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Chapter 0: General introduction

"In examining disease, we gain wisdom about anatomy and physiology and biology. In examining the person with
disease, we gain wisdom about life."
— Oliver Sacks

In the last five centuries have seen more new diseases than ever before become potential pandemics. With
the growing of economics and unavoidable globalisation, people never travel across countries and continents as
frequent as today. In fact, in the last 50 years, the passenger numbers of airfreight has grown almost 9% per year
[Upham et al. 2003]. Similarly, shipping traffic has also increased over 27 % since 1993 [Zachcial and Heideloff
2003].The efficiency,speed and reach of modern transport networks puts people at risk from the emergence of
new strains of familiar diseases, or from completely new disease[Guimera et al.,2005]

As we know, variety of diseases posses different regularities of spreading for example through air (cold, in-
fluenza), sexual contact (AIDS) etc . In fact, different ways of spread and different infect objects may lead to a
significant difference on the disease spreading which makes it necessary to understand mathematical modellings
of different spreading approaches.

Human has already suffered countless disease crisis in our long history. Plague which created the famous black
death killed 30 % to 60% of population in Eurasia. It is certainly an important event that has changed the human
history. The HIV virus, since it is discovered in 1970s, has become one of the most sensitive and worrying topics. In
fact during the past 50 years the number of infected of HIV has always been increasing. Unfortunately, until today
a cure treatment for this lethal virus hasn’t been found yet. Another recent example is the Ebola outbreak in West
African since 2013. This killer virus claimed more than 11 thousand lives in only 14 months. In 2016, the World
Health Organization finally declared the end of the outbreak of Ebola virus disease in West Africa.

The control of disease spreading is indeed and will always be one of the most difficult challenges for human
beings.
We present two figures below for the infected number evolution curve of two infectious disease that have been just
mentioned: HIV and Ebola.
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Figure 1: evolution of Ebola disease in 2014-2015, taken from MARYN MCKENNA Science
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Figure 2: evolution of HIV since 1975,taken from Descriptive Epidemiology

In Figure 1, we observe an exponential increase for Ebola virus in one year. However it disappeared just one
year later in 2016. In fact, according to the data given by the World Health Organization the number of Ebola in-
fected doubled every 29 days at the beginning of its outbreak period. Meanwhile, the number of HIV infected has
been increasing slowly but stably in the past 40 years. Why there exists such a significant difference in terms of
spreading behavior for different diseases?

Obviously, there are medical reasons behind but mathematical theories play also a very important role! Dis-
eases spread with different personal contact which construct various mathematical modellings. Therefore, the
potential infection network and the probability of contamination could be totally different. In this thesis, we aim



to explain these spreading behaviors using mathematic tools.
The thesis is split into three main chapters.

¢ Chapter 1 Micro-modelling: In this chapter, we put ourselves into the shoes of one individual in the whole
network. The goal is to check how his or her social contact behavior could influence the infection of disease.
For example, some friends may meet each other very regularly, say once a week while some others can meet
much variously like sometimes several times a week and than loose contact of a couple of weeks. Even in the
case where the average numbers of contact are the same for both types of contact, their probability of infect
each other could still be quite different. We define a new type of stochastic dominance which is different
from the classic ones.

¢ Chapter 2: Macro-modelling: In chapter 2, we use a more global vision for network diffusion. We are actu-
ally interested in the structure of social networks and its consequence on disease spreading. The forms of
infection networks literally depend on the types of contacts that may contaminate the disease. For example
the virus spread by sexual contact such as HIV will surely not share the same contact network with diseases
that could spread through air such as influenza. The key quantity in this chapter is the reproductive ratio.
We also define two different models using Erdos-Renyi graphes to simulate the spread of disease based on a
given structure of contact matrix.Two real data set have also been used for the simulation.

¢ Chapter 3: Optimal vaccination strategy. Following the topic of chapter 2, we suppose the social contact
network is perfectly known. We also make the assumption that we are only capable to vaccinate a part of the
whole population. Therefore, we look for the most efficient measure to decide who should be vaccinated.
The goal is to prevent the disease outbreak. We define a new quantity named as the transition capability
measure based on the similarity of nodes in the network. We compare it with other measures such as degree
and betweenness centrality on different contact networks.



Chapter 1: Micro-modelling in probability
distributions between nodes

1 Summary

In this chapter, we focus on the individuals’ behavior , more precisely the regularity of their social contacts and
how this could speed up or slow down the diffusion on a social network. We concentrate a lot on theoretical
analysis in chapter 1, two relations of dominance have been defined. We also develop several proprieties around
these two new definitions. The chapter is based on a very simple idea : we would like to see which intercontact
time distribution can promote the random diffusion. Unlike the chapter 2 and chapter 3, the work in this chapter
doesn’t depend that much on former articles. To make a clear vision, all the definitions and proprieties developed
in this thesis are encircled by red borders.

2 Introduction

In reality, the disease spreading between two persons is a random phenomena. Obviously, the spreading behavior
depends a lot not only on the average frequency of contact among people in the social network but also the exact
distribution of meeting times. Generally speaking, two persons who meet each other in a regular way will not have
the same chance to infect each other as two persons who meet intensively during a small period and stop their
contact suddenly.

An example of message transmission has been illustrated as follows where we suppose that the transition time
between Alice and Bob is a constant while the transition time between meetings of Alice and Cathy is simulated by
an exponential distribution. Although we suppose the average transition time remains always the same, we find
that Cathy has more chance in average to receive the message earlier than Bob.

Alice and Bob 08

— 14—

"
Alice and Cathy




In fact,
E(Tatice,Bob) = E(Tatice,cathy) = E(exp(1)) =1

However, as Tajjce,carny ~ exp(1)

1 1
P(Tajice,cathy < Tatice,Bob) = P(Tatice,cathy <1) :/0‘ e fdx=1-¢"'> 5

This result shows that in average Cathy has more chance to receive the message in the first place.

In this chapter, we focus on the influence of different probability distributions of transition time between nodes
in the network on the speed and behavior of disease spreading.
The further study will focus on two different models which are denoted as "transition time model" and "meeting
time model". As explained in the previous example, in "transition time model" one suppose that once a person
received the message/be infected by virus, a transition time will be simulated immediately following certain proba-
bility distributions. While in "meeting time model", one suppose the frequency of meeting has been pre-simulated
when one individual receives the message/is infected one will have to wait for the next waiting time in the process
to transfer the message/spread the disease. To illustrate these two models, some examples are presented as below.

3 Basic examples

In this section, to make readers understand better these two models, some examples have been shown in both
cases in a simplified network of three individuals: Alice, Bob and Cathy. It is supposed that one letter will be trans-
ferred among them where the transition time between each pair is simulated according to different probability
distributions independently.The main objective is to evaluate the accumulated time of each person holding the
letter. The more "holding time" a person owns , the more he/she will be considered as the "center" of his/her
social network.

