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Chapter 1

Introduction

People suffering from a total quadriplegia have lost the use of their four limbs. One of
their only way to get some autonomy of movement is by using an electrical wheelchair. In
some cases, this wheelchair can be controlled with the chin, but this is not very practical.
What if patients could simply think to the movement they want to do and the wheelchair
obeyed? One possible way to accomplish this is by collecting information coming from
the brain thanks to ElectroEncephaloGraphy (EEG). This information is then classified
by some algorithm: does the person desire to move forwards, to turn on the right or on
the left? A device that aims to accomplish this goal is called a Brain-Computer Interface
(BCI) (Yger, Berar, and Lotte, |[2017).

This Master’s thesis is part of this general framework: we will try to classify EEG
signals. Using EEG signals presents several advantages: it is cheap compared to other
sensors, it is non-invasive and it has a high temporal resolution (Lotte et al., [2018).
However, its major drawback is that it presents a low signal-to-noise ratio (Congedo,
2013). To address this problem, some authors have proposed to use the covariance
matrices of the EEG signals, instead of the raw signal (Yger, Berar, and Lotte, [2017). These
covariance matrices live in a set that has a particular structure that worth being taken
into account. This can be done through the Riemannian framework. Finally, it has also
been shown in the literature that reducing the dimension of the covariance matrices could

help the classification, both in time and in performance (Yger, Berar, and Lotte, 2017).

1.1 The problem

The goal of this thesis is thus to classify EEG signals, via their covariance matrices, with

a dimensionality reduction, in a Riemannian framework.

Classification Let us first introduce the general concept of classification on a set M
with a set of possible classes C' := {1, ..., N¢'}. The set M will, in this thesis, be the set of
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covariance matrices of size D x D, Sf - Note that the possible classes are chosen here
for convenience as being the N first integers, but one could imagine a more exotic class
set.

Given a labelled training set TR = {(x;,y;)}i7y C M x C, the goal of the clas-
sification is to find, using the labelled training set, a function, called a classifier, that
maps (classify) any point & € M onto a label § € C. The set of points Tr = {x;}1'",
will be called the training set. The goal is to obtain the ‘best’ classifier. To measure the
performance of a classifier, we will use a labelled test set {(Z;, 7;)}7<y C M x C. The
set Te = {Z;}1¢, is called the test set. Each point of this set will be classified using the
estimated classifier. Then the obtained estimated labels will be compared with the true
labels ¢;, thanks to a particular score function.

Another requirement pertaining to the performance of the classifier that one might
want to take into account is the time required by the classification method to train (i.e.,
finding that classifier) and to classify.

Dimensionality reduction In the particular case of the classification of covariance
matrices, it has been shown in the literature (Yger, Berar, and Lotte, 2017) that applying
a dimensionality reduction could help both the classification performance and the time
cost. Finding this dimensionality reduction will be part of the training process. More
precisely, considering M C RP*P | we try to find a reduction matrix W € RP* of full
rank and with d < D that will map any covariance matrix X € M onto

Xyea =W XW. (1.1)

It can be shown that X4 is still a covariance matrix, and that with such a mapping
we can reach any covariance matrix of size d x d. This set can be called the reduced set
Miea = Sj‘ﬁ +- Note that it is independent of 1.

The reduction matrix will be found as the solution of an optimisation problem

W = arg v%}le% fW":TR), (1.2)

where G is to be specified, f is some cost function that translates the quality of the
reduction, and 7T'R, the labelled training set. We assume in this introduction that this
problem admits a solution. Usually, the cost function f will depend on W’ and T'R via

some distance function
L od d
0:81, x81, — R (1.3)

In other words, the cost f is a function of §(W'T X; W', W'T X;W’) for all (X, X;) €
Tr xTr.
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Riemannian framework The set of points that we try to classity, the set of covariance
matrices S¢_, has a particular structure that we will try to respect, using the concept of
Riemannian manifold. This concept will mainly bring a suitable notion of distance, that
will be used as 0 (equation (1.3)), and optimisation techniques to solve problem (1.2).

Transfer learning A final important concept worth introducing is the transfer learning.
The training data usually comes from a small training session that the patient needs to
perform each time he wants to use the BCI (this is mainly due to the fact the EEG has a
high cross-session variability). Reducing this training time could therefore be of a great
utility. To do this, we use data coming from another session or from another subject
to complete the dataset. This is what we call transfer learning. This will be done via a
method called Riemannian Procrustes Analysis, that will be introduced in chapter

Summary Figure[l.1]presents the general procedure. We have labelled training dataset,
that we transform into covariance matrices. It allows to learn a reduction matrix V.
With that we reduce the training set and the covariance matrix of the EEG that needs to
be classified. We then give these reduced matrices and the training labels to the classifier,

that finally outputs an estimation of the label.

EEG Training set &
labels

v

] Extract Covariance \

v

Learn W

¢

EEG to Extract — | Reduce | — =
classify Covariance | —— | dimension | ——>

Classifier | ——= Label

Figure 1.1: General pipeline.

Implementation The implementations in Python of the algorithms presented in this
thesis mainly use the work of Vaes (2020), the Pymanopt package (Townsend, Koep, and
Weichwald, |2016), the pyRiemann package (Barachant and Barthélemy, 2020) and other
more usual scientific packages.



Chapter 1. Introduction

1.2 Plan of the thesis

The following chapter dives into the theoretical background that underlies this thesis: the
electroencephalography, the notion of (Riemannian) manifolds and the used classifiers. It
aims to clarify the general context introduced in the previous section.

Chapter 3| presents some existing classification techniques: Vaes’ method, the Dis-
criminative covariance reduction and the Riemannian Procrustes analysis, that are used
further in this thesis. It ends with a small contribution, the extension of the Discriminative
covariance reduction method to a multiclass problem.

The fourth chapter studies a bit further the method of Vaes and finally, chapter
proposes a new objective function to compute the reduction matrix W and a stochastic
gradient descent approach to optimise upon this new objective function. It also compares

the performance (classification and time) of these new methods with Vaes’ method.
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Theoretical background

This chapter introduces the particular theoretical concepts used in this Master’s thesis.
The first section introduces the biological signals that we aim to classify and the dataset
used in our experiments. The second section introduces the general concept of manifolds,
the SPD manifold and the Grassmannian. Finally, section [2.3| explains the two classifiers
used here (MDM and KNN) and the way we will evaluate their performances. The reader
who feels comfortable with all these notions may jump to chapter

2.1 Electroencephalograms (EEG)

The goal of a brain computer interface (BCI) is to allow a person to control a device,
through a computer, without having to make any physical movement (Vallabhaneni,
Wang, and He, [2005). An evident example of application is a brain-controlled wheelchair.
To be able to do this, a BCI should have a source of information. In this thesis, the source
of information will be electroencephalograms (EEGs). An EEG is a record of the brain
electrical activity that is measured trough electrodes that are posed directly on the scalp
of a person (Nunez and Srinivasan, 2007). This system has some considerable advantages
(Rodrigues, Jutten, and Congedo, |2019):

« it is cheap compared to other neuro-physiological sensors,
« it is non-invasive,
« it has a high temporal resolution.
This is however counterbalanced by some negative aspects:
« it presents a low signal-to-noise ratio
« and a low spatial resolution (Congedo, 2013),

« it has a high cross-session and cross-subject variability (Lotte et al., 2018).

5
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In this thesis, we will focus on EEGs that capture steady state visually evoked potentials
(SSVEPs). SSVEPs are natural neural responses that are observed in the occipital area
of the brain when the retina is subject to a visual stimulation pulsing at a particular
frequency situated between 3.5 Hz and 75 Hz. The frequency of an SSVEP and of its
visual stimulation will be equal (or modulo an integer) (Beverina et al., 2003).

The next section describes the particular dataset that has been used for our numerical

experiments.

2.1.1 Description of the dataset

The dataset used in this thesis is introduced in Kalunga et al. (2014) and available on the
following GitHub repository Chevallier (2020b). It contains the recordings for 12 subjects.
EEGs have been recorded at 256 H 2z on 8 channels.

The visual stimuli used to trigger SSVEPs were flashing at 13 Hz, 17 Hz and 21 Hz.
Recordings have also been made without any visual stimulus. The 3 frequencies and the
rest state correspond thus to the four classes that we will use in the classification process.

The eight electrodes corresponding to the eight channels have been placed on the
occipital region (on Oz, O1, 02, POz, PO3, PO4, PO7 and PO8 according to the 10/20
system, see figure [2.1).

From these recordings, for each subject and each class, 16 epochs of 3 seconds have
been extracted spaced by a 0.5 second break, but for subject 10 (32 epochs) and subject
12 (40 epochs). All these epochs have then been filtered between 12 Hz and 45 Hz to
remove the noise, while allowing the SSVEP frequencies. Finally, each epoch is filtered
around the three SSVEP frequencies, such as done in Chevallier (2020a).

Each epoch will then give birth to a matrix Y € R3"*™ where m is the sampling size
(3 s x 256 Hz) and n = 8 is the number of electrodes. The latter is multiplied by three
because of the three filters around the stimulus frequencies.

The matrices Y are then transformed into covariance matrices. A simple way to this

is to consider the sample covariance matrix

Y= #YYT. (2.1)
m—1

In practice, the latter are estimated with a more complex method, the shrunk Ledoit-Wolf
covariance matrix (Ledoit and Wolf, 2004). One of the advantages of this method is
that it produces better conditioned matrices, which is an asset in this thesis where the
covariance matrices will be inverted or passed through the matrix logarithm function.
This requires well conditioned matrices to avoid numerical errors or an explosion of the

initial bias on the covariance matrix.
These covariance matrices, together with their labels (rest or stimulus frequency) will

constitute the dataset used in our experiments. We also keep track of the source subject



Chapter 2. Theoretical background

FP1  FPZ FpP2

AFT AF1  ppz AF2 AFB
Fe F8

F3 F1 fz F2 F4

FRONTAL

FT7\ FC5 FC3 fc1 oz Fc2 Fca FCB /FT8

C3 ¢Cc1 cz c2 c4
CENTRAL

C6,

CP3 CP1 CPzZ CP2 CP4 [CP6 Tpg
p7 Ps| P3 P1 PZ P2 P4 [pg pg
PARIETAL
OCCIPITAL
po7 PO1 POZ P02 pog

01 oz 02

Figure 2.1: Extended 10-20 system for EEG recording. In green the electrodes used to
build the dataset of Chevallier (2020b). Image based on Kamarajan et al. (2015).

for each covariance matrix, because, as explained before, EEGs have a high cross-subject

variability (we can thus consider that we actually have 12 datasets).

