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Introduction

Climatology is an active field of Earth science devoted to the understanding of physical mech-
anisms driving the climate. Confronted to risks arising from climate changes, a good under-
standing of the climate system is more crucial than ever before. As real scale experiments
are impossible to conduct, climate’s history constitutes a major source of informations on the
impact of climate on life on Earth and on the system dynamics. Palaeoclimatology, the study
of past climates, try to produce accurate reconstructions and improve our knowledge of the cli-
mate system. Although obtaining good climate reconstructions is in itself interesting this also
allows future improvements in climate modelization. Historical records of direct measurement
only cover a small portion of possible climate states, therefore limiting the validity of model
based on those data alone. Reconstructions of different periods should provide new informa-
tions to improve models and assess their validities under different conditions. Moreover those
reconstruction allows to inspect models abilities to capture phenomenon with diverse frequen-
cies.

When modelling a system two main approaches are possible. The descriptive approach
relies directly on empirical observations through regression and/or interpolation techniques in
order to represent the system behaviour. In this framework, the system is treated as an entity
only described by the set of quantities of interest. This method uses available informations
to provide useful results without providing any insight on internal mechanics at play in the
system. In the explanatory approach, the system has an in depth internal representation so
that leading phenomena can be described through a priori knowledge on relevant physical laws.
This method doesn’t explicitly use informations from observations but provides a better insight
on internal mechanisms. As palaeoclimatology deals with past events, the two approaches are
available. Climatic models have already been produced for other purposes and a variety of
proxies preserve information on past climate. Proxies can take different forms, for instance
the ratio of different oxygen isotopes captured in ice layers can be used to reconstruct past
temperatures [16]. Many other proxies are available and bring more informations on different
aspects of past climates. Unfortunately those observations tend to be sparse, as only a fraction
of all variables are observed. Moreover, proxies may not register the instantaneous state of a
variable but instead an average of the variable over some period of time.

The data assimilation problem consists in finding a way to use observations within a model
to improve the quality of its output. Variational methods try to use observations by minimizing
a cost function designed to penalize a distance between observations and predicted states as
well as enforcing physical constraints. Although those methods may be useful, they require
to construct and minimize a cost function based on a complex model which can constitute
non-trivial tasks. However, stochastic methods for sequential assimilation can directly use an
existing model with few modifications. The model of your choice can be applied to some initial
conditions and stopped when the simulation reach a time when an observation is available. At
this point the filter can correct the simulation output using the observation and the simulation
may resume.

In this work we concentrate our efforts on methods derived from particle filters. Particle
filters, are a family of sequential data assimilation methods that use multiple independent
simulations in order to build Monte-Carlo approximation of probability distributions of the
system state. The update step of these methods is designed to use available observation and
enforce Bayes’'theorem. Particle filters, in their simplest forms are easily implemented and can
theoretically be used in palaeoclimatology despite the potentially non-linear and non-Gaussian



model. Unfortunately, the robustness and quality of data assimilation based on particle filters
depend on the number of independent simulations used by the filter. As the model complexity
increases, the affordable number of simulations decreases and particle filters become less and
less robust. The following question naturally arises, how can we modify a particle filter to
improve its robustness when the number of particles is low? The goal of this work is to
implement a method to assimilate sparse observations into an existing climatic model such as
LOVECLIM [14] and compare our result with an existing particle filter implementation. First
we will provide theoretical description of some sequential data assimilation methods. This will
require the introduction of different notions such as ensemble, particles, prior and posterior
distributions. Then we will test some of these filters trough twin experiments on the Lorenz 63
model. Using results from those experiments, a particular method will be selected. This filter
will then be tested off-line using an available simulation of the southern hemisphere climate
in pre-industrial conditions made with the model LOVECLIM. A comparison with an existing
off-line assimilation method will validate the implementation. At last, the selected method will
be adapted for online assimilation with the same model and a short twin experiment will be
performed. This should validate the online implementation and allow quantitative assessment
of the method in a real scale application.



Chapter 1

Filters for sequential data assimilation

In this chapter we will present a selection of sequential data assimilation methods from a the-
oretical perspective. Although this is not an exhaustive list we hope that this chapter will at
least be an educational introduction to state of the art methods. We will start from the well
known Kalman'’s filter, designed for linear-Gaussian model, then the ensemble Kalman filter will
generalize the method to non-linear models. This will require the introduction of the concept
of ensemble. Then, starting from Bayes’theorem, we will describe the sequential importance
resampling filter, a method adapted to generic data assimilation problems. This filter is one of
the simplest particle filter available and a good starting point to develop more advance tech-
niques. Using elements from the ensemble Kalman filter and the sequential importance filter we
will explain how to construct a non-linear ensemble transform filter that share some similarities
with both of them. At last a variation of the sequential importance resampling filter will be
presented in the form of the equivalent weight particle filter.

First lets describe some useful notations. We are interested in a model with state space
X C R™. The model for our application works with discrete time so the model dynamic can be
describe as f : X — X @ x(t) — x(t + 1), where z(t) represent the model state at time ¢. The
relationship between an observation y(t) taken on the true system and the system state at the
corresponding time step z(¢) can be express as h: X — YV : 2(t) — y(t). Where Y C R? is the
observations space. Unfortunately, observations are often noisy, for clarity we consider that the
function h is deterministic and we add a random noise €, a random vector of appropriate di-
mensions, y(t) = h(z(t)) + €. This expression will become useful to construct twin experiments
for testing the different methods while taking observation noise into account.

Starting from an initial condition z(0), we can apply the model several times in order to
obtain a first estimation for the system state at time ¢. This estimation z(t) is the a priori
estimate or the forecast. Assuming that on observation y(t) is available at time ¢, the goal of a
data assimilation method is to produce a better estimation x(t)|y(t) called a posteriori estimate
For clarity we will note 2/ for a forecast and z® for an a posteriori estimate.

Unfortunately, uncertainties on initial conditions and noises on observations add some dif-
ficulties to the situation. The simple fact that initial conditions may not be clearly defined
put us in a probabilistic framework. Instead of estimating the system state z(t) we will try to
estimate its probability distribution. Once again we will have to make the distinction between
the a priori and a posteriori probability distribution using the same notation as before.



1.1 The Kalman filter (KF)

The Kalman filter is a well known method that provide optimal result in a closed form as long
as a few hypotheses hold. Optimality of the Kalman filter resides in the minimization of the
squared error between the value of the system state and the value of the forecast.

e the model is linear Gaussian
e measurements come from a linear operator with Gaussian noise
e distribution of the initial condition is Gaussian

We will present the KF in a similar way as in [23]. Using the linear model A and the linear
observation operator H we can note,

x(t) = Azt — 1)+~ (1.1)
y(t) = Ha(t) + € (1.2)
with: v ~ N(0,U) (1.3)
¢ ~ N(0,R) (1.4)

In this formulation, U and R are covariance matrices of appropriate dimensions. € and - are
random vectors drawn from the corresponding Gaussian distribution. Starting from a Gaussian
state distribution at time t—1, x ~ N(Z(t—1), P(t—1)) applying the model lead to the following
prediction step:

#(t) = Ax(t — 1)

PI(t)= APt — 1)AT +U

! (t) ~ N(@(t), P!(t))

In this framework the a posteriori distribution will also be Gaussian. Therefore the update
step only has to modify the mean and covariance. This update step can be written concisely
by omitting the time notation as everything happen in the same time ¢.

K =P H'(HPTH" + R)™! (1.8)
=7+ K(y — H') (1.9)
pP*=pPl - KOp! (1.10)
z® ~ N(z% P?) (1.11)

If the model appears to be linear and deterministic the Kalman filter is still valid as the covari-
ance matrix U can be set to zero in ours equations.

Although this filter proposes a closed form for the data assimilation problem, the underlying

hypothesis are far too restrictive for application in palaecoclimatology. Indeed, in this field
models are rarely linear and state distributions are not known to be Gaussian.

1.2 The ensemble Kalman filter (EnKF)

In order to deal with non linearity present in model we can use the Ensemble Kalman Filter as
describe in [9], [10]. Instead of applying the model on the mean of the initial distribution, we
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can use multiple simulations starting from initial conditions drawn from the best state distribu-
tion known at that time. Because computational resources are limited we use a finite number
n of simulations. The set of simulated states, z; i € {1,2,...,n}, is the ensemble and n is the
ensemble size. The idea behind the EnKF is to use this ensemble to evaluate quantities needed
in order to compute the Kalman’s update.

Because the model is no longer linear the forecast step in the KF (equation 1.5) doesn’t
stand. Applying a linear transformation to a Gaussian distribution result in a Gaussian dis-
tribution with modified moments, this is not true with a non linear transformation. However,
mean and covariance can be approximated by the empirical ensemble mean and covariance.
Therefore, starting from an ensemble representing the distribution of initial conditions we can
apply the model to propagate the ensemble forward in time. Unlike the Kalman filter this step
requires to apply the model on several initial conditions, fortunately this can be done in parallel
as each ensemble member is independent. As soon as all ensemble members have reached a
time when an observation is available, the empirical mean and covariance of the ensemble can
be computed as:

= ;ix (1.12)
Pl = E((_x — )z —z)7) (1.13)
S O T (1.14)

n—14%
=1

Then, we can compute the Kalman’s gain as in the original KF (equation 1.5). Keeping the
assumption of Gaussian distribution for the prior and for the posterior distribution, the mean
and covariance of the posterior can be approximated using the KF update.

K =P/ H'(HP'H" + R)™! (1.15)
7° =3 + K(y — Hz') (1.16)
pP*=pP - KHP! (1.17)

Those equations assume that the underlying distribution is Gaussian and update the ensemble
mean and covariance, therefore this is enough to describe the a posteriori distribution. However,
in order to use the EnKF in the following step we need to generate a new ensemble. This can be
done by applying the Kalman’s update to each ensemble member. However, this formulation
requires the use of perturbed observations so that the covariance of perturbations match the
prescribed covariance R. This can be done by adding a Gaussian noise with mean equal to zero
and covariance R [9]. For infinitely large ensemble the two covariances would be equals. In [5],
[10], [26], discussion on variation of the update equation can be found.

