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Abstract
The objective of this thesis is to implement the Convex Pairs approach, using

an alternative convexity hypothesis to benchmark Swedish electricity distributors

(DSO). Three models are developed, the first two being the classical approaches

under the hypothesis of the Free Disposability Hull and of Varying Returns to

Scale. The third is developed as an algorithm that creates artificial Convex Pairs

based on the real observations, using blocking and polyhedron theories. It has

the advantage to neglect the assumption of convexity in the technology set, which

reflects the economic reality in some situations. An e�ciency index is then im-

plemented by solving as many linear programming problems as there are firms

analysed. We implemented this algorithm for 40 DSOs characterised by 1 input

and 5 output variables. In total, 174 non-dominated pairs were kept among all

those created by the algorithm. The median e�ciency using the new approach is

found between those for FDH and VRS e�ciency. However, the di�erence between

the convex pairs approach e�ciency and the VRS e�ciency is too large to use the

two as equivalent, depending on the convexity assumption required.
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Chapter 1

Introduction to benchmarking and

regulation

1.1 Data Envelopment Analysis, the origins.

Charnes, Cooper, and Rhodes (1978) introduced the data envelopment analysis

(DEA) method to extend the business cost e�ciency measure developed by Farrell

(1957). Those ideas are now widely accepted and still in use for applications

in evaluating public programs. This therm refers to a set of so-called Decision

Making Units which share a common set of inputs and outputs. Application

of the models demands a fair transparency in data collection. Therefore, it is

particularly suitable for public sector applications as the variables chosen may not

be monetisable stricto sensus.

In the decades following the original publication, economists and management

scientists extended this work into various mathematical programming models to

evaluate a posteriori the relative e�ciency of managerial decisions. The most

general model, the Free Disposability Hull, is proposed by Deprins, Simar, and

Tulkens (1984) and it draws the e�ciency frontier that is the closest to the DMU.

1



2 1.2. DSO BENCHMARKING: INTRODUCTION AND MOTIVATIONS.

Such model already calls for further development because this frontier may not

be a neoclassical one, hence preventing economic application. Diving deeper into

details, R. D. Banker, Charnes, and Cooper (1984) brings the possibility to conduct

analysis in the case of increasing, constant or decreasing returns to scale.

However, the assumption of a convex production possibility set proposed by

Charnes et al. is inconsistent with the condition of increasing returns to scale.

This assumption may be relaxed and Petersen (1990) provides an alternative ap-

proach which invokes convex inputs and outputs sets rather than convexity of the

full production possibility set. Several methodologies have been developed sub-

sequently to impose convex isoquants. Specifically, Agrell, Bogetoft, Brock, and

Tind (2005a) propose the Convex Pairs Approach, the focus of this thesis, that

uses pairs of associated convex input and output sets. Arguments for this new

method is that it is consistent with the IRS condition and with micro-economic

theory, which is important when considering the application of the models. Also,

it circumvent multiple weaknesses inherent to previous models.

1.2 DSO benchmarking: introduction and motivations.

The Distribution System Operators, or DSOs, typically experience large fixed costs

and relatively low marginal cost. The fixed cost is incurred when building the

infrastructure like transmission lines and the network substations. In addition, if

the firms operate in remote or mountainous geographical areas, the low network

density increases the cost in comparison to their revenue.

Because of such market characteristics, the DSOs are natural monopolies and

considered as legal monopolies. Obviously, monopolies do not try to reduce their

costs since they are not subject to competition. In addition, there are no close

substitute to electricity supply and the demand is relatively inelastic, which makes
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the DSOs’ position relatively dominant.

For this reason, regulators have been introduced as a "proxy purchaser of ser-

vices, imposing constraints on the prices and the modalities of the production"

(Agrell & Bogetoft, 2016). However, production and price setting depends on a

large array of parameters, and the di�erent DSOs evolve in heterogeneous envi-

ronments. Setting standards and objective is a very di�cult task, and the firms

usually benefit from a informational rent, which is a prejudice to the society.

In the European energy transmission and distribution regulation landscape,

Data Envelopment Analysis has now been used for more than 20 years and this

technique is well established. Indeed, a strength of DEA is precisely that it can

cope with the diversity in firms and still provide consistent comparison. The

quality of the comparison, however, depends on the number of firms we can dispose

of for analysis.

1.2.1 Applied case: Swedish DSO.

In Sweden, the market has been reformed in 1996; generation and trading of elec-

tricity is open to competition, where electricity transportation is still considered

as a natural monopoly (Wallnerström et al., 2016). The Swedish Electricity In-

spectorate is therefore responsible to create incentives for fair prices, quality and

reliability of supply.

Since 2016, the regulation regime for the DSO is the revenue cap, which defines

"the total amount that the DSO may charge their customers" (Wallnerström et al.,

2016). The objective of this methodology is to ensure that the DSO do not benefit

unfairly from their informational rent and obtain excessive cost coverage and ROI.

Depending on the Inspectorate assessment, the revenue cap can be adjusted.

The data we will base our analysis on is already anterior to the current regu-

lation. In addition, the power system is expected to experiment major changes in
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a near future, since decentralised and renewable energy generation will create new

supply patterns. Modifications will also happen on the demand side as demand

response and storage will modify the load profile.

1.2.2 Convexity assumption and research question.

Benchmarking is a technique that allows to compare firms between themselves and

provide a "mentor unit" they can learn from. Various assumptions, including the

convexity assumption, allow to increase the information we can obtain from the

actual data and draw conclusions on e�ciency at di�erent levels of confidence. This

convexity assumption is presumed by all the classical DEA models. However, there

are di�erent reasons to challenge this assumption, and interesting opportunities in

doing so.

The objective of this thesis is to provide a review of the building blocks of DEA

benchmarking, while developing some of the convexity relaxation works that have

been done by several authors. The present research focuses on the one proposed by

Agrell et al. (2005a) and the research topic is the following; E�ciency Benchmark-

ing of Distribution System Operators using the Convex Pairs approach. This work

will be mainly exploratory on the side of other DEA assumptions. The application

is on the Swedish DSO since it has already been heavily benchmarked, but is not

intended to provide a turnkey solution for regulators.

The outline of the thesis is as follows. In Chapter 2, we introduce the reader to

the basics of benchmarking and production analysis and its main assumptions. We

also provide an introduction to the relaxation of the convexity assumption and the

core characteristics of the new approach. In Chapter 3, we propose the approach

we will use, that will focus on 2 classic models and the new technique. It will

develop the proposition from Agrell et al. (2005a) to alter production assumptions

by neglecting global convexity while still presuming local convexity in the input and
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output spaces. To illustrate the Convex Pairs approach, we present the empirical

data we will use for implementation, including the data preparation and the actual

results of the models in Chapter 4. We conclude our research in Chapter 5.



Chapter 2

Methodology

In this chapter, we review the fundamentals of production analysis, benchmarking

and Data Envelopment Analysis. The technologies and assumptions developed

here are the building blocks necessary to develop further the new model proposed.

To give some context to the approach proposed in this thesis, the methodology

proposed by several prominent authors is reviewed at the end of this chapter and

we will see how the new approach fits into the previous ones.

2.1 Benchmarking.

Benchmarking entities equals to relatively evaluate their performance, or more

formally is the "systematic comparison of the performance of one firm against

other firms" (Bogetoft & Otto, 2011). A common motivation for benchmarking is,

among others, the introduction of regulation in a specific industry by conducting

an inter-organisations comparison.

In this chapter, we will define the basics of productivity analysis.

6



7 2.1. BENCHMARKING.

2.1.1 Firm and production plan.

From Bogetoft and Otto (2011), we establish that a firm, that we will call a

Decision-Making Unit or (DMU ), transforms inputs into outputs by choosing a

Production Plan, i.e. a combination of inputs and outputs.

