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Introduction

In 1964, Wiliam Lawvere was working in giving a version of set theory based on functions
and composition of functions, the language of category theory. Meanwhile, Alexander
Grothendieck was working in algebraic geometry, attempting to prove the Weil conjec-
tures. While doing so, he introduced the notion of topos, now known as Grothendieck
topos. In 1971, William Lawvere and Myles Tierney realized Grothendieck topoi could
be seen as abstract mathematical universe in which most usual set-theoretic construc-
tion can be carried. They generalized the notion of Grothendieck topos to the notion of
(elementary) topos. A topos is a category where, similarly to Set the category of sets,
the collection of all morphisms between two objects Hom(X,Y") is again an object in
the topos and subobjects of an object are elements of the "power object" P(X), similar
to the notion of power set. Ultimately, few years later, the theory of classifying topoi
brought a fundamental result : any Grothendieck topos can be associated to a geometric
theory, a theory whose axioms are expressed with a finite number of "and" A and a small
number of "or" V. Grothendieck topoi are thus central when it comes to the study of
mathematical theories in category theory.

We will focus our work in explaining what is a mathematical theory in the context of
category theory and we will devise a classifying topos for such a theory. This topos
classifies the theory in the sense that for any other topos with a model of the theory
internal to it, this model corresponds to a specific kind of adjunction (the geometric
morphism) between the two topoi.

The first chapter will be an introduction to the Grothendieck topoi. We expect the
reader to be already familiar with basic categorical notions such as regular categories
and their properties, the notion of adjunction, limits and colimits. We will see that
by their very definition, the Grothendieck topoi are nice categories with a lot a useful
properties that are directly inherited from the properties of Set. We will end this
chapter by the definition of a classifying topos. At that moment in time giving examples
of classifying topoi will not be an easy task.

In the second chapter we will sketch theories. We will associate to a theory a sketch, a
collection of suitable diagrams such that a model of that sketch (for example a group
in the theory of groups) in any category will be a collection of limit and colimit cones
corresponding to the right diagrams. In this chapter we will provide a proof to the
fact that any Grothendieck topos is the classifying topos of some theory defined by a
sketch and conversely any theory determined by a geometric sketch admits a classifying
topos.



The last chapter will be dedicated to operating a full translation of the set-theoretic
language of a theory to any language internal to a topos. Even though sketches are a
nice concept, drawing the right diagrams to get the right theory is not necessarily an
easy task. Therefore instead of trying to translate the usual set-theoretic language into
the language of category theory, we will adopt a similar language inside a topos. This
chapter will bring great insights as to why the study of classifying topoi is relevant as we
will prove the validity of a formula is preserved by geometric morphisms. We will end
this chapter with a construction, for a given geometric theory, of a sketch such that its
models in a topos are precisely the ones of the geometric theory. Hence, any geometric
theory admits a classifying topos.

Through out this work, we will use a lot various properties of limits and colimits as well
as two important categorical notions : the Yoneda embedding and the Kan extensions.
There are appendices in the end of this document listing all the properties we will need
with some proofs.

Our main source for chapter 1 and 2 will be [3], while our main source for chapter 3 will
be [6].
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Chapter 1

Grothendieck topoi

We start with an introduction to Grothendieck topoi. There is a lot to say about
Grothendieck topoi, a full account can be found in [6, Chapters II, III]. We will focus
our attention to the fact that Grothendieck topoi are complete, cocomplete, regular
categories and that the suitable notion of morphisms between Grothendieck topoi is the
one of geometric morphism.

1.1 Grothendieck topoi

Definition 1.1.1. A Grothendieck topology T on a small category 6 is the data for each
object C' € 6 of a family T'(C') of subfunctors r : R — Home (—, C) called the covering
steves such that :

1. VC € 6, Hom¢(—,C) € T(C);
2. Vf: D — C morphism in ‘€ and Vr € T'(C) if Ry is the pullback of Hom« (—, f)
along r then r; € T(D);

R; R

] 1
Hom¢(—, D) o Hom«(—,(C)

3. VC €€6,S5 €T(C)and r: R— Hom¢(—,C) an arbitrary subfunctor, if VD € €
and f € S(D) we get ry € T(D) then r € T(C).

The pair (6,7) is called a Grothendieck site.

Definition 1.1.2. Let (6,7) a Grothendieck site.
o A presheaf on 6 is a functor F': €°? — Set.



o A sheaf on a site (6,7 is a presheaf F' on 6 such that for any object C' € 6 and
covering sieve R € T(C), every natural transformation o : R — F extends to a
unique 5 : Hom¢(—,C) — F.

R —— Homg(—,C)

\§>\\l5

F

In particular this defines a category Pr(€) (resp. Sh(%6,T")) with objects the presheaves
(resp. sheaves) on 6 and with morphisms the natural transformations. Sh(€,7) is a full
subcategory i : Sh(€,T) — Pr(€). Moreover by [6, Theorem I11.5.1], there is a specific
adjunction between the category of sheaves and presheaves.

Theorem 1.1.3 (Sheafification). The inclusion i has a left adjoint # that preserves
colimits and finite limits.

Thus Sh(6,T') is an exact reflective subcategory of Pr(6). If the reader is not familiar
with reflective subcategories and their properties, see [2, Section 3.5]. A reflective sub-
category with an exact reflection is called a localization. There is a strong bound between
localization of a finitely complete category %8 and universal closure operation on %8. We
shall recall to the reader the definitions and properties we will need to prove 3.2.11. The
proofs can be found in [2, Sections 5.6, 5.7] and in [3, Section 3.5].

Definition 1.1.4. Let be a finitely complete category . A universal closure operator
on % is the data for each subobject S < B in % of another subobject S < B called the
closure of S in B, such that for any subobjects S, T of B and any morphism f: A — B
of 9B:

1. SC35,
2. SCT=S5CT,
3.9=75,
4. f71(S) = [7(9).

where f~!(S) denotes the pullback of S < B along f.
We call a subobject S — B:

o dense when S = B.

o closed when S = S.



Proposition 1.1.5. Consider a localization o N B
category B . Then the localization induces a universal closure operator on 9. The closure
of S < B is the pullback of ir(S) < ir(B) along n(B) : B — ir(B). In particular any

subobject in A is closed.

of a finitely complete

Proposition 1.1.6. Let 6 be a small category and Pr(6) the category of presheaves
on 6. There is a bijection between

1. the universal closure operators on Pr(6).

2. the localizations of Pr(€).
We admit without a proof (can be found in [3, Lemma 3.5.1]) this next result :

Proposition 1.1.7. Let (6,T) be a Grothendieck site, C € € an object and v : R —
Home« (—,C) a subobject in Pr(€). The following are equivalent :

1. reT(C),

2. #r is an isomorphism.

Any category of sheaves on a site (6, 7T), Sh(€,T'), is uniquely determined by the closure
operator 1.1.5 on Pr(6). In particular, any subobject in Sh(€,T) is closed and any
covering sieve is dense. This will come handy later on.

It is now time to define one of the main concept we are going to work with.

Definition 1.1.8. A Grothendieck topos is a category equivalent to a category of sheaves
on a certain site, i.e & is a Grothendieck topos then there exists a small category 6 and

a Grothendieck topology T on € such that & = Sh(€,T).

Examples 1.1.9. 1. The category of presheaves Pr(€6) on a small category € is
a Grothendieck topos. Indeed Pr(€6) is precisely Sh(€6,Ti,q) the category of
sheaves on “6 with respect to the indiscrete topology Ti,q defined for any C' € €
as Tina(C) = {Id : Hom¢(—,C) — Hom(—, C)}. This is a well defined topology
since the first axiom is trivially satisfied and the second too since any pullback along
the identity is again an identity. The third axiom is also satisfied: for an object
C €€, let r: R— Homy(—,C) be a sieve such that for any f € Hom« (D, C)
for any D € 9, the pullback of Hom« (—, f) along r is Ry = Hom¢(—, D). Then
in particular take Ide € Home(C, (), the pullback Ry, = Home(—,C) is R.
Thus R € Tina(C). Any presheaf on € is then a sheaf on the site (6, Tinq)-

2. Set is a Grothendieck topos. Indeed, Set is equivalent to Pr(1) the category of
presheaves on 1 the category with one single object and just the identity morphism.
It is easy to see there is exactly one presheaf F': 1 — Set for each set in Set and
one natural transformation for each map between sets, hence the equivalence.
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We will now prove some properties of Grothendieck topoi.

Proposition 1.1.10. Grothendieck topoi are complete, cocomplete and the colimits are
pullback stable.

Proof. Let 6 be a small category. As a direct corollary of B.0.1, Pr(€) is complete,
cocomplete and colimits are universal since all limits and colimits are computed pointwise
and Set is complete, cocomplete and its colimits are pullback stable.

Now let be a site (6,7"). Since Sh(6,T) is a reflective subcategory of Pr(€6), it is
complete and cocomplete. Since # preserves colimits and pullback, it preserves universal
colimits. Since the colimits on Sh(€,T") are precisely obtained by applying # to the
colimits of Pr(€), we get that the colimits of Sh(€,T") are pullback stable. O

Proposition 1.1.11. In a Grothendieck topos, every monomorphism is reqular and
every epimorphism is regqular.

Proof. In Set monomorphisms are the injections and the epimorphisms are the surjec-
tions. Moreover a monomorphism f : A < B is the equalizer of its cokernel pair and a
epimorphism ¢ : A — B is the coequalizer of its kernel pair:

Let (X, 11,142) be the cokernel pair of f, i.e the pushout of f along itself. The pushout X
in Set is defined as X := (BUB)/~ = {(b,0), (0,b)|b € B}/~ where ~ is the equivalence
relation generated by (f(a),0) ~ (0, f(a)), Va € A and iy, iy are the canonical inclusions.
It is easy to see that for any two arrows o, : B — Y such that for all a € A,
a(f(a)) = B(f(a)), they yield a unique arrow v : X — Y defined as 7([b, 0]) = a(b) and
v([0,b]) = B(b) satisfying that yoi; = avand yois = . Thus (i1, i2) is indeed the cokernel
pair of f. Now let be another morphism m : C' — B such that i;(m(c)) = ia(m(c)) for
any ¢ € C. Thus (m(c),0) ~ (0,m(c)) and by definition of the relation there exists
a € A such that m(c) = f(a). Hence we get an arrow A : C' — A mapping any c to its
associated a. A is unique since f is injective. Therefore f is the equalizer of its cokernel
pair, f is a regular monomorphism.

A B
B

~
-

5
_—

N

Q- i

i1

Now let (R, p1,ps) the kernel pair of g, i.e the pullback of g along itself. One can show
that the pullback is R := {(a,d’)|g(a) = g(a’)} with the canonical projections p; and
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p2. Now assume we have a morphism ¢ : A — C such that g o p; = g o py. Since g is
surjective, for any b € B there exists a a € A such that g(a) = b. This yields a unique
map A : B — C such that A(b) = ¢(a), the unicity is given by the fact that if we have
a’ € A such that g(a) = g(a’) then (a,a’) € R and thus g(a) = ¢(a’) too. Hence g is the
coequalizer of its kernel pair, g is a regular epimorphism.

Rz:liATMB R—2 A
2 I

1 )\i plh hg

C A—— B

g

Now, let € be a small category. Since in the category of presheaves Pr(6) all colimits
and limits are computed pointwise, every monomorphism in Pr(€6) is the equalizer of
its cokernel pair and every epimorphism is the coequalizer of its kernel pair.

Finally, let (6,T) be a site and f : F — G a monomorphism in the category of sheaves
Sh(6,T). Then i o f is monomorphism in the category of presheaves since i preserves
limits. 7 o f is an equalizer. Since # preserves equalizers, # o1 o f = f is an equalizer,
that is, f is a regular monomorphism.

Now assume ¢ : F' — G is an epimorphism in Sh(6,7"). The inclusion ¢ does not
preserves epimorphisms so we cannot assume 7og is an epi. But for any object C' € 6, let
Im(g(C)) be the image of g(C') in Set and denote p(C) : F(C) — Im(g(C)) the surjection
and m(C) : Im(g(C)) — G(C) the inclusion. In Set any epimorphism is regular and in
particular is strong. We get, by this remark and the fact that g is natural transformation,
for any arrow h : C' — C in 6 a unique arrow Im(h) : Im(g(C)) — Im(g(C")) making
the diagram commutative:

p(C")oF (h) - G(h)om(C)

/ !

Im(g(C")) Ty G(¢)
This construction defines Im(g(—)) as a presheaf in Pr(€) and p = {p(C)}ce¢ and m =
{m(C)}ce¢ as natural transformations in Pr(€). In particular p is an epimorphism,
m is a monomorphism and g = m o p. Let (u,v) be the kernel pair of g in Sh(€,T).
Since i preserves limits, (i o u,i o v) is the kernel pair of i o g in Pr(€). Since m is a
monomorphism, (7 o u,i o v) is also the kernel pair of p. Thus p is the coequalizer of
(1 ou,iowv). Applying # we get that by preservation of colimits, #p is the coequalizer
of (u,v). Since g = #m o #p and g is an epi, so is #m. But #m is also a regular
monomorphism, as we proved earlier. Thus since #m is an epi and a regular mono, it
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is an isomorphism. Hence g = #m+#p, is a coequalizer because #p is, thus a regular
epimorphism. O

Corollary 1.1.12. In a Grothendieck topos every morphism that is both a monomor-
phism and an epimorphism is an isomorphism.

Proof. This directly follows from 1.1.11, since any morphism that is both a regular
monomorphism and an epimorphism (respectively a monomorphism and a regular epi-
morphism) is an isomorphism. O

We assume our readers are already familiar with the notion of regular categories and the
property of image factorization in such categories. Just to fix the definition, we shall
recall what is a regular category:

Definition 1.1.13. A regular category is a category 6 where:
o Every arrow in 6 has a kernel pair.
o Every kernel pair has a coequalizer.

o The pullback of any regular epimorphism along any morphism exists and regular
epimorphisms are pullback stable.

Proposition 1.1.14. Any Grothendieck topos is a reqular category.

Proof. By 1.1.10 we already know that any morphism has a kernel pair and that any
kernel pair has a coequalizer. What remains is to prove that the regular epimorphisms
are pullback stable. By 1.1.11, since any epimorphism is a regular epimorphism, what
we really need to check is that every epimorphism is pullback stable. Let 6 be a small
category. Since Set is regular and limits and colimits are computed pointwise in the
category of presheaves Pr(€), Pr(€) is also regular.

Let be a site (6,7, an epimorphism ¢ : ' — G and a morphism f : H — G in the
category of sheaves Sh(6,7")). Take the pullback of g along f in Sh(€,7). Now in
Pr(€), since i preserves limits, we get a pullback of i o g along i o f. In the proof of
1.1.11 we had an image factorization ¢ o g = m o p. Pulling back along m and p gives us
the pullback of 7 o g along i o f

L r H
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Since Pr(6) is regular and p is an epimorphism, so it ¢. Since m is a monomorphism,
so is h. Since we know from the proof of 1.1.11 that #m is an iso, and that # preserves
pullback, we get that #h is an isomorphism too. By our construction, hogq is a morphism

in Sh(€), thus hoq = #(hoq) = #h o #q. Since # preserves the epimorphisms, #q is
an epi and thus so is #h o #¢q, and therefore so is h o q. O]

Finally we give the following characterisation of Grothendieck topologies due to Giraud,
a reference of this fondamental result of Grothendieck topoi theory can be found in [3,
Theorem 3.6.1]. We will not use this characterisation, but it felt important to mention
it since it is a very important result.

Theorem 1.1.15 (Giraud). A category & is a Grothendieck topos if and only if the
following conditions hold:

1. & has a set of generators.
. & has all finite limits.
. & has all coproducts and they are disjoint and universal.

2
3
4. FEvery relation in & has a universal coequalizer.
5. Bvery equivalence relation in & is effective.

6

. Bvery epimorphism in & is reqular.

Definition 1.1.16. A geometric morphism between two finitely complete categories
f=(fe,["): 4 — % is a pair of functors f, : 4 — % and f*:%B — o such that f*
is left adjoint to f, and f* is furthermore left exact. The composition of two geometric
morphisms (f, [*) : A — B, (gs, %) : B — 6 is (gufs, [Tg7) : A — 6.

There is a notion of morphisms between two Grothendieck topoi, the geometric mor-
phisms. We shall list some properties involving geometric morphisms. Proofs of those
properties are available in [3, Section 4.1].

Example 1.1.17. The adjunction (i, #) : Sh(6€,T") — Pr(€6) is a geometric morphism.

Lemma 1.1.18. Let §,F be Grothendieck topoi. There is a bijection between isomor-
phism classes of

1. geometric morphisms form f:& — %,

2. functors f*: F — & preserving finite limits and small colimits.

Lemma 1.1.19. Let 8§, F be two Grothendieck topoi, and two geometric morphisms
(f, f5) + 6 = F and (g+,9%) : &€ — F. The collection of natural transformations
a: f*=g*is a set.

14



Hence by the last two lemmas, Geom(&,% ) the category of geometric morphisms be-
tween two Grothendieck topoi & and ¥ with morphisms « : (fi, f*) — (g«,g") the
natural transformations a: f* = ¢*, is a well defined category.

The next lemma is a small remark to show that the data of the natural transforma-
tions a : f* = g¢* is the same as the data of the natural transformations g : g, =

fe-

Lemma 1.1.20. For two Grothendieck topoi & and F, Geom(&,%F) is isomorphic to
the category whose objects are the geometric morphisms from & to & and the morphisms
B (fer f*) = (9, g%) are the natural transformations f : g. = fa.

Proposition 1.1.21. For any Grothendieck topos F there exists a unique geometric
morphism I' : F — Set.

Definition 1.1.22. A point of a Grothendieck topos F is a geometric morphism ( fi, f*) :
Set — 7.

For the category of points we use the notation Pt(¥) = Geom(Set, F).

1.2 Classifying topos

Something remarkable about Grothendieck topoi is that a lot of mathematical theories
can be studied inside a Grothendieck topos. We don’t expect the reader to completely
understand what is claimed here since we will only discuss this seriously in chapter 3.
Although there is a need to be clearer with what we mean by "a lot of mathematical
theories can be studied inside a Grothendieck topos', let us first give some explanations
and intuitions on what is a theory inside a category:

What is a group 7 We know a group is a set G together with an operation + : GXG — G
and a neutral element e € G such that + is associative and for any element g € G,
g+ e =g =e+ g and there exists an inverse —g, g — g = ¢ = —g + ¢. This definition
uses a lot of the language of set theory, for instance the notion of element of a set
g € G. A categorical approach of the same definition would be a set G together with an
operation + : G x G — G, an inverse — : G — G and a neutral element e : {x} — G
such that the following diagrams commute

G—2,G6GxG0 25 axaG G-2,6x6 2 axG
| J | 5
{*} . G {x} ¢ G

15



for the inverse

GxGxG 2 axa

| J+

GXG ——F—G

for the associativity and

{*} % G—l—o(eXIdg)G G x {*}+O(IdGXe)G
Ml / ml %

G G

for the neutral element. With this approach it is easy to understand that a group
can be defined internally to any category with products and terminal object, where
G and +, —, e are object and morphisms of this category. A model of the theory of
group in a Grothendieck topos ¥ is then an object G in ¥ with the right morphisms
satisfying the diagrams above. Similarly, a homomorphism of groups in & is then just
an arrow between two group objects G — G’ in F such that the following diagrams
commute

GxG —-G G — G 1 —° G
(fvf)l fl fJ fJ Xfl
' xq o G G’

with 1 the terminal object in &%. Thus from a theory 7 in a Grothendieck topos &, one
can extract Modg (7)) the category of models of 7 in &. This is a full subcategory of F.
Sometimes, for a given theory, a Grothendieck topos allow for a better understanding of
the models of the theory in any Grothendieck topos.

Definition 1.2.1. Let be a mathematical theory 7. A classifying topos for this theory
is the data of :

1. a Grothendieck topos &[T,
2. amodel M € Modg1(T) of the theory 7 in &[T],

such that, for every Grothendieck topos %, there is an equivalence of categories
Geom(%,8[T]) — Modgz(T)

obtained by sending the model M to & by applying the left adjoint part f* of geometric
morphisms, i.e the equivalence is (f,, f*) — f*(M)

If the pair exists, &[T is called a classifying topos of the theory 7, and M the generic
model of the theory.

16



Before giving examples, just note that by ring we mean commutative ring with unit
element. We will explore some of the following examples, but they are detailed in [6,
Chapter VIII].

Examples 1.2.2. 1. The classifying topos for the theory of object is the category of
presheaves over FinSet” the opposite category of finite sets. The universal model
is Hompj,setor (—, {*}) the Yoneda embedding evaluated on the finite set {x}.

2. The classifying topos for the theory of rings is the category of presheaves over
fp-rings” the opposite category of finitely presented rings. The universal model
is Homygp.yingsor (—, Z[X]) the Yoneda embedding evaluated on the polynomial ring
over integers Z[X].

3. The classifying topos for the theory of local rings is the category of sheaves over
the site (fp-rings®, J) where J is the Zariski covering. The universal model is the
structure sheaf O.

4. The classifying topos for the theory of linear orders is the category of presheaves
over A the category of simplicial sets. The universal model is Homa(—, {0,1})
the Yoneda embedding evaluated on the ordered set {0, 1}.