The filter can be summarized using matricial notations. This kind of notations will be useful
later on. Each ensemble member can be stored in a column of a matrix. For instance, z; is
stored in the i column of the matrix X. The distinction between prior and posterior ensemble
is made with the subscript f or a. The covariance matrix can be express using the ensemble
perturbation matrix X’. The i column of the perturbation matrix is #; — . Therefore the
covariance matrix will be P = ﬁX 'X'". In the same way, the set of perturbed observations
can be stored in the column of the matrix Y. As usual, we apply the model on each ensemble
member independently: X7 (¢) = [f(z](t — 1)), f(a](t — 1)), ..., f(zf(t — 1))] until we reach an
observation time. The analysis step is written in matricial notation without the time indications



as everything append at an observation time.

X =xI X/ (1.18)
1

Pl = —_X"7XIT 1.19

— (1.19)

K =P H'(HP'H" + R)™! (1.20)

X=X+ K(Y - HX/) (1.21)

Although this is enough to understand and apply the EnkF | another formulation will become
helpful in section 1.4. The idea behind this reformulation is to express the Ensemble Kalman
update in term of the perturbation matrix and not in term of the covariance matrix. This will
require the computation of a matrix square root, origin of the appellation of ensemble square
root filter [9], [10]. We known that covariance matrices can be written as:

1
Pa - leaX/aT (122)
1
mX'fX'fT (1.23)

Pl =

Using those expression in the update equation of a Kalman filter we have:

pe=p/ — prEHT(HP'HT + R)"'HP/ (1.24)
poo L xuxur_ LX'fX'fTHT[HLX’f xTgr 4 R]—IHLX'J‘ X7 (1.25)

n—1 n—1 n—1 n—1
(1.26)

At this point we can factorise in term of prior and perturbation both left and right

Pt = X"y Xt (1.27)
V= [(n—1)I+HXNTR(HXT)]™ (1.28)
Then using the symmetric matrix square root of V' in order to preserve the ensemble mean
we get:

V=TT" (1.29)
X' =/n—1X"T (1.30)
This last equation can be used to update the ensemble perturbations however the ensemble
means still have to be updated. This update can be done by applying the Kalman update
to the the ensemble mean. The a posteriori ensemble is generated by centring the ensemble

perturbations around this a posteriori ensemble mean.

Note that the transformation is defined up to a mean preserving rotation A. This rotation
matrix must satisfy a few properties:

e the matrix must be orthogonal AAT =T
e the matrix must have 1 as an eigenvalue and e as the associated eigenvector. Ae = e

The first property ensures that the covariance matrix obtain is the same with or without ro-
tation is the same. (TA)(TA)Y = TTT =V The second property ensures that the ensemble
mean is not affected by the rotation.

10



From an implementation point of view, the generation of the random rotation can be
done as explain in appendix B of [26]. First, generate a random orthogonal matrix 2 of size

1
(n—1) x (n—1). Generate an arbitrary n x n orthogonal base B with N as first column. In
n
1 0 .
. At last the final rotation
0 Q
can be obtain as A = BAgBT. Random orthogonal matrix can be obtain as a householder
transformation based on a random vector. Orthogonalisation of a random base can be achieve
trough QR factorisation. Note that this rotation take place in the ensemble space and not in
the state space of the model. Therefore, the generation of the rotation is model independent

and only require to know the ensemble size.

the base B the random rotation could be written as Ag = <

Note that the EnKF doesn’t need a linear model but still assume Gaussian distributions
of model states by construction. In general states distribution is non-Gaussian, however this
can be seen as a tentative to describe the mean states and the associated uncertainty. This
limitation can be relaxed in the following filter.

1.3 The sequential importance resampling particles fil-
ter (SIR)

This filter uses explicitly Monte-Carlo approximations of different distributions as well as ob-
servation likelihood in order to enforce Bayes’theorem through an appropriate weighting of the
prior ensemble.

The Monte-Carlo approximation of a probability distribution function p(z) is build from an
ensemble of particles x; ¢ = 1...n drawn independently from this pdf

() ~ % > outw) (1.31)

Where ¢;(;) is a known pdf computed thanks to the i** particle. Classical choices are normal
and delta distributions centred in x;. Choosing normal distributions give a continuous pdf
but the choice of the covariance can be tricky. Choosing the delta distribution get rid of
this issue but the approximation become a discrete distribution. For simplicity let’s use delta
distributions to build the approximation of the prior distribution.

p(z) ~ %Z Sz — ;) (1.32)

For an ensemble of infinite size the approximation is perfect, obviously such an ensemble is
not realistic but the greater the ensemble the better the approximation. We want to produce a
similar approximation of the posterior distribution form this ensemble such that Bayes theorem
is respected.

plylz)p()

p(y) (1:33)

p(zly) =

The distribution p(z) can be approximated as previously. Assuming that the distribution of
noises on observations is known we have p(y|z). The last term p(y) is not known directly,
however it can be said that p(y) = [ p(y|z)p(x)dz

11



At that point, we can use Monte-Carlo approximations of p(x) and write:

1

pylr)— >0, 0z — ;)
plzly) ~ T (1.34)
Jplyle) =30, 0z — 2;)dz
~ p(ylz) s

p(yli)

>y p(ylws)

This is often written as p(xly) = Y ., w;0(x — x;) where w; = are called

weights.

In practice, the first step is to compute the observation likelihood with respect to each
particles of the prior ensemble. Then weights are obtained after normalisation of the likelihood
vector.

Although it can be tempting to use this approximation of the posterior distribution and
assume independence of each particles in order to reapply this method at the next observation
s

time with w;(t) = w;(t — 1) p(ylz:)

> iy P(ylry)

describe a phenomenon where all the weigh is concentrated in a few particles. The model
must be applied to each particle and is often costly. Particles with negligible weight have
little impact on the approximation therefore propagating those particles is a waste of resources.
However simply dismissing them will cause the ensemble size to decrease, asymptotically, only
one particle will have a non-zero weight and the posterior distribution will be a delta function.
At this point filter divergence is unavoidable.

The idea in the Sequential Importance Resampling Particle Filter is to apply a resampling
step in order to avoid filter degeneracy. After computing the weigh vector, a new ensemble
is drawn from the posterior distribution by resampling with replacement amongst the current
ensemble such that the probability of particle ¢ to be chosen is equal to w;. Then all weights are

this will cause filter degeneracy. Filter degeneracy

1
reset to —. At this point we have a new ensemble where each particle is equally weighted. This

new ensenmble and the the ensemble from which we resample are two Monte Carlo approxima-
tion of the same distribution. Filter degeneracy is avoided and the ensemble size is preserved,
leading to a better usage of computational resources. However another problem may arise,
particularly if the model do not have stochastic component. Because some particles of the new
ensemble may be identical computational resources are wasted and the filter may diverge. An
easy-fix solution is to add a small perturbation at each particles after resampling. It slightly
perturbs the model dynamic but reintroduces diversity in the ensemble.

This filter doesn’t require heavy hypothesis on the model or observations, it can be applied to
a non linear model with any kind of prior distribution. Moreover, it can produce an estimation
of nearly any distribution, even multi-modal as long as the ensemble size is large enough.
However, in case of filter divergence there is no mechanism to recover. This fact encourage the
use of ensemble as large as possible. Another drawback of this method is the stochastic noise
introduce at the resampling step. A stochastic resampling can sometime misbehave, justifying
deterministic resampling scheme.

12



1.4 The non-linear ensemble transform filter (NETF)

The filter described in [26], [27] can be seen as the equivalent of a square root formulation of
the SIR. The formulation is similar to the square root formulation of the EnKF but it tries
to reproduce the mean and ensemble covariance obtain with a SIR. Unfortunately it doesn’t
maintain higher order moments.

First let’s describe the mean and covariance produce by a SIR. The mean can be computed as
the weighted sum of each particles.

T = > wit; (1.36)
=1
(1.37)

The covariance matrix can also be computed explicitly but it is slightly more complex. The
first step is to start from the expression of the posterior mean in term of prior perturbation:

% p = X"w+ 2w (1.38)
Pgp = Z wi(z] — 2gp) (2] — 285)" (1.39)
i=1
:Zwi[(ac{—if)—X'w“(mf—a’;f)—X'w}T (1.40)
i=1
=> wila] —#) (=] — 2" (1.41)
=1
= wiz! — 2" X" (1.42)
i=1
= wiXTw(x! - zp)" (1.43)
i=1
+ Z w; X ww” X' (1.44)
i=1

This expression can be written more clearly with matrices. The first term become X"/ W X"/
where W is a diagonal matrix where the element (i,4) is the weight of the it" particle, W =
diag(w). Because the sum of all weights must be equal to 1 we can write the last term as
X'"TwwT X7, Second and third terms have similar notation with a minus sign. Therefore the
covariance of the posterior is equal to:

Pl = — = XYW — wa) X (1.45)

This expression allow to reformulate the particle filter as a square root filter where the posterior
ensemble is generated through the application of a transformation on the perturbation matrix.

T =W —wuwT (1.46)
X' = \/nX"'T (1.47)

In practice, after computing the weight vector w, we can compute the prior ensemble mean
and the prior perturbation matrix. Then, using the weights we can compute the posterior mean
and the posterior perturbation matrix. At last the two can be combined in order to obtain the

13



posterior ensemble.