3.1 "Transition time model"

As explained previously, in this model, the transition time will be simulated simply when one individual receives
the message. Therefore, the transition time is independent on the past of the process. If one node owns two choices
of diffusion, it will choose the direction where the time of passage is the shortest.

t - exp (1)

t -~ unif(0,2) . ﬂ e

Figure 3: example: triangle of transition time model
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For example, when Alice receive the message, two variables will be simulated immediately X; ~ exp(1) and
X, =1 where Xj present the potential transition time between Alice and Bob while X, present the potential tran-



sition time between Alice and Cathy. Suppose X; < X», in this case Alice will transfer the message to Bob. X; will
be recorded as real transition time and X, will simply be dropped.

3.2 "Meeting time model"

Different from the transition time model, here we consider that people(nodes) see each other with certain fre-
quency which is independent on the diffusion in network. The frequency is independent to the message delivery.
Using the example in 3, we suppose Alice hold the message at beginning. She will then wait for next time that she
meets Bob and then transfer the letter to Bob. Bob will then give it to Cathy and Cathy will give it back to Bob as
presented in figure 22. The transition time in this model will be the rest time between the moment that one receive
the letter and his/her next meet with somebody.

e Alice y . I

Cathy PA & o—0—0

Figure 4: example: triangle of meeting time model

4 Analytical approach

In this section, we define a new stochastic order named "equal dominance" and compare it with the classic defini-
tion of stochastic dominance introduced in [J.Hadar, W.Russell,1969]. Several proprieties of this new order is devel-
oped and some numerical experiments are made in this section as well. Typically,we generate variables following
different probability distributions with same expectation and check the influence they make on the behavior of
spread.

We define in this paper that a non-negative random variable X is "equally domi-
nated" by another non-negative variable Y if and only if

Definition 4.1. E(X)=E(Y)<oo
P(X>Y)>05

Generally speaking, when variable X is "equally dominated" by Y that means despite the two non-negative
variables own the same expectation, the variable Y has more chance to be smaller than X.

This definition looks much like the definition of second-order stochastic dominance.



Varibale X has first-order stochastic dominance over Variable Y means that
VreR, Fx(r)=<Fy(r)

dreR, Fx(r)<Fy(r)
Definition 4.2. L . . . .
X is said to be smaller than Y in the 2nd-order stochastic dominance with equal

means, denoted as X <,,4-sp,= Y, when

E(X)=E(Y)
E(t-X)+] = E[t-Y)+],VIeR

In fact, they are two different definitions. The property of stochastic dominance can not imply the "equal dom-
inance".

To prove that it is sufficient to give two counter-examples.
* For two discrete variables X and Y presented as below:

Probabilité 0.5

Probm
10

X Y

Probabilité 0.5

6

Probabilité 0.5

Figure 5: discrete variables

P(X=0)=P(X=10)=0.5
P(Y=6)=P(Y=4)=05

It is easy to check that the variable X is smaller than Y in the 2nd-order stochastic dominance with equal
means.

In fact E(X) = E(Y) and when ¢ < 6 one has obviously E[(t - X)+] = E[(t - Y)+]as Vi, (1 - X)+ = (t - Y)+
When 6 < t < 10,

E[(t—X)+]=0.5t while E[(t-Y)+]=0.5(t-4)+0.5(t-6)=t-5

thus E[(t—X)+]>E[(t-Y)+] when 6<t<10

It is also quite obvious to prove P(X > Y) =0.5since P(X > Y|X =10) =1 and P(X > Y|X = 0) = 0. Therefore,
X is not "equally dominated" by Y.

e Suppose X =1and Y ~ exp(1), we have already proved that X is "equally dominated" by Y. However, E[(1-
X)+]=0<E[(t-Y)+] ;



Property 4.1.

The "equal dominance" does not own the transitivity, which means there exist
a paper -scissors-rock case, ie three different variables X,Y,Z following different
probability distributions such that

X
Y
VA

dominant

VA
X

dominant

dominant

Therefore, the "equal dominance" is not transitive.

Proof. Ttis sufficient to give an example of a paper -scissors-rock case. We have found one as below:
Suppose X, Y, Z are three discrete random variables with:
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Figure 6: counter-example
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It is easy to check that the expectations of three variables are all equal to 1.

P(Y>X)=0.6
P(Z>Y)=0.7
P(X>Z)=0.4+0.6%x0.3=0.58

Thus we have successfully found a counter-example. Actually the existence of this paper -scissors-rock case also
proves that the "equal dominance" can not be simply measured by any quantity measures like variance, moments
etc otherwise this measure should be transitive.

O

4.1 "transition time model"

In this model, all the potential transition time is simulated independently at the same time following its probability
distribution which means the edges only appear when its emission node is active (in our case receive the message
or be infected by virus). The transition time is defined as the time period from the moment that the current node
receives the message until the first transition takes place.

Figure 7: potential transitions

T =min(Xy, Xo,....,Xn) with E(X))=E(X2)=...E(Xp)

4.1.1 case of two potential transitions

We start with the simple case of two potential transition time X; and X5, denote T = min(X;, X»).

Starting by choosing four common probability distribution as presented below, Xj...Xy are four variables that
being generated respectively by these four distributions. We are interested in the expectations of minimum values
in each pair E(min(X;, X;)) and the probability P(X; > X;). These two values may indicate the importance of each
distribution has in the network in terms of accelerating/slowing down the diffusion.

In terms of density function, one can observe from the table below that despite the supports of density function
of both exponential and Pareto distributions are infinite, the Pareto density function decreases much slower than
exponential in long term.

10



Variable | probability distribution | expectation | variance | density function
X1 constant:1 1 0 PX5=1=1
X, exp(1) 1 1 [x,(x) = exp(—x)
X3 unif(0,2) 1 : fx;(x) = 0.5 for x € [0,2]
1.25
X4 Pareto (1.25,0.2) 1 +00 fx, () = 222502 —
Table 1: presentation of four random variables
7 T T T
density of X, density of X,
ol densilz of Xi I 0.025 densili of Xz
density of ><4 density of )(4
5 0.02
4 0.015
o
0.01F
ol
; 0.0051
N
00 1‘ 2 3 4 5 0 4.é82 4.9‘84 4.9‘86 49‘88 4.‘99 4.9‘92 4.9‘94 4.5;96 4.9‘98 5

Figure 8: density functions

The estimation of E(T; ;) = E(min(X;, X)) is made by a Monte Carlo calculation with n = 100000. Ideally, this
table should be symmetric.

distribution constant:1 | exp(l) | unif(0,2) | Pareto (1.25,0.2)
constant:1 1.0000 0.6322 | 0.7500 0.4655
exp(1) 0.6329 0.4991 | 0.5713 0.3761
unif(0,2) 0.7490 0.5658 | 0.6665 0.4172
Pareto (1.25,0.2) | 0.4654 0.3782 | 0.4166 0.3326

Table 2: E(T) for each pairs of variables

The probability every variable being chosen as minimum in each pair of variables has also been recorded.

