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Abstract

This work adopts the notion of feature extraction for three-dimensional
Magnetic Resonance Images of Multiple Sclerosis lesions. Multiple
sclerosisis a progressive disease that requires an evolution study through
time. The evolution of the disease can be followed on a patient with a
temporal series of examinations that produce three-dimensional images of
the brain. The purpose is to segment the Multiple Sclerosislesions using a
sophisticated computerized algorithm based on interface evolution.

Image segmentation is the process of extracting objects from a
background thus partitioning the image into distinct regions. There exist
three main methods for segmentation: Edge-based methods, pixel-based
classification methods and region-based methods. This work gives a
review of the mathematical background and the application for a specific
region-based method called the level set method introduced by JA.
Sethian from University of California, Berkeley.

The level let method is in fact a numerical technique, which can follow
the evolution of interfaces. These interfaces can develop sharp corners,
break apart, and merge together. This method is a powerful numerica
technique for tracking the evolution of interfaces moving under a variety
of complex motions. Moreover, the level let approach is based on
computing viscosity solutions to the appropriate equations of motion,
using techniques borrowed from hyperbolic conservation laws.

Thiswork considers the evolution of afront propagating along its
normal vector field with curvature dependent speed. Furthermore, it
defines an "energy- like" quantity of the moving front, the total variation,
and it shows a general result relating the growth/decay of this energy to the
speed. In addition it studies a front moving with speed dependent on the
curvature, and shows that the curvature term plays a smoothing role in the
solution. When the speed is constant, the solution is seen to blow up,
differentiability is lost, and an entropy condition can be formulated to
provide an explicit construction for a weak solution beyond blow up time.
The equations of motion are numerically solved and it is also showed that
the solution converges to the constructed weak solution as the curvature
smoothing term vanishes. Finally, there is a discussion on the difficulties
involved in numerically solving such problems and a possible remedy is
described.
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Introduction

A crucia step in medical image analysis isimage segmentation.
Segmentation is a process of isolating shapes from an image. In other
words the segmentation technique is used to divide an image to separate
zones by collecting adjacent pixels based on some relationship criterion.
We shall apply a special scheme to the automatic detection, segmentation
and tracking of lesions in Magnetic Resonance images of the brain, in
particular, multiple sclerosis lesions.

Multiple sclerosisis a neurological disease primarily affecting the
central nervous system. The disease is characterized by the presence of
areas which have a destructive lack of myelin, an insulating and protective
fatty protein that covers nerve cells (neurons) and increases the speed that
nerve signals move down the neurons.

The areas which lack of myelin and are characterized by an inflammation
around the blood vessels in the brain’s white matter is known as multiple
sclerosis lesions.

Segmentation of multiple sclerosis lesions from Magnetic Resonance
(MR) brain images is important in the diagnosis of the disease. However,
manual detection and analysis of these lesions from MR brain images are
usually time consuming, expensive and can produce manual mistakes.
Automated procedures offer the advantage of producing consistent results
in much less operator time. Hence automating the delineation of Multiple
sclerosis lesions from MR brain image is a crucial task.

For our purpose, in the multiple sclerosis case, the purpose of
segmentation is to identify and extract the boundaries of regions of high
grayness intensities, the lesions, which are microscopic appearance of
diseased white matter. Figure 1 shows a MRI image of a brain with
multiple sclerosis lesions.
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Figure 1 Multiple sclerosislesions

Image segmentation is divided into three main categories:

Pixel-based methods, in which decisions are based on local pixel
information, derived from the histogram statistics of the image. Most
of these methods are classification techniques that use thresholding in
order to partition the image into regions. These methods are not very
resistant to noise.

Edge-based methods, in which the shape boundaries are being
analyzed and contour, are being detected. The weakness of these
methods in connecting together broken contour lines makes them
prone to failure in the presence of blurring.

Region-based methods, in which the main idea is to start with, some
initial boundary shape represented in the form of curves, and
iteratively modify it by applying various shrink/expansion operations
according to some energy function. These active contour methods are
in fact curves, which evolve while merging neighborhood pixelstill a
stopping criterion is satisfied, and segmentation is completed.

In this work one specific regionbased method is used caled the level
set method which provides mathematical and computational tools for
naturally tracking evolving interfaces with sharp corners, topological
changes, and three-dimensional complications.



Chapter 1
Propagating Fronts

This chapter describes the mathematical formulation for propagating
fronts. We shall consider an interface that separates one region from
another. Thisinterface could be a curve in two dimensions or a surface in
three dimensions. Furthermore, the curve movesin a direction normal to
itself with a known speed. This speed may be influenced by several
parameters such as local parameters (relate to the geometric properties
like curvature), global parameters (relate to the shape of the front like
integrals along), and independent parameters relate to external properties
like velocity of a fluid that carries the front to a specific direction.

The purpose of this chapter isto find the rule of motion of an interface
asit evolves. The central idea isto follow the evolution of a function f

whose zero level set always corresponds to the position of the propagating
interface. The motion for this evolving function f isdetermined froma
partial differential equation in one higher dimension, which permits cusps,
sharp corners, and changes in topology in the zero level set describing the
interface.

1.1 Evolving interface representation

One of the obvious ways to describe a moving front is by a graph of a
functionthat by its definition gives a unique vaue of the front at any point
in space. To illustrate the problem we shall start with a ssimple example in
one dimension. Consider the upper half of acircle with unit radius as an
initial front moving in a normal direction with unit speed as shown in
Figure 2. The mathematical function of an upper half circleis given by

y=+1- x*, -1<x<1,

and thus the derivative of y with respect to x is given by
- X

Yy = (1_ X2 .




