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Introduction



Chapter 1

Introduction

With the rapid development of information technology, many fields need to process
a large amount of high-dimensional data. The speed of new data generation and
storage is increasing rapidly, which leads to larger dimensions of the data. Due to
the fact that high-dimensional data contains a lot of redundant information and
the correlation between data is hidden in high-dimensional space, also considering
that raw data are often sparse as a consequence of the curse of dimensionality,
which leads to dimension disasters. As the number of features increases, the perfor-
mance of the classifier will increase until the optimal number of features is reached.
However, with more features added until dimension disaster happens, it will reduce
the performance of the machine learning algorithm, which is also called Hughes
phenomenon.

At present, data dimension reduction(DR) has become an important method for
data mining, computer vision, machine learning, and pattern recognition to solve
Hughes phenomenon and dimension disasters. The data DR method is to convert
the data in the original high dimension(HD) space into a low dimension(LD) sub-
space, and reveals the essential distribution structure or pattern relationship of the
data in the high-dimensional space. This not only reduces the time complexity of
data processing and makes it easier to find data structure information, but also
makes low-dimensional data representation easier to visualize.

The DR algorithms can be divided into two branches: Algorithms such as principal
component analysis (PCA)[7] and Multidimensional scaling (MDS)[10] seek to
preserve the distance structure within the data whereas algorithms like t-SNE[9],
Isomap[12], LargeVis[2], Laplacian Eigenmaps[15] and Uniform manifold approxi-
mation and projection(UMAP)[13] favor the preservation of local distances over
global distance.



This thesis mainly compares three DR algorithms: Barnes-Hut(BH) t-SNE[6],
LargeVis and UMAP. They are all base on Stochastic Neighbor Embedding
(SNE)[11] algorithm. While they also has differences on handling HD data, gener-
ating LD results as well as time consumption.

This work searches the characteristics of the algorithms in real data sets of different
instances and dimensions, and uses neighborhood-based DR performance criteria
to provide method performance for evaluating the performance of the results[1].
The work also generates heatmap for parameter pairs of each algorithm. By doing
this, it discovers how each parameter changes the result and the similarities, as
well as the differences between similar parameters in different algorithms and the
reasons for the differences in performance between algorithms in the same data
set. In the end, the optimal parameters of the three algorithms applied on each
dataset with the help of the grid search algorithm. The examining code generates
the visualization result with related DR performance score in 2D on each dataset
and related time consumption. The applicability of each algorithm in different
situations is also summarized.

The content is organized as follows: Part II first reviews three algorithms and
the DR performance criteria used in this study. Part III details the experimental
comparison results and draws the concludes.
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Chapter 2

T-distributed Stochastic Neighbor
Embedding (t-SNE)

Stochastic Neighbor Embedding(SNE) is a machine learning algorithm for visualiza-
tion. It is a nonlinear dimensionality reduction technique that suits for embedding
high-dimensional data for visualization in a low-dimensional space of two or three
dimensions. Specifically, it maps similar data points in the high-dimensional space
to the low-dimensional space so that similar objects are modeled by nearby points
and dissimilar objects are modeled by distant points with high probability in order
to keep the relationship between data points. The conventional method is to
use Euclidean distance to express this similarity, and SNE converts this distance
relationship into a conditional probability to express the similarity.

2.1 Asymmetric SNE

Given N observations of some high dimensional data, for any pair, z; and x;, SNE
defines the similarity (aka an affinity or weight) between them, using a Gaussian
kernel function:

Vjl; = €xp (—51'7’1-2]')
Where r;; is the distance between x; and z; and f; is determined by the method
below. The notation of v;; rather than v;;, is to indicates that this quantity is
not symmetric, i.e. v;; # vj,. This notation comes from the conditional versus
joint probability definitions used in symmetric SNE (see below). The r;; notation
indicates that the distances are symmetric.

The weights are normalized to form N probability distributions:
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Where o; represents the variance of the Gaussian distribution with x; as the center
point. When the data is mapped to the low-dimensional space, the similarity
between high-dimensional data points should also be reflected in the data points
in the low-dimensional space. If we assume that the mapping points of high-
dimensional data points x; and z; in low-dimensional space are respectively y; and
yj. At the same time, set the variance of all Gaussian distributions to 1/ V2, the
conditional probability in low-dimensional space is represented by g;j;:

Pjli =

exp(— || x; — a; ||* /207)
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As for symbol f;, it is set by the value that results in the probability distribution
having a specific perplexity. The perplexity has to be chosen by the user, but is
interpreted as being a continuous version of the number of nearest neighbors, and
generally is chosen to take values between 5 and 50. pj|; is a conditional probability,
and is interpreted as the probability that item j will be chosen as being similar to
item 7, given that item ¢ was picked already. At the same time, the output space
of the embedded coordinates, which is the similarity between the points y; and y;
is also defined as a Gaussian:

4jli =

W;j = €Xp (_d?j)

d;; is the Euclidean distance between y; and y; as the mapping points of high-
dimensional data points x; and z; in low-dimensional space, respectively. There
is no 8 in this weight definition so these weights are symmetric. The output
probabilities, g;; are calculated from w;; in the same way that we go from vj; to
Ppjli» again creating N probability distributions. Due to normalizing by rows, the
q;)i are asymmetric despite the symmetric weights they are generated from.

Therefore, the SNE cost function could be defined as the sum of the Kullback-Leibler
divergences of the N distributions:

N N
Djli
Cowe = Y KL(P || @) = 32 i log 2"
i i e

The gradient of y; of the SNE cost function is as follows:
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As the KL distance is an asymmetric scale, the purpose of minimizing the cost
function is to make the values of pj;; and g;; as close as possible, which means the
similarity of points in the low-dimensional space is consistent with the similarity
of points in the high-dimensional space. But it can be trimmed from the form of
the cost function. When pj; is relatively bigger and g;|; is relatively smaller, the
cost is higher; when pj; is smaller and g;; is bigger, the cost is lower. This means
that, when two data points in a high-dimensional space are relatively close, if they
are mapped to a low-dimensional space and are farther apart, then they will get a
high penalty. In contrast, when the two data points in the high-dimensional space
are farther apart, if they are mapped to the low-dimensional space, they will get a
very low penalty value. This is a problem because there should be a higher penalty.
In other words, the cost function of SNE pays more attention to the local structure
rather than to the global impact.

2.2 Symmetric SNE

In Symmetric SNE, the input probability matrix is symmetrized by averaging pj;
and p;; and then re-normalized over all pairs of points, to create a single (joint)
probability distribution, p;;:

Dilj + Djli
Pij = #
The output probabilities, ¢;; are now defined by normalizing the output weights
over all pairs, again creating a single probability distribution:
S wi
This definition not only satisfies the symmetry, but also ensures that the penalty
value of x; will not be too small[23]. Which means that no matter where the
outlier’s mapping point in low dimension y; in the space is, the penalty value can

be guaranteed[11]. At this time, the following cost function can be written using
KL distance:

qij

N N pAo
Cssne =Y KL(P||Q)=>> n; logf
; P J ij

The gradient turn out to be:

oC
% =43 (pij — i) (i — y5)
i j
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2.3 The Crowding Problem

By using the SNE method, the effect of the DR algorithm can be guaranteed, which
means that the points of different clusters are more concentrated with each other.
However, the boundary between each cluster is not always clear enough. It would
be hard to tell the difference if there are no marks in different color for each group.

Part of the reason this happens, is because the SNE algorithm pays more attention
to the local structure than the global structure. The most important reason could
be the difference between the high-dimensional space distance distribution and the
low-dimensional space distance distribution. With the increase of the dimensions,
the sparseness of the high-dimensional spatial data will also increase because the
volume increases exponentially.