2.2 Manifolds

With the concept of Euclidean spaces come several powerful tools that can be used for
diverse purposes, such as the gradient, the distance, the inner product and so on. Alas,
this concept of Euclidean space requires by definition that this set is closed under linear
combination of its elements (vector space). A lot of interesting sets do not fulfil this
requirement. For instance, the unit sphere S? := {z € R? | ||z||» = 1} or the set of
2 X 2 symmetric positive definite (SPD) matrices 3, are not vector spaces. Indeed,
z=(0,0,1) € S?and y = (0,0,—1) € S? but z +y = (0,0,0) ¢ S? and

1 —1
M:(O (1))esi+ but —1><M:(0 _01>¢Si+.

Both of these sets are used in many applications. It may thus be quite useful to try to
leverage the concepts born from the Euclidean spaces to these nonlinear spaces. This is
precisely what the theory of manifolds does. This section aims to introduce basic notions
used in this thesis. For more information the reader may refer to the the following books,
which are the main sources for this section: Tu (2010), Lee (2018) and Boumal (2020).
The latter is particularly adapted for engineers because it has a more practical approach.
However, in this section, we will build the concepts one by one. We will firstly follow Tu
(2010, section 5). A first concept to introduce is the smooth manifold. Intuitively, smooth
manifolds are the generalisation of smooth curves and smooth surfaces to a possibly
higher dimension.
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2.2.1 Smooth manifolds

We will directly start with the notion of topological manifold.
Definition 2.1 (Topological manifold)

A topological manifold of dimension n is a topological set that is

« locally Euclidean, meaning that at every point, a neighbourhood exists that is
homeomorphic to an open subset of R — this homeomorphism is called a chart
(this condition is the one that defines a manifold),

« Hausdorff, i.e., for each pair of distinct points, there exist two neighbourhoods
(one for each point) that do not intersect,

« second-countable, i.e., its topological space admits a countable base for its open
sets.

Note that this definition allows a lot of spaces to be manifolds (for example the contour
of a square) but excludes also some possibly interesting sets, such as closed balls or
the set of matrices of bounded-rank (actually they are manifolds with boundaries) or
such as the lemniscate of Bernoulli (see figure everywhere but at the origin their
is a neighbourhood homeomorph to R, but at the origin, the intersection makes an

homeomorphism with R impossible).

RN
N N,

Figure 2.2: The lemniscate is not a manifold.

Let us complete the small note about the charts given in definition Consider a
locally Euclidean set M, with at point # € M, a neighbourhood U homeomorph to an
open subset of R” trough the homeomorphism ¢ : U — R". We call the pair (U, ¢) a
chart, with U the coordinate neighbourhood and ¢ the coordinate map. Two different
charts may have intersecting coordinate neighbourhoods. If, at this intersection, the
coordinate maps behave nicely (in a way that will be defined), the manifold is smooth.

Definition 2.2 (C*-compatible charts)

Two charts (U, ¢ : U — R") and (V,¢ : V — R") of a topological manifold are
said to be C*°-compatible if the two maps

pop(UNV) = dUNV) and Yoo :op(UNV) = UNV)
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are of class C*°. These two maps are called the transition functions between the charts.
If U and V' do not intersect, the charts are defined to be C>°-compatible.

Note that the inputs and outputs of the transition functions are subsets of R". Other
definitions of compatibility may be built, using other classes than C*, but as the C* class
is the only one considered here, we will speak of compatible chart without the ‘C>’, and
we will do the same for the C*°-atlas.

Definition 2.3 (Atlas)

An atlas on a topological manifold M is a collection ${ = {(U;, ¢;)} of charts

that are pairwise compatible and whose coordinate neighbourhoods cover the whole

manifold, i.e., U;U; = M.

An atlas 2 is said to be maximal if for any atlas ®B such that 2l U *B is an atlas, |'|'B C 2.
With that in hand, we can define the smooth manifold.
Definition 2.4 (Smooth manifold)

A smooth manifold is a topological manifold endowed with a maximal atlas.

Actually, any atlas on a topological manifold is contained in a unique maximal atlas. To
check whether a topological space is a smooth manifold it is then sufficient to check that

it is Hausdorff and second countable, and that it admits an atlas.

2.2.2 Riemannian manifolds

The notion of distance between two points is quite important in general and more
particularly in this thesis. But what is exactly a distance? This concept is well-defined in
mathematics (Boumal, 2020).

Definition 2.5 (Distance)

A distance on a set M is a functiond : M x M — Rsuch thatforany z,y, z € M,

1. d(z,y) = d(y, =) (it is symmetric),

2. d(z,y) > 0 (it is positive semi definite) and d(z,y) = 0 < = = y (it is
separable),

3. d(x,z) < d(x,y) + d(y, z) (triangular inequality).

From a more informal and intuitive perspective, another ‘definition’ [*| could be as follows:
the distance between two points is the length of the shortest curve between them, where

‘shortest curve’ means that this curve has the smallest length of all the possible ‘reasonable’

'Which may not be the case, as the charts need to be compatible.
*This ‘definition’ lacks rigour and does not pretend to be the exact definition of the notion of distance.
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curves. To compute this distance, we thus need to be able to compute the length of a curve.
In a Euclidean space &, the length of a piecewise smooth curve segment (see Boumal,
2020 for a precise definition) ¢ : [a,b] — £ can simply be computed by integrating the
speed of the curve

b
L) = [ Ie®)dt. (22
where the norm || - || is here the norm of the Euclidean space €. The derivative of the
curve c lives here in the same space as ¢, but in the manifold theory, it is not always the
case: let us consider for instance M = {z € R? | ||z|| = 1} the unit circle, and the curve
c:[0;7] = M (2.3)
t — c(t) = (cos(2t),sin(2t)). (2.9)

The derivative of c (see Boumal, 2020 for more details) is given by
d(t) = (—2sin(2t), 2 cos(2t)),

whose norm is greater than 1 and so does not live in M.

However, we can see that this derivative seems to live in a space that is tangent to
the manifold at the considered point, see figure The tangent space to a manifold M
at point © € M will be denoted 7, M and is intuitively the vector space of the velocities
at point x of all the smooth curves passing through x. Another way to see this tangent
space is to consider it as a linear approximation of the manifold M at point x. Again a
more precise definition can be found in Boumal (2020). We can also define the tangent
bundle as being TM = {(x,v) : . € M,v € T, M}.

I
NI

(0)

Figure 2.3: An example of tangent space.

It remains to adapt the definition of the norm used in equation |2.2| As we have seen,
the velocity lives in the tangent (vector) space. We can thus define this norm via an

inner product on the tangent space (a bilinear, symmetric, positive definite function). The

10
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definition of this inner product may vary with x € M, since the tangent space may vary
with . This variation must however happen ‘smoothly’, as defined hereafter. The inner

product between tangent vectors at x will be denoted by the following application
<'> >ac : TzM X TwM — R. (2.5)

Its induced norm for a tangent vector u € T, M will be ||u||, := \/{(u, u),. A collection
of inner products (-, ), for all z € M is called a metric. Note that in some references,
the term metric refers to a distance. This association will also be made later in this thesis.

Definition 2.6 (Riemannian metric)

A metric on a smooth manifold M composed by the inner products (-, -),. for
x € M is said to be Riemannian if it varies smoothly with z, i.e,if V : M — T, M,
W : M — T, M are two smooth vector fields then the function x — (V' (z), W(x)),
is smooth from M to R.

Definition 2.7 (Riemannian manifold)

A smooth manifold endowed with a Riemannian metric is called a Riemannian

manifold.

We can now rewrite (2.2) in a Riemannian form, given a piecewise smooth curve
segment ¢ : [a,b] - M

b
L(0) = [ ll¢®)]lcdt. (2.6)

We now have everything in hands to define the Riemannian distance.

Definition 2.8 (Riemannian distance)

Given a Riemmanian manifold M, its given metric (-, -),, the induced Riemannian

distance between .,y € M is
d(z,y) = inf L(c), (2.7)

where the infimum is taken over all piecewise regular curve segments on M connect-

ing x to y (see Boumal, 2020 for a precise definition).

Note that if the manifold is not connected, the set on which the infimum is taken may
not exist and in that case the distance may be defined as being infinite, but in this thesis
we always consider connected manifolds.

If the infimum in definition [2.8)is reached by some curve c, it corresponds to a geodesic
(up to a constant speed parametrisation, [’| see Lee (2018)) which is often denoted by ~. In

3Such that the length of any compact subinterval I of its domain is proportional to the length of the
arc that I defines.

11
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the case of an embedded manifold of R", geodesics are the (smooth) curves that present
an extrinsic acceleration[f| everywhere normal to the manifold. For a sphere, these curves
correspond to the great circles (equator and meridians) parametrised with a constant
speed. Clearly, their second derivatives computed in R? are normal to the sphere.

From another point of view and considering the surfaces (the same thought experiment
could be made in other dimensions), they also correspond to the trajectories that a ball
could take when rolling on the surface, if we do not consider any other forces than the
one that keeps the ball on the surface, which can only act normally to the surface, hence
so does the acceleration of the ball.