Figure 2 initial front moving in normal direction with speed F =1

They coordinate is in fact the height of the propagating function at time
t, while the tangent at (X, Y) IS (1, yx) . Lets al'so denote by y, the change

(with respect to time) in the height of the function curve. Using these
notations Figure 3 illustrates a zoom in on arbitrary point propagation with

Speed F .

Figure 3 propagating graph parameters

By using ssmple geometrical rules of congruence of triangles one can
derive that the change in height y, isrelated to the speed F in the normal

direction by

% oLt
F 1

R
Y, = Fql+y;

and thus given a unit speed while substituting the y derivative with respect
to X gives
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Solving asimple differential equation with respect to t gives

1
y= t+ f(x),
=t )
where f (x) is aconstant depending on theinitial position x of the point.

For example the front position after one second results in a half circle with
two units radius as shown in Figure 4.

)
F=1

2 > 0
Figure 4 moving front in normal direction with speed F = 1 after one
second

One drawback of this method is that it only works for initial curves that
can be written as the graph of a function. Numerical algorithms trying to
solve the differential equation would have problems to converge. Another
limitation here is the use of a coordinate system, though it has nothing to
do with the problem, but still severely restrains our options.

Rather than follow the interface itself, the level set approach instead
takes the original interface and adds an extra dimension to the problem.
This idea which may seem rather peculiar at first glance will prove to
miraculoudly solve the problem related to the changing of the evolving
front that result in a curve that stopped being a function.

The next sections describe the level set method formulations of two
cases. One approach called the Boundary value problem when the speed is
grictly positive and the other, more general, called the initial value
problem when the speed could be any value.



10

1.2 Boundary value problem

The boundary value problem limits to a case where the speed is dways
positive, therefore, the curve moves outwards. Lets consider agrid of

crossing time values T (x, y) which determines a function in two

dimensions. At each grid point, the function evaluates the time at which
the front crosses any point in the plain x,y. The initial position of the front

is the boundary for the arrival time surface T(X, y) a T=0.Anexample
of the arrival surface T(x, y) for acircular front evolving with unit speed
isshown in Figure 5.

T=2 Initial Curve

Figure5 Front motion in higher dimension gives the boundary value
problem

Taking into account that speed is proportional to the derivative of space
with respect to time then the directional derivative of T(x, y) obeysthe
following partial differential equation (in two dimensions):

.2 2
(RNT(x y)F°) J?EQ LAV
exg glyg
A solution to the boundary value problem is given by the fast marching
method that starts from the initial curve being the lowest spot on the
surface T and iteratively builds the surface that corresponds to the front
moving with the speed F .

1.3 Initial value problem

Theinitial value problem describes the time-evolution of an interface
on the basis of an initial state curve, and it is a more genera approach to
the boundary value problem due to the fact that the speed F can have any
value, positive or negative.
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In this case the arrival time T(x, y) is not anymore a single- valued
function. One way of taking care of thisisto embed theinitial position of
the front as the zero level set of a higher—dimensional function f . This

cone-shaped surface f , shownin Figure 6, is a function of space and time

that gives the distance from any point to the interface at a certain timet,
and has the property that it intersects the xy plane exactly where the

propagating front sits.

@ Y
Zero level set X

Figure 6 Thelevel set function and theinitial curvethat liesin xy
plane

First, lets define a point coordinate as (%, y) © X, and furthermore with

abuse of notation let us drop the vector sign and note a point by X.
From the definition of the level set function, apoint X located on the front
must obey the following equation

f (x(t),t)=0,
since the propagating interface always corresponds to the place where
f =0. By taking the time derivative of both sides an applying the chain

rule from calculus one can obtain
f +Nf »xx =0.
F givesthe speed of any point in the direction of the normal
Xx=F,
and from differential geometry the normal to the level set surface is given
by

]

f
INF|
Combining the last two equations gives

n=




Nf
X[x,,—:F

N |

3
x Nf = F|Nf |

thus the level set partial differential equation is given by
f,+F|Nf| =0, when f (x,t=0) isthe nitia front

The level set function can expand, rise or fall while the propagating
front could always be obtain by plotting the zero contour. Figure 7 shows

falling of the level set function while the initial front evolution is marked
in bold.

f(x,yt=0) f (x,y,t:l) f (x,y,t:2)

f=0
Figure 7 Evolution of the level set function with respect to time

A very strong advantage of the level set method relies on the fact that
topological changesin the evolving front are easily handled. The front
need not be a single curve but several that can merge and break as the level
set cone evolves in time, nevertheless f remains single valued as shown in
Figure 8.
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===

Figure8 Evolution of two cones of the level set function whilethe initial
front merges

1.4 Hamilton-Jacobi general equations
The level set formulation for the initial value problem is given as

f +FNf|=0

ft+F\ﬁX2+fy2+fz2 =0
and itisin fact a specia case of the more general Hamilton-Jacobi
equations given as
af, +H(ff,.f,xy,z)=0,fora=1
which has special properties that interest us and will be discussed later.

or more precisely as

Furthermore the boundary value problem given as |NT|F =1 may be
also written in a Hamilton-Jacobi form by writing H © |[NT|F - 1 and
a =0.
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Chapter 2
Differential geometry basics

This chapter describes some basic concepts in differential geometry,
which are extremely important for the understanding of curve
propagation. Notions like parameterization, curvature and total variation
are essential for building a computer model of an evolving interface.

