. This factor also helps to model the real permanent magnet that is not made of one ring but of
several rectangular permanent magnets that do not occupy all the available area. This fill factor is also
provided as an optimization variable.

The optimization variables and the intervals of values the algorithm is allowed to give to these variables
are summarized in table 5.4.

Table 5.4: Optimization variables.

Variable Units Range

αRPM
- [0.7 - 0.999]

αRS,i
- [0.7 - 1]

αRW,i
- [0.9 - 0.999]

αRR,e
- [0.85 - 0.999]

αRR,i
- [0.05 - 0.95]

αRR,d
- [0.05 - 0.9]

LPM mm [10 - 30]
αLB

- [0.9 - 1.2]
αLR

- [0.7 - 1.4]
αLS

- [0.6 - 1.3]
ΘW,i

◦ [65 - 88]
αLW

- [0.0 - 1.1]
NW # [20 - 300]

PMFF - [0.45 - 0.9]
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5.3 Optimization constraints

The optimization algorithm generates machines from the variables given in section 5.2. Some of these
machines might not be feasible, for practical reasons. To avoid this kind of unfeasible machines being
output by the algorithm, optimization constraints are added to the problem. The machines that do
not comply with these additional constraints are removed from the Pareto front that is output by the
algorithm. In the interface used for the optimization, to each constraint is associated an expression
that is evaluated for each machine that is generated by the algorithm. The machine complies with the
constraints only if the values of all the expressions are negative. The expression related to a constraint
must be chosen carefully so that a machine that almost complies to the constraint has a value that is
slightly positive for this expression, as the algorithm considers this value to adapt the variables in the
next generation of machine. The constraints employed for this optimization are presented, justified and
grouped by their nature.

5.3.1 Geometrical constraints

The geometrical constraints groups the constraints that are required to ensure the geometrical coher-
ence of the machine that cannot be ensured by the intervals used in the optimization variables. These
constraints concern the overlapping nature of the windings and the number of turns in the coils.

Overlapping constraints

As explained in section 2.1, the parameters used to describe the bearing allow the windings to be inset
and overlapping which means the end windings are allowed to be placed inside the iron poles (inset)
and that the end windings of two coils are allowed to be placed on each other. It is required to apply
a limit over the external length of the windings LW,e to avoid the end windings to reach the other iron
pole and to leave enough space to bend the cables (fig. 5.1). The overlapping configuration also requires
room for the end windings to be superimposed, either in the air gap or between the permanent magnets
and the stator iron teeth. Fig. 5.2 illustrates the two configurations. As the results of the preliminary
optimizations show long air gaps, the windings are superimposed in the air gap.

Figure 5.1: Overlapping configuration. The left configuration is not feasible because of a too big outer
axial length of the winding, leaving not enough space to bend the cables.

Figure 5.2: Overlapping configuration: The windings are superimposed in the air gap (left) or between
the permanent magnets and the stator iron teeth (right).

These two constraints are modeled with the following expressions:

LW,e − LI,S − 2LPM + 3(RS,i −RW,i)

2RS,i −RPM,i −RW,i

(5.3)

where the first and second lines are respectively the constraints related to the axial length of the end
windings and to the radial space available in the air gap.
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Number of turns in the coils

The number of turns in the coils NW is left as an optimization variable. From this number, the fill factor
η and the cross-sectional area of one coil, the maximum cross-sectional area of the conductors is evaluated.
The more turns are made, the smaller this area is. As infinitely thin cables are not achievable, a minimal
cross-sectional area of cable is added to the optimization constraints to avoid unfeasible windings:

Sc,min − SW η

NW
(5.4)

where Sc,min is the minimal cross-sectional area of the conductors, set to 0.1 mm2.

5.3.2 Saturation constraints

The model developed in chapter 3 does not take the magnetic saturation occurring in the ferromagnetic
materials into account. This is not a problem if the magnetic flux density in the ferromagnetic materials
remains under the saturation level of the material. Otherwise, the global characteristics obtained by the
model are not valid for the real bearing. Machines in which saturation of the magnetic flux density occurs
in the ferromagnetic materials must be removed from the optimization.

In the SHH-AMB under study, the magnetic saturation is likely to appear in three regions of the
bearing: The stator and rotor iron teeth and the inner part of the rotor. As illustrated in fig. 5.3, the
magnetic saturation appears if the section perpendicular to the circulation of the magnetic flux density
of one of these regions becomes too small.

Figure 5.3: Illustration of the three places at which magnetic saturation can occur in the SHH-AMB: No
saturation (upper left), saturation in the stator iron teeth (upper, right), in the rotor iron teeth (lower
left) and in the inner part of the rotor (lower right).

The model not computing the magnetic flux density inside the ferromagnetic materials, this latter is
estimated from the magnetic flux density in the air gap. As the ferromagnetic are assumed ideal in
the model, the magnetic flux entering in one of the iron teeth is conserved in the whole ferromagnetic
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part. The magnetic flux flowing through the stator teeth Φiron,stator is obtained by integrating the air
gap radial magnetic flux density over the entry of one of the stator iron teeth. By assuming a uniform
distribution of the magnetic flux density in the iron teeth, the magnetic flux density is estimated by
dividing the magnetic flux by the surface. The most critical place is where the surface is the smaller, for
the stator, it is at the entry of the iron teeth, at r = RS,i. The saturation constraint for the stator iron
teeth is thus given by:

Φiron,stator

2πRS,iLI,S
−Bsat (5.5)

where Bsat is the saturation level of the ferromagnetic materials, set at 1.5 T in this optimization.

The saturation constraint for the rotor iron teeth is obtained by analogy to the stator one. The most
critical surface is at the smallest radius RR,i:

Φiron,rotor

2πRR,dLI,R
−Bsat (5.6)

The constraint avoiding the saturation in the inner part of the rotor is obtained by estimating the
magnetic flux density from the magnetic flux Φiron,rotor as it is conserved in the magnetic circuit that is
the rotor. This constraint is thus written:

Φiron,rotor

π
(
R2

R,i −R2
R,d

) −Bsat (5.7)

5.3.3 Performances constraints

The last set of constraints regard the performances of the bearing. The optimization not aiming at
optimizing these performances, it is required to ensure that the bearing is performant enough to be used
in this flywheel application.

Axial stability

Section 4.1 presented a module that evaluates the axial equilibrium position of the rotor, once gravity
is applied. If the axial stiffness is not sufficient, the bearing is not capable of sustaining its own weight
and the axial equilibrium module returns a very high unrealistic value ∆z. Such machines are removed
from the optimization by applying the following constraint:

∆z,eq −∆z,max (5.8)

where ∆z,max is a maximum value of axial equilibrium point, set at 5 mm for this optimization.