We need some work before proving those examples. The next chapter will be consecrated
to the construction of classifying topoi. In particular we will fully prove in 2.1.7 the first
example and then mention the two next examples briefly. In the end of chapter 3, we
will address some remarks concerning the last example of local rings in 3.5.2. We will
not prove the example, but we will see how the proof in the literature can be related to
certain tools yielded through out this thesis.

17



Chapter 2

Sketching a theory

In this chapter we will introduce the notion of sketches. Sketches are a nice way to deal
with theories while working with a categorical language. As we have seen in the end of
last chapter, a model of a theory such as group theory can be interpreted as suitable
diagrams involving limits and colimits. A sketch will be the data of such diagrams
with the data of the right elements in the diagrams that need to be associated to limits
or colimits. A model of a sketch in a category will be a functor sending the elements
associated to limits and colimits, to limit and colimit cones. We will first prove that if the
models of a sketch in a Grothendieck topos ¥ are precisely the left exact functors from
a fixed finitely complete category 6, then Pr(€) the category of presheaves on 6 is a
classifying topos for the sketch. This will gives us our first examples of classifying topos.
We will then move on to proving the more broader theorems that any Grothendieck topos
is the classifying topos of some theory defined by a sketch, and any geometric sketch
(sketch whose data carries a finite amount of cones and a small amount of cocones)
admits a classifying topos.

2.1 Sketch

Definition 2.1.1. A sketch is a triple S = (7, P, Z) such that
o I is a small category.
o Pis a set of cones in J.
o T is a set of cocones in J.

A geometric sketch is a sketch (7,P,Z) where P is a set of finite cones.

Definition 2.1.2. Let S = (7,P,Z) be a sketch. A model of S on a category €6 is a
functor M : J — € such that :

o if (T,pp)pey € P is a cone on a functor F : D — F, then (M(T), M(pp))pey is
the limit of M o F,

18



o if (T,sp)pey € T a cocone on a functor F' : 9 — F, then (M(T), M(sp))pey is
the limit of M o F.

Mod«(S) is the category of models of S on 6, with natural transformation of models
as morphisms.

Examples 2.1.3. 1. Let S = (1,P,Z) be the sketch of the theory of objects, where
1 is the category with one unique object and the identity as sole morphism, P
and Z are empty set of cones and cocones. Then there is exactly one model in
any category 6 for each object of 6, and the morphisms of models are just the

morphisms of objects in €. Thus Mod¢(S) = 6.

2. Let us construct the sketch for the theory of unital magmas. A unital magma is
a set M with a binary operation + and a left and right unit e. The sketch of the
theory of unital magmas is the data of:

o The category

where everything commutes.

o The set of cones is the collection of the four following cones

A C B
C P D2 “ q1 B <:—: D
C B FE

e The set of cocones is the empty set

A model of this sketch is then a functor that maps B to a unital magma object
M, where C'is sent to the initial terminal object 1, A to the product 1 x M, D to
the product M x M and E to the product M x 1. Moreover e, — is send to e x Ids
and similarly —, e to Idy, X e.
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Lemma 2.1.4. Let 6 be a finitely complete small category. The category of left exact
functors from 6 to Set is equivalent to the category of points of the category of presheaves
on 6. This equivalence is obtained by the following functor :

7 : Lex (6, Set) — Pt(Pr(6)),

mapping a left exact functor F' : 6 — Set to the geometric morphism associated by
1.1.18 to the Kan extension of F along the Yoneda embedding 7*(F) := LanyF :
Pr(€) — Set.

Proof. Let be 7*(F) = Lany F for any F' € Lex(6,Set). By C.0.8 7* is left exact.
Now let be a presheaf G € Pr(6). By C.0.9 and C.0.5

7*(F)(G) = Lany F(G) = Lany-G(F) = colim(G o ¢r),

where ¢p : Elts(F) — 6 is the forgetful functor.

Thus let colim;G; be a colimit in Pr(€6), since colimits in Pr(€) are computed pointwise
and by the interchange of colimits :

7 (F)(colim;G;) = colim ((colim;G;) o ¢r)
= colim; (colim(G; o ¢r))
= colim; (7*(F)(G;)) .

Hence 7*(F') preserves finite limits and small colimits. In virtue of 1.1.18, 7 maps a left
exact functor F' to the geometric morphism associated to 7*(F). Now if 5 : FF' = F'is a
morphism in Lex(€, Set) and we denote o : F' = Lany FoY and « : F/ = Lany F'oY
the two canonical natural transformations, then by the definition of Kan extension,
since o/ o f : F' = LanyF’ oY is a natural transformation, we get a unique natural
transformation 75 : Lany F' = Lany F’ such that (75 e Idy) o = o/ o 5. We set
() = . It is easy to verify 7 is a well defined functor.

Now let us prove 7 induces an equivalence of categories. Since Y is fully faithful (A.0.3),
the canonical natural transformation a and o’ are isomorphism by C.0.6. Thus if given
two natural transformations g, 5 : F' = F’ such that 7(5) = 7(5’), then by definition
of the Kan extension,

dof=(n(B)oldy)oa=(n(f)oldy)oa=a"of.

Thus since o/ is an isomorphism, 7(f8) = n(p’) <= [ = . This shows that 7 is
faithful.

Now assume we have a natural transformation v : 7*(F') = 7*(F”) and let us construct a
natural transformation 3 : F' = F’. Define 8 : F = 7*(F)oY iy, T (F')oY Ly

Then it is easy to check that w(3) = 7 since (y e Idy) o a =o' o . Thus 7 is full.
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Finally let f be a geometric morphism in Pt(Pr(€))). Since both f* and Y are finite
limit preserving, f* oY is in Lex(%6,Set). Let C' € € then by C.0.5 and by previous
considerations

T (f" o Y)(Homs (=, C)) = f* o V(C) = f*(Homy (=, C)).

Thus f* and 7*(f* oY) coincide on the representable functors. Since they both preserve
small colimits and by B.0.3 any presheaf G € Pr(%€6) is a small colimit of representable
functors, f* and 7*(f* oY) coincide. Hence 7 is essentially surjective. Therefore 7 is an
equivalence of categories.

]

Theorem 2.1.5. Let 6 be a finitely complete small category. Then the theory whose
category of models is equivalent to the category of left exact functors on € admits as
classifying topos Pr(6) the topos of presheaves on €, with the Yoneda embedding as the
generic model.

Proof. By 2.1.4 we have constructed an equivalence of categories
7 : Lex(6, Set) — Geom(Set, Pr(%6))

where a left exact functor /' : € — Set is mapped to a geometric morphism (7(F')., 7(F)*)
with 7(F)* = Lany F' where Y : 6 — Pr(%), C — Hom(—, () is the Yoneda embed-
ding. The functor

Geom(Set, Pr(6)) — Lex(6, Set)

mapping a geometric morphism (f,, f*) to f* oY is a quasi-inverse of 7.

To prove Pr(€) is a classifying topos and Y is the generic model we need to prove that
for any Grothendieck topos ¥, Geom(¥, Pr(%)) and Modg (6) are equivalent and the
models are obtained by precomposing the f* part of the geometric morphisms with Y.
So far it is proven in the specific case of F begin Set. The next step is to reach the case
F is of the form Pr(%) for any 9 small category.

Now assume 9 is a small category. Since Y is left exact and the left adjoint part of a
geometric morphism is too, it is easy to see that

Geom(Pr(9),Pr(6)) — Lex(6,Pr(D)), (f.,f")— ffoY

is well defined and uses Y as a generic model. We are going to show that this functor is
an equivalence. Let F': 6 — Pr(%) be a left exact functor. Since Pr(%) is cocomplete,
there exist a Kan extension Lany F'. Let’s prove Lany F' is again the left adjoint part of
a geometric morphism in Geom(Pr(%), Pr(€)). Since finite limits and small colimits
are computed pointwise in Pr(%), then we need to check the preservation of finite limits
and small colimits pointwise, i.e Lany F'(—)(D) = evp o Lany F preserves them. If evp
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has a right adjoint, then evpoLany F' = Lany (evp o I) by [insert| and we have proven
Lany is preserving finite limits and small colimits in Set. Hence all we have to do is to
prove evp has a right adjoint. Consider the functor

Set — Pr(9), X — Hom(Homg(D,—),X).

For any G € Pr(9), G can be seen as a colimit of representable functors colimG =
colim %(—, D;) by B.0.3, moreover contravariant representable functors (presheaves)
transform colimits into limits by B.0.2. Hence, with that in mind and with the help of
the Yoneda lemma we get the following computation :

Pr(2)(G,Hom(% (D, —), X)) = Pr(D)(colim 9 (—, D;), Hom(% (D, —), X))
= lim Pr(92)(9(—, D;), Hom(% (D, —), X))
= lim Hom (% (D, D;), X) = Hom(colim 9 (D, D;), X)
=~ Hom(G(D), X) = Hom(evp(G), X).

Yoneda lemma is used to go from the second line to the third. Therefore evp has a right
adjoint, hence Lany F' preserves finite limits and small colimits. Hence Lany I is the
left part of a geometric morphism. The following functor is well defined.

Lex(6,Pr(%)) —» Geom(Pr(%),Pr(€)), F +— LanyF.

To prove the equivalence, one way is easy. By A.0.3, since Y is fully faithful, then
(Lany F') oY = F. In the other way, we need to show Lany (f* oY) = f*. Exactly
by the previous argument, Lany (f*oY)oY = f* oY they coincide on representable
functors. Since f* and Lany (f*oY’) both preserves small colimits, and that any presheaf
of Pr(€) can be seen as a small colimit of representable functors, then (f* oY) = f*.

We have extended our equivalence for ¥ = Set to F = Pr(%). Now let finally extend
it to any Grothendieck topos. The study of Grothendieck topos reduces to the study
of topos of sheaves Sh(%,T) of a site (9,7). For the same argument as above, the
following functor is well defined :

Geom(Sh(%,T),Pr(6)) — Lex(6¢,Sh(%D,T)), (f«, [")— [foY,
and again the quasi-inverse of the equivalence is given by
Lex(6,Sh(%2,7T)) - Geom(Sh(%,7T),Pr(6)), F — LanyF.

First we prove Lany F' is the left part of a geometric morphism in Geom(Sh(%, 7)), Pr(€)).
Let F': 6 — Sh(9,7T) a left exact functor, and denote i : Sh(%,€) — Pr(%) for the
inclusion and # for the adjoint sheaf functor. Since # is left adjoint we have by C.0.7
that

#oLany(io F') =2 Lany(# oio F) = Lany F.
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i is left exact, hence i o F' is too and Lany (i o F) preserves finite limits and small
colimits by previous work. But # also preserves finite limits and small colimits, hence
# o Lany (i o F') = Lany F' too. That means Lany F' is the left part of a geometric
morphism. In an identical way as for the topos of presheaves, one can prove those two
functors to form an equivalence. O

Lemma 2.1.6. For any category with finite colimits %, Rex(FinSet, %) and 9 are
equivalent categories.

Proof. First, notice that in FinSet any set S can be written as the finite coproduct
Mees{*}. Let F': FinSet — 9 be a functor preserving finite coproducts and let us a
prove it preserves finite colimits. Consider in FinSet the coequalizer

S—=T—R

Since each set is a finite coproduct of {x} and F' preserves finite coproducts, by writting
F({*}) = D, we get the following diagram in % :

Oyes D —/—= yer D —— U, crD

This diagram is a coequalizer if and only if for any X € 9
Hom(R,Hom(D, X)) —— Hom(7,Hom(D, X)) ——= Hom(S, Hom(D, X))

is an equalizer in Set. By B.0.2 it is an equalizer. Hence F' preserves coequalizers and
thus all finite colimits.

Now consider the functor
ev : Rex(FinSet, %) — D,

mapping a right exact functor F : FinSet — 9 to F({*}) € 9 and mapping any natural
transformation n : F' = G to the component n({x}) : F({*}) = G({x}). Consider a
second functor

¢ : 9 — Rex(FinSet, %)

who maps any object D € 9 to the functor sending any finite set S to the coproduct
d(D)(S) = UsesD and any map f : S — T in FinSet to the unique arrow ¢(D)(f) :
sesD — IerD yielded by universal property of the coproduct. By definition ¢(D)
preserves finite coproducts and thus it is a right exact functor. For any morphism
D — D'in 9, ¢(d) is the natural transformation defined component wise by ¢(d)(5) :
HyesD — HyesD' the unique arrow from the property of coproducts. The uniqueness
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makes sure this is a well defined functor.

HSGSD ***************** > HSGTD HsESD 777777777777 4 HSESD/
N T “| |
D D D’

By straight forward computation one can check that evo ¢ is isomorphic to the identity.
Conversely let F' be a right exact functor and S be a finite set, then

¢ oev(F)(S) = o(F({*})(S5)
= ¢ lses F({*}) since I preserves finite coproducts
= F(9).

And similarly ¢oev(n)(S) = n(S) for any natural transformation n : ' = G. Hence ¢oev
is isomorphic to the identity. Thus we have an equivalence between Rex(FinSet, %)

and 9. [
Theorem 2.1.7. Pr(FinSet?) is a classifying topos of the theory of objects in a topos.

Proof. By the dual of 2.1.6, for any finitely complete category 6 there is an equivalence
Lex(FinSet” 6) — 6. Then applying 2.1.5 we get for any Grothendieck topos &,

Geom (&, Pr(FinSet”)) = Lex(FinSet”, §) = &.
Pr(FinSet”) is a classifying topos of the theory of objects in a topos. O]

The examples of classifying topos for the theory of rings and the theory of linear order
are similar to the one for the theory of objects. The point of the proofs are to find a
suitable category such that the category of left exact functors from that category to a
Grothendieck topos is equivalent to the category of models of the theory of rings or linear
order. Then applying 2.1.5, one immediately get a classifying topos for those theories.
Those claims are done with details in [6, Chapter VIII].

We now focus on the relationship between sketches and Grothendieck topoi. We shall
show in the next theorem that any Grothendieck topos is the classifying topos of some
theory determined by a sketch

Theorem 2.1.8. Any Grothendieck topos is the classifying topos of some theory defined
by a sketch.

Proof. A Grothendieck topos & is equivalent to a topos of sheaves Sh(6,7") on a site
(6,T) with € finitely complete (the fact that € can be chosen finitely complete is a
consequence of Giraud’s Theorem (1.1.15), see [3, Corollary 3.6.2]. From the site (€, T)
we create the sketch & = (€, P,Z) where :
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1. 6 is the underlying category of the site,
2. P is the set of all finite limit cones in €,

3. Z is the set of all cocones corresponding to the elements of the Grothendieck
topology T, i.e for any object C' € € and sieve R € T'(C), R : ‘6°? — Set, one
can consider the diagram ¢p : Elts(R) — 6. By definition of Elts(R)

<C’, {S(D,d) 2 ¢r(D,d) =D % O>}(D,d)€E1ts(R))

is a cocone. Z is the set of all such cocones for all C' € € and R € T(C).

The goal of the proof is to show that & is the classifying topos of the theory modeled
by the sketch § with generic model the functor #0Y : 6 — Sh(€,T) where Y : € —
Pr(€) is a associated Yoneda embedding and # : Pr(€¢) — Sh(%6,T) is the associated
sheafification functor.

We check that # oY is a model of S. Y preserves finite limits (by A.0.3) and # too
(by 1.1.3). Hence, # oY preserves finite limits and thus each cone of P is mapped to a
limit cone by # o Y. Now let us fix an object C' € 6 and a sieve R € T(C). By A.0.3
we associate to any d € R(D) for any D € 6 a natural transformation

t(D,d) : Hom%(—,D) =R

defined for any B € ‘6 and f € Hom (B, D) by t(pq(B)(f) = R(f)(d). By B.0.3

the cocone (R, {t(D’d)}(D,d)eElts(R)> is the colimit of Y o ¢ in Pr(6€). Since by 1.1.3,
# preserves colimits, the cocone (#R, {#t(D’d)}(D,d)eElts(R)> is a colimit in Sh(€,T).

By 1.1.7, the monomorphism r : R — Home(—,C) is mapped to an isomorphism
#r: #R = #Hom(—,C). Thus the cone

(#Hom(—,C), {#r 0 #t0.0}

(D,d)eElts(R))

is also a colimit in Sh(%6,7"). Now let us compute for any B € 6 and f: B — D :

(rotp.a)(B)(f) =r(B)(R(f)(d))
(

= (r(B) o R(f))(d)

= (Hom«/(f,C) or(D))(d) by naturality of r

= Home (f,C)(d) r(D) is the inclusion in Home (D, C')
—dof = Y@(B)) = Y(s0a) B
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is a colimit in Sh(6,T"). # oY maps the cocones of Z to colimits. Therefore # oY is a
model of S.

Let & be a Grothendieck topos and (g., g*) € Geom(F,Sh(€6,T)). Since g* preserves
finite limits and small colimits, g*o#oY is a model of § in . Moreover since a morphism
of geometric morphisms (h«, h*) — (gs,g*) is by definition a natural transformation
h* = ¢*, this defines automatically a natural transformation on the models h*o#oY =
g* o # oY. Thus composing any left adjoint part ¢g* of such geometric morphism with
# oY yields a functor

o : Geom(¥,Sh(€,T)) - Modp(S)

We now prove o is an equivalence of categories. First consider the following diagram

Geom(F ,Pr(€)) —— Lex(6,%)

| Js

Geom(%,Sh(€6.7)) —— Modr(S)

where « is the composition with the geometric morphism (i,#) : Sh(€,7) — Pr(€6)
(the evaluation of & on morphisms is defined in a similar fashion as o), § is the canonical
inclusion since any model of § is left exact and 6 is the equivalence given by 2.1.5. By
definition the diagram commutes. Moreover, 3 is fully faithful since it is just the inclusion
of a full subcategory, « is fully faithful since any morphism of geometric morphisms
(hi, h*) — (gs,9") is equivalent to a natural transformation g. = h, by 1.1.20 and
i : Sh(€,T) — Pr(€6) is fully faithful. Hence, since a, § and 6 are fully faithful, so is o.

All that remains now is to prove o is essentially surjective, i.e, for any model F': 6 — F
of S, there exists (g«,9*) € Geom(%,Sh(€,T)) such that F' = o(g.,g*). Since F
is a left exact functor and € is an equivalence, then by 2.1.5 there exists (f., f*) €
Geom(¥,Pr(€6)) such that F*= f*oY. Hence it suffices to show that (f., f*) factors
through Sh(6,T"). We compute for any objects X € &, C € € :

f:(X)(C) = Nat(Hom« (—, ), f.(X)) by Yoneda lemma
~ Homyg (f*(Home(—,(C)), X) by adjunction
= Homg ((f* 0 Y)(C), X)
= Homy (F(C), X).

We want to show that f.(X) = Homg (F(—), X) is a sheaf. Let C' € € be an object,
R € T(C) a sieve and 7 : F = Homg (F(—), X) a natural transformation. For any
D € 6 and d € R(D), v(D)(d) : F(D) — X and for any morphism of elements
f:(D,d) — (D,d), i.e a morphism f : D' — D and d' = R(f)(d), we have by
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naturality of v that v(D’)(d') = v(D)(d) o F(f). Thus

(XD D} iy s

is a cocone on the diagram F o ¢p. But since F' is a model of S in &,

(F(C),{F(d) : F(D) = F(C)} payemisin))

is the colimit of F o ¢p. Hence there exists a unique morphism k& € Homg (F(C), X)
such that ko F(d) = vy(D)(d) for all (D,d) € Elts(R). By the Yoneda lemma (A.0.1),
k corresponds to a natural transformation ¢ : Home(—, C') = Homg (F(—), X) such
that for any D € 6 and d : D — C, {(D)(d) = Homg (F(d), X)(k) = k o F(d). Hence
if (D,d) € Elts(R) then
§(D)(d) = y(D)(d).

€ is the unique extension of v to Home (—, C'), thus Homg (F/(—), X) is indeed a sheaf.
Since Homg (F(—), X) is a sheaf so is f,(X). Thus by putting g, = f. and taking as g*
the restriction of f* to Sh(6,T") we get that

F2f'oY =g"of#oY =0(g9g").

2.2 Classifying topos for a geometric sketch

In this section we will construct for a given geometric sketch, a Grothendieck topos that
is the classifying topos for the models of this sketch. This is a big proof that will be
split into a series of lemmas, the main trick in the observation that a functor sending
a cocone to a cocone limit is equivalent to sending a certain family of morphisms to an
epimorphic family. Our starting point will be that for a given sketch with an empty
set of cocones, there exists a finitely complete small category 6 such that the models
of the sketch in a Grothendieck topos & correspond to left excat functors from 6 to

8.