A particular type of geodesics is interesting: one can show (Lee, 2018) that for every

(z,v) € T M, there exists a unique maximal geodesic

such that 7,(0) ==z (2.9)
7,(0) = v, (2.10)

with maximal meaning that [ is the largest as possible (such as the maximal in ‘maximal
integral curves’). If [0, 1] C I, one can then define:

Definition 2.9 (Exponential map)

The exponential map is the function

{(z,v) e TM|[0,1] C dom~,} - M (2.11)
(xz,v) — Exp(z,v) = Exp,(v) = 7,(1). (2.12)

Finally, an important concept to construct an optimisation algorithm on a Riemannian

manifold is the retraction, that allows to ‘retract’ a tangent vector on the manifold.
Definition 2.10 (Retraction)

A retraction on M is a smooth map R : M — M such that for any = € M, its
restriction at z, R, : T, M — M has the following properties:

1. R,(0) ==

2. DR,[v] = v, forallv € T,M

where D R, [v] denotes the differential of R, evaluated at v (see Boumal, 2020).

Note that the exponential map is a retraction. Retractions are particularly useful when

we are at a particular point of the manifold and we want to move in a certain direction

“For an embedded manifold in R™, it corresponds to the second derivative when seeing the curve in R"™.

12
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while staying on the manifold. Such a procedure is exactly what is done in a gradient

descent (see for example algorithm [2).

2.2.3 The Symmetric Positive Definite (SPD) manifold

As explained before, we will classify the EEG signals using their corresponding covariance
matrices (considering a centred EEG signal X € R”*™ where D is the number of channels
in the signal and m is the size of the sample, the sample covariance matrix of this signal
is X X" /(m — 1)). Covariance matrices can easily be shown to be symmetric. Another
interesting property of the covariances matrices is that they are positive definite, when
X has full rank. Indeed, considering some vector x € RP with x # 0,

z" <m1_1XXT> T=—— (2" X)) (X z) (2.13)
= ml_l(XTm)T(XTx) (2.14)
= ml_1||XTa:||2 (2.15)

and || X "z||> > 0. The fact that || X "x||*> # 0 comes from the fact that X is assumed
to have full rank. The covariance matrices are thus in the symmetric positive definite

set. It can also be shown by the Cholesky factorisation that the SPD set is in the set of

DxD Dx
R R=xm

covariance matrices, i.e., for an SPD matrix C € , there exists a matrix X €

such that C' = ﬁX X T. Both sets are thus equal.

It turns out that the SPD set is actually a smooth manifold (see Boumal, 2020), what
is particularly convenient. The smooth manifold of symmetric positive definite matrices
of size D x D will be noted S?, . It remains to provide it with a Riemannian metric, or

with a notion of distance. We will present four possible distances.

1. Euclidean distance

A quite direct notion of distance for matrices is the Euclidean distance, defined thanks to

the Frobenius inner product between A, B € R™*"
(A, B)r :=tr(A" B), (2.16)
and the Frobenius norm:

1Al := \/(A, A) 7, (2.17)

which is simply the square root of the sum of the square of the elements of A.

This notion of norm induces a distance.

13
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Definition 2.11 (Euclidean distance)

The Euclidean distance between two matrices X, X, € S7 is given by

56(X1,X2) = HX1 — XQH]:. (218)

This distance has shown to deliver worse results in the classification process im-
plemented by Vaes (2020) than the other metrics. However we still present it as it is a
well-known distance. The cause of those poor performances are maybe due to the fact
that the Euclidean metric takes less into account the particular geometry of the SPD

manifold (see the example in the second presented metric).

2. Affine Invariant Riemannian Metric

Another interesting metric is the Affine Invariant Riemannian Metric (AIRM) that can be
defined as follows (Boumal, [2020).
Definition 2.12 (AIRM)

On any point X € &%, the Affine Invariant Riemannian Metric presents the

following inner product between two tangent vectors U,V € Tx S}
(U = (XTVPUXYV2 XWX = tr(XTWUX V) (2.19)

where (-, -) 7 is the Frobenius inner product (see equation (2.16)). Its induced distance
between two matrices X, X, € S is given by

0a(X1, Xa) = | log(X; X0 X7 )| 7 (2.20)

with log the principal matrix logarithm and || - || » the Frobenius norm (see equa-

tion (2.17)).

The origins of the name of this metric come from the fact that, for X € S", and any
M € R™™ that is invertible (this implies that M XM " € S, ), we have

(MUM", MVMT")4! U, VY47, (2.21)

MXMT —

Note that a big difference may be observed between the Euclidean distance and the
other metrics. We will illustrate this with a small example on Si - First, note that we
need only three ‘variables’ to describe S2 , : the two elements on the diagonal and the
one off the diagonal. This implies that we could represent S? , in R®. For that, let us

X = (x y) (2.22)
Yy oz

14
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with z,y, z € R. In order to have S? ., one has to impose that the eigenvalues of X are
positive. This may be done by imposing that the determinant and the trace of X are both

positive, or in other words

r+2>0
Xe&, &
rz —y* > 0.

These two equations define an open convex cone in R3. Its boundary can be easily

identified and corresponds to the set defined by
C:={(z,y,2) R’ |2z —y* =0and z,z > 0}. (2.23)

If we go back to the matrix world, this set is associated to the matrices with two eigen-
values (A1, \2) € 0 X Ry (thus with Ay > 0). This set is presented on figure [2.4]
Let us now consider

1 009 1 —09
X, = X5 = . 2.24
! (0.9 1 ) 2 (—0.9 1 ) (2.24)

They both are SPD. Figure 2.4/ shows the representation of the (segment of a) geodesic
defined by the AIRM and that passes trough X; and X, in red. [] It also represents
in green the Euclidean ‘shortest path’ between these two points, i.e., the line segment
AX1 + (1 = X)X, for A € [0,1]. One can see graphically that there is a big difference
between these two curves, but one should keep in mind that this is a representation of
the Si + manifold, so that relevant difference could be due to the representation itself. In

order to quantify this difference, let us compute the mean [f|between X; and X.
For the AIRM, we obtain
~[0.4359 0
HafP =\ 0 04359

while for the Fuclidean distance, we obtain

10
Meue = (0 1) . (2.25)

The difference between these values is not negligible at all. One particular point of
comparison is the determinant of these means: det i,y = det X; = det Xy = 0.19

5 An analytical expression of the AIRM geodesic that links two points can be found in Boumal (2020).
The notion of mean, or barycenter is precisely defined in the next section. For now, we can consider
that the mean is at the point at half-way on the geodesic/path that links the two points.

15
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—  AIRM
Euclidean

Figure 2.4: The cone represents the boundary of S?, mapped on R, as defined in
equation (2.23). In red, the AIRM geodesic between X; and X, defined in equation (2.24)

with its mean (the red x) and in green the Euclidean equivalent.

while det jie,. = 1. In the case of the (sample) covariance matrix of a signal X € RP*4,
the determinant is linked to the dispersion in R? of the lines of X (if X is an EEG
signal, a line corresponds to the data of an electrode). In this thesis, we use the mean to
represent a class (in the MDM classifier, introduced in the next section). If this mean has
a significantly larger determinant than the points that it tries to represent, it is maybe

not a very good representative.

3. Log-Euclidean metric

A third metric that can be considered is the Log-Euclidean metric, studied in Arsigny
et al. (2007). It can be obtained from the Euclidean metric that has been pulled back from
the set of symmetric matrices to the set of SPD matrices.

Definition 2.13 (Log-Euclidean metric)

On any point X € 87, the Log-Euclidean metric presents the following inner
product between two tangent vectors U,V € T'x S |

(U, V)& .= (Dlog(X)[U], D log(X)[V]), (2.26)

where D log(X) is the differential of the principal matrix logarithm at point X. Its

16
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induced distance between two matrices X;, X, € S} is given by

(X1, Xz) = [|log(X1) — log(X2) | # (2.27)

with log the principal matrix logarithm and || - || » the Frobenius norm.

4. Log-Det metric

Another important function that has been proven to be a distance on S%, by Sra (2012)
is the so-called Log-Det metric. It actually corresponds to the square root of the Stein

divergence (Nielsen, 2016).
Definition 2.14 (Log-Det metric)

The Log-Det metric between two matrices X, X, € ST is given by

Xi+ Xo

1
. > — S logdet(X, X;) (2.28)

dea( X1, Xo) := \/log det (

This distance has the advantage to be computationally less expensive than the distance
induced by the AIRM, while taking more into account the geometry of the SPD manifold

than the Euclidean distance.

2.2.4 The Grassmann manifold

Another important manifold is the Grassmann manifold. It is used throughout this thesis
as the set on which the optimisation problem to find the reduction matrix W is defined.
Basically, the Grassmann manifold of height d and width[] % is the set of all the subspaces
of dimension k in R%, but we will use another definition, equivalent and more practical
to use with matrices. In order to define it, we start from the Stiefel manifold (Boumal,
2020).

Definition 2.15 (Stiefel manifold)

The Stiefel manifold of height d and width £ is the set

St(d, k) :=={U e R** | UTU = I,,},

where I}, is the identity matrix of size k.

The Stiefel manifold is thus the set of all matrices of size d X k with orthonormal columns,
and is embedded in R¥*, We can see that this set is a good basis to build the new
definition of the Grassmannian: an element of St(d, k) generates, thanks to its columns, a

"These terms come from Townsend, Koep, and Weichwald (2016).
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subspace of dimension &k in R%, and any possible k-dimensional subspace has a basis that
corresponds to an element of St(d, k). There is still one small ‘correction’ to apply to this
set in order to find the appropriate definition: two matrices of the Stiefel manifold can
represent the same subspace (if they are equal up to a rotation). To solve this problem,
let us define the orthogonal group

O(k) == {Q € R"* | Q"Q = I}, (2.29)

Note that it is the Stiefel manifold St(k, k). This orthogonal group allows to define an

equivalence relation ~ on the Stiefel manifold. For two matrices U, V' € St(d, k),
U ~ V if and only if there exists a rotation @) € O(k) suchthat U = V@Q.  (2.30)
This equivalence relation induces the following equivalence classes
U] :={V eSt(d, k) |U~V}={UQ|Q € O(k)}. (2.31)

An equivalence class corresponds thus to the set of all the orthogonal basis of a given
subspace. The Grassmann manifold is therefore the set of the equivalence classes. This is
often called a quotient manifold.