Consider K firms indexed on k = 1, . . . , K. To produce n outputs yk =

(yk

1 , ..., yk

n
) œ Rm

+, the n vector, firm k has used m inputs xk = (xl

1, ..., xk

m
) œ Rm

+,

the m vector.

firm kInputs xk Outputs yk

Figure 2.1: A simple firm.

To relatively evaluate firms’ production plans, we assume they use a common

underlying technology or production possibility set T. T is unknown as determined

by various factors, including the social and technical environment in which firms

operate. We can estimate T based on observed input-output combinations. T

becomes the smallest set containing actual data, formally defined here:

T =
Ó
(x, y) œ Rm

+ ◊ Rn
+

---÷k œ {1, . . . , K} : (x, y) = (xk, yk)
Ô

(2.1)

Moreover, T = Rm
+ ◊ Rn

+ is the largest possible technology set in which anything

can produce anything, which is not realistic.

Therefore, the technology in Equation 2.1 is the starting point of productivity

analysis. Assumptions will be added to the model to enlarge the set between those

two extremes and allow interpolation and extrapolation of the actual data. Those

assumptions will be defined in a later chapter of this section.
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2.1.2 Dominance.

Still using Bogetoft and Otto (2011), the concept of dominance allows to introduce

a partial ranking of firms. It is a weak expression of preferences because almost

everyone would prefer a dominating firm than another.

Figure 2.2: Dominance between three firms. (Bogetoft &
Otto, 2011).

We consider two firms in the simple configuration of a one-input, one-output

production plan (x1, y1) and (x2, y2). Firm 2 dominates firm 1 if it does strictly

better in at least one dimension, formally if and only if x2
Æ x1, y2

Ø y1 and

(x1, y1) ”= (x2, y2), i.e. if firm 2 uses strictly one input less and/or produces strictly

one more output than firm 1. A graphical example is provided in Figure 2.2.

The concept of dominance will be particularly useful for the new method.

Indeed, we will be creating new pairs of input and output based on actual ones, and

the concept of dominance will help us neglect the pairs that are already included

in the technology.

2.1.3 E�ciency.

Dominance leads us to the definition of e�ciency. It is convenient to gauge perfor-

mance in a widely accepted way. A firm’s production plan (x, y) œ T is e�cient in
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a given technology set T if it cannot be dominated by any other production plan

(xÕ, yÕ) œ T. The e�cient subset of T, T E is

T E = {(x, y) œ T |(x,y) is e�cient in T}.

We obtain the e�cient subset T E of T, i.e. the production plans of all the dominant

firms.

2.1.4 Farrell E�ciency.

Because we need to go beyond the binarity of (inn-)e�ciency, we need a measure of

the extend of e�ciency. The approach proposed is referred as the Farrell e�ciency.

It is a multi-input, multi-output setting where the possibility to reduce the input

without changing the output is considered.

The input-based Farell e�ciency of a plan (x,y) relative to a technology T

is defined as the maximal proportional contraction of all inputs x necessary to

produce y, formally,

E = min{E > 0|(Ex, y) œ T}

In the same way, the output-based Farell e�ciency is defined as the maximal

proportional expansion of all outputs y produced by x, formally

F = max{F > 0|(x, Fy) œ T}

.

Though we may build the technology on a basis that is slightly more complex

that the one in this section, we will still rely on the Farell e�ciency for our analysis.
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Figure 2.3: Input- and output-based Farell e�ciency.
(Bogetoft & Otto, 2011).

2.2 Data Envelopment Analysis.

2.2.1 DEA

We can define Data Envelopment Analysis as the method developed by Charnes,

Cooper and Rhodes in 1978 as "a methodology for measuring the relative e�-

ciency of units performing similar tasks in a production system that transforms

multiple inputs into multiple outputs"(Petersen, 1990). We add with Bogetoft and

Otto (2011) that it "provides a mathematical programming method of estimating

best practice production frontiers and evaluating the relative e�ciency of di�erent

entities" to include the notion of frontier, central in the method.

Scholars agree on the main strength of the technique, i.e. that it requires no

or little preference, price or technological information and handles multiple inputs

and output. Most of all, DEA allows for model flexibility, which is crucial in

adapting to the data mean structure, or shape, in the context of an industry-wide

study (Agrell & Bogetoft, 2007).
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2.2.2 The minimal extrapolation principle.

Based on the previous definitions, we know the technology T is not revealed and

we need to estimate it based on actual data. The following principle allows the

construction of T*, the estimation of the technology. We consider the candidate

technology T’, the smallest subset of Rm
+ ◊Rn

+ that contains the data (xk, yk), k =

1, . . . , K (D) and satisfies the regularity assumptions. Formally, the set of all the

technologies is

T =
Ó
T Õ

µ Rm
+ ◊ Rm

+

---T’ satisfies (D) and (R)
Ô

and the minimal extrapolation principle gives us the estimation of the underlying

technology as

T ú =
‹

T ÕœT
T Õ

The approximation that we will develop will be a subset of the true technology,

T ú
™ T . We refer to this as an inner approximation of the technology.

2.2.3 Assumptions of the current approach.

All DEA methods share the minimal extrapolation principle, but di�er in the ex-

ante assumptions they use to represent technology. The choice of assumptions

used is crucial as it will a�ect the relevance and support of the subsequent DEA

analysis.

Traditionally, we assume 4 assumptions, which are the following.

Assumption 1: Free disposability of inputs and outputs.

This first assumption states that "we can always produce fewer outputs with more

inputs"(Bogetoft & Otto, 2011): when (x, y) œ T, xÕ
Ø x, and yÕ

Æ y, then (xÕ, yÕ) œ
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T i.e.

(x, y) œ T, xÕ
Ø x, yÕ

Æ y ∆ (xÕ, yÕ) œ T

It also gives an idea of the feasibility of an input-output combination (the dashed

area in figure 2.4). Are considered feasible all the input-output combinations that

are below and right of an observed combination, i.e. they constitute a technology

set T that is called the free disposable hull.

We can write the equation of T as in equation 2.1. Formally, an input-output

combination (x, y) œ T, i.e. is feasible if and only if there exists an observation

(xk, yk) for k œ 1, . . . , K such that x Ø xk and y Æ yk; i.e.,

T =
Ó
(x, y) œ Rm

+ ◊ Rn

+|÷k œ {1, . . . , K} : x Ø xk, y Æ yk
Ô

(2.2)

Figure 2.4: Free disposability: 4 firms (Bogetoft & Otto,
2011).

Assumption 2: Convexity.

Particularly useful when, as in the figure above, the number of firms is low, the

convexity assumption allows to enlarge the technology set and increase the dis-

criminatory power, i.e. better discriminate between average performance and best

practices. Some motivations for convexity are trivial. It includes, in essence, when

di�erent internal processes allow the firm to choose among di�erent input-output
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combinations, or when we need to approximate various aggregations possibilities

of subunits (Bogetoft & Otto, 2011).

However, other models also invoke less convexity assumptions, e.g. Agrell,

Bogetoft, Brock, and Tind (2005b) that we will use further to develop the math-

ematical model, but also Bogetoft, Tama, and Tind (2000b), Bogetoft (1996) and

Petersen (1990). Since convexity is the assumption challenged by the new ap-

proach discussed here, we also consider the applied and theoretical objections to

a full convexity assumption. In substance, firms prefer to be evaluated using a

weaker convexity assumption as it relies on the possibility of mixed organisations,

which does not show them from their best angle. Also, convexity requires divis-

ibility, impossible when a firm considers di�erent idiosyncratic investment plans,

and this assumption is not harmless as it does not consider the economies of scale,

present in many industries (Bogetoft & Otto, 2011).

Nevertheless, the convexity assumption is used in most benchmarking models.