The key argument in the proof is proving that the category of models of a sketch without
assigned cocones in the category Set is a locally finitely presented category. This fact
will prove the claim for the case & = Set. Based on this case one can then prove for
the & = Pr(%) and then for any Grothendieck topos Sh(€,7"). Since the theory of
locally presented categoies falls out of the scope of this thesis, we do not provide a

proper proof for this next lemma. A proof of this statement can be found in [3, Lemma
4.2.2].
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Lemma 2.2.1. Let S = (F,P,Z) be a sketch with I a small category and P a set of
finite cones of T and I the empty set of cocones. Then there exists a functor 7 :J — 6
with 6 a small finitely complete category such that :

1. T maps any cone of P to a limit in 6.

2. For every Grothendieck topos &, precomposing T yields an equivalence between
Lex(€6,&) and Modg(S).

Lemma 2.2.2. Let be & a Grothendieck topos and a functor F' : 9 — & with 9 a
small category. Let (M,{sp: F(D) — M}peg) be a cocone on F. Assume that for
each two objects D, D' € 9 there exists (pppr,tp : pppr — D,tp : pppr — D') such that
(F(ppp), F(tp), F(tp)) is the pullback of sp along spr. Then the following conditions
are equivalent:

1. (M, {sp: F(D)— M}peg) is a colimit.
2. {sp : F(D) = M}peg is a jointly epimorphic family.
Proof. The implication 1. = 2. is immediate. Let be f,g: M — L two morphisms such

that for any D € 9, fosp = go sp. Then (L,{f osp}pey) is a cocone and thus by
universal property of the colimit f = g.

Conversely, consider (L, {Ap : F(D) — L}peg) the colimit of F' and the unique arrow
f: L — M such that foAp = sp for all D € 9. We shall prove f is an isomorphism,
i.e f is an epimorphism and a monomorphism (see 1.1.12). f is an epimorphism since
the sp are jointly epimorphic. Indeed, assume v, u such that vo f =wo f. Then

(vof=wuof)=(NVD€EPD, vosp=vofoldp=uofolp=uosp)= (v=nu).

The fact that f is monomorphic needs a little bit of work. Assume & is Set and let be
I[,I' € L such that f(I) = f(I'). Since {A\p : F(D) — L}pegy constitute a colimit, it is
a jointly epimorphic family which is a jointly surjective family in Set. Thus there exist
D, D' €9 and x € F(D),x’ € F(D') such that | = Ap(x) and ' = Ap/(2"). We get that

sp(x) = folp(x) = f(l) = f(l,) =fo >\D’($,) = SD'@,)-

This means that (x,2') € F(ppp) with F(tp)(z,2') = = and F(tp/)(x,2') = 2’. But
since pppr, tp, tp are respectively an object and morphisms of 9 and the Ap’s constitute
a cocone, we get that Ap o F((tp) = Apr o F((tp/). Hence we compute

l=Ap(x) =(Apo F(tp))(z,z') = Ap o F(tp))(z,2") = Ap(2') =1'.

Therefore in Set, f is a monomorphism.

Now assume & is the topos of presheaves Pr(%6) for a certain small category €. For each
object C' € 6, (L(C),{\p(C) : F(D)(C) — L(C)}pey) is a colimit cone of F(—)(C) :
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6 — Set and (M(C),{sp(C) : F(D)(C) — M(C)}pes) is a cocone of F'(—)(C) : € —
Set. Thus there is for each C' € 6 a canonical morphism f(C) : L(C') — M(C). By the
previous argument, f(C') is a monomorphism. Let us denote by Pb(f, f) the pullback
of f along itself. Since limits are computed pointwise in Pr(“€) and for any C' € 6
f(C) is a monomorphism, Pb(f, f)(C) = Pb(f(C), f(C)) = L(C) and the projections
are pointwise the identities on L(C). Hence (L, Idy,1dy) is the pullback of f along itself,
thus f is a monomorphism.

Finally if € is a Grothendieck topos, there exists a site (6,7 such that & = Sh(€,T).
Since Sh(6€,T) is a reflective subcategory of Pr(€6), its colimits are computed by apply-
ing the sheaf functor # on the colimits in Pr(%6). But since the unique arrow f : L — M
is a monomorphism in Pr(€) and # is left exact, then #f is a monomorphism. O]

Corollary 2.2.3. Let 6 be a finitely complete small category, C' € 6 an object and a
subfunctor R — Home(—,C). If F: 6 — & is a left exact functor to any Grothendieck
topos &, then the following conditions are equivalent:

on

1. F maps R, viewed as the cocone (C, {S(Dvd) :or(D,d) =D — C}

a colimit cone.

(D,d)eElts(R))

2. F maps R, viewed as a family {d : D — C}(pacrus(r), to a jointly epimorphic
family.

Proof. Let be two objects (D, d) and (D', d') in Elts(R). Since € is finitely complete,
let (pDD/,tD : Pppr — D,tD/ > Pppr — D/) be the pullback of d along d in 6 and
denote d’ = dotp = d otp. This yields two morphisms tp : (ppp/,d’) — (D, d) and
tp : (ppp,d”) — (D',d’) in Elts(R). Since F' preserves pullbacks, it suffices to apply
2.2.2 to the functor F' o ¢pg.

]

Lemma 2.2.4. Let § = (6, P,ZI) be a sketch with:
1. 6 a small finitely complete category.
2. P the set of all finite limit cones of 6.

3. T a set of cocones <C, {S(Dyd) :¢r(D,d) =D — C’}(
tors R — Hom« (—, C') with some objects C' € €.

D,d)EElts(R)) for some subfunc-

If T is the Grothendieck topology on € generated by I, then the sketches S and S =
(6,P,T) have the same models in all Grothendieck topoi.
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Proof. Since T C T, it is obvious that every model of S in & is a model of S. Conversely,
T generated by Z is the set obtained inductively by applying the three axioms of 1.1.1 to
Z. We then just need to verify that every left exact functor sending R € Z to a colimit
cone maps (see 2.2.3) any R obtained by the three axioms from Z to a jointly epimorphic
family. We use the notation of 1.1.1.

For all C' € 6, F maps Homy(—,C) to a jointly epimorphic family since that family
contains the epimorphism F'(Id¢).

Fo any f: D — C morphism in ‘6 and R € Z, consider the pullback Ry (left diagram).
For any object X € 6 and x € R(X), consider the pullback (right diagram):

R; I R X, — P x
Ty r Ty
H0m<g(—,D) m Hom%(—,o) —> C

Since limits are computed pointwise, R¢(Xy) is the pullback in Set of Hom« (X, f)
along 7(Xy) : R(Xy) — Home (X, C). Since

HOIIIc(;(Xf,f)(SCf) =f Oy =x0 Je = R(fw)(l’) € R(Xf)7

we get that x; € Rp(Xy). Since F preserves pullbacks, since coproducts (see 1.1.10) and
epimorphisms (see 1.1.11,1.1.14) are pullback stable and since by assumption the family
F(x) forall X € €, x € R(X) is mapped to a jointly epimorphic family, so is the family
F(xy). Since the F(zy) are contained in the family {F(y)}y,y)egus(r,), I maps Ry to
a jointly epimorphic family.

Now let be S — Hom(—,C) in Z and a subobject R — Home«(—, C') such that for
any D € € and any f € S(D), F maps Ry to a jointly epimorphic family. Consider two
morphisms in u, v : F(C) — M in & such that uoF(x) = voF(z) for all (X, z) € Elts(R).
If y € Rp(X), then foy € R(X) and thus

(uo F(f))oF(y) =uoF(foy)=voF(foy)=(voF(f))oF(y).

By assumption the F(y) constitute a jointly epimorphic family, thus uwo F(f) = vo F(f).
But again, the family F'(f) constitute a jointly epimorphic family. Therefore u = v.

Thus by induction if F' maps all the R € Z to jointly epimorphic families, so does F' for
all the covering sieves of the topology T O]

Lemma 2.2.5. Let 6 be a small category and {f; : D; — C'}icr a family of morphisms
in 6. Let R — Homey(—,C) be the subfunctor generated by the f;, i.e R is defined by
R(X)={fioz|lr: X — D;, i € I} and the canonical composition R(g)(—) = (=) o g.
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For every functor F : € — & with & a Grothendieck topos, the following conditions are
equivalent:

1. {F(f;)}ier is a jointly epimorphic family.
2. F maps R to a jointly epimorphic family.

Proof. 1. = 2. is trivial since {f;}icr is part of the family {d: D — C}(p g)cEis(r)-

For 2. = 1., consider u,v : F(C') — M in & such that uo F(f;) =vo F(f;) for alli € I.
Since for any X € 6, y € R(X) is of the form f;oz for z : X — D; and i € 6, we
get that wo F(y) = vo F(y) for any y € R(X) for any X € 6. Thus by assumption
U =1. O

Lemma 2.2.6. Let S = (7,P,F) a triple such that
o I is a small category,
o P s a set of cones in I,
o F is a set of families of morphisms (f; : T; — T)ier in 7.

A model of S in any Grothendieck topos & is a functor F' : I — & mapping the cones
of P to limit cones and the families of F to families of epimorphisms. Then the theory
described by those models admits a classifying topos.

Proof. By 2.2.1, there exists a functor 7: J — J Witgg a small finitely complete cate-
gory, such that for every Grothendieck topos €, Lex (7, &) is equivalent to Modg (7, P)
the category of models of S without set of cocones. Let S = (7, P, F) be the triple with

o 7, the small category obtained by 2.2.1,
« P is the set of finite limit cones in 7,
« F is the set of all families {7(f;)}icr, for each family {f;}icr in F.

Composing any model of S by 7 yields an equivalence between ModgS and ModgS.
Thus all we need is to prove the theory determined by S admits a classifying topos.

By 2.2.5 we know the models stay the same if we replace the families {7(f;)}ics of F
by the subfunctors R — Homg(—, 7(T)) generated by each family. By 2.2.3 the sieves
of L can be seen as cocones, L is the set of all those cocones. By 2.2.4 the models of §
don’t change if F is extended to the whole generated Grothendieck topology L. Then
by 2.1.8 the theory sketched by S admits the topos of sheaves on the site (7,L) as a
classifying topos. O

31



Let H : 9 — & be a functor with % a small category and & a Grothendieck topos. Since
& is cocomplete it admits at least one cocone on H. Let (C,{sp: H(D) — C}pea)
be a cocone on H. For each zigzag ¥ in 9, since & is complete, consider the limit
(Ls,{pi : Ly — H(D;)}p,ex) on H restricted to ¥ with 3 denoted as

2N

Notice that since the p;’s and the sp’s form respectively a cone and a cocone,

SpD O Po = SDy ©Po = SDy OH(dl) °Pp1
= sp, op1 = Sp, © H(ds) o1

= Sp, O P2

= 8Dy, © P2n = SD’ © Pan.

Thus by setting (Pppr,tp,tp) as the pullback of sp along sp, we get a unique factor-
ization fx, : Ly — pppr.

Lemma 2.2.7. Consider a functor H : 9 — & and a cocone (C,{sp : H(D) — C}peg)
as in the previous paragraph. Then the following are equivalent:

1. (C/{sp: H(D) — C}pey) is a colimit cone of H.
2. A. {sp: H(D) — C}peg is a jointly epimorphic family

B. for each pair of objects D, D" € 9, the family of morphisms {fs : Ly —
Pppr}s of all possible zigzags Y. between D and D' is jointly epimorphic fam-
ily.

32



Proof. Assume the sp’s and f5; are jointly epimorphic families. Let (L, {\p : H(D) — L} pe9)
be the colimit of H. This yields a unique factorization f : L — C such that foAp = sp

for each D € 9. Let be D, D’ two objects of 9 and a zigzag > between D and D’. By

the same argument as for sp and s7,, Ap o pg = Apr © pa,. Thus

Apotpofs=Apopy= Apopy, =Apotp o fs.

Now let be the following commutative diagram where every square (yes, the circle is a
square) is a pullback:

tD’
Pop —22 (DY — 2 H(D)
luDg/ vD/l : AD/\L
w0 |U(D) - P v L oo
R
sD

Since by 1.1.10 colimits are pullback stable, we get that (P, {vp : V(D) = P}pieg),

(P, {UD . U(D) — P}DG@)a (U(D), {UDD’ : PDD’ — U(D)}Dleg) and (V(DI), {UDD’ : PDD’ — V(D/)}DE
are all colimits. And thus the families {up}peg, {vp }prew, {vpp }pea and {upp '} prey

are all jointly epimorphic families.

We compute for any D, D’ € 9 and any zigzag 3 between D and D', that
uoupoupp © fs = Apoupoupp o fx
= Apotpo fx
= Ap otp o fy
= Apr Ovb °ovpp © fx
=vouvp oUpp O fx

=wvoupoupp O fx.

Since the up’s, upp’s and fx are jointly epimorphic, so is their composition, thus v = v.
This equality implies that f is a monomorphism.

Assume we have two morphisms z,y such that z o f =yo f. Forany D € 9
xosp=xofolp=yofolp=yosp.

Since by assumption {sp}peg is a jointly epimorphic family this implies 2 = y. Thus
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f is an epimorphism. Hence f is an isomorphism by 1.1.12, this concludes the proof
2. =1 .

Conversely assume that (C, {sp : H(D) — C}peg) is a colimit. Thus the sp’s are jointly
epimorphic. What remains to prove is that given D, D" € 9 the fs, over all the zigzags
Y between D and D’ are jointly epimorphic. To prove this, we are using the familiar
trick to first prove it for the specific case &6 = Set, then prove it in the case € is a topos
of presheaves, and then finally when & is any Grothendieck topos.

Assume & = Set, we know any colimit can be obtained from coproducts and coequalizers
(see [2, 2.8.1]). C' is the coequalizer of o and f.

Hde@H(dom(d>) +> HDe@DH(D) —1—C

In the case of Set, « is just the inclusion, f(z) = H(d)(z) for + € H(dom(d)) and
the coequalizer ¢ : Ilpeg H(D) — C' is the quotient of Ilpeqg H(D) by the equivalence
relation generated by (a(x), 5(z)) for all x € I4eq H(dom(d)). Thus C' is the quotient
of llpeg H(D) by the equivalence relation generated by (x, H(d)(z)) for any d : D — D’
and any x € H(D). Hence for any x € H(D) and 2/ € H(D’), they are equivalent
if and only if there exists a sequence of elements x = xg,21,...,2, = 2’ such that
for any two consecutive z; € H(D;) and x;.; € H(D;11) there either exists an arrow
div1 : D; — D;yq such that H(d;)(x;) = x;41 or there exists an arrow d; : Diyy — D;
such that z; = H(d;)(x;41). After composing the consecutive d;’s that are composable
and introducing identities at the beginning or at the end if necessary, we can express the
equivalence between x and 2’ via a zigzag ¥ as above. Thus an equivalence between x and
x' is a zigzag 3 between D and D’ such that for each ¢ € {0,...,m}, H(d;)(x;) = x;—y
or x;41 = H(diy1)(x;) for i odd.

But the limit Ly, is precisely the equalizer e

Ly —<*— MpesH(D) ——— Hyes H(codom(d))
Bl

where O/((JID)DEg) = (Icodom(d)>d627 6/((ID)D€E) = (H(d) (xdom(d)))dex and the equalizer
Ly = {(zp)pes € UpesH(D)|a((xp)pes) = B((zp)pex)}. In particular the family
(x,...,2') is in Ly. In the case of Set, fx is defined as fs((zp)pes) = (zo,2m). By
definition for any given pair (z,2’) € Pppr, x and 2’ are equivalent in HpesH(C).
Therefore there exists a zigzag 3 and a family (zp)pes € Ly such that fs((zp)pes) =
(x,2"). Hence the fy's are jointly surjective.

Now if & is a topos of presheaves Pr(€6) on a small category 6, since colimits and limits
are computed pointwise, it directly follows form the computation in Set that the fx’s
are jointly epimorphic.

Now assume & is any Grothendieck topos, that means there exists a site (6,7 such
that & = Sh(€,T). Let be (L', {\ :i0o H(D) — L'} peg) the colimit of i o H in Pr(€)
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where i is the canonical inclusion. Let be {gs}s the jointly epimorphic family ob-
tained applying this theorem to the, already proven, case of presheaves. Since # is
finite limit and colimit preserving, it maps the colimit (L',{\}, :i0 H(D) — L'} peg)
to the colimit (C,{sp: H(D) — C}pey) and maps the whole construction (see the
paragraph before the lemma) on (L', {\}, :io H(D) — L'} peg) to the construction on
(Cy{sp: H(D) — C}peg). Thus {gs}s is mapped to the family {fx}s. Since # pre-
serves in particular jointly epimorphic (since # preserves coproducts and epimorphisms),
{fs}s is a jointly epimorphic family. O

Theorem 2.2.8. The theory determined by a geometric sketch admits a classifying topos.

Proof. Let S = (J,P,Z) a geometric sketch. By 2.2.1 the models of the sketch &’ =
(F7,P) (S without ) are equivalent to the models of S = (6,P) where € is finitely
complete and P is the set of finite cones on 6 and this equivalence is yielded by the
functor 7 : J — €. Now for any cocone I' € Z, it is mapped by a model of &’ to a
colimit cone if and only if the cocone 7(I') is mapped by a model of S’ to a colimit
cone. Thus by putting Z as the set of all cocones 7(T'), we get an equivalence of models
between S and S = (6,P,Z). Hence without lost of generality, we can consider 7 to
be finitely complete and P to be the set of all limit cones of 7.

Let (C,{sp : H(D) — C'}peg) be a cocone of Z on a functor H : 9 — J. By 2.2.7, a left
exact functor F' : J — & with & a Grothendieck topos, maps the cocone (C, {sp : H(D) — C'}peg)
to a colimit cone if and only if it maps the sp’s to a jointly epimorphic family as well
as the fy’s. Let F be the set of those families deduced from the cocones in Z. Then the
models of S coincide with the models of (7, P, F) determined by 2.2.6, and this theory
admits a classifying topos by 2.2.6. O]

This concludes our study of classifying topoi. In the next chapter we will focus on
giving another way to study mathematical theories in Grothendieck topoi that is more
convenient. In the end of the chapter we will then go back to the last results of this
chapter to prove our new approach for theories will still allow use to assign them a
classifying topos.
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Chapter 3

Interpreting a theory

Although a sketch of a theory is nice to manipulate, it is not necessary easy to compute
a sketch for a given theory. The number of diagrams one needs to sketch a theory can
be quite big even for simple theories such the theory of magmas (see example 2). Thus
sketch theory is not that convenient in practice. In this chapter we will see that the set
theoretic language, used to describe any mathematical theory, can be usually carried over
certain categories called the topoi of which Grothendieck topoi are a subclass. Instead
of translating this language into diagrams we can compute in categories, we will directly
transpose that very language inside the topoi. Here is a little summary on how this will
work.

First we of course need to have a good understanding on what is a mathematical the-
ory. The first section will be dedicated to give a definition of mathematical theory and
to explain what is a mathematical statement, a formula, in a theory. We will then
observe how those formulas are deeply connected to the notion of subset and how log-
ical operators such as "and" and "or" are merely the intersection and union of those
subsets.

In the second section we will give the definition of a topos, a category with enough
properties for its objects to behave like sets. In a topos the collection of morphisms
between two objects gives rise to an object that we can manipulate inside the topos. In
particular currying is possible in a topos. Currying is the process of seeing a map of
several arguments f : X x Y — Z as a family of maps f, : Y — Z. A topos also allows
for a good understanding of the subobjects of an object, we can classify them in a topos.
We will prove that the Grothendieck topoi are, as their name indicates, topoi and we will
show how classifying subobjects and currying allows us to have an object corresponding
to the collection of epimorphisms between two objects.

In the third section, we will study the behaviour of the subobjects in a topos. We will
show that in a topos the intersection or union of subobjects can be defined and we will
thus recover logical operators as "and" or "or" inside the topos.

Eventually, in the last section, we will show how from those logical operators inside a
topos, one can define a whole language and thus interpret a mathematical theory in a
topos. We will prove major results such as the fact that for any given geometric theory,
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if a statement is true in a topos, then it is true in Set, providing a strong motivation for
the study of theories in topoi. We will end this chapter by proving that any geometric
theory admits a classifying topos.

3.1 Logic

Definition 3.1.1. A signature ¥ is the data (5,2 = X, I ¥,) where S, X, X1 are
disjoint sets.

1. S is the set of types (also called sorts).

2. Y, is the set of formal operation symbols and for each operation symbol o € X,
is associated an n-arity s; X --- X s, — s with s1,...,s,,5 € S; noted ¢ : §1 X
-+ X 8, — 8. An operation symbol of O-arity, o : — s is a constant.

3. Y.q is the set of formal relation symbols and for each relation symbol o € ¥, is
associated an n-arity s; X - -+ x s, with s1,...,s, € S; noted 0 C 51 X - -+ X s,,.

Definition 3.1.2. A Y-structure A is an S-sorted set |A| = (Ag)ses together with
operations o4 : Ay, X -+ x Ay — A for each 0 : 51 X - -+ X 5, = 51in X, and relations
o4 C A X x A, foreach 0 C 51 X --- X 5, in 2. The constants in A of type A,
are the elements of the set A, that is the points {*x} — Aj.

A homomorphism of ¥-structures from A to B is a S-sorted map f : |A| — |B| such that
fs(oalar, ... a,)) = op(fs,(a1),..., fs,(a,)) for each operation o : s X -+ X s, = s
and (fs, X -+ X fs,)(04) C op for each relation o C 51 X « -+ X sp,.

In the specific case with no relations, a structure is called an algebra. The category of
Y-structures and their homomorphisms is denoted Str >, Alg >, in the case of algebras.

