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1 Introduction

In the field of multibody system dynamics, a topic of interest is the occurrence of
redundant constraints in mechanisms. Those are the constraints that, if removed,
would not change the kinematics of the system. However, detecting and treating
such constraints brings about a load of challenge.

We encounter mechanisms containing redundant constraints everywhere and they
are not simply decorative. As an example, a simple door comprises many hinges
that restrain the same degree of freedom, it is required as using only one hinge,
when possible, could lead to the failure of said door, the many hinges are here in
order to avoid failure by dividing the effort between these hinges. They can also
be in used in more active processes, the agile eye (that will be simulated in this
thesis) being one of them.

The goal of this thesis is firstly to understand what these constraints are and
what their effect is on the simulation of a multibody system, and secondly to
implement them in the software developed by the Université Catholique de Louvain,
Robotran. Robotran is a software used to model and analyse multibody systems
and is used both in the research and industrial field. More precisely, we will use
the matlab version of Robotran.

This thesis will be divided into different parts. Firstly, the state of the art will
be looked into. It will be followed by explanations on the different elements and
notations of a multibody system as well as the mechanisms involved in the simula-
tion of a multibody system, it will mainly be focused on what is important for this
thesis and some features that do not exert any influence on redundant constraints
will be ignored. A statement of the kind of problem we want to resolve will shortly
be made and then, the methodology used to implement redundant constraints in
Robotran will be thoroughly detailed. Finally, we will put this implementation to
the test by simulating mechanisms containing redundant constraints.



2 State of the art

Researches linked to redundant constraints can be found in many fields. While
it is more commonly talked about in applied mathematics or economy, valuable
breakthroughs have also been made in the field of multibody systems. The scientific
review 'Multibody System Dynamics" published by Springer provides a reliable
source of knowledge concerning multibody systems, and it happens with no surprise
that a few articles treat the case of the redundant constraints in mechanisms.

In 2003, an article [I] was released by Maria Augusta Neto and Jorge Ambroé-
sio, it proposes methods in order to integrate DAE (form by which a multibody
system is characterised) in the presence of redundant constraints: The Baumgarte
stabilisation method, the augmented Lagrangian method and the coordinate par-
titioning method. One of them, the coordinate partitioning (used by Robotran)
is of particular interest to us: this method, as we will see in this thesis, has the
advantage to detect, and thus to eliminate, redundant constraints in the factori-
sation phase of the process. Although this article already gives a large amount
of knowledge concerning the resolution of dynamic equations, it does not entirely
provide everything that is needed in order to tackle the potential issue that can
arise with redundant constraints.

In 2005, an article [2] was released by Marek Wojtyra. It proposed ways to
compute the joint reaction forces in multibody systems containing redundant con-
straints. He stated quite correctly that the choice of which constraint was redundant
was arbitrary, as "if the role of constraint A can be played by the constraint B, then
the role of constraint B can also be played by constraint A". The issue addressed
in his article was to be able to determine uniquely all constraint reactions in a
multibody system. The method he presented enabled the detection of constraints
and joints for which reactions can be uniquely determined despite the presence of
redundant constraints, the latter not being uniquely identifiable.

In 2013, an article [3] was released by Javier Garcia de Jalén. In his paper,
he focused on formulation methods for determining the equations of motion of
multibody systems, considering there are redundant constraints.

In a way, this thesis will contribute to somewhat complete what has already
been done regarding the detection and implementation of redundant constraints in
multibody systems.



3 Multibody systems

This part is a summary of the Robotran manual [4] and is thus highly similar.

3.1 Representation of a multibody system
3.1.1 Topology

A general multibody system is a mechanical system composed of n rigid bodies,
these bodies are connected by joints and form tree-like structures with no loops
as shown in Fig(a). In case of the mechanical system containing loops (e.g. car
suspensions), either a body or a joint will be cut to restore a tree-like structure
(see Fig(b))The joint cut will impose 3 constraints in order for two points to be
at the same location, while the solid cut will impose 6 constraints to the original
body and "phantom" body (in the image: body 7 and body 8) in order for the two
bodies’ frames to have the same location and orientation.The topological vector
inbody is defined as the vector whose i element contains the index of the parent

of body .

inbody = (01222440 inbody =[0122456149]

(a) Tree-like structure (b) Closed-loop structure
Figure 1: Topology of a multibody system. Figure from [4]

3.1.2 Bodies

As shown in ﬁg, an orthogonal right-handed body frame {X’} is rigidly fixed
to each body i and is located at its center of mass. Before going further, we will



define a general vector a as well as a general tensor T in a given body frame {Xz}
In general, the vector a is written:

a=a,X! + ayf(; +a. X! (1)

We can make this expression more compact by introducing the following notations:

a® (ax ay az)t (2)
X,
%] [% 8
X
Which gives us:
a=[Xa (4)
The same goes for a tensor T, by defining:
Tx:c T:cy Ta:z
T=|T, T, T (5)
sz sz Tzz
We get:
T = [X] 7 [X] (6)

Now that the tensors and vectors have been defined, we can analyse the different
components of a body and its neighbouring bodies (see Fig.