Note that the matrix square root is not unique, therefore a random mean preserving rotation
can be applied to generate a new transformation with the same properties. Such a rotation in
the ensemble space is a n x n matrix A that verify the following properties:

ANT =T =ATA (1.48)
Ae=e (1.49)
(1.50)

Where e is a vector with all entries equal to one. This filter produce a posterior ensemble with
the same mean and covariance as if a sequential importance resampling particles filter would
have been apply. The new ensemble is equally weighted by construction. However, it doesn’t
guarantee anything for higher order moments. A method to construct the random rotation can
be found in section 1.2.

In [26], the authors claim that this filter with the random rotation shows better stability
than the SIR and contrarily to the EnKF no assumption on the prior distribution is made and
the observation error doesn’t have to be Gaussian as long as the likelihood can be computed.
This square root formulation also help to apply ensemble inflation scheme design to artificially
increase the ensemble spread to reduce the risk of filter degeneracy. This is done by multiplying
the perturbation matrix by a scalar v > 1 [26].

1.5 The equivalent weight particles filter (EWPF)

Another approach based on the notion of proposal density try to reduce both the risk of filter
divergence and filter degeneracy encounter in SIR by perturbing the model dynamic while re-
specting Bayes’theorem. The Equivalent weight particles filter proposed by P.J. van Leeuwen
and describe in [28], [2], [3] is a good example of such a method and deserve to be summarize
here.

The idea is to propagate each particles independently with a modified model that will pull
the particle toward the next observation. This is done by adding to the original model a nudg-
ing term, function of the observation and the particle position in the observation space. The
nudging term can take different forms and is an important tuning element of this method, a
classical choice is to add to the model a term inspired from the Kalman update as illustrated
later in this section. In order to respect Bayes theorem, weights are updated to take into ac-
count the model relaxation. The modified model can be used to propagate the ensemble until
the time step just before an available observation. The last step is design to decrease the final
weight variance and therefore improve the behaviour of the resampling step.

First let’s describe the model relaxation and the associated proposal density. The initial
model can be represented as a conditional probability distribution p(z(t)|x(t—1)) either because
the model has stochastic components or to represent modelisation errors. A modification of the
model would therefore be translated as another pdf based on the next observation y, q(x(t)|x(t—
1)y). The weight modification require by Bayes’ theorem can be express as in [28]

plyle(t))p(x(t)|=(t — 1))
p(y)

pl(t)ly) = plx(t —1)) (1.51)



Integrating the past out of this formulation and multiplying the expression by q

give

e (O)lye(t = 1)
x

q(z(t)lyz(t — 1))

This operation requires the support of ¢ to include the support of p, and not only to be greater
as it has been unfortunately express in [28]. Using the particle representation of this expression
we obtain

plaly) = (-1 (152

PR [ pta(oatt - vpla(e - 1)

el = > D aa(t)z(t = 1)) (1.53)

Therefore using the relaxed model lead to another weighting method to describe the pdf obtain
by the modified model with the particle ensemble.

n

- Loyl pla@lat 1)
PO = 25700 dteolete— Dy Y .

As previously explained, the unknown p(y) result is a normalisation of the likelihood across the
ensemble.

Although in this particular formulation we only consider one time step this can easily be
extended to several successive time steps and the final weight expression would become

ws = plyle(e) [ p(x(?”“x(.j —D) (1.55)

We now have to design the different proposal densities.
To pull particles toward the observation we need to construct a general formulation for the
proposal densities used to reach the time just before observation. The nudging scheme can be
related to the EnKF if the Gaussian distribution generated by a local EnKF is used as proposal.
The resulting model apply to each particle take the following form.

z(t) = flz(t—1))+ K(y — H*a(t — 1)) (1.56)

However, any kind of relaxation can be applied as long as the condition on the support of the
proposal density is respected. Another kind of relaxation encounter in [29] is

z(t) = fla(t —1-))+7QH" R (y — Hx(t — 1)) (1.57)

Where 7 depends on the time between the current step and the next observation time. This
formulation doesn’t require a local computation of the EnKF and allow a control of the re-
laxation strength. The idea being to increase the relaxation strength as we get closer to the
tops — 1

Atobs
Other nudging schemes use conditions on the model natural dynamic ability to moves par-

ticles toward observations in order to better control the relaxation strength [1]. Although those
variations seem intuitively interesting the increasing complexity of those schemes leave too
much room to parameter tuning to constitute general method. Moreover this could affect the
dynamic in an unforeseen way.

observation time using 7 =

At last, the proposal density for the last time step is designed such that a fixed percentage of
particle obtain a similar weight, thus decreasing weight variance and improving the resampling

15



step. Assuming that particle ¢ has a accumulated a weight w!®" we want to choose a specific

state x;(t) for this particle such that w!*'p(y|z;(¢)p(z;(t)|z:(t — 1)) is set to a specific value.
If the observation noise is Gaussian and we settle for a last step based on a Kalman filter-like
expression for the last proposal z(t) = f(z(t — 1))+ a; K(y — H f (x;(t — 1)) we have to find the

appropriate value of ;. As shown in [1] we can use

a;=14++/1-b;/a; (1.58)

a; = 0.5d] R HKd, (1.59)

bi = 0.5d) R™*d; — C — log(w;**") (1.60)
K=QH"(HQHT + R)™ (1.61)

di =y — Hf(xzi(t — 1)) (1.62)

The value of C must be chosen so that a fixed percentage of particle may reach the corresponding
weight. Therefore, for each particle compute the maximal possible weight at the last step

1
w9 = —Jog(w;) = —log(w;*") + id?(HQHT + R)~'d, (1.63)
Setting C' to a percentile of this set of value enforce that the corresponding proportion of
particles may reach the target weight. If a particle can not reach this value simply apply the
initial model. At last a resampling step close the algorithm. As most particles have the same
weight their are few risks of filter degeneracy.
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Chapter 2

Test on Lorenz 63

In order to test different filter as honestly as possible we want to use a twin experiment set-up
in which we assimilate pseudo-observations with different methods. In order to construct a twin
experiment, we first have to choose a model. Starting from arbitrary initial conditions we can
integrate the model on a given time-interval, this gave us a simulation, often called the truth,
from which we can generate pseudo-observations as we wish. Starting from initial conditions
similar to those used to generate the truth we can apply a data assimilation method using the
same model and the set of observations previously generated. In a twin experiment we have
access to the system trajectory from which assimilated data come from and the model dynamic
is exactly the same as the system dynamic. This allows us to evaluate the assimilation methods
performances and compare them with each others. At the end of this chapter we want to select
an assimilation method for large scale application.

2.1 The Lorenz 63 system

A classical model for twin experiments on data assimilation techniques is the Lorenz 63 sys-
tem. This model, proposed by Edward Lorenz in 1963 describe an atmospheric convection
phenomenon:

dz

7:‘7@—95)

glg:pz—y—zz (2.1)
dfiny—ﬁz

The physical interpretation of this system is not really relevant for our experimental set up.
However the fact that this model present a chaotic behaviour for the following choice of param-
eters, (0 = 10,p = 280 = 8/3) , is interesting. Indeed, using a trivial model such as d—:f =—x
would not be useful as any error would vanish.

Several parameters can be modified in order better understand filters behaviour. Because we
concentrate on particle filters and ensemble filter the ensemble size is obviously an interest-
ing parameter. We want to identify filter that behave properly even with a small number of
particles. What constitute a “small number” depend on the dimension of the model. With
only three state variables the Lorenz 63 model should require less particles than a model with
thousands of state variables, all other things being equals. Another parameter that can be
interesting is the time interval between observations as it could lead to filter divergence as the
amount of available information decrease.
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2.2 Criteria

We need objective criteria to compare different filters. Because we are working with Monte-
Carlo approximations of probability distribution we need criteria that can capture the filter
performance without being impacted by the nature of the approximation.

2.2.1 Root Mean Square Error (RMSE)

The root means square error between a true trajectory f(¢) and an estimation g(t) over a time
interval [0,¢] can be define as:

RMSEjy) = \/ = / (F(t) — g(t))2dt (2.2)

Although this could be computed for each particle and averaged over the ensemble, this criteria
would become sensible to outliers. Therefore we will evaluate the RMSE between the true
trajectory and the average trajectory of the ensemble. Multidimensional extension is natural
using euclidean distance.

1 _
RMSEq1) = \/TZ\If(t) — g2 (2.3)
t
This criterion capture the quality of the ensemble mean.

2.2.2 Spread

In order to measure the uncertainty in the ensemble, we compute the spread from the empirical
ensemble covariance. With P? the covariance matrix after assimilation and d the dimension of
the state space.

SPREAD = y/trace(P®)/d) (2.4)

Although this constitute an objective measurement of the ensemble spread it is not easy to
capture the trade-off between under and over-confidence. An ensemble with a large spread
is less susceptible to filter degeneracy but bring us fewer informations. In the other hand an
ensemble that collapse into a too small region bring more informations but is more at risk to
diverge.

2.2.3 Correlation coefficient

Given the truth and the reconstruction time series computing the correlation coefficient give
us a simple measurement of the ability to reconstruct the truth run. For two time series X,Y
the correlation matrix is define as

COV(X,Y)

_ 2.5
e (X )PV )2 29)

Element outside the main diagonal are the correlation coefficients between the corresponding
data.
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2.3 Experimental set up

We use the Lorenz 63 model with standard parameters. We integrate the model using Euler
explicit with a time step of dt = 0.01. Simulation durations are set to 17" = 5 An observation
is taken every 10 time steps. The observation is build as the first variable with a Gaussian
noise € ~ N(0,2). Initial conditions for the “truth” generation are (2,8, —2) and the initial
ensemble is drawn from a Gaussian distribution around the same conditions. The size of the
ensemble is set to 15. See table 2.1. Data assimilation methods to be tested in our twins
experiment are the ensemble Kalman filter (EnKF) the sequential importance resampling filter
(SIR), the non-linear ensemble transform filter (NETF') and the equivalent weight particle filter
(EW) moreover we also simulate ensemble without any assimilation methods (FREE) in order
to have a baseline for comparison.