For all following sections we shall use the notation of a curvea ina
parameterized formby a © %(s,t)° (x(s,t), y(s,t)) , while the derivation of
a with respect to the parameter < issimply performing the derivation of
each component of the curve. Thefirst and second derivatives of a with
respect to sisgiven by

a, ° (x(st)hys(st).as® (x(st) ys(sit)) -

2.1 Curve parameterization

An important step towards solving the level set partial differential
equation is to move from a coordinate system to parameterization by
arclength. The arclength will express how far along the curve we are and it
shall be denoted by <.

Let a be apropagating curve in the xy plane, when t istimeand
O£ s£ Sisthe parameterization by arclength. It can be easily seen that if
we walk across the curve in increasing direction of s we will eventually
arrive to the starting point after walking for adistance of S, whichisthe
arclength, i.e. %(0,t) = %(S,t). By calculus the arclength of the curve s
given by the following formula

S=¢la ds

A positive direction of increasing < is defined to be the direction in
which the interior of the curve is on the left side for a ssimple smooth and
close curve as shown in Figure 9.
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Figure 9 curve parameterization by arclength s

2.2 Curvature

The curvature measures the deviation of a curve from being aline, in
other words it determines how much a curve can bend at each point. The
curvature concept is extremely important in finding smooth solutions to
the level set equation. Motion by curvature gives solutions that are stable
and that eventually converge.

The plan isto find an expression for the curvature in a parameterized
form. In order to do that it isimportant to describe some basic notion in the
geometry of curves, which isin fact the twisting and turning of the curves.
The geometry of all curves may be completely described by understanding
how three perpendicular “fingers’ attached to the curve vary while moving
along the curve. This“fingers’ are the unit tangent vector T, the unit
normal vector N and the binormal vector B (definedby B° T~ N). The
three-vector frame is shown in Figure 10.

Figure 10 Three-vector frames

This three-vector frame are related together by three differential
equations know as the Frenet Formulas given as
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T, = k> xN
Ny =-k>nxT +t »n xB
B, =-t n xN

where n isthe parameterization stretch, k isthe curvature,t isthe
torsion, that will be discussed shortly.

The unit tangent vector to a curvea isgiven by derivating a with
respect to the parameterization and normalizing to get a unit vector, i.e.

T= |a S| . The normalization factor in the denominator is more often called
a S

the parameterization stretch metric and it is given by

neR={x+y;.

The curvature k (s) is defined by the absolute value of the derivative of the

tangent vector normaized by n , i.e. ni|'l's| . Of course k 3 Oand k

increases as a turns more sharply.

By the definition of the curvature k (s) and using Frenet formulas it can be
shown that

A, Ay _ YKt XY
k IT | ° 3 3/2
h f n° (¢ y)
Thetorsion t measures the deviation of a curve from being contained in

aplane. This discussion deals with plane curves therefore the torsion has
little significance.

As an example of the curvature concept, lets consider a circle with
radius r given by the parametric representationa( ) (r cos% rsn ) The
derivativeof a is given by

as=%(' rs'n%,r cos% ( s'n%cos%),
while the second derivative of a is given by

ass—l( cosr— sn f)

Notethat a has unit parameterization form, i.e. hs|:\/ ( s'n%)aéos%)z =1
Using the definition of the curvature one can obtain that
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o roye_psnShein Elicosseost)

- /2 .32 r
be+ye) gésjnﬁ)z+(cos§)29 r
r N g

That is, for acircle of radiusr, the curvature is constant and equal to % :

The amount of bending at each point is constant; therefore, for acircle of
radius r, the curvature is constant and equal to % Furthermoreit is

inversely proportional to the radius, thus the smaller acircle is the higher it
curves, which isintuitive.

2.3 Total variation

An interesting question is what happens to a smooth closed curve as it
moves with speed proportional to its curvature. The answer to this is that
some parts of the curve move outwards while others move inwards. In the
figure below (Figure 11) the sign of the curvature is marked beside the
curve and the arrows show the motion direction given that the speed is

F=-k.

Figure 11 Motion with speed proportional to the curvature

The above curve will eventually smooth out and become circular in a
way that the total “oscillation” of the curve decreases. These oscillations
called also total variation could be mathematically quantified by
integrating the curvature absolute value along the arclength

S
Var = ¢k (sh(s)ds
0
The total variation evolves with respect to time so it is normally a

function of time. It isimportant to know if the total variation will decrease
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)

dVar( . In other words we would

or increase with time, i.e. the sign of

like to know if during the propagation the front is going to smooth out or
not, this way conditions for convergence of the differential equation of the
level set could be obtained.

Given a non-convex initia curve moving along its normal vector with

Speed F(k), it can be shown that the sign of dVstr(t) is the same as the

sgnof F (k = O) (i.e. when the curvature changes sign). In other words

the front will smooth out if the derivative of the speed with respect to the
curvature is negative at points of zero curvature.

For a convex curve the curvature is always positive therefore the
absolute sign in the integral of the total variation could be dropped which
leaves us with

S
Var = cknds = 2p
0

and the derivative of the total variation with respect to time is zero which
istrivial.
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Chapter 3
Motion equations

The level set technique tracks moving interfacesin a wide variety of
problems. It relies on the relation between propagating interfaces and
propagating shocks. We shall see in this chapter that the equation for a
front propagating with curvature dependent speed is linked to a viscous
hyperbolic conservation law for the propagating gradients of the fronts.
This chapter deals with some of the difficulties involved solving the motion
equation in certain cases where corners can develop and create
singularities in the solution.