e By convention, a joint’s index is the same as its succeeding body and two
reference anchor points are defined: O on the parent body of body i and O
on body i itself.

e The joint vector locating the connection point O7 of joint j with respect
to the connection point O’ of joint i on body i is introduced by the vector

¥ =[x @

e The vector locating the center of mass CM* of body i with respect to point
. . A7t .
O'" is introduced by the vector IV = [X’} .



e The mass and inertia tensor (with respect to its center of mass) of body i are
. . At L TA
introduced by m* and I' = [XZ} I {XZ}

quj

parent
body, h

Figure 2: Body representation in a multibody system. Figure from [4]

3.1.3 Joints

Joints between bodies represent any kind of device that induce motion between
two bodies (e.g. hinges, telescopic arms, ball joints etc., see Fig3|)



1 d.otf. tﬁ)

1 dof. 2-1=1 d.o.f.
Figure 3: Examples of different joints. Figure from [4]

In Robotran, relative motions in these joints are described by the general coordi-
nates ¢ and their time derivatives ¢ and §. Furthermore, in order not to have to
build a library of joints and to keep it simple, joints in Robotran can only have one
degree of freedom, a prismatic one (denoted T) and a revolute one (denoted R).
By introducing the joint unit vector &, aligned with the joint axis, we can express
what the generalised coordinate ¢’ in joint j represents:

e If joint j is prismatic, ¢/ represents a relative displacement (in [m]) such that
T _
0’07 = ¢7&’ (see Flg(a)).

e If joint j is revolute, ¢/ represents a relative angle (in [rad]) which characterises
a rotation along &’ of body frame {Xj } with respect to parent body frame
{XZ} (see Fig.(b)). In Robotran, in order to avoid multiple frames per body,

a specific convention is used: the axis of a joint must be aligned with one of
the three axis direction of the body frame.
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(a) Prismatic joint (b) Revolute joint
Figure 4: Elementary joints. Figure from [4]

Regarding more complex joints, they can be modelled as a succession of elementary
joints and so called fictitious bodies. An example of the modelling of such a joint
(2 d.o.f. universal joint) is shown in Fig[j|

fictitious body

Figure 5: modelling of a 2 d.o.f. universal joint. Figure from [4]

Although the Robotran specific hypothesis related to the joint direction (the one
that defines the axis of a joint as being systematically aligned with one of the
axis direction of the body frame) seems quite restrictive, it is barely the case:
a skewed joint in the real system can be modelled by introducing intermediary
joints (and massless fictitious bodies) that will be locked to a constant value during
the simulation. In Robotran, such joints are called Driven/Forced joint. An
example of such a situation is shown in Fig[6]



(a) real system

Figure 6: modelling of a skewed joint. Figure from [4]

3.2 Multibody formalisms
3.2.1 Constitutive equations

The equations describing the dynamics of an unconstrained system of n bodies,
a.k.a. the equations of motion, can be written as follows:

M(q)g +c(q.4,9) = Qq,q) (7)

Where:

e M [n * n] is the mass matrix

e ¢ [n * 1] is the nonlinear dynamic vector which contains the gyroscopic,
centrifugal and gravity terms.

e Q [n * 1] represents the generalised joint forces/torques

As aforementioned, it is quite common to encounter multibody systems in which
there are kinematic loops. In order to model them and still have tree-like structures,
constraints must be introduced to close these loops. The m constraints are written
in terms of the generalised coordinates ¢ and will be denoted as h(q),it will be of
dimension [m * 1]. In order to close these loops, h(g) = 0 must be verified.

In order to describe the complete system, the constraints and equations of motion
must be added. By using Lagrange’s multipliers technique to introduce the con-
straint forces, the system becomes:



M(q)j + c(q,4,9) = Q(q,4) + J" A (8)
h(g) =0 (9)

h(g,q) = J(q)g =0 (10)

hq.4,4) = J(q)i + Jilq, q) (11)

3.2.2 Solving method

Many methods can be used in order to solve this system of differential algebraic
equations (DAE). In this case, a method to perform a full index reduction of the
system was chosen in order to have purely differential form. This method is called
the coordinate partitioning method.

In order for this method to be valid, the Jacobian matrix J(g) must be regu-
lar (i.e. full rank). This implies that the constraints h(q) = 0 are independent
from each other. The principle of this method is to partition the n generalised
coordinates into two groups: one of size m that can be locally expressed as function
of the other one of size (n — m). It allows the system to be reduced to a set of
(n —m) differential equations.