TT dt [dtys] H |R]|n
51001 10dt | (1,0,0) | 2 | 15

Table 2.1: Set up for a standard twin experiment

2.4 Results

Twin experiments are stochastic process as we generate random noises for each pseudo-observation,
for this reason, multiple twin experiments can give different results especially for chaotic system
such as Lorenz 63. Therefore, we will do multiple twin experiments using same parameters in
order to compute an average value for ours criteria. However, we want a reliable assimilation
method especially for large scale applications. Therefore we also have an interest in the vari-
ability of results for the same experiment.

After 50 twin experiments using the parameters of table 2.1, we can compute the average of
our criteria, these results can be found in table 2.2. One way to understand the variability of

EnKF | SIR | NETF | EW | Free
RMSE 4.07 | 108 | 347 |6.32 | 14.5
SPREAD | 095 |[0.96 | 1.23 |0.98 | 7.72
corr(x) 096 |0.67| 094 |0.95]0.27
corr(y) 093 1066 | 094 |0.91]0.36
corr(z) 094 |0.74| 097 |0.88] 047

Table 2.2: Average results obtained for the standard twins experiment.

those results is to generate boxplot of the RMSE for each methods. In figure 2.1 we can see that
without assimilation method the RMSE consistently take a high value while with assimilation
the rmse may be lower. The large variability of the SIR can be explain by the filter inability to
recover from filter divergence. In Best case scenario the SIR perform reasonably well, however
the method lake of robustness. The Equivalent Weight particle filter is a clear improvement
on the SIR, both in term of robustness and in average, even when the parametrization is sub-
optimal. The NETF and the ENKF outperform all other methods. Another representation
of those result can be found in figure 2.2 where correlation according to the variable x is
confronted to the RMSE. With all assimilation methods, there exists a subset of experiments
in which observations are successfully assimilated, this correspond to dots in the upper left
corner of the figure 2.2. In those experiments the correlation is high and the rmse is small
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Figure 2.1: Boxplot of the RMSE obtain after 50 twin experiments with the standard parame-
ters. From left to right: EnKF, SIR, NETF, EW, FREE

20



RMSE vs correlation on x

. ¢ EnKF
0.8 RS A * SIR
et L. NETF

T
9
L ]

0.6

. ¢ . ¢ Free
L 2

> °
S 1
put 04+
S .o‘
© W e, t
© 02- g.
o)
&) .o

Or .

® ®

_04 | | | | J
0 ) 10 15 20 25

RMSE

Figure 2.2: Correlation on x in function of RMSE for 50 twin experiments with standard
parameters and different assimilation methods

in comparison with what we obtain without assimilation (black dots). However,in some case
assimilations fails and results can even be worst than without assimilation. This is especially
true in the case of the SIR.

The ensemble spread can be interpreted as a measure of uncertainty as a large ensemble
spread correspond to a wider pdf. However,the spread must be large enough to protect the
method from filter degeneracy therefore a large spread may increase the filter robustness. In
figure 2.3 we compare, for our set of experiments, the relation between the RMSE and the
spread. For all method the ensemble spread clearly smaller than the spread for free ensemble.
In term of RMSE we observe the same things as in figure 2.1. We can observe that the ensemble
spread for the NETF is larger than for the other methods without negatively impacting the
RMSE. In experiment where the SIR obtain a good RMSE its ensemble spread is comparable
with the spread obtain with the NETF and is slightly larger than with the EnKF. In term of
spread there is few variability within a method.

We can now look at ensembles evolution during a twin experiment. In practice we will
look at each filter separately on a particular twin experiment showing representative results.
Evaluation of those criteria for this twin experiment can be found in table 2.3. Values in this
table are similar to those of table 2.2, however they correspond to a particular twin experiment
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Figure 2.3: Ensemble spread in function of the RMSE for 50 twin experiments with standard
parameters and different assimilation methods.
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in which the NETF performed remarkably well while the SIR didn’t.

EnKF | SIR | NETF | EW | Free
RMSE 3.89 |10.06 | 2.14 | 7.40 | 14.86
SPREAD | 1.05 | 1.04 144 096 | 7.37
corr(x) 098 | 0.86 | 0.99 |0.93| 0.37
corr(y) 096 | 0.81 | 099 |0.90 | 047
corr(z) 097 | 0.81 | 0.99 |0.90 | 0.64

Table 2.3: Results obtained for one occurrence of the standard twin experiment.

2.4.1 Ensemble evolution: EnKF

The evolution of the ensemble during a twin experiment using the EnKF can be seen in figure
2.4. Particles closely follows the truth during most of the simulation. We can see the impact of
the EnKF at different locations. For instance, Just before time=1 the ensemble starts to spread
out, in the Lorenz 63 model it corresponds to a situation where particles tends to pass from one
wing to another. The filter manage to compress the ensemble toward the good wing and avoid
divergence. Another occurrence of this phenomenon is visible slightly before time=4, there the
ensemble is on the wrong wing with respect to the observation but the filter repetitively move
the ensemble toward the observation, eventually the ensemble move on the appropriate wing.
At different point we can see that the ensemble describe a non Gaussian distribution. This is
in conflict with the assumption on which the Kalman update is constructed. Therefore we can
said that the EnKF is not theoretically appropriate for this data assimilation problem however
in practice it produces good results.

2.4.2 Ensemble evolution: SIR

The evolution of the ensemble during a twin experiment using the SIR can be seen in figure
2.5. In this experiment the filter diverge,slightly before time=1. Observation noises trick the
filter into resampling particle on the wrong wing of the butterfly. The filter has no means to
detect this issue and produce an ensemble that doesn’t correspond to the truth and is over
confident. At one point the filter recover miraculously. This issue is not systematic as we can
see around time=3.5, there the filter successfully drive the ensemble on the appropriate wing of
the butterfly. Although theoretically appropriate for this kind of problem, the SIR is not able
to recover and can frequently diverge.

2.4.3 Ensemble evolution: NETF

The evolution of the ensemble during a twin experiment using the NETF can be seen in figure
2.6. In this example the ensemble follow closeley the truth especially in term of ensemble
mean. The greater ensemble spread typically encounter with the NETF is noticeable. From a
theoretical perspective this filter is appropriate for this problem and can be seen as a relaxation
of the SIR. The NETF recreate the same ensemble mean and covariance but its ability to create
new particle preserve us from filter divergence. Moreover, in this experiment we used an inflation
coefficient of 1.05, this explain the larger spread and prevent filter degeneracy.

2.4.4 Ensemble evolution: EW

The evolution of the ensemble during a twin experiment using the EW can be seen in figure
2.7. In this experiment the parametrization of the filter may very well be suboptimal. We
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can see how this filter perturb the model dynamic, before the first observation all ensemble
behave in the same way expect with this filter. The nudging term constantly pull the ensemble
toward the next observation. One side effect of this nudging term is that the dynamic is
altered, here the ensemble would have naturally move toward the first observation without any
help but the nudging term accelerate this movement and the ensemble is slightly in advance
of the truth. Near time=0.5 we are close to filter divergence, however the last steps of the
filter manage to avoid this issue. However those same steps may sometimes produce strange
behaviours, as we can see between time 3 and 4. Although the EW is an improvement on
the SIR the parametrization is not obvious and may be counter-productive. This filter should
not be recommended for a generic data-assimilation problem as different parameters may be
application dependent.

2.5 Impact of the ensemble size

This parameter control the number of simulations needed for the data assimilation process and
therefore impacts the required computational resources. As the ensemble size increases, the
quality of Monte-Carlo approximation of the different probability distribution also increase as
long as enough particles are not exact copies of each other. As long as we are working with a
small system, such as Lorenz 63, we could afford large ensemble size without difficulties and
the SIR would provide almost exact results. However, model used in climatology tends to be
much larger and computational resources become a major bottleneck. In order to understand
the impact of the ensemble size we run multiples set of 50 experiment with different ensemble
sizes. Figures 2.8 represent the evolution of the RMSE and the correlation resulting of this
procedure. It was generated by doing 50 twin experiment with different assimilation methods
with the standard parameter but with different ensemble size and computing the mean of
appropriate criteria. As expected the larger the ensemble the better the results, in general the
RMSE decrease and the correlation increase. For very low ensemble size (less than 10 particles)
the EnKF is the best filter. As the ensemble size increases, performances of the SIR and the
NETF improve drastically. Around 20 particle, the NETF have the same performances as the
EnKF and even start to outperform it. It is also useful to observe that the NETF systematically
outperforms the SIR and quickly beats the EW. We can also observe that for large ensemble,
the SIR achieves performances similar to the EnKF and the NETF.

2.6 Impact of the interval between observations

Previously, the time between two successive observations was set to 0.1. In order to investigate
filter behaviour as observation become more and more rare we will run multiple set of 50 twin
experiments with different observation periods. In all experiments we use 25 particle and oth-
ers parameters are kept unchanged. The selected ensemble size is arbitrary, it correspond to a
value for which the NETF performs relatively well. Intuitively, the more frequent observations
are the better the results will be as we have access to more informations. This parameter con-
trols the observation sparsity, however it is difficult to compare this sparsity between different
applications. In figure 2.9 we represent the impact of the time interval between observations
on different criteria in term of average over 50 independent twin experiments with same pa-
rameters. As expected, increasing the interval between observations decrease performances,
the RMSE increases and correlations decrease. We can see that the EW is more affected by
observations sparsity than other filters. One possible explanation could be that the nudging
term pulls particles toward the observation too soon and becomes counter-productive. It is
possible to take the time into account in the nudging term computation in order to avoid this
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issue but this kind of modification is system dependent and complexifies the filter even more.
For frequent observations, observation period inferior to 0.1, we see that the EW is still an
improvement on the SIR and that the NETF and EnKF achieve similar performances. As
the period between observations increases, the NETF start to outperforms the EnKF. As the
observation period reaches 0.3, the SIR manage to beat the EnKF for a while. For sparser
observations, the NEFT remains the best method.