Example 3.1.3. The signature of ordered groups is one sorted with ¥,, = {+, —, ¢}
and Y = {<}, with arities +: s x s = s, —:s —> s, e: = sand < C s X s.

It is important to note that a structure on this signature is not an ordered group, only
the "backbones'. The axioms of group theory are yet to be defined. One can also remark
the signature for ordered groups and abelian ordered groups is the same.

For each type s of a signature ¥ we assume we have a set (potentially countable infinite)
of wvariables of type s.

Definition 3.1.4. The set of terms over an S-sorted set X of variables with respect to
a signature Y is defined inductively :

1. each variable of type s is a term of type s,
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2. for each operation o : s; X -+ X s, — s and each n-tuple of terms (7,...,7,) of
types si,...,8n, 0(71,...,7,) is a term of type s.

Example 3.1.5. Let X be a set of variable and z,y, z variables in X. The following
are examples of terms over X with the signature of ordered groups :

z, €, x‘i‘% _<Z>7 y+—($+6)7

Definition 3.1.6. The set Var(7) of free variables of a term 7 is inductively defined by

1. Var(z) = x for any variable z,
2. Var(o(7,...,7,)) = Var(m) U--- U Var(r,).

An atomic formula is either an equation 7 = 7 of terms of same type or an expression
o(m,...,T,) where o is a relation of type s; X - -+ X s, and 7; are terms of type s;, or T
(truth), or L (falsity).

A formula is built from atomic formulas ¢, 1, ... and the usual logical operators :
- (negation)
© =1 (implication)
e AN, oV (conjunction and disjunction)
(Vx)ep, (3x)¢ (universal and existential quantifiers)

The free variables of a formula are the non-quantified variables of the formula. They are
defined in the following way :

Var(r; =) = Var(mn)U Var(n)
Var(o(7y,...,7)) = Var(r)U---U Var(r,)
Var(—p) = Var(yp)
Var(p = ¢) = Var(p Ay) = Var(p V1) = Var(p) U Var(v))
Var((Vz)p) = Var((3z)p) = Var(p) \ {z}
Var(T) = Var(Ll)=10

Moreover in the case of infinitary disjunctions and conjunctions, for a given set [ if one
has a family of formulas {¢; }ie; such that U;c; Var(¢;) is finite then

Var(Ajer i) = User Var(ey)
Var(Vier ¢i) = Uer Var(¢i)

o(x1,...,x,) indicates that Var(yp) C {z1,...,x,}.

A sentence is a formula that has no free variables.
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Example 3.1.7. Going back to our example with the signature of ordered groups.
x < y+zand (Vz)(Jy)(z +y) = e are formulas and Var(z < y + 2) = {z,v, 2},
Var((Vz)(Jy)(z +y) =€) = 0. (Vz)(Jy)(x + y) = e is a sentence.

Definition 3.1.8. Let A be a Y-structure and a formula ¢(z1,...,x,). A satisfies the
formula o(x1, ..., x,) under the assignment x; — a;, noted A = ¢lay, ..., a,], is defined
inductively from :

AE(n=mn)a,...,a) iff (ay,...,a,) =m(ay,...,a,) in A

AlEo(n,...,mm)lar, ... a,] iff (7i(ar, ... an), ..., Tm(ar, ..., a,)) € 04

AE—play, ..., a,] iff it is not true that A = ¢[ay, ..., a,)

AE (o= )al,...,an] iff A —play,...,a,) or AEY[ay,... a)

AE (eAY)ay, ..., an) iff A ogla,...,a,] and A = Yay, ..., a,]

= (e V)la,...,a iff A= play,...,a,] or AEYlay,. .., a)

A):(( ) )[ala 7an] iffvar@g{x>xla"'7xn} andA)ng[aaalw"aan]
for any a in X of the same type of x

AE (Bx)e)|ai, ..., an) iff Varp C {x,xy,...,2,} and A = pla,aq, ..., ay)
for some a in X of the same type of x.

Definition 3.1.9. 1. A regular formula is a formula built from terms, =, relations,

T, J and finite A.

2. A coherent formula is a formula built from terms, =, relations, T, L, 3, finite A
and finite V.
3. A geometric formula is a formula built from terms, =, relations, T, 1, 3 and finite

A and small V

Definition 3.1.10. A theory is a set T of sentences, called azioms, of the form

(Vxq, ..., 2) (0 = )

with formulas ¢ and ¢ on the same free variables (Var(y), Var(¢) C {z1,...,2,}). A reg-

ular (coherent, ... ) theory is a theory whose axioms are all of the form (Va1,...,2,)(¢ =
1) with ¢, regular (coherent, ...) formulas.
A essentially algebraic theory is a theory whose axioms are of the form (Vzy,...,2,)(T =

¥) with ¢ a formula built from equality of terms.

Examples 3.1.11. 1. The theory of groups (rings, modules over a ring, ...) is a
essentially algebraic theory.

2. The theory of torsion-free abelian groups is not a limit theory because the theory
has a countable number of axioms of the form

(Vz)(a" =0=2=0)

where 2" is ((((xz.z).x)....).z) for every n > 1, making it a regular theory.
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3. The theory of totally ordered groups is conformed by the following set of sentences
with the structure ¥ = {+, —, e} I {<} :

it is in particular not a regular theory because of the sentence
(Va,y)(T =<y Vy < x),

but is a coherent theory.
4. The theory of local rings is a coherent theory.

5. The theory of torsion abelian groups is not a coherent theory because of the axiom

o) (T = V0a=0)).

n>1

but is a geometric theory.

Definition 3.1.12. A model of a theory is a Y-structure M such that M satisfies all
the axioms of the theory.

The truth value and logical operators on formulas are deeply connected with operations
on subsets such as the intersection or the union. Say we have the formula p(z,y) :
22 +y = 1 for x,y real numbers. It is clear this formula is true for the pair (0,1)
and false for the pair (1,2). One can see such formula as a map ¢ : R x R — {0,1}
where ¢(0,1) = 1 and ¢(1,2) = 0. Then the validity of this formula is determined
by the subset {(z,y)|¢(x,y)} € R x R. Now assume we have two formulas on the
same free variables ¢(x,y) and ¥(x,y). &(z,y) A ¥(z,y) is true precisely when both
formulas are true. If {(x,y)|¢(x,y)} and {(z,y)|v(z,y)} are the biggest subsets making
those formulas true, then it is clear their intersection is the biggest subset making the
whole formula true. Therefore we shall focus our attention on the subsets and their
operations.
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Definition 3.1.13. Let (L, <) be a poset (partially ordered set). For any two elements
a,be L, m € L is the meet a A\ b if

1. m<aand m <b.

2. For any m’ € L such that m’ < a and m’ < b then m’ < m.
Similarly j € L is the join a V b if

l.a<jand b <.

2. For any j’ € L such that a < j" and b < j' then j < j'.

In particular a A a = a = a V a. Meets and joins don’t necessarily exist but if they do
they are unique. When they exist for any pair of elements in L, they then define binary
operations A and V that are commutative and associative.

Definition 3.1.14. A lattice is a poset (L, <) where the two binary operations A and
V exist.

As a consequence of the definition, the following property holds : for any aq, as, by,by € L
such that a; < b; and ay < by then

al/\(lggbl/\bg, al\/angl\/bg.
A bounded lattice is a lattice with a top 1 and a bottom 0, i.e for any element a € L

0<a<l.

One can notice that if we see (L, <) as a category, then it is a bounded lattice when it
has all binary products A, all binary coproducts V, a terminal object 1 and an initial
one 0.

Alternatively, a lattice can be defined as a set L with two binary operations A and V
such that
aN(aVb)=a, aV(aANb) =a.

Then one can derive a partial order by defining a < b <= a = a A b and A and V are
precisely the meet and join for this partial order.

Example 3.1.15. Let X be a set. Then the powerset P(X), the set of all subsets of
X, equipped with the inclusion C, the intersection N, the union U is a bounded lattice.
Moreover, () is the bottom element and X the top element.

Definition 3.1.16. A Heyting algebra is a bounded lattice H equipped with a binary
operation implication =, such that for any a,b,c € L,

aANb<c¢c <—= a<b=c
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Again, if we see L as a category with finite products and finite coproducts, then L is a
Heyting algebra precisely when for any object b € L, the functor — Ab has a right adjoint
b = —. It is with no surprise that we define a homomorphism of Heyting algebras to be
a morphism of sets preserving the Heyting algebra structure.

Example 3.1.17. Let X be a set and let us define an operation = in P(X) by
(A=B)={reXjzrecA=2re€ B} CX.

It is easy to check that for any A, B,C € P(X), ANBCC <= AC B = C. Thus
the powerset of a set is a Heyting algebra.

Proposition 3.1.18. In any Heyting algebra H meets and joins are distributive, i.e for
any a,b,c € H,

(aVb)ANc=(aNc)V(bAc),
aNb)Ve=(aVe)N(bVec).

Proof. As a left adjoint — Ac preserves coproducts, the first equality follows. The second
equality can be obtained from the first one:

(aVe)ANbVe)=(an(bVe)VieN(bVc))
=(aNb)V(aNc)Ve
=(aNb) Ve

]

Proposition 3.1.19. In any Heyting algebra H and for any triple of elements a,b,c €
H:

1.a<b < (a=0b) =1,

2. a=(1=a),

3.a= (bAc)=(a=Db)A(a=c).
Proof. (a = b) = 1 if and only if 1 < (¢ = b) which by adjunction is equivalent to
1ANa<biea<b.

a < (1 = a) is always true since by adjunction this is equivalent to a A1 < ai.e a < a.
The other inequality is also true since (1 = a) A1 < a is equivalent by adjunction to
(1=2a)<(1=a).

Finally the last statement comes from the fact that a = — has a left adjoint and thus
preserves limits. ]
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Definition 3.1.20. Let H be a Heyting algebra. For any element a € H, the negation
is ~a := (a = 0).

Heyting algebras play a key role in intuitionistic logic.

Now, having a good look at the previous section, one can remark that every definition,
especially the definition of structure 3.1.2, use only sets (the objects of Set) and arrows
(the morphisms of Set). Hence it feels natural to forget about sets, and to generalise to
any category with products and terminal object. A »-structure A is defined as a collec-
tion of sets, each associated to a different type, with operations defined as morphisms
between sets of each type and relation defined as subsets.

Definition 3.1.21. Let € be a category with finite products and terminal object. Let
Y = (S5, X,p1%, ) be a signature. A E-structure A in 6 is a set of objects {As,, ..., As, }
associated to each sort of S together with morphisms o4 : A5, X --- x Ag, — A, for each
08X X8, = sin X, and subobjects 04 C Ay, x---x A, foreach o C sy x--- x5,
in ¥... The constants e : — s are associated to the points e4 : 1 — Aj.

3.2 Topos

So far, when talking about models of a theory in a category 6, we have being sketching
them or attributing them a number of diagrams in 6. A significant point to underline
here is that there is a price to pay in exchange of a more generalised definition of what
is a theory. When dealing with theories in our mathematician daily life, we do not draw
such diagrams. It is more convenient to say, for example in the case of groups, (Vg, h, k €
G)(g+ (h+k)=(g+h)+k), than to work with the diagram representing associativity.
The usual set theoretic mathematical language we use allows us to manipulate things in
Set without having to look at the actual category. Unfortunately this language does not
hold in other categories. What does g € G means if GG is only an object in any category
and not a set 7

Another great thing about sets is that small collections of sets or maps, i.e objects and
morphisms in Set, are again sets belonging to the category Set, while sets of objects or
morphisms in another category 6 live outside the category.

Our next step is to find categories with enough structure, the topoi, to make sense
of a language internal to them. First, we want to have an object that computes the
morphisms between two objects X and Y, as Hom(X,Y) does for Set. Actually we
want more than that, we want to evaluate our morphisms. If we have a morphism
f: X xY — Z, it is possible in Set to see this function as f : X — [Y — Z] and for
a fixed z € X one can evaluate this function and get a family of functions f, : Y — Z.
This kind of manipulations are used a lot in mathematics. Notice f : X — [Y — Z]
is well defined as a morphism between two objects in Set because Hom(Y, 7) is a set.
This leads us to the next definition
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Definition 3.2.1. Let 6 be a category with finite products and terminal object. € is
cartesian closed if for any object Y, Z € 6, there exists an object Z¥ € %6 such that

there is a bijection
Hom(X x Y, Z) = Hom(X, Z")

natural in X,Y and Z. ZY is called the object of morphisms (or internal Hom) from
Y to Z. For f: X — Z¥, we denote its transpose f : X x Y — Z.

In other terms, 6 is cartesian closed if all Y € 6 the functor — x Y has a right
adjoint (—)Y, the exponential map. The counit of this adjonction is the evaluation map
erziZYXY%Z.

Example 3.2.2. In Set ZY is Hom(Y, Z), the exponential map is the representable
functor Hom(Y, —) and the evaluation map is the usual one ev(f,z) = f(x).

Proposition 3.2.3. Any category of presheaves is cartesian closed.

Proof. Consider the category of presheaves Pr(6) with € a small category.
Let be two presheaves G, H : 6P — Set in Pr(6). Define
HC :6? — Set, C' — Nat(Hom¢(—,C) x G, H),
and defined obviously on the morphisms f : C' — C’ by
HE(f)(n) == 7o (Hom(—, f) x dg( ),
with n € Nat(Homy (—,C") x G, H). Let be another presheaf F' : ‘6 — Set, we compute

Nat(F x G, H) = Nat ((colim;Hom«(—,C;)) x G, H) (by B.0.3)
= Nat (colim;(Home (—, C;) X G), H) (— x G preserves colimits by B.0.1)

= lim;Nat (Home (—,C;) x G, H) (by B.0.2)
>~ lim; H%(C;)
= lim;Nat (HOH’k@(-, Cy), HG) (by Yoneda A.0.1)
= Nat (colimiHom%;(—, Cy), HG) (by B.0.2)
~ Nat (F, HY).
Thus Pr(€) is cartesian closed. O

We won’t be able to prove that any Grothendieck topos is cartesian closed. The proof
requires some tools useful when working with reflective subcategories that we have not
introduced. However we can still give an intuition of the argument:
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Let be a site (€,T). The only thing that is needed is to prove the functor H® de-
fined in Pr(6) is a sheaf in Sh(6,7T") if H is too. This would implies exponentiations
in Sh(€6,T) are computed as in Pr(%) and since binary products of sheaves are also
sheaves (by preservation of binary product by ¢ and #), the adjunction between — x G
and (—)% in Pr(“6) is also an adjunction in Sh(6,T). Thus Sh(‘6,T) is cartesian closed
since Pr(6) is. But the proof that H% is indeed a sheaf requires some reflective subcat-

egories and orthogonality properties. A complete proof can be found in [3, Proposition
3.4.17].

Proposition 3.2.4. Any Grothendieck topos is cartesian closed.

Remark 3.2.5. For all objects Y, Z € € the points of the object of morphisms, 1 — ZY,
are in bijection with the arrows Y — Z.

This last remark is the key behind this idea of "object of morphisms". FEach ele-
ment, each point of 1 — ZY amounts for a morphism between Y and Z and vice-
versa.

Now let Epi(X,Y’) be the object computing the epimorphisms. For now we only have
Y the object of morphisms. It is clear in the case of Set we expect Epi(X,Y) to
be a subset of Hom(X,Y'), precisely the subset of surjective maps. In our categorical
language we already have a concept of subobjectS — X. But this is not sufficient.
If we pick a subset of Hom(X,Y), how can we know it is the subset of surjective
maps, without looking inside it 7 We need to be able to classify the subobjects of an
object.

In Set there are actually two ways to deal with subsets. The first one is obviously to
consider them as sets themselves S C X. The second one is to consider them as maps
that characterise them, the maps ys : X — {0,1} assigning 1 to xg(z) if z € S and
assigning 0 otherwise. Here 1 and 0 act as respectively truth and false values. .S is then
characterised as the biggest subset of X such that yg(S) = {1}. Biggest means that for
any other subset of X, S’ such that xs(S’) = {1}, then S’ is a subset of S. Let us draw
the diagram for the situation we have just described :

§— {1}
I

We see that given the set {0,1} and the morphism T : {1} — {0,1} : 1 — 1, one can
associate to any subset S C X a morphism yg such that the diagram is a pullback.
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Conversely, any morphism with values in {0, 1} can be seen as the characteristic map of
a subset. It is time to set up properly the definition :

Definition 3.2.6. Let be & a topos and an object X € &. A subobject of X is an
equivalence class of monomorphism s : § < X with codomain X in & such that s : s —
X and ¢ : §" — X are related if and only if there exists an arrow e : S — S’ such that
soe=s.

Definition 3.2.7. Let € be a category with finite limits. A subobject classifier is an
object €2 in 6 with a monomorphism T : 1 <  such that for any monomorphism
S — X there exists a unique morphism yg : X — €2 such that the following diagram is
a pullback

S—1

|7 b

X —Q

XS

The morphism T : 1 — € is called the true morphism and we usually refer to ) as the

subobject classifier without specifying the true morphism. yg is called the characteristic
morphism of S.

The name "true" morphism will appear clear later. For now all we can say about this
name is the following : in Set a formula, say =z € R; 2% = 0, is either true or false. For
some values of x € R it is true and for the others it is false. Hence we can see the truth
value of this formula as the subset of R that contains all the z making this formula true,
here {0}. Therefore, the subobject classifier and the true morphism play a role when
computing the truth value of a formula.

Example 3.2.8. In Set the subobject classifier is 2 = {0, 1} and the true morphism is
T:{x} = {0,1},%— 1.

The next property is our main reason behind the name subobject classifier.

Proposition 3.2.9. If € has a subobject classifier, then for any object X there is a
natural bijection between the subobjects of X and the morphisms X — €.

Sub(X) = Hom(X, Q)

Proof. Assume we have a subobject S C X, then there exists a morphism yg : X — €.
Taking the pullback of xg along ¢ gives us back S by definition. Conversely let be
f: X — Q and let S be the pullback of f along ¢. Since monomorphisms are pullback
stable and ¢ is a mono, the projection S — X is a mono, hence S is a subobject of X.
Now for the naturality, assume we have a morphism f : X’ — X. For any subobject
B C X, taking its pullback along f yields a subobject f~'(B) C X’. The bijection
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is natural in X if and only if Xf ) = xB © f. We only need to prove xp o f is the
characteristic morphism of f~!(B). Consider the following diagram :

f~4(B) B
[
X s X 5 Q

Since the left and right square are pullbacks, the whole rectangle is a pullback. By
definition this implies that xp o f is the characteristic morphism of f~!(B). O

Proposition 3.2.10. Any category of presheaves has a subobject classifier.

Proof. Let 6 be a small category. We want to construct a presheaf €2 in 6 such that
for any presheaf X € Pr(€), Sub(X) = Nat(X, ). But by the Yoneda lemma (A.0.1),
for any object C' € €, Q(C) = Nat(Homy(—,C),2). Thus let us define

Q(C) = Sub(Home (—, C)).

Let f : C'" — C be a morphism in 6. For any subobject S € Sub(Home(—,C)),
pulling back along Hom« (—, f) yields a subobject Q(f)(S) € Sub(Hom«(—, C")) since
pullbacks preserve monomorphisms. By the next diagram, €2 is a well defined presheaf.

Q(g) 0 Qf)(S) ——— Qf)(5) 1?
Homag(—,C’” omg (= }‘Iomcg omeg Homg

Since limits are computed pointwise in Pr(€), see B.0.1, the terminal presheaf 1 is
defined by 1(C) = {x} for any object C' € 6. Define the true morphism T : 1 — Q
component wise as T (C)(x) = Homy(—, C) for every C € €.

Now let s : S < X be a subobject (this is an equivalence class) in Pr(‘€) and let us
construct its characteristic morphism yg : X — . In term of components, we want for
any C' € 6 a map xs(C) : X(C) — Sub(Hom«(—, C)). By the Yoneda lemma (A.0.1),
any x € X(C) corresponds to a natural transformation "z7 : Home(—,C) — X,
defined as "z(D)(f) = X(f)(x) for any morphism f : D — C. Take the pull-
back xs(C)(x) of the mono s along "x7. Since pullbacks preserve monomorphisms,
xs(C)(x) € Sub(Homy(—, C)).

Remark that for any morphisms g : ¢ — C, f : D — C’ both in 6 and for any
xz € X(C), by Yoneda lemma

"Xg(x)(D)(f) = X(f)(X(9)(x)) = X(go f)(x) = "2 (D)(go f).
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Thus "Xg(x)7 ="2" o Home(—, g). Then

Qg)(xs(O) (7)) ———— x5(O) (7)) ———— i
Homs (—,C") Homy(—,0) ——— X

Hom<@ (_79)

since both squares are pullbacks by definition, so is the whole square. Hence Q(g)(xs(C)(z))
is the pullback of s along "Xg(x)". Thus for any x € X(C) and any morphism
g:C" = C:

Ag)(xs(C)(x)) = xs(C) (X g(x)).
Xs 1 X — Q given by {xs(C)}ce¢ is a natural transformation.

Now since pullbacks are computed pointwise in Pr(6), for any D € 6, xs(C)(z)(D) is
a pullback in Set given by

xs(C)(@)(D) ={f : D = CIX(f)(z) € S(D)}.