P(i,j)=Proba(X; < X;)=P(X; = X;) as all four distributions are continuous

distribution constant:1 | exp(l) | unif(0,2) | Pareto (1.25,0.2)
constant:1 0.5 0.3681 | 0.4988 0.1333
exp(1) 0.6317 0.5018 | 0.5644 0.3796
unif(0,2) 0.4990 0.4340 | 0.5028 0.2779
Pareto (1.25,0.2) | 0.8652 0.6236 | 0.7244 0.4976

Table 3: P(X; = X;)) for each pairs of variables

We say a probability distribution i is more favourable than the distribution j in terms of accelerating the dif-
fusion if P(X; < X;)) > 0.5 (ie.X; "equally dominate" X;) and for most of other distributions Y, E(min(X;,Y)) <

11



E(min(X;,Y))

From tables 2 and 5, it is easy to observe among these four variables an order of dominance for four distribu-
tions in terms of accelerating the diffusion.

constantl

Pareto(1.25,0.2) exp(1) unif(0,2)

dominant dominant dominant

These dominance could also be proved mathematically. In fact, as the column presented with green color in
Table 1, this dominance order actually follows the same order of variance. One may expect by intuition that when
the variance of a variable is big, it has more chance to be smaller than the other variables which may provide some
advantage in this competition. However the analytical study below shows the variance is not the only determinant
factor of the "equal dominance" order.

We are now going to find what is the main factor that decides the "equal dominance order". Start with the case of
two independent variables X, Y with same expectation E(X) = E(Y) we remind that T = min(X,Y). The goal of
the calculation below is to find the distribution funcion of variable T.

1-Fr() =P(min(X1,X2)>t)=Px1>t,x2>1)=1-Px1<=t)—P(xo <)+ P(x1 < t,x2<1)
X1 and X, are independant, therefore,
Fr(8) = Fx, (8) + Fx, (£) = Fx, () Fy, (1)
We are specially interested in the expectation value of T.

E(M=EXIX<Y)PX<Y)+EYI|Y<X)P(Y <X)

In fact,
2 tFx () P(Y =
Exx<y)= EEXNX<Y) L7 iFEx(P(Y = Odt
P(X<Y) PX<Y)
Thus N )
EXIX <P <) = [ e -Frodr=EC0 - [ iopy ds
0 0
As the same, .
E(Y|Y<X)P(Y<X):E(Y)—f tfy (OFx(Ddt
0
Finally,

E(T)=E(X)+E(Y)—f0 tfx(t)Fy(t)dt—fO tfy (O Fx(n)dt ™

Since E(X) = E(Y) is prefixed, to minimize E(T) is in fact equivalent to maximize f0°° tfx(OFy(®dt+ f0°° tfy(t)Fx(t)dt.
From now on, without losing any generality we suppose that

E(X)=E(Y) :foo th(t)dt:foo tfy(Ddr=1
0 0

If we suppose further more that X and Y are two independent variables which follow the same probability distri-
bution.ie.
fx(® = fy(t) Fx(t)=Fy(1)

The objective function therefore become simple:

e} (o) t T t
max(f tfx(t)Fx(t)dt) :max(f th(t)f fx(s)dsdr) :max(Tlim f th(t)f fx(s)dsdr)
0 0 0 —+00Jo 0

12



In the case that X and Y are identically distributed with E(X) = E(Y) = 1 we have
Property 4.2.
sup(E(T)=1 and inf(E(T))=0

Proof. Let’s start with studying the problem when T is a fixed real value.

T t T T T
limf tfx(t)f fx(s)dsdt = limf t(FX(t))’FX(t)dsdt:[tFX(t)Z]OT—f fX(s)FX(s)dr—f Fx(?dt
T—+o00Jo 0 T—+o00Jo 0 0
Thus one can easily deduce,
T T
2f fx(9)Fx(s)dt = [rFX(t)Z]OT—f Fx(n*dt
0 0

Aswhen T — +o0, Fx(T) — 1, for T big enough, we have
T T
2[ fx($)Fx(s)dt= T—f Fx(n?dt (**)
0 0

Once again, we have just transformed the problem from max(;° ¢ fx (£) Fx (¢)dt) to min( fOT Fx(t)%dt) always under
the condition of [;° ¢ fx(t)dt =1
We then establish another equality which stands for all the real value T

0o T
f t(Fx(t)'dt = [rFX(z)]g—f Fx(t)ydt
0 0

Which is equivalent to

T e’}
f Fx(t)dt= [tFx(r)]oT—f t(Fx(t)dt
0 0

when T — +oo0, we have

T
f Fx()d=T-1
0

T T
Furthermore, Fx(t)<1 Vt :[ (FX(t))zdtsf Fx(Hd=T-1
0 0
With (**) one can easily deduce:
T T 1
2[ fx()Fx(8)dt=T—-(T-1)=1 :>f [x()Fx(s)dt = >
0 0

Thus using the result of (*), one could have directly E(T) < 1. Actually this upper bound is attained when X =1is a
constant variable. O

1.4F distribution of X ||

Figure 9: optimal distribution when maximize E(T)
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One can easily check for when X = 1, the following equality does stand:
T
f (Fx(£)?dt=T-1 VT>1
0

Therefore, we have proved sup(E(T)) = 1 and to achieve this upper bound, one musthave X =Y =1
On the other hand, it is more complicated to find and prove a lower bound of E(T), to do so, we will employ the
inequality of Cauchy-Schwarz:

Cauchy Schwarz inequality for real functions
For two real measurable functions f,g € L?([a, b]) and two real numbers a,b with
a<b

b b b
Theorem 1. |f f(r)g(r)dnsuf f(t)zdt)lélf F(02dn)?
a a a

The equality can be achieved when 3a € R such that f(t) = ag(t) almost every
where in [a, b].

According to this theorem, we have:

T T s .
f Fx(t)dts(f (Fx(t))zdt)f(f ldt)?
0 0 0

T 2gs LD
In the case when T big enough, we have f (Fx(t)“dt= —
0
This leads to )
°° T-1 1
2[ th(t)Fx(t)dl'ST—( ) =2__
0 T
Using (*)

1 1
E(T)zZE(X)—(z_?)_?_,O

The lower bound thus obtained by Cauchy Schwarz inequality is 0, which is quite obvious. Now let us check the
condition of equality ie.3a € R, Fx () = a x 1 almost every where when ¢ is non negative.

As Fx(t) is a probability distribution function, it is obvious that Fx () X, 150 a = 1, therefore, to obtain this lower
bound, one must have: Fx(f) = 1 almost everywhere for t non-negative. We then further notice that Fx () is in fact
an increasing function with upper-bound 1. In this case

Fx()=1 V>0

Otherwise suppose 3t € R, Fx(t) < 1 thus Fx(x) <1 Vx € [0,¢] as measure([0,t]) # 0. It is a contradiction of
Fx(t) = 1 almost everywhere.