2.7 Selecting the method for larger scale applications

At this point we have to choose a method for larger scale applications. We want to select a
method that can works with a small ensemble and sparse observations and that is as robust
as possible. The robustness criterion rules out the SIR as we have seen in figure 2.1. The
EW is an improvement on the SIR but it require a lot of effort in term of parametrization, is
greatly affected by the observations period and perturbs the model dynamics. Moreover the
EnKF and the NETF tend to outperform the EW. At this point we have to choose between
the EnKF and the NETF. Although the EnKF is better for very small ensemble it relies on
unverified hypotheses on the prior distribution and is beaten by the NETF when the ensemble
size is slightly greater. Moreover the NETF is less negatively affected by the period between
observations. In following chapter we will therefore concentrate ours efforts on the NETF.
However a last step is required before larger scale application, we have to understand the
impact of ensemble inflation on the NETF.

2.7.1 Impact of the inflation parameter

In the NETF, ensemble inflation can be easily implemented and is known to improve the
algorithm. It only require to multiply the ensemble perturbations by a scalar but this scalar
is arbitrary. In order to understand what could constitute an acceptable value we can perform
multiple sets of 100 twin experiments with different value for this parameter . In figure 2.10
we illustrate the relationship between ensemble spread and RMSE for different values of this
parameter. We can see that results arranged themselves in two main groups, one with a large
RMSE ans another with low RMSE. The first groups correspond to experiments where filter
divergence occurred and is mostly made of experiment with low inflation parameter. This
shows that a slight inflation protect the filter from divergence. In the groups of experiments
with low RMSE another tendency appears, as the inflation parameter increase the ensemble
spread also increase. This observation is quite natural and constitutes a first disadvantage of
high ~ value. Moreover, This cluster of experiments also shows that as the ensemble spread
increase the RMSE also increase, adding another reasons to limit the inflation. In practice we
recommend to set the inflation parameter somewhere between 1 and 1.05 in order to improve
the filter robustness while limiting the ensemble spread.
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Figure 2.4: Evolution of the ensemble in a twin experiment with standard parameter using
the EnKF. From left to right, evolution for variable x,y and z. In blue: the truth, in red: the
ensemble, in green: the ensemble mean, in black: observations.
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Figure 2.5: Evolution of the ensemble in a twin experiment with standard parameter using
the SIR. From left to right, evolution for variable x,y and z. In blue: the truth, in red: the
ensemble, in green: the ensemble mean, in black: observations.
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Figure 2.6: Evolution of the ensemble in a twin experiment with standard parameter using the
NETF. From left to right, evolution for variable x,y and z. In blue: the truth, in red: the
ensemble, in green: the ensemble mean, in black: observations.
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Figure 2.7: Evolution of the ensemble in a twin experiment with standard parameter using
the EW. From left to right, evolution for variable x,y and z. In blue: the truth, in red: the
ensemble, in green: the ensemble mean, in black: observations.
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EW. From left to right, impact on the RMSE, impact on the correlation on variable x, impact
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Chapter 3

Offline assimilation

In this chapter, we will test a SIR and a NETF on a climatic model of intermediate complexity
through off-line assimilation. The purpose of off-line assimilation is to save on computational
resources by exploiting previous simulations while correctly assessing the impact of the assimila-
tion method on a specific model. Although the assimilation step is in itself correctly represented
we have to keep in mind that this method doesn’t allow to capture the future behaviour of the
posterior ensemble. Nonetheless it constitutes a good way to test the filter implementation
and to assess some basic properties. In this work we will use the LOVECLIM [14] model to
create twin experiments as LOVECLIM constitute a good example of climatic model. We will
start this chapter by presenting the LOVECLIM model, then the method use for our offline
experiments and at last we will present our results.

3.1 The LOVECLIM model

LOVECLIM is a model representing the Earth system obtained by coupling different mod-
els in charge of different aspects of the Earth system, in this section we will quickly present
LOVECLIM based on an article in which the version 1.2 has been introduced [14].

o Atmosphere: LOVECLIM uses the atmospheric component of the model ECBilt. This
model represent the atmosphere with, amongst other variables, temperatures, stream
functions, vorticity and water content at different pressure horizons.

e sea-ice and ocean component: Using the model CLIO the ocean and the sea-ice
component are represented using, amongst other variables, barotropic velocity, surface
elevation, velocity, salinity, temperatures, turbulent kinetic energy, vertical diffusion and
viscosity. Those variables are defined on a three dimensional grid.

e continental biosphere component: Using the model VECODE, the vegetation is
represented via fraction of tree, grass and total vegetation. Using this representation of
the biosphere an important part of the carbon cycle can be simulated.

e the ocean carbon cycle component Using the model LOCH, other parts of the carbon
cycle can be simulated. Its mains variables contain dissolved carbon, total alkalinity,
dissolved and particulate organic matter and oxygen.

e the polar ice sheet component The model AGISM is in charge of simulated ices sheets
situated in Antarctica and Greenland. This require three main components, the ice flow
itself, the interaction with the solid Earth and masses exchanges with the atmosphere
and oceans.
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The result is a three-dimensional model of intermediate complexity in the sense that its
spatial resolution is not as high as in state of the art general circulation model and that some
simplifications were made, especially in the atmosphere component [14]. However this model
have the advantage to be sufficiently light in term of computational requirements so that we
can afford to run several simulations in parallel. This particularity allows the use of assim-
ilation method based on particle filters with reasonable ensemble sizes. It is clear that the
dimension of the state-space of such a model is in no way comparable to the small Lorenz 63
model. For instance the surface temperature on the southern hemisphere is describe on a 32
by 64 grid. The salinity is represented on a 122 by 65 by 20 grid. For those two variables alone
we have respectively 2048 and 158 600 dimensions needed in the state space. Therefore we
can expect poorer result on the LOVECLIM model than on Lorenz 63 for the same ensemble
size. Although the number of variable is large, the system dynamics as well as the spatial na-
ture of the system may reduce the number of useful dimension, making any comparison difficult.

In mathematics, problems resulting form the high dimension of a state space are often
refereed as the curse of dimensionality. One way to understand the curse of dimensionality
from a sampling perspective is to consider the number of grid points required to sample an
unit-hypercube, (an hyper-cube in which every edge has a length equal to one), with a given
resolution. In the three-dimensional state space of the Lorenz 63 model, in order to fill an unit-
cube with a resolution of 0.1, corresponding to 10 points on an edge, we need 10® grid point.
For the surface temperature in LOVECLIM the state space has 2048 dimensions and sampling
an unit-hypercube in this state-space with the same resolution would require 102**® grid points.
It is clearly impossible to have an ensemble large enough to sample uniformly the state space
of LOVECLIM, at best we can only hope for a few hundred particles. Therefore Monte-Carlo
representations of probability distributions on the LOVECLIM state space are rather crude.
However, the system doesn’t evolve freely in the state space and the effective dimension for a
model is often lower than the dimension of the state space itself and depend of the dynamic
of the system. For instance the Hausdorff dimension of a random walk on a three dimensional
state space is almost surely 3 while the correlation dimension of the Lorenz 63 model near
its attractor is slightly greater than 2 [22]. Although, the state space of the Lorenz 63 model
is three dimensional, a trajectory generated by this model fill the space nearly in the same
way as a two-dimensional surface. This reduce the ensemble size required for data assimilation
as the system dynamic constrains the trajectory. Using a time series of surface temperatures
produced by LOVECLIM over a 12000 months period we estimated the correlation dimension to
be around 15. This first estimation doesn’t take all variables into account and therefore doesn’t
represent the model in all its complexity. The computation of the correlation dimension is
obviously affected by the limited data set. Nonetheless, we can compare this result with the
2048 dimensions of the state space for surface temperature to show that the dynamic affect the
effective dimension of the system.

3.2 Method

We start from a simulation of the Earth system under pre-industrial conditions made with the
model LOVECLIM over a period of 1000 years. Because there is no major modification in
forcing throughout the simulations, each years can be seen as another realisation of the same
simulated year. Therefore we can sample a set of years in order to create an ensemble repre-
senting the system state and evolution at a given time. To set up a twin experiment we can
use a set of consecutive years to represent the truth and build pseudo observation based on
an appropriate mask. Then by sampling a set of years amongst the simulation we can build
an ensemble of initial conditions. Instead of applying a costly model to a potentially vast
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ensemble one can just read results from the initial simulation, starting form the beginning of
sampled years. This formulation of the off-line method keep a lot of similarities with an online
assimilation method. However, the method can be understood differently. The long simulation
can be divided in a set of simulated years corresponding to a Monte-Carlo approximation of
the probability distribution of the system trajectory over a year. Sampling within the set of
available realisations produce a prior ensemble that can be used by our filter. In our case data
assimilation take place each years using annual average surface temperature. In order to reflect
data sparsity, surface temperature measurements are not taken everywhere. In particular the
grid used is 64 by 32 and measurement are taken in only 91 grid points concentrated in the
Antarctica region.

An implementation of off-line assimilation with a SIR was already available and produce a
weighted mean of the ensemble as a reconstruction of the system trajectory. Based on the same
program, the NETF transformation have been computed. However, in off-line assimilation it
is not possible to use newly generated particles as they are not part of the initial simulation
therefore they can not be propagated trough time. For this reason we have to resample within
the simulation in order to generate new ensemble and make sure that the process carry on.
In order to produce a reconstruction of the system trajectory, we can use the NETF trans-
formation and compute the ensemble mean. By construction, the NETF and the SIR should
produce similar results in this set-up. Our main criterion in this experiment is the correlation
coefficient between the reconstruction and the time series from which the pseudo observations
were produced.