If there is an m-dimensional sphere with radius r centered on data point z;, its
space increases with ™. Assuming that the data points are uniformly distributed
in the m-dimensional sphere, the distance between other data points and x; as the
dimension increases could be observed as below:
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Figure 2.1: distribution of distances between x; with different dimensions

It can be observed from the figure that as the dimension increases, most of the data
points are clustered near the surface of the sphere, and the distance distribution
from the point z; is extremely uneven. If this distance relationship is directly
retained to a low dimension, there will be a crowding problem.
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2.4 t-SNE

t-SNE mainly adds two improvements on the basis of SNE: one is to transform SNE
into symmetric SNE, and the other is to replace the original Gaussian distribution
with t distribution in the low-dimensional space, and the high-dimensional space
remains unchanged.

To understand t distribution, we can draw a random sample with a capacity
of N from the normal population. If the mean of the normal population is g,
the variance is 0?. The mean of the random sample is Z, and the variance is
s? = ﬁ SN (z; — )%, and the random variable t can be expressed as:

_T—-p

s/vVN
t satisfies the t distribution with n—1 degrees of freedom, written as, t ~ t(n — 1).
The t-distribution is symmetric and bell-shaped, like the normal distribution, but
has heavier tails, meaning that it is more prone to producing values that fall far
from its mean, which has obvious advantages when dealing with small samples and
abnormal points.

t
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Figure 2.2: normal distribution and t distribution with and with out outliers

Figure 2.3 shows the difference when normal distribution and t-distribution handle
outliers. It can be easily observed that when there are no outliers, the fitting
result of t distribution and Gaussian distribution are basically consistent. In the
second picture, there are some abnormal points. Because the tail of the Gaussian
distribution is low, it is more sensitive to abnormal points. In order to take care of
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these abnormal points, the fitting result of the Gaussian distribution deviates from
the location of most samples, and the variance is also large. In contrast, the tail of
the t distribution is relatively high and it is not sensitive to outliers, that ensure its
robustness, so its fitting results are more reasonable, and the overall characteristics
of the data are better captured. In order to avoid influence of outliers, we can then
redefine the weight function from symmetric SNE with t-distribution:

B 1
N 1+di32‘

We then redefine ¢;; using the t distribution with 1 degree of freedom as:

wij

o Ol = )
Y 1+d;3

The KL distance is still used to measure the similarity between the two distributions,
and the gradient now is:

oC _
o, = 42(1913‘ — i) (Wi — vi) I+ || v — 5 1)~

J

2.5 Barnes-Hut t-SNE(BH t-SNE)

BH t-SNE makes some improvements comparing to t-SNE algorithm with the
help of tree-based algorithm, including two parts. The first one is the use of
kNN graphs to represent the similarity of points in the high-dimensional space.
The other one is the optimization of the gradient solution process. The gradient
calculation is regarded as a joint force consisting of attraction and repulsion, and
some optimization techniques are also used.

2.5.1 kNN graph for the similarity in HD space

In t-SNE, the overall distance distribution relationship in the high-dimensional
space is expressed in the following form:

vj1i = exp (—=Bir};)

Dy = Ujli
! S Ok
_ Dijj tDPjli
Dij = ToON
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These three formulas show that every data point need to calculate the variance
considering all other points. However, the probability p;; that two distant points
are neighbors to each other is very small and almost negligible. The efficiency of t-
SNE is thus significantly reduced when processing large-scale high-dimensional data.

Therefore, when constructing a distance similarity relationship for a point in a
high-dimensional space, it is not necessary to consider every node in the graph, but
only a number of similar nodes. Here, we consider the |3k]| closest points to the
point x;, where k is the perplexity of the conditional probability distribution around
the point x;. Only the set of these points are considered, and this will decrease the
amount of calculation. The BH t-SNE algorithm uses a VP tree (vantage-point
tree) to construct this kNN graph, and an accurate kNN graph can be obtained
within O(kN log N) time complexity[6].

2.5.2 Approximation of repulsion in gradient

The t-SNE gradient could be regarded as a physical meaning, the gradient can be
regarded as the joint force of all other points on y,;. If Z is set as Z = 37y, (1+ |
yr — y |*)7!, then the gradient could be transformed by this feature:

oC B
o =y — )~ ) L= )

J
= 4> (pij — ;)92 (yi — ;)
J

0CssnE

=4 Fa raction Fre ulsion
9, (Fattraction + Freputsion)

=403 " pijai; 2 (i — y5) — Y a3 Z(yi — ;)
i#] i#]
It can be seen that after decomposing the gradient into two parts of attraction and
repulsion. The position of point g; in the low-dimensional space is determined by
the joint force of all other points on it. A certain point y; put its force along the
direction of y; — y;. Whether attraction or repulsion is dominant, it depends on
the distance between y; and ;.

As for the formula above, the first part is easier to calculate since the ¢;;Z = 1+ |
yi —y; |* could use the approximation above, which only considers the nearest
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neighbor nodes, while ignoring distant nodes with time complexity is O(uN). How-
ever, there is still a large amount of calculation to calculate repulsion with time
complexity O(N?) because the distribution of P and @ is different, there are still
some optimization techniques to simplify this calculation.

If there are three data points (v, y;, yx) as shown below, their distance relationship
can be summarized as y; — y; & y; — Yr >> Y; — Yk, the repulsion of y; and y; to
y; is approximately equal.

Figure 2.3: Repulsion between y; and y, to y;

This situation is very common in low-dimensional space, and even the repulsion of
each point in a certain area can be approximated by the same value. If a point is
given arbitrarily, we just need to calculate the repulsion between given point and
the centroid of the data points within the certain area, and use the optimization
method just now to calculate the total repulsion for them.

The figure 2.4(a) shows the situation for point to area. If we assume that the
repulsion generated by the five points in area A is approximately equal to y;, then
we can calculate the repulsion Fs_ generated by the center point of these five points,
and the total repulsive force generated by area A is 5F4, . The quad tree is used to
complete the area search task[6], and uses the repulsion generated by the center
of the area as the representative value of the entire area. Of course, not all areas
meet this approximate condition. Here, the Barnes-Hut algorithm is used to search
and verify that the approximate conditions are met[6].

2.5.3 From point-area to area-area

In the above content, we consider the approximation of the repulsive force between
a point and an area. In fact, we can further optimize the approximation scheme of
the repulsive force between one area and another area.

15



(a) point to area case (b) area to area case

Figure 2.4: Approximation of joint force calculation

The figure 2.4(b) shows further optimization, considering the approximation of the
repulsion between one area and another. The repulsion generated by any two nodes
between the two regions A and B can be approximated by F4p, . Similarly, it is
also necessary to determine whether the repulsive force between the two regions
meets the approximate conditions.

By constructing the relationship between the area and the area instead of points
to points, the calculation of attraction and repulsion force of cost function re-
duced. This happens because we only considering the relationship between the
limited areas, and the amount of calculation is significantly decreased from O(n?)
to O(nlogn)[6]. Considering the results of t-SNE and BH t-SNE are similar[6] and
latter one is much faster than another. This thesis will focus the performance and
characteristics of BH t-SNE in the experiment part.
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Chapter 3

LargeVis

Although t-SNE works well on small-scale data, there are still some disadvantages
of t-SNE:

1. The efficiency of t-SNE is significantly reduced when processing large-scale
high-dimensional data (including BH t-SNE).