A safety factor is additionally applied to the weight that the bearing is able to heave through an
additional constraint consisting in evaluating the magnetic force developed on the rotor showing an axial
displacement being twice the value of the equilibrium point. This force is expected to be twice the weight
of the rotor, if not, it means that the rotor is unlocked from the stator and is not stable enough axially.
To account for the degressive behavior of the axial displacement - axial force characteristic, machines that
produce at least 90 % of twice the weight of the rotor are accepted by the constraint that is illustrated
in fig. 5.4. This gives rise to the following expression:

Fmag(2∆z,eq)− 0.9× 2mrotorg (5.9)

Lift-off current

I f the controller of the active magnetic bearing is turned off, the rotor rests on lift-off ball bearings that
leave a free play. The rotor is not in contact with this ball bearing as its position is controlled. As the
controller is turned on, it is required to overcome the radial detent force by imposing a sufficient current
in the windings whose minimal value imin is given by:

imin =
kϵϵinit
ki

(5.10)

where ϵinit is the free play left by the lift-off ball bearings, set at 1.5 mm in this optimization.
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∆z,eq 2∆z,eq

Figure 5.4: Illustration of the axial stability constraint. The left and right machines are respectively
stable and not stable enough.

The maximum achievable current Imax is set by the power electronics that supplies the magnetic
bearing either by the voltage limit Vmax set at 12 V or by the power limit Pmax set at 24 W :

imax = min(
Vmax

R
,

√
Pmax

R
) (5.11)

The lift-off current constraint ensures that the power electronics is capable of lifting the bearing such
that imax is greater than Imin:

imin − imax (5.12)

5.3.4 Maximum speed

The optimization objective related to the self-discharge time considers an initial energy of 4320 J stored
in the flywheel. It is thus required that the mechanical design of section 4.2 allows the rotor to rotate
fast enough to store this energy. The constraints is expressed as:

E0 −
IzΩ

2
max

2
(5.13)

where Ωmax is the maximum rotation speed of the rotor.

The constraints applied in the optimization problem are summarized in table 5.5

Table 5.5: Optimization constraints.

Constraint Expression (< 0) Units

Overlap, axial LW,e − LI,S − 2LPM + 3(RS,i −RW,i) mm
Overlap, radial 2RS,i −RPM,i −RW,i mm

Conductor cross-section Sc,min − SW η
NW

mm2

Saturation, stator teeth
Φiron,stator

2πRS,iLI,S
−Bsat T

Saturation, rotor teeth
Φiron,rotor

2πRR,dLI,R
−Bsat T

Saturation, rotor inner part
Φiron,rotor

π(R2
R,i−R2

R,d)
−Bsat T

Axial equilibrium ∆z,eq −∆z,max mm
Axial stability Fmag(2∆z,eq)− 0.9× 2mrotorg N
Lift-off current imin − imax A

Maximum speed E0 − IzΩ
2
max

2 J
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5.4 Optimization chart

This section presents a block diagram explaining the process through which goes a machine generated
by the algorithm to evaluate the constraints and the objective thanks to the models presented in chapters
3 and 4 in an appropriate order. The optimization chart is available in fig. 5.5

Optimization
variables

Dimensions
re-computation

Axial
equilibrium

Fourier-based
model

Masses and
inertia

evaluation

Maximum speed
evaluation

Self-discharge
time

evaluation

Axial
force

Geometrical

Maximum
speed

Magnetic
saturation

Lift-off
current

Mass

Self-
discharge

αi, ... RS,i, ...

∆z,eq

mrotor, Iz, ... B, ki, kϵ, ... Ωmax

Figure 5.5: Optimization chart. Models are in blue rectangles, constraints in red rhombuses and objectives
in green circles.
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5.5 Results and analysis

This section shows the results that are output from the optimization algorithm with the optimization
objectives, variables, and constraints that are presented in this chapter. The validity of the optimization
is first assessed by analyzing the variables and the value of the constraints of the machines that are
part of the Pareto front. The Pareto fronts are presented, and the methodology employed to choose the
dimensions of the prototype is finally explained.

5.5.1 Variables and constraints at the stop

Table 5.4 shows the different optimization variables and the range of value of the optimization algorithm
is allowed to give to these variables. The upper and lower limits of these intervals are called the stop. It
is important to make sure that the optimization variables of the machines of the Pareto front output by
the optimization algorithm are not at one of the stop of the interval concerned. If it is the case, the stop
applied to this interval limits the performances of the machine and the value of the stop must be called
into question. If the stop cannot be changed for practical reasons, the optimization variables are removed
from the optimization problem and are set at the value of the stop to improve the convergence of the
algorithm. The same procedure is applied to the constraints. This sections details the variables that are
subject to this concern by analyzing the results of the first optimization and explains the changes that
are applied.

Inner radius of the permanent magnets

The optimization variable αRS,i
of the machines being part of the Pareto front tends to be at the upper

stop of its interval (1.0) giving rise to a machine similar to what is shown in fig.5.6 in which the permanent
magnets have the same inner radius than the stator teeth. The effect of the iron teeth is still present in
such a configuration, as the permanent magnets have a relative magnetic permeability similar to the air.
As the Fourier model does not require the existence of the region V to be functional, the optimization
variable is removed from the problem and RS,i is set equal to RPM,i.

Figure 5.6: Illustration of a machine whose αRS,i
is equal to 1.0.

Radius of the hole of the rotor

The optimization variable αRR,d
also tends to be at its lower stop for the machine of the Pareto front

leading to rotor as radially spread as possible (fig. 5.7). This result seems obvious in the point of
view of the optimization of the self-discharge time as the inner elements of the rotor are subject to less
aerodynamic friction than the outer parts of the rotor. As room in the hole of the rotor is required for
auxiliary elements (chapter 6) full rotors are not possible and a minimal value for RR,d is required. The
optimization variable is removed from the problem, the value of RR,d is set at 25mm and a constraint is
added to avoid machines presenting a RR,i smaller than RR,d.

Magnetic saturation

The constraint related to the magnetic saturation in the inner part of the rotor tends to be as close to
zero as possible, such that the machine of the Pareto front have a magnetic flux density inside the rotor
as close to the saturation level as possible. As the aerodynamic friction occurring between the inner part
of the rotor and the permanent magnets is taken into account, the optimization algorithm tries to move
the matter of the rotor toward the iron teeth that are really useful to limit the friction and to minimize
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Figure 5.7: Illustration of a machine whose αRR,d
is at its lower stop.

the mass of the bearing. The same observation is made in the saturation constraint in the stator teeth.
The magnetic saturation constraint requiring an evaluation of the magnetic flux density distribution by
the Fourier model to obtain the magnetic fluxes, nothing can be changed in the problem to improve the
convergence.

5.5.2 Pareto fronts

Fig. 5.8 shows the results of the optimization procedure and highlights the Pareto front gathering the
optimized machines presenting a maximum self-discharge time for a given total mass. The optimization
is performed at atmospheric aerodynamic conditions and in the vacuum. As the machine resulting of the
two optimizations are similar, only the results output by the optimization in the vacuum are kept. Fig.
5.9 illustrates three machines being part of the Pareto front, the lightest machine with the smallest self-
discharge time, the heaviest machine with the greatest self-discharge time and an intermediate machine
chosen in the middle of the Pareto front.

Figure 5.8: Results of the optimization procedure for two aerodynamic conditions: Atmospheric pressure
(left) and vacuum (right). The units of the self-discharge time for the atmospheric is the minute and the
hour for the vacuum.