By definition, Fx(f) = P(X < t) = 1,Vt > 0, in particular Fx(0.5) = P(X < 0.5) = 1 and this is in fact in contra-
diction with our fundamental assumption E(X) =1

Thus we conclude that the zero lower-bound can not be achieved.

However, we have found a function series Fy, as distribution functions for a series of variables X}, such that

E(Xy)=1 Vn (%)

{ Jo7 IFx, () —=11*=0
E(min(Xy, X},)) 2,0 where X/, is identically distributed and independent to X,

This series of functions will be given in the proof of next proposition.

14



There exists no random variable with expectation 1 that "equally dominates" all the other
random variables. ie.

Property 4.3. AX with E(XX)=1 suchthat VY Y #4X,E(Y)=1, X Y

dominant

whereY #4 X means that Y is not identically distributed as X

Proof. We start by construct a sequence of discrete density functions P(X,, = f)

1 ift=n
PXy=0—<1-1 ifr=0
0 if £ #0,n

Thus, the distribution functions Fy, for variables X,

1-1 ifo<t<n
Fx,(t)=P(X, <t)— no
1 ifn<t

Thus, the distribution functions Fy, for variables X,
O

We plot the density of function of Fx,, Fx;, Fx,, which allows us to have a direct vision on the evolution of
function series.

—o density function of F, 00 ——o density function of Fy —o density function of F_,|
0.9

08 08 08
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06 06 06
05 05 05
04 04 04
03 03 03
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Figure 10: density of fx,

It is easy to check that
EXp,)=1 Vn

oo ) 1 1o
f |Fx, (-1 =nx — == 20
0 n n

E(min(X,, X)) = nx P(X, #0) x P(X}, #0)) = % 2.0

Fx, verify all three criteria in (***), further more, actually V fixed non-negative variable Y with expectation
E(Y) =1,3neNsuchthat Y cannot "equally dominated" X,, Y /~——— X,,, furthermore P(X,,<Y)>P(X,,>y)

dominant

Suppose the probability distribution law of variable Y is fixed and given noted Fy, suppose P(Y > 0) = 5, obvi-
ously 3>0as E(Y) =1.

3n € N such that n > % therefore P(X, > Y) < P(X, #0) =+ and P(X,, < Y) = P(X,, =0)P(Y #0) = (1 — %)ﬁ

n
1-B 1 1
n>——=(1-—-)>— so PX,<Y)>PX,>y)
B n n

15



4.1.2 case of n potential transitions

Now we come back to the general case when a node in the graph processes n potential transitions targets. The
random variables Xj, X, ..... X, present the potential transition time. The real time transition time can be expressed
as T, = min(X;, Xo,.....X5).

iid variables We start with the most simple case where Xj, X»,.....X}, are all independent and identically dis-
tributed. As always, we suppose E(X;) =1

Fr,()=P(Tp,<t)=1-P(T>)=1-P(X; > P(X2>1)..P(Xp>1)=1-(1-Fx(t)"

Suppose Fx(?) is differentiable.
o0
E(Ty) =f tdFr, (1)
0

(e 9]
= f tnfx(t)(1-Fx ()" dt
0
In the particular case, when X; follows an uniform distribution (in our case unif(0,2) as E(X) =1)

1-(35H" 1€(0,2)

So A
n —lyn—
5(57) 1€(0,2)
2\72 ’
fr.(® { 0 otherwise

o0 2
E(Ty) —fo tfr,(Ddt= P

One can easily deduce by definition that E(T}) is a decreasing function of n. We are extremely interested in this
section to check the form of curve when X; follows different probability distribution.
The curves of (T,,n) have been drawn for four distributions:exp(1), unif(0.2), Pareto(2,0.5), Pareto(1.25,0.2)

1.4 ‘
exp
unif
1.2} paretopoint5 |5
paretopoint2
1 ]
0.8 b
0.6 b
0.41 E
021 ¥
0 . . . . .
0 5 10 15 20 25 30

n:number of iid variables

Figure 11: Curve (n,T},) for iid variables
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Before it reaches the lower bound of Pareto distribution, one observes that the Pareto distributions have an
advantage in terms of decreasing speed. When the number of targets of transition is limited (n is not large), the
Pareto transition time should own an advantage of diffusion speed.

Shifted Pareto distribution In order to avoid the problem that Pareto variables can not go below certain
threshold, we have also used the shifted Pareto variables. The main idea is to keep the slow decreasing form of
Pareto variables and the expectation value as 1 while to avoid the lower threshold in the density functions of Pareto
variables.

Giving an example of Pareto(0.5,2), with its density function:
0.5
fx(®= 2?

The density function of shifted Pareto variable is:

0.75%

xW=27055

9 T

shifted pareto
pareto (0.5,2) |

Figure 12: density function of shifted Pareto variable

According to numerical experiences, the advantage of accelerating the diffusion presented in Table 1 becomes
more obvious if we use the shifted Pareto variable instead.

Ti,j = min(Xi,Xj)

distribution constant:1 | exp(l) | unif(0,2) | shifted Pareto k=2
constant:1 1.0000 0.6309 | 0.7487 0.4230
exp(1) 0.6314 0.4979 | 0.5710 0.3427
unif(0,2) 0.7486 0.5666 | 0.6632 0.3828
shifted Pareto k=2 | 0.4239 0.3444 | 0.3798 0.2502

P(, j) = Proba(X; < X;)
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distribution constant:1 | exp(1) | unif(0,2) | shifted Pareto k=2
constant:1 0.5 0.3674 | 0.4999 0.1930
exp(1) 0.6317 0.5007 | 0.5674 0.3446
unif(0,2) 0.5012 0.4314 | 0.5022 0.2776
shifted Pareto k=2 | 0.8067 0.6574 | 0.7264 0.5016

More importantly, when we draw the curve of (E(T},), n) the lower threshold of Pareto variables disappear. One
observes in figure 13 a clear advantage for Pareto variables no matter the value of n.

exp
unif

paretopoints
paretopoint2
12— —

o8 ||
06—

04—

Figure 13: iid variables with shifted Pareto

4.2 "meeting time model"
4.2.1 Bus paradox

In order to explain the idea of the "meeting time model" and make some reminders on stochastic process, we cite
here a famous example called Bus paradox.

Point of
arrival at
bus station
8am 12 pm
B B B CRRETR] + () B
1 2 3 4 5 . 6 7
h “5 T

Figure 14: figure taking from https://stats.stackexchange.com/questions/122722/please-explain-the-waiting-
paradox

State the problem: At a bus station the time that a bus arrives follows a Poisson process of parameter A which
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means the time between every two buses can be simulated by an exponential distribution. If one person at a ran-
dom time at the bus station, what will be probability distribution of his waiting time and how long should he wait
for the first bus in average?