3.3 Results

Two different ensemble sizes were tested, 10 and 100 particles, as well as two filter, a SIR and
a NETF. In order to assess each filter performance we concentrate on correlation of surface
temperatures, first locally then averaged over Antarctica and over the southern hemisphere.
The computation of this correlation is based on a single reconstruction, the ensemble mean
after data assimilation. Because the two filters have theoretically the same ensemble mean we
should not observe major differences.

The table 3.1 shows the covariance averaged over Antarctica in different cases.The table 3.2
shows the covariance averaged over the southern hemisphere in different cases. As expected,
for the same ensemble size there are very little differences between methods. However we can
clearly see that using 100 particles provides better results. This is true for the two regions but
the effect is more visible when looking at the correlation over the southern hemisphere. We can
compute a relative increase of 63% for the southern hemisphere and 28% for the Antarctica.

ensemble size | correlation coefficient with SIR | correlation coefficient with NETF
10 0.26 0.25
100 0.32 0.32

Table 3.1: Correlation coefficient averaged over Antarctica, based on the ensemble mean recon-
struction with a SIR and a NETF for different ensemble sizes.

Considering the surface temperature alone on the 64 by 32 and the fact that we only have
91 observations we only have informations on 4.4% of the system state. Therefore we can
ask ourself if the quality of the reconstruction is the same on every grid points. In order to
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ensemble size | correlation coefficient with SIR | correlation coefficient with NETF
10 0.11 0.10
100 0.18 0.18

Table 3.2: Correlation coefficient averaged over the southern hemisphere, based on the ensemble
mean reconstruction with a SIR and a NETF for different ensemble sizes.

better understand how the reconstruction behave far from observed point we can display the
correlation coefficients on maps.

-1

Correlation coefficient (r) Correlation coefficient (r)

-1

Corelation coefficient (1) Correlation coefficient (1)

Figure 3.1: Maps of correlations coefficients, origins of assimilated points are in green, locations
with significant correlation (0.05) are designated with a white circle. From left to right: SIR
with 10 particles, NETF with 10 particles, SIR with 100 particles, NETF with 100 particles.

Figure 3.1 represent the correlation between the truth and the reconstruction on the south-
ern hemisphere. The blue-red colouration represent the correlation coefficient, green cross are
displayed where observation are available and white circle denote locations where the correla-
tion is significant at a 5% level. Once again there is no major differences between methods
for the same ensemble size. We can observe that observed points have a good correlation, at
a significant level for most of them. In the other hand the correlation is lower for points far
from observed locations. We can also notice the impact of the ensemble size, results with 100
particles are better even far from observed locations. The data assimilation process have to
provide information on non-observed locations to be useful. In figure 3.1 we can clearly see that
correlation coefficients become significant on some non-observed locations. For large ensemble
size this phenomenon is more visible.
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Furthermore we can look at the distribution of the surface temperature as represented by
different ensembles. For clarity we only look at one location at a time and limit ourself to
ensemble of size 10, similar results can be obtains with larger ensembles. In figure 3.2 blue bars
represent prior particles weighted according to Bayesian weights, red bars represent posterior
particles generated by the SIR, green bars correspond to the NETF without rotation and
magenta bars correspond to the NETF with rotation. By representing prior particle like we
did we can visualize both the prior ensemble and the information carried by the observation.
Moreover it simplifies the comparison of the different methods. The set of bars with a particular
colour represent therefore a probability distribution of the surface temperature. Note that we
didn’t add any perturbation to the ensemble generated by the SIR but taking this modification
into account is trivial.
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Figure 3.2: Probability distribution produce by different filter for the annual average surface
temperature over the grid point (5,30) on year 30 of the simulation. In blue prior particle with
Bayesian weight, in red particle after resampling, in green particles after NETF transformation
and in magenta particles after NETF transformation and rotation.

Interpretation of such a graph is not easy as multiple observations are assimilated. A direct
consequence is the complex distribution of the Bayesian weigh amongst the ensemble. Only
three prior particles have a non-negligible weights, therefore the SIR generate an ensemble with
multiple copies of those particles. The offline assimilation method doesn’t allow us to judge
if filter degeneracy may occurs in the following step however this illustrate the need for extra
noise on particles. Particle after assimilation have the same weight but as some of the prior
particles are sampled several time this is equivalent to an ensemble with few particles and non
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Figure 3.3: Histogram representation of ensemble for surface temperature at grid point (5,2)
with different filters using 100 particles. In blue: prior ensemble, in red the SIR posterior
ensemble, in green the NETF posterior ensemble and in magenta the NETF with rotation
posterior ensemble.

uniform weights. The NETF produce an ensemble (in green) with uniform weights. However,
posterior particles are not exact copies of prior particles. Therefore physical balances may
not be respected. Unfortunately this filter produce a cluster of particles very close to each
others, this may also be a waste of resources if the model doesn’t scatter them enough in the
future. Applying the mean and covariance preserving rotation generate the set of magenta
particles. By definition the mean and covariance are the same as previously but the cluster of
particles encounter with the NETF without rotation disappear and other region of the state
space are now represented in the ensemble. This should protect the filter from filter degeneracy.

In the case of ensemble of 100 particles, similar observations can be done, however, for
visibility we will use separated histogram, see figure 3.3.

This comparison help us to understand two issues with the SIR. First, it may produce an
ensemble formed only by slightly perturbed copies of single particle therefore increasing the
risk of filter degeneracy. Secondly it doesn’t allow the posterior ensemble to incorporate state
outside those represented in the prior ensemble. This last fact highlight the SIR inability to
recover once filter divergence occurs. The NETF without rotation produce an ensemble with
the same mean and covariance as the SIR but is not limited in the same way as the SIR. It can
indeed create particles drastically different thus exploring a larger portion of the state-space.
As previously explained, the NETF only guaranties that the mean and covariance obtained
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with the NETF are the same as with the SIR. Thus the NETF with rotation carries the same
informations, but it samples through the state space differently and is less likely to form inap-
propriate particle clusters.

Although the NETF give promising results, the off-lines assimilation doesn’t allow us to

assess the risk of filter degeneracy during an online assimilation. Therefore the next chapter
will be devoted to online assimilation using the LOVECLIM model.
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Chapter 4

Online assimilation

At this point we have selected a data assimilation method, the non-linear ensemble transform
filter (NETF) and we have successfully implemented the method for offline assimilation on a
climatic model. We have obtained results similar to those of a sequential importance resampling
filter (SIR) in our offline twin experiment. In this chapter we will apply the NETF in an twin
experiment using the model LOVECLIM directly. The set-up of the twin experiment is the
same as in the previous chapter but this time the model is directly applied to the ensemble.
Therefore we can use the NETF explicitly and compare it with the SIR. In particular, we will use
pseudo data from a particular run of the model LOVECLIM. In order to reflect the sparsity of
real observations we will only assimilate the surface temperatures measured on a fraction of the
globe. Moreover, because some proxies only reflect time averaged quantities we will assimilate
surface temperatures averaged over a year. For convenience we will do an assimilation step at
the end of every simulated year. We will compare the results obtained with the NETFEF with
those of the SIR for two ensemble sizes, 10 and 100 particles. In this twin experiment we
have access to the simulation from which the assimilated data come from. Therefore, we can
compute correlation coefficients between our reconstruction and the simulation of reference. In
particular we will concentrate our efforts on the surface temperature for simplicity.

4.1 Experimental set up

A simulation of reference was produced using the model LOVECLIM. This simulation cover a
100 years period under pre-industrial conditions in the southern hemisphere. This simulations
was used to produce sparse pseudo-observations. In particular, annual average surface tempera-
ture of 91 grid-points around the Antarctica constitute our pseudo-observations. Starting from
similar initial conditions, we run an ensemble of simulations for one year, then an assimilation
method is applied using the corresponding set of pseudo-observations. We repeat the process
until all of the pseudo-observations have been assimilated. From the simulations set we com-
pute a reconstruction of the surface temperature using a weighted mean of all particles. Then,
we compute at each grid point the correlation coefficient for the surface temperature between
the simulation of reference and the reconstruction. As we have seen in previous chapters, the
non-linear ensemble transform filter (NETF) appears to be an interesting assimilation method
for high dimensions and non-linear data assimilation problem. In a first time we will perform
a twin experiment using the NETF without inflation and another with a slight inflation ( in-
flation parameter set to 1.05). These two experiments will be conducted with an ensemble of
10 particles. We will compare the results in term of correlation with a reconstruction done
using a sequential importance resampling filter with the same number of particles provided by
Francois Klein. Based on those result we will select one of the two versions of the NETF and
conduct another twin experiment using 100 particles and compare the correlations values with
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Correlation coefficients NETF no inflation | NETF inflation 1.05 | SIR
Averaged over grid cells assimilated: 0.28 0.28 0.19
Averaged over Antarctica: 0.17 0.15 0.21
Averaged over South Hemisphere: 0.09 0.07 0.08

Table 4.1: Averaged correlation coeflicients for the surface temperature between the simulation
of reference and reconstructions obtained with different data assimilation methods using 10
particles.

those obtained with a SIR using the same number of particles.

Theoretically, the transformation of the NETF can be applied to every variables in the model,
however, for simplicity of implementation we will only apply the transformation to a subset of
oceanic variables. We will update the following variables, barotropic velocity, velocity, salin-
ity and temperatures. The reasoning for a partial update is the following. Some variables
have a shorter memory than other and all variables don’t propagate informations in the same
way in the system. For instance, atmospheric variables tends to have a faster dynamic than
oceanic variables. Therefore discontinuities at the atmosphere-oceans interface induced by up-
dating only oceanic variables should not be and issue as atmospheric variables can quickly
adjust. Hopefully, the information coming from the observation will be explicitly assimilated
by oceanic variables during our update. Then the system dynamics would transfer relevant
informations to others variables without inducing strange behaviours.