If + € S(C), then "z factors through S and thus xs(C)(z) = Home(—,C). If
Xs(C)(z) = Home(—,C), then Ide € xs(C)(z)(C) and then z = X (Idg)(z) € S(C).
Therefore

xs(C)(z) = Hom¢(—,C) < x € S(C).

This makes the following diagram into a pullback, since limits are computed pointwise
and this diagram evaluated pointwise is a pullback by our computation.

i

— =

T

o)

—_
_
Xs

What remains is to prove xg is unique. Let us remark in the specific case where X =
Home (—, A) for some A € 6, xs(C)(z) = Qz)(5) for all € Hom(C, A) and all
S < Hom(—, A). Thus the characteristic morphism of a subobject of Home (—, A) for
some A € 6 is uniquely determined. Now for any subobject s : S — X, let ¢ : X — Q
be another characteristic morphism candidate. For every C object in 6 and = element
of X(C), by the Yoneda lemma, the natural transformation ¢ o™z : Home(—,C) — Q
is in correspondence with ¢ (C)("z(C)(Id¢)) = Y(C) (X (Ide)(z)) = ¥(C)(z). Similarly
Xs o "z is in correspondence with yg(C)(z). Thus

Xs =10 <= (xsoz'=¢oz? VCe€6,xeX(C)).

But yso"x "and ¥ o"z " are now two potential characteristic morphisms for a subobject
of Hom(—, A) (see diagram below). We know such characteristic morphism is uniquely
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defined. Thus xgo"z7'=v¢ oz’ VC € €,z € X(C), therefore xys = 1.

i

Q

%)
o

! XS

Proposition 3.2.11. Any Grothendieck topos has a subobject classifier.

Proof. Let (6,T) be asite and Sh(%6,T) the category of sheaves on this site. Remember
from 1.1.5 and 1.1.6 that Sh(%,7) is uniquely determined by its associated closure
operator on Pr(€) defined for any subobject S < X in Pr(%) by the pullback of
i#(S) — i#(X) along the unit n(B) : B — i#(B). Since the counit €(R) : R — #i(R)
is an isomorphism, every subsheaf of a sheaf is closed.

Recall that in Pr(€), by 3.2.10, the subobject classifier is given by Q(C) = {S|S €
Sub(Home« (—, C'))} with the true morphism T : 1 — Q, T(C)(x) = Homy(—,C). Let
us take the subpresheaf of ()

Qa(C) = {S| S closed subpresheaf of Hom«(—,C)}

with for any morphism f : C" — C'in 6, Qci(f) := Q(f) acting on the subpresheaves by
pullback along Home (—, f). The restriction on the closed subpresheaves is well defined
since the closure operator is pullback stable by a~!(S) = a~1(S), for any morphism of
presheaves « : Y — X. Remark that Home (—, C) for any object C' € 6 is a subpresheaf
of Home (—, C') such that it must be contained on its closure that is again a subpresheaf
of Home (—, C'). Thus Hom«(—,C) is its own closure. Then Home(—,C) € Qa(C).
Hence the true morphism T : 1 — 2 factors through T : 1 — Qq.

Let us see how this subobject classifier candidate {2¢; associates a subsheaf to a char-
acteristic morphism. Assume S < X is a subsheaf, i.e a subobject in Sh(€,T"). We
already know this subsheaf can be seen as a closed subpreasheaf ¢S — ¢X. Its charac-
teristic morphism in Pr(6) is x;s : iX — Q given by x;s(C)(z) = (Tz7)"(i5), where
x € iX(C) and "z is the correspondence of z by Yoneda (see 3.2.10). Since 4.5 is closed,

("a)7H(@S) = (Ta)7H(@S) = (T2 ) LS).

Thus ("z7)71(iS) € Qa(C). The characteristic morphism factors through Q. Since
both y;s and T factor through Q¢;, and the inclusion j : Q¢ — 2 is a monomorphism,
S is the pullback of x;s along T (as pullback over ©Q or Q¢). Now assume we have
another characteristic morphism candidate ¥ : 1 X — Q¢. Thus joy : i X — Qis
the characteristic morphism of ¢S in Pr(€). Thus j o1 = j o x;s, and since j is a
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monomorphism, we get 1) = x;s.

i(§) —— 1

1

Our last step is to show that Q¢ is a sheaf in Sh(€,T). If )¢ is a sheaf, then T : 1 — Qg
is in Sh(€6,T) since 1 is a sheaf because limits in Sh(€,T’) are precisely the ones in
Pr(€) (see 1.1.10). Let be an object C' € €, a covering sieve r : R — Home (—, C), and
a morphism « : R — ¢ in Pr(€). We have to show there exists a unique morphism
f: Homy(—, C') — Q¢ such that Sor = . Take the pullback S of v along T : 1 — Q.
Since T is a monomorphism, we get a monomorphism s : S — R. Hence S is a subobject
of Homy(—,C). Let xs, Xr, ¢s be the characteristic morphisms of r o s, r and s in
Pr(€). Recall that for any D € € and = € Home (D, () in 6, xs, xr are defined as
Xs(D)(z),xr(D)(x) the pullbacks of r o s, r along "z : Hom« (—, D) — Home (—, C),
where "2 = Home (—, z). For any D € € and y € R(D), ¢s(D)(y) is the pullback of
s along "y : Hom¢(—, D) — R.

R 1 S 1 S——— 1
Homj(r—,C’) — Sll Hom(}EO—S,C) —x Sll IESL Sll
xa(D)(x) ———— R xs(D)(x) ——— 5 ¢s(D)(y) ——— S
Homj/(—,D) —— Homy(—,C) Homc}(—,D) ——= Hom (-, C) Hom(}(—7D) 5 R

Now in 3.2.10 we showed that z € R(D) <= xgr(D)(z) = Hom¢(—, D). Thus if
x € R(D) then the morphism p in the diagram of the pullback xg(D)(x) is of the form
p: Homyg(—, D) — R(D). In particular p(D)(Idp) = x, this can be computed knowing
that pullback are pointwise, and thus p is by Yoneda (A.0.1) the natural transformation
T2 associated to x € R(D). Hence the pullback of p along s is precisely ¢s(D)(z).

¢s(D)(x) ——— xr(D)(x) ———— Homy(—, D)

l J J’ J l
p="x T

S = R Hom«(—,C)

If z € R(D), then both left and right squares are pullbacks and thus, so is the whole
square. But this is precisely the pullback of r o s along "z7. Thus if z € R(D),
Xs(D)(z) = ¢ps(D)(x). S was defined as the pullback of & : R — Q¢ along T : 1 — Qg
Since the inclusion j : Q¢ — €0 is a monomorphism, then S is also the pullback of
joaalong T : 1 — Q. But by uniqueness of the characteristic morphism, j o a = 5.
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Hence for any = € R(D), j(D)(a(D)(x)) = xs(D)(z). Now consider the morphism
of presheaves ¢ : 2 — Q¢ defined on the objects as the closure operator, i.e for any
object C' € 6 and subfunctor S < Hom(—, A), ¢(A)(S) = S. This is a well defined
natural transformation since for any morphism f : D — C'in 6, f~'S = f~1S and thus
f7He(C)(S)) = e(D)(f~1S). Remark that coj = Idg,, since by definition of the univer-
sal closure operator S = 5. Thus for any € R(D), j(D)(a(D)(z)) = xs(D)(x) implies
c¢(D) o j(D)(a(D)(z)) = c¢(D) o xs(D)(x), so a(D)(z) = ¢(D) o xs(D)(x). Therefore
a=coxgor. coxg is an extension of a.

What remains is to prove this extension is unique. Assume we have a natural transfor-

mation 1 : Home(—,C') — Q¢ such that ¥ o r = a. Consider the following diagram
where both squares are pullbacks

s ; U - 1
K
R ——— Hom¢(—,C) ———— Qa1

s is the subobject corresponding to «, it is in particular a closed subobject of Home« (—, C).
r is a covering sieve, thus by 1.1.7 it is dense. w is the subobject corresponding to v
and thus is closed. Since s is dense so is v (pullback of an isomorphism is again an iso-
morphism). Hence U is the closure of S in Home (—, C'). Therefore for any x € R(D),

W(D)(x) = xs(D)(x) = c(D)(xs(D)(x)). Thus co xs = 1. O
Definition 3.2.12. A topos, also called elementary topos, is a category 6 that
1. has all finite limits,

2. is cartesian closed,

3. has a subobject classifier.

Examples 3.2.13. » Set is a topos.
« Any Grothendieck topos is a topos (by 1.1.10, 3.2.4, 3.2.11).

o FinSet is a topos that is not a Grothendieck topos. FinSet inherits its subobject
classifier and its exponential map from Set. It has all finite limits, thus FinSet
is a topos. But if FinSet were to be a Grothendieck topos, it would have all
small limits by 1.1.10, which we know to be false since it doesn’t have non finite
products.

A subobject classifier allows us to understand subobjects of X as morphism X —
and the cartesian closed property allows us to see this morphism as a a point of QX.
Hence, Q¥ is effectively the object computing the subobjects of X. In other terms
one can see X as the power of X. In fact, it is even true that in the case of Set,

0¥ =~ P(X).

51



Since we have objects of morphisms and objects of subobjects, we can compute in a
topos the notion of domain and image of a morphism as we are used to in the case of
Set. The next example is the construction of the object of epimorphisms between X
and Y, i.e morphisms X — Y with image Y. For the sake of the construction we shall
do, we will admit that a topos is a regular category. A proof will come later on, see

3.3.7.

Let & be a topos. We want to construct a subobject of the object of morphisms from
X to Y, for any two objects of &, computing the epimorphisms. We know intuitively
from Set that epimorphisms are the morphisms whose image is the whole codomain.
We shall then construct such object with the help of image factorization. The idea
would be for any morphism f : X — Y to take the characteristic morphism of its image
and then generalize to a map im : Hom(X,Y) — Hom(Y, Q) that associates to each
morphism the constructed characteristic map. Thus we could look for the subobject of
Hom(X,Y) sent by im to Y — 1 1 Q. But there a slight problem to this plan. As
one may have noticed, we started by saying thing about morphisms X — Y in &, and
ended up externally to & by considering a map Hom(X,Y) — Hom(Y, 2). Therefore
we need a technical trick to make sure we stay in our category &.

Let us introduce C' € & a parameter object. Let be f: C — Y X and its transpose
f:Cx X =Y. Let Img(f) be the image of (77**, f) where 7¢*¥ stands for the first
projection of the product C' x X.

o~

(@& X )

CxX CxY

~

Ime(f)

In particular, Im¢(f) is subobject of C' x Y. Define img(f) : C — QY as the transpose of
the characteristic morphism of Im¢(f). This construction yields a map

im¢ : Hom(C,Y™) — Hom(C, QY).

If we get rid of the dependency on the object parameter C'; we would get a nice morphism
YX — QY. This is the goal of the next lemma :

Lemma 3.2.14. The map im¢g : Hom(C, YY) — Hom(C,QY) is natural in C' and
determines a unique morphism im : YX — QY.

Proof. Let o : C'" — C be an arbitrary morphism of &. Naturality means the following
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diagram commutes

Hom(C,QY) —2¢ Hom(C,QY)

l_oa l_oa

Hom(C",Y*) —— Hom(C’, Q)
lmcl

i.e ime(fa) = ime(f) o . Now first notice that by definition of cartesian closeness
fa= f(ax1x).

IR

Hom(C,Y™) Hom(C x X,Y)

l—oa J—o(axlx)

Hom(C',YX) Hom(C' x X,Y)

1%

Hence the following diagram commutes

O x X X 0w x
(wf'xx,?@l W*X,f)
C'xY — (CxY

ale

and moreover it is a pullback. Since image factorization is pullback stable, Imer(fa) is
the pullback of Im¢(f) along a X 1y, yielding a morphism (a x 1y)™! : Sub(C x Y) —
Sub(C” x Y') that restricts on the images, (a X 1y)™! : Ime(fa) — Ime(f). Hence since
6 is cartesian closed and by property of the subobject classifier

Sub(C' xY) = Hom(CxY,Q) = Hom(C,Q)

(axly)_ll J—o(axly) Jffoa

Sub(C' xY) = Hom(('xY,Q) = Hom(C',QY)

thus ime (fa) = ime(f) o a. Hence im¢ is natural in C' and im : Hom(—,Y?) =
Hom(—,QY) is a natural transformation. Then, by the Yoneda lemma, this natural
transformation correspond to a unique morphism im : YX — QY. This natural trans-
formation is determined for any f: C'— Y by im o f = im¢(f). O

Now, let Ty : 1 — QY be the transpose of 1 x Y — 1 5 Q and Epi(X,Y) be the
pullback of im along Ty.

Epi(X,Y) —— 1
1l P
yX BE— QY

Notice Ty is a mono, hence Epi(X,Y) is indeed a subobject of the object of morphisms.
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Let us explain a little bit the intuition behind this pullback, as if we were in Set. We
can see 2 as the power of Y. Each morphism in Y is sent by im to its corresponding
image in QY. The morphism Ty is the morphism sending 1 to Y. Hence the pull-
back is precisely the object computing all morphisms X — Y such that their image is
Y.

Let us show how in a topos with distinct initial and terminal object, such an object
Epi(X,Y’) represent the collection of epimorphisms form X to Y. But before that, we
need a little lemma:

Lemma 3.2.15. For any object C in a topos &, a morphism f : C' — YX factors through
Epi(X,Y) < Y if and only if (71, f) : C x X — C x Y is an epimorphism.

Proof.

By universal property of the pullback, f factors through Epi(X,Y) if and only if imo f =
ime(f) is the morphism C' — 1 1Yy QY Since Ty is the transpose of 1 x Y — 1 1
and by naturality of the cartesian closeness property, the morphism C' — 1 vy
is the transpose of ' x Y — 1 -5 Q. Remember that ime(f) is the transpose of the
characteristic morphism of the subobject Img(f) < C x Y. Thus the characteristic
morphism is precisely the morphism C' x Y — 1 1 Q. Now consider the following
diagram,

Imc(f)*>1J 1
I A
CxY 1 Q

T

By definition of characteristic morphism, the outer diagram is a pullback. It is easy
to check to right diagram is a pullback, thus the left diagram is a pullback. Since the
pullback of an isomorphism is an isomorphism, we get that Im¢(f) = C x Y. And thus

since Im¢(f) is the image of (7, f), this morphism is an epimorphism. The converse
can be proved exactly by running this argument backwards. O]

In the proof of the next proposition, we will use the fact that any morphism in a topos,
with codomain the initial object, is an isomorphism. We shall prove that fact in the
next chapter, see 3.3.9

o4



Proposition 3.2.16. In & a topos with distinct initial and terminal objects (0 2 1), if
Epi(X,Y) = 0 then there are no epimorphisms X — Y.

Proof. Arguing by contradiction, let g : X — Y be an epimorphism in &. Since 1 x X =
X, g is the transpose of some f : 1 — Y and ¢ can be seen as (7r1,f) 1x X 5 1xY.
Thus by lemma 3.2.15 with C' = 1, f factors through Epi(X,Y’) = 0. But any morphism
to 0 is an isomorphism. Hence 1 = 0, which by assumption is a contradiction. O

3.3 Subobjects in a topos

A topos is a category where its morphisms and subobjects can be manipulated and un-
derstood internally as objects of the topos. Thus, theories built on objects of a topos
can be applied on its morphisms, allowing us to construct mathematical theories while
staying inside a topos, as we do with sets. But one could object that the constructions
we have being doing are not easy to manipulate. We have a notion of object of epimor-
phisms, but how this object is defined is not easy. It is more convenient to work with our
usual language embedded in Set theory such as (Vg, h,k € G)(g+ (h+k) = (g+h)+ k),
than to work with complex definitions with diagrams. Fortunately we can actually re-
cover our common language in the context of topoi. Remember in the first section we
highlighted the fact that the logical operators are highly linked to the Heyting algebra
structure on subsets. In this section we will study the subobjects in a topos, and show
there is also an Heyting algebra structure on it.

Definition 3.3.1. Let 6 be a category and let be an object C' € 6. The slice category
6 /C is the category with

o Objects : the morphisms f: A — C in 6 for any A € 6.

e Morphism : for any two objects f: A — C, g: B — C, a morphism h: f — ¢ is
an arrow h : A — B in ‘6 such that go h = f.

Now remark that any morphism f : C' — D in a arbitrary category with pullbacks 6
yields a functor on the slice categories f~! : 6/D — € /C defined as follows: for any
morphism a : A — D, the morphism f~*(a) : f~*(A) — C is the second projection of the
pullback f~!(A) in 6 of a along f. If h : @ — bis an arrow (i.e such that a = boh) in € /D
with a: A — D and b : B — D objects in € /D, then f~'(h): f~'(a) — f~1(b) is the
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unique arrow f~'(A) — f~}(B) induced by the pullback f~!(B):

The unicity of the arrows, makes f~1 a well defined functor. Remark also that any mor-
phism f : C'— D yields by definition an isomorphism of categories

(6/D)/(f) =€/C.

Since an object in h € (6/D)/(f) is a morphism h : ¢ — fin 6€/D with g : A — D that
is defined a morphism h : A — C in 6/C. Conversely for any morphism h : A — C,
composing with f yields a morphism h : foh — f in €/D and thus an object in
(€/D)/(f). Thus the objects of both categories are in bijection. The same trick applies
to the morphisms of both categories.

Proposition 3.3.2. Let be a category 6 and an object C € 6.
o If6 is (finitely) complete then € /C is (finitely) complete.
o If6 is (finitely) cocomplete then 6 /C' is (finitely) cocomplete.

Proof. Tt is easy to see that the terminal object in 6 /C is just the identity Idc. Let
a:A— Candb: B — C be objects in 6/C. Their product (a x b, py, p2) is given
by the pullback of a along b in € with a xb: Axg B — C,axb=aop;, =bop,
(p1,p2 the two projections of the pullback). For any object d : D — C' and any two
morphisms f : d — a and g : d — b, we can see those morphisms as arrows f: D — A
and g : D — B such that ao f = bog. By definition of the pullback, this yields a unique
arrow (a,b) : D — A X¢ B such that a x bo (a,b) = d. Hence 6/C has products. Let
be two morphisms f,g: a — b in 6/C. Those morphisms seen as f,g: A — B have an
equalizer e : £ — A in 6. Thus it is immediate that e : a o e — a is the equalizer of f
and ¢ in 6/C. Since 6 /C has products and equalizers, it is complete.

Now in the case of colimits, assume we have a small category 9 and a functor F' :
9 — 6/C where, for any arrow d : D — D' in 9, F(D) : G(D) — C for a given
G(D) € 6 and F(d) : F(D) — F(D') for a given arrow F'(d) = G(d) : G(D) — G(D")
in 6. This induces a functor G : 9 — 6. Let (L,{sp:G(D)— L}pey) be the
colimit of G. Notice that the arrows F(D) : G(D) — C form a cocone in € since
F(D') o F(d) = F(D). Thus there exists a unique morphism A : L — C such that
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Aosp = F(D) for any D € 9. Then (A, {sp: F(D) — A}pey) is the colimit of F.
Indeed if (N : L' — C,{s), : F(D) — XN} peg) is a cocone on F'| then the s}, : G(D) — L'
form a cocone on G. Hence there exists a unique arrow [ : L — L’ such that losp = s/,
for every D € 9. This yields a unique arrow [ : X' — A such that [ o sp = ¢/,. O

There is an asymmetry between limits and colimits to remark here. We showed that
the colimits are equivalently computed in € and in 6 /C, i.e a coproduct in 6 /C' is a
coproduct in C' etc. ... Whereas this is not the case with limits, a product in € /C' is a
pullback in 6. Notice, for colimits, that as in a particular case a colimit (L, {sp}) in €
corresponds to the colimit (Idz,{sp}) in € /L.

We won’t expand too much on the properties and the technical details involving topoi,
since our main focus is the specific case of Grothendieck topoi. Therefore we will admit
the next fundamental result without proof. One can be found in [6, Section IV.7]. We
will also admit topoi are finitely cocomplete, see [6, Section IV.5].

Theorem 3.3.3 (Fundamental theorem of topos theory). In a topos &, for any object
E € X the slice category &/ X is a topos.

Proposition 3.3.4. Any topos is finitely cocomplete.

Proposition 3.3.5. In any topos &, for any morphism f : X — Y in & the functor
f71:8/Y = &/X on the slice topoi has both a left ¥ and a right adjoint I1;.

Proof. The left adjoint X is defined as the composition by f, i.e for any object b : B — X
in the slice topos &/X, ¥¢(b) = fob. A morphism h:b— b in /X is sent by Xy to
itself but now seen as a morphism X¢(h) : £(b) — X (V).

Let us a prove this is an adjunction. Let b: B — X and a : A — Y and assume we
have a morphism % : X;(b) — a. Then this yields a unique morphism % : b — f~'(a) by
definition of the pullback.




Conversely assume we have a morphism i : b — f~!(a). By composition with the first
projection of the pullback p : f~'(A4) — A, we get a morphism po h : ¥;(b) — a. It is
easy to see we thus get a bijection

Homyg v (3¢(b), a) = Homg,x (b, f~'(a))

natural in a and b.