Definition 2.16 (Grassmann manifold)

The Grassmann manifold of height d and width & is

Gr(d, k) == St(d, k)/O(k) (2.32)
= {[U] | U € St(d, k)}. (2.33)

This definition is not the usual one as explained before but is equivalent to it.
Finally, we provide the Grassmann manifold with a distance coming from Wong
(1967).

Definition 2.17 (Grassmannian 2-distance)

The Grassmannian 2-distance between two subspaces U,V € Gr(m,n) is the

two-norm of the vector of canonical angles between the two subspaces, i.e.,
S(U, V) = | cos™ o, (2.34)

where o is the* vector of singular values of the matrix U "V and the cos™! is applied

element by element.

*For uniqueness reasons, let us say that the vector has increasing elements.

The 2 in the name of the distance refers to the fact that we take the two-norm. Other
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distances could be built based on the canonical angles (Bendokat, Zimmermann, and
Absil, [2020), but we choose this one because it is a Riemannian distance (see definition .
For more information about the principal angles, the reader is referred to Jungers et al.
(2020).

The reason why the optimisation problem to find the reduction matrix W occurs on
this set is twofold:

« W needs to have full rank, in order to have positive definite reduced covariance

matrices;

« the metrics used here (see previous section) are invariant under rotation, and two
of them (Log-Det and AIRM) are affine invariant (change of basis), meaning that
what really matters is the column space of W (two WV presenting the same column

space will lead to the same objective value, and to the same classification).

Note that if the used metric is not affine invariant, this justification does not hold

anymore. We should therefore optimise on the set of full rank matrices.

2.3 Classifiers

In order to introduce the two classifiers used here, let us consider a general classification
problem on a Riemannian manifold M with an associated distance 6 : M x M — R,
with the set of classes C' = {1, ..., N¢'}, the training set Tr = {z;}}¥; C M and a point
y € M that is to be classified, with the function class : T'r — C' that gives the class of a

training point.

2.3.1 Minimal Distance to the Mean (MDM)

The Minimal Distance to the Mean classifier works as follows:

1. For each class ¢ € C, compute the average 1. € M of the set
{z € M |class(z) = c}.

2. For each class ¢ € C, compute the distance between y and the average of class ¢
50 = 5(“& y)

3. Assign y to the class that has the nearest average: arg min.c¢ d..

The way to compute the average is still to be defined. For an Euclidean space, we can
simply compute the arithmetic average. This procedure for M = R? is depicted on
figure where there are two classes (the blue one and the red one), and we need to

classify the green star.
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Figure 2.5: The green star will be classified as a blue dot since it is closer to the blue mean.

In a Riemannian framework, we will use the Riemannian barycenter.

Definition 2.18 (Riemannian barycenter)

The Riemannian barycenter of a set S = {s;}; C M where M is a smooth
manifold endowed with a Riemannian metric ¢ is

i 82(si, 11). 2.
arg;glﬁ; (si: 1) (2.35)

Note that the problem posed here in definition[2.18)might have a nonunique solution when
the manifold has a positive curvature (see Afsari, 2011). That problem arises for example
in the computation of the barycenter of two poles on a sphere (positive curvature): all the
points on the equator (so an infinity of points, if the sphere’s dimension is greater than
or equal to 2) can be taken as a barycenter. This problem does not occur when computing
a barycenter on the SPD manifold, as it has a non-positive curvature, see Bridson and
Haefliger (2013).

Note that the averages of the training set may be computed once and for all in the
case where more than one point is to be classified. Note also that the dispersion of each
class in the training set plays an important role in the classification. Easy examples of
abhorrent classification can be imagined for extreme cases.

2.3.2 K-Nearest Neighbours (KNN)

The other classification method that will be used is the £-Nearest Neighbours method
(KNN). Considering again the same setting than previously, the method works as follows.
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1. For eachi € {1, ..., N}, compute the distance between x; and y: 6; = 0(x;, y).
2. Select the k x; leading to the £ smallest 9;.

3. Assign y to the most represented class in the set of the £ nearest training points. If
the most represented class is not unique, chose at random between all the most
represented classes.

This procedure generalises quite easily from a Euclidean space to a Riemannian

manifold. Following the example of the previous section, figure [2.6|shows the application
of a KNN classifier with £ = 6.
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Figure 2.6: The green star will be classified as an red dot since it has 4 red neighbours
and only 2 blue ones.

2.3.3 Evaluation of the classification

Once the classification is performed we obtain a vector of estimated labels y. for the test
sets and we generally want to evaluate the performance of the classifier. In this thesis, we
will consider that once we have the estimated labels vector for the test set, we also have
the true label vector 3;. To compare the estimated labels with the true ones, several scores
exist (Mishra, [2018; Doring, 2018) but we will use the ones presented and implemented

by Vaes (2020): the F1 micro score and the F1 macro score. For each class ¢, we can define

« T'P, the true positives, i.e., the number of estimated labels that have been correctly
assigned to class c,

« T'N, the true negatives, i.e., the number of estimated labels that have been correctly
not assigned to class c,

21



Chapter 2. Theoretical background

« ['P. the false positives, i.e., the number of estimated labels that have been wrongly

assigned to class c,

« I'N, the false negatives, i.e., the number of estimated labels that have been wrongly

not assigned to class c.

For example, consider the following vectors, assuming there are three classes {1, 2, 3}:

ve = (1,2,2,3,1)
Yt = (]-7 173737 2)

For class 1, the first element is a true positive, the second is a false negative, the third
and fourth are a true negatives and the last one is a false positive.

We can now define the scores, considering /V classes.

Definition 2.19 (F1 micro score)

Defining

> TP, > TP
Pmicro = 5 Rmicro -
Zc(Tpc+FPc) ZC(TPC+FNC)

as the micro average precision and the micro average recall, the F1 micro score is

computed as follows

9 PmicroRmicro

Flicro = .
Pmicro + Rmicro

Definition 2.20 (F1 macro score)

Defining

TP, TP,
Pracro = N~ ‘ Rinacro = N~ :
2 TP FR 2 TP L FN.

as the macro average precision and the macro average recall, the FI macro score is

computed as follows

F]_ o 2 PmacroRmacro
macro —— P R .
macro + macro

One interesting remark is that both scores are equal when each class has the same
number of test points, which will always be the case in this thesis, hence we will usually
use one of the two. For a deeper discussion of the scores, the reader is referred to Vaes
(2020).
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Literature review & first result

This chapter first presents some recent developments pertaining to the study. The objective
is certainly not to propose a complete picture but rather sketch three methods used further
in this work. For a broader review, we refer to Lotte et al. (2018) and Yger, Berar, and
Lotte (2017). Finally, this chapter contains a first result that is an extension of the third
presented method.

In order to unify the notation, we will consider the following one (table [3.1).

Tr
ny

SoxF 3

W*

S8

The training set

The size of the training set

The test set

The size of the test set

A covariance matrix

The original dimension of the covariance matrices (so X € RP*P)
The reduction matrix

The optimal reduction matrix

The new dimension (so W € RP*9)

A chosen distance

Table 3.1: Notation for this chapter.

3.1 Existing methods

In this section, we introduce three methods that have been used in this thesis.
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3.1.1 Vaes

In his Master’s thesis, Vaes (2020) developed a reduction method inspired from Harandi,
Salzmann, and Hartley (2014). The reduction problem can be written as follows.

Ny Ny

* . o £2 Ty T )
W* .= argWerg}(r})’d);j; A (W X,W W X;W) (3.1)

where 0 can be the Euclidean, AIRM, Log-Euclidean or Log-Det distance. The matrix A is

defined as follows.

A=G, -Gy
with
Gu,ij = 1iff X; € N, (X;) or X; € N,(X;),0 otherwise
Gh,ij = 11t X; € Ny(X;) or X; € Ny(X;),0 otherwise
and

« N,(X,) is the set of the v, closest training points to X; and of the same class,
« Ny(Xj) is the set of the vy, closest training points to X; and of a different class.

Hence, if two training points of the same (resp. different) class were close on the initial
manifold, the problem tries to bring them closer together (resp. away from each
other). Note that A is computed a priori, i.e., before reduction. In chapter[4 we investigate
the case where A is computed on the reduced manifold (and thus depends on V).

One major conclusion of this thesis is that the reduction helps the classification
performance and its computational cost. It also shows that the Euclidean distance delivers

poor classification performance compared to the other ‘metrics’.

3.1.2 Discriminative covariance reduction (DCR)

In this subsection, we consider a binary class problem. In Kalaganis et al. (2020), the
authors propose to build a reduction matrix by selecting a certain (a priori unknown)
number of electrodes, i.e., to consider a (full rank) matrix W' whose columns are columns
of the identity matrix of the corresponding size. The separability criterion that needs to

be minimised on the subsets of possible electrodes can be computed as follows.

+ Build the Minimal Spanning Tree (MST) of the distance graph for the considered
subset of electrodes (see further);

« count the number of edges that connect two nodes of different classes.
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For the first point, the distance graph for the considered subset of electrodes is the
complete graph of size n,., where each node represents a training matrix and the edge that
link X; € T'r to X; € T'r has the weight given by 6(W T X;W, W T X,;W). The distance §
is here the one that comes from the AIRM. Note that the reduced matrix W' XW can be
easily obtained from X: it corresponds to X for which the rows and columns that do not
correspond to the considered subset of electrodes have been removed.