2. from the experiments, we can observe that the parameters of t-SNE are
sensitive to different data sets, which means that even finding out the proper
parameters setting for t-SNE in one data set with a good visualization result,
the parameters cannot be applied to another data set. We can also observe
that LargeVis’s parameter setting is much more stable and it also provide a
better visualization performance with default values on average.

As can be seen from the name, the goal of LargeVis|2] is the visualization of
large-scale data sets, which takes a different approach comparing with t-SNE:
it reuses many of the same definitions as t-SNE but it is sufficiently modified
so that stochastic gradient descent can be used. The main improvement is the
efficient algorithm for constructing kNN graphs, as well as the low-dimensional
space probability calculation formula and the objective function.

3.1 Efficient kNN graph constructing algorithm

In the BH t-SNE, for high-dimensional spatial distance similarity, it only considers
several closest neighbor points to z;, which is essentially a process of constructing
a kNN graph. The VP (vantage-point) tree is used to construct an accurate kNN
graph, but the efficiency is still not good, especially for the large-scale dataset.
Moreover, LargeVis uses a way more ingenious. Indeed, instead of pursuing a
one-step approach, it first approximates and then improves accuracy.

17



3.1.1 K-D tree and Random Projection Tree

There are generally three types of common methods for building KNN graph: the
first type is the space-partitioning trees algorithm, the second type is the locality
sensitive hashing algorithm, and the third type is the neighbor exploring techniques
algorithm. Among them, k-d tree and random projection tree belong to the first
type of algorithm.

A k-d tree is a data structure that partitions a k-dimensional data space, and is es-
sentially a binary tree. It is mainly used for searching key data in multi-dimensional
space, such as range search and nearest neighbor search. The following figure shows
the use of k-d trees to search for k nearest neighbors in a two-dimensional space,
and then construct a kNN graph. It constructs a kd tree through a recursive
process. The root node corresponds to all points in the area. After dividing the
space into a left subtree and a right subtree in a certain dimension, the next level
of child nodes can be obtained by repeating the splitting process of the root node.
Until the number of points corresponding to all leaf nodes in the kd tree is less
than a certain threshold.

o_____ |

Figure 3.1: k-d tree for dimension 2

With the k-d tree, we don’t have to calculate the distance between a certain point
and all other points one by one to find k nearest neighbors. For example, to find
the k-nearest neighbors of the red dot in the figure below, it only needs to search
the current subspace, and at the same time, continue to backtrack and search other
subspaces of the parent node to find the k-nearest neighbors.
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Figure 3.2: finding k-nearest neighbors for k-d tree

However, the biggest problem with the k-d tree is that the way it divides the space is
relatively rigid, which is strictly based on the coordinate axis. For high-dimensional
data, each dimension of the high-dimensional data is used as a coordinate axis.
When the instances of data is high, the depth of the k-d tree could be a lot also,
which may also lead to the dimensionality disaster problem.

In contrast, the way of dividing the space by random projection tree is more flexible.
It divides all the data, reduces the number of points for each search and calculates
to an acceptable range. Then it builds multiple random projection trees to form a
random projection forest, and uses the comprehensive result of the forest as the
final result. Although the basic idea of the random projection tree is similar to
the k-d tree, but the way to divide the space is not according to the coordinate
axis, while according to the randomly generated unit vector in order to find leaf
nodes belong to it[18]. This is the process for calculating one random projection
tree. Using the same method, multiple random projection trees are established
to form a random forest, and the sum result of the forest is regarded as the final
result. At the same time, because the data in principle is on a manifold, instead
of a disorderly manner. Therefore, the depth of the random projection tree is not
determined by the dimensionality of the data, but depends on the dimensionality
of the manifold where the data is located|[3].

When a random projection tree is used to find k nearest neighbors, the backtracking

search method is similar to the k-d tree. If the requirement of the tree’s accuracy
is not high, the characteristics of the random projection tree can be used to adopt
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Figure 3.3: finding k-nearest neighbors for random projection tree

a simpler and time-saving method. In other words, we can construct multiple
random projection trees in parallel. Since the divided unit vectors are generated
randomly, each random projection tree divides the current space differently, as
shown in the following figure with two-dimensional space as an example. If the
k-nearest neighbors of the red dot need to be fixed, it only needs to search the
subspace where it is located in different random projection trees, and finally take
the union. Although this is time-consuming and space-consuming in the process of
constructing a random projection tree, it is very efficient in the search phase.

3.1.2 The neighbor’s neighbor may also be my neighbor

The idea of "neighbor’s neighbor may also be my neighbor', start from an initial
nearest-neighbor graph. The algorithm iteratively refines the graph by exploring
the neighbors of neighbors defined according to the current graph[2]. It uses the
neighbor search algorithm to find potential neighbors, calculating the distance
between the neighbor and the current point, the neighbor’s neighbor and the current
point. With the k nodes with the smallest distance as k nearest neighbors, finally
we will get an accurate kNN graph.

3.2 Low-dimensional space visualization algorithm

After completing the KNN graph algorithm for high dimensional space, we need
to project the nodes of the graph into a low-dimensional space. In the process
of low-dimensional space visualization, the idea of t-SNE is to ensure that the
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distance distribution P of the high-dimensional space and the distance distribution
@ of the low-dimensional space are as close as possible, and use the KL distance to
write the cost function and find the gradient. However, the efficiency problem has
not been solved well.

In LargeVis algorithm, in order to solve the efficiency problem, a probability model
is applied to it in order to maintain the similarity of vertices in low-dimensional
space. That is, the algorithm will bring similar vertices close to each other in a
low-dimensional space, and separate different vertices from each other. It uses
negative sampling optimization method from Word2vec to achieve the goal.

3.2.1 Negative sampling
Negative sampling in word2vec

Word2vec is a tool for calculating word vectors released by Google in 2013. It can
measure the similarity between words using two kinds of architectures 1)Continuous
Bag of Words (CBOW) and 2)Skip-gram. While negative sampling is the main
optimization technique for word2vec.

Let’s take the example of the Skip-gram model as an example

If we take the Skip-gram model as an example, its idea is to predict the context
from the target word, and to use a context window in order to limit the text range.
It needs to maximize the probability that the context window appears around
the target word, which is to maximize p(c | w) = 3 p(wi | w). The words w; € ¢
that appear in the context window around the target word constitute a positive
sample (wi, w), and the words w; € D that do not appear around the target word
constitute a negative sample (w;, w). The goal of this step is to maximize the
probability of positive samples during the training process, while also reducing the
probability of negative samples.

Due to the large number of negative samples (words outside the context window can
basically constitute negative samples), it is obviously unrealistic to directly consider
all negative samples, so we can select a part of negative samples by sampling.
Because some words appear frequently in the corpus and some words appear low,
it is obviously not advisable to draw negative samples directly from the vocabulary.
Word2vec uses a weighted sampling strategy, that is, sampling according to word
frequency. High-frequency words are more likely to be sampled, and low-frequency
words are less likely to be sampled.

As we can see in figure 3.5, the upper line segment is divided by word frequency, the
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Figure 3.4: Weighted sampling details

higher the word frequency, the longer the line segment, and the lower line segment
is divided equally. We randomly place dots in the lower line segment (uniformly
distributed), and according to the interval where the point falls, correspond to
the upper line segment to determine the word sampled. Intuitively, in this way,
words with higher word frequency are more likely to be sampled, and words with
lower word frequency are less likely to be sampled.After adding negative sampling
optimization, the form of the objective function becomes:

k
loga(vgc V) + Z loga(—vg;c V)
i=1
EwiNPn(f)

Where w represents the target word, w, represents the word in the context window
around the target word (positive sample), w; represents the word that does not
appear in the context window (negative sample), k represents the number of
negative samples extracted, and P,(f) is Used for noise distribution generated by
negative samples, f represents word frequency, P,(f) oc f%7. The exponent is
suggested to set as 0.75[4], this makes the data closer to the center, which means
that the higher values tend to lower and the lower values do the opposite in order
to avoid high frequent words appearing all the time.