5.5.3 Analysis

Elbow in the Pareto front

The Pareto front of fig. 5.8, presents an elbow. The self-discharge time of the machine increases with
respect to the mass faster for machines with masses smaller than 7 kg than for heavier machines. Such
elbow appears in optimization problems as one of the optimization variables reaches or leaves its lower
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Figure 5.9: Machines being part of the Pareto front: Lightest machine with lowest self-discharge time
(left), the heaviest machine with greatest self-discharge time (right) and intermediate machine (center).

or upper stop, respectively. The optimization variable responsible for the elbow is identified by observing
the value of the optimization variables of the machine being part of the Pareto front with respect to one
of the objectives. The variable that leaves or reaches one of its stops when the optimization objective
reaches the value at which the elbow occurs is responsible for the elbow. Fig. 5.10 shows that the axial
length of the permanent magnet LPM is the variable responsible for the elbow in the Pareto front.

Figure 5.10: LPM with respect to the mass for the machine part of the Pareto front. The variable leaves
its lower stop (15 mm) when the mass of the machine is 7kg.

The length of the permanent magnets being the responsible of the presence of the elbow translates
the trend of the algorithm to minimize the axial length of the rotor as long as it is possible to minimize
the weight as it is more efficient to add matter radially to improve the self-discharge time than axially.
Once it is not possible to add matter radially, the algorithm increases the axial size and the inertia of the
machine to keep improving the self-discharge time at a minimal weight.
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Length of the air gap

The machines being part of the Pareto front tend to show high value of air gap length (about 10 mm)
compared to what is classically observed for magnetic bearings and electrical machines (about 1 mm).
To explain the presence of such big air gaps, the performances of one machine, chosen arbitrary among
those forming the Pareto front, with respect to the length of this air gap is assessed in fig. 5.11. The
losses leading to the discharge are evaluated separately by distinguishing the aerodynamic losses and the
Joule losses. The length of the air gap is changed with the outer radius of the rotor RR,e. If the air
gap is shorter, the contribution of the aerodynamic losses is smaller than the contribution of the Joule
losses, leading to a smaller self-discharge time. Such an observation is explained by the characteristics of
the bearings presented in fig. 5.12. The aerodynamic losses are reduced with the smaller air gap length
because the inertia of the rotor is increased and the speed required to store the initial energy is lowered.
The rotor operates at lower speed and incurs less friction. The Joule losses are increased when the air gap
is tightened because the radial stiffness increases faster than the current stiffness. The current required to
control the bearing is thus more important, and so are the Joule losses. The algorithm tends to minimize
the Joule losses due to their constant nature, unlike the aerodynamic losses that are more significant at
high speed than at low speed. The self-discharge time of the flywheel would be improved if the air gap
was slightly longer, but such machines do not have sufficient axial position stiffness to withstand the rotor
and are removed from the optimization.

Figure 5.11: Performances of the flywheel with respect to the length of the air gap. The optimized
machine is at the center of the figure.

5.5.4 Choice of the dimensions

The optimization problem being a multi-objective problem, the output of the optimization algorithm
is a Pareto front whose every machine is optimal in its manner. By choosing a machine from this Pareto
front, it is ensured that no other machine with the same mass has a better self-discharge time. But
selecting one machine can still be more judicious than choosing another one. This section explains how
the dimensions selected for the prototype are obtained.

Fig. 5.10 showed that machine under 7 kg have the optimization variable LPM at its lower stop. It
seems thus intuitive not to pick one of these machines as the algorithm was constrained to this value of
LPM and the machines are thus not optimal compared those that would have been obtained if the lower
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Figure 5.12: Characteristics of the bearing with respect to the length of the air gap. The optimized
machine is at the center of the figure.

stop was set to a smaller value. Similarly, machines above 14 kg have LPM at its upper stop and are
not selected. From that point, the choice of the machine relates to the acceptable weight and the desired
self-discharge performances. The exact values of the parameters chosen for the prototype are given in
chapter 6.
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CHAPTER 6

EXPERIMENTAL VALIDATION

This chapter presents the prototype and its working environment for the experimental validation of
the SHH-AMB topology employed as a FESS. The objective of this experimental validation is to test the
feasibility of such a device, but also to assess the accuracy of the magnetic model developed in chapter 3.
A prototype was designed based on the output of the optimization presented in chapter 5 and built to be
characterized. This chapter is organized as follows: the dimensions and characteristics of the prototype
are first presented. Secondly, the assembly of the different parts is detailed. The next section is about
the manufacturing processes tried to produce the windings. A description of the connection of the test
bench is then presented. The controller allowing the flywheel to levitate is then designed. Finally, the
resulting performances of the prototype are discussed and compared to the predictions of the magnetic
model.

6.1 Dimensions and characteristics

The dimensions and characteristics of the prototype presented in this chapter are given in table 6.1.
These values are based on the results of the optimization realized in chapter 5 to offer optimal perfor-
mances. Some of these values have been adjusted for various reasons, such as RR,d, which has been
reduced to adjust the play, left between the rotor and the lift-off ball bearings. The length of the perma-
nent magnets LPM was constrained by the dimensions of the available products. Regarding RW,i, it has
been reduced as the windings were handcrafted and required more space, as shown in section 6.3.

Table 6.1: Dimensions and characteristics of the prototype.

Parameter Output of the optimization Reviewed value Unit

LI,s 5.378140876145302 5 mm
RS,i 121.6665788425991 121 mm
RS,e 130.0 130 mm
LI,r 9.747852612729723 10 mm
LB 22.259575271463756 22 mm
RR,i 34.737440896239607 35 mm
RR,e 111.10561554554418 111 mm
RR,d 25.0 24.5 mm
LPM 21.57223057900924 21 mm
RPM,i 121.6665788425991 121 mm
PMFF 0.7 0.7 −
Brem 1.44 1.44 T
LW,i 8.047032692554037 8 mm
LW,e 44.06283447725961 44 mm
RW,i 120.51058300006301 115 mm
TW,i 71.95831512482563 72 ◦

TW,e 89.0 89 ◦

NW 41 41 #
kz 14.32102 14.32102 N/mm
kϵ 0.02828 0.02828 N/µm
ki 8.53442 8.53442 N/A
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6.2 Prototype assembly

This section details the different parts constituting the prototype and the procedure to assemble them.
The parts have been designed to respect the dimensions specified in table 6.1. The main assembly is
divided into two subassemblies: the rotor and the stator. An overview of the main assembly is shown in
fig. 6.1. Other parts have been designed to provide specific tools to assemble the prototype.

Figure 6.1: Total assembly within the vacuum enclosure.

6.2.1 Rotor assembly

The rotor assembly is composed of two parts, the first one being the rotor or flywheel itself and the
second part being the squirrel cage for the induction machine. The rotor assembly is shown in fig. 6.2.

Figure 6.2: Rotor assembly with the flywheel in gray and the squirrel cage in green.

Rotor / Flywheel

The flywheel is the main part of the rotor assembly. It is made of steel (ST37 - s235 - 1.0037) and
weights 6.750 kg. Different views of the flywheel model as well as a real picture of it are depicted in fig.
6.3. It is noticed that there are two grooves on the top of it that are used to put the claws of a bearing
extractor, as explained in section 6.2.3.

Squirrel cage

The squirrel cage is the rotor of the induction machine that is directly mounted on the flywheel. It is
made of aluminum (6061-T6) to carry the current induced by the stator of the motor. Different views of
the squirrel cage model as well as a real picture of it are depicted in fig. 6.4.
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(a) (b) (c)

Figure 6.3: Different views of the flywheel: (a) top view (b) side view (c) real view.