An important property of Poisson process is its memorylessness. We can simply prove it using the distribution
function of exponential variables:

Vity P(Waitatleast t minutes|Already waited fp minutes) = P(X > t + £y X > 1)
B P(X>t+1,X>1)
a P(X>1)
ftofto Ae M p-Alt+1)

= = =exp(—At
N p=AD)

= P(Wait at least ¢ minutes)

This result is in fact independent on the value of %,

Denote R; as the variable that presents the time an individual has to wait for next bus if he/she arrives the
station at time t.

m m—1 m
Ri=) Xj—t for) X;<t<) X;
i=1 i=1 i=1

We note R; = WTD(X, t), WTD present the waiting time distribution.

Number of bus

1& R —

t

v

Figure 15: definition of the waiting time R;

m—1
suppose fo=t— Y X;
i=1
FRx)=P(R<x)=1-PR>x)=1-P(Xp > x+ 1| X;n > to) =1—-P(Xp, > x) = 1 —exp(-A1)
Therefore, the distribution of R is the same as X;, so R ~ exp(1)

For any stochastic process when the distribution function of intervals is non-lattice, there is a more general

result:
E(X?)

T 2E(X))

lim E(Ry) (4%
t—+o00
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The proof of this result can be found in [K.Van Harn,EW.Steutel,1994]
We are also interested in the probability distribution of variable tlir+n R; in this general case thus we suppose R is
—+00

the waiting time variable when an individual arrives at a random time during an infinite long process.

Number of bus

1‘ ¥ e
E t— oo
.................... H
T

Figure 16: definition of the waiting time R;
Note the event Au: For a given positive real number u, the individual arrive during the period (between two
buses) X; such that u < X; < u+ du where du is an elementary time period
o0
P(R>1) =f P(R>t|Au)P(Au)dt
0
o0
=f PR>tlusX;<u+du)P(u<sX;<u+du)
0
Cu-t
= —fx(wdu
j; ” fx@)
(o0} [e.0] t
= f fx(u)du—f —fx(wdu
t r u

oot
= 1—Fx(t)—f — fxwdu
r u

Therefore,
Fr(t)=P(R<t)=1-PR>1)

ot
=Fx(t)+f —fX(u)du
r u

As for the density function
dFg(t)

dt
%1
=ft ;fx(u)du

fr(D) =
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4.2.2 case of two potential transitions

—0O

Figure 17: two potential transitions in "meeting time model"

T =min(R1,R2), R, Ry are generated by two different process with eaqual average interval time period

Process X Process Y
Number of bus Number of bus
? ;S — T ; a——
t— o0 r— ow
-------------------- 1 Xi mssssmssssnEmEmE YE
T T

Figure 18: transition time simulated by two independent process

Like in the "transition time model", in order to better compare the influence of different process on the diffu-
sion, we have fixed E(X;) = E(Y;) = 1. However this doesn’t implict E(R;) = E(R»)
The result in (4*) could be used:

E(X?)  Var(X)+EX)? _Var(X;)+1

ER)=op5 = 2E(X;) 2

ERy) = E(Y})  Var(Yp+E(Y)? _ Var(¥)+1
YT2E) T 20D 2

In general case, E(R) = 1 and E(R) = 1 if and only if X; = 1 as in this case Var(X;) =0

In particular, when X; ~ exp(1), E(R) = E(X;) = %

We are now interested in the "equal dominance" of variables R generated by different stochastic process of interval
period X;.
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Definition 4.3.

We define in this chapter that a stochastic process with iid interval time variable X is "WTD
dominated" by another stochastic process with iid interval time variable Y if and only if

E(X)=E(Y)<oo
P(Rx > Ry)>0.5

where
Rx =WTD(processX)

present the variable of waiting time in processX for current time t — oo

Ry =WTD(processY)

present the variable of waiting time in processY for current time t — oo

Property 4.4.

The "equal dominance" does not imply the "WTD dominance" and the converse is also not
true. i.e

X Y+ X Y

equally dominant WTD dominant

X

Y X+Y
WTD equally dominant equally dominant

Proof. Itis sufficient to find two variables X and Y with different probability distributions such that

Y and Y

equally dominant WTD dominant

We simply take X ~exp(l)and Y =1

P(Y<X)=Fx(1)=exp(-1)<05=>X Y

equally dominant

on the other hand, suppose Rx = WTD(X) and Ry = WTD(Y)

As proved before, the exponential stochastic process is memory-less so Rx ~ exp(1). It is also easy to find that

Ry ~ unif(0,0.

5)
+00
P(RX<Ry)=f P(t<Y)fx(ndt
0

1 1
= —t)——dt
fo exp(=015
=1-exp(-1)=0.632>0.5
Therefore Y

WTD dominant
O

Similar to the study of "transition time model". We have established numerical results using the four probabil-
ity distribution presented in Table 1.
We first generate four waiting time variables R;, R, Rs, Ry.

Ti,j = min(Ri,Rj)
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distribution constant:1 | exp(1) | unif(0,2) | Pareto (1.25,0.2)
constant:1 0.3342 0.3669 | 0.3401 0.3335
exp(1) 0.3675 0.4983 | 0.4416 0.4997
unif(0,2) 0.3431 0.4427 | 0.4206 0.6295
Pareto (1.25,0.2) | 0.3325 0.5641 | 0.5962 2.3809

Table 4: E(T) for each pairs of variables R;, R;

P(i,j)=Proba(R; <Rj) = P(R; = R;) as allfour distributions are continuous

distribution constant:1 | exp(l) | unif(0,2) | Pareto (1.25,0.2)
constant:1 0.5041 0.6414 | 0.5494 0.6376
exp(1) 0.3702 0.5018 | 0.4383 0.5745
unif(0,2) 0.4486 0.5519 | 0.5056 0.6070
Pareto (1.25,0.2) | 0.3649 0.4355 | 0.4038 0.4922

Table 5: P(R; = R;)) for each pairs of variabales

Comparing table 4 with table 1, it is quite remarkable that the order of dominance in "meeting time model" is
almost the inverse of the "transition time model".
As we have already seen the variables with small variance may own an advantage in this competition. Intuitively
the reason can be explained by the figures below:

X; with large variance X, with small variance

t time

Figure 19: rest time in stochastic process

As presented in figure 19, in this model when time periods X; are not homogeneous (which leads to a large
variance), we actually have more chance to find ourselves in the middle of a large period instead of a small one.
Meanwhile when X; are more homogeneous, the value of R become more predictable and limited.

T= min(Rx,Ry)
We could use the same reasoning in the "transition time model"

E(T)=E(Rx)+E(Ry)—/O tfRX(t)FRy(t)dt—fO tfry (DFpy (Ddt

Suppose that X and Y follow the same probability distribution.