3.2.2 Negative sampling in network

It is actually similar to use negative sampling in the network instead of word2vec.
We can regard the current center point as the target word, and its neighbor nodes
as words appearing in the context window. Then the center point and its neighbor
nodes constitute a positive sample, and the center point as well as the non-neighbor
points constitute a negative sample.

As a small part of the kNN diagram shown in the figure 3.5(a) below, if the blue
point is the center point, each green point and the blue point can form a positive
sample, and each yellow point and the blue point form a negative sample. If we
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use y; and y; to represent two points in a low-dimensional space, the probability
that the two points have a binary edge e;; = 1 (the edge with weight 1) in the kNN
graph is:

Ple =1) = f(llvi =y |I)
Among them, f(-) similarly uses the ¢ distribution in t-SNE, f(x) = ﬁ If the
distance between y; and y; is smaller, the probability of two points having a binary
edge in the kNN graph is higher. On the contrary, if the distance between y; and
y; is larger, the probability that two points have binary edges in the kNN graph is
smaller. LargeVis also considers the weighted network, and defines the probability

that the edge weight is w;; as:

P(ei; = wy) = Ple;; = 1)
If the positive sample is F, and the set of negative sample is £. Both the set of

positive samples and negative samples can be obtained directly through the kNN
graph. The optimization goal can be written as:

O= ]I plez=1"" [ (1—pley=1))
(i.)€E (i,j)€E

The whole optimization goal can be understood as maximizing the probability of
a node pair with a positive sample having a connected edge in the kNN graph,
and minimizing the probability of a node pair with a negative sample having a
connected edge in the kNN graph. Where is the weight we set uniformly for the
negative sample edge. Here again take a logarithm to the formula, the optimization
goal becomes:

O= > ple;=1)" > (1—pleg=1))

(i.4)eE (4,7)€EE

Here we are using all negative samples £, the calculation is too large. With the
help of negative sampling algorithm, for each point ¢, we randomly select M points
and 7 to form a negative sample. The distribution of the points follows a noise
distribution P,(j) with P,(j) oc d)™, where d; is the degree of point j (here, the
degree of the node is used, and word2vec is the word frequency of the word). We
can redefine the objective function:

k
O= Y wyjlple; =1)+ Y ~log(l—Pley,)=1))
(i.§)EE B
i ™ n(])

The objective function is very similar to the one for the Skip-gram model using
the negative sampling technique. After the gradient is obtained, the edge weight
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w;; still appears as a product of the product. The edge weight w;; in the network
varies widely. Therefore, affected by w;;, the gradient will change greatly, which is
still time consuming for training. This situation is also called gradient explosion
and vanishing problem[19]. The edge sampling of Line algorithm is applied to solve
this.

b

(a) negative sampling (b) edge sampling

Figure 3.5: negative sampling and edge sampling example in the network

3.2.3 Large-scale Information Network Embedding (LINE)
and edge-sampling algorithm

There are mainly two outstanding contributions for LINE: one is that it can adapt
to various types (undirected edges or directed edges, weighted and unweighted)
large-scale (million-level nodes, billion-level edges) networks, and it can capture the
first-order and second-order similarities in the network very well; the second is to
propose a very powerful edge-sampling algorithm, which greatly reduces the time
complexity of LINE. After using the edge-sampling algorithm, the time complexity
and the number of edges in the network is linear. The efficiency of LargeVis also
benefits from LINE and its edge sampling algorithm.

The first-order similarity refers to the point-to-point similarity between two nodes
in the network, specifically the weight of the edge between the nodes (if the point
does not have an edge, the first-order similarity is 0); the second-order similarity
means that if nodes share similar neighbor nodes, then the two tend to be similar.
For example, in the case shown in the figure 3.5(b), the weight of the edge is
expressed in thickness.

The first-order similarity between node 8 and node 9 in the graph 3.5(b) is higher
because the weight of the directly connected edges is higher. Node 1 and node 7
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have most of the same neighbors, so the second-order similarity between the two is
very high. The idea of edge sampling algorithm comes from the negative sampling
optimization technique used by Mikolov in word2vec[4]. It does not only improves
the efficiency of training, but also solves the problem of sharp increase in gradient
caused by the weighted edge in the network representation during the training
process.

As for the gradient explosion and vanishing problem that we face in the last section,
it can be solved by the edge sampling technique in LINE.In fact, its principle is
similar with negative sampling, but it is used in positive samples. If the weight of
the edge between two points in the positive sample is w;;, we can convert it into
w;; overlapping binary edges. For example, if the weight between node 8 and node
9 is 5, it will be converted into 5 binary edges with uniform weight.

If there are multiple large weighted edges (hundreds or even thousands), after
converting to binary edges, the total number of edges is also very large, and all
considerations will also affect efficiency. Therefore, after that all the weighted
edges are converted into binary edges (equivalent to equidistant division), random
sampling is performed from these binary edges (equivalent to weighted sampling).
The advantages of the edge sampling algorithm are: on the one hand, because the
sampled edges are binary edges, the weights are all the same, which solves the
problem of a large range of gradient changes; on the other hand, the sampling
process essentially follows a weighted sampling strategy. Because the edges with
larger weights will convert more binary edges, the greater the probability of being
sampled, which ensures correctness and rationality.

After using negative sampling and edge sampling optimization, LargeVis also uses
asynchronous stochastic gradient descent for training. This technique is very ef-
fective on sparse graphs because the two nodes connected by edges sampled by
different threads are rarely duplicated. There is almost no conflict between different
threads. In terms of time complexity, the time complexity of each round of random
gradient descent is O(sM)[16], where M is the number of negative samples, s is
the dimension of the low-dimensional space (2 or 3), and the number of steps of the
random gradient It is usually proportional to the number of nodes N, so the total
time complexity is O(sM N). From this, we can observe that the time complexity
of LargeVis is linear with the number of nodes in the network.
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Chapter 4

Uniform Manifold Approximation
and Projection(Umap)

UMAP is another technique for dimensionality reduction using manifold learning
after t-SNE and LargeVis. It comes from the theoretical framework of Riemannian
geometry and algebraic topology. UMAP uses local manifold approximations and
patches together their local fuzzy simplicial set representations to construct a
topological representation of the high dimensional data[13]. and then a similar
process can be used to construct an equivalent topological representation for the
low-dimensional graph. So that it is optimized to be appropriately similar in
structure. While ensuring scalability, it retains more of the global spatial structure
and performs well during runtime[13]. At the same time, UMAP has no restrictions
on the size of embeddings, and can be used as a general-purpose dimensionality
reduction technology for machine learning. There are some differences from two
other algorithms, leading to different performances:

4.1 Exponential probability distribution in high
dimensions

UMAP uses a high-dimensional exponential probability distribution, but does not
necessarily use Fuclidean distance like t-SNE. Instead, it can insert any distance.
In addition, it is different from the results obtained by t-SNE and LargeVis. Since
the probabilities are not normalized.

Pjli = €Xp [—(rij — pi)/oi]

Here p; is the distance to the nearest neighbor (the zero distance repeated by
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neighbors is not considered). An important parameter representing the distance
from each ¢ — th data point to its first nearest neighbor. This ensures local
connectivity of the manifold. In other words, this provides a locally adaptive
exponential kernel for each data point, so the distance metric varies from point
to point. At the same time, UMAP also uses a different symmetrization of
high-dimensional probability, which is calculated by fuzzy set union using the
probabilistic t-conorm. The probability can be expressed as:

Dij = Dilj T Pjli — PiliPjli
Symmetrization is necessary because UMAP glues points with locally varying
metrics together (through the parameter p), it may happen that the weights
between nodes A and B are not equal to the weights between B and A nodes.