(a) (b) (c)

Figure 6.4: Different views of the squirrel cage: (a) top view (b) side view (c) real view.

Rotor assembling process

Fig. 6.5 shows how the squirrel cage is inserted into the flywheel. A k5/H6 tolerance is imposed
between these two parts so that the squirrel cage is tightened enough to drive the flywheel.

Figure 6.5: Fitting the squirrel cage into the flywheel.

6.2.2 Stator assembly

The stator part of the assembly is composed of many parts, as depicted in fig. 6.6. It is formed by the
following subassemblies:

• The support of the stator and its axial and lateral supports.

• The shaft with the lift-off ball bearings, the armature of the induction machine, the spacers, and
the fixation elements.

• The stator of the magnetic bearing composed of two rings between which permanent magnets are
inserted and maintained thanks to a spacing part.
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• A clamping part to maintain the stator of the magnetic bearing in place and to fix the supports of
the windings.

• The windings and their supports.

(a) (b)

Figure 6.6: Stator assembly: (a) Assembled, (b) Splitted.

Support of the stator subassembly

The support of the stator subassembly is mainly composed of an aluminum part, which is the base of
the stator assembly. Several holes of different sizes are drilled and threaded, as it is visible in fig. 6.7:

• height tapped holes on the top to fix the clamping part

• height tapped holes on the side to put lateral supports

• three tapped holes at the bottom to put axial supports

• three curved buttonholes for routing sensor and motor cables

• one screw hole at the bottom center for the bottom screw of the shaft

(a) (b) (c)

Figure 6.7: Different views of the support of the stator: (a) top view (b) side view (c) real view.
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Figure 6.8: Radial (left) and axial (right)
soft-tip screws.

The support of the stator is designed to fit in a vacuum
enclosure, and to be maintained thanks to axial and lateral
supports. These supports are screws with a soft-tip to damp
the vibrations of the device due to the motion of the flywheel
(fig. 6.8). The axial supports have a screw head that remains
below the flywheel, and that allows to adjust the height of the
support of the stator from the top. The radial supports do
not have a screw head, so that they can be totally inserted in
their thread to leave space for the support of the windings.
They are used to adjust the position of the support of the
stator in the center of the enclosure and block its motion.

At the center of the support of the stator, a recess has been designed to accommodate the shaft assembly
with a g6/H7 tolerance (fig. 6.7a and 6.7c).

Shaft subassembly

The shaft assembly, presented in fig. 6.9, is composed of several parts that ensure different functions.
The shaft itself, made of stainless steel (AISI 316L), supports the following parts. From top to bottom,
the first element is the armature of the induction machine (the yellow part in fig. 6.9a and 6.9b) that
is maintained by two aluminum (6061-T6) spacer. The lower spacer of the armature of the motor is in
contact with the inner ring of a first lift-off ball bearing. Grooves are made in this spacer to leave a
possibility to route the three cables of the motor from below. A second lift-off ball bearing, whose inner
ring lies on the lowest shoulder of the shaft, surrounds the position sensors compartment with the first
bearing. The position sensors compartment is composed of four copper coils that form inductances within
a 3D-printed resin support. Resin printing has been chosen for its great precision. These elements are
clamped against the bottom shoulder thanks to a screw and a washer inserted in the upper tip of the
shaft. The shaft is attached to the support of the stator with a screw and a washer on the bottom of it,
in its dedicated bore.

(a) (b) (c)

Figure 6.9: Shaft subassembly: (a) assembled, (b) splitted, (c) real view (partial assembly).

The shaft subassembly ensures four main functions within the global assembly. It contributes to the
centering of the flywheel before it lifts off thanks to the two lift-off ball bearings, which show the largest
diameter within the shaft subassembly. The outer radius of the bearings being 23.5 mm and the inner
radius of the flywheel being 24.5 mm, a radial backlash of 1 mm remains. This function avoids the rotor
to enter in contact with the windings when the controller is off. These bearings also have a safety function
in case of malfunction. If the control of the flywheel fails, its motion would be limited by these same ball
bearings. The position sensors, placed between the ball bearings, provide the position of the flywheel for
its control in the x and y-directions. The operation of these sensors is described in section 6.4. The shaft
also contains the armature of the motor that gives or takes energy from the flywheel.
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Stator of the magnetic bearing subassembly

The stator of this SHH-AMB topology is made of two ferromagnetic hollow cylinders that surround
69 rectangular parallelepipedic permanent magnets (PMs) arranged to form a hollow cylinder as well
(fig. 6.10). The PMs are polarized axially and generate the bias magnetic flux density of the bearing.
The choice of using several PMs instead of a cylindrical one relates to financial reasons, a tailor-made
permanent magnet being much more expensive than several existing ones. The magnets on the mar-
ket that were the most suited were rectangular parallelepipedic PMs polarized along the height. The
dimensions of these magnets being 10x8x21 mm, the model provided by the optimization was slightly
modified (see LPM in table 6.1 that should have been rounded to 22 mm). The grade of these PMs is N42
Neodymium magnets that offer a remanent magnetic flux density of 1.3 T . The magnet fill factor output
by the optimization routine being 70 % with a remanent flux density of 1.44 T , the required number of
PM is obtained by conserving the magnetic flux. The total magnetic flux in the model output by the
optimization and the magnetic flux generated by one single PM are given by:

ϕtot,opti = 0.7× 1.44× SPMs = 0.7× 1.44× π(R2
S,e −R2

PM,i) = 7.154× 10−3 Wb

ϕ1PM = 1.3× S1PM = 1.3× 0.01× 0.008 = 1.04× 10−4 Wb
(6.1)

where SPMs and S1PM are the cross-sections of all the PMs (as considered in the optimization) and of
one single PM, respectively. The required number of PM #PMs to generate the same magnetic flux is
given by:

ϕtot,opti = #PMs × ϕ1PM

#PMs =
ϕtot,opti

ϕ1PM
= 68.78 ≈ 69 PMs

(6.2)

The two ferromagnetic rings that surround the PMs are made of steel (ST37- s235 - 1.0037), similarly
to the rotor, to carry the magnetic flux density. A g6/H7 tolerance is applied to their external diameter
and to the internal diameter of the support of the stator to ensure the mounting by hand. They fit inside
the support of the stator with a tolerance g6/H7.

(a) (b) (c)

Figure 6.10: Stator of the magnetic bearing subassembly: (a) assembled (b) splitted (c) real view.

To place the PMs in the most uniform way, a part represented in dark gray in fig. 6.10b, is 3D
printed. This part allows to uniformly separate the 69 PMs and facilitates the assembly of the PMs on
the ferromagnetic rings. The distance that separates the PM to ensure the right fill-factor is just above 1
mm. To improve the resistance of such a thin part, the cross-section of the separations alternates between
trapezoidal and rectangular (fig. 6.11). One of the slots of this part was cut to allow a play on the width
of the last permanent magnet that has been adjusted by electrical discharge machining.

Clamping part

The clamping part is a 3D-printed part made of PLA that clamps the stator of the magnetic bearing
against the support of the stator (represented in red in fig. 6.6 and 6.12). Four 3D printed PLA shims
have been placed underneath (see the gray parts in fig. 6.12b) for to ensure the clamping of the stator
of the magnetic bearing if the clamping part is screwed to the top of the support of the stator. The
clamping part also acts as an anchor point to attach the supports of the windings.
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Figure 6.11: Design of the separations between PMs of the 3D printed part.