We ought therefore to define it in order to better understand and discuss it later.

Intuitively, it means that all the plans on a line between two observed points in

the technology T are also part of T. We can say that all weighted averages of two

feasible points are also feasible. Moreover, we can also create convex combinations

of the convex combinations based on the existing points and so forth. The result

is shown in Figure 2.5.

From equation 2.2, we rewrite the equation of the technology set T based on

K observations with the convexity assumption as

T =
I1 Kÿ

k=1
⁄kxk,

Kÿ

k=1
⁄kyk

2-----

Kÿ

k=1
⁄k = 1, ⁄k

Ø 0, k = 1, . . . , K

J

(2.3)

for any weight 0 Æ ⁄ Æ 1 and any observed production plan in K. T is therefore

the smallest convex set that contains the K observations and has, as we can see in



14 2.2. DATA ENVELOPMENT ANALYSIS.

Figure 2.5: Convex hull (Bogetoft & Otto, 2011).

Figure 2.5, the shape of a boat’s hull. Hence the name.

Assumption 3: Free disposal and convex.

We can combine assumption 1 and 2 to enlarge the technology, which is currently

restricted to exactly match the convex hull. In this new configuration, "we only

need weakly more input x and weakly less output y to ensure feasibility" (Bogetoft

& Otto, 2011). From equation 2.3, the equation of the technology T based on

K observations with the convexity and the free disposability of input and output

assumptions is

T =
I

(x, y)
-----x Ø

Kÿ

k=1
⁄kxk, y Æ

Kÿ

k=1
⁄kyk,

Kÿ

k=1
⁄k = 1, ⁄k

Ø 0, k = 1, . . . , K

J

. (2.4)

We obtain the convex and free disposal hull technology T, the shaded area in

Figure 2.6.

This technology set T is the smallest set containing all the K observations and

that is convex and free disposable.
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Figure 2.6: Convex technology set with free disposability
of inputs and outputs (Bogetoft & Otto, 2011).

Assumption 4: Scaling and Additivity.

1. Scaling.

We can introduce a last set of assumptions that are the options of scaling op-

erations. From the smallest technology set above, those assumptions are crucial

since they will enlarge the set in various ways, having substantial consequences on

how firms are presented and on their improvement possibilities. A larger set means

more improvement possibilities for the firms, but they also look less e�cient. Both

firms and regulators have specific reasons to prefer an assumption to another. We

will discuss those choices in the next section while we quickly introduce the concept

here.

The idea of scaling comes from the possibility to produce slightly less outputs

with slightly less inputs, and vice versa.

Scaling possibilities basically range from the smallest to the largest technology

set, depending on the assumptions we use. At the small end, we have the Free

Disposability Hull or FDH that we already know where no scaling is possible. With

convexity, the set is larger but still no scaling is possible. We call this assumption

Varying Returns to Scale or VRS. At the other end stands the Constant Return

to Scale or CRS assumption, the largest set possible. In between are the non-

increasing or conveniently Decreasing Return to Scale (DRS) and non-decreasing
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or conveniently Increasing Return to Scale (IRS) assumptions.

When scaling is possible; if (x, y) œ T, then ⁄(x, y) œ T for ⁄ in the neighbour-

hood of 1. The value that ⁄ can take depends on the assumption chosen (Bogetoft

& Otto, 2011).

DRS.

In any production process, we can arbitrarily decrease the scale of operations.

The output increasing slower than the inputs, downscaling is possible, but not

upscaling:

(x, y) œ T, 0 Æ ⁄ Æ 1 ∆ ⁄(x, y) œ T

IRS.

In any production process, we can arbitrarily increase the scale of operations. The

output increasing faster than the input, upscaling is possible, but not downscaling:

(x, y) œ T, ⁄ Ø 1 ∆ ⁄(x, y) œ T

CRS.

This assumption is the addition of the two previous ones, i.e. when in any pro-

duction process, we can arbitrarily increase or decrease the scale of operations:

(x, y) œ T, ⁄ Ø 0 ∆ ⁄(x, y) œ T

2. Additivity.

A last commonly used assumption is additivity or replicability, which states that

the sum of two feasible production plans is also feasible, formally

(x, y) œ T, (xÕ, yÕ) œ T ∆ (x + xÕ, y + yÕ) œ T
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Though appealing as being able to link the previous assumptions together, the

additivity assumption needs Mixed Integer Programming to work with.

2.2.4 DEA technologies.

In this section, we formalise the expression of DEA technologies we will use to

construct the models. From the diagram below, we see the links between the

various assumptions stated above, which have in common the use of the minimal

extrapolation principle.

In Figure 2.7, we can clearly see that the FDH is the smallest technology set

possible and that it neglects the global convexity assumption. The second smallest,

however, assumes global convexity and the e�ciency frontier is composed of convex

combinations of existing pairs. Again, we will see where the frontier created using

the new method lies, but we can expect it to be somewhere in between the FDH

and the VRS technologies.

Figure 2.7: Technologies ranking (Bogetoft & Otto, 2011).

Using Equation 2.4 and the di�erent values ⁄ can take, we rewrite once again

the minimal extrapolation expression of the technology T* for each of the 4 models

“ we retained,

T ú(“) =
I

(x, y) œ Rm
+ ◊ Rn

+

-----÷⁄ œ �K(“) : x Ø

Kÿ

k=1
⁄kxk, y Æ

Kÿ

k=1
⁄kyk

J

(2.5)
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where

�K(fdh) =
I

⁄ œ NK

+

-----

Kÿ

k=1
⁄k = 1

J

�K(vrs) =
I

⁄ œ RK

+

-----

Kÿ

k=1
⁄k = 1

J

�K(drs) =
I

⁄ œ RK

+

-----

Kÿ

k=1
⁄k

Æ 1
J

�K(irs) =
I

⁄ œ RK

+

-----

Kÿ

k=1
⁄k

Ø 1
J

�K(crs) =
I

⁄ œ RK

+

-----

Kÿ

k=1
⁄k

Ø 0
J

= RK

+

�K(frh) =
I

⁄ œ NK

+

-----

Kÿ

k=1
⁄k

Ø 0
J

= NK

+

We recall here that the technology expressed is the estimation of the true technol-

ogy T, hence the use of the * in the notation. T ú(“) is derived from K observations

and built using the minimal extrapolation principle as well as the 4 core assump-

tions of DEA.

Figure 2.8: DEA technology sets under FDH and VRS
assumptions (Bogetoft & Otto, 2011).

2.2.5 DEA programs.

The last basic building bloc of DEA analysis is the combination of the Farell

E�ciency we defined in the first section and the expression of the technology we
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carefully built in the previous sections.

On the input side, it results in the following linear programming formulation,

for firm 0 (Bogetoft & Otto, 2011);

min
E,⁄1,...,⁄K

E

s.t. Ex0
i

Ø

Kÿ

k=1
⁄kxk

i
, i = 1, . . . , m,

y0
j

Æ

Kÿ

k=1
⁄kyk

j
, j = 1, . . . , n,

⁄ œ �K(“)

(2.6)

Similarly, on the output side;

max
F,⁄1,...,⁄K

F

s.t. x0
i

Ø

Kÿ

k=1
⁄kxk

i
, i = 1, . . . , m,

Fy0
j

Æ

Kÿ

k=1
⁄kyk

j
, j = 1, . . . , n,

⁄ œ �K(“)

(2.7)

It is interesting to note that in the situation of constant return to scale, i.e.

when “ = CRS, there is an inverse relationship between input and output e�-

ciency: F = 1
E

.