More mathematically, considering a subset of electrode k, W}, its associated reduction
matrix, MST}, the set of the edges of the minimal spanning tree of the associated distance
graph, y is the (binary) vector of labels (only two classes), we can express the criterion to

maximise over all possible k,

JWi) i=n.— > |y =yl (3.2)

(i,)€ MST;,

Since they are 2P — 1 possible subsets of electrodes (the empty set is not considered
of course), it is vain to try to solve that problem by a brute-force approach. The authors
proposed to use the cross-entropy method (Rubinstein, 1999; Botev et al., 2013) initially
developed for rare event simulation. The algorithm is based on De Boer et al. (2005) and
the general idea is to associate a certain probability (initially 0.5) to each electrode and to
generate a certain number of subsets of electrodes, thanks to the probability distribution,
and compute their separability score. Then we recompute the probability distribution
accordingly to the observed performance of each electrode: the probability for each
electrode is the proportion of time that it appears in the subsets leading to the best
scores. A very interesting point is that this separability criterion is comparable across
dimensions.

Section 3.2 extends their work.

3.1.3 Riemannian Procrustes Analysis (RPA)

Rodrigues, Jutten, and Congedo (2019) present a method to reconcile two datasets, the
target set and the source set coming from different sources (two different sessions or
subjects). Their technique follows the semi supervised transfer paradigm: the labels of the
source set are known, and at least one label of each class is known in the target set. We
will call the matrices of the target set with known labels the landmarks. The goal is thus
to apply some transformations on the dataset such that the landmarks ‘become aligned’

with the distribution of their respective classes in the source set. Let us introduce some
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notation before explaining those transformations. The source S and target 7 datasets are

where the X, X, are the covariance matrices, ¥;, ; the labels. As mentioned earlier,
it is assumed that the g; are only partially known. We therefore define 7, and 7y, the
unlabelled and labelled (landmarks) partitions of 7.

To reconcile these sets, Rodrigues, Jutten, and Congedo (2019) propose to first recenter
the sets on the identity matrix, then to equalise the dispersion of the sets and finally to

apply a rotation to the sets. Let us give more details.

1. Recentering The idea is to shift the sets on the SPD manifold so that their means
become the identity matrix (the identity matrix can be seen as the ‘origin’ of the SPD
manifold). To do this, a first step is to compute M and M, the barycenters of the source
and target set, respectively (see definition [2.18). Then, compute

Xi(m) = M 2X; M7 Vie{l, .., ng}
X = NpVe X, N Vie {1,...,n:}.

Note that the pairwise AIRM distances between matrices of the source (resp. target) sets
are not affected by this operation. Note also that the barycenters M and M are indeed
transported on the identity.

2. Stretching Based on the fact that 62(X*, I) = s202(X, I), with §, the AIRM and [
the identity matrix, we can stretch the target dataset:

X'(str) _ (X(rct)) dfd
with d and d the sum of the squared distances to the mean (the identity). Both sets have

now the same dispersion.

Let us now enter into the supervised part of the process.

3. Rotation Because 6,(U ' XU,U"U) = 6,(X, I) for any orthogonal matrix U, we
can interpret the operation X + U XU as a rotation around the identity. To find the
rotation matrix U, Rodrigues, Jutten, and Congedo (2019) propose to solve an optimisation
problem that consists in minimising the sum of the squared distances between a modified
version of the class means of the target set and a modified and rotated version of the

corresponding class mean of the source set. For more details, we refer to the article.
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Figure 3.1: Illustration of the RPA coming from the original article (Rodrigues, Jutten,
and Congedo, 2019). The filled dots with some transparency are the target dataset, the
triangle are the source dataset. The two colours represent the two classes. The star is the
identity matrix. The visualisation is obtained using diffusion maps (see Lafon and Lee,
2006).

Figure [3.1| shows an illustration of this procedure. Note that the RPA is based on the
Procrustes Analysis, working on a Euclidean space, and used in many fields (see Gower,
Dijksterhuis, et al., 2004).

3.2 Extension of the DCR

The first contribution of this thesis has been to implement the work of Kalaganis et al.
(2020) (namely discriminative covariance reduction or DCR) in Python and to extend it
to a multi-class problem. To do this, we extend the separability criterion presented in

equation (3.2)

JWi) i=n.— > [yi=yl- (3.3)

(i,J)EMST;,

where [y; = y;] = 1 if y; = y; and 0 either. We therefore count the number of edges
connecting two nodes of different classes. This being done, we can confront this method
to the method of Vaes.

Experiment For each of the 6 first subjects, its dataset is split randomly into two
sets (training and test sets). The training set is used to compute W with the method of
Kalaganis et al. (2020) (DCR). Then we classify the test set with a KNN or MDM classifier.
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The used metric is the AIRM, everywhere in the process. This process has been repeated
thrice. In the same time, we evaluated the performance of the classifier without reduction
and with the reduction of Vaes, that is performed using the same dimension than the
one obtained by DCR (where the new dimension is not a parameter). The results of this
experiment can be seen on figure In the case of the MDM classifier, the method of
Vaes presents the best median. In the case of the KNN classifier, the method of Vaes
and the DCR present similar median, but the DCR has a smaller standard deviation. The
extension of the method proposed in Kalaganis et al. (2020) seems therefore to deliver
interesting results. Note that the parameters used in the algorithm for maximising the
separability criterion have been tuned by hand, but it seemed during that process
that they were almost optimal. The average new dimension obtained by DCR is about 13.

Note that table[A.1|presents the default parameters used in this thesis, so if a parameter
is not given explicitly a value somewhere in this report, it is the one stated in that table.

L0 F1 Micro MDM 10 F1 Micro KNN
L N I A
0.6 \_AF‘ \_Ar[ T 0.6 % o
ST T

0.2 0.2

0.0 No Red Vaes Kalaganis 0.0 No Red Vaes Kalaganis

Figure 3.2: Evaluation of the method of the DCR.
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A further analysis of Vaes’ method

This chapter aims to study the method proposed in Vaes (2020) and recalled in chapter 3]
As already precised, this method tries during the optimisation process to bring closer
together the nearest neighbours of the same class and to spread the nearest neighbours of
different classes. The ‘nearest neighbours’ are computed a priori and thus stay the same
during the whole optimisation process, but the true nearest neighbours may change. This
could have an impact on the performances of the method. Hence, in a first time, we will
study whether using the true nearest neighbours in the objective function could lead to
an enhancement of the classification performances.

In a second time, inspired by Kalaganis et al. (2020) who try to apply the reduction
of dimension by selecting a subset of electrodes, we will try to see whether the optimal
reduction matrix W obtained by Vaes’ reduction is indeed selecting some electrodes or
not.

Finally, we will try to do some transfer learning with Vaes’ method (i.e., to use data
from another session or subject as training data). A first step will be to use the raw external
data as training set. Then we will try to transform the latter using a state-of-the-art

method: the Riemannian Procrustes Analysis (RPA) recalled in chapter

4.1 A variable affinity matrix

In Vaes (2020), the reduction matrix W is obtained by solving the following problem (see
chapter [3|for more details).

: 2T v Ty
argWerélrl(rb’d)ZAué (W' X, W, WX, W) (4.1)

1,J

where D and d are respectively the dimension of the original data and the new dimension,
the sum is done over the whole training set and X is the ith matrix of the training set.

The matrix A is defined based on the situation before the reduction and this could lead to
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some bad scenarios. For instance, if two points of different classes X; and X; were far
away on the initial manifold (such that A;; = 0), they could potentially be brought very
close together on the reduced manifold. The idea of this section is thus to build A not
from the initial manifold but from the reduced one. The matrix A will thus depend on W.
To this end, let us define A(W) := G,(W) — G,,(W) and

Guij(W) = 1iff X; € N,(WT X;W) or X; € N,,(W T X;W), 0 otherwise
Goij(W) = 1iff X; € Ny(W T X,;W) or X; € Ny(W T X;W), 0 otherwise

Note that using A instead of A in the minimisation problem (4.1) breaks the continuity of
the objective function. In practice, the optimisation algorithm still converges, but slower.

Experiments The performances of this new method have been tested on the four first
subjects with new dimension d € {6,8, 11, 15,22} three times. For each set of matrices
provided by a subject, it has been divided in two, one training set and one test set, such
as made in Vaes (2020) (no transfer learning thus). Table summaries the results of
this experiment. It does not allow to conclude that using A improves significantly the
classification. Figure [4.1| presents the results per dimension. It shows indeed that there
is no major enhancement of the average score and that the distributions of the scores
around the means are not particularly improved (except maybe for the MDM).

A A
MDM [ 0.69 0.71
KNN | 0.65 0.65

Table 4.1: Average F1 micro score.

4.2 Analysis of the reduction matrix

In this section we investigate whether the reduction matrix 1 € RP*? obtained in Vaes

(2020) is ‘selecting’ some subset of electrodes, such as in Kalaganis et al. (2020).

Subset of electrodes Because the covariance matrices are built from three filtrations
of one signal coming from 8 electrodes, choosing a subset of the 8 electrodes would
correspond to taking W as a concatenation of some columns of the matrix I35 :=
[Is; Is; Is] /v/3, with ; denoting the vertical concatenation. The /3 is there to normalise
the columns of I3 5. Since what really matters is actually not IV in itself but rather its
column space (the optimisation happens on the Grassmannian), we can reformulate our
question as: ‘Is there a subset of size d of the columns of /55 that generates a subspace

close to the column space of W ?” The notion of close to will be evaluated by the biggest
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Figure 4.1: Plot of the F1 micro scores obtained on the four first subjects. Three runs
have been taken for each subject for each dimension. No significant improvement is
observable. The vertical areas translate the distribution of the scores.

canonical angle between the two subspaces. Denoting the matrix composed by the subset
of the columns of /3¢ by .5, it can be defined as (Jungers et al.,2020)

0o 1= COS ™! (Umm (WTS>)

As the matrix I3 g is not too large, S can be identified by a brute-force method: test
all combinations of d columns and select the one with the smallest 6,,,,. We will call
this minimal biggest angle 6*. This procedure has been applied for W coming from Vaes
(2020) (no transfer learning) for each of the subjects with a new dimension d = 6. The
average 0 is of 80.58° with a standard deviation of 2.97°. In order to have a comparison
point, the same procedure has been applied on a random W (chosen uniformly on the
set of orthogonal matrices) 200 times and we get an average 6* of 80.22° with a standard
deviation of 3.64°.