First, the coordinate partitioning is performed, the vector of generalised coordinates
is reorganised into two subsets, g, of size (n —m) and g, of size m. By performing
the adequate re-orderings of the columns, the Jacobian J is also partitioned into
two subsets, J, and J,. in other words:

. (g’:) (12)

J=(J J) (13)

The equation eq.(8) can be rewritten:

G @) ()-@)- 0w

Since J, is assumed to be regular (independent constraints), it is then possible to
eliminate the unknowns A using the lower part of the system:

(Muu M) (g) + Bl (M M) (g) + et Bl = Qut B,Q, (15)
where B,, £ —J;1J, is defined as the coupling matrix. The next step is to
eliminate the dependent variable g, by solving the constraints. Due to the possibly

10



non-linear nature of these constraints, analytical solutions are not enough and an
iterative procedure is required. The Newton-Raphson algorithm can be used to
find ¢, for a given ¢, through successive estimations of g,. In this case, this method
gives:

qllf+1 - qs - (Jv)_lh’qv:q{f (16)

Figure 7: Newton-Raphson method. Figure from [5]

In turn,g, and §, can be determined using eq.(10) and eq.(11):

bE —J 1 (Jg) (19)

The final reduced system becomes:

(Muu+MuvBvu‘i‘Bmevu"’_Bzquvau)qu—i_(Muszquv>b+(CU+Bzqu)_(Qu+nyuQv> =0
(20)
Or more concisely:
M (¢u)du + Fr(Gus qu) (21)

This set of differential equations constitutes the equations of motion of the con-
strained system described in terms of the (n —m) independent generalized coordi-
nates ¢,. A summary of the workflow of the coordinate partitioning is shown in

Figl§l

11



Newton-Raphson
gt =g — (1) Mh

. M(q)

Q‘Z * Ext & Joint

—— T QU(QU) " Jv = Qu (Q’u; Q’) ™ Forces " C(g’ Q) ]
x fre,trq, @

h 4

A/Ir(qm;u + Fr(éﬂ Q') =0

|

G

Figure 8: Workflow chart of the coordinate partitioning. Figure from [4]

3.2.3 Coordinate partitioning

An important question to ask is how to choose which generalised coordinates are
dependent or independent.

First, it is important to note that the number of independent coordinates must
match the number of degrees of freedom of the system. Then, by looking at the
definition of By, eq.(16) and Fig[7] one can see that the dependent generalised
coordinates ¢, should be chosen such as to have the best conditioned sub-Jacobian
J, as possible, as it will make the system more robust. While it can be achieved
"manually" for smaller multibody systems, it becomes increasingly difficult the
bigger this system gets.

A good means to obtain a well conditioned J, is to perform an LU factorisation
[6] of the whole rectangular Jacobian matrix J(g). In our case, this factorisation
aims to place the largest possible pivot (in absolute value) on the factorised matrix
diagonal by permuting the rows and columns of the matrix.

The working principle of this factorisation is illustrated in Fig[9} assuming the
largest element of the Jacobian is the element 1, it is "moved" to the first element of
the diagonal of the left side submatrix (in our case .J,). The needed permutations
are performed and recorded, and the same process happens again for the second
element of the left submatrix, then again for the third one, etc. It is also important
to point that the search of the biggest pivot does not always take place in the whole

12



matrix, the search domain in a matrix M (1 :m, 1 : n) for the element i of the left
submatrix diagonal is the submatrix M (i : m,i : n). The process ends when all the
rows of the matrix have been processed or when a pivot is equal to zero.

e = laual

Figure 9: Principle of the LU factorisation with full pivoting. Figure adapted from

[5]

As aforementioned, it is possible that a pivot remains very small (= 0). In this
case, it means that a constraint was not independent from the others, the Jacobian
is not full rank, in other words, there is a redundant constraint. The advantage
of this factorisation method is its ability to detect these redundant constraints, we
can thus weed them out of our system. The final state of the Jacobian should have
the form shown in Fig/10|

Best v and v -permutation «Best» 1
A

« Best» J, J,

u

Independent

Constraints
(+ best permutation zero pivot
+ rank)

redundant — ———
constraints

Figure 10: LU factorisation with full pivoting with redundant constraints. Figure
from [5]
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In Robotran, the choice of independent coordinates can be totally or partially set
by the user. In order to preserve the user’s choices, some of the columns can be
locked. This principle is shown in Fig|11]

\ ”:(13 U=q3”:q7

\. —u

0 1
'
L

Figure 11: Principle of the LU factorisation with full pivoting and some locked
independent variables. Figure from [5]
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4 Identification of the problem

4.1 The redundant constraints

As its name implies, a redundant constraint is a constraint that has already been
expressed and is thus not needed. To understand better the problems caused by
redundant constraints in the multibody field (as well as the redundant constraints
themselves), an analysis of the degrees of freedom of a structure containing redun-
dancies must be performed. An example of such a structure is the four bars system
shown in Fig[l2] This structure is purely two-dimensional and has an arm that
does not provide any kinematic change in the structure (redundant). Each arm
has 3 d.o.f., and each joint induces two translation constraints. The total number
of degrees of freedom of a system is the number of individual degrees of freedom
minus the number of constraints. In this case, it would mean 0 degrees of freedom.
However, it is obvious that the system has in reality 1 degree of freedom, it means
that one of the constraints is redundant. In fact, in one of the joints, one constraint
of translation coupled with the constraints in the other joints systematically implies
the other constraint of translation in the joint.

3d.of
2 constr.

3d.of.

2 constr. 2 constr. 2 constr.