3.1 Formulation

As afirst step towards finding solutions to the level set equation and
further to the discussion regarding motion of curves parameterization
given in Chapter 2 we shall derive the equations of motion by curvaturein
two dimensions.

Consider a simple closed curve moving along its normal

directionN with speed F being a scalar function of the curvature. Using
the arclength parameterization < discussed in the previous chapter the
equations of motion are given by
a, =FxN.
An illustration of the parameters of the propagating curve is give in the
following figure



Figure 12 Propagating curve

According to the second equation of Frenet given in the previous
chapter the normal to the curve in the parameterized form is given by

(Ve %).

Thisform is also referred to as the Lagrangian representation. Therefore an
explicit expression of the motion is given by

J=1
n

_ y
X = F(?)x?
_ Xs
Yi =- F(?)x?_

For example, consider an initial cosine curve given by the following
representation
a(st=0)=(1- sl+cos(s))
moving in the normal direction with unit speed, i.e. F = 1. The front is
illustrated in the figure below



Figure 13 Initial cosine front moving in the normal direction

A solution to the equations of motion is given by performing and
integration of each equation of motion with respect to time and
substituting F by one, hence

N _ -dn(s)
t)= g=dt= 3 %+ = t+1-
X(S, ) ? ? t=0 XL:O \/1+ (' Qn(s))z )
X X _ 1
t)=- dt=-—= x+ = t+1+
y(st) O 2l Yleo N ETIO); cos(s)

One possible solution is illustrated in the following figure

21



Figure 14 Possible Solution to the moving front

This solution above satisfies an integral form of the motion equations
due to the fact that the differential equations were integrated with respect
to time, therefore the solution is said to be a weak solution to the partial
differential equation.

From one hand weak solutions are more flexible in the sense that they
allow solutions which are not differentiable, or even continuous, while
from the other hand singularities in the curvature of the solution can
develop cornersthat eventually could allow the solution to expand beyond
the formation of the shock.

Figure 14 isatypical example of a corner development while starting
from an initia front that is completely differentiable in any order. The
front evolved whilein acertain time t it “braked” and created a corner
that split into two moving fronts intersecting each other. Imposing the
Entropy condition on the solution to the differential equation could prevent
this additional undesired “tail”.

Entropy relates to the amount of information available in a solution.
The entropy condition is a certain rule imposed on a solution that prevents
new information (referring to the tail) to be created while the front



evolves, thus whenever a shock develops it selects the correct solution to
stop from being multiple-valued.

In the example above, after forcing the Entropy condition the additional
tail in the solution will disappear as shown in the following figure

5

4.5

4

Figure 15 Entropy solution of cosine front moving in the normal
direction with F =1

3.2 Properties of the level set equations
As we have seen before the level set formulation for the initial value
problem is given as f  + F|Nf | =0 or more precisely as

f .+ Fﬂﬁf+fy2 +f 2 =0 isin fact a specia case of the more general
Hamilton-Jacobi equations given as
af, + H( of yof Z,x,y,z)= 0.

The goal isto find a weak solution to the level set equations that satisfy
the Entropy condition that will allow the solution to remain smooth and
prevent singularities.

Furthermore it has been mentioned before that the total variation will
decrease when the speed function derivative with respect to the curvature
IS negative.

Instead of choosing a unit speed we can choose a speed function of the
form
F=1-ek, >0
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which has a constant smoothing term e that adds a diffusion part to the
equation that prevents the development of corners, thus giving a negative
derivative of the speed function with respect to the curvature that equals

toF =-e.

It can be shown that the choice of a solution that propagates by
curvature with a speed function of the form F =1- ek when the
“smoothness’ term e goes to 0 gives the desired entropy solution. Thisis
known as the viscous limit.

More formally written, given a solution f (e) to a propagating curve with
speed F =1- ek then

f()%ie f
where f isthe solution obtained by a unit speed function(i.e. F =1). The
solution f (e) also obeys the rules of uniqueness given certain initial
conditions.

Moreover, there is a tight link between the general HamiltonJacobi
eguation solution and a viscosity solution. In fact it can be proven that a
smooth solution to the HamiltornJacobi equation is a viscosity solution,
and the opposite is also true given a differentiable viscosity solution.

Taking the Hamilton-Jacobi equation given as
fo+Hf,f,.f,)=0, when

HE,f . f )0 F iz +f2+f2
and focusing on a one-dimensiona version, that is,
fo+[HE )L =0
gives a specia form which is known as a hyperbolic conservation law,
which have been studied in considerable detail. As described before we are
looking for weak solution for the differential equation. In order to find a
weak solution we shall both sides of the equation and obtain
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& +[HE ) =0

a 1

b@tdx+ HH(f ) .dx=0
o

%:@;dx: H (a))- HE (b))

which explains the reason why thisis a conservation law. In fact thereis a
balance between the change of f in theinterval and the flux H f ) of
material into the interval thereforef is conserved asillustrated below

f (xt)

H(f (at)) — —>H (f (b,t))

a b
Figure 16 Flux of H in an interval

A simple example of a hyperbolic conservation law is the propagating
graph curve given in the previous chapter. As a reminder, the equations of
motions of a propagating curve that remains a graph for all timeis given
by

Y, = Fy1+y; .