2.2.6 Peer units.

Bogetoft and Otto (2011) simply defines the peer units as "the firms with positive

weights in the evaluation of a given firm", i.e. the right hand-side of Equation 2.6:

A
Kÿ

k=1
⁄kxk,

Kÿ

k=1
⁄kyk

B
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It is indeed a weighted average of actual observations; the projection of the given

firm on the production frontier. The fact to rely on convex combination of existing

units is actually the main reason the firms complain about the improvements

targets proposed by the regulator; firms do not know how to mimic the production

of a convex combination.

This is therefore one of the motivations to discuss and develop alternative

convexity assumptions. In the following section, we review a few of them.

2.3 Dispensing with convexity.

The choices available at hand to enlarge the technology are many, but researchers

focus on new models that satisfy the free disposability assumption while relaxing

the convexity assumption. We provide here a modest literature review that details

several of the motivations that exist to deviate from the statu quo, as well as a few

methods proposed by several authors. We see that the methodology that we use

in this research is perfectly consistent with previous work and is still valid today.

2.3.1 The convex projection approach.

The method proposed by Bogetoft et al. (2000b) aims at finding the "smallest neo-

classical production possibility set that contains a given set of observed (input-

output) combinations". The authors introduce a recursive process that produces

the possibility set satisfying the free disposability assumption and, more specifi-

cally to this methodology, has convex projections in the input and output space.

Because we use this methodology in the Convex Pairs approach, we focus here on

the motivations for such technique. They are the following:

• As already stated above, comparing actual firms with fictitious production

possibilities, i.e. assuming the production possibility set to be convex, is gen-
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erally not very convincing and exposes the regulator to challenges from the

firms. Therefore, this method provides peers units that are either real obser-

vations or conservative estimates of such units. This careful approach used

with the minimal extrapolation principle allows a more plausible benchmark.

• Natural non-convex possibility set: under the neo-classical assumption, the

possibility set is convex. Here, we neglect convexity in the possibility set

but assume the isoquants, i.e. "the contour lines drawn through the set of

points at which the same quantity of output is produced while changing the

quantities of two or more inputs" (Varian, 1992), are convex. This is a very

natural assumption that can be explained by the law of diminishing marginal

rates of substitution (MRS): in a 2 input context, the more you own a good,

the more you are willing to give up some (Varian, c2014). The resulting

indi�erence curve is therefore convex.

• This technique allows the relaxation of the return to scale assumption. In-

deed, in previous models, the increasing return to scale assumption (IRS)

was conflicting with the convexity assumption of the possibility set. Further

explanations of this point are available in Bogetoft et al. (2000b).

2.3.2 Non convex input or output isoquants by Chang and Post.

The FDH model is the most general production possibility set (relying only on the

free disposability assumption) but also the most consistent since any other partic-

ular assumption can be violated by the production technology. Therefore, we are

interested in using the largest panel of assumption to obtain the most e�cient and

consistent estimator. From previous sections, we recall that convexity in the pro-

duction possibility set is inconsistent with "increasing returns-to-scale, decreasing

marginal rates of transformation for the outputs and decreasing marginal rates of
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substitution for the inputs" (Post, 2001a). Though the FDH model can deal with

such issues, it is obvious that we hope to enlarge the technology set from that small-

est possible set. Peterseon (1990), relayed in the article Bogetoft et al. (2000b)

we reviewed in the previous section, assumes the convexity of inputs and outputs

isoquants while the complete production set remains non-convex. However, this

method presents some limitations. Post proposes two models to overcome such

limitations: one for the input set and, separately, one for the output set.

Convex input set: again, it is justified by the law of diminishing marginal rates

of substitution. If all input bundles (a bundle: input 1, input 2,... combination) of

a particular set of input-output can produce at least a particular output bundle,

then all convex combinations of these input bundles can produce this particular

output bundle (Post, 2001a). This condition, associated with free disposability and

containment ("observations in the data set are contained within the production

set") gives the following Convex Input Set Approximation for the production set:

T ú
CIS

=
;

(x, y) œ Rp+m

+

-----x Ø ⁄T X; y Æ ( min
j:⁄j>0

y1j . . . min
j:⁄j>0

ysj);

⁄T e = 1; ⁄ œ Rn

+

< (2.8)

Here, and in the following equations and approaches, e represents the sum op-

eration. This equation means that "an evaluated unit can be compared with all

fictitious input-output combinations, in addition to the observations".

Similarly, the model to impose convexity on the output set implies that all

output bundles (a bundle: output 1, output 2,... combination) of a particular set

of input-output can be produced at least by a particular input bundle, then all

convex combinations of these output bundles can be produced by this particular

input bundle (Post, 2001a). Again, the Convex Output Set Approximation for the
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production set:

T ú
COS

=
;

(x, y) œ Rp+m

+

-----x Ø ( max
j:⁄j>0

x1j . . . max
j:⁄j>0

xsj); y Æ ⁄T Y ;

⁄T e = 1; ⁄ œ Rn

+

< (2.9)

Therefore, both for the input and output approximation, we take advantage of

the convexity within the input and output sets without forcing convexity of the

entire production set.

For each approximation, we can compute an e�ciency estimator. The authors

simply take the minimum between the input and the output estimator as the

estimator when considering convexity in both the input space and the output

space. The authors also acknowledge that, although statistically consistent and

easier to implement, this method produces less good results than the previous

one. Chang (1999) uses similar assumptions to deal with quasiconcave production

frontiers.

2.3.3 Conditional convexity by Kuosmanen.

The existing observations are usually su�cient to declare a DMU e�cient or not.

However, finding the degree of ine�ciency requires additional properties to extend

the set of production possibilities. Kuosmanen, in the same way as the authors

mentioned above, acknowledges that "the importance of (monotonicity and) con-

vexity in traditional production analysis lies in their analytic convenience rather

than in their economic realism" (Kuosmanen, 2001), hence he proposes to add a

weaker convexity property to the model in the form of conditional convexity.

Formally, production set T is what the author calls convex conditional upon

CEP , if

’X, Y and ⁄ œ Rn

+, e⁄ = 1 : (X, Y ) œ T · CEP
∆ (X⁄, Y ⁄) œ T
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where CEP , the condition, is defined as

X⁄x, Y ⁄ ⇧ y ’(x, y) œ WE�T

where WE� stands for "Weak E�ciency". What di�erentiates this approach from

the previous ones, is that it states "that if no weak e�cient production plan is

dominated by a convex combination of feasible production plans contained in the

production set, then the convex combination is feasible". It is also important

to note that convexity implies so-called c-convexity, but the reverse is not true.

C-convexity is then a more general property than the convexity assumption.

RCCMH(X, Y ) =
;

(x, y) œ Rq+p

+

--------

Q

cca
y

≠x

R

ddb Æ –

Q

cca
Y ⁄

≠X⁄

R

ddb ;

– > 0; e⁄ = 1; ⁄ œ Rn

+; CEP

<
(2.10)

Where RCCMH is "Ray-unbounded C-Convex Monotone Hull" and describes

the minimal set containing all DMU and satisfying the c-convexity assumption,

(monotonicity) and constant return to scale. The CCMH version simply ignores

–.

Figure 2.9 shows the production frontier for a one-input, one-output configu-

ration. Though the computation of e�ciency scores amounts to solving a finite

number of LP, for larger data set the computational time becomes heavy, hence

the need to develop a more e�cient algorithm.

2.3.4 Transconvex functions by Post.

Again, this methodology accounts for non-convex production technologies. Indeed,

data distribution can sometimes amount to the violation of the assumptions used
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Figure 2.9: The production possibility set T under the
CCMH assumption is the union of convex subsets

(Kuosmanen, 2001).

in the classic model. For example, when data indicates the property of increasing

return to scale, the convexity assumption of the production set is violated as it is

indeed concave. This undermines the consistency of the e�ciency analysis because

it is based on very few observations. In addition, "ine�ciency is systematically un-

derestimated if few observations operate near the frontier" (Post, 2001b), meaning

that there is no convex combination on the frontier that can serve as the reference

point of the evaluated unit. This last limitation is called the small sample error.