4.2 Probabilities in low dimensions

UMAP uses the curve family 1/(1 + a * y*) to model the low-dimensional distance
probability. It is not exactly the student t distribution, but it’s very similar:

gy = (1+aly; —y;)*)
Where a = 1.93 and b = 0.79 represent the default value of the parameter(for
min__dist = 0.01). UMAP finds a and b from non-linear least-square fitting to the
piecewise function with the min_ dist hyperparameter.

Low-Dimensional Probability of Pairwise Euclidean Distances

ooy

Figure 4.1: edge sampling example

The diagram 4.1 below shows how a and b change the curve. From the graph,
we can easily find that a changes the smoothness of the slope, and b drastically
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changes the shape of the function. After forming a smooth peak at the beginning
of Y, it drops drastically, Which means when b is high, all data points are equally
tightly connected in the beginning. That is, in the low-dimensional space, all the
data points are similar in closeness and this may lead to the emergence of close
clustering. UMAP uses the min_ dist hyperparameter to find a and b from the
nonlinear least squares fitting to the piecewise function:

1  —y; < man__dist
= (1 + a(yz y]) ) { e—(yi—yj)—mm,dzst7 Yi —Yj > min_ dist

The algorithm does not apply normalization to high-dimensional and low-dimensional
probabilities. As a result, the algorithm greatly reduces the time for calculating
high-dimensional graphs, because summation or integration is a computationally
expensive process.

4.3 Binary cross-entropy cost function

UMAP cost function is the cross entropy of two fuzzy sets, which can be expressed
as a symmetric weight matrix:

pm (X)
4ij (Y)

)+ (1 — poy(X)) log( L~ P

Crumap(X,Y) Z Z i (X) log( T g(V)
i

)]

Like the Kullback-Leibler divergence, this can be arranged into two constant contri-
butions (those containing p;; only) and two optimizable contributions (containing
¢i; ). Then, we can add the additional term in the Cgyarap cost function which
makes UMAP capable of capturing the global data structure:

Crpumap(X, dij) = Z[—P(X) log Q(di;) + (1 — P(X))log(1 — Q(di;))]

J

with
1 0Q  2abd!

di' R d —
Q( ]) 1 + CLdiJQ-b an 8d2] (1 + adng)2

Actually, the UMAP cost function has a very similar form with the one of LargeVis,
but it does not have a v term to weight the repulsive component of the cost function,

28



and does not require matrix-wise normalization in the high dimensional space. The
cost function for UMAP can therefore be optimized with stochastic gradient descent
in the same way as LargeVis.

8OEUMAP _Z -_ P(X) 8@ 4 1—P(l‘) 8@
dyi G| Qi) ddi; 1 —Qdy) ddy;
| b, (1= PX))(1+ad?)\ 0Q
_; _(—P(X)(1+ad?j)+ o )adij]
[2abd;"VP(X)  2b(1 — P(X))
- ; C Lvad (1 ad) v =)

In contrast to the random normal initialization used by t-SNE, UMAP uses the
graph Laplacian algorithm to assign initial low-dimensional coordinates. However,
this should not have much impact on the final low-dimensional representation, at
least for t-SNE[13]. In fact, this will reduce UMAP changes between each run
because it is no longer randomly initialized. The choice of initialization by graph
Laplacian is to minimize KL divergence with early exaggeration in the initial stage
of t-SNE is equivalent to constructing Graph Laplacian. The graph Laplacian
actually combines matrix factorization and neighbor graph methods to solve the DR
problem. In this method, we first construct a knn-graph, then form the Laplacian
matrix with matrix algebra, and finally decompose the Laplacian matrix to solve
the eigenvalue decomposition problem[24].
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Chapter 5

Assessment Algorithm

Similarity-based methods using Stochastic Neighbor Embedding such as t-SNE and
its variants Umap and Largevis emerged with remarkable DR performances and
also the time complexity. As the method to compare the performance for the result
of algorithms. This chapter focuses on exploring DR quality measurement criteria.

There are some studies that developed DR quality criteria measuring the HD
neighborhoods preservation in the LDS [7], which becomes generally adopted. The
quality criterion used to assess the various embedding evaluates the preservation of
K nearest neighborhoods[1]. This work examines the DR quality of these algorithm
on numerous real-world and artificial data sets[5], using various potential parameter
values for each one, given by neighborhood-based DR performance criteria [6].
With v* and n¥ index the K nearest neighbors of high dimension data point z;
and y; in the HD and LDS, we can define:

diel | v Nnf |
K — K 1
Qux (K) o

This criterion measures the average normalized agreement between corresponding
K nearest neighborhoods in the HD and LD spaces[14]. Tts expectation for random
LD points becomes K/(N — 1). With the formula above, we can define:

€ [0,1]

Ryx(K) = ((N-1)Qnx(K) - K)/(N-1-K)

Ry x is to compare different neighbour sizes [8]. For K € [1, N — 2]. Ryx equal to
-1 means that instead of collecting nearest neighbours, the result regards furthest
neighbors on opposite. The value 0 means that this is a random embedding(Ryx ~
K/(N —1))[1]. When Ryx equal to 1, all the K nearest neighbors fit are exactly
the closest ones. The curve of the DR quality could be displayed with a log-scale
for K as closer neighbors. The area under the DR quality measurement curve could
be expressed as:
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Y x_i Rvx(K)/K

K= K
This work is going to use AUC value as the measurement for performance of the DR
results. The higher AUC implies the higher Ryx in all K field, which represents a
better performance on the dataset.

AUC =

€ -1,1]
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Comparison
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Chapter 6

Comparisons and
implementations

This work will analyze the characteristics of the three algorithms on different
real-world data sets. Taking into account the differences between instances (N) and
dimension (M), 6 data sets with different N and M will be tested. The code will
test the AUC values of the algorithms, and first analyze the individual parameters.
Then, analyze the parameters that affect each other according to the generated
heatmap. Finally, this work will take 5 representative values from each variable
of each algorithm, use grid search algorithm to find the parameters that each
algorithm performs best on the same data set. Analyze the performance difference
of Ryx curve.

As discussed above, in order to draw the conclusions in a convincing way, This work
will examine the three algorithms’ quality on several real-world data sets with differ-
ent N and M, based on the neighborhood-based DR performance criteria discussed
above. There are six public databases: Iris, Wine, Breast Cancer Wisconsin Diag-
nostic (BCW)[25], the Olivetti faces (Oliv), Optical Recognition of Handwritten
Digits test set (Digits) and Labeled Faces in the Wild face recognition(LFW)[26].
The instance and dimension information of datasets are shown on table 6.1.

6.1 Grid search algorithm

Grid search is a parameter adjustment method, with exhaustive strategy: among
all the predetermined parameter selections, through looping and trying every
possibility, the best performing parameter is the final result. Take this thesis’s
work as an example. Each algorithm selects the four most important parameters,
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Datasets | Number of instances | Number of dimensions
Iris 150 4
Wine 178 13
Oliv 400 4096
BCW 569 30
Digits 1797 64
LFW 13233 5749

Table 6.1: instance and dimension information of datasets

and each parameter takes 5 typical values. All possibilities are listed, which can
be expressed as a 5*5*5*5 four-dimensional table. Each numerical combination is
a grid, and the cycle process is like traversing and searching in each grid, so it is
called grid search. As for this work, the code will go though all combination of
parameters and return the best parameters considering neighborhood-based DR
performance criteria.