In order to get a viscosity solution we shall use aspeed F that includes
aviscosity terme as F =1- ek .
Using differential geometry rules one can obtain that the curvature k is
given by
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Substituting the curvature and the speed function in the motion equation
gives

e 0
y, :(;}_L_l_ €Y :'1+yx
t (1+yx) a
3
y 1+yx _e]_i/y

then differentiating with respect to X gives

( e yX)X §el+yxi

3
(¥, ) ?\/1"‘ y,) ¢ _GW

that shows a hyperbolic conservation law for the ope y, with aviscosity
terme.
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Chapter 4
Numerical algorithms

The goal of this chapter isto show that algorithms based on direct
parameterizations of the moving front face considerable difficulties. This
is because such algorithms adhere to local properties of the solution,
rather than the global structure. Conversely, imbedding the surfacein a
higher-dimensional function preserves the global properties of the motion
In this setting, the resulting equations of motion can be accurately
approximated using numerical techniques borrowed from hyperbolic
conservation laws.

4.1 Marker methods

One of the techniques to solve propagating interfaces equationsis
marker methods. They divide the evolving curve into a finite number of
points equally spaced as shown in the following figure

Figure 17 Marker points discretization of curve

We shall the denote the n™ timeinterval by nDt , and the i,
parameterization interval by iDs. The x vaue of thetimeinterva n and
the parameterization interval < will benoted by x".

From Taylor series we have
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. N d)gn Ds dzxin DSZ d3x1_n D§
: + + +
X @ ds 1 ds? 2 ds’® 3
Xin_l @(in + dxln (- DS) + dzxin (- m)2 + d3xin (- DS)3
ds 1 ds? 2 ds®* 3

+...

+...

by taking the difference between the equations and neglecting values of
0(Ds®) one can obtain

X = Xy » 2
R

d’ X X

ds 2Ds
while summing the two equations and neglecting values of O(Ds“) gives
dZXin [BZ
ds? 20

dx’ Ds
ds 1

XXl » 2% +2
R
d’x" Xl - 24+ X,

ds? Ds’
The same notations are equivalent to any space variable (i.e. y and z).
The notation for the time derivative are similarly given by
n n+l n
dx; o 'X’ dy; o i Yi
dt Dt dt Dt
As shown before the curvature of the front at any point is given by

K = VsXs = XsYs

Therefore substituting the first and second derivative approximations
gives

n n+1 n
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And finally the motion equations (x,,y, ) = F(k )M are given by the
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where k" estimate is given above.

This central difference approximation of the motion equations describes a
well-defined procedure of updating by iterations the marker position in the
next time step.

Given a speed evolution function F =1- ek and a positive smoothing
factor e > 0 there exist asmall enough time step Dt that ensures a stable
solution for the motions equations given in the Lagrangian approximation
form above, therefore the markers techniques can be extremely accurate in
the attempt to follow the motions of small perturbations, yet for large,
complex motion, several problems soon occur.

First, marker particles come together in regions where the curvature of the
propagating front builds, causing numerical instability unless a regridding
technique is employed. The regridding mechanism usually contains a error
term which resembles diffusion and dominates the real effects of curvature
under analysis.



Another basic problem of the markers method is that no time step, no
matter how small, can produce a scheme which correctly incorporates the
entropy condition, which means that these methods suffer from topological
problems; when two regions "burn” together to form a single one, ad-hoc
techniques to eliminate parts of the boundary are required to make the
algorithm work. This drawback comes from the fact that markers must
somehow be removed from the discretization as corners form which isa
laborious task for higher-dimensional interface problems.

In order to emphasize the weakness of the markers' methods we shall
study an example of a propagating interface in two dimensions. For the
simplicity of the discussion let us restrain ourselves to a special case of an
emanating interface, a propagating graph with unit speed.

The associated differential equation of a propagating graph discussed in
a previous chapter is inherently simpler then the motion equations given

above and is given by
Yo =1+ y; .

Using the central difference approximations used in the formulation for
the markers method described above we have the following iterative
algorithm

2
N -y 0
_n+1: -n+Dt 1+@|+1 y|-1i )
=y J & o

L ets analyze the method on a simple numerical example of an initial

curve given as
Yo = x=-3-2-10123

and shown in the following figure

<
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Figure 18 Initial curvefor propagating graph with unit speed

We shall use a unit time step, i.e. Dt =1. One question rather obviousis
what should be done with the points in the edges of the curve (i.e. t=-3,3)
having only one neighbor marker while the numerical formulation requires
two? A possible answer will be to use a one side derivative approximation
only for the edge points which will require only one neighbor, i.e.

.2 .2
n+l — \,n 3%/n2'yn3° n+l _ N @g'ygo
y_1_y_ +[1\/1+ e Yo =Y. +[1/1+ =
3 3 g Dx 5 3 3 g Dx 5

The desired exact solution for the differential equation is paralel lines

that move up each time step by«/i , due to the fact that the differentid
equation results in the following form

.2
W=y L ?2%42 =yef2

The desired exact solution is shown in the following figure

— ———p X
-3-2-1 01 2 3

Figure 19 Desired solution
As can be seen from Figure 19 the shock with all markers should moves

up in parallel due to the fact that the slope of the curve is—1 from the left
of origin and +1 from the right of origin.

By smulating the central differences scheme for the two more time
steps gives the following result shown in Figure 20.



Figure 20 Solution using central differences

Unfortunately the central difference approximation chooses awrong
[imiting solution because of the derivative approximation of y, a x=0.