It is therefore not possible to statistically conclude that the W in Vaes (2020) selects

some subset of electrodes.

Subset filtered electrodes In the previous paragraph, the same weight was attributed
to each of the different frequencies of a particular electrode. In this paragraph, this
assumption is not considered anymore: /3 g is replaced by /o4 (this drastically increases the
number of combinations to investigate in a brute-force method, but this stays manageable).
The new average 6" is now of 67.15° with a standard deviation of 1.53°. For 20 random
W, we obtain an average of 66.45° with a standard deviation of 2.06°.
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A greedy algorithm? A brute-force algorithm that tests all the possible combinations
may be quite expensive. Therefore a greedy algorithm has been designed (algorithm [1)):

Algorithm 1: Greedy algorithm for closest column space

For a matrix W € RPxd

Start from an ‘empty’ matrix S

fork=1,...,ddo

Take C, the closest column (in the canonical angle sense) of I5 g (or I24) from
w

Concatenate C' with S

Remove that direction from W: W, < W, — CTW,C Vi € {1, ...,d}, with
W, denoting the columns of W/

end

return S
Alas, that procedure does not deliver good results. The produced matrix S gives

indeed a biggest canonical angle significantly greater than the one obtained by brute-
force: for the greedy algorithm applied on 20 random matrices, the average 6* is about
85.9° with a standard deviation of 2.9°. Recall that the brute-force method produced an

average 0* of 66.45 in the same conditions.

Norm of the rows of W  Finally, we investigated the norm of the rows of the reduction
matrix W, in order to see whether the method allocates the same weight to each filtered
electrode. Maybe there are always one or two prominent or discriminated rows, or maybe
the same distribution of weights can be observed. The conclusion of this procedure is
that no general pattern seems to stand out (see figure subjects 15, 17 and 24 show
three different plots).

AL

Subjects

Figure 4.2: Norms of the rows of W for different subjects. The new dimension for the
reduction is 6.
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4.3 Vaes and transfer learning

A first part of this section will investigate the ability of Vaes’ method to do transfer
learning with a naive approach, then the external training set will be transformed with
the Riemannian Procrutes Analysis (RPA), see chapter 3]

4.3.1 Naive approach

This section aims to evaluate the abilities of the method of Vaes (2020) for transfer learning
purposes. To this end, the dataset will be divided in two. A first part of the subjects will

be used as a training set and the second part as a test set.

Training set The training set is the aggregation of data coming from a given number
NI of subjects chosen randomly from the subject 1 to 8. Each subject provides a certain
number of matrices for each class that will be averaged[[] in order to avoid the training
set to be too large (to reduce the computational cost). Hence, e.g., if we decide to take 2
subjects in the training set, we choose randomly 2 subjects between 1 to 8 (2 and 5 for
example). Then for each subject and for each of the four classes, we compute the mean
of the available matrices and we build the training set with it. The training set will thus
be made up of 2 x 4 matrices. This averaged training set is used both for finding the
reduction matrix W and in the classification (except in the last part of the paragraph

analysing the experiments).

Test set The test set is constant: it is the union of the data coming from subjects 9 to
12.

Other parameters We used the AIRM metric, & = min(5, N2, ) (the main parameter
of the KNN classifier, hence the number of nearest neighbours considered) and v, =
min(9, N/

r.) (the number of nearest points of a different class considered in the building of

the affinity matrix used to find the reduction matrix). The new dimension after reduction
and the number of subjects in the training set have taken different values during the

tests.

Experiments Figure[4.3| presents the results of the experiments. For each couple of

values of new dimension and N!"

o> 10 tests have been run, each time with a new training

set generated following the procedure established above.
This figure does not show a significant improvement of the classification with the
reduction of dimension. It seems more advantageous to increase N!”, instead of applying

a dimension reduction (the computational cost has to be kept in mind of course).

1A small discussion on this choice is made at the end of this subsection.
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In some cases, a jagged behaviour can be observed between odd and even new
dimension. Note also that the KNN classifier seems to give worse results than the MDM
classifier.

It is worth noting that the standard deviation of the samples (for each new dimension
and number of subjects in the training set) divided by /10 is of the order of 1 or 2%.

In order to evaluate the impact of using an averaged training set, an experiment
was carried out where no reduction was applied and the set of training matrices was
given non averaged to the classifiers. The results of this test is depicted with crosses on
figure It seems that the averaging process is a little bit harmful to the MDM classifier.
The gap between the dots and the crosses is expected to be small since the MDM classifier
only cares about the means of the classes and the mean of the subject-means should not
be far away from the global mean. Concerning the KNN classifier, the averaging process
of the training matrices is beneficial to the classification.

MDM KNN

# training subjects

0.60

F1 Micro Score
(=}
13
w

i
15
=)

x
x
x
0.45
x

6 11 15 18 2021222324 6 11 15 18 2021222324
New dimension New dimension

Figure 4.3: Plot of the mean F1 micro score obtained during the 10 tests described
above, making the number of subjects in the training set and the new dimension vary.
Concerning the case when the new dimension is 24, the matrices are kept unchanged (no
transformation is performed on any matrix). The dots correspond to the score obtained
when using the means of the matrices in the classifiers, while the crosses show the score
obtained when the classifiers use the original set of matrices as training data.

4.3.2 Riemannian Procrustes Analysis

The idea of this section is to combine the methods of Rodrigues, Jutten, and Congedo
(2019) and Vaes (2020) in order to enhance the transfer learning performances of Vaes

(2020). More precisely, we will consider here a source subject, that will give labelled
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matrices that will form the training set for Vaes’ classification method and a target subject
that will provide the test set for the classification. The target subject will also provide
some labelled matrices, the target training set that will be only used in the RPA in order
to reconcile the target and source datasets (and thus are not classified). The division of
the dataset of the target subject is as follows: the 2nd, 5th and 8th matrices of each class

compose the target training set and the rest compose the test set.

Experiment This procedure has been applied with subjects 1 to 4 serving individually
as source subject and with subjects 7 to 10 as target subjects (thus 16 tests have been
conducted). The new dimension for Vaes’ method is 15 and the metric AIRM.

The means of the F1 micro scores obtained by each classification method are presented
in table These results are encouraging: the reduction of dimension seems profitable
(but not significantly) and the scores are better than the ones of previous section. The
scores of the classification without reduction of dimension presented in Vaes (2020) are
about 0.7 for MDM and about 0.6 for KNN. Even if the conditions of the tests are not
similar (here the test sets are larger, for instance), it is tempting to say that RPA does a
pretty good job.

MDM MDM withred KNN KNN with red
0.66 0.67 0.59 0.62

Table 4.2: Mean F1 micro score for the RPA-Vaes approach using the source set in the
classification.

In this procedure, only the data from the source subject is used during the classification
and not the data from the target training set. This choice is motivated by the desire to
highlight that it is possible to obtain a good score with data from another subject. With
the target training set included, a good score could have been due to that set. However,
for a real application, it could be useful to use the target training set in the classification,
with the data from the source subject. Table [4.3| presents the results of the previous
experiment, but using both the source set and the target training set in the classification.
We can see that the scores are indeed better.

MDM MDM withred KNN KNN with red
0.71 0.73 0.65 0.70

Table 4.3: Mean F1 micro score for the RPA-Vaes approach using both the source set and
the target training set in the classification.
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Chapter 5

A new objective function: triplet loss

In this chapter, we will propose a new objective function to compute the reduction matrix
W, based on a triplet loss. The notion of triplet loss will be introduced in the first section
where it will also be tested, then two sections will be dedicated to the enhancing of
the computational performance of this new learning process. Section [5.5( presents a
discussion about the computational time cost of the methods. Finally the RPA method
will be combined with the triplet loss.

5.1 Triplet loss

Let consider a triplet 7} := (X X+, X ™) composed by an anchor X, a positive X * and
a negative X —, with X° and X * being of the same class and X ~ of a different class. The
general idea, is to bring X° and X * closer together while taking X~ away from X°,

thanks to the optimisation process.

Learning

X+ X+

Figure 5.1: The distance between the anchor X and the negative X ~ is maximised, while
the distance between the anchor X and the positive X ™ is minimised. Based on Schroff,
Kalenichenko, and Philbin (2015).
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3 _—2  _1 1 2 3

tanh(x

Figure 5.2: Hyperbolic tangent.

In order to achieve this goal, we will consider the following loss, for triplet 7;:

— dp —dn
C; := tanh (adp—i-dn)’ (5.1)
with d, = F#(WIX'W,WTXTW), d, = >(WTXW,WTX~W) and 6*(-,) the
square of a chosen metric (by default, the AIRM). The parameter o € R is a factor of
‘blindness’ of that cost and will be explained a bit further.

The hyperbolic tangent (see figure has interesting properties. It is of class C*>
(which is good from an optimisation point of view) and bounded by —1 and +1. Every
point z € (—o0, —3] U [3,00) are such that |tanhz| > 0.995 ~ 1 and |tanh’z| <
1072 & 0. Therefore, a small change in x in that region is almost not perceptible. With
that in mind, considering x > 0 and y > 0 we can define a characteristic factor A such
that if z > Ay, tanh’ (a%) ~ 0 or equivalently if z < %y, tanh’ (a%) ~ 0, and
a ‘small’ change in z or y will not have a big influence on the value of the function.
Note that the notion of being ‘small’ depends on the value of = and y. If we consider
that (—oo, —3] U [3, 00) is an acceptable region for approximating tanh’ to zero, we can

compute A as a function of o

ol Y o3 (5.2)
r+y

3

o> 22, (53)
a—3

ey afs (5.4)
a—3

and invert that relation to define

A+1

A)i=3——. 55

o) =37 65)

Because of the above equations we require o > 3 and A > 1.