Figure 12: Redundant structure. Figure adapted from[5]

It is relatively easy to find the redundant constraints in such small structures, it
becomes much more difficult for bigger systems. A good example for a complex
structure containing redundancies would be the agile eye [7], a mechanical system
used to achieve the fast orientation of a camera (see Fig. Although a classical
analysis of this system would give —3 d.o.f., this system has three d.o.f., which
implies that there are 6 redundant constraints.

15



Figure 13: Agile eye. Figure from [§]

4.2 Main issue

The coordinate partitioning mentioned in section 3.2.3 may seem fine, but a problem
remains. In order to detect a redundant constraint in the Jacobian and to get
the best possible J, by using the LU factorisation, the system must be closed, i.e.
the constraints must be satisfied, which is rarely the case in practical multibody
modelling (the modelled structures are not systematically represented in their
closed state). However, in order to close the loops using the Newton-Raphson
method, J, is needed. Both steps of the partitioning require the results of the other
in order to operate correctly. Consequently, a new method has to be found in order
to unblock the situation.

16



5 Resolution methodology

5.1 Robotran working principle

The main components as well as how they interact with each other is shown in Fig[14]

First, the model of the multibody system is implemented on the graphical ed-
itor MBSysPad (bodies, joints, anchor points and cuts to close the kinematic loops).

Then, the symbolic files are created by the MBsysTrans module, which are based
on the modelled multibody system implemented in MBsysPad.

Next, simulations are conducted in the simulator (called MBsyslab for the Matlab
version or MBsysC for the C version), its inputs are the symbolic files generated by
MBsysTrans as well as the numerical values for the joints, masses, anchor points,
etc. and the type of each joint (dependent, independent or forced/driven).

Finally, after all the wanted simulations have been conducted, the model cre-
ated in MBsysPad can be animated using the results of the said simulations.

Only the simulator part will be modified in order to implement a solution for
mechanisms containing redundant constraints.

17



MBsysPad

Graphical Editor

Figure 14: Robotran building blocks. Figure from [4]

5.2 The Non-linear least squares method

The adopted approach consists in finding a way to solve the constraints without
having to use the Jacobian J,. As a reminder, solving the constraints implies that
h(q) = 0. In other words, what values must have the generalised coordinates ¢
in order for all the components of the vector h(q) to be equal to zero. It can be
achieved by using the non-linear least squares method.

This method consists in minimising an objective function F' of the form:
F =) riz) (22)
1
where r; are defined as the residuals and is dependent from the parameters x. It is

usually used to find the best fit to non-linear overdetermined systems.
In the case of the constraint solving issue, eq.(22) simply becomes:

F= ihi(Q)2 (23)

Matlab libraries contain some tools in order to solve it, notably the "lsqnonlin" and
"fminsearch" functions. Both functions are used in order to minimise the objective

18



function they are given. The only difference is that fminsearch aims at reducing any
form of objective function (not only the form used in the non-linear least squares
method) while Isqnonlin is specifically designed to solve the objective function of a
non-linear least squares method.

However, before using these tools, a few things must be understood. Firstly,
solving the geometrical constraints of a multibody system requires the system
to be consistent regarding the constraints (i.e. it is assumed that the system is
kinematically sound) and the objective function should end up being very close to
zero (or at most of the order 107, as it is the precision standard in the case of
Robotran).

Furthermore, it is important to have the initial values of gy quite close to the values
that minimise F', as it is not uncommon with this method to end up in a local
minimum instead of the global minimum.

Finally, the only variables in the constraints are the dependent coordinates, as we
want to close the loops for fixed values of the independent coordinates.

5.3 Implementation of the method in Robotran

The first step to solve the constraints using Isqnonlin or fminsearch is to define the
objective function. It is nothing more than the sum of the square of each individual
constraint. Robotran provides these constraints by translating the multibody
system "schematic"' file- created by using the modelling interface MBSysPad- into
symbolic files, one of them containing the symbolic expression of all the constraints.
However, it can not be used as it is. In fact, the constraints are written in terms of
all the generalised coordinates ¢, including the forced coordinates and the user’s
choice for the independent variables. The goal of the constraint solving process is
to find the values of the dependent coordinates satisfying the constraints according
to fixed values of the user’s chosen independent coordinates and forced coordinates.
Thus, it is beforehand important to indicate to lsqnonlin and fminsearch which
coordinates are fixed and which coordinates are variables, it should then return
the values of ¢, without changing the values of ¢, and qg iven-

5.4 Validation of the method

In order to verify the accuracy of this method compared to the Newton-Raphson
method, two non-redundant multibody systems were modelled and the simulation
was run without including any alteration (the constraints were solved using the
endemic Newton-Raphson method).

Then, the values of all the generalised coordinates for all the time steps of the
simulation were extracted and saved.

The simulation was then run a second time, but the Newton-Raphson method was

19



replaced by Isqnonlin and fminsearch successively, the values of all of the generalised
coordinates for all the time steps of the simulation in this case were also extracted
and saved. Finally, the results computed using Newton-Raphson were compared
to the ones computed using fminsearch and Isqnonlin. As a reminder, the error
margin is considered small enough if it does not exceed 107°.