(a) (b) (c)

Figure 6.12: Clamping part: (a) top view (b) bottom view (c) isometric view.

Windings subassembly

The windings subassembly is made of a 3D printed PLA support which consists in a fourth of hollow
cylinder that holds a pair of windings as shown in fig. 6.13. Each winding is made of copper wires of 1
mm of cross-section. Four of these subassemblies are employed in the model to form the windings. Each
support holds a pair of windings, one on the top of its inner wall, which is aligned with the upper tooth
of the rotor. The other on the bottom of its outer wall, which is aligned with the lower tooth of the
rotor. The windings laying on the same support are connected in series and produce a magnetic field in
opposite directions. The pair of windings that face each other are connected in anti-series so that if the
circulation of the magnetic field is reinforced on one side, it is warped on the other side.

(a) (b) (c)

Figure 6.13: Windings subassembly: (a) inner view (b) outer view (c) isometric view.

The windings are glued to their support with cyanoacrylate glue. The vertical centering of the windings
is ensured by a protuberance on the support that is aligned with the stator teeth. At the center of the
protuberances, a recess is added to allow to solder the windings, as explained in section 6.3. Small recesses
at the top of the support are also added to extract the wire ends of the windings.
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6.2.3 Specific tools for assembling

To assemble and place correctly the parts previously presented, some tools have been designed and do
not appear in the final assembly.

One of these tools is a 3D printed guiding arrow shown in fig. 6.14, used to orientate correctly the
sensors with the windings before screwing the shaft on the support of the stator. The arrow points exactly
in the middle of one of the windings if the shaft is correctly in set up (fig. 6.15).

(a) (b) (c)

(d)

Figure 6.14: Guiding arrow: (a) top view (b) bottom view (c) side view (d) isometric view.

The second tool that has been designed is a steel cylinder, inserted on the upper tip of the shaft before
installing the other elements, that allows the insertion of the rotor within the stator, as depicted in fig.
6.16. On the top, of this part, an inward point was hollowed so that the bearing extractor can be placed.
To insert the flywheel, the cylinder is put on the shaft and the two claws of the bearing extractor claws
the flywheel at the level of its grooves as shown in fig. 6.17. This mechanism is used for safety reasons,
as the magnetic forces between the permanent magnets of the stator and the flywheel are high. This
way, the flywheel is safely lowered in the stator. Moreover, it is almost impossible to remove by hand the
flywheel from the stator once it is inside. This is also reversible to remove the rotor from the stator.

6.2.4 Manufacturing of the parts of the prototype

This section lists, in table 6.2, the suppliers of the prototypes parts presented in the previous sections.
The mechanical drawings of the parts that have been manufactured are available in appendix D.

6.3 Windings

This section explains how the windings have been handcrafted. The required characteristics are given
by the optimization (see table 6.1): each winding must have 41 turns. As the lift-off current is estimated
at 3.917 A, a copper of 1 mm of diameter was selected. The windings have to be curved and fit in a
restricted space due to the shape of the topology (see fig. 6.6 and table 6.1). Two layers of wire are
required to fit the 41 turns in the dedicated space. Several tests have been performed to obtain the best

Figure 6.15: Geometrical alignment for the position sensors with the guiding arrow.
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(a) (b)

Figure 6.16: Cylinder to insert and extract the flywheel: (a) 2D cut view (b) real view.

(a) (b)

Figure 6.17: Insertion and extraction of the flywheel: (a) diving view (b) lateral view.

windings results. This section only presents the solution that offers the best results, and the evolution of
the winding procedure is detailed in appendix C.

The process used to build the windings consists in winding of the 41 loops at a time, and to assemble to
two half windings afterward. The setup is shown in fig. 6.18a. A plate with the dimensions of the required
windings (inner or outer winding) is clamped in a vise. This plate has a protuberance at its center with
a height of 1 mm on which two smaller plates are screwed. These smaller plates allow clamping the wire
against the main plate and avoid the natural formation of overlapping loops when they are tightened
against each other. These plates do not cover the whole main plate so that glue can be applied to fix
the loops between them every few turns. The resulting half winding is shown in fig. 6.18b and 6.18c.
Once two half windings are formed, they are bent and glued together on their support. The electrical
connection is then made by welding the cables at the center of the coils.

(a) (b) (c)

Figure 6.18: Winding method: (a) Setup to wind (b) Top view of a half winding (c) Side view of a half
winding
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Table 6.2: Manufacturing of the parts of the prototype.

Subassembly Part of the prototype Manufacturing

Rotor Rotor SuNPe
Squirrel cage SuNPe

Support the stator Support of the stator SuNPe
Radial and axial soft-tip screws Misumi

Shaft Shaft SuNPe
Screws and washers Misumi

Aluminum spacer ring Misumi
Armature of induction machine Provided by UCLouvain
Aluminum spacer with grooves SuNPe

Ball bearings Misumi
Sensors supprt 3D printed

Inductive sensors Handcrafted at UCLouvain
Stator of the magnetic bearing Ferromagnetic hollow cylinders SuNPe

Permanent magnets First 4 Magnets
PM separator 3D printed

Clamping part Clamping part 3D printed
Shims 3D printed

Windings Windings supports 3D printed
Windings Handcrafted

Specific tools Guiding arrow 3D printed
Cylinder for insertion and extraction UCLouvain

Bearing extractor Provided by UCLouvain

6.4 Connection diagram

This section describes the connection diagram for the test bench of the prototype. Several components
are required for an AMB to operate. These elements are depicted in the connection diagram in fig. 6.19
and are detailed in this section.

Figure 6.19: Connection diagram of the prototype.

Working principle of the prototype

The control of the prototype is based on a Matlab Simulink routine which consists in a PID controller,
developed in section 6.5. This routine is either be tuned and monitored in real-time or permanently flashed
in a Texas Instrument control card (TMDSCNCD28335PGF). The control card executes the instructions
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of the Matlab Simulink, that was translated in a C code. This card contains analog-to-digital converters
(ADC) that receive position information of the prototype, necessary for the controller. The interface
between the control card and the elements connected to it is provided by a Texas Instrument docking
station on which the control card is plugged. From there, the connection diagram splits into two parts:
the power electronics that supplies the windings and the acquisition of the flywheel position.

The power electronics (DFRobot DC motor Driver 2x15A) is a board that modulates the power supplied
to the windings of the prototype with the information received from the control card as a pulse-width
modulation (PWM). It is powered by a 12V power supply, and outputs a voltage ranging from −12V to
12V depending on the input coming from the controller. Two such bridges are present, one for each axis
of actuation of the bearing.

A

R1

L1
B

L2

R2

Figure 6.20: Schematic of a position sensor.

The acquisition of the radial position of the flywheel in
the xy-plane is done through two pairs of coils, one pair
for each direction. Each pair is connected in a bridge (fig.
6.20), and is powered by a signal generator in A with an
AC signal whose frequency and amplitude is determined
experimentally to extract the most of the dynamic of the
coils. The coils act as eddy-current sensors which work on
the principle of electromagnetic induction: the alternating
current flowing through the coils of the sensors gives rise
to a varying magnetic field within the flywheel, inducing
Eddy currents that alters the impedance of the coil as a
function of the distance between the coil and the rotor.
The change of impedance impacts the voltage of point B
and the distance is retrieved with a phase lock-in amplifier
(PCB sensor) that extracts the altered signal from the sig-
nal generator flowing through the coils in B and removes a
part of the noise. The amplifier is powered by a 18 V DC
power supply and gives a DC signal as output whose am-
plitude is a function of the distance, provided to the ADC
of the control card.