E(T) = 2E(Ry) —2[0 t fry (£)Fry (Ddt
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However, different from the "transition time model", this time E(Ry) is no longer known and the expression
of [5° tfry (t)Fry (1)dt become more complex as only the distribution of X is known. Therefore, it is very hard to
provide a general analysis. As our main interest is how the variance of interval time variable make influence on
E(T). We will now limit ourselves on uniform distributions.

As we keep always the condition E(X) = 1, the non-negative uniform distributions considered could be written
inthe form unif(1-a,1+a)for0<sa<1

There is no "equal dominance" between two uniform variables with same expec-
tation

Property 4.5.

Proof.
suppose E(X)=E(Y)=1, X~unif(l-a,1+a),Y~unif(1-b1+b) and a>b

P(X<Y) =[ P(X <t fy(ndt
0

=f P(X <0 fy(t)dt
0

Itar_(1-b) 1
=f =a=-nl1
1-a Zb 2(1

1 1-b 1

2b  2b 2
This result is quite obvious, as their density functions are symmetric.

= density unif(0.7,1.3)
density unif(0.4,1.6)

. . . .
0.5 1 1.5 2 25

Figure 20: density uniform distribution
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= density WTD of unif(0.7,1.3)
density WTD of unif(0.4,1.6)

0.5

0.5 1 1.5 2 25

Figure 21: density of uniform WTD

This result shows again the variance is not the only factor that decides the order of "equal dominance".

We then look at the WTD case of uniform distribution.

suppose X ~unif(l-a,1+a),Y ~unif(l1-b,1+b) Rx=WTD(processX),Ry = WTD(processY)

1
We would like to prove P(Rx < Ry) > 3 when a>b

In fact, it is not easy to calculate directly the waitting time distribution. We have used a monte— carlo simula-
tion to verify the probabikity P(Rx < Ry). We take 10 different uniform distributions uni f(0,2), uni f(0.1,1.9)....uni f(0.9,1.1).
The pixel 7, j in the image present P(unif(1-0.1xi,1+0.1xi) <unif(1-0.1x j,1+0.1x j))
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Unif(0,2) —» Unif(0.9,1.1)

Unif (0,2) 0.58

-
T

0.56
0.54
0.52
05

048

0.46
'

Unif(0.9,1.1)

W 0 N O B W N

0.44
101

042

Figure 22: P(unif(1-0.1xi,14+0.1 xi)<unif(1-0.1x j,1+0.1x j))

From figure 22, we can easy see that P(Rx < Ry) > % for X ~unif(l-a,1+a),Y ~unif(1->5b,1+b) and
a > b. Therefore, unlike in "transition time model", when meeting time between two person is irregular it seems
the diffusion could accelerate.

4.2.3 case of n potential transitions

Similar to the "transition time model", we are interested in how fast E(T,, = min(Ry, R», R3...R;)) will decrease
when the number of variables n increases. Here the R; are generated by the same or different types of stochastic
process.

vm, Ty =min(Ry,R2,Rs...Rp)
Property 4.6.

sup(E(Tpy) = +00)

Proof. We use again the sequence of density functions defined before.

1 ifr=n
PX,=1—<1-1 ifr=0
0 ift#0,n

1-1 ifost<n

Fx, () =P(X, <t)— .
1 ifnst

O

In fact, X; € 0, n means several buses arrive at the station at the same time and then we have to wait n hours for
the next bus. Thus it is easy to get Rx, ~ uni f(0,n)
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Xy=n

Figure 23: interval time variables of distribution Fy,,

suppose Xj, ..., X, are n iid variables following this distribution law. Then Vi, Rx, ~ uni f(0, i)

when n— +oo, E(min(Ry,...Rx,,)) = E(Ty;) — +oo

The property is thus proved.

iid variables Now we consider the case where R; are generated by iid process X;. Similar to the "transition time

model", we draw the curve of (n, E(T,)) obtained by Monte Carlo simulations.

gzgstant 0.06 ::gstant i

257 :Zirfeto 0.058¢ gzirfelo
0.056 1
2t g 0.054F 2
0.052} ,
1.5 0.05 1
0.048 E|
H 0.046 |
0.0441 1
0.5r \ 0.042 f
&\‘ —_— 0.04f 1
% 5 10 15 20 174 1742 1748 1746 1748 175 1752 1756

n:number of iid variables n:number of iid variables

Figure 24: iid variables in meeting time model the figure on the right side is the zoom of the figure on the left

One observes from figure 24 that when n increase, the value of E(T),,) decrease very fast for Pareto process. In
fact, when n is sufficiently big, the minimum of iid Pareto variables actually goes below than the other distribu-
tions. An explanation to this phenomenon is that when the number of Pareto variables increases, despite the fact
we could be inside a large period, we also get a great chance to find ourselves in a extremely tight period generated
by Pareto variables. As we take the minimum of generated waiting time, these small values could influence a
lot on the final result.Therefore, when number of potential transition 7 is large enough, the Pareto distributed
meeting time may help to accelerate the diffusion.

mixed variables Instead of taking iid variables, we are now going to mixed different type of potential transitions.
In fact, this model may be more near to the reality as in life we do meet some peope more regularly than the others.
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To examine the minimum of mixed variables, we pick 10 waiting time variables generated by two types of distribu-
tion of meeting time.For 7 € [0,10], n among 10 variables are generated by the first distribution (of meeting time)
and the rest are generated by the second one. We then vary n from 0 to 10 and estimate the expectation of the
minimum of this ten variables by a Monte Carlo simulation.

The curve of the min value and n for Pareto(1.25,0.2) and constant(1l) (ie when n=0, there are just 10 variables
generated by constant meeting time) are presented in figure 25:

0.115 T T T 1

T
min-value

T T T
proba of pareto variables to be the smallest

0.9r
0.11

08t
0105} 07k

o4l 06f

051 ~

0095 04l

0.09 - 0.3F
0.2r
0.085
0.1

0.08 . ' . . 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10
n:number of constants added

Figure 25: mixed distribution time of Pareto distribution and constant

Here, the Monte Carlo simulation is made by 1000 times experiences, the result is not very precise . However it is
enough get the idea: when there is one uniform variable (generated by constant meeting time), it helps to elimi-
nate the extreme case of huge value in transition time variables generated by Pareto meeting time. That explains
the huge gap between n=0 and n=1. when n increases (so more uniform variables), the minvalue then re-increase
slowly. The right figure present the probability that the minimum among the 10 variables are generated by a Pareto
meeting time. It is almost linearly decreasing.

The same experiment using exponential meeting time instead of constant meeting time is made as well and the
result is very similar
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T T T T
\\\ proba of pareto variables to be the smallest

0.9r
0.14
0.8
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0.6
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0.4
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0.08 . . . . 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10
n:number of variables generated by exp meeting time

Figure 26: mixed distribution time of exponential distribution and constant
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According to the numerical results of these two models, it is easy to see that in a network where different types
of potential transition time distribution are mixed, the diffusion could be faster than the network with only one
type of potential transition time distribution.