The contribution of the author to introduce alternative production assumptions

and extend the standard model is by transforming the input-output variables and

replacing them in the standard model. When considering the frontier as a produc-

tion function, it is assumed to be monotonically increasing and convex. However,

when the frontier is not convex, like in the event of increasing return to scale, or

equivalently when the production function is not concave, one can make the gen-

eral assumption that it is actually concave "if expressed in terms of transformed

input-output variables, or equivalently that the correspondence is concave trans-
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formable" (Post, 2001b), or transconcave. Here the definition from Post (2001b):

"f is concave transformable if there exist invertible, continuous and monoton-

ically increasing transformation functions H : S æ Rn◊m
+ and G : If (S) æ Rn

+

such that G(f (H≠1)) is concave on H(S). Alternatively, if G≠1(◊T G(f (X))) Æ

f (H≠1(◊T H(X)))

’X œ S, ◊T e = 1, ◊ Ø 0.

In the standard Banker et al. (1984) model, the output ine�ciency is measured

by

Á̂BCC,0 = max
⁄0

Ó
⁄T

0 y ≠ y0⁄
T

0 e = 1;

⁄T

0 X Æ x0; ⁄0 Ø 0
Ô

.

When transconcavity is introduced, the original variables are replaced by the

new inputs-outputs and the benchmarking model becomes

Á̂T DEA,0 = max
⁄0

Ó
⁄T

0 G(y) ≠ G(y0)⁄T

0 e = 1;

⁄T

0 H(X)(x0); ⁄0 Ø 0
Ô

The implementation of such method can be found in Post (2001b). The final

frontier shown in Figure 3.1 expresses the di�culty to implement the methodology

due to "the practically infinite number of alternative range and domain trans-

formations available". Therefore, the author focuses on the exponential domain

transformation, the motivation being that "BCC and FDH models represent the

limiting cases of the exponential model".
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Figure 2.10: Final exponential TDEA frontier for the
banking industry (Post, 2001b).

2.4 The convex pairs approach.

This approach provides an interesting exploration of the possibilities at hand when

considering di�erent convexity assumptions. In the previous chapter, we already

enhanced some of the many discussions various authors propose on the question,

and the relevance to investigate new e�ciency analysis possibilities, as much for

regulators as for firms.

At its core, this approach allows di�erent degrees of convexity in the overall

production possibility set T and defines a convex pair, for each DMU, as a "a

convex input possibility set and a convex output possibility set such that all input

vectors in the inputs set can produce all vectors in the output sets" (Agrell et al.,

2005a). The reason for allowing di�erent degrees of convexity is that it takes into

consideration the possibility of economies of scale and scope that was neglected by

the conventional approach.
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2.4.1 Convex pair and set of convex pairs.

We model the full production set as the union of convex pairs defined below.

While local convexity within the input and output sets is possible, we dispense

with global convexity.

We begin with a formal definition and the first assumptions of the approach.

We consider the set N . It is the most aggregated level and contains I subsets,

the second level of aggregation that represents the DMU. At this level, and it

is the particularity of this approach, convexity is neglected. Each DMU subset

contains itself the pair of subset L and P which contains the m and n input and

output vectors, respectively. At this third and lowest level in terms of aggregation,

convexity is possible and each component can be represented as a polyhedron.

Formally, for each i œ N let Li be a set of m dimensional input vectors x and

let Pi be a set of n dimensional output vectors y.

Assumption 1.

For the inputs we assume that Li is nonnegative and satisfies the free disposability

assumption in the input space. Moreover, Li is assumed to be convex. Formally,

(Li + Rm

+ ) fl Rm

+ = Li (2.11)

For the output we assume that Pi is nonnegative and satisfies the free dis-

posability assumption in the input space. Moreover, Pi is assumed to be convex.

Formally,

(Pi ≠ Rn

+) fl Rn

+ = Pi (2.12)

Assumption 2.

The input and output sets are associated as a pair (Li, Pi) by the assumption that
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any input vector x œ Li can produce any output vector y œ Pi.

Finally, consider the full technology T i.e. T =
Ó
(x, y) œ Rm+n

+
--- x can produce y

Ô
.

T is the union of the feasible pairs, formally

T = fiiœN (Li, Pi) (2.13)

We note already the di�erence with the previous definition of the technology, as

here we acknowledge the possibility of local convexity within the input and output

subsets, but we dispense with the convexity of the full production set T that was

assumption 2 in the previous section.

2.4.2 Natural convexity in the input and output space: the convex

projections.

We rely on the convex projections approach proposed in Section 3.2.1 by Bogetoft

et al. (2000b) to build the technology set that respects the properties required by

the model stated above. This methods allow to enrich the existing technology in

a flexible way.

We consider a set I of DMU with xi the non-negative input vector and yi

the non-negative output vector, for i œ I. From Assumption 1 and 2 above, we

know any input vector can produce any output vector. We need now to find the

smallest T such that the input projections L(y) = {x|(x, y) œ T} and the output

projections P (x) = {y|(x, y) œ T} are convex for all (x, y) œ T. In a simple way,

for a given output vector, we want to find all the convex combinations of the input

vectors that can be used to produce this output, and vice-versa for any input

considered.

For arbitrary indices i, j œ I, i.e. for two DMU i and j, we define then two pairs



30 2.4. THE CONVEX PAIRS APPROACH.

of sets:

(La, Pa) = (Li fl Lj, Pi ‡ Pj) (2.14)

and

(Lb, Pb) = (Li ‡ Lj, Pi fl Pj) (2.15)

where ‡ represents the convex union operation. Equ 2.14 means that from the

smallest convex set containing output of i and j, we build the input set using

projections in the input space. Equ 2.15 follows the same process but starts with

the input set. Any x, y belonging to the pair (L,P) a or b are feasible and convex

because i. any x œ Li fl Lj and y œ Pi fi Pj are a feasible input-output due to free

disposability and ii. the output projection P is required to be convex.

We use the concept of dominance detailed above to remove any DMO that

would be dominated by another, i.e. when Li ™ Lj and Pi ™ Pj for some i, j œ I.

If it is true for all combinations for i and j, then the DMU i (artificial or not) can

be removed.

We use this concept of convex projection when enriching the technology based

on the existing data. The procedure is detailed in Section 3.2.1.

In the next chapter, we will cover the algorithm required to construct the

enriched technology, and we will see that linear programming is still valid to solve

|N | optimisation problems, one for each of the pairs of sets.

2.4.3 Polarity: blocking and antiblocking theory.

Agrell et al. (2005a) proposes two alternatives to describe the input and output

sets. Those sets can be called convex polytopes, i.e. a bounded polyhedron that is

the convex hull of a finite number of vertices. This is called the V-representation.

Alternatively, the H-representation is the intersection of a finite set of closed half-

spaces (Fukuda, Liebling, & Lütolf, 2001). What is interesting when doing opera-
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tions on polyhedra, is to understand the duality of polyhedra.

"Two d-polytopes, P and P
ú are said to be dual to each other provided there

exists a 1-1 mapping between the set F of all faces of P, and the set F ú of all faces

of P
ú, such that the mapping is inclusion-reversing" (Wilde, 2000).

Indeed, the V-representation is relevant when computing the convex union

of the polytopes, when the H-representation, or dual formulation, is better when

computing the intersection since "the intersection is defined by a set of constraints"

(Agrell et al., 2005a).

Both blockers and antiblockers are the dual representation of those polyhedra

that are the inputs and output sets. They are based on the theory of polarity,

see Wilde (2000) for more details, that is slightly amended by the addition of the

non-negativity assumption.

Antiblockers.