5.4.1 Three bars mechanism

This simple mechanism can be modelled as shown in Fig[T5] In this case, it was
arbitrarily assumed that d11 = d31 and d01 = d21 for the sake of being able to
easily introduce a redundant constraint in the future. The main frame is located at
the starting point of the vector d01. This system has three revolute-type generalised
coordinates, as well as two prismatic constraints introduced by the ball cut, limiting
the system to 1 degree of freedom.

Body 2

SN

Body 1
¢ Apog

. q1 ¢
LS W Y Y VO VA Y W U W W W W % i A
Body O

Figure 15: Multibody model of the 3 bars mechanism

After implementing this model into Robotran and having conducted the experiments
explained at the beginning of section 5.3, the errors on the 3 generalised coordinates

20



according to the time step were computed and are shown in Fig[I6 and
for fminsearch and lsqnonlin respectively.

in Fig[l7

L1010 Error using fminsearch for the 3 bars mechanism
e T T T T T
12 —
10 } —
5 i
|
, |
5 \ | |
= I | I
£ | Il |
5 4 | —
£ . ‘
| |
L | | i
2 | “ ‘I | |
0 ’—(:}i,\‘ s = ==t P i=—e— /_/_"Lf_t__}
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Figure 16: Comparison between Newton-Raphson and fminsearch for the 3 bars

mechanism

10710

Error using Isqnonlin for the 3 bars mechanism
14 T T

Ermor [m]
IS
T

25 3
Time [s]

Figure 17: Comparison between Newton-Raphson
mechanism
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The first thing to notice is that in both cases, the error is lower than the maximum
error margin of 107°. Then, it is also interesting to see that fminsearch and
Isqnonlin virtually yield the same results.

5.4.2 Five-point suspension

The last experiment gave quite positive results. However, the analysed system was
quite simplistic and two-dimensional. In order to really put this method to the
test, a more sophisticated and three-dimensional system is needed. In this case, the
mechanism of a Mercedes suspension was chosen. This suspension is a five-point
suspension, its schematic is shown in Fig[I§} its multibody model is shown in Fig[T9|
and is taken from [9].

Figure 18: Five-point suspension schematic. Figure from [9]

This mechanism consists in 8 bodies: The chassis, the wheel carrier, the wheel and
five bars.

The suspension bars are connected to the chassis using 5 ball joints, the suspension
bars are connected to the wheel carrier using 5 ball joints, and the wheel is connected
to the wheel carrier using 1 revolute joint. It is also assumed that the bars can not

22



rotate around their axis, which results in replacing the ball joints connecting the
bars to the chassis by 2 d.o.f. universal joints.

With the help of Fig[T9] we can see that the system has 2 d.o.f., which is found
by subtracting the number of constraints (4 ball-type cut each restraining 3 d.o.f.)
from the number of joints (14), these 2 d.o.f. represent the wheel rotation and the
displacement of the suspension.

@ &

spring and
damper

NSNS

wheel carrier (13)

inertial @ il
Figure 19: Multibody model of a five-point suspension. Figure from [9]
Once again, the experiments were performed on the model and the error on the

23



generalised coordinates are shown in Fig[20] and in Fig2I] for fminsearch and
Isqnonlin respectively.

(109 Error using fminsearch for the Mercedes suspension
T T T T T

Figure 20: Comparison between Newton-Raphson and fminsearch for the Mercedes

<108 Error using Isgnonlin for the Mercedes suspension
8
T T T T T

Figure 21: Comparison between Newton-Raphson and Isqnonlin for the Mercedes

The same observations can be made as for the 3 bars mechanism: the error is lower
than the tolerance of 1072 and both methods give almost indistinguishable results.
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5.4.3 Comment on the results

These observations showed that the non-linear least squares method is accurate
enough to solve the constraints of a multibody system. It can thus be used in order
to solve the constraints of a multibody system containing redundancies without
the need to initially compute J,.

A side observation that was made during the simulations also showed that the
Newton-Raphson method is much faster than the non-linear least squares method.
It should however not cause any substantial issue regarding the speed of the process
as in practice, when trying to solve a system containing redundancies, the non-linear
least squares method will only be used once just before the LU factorisation and
the rest of the coordinate partitioning will ensue normally (Newton-Raphson will
be used for the rest of the process).

5.5 LU factorisation

Now that the loops are closed, modifications to the LU factorisation part of the
Robotran program must be made. Currently, Robotran checks the validity of the
factorisation by checking the rank of the obtained Jacobian sub-matrix J, and
comparing it to the rank of the whole Jacobian. Should they be different, J, will
be considered singular and an error occurs. The program implementing the LU
factorisation has two possible outcomes:

e The whole process is conducted successfully and returns a rank for the Jaco-
bian that is equal to the maximum between the number of rows (constraints)
and columns (generalised coordinates) of the Jacobian.

e While searching for the biggest pivot for the 7 element of the diagonal, it can
only find a zero Pivot. In that case, a redundant constraint has been found
and the returned rank is equal to (i — 1).