5 Conclusion of chapter 1

In this chapter, based on two different models, we focus on probability distributions of potential transition time
among nodes with same average. The main interest is to discover how they may influence on the network diffusion.
To do so, we have defined two dominance relations between probability distribution describing the intercontact
in a social network. They are

¢ "equal dominance"
¢ "WTD dominance"

These two relations could be used to define an "advantage order" respectively in the "transition time model" and
"meeting time model". It seems the shifted Pareto distribution owns an advantage for fast spreading in the
"transition time model" among other common continuous probability distributions because of its large vari-
ance. On the other hand, it is hard to give a definitive conclusion for which distribution of intercontact time may
generate the fastest diffusion in the "meeting time model". It depends also on the structure of social network.
For example, we have seen that the Pareto distribution is often dominated by other distributions when there are
only two potential transition targets. However several potential transition generated by Pareto can in fact speed up
the diffusion.

Several proprieties and numerical experiments have also been developed around these two relations of domi-
nance.

This work allows us to have a more clear version on this problematic. We understand the regularity of people meet-
ing each could bring an important impact on the diffusion in social network. As have mentioned in the summary
of this chapter, there still remains a lot of interesting points that we don’t have time to cover in this thesis. We could
establish a direct link to the disease spreading. For example, we can suppose 50% of potential transition time fol-
low a Pareto distribution while the other 50% follow the exponential distribution in a social network. We can then
change the percentage of two distributions as well as the structure of contact network and we would like to see
how it will change the behavior of disease spreading. By doing that, we combine the micro modelling (chapter
1) and macro modelling (chapter 2) together. We believe the result will not be trivial and it should not be easy to
understand the mathematical reasons behind.
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Chapter 2: Macro-modelling in Graph Structures

“Early diagnosis of disease is the business of the general public even more than of the medical profession."
—J.B.S. Haldane

1 Summary

In this chapter we concentrate ourselves on the influence of disease spreading caused by the structure of social
network. The key ingredient is the reproductive ratio of disease introduced by George MacDonald in 1952. It is
well adapted that this quantity present not only the average number of secondary infection caused by a primary
infected but also the threshold of disease explosion in long period. However, according to different models and
systems the formalization has not been clearly precised yet as mentioned in [J.Holland, 2012] (see figure 74 in Ap-
pendix ).

In this chapter introduce three different methods to simulate the epidemic diffusion: dynamical systems, fixed
contact network and random contact network. Using dynamical systems, we consider all individuals are equiv-
alent and symmetric which means they all own the probability to be infected, recovered etc. The reproductive
ratio in this case can be easily defined as presented in section 4 while the two result of two other methods strongly
depend on the structure of graph connection.

Several analytic tools and numerical simulations have been created in order to find a precise definition of repro-
ductive ratio in both fixed contact and random contact models mainly for SIS and SIRS system. To do so,different
structures of Adjacency matrix have been employed.

The study is split into two cases where in first(resp.second) one each node in the connection graph present one
individual (resp. community), therefore the adjacency matrix is binary (resp. weighted). The analysis using two
real data set is made in section 7 of this chapter in order to verify the validity of our methods. A brief conclusion at
the end of the chapter highlights our contribution in this paper.

The key message of this chapter could be summarized as : While using a graph based model for disease spreading,
the non-homogeneity among nodes brought by adjacency matrix makes it difficult to define the reproductive
ratio quantity which shows the threshold of explosion.

2 Introduction and Motivation

In this chapter we concentrate on the adjacency matrix modelling of temporary interconnection graph. The tran-
sition time between each nodes will be considered as a constant, our interest is to check how different structure of
adjacency matrix may influence the performance of epidemic spread.

To achieve this objective, we model the contact of individuals in the social network by random adjacency matrices.
Two different modellings have been created, first we suppose once the random matrix of contact is simulated, it
remains constant during the period of spreading and for the second modelling we suppose conversely that the
temporary random adjacency matrix change its forms at each step.

3 R, theory and examples of social networks

Ry is known as basic reproduction rate, which is used to estimate the transmission potential of disease spread. It
is generally defined as the average number of secondary infections produced by a typical case of an infection in a
population that is totally susceptible. However, there exists a few different ways to calculate concretely the value of
Ro(See appendix ). The idea is in fact simple, for example if Ry = 10 for certain disease in a population, that means
a patient will infect other 10 people before he is cured, we can then expect an exponential increasing of infection.
The value of Ry can be affected by several factors, such as:

* The frequency of contact between infectious agent and susceptible agent;
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¢ The probability of infection being transmitted during contact;
¢ The duration of infectiousness before patient is cured or eventually dead
For example

¢ Adults with the flu are typically contagious for up to eight days, while children can be contagious for up to
two weeks. The longer the infectious period of a disease, the more likely an infected person is to spread the
disease to other people. A long period of infectiousness will contribute to a higher R, value.

» The diseases that spread the most quickly and easily are the ones that can travel through the air, such as
the flu or measles.In contrast, diseases that are transmitted through bodily fluids, such as Ebola or HIV, are
fortunately not so easy to catch or spread.

In fact, Ry of a disease is not a constant during a long period. Because of medical reasons and immunity, Ry ; is
normally considered as a decreasing function of . However, due to certain incontrollable factors (such as variation
of virus), the Ry ; could also evolve randomly.

It is believed that a threshold of invasion on the reproduction rate is 1: for values above this, an infection can
grow in the population and the disease can successfully invade. Generally for a disease to be capable to continue
spreading, it should own a value Ry strictly higher than 1. This means i a current patient should infect at least one
person in average for the disease can eventually survive with non-zero probability. Otherwise in the case Ry < 1,
the extinction of disease will take place.

There exist several different definitions of Ry (Please see figure 74 in Appendix). Most of them are based on the
concept of outbreak threshold. The two most common methods to define the reproductive ratio is:

¢ The dominant eigenvalue value of the transition probability matrix which is identical to the network adja-
cency matrix if we suppose each contact with infected can contaminate the disease.

¢ The expected number of secondary infected caused by a random patient in the network.

We have also find an interesting definition of Ry in [Leon Danon et al.,2011]. They use the next-generation
matrix defined as:

_ lkm](m-1)

Kk m mim)

)

Here K, presents the number of cases for individuals with k contacts from an individual with m contacts. [m]
presents the number of individuals with m edges in the network and [km] is the number of edges between indi-
viduals with k and m contacts, respectively. In addition, p is the probability of infection eventually passing across
the edge between a susceptible-infectious pair. The basic reproductive ratio is given by the dominant eigenvalue
of the next-generation matrix.

Ry = spectral radius (K, )

The condition of this definition is that the contact network should remain constant during the period of spreading.
Which is the case of our fixed contact model simulation see section 6.2.