For al points x O the approximation solves the differential
approximation y, = V2 except from x =0 where the approximation is
y, =1, which causes the middle point x =0 to move up slower than the

other points. This miscalculation of the slope propagates outward from
x =0 causing the code to blowup.

This exercise could be tried with different time steps, nonetheless no
matter how small we take the numerical parameters, as long as we use an
odd number of evenly spaced markers the approximation will not improve.

If by some way we can decide for each point to take the left or the right
derivative according to awell defined criteria then a better approximation
of the derivative could be obtained and the solution will remain stable at
all time.

Let’s note the left derivative approximation of y by

no Yi - ¥
D (0]
% Dx
while the right derivative approximation shall be noted by

no Y- Y
D,y'° :
i Dx
We shall aso define the function g asfollows
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Consider the following scheme
yin+1 — yin + Dt Xg(D_ yin, D+yin)
or in amore detailed form as

n n 22 n n 22
VARERVART Dt\/1+ min g—‘ "Y1 02 4 max?‘—”' Y02
Dx g X g
It can be shown that this scheme has no spurious overshoots nor
wiggles near discontinuities and it obeys an entropy condition for limit
solutions while miraculously giving a very close approximation to the

exact solution.

Furthermore, the more we refine the distance between the markers Dx
the sharper the corner remains. This numerical schemeissaid to bein
conservation form while the function g is called a numerical flux function

that will be discussed in details later.

4.2 Cell method

A different technique that satisfies the entropy condition and provides
the correct weak solution is the cell method. This technique divides the
gpace into cells and assigns each cell avaue, which is the fraction of
amount of materia inside the interface.

At any iteration of the algorithm the propagating interface passing
through some cells splits them into two parts. afraction of the cell whichis
inside the curve and a fraction which is outside. Each time step the
interface propagates according to a speed function and the cells are
updated with new values corresponding to the fraction of the cell inside the
interface.

Anillustration of an interface evolution with some speed function in a
diagonal direction is shown below
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Figure 21 Cell method front evolution of onetime step

One advantage of the cell method over the markers method is that
curves merging are handled naturally while there is no need to eliminate
markers that are aresult of a merge between to propagating interfaces.

Y et, the cell technique is inaccurate since there is lose of precision
regarding the exact shape of the interface lines crossing a cell due to the
fact that only a single fraction number expresses the position of the curve.
This inaccuracy propagates to other calculations like curvature and normal
direction, which are completely undesired.

This drawbacks gives motivation to use more sophisticated techniques
that could incorporate the entropy condition from the weak solutions and
could be naturally extended to higher dimensions that will give accurate
calculations of curvature with relatively less work.

4.3 Level set numerical algorithm
As mentioned before the level set function f, + F|Nf|=0or the

boundary value formulation F|NT| =1 isagpecial case of amore general
Hamilton-Jacobi family of differential equations af, + H(Df ) =0.

The idea of this section is to show the formulation of the correct
equation of motion for a front propagating with curvature-dependent
Speed.

This equation in an initial- value Hamilton-Jacobi equation with right-
hand-side that depends on curvature effects. By viewing the surface as a
level set, topological complexities and changes in the moving front are
handled naturally. With these equations as a basis, any number of
numerical algorithms may be formulated of arbitrary degree of accuracy,
using the technology developed for the solution of hyperbolic conservation
laws.



In particular, algorithms can be devised to have the correct limiting
entropy-satisfying solution. In fact, the previous algorithms as the markers
and cells methods may be viewed as | ess sophisticated approximations to
our equations of motion.

So the am is to find a basic scheme for the level set formulation that
would choose the correct weak solution entropy satisfying corresponding
to the viscous limit. We shall see that there are specific numerical schemes
that under certain conditions (monotonicity, conservation etc.) give the
correct entropy condition.

4.3.1 Numerical domain of dependence

One of the most important issues in the for stability of a scheme, that is,
what it does to small errorsin the initial datais the numerical domain of
dependence. Thisissue could be well understood from a simple example of
the wave equation

Yo+, =0, y(x0)=f(x).

Solving this equation gives a solution which is a function f (x) moving

in the x direction with speed F =1 i.e.

y(x,t) = f(x-t).

f(x) yf X- 1) f(x-t)

=~ — <X =

Figure 22 Wave equation evolution
The characteristic lines given by the solution of

i:1 P t=s+gc
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g; p y = const

—=0 pb =

s y=G

and shown in the t- x plane
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Figure 23 Characteristic curvesin t-x plane

The resulting wave solution moves from |eft to right, therefore A is the
domain of dependence of B.

While constructing a numerical scheme it is very important to identify
the domain of dependence in order to find the correct spatial derivative.
The numerical solution for the wave equation is one of the following first
order approximations

Forward scheme: y™=y" - Dr>Jin” Y +1D-xyi

Backward scheme: y™ =y"- Dt x%

Centered scheme:  y"™ = y" - D>t o1 *12'ny"1

The backward scheme is the most appealing due to the fact that the
wave moves to the right and thus the information at point i should be
determined by the information at point i and i - 1. In order words if the
wave propagates to the right then so should the information of the
derivative approximation and vice versa. Thisis aso called an upwinding
scheme, which means that for stability of the solution in any given scheme
the numerical domain of dependence should contain the mathematical

domain of dependence.

L ets consider another problem that will emphasize the use of domain of
dependence, the nonconstant speed wave equation:
y, +a(x)y, = 0.
The function a(x) isin fact the wave speed because the characteristics

equations state that % = a(x). Therefore the domain of dependence will
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now depend on the sign of a(x) which could be settied nicely in the
following scheme:

n+

Yo
e Dtemn(Oa) >

) Y-y 1@

DX g
If a(x) is positive then the backward scheme is used while when negative
the forward is used.