Set up of the position sensors

To calibrate the position sensors and enjoy the maximum of dynamic range possible from it, a resistance
(potentiometer) in parallel with the coils and the powering signal have been tuned experimentally. The
dynamic range of the sensors measure corresponds to the range of the position of the rotor that does not
give rise to a saturated signal. The maximum range is limited by the PCB of the sensors, whose output
is comprised between 0 and 3.3 V . The potentiometer allows tuning the offset of the sensors to match the
middle of the dynamic and the centered position of the flywheel (1.65 V ). To make the best use of the
dynamic range, an AC signal of 0.5 V (0.75 V) at 29 kHz is generated and provided to the x-direction set
of windings (y-direction). In that way, the output of the position sensor remains within its supply rails
and the position of the rotor can be measured wherever it is located.
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6.5 Control

This section details the control model developed for the prototype. As explained in section 1.2.4, an
AMB requires a controller to ensure the stability of the flywheel. It is also demonstrated that a PID
controller is required to comply with the stability criteria, which explains the use of such a controller for
the prototype.

The Matlab Simulink block diagram transmitted to the control card is depicted under a block diagram
in fig. 6.21. This block diagram represents the control of the x-axis and is duplicated to control the y-
axis. At the bottom left, the reference voltage command of the direction, which corresponds to a centered
flywheel, is compared to the signal provided by the sensor PCB through an ADC. A low-pass filter that
reduces the high-frequency noise coming from the measure is added. The difference between these signals
is treated by the PID controller made of:

• a proportional action modulates the output command with a constant gain KP .

• an integral action that allows neutralizing the static error with a factor KI .

• a derivative action to damp the motion with a constant gain KD, required for the stability.

ADCDiscrete LPF
+ −

xref

Discrete LPF
+

−

z−1

KD

+

+

z−1

KI

KP

+

+

+

vx

Figure 6.21: Block diagram of the PID controller used for the control of one phase of the prototype.

An additional low-pass filter is placed before the derivative action, as this latter is sensitive to high
frequency noise that pollutes the output of the derivative. A saturation block at the end of the controller
is also added to limit the output voltage within the supported range.

The values of the KP and KD gains have been estimated thanks to a one degree of freedom model,
and the minimal value of KP is obtained through the equation found in chapter 1:

KP ki − kϵ > 0 (6.3)

With the values of current and radial stiffnesses, ki and kϵ, provided by the analytical and FEM models,
the minimum value of KP to stabilize the rotor is given by: V alue. The value of KI is first set to 0 as
this action is not required for the stability, and slowly increased in real time to remove the static error
on the position of the rotor.
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6.6 Results

This section provides a review of the results obtained with the prototype. The objective of the prototype
is to validate the results obtained with the Fourier model developed in chapter 3, and to validate the
practical feasibility of such a magnetic bearing and FESS. The experimental validation of the model
consists in comparing the results in terms of radial, axial, tilt and current stiffnesses. Except for the axial
stiffness, the computation of these values requires the levitation of the rotor. This section explains the
achievements as well as the problems encountered with the prototype, as well as the characteristics that
could be measured.

Three main results were achieved with the prototype. Firstly, the axial stiffness was evaluated and
corresponds to the prediction of the Fourier model. The experimental value was evaluated by measuring
the equilibrium position of the rotor, and by comparing it to the weight of the rotor. The measured value
of the axial stiffness is 14.017 N/mm while the FEA and the Fourier models provide a value of 14.33 and
14.321 N/mm respectively. Secondly, the good operation of the windings and the electrodynamic force
has been demonstrated by injecting current in open loop in one axis at a time. With such currents, the
rotor lies on the lift-off bearings, on the side corresponding to the force that is applied via the windings.
Finally, using the control presented in section 6.5, a closed loop control is possible in one direction at
a time. The rotor remains on the lift-off bearing, but is centered regarding the considered axis and
can reject a disturbance. Despite a multitude of trials, the closed-loop control of the two axes at the
same time has however not been achieved due to stability issues, making the measure of the other global
characteristics not possible at this state of the work.

Several hypotheses have been put forward to explain why the control fails in its task. Firstly, an
important noise component lies in the measure of the position, especially in one of the axis. It may be
due to a malfunction in the corresponding phase lock-in amplifier PCB or to a problem in the sensor
itself. The noise is amplified when current flows through the windings of the corresponding axis, which
might relate to EMI interferences with the PWM output by the power electronics. Twisting the wires
and using coaxial cables reduces the noise, but does not remove it.

The way the control is carried out can also be called into question. Voltage control has been chosen for
its ease of installation. The current is thus controlled through the voltage that is applied to the windings.
However, this kind of control neglects the electrical dynamic. It has been demonstrated in the literature
that a robust voltage control should include the Faraday’s law of induction that applies to the windings
dynamics [46]. The voltage controller could thus be redesigned to take this consideration into account.

The last hypothesis concerns a phenomenon that has been observed during the tests. When the
closed loop control of the two axes is tried, the rotor tends to incur significant tilt oscillations. These
oscillations are explained by the parasitic torque that the current flowing through the windings produces,
additionally to the desired electrodynamic force. As no tilt control is implemented to compensate for
these oscillations, these latter are not damped throughout the time. This parasitic torque was evaluated
with a FEA providing a significant value of 0.35 Nm.

Different solutions are considerable to comply to these problems. A first solution could be to redesign
the prototype with the optimization procedure to which a constraint over the value of this parasitic
torque is added. It would thus be required to evaluate the parasitic torque with the Fourier model. The
prototype could be kept if a measure of the tilt position and a tilt controller is added. The current in
each of the windings would thus be imposed independently of each other. The FESS could be made of
two AMB, which would remove the tilt, if the centers of the rotors are well controlled.
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CHAPTER 7

CONCLUSION

As a reminder, this master’s thesis is based on the observation that AMBs induce iron losses that
can be mitigated by using a particular topology: the hybrid homopolar slotless AMB. This improvement
combined with the increasing demand for energy storage makes this topology a good candidate for FESS.
As developed in chapter 1, FESS is becoming an interesting energy storage system for a lot of applications
due to its performances, its flexible design and its low environmental impact. It has also been shown that
control represents a major challenge for such systems. Designs of SHH-AMB have already been proposed
in the literature, but none of them proposes an additional stabilization in the axial direction. However,
this feature can make the system more robust to perturbation and ease the control. That is why, this
thesis consisted in developing a semi-analytical model that could be used to design and characterize a
SHH-AMB with an axial stabilization.

To begin this thesis, the layout of the topology under study has been described followed by a proof of
concept in chapter 2. It enabled to understand the challenges of implementing such a topology. Indeed,
setting up an AMB requires anticipating the behavior of the rotor to ensure its stability but also to the
efficiency of the system. This process also enabled to have a global view of the elements involved to
make it work. These elements are not only the parts that constitute the AMB, but also all the physical
phenomena that lie behind it.