6.2 BH t-SNE

As discussed above in chapter 2, since the result from t-SNE and BH t-SNE have
similar result while BH t-SNE is much faster than the other[6]. This thesis will
focus the performance and characteristics of it in the experiment part. There are 4
most important parameters for BH t-SNE, the ideas of each parameters are:

1. perplexity: related with the number of nearest neighbors for each point
2. n_iter: maximum number of iterations for optimization
3. early_exaggeration: the tightness inside clusters and the distance inbetween

4. man__grad_norm: the threshold for stopping the optimization

6.2.1 perplexity

perplexity is related to the number of nearest neighbors. It changes the balance
between the local and global aspects of the data. The perplexity value has a com-
plex effect on the generated pictures, but the performance of SNE is quite reliable
for changes in complexity, and the typical value of perplexity is between 5 and 50[6].
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We can try different potential perplexity values on datasets with different instances.
At the same time, since the algorithm using stochastic method, the parameter
random__state is set to 1. This parameter determines the random number generator
so that it pass an int mark for reproducible results across multiple function calls.
After examining it on the first dataset Iris, we get the figures below. For comparing
visualization quality on the dataset, from this result, the experiment colored each
node with the information of its label in the visualized low-dimensional graph:

20

t_ SNE with (perplexity = 20) t SNE with (perplexity = 50)
15 4 #

—30 —20 -10 o 10 20 —15 —10 -5 o 10 15

t SNE with (perplexity = 100) t_ SNE with (perplexity = 200)

2.5

1.5
1.0

0.5 0.380

Figure 6.1: LD result for BH t-SNE with different perplexity on Iris

In the figure, we can see that when the value is in the range of 5-50, clusters are well
distinguished. Considering that the number of instances of the dataset is only 150,
when the value is 100, the clusters begin to merge. When the perplexity equals to
200, it is difficult to distinguish different clusters. Considering that the perplexity
varies from dataset to dataset, it is better to modify the parameter depending on
each specific dataset. Loosely speaking, one could say that a larger/denser data
set requires a larger perplexity[20].

At the same time, the AUC value for the result with these parameters are 0.731,
0.658, 0.654, -0.004 separately. These AUC values verify the previous observations.
As for the last one, it has a big difference between others as a minus result, which
means that the result is bit worse than random embedding. With the definition of
the Ryx curve Ryx(K) = (N — 1)Qnx(K) — K)/(N —1 — K). This is because
perplexity is set to a high value, the ) x on the numerator is relative small since
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the normalization term is largest and denominator is a negative number, we then
have a minus result.

6.2.2 n__iter

n__iter is the maximum number of iterations for the algorithm. The graph observed
above are all generated with 1000 iteration which is the default value of n_iter. In
principle, the higher n_ iter gives the better result. However, it may be very time
consuming when it comes to big dataset. In contrast, if n_iter is too small, the
algorithm does not have enough iteration to generate the convincing clusters in
LD. The most important thing is to reach a stable configuration. The figure shows
how the result changes with n_ iter grows in Digits dataset as above:

t-SNE with (n_iter = 500)

t-SNE with (n_iter = 300)
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Figure 6.2: LD result for BH t-SNE with different n_ iter on Digits

From the figure, we can easily observe that the more iterations, the better identified
for clusters. These four n_ iter generate AUC values are 0.489, 0.526, 0.533, 0.536
separately, which verified the previous conclusion.

6.2.3 min__grad__norm

This parameter is the threshold of gradient norm to determine when the optimization
will be stopped. If the norm is less than the setting value, the gradient descent of
Kullback-Leiber divergence will stop. Considering that the default number of this
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parameter is small enough, after examining its potential values, the accuracy is
promised if it is set to a relative small value. When it becomes too big, gradient
descent may not even find out the local minimum.

6.2.4 early__exaggeration

early__exaggeration is equivalent to increasing perplexity for a short while. It
controls how tight natural clusters in the original space are in the embedded space
and how much space will be between them. When the value becomes higher, the
space between clusters will be larger in the embedded space. It also becomes easier
for the clusters to move around relative to one another in order to find a good
global organization[9].

6.2.5 Relations between parameters

The code of examination also generates a series of heatmaps to show the relationship
of each parameter pair. Heatmap represents the effect of one parameter change on
another parameter when other parameters take default values. According to the
operation of BH t-SNE on 6 data sets, :

early__exaggeration and n__iter:

The figures below shows the heatmap between early exaggeration and n__iter for
each dataset:
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Figure 6.3: early_exaggeration and n_ iter for BH t-SNE on different dataset

It is easy to find that when early exaggeration goes smaller and n_ iter goes
larger, the performance of BH t-SNE is the better. When these two parameters
come to the smallest and the largest of the range separately, the AUC value is the
best. Except on two small dataset (Iris and Wine), where the best result is almost
as good as other values with the difference of AUC to other values less than 0.01.
This makes sense since larger early exaggeration force clusters to move around
relative to one another in order to find a good global structure. With the number
of iteration increasing, there are higher probability for algorithm to reach a stable
configuration.

Running time

As in the previous theoretical analysis, It is easy to find that running time increase
with perplexity and n_ iter affect the running time the most. The time increases
significantly with these two parameters independently with the same trend on 6
data sets. Take digits dataset as an example, there are heatmaps for these two
parameters with others:
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Figure 6.4: Running time for perplexity and n_ iter on Digits dataset with other
parameters set to default

6.3 UMAP

There are the four most important parameters for UMAP, the ideas of each
parameters are:

1. n_neighbors: The size of local neighborhood like perplexity for BH t-SNE
2. min_ dist: The effective minimum distance between embedded points
3. spread: The effective scale of embedded points

4. negative__sample_rate: Number of negative samples for per positive sample

6.3.1 n_ neighbors

n_neighbors determine the size of the local neighborhood used for manifold ap-
proximation. Its default value is 15 instead of 30 for perplexity in BH t-SNE. This
makes sense since the definition of K is k = 22-:P where Dij = Pilj + Pjli — PiljPjli
without the log 2 function in perplexity as perplexity = 2~ 2 Pilslosz Pijs

The changes allow this parameter controls how UMAP balances local versus global
structure in the data. It does this by constraining the size of the local neighborhood.
UMAP will look at when attempting to learn the manifold structure of the data.
This means that low values of n_ neighbors will force UMAP to concentrate on very
local structure, while large values will push UMAP to look at larger neighborhoods
of each point when estimating the manifold structure of the data, losing fine detail
structure for the sake of getting the broader of the data. Also, since the parameter
n_ neighbors means the number of the neighbors, it should not be higher than the
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number of data points.

We can try different potential perplexity values in datasets with different instances.
Same as BH t-SNE, in order to avoid the effect of stochastic for each round, the
parameter is randomytateis set to 1. After examining it on the dataset Digits, we
get the figures below:
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Figure 6.5: LD result for UMAP with different n_ iter

These values of n_neighbors lead to AUC values for 0.391, 0.449, 0.437, 0.431
seperately. As we can observe from the figure, with the number of n_ neighbors
increases, when constructing graphical representations of high-dimensional data,
UMAP connects more and more adjacent points, which leads to a projection that
more accurately reflects the global structure of the data. When it is a very low
value at 2, it focus on the local structure completely.

6.3.2 nun_ dist

The mingist parameter controls how tightly UMAP is allowed to pack points
together. It, quite literally, provides the minimum distance apart that points
are allowed to be in the low dimensional representation. This means that low
values of min_ dist will result in clumpier embeddings. Larger values of min_ dist
will prevent UMAP from packing points together and will focus instead on the
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preservation of the broad topological structure.