+ max (O, a

Another example is the Burgers' equation given as
Y +yy, =0.
This time the speed depends directly on the value of y . By analogy to
the last wave equation we can use a similar scheme as follows
M=y Drrin 0, Y= ¥ +max 0, Y= %o
Y=y - Dtgin 0.7 P2+ o,y )2

The common factor in al last examples of wave equations schemeis
the fact that they could all be written in a conservation law, the same as a
first dimension level set differential equation could be written.

4.3.2 1D Level set scheme
As defined before the conservation law form is given by
f, +[G(f )]X =0.
The one dimension level set equation for the initial value problem isa
conservation form with G(f ) f .
An integration of the conservation law with respect to space gives

b
%@dx =Glf (a))- Gff (bit)).
Armed with the knowledge of upwinding schemes the following
scheme can be constructed

frt=fr +%(Gi—1/2 - Gi+]/2)’

Gi—J/Z ° g(f| 1’f )
C;i+J/2 g(f f|+1)
Therefore

n+ n D
f . =f, +a(g(fi-1'fi)_ g(fi’f”l))'

when



This scheme is called a conservation form and the function g is
referred to as a numerical flux function that is subject to the consistency
requirement g(f ,f )= G(f ).

It can be shown that if the conservation form above is a monotone
scheme, i.e. f,""isan increasing function of f ", f ",f ", then it satisfies
the entropy condition.

This statement is extremely important for our purpose due to the fact
that the only thing to be done in order to obtain the desired entropy
solution is to make sure that out scheme is monotone function of all its
arguments.

There are alarge variety of numerical flux functions, and some of them
have been seen in the last section For example for the nonlinear wave

equation vy, + [yZJX =0 the numerical flux function is given by
o(¥,. ¥,) = (max (y, 0f +min(y,,0f).
This equation could be written as
v +[G(y)l =0, Gly)° v
while performing an analysis over the characteristics curves shows that
dG(y) o _doly) _,,,

e o
y, + dy y, = 0P wavespeed m dy
which gives that the wave speed is proportional to y therefore the
numerical flux function associated with this wave equation chooses the
derivative direction that corresponds to the wave direction. Thus for the
one dimersional unit speed level set function with G(y)° +/y? we shall
use a numerical flux function that is given by

o(y:.¥,) = max(y, 0F +min(y,.0) .
The numerical flux function is a good approximate for the G(y)
function thus the level set function could be approximated by the
following scheme

n+ n in B irj irl B in O
a

4.3.3 3D level set scheme

The 1D level-set scheme could be naturally extended to a multi-
dimensional of the level set function, i.e.
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by the following scheme
fic =Fi- %[m""x(':u‘k,o)l<|+ +min (FinO)q_ ]

where,
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4.4 Speed function calculation

A very important stage in image segmentation using the level set
method isto find away to stop the growing of afront at the boundary of
the desired object, in our case the Multiple Sclerosis lesions. There are two
key components of this technique: first, the ability of our algorithm to
naturally execute topological change, and second, a stopping criterion built
from the image gradient.

Handling of topological changes is extremely important because in
many cases the raw magnetic resonance images contains noise in the form
of pixels whose values drift quite far from those of their neighbors. The
goal isto create a speed function that could ignore the noise spots and
focus on the real boundary of the lesions. Small isolated spots of noise
where the image gradient changes substantially should be ignored. The
desired behavior is a front propagating around these points, splitting into
two fronts, while the ring around the isolated spots closes back in on itself
and then disappears. The desired propagation of the initial front is
illustrated in a ssimple example of a two-dimensional propagating front
shown in Figure 24, that is supposed to recover the boundary of the large
circle while ignore the small noise spots.
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Figure 24 Expanding front stop criteria
The desired speed function would be large far from the boundary and
drop to zero near sharp changes in the image gradient. Defining the image
brightness function by I(X, y) and some constants C and K, then the
following speed function answers the above criteria
K

For = CHRG, * 100y))]

The G, term is a Gaussian smoothing filter while in the expression it is
convoluted with the image brightness function | (x, y). It can be easily
seen that theterm NI(G, * 1(x, y)) gets large values close to edges while
small values far from edges as desired.

As described before it is a good practice to add a smoothing factor to
the speed function that is a function of the curvature, which will choose the
entropy solution and prevent the solution from creating corners that could
produce singularities. Thus putting it into mathematical formulation gives

) K- ek)
Fans = Fap (L- €k ) = C+NG, *1(xy))

This force function could be used in the level set numerical scheme
described in the previous section.
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Another important issue is numerical stability. The level set schemeis
restricted to a certain condition for stability called the Courant-Friedrichs-Lewy
(or CFL) dtahility criterion. It requires the front not to cross more than one grid
cell each time step, i.e.

max F,Dt£Dx "i,j,k.
In practice one shall scan all possible values of the speed and choose the
appropriate time step that obeys the CFL condition.

45 The Narrow Band method

As further step towards implementation it is a good practice to optimize
the numerical scheme for computation speed. The idea that instead of
calculating the whole distance function (i.e. the level set functionf ) each
iteration of the algorithm, one needs only to calculate valuesinside a
narrow band close to the zero level set.