With the topology clarified, a magnetic model of the AMB has been developed in chapter 3. The
aim of this model is to predict the behavior of any dimensional configuration of the topology. The
proposed model is a semi-analytical model based on a Fourier approach, also known as the subdomain
method. The Maxwell’s equations are solved in every subdomain, to describe the magnetic flux density
semi-analytically. As the model was built to be used in an optimization routine, intrinsic elements of
the model were discussed to increase the computation performances. This is the case for the number of
harmonics that is used to accurately evaluate the magnetic flux density distribution. By adjusting this
number with the dimension of the subdomain, it allows for a relative fast and accurate computation. The
conditioning of the system of equations limits the performances of the model by lowering the numerical
precision of the solver. To deal with this restriction, exponentially scaled Bessel functions have been
employed to increase the number of harmonics without degrading the conditioning of the system. The
magnetic model has also been extended to take the radial eccentricity of the rotor into account. It allows
extracting the global characteristics of the bearing related to the radial direction, which are important for
its control, such as the radial, the current, and the tilt stiffnesses. The other global values which are the
axial stiffness and the resistance of the windings have been determined. In parallel to the semi-analytical
model, a model based on FEM has been developed. The comparison between the two models, for the
same bearing parameters, gave encouraging results regarding the validity of the Fourier-based model.

To evaluate the performances of a given AMB employed as a FESS, a mechanical model has been
developed in chapter 4. It was done with a view to provide evaluation criteria for an optimization
routine. The axial equilibrium point of the rotor was the first characteristic to be developed, since it is
used to compute other quantities. The mechanical performances that have been computed to evaluate an
AMB are the speed limit of the rotor and its self-discharging time. For the speed limit, the mechanical
stress within the rotor has been evaluated through a static and a fatigue design. Regarding the self-
discharging time, it required to evaluate, the Joule losses due to the current in the windings as well as
the aerodynamic friction due to the rotation of the rotor.

With the magnetic model and the mechanical model implemented, an optimization was performed to
provide the best candidates for a prototype in chapter 5. It consisted in a multi-objective problem, with
two objectives being the maximization of the self-discharging time while minimizing the total mass of the
bearing. To reach these objectives, the optimization algorithm had the parameters of the bearing as lever
arms. These parameters were both the geometrical and electromagnetic variables of the bearing. There

79



were also constraints to rule out unfeasible machines. These constraints were about the geometry, the
magnetic saturation in the ferromagnetic materials, the performances required for the axial stability and
the lift-off as well as the maximum rotating speed of the rotor. As output of the optimization, Pareto
fronts of optimized AMB were given to allow the selection of a candidate. The selection process was
based on an analysis of the parameters of the machine part of the Pareto front.

With the selected candidate out of the optimization, a prototype has been designed for the experimental
validation of the magnetic model in chapter 6. The parts of the prototype as well as the elements to
assemble it were first presented and discussed. Particular attention has been paid to the windings whose
handcrafting has been detailed. To make the prototype work, specific equipments such as wave generators,
power supplies, power electronics position sensors and a control card were required. The control card
executes the controller that was designed using Matlab Simulink. Some difficulties have been encountered
regarding this part of the prototype. Indeed, even if open loop and closed loop controls in one direction
were possible, the controller always failed to totally lift-off the rotor. Several avenues for improvement
have been proposed to solve this issue. Nevertheless, the prototype still allowed to assess the axial
stiffness. This latter has been evaluated and compared to the results of the semi-analytical model with a
really low error.

Although the prototype has not yet provided all the results for the experimental validation of the
magnetic model, the main objectives of this master’s thesis have been reached. Indeed, a FESS based
on the SHH-AMB topology was designed on the basis of models to evaluate its performances and an
optimization. Efforts will continue to be devoted to make the prototype works properly to present the
results obtained in a conference paper for the 2023 IEEE Energy Conversion Congress and Exposition.
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APPENDIX A

COMPLIANCE TO THE BOUNDARY

CONDITIONS

This chapter demonstrates the well-functionning of the Fourier based model by verifying the compliance
of the solution to the boundary conditions developed in chapter 3. The machine used for this validation
is the test machine modeled with 20 harmonics in region II (equivalent to FB20).

A.1 Full Neumann boundary condition

Fig. A.1 shows the graph of the axial magnetic flux density in region II at r = RR,i. To fulfill the
Neumann boundary condition, the magnetic flux density should be equal to 0. The graph shows that
the value oscillates between 4× 10−18 and −4× 10−18 which can be assimilated to numerical noise. The
solution complies thus to the boundary condition.

Figure A.1: Axial magnetic flux density of region II at r = RR,i. The y-axis is scaled up by 1018.

A.2 Full continuous boundary condition

The continuity between region V and V I is such that the radial magnetic flux density and the axial
magnetic strength are equals at r = RPM,i in both regions. Fig. A.2 shows that these two quantities are
indeed equal to each other, and validates the compliance of the solution to the boundary condition.

A.3 Combination of Neumann and continuous boundary condi-
tions

A.3.1 r = RR,e

This condition ensures the continuity of the radial magnetic flux density and the axial magnetic strength
between region III and I and between III and II as well as the zero axial component of the magnetic
flux density on the two rotor iron teeth. Fig. A.3 shows the concerned quantities along the period of the
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Figure A.2: Radial magnetic flux density (upper) and axial magnetic strength (lower) of regions V and
V I at r = RR,i

model at r = RR,e. The radial magnetic flux densitie and axial magnetic strength of region I and II seem
to match the curve of region III where it is required. The difficulty to reach the continuity is visible on
the radial magnetic flux density of regions I and II at the begining of the iron teeth. The axial magnetic
strength is indeed equal to zero on the rotor iron teeth. The oscillations of the curves shows that the
compliance to this boundary condition strongly depends on the number of harmonics that is employed in
each region.

Figure A.3: Radial magnetic flux density (upper) and axial magnetic strength (lower) of region I, II and
III at r = RR,e.

A.3.2 r = RS,i and r = RS,e

The same observations are made for the condition applied between region IV , V and III at r = Rs,i

(fig. A.4 and A.5).

A.4 Dirichlet’s condition

Fig. A.6 shows the radial magnetic flux density of region I at r = RR,d that is imposed at zero by the
Dirichlet’s condition. Similarly to what is observed for the Neumann conditon, the order of magnitude
of the solution is 10−18 which is assimilated to numerical noise. The condition is thus fulfilled.
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Figure A.4: Radial magnetic flux density (upper) and axial magnetic strength (lower) of regions IV , V
and III at r = RS,i.

Figure A.5: Radial magnetic flux density (upper) and axial magnetic strength (lower) of regions IV , V I
and V II at r = RS,e.

A.5 Ampere’s law

The three Ampere’s law applied to three paths are verified by computing the value associated to the
equation that that should be equal to 0. Table A.1 shows the values for the three equations, which are
either exactly equal to 0 or have an order of magntiude of 10−17, which corresponds to numerical noise.
The condition is thus indeed fulfilled.

A.6 Magnetic flux conservation

The conservation of the magnetic flux around the concerned stator iron tooth is verified by integrating
numerically the magnetic flux density around the iron tooth in each region. The sum of these fluxes is
expected to be equal to 0. Table A.2 shows the magnetic fluxes entering the iron tooth from region III,
IV , V , V I and V II, as well as their sum. As the total magnetic flux has an order of magnitude of 10−16,
which corresponds to numerical noise, the condition is fulfilled.
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Figure A.6: Radial magnetic flux density of region I at r = RR,d. The y-axis is scaled up by 1018.