The antiblocker of the output set P of dimension p is defined as:

A(P ) = {yú
œ Rp

+|yúy Æ 1’y œ P} (2.16)

Blockers.

Similarly to the antiblocker, the blocker of the input set L of dimension r is defined

as:

B(L) = {xú
œ Rr

|xúx Ø 1’x œ L} (2.17)

The various properties and their proof can be found in Agrell et al., and we

will use one of the main implications of these properties in the algorithm to build

the convex pairs.



Chapter 3

Model specifications

In this chapter, we seek to develop a model based on the theory proposed above on

the Convex Pairs approach. In the meantime, we should also develop a methodol-

ogy to assess the consistency of this method to estimate the production frontier.

In this purpose, in addition to the estimation of e�ciencies using the Convex

Pairs approach, we will develop the Free Disposability Hull e�ciency and the

e�ciency under the Varying Return to Scale assumption because it dropped the

convexity assumption for the former and is not violated in case of non-convexity

for the latter. Free Disposability is imposed for the three models because it is a

strong assumption. Because the choice of assumptions has a crucial impact on the

results of the analysis and consequently on the improvement e�ort demanded to

the regulated firm, those assumptions should be tested. R. Banker (1996) proposes

an unified framework of the statistics used to test the hypotheses chosen.

32
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3.1 The control group: the standard approach.

3.1.1 FDH e�cicency calculation.

We recall Assumption 1 in Section 2.2.3 to build the Free Disposability Hull. With

Figure 2.2.3, we recall that FDH is the less restrictive model because it drops the

convexity assumption. The method, proposed by Deprins, Simar, and Tulkens

(2006), "characterises Y with no other assumption than input and output dispos-

ability". We simply measure the horizontal distance between an observed unit and

the frontier to assess the input-e�ciency of the point. Indeed, for a certain level

of output, it is easy, and consistent, to ask a non-e�cient firm to use less inputs in

its production plan, as does an e�cient firm on the frontier. The input-oriented

e�ciency is the following:

min
E,⁄1,...,⁄K

E

s.t. Exo

i
Ø

Kÿ

k=1
⁄kxk

i
, i = 1, . . . , m,

yo

j
Æ

Kÿ

k=1
⁄kyk

j
, j = 1, . . . , n,

⁄ œ �K(“)

Where

�K(fdh) =
I

⁄ œ NK

+

-----

Kÿ

k=1
⁄k = 1

J

(3.1)

To compute e�ciency, the model solves m mixed integer programming problems

(MIP) with integer ⁄ variables. However, FDH problems are usually not solved

using MIP problems because they can be rewritten as a series of minimax problems

(Bogetoft et al., 2000b); here the input e�ciency we will use:

Eo(fdh) = min
k:ykØyo

max
i=1,...,m

xk

i

xo
i

(3.2)



34 3.1. THE CONTROL GROUP: THE STANDARD APPROACH.

In the outer optimisation; i.e. the min, we look for a peer unit k for evaluated

firm o that has the smallest output greater than the output of firm o. In the

inner optimisation, we find the input i = 1, . . . , m that "determines the largest

proportional reduction that we can make to all inputs at the same time" (Bogetoft

et al., 2000b) for firm o.

It is important to note that Banker (1993) proved that the model is statistically

consistent for monotonically increasing concave (equivalent to convex possibility

set) functions. This is the precise reason we build an alternative model; this last

condition being not automatically respected.

3.1.2 VRS e�ciency calculation.

The model to compute VRS e�ciency is similar. The sum of all ⁄ is still equal

to 1, but its domain is now restricted to real numbers (FDH is extended to all

natural numbers), therefore introducing convexity. Again, we chose to develop the

VRS e�ciency model because the frontier is closer to the observations and it can

still produce consistent results in the absence of global convexity.

The input e�ciency:

min
E,1,...,⁄K

E

s.t. Exo

i
Ø

Kÿ

k=1
⁄kxk

i
, i = 1, . . . , m,

yo

j
Æ

Kÿ

k=1
⁄kyk

j
, j = 1, . . . , n,

⁄ œ �K(“)

Where

�K(vrs) =
I

⁄ œ RK

+

-----

Kÿ

k=1
⁄k = 1

J

(3.3)
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In this situation, the model solves as many linear programming problems as there

are firms.

The two DEA programs developed here will serve as a comparison with the

new program proposed by Agrell et al. (2005a) and detailed below.

3.2 The Convex Pairs approach.

3.2.1 Build the technology based on the convex pairs.

Based on Bogetoft et al. (2000b), Agrell et al. (2005a) enlarges the technology from

existing data using the convex pairs approach for the reasons we state in Section .

In the algorithm quoted below, we create the new pairs such as in Equation 2.14

and 2.15. This procedure uses all the building blocks of the Convex Pairs approach

we define above. It continues incrementally and stops when there is no possibility

of creating any new non-dominated pair.

Figure 3.1: Algorithm design (Agrell et al., 2005a).

At the termination of the algorithm presented above, two operations will have

been done, i.e. the convex union ‡ and the intersection fi. We use the half space
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representation proposed above, as well as the blocking and antiblocking theory to

conduct those operations.

For the outputs:

For the 2 polyhedral output spaces O and P, A is the antiblocker as defined above:

P fl O = A(A(O) ‡ A(O))

P ‡ O = A(A(O) fl A(O))
(3.4)

For the inputs:

For the 2 polyhedral input spaces L and K, B is the blocker as defined above:

L fl K = B(B(L) ‡ B(K))

L ‡ K = B(B(L) fl B(K))
(3.5)

In practice, we will simply take the minimum input value from L and K as the

union, and the larger value as the intersection since the input space is 1-dimensional

in our application.

The proof for those propositions can be found in Agrell et al. (2005a).

3.2.2 E�ciency index.

With this procedure, we built an approximation of the true technology that we

expect to lie between the FDH, i.e. the no-convexity situation, and the VRS

frontier which assumes global convexity. On the figure below, the input e�ciency

of x0 is found by comparing it with the points F, O and V for the FDH, Convex

Pairs and VRS approach, respectively.

We look for the input-oriented e�ciency, since the DSOs will a priori keep their

outputs constant, i.e. the service they provide, and reduce their cost. To find the

productivity index for our original pairs, we run the following linear programming



37 3.2. THE CONVEX PAIRS APPROACH.

Figure 3.2: Example of the representation of the frontier
after the last iteration (Bogetoft et al., 2000a).

problem (Agrell et al., 2005a):

min
◊i,zi

ÿ

iœN
◊i

s.t. Bix0◊i ≠ zi1 Ø 0 ’i œ N

(Aiy0 ≠ 1)zi Æ 0 ’i œ N

ÿ

iœN
zi = 1

zi Ø 0

(3.6)

Basically, the second constraint verifies if the polyhedron considered, i.e. the

output space y0, is included within the polyhedron representing the virtual pair

we compare y0 to. If true, the left hand side of this constraint would be indeed

positive. Among the spaces i selected in this manner, zj would be set to 1 for the

virtual pair that would yield the lowest ◊ in the first constraint, putting zi for all

the other constraints, i.e. i œ N \ j to 0.



Chapter 4

Data and implementation

4.1 Data and variables.

For the application of the methodology developed in the previous section, we will

use data provided by the Energy Market Inspectorate (Swedish regulator) and

used by Agrell and Niknazar (2014) to discuss outliers detection and robustness

in DEA modelling, calculation and interpretation. From the 245 observations in

the original data set, the panel post treatment contains 207 di�erent DSO, hence

excluding potential negative, zero and missing data, as well as outliers. To cope

with possible imbalance in data magnitude, we simply mean normalised the data.