For the right adjoint II;, let us first consider the special case where Y = 1 the terminal
object. By definition of terminal object &/1 is isomorphic to &. Taking the pullback of
a:A— 1along f: X — 1is just the product A x X. Thus the functor f~! is the
functor — x X : § — &/X sending an object A € & to the projection mg : A x X — X.

Now assume for any A € & we have the projection m : A x X — X and an object
b: B — X both in &/X. A morphism between them is an arrow h : A x X — B in
& such that bo h = m,. Since & is cartesian closed h corresponds to h:A— BX,
corresponds to 73 : A — XX such that, by naturality, 7 = bX o h (where bX is the
functor (—)* evaluation applied to b). Notice that since the unique arrow a : A — 1
yields a morphism j : A x X — 1 x X = X and m = Idx o j. Then by the naturality
of the adjunction we get 7 = Idx o a with Idy : 1 — X*. Let II;(b) be the pullback of
bX along Idy. Since bX o h = Idy o a, we get a unique arrow h : A — I1;(b) making the
following diagram commute:

B
A
R
.

() —2—— BX
bX
1 dx XX

This defines IIf on the objects. The construction gives a bijection
Homg v (f'(a),b) = Homg,y (a,I1;(b)).

Any morphism h : A x X — B is sent to h and conversely any morphism h:A— Ts(b)
is composed with the projection p : I1;(b) — B and p o h correspond to a morphism
h: Ax X — B by cartesian closeness. It is easy to see this is a bijection.

Assume we have a morphism g : b — ¢in &/X withb: B — X and ¢: C — X. Since
(—)¥ is a functor, b* = ¢X o g*. Hence since II;(c) is a pullback, we get a unique
morphism II;(b) — IIs(c). The uniqueness makes sure II; is a well defined functor.
Moreover it quickly comes that the bijection is natural in a and b (we even used a bit
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of the naturality in a in the proof), since the naturality is induced by the naturality of
the cartesian product.

Now in the general case with f : X — Y, remember that (§/Y)/(f) = &/X and
(6/Y)/(Idy) = &/Y. Thus the functor f~! : §/Y — &/X can be seen as ! :
&/Y)/(Idy) — (£/Y)/(f). But Idy is the terminal object in § /Y, hence we can apply
our previous case. O

Corollary 3.3.6. In any topos &, finite colimits are pullback stable.

Proof. By 3.3.4 and 3.3.2 any colimit (Y, {sp}) in & can be seen as a colimit (Idy, {sp})
in /Y. For any morphism f : X — Y, since taking the pullback along f, f~!:6/Y —
&/X, has a right adjoint by 3.3.5, it preserves colimits and thus (Idx,{f"!(sp)}) is a
colimit in &/X. This is the colimit (X, {f"!(sp)}) in &. O

Corollary 3.3.7. Topoi are reqular categories.

Proof. By definition of a topos and by 3.3.4, every morphism an a topos has a kernel
pair, every kernel pair has a coequalizer and the pullback of any regular epimorphism
along any morphism exists. Moreover by 3.3.6, coequalizers are pullback stable, so are
regular epimorphisms. O

Remark that for two subobjects S, R of X in &, they can be seen as objects in §/X,
and there is at most one morphism in &/X between two subobjects. Indeed assume
we have two morphisms of subobjects h and g in &§/X. Then soh =r = so g, but
since s is a monomorphism, we get that h = ¢g. Thus let us define Sub(X) the category
whose objects are the isomorphism classes of subobjects of X, and the morphisms are
the same (up to isomorphism) as in §/X. Since there is at most one morphism between
to subobjects in Sub(X), we can see Sub(X) as a poset category.

Thus any morphism in a topos has an image factorization. This will come handy to
understand the structure of subobjects. Indeed so far we know that for & a topos and
an object X € &, the slice category &/X has finite products (pullbacks in &) and finite
coproducts (finite coproducts in ). But what about the category of subobjects Sub(X)
? Monomorphisms are pullback stable, thus the product of two subobjects is again a
subobject. But the coproduct of two monomorphisms is not always a monomorphism.
Hence the coproduct in & /X is not the coproduct in Sub(X). But the image factorisation
of the coproduct is.

Proposition 3.3.8. Let be two subojects s : S — X andt: T — X of X in a topos
&. Let us define sUt: SUT — X where s Ut is the monomorphism part of the image
factorization of sIIt : ST — X the unique arrow of the coproduct of s and t in &.
Then s Ut is the coproduct of s and t in Sub(X).
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Proof. Assume d : D — X is another subobject of X such that we have two morphisms
of subobjects f:s —d, g:t — d, i.e two monomorphisms f: S < Dand g:T — D
in & such that do f = s and do g = t. Then the coproduct s II¢ of s and ¢ and the
coproduct fIIg of f and g in & are such that do (fI1g) = sIIt by unicity of the arrows.
Let be fII h = m o e the image factorization of f II g where m is a mono an e a regular
epi. Then sIIt = domoe is an image factorization for sIlt with dom a monomorphism
and in particular m is m : SUT — D such that sUt = d o m. Since m is unique, by
unicity of the corproduct and image factorization arrows, such that f = moeoig and
g = moeoip with ir,ig the canonical inclusion of the coproduct SIIT, SUT is the
coproduct of the subobjects s and t in Sub(X). O

Proposition 3.3.9. In a topos &, any arrow y : Y — 0 is an isomorphism.

Proof. In any slice topos & /X, we know the object Idx : X — X is the terminal object,
and it is easy to show 0 — X is the initial object. Thus in &/0, the morphism 0 — 0
is both initial and terminal. Since by 3.3.5 the functor y=! : §/0 — & /Y has both left
and right adjoints, it preserves initial and terminal object. Thus y~'(Idg) : y~1(0) = YV
is both terminal and initial in §/Y. Thus there exist an isomorphism ¢ : y~*(0) — Y
such that y~!(Idg) = Idy o . Thus y~!(Idy) is an isomorphism in &. Similarly y~*(0) is
isomorphic to 0. Thus by unicity, y o y~(Idy) = Idg. Since both Idy and y~'(Idy) are
isomorphisms, so is y. O

Corollary 3.3.10. In a topos &, for any object X € &, the unique morphism 0 — X is
a monomorphism.

Proof. Assume we have to arrows f,g : Y — 0. By 3.3.9, f and ¢ are isomorphisms.
Thus their inverse must coincide as the unique arrow 0 — Y. Hence f = g. O

Thus in a topos, the initial object is a subobject of any object.

Since it is more convenient to talk about a subobject s : S < X as just S, we denote
the union S UT for the coproduct of S and T', the intersection S N'T for the product
of S and T and we denote the unique morphism between two subobjects by S C T.
Those notations are motivated by the fact that in the case & = Set, the product of two
subsets is their intersection, the coproduct is their union and the inclusion is a partially
ordered relation. We the context needs to be clearer, we will add the subscript Y to
the operations Ny, ... to precise those are the operations on Sub(Y). When it is not
necessary, we will omit it. We finally have everything we need to prove the subobjects
of an object of a topos form a Heyting algebra. We will always for a subobject .S, the
letter s represents the associated monomorphism.

Proposition 3.3.11. In a topos &, for any object X € &, the category of subobject
Sub(X) form a Heyting algebra.
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Proof. We show previously computed that Sub(X) has products N, coproducts U, the
terminal object Idx : X — X and the initial object 0 < X. Thus Sub(X) is a bounded
lattice. Let us define what will be the implication operation. For any two subobjects
S,T in Sub(X), let (S = T) < X be the equalizer of the characteristic morphisms
Xsnr : X — Qand xys: X — Qin &. Since an equalizer is a monomorphism, S = T is
a subobject of X. Consider the following diagram where both squares are pullbacks:

SNT S 1
S T
T ¢ X X3 9

Thus the whole square is a pullback and by uniqueness of the characteristic morphism
Xs ot = xsnr = xr ©s. Notice that in a lattice, if A C AN B then A = AN B, since
ANB C A is always true. Moreover since ANA=A,if AC Bthen A=ANAC ANB.
Now assume we have another subobject R in Sub(X). Then

RC(S=T) < xsor=xsnror
<~ RNS=RNSNT
<~ RNSCRNSNT
< RNSCT.

Therefore Sub(X) is a Heyting algebra. O

We know that any morphism f : X — Y in a topos & yields a functor f~! : §/Y —
&/X on the slice topoi with a right and left adjoint. Since f~! is just the pullback
and pullbacks preserve monomorphism, f~! automatically restrict on the subobjects
f71: Sub(Y) — Sub(X). We shall prove this restriction on the subobjects has again a
right and left adjoint.

Proposition 3.3.12. Let f : X — Y be a morphism of a topos. Then pulling back
along subobjects gives a functor f~1: Sub(Y) — Sub(X) and this functor has both a left
adjoint 3¢ and a right adjoint V.

L).
Sub(X) «—=—— Sub(Y)

—_—
3y

Proof. Let be the right adjoint IIy : §/X — &/Y. As a right adjoint, it preserves
terminal objects and monomorphisms. Let s : S < X be a subobject of X in &. s can
be equivalently seen as a subobject s < Idx of Idyx in &/X, where Idy is the terminal
object of §/X. Pi; maps this subobject to a subobject Pis(s) — Idy that is again
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equivalent to II; < Y a subobject of ¥ in &. Hence Il preserves subobjects and then
the same adjunction as in 3.3.5 still holds for any R € Sub(Y') and S € Sub(X),

Homgub(X) (ffl(R)7 S) = HomSub(y)(R, Hf(S)).

For further motivated reasons we will note the restriction of Iy to the subobjects by V.

Now let be the left adjoint X : £/ X — &€/Y. This functor does not preserves subobjects.
If s:S < X is a monomorphism, then the composition ¥(s) = f o s does not have to
be a monomorphism. To correct that, let us take the monomorphism J;(s) : 34(5) = Y
in the image factorization of f o s, where 3;(S) denotes the image.

Now assume we have a morphism between subobject h : S — R. The strong epimor-
phism in the image factorisation of f o s induces an arrow 3¢(h) : 3¢(S) — 3¢(R) as in
the right diagram below. One can verify the uniqueness of the construction yields a well
defined functor.

IS - 35(h) ----- » d¢R S ——— 3¢S
/ >//V
5 i Y PN
x / f 14//
X R ————Y

Let be two subobjects 7 : R — Y and s : § < X. Assume we have an arrow h : 3¢(s) —
r. Since it is a morphism of subobjects, it is a monomorphism % : 3¢(S) — R. Thus
composing with the regular epimorphism e : S — 3¢(S5) of the image factorization of
fos yields an image factorization for the morphism hoe : S — R. In particular rohoe =
Jds(s)oe= fos. Thus hoe: Xf(s) = r is a morphism in §/Y. Conversely assume we
have a morphism h : X;(s) — r. Take its image factorization in & hoe: B — H — A,
with e a regular epimorphism and A a monomorphism. In particular rohoe = fos
and since h and r are both monomorphisms, H = 3;(S) and h : 34(S) — R and we get
the subobject r o h : 3¢(S) — Y. Hence this define a morphism h:roh — rin §/Y.

This construction yields a bijection
Homg,nv)(3¢(s),7) = Homyg,y (X4(s), 1),

for any subobjects s : S < X and r : R — Y. Moreover it is easy to check this bijection
is natural on the subobjects r and s. Therefore the bijection brought by the adjunction
of f~! and X in 3.3.5, "restricts" in the case of subobjects to the adjunction

Homg,,v)(3£(S5), R) = Homgy,x) (S, f'(R)),

natural in S and R. O
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Let us take a little bit of time to explain the motivation behind the notations 3; and
V. Assume we are working in Set ans take a map f: X — Y. Since s : S — X is just
the inclusion of subset S C X, the composition X¢(S) = f o s is just the restriction f|g
of f to S C X. The image in the image factorization in Set is literally the image of f|s.
Thus

34(S) = {y € Y|3z € S such that f(z) = y}.

The case of V; is trickier and unfortunately uses explicitly the structure of a slice topos
induced by the original topos (here Set), property we assumed without a proof. Thus
computing by hand the structure of a slice Set/Y would take time that is not really of
any worth beyond the next equality. Such a work can be found scattered in [3, Example
5.8.6] and some remarks after [3, Proposition 6.2.3], the result is

Vi(S) ={y € Y|Vx € X such that (f(z) =y) =z € S}.

The notations 3y and V; become even clearer when f is the projection 7 : X x Y — Y
and S C X xY,

3,(8) ={y € Y|3(x,y") € S such that 3y =y}
= {y € Y|3z € X such that (z,y) € S}.

V.(S)={y € Y|V(z,y') € X x Y such that (¢ =y) = (x,y) € S}
={y € Y|Vx € X such that (z,y) € S}.

Corollary 3.3.13. Let & be a topos and f : X — Y a morphism in &. f~':Sub(Y) —
Sub(X) is a homomorphism of Heyting algebras.

Proof. Since by 3.3.12 f=! : Sub(Y) — Sub(X) has both left and right adjoints, it
preserves all finite limits and finite colimits. Thus it preserves the intersection, the
union (as product and coproduct) and the top and bottom element (as terminal and
initial objects). It also preserves the inclusion since it is a functor. Let us prove it also
preserves the implication.

Let S,T € Sub(Y) be two subobjects, their implication S =y T is the equalizer of
Xs and xsn,7. For reasons strictly similar to the equality xsnr = xs ot (see proof of
3.3.11), we compute

Xf-18) = Xs©°f, Xf-1snyT) = XsSnyT © f-

Thus a: f71(S) =x f~HT) — X is the equalizer of yso f and xgn, 70 f. Now consider
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the following diagram

XS

XSny T

xsofof t(e) = xsoeop = xsny70€0p = Xsnyrofof (e). Since v is an equalizer, there
exists a unique arrow € : f~H(S =y T) — f71S) =x f~YT) such that a o e = f1(e).
Since xs o foa = xsnyr © f oo and e is an equalizer, there exists a unique arrow
B:fHS)=x fTYT) — S =y T such that eo 3 = foa. Thus, since f~1(S =y T) is
a pullback, there exists a unique arrow A : f~1(S) =x f~1(T) — f~1(S =y T') such that
a = f~loland B = po). Again by universal properties of the pullback and the equalizer,
A and € are inverse to each other. Thus f~'(S =y T) = f71(S) =x [~1(T). O

In practice, the fact that f~! is a homomorphism of Heyting algebra, for any f : X —
Y in a topos &, especially means that the binary operations Ny, Uy, =y: Sub(Y) X
Sub(Y) — Sub(Y) are natural in Y € & Now recall that since & is a topos, the
subobjects are naturaly in bijection with the characteristic morphisms, i.e Sub(Y) =
Homyg (Y, Q) is bijection natural in Y € &. Then Homg (Y, ) is a Heyting algebra with
greater and least elements respectively the characteristic morphisms of 1 and 0 and with
binary operations Ay, Vy, =y: Homg(Y, Q2 x Q) — Homg (Y, 2) defined as the following

diagram

Il
1

Sub(Y') x Sub(Y) Homg (Y, Q) x Homg (Y, 2) Homg (Y, Q2 x Q)

Ny,Uy,=y Ay ,Vy,=y

Sub(Y)

1%

Since those operations are natural in Y € &, they yield natural transformations A, V, =
Homg(—,Q2 x Q) — Homg(—,2). By the Yoneda lemma (A.0.1), each one of those
natural transformations is uniquely determined by an element in Homg (2 x 2, 2), we
will denote those elements A, V,=: Q x  — Q. For any two subobjects S, T € Sub(Y)
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and the product (xg, xr) of their characteristic morphism, those three arrows are in
particular determined by the composition:

Ao (xs, XT) = Ay (Xs, XT) = XsryT
Vo (xs,xr) = Vy(xs,xr) = XSUy T
=0 (X57 XT) ==y (Xs, XT) = XS=yT-

From now on, for any characteristic morphisms ¢, 1, we will denote their meet, join and
implication by ¢ A ¢, ¢ V¢ and ¢ = 1 for the composition of their product with the
arrows A, V, =.

Notice that in Homg (1, 2) the top element is the characteristic morphism of Id; : 1 — 1
which is precisely T : 1 — €. The bottom element, the characteristic morphism of
0 < 1 is the false morphism 1 : 1 — Q. Let be for any object X € & the unique arrow
X — 1. Since the pullback Sub(1) — Sub(X) along this arrow preserves the top and

bottom elements, the top and bottom elements in Homg (X, Q) are Tx : X — 1 5 Q
andLX:X—>1i>Q.

Finally, the negation operator —, by exactly the same argument as for the other binary
operators, yields an arrow — : 0 — () such that the composition with yg for any
S € Sub(Y) is

—0Xs ==y o(Xs, Ly) = Xs=y0 = X-s-

3.4 Internal language

Since we have a notion of logical operators in a topos that behave very much like the
one in Set, i.e they are encoded by the underlying Heyting algebra of the subobjects, we
have all the ingredients we needed to interpret a theory in a topos. In the case of Set
we usually formulate sentences like "let z € R...". In other words any object in Set is
a type in the set theoristic language and in such language we dispose of variables, such
as x is a variable of type R. Then a term such as x +y for both z,y € R in the language
can be interpreted in the category Set as the morphisms

RxR 2 pyRrR T4 R

That would be "how to understand" x + y in the category Set. Let us generalise
this language to a topos and let give us the tools to interpret this language in the
topos.

Definition 3.4.1. The equality on an object A of an topos & is the characteristic mor-

phism
=A: AxA—Q
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of the diagonal Ay : A — A x A.

Definition 3.4.2. Let & be a topos. A term is inductively:

1.

A variable x of type X is a term of type X of free variable x and its interpretation
is the identity Id : X — X.

A constant c¢ of type X is a term of type X without free variables and its inter-
pretation is a morphism 1 — X.

If o, 7 are terms of types A; and A, with the same free variables x4, ..., z, inter-
preted as 0 : Xy x -+ x X;, = Ay and 7 : X3 X -+ X X, = Aj, then (o,7) is a
term of type A; x Ay with free variables x4, ..., x, interpreted as

(O',T)inX"'XXn%AlXAQ.

If f: A— B isamorphism and 7 is a term of type A with free variable x4, ..., x,
and with interpretation 7 : Xy x --- x X,, — A, then f(7) is a term of type B with
free variable x and its interpretation is

for: Xix---xX,— B.

In particular if 7 : X; x --- x X, is a term of type A with free variables x1,...,x,
and o1, ..., 0, are terms of types X1, ..., X, with the same free variables y1, ..., ym
of type Yi,...,Y,,, then 7(0y,...,0,) is a term of type A with free variables

Y1y -+ Ym-

If x1,...,x,, are free variables of type Xi,...,X,, and 7 is a term of type A with
free variables x1, ..., x, with n < m then 7,  ,.) is the term of type A and free
variables x4, ..., x,, interpreted as

Tloryem) © X1 X oo X Xy B Xy X oo x X, D A,

where 7 is the canonical projection. In practice we will ignore the subscript
(21,...,2,) and write 7 for 7, ,.). The variables from z, to z,, are called
ghost variables for obvious reasons.

A formula is a term of type Q. If ¢ is a formula with free variables x4, ..., x,, we will
denote by

{(x1,...,2,) € X1 X -+ X Xp|(z1, ..., 20)},

the subobject classified by ¢. We have the following specific formulas:

1.
2.

T:1—=Qand L :1< Q are formulas with no free variables.

If o, 7 are terms both of type A with the same free variables 1, ..., x, interpreted
as o Xy x - x X, —>Aand 7: X; x--- x X,, > A, then ¢ = 7 is the formula
=4 (7,0) with free variables x1, ..., z,.
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3. If 7is a term of type A and o is a term of type Q4 both with the same free variables
Z1,..., Ty, then 7 € o is the formula evy (o, 7) with free variables z1, ..., x,.

4. If p and ¢ are formulas with the same free variables x4, ..., x,, then the formulas

© AN, oV, p = 1 are respectively the formulas A(p,¥), V(p,¥) and =(p, 1)
with free variables x, ..., z,.

5. If ¢ is a formula with free variables z1, ..., z,, then -y is the formula —(y) with
free variables x1, ..., z,.

6. If ¢ is a formula with free variables x,zy,...,z, (x distinct from the other vari-
ables), then (3x)¢ and (Vz)p are formulas with free variables xy, ..., z, and their
interpretations are respectively the characteristic morphisms of the subobjects
3 ({(z,21,...,2,) € X X Xy X - X Xplp(z1, ..., 20)}) and Vo ({(z, 21, ..., 2,) €
X x X7 x - x X,lo(xq,...,2,)}) with 7 the projection X x X7 x -+ x X, —
Xy X - X X,

When the context needs to be clear, we will write x € X for a variable x of type X. As an
example in the language of a topos, the object of epimorphisms becomes :

Epi(X,Y) = {f € Y¥|(Vy € Y)(3z € X) f(z) = y}.

To this long definition, we add the notion of validity.

Definition 3.4.3. In a topos &, a formula ¢ : X; x -+ x X, = Q is universally valid,
written = ¢, when o = Ty, w..xx,,-

Proposition 3.4.4. In a topos &, the following are equivalent :

(1) A formula ¢ : X — Q is universally valid,

(2) {z € Xl|p(z)} = X,
(8) The formula (Vx)p : 1 — Q is universally valid.