To understand what happens when a redundant system is introduced to the pro-
gram, an example is helpful, we will assume the following system:
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q1 92 43 44 (G5
hy Sh1 Sl

d dga
gl q2
e |
Jac= hs | - (24)
hy |
hs
he
Rank(Jacunsolved—const’raints) =95 (25)
Ra’nk(Jacsolved—constramts) =4 (26)

We assume that the system has 6 constraints and 5 generalised coordinates. How-
ever, although the system might seem to have too many constraints, it has 1 degree
of freedom, which means there are two redundant constraints. If the constraints
are not previously solved, it will result in a rank of 5 for the Jacobian and one of
these will happen:

e [f the user has chosen to define an independent variable by himself, ¢5 for
instance, the 5 column is locked and the LU factorisation program will end
up factorising a 6 by 4 matrix, Jacry_ e, and its rank will be 4 at most,
which is less than 5 and will result in the singular matrix error.

q1 q2 43 (44
hlhﬁ

dgi dg2
hy | 2
Jacry—pa = 8| (27)
hy | -
hs
hg
Rank(Jacry—paet) = 4 (28)
Rank(JaCLU—Fact) < Rank(Jacunsolved—constraints) (29)

e [If the user decides to let the program choose the independent variable, the
LU factorisation will be successful and the diagonal will have the largest
pivot, but as no zero pivot were found during the factorisation, the Jacobian
of the independent variable will be empty, which will also result in an error.
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Jacry_—raet = Jac (30)
Dim(J,) = [5, 5] (31)
Dim(J,) = || (32)
(33)

Now, it is assumed that the constraints have previously been solved, the Jacobian
will thus have a rank of 4, as 2 lines in the [6%5] Jacobian will be linear combinations
of the others. Now, one of these will happen:

e If the user has chosen to define an independent variable by himself, the LU
factorisation program will end up factorising a 6 by 4 matrix and its rank
will be 4, which is equal to the computed rank of the complete Jacobian, the
returned sub-matrix J, will thus be an acceptable and regular solution.

Rank(Jacsolvedfconstraints) =4 = Rank<JaCLU7Fact) (34)

o [f the user decides to let the program choose the independent variable, the
LU factorisation will stop at the 5 element of the Jacobian diagonal because
it stumbled upon a zero pivot. It will show that there are redundant con-
straints, will proceed to ignore the remaining rows and will return .J,, a 4 by 4
sub-matrix of rank 4 of the current state of the factorised matrix,Jacrqciorised,
it will thus also be seen as an acceptable and regular solution.

5 @1 492 43 (i

JacFactorised -

o 0

:]1, = Ja/CFactorised(l . 4, 1: 4) (36)
Ju = JacFactorised(l : 47 5) (37)
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The whole process having been made clearer, the only modification to make in
the program, regarding the LU Factorisation, is to allow it to return the current
sub-matrix .J, when the factorisation stumbles upon a zero pivot. Furthermore, it
is also important to allow the row permutations, as it is not activated by default.

5.6

Summary

When launching the simulation after having implemented the redundant constraints,
the following will happen:

Before the simulation: It is assumed that the symbolic files have previously
been generated using the MBSysPad model.

Step 1: The program will load the data of the system from the MBSys-
Pad model (dimension, mass, forced joints, user’s choice for independent
coordinates, etc.).

Step 2: The program will begin the coordinate partitioning.

Step 3: The program will induce randomness to coordinates set to zero in
order to avoid any singularities.

Step 4: Either fminsearch or Isqnonlin will be used in order to solve the
constraints, it is important to verify that the given function to minimise only
depends on the dependent variables (the independent and forced variables

are fixed).

Step 5: The program computes the rank of the Jacobian with solved con-
straints. If there are any redundant constraints, this rank will be lower than
if the constraints were not solved.

Step 6: The program starts the LU Factorisation.

Step 6.a: If during the factorisation, a zero pivot is met, the factorisation
stops and returns the current factorised square sub-matrix .J, in such a way
that the line containing the zero as well as the following lines are ignored. It
also returns its rank and the permutations that have been done

Step 6.b: If no zero pivot has been found, it returns the completely factorised
sub-matrix J, as well as its rank.

Step 7: If the sub-matrix J, is empty or if the rank of J, is lower than the
rank of the whole Jacobian (also possible if the constraints have not been
solved, e.g. bad user choice for independent coordinates), returns an error. If
not, the program continues to step 8
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e Step 8: The program adds the potential new independent coordinates and a
second partitioning is performed in order to check the validity of the choice.

e Step 9: The coordinate partitioning ends and the program can start the
temporal simulation.

Here, step 4 is totally new and step 6.b requires the code to be somewhat modified.
The modifications brought to the Matlab code are detailed in Annex 1.
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6 Application

Now that a potential solution has been found and implemented, it is time to put it to
the test. In the following section, two applications will be presented. These applica-
tions aim to check if the performed changes allow Robotran to deal with redundant
constraints. The first application consists in a simple two-dimensional mechanism,
while the second one consists in a complex three-dimensional mechanism.

6.1 Redundant 4 bars mechanisms
6.1.1 Description of the mechanism

The mechanism that is dealt with in this application is the one shown in Fig[I2]
Its model (see Fig. is a variation of the model shown in Fig, the difference
being that there is an additional bar. In this case, we have d02 = d22 and
d11l = d31 = d41. Furthermore, it is assumed that d02 and d01 are aligned, the
same goes for d22 and d21. The 4 joints are single d.o.f. revolute joints and the
system is cut using joint cuts of type ball (2 constraints in 2D) between Body
4/Body 3 and Body 0.