4.2 Results with 10 particles

After assimilation of pseudo-data, we obtain a reconstruction of the surface temperature and we
compute the correlation coefficient between the reconstruction and the simulation of reference
at each grid points. This can be done from results of twin experiments using a NETF without
inflation, with inflation and with a SIR. In figure 4.1 we can compare the resulting correlation
coefficient obtained with each method.

Another way to compare the correlation coefficient is to take the average over specific regions,
such as the set of locations where pseudo-data come from, over the Antarctica (all point at the
south of the —60" parallel ) and over all of the southern hemisphere, see table 4.1

Comparing the SIR with the NETF without inflation we can see that the NETF achieves
better correlation on assimilated grid cell but not over the Antarctica, where in average corre-
lation are comparable. We can observe that the inflation doesn’t improve the performances of
the NETF in this case, although it is not possible to judge if it is always the case with only two
experiments we arbitrary decide to use the NETF without inflation in the next experiment.
One raison for the lake of improvement may be that LOVECLIM is able to spread out an
ensemble initially constituted of very similar particles. This idea will later be reinforced by
the figure 4.2 where we see the evolution of the ensemble and simulation of reference in term
of monthly surface temperature averaged over all assimilated location. Although the ensemble
shows initially a small range (less than one degrees) after a few month the ensemble spread out
and its range is closer to five degrees.

4.3 Results with 100 particles

Because we didn’t notice any positive impact from the inflation we can save ourself some
computation and only perform an experiment with the NETF without inflation. Using the
same methodology we produce new maps of correlation coefficients, see figure 4.3
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Correlation coefficients NETF no inflation | SIR
Averaged over grid cells assimilated: 0.49 0.49
Averaged over Antarctica: 0.33 0.41
Averaged over South Hemisphere: 0.13 0.18

Table 4.2: Averaged correlation coefficients for the surface temperature between the simulation
of reference and reconstructions obtained with different data assimilation methods using 100
particles.

Increasing the ensemble size improve the results as we can clearly see, the correlation be-
comes significant in more places and the average correlation coefficient over assimilated location
increases.

In table 4.2 we can see that on assimilated grid cells the NETF perform as well as the SIR.
However, in average the correlation coefficient is lower for the NETF (0.13) than for the SIR
(0.18). The average over the Antarctica shows the same trend.

In order to visualize the system evolution we can use a principal components analysis as a
dimensionality reduction tool. This method allows for a qualitative assessment of the system
behaviour despite its dimensions by providing graphical representation of the both the ensemble
and the simulation of reference. Starting from the set of simulated state of the system we can
construct a correlation matrix, then we can compute the eigenvectors associated with the
two largest eigenvalues. These vector constitutes a base of a two-dimensional subspace on
which we can project all our simulated state. We can perform this task using monthly surface
temperatures obtained with our ensemble and use different colouration schemes in order to
understand the system. In the figure 4.4 red triangles represent states from the simulations of
reference, blue-to green dots represent simulated states of the system where the colour gradient
indicates the time since the beginning of the simulation. No particular colour pattern appears
in this first analysis, indicating that there is no strong pattern of variation between years. For
instance, if we had observed a colouration gradient going from the top to the bottom of the
figure, it would have showed that there were a long term drift in the time series. The 6 patches
observed in figure 4.4 correspond in fact to 12 partially overlapping patches, one per month.
In the figure 4.5 we use a different colour for each month and twelve visible patches of colour
appears, indicating that the system states vary more between months than between years and
that no clear long term patterns can be seen with this small number of dimensions. Although all
these observations seem to indicate that the filter behave properly, in the sense that the model
dynamic is respected and that the ensemble and the simulation of reference behave similarly.
Unfortunately there is no strict guarantee as the dimensionality reduction method doesn’t show
all possible features present in the data set. One way to measure the lost of information due
to the dimensionality reduction is to inspect the eigenvalues of the covariance matrix. The
ratio between the sum of the two largest eigenvalues and the sum of all eigenvalue was around
0.3 while 130 eigenvalues were necessary to reach 95 percent of the total variance on our time
series. Using the same method of dimensionality reduction with annual surface temperature
and allocating the same colour for each ensemble member of the same year we obtain the figure
4.6. No clear pattern emerges in this figure, which confirms the absence of long term drift in
the simulation of reference and in the ensemble itself.

Another way to illustrate this method is to display the spatial average of each ensemble
members and compare with the simulation of reference. In figure 4.2 we can compare the
evolution of the ensemble and the reference based on the monthly value of the average surface
temperature taken over assimilated locations. We can clearly identify the different month and
observe that there were no clear need for ensemble inflation.
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A single experiment may not be enough to conclude, therefore following remarks must be
taken with caution. For small ensemble sizes the NETF outperformed the SIR and assimilated
locations and manage similar performances in average. For larger ensemble, the NETF per-
formed as well as the SIR on assimilated locations but the SIR is better on average. From this,
the rule of thumbs would be to use the NETF in application where the ensemble size must be
kept very small and where a lot of locations/variables are observed. In contrast the SIR should
be preferred on application where the ensemble size is less limited and when observation are
sparser. Although, we insist, this conclusion may very well be premature.
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Figure 4.1: Maps of correlation coefficients, origins of assimilated data are in green, locations
with significant correlation (0.05) are designated with a white circle. From top to bottom:
NETF without inflation, NETF with inflation (1.05), SIR. Results obtained with 10 particles.
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Figure 4.2: Evolution of the ensemble and simulation reference in term of monthly surface
temperature averaged over all assimilated grid cells at the beginning of the twin experiment.
In red, ensemble members, in blue the simulation of reference, (truth). Experiment done using
100 particles with the NETF without inflation.
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Figure 4.3: Maps of correlations coefficients, origins of assimilated data are in green, locations
with significant correlation (0.05) are designated with a white circle. From top to bottom:
NETF without inflation, SIR. Results obtained with 100 particles.

46



PCA monthly values

400 —

-500 —

-600 —

-700 —

PC2

-800 —

-900 —

1000 | | | | | | J
PC 1

Figure 4.4: Principal components representation of the experiment with 1000 particles using
the NETF. the analysis is based on annual surface temperature of each ensemble member. Red
triangles represent states from the simulation of reference, dots represent ensemble members
and the blue to green colouration correspond to the time in the simulation.
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Figure 4.5: Principal components representation of the experiment with 1000 particles using the
NETF. The analysis is based on monthly surface temperature of each ensemble member. Red
triangles represent state from the simulation of reference, dots represent ensemble members.
Each colours correspond to a particular month.
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Figure 4.6: Principal components representation of the experiment with 1000 particles using
the NETF. The analysis is based on annual surface temperature of each ensemble member. Red
triangles represent state from the simulation of reference, dots represent ensemble members and
the blue to green colouration correspond to the time in the simulation.
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Chapter 5

Conclusion

In this work we have started by describing a selection of data assimilations methods from a
theoretical point of view. In particular we concentrated our efforts on sequential data assimi-
lation methods making use of ensemble. Those methods have the advantage to be able to use
a model directly. Moreover, particles are considered independent between assimilation phases
therefore allowing their computation in parallel.

Using twin experiments, we tested a selection of filters on the Lorenz 63 system in order
to assess their performances. Then, we studied the impact of different parameters, such as
the ensemble size and the period between successive observations. Using results from these
experiments, we find that the Non linear ensemble transform filter, recently presented in [26]
and [27], performed well even with relatively small ensemble and with sparse observations. The
NETF outperform the sequential importance resampling filter both in terms of average results
an robustness. Although this filter can be formulated as a square root filter, like the EnKF,
it is completely compatible with non linear model and non Gaussian observation noises, unlike
the EnKF. This filter is, by construction, a relaxation of the classical sequential importance
resampling filter in the sense that it enforces the same ensemble mean and covariance but re-
laxes the Bayes theorem for higher order moments. For the nonlinear ensemble transform filter
we also inspected the impact of the ensemble inflation and highlighted the trade off between
uncertainty and robustness.

We then implemented the NETF on the LOVECLIM model using an offline assimilation
algorithm. Using an already implemented particle filter as a baseline we validated our imple-
mentation. Moreover we saw that the two filters managed similar performances in this kind of
experimental set up.

Finally, we adapted our implementation of the NETF for online assimilation with the model
LOVECLIM. We ran twin experiments using 10 particles with the NETF with and without
inflation and compared results with an already available particle filter. This step showed that
our implementation is correct. It also showed that our filter can be useful for application in
palaeoclimatology by producing reconstruction with superior correlation on assimilated vari-
ables than what was obtained with the existing particle filter for a small ensemble, (see table
4.1 ). A twin experiments using 100 particles and without inflation was then performed. In
this last experiment, our filter obtained correlation values slightly inferior to those of the older
particle filter except for assimilated variables (see table 4.2).

We have shown that the non-linear ensemble transform filter is better than the classical
sequential importance resampling particle filter on a low dimensional systems, both in term of
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average performances and in term of robustness. We have successfully implemented this filter
for its utilization with the LOVECLIM model. Although we were not able to outperformed the
classical particle filter, the NETF appears to be an acceptable data assimilation method for
this kind of applications. A plausible justification for these results is the the fact that we only
ran a single twin experiment. On Lorenz 63 our filter was more robust than the classical parti-
cle filter but we cannot generalize to experiment with LOVECLIM with only one experiment.
Nonetheless, we suspect that the NETF with random rotation and eventually a small inflation
is more robust and could be useful for real scale applications in palaeoclimatology.