Table A.1: Verification of the compliance to the Ampere’s law

Radius r Value

RR,e −5.49 × 10−17

RS,i 0.0
RS,e −9.02 × 10−17

Table A.2: Verification of the compliance to the magnetic flux conservation

Region ϕ (Wb)

III 0.0038839221088559583
IV 0.0035784381605941766
V 0.002196036432258397
V I −0.011889775764775045
V II 0.002231379063066629

Sum 1.1622647289044608 × 10−16
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APPENDIX B

MECHANICAL STRESS IN A ROTATING

HOLLOW CYLINDER

Rout
Rin

Ω

Figure B.1: Hollow cylinder
considered for the stress compu-
tation.

The mechanical stress in the rotating hollow cylinder is obtained con-
sidering an infinitesimal angular sector (see fig. B.1) of angular opening
dθ, radial width dr, and located in (r, θ). The deformation of such an
angular sector incurring the stress appearing with the rotation is il-
lustrated in fig. B.2 as well as the notation that are employed in the
following developments. The axial stress in the cylinder σz is assumed
to remain constant such that the cross-section remains planar. The
equations linking the mechanical stresses σ to the deformation vector ϵ
are given by:

Eϵz = σz − νσθ − νσr

Eϵθ = E
u

r
= σθ − νσz − νσr

Eϵr = E
du

dr
= σr − νσθ − νσz

(B.1)

dθ

r dr

u
u+ δu

Figure B.2: Infinitesimal angular sector of the hollow cylinder and its deformation due to the mechanical
stresses in rotation.

where ϵ is the strain, E is the Young modulus and ν is the Poisson’s
coefficient. The second line is multiplied by r and differentiated with
respect to r and equalled to the third line, giving rise to:

(σθ − σr)(1 + ν) + r
dσθ

dr
− rν

dσz

dr
− rν

dσr

dr
= 0 (B.2)

As ϵz is constant, the first line of eq. B.1 gives after derivation:

dσz

dr
= ν(

dσθ

dr
+

dσr

dr
) (B.3)

and eq. B.2 becomes:

(σθ − σr) + r(1− ν)
dσθ

dr
− rν

dσr

dr
= 0 (B.4)

The force equilibrium for an infinitesimal cross-section is considered and illustrated in fig. B.3.

The force equilibrium provides the following equation:

2σθdr sin(
dθ

2
) + σrrdθ − (σr + dσr)(r + dr)dθ = ρr2Ω2drdθ (B.5)
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dθ/2

dθ/2

σr

σr + dσr

σθ

σθ

Figure B.3: Mechanical stress applied on the infinitesimal angular sector.

The following mathematical developments are then performed to obtain the general form of the solution
for σr and σθ.

σθ − σr − r
dσr

dr
= ρr2Ω2

⇐⇒ dσθ

dr
+

dσr

dr
=

−ρrΩ2

1− ν

⇐⇒ σθ + σr =
−ρr2Ω2

2(1− ν)
+K1

⇐⇒ 2σr + r
dσr

dr
= K1 − ρr2Ω2 − ρr2Ω2

2(1− ν)

⇐⇒ d(σrr
2)

dr
= K1r −

ρr3Ω2(3− 2ν)

2(1− ν)

⇐⇒ σr =
−ρr2Ω2(3− 2ν)

8(1− ν)
+

K1

2
− K2

r2

⇐⇒ σθ =
−ρr2Ω2(1 + 2ν)

8(1− ν)
+

K1

2
+

K2

r2

(B.6)

The values of K1 and K2 are obtained by applying the limit conditions. The inner and outer surfaces
of the ring being free to deform themselves, the radial stress on these surfaces is imposed to zero giving
the final values of the two unknowns that are injected in the expression of the stresses.

K1 =
ρΩ2(3− 2ν)

4(1− ν)
(R2

out +R2
in) (B.7)

K2 =
ρΩ2(3− 2ν)

8(1− ν)
R2

outR
2
in (B.8)
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APPENDIX C

TRIED MANUFACTURING PROCESSES

FOR HANDCRAFTED WINDINGS

This appendix explains the problems encountered during the manufacturing of the windings of the
prototype. As mentioned in section 6.3, it took several tries before finding the method that provide
acceptable results. Before that, four different methods have been tried and are described in this chapter.

The first method tried involved winding the cable directly bent between two curved plates with a guiding
element at the center. See fig. C.1 for the setup of this method. The two curved plates are clamped
together by bolts. To fix the wires between them, silicone glue was used. This method encountered
several issues. Firstly, it was difficult to wind two layers curved at the same time, since the outer one
always wanted to go over the inner layer. Moreover, the transition between an inner and outer layer was
taking space and increased the height of the winding. Finally, the silicone glue was not strong enough to
keep the wire together and too thick also resulting in a too large winding height. The resulting winding
using this method can be observed in fig. C.5a.

Figure C.1: First method: winding between two curved plates

The second method is quite similar to the first, except that the winding operation is realized between
two flat plates (see fig. C.2). Indeed, the copper wire is flexible enough to be bent after being winded and
so even if there is the presence of glue. This time, cyanoacrylate has also been used between the loops
instead of silicone glue and gave a more convincing result. The problem with this method is that the wire
was pushing on the plates since the space between them was exactly 2 mm which was theoretically just
enough for the two layers of copper wire desired. However, when pushing the loops against each other to
squeeze them as tightly as possible, they had the tendency to form a third and even sometimes a fourth
layer of copper wire by deforming the 3D printed plates in PLA. The winding resulting from this method
is shown in fig. C.5b.

Considering the problems of the methods previously tried, it was chosen to wind only one layer at the
time and repeat the operation twice to have two half windings that can be glue and solder to form one
winding. The setup is almost the same as the second method (see fig. C.2), but this time, two flat plates
with just above 1 mm of space between them were used as shown in fig. C.3. This way, there was less
constraint from the wire against the plates, but the problem is that it was impossible to properly applied
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Figure C.2: Second method: winding between two flat plates

glue since the space was too tight. It resulted in a winding that unwound itself when the plates were
loosened, as shown in fig. C.5c.

Figure C.3: Third method: reducing the space between the flat plates compared to the second method

The fourth method is based on the previous one, but this time notches have been designed in one of the
plates (see fig. C.4) for glue application. This method was working relatively well until the separation of
the plates. At this time, the glue had already dried between the loops but also between the loops and
one plate, and it was then impossible to separate the winding from that plate as depicted in fig. C.5d.
Moreover, it was also more difficult to tight the loops between them due to the notches where the pushing
tool was deflected.

Figure C.4: Fourth method: similar to third method but with notches for glue application
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(a) (b)

(c) (d)

Figure C.5: Resulting windings from the different methods: (a) first method (b) second method (c) third
method (d) fourth method





APPENDIX D

DRAWINGS

This appendix presents the mechanical drawings used for the manufacture of the parts of the prototype.
The drawings appears in the following order:

• Rotor of the bearing

• Stator rings of the bearing

• Support of the stator

• Shaft

• Washer with holes for the cables

• Squirrel cage

• Cylinder used for the installation of the rotor
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