Proof. The proof (1) <= (2) is straight forward considering the diagram
X — 1 =1
4 lT
X 1 Q.

]

The right and left squares are pullbacks. Thus the outer square is a pullback. Hence
{x € X|p(x)} = X if and only if the morphism X — 1 - Q is precisely .

The proof (2) <= (3) is straight forward too: we look back a the definition of the
adjoint IIy with b : {z € X|¢(z)} — X the subobject classified by ¢. Applying the
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previous result of the proof, we know that = (Vx)p if and only if 1 = {|(Vx)p}. The
following diagram is a pullback

1 ——— {z € X|p(x)}*

| b
1

XX

if and only if ¥ is an isomorphism, that is if and only if b is an isomorphism, and thus
if and only if {x € X|p(z)} = X. Thus 1 = {|(Va)p} <= {z € X|p(z)} = X. O

Now that we have a good language in our topos, it is finally time to interpret a theory
in a topos.

Definition 3.4.5. Let T be a theory on a signature >. A model of the theory in a topos
& is the following data:

1. for each type s in the signature, an object A € &,
2. for each constant ¢ :— s of type s, a constant ¢: 1 — A in &,

3. for each operation symbol o : 51 X -+ X s, — s, amorphismo : A; x---x A4, > A
in &,

4. for each relation symbol R C s; X --+ X s,, a subobject r: R < A; X --- X A, in
6,

such that the axioms of the theory are universally valid in &.
Here, we just need to specify that for a given relation R — A; x --- x A, with free

variables aq,...,a,, if o1,...,0, are terms of type Ay,..., A, with same free variables
by, ..., by of type By, ..., By, then the relation R(oq,...,0,) is the pullback of r along

(01, ., 00).
Definition 3.4.6. Let M, M5 be two models of a theory T in a topos & and denotes
their type as Al ... AL and A% ... A2 and same for the symbols and constants. A

morphism of models pn : My — My is the data of a morphism g4, : Al — A? for each
type such that :

1. for each constant ¢ of type A,
): ,UA(Cl) = CQ,
2. for each operation o of type A and free variables 1, ..., z, of type X{,... X}

): NA<Ul<x17 s 7:6”)) = UQ(MXI (1’1), s 7l'LXn(xn))7
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3. for each relation R of type A; x --- x A, and free variables aq,...,a, of type
Al AL
= RYay,. .. a,) = R*(pa,(a1), ..., pa, (an)).

One can observe that as expected the two definitions above in the case of Set are the
definitions of structure and homomorphism of structure.

The models of a theory T in a topos & and the morphisms of models constitute a category
MOdgT

When we defined the notion of classifying topos, morphisms between topoi we used are
the geometric morphisms. If one works with an arbitrary theory, geometric morphisms
are not the right to study a theory trough different topoi. Geometric morphisms do
not in general preserve the subobject classifier. But if someone works with a geometric
theory, then geometric morphisms become more than interesting. Let us recall here that
geometric formulas are formulas built up from =, relations, terms, T, L, 4, finite A
and small V. Remark that we don’t know if a given topos & has small coproducts and
thus infinitary many V. But since the main focus in the case of the classifying topos
and the geometric morphisms are the Grothendieck topoi, who are cocomplete, we can
assume our topos & is cocomplete and then our whole construction for finite V holds for
an infinite number.

Proposition 3.4.7. Let 6§, F be topoi and (fs, f*) : & — F be a geometric morphism,
i.e [* is a left adjoint to f, such that * is left exact. Then f* : % — & preserves the
subobject classified by any geometric formula.

Proof. Since f* preserves finite limits and small colimits, it preserves the image factor-
ization, the union and the intersection of subobject, any bottom subobject and any top
subobject. Since A,V, T and L are directly constructed from intersection, union, bottom
and top, they all are preserved by f*. Since the subobject of Jzy is defined as the the
image factorization of {(x,y)|¢(z,y)} — X xY 5 Y, as long as f* preserves the subob-
ject of o, by preserving image factorization, it preserves the subobject of dz. Finally,
for the equality, assume 7 and o are two terms of type A and free variables x1,...,z,
of types X1, ..., X, interpreted in &. Then by definition of ¢ = 7, the outer and right
squares in the following diagram are pullbacks:

{(z1,... 2|7 (21, ... 20) = 0(21, ..., 20) } A 1
| |« I
Xy x---x X, Ax A —1- Q.

Hence the left square is also a pullback, that is preserved by f* and A, is sent to
Aj-(a) (since Ay is defined as the product of identities, both products and identities are
preserved by f*). Thus the subobject of 7 = ¢ is preserved. n
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We can not expect the subobjects of ¢ = 1 or —p to be preserved since looking back
at their definition, the implication of subobjects is defined as the equalizer of charac-
teristic morphisms, thus if the subobject classifier is not preserved there is no chance
the implication and the negation are. Nevertheless a striking result is that although the
implication is not preserved, its universal validity is.

Proposition 3.4.8. Let 6§, F be topoi and (f., f*) : & — F be a geometric morphism.
Then f* : F — & preserves the universal validity of the formula ¢ = 1 for any two
geometric formulas ¢ and 1.

Proof. Assume x € X the free variable of ¢ and 1 interpreted in & and recall that X
is the top element in the Heyting algebra Sub(X). Then

FEpo=9v << X ={z e X|p(x)=¢x)} by 3.4.4
— X C{r e X|p(z) = ¢(x)}
= X C{reXlp)} = {zr € X|)(r)}
— Xn{zre X|p)} C{re X))} by 3.1.16
= {r e X[p(z)} € {r € X[¢(x)}.

Since by 3.4.7, f* preserves {z € X|p(z)} C {z € X|¢(x)}, it preserves = p = . O

Corollary 3.4.9. Let &, %F be topoi and (f., f*) : & — F be a geometric morphism. Then
f*:F — & preserves the universal validity of ¢ and —¢ for any geometric formula .

Proof. By 3.1.19

{z € X[p(2)} = (X = {z € Xlp(@)}) = {z ¢ X[Tx(2) = ¢(2)}.

And by definition of the negation

{z € X[~p(2)} = {z € X|p(z) = Lx(2)}.

Therefore by 3.4.4 = ¢ if and only if F Tx = ¢. Similarly = —¢p if and only if
= ¢ = Lx. Hence by 3.4.8, f* preserves both = ¢ and = —. O

This corollary motivates the whole study of theories in Grothendieck topoi and the study
of the classifying topoi. If we find a Grothendieck topos & where a theory 7' is easy to
manipulate and with a geometric morphism from Set to &, maybe the validity of a
statement of that theory in the Grothendieck topos would be easier to prove and thus
proving it automatically in our set theoretic language. We need to understand better
the models of a theory in a Grothendieck topos to find the right one to work with. Hence
the classifying topos.
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3.5 Classifying topos of a coherent theory

We end our chapter with the construction of a classifying topos for any geometric the-
ory.

Theorem 3.5.1. A geometric theory is sketchable and admits a classifying topos.

Proof. The goal is to construct a "sketch" as in 2.2.6 from a geometric theory 7T with
the same category of models.
The first step is to construct a graph % out of T :

1. For each finite sequence of types Ti,...,T,, 4 has an object (11,...,7T,) and
morphisms p; : (T1,...,T,) — T; for 1 < i < n. For the empty sequence of types
the corresponding object in %4 is ().

2. For any operation o : T} X --- x T,, = T, 4 has a morphism o : (T},...,T,) = T.
3. For any constant ¢ :— T, %4 has a morphism v: () — 7.
4. Forany R C Ty x---xT,, %4 has an object R and a morphismig : R — (T4,...,T,).

By construction 9 has a set of objects and a set of morphisms, but it is not a cat-
egory. We have objects and morphisms but no composition law. A composition law
can be forced with paths. A path in 9 is a non-empty and finite alternating sequence
(X1, f1, Xo, fo, ..., X,) of objects and morphisms of % with first and last terms being
objects and f; has domain X; and codomain X, ;. In particular any object X admits a
canonical path (X). The path category & of 4 :

1. has the same class of objects as 4,

2. for any two objects X and Y, its morphisms Homg (X, Y') are the paths starting
at X and ending at Y,

3. the composition of morphisms is defined as

(XnafTL?Xn—Fl?fn—i-la"‘?Xm) © (X17f17X27f27"'7Xn) = (X17f17X27f27"'7Xm)‘

4. the identity of X € & is the canonical path (X).

Since % has a set of objects and a set of morphisms, % is a small category. Now let 7
be the theory 7 without its axioms. Following the definition of a model in a category
&, 3.4.5, one can remark models of 7y are the graph morphisms ¢ — &, which are
equivalent to functors F': % — & (see |2, Proposition 5.1.4]), satisfying that:

1. F maps (T1,...,T,) and the family {p;}1<;<n to a product cone (note that F'() is
then the terminal object),
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2. F maps a relation ig : R — (11,...,T,) to a monomorphism, or equivalently, F’
maps the following diagram to a pullback

R——R
| |
R—— (Ty,...,T,)

Hence, the models of Ty are precisely the functors F': % — & mapping a specific set of
cones to limit cones in &. This means the study of the theory 7Ty reduces to the study
of & seen as a sketch with the corresponding cones and no cocones. Applying lemma
2.2.1, we then get a small finitely complete category 6 and a map 7 : % — 6 such that
the models of our sketch are equivalent to the left exact functors € — &.

Now we have a nice category 6 with limit cones representing our theory 75. The next
step is to specify some additional data, families of morphisms, in 6 such that we recover
the whole theory 7 in 6. For any formula ¢ of free variables ¢y, ..., t, of type Ty, ..., T,
we will associate a family of morphisms

{fi : Xi =Ty x--- x T, h<i<k

in ‘6 to the formula (we denote 7" instead of 7(T") for the types as objects in 6, same
notation for the operations and relations), such that for any left exact functor F' : 6 — &

{(t1, .. to)|p(tr, .. tn)} =ImE(f1) U--- UImE(fy),

where ImF'(f;) is the image factorisation of F(f;) in &. The construction of this family
is inductive, let us fix F': € — & a left exact functor :

1. We associate to the true formula T the identity Id; : 1 — 1 in 6. The image
of F(Id;) = Idy : 1 — 1 in & is the subobject 1 — and is indeed the subobject
classified by T : 1 — Q.

2. We associate to the false formula L the empty family of morphisms of codomain
1, 0 C {f|codom(f) = 1}. Applying F gives the empty family of codomain 1 in
&, 0 C {f|codom(f) = F(1) = 1}. Since the empty family factors through every
subobject of 1 (empty condition), the image is the subobject 0 < 1 classified by
1:1—=Q

3. Notice that since the only thing we need in order to interpret terms (not formulas)
are finite products. Thus we can already interpret terms in 6. Now let o, 7 :
Ty x---xT,, — T be the interpretations of two terms in € with same free variables.
Since 6 is finitely complete, take the pullback D of the product (7,0) along the
diagonal Ar. This pullback gives a morphism d : D — T x - - - xT,,. Now applying

72



I preserving the limits, we get that left square is a pullback

F(D) F(T) —— 1
lF(d) AF(T)l ’ T

=F(T)

F(TY) x - x F(T,) 77 F(T) x F(T) 2™

Since the right square is a pullback, the outer one is a pullback too. Hence, the
subobject classified by o = 7 is precisely F'(D). Moreover Im(F(d)) = F(D) since
F(d) is a monomorphism. Therefore we associate to the formula ¢ = 7 the single
element d: D — Ty x ---x T, in 6.

Now assume that for two geometric formulas ¢, of same free variables t¢i,...,t, of
types 11, ..., T,, we are given two families of morphisms {f; : X; = 71 x --- x T, }1<i<k,
{9; :Y; = Th x -+ x T, hi<j< in 6 such that {(¢1,...,6,)|¢(t1, ... )} = ImF(fi) U
- UImF(fy) and {(t1, ..., t,)|0(t1, ... tn)} =ImF(g) U--- UImF(g).

4. By straightforward computation we get that

{(t1, .. ta)leV(ty, ..., tn) ={(t1, ... ta)|e(ts, o tn) FU{(t1, . ta) [0ty . t0)}
=ImF(fi)U---UImF(fx) UImF(g;) U---UImF(g).

Thus we associate to ¢ V ¢ the family
{fz : Xz — T1 X - X Tn}lgigk U {g] : Y} — T1 X e X Tn}lﬁjgl-

The case of infinitary many joins is analogous.

5. Let {hij : Zij — Ty x -+ X Ty }1<i<k; 1<j<i be the family defined by hy; = fioxy =
gj © Yij, Where
Z; Y Y;

xl L‘”

XiTTlx'--xTn.

Since image factorizations are pullback stable in &, one gets the following diagram
where each square is a pullback

ImF (z;;) — ImF(f;) NImF(g;) ——— ImF(g;)

! ! !

F(X;,)) ————— ImF(f;)) —— F(T1) x --- x F(T,)
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Thus, ImF'(h;;) = ImF(f;) N ImF(g;). Then:

{1, .. t)le AY(te, .. tn) = {(t1, .. t)|e(te, o tn) F O { (o ) [0(t, - t) )
= (ImF(f;) U---UImF(fy)) N (ImF(g1) U - - U ImF (g )
= U(ImF(fl) NImF(g;)

1,J
,J

Hence to the formula ¢ A v, we associate the family

{hij « Zij — Ty x -« X Ty hi<ics 1<

cLet Ty x - X T, = Ty x --- x T, be the canonical projection. By 3.3.12, we
get the following commutative diagram

F(X;)

l F(f:)

F(f) s F(T}) % -+ x F(T},)

| Jro

3p(mImF(f;) —— F(T3) x -+ x F(T,)

thus IpmImF(f;) = ImF (7 o f;) for all 1 < i < k. Therefore, since left adjoint
functors preserve colimits, we get the computation

{2, t)[(F)p(tr, - -, )} = Fpery ImE(f1) U - - U ImF(fy))
= (3t (MF(£1))) U+ U (Tp(m) (mF(f))
=ImF(ro fi)U---UlmF (7o fy).
Hence, we associate to (3t)¢(t1,. .., t,) the family in €

{7rof2- . Xz —)TQ X e X Tn}lgigkz-

. Let t1,...,t,, be free variable of type Ti,...,T,, with n < m and let = : T} X
<o x T, — Ty x---xT, be the canonical projection in 6. Consider the following
pullback in C
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F as a left exact functor preserves this pullback. Thus, since the pullback functor
3.3.12 (F(m))~" small colimits and image factorization,

k

U ImF(g,) = J(F(x))" (ImF(f;))

=1 i=1

8 Let RC Ty x---x1T, bearelation and 7; : X; X --- x X,,, — T; terms with same
free variables, for 1 < i < n in € an let S be the pullback of the subobject R along
(15 Th)-

Xy x-oox X, — Ty x---xT,
T1

Since, for variables z; of types F(T;) {(x1,...,2,)|R(z1,...,2,)} = F(R) then,
{(r1, ..., )| R(T1, .. .,m))} = F(S). F(S) is the image of F(s). We, then, asso-

ciate to R(7y,...,7,) the arrow

s: S =Xy x--xX,,.

9. Let 7; : Y1 x --- xY,, — T; be terms with same free variables for 1 < i <n in €
and let Z; be the pullback of f; along (7,...,7,)

Since by 3.3.12 the pullback functor (F(7,...,7,))"" : Sub(Ty x -+ x T,,)) —
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Sub(Y] x -+ x Y},) preserves small colimits and image factorization :
k

U ImF(gz) - U(F(Tlv s ’Tn))_l(ImF(fi))

i=1 i=1

= (F(r1,..., 7)) (Q ImF(ﬁ))

= (F(ry,...,m) "({(te, ..., t)|o(te, .. t0)})
{(r1, -y m)|e(T1, .-, Tn)

Thus to the formula (7, ...,7,) we associate the family {g; : Z; — X; x -+ X
X hi<i<k-

Now that we have constructed a family of arrows in 6 for each coherent formula, let
us show that any coherent axiom Y(xy,...,2,)(¢(z1,...,2,) = ¥(x1,...,2,)) holds if

I e Y

Syl >J >

associated to ¢ and v (see paragraph 5). By 3.4.4 and the proof of 3.4.8 :

V(zt, .. zn)(e(x, . ymy) = (21, .., 20))
= {(z1,...,zn)|p(x1, .. xn)} CH{(z1, .. @) |(x, .. 20)}
= U mF((fi)c U ImF(g))
1<i<k 1<j<l
— Vi=1,....,k ImF(f;) € |J ImF(g;)
1<j<1
— Vi=1,....,k ImF(f;)=ImF(f;)n| J ImF(g;)
1<5<i
< Vi=1,....,k ImF(f;)= |J (ImF(f;) NImF(g;))
1<5<
1<5<d
< Vi=1,...,k {F(z)}i1<j< a jointly epimorphic family.

The statement ImF'(f;) = Ui<;<; ImF(f;) NImF(g;)) <= F(X;) = Ui<j< ImF(245),
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for a fixed i, comes from the following consideration :

6" (Uije ImF(f)) NImF(g;)) —— Ui<j ImF(f) NTmF(g;)

| - |
F(X)) m ImF(f;)
ImF(x;;) ImF'(f;) N ImF(g;)
| l
F(Xi) W ImF(f;)

By definition of pullback functor (3.3.12) the top diagram is a pullback and when-
ever one of the two vertical arrows is an iso, so is the other one. Now since ¢!
preserves small colimits and image factorization, g; ' (Ulgjgl ImF(f;) N ImF (gj)> =
Uicj<r ¢~ (ImF(f;) N ImF(g;)). By the bottom diagram, that we proved to be a pull-
back in the ¢ A v paragraph, we get ¢; ' (ImF(f;) N ImF(g;)) = ImF(z;;).

Finally the last statement, for a fixed i, F'(X;) = Ui<j< ImF(2;;) <= {F(2i;)}1<j<
is a jointly epimorphic family, comes from the fact that F/(X;) = Ui<; ImF(25) <=
the canonical arrow [[; ImF'(z;;) — F(X;) is a strong epi <= {F(x4)}1<j< is a jointly
epimorphic family.

Therefore a left exact functor F' : 6 — & to a Grothendieck topos is a model of T if
and only if all the families {z;;}; associated to the geometric axioms of the theory are
jointly epimorphic families. Thus by 2.2.6, the geometric theory 7 admits a classifying
topos.

O

Remark 3.5.2. We end this chapter with rather a remark than an example of this last
theorem. In [6, Section VIII.6], when Mac Lane and Moerdijk are proving the classifying
topos of the theory of local rings is the big Zariski topos they are not using explicitly
3.5.1. But when looking at their proof, we can see they implicitly are. The whole point
of theorem 3.5.1 is to associate to each axioms a jointly epimorphic family and this is
precisely what Mac Lane and Moerdijk are doing. They start with the rings and the
classifying topos of rings Pr(fp-rings®). Then they state that a ring R is a local Ting if
for any element a € R either a or 1 — a is invertible. By definition of universal validity,
this is equivalent to the union of the following subobjects

{a € R|Fb,a.b=1} = R
{a € R|F,(1—a)b=1} = R
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being all R. They then prove this to be equivalent to the data of an epimorphism.
They end the proof with the construction of a suitable Grothendieck topology J on
Pr(fp-rings®), such that Sh(fp-rings®, J) (the Big Zariski topos) is the suitable clas-
sifying topos where the arrow associated to the union of the two subobjects is an epimor-
phism.

3.6 Topoi and theories beyond

There is a lot more to discuss about topos theory. We will give here a list of refer-
ences to check if one wants to get further in certain subjects mentioned during this
chapter.

Concerning the logical aspect of a topos, we only scratched the surface here. A whole
account for the technical aspects of logic can found be in [5].

When we were describing the language of a topos, we only talked about the syntax of
the language. We show how to write formulas such as (Vz)p(x,y) in a topos. But we
never explained what (Vz)p(x,y) does mean. For example let X be a topological space
and let O(X) be the poset of opens in X with the inclusion as the order. One can
then study the category of sheaves A : O(X)® — Set. Assume ¢ is a formula with
one free variable a of type A, what does (Ja)p(a) means ? Certainly not that "there
exists an element a € A satisfying ¢". It would rather something like "for each point
x € X, there exist a neighborhood U C X of x and an element a € A(U)". There is
a way to put meanings into our formulas, it is called the Krypke-Joyal semantic. More
information on that can be found in [6]. In particular the thesis [1] explores what is
the internal language (Syntaxic and semantic) of the sheaves on a topological space and
how the internal language allows for an easier understanding of some local ring sheaf
properties

Finally we cannot end this section without mentioning the work of Olivia Caramello.
Until now we have not mentioned it, but sometimes two distinct theories admit the same
classifying topos. Those theories are said to be Morita-equivalent. If two theories are
Morita-equivalent then their common classifying topos can be used as bridge, transferring
properties and results across the two theories. It is an highly technical subject deeply
explained in [4].
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Conclusion

Let us summarize what we explored in this thesis. We first introduced the notion of
Grothendieck topos and then we saw two different ways to study what are mathematical
theories in Grothendieck topoi. The first approach was to sketch the theories while
the second one was to interpret them in the internal language of a Grothendieck topos.
The end of chapter 3 left us with the conclusion that the left adjoint f* of a geometric
morphism preserves the universal validity of any formula. Now, if a theory 7 admits
a classifying topos &[T], then for any Grothendieck topos %, there is an equivalence
between the geometric morphisms from F to &[T and the models of the theory in .
Now assume we are studying a theory in Set with our usual set-theoretic language. Any
models of the theory in Set corresponds to a geometric morphism Set — &[7]. Hence
if we prove a formula to be valid in &[T, it will be also valid in Set. Therefore, the
classifying topoi are an excellent place to attempt to prove unsolved assumptions in our
theories in the set-theoretic language.
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Appendix A

Yoneda embedding

Theorem A.0.1 (Yoneda). Let be a functor F': € — Set for a small category €. For
every object C' € 6, there exists a bijection

Nat(Hom« (C, —), F) = F(C),

that is natural in C and F'.