UMAP uses the family of curves 1/(1+ax*y®) for modelling distance probabilities
in low dimensions, not exactly Student t-distribution but it is very similar, without
normalization. As the formula mentioned in the theoretical part, the min dist
determine the a and b for the curve directly. Here below are figures with different
man__dist with the Digit dataset as above:
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Figure 6.6: LD result for UMAP with different min_ dist

From the figures above, we see that using min_ dist=0.0, UMAP can find smaller
connected components and clusters in the data, and emphasize these features in the
final embedding. As these structures in min_ dist increase, the size of the clusters
also increase. These structures are pushed into softer and more general functions,
which provide a better overall view of the data without the loss of more detailed
topology.

6.3.3 spread

spread control the effective scale of embedded points, which means that it deter-
mines the scale at which embedded points will be spread out. Whereas increasing
spread keeps the shape and boundary of the clusters a bit better. Spread can
therefore be used to control the inter-cluster distances to some extent, where as
min__dist controls the size of the clusters.
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6.3.4 negative__sample__rate

This parameter determine the number of negative samples to select per positive
sample in the optimization process. Increasing this value will result in greater
repulsive force being applied, greater optimization cost, but slightly more accuracy.
Here below are figures for different negative sample rate values:
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Figure 6.7: LD result for UMAP with negative sample rate

As we can observe, the clusters are more well identified with the increase of
negative__sample_rate. As for the result, these four settings of the parameter has
AUC values 0.402, 0.425, 0.430, 0.449. At the same time, the running time for each
are 4.385, 7.749, 9.552, 25.615, 45.477 separately, which confirmed the previous
argument.

6.3.5 Relationships between algorithms and parameters
Running time

The most obvious finding is that UMAP uses much less time than BH t-SNE to
run the code in each dataset. Here below is the comparison between UMAP and
BH t-SNE:

There are several reasons for this:
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Figure 6.8: Time consumption on different dataset for 2 algorithms

1. As defined above, the Hid%h—d)imensional and low-dimensional probability
4,55)—p

1S expressed as pz\] = 6_ "i] with pij = pz\] + p]\z — pl|JpJ|7« and qij =

(14 a(y; — y;)®)~", which do not apply normalization. Although they have

been scaled for the segment [0,1], it turns out that there is no normalization,

such as the denominator in the equation of p;;. The time for calculating

high-dimensional graphs is greatly reduced, because summation or integration

is a computationally expensive process.

2. Different with the random normal initialization used by tSNE, UMAP uses
the graph laplacian method to assign initial low-dimensional coordinates.
This will reduce the UMAP change from iteration to iteration because it is
no longer random initialization.

The global structure preserved better using UMAP

With a better global structure visualization result and better AUC acore,
UMAP has a better balance between local and global structure.[21, 22]

This firstly because of the different cost function using Cross-Entropy instead
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of the KL-divergence. As discussed above, we have:

Crumar(X, dij) = [-P(X)log Q(di;) + (1 — P(X))log(1 — Q(di;))]

It can turn out to be:
Crumap(X,dij) =Y [-P(X)log Q(di;) + (1 — P(X))log(1 — Q(dy))]

J

1—e ) (1+Y?)

_x2 _x2 2
:eXlog{eX(1+Y2)}+(1—eX)log ( 72

14+ Y?

~e X log(1+Y?) + (1— e %) log( %

)

This leads to the change in the preservation balance of the local-global
structure. At a smaller value of X, we obtain the same limit as t-SNE,
because the second term disappears due to the previous factor, and the
logarithmic function is slower than the polynomial function:

X 5 0:CE(X,Y) ~log(1+Y?)

Therefore, in order to minimize the loss, the Y coordinate is forced to be
small, that is, Y — 0. This is exactly the same behavior as t-SNE. However,
in the opposite limit of large X, the first term disappears and the former
factor of the second term becomes 1, we get:

14+ Y?
Y2>

X —-o00:CE(X,Y) =~ log(

If Y is small, we will get a high penalty due to Y in the logarithmic denom-
inator. The larger Y is encouraged so that the ratio under the logarithm
becomes 1, and we get zero penalty. Therefore, we get Y — oo at X — oo,
so when moving from high-dimensional space to low-dimensional space, the
global distance is preserved.

Relationship between perplexity and n__neighbor

BH t-SNE and UMAP both define the high-dimensional probability at a
certain distance for observing points as:
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Here o is the parameter for how many samples can be detected by each other,
which is a finite value. This means that the data points over the threshold
of o will not be considered as a candidate to analyze. Because both tSNE
and UMAP are neighbor graph algorithms, the local structure of the graph
is retained. However, when o — o0, every point has a chance to detect
every other point, which means, in principle, both BH t-SNE and UMAP
can retain the global structure. Even thoughr ¢ is not the hyperparameter of
tSNE and UMAP, but as a variable of perplexity and n_ neigbor respectively.

We can easily observe that the n_ netghbor hyperparameter is increased, the
average sigma of UMAP will soon reach a plateau, while BH t-SNE is much
more sensitive to perplexity. When it comes to big perplexity, the almost
hyperbolic difference of the average o of BH t-SNE has a huge impact on the
gradient of the tSNE cost function (KL difference). In the limit —oo, the
high-dimensional probability in the above formula becomes 1, which leads to
a decrease in the KL divergence gradient.

Relationship between n_ neighbors and min__dist

From the previous derivation, we can draw the conclusion that n_ neighbors
change the balance between local and global structure and min_ dist deter-
mine the size of the clusters. These two parameters affect the performance of
the algorithm the most.

The figures below show the heatmap between n_ neighbors and min_ dist
for each dataset, it is easy to find that when min_ dist goes to middle of the
range around 0.5 and n_ neighbors also goes to middle of the range around
50, the performance of UMAP is the best. Except for LFW dataset, where
the best result comes from two parameters are set to almost the minimum
of the range. This situation happens because the size of LFW is 10 to 100
times higher in both instances and dimensions comparing with the rest of
the dataset. So the algorithm need to focus more on smaller scale of the
structure and keep the size of the clusters relatively small in order to have a
better dimension reduction result.
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Figure 6.9: Heatmap result with different n_ neighbors and min_ dist in different
dataset

Influence of parameters on running time

Although UMAP runs faster than BH t-SNE, there are still differences
on how each parameter infect the time consumption. n_neighbors and
negative sample_rate are two most decisive parameters with the increase-
ment of them. Due to space limitations, this scheme will show the time
consumption tendency in the heatmap form Digits, which is the representa-
tive dataset:
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Figure 6.10: Running time for negative sample rate and n_ neighbors on Digits
dataset with other parameters set to default

It is clear that n_neighbors and negative__sample_rate play a major role
in the increase of running time. When it comes to heatmap for n_ neighbors
and negative__sample_rate, the highest running time comes when these two
parameters set to highest.

6.4 Largevis

This experiment focuses on the four most important parameters of the Largevis
algorithm. Their basic ideas are:

1. perp: The perplexity used for deciding edge weights in KNN graph

2. neg: Number of negative samples used for negative sampling

3. gamma: The weights assigned to negative edges

4. neigh: Number of neighbors (K) in KNN graph, which is usually set as three

times of perplexity

6.4.1 Installation and modification

Because the Largevis algorithm is not integrated in any python software package,
but a series of C++ and python source codes are provided on github, it needs to
be deployed before using the algorithm.