37



Chapter 5. A new objective function: triplet loss

Going back to equation (5.1), we can understand the minimisation process of this
term as follows: if d, > A\d,,, then the anchor X" is further away from the positive X *
than the negative X~ by a significant factor v/\. In that case, one of the three points
is an outlier, and the desire of minimising C; (linked to the derivative of tanh) will be
‘small’. But if d, < Ad,, there will be a ‘strong’ desire to minimise C;, until d, < dT”.
The advantage of using this hyperbolic tangent is thus to concentrate the efforts on
interesting triplets. A quadratic function would for instance attribute a very large weight
to outliers, and the final result could suffer from this.

Note that the hyperbolic tangent does not reach its lower bound so, mathematically
speaking, the minimum of C; may not be reachable. Actually, we work with iterative
numerical methods, so we do not look for the perfect minimum and an ‘optimal’ reduction

matrix will be found.

The objective function Ideally, we should consider all the possible triplets in our cost
function. With four classes, sixteen matrices per class, that would make 64 x 15 x 48 =
46 080 possible triplets. This high number of triplets may give rise to a high computational
burden for one evaluation of the cost function and possibly problems of convergence.
We will therefore reduce that number, following the ideas of Schroff, Kalenichenko,
and Philbin (2015) by considering only the triplets for which the negative is the worst
possible before reduction, i.e., the closest matrix of different class to the anchor point.
This negative will be called the hard negative and the function associating an anchor
point to its hard negative will be written
h(X°) := arg )I(Iél% §(X, X%
c(X)#c(Xo)

with T'r the training set and ¢(X) the class of X. Since we consider now only one possible
negative per anchor point, the number of triplets to consider is now of 64 x 15 x 1 = 960,

which is a much more respectable number. Finally, we can write our cost function as

d, —d,
fW5A) = > tanh (a()\) P ) (5.6)
X0 X+ X—€eTr dp +dy,
c(XH)=c(X0)
X~=h(X09)

A discussion on the choice of parameter \ is made in section[5.4]
Computation of the Euclidean gradient As we try to minimise the objective func-
tion (5.6), it could be interesting to compute its gradient. To do this, we compute the

gradient of the cost associated to one triplet. By linearity, the gradient of the whole cost

function will just be the sum of the gradient of each triplet.
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Considering here N := d,, — d,, and D := d,, + d,,, the numerator and denominator
of the argument of the tanh in the cost of the triplet, we can compute the Euclidean

gradient as follows, by using the chain rule and the quotient rule for derivation.

N
grad C}, = grad tanh <aD> (5.7)

I N N

= _1 — tanh? (aDﬂ grad aﬁ (5.8)
I N D N)— N D

= _1 — tanh? (ozDﬂ o grad( )DQ grad(D) (5.9
I N 2d,, grad(d,) — 2d, grad(d,,)

|1 2 (4V P P

= _1 tanh (D)} Q d, + )’ . (5.10)

Using Yamamoto, Yger, and Chevallier (2021), we obtain

gradd,, = 4 (XoW (W' XoW) ™" = X;W (WX, W) ™) log (W XoW (W' X, W) )
(5.11)

gradd,, = 4 (XoW (W' XgW) ™ = X;W (WX, W) ™) log (W XW (W X,W) 7).
(5.12)

The implementation of this gradient has been verified using the function checkgradient
of the Manopt library (see Boumal et al.,|2014). The idea behind this function is to compare
the value of the true cost function with its Taylor expansion. The difference between
both (the residual) should behave in O(h?).

More precisely, considering M as being the Grassmann manifold of appropriate size,
f: M — R as being the cost function, grad f its Euclidean gradient and (z,v) € TM
with ||d|| = 1, we can define the Taylor expansion of f around X in the direction v, with

a step size h as:

T/ () == f(x) + h{grad f(2), v).

Since we work with the Grassmann manifold, || - || refers here to the Frobenius norm and
(-, ) to the Frobenius inner product.

Intuitively, this expansion should be compared with the value of the function f
evaluated at a point x;, € M that is at a distance h of x, and that lies ‘in the direction of”
v. To find this point, we will use the exponential map x, = Exp,(hv). The point z;, will
thus be located on the maximal'| geodesic y, : I — M, with 7,(0) = 2 and v/(0) = v, at
a distance h.

!Maximal in the sense that [ is as large as possible.
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Figure 5.3: The dotted line (the residual defined in equation (5.13)) fits perfectly well
the dashed one (that has a slope of 2 on this log — log plot for small /& until the residual
passes below the e-machine, testifying that the gradient is correct.

The residual is thus

7! (h)] (5.13)

,U

Ry y(h) - = [f(Exp,(hv)) =T}
f(z) — higrad f(z), v)| (5.14)

= |f(Exp, (hv)) —
which should behave as a second order function when i — 0 (see Boumal, 2020 for a
detailed proof).

The pair (z, v) of the tangent bundle has been chosen at random during the procedure,
such as Xy, X; and X;. The new dimension (width of Grassmann manifold) has been taken
to 6. The result of this procedure is shown on figure We can see that the residual is
indeed in O(h?) and we can conclude that the gradient computed in equations (5.7)-(5.12)

is correct.

Results of numerical tests Figure shows the pairwise distance matrix of the
dataset of subject 3 before reduction and after reduction, using the whole dataset as
training set for the objective function (5.6). The matrices are grouped by classes (so the
first class corresponds to the lines and columns 0 to 15 and so on). One can see that
after reduction, matrices of the same class are closer together (see the four blue 16 x 16
squares on the diagonal) and the third class seems particularly well separated from the

others (there is a lot of red outside the 16 x 16 square on the diagonal).

40



Chapter 5. A new objective function: triplet loss

To confirm that the classification happens well, a classification test has been run on
the 6 first subjects and repeated three times. Per subject, ten matrices per class were
chosen to become the training set and the rest as test set (same procedure as in Vaes
(2020)). The results of that test is shown on figure These results seem promising:
there is an advantage to apply a reduction and the triplet method seems to perform better
than Vaes’ one, particularly for the MDM classifier. Note that the difference between
both reductions is not very big, while the variability is relevant. We will see further that
it may happen that Vaes’ method produces better results.

One point worth highlighting is that the triplet loss method was slower than Vaes’ one
during this test. In a transfer learning perspective this is not a big issue, but in an online
perspective, this is not good news. In order to enhance the computational performances
of the triplet loss, two main ideas have been investigated here: working with batches and
using a stochastic gradient technique. The two following sections will develop both ideas.

Figure 5.4: The distance matrix before (left) and after (right) reduction with the triplet
method (A = 2). We can see that each class is well separated from the others.
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Figure 5.5: F1 Micro score for the different reduction strategy. For the triplet method
A = 2. For Vaes’ method, the basic parameters have been used. The mean scores come
from classifications on the 6 first subjects (training set and test generated randomly
within a subject dataset), repeated 3 times. Note that a big variability has been observed.

5.2 Batches

To reduce the time needed to compute IV, an approach by batches has been implemented.
More precisely, the training set is divided into N}, subsets. The proportion of matrices of
the same class is constant for all the sets and is thus the same of the whole training set.
Using these N}, subsets as training set in the Triplet method, we obtain a set of reduction

matrices {VVi}ﬁvz”l, that are then combined by computing their Riemannian barycenter:
Ny

W = i (W, W; 5.15

argvrvnelgr; (W, W), (5.15)

where Gr is the Grassmannian of appropriate size and ¢ a distance function on the
Grasmmann manifold (for instance, the two-norm of the vector of principal angles
between the two subspaces, such as introduced in chapter [2). Note that the optimisation
problem stated in equation might have a nonunique solution (see Afsari, 2011),
because the Grassmannian can have a positive curvature (see Bendokat, Zimmermann,
and Absil, 2020). However, we noticed that the produced intermediate reduction matrices
are quite close to each other, hence if there exist multiple barycenters, we can hope that
they are located close to each other and that they would give comparable classification
performances. Moreover, if the intermediate matrices W; are ‘close enough’, one can
show that there is only one barycenter, even for positive curvature manifolds (Afsari,

2011). The notion of ‘close enough’ is not that easy to verify a priori in this context.
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Results of numerical tests The same testing strategy as in the previous section has
been applied to this technique with two batches and the results are shown on figure
We can see that the triplet loss still outperforms Vaes’ one for the MDM classifier but for
KNN it seems to deliver the same results.

MDM KNN
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Figure 5.6: F1 Micro score for the different reduction strategy. For the triplet method
A = 2 and two batches have been used. For Vaes’ method, the basic parameters have
been used. The mean scores come from classifications on the 6 first subjects (training set
and test generated randomly within a subject dataset), repeated 3 times. Note that a big
variability has been observed.

5.3 Stochastic Gradient Descent

Let us now consider all the possible triplets (not only the ones with a hard negative) in the
objective function. One of the reasons that would make the convergence of a minimisation
algorithm on this objective function slow in time is that the gradients of all the triplets
have to be computed. Actually, when the iterate is far from the optimum, we can hope that
the gradients of the different terms point approximately in the same direction: the one
that separates globally the sets. This setting is favourable for a stochastic gradient descent:
choose randomly a triplet, compute its gradient and apply a Riemannian gradient descent
step (see Boumal, [2020). The pseudo-code of this method is presented on algorithm [2]
The gradient grad is here the Euclidean gradient and is computed in section [5.1| (see
equations (5.7)-(5.12)) and Ry (s) designates a retraction on the Grassmannian at point
W of the tangent vector s. We will use here the retraction implemented in Pymanopt
(Townsend, Koep, and Weichwald, 2016).