Body 2
QE q:}
- w
= 0
g &
m W
g1
ball cut
A e T T T T T T T T T U U A N Y W

Body O
Figure 22: Multibody model of the 4 bars mechanism

As already explained for Fig[T2] computing the number of d.o.f. of this system
using classical methods would result in 0 d.o.f., however the correct number of d.o.f.
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is in fact one, There is a redundant constraint and this system can not be solved
using the regular version of Robotran (if the system is not already closed).

6.1.2 System data

There is an infinite number of possibilities to set the value for the masses, joints
and anchor points. For this application, the following input were chosen:

Joints:

Initial value [rad] | Type
ql | 0.78539816339 u

q2 1.0 \
q3 0.1 v
q4 0.4 %

Anchor points:

Component | Value [m]
do1 X 1.0
d02 X 0.5
di11 Z 0.5
d21 Z 1.0
d22 Z 0.5
d31 X 0.5
d41 X 0.5

Masses: As we are more interested in the kinematics than in the dynamics of the
system, we assumed that every bar weighs 1[kg], the inertia matrices are assumed
to be zero matrices and the centers of mass are located in the middle of each bars.

6.1.3 Results

We let the 4 bars oscillate like a pendulum (we assumed that body 0 was the ceiling,
we just have to imagine that Fig is upside down). The program was able to
detect and eliminate the redundant constraint, the position of the joints through
time are shown in Fig23] Both fminsearch and lsqnonlin ended up giving the same
result.
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Figure 23: Obtained result for the 4 bars

This application allowed us to confirm that the implemented method is valid, or at
least, for simple 2-D problems.

6.2 Agile eye
6.2.1 Description of the mechanism

As mentioned in section 4.1, a more complex mechanism containing redundant
constraints would be the agile eye (see Fig. The agile eye was introduced
in 1994 by Clément Gosselin [7]. It is a parallel robot consisting of 3 motors, 6
arms and the "eye'. Its purpose is the fast and accurate orientation of cameras,
although it can also be used to orientate other objects, such as lasers, mirrors, etc.
It is able to achieve angular velocities of more than 1,000 degrees per second and
accelerations of more than 20’000 degrees per second square with minimal error [§].

Its architecture is defined in such a way that all 9 joints of the system have
their main axis intersect at the same point: the center of rotation of the eye [g].
Attempts were made to implement this system in Robotran, this could however not
be achieved due to the redundant constraints not being implemented in the program.

The mechanism is symmetrical; there is the eye as well as three identical set
of bodies. One set contains: a motor whose rotation axis points toward the center
of rotation, the first arm connected to the motor, the second arm connected to the
first arm by a joint whose axis coincides with the axis of the neighbouring motor,
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this second arm is finally connected to the eye in such a way that the axis of the
joint coincides with the axis of the other neighbouring motor. The geometry of
these arms must allow them not to interfere with any other body of the system.
However, as the model implemented in Robotran is not "solid", we can choose the ge-
ometry of these arms in a way that suits us (the bodies will pass through each other).

The multibody model of the agile eye as implemented in Robotran is shown
in Figf24]

. sodcut
o o T
- d71 }@-q\ﬂ:ll dgdl rqu-q\ﬂ{ d91 | =
Large Bar 3 Small Bar 3 Eye Arm 3
— Phantom Eye 3

"""f-w—f-,,_,_,i_sigljd Cut

q19_e.q20 a2leg22
EES N s ey a— AN

] 1 | |
Large Bar 2 Small Bar 2

Phantom Eye 2
q10. gqll

q12 .. q13
\ — 31 rl/\{ GRESI
| I
AN

\ Large Bar 1 Small Bar 1 Eye Arm 1
-

12 .
| T— solidcut

Figure 24: Model of the agile eye as implemented in Robotran

The model consists of the eye and 3 identical branches. These branches end with
an eye arm, which represents the part of the eye connected to the last bar of each
branch, and a phantom eye, which is a phantom body used in order close the loops
using solid cuts (constraint that aims to lock the 6 degrees of liberty on a certain
frame,i.e. the eye).

6.2.2 System data

An agile eye can have many different architectures as long as all of its 9 joints have
their axis intersect the center of rotation. We chose to characterise the architecture
of our agile eye with the help of 2 parameters: the length L of the sides of the
equilateral triangle formed by the motors, and the angle # between the axis of these

motors and the ground. For this particular simulation, L =1 [m] and 6 = 7§ [rad]
were chosen.
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Joints:

Symbolic value | Initial value [rad] or [m] | Motion | Type
ql /] 0.4 T1 v
42 /] 0.28 T2 v
q3 /] 0.55 T3 v
q4 /] 0.0 R1 v
a5 /] 0.0 R2 v
q6 /] 0.0 R3 v
q7 5 0.5235987755982989 R3 Forced
a8 —0 —0.7853981633974483 R2 Forced
q9 /] —0.68471920311242 R1 u
qlO - —1.318116071652818 R2 Forced
qll /] 0.2 R1 v
ql2 55— 0.25268025514207865 R3 Forced
ql3 /] 2.25 R2 v
qld 0 0.7853981633974483 R1 Forced
qld 0 0.0 R3 Forced
ql6 Ban 2.6179938779914944 R3 | Forced
ql7 —0 —0.7853981633974483 R2 | Forced
ql8 /] —0.68471920311242 R1 1
ql9 —p —1.318116071652818 R2 Forced
q20 /] 0.2 R1 v
q21 5—0 0.25268025514207865 R3 Forced
q22 /] 2.25 R2 v
q23 0 0.7853981633974483 R1 Forced
q24 —%’r —2.0943951023931957 R3 Forced
q25 -3 —1.5707963267948966 R3 Forced
q26 —0 —0.7853981633974483 R2 Forced
q27 /] —0.68471920311242 R1 u
q28 —p —1.318116071652818 R2 Forced
q29 /] 0.2 R1 v
q30 55— 0.25268025514207865 R3 Forced
31 /] 2.25 R2 v
q32 0.7853981633974483 R1 Forced
q33 %’T 2.0943951023931957 R3 Forced

It is important to remember that these values are written according to the con-
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cerned body frame, not systematically the base frame. It is also to be noted that
the initial value of a forced joint is the value that this joint will have for the entirety
of the simulation. A symbolic value was also given to the forced joint according to

the parameters L and 0. Furthermore, to somewhat condense the expression, we
have B = 2 x asin (2

Anchor points:

Component | Symbolic value Input value [m]
do1 X L 1.0
Y 0 0.0
Z 0 0.0
d02 X L 0.5
Y V3 % % 0.866025403784439
Z 0 0.0
d11 X L x 005(%) 0.6123724356957945
Y 0 0.0
Z —L * sm(%) —0.7905694150420949
d21 X (heosBDIVS | (.9185586535436918
Y — OS] —0.39528470752104744
Z 0 0.0
d31 X 0 0.0
Y el 0.408248290463863
Z 0 0.0

For the 6 remaining anchor points, we just have to remember that d11 = d41 = d71,

d21 = db51 = d81 and d31 = d61 = d91.
Masses:

Once again, as we are more focused on the kinematics rather than in the dy-
namics of the system, we assumed every bodies of the system to have masses
and inertia equal to zero. The only body with a mass and inertia will be the
body "Eye', it will be considered as a full sphere of radius r = 0.2[m] and with a
mass m = 4[kg], the element on the diagonal of the matrix of inertia will thus be
I = 2mr? = 0.064[kg * m?).
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6.2.3 Results

This time, only Isqnonlin was able to solve the constraints. It seems logical, as
the system to solve was quite complex and lsqnonlin is specifically designed to
handle this kind of problem, unlike fminsearch. The program was able to solve the
constraints both with user’s choice of independent variable and without.

In the first simulation, the same sinusoidal torque was given to the 3 motors,
the result are shown in Fig[25] As the 3 motors are given the same torque, the eye
must rotate around its vertical axis, which is the case.

Position of the Eye and Motors through time
T T

Time [s]

Figure 25: Result of simulation 1

In the second simulation, 2 of the motors were given the same sinusoidal torque,
while the remaining one was given a different sinusoidal torque. In this case, the
eye rotates around its 3 axis, the results are shown in Fig[20]
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Figure 26: Result of simulation 2

These results show us that the modelling of the agile eye is now possible and a
wide range of simulations, e.g. the control of the motors, is now available.

6.3 Comments on the results

The implementation of the redundant constraints has been a success, the program
should work for other systems containing redundant constraints. It is however
important to point out that after a certain degree of complexity of the system,
fminsearch becomes quite unstable and Isqnonlin becomes the preferred alternative.
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7 Conclusion

To summarise what has been done in this thesis, the non linear least squares
method has been implemented as a complement to the already existing coordinate
partitioning method in order to detect and handle redundant constraints in multi-
body systems. The goal that has been achieved is to add the possibility to detect
those constraints even if the multibody system has not initially been closed correctly.

If we want to look into what can practically be done from now on with the
implemented method, the Robotran user will now be able to model mechanisms
containing redundant constraints without any difficulties, a concrete example being
the agile eye. Furthermore, should someone try to deal with redundant constraints
with anything other than Robotran, he will know that the non-linear least squares
method is a viable solution to solve constraints.

Regarding further topics that are worth looking into now that this issue has
been tackled, the implementation of a program able to compute the constraint
forces in the eliminated redundant constraint, as Marek Wojtyra did [2], would
be particularly interesting. Furthermore, there may be ways to implement the
redundant constraints other than optimisation methods.

Even more concrete issues can be looked into: Robotran also has a C version and a
Python version. Implementing a solution in those versions would make it accessible
for a much wider range of people.

As modelling the agile eye is now possible, a lot of different analysis can be made,
e.g. the control of the motors, the effect of some parameters on its performance,
ete.

As we can see, a lot can still be done. However, the results obtained in this thesis
could be of some value as a means to achieve these goals.
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