Despite our efforts, some points still need to be inspected. In order to compare the robust-
ness of the NETF and classical particle filter when using the LOVECLIM model, one could
run multiple twin experiments using different but comparable set-ups and inspect performances
variability. This would require numerous twin experiments and would be computationally in-
tensive. Another method would be to compare the methods on a smaller set of pathological
experiments where the classical particle filter is known to diverge. This would require less ex-
periments to reach a conclusion but designing pathological experiments could be a non trivial
task and a good understanding of underlying physical phenomena could be useful. The robust-
ness of the NETF is drastically dependent on the presence of a mean and covariance preserving
rotation in the ensemble space. For the moment, the construction of the rotation is based
on randomly generated matrices. The corresponding degrees of freedom could potentially be
exploited to improve the filter. Another interesting subject, from a physical perspective, would
be to inspect how the NETF affects physical balances.
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Appendix A

Filter’s impact on prior pdf

The idea is to visualize the impact of different filters on prior distributions. We will work
with two dimensional state prior distributions represented with particle ensembles and apply
different method and qualitatively compare the resulting posterior distributions.

In figure A.1 the prior ensemble is presented as black dots, we assimilate a data x = 0 assuming
Gaussian error with variance of R = 2 with different methods. We chose to try the EnKF, the
SIR and NETF with and without rotation. As the prior distribution is multi-modal with x = 0
and y = 0 as axis of symmetry one may hope to obtain multi-modal posterior distributions.
On the first panel we can observe that the EnKF contracts the ensemble toward the subspace
corresponding to the observation. Although the prior distribution is clearly non Gaussian the
EnKF works under the assumption that the prior pdf correspond to a Gaussian distribution
with the same mean and covariance, therefore the resulting posterior ensemble doesn’t carry
meaningful information other than the ensemble mean and covariance. In the second panel an
importance resampling scheme is use to generate the posterior ensemble (blue dots). We can
clearly see the impact of random perturbations added after resampling to preserve the ensem-
ble diversity. The nature of the prior distribution is preserved but the filter cannot move the
ensemble in a region of the state space where no particle was present previously.

In the third panel, the ensemble in green is generated with a NETF without rotation. The
posterior ensemble mean and covariance correspond to those obtained with the SIR. however,
particles are not just perturbed copies of prior particles. Although some kind of symmetry is
preserved the NETF provide an ensemble that doesn’t look like the SIR ensemble as only the
first and second order moments are equivalent by construction. Therefore applying the random
rotation, (that preserves both the mean and ensemble covariance), can be applied without re-
gret. We obtain the ensemble represented in the last panel. The randomness present in the
rotation result in a seemingly random ensemble, but per construction first and second order
moment are equivalent to those obtained with the the SIR.

In the previous example, the observation correspond to a symmetry axis of the prior ensem-
ble, and the observation error distribution was also symmetric therefore result were symmetric.
Now let’s move the observation to the left and generate the figure A.2. Note that in this case
the EnKF procudes a bimodal distribution that seem to correspond to the prior mods but
this is only a coincidence in this example. The SIR select copies of the most likely particles
and the resulting ensemble preserve higher order features of the prior distribution. The NETF
without rotation somewhat preserve theses features but the rotation completely erases higher
order moments. However, due to the absence of guarantee on any other things than the mean
and covariance, higher order features are equally unreliable in the two variants of the NETF.
Therefore, as the random rotation is known to increase filter stability this variant should be
preferred [26].
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At last we can go back to the first example but use a different distribution for observation
noises. If this distribution is skewed, the likelihood of each mode can be affected even if the
observation doesn’t directly favours one mode over the others. in our case we used a prob-
ability distribution favouring positive noises. Despite the observation being the vertical axis
of symmetry of the ensemble, the most likely particles are on the left side of the observation.
We already know that the EnKF doesn’t provide a way to deal explicitly with this issue. In
figure A.3 we can observe the impact of this modification. Because the EnKF doesn’t take the
modification into account the posterior is the same as in the first example. However, the SIR is
heavily impacted and present a distribution akin to the posterior of the second example. This
example highlights the necessity to take into account the non Gaussian characteristic present
in the observation error distribution.

EnKF SIR
10 : 10 ‘ :
observation observation
* prior ® prior
cecee ole * EnKF posterior ceeee * SIR posterior
5 ecses MM ceses 5 $4-1g -,',t.::::
esees HH eeses HEE N
> 0Of >~ 0
(XXX X] o e [(EXXX] ...z..ﬁ .' [ XX
5 esces HH ceces 5 ol g o e
-5 Iz ol® eecoe -5 oook" ) oo
(XX NN ] o e (XN XN ] .0.“ .t....
-1 -1
—% -5 0 5 10 —010 -5 0 5 10
X X
NETF NETF+rotation
10 : 10 ‘ ‘ ‘
observation o observation
* prior * prior
oo NETF posterior o * ENKF+rotation posterior
(X XTI X] (XD XX] L4 ° (XX XX]
5 esces ceses 1 51 o © ceses 1
(XN NN ] (XX XN ] e ° (XN NN
-~ 0 - 0 :o .'. . : . e .
° ° . .'o... °
esoes ceses eoces o| o
-5 33 $i3id - 333 .
...
- L L | L P °
—% -5 0 5 10 —qO -5 0 5 10
X X

Figure A.1: Impact of different filters on a non trivial prior ensemble. Black dots: prior
ensemble, Black line: observation assimilated, color dots: posterior ensemble with from left to
right: EnKF, SIR, NETF without rotation and NETF with rotation.

In our example, the SIR produce a bimodal distribution, a property lost by the NETF, es-
pecially when the rotation is apply. The rotation take place in the ensemble space and replace
each particle by an appropriate linear combination of particles. Although the NETF without
rotation may sometimes seems to somewhat preserve other features than the mean and covari-
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Figure A.2: Impact of different filters on a non trivial prior ensemble. Black dots: prior
ensemble, Black line: observation assimilated, color dots: posterior ensemble with from left to
right: EnKF, SIR, NETF without rotation and NETF with rotation.

ance, they are difficult to exploit and should not be seen as meaningful.

In figure A.4 particles of the prior ensemble are linked by dotted lines to their image after
transformation by a NETF without rotation. We consider different prior distribution and
observations. It appears that some particles are strongly modified and moved toward the
subspace define by the observation. this tends to create set of particle in location where no
prior particle were, thus creating modes unrelated with the prior distribution. In order to
maintain appropriate mean and covariance, some particle are moved in strange directions.
This last feature tends to get rid off higher order moments from the prior distribution. We can
conclude this section by asserting that the NETF doesn’t provide useful information on higher
order moments and creates modes in the distribution. Therefore applying the rotation allow the
filter to break those modes and sample trough the state space in a more homogeneous way. The
SIR is able to preserve higher order moments, the NETF doesn’t have this ability any more
but allow some particles to move toward the observation while preserving the correct mean
and covariance. Therefore using the ensemble mean as a final reconstruction would produce
equivalent results. The contrary to the SIR the NETF is able to recover from filter divergence.
The rotation decrease the risk of filter divergence by re-combining posterior particles in order
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Figure A.3: Impact of different filters on a non trivial prior ensemble. Black dots: prior
ensemble, Black line: observation assimilated, color dots: posterior ensemble with from left to
right: EnKF, SIR, NETF without rotation and NETF with rotation.

to produce a new distribution with the correct moments. Moreover the rotation break away
and scatter particle clusters created by the NETF transformation.
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Figure A.4: Impact of the NETF transformation for different prior ensembles. Black line: the
observation, Black dots: prior ensemble, Green dots: posterior ensemble generated with a NETF
without rotation. Dotted green lines link prior particles to their images after transformation
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Appendix B

Poor nudging scheme

One of the main issue with the EW particle filter or associated method is the definition of the
nudging term. Although the idea of a model relaxation can be attractive it may be counter
productive even in simple cases. For instance, consider an harmonic oscillator formed by a mass
m and a spring with stiffness k. The corresponding differential equation can be written as

dv

< = —(k/mz (B.1)

dx

priak (B.2)
(B.3)

where z is the mass position relative to the equilibrium point and v the speed of the mobile
mass. We try to pull the position toward an observation y with a simple scheme F'7(t)(y — x)
where 7 = t/tys. Numerical results can be seen in figure B.1. Observe how the simulation
without nudging term performs better than other simulations. The new dynamics can easily
be written as

dv
dx
priakl + Fr(t)(y — x) (B.5)

In this simple case the nudging term perturb a dynamics that would leads to good results if
unperturbed. In general, such behaviour is hard to detect beforehand and nudging scheme
must be carefully designed. Moreover, there is no guarantee that nudging method maintain
system invariants and a poorly construct nudging scheme could move a particle outside the
proper basin of attraction thus impacting eventual stability properties.

This simple example highlight the issue with nudging terms present in the EW particle filter,
perturbing the model dynamics may have unfortunate repercussions. In [8], a nudging scheme
is applied to LOVECLIM, a model of intermediate complexity, in a twin experiment. Pseudo-
observations of surface temperature are used to constraint the model. A filter with a nudging
proposal scheme showed a slight improvement on a SIR for observed variables and a clear
improvement on the sea-ice concentration in term of correlation. The nudging on sea surface
temperature took the following form

w(t) = fa(t — 1) /el (y — H(z(t — 1))

Which correspond to a modification of the heat flux between the ocean and the atmosphere.
However, nudging scheme perturbs the system dynamics, in this case wrong patterns of sea
surface salinity were observed as vertical ocean temperature profile and vertical salinity profile
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Figure B.1: Evoultion of an harmonic oscillator with different nudging strength.

were not consistent, leading to a bad vertical stratification.

However, in [3] an exploration of the impact of the equivalent weight particle filter have been
realised on a single-layer ocean model and one of the conclusion is that keeping the nudging
term smaller (in term of norm or energetic perturbation) than the perturbation coming from the
model uncertainties. In these circumstances, dynamics is mainly impacted at the deterministic
step just before observation time. Moreover, by construction the corresponding perturbation is
comparable to the perturbation encounter in EnKF analysis steps.

To conclude, nudging scheme must be designed carefully and are application dependent. This
is one of our justification for discarding the EW in our large scale application.
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