The narrow band method has numerous advantages which the most
important of al isgain in calculation speed. The calculation in three

dimensionsis performed in the order of O(kNZ) instead of the order of

O(N 3) in the full matrix approach, where N is the number of grid points
and k is the number of voxelsin the narrow band. Furthermore the narrow
band approach speeds up the calculation of the speed function and other
parameters needed for the iterative scheme due to the fact that they need to
be calculated only near the narrow band. Moreover, according to the CFL
condition the time step is a function of the speed, therefore the less values
of the speed F to scan the higher the time step Dt could be, which allows
afaster scheme.

The narrow band method steps consist of choosing a band width of k
points and indicating the boundaries of the narrow band, then solving the
level set equation till the boundary is hit and then recalculate a new narrow
band. An important isste is the choice of the narrow band width k. If
chosen too big then it resembles the full matrix method while if chosen too
small it can cause alot of overhead in re-initializing the distance function.
Therefore a compromise should be chosen in order to receive optimal
speed. In practice a good narrow band width is k = 6 which isagood
balance between re-initialization costs and update costs.

In terms of scheme complexity of the level set used with the
enhancement of the narrow band method gives a equivalent level of
complexity to the marker method and cell techniques discussed before
while maintaining the advantages of topological merger and easy



extension to high dimensions. Typically the narrow band method is ten
times faster than the full matrix method which gives it a tremendous
advantage.
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Chapter 5
Software application

While a skilled eye can pick out the desired boundaries of multiple
sclerosis lesions from a noisy image, even those characterized by dlight
changes in image intensity, asking a physician to draw by hand outlines on
each image is both time-consuming and inaccurate. An automatic
procedure could be much more efficient. This chapter gives a view of the
softwar e application used to perform level set segmentation of multiple
sclerosislesions using 3D magnetic resonance brain images.

5.1 Algorithm

The approach taken is an implementation of the numerical level set
scheme with curvature driven speed. An initia circle is created inside the
desired multiple sclerosis lesion. This circle evolves using the level set
numerical scheme till the narrow band is hit, then the distance function f
is recalculated for a new narrow band and then other iterations of the
scheme is proceeded till hit of the new narrow band, and so on and so
forth.

The agorithm is show in the following schematic illustration
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Figure 25 level set algorithm

5.2 Level set scheme

The level set scheme used in the code is the following
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while the speed function F, is calculated as follows

K(l ekl]k)
ik — %
: C + |N 1jk Iljk]
The time step should obey the CFL condition, therefore
max F,
Rt

while the step Dx is chosen as a parameter.

The only parameter |eft to calculate is the mean curvature k , which is
calculated in 3D as follows

PR R RS 0 RN SR 0N SR 3% S O 5 S O R
(ff+fj+ff)

while the derivative are given as follows:
First order derivatives:

f o filll,jk f|n11k f f|]+1k flnj 1k f firjj,k+1_fil,1j,k—1
i 2Dx 2Dy 2Dz
Second order derivatives:

i,j-1k f

n n n n n n n n
o fi+1,j,k - 2fi,]k+f| 1.k f o fi,j+1,k - 2fi,j,k +H o fi,j,k+1_ 2fi,j,k+f

n
ijk-1

. 2Dx » 2Dy s 2Dz

Mixed derivatives:



fn _fn _.I:_n +fn
(o)

i+1j+Lk i+1,j- 1k i-1 j+1k i-1,j-1k

f
Xy 4DxDy

n
+fi-Lj,k-l

n n n
f o fi+Lj,k+1 - fi+1,j,k-l- f i-1j,k+1

X 4DxDz

n n n
f o fi,j+1,k+1_ f i,j+Lk-1" f i, j-Lk+l

¥ 4DyDz
All the time steps Dx,Dy,Dz have the same value and are configurable
parameters as mentioned above.

n
+fi,j—l,k—l
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Conclusions

In many physical problems, a key aspect is the motion of a propagating
front separating two components. As fundamental as this may be, the
development of a numerical algorithm to accurately track the moving front
isadifficult problem. In particular tracking multiple sclerosis lesions from
magnetic resonance brain images incorporates intensity variations due to
RF inhomogenities, motion artifacts and noise that render this problem an
arduous task. Educating a piece of software to both ignore noise and avoid
introducing non-existent boundaries is quite a challenge.

Some other algorithms of image segmentation are shown like placing
marker particles along the front and advancing the position of the particles
according to a set of finite difference approximations to the equation of
motion. While a different approach divides space into cells and tracks a
moving front by updating the cells with new fractions of material inside
the interface, which reflects the progress of the front. These schemes are
inaccurate and usually go unstable causing the code to blow up as the
curvature builds around an edge, since small errorsin the position produce
large errors in the determination of the curvature.

Thiswork details the level set method ard the problems involved in
constructing a solution to track the multiple sclerosis lesions. The power of
the level set approach lies on its ability to naturaly extend to higher
dimensions, track sharp corners and cusps, and handle topological changes
of merger and breakage. Furthermore a particularly efficient approach has
been described, namely the Narrow Band Level Set Method, which yields
an extraordinary bust in calculation speed while maintaining the same
advantages for interface tracking as the complete level set method.

For future research it is important to point out that far more
sophisticated level set schemes exists than the one used in the software
application. For example, the scheme used in the code is afirst order space



convex scheme, while another possibility will be to use a second order
scheme that incorporates a switch that turns itself off whenever a shock is
detected. Another possibility would be to add other forces to the level set
equation that attracts the surface towards the boundary, which have a
stabilizing effect, especially when there is a large variation in the image
gradient value.
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