The Swedish distribution market was unbundled and deregulated in 1996, and

shows a large number of firms, particularly useful for DEA analysis. Variable

selection is crucial in benchmarking because e�ciencies can substantially vary

depending on the input and output chosen. Here, we use the technical e�ciency

variables proposed by (Agrell & Niknazar, 2014).

38
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4.1.1 Missing, negative and zero values.

Data Envelopment Analysis is a non parametric method, because the entire data

is used to determine a posteriori the parameters of the production function. It is

a deterministic method, which means that any variation in the data is supposed

to contain valuable information about the e�ciency of the firms. In such regard,

DEA models do not allow any noise in the data, and we must ensure this when

preparing the data set for analysis. In addition, all numbers should preferably

be strictly positive, i.e. no zero values, defined as the "positivity requirement" of

DEA. Though models relaxing this condition, as well as some scaling or trans-

lating techniques exist, we prefer to simply remove those data to ensure minimal

transformation of the data. Furthermore, this only removes 9 firms from our data

set, leaving a relevant number of firms for analysis.

4.1.2 Outliers removal.

Regulators need certainty in their analysis to prevent the risk that evaluated firms

appeal their attributed e�ciency score and target. Because DEA models are highly

sensitive to extreme data, a lack of robustness of the frontier can cause serious

scepticism about the frontier-based regulation (Agrell & Niknazar, 2014). Wilson

(1993) simply defines outliers as atypical observations. Heterogeneity can come

from a structural perspective, i.e. di�erences in the use of technology, scale and

scope. These incomparabilities are inevitable when performing a benchmarking

analysis. Given our focus on mathematical modelling, the behavioural perspective

(collusion and maverick reporting) of heterogeneity is not covered here. More

detailed information on the source of heterogeneity, as well as a comparison of 3

di�erent outliers detection methods can be found in Agrell and Niknazar (2014).

The methodology proposed by Wilson (1993) suits best our statistical rather than
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applied research because it is based on the volume of the data cloud. Though

upfront removal based on size is not advised, we still prefer this method because

it allows to remove outliers prior to computing the e�ciency score.

From Agrell and Niknazar (2014), we know that Wilson (1993) defines the

volume of the data cloud as the determinant of the corresponding input-output

matrix, [x, y]. When removing firm i, we look at the ratio between the volume of

the data cloud without firm i (Di) and the volume of the full data cloud (D). A

smaller ratio

Ri = Di

D

shows the greater importance that firm i only had in the entire data set, relatively

to the other firms. Firm i is then defined as an outlier, i.e. such that when it is

removed from the data cloud (D), Ri < ÷ for a predefined threshold level ÷ > 0.

We have chosen the package Frontier E�ciency Analysis with R, FEAR (Wilson,

2008) to conduct this outliers analysis because it is much faster than the function

proposed in the Benchmarking package. We arbitrarily chose to remove up to

p = 12 firms, and the method looks for the smallest R value for each number of

firms deleted to plot
A

p, log

A
Rp

Rp

min

BB

as shown in Figure 4.1.

The graph peaks when 2 outliers are removed and we identify them as DMUs

number 88 and 146 from Table 4.1.

Our data set now consists of n = 209≠2 = 207 observations and the descriptive

statistics can be seen in Table 4.2. The outliers removal has been e�ective as

standard deviation has been divided by up to ten depending on the variable.
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Figure 4.1: Log-ratio plot for outliers detection.

p Deleted observations Rp

min

1 88 7.9e-03
2 146 88 1.0e-04
3 144 146 88 1.1e-05
4 54 144 146 88 5.2e-06
5 100 54 144 146 88 2.4e-06
6 111 100 54 144 146 88 1.7e-06
7 58 111 100 54 144 146 88 1.2e-06
8 58 111 5 100 54 144 146 88 9.3e-07
9 50 58 111 5 100 54 144 146 88 7.1e-07
10 50 58 174 111 5 100 54 144 146 88 5.4e-07
11 189 50 58 162 111 5 100 54 144 146 88 4.1e-07
12 189 50 58 174 162 111 5 100 54 144 146 88 3.1e-07

Table 4.1: p removed observation with the corresponding
minimum determinant ratio.

4.1.3 Mean normalisation.

We follow the advice of Sarkis (2006) and we reduce potential imbalances in data

magnitude using this simple technique. Indeed, though it does not seem that it

has an impact on our calculations, it may cause problem in the execution of the

software. This operation is done in two steps, i.e. finding the mean of each input

and output column, and dividing each value by the mean. Therefore, every value

is represented by a percentage of the mean.
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V Normn = 1000Vn

V̄i

where V̄i =
q

N

n=1 Vni

N

We multiply this value by 1000 and round it to obtain integer values with

su�cient di�erentiation between the observations.

4.1.4 Inputs.

The inputs are resources controllable by the company. We consider here the short

term operating expenditures, which are typically used in regulation to incentive

short term improvements. For long term applications, which we do not cover here,

technical e�ciency is used and two more inputs, namely network capital and total

energy losses, are added.

Input 1: Operating expenditures short run (OPEX.sr): today, the main el-

ement for determining the revenue cap is the TOTEX (divided into CAPEX,

Non-controllable OPEX and Controllable OPEX), complementary to incentives

for good quality of supply (Council of European Energy Regulators, 2019).

4.1.5 Outputs.

The outputs can be seen as derived from the demand and are therefore out of

control of the utility companies (Jamasb & Pollitt, 2003).

Output 1: Energy delivered low-voltage (DEL.lv): energy delivered at low

voltage, i.e. for domestic and light commercial use.

Output 2: Energy delivered high-voltage (DEL.hv): is the energy transported

between low-voltage networks and to heavy industry.

Output 3: Total connections low-voltage (CONX.lv): is the number of con-

nected clients to the low-voltage grid.
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Output 4: Total connections high-voltage (CONX.hv): is the number of con-

nected clients to the high-voltage grid.

Output 5: Total system peak load (PEAK): peak in demand that excess the

planned delivery.

Variable Code Units Min Average Max Sd
OPEX SR OPEX.sr SEK 1502.11 32837.15 523150.64 53533.78
Energy Delivered LV DEL.lv MWh 10 281855.88 4320286 481032.7
Energy Delivered HV DEL.hv MWh 1 141210.61 4203252 381524.91
Total connections LV CONX.lv # 768 22151.51 451398 43859.34
Total connections HV CONX.hv # 1 27.54 453 48.28
System peak load PEAK MW 2 99.21 3360 264.75

Table 4.2: Descriptive statistics, electricity DSO, Sweden.
Reference year: 2000, n=207.

4.2 The classic approach: implementation and results.

After the implementation of our algorithm, we acknowledged that the computation

time was reasonably high for a normal personal computer, and obviously increasing

at each iteration of the algorithm in Section 3.2.1. We decided to run it on our

personal machine, so we reduced the data set to 40. However, we kept all the one

input variable and five output variables, and it is still representative of the rest

of the data set and relevant since we could reach the termination condition of the

algorithm, i.e. create pairs until no additional pair can be non-dominated.

4.2.1 FDH.

Unsurprisingly, many of the units are deemed e�cient under this method, i.e.

22 out of 40. The estimated production function sticks to all dominating units,

which are many because it does not rely on composite peers to evaluate e�ciency.

This method is the simplest and the most restricted method to compute e�ciency.



44 4.2. THE CLASSIC APPROACH: IMPLEMENTATION AND RESULTS.

Figure 4.2: Frequency histogram of FDH e�ciencies.

However it is very useful and still relevant in an applied perspective if we cannot

justify the convexity assumption, such as it may be the case in the real world.

4.2.2 VRS.

"In the short run model, VRS is assumed to be the most relevant specification

because DSOs have limited opportunities to reorganise in the short run" (Bogetoft

& Otto, 2011).