Note that since we use the Euclidean gradient, it may happen that for some W €
Gr(D, d), the gradient of the cost of a triplet grad C'(W) is not in the tangent space
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Tw Gr(D, d). We therefore need to project it on the tangent space. This is done with the
orthogonal’| projector (Boumal, [2020)

Projy, : RP?*? — Ty, Gr(D, d) (5.16)
Vi (Ip—WWHY, (5.17)

where I is the identity matrix of size D. The projection of the Eulidean gradient onto

the tangent spaces give birth to the Riemannian gradient (for a submanifold).

Algorithm 2: Stochastic Gradient Descent
Pick a random W; € Gr

fork=1,...,N do

Choose randomly a triplet 7}, with associate cost Cy (W), see equation
o = L

s = —ay grad C(Wy,)

Wii1 = R, (Projy, (sx))

end

return Wy,

Results of numerical tests Figure|5.7| shows the pairwise distance matrix before and
after reduction. Again we can see that the classes seem better separated but not as good
as on picture 5.4

The same testing strategy as previously explained has been applied to this SGD
method. Figure [5.8/ shows the results for NV equal to 5 times the length of the training set
and it is here difficult to say which method performs the best between the triplet loss and
Vaes’ one. Increasing N up to 25 times the length of the training set (figure allows to
enhance the performance of the SGD and we can observe that the triplet loss seems to
deliver better results than Vaes’ method, for the MDM classifier.

2With respect to the inner product on RP*4,
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Figure 5.7: Distance matrix before (left) and after (right) reduction with the SGD approach
on subject 3 (A = 2 and N = 640).
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Figure 5.8: F1 Micro score for the different reduction strategy. For the SGD A = 2 and N
is set to 5 times length of the training set. For Vaes’ method, the basic parameters have
been used. The mean scores come from classifications on the 6 first subjects (training set
and test set generated randomly within a subject dataset), repeated 3 times. Note that a
big variability has been observed.

45



Chapter 5. A new objective function: triplet loss

MDM KNN

0.72

0.66
0.71

0.64

e
~
(=]

Mean F1 Micro Score
S
(=)}
O

0.62
0.68
0.60
””” No red
0.67 Vaes
—— Triplet + SGD25 --o.________\_ 0581 Triplet + SGD25
0.66 . . . . . .
10 15 20 10 15 20
New dimension New dimension

Figure 5.9: F1 Micro score for the different reduction strategy. For the SGD A = 2 and N
is set to 25 times length of the training set. For Vaes’ method, the basic parameters have
been used. The mean scores come from classifications on the 6 first subjects (training set
and test set generated randomly within a subject dataset), repeated 3 times. Note that a
big variability has been observed.

5.4 Choice of )\

In order to choose an adapted parameter )\ (linked to the blindness of the objective
function (see section , a test has been conducted on the 5 first subjects, for a new
dimension being equal to 6, 15 and 22 and a varying \. The optimisation method used
was the SGD (with a number of steps equal to 10 times the length of training set), for
computational time reasons. The results are plotted on figure The classification
score was here maximal for A = 2. This is why in the previous sections the value of A
has been set to 2.
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Figure 5.10: The maximal classification score is obtained when A = 2.
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Figure 5.11: The execution time has been averaged between the 8 first subjects. The
reduction for a subject is based on the 10 first matrices of each class (the training set).
The 5 and 25 in the legend refer to the fact that NV, the number of SGD steps, is set at 5 or
25 times the length of the training set.

5.5 Time cost

As already mentioned, the triplet loss method has been observed to be slower than Vaes’
method. This is why an approach by batches, and a stochastic gradient descent have been
developed. In this section we will compare the time cost of Vaes’ method, the triplet
method with a classical solver and the SGD approach.

Figure presents the evolution of the time needed to find the optimal reduction
matrix I/ with the new dimension of reduction d. We can see that the triplet method is the
most expensive, then comes Vaes’ method. The SGD25 and SGD5 are faster (the 25 and 5
mean that NV is set to 25 or 5 times the length of the training set). We can also observe that
the execution time for Vaes’ method and for the triplet loss seems concave: optimising
with a small or large new dimension is easy, but with an intermediate dimension it is
more complicated. Concerning the small new dimension, this is probably linked to the
fact that the distances in the objective are easier to compute. Concerning the d = 23,
a deeper analysis is needed to be able to conclude anything. A first possible reason to
investigate is the fact that since the dimension of the new space is quite large, there are
more ‘degrees of freedom’, hence it is easier to converge. Note also that the SGD does
not have this behaviour. This is most probably due to the fact that the number of steps is
constant. We can see that the execution time for the SGD increases with the dimension.
Again this is due to the fact that the reduced matrices are larger, hence the computation
is more expensive.

Figure presents the execution time of the methods with respect to the classification
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Figure 5.12: Each cross represents one reduction and the big dots are the means of the
corresponding crosses. The 5 and 25 in the legend refer to the fact that N, the number of
SGD steps, is set at 5 or 25 times the length of the training set.

score. For each of the 6 first subjects and a new dimension in {6, 10, 15, 22}, we built
a training set with the 10 first matrices of each class, then for each of the methods we
ran and timed the reduction process and evaluated the performance of the produced
reduction matrix on the last matrices of the dataset (via a MDM classifier). Each cross
on the figure represents such a test. The dots are the means of the crosses of the same
colour. The perfect reduction method should produce, on such a graph, crosses near the
bottom right corner: small execution time and high performances. On the opposite, a bad
method would produce crosses on the ‘top’ left corner: high computational cost and poor
performances. These are the extreme cases, but what about the intermediate cases? How
can we compare two methods? Using only the means, one method is better than another
if its mean lies below and on the right of the other method. If it lies below (resp. above)
and on the left (resp. on the right), is it better or not? Finally, the variance/spreading of
the crosses should also be taken into account. To answer such questions, choices should
be made and we should develop some kind of preference function, what we will not do
in this thesis.

However, a first thing that could be seen on this graph is that the triplet method
seems to present a lower score than Vaes’ method. As highlighted in section where
figures with the opposite conclusion are shown (see figure [5.5| for instance), these results
are obtained with a certain variability and the difference in score is not significantly
large enough to really conclude that one method is definitely better than the other. It
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is therefore not that surprising that between two slightly different settings, the method
with the highest score may change.

Another interesting point is the performance of the SGD methods. Clearly they are
faster than the two other methods: comparing their mean performances, the SGD25 is
2.9 times faster than Vaes’ method and SGD5 14.7 times faster. Regarding the scores,
they are comparable, and even slightly better.

We did not carry out the experiment for the batch-based approach as the SGD delivers
better results.

5.6 RPA and Triplet Loss

As explained previously, it could be interesting to use the data of other subjects/sessions
in order to enhance the classification performance and reduce the training part that must
occur before a session. This may be done by transforming a source set via RPA to make
it match with a few training points of the target dataset. We applied the same learning
strategy as in section with the same testing procedure. The results are available in
table Vaes’ reduction method still presents advantages, but the triplet method seems

now worse (yet it gives at least as good results as the non reduced classification).

MDM MDM with Vaes MDM with Triplet KNN KNN with Vaes KNN with triplet
0.71 0.74 0.71 0.63 0.68 0.66

Table 5.1: Mean F1 micro score with an RPA preprocess.
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Conclusion

A first contribution of this thesis has been to extend to a multi-class problem and imple-
ment in Python the DCR (Kalaganis et al., 2020). One interesting point of this technique
is that it proposes a comparison criterion that can compare the quality of the reduction
across dimensions. This criterion is based on the minimal spanning tree of the pairwise
distance graph of the reduced matrices. The classification (with KNN or MDM) of the
reduced matrices computed thanks to the DCR showed in our tests better classifica-
tion performances than a classification without reduction. However the DCR was more
expensive in terms of execution time.

We then worked on Vaes (2020) by investigating the case of a variable affinity matrix
(we thus considered the neighbours of the reduced matrices and not of the original
matrices). The classification performances were not significantly improved and the
computational cost increased. The use of a constant affinity matrix is thus advocated. We
then tried to see whether the produced reduction matrix IV has a particular structure, in
particular, does the reduction matrix select some subset of electrodes? The tests that we
run did not highlight any particular pattern in the reduction matrix. Finally, we showed
that a naive transfer learning approach does not work with Vaes’ method: it is necessary
to reconcile the foreign dataset with the current one, via for instance the RPA method.
This requires to work in the semi-supervised paradigm.

The next chapter was dedicated to the introduction and analysis of a new objective
function to compute the reduction matrix WW. It is based on a triplet loss: for a triplet
composed by an anchor, a positive (same class as the anchor) and a negative (different
class), we bring the anchor and the positive closer together while repelling the negative
from the anchor. Ideally, we should consider all the possible triplets in the optimisation
process. If we do that with classical optimisation solvers, we would face computational
issues, so it is necessary to reduce the number of triplets by considering only the ones
that present the worst possible negative. This reduction method has shown similar
classification performances to the ones obtained with Vaes’ method, but the latter was

faster. We thus considered a batch-based approach: the idea is to cut the training part
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into smaller sets then obtain a reduction matrix for each subsets and recombine the 11’s.
This helped to reduce the time cost, but lowered the classification performances. We
therefore developed a stochastic gradient descent approach, that also allows to consider
all the possible triplets: take a random triplet and make a gradient step in the direction of
the gradient of that triplet. This method was, during our tests, drastically faster (between
3 or 15 times, depending on the parameters) than the initial approach and Vaes’ method.
Concerning the classification performances, they were comparable to the ones obtained
by Vaes’ method or triplet loss.
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Appendix A

Default parameters

Table contains the default values of the parameters used in this thesis.

Training set
size 10 matrices per class

KNN classifier
k- min(5, ny,c)

Vaes’s method

Uy 3
Vw  Mm/e
Triplet
A2

DCR (see Kalaganis et al., 2020, p. 249 for a definition of the parameters)
p 0.5
N 15
Max. #iter. 1000

Miscellaneous

Metric on ST, AIRM

Table A.1: Default parameters. The minimal number of matrix/point per class in the
training set is denoted n,, /..
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