The C++ code needs to be compiled in the VS environment, so the first step is
to download and configure Visual studio. Second, Since a large number of related
library functions are used in the project, Boost must be configured in advance.
The Boost library is a portable C++ library that provides source code. As a
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backup to the standard library, it is one of the development engines of the C++
standardization process.

In principle, the Largevis should be installed on the computer after two procedures.
However, since the python code of the source code is based on python 2.7 and
version on the computer is 3.7. Also the version of C++ code is different, there
are some API that do not use the previous names and the usage of some functions
changed also. It is necessary to modify the code base on the differences as well.

6.4.2 perp

Since the approach to calculate conditional probability in HD and the weights of
KNN graph are the same as BH t-SNE, the parameter perplexity play the similar
role. This is basically to maintain a balance between the local and global aspects
of the data by deciding edge weights in building HD KNN graph. Here below are
visualization results with different potential perplexity values on 6 datasets:

LargeVis with (perplexity = 20) LargeVis with (perplexity = 50)
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Figure 6.11: LargeVis results with different Perplexity

From the figure we can observe that when the perplexity is 20 and 50, the clusters
are well separated with a better global and local balance. While after 100, clusters
start to merge. When perplexity reach 200, the gap in between are blurry. Because
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there are not the parameter randomgtateis in its source code like t-SNE and
UMAP, the AUC values are average score with 5 iterations for each in order to
avoid randomness. The AUC values of them are 0.48, 0.487, 0.375, 0.383 separately.

6.4.3 neigh

neigh represents the number of neighbors in K-NN graph. With higher neigh
values, the more neighbors will be detected when building KNN graph. As with
the official BH t-SNE implementation, the LargeVis reference implementation uses
a default perplexity of 50, and the default number of nearest neighbors is 3 times
the perplexity.

6.4.4 neg

As the key parameter for negative sampling in LD visualization part. neg determines
the number of negative samples used. Same as for the theoretical part, if we select
an edge in the set of edges with the non-zero weight(E) from the KNN graph,
so that p;; # 0. This is called a “positive edge”. i and j are used to calculate
the attractive part of the gradient. If we sample one of the N vertices(neg). As
datasets grow larger, the probability that neg is in E grows smaller. Here below
are visualization results with different potential perplexity values on Digits dataset:
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Figure 6.12: LargeVis results with different neg
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As we can see from 6.13, the average distance between clusters grows as neg variable
increases. Their AUC values are 0.45, 0.46, 0.50, 0.51 separately. This is because
the "repulsive force" of the cost function strengthened. At the same time, there
are more time consumption since the vertices from KNN graph need to consider
increased multiple times.

6.4.5 gamma

gamma stands for the weights assigned to negative edges. In the optimization
process of Largevis, the goal is to maximize the probability that a positive sample
node pair has a connected edge in the KNN graph, and to minimize the probability
that a negative sample node pair has a connected edge in the KNN graph, where
is the unified the weight set by the negative sample edge. Similar to the relationship
between perp and neigh, nag and gamma set the number and weight of negative
sample edges.

6.4.6 relationships between parameters

After observing the heatmap results, the two most important parameters perp and
neg for building KNN graph in HD and visualization algorithm in LD, have the
greatest impact on AUC values. Here below are the relationships between them:
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Figure 6.13: heatmap between perp and neg on each datasets

With perplexity increases, the performance becomes worse on average. when the
range of neighbor becomes too much, the redundant information from less relative
neighbor may damage accuracy. While higher neg leads to better result. Because
the bigger the number of negative samples, the greater the probability that the node
pair of the positive sample has a connected edge in the KNN graph, the smaller
the probability that the node pair of the negative sample has a connected edge in
the KNN graph. This lead to better performance with more accurate sampling.

6.5 Visualization result with optimal parameters
After examining all representative representative parameter values using grid search,
the optimal parameter settings of each algorithm for each dataset are generated.

The figure below shows the visualization results of each algorithm on the data set:

t-SNE with best parameters on Iris UMAP with best parameters on Iris LargeVis with best parameters on Iris

40 =30 20 -0 0 0 20 3 -20 -10 0 10 20 -20 0 20 % 60

(a) BH t-SNE on Iris (b) UMAP on Iris (c) LargeVis on Iris
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Figure 6.14: Visualization results on 6 datasets

We can see that on the smallest data set with hundreds of instances and dimensions,
like Iris, Wine and BCW], the visualization images generated by BH t-SNE, UMAP
and LargeVis are both meaningful and can be compared with each other.

However, when it comes to the image dataset, like Oliv(with N = 400, M = 1096)
and LEW (with N = 13233 , M = 5749 ), all three algorithms do not have a good
performance. At the same time, the outcome of Digits dataset(with N = 1797, M =
64), which is also a image dataset, identify the clusters clearly. This may because
the image of the first two datasets are consist of hundreds of objects at different
angles, after transforming them into pixels, the image of same object at different
angle could be regarded as different clusters. The following chart and table show
the AUC values and time consumption on each dataset of three algorithms with
optimal parameters:

| | ‘l ||

Iris(N=150, M=4) Wine(N=178M=13)  Oliv(N=400M=4096)  BCW(N=569M=30]  Digits(N=1797,M=64)  LFW(N=13233M=5749)

= =]
= e W = oo

Ni-SNE WUMAP 1 LargeVis
Figure 6.15: AUC values for each dataset of algorithms with optimal parameters

From the all the results, we can find out that:

23



Datasets BH t-SNE | UMAP | LargeVis
Iris(N=150,M=4) 2.89 1.37 | 408.15
Wine(N=178,M:13) 5.55 1.43 414.15
Oliv(N=400,M=4096) 18.65 14 | 42723
BCW (N=569,M=30) 23.15 5.39 425.95
Digits(N=1797,M=64) 49.01 9.23 535.71
LFW(N=13233,M=5749) | 1181.07 98.18 | 1625.84

Table 6.2: Time consumption for each dataset of algorithms with optimal
parameters

1. The number of dimension does not really matters the running time on these
datasets for these three algorithms.

2. The AUC score of BH t-SNE and Largevis with optimal parameters are
almost the same with a difference of 2 percent maximum. However, the AUC
score of UMAP always has less 7 to 8 percent.

3. Considering the time complexity for BH t-SNE, LargeVis and UMAP is
O(Nlog N)[6], O(MN)[16](M equal to the number of negative sampling),
O(N'1)[21] separately as well as the performance of the experiment. we can
draw the conclusion that when it is needed to have a fast result or better
understanding of global structure of HD data, the UMAP is the best choice.
If the result need to be more accurate and more attention to details of the
structure in HD, when the instances of the dataset is less than 10° level, BH
t-SNE will save more time. When it is above, LargeVis is the better one with
less time consumption[2].
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Chapter 7

Conclusion

This manuscript studies the three most advanced data dimensionality reduction
algorithms based on random neighbor embedding methods, namely BH t-SNE,
UMAP and LargeVis. This manuscript first derives three algorithms from the
perspective of theory and experiment. The DR quality standard is also used to
measure the performance of the three algorithms on different data sets. Then,
check the more important parameters of each algorithm, and similar parameters of
different algorithms, and explore the possible reasons that lead to their different
results. Finally, the grid search algorithm is used to measure the best parameters
of the three DR algorithms, and the similarities and differences of the algorithms
running under the best conditions are compared. Experiments on actual data sets
show that UMAP has better running time and retention of global structure, while
LargeVis has better quality of local visualization results. Although BH t-SNE focus
almost only on the local structure, the best parameter performance of its AUC
value is at the same level as the other two algorithms. In the future, inspired by
the neural network structure of the autoencoder, its middle layers will be compared
horizontally, and the comparison dimension will be expanded from 2 dimensions to
multiple dimensions.
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