Proof. Let us define 0p¢ : Nat(Hom«(C,—),F) — F(C), a — «(C)(Id¢). For an
element x € F(C), and for every object D € 6, define 7pc(x)(D) : Hom(C,D) —
F(D), f — F(f)(x). For any morphism ¢g : D — D’ in ‘6, we have that

F(g) o tro(x)(D)(f) = Fg) o F(f)(x) = F(g o f)(z) = Tre(z)(D)(g 0 f)-
Thus 77 ¢ (z) : Home¢ (C, —) = F is a natural transformation.

We shall prove 7 and 6 are inverse one to each other. We will not write the subscript
F.C on 7 and 6 to avoid things to look heavy. It will be used only in case where the
notation is needed to avoid confusions. We compute given an element z € F(C):

6(r(x)) = 7(2)(C)(1de) = F(ldo)(x) = a.

Given a natural transformation a : Hom(C, —) = F and any morphism f: C — D in

6

T((C)(Ide))(D)(f)
F()(e(C)(1de))

(D)(f olde by naturality of «
(D)(f)-

7(0(a))(D)(f)

=

Il
Q

We now prove the naturality of the bijection. First the naturality on the objects. Let
be an arrow g : C' — D in € and fix a functor F' : € — Set. We denote by N(g)
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the morphism Nat(Home(g, —), F)). N(g)(«) = «o Hom«(g, —). We compute for any
a € Nat(Hom (C, —), F):

(0r,p 0 N(g))(a) = 0p,p(c o Homg (g, —))
= (a o Homy(g, —))(D)(Idp)
= a(D)(9)
= ()a(D) o Hom (C, g))(Id¢)
= F(g)(a«(C)(1dc)) by naturality of «

= (F(g) o brc)(a).

For the naturality on the functors, let us a fix a natural transformation v : F' = G and
an object C' € 6. We denote by M () the morphism Nat(Home« (C, —), ), i.e for every
a € Nat(Home (C,—), F), M(v)(a) = v o a. Then

(0,00 M(v))(a) =bg,c(yow)
= (y0a)(C)(lde)
= 7(C)((C)(1dc))
= (7(C) 0 Orc)(a).

Definition A.0.2. The Yoneda embedding for a small category 6 is the functor
Y : 6 — Set®”.

it is defined on the objects C' € 6 by Y (C) = Hom¢(—, () and defined by Y(f) =
Home (—, f) on the morphisms.

There is a second Yoneda embedding
Y* 6% — Set®,

defined as Y*(C) = Hom(C, —) on the objects and in the obvious similar way on the
morphisms. The Yoneda embedding does not require special treatment since it is just
the Yoneda embedding Y : €% — Set*”)” . Thus we will not make, unless if necessary,
any distinction between the two embeddings.

Proposition A.0.3. Here are some properties of the Yoneda embedding Y :
1. 'Y s fully faithful;

2. Y preserves limits.

Proof. 1. Apply Yoneda Lemma.
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2. Since limits of Set®” are computed pointwise (see further result B.0.1), (limpeq Y (D)) (C) =
limpey (Y(D)(C)) = limpeg(Hom(C, D)). For any C' € 6, the representable
functor Hom(C,—) : € — Set preserves all limits existing, hence Y preserves
limits.
0
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Appendix B
Limits

Proposition B.0.1. Limits (and colimits) are computed pointwise in the category of
presheaves Pr(€), for any small category 6. This means, given a diagram F : 9 —
Pr(€) and an object C' € 6

Proof. Consider the functor F(—)(C) : 9 — Set. For each object C' € 6, let be
(L(C), {5 : L(C) — F(D)(C)}De@> the limit of F'(—)(C) in Set, it exists. For each
morphism f : C" — C'in 6 we get a natural transformation F/(—)(f), thus (L(C’), {F(D)(f) Opg}De%)
is a cone on F(—)(C’). It induces a unique arrow L(f) : L(C) — L(C") such that

P o L(f) = F(D)(f)op§ for any D € 9. Thus L : 67 — Set is a well defined functor
and pp = {p%}ce¢ is a natural transformation for any D € 9.

Notice that (L,{pp : L — F(D)}peg) is a cone on F since for any d : D — D’ in 9,
F(d)(C)op$ = p%, for any C € €. Now assume we have another cone (M, {gp}peg) on
F. Thus for any C' € 6, (M(C), {¢5, : M(C) = F(D)(C)}pea) is a cone on F(=)(C).
Hence there exists a unique morphism 7(C) : M (C) — L(C) such that p$§ o r(C) = ¢%.
We compute for any morphism f: C — C’ in 6:

pp o L(f)or(C ) F(D)(f) o pf or(C)
F(D)(f )OQD
S M(f) since qp is a natural transformation
C
Pp

or(C') o M(f).

And since as arrows of a cone, the p$’s for a fixed C’ € 6 are jointly monic, we get
L(f)or(C) = r(C") o M(f). Hence r : M — L is a natural transformation such
that pp or = ¢p for any D € 9. r is unique since its components r(C') are. Hence
(L,{pp : L = F(D)}pey) is the limit of F. Therefore

(limpeg F(D))(C) = limpeg (F(D)(C)).
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The exact same proof can be done for the case of colimits. n

Proposition B.0.2. Representable functors G (i.e those who are isomorphic to Hom(—, C')
for an object in € ) in the category of presheaves Pr(6) for a given small category 6
transform existing colimits in € into limits in Set. This means for a diagram F : %9 — 6
with 9 a small category:

G(COHIHDG@F(D)) = limDe@GF(D), G(hmDe@F(D)) = colimDG@GF(D).

Proof. Let us fix an object C' € 6, the contravariant functor Home (—, C') and a di-
agram I’ : 9 — 6 with 9 a small category. Let be (L,{sp: F(D) — L}peg) the
colimit of F'in 6. Applying the functor Hom«(—, C') on the colimit cone yields a cone
(Hom« (L, C),{Hom(sp,C) : Hom(L,C) - Hom (F(D),C)}pey) in Set. Now as-
sume we have another cone (M, {pp : M — Home (F (D), C)}peg). For any m € M and
any D € 9 we get an arrow pp(m) : F(D) — C, such that for any morphism d : D — D'
in 9, pp/(m) o F(d) = pp(m). Thus (C,{pp(m)}pey) is a cocone in 6. Hence there
exists a unique morphism p(m) : L — C'. Therefore we get a map p : M — Home (L, C)
uniquely determined by the p(m)’s. (Hom« (L, C), {Hom(sp,C) : Home (L, C') — Home (F(D),C)
is the limit of Home (F'—, C). O

It is important to note that in the equality G(colimpeg F'(D)) = limpeyGEF (D), the
existence of the limit does not implies the existence of the colimit. This equality must be
understood as "If the colimit exists in 6, then this equality holds".

Proposition B.0.3. Let € be a small category and F' € Fun(6,Set). F is the colimit
of a diagram constituted of representable functors and representable natural transforma-
tions.

Proof. Let ¢ : Elts(F) — 6 be the forgetful functor (see C.0.3) and consider the
contravariant diagram Y o ¢p : Elts(F') — Fun(€, Set) where Y is the contravariant
Yoneda embedding Y : € — Fun(€, Set) with, VC' € €, Y(C) = Hom (C, —). Let
be (A,a) € Elts(F) a pair A € 6 and a € F(A). By the Yoneda lemma a correspond
to the natural transformation s(44) : Home¢ (A, —) = F, with for any object B € €
and arrow f : A —= B, s0(B)(f) = F(f)(a). If f:(A,a) = (B,b) is a morphism in
Elts(F), then F(f)(a) = b, thus since the bijection in the Yoneda lemma is natural

Nat(Homs (A, —), F) —— F(A)
JHom(@(f,—) JF(f)
Nat(Homs (B, —), F) —— F(B)
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f is a morphism in Elts(F) if and only if 54,4 0c Home(f, —) = 5(p). Therefore

(F’ {S(A’“)}(A,a)eElts(F)>

is a cocone on Y o ¢p.

Now let (G, {t(A’a)}(A@)eElts(F)) be another cocone on Yogp. For any object C € 6 and

any element ¢ € F'(C), we consider the natural transformation ¢c) : Hom¢ (C, —) = G.
By the Yoneda lemma, this natural transformation correspond to a unique element
tic,e(Ide) € G(C) and let us call this element ac(c) := tc)(Ide). We now prove this
defines a natural transformation o : F' = G. Let be a morphism g : ' — D with
D € 6. By definition this yields a morphism g : (C,¢) — (D, Fg(c)) in Elts(F).
By definition of the arrows t4,) we get that t . o Home(g, —) = t(p,rg()), thus
G(9) (ac(c)) = ap(Fg(c)). This proves the naturality of a.

Given (C,c) € Elts(F),

@0 500 = (o sce)c(de) by the Yoneda lemma
= ac(scq(C)(de))
= ac(c) by definition of s(¢ ()
=t by the Yoneda lemma.

Moreover, if § : F = G is another natural transformation such that for any (C,c) €
Elts(F) o 5(c,) = t(c.), then by the Yoneda lemma ac(c) = Be(c). Thus « is the
unique morphism such that a o s = t(c,). The cocone

(F’ {S(A’“)}(A,a)eElts(F)>

is the colimit of Y o ¢p. O]

Remark that in the case of a contravariant functor G : 6 — Set the theorem still
holds with G = colim(a q)crus(@)(Y © ¢¢) where Y is the other Yoneda embedding
Y (A) = Home(—, A).

Proposition B.0.4. Let D : 4 — 9B be a diagram. If 1 is a terminal object in A with
the unique morphisms 1; : i — 1, Vi € o, then the colimit of D exists and is precisely

(D(1), (D(14))ica)-

Proof. Since 1 is terminal, we have that for all u : ¢+ — 7 morphism in &, 1; ou = 1,.
Hence, since D is a functor, D(1;) = D(1;) o D(u). (D(1), (D(1;))iex) is a cocone.

Assume (L, (p; : D; — L)iey) is another cocone. Notice p; : D(1) — L is a morphism
satisfying p; o D(1;) = py, since (L, (p; : D; — L);ey) is a cocone.
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Now let a : D(1) — L be another arrow such that a o D(1;) = p;. Since the unique
morphism 1 — 1 is the identity, we get in particular that o D(Id) = p;. Hence a = p;.
p1 1S unique. O

One can note, based on a similar proof, than for D : ¢ — 9B, if o has an initial object
0, then the limit of D exists and is (D(0), (D(0;))ieu ), with 0; : D(0) — ¢ for all object
icd.

Eventually, we will admit this last important result about limits (and its equivalent

about colimits) withtout a proof. One can be found in [2, 2.12.1].

Proposition B.0.5. Given a functor F : € X9 — o with o complete and 6,9 small.
Then
hmcég (limDE@F(C’, D)) = limDE@ (thG@F(Ca D))
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Appendix C

Kan extensions

Definition C.0.1. Let be two functors F : of — % and G : 9 — 6. The left Kan
extension of G along F' is a pair (LanyG, ) where

1. LanpG : 9B — 6 is a functor,
2. a: G = (LanpG) o F is a natural transformation,

such that it satisfies the following universal property: for any other pair (H, ) there
exists a unique natural transformation 7 : LanypG = H such that (ye1lp)oa = 5. Here
e is the horizontal composition of natural transformations and o the vertical one.

LanFG

HoF <: (LangG) o

\/ \W

The universal property of the Kan extension allows us to talk about "the" Kan extension
of G along F.

Example C.0.2. The adjunction of two functors is a specific case of Kan extension.

If € as in the definition is cocomplete, then we can construct a Kan extension. The fol-
lowing definition is an ingredient for the proof of that affirmation.

Definition C.0.3. Let be a functor F': # — Set (resp. F': «/°? — Set). The category
Elts(F') of elements of F is :

1. the objects are the pairs (4, a) with A € Obj(«4) and a € F(A).

2. the morphisms f : (A,a) — (A',d’) are the arrows f : A — A’ in o such that
Ff(a) =d (resp. Ff(d')=a).
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With the category of elements of F' comes for free a forgetful functor ¢p : Elts(F) —
sending ¢r(A,a) = Aand ¢r(f) = f now seen as a morphism in of.

Example C.0.4. Consider the functor Hom(—, B) : //°» — Set for a fixed B € A.
Then the objects of Elts(Hom(—, B)) are the pair (A,a) with A € o and a : A — B.
let f: A— A an arrow in o, then Hom(f, B)(a') = a’ o f for any o’ : A’ — B. Hence
the morphisms of Elts(Hom(—, B))) are of the form f: (A,d’ o f) — (A',d’).

Theorem C.0.5. Let be two functors F' : o — B and G : A4 — 6, with A a small
category and 6 a cocomplete category. Then the left Kan extension of G along F exists.

Proof. Fix B € %, and define § 5 := Elts(Hom(F'—, B)) and ¢p : Eg — o the forgetful
functor. By construction, since & is small, & is small too. Hence since 6 is cocomplete,
the small diagram G o ¢p : &g — 6 has a colimit (KB, (S(BAb))(A,b)egB). We define a
functor on the objects K : B — 6, B — K(B) = colim(G o ¢p).

Now we need to define K on the morphisms, that is to associate to each morphism
f:B— B'in% an arrow K f: KB — KB'. Remark that for any (A, b) object in &5,
then (A, f ob) is an object in &g since if b € Hom(F' A, B) then fob € Hom(FA, B').
Assume a : (A,b) — (A, V) is a morphism in &g with b = Hom(Fa, B)(l/) = V' o Fa.
Then it is immediate that f o b= Hom(Fa, B')(f ob'). Hence, for a an arrow in &g, it
gives an arrow a : (A, fob) — (A, fol) in &5 based on the same a : A — A’ in .
Notice that (Go¢p)(a) = (Gogpp/)(a) = G(a). Hence (KB, (S(B/;,fob))(A,b)GgB) is a cocone
on G o ¢p. By definition of a colimit, there exist a unique arrow K f : KB — KB’ such
that Kfoszvb) = sa,fob). The uniqueness implies K(15) = 1xp and K(fog) = K foKg.

sFA
(A1pa)

GA GA KFA

_
sCap)
% sFA
KB < kf-—» KB I Ga Ga A kP
wb’)
SCar )

GA GA — KFA

S
(A 14 4)

Given a morphism a : A — A" in & we have established that K Fa o s ) = (i,

One can notice a : (A, Fla) = (A’, 1p4) is amorphism in 4/, since Hom(Fa, FA ) (1pa) =

lpar o Fa = Fa. Then Si{lce by definition of cocone, s&f,‘:lm,) oGa = Sf Aﬁpa). We have

that K Faosf'A = sl oGa, this proves the natural transformation o : G = KF
(Alpa) (A 1par)

defined as (as = szf‘lFA))A@g is natural in A.

Now consider another pair (H,3), H : B — 6 and  : G = HF. Let’s create a
unique natural transformation v : K = H such that (ye 1p) oa = . Fix B € %,
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for any (A,b) € 6p,ie A € B and b: FA — B, we have Hb : HFA — HB and
Ba: GA — HF A such that, by naturality of § and since H is a functor, the following
left diagram commutes

GA — "4 | HFA GA —Ce GA’
w G Sarph
Ga HFa HB KB
HY
GA ————— HFA H(fob)oBa Hfoyg | |vproKf H(fob')oB s/
A/

HB

Notice (G o ¢p)(A,b) = GA for all (A,b) € &g and (G o ¢p)(a) = Ga for all a € &.
Hence (HB, Hbo [4)ap)cey is a cocone for G o ¢p. Since KB is a colimit, there exists
a unique morphism v : KB — HDB such that vy o 55471;) = Hbo 4. To prove the
naturality of v in B we need, for any f : B — B’, the following computation

Hf oyposlyy = HF o Hbo B, = H(f o) o B
= g © Sa,fob) =g oKfo sf,b.

By definition of a colimit (see up right diagram) we obtain the natural equality H foyp =
vpr o K f. v is a natural transformation.

Last thing to check is that « is such that (y e 1) o a = 5. We verify this equality
pointwise, using the definition of vp :

YFA© Qs =TFA 0S4y, = H(1ra) 0 Ba = Ba.

v is unique since any other natural transformation «' should also verify the equality

Yiea © s&""lm) = H(1pa) o B4 and as shown earlier the v5’s are the unique one verifying
it. Hence the pair (LanpG = K, a) is a Kan extension. O

Proposition C.0.6. Let F : o — 9B be a fully faithful functor on a small category oA .
For any functor G : d — 6 with 6 a cocomplete category, the natural transformation
a: G = (LanpG) o F is an isomorphism.

Proof. Let us prove (A, 1p4) is a terminal object in Epq. Let (A’,b) € Ep4 be an object

in gy with b: FA' — FA. Since F is full, there exists a morphism a : A” — A in o
such that F'a = b. Hence

Fa=b < lppoFa=0b <= Hom(Fa,FA)(1pa) =0.
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Then a : (A’,b) — (A, 1p4) is a morphism. Now assume we have another such morphism
a : (A',b) — (A,1p4). Then by the same computation we get that F'a’ = b. Hence
Fa = Fd, but since F is faithful we have that a = a’. (A, 1r4) is a terminal object in

Era.
Then by B.0.4
(LanFG) ®) F(A) = COhm(G 9) quA) = Go ¢FA(A7 1FA) = GA.
Since each component oy : GA — (LanpG) o F(A) is an iso, so is a. ]

The next proposition will play a key role in some of our proofs. We admit it without
proof but one can be found in [2, Proposition 3.7.4]

Proposition C.0.7. If L is left adjoint, then L o LanpG = LanpLG.

Proposition C.0.8. Let F' : 6 — Set be a functor and 6 a small finitely complete
category. Then the following conditions are equivalent:

1. F is left exact;

2. the left Kan extension Lany F' of F' along the Yoneda embedding Y is left exact.
Proof. By A.0.1, Y preserves limits and by C.0.6, (Lany F') oY = F. Hence, if Lany F’
is left exact, so is (Lany F') o Y, implying F is left exact.

Conversely, the proof is left to the reader. (There is a lot of technical details that need
to be explained and they don’t really serve any purpose for the rest of this work) m

Proposition C.0.9. Let 6 be a small category and let be F' : € — Set a covariant
functor and G : 6 — Set a contravariant functor. Let be the Yoneda embeddings
Y : € — Fun(€°,Set) and Y* : 6°° — Fun(%6,Set) defined VC' € € as Y (C) =
Hom (—,C) and Y*(C) = Hom« (C,—). Then

(Lany-G) (F) = (Lany F) (G).

Proof. By B.0.3 we have that

F' = colim4 q)cps(r) (Homg (A, —)),
G = COhm(B,b)eElts(G) (HOIIlgg (—, B))
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By B.0.5, B.0.1 and C.0.5, we compute

(Lany-G) (F) = colim(,)G(A)
= colimy q) (colim(Bvb)Hom%(—, B)(A))
= colim qycolim g pHoms (A, B)
= colimp p)colim 4 o) Hom (A, B)
= colimpp) (colim(A)a)Homag (A, —)(B))
= COlim(B’b)F(B)
= (Lany F) (G).

91



Bibliography

1]

2]

1. Blechschmidt, Using the internal language of toposes in algebraic geometry,
Preprint, arXiv:2111.03685 [math.AG] (2021).

F. Borceur, Handbook of categorical algebra. Volume 1: Basic category theory.
Paperback reprint of the hardback edition 1994. Cambridge: Cambridge University
Press (2008; Zbl 1143.18001).

F. Borceur, Handbook of categorical algebra. 3: Categories of sheaves. Paperback
reprint of the hardback edition 1994. Cambridge: Cambridge University Press (2008;
Zbl 1143.18003).

0. Caramello, Theories, sites, toposes. Relating and studying mathematical theo-
ries through topos-theoretic ‘bridges’. Oxford: Oxford University Press (2018; Zbl
1461.03002).

P. T. Johnstone, Sketches of an elephant. A topos theory compendium. II. Oxford:
Clarendon Press (2002; Zbl 1071.18002).

S. Mac Lane and I. Moerdijk, Sheaves in geometry and logic: a first introduction
to topos theory. New York etc.: Springer-Verlag (1992; Zbl 0822.18001).

92



	Introduction
	Grothendieck topoi
	Grothendieck topoi
	Classifying topos

	Sketching a theory
	Sketch
	Classifying topos for a geometric sketch

	Interpreting a theory
	Logic
	Topos
	Subobjects in a topos
	Internal language
	Classifying topos of a coherent theory
	Topoi and theories beyond

	Conclusion
	Yoneda embedding
	Limits
	Kan extensions