Here, only 13 DSO are deemed e�cient by the model. Though this figure is

much lower than for the FDH model, the VRS estimated technology is the second

largest, see Figure 2.7.
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Figure 4.3: Frequency histogram of VRS e�ciencies.

4.3 Convex Pairs approach: implementation and re-

sults.

The algorithm used for computing the convex pairs relies on the polyhedron, polar

and blocking theory developed in the first chapters of this work.

To compute e�ciencies using the new method, we implemented the algorithm

proposed in Section 3.2.1 in R. The code can be found in Appendix 1. Though

costly in computational time, it can still be run on a regular computer for a limited

set of observations and variables.

Practically, we first conducted a dominance test on the original data set to

remove any dominated pairs. Indeed, there is no utility to form pairs with such

observations, since it would be immediately rejected by the dominance filter. From

our 40 original data, 16 are already removed at this step.

For the building part itself, we run the program as long as there are observations

that are removed at the end of an iteration. It works with two indexes. One

contains the IDs of the original observations at the beginning of the iteration,
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while the second contains the original IDs, as well as those of all the non-dominated

pairs that are created along the procedure. This allows, during one iteration, to

create new pairs that are the combination of the original observations, and to

verify dominance with all the existing pairs, including those created just before.

The dominance check here is two-side, i.e. when creating a new pair, it is excluded

as soon as it is dominated by an existing one, but the IDs of the pairs that are

subsequently dominated are also stored for deleting at the end of the iteration.

This is thought as the most e�cient accumulation method.

The operations functions, all di�erent for input, output, intersection and convex

union, are based on the polytope theory developed above. Though it calls the exact

same concepts as the blocking theory and its inequalities, the vertices enumeration

and other V- and H-representation from the R package scdd are better for a visual

representation of the polytopes. The operations on inputs, however, are very

simple since there is only one input variable. A similar function than the one

used for the outputs can be implemented for the input polyhedron, provided that

assumptions are made to close the polyhedron, which enables vertices enumeration.

The dominance function also calls these space representation of the problem,

and, for instance, there is dominance in the output space when the vertices of a

specific polytope are included, or "made redundant", within another. If there is no

domination because the polytopes are identical, the newest is removed. Finally,

if both the polytopes have one of their vertices included in the other, there is no

domination in the output space.

The productivity index is computed by implementing the problem proposed

by Agrell et al. (2005a) using the Rglpk package, a classic linear programming

problem solver.

Figure 4.4 shows the distribution of the Convex Pairs approach e�ciency. 13

are deemed e�cient.
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Figure 4.4: Frequency histogram of the Convex Pairs
approach e�ciency.



Chapter 5

Comparison, limits and conclusion

5.1 Illustrative example.

To better understand the behaviour of the code and the potential reasons for di�er-

ence between the methodologies, we will take three pairs as illustrative examples.

The first and second are respectively non-e�cient and e�cient in all the 3 models.

For the last example, we will focus on a pair that is e�cient under VRS and FDH,

but that is not in our model.

5.1.1 Example 1: pair 23.

The e�ciencies are respectively 0.61, 0.58 and 0.48 for FDH, CP and VRS.

# inputs outputs
Pair 23 493 227 379 264 453 309
VRS 5 1081 715 5562 835 1008 1352

6 150 143 110 147 101 124
33 578 990 1472 826 1058 1082
37 302 456 438 352 1108 448

FDH 37 302 456 438 352 1108 448
CP 66 286 328 347 345 453 386

329 98 336 302 311

We see here that the pair 23 is compared in our model to the pair 66, a com-

bination of 2 original pairs.

48
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5.1.2 Example 2: pair 21.

The e�ciencies are 1 for FDH, CP and VRS.

# inputs outputs
Pair 21 1098 1738 2223 1713 2418 1746
VRS 21 1098 1738 2223 1713 2418 1746
FDH 21 1098 1738 2223 1713 2418 1746
CP 59 1098 1738 2223 1713 2418 1746

715 5562 835 1008 1352

For the CP e�ciency, the pair 21 is compared to the new pair 1098, which is

the combination of itself and another one.

5.1.3 Example 3: pair 39.

The e�ciencies are respectively 1, 0.83 and 1 for FDH, CP and VRS.

# inputs outputs
Pair 39 1997 3192 904 2674 1209 2735
VRS 39 1997 3192 904 2674 1209 2735
FDH 39 1997 3192 904 2674 1209 2735
CP 102 1654 2343 3724 2431 2166 2658

1548 1820 1879 2620 1344

Here, the di�erence in e�ciency may be explained by the very large size of pair

39 in comparison to the rest of the data.

5.2 Comparison between the methodologies.

In this section, we will compare the results obtained using the di�erent method-

ologies, and attempt to draw a conclusion about whether the new approach can be

used as a substitute to the methodology under the VRS assumption with the ad-

vantage of neglecting the global convexity assumption. The choice of assumption

should indeed not be taken lightly, since it can have a great impact on the results

and an incorrect specification could "produce biased e�ciency scores" (Niknazar
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& Bourgault, 2018).

The expectation from the new method is that the results are su�ciently close

to the VRS methodology such that they can be assumed relatively identical, and

used equivalently depending on the requirement in global convexity.

Comparing the results of these three models reveals how the convexity axiom

a�ects the e�ciency score. However, we try to find here the extend of the di�erence

between the new method and the others, with the clear aim of taking the best of

both worlds.

First, we observe in Table 5.4 that the majority of the DMUs are deemed

ine�cient in all the 3 models, while some are e�cient in 1, 2 or 3 models.

n=0 n=1 n=2 n=3
1 21 22 23
2 34 26 25
4 35 28 32
5 39 30 33
6 42 31 36
7 44 37
8 45 38
9 46 40

10 43
11
12
13
15
16
17
18
19
20

In Figure 5.1, we can observe that most of the results computed using the

convex pairs approach are as expected bounded between the VRS and the FDH

method. The horizontal lines represent the median value for each method.

There are some exception where our score is below the VRS score. This can be
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Figure 5.1: VRS (red), Convex Pairs approach (orange)
and FDH (green) e�ciencies.

explained by a remaining heterogeneity in the data, despite our data cleaning and

outliers removal. Indeed, Figure 5.2 shows that the CP e�ciency is below VRS

e�ciency for DMUs that are large relatively to the rest of the data.

5.3 Conclusion and limitations.

In this thesis, we were interested in an alternative method to represent technology

in DEA analysis. We began by reviewing the di�erent components of benchmark-

ing, and in particular the convexity assumption, which has a significant impact on

the e�ciency score finally assigned to the firm studied. We have also discussed the

motivations inherent to this questioning of the convexity assumption, and detailed

some of the di�erent studies that already exist on this topic.

On this basis, we were able to develop the hypotheses of a new approach

proposed by Agrell et al. (2005a), which is mainly based on the rejection of the

global convexity assumption (at the technology level), while assuming that it does

exist in the space of inputs and outputs.

Although exploratory in nature, we have applied the new approach to the actual
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Figure 5.2: Comparison between relative size of the DMU
(red) and di�erence VRS-CP e�ciency (bars).

data of Swedish electricity distributors of the year 2000 because they constitute a

large number of firms, which is what our analysis requires, and are subject to the

same regulatory regime, which allows the data to be consistent across the firms.

We used and implemented the model to construct the Convex Pairs based on

the convex union and intersection of the extreme points of the existing pairs, and

called the concept of dominance to remove pairs already included in others. We

then calculated an e�ciency index for each of the original pair.

We conclude that the di�erence between the results is on average too large to

assume that the VRS and the convex pairs approach can be used equivalently to

circumvent the convexity assumption.

Further comparison could be done using Monte-Carlo simulations to better

understand the impact of the methodological choices on the e�ciency measure. In

this thesis, the comparison is indeed limited to the observation of the di�erence

between the methods.
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