We have implemented this algorithm in Matlab, the code can be found in Appendix. Its result will be compared
with other methods later in this chapter.

The estimate R, values of some well-known disease such as HIV and Measles are presented in Figure 27
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More Contagious

Hepatitis C (2) Ebola (2) HIV (4) SARS (4) Mumps (10) Measles (18)

Figure 27: example of Ry for different diseases from Healthline http://www.healthline.com/health/
r-nought-reproduction-number#calculation3d

It is known Measles virus could spread by coughing and sneezing while HIV virus spread with a contact much
more intimate like sexual behaviors or sharing needle or syringe use. This explains the huge difference of Ry and
also in epidemic curve.
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Figure 28: epidemic curve of Measles and Hiv from Alain Whiteside, Descriptive Epidemiology

epidemic curves An "epidemic curve" shows the frequency of new cases over time based on the date of onset of
disease.

From figure 28, one observes that there exists a huge difference between Measles and HIV in appearance of new
cases. In the past 50 years since its first appearance, the number of infected of HIV stays stable and increases gen-
tly. Meanwhile one observes from the epidemic curve of Measles that there often exists some larger peaks which
correspond to a sudden break out of disease. The successive waves tend to involve more and more people, until
the pool of susceptible people is exhausted or control measures are implemented.

Different types of contact which could be considered as potential transmission for different diseases form natu-

rally a social network. Obviously, the network formed by different personnel contact can be very different in terms
of densities and shapes.In this paper we consider all the networks which present the individual contacts are binary.
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Figure 29: left: network of sexual contacts among teenagers in a high school in USA from immuno -epidemiology
right: network of facebook connections, David Ellis from Lancaster University

The two networks in Figure 29 from the American Journal of Sociology and David Ellis research blog represent
respectively the sexual contact in an American high school and interconnections among a group of people at face-
book. The first can be considered as potential infections for diseases like AIDS while the last could be considered
as potential infections for more propagated disease like Measles. One can easily observe that in the network of
sexual behavior, the contacts are more isolated by small groups except a large group mainly created by individuals
who are generally more active in sexual activities. Actually even in this central group, the density of edges is still
sparse enough.Meanwhile, in the network of facebook connection, the graph is much more dense and random.
furthermore, for diseases that can be spread by air the infection between two total strangers could also be possi-
ble. Thus the real potential infection network for Measles should even have more edges.

Despite the lack of realized numeric givens, we have tried to reconstruct the adjacency matrix of two networks
presented in Figure 29 using a graph structure created by the same structure of networks.

N P R L PO
T R

-
Rt B AT St (T
- bl |

Figure 30: form of Adjacency matrices for networks given in Figure 29
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Figure 33 shows that the difference between two networks is not only on density but also on the structure of
connections. For the adjacency matrix present sexual contacts, it obviously owns a diagonal block structure in-
cluding a lot of small closed loops connect two three people which can be considered as isolated part and could
hardly provide any contribution to disease spread. We reminder that for a relatively larger community (such as
a city or a country) there could be several large disjoint or fewly connected groups. However in the network of
facebook, it is hard to separate the connections into small groups. It looks more like a whole block of random
connections.

However, as explained before, the value of Ry not only depends on the way of infection but also on other fac-
tors, such as the probability of infection on each contact. Obviously, a disease spread by air such as Measles has
much dense potential contamination pair than the one spread by sexual contact such as HIV but the probability
of infection of each pair is also much lower.Therefore, a disease spread with weak contact doesn’t necessarily own
a higher Ry.

A node in the social network could also present a community (ex. a city or a country). As people move fre-
quently among countries, this type of network could also be used for disease spread. Different from the network
of individuals, these networks are no longer binary, instead they are weighted by the quantity of exchanged popu-
lation between two nodes.Here the connected graph of global air-flight transport of 227 nations has been created
using the numeric givens found on the internet of a data sharing forum:

https://github.com/gsmanu007/Complex-network-analysis-of-Airport-network-data/blob/
master/airport_CnToCn.csv

400
350
300
250
200
150

100

Figure 31: network of global air-flights

The left hand side of figure 31 shows the weighted adjacency matrix where the node (i, j) present the number
of flies from country i to j. The white part shows no airlines between two countries.In order to make more contrast
when drawing the adjacency matrix, we have replaced the value 0 by -100 in the matrix. Obviously, some nodes are
more active than others. To have more clear vision, we have also showed the connection graph of 50 most active
countries in the network on the right hand side.Most of them are well developed countries. This data set will be
used later for simulations in section 6 of this chapter.
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4 Epidemic model

Besides Ry, several other notations and quantities are widely used in network of disease spread.

¢ S: Susceptibles
* I:Infectives

* R:Recovered with immunity
e (: Contact rate at each period

: Average infectious period

Z ==

: Total population

SIR model

In this model created by [W. O. Kermack, A. G. McKendrick, 1927]. we neglected the probability of death for the
infected. Once a person is infected, he/she will be cured after infectious period and then get immunity of the dis-
ease for ever.Therefore, the number of susceptible goes down when the disease spread.

As the total population N(#) = S(#) + I(#) + R(¢) stays as a constant, the dynamical system can be described as

ds __psi
dt~ N

dl  BSI

— =] (1)
i N [

an_

T

An obvious case of equilibrium of system is when I(#) = 0 which signs there are no initial patients.

Using the package ode45 in Matlab, we present in Figure 32 the evolution of I(t)

Concretely, we fixe y = 1, N = 100, variate 8 from 0.1 to 10. (Therefore, Ry=p from 0.1 to 10) with initial condi-
tions N () = 100 = S(0), I(0) = 1 which present the assumption that one percent of total population is illed at the

beginning of the process.
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70

60

50

40

30F g

20

Figure 32: SIR model with different Ry
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As explained before, when Ry >> 1 we observe an explosion of disease at first stage. However, as the infected
become recovered after the infectious period, the number of susceptible shrinks quickly. I(¢) thus converge to 0 in
long term.

In fact, in the case that the disease has not exploded (which means the number of infected and recovered peo-
ple is negligible before the whole population) N(#) = S(¢). This implies Ry = g We denote T = % as the average
infections period, thus Ry = BT. Furthermore in the critical case of § =y (ie.Ry = 1) the second equation in (6.1)

dl _ (g S0 _ 7~
becomes 7; = (Bx —VI=0
Susceptibles Infected Recovered Susceptibles Infected

O—O—® & (D
Figure 33: SIR and SIS model

SIS model

There are only two states in this model, the difference from SIR is that once a patient is cured, he/she will then
become susceptible again which means this individual could be infected by same disease more than one time.
For the differential equations in the dynamical system, we only need to remove the part of recovered population
and add them into susceptibles.

as  BSI
— =y
at N
dl  BSI
dt N
It) It)
100 : : ‘ ‘
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Ry=4
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20+
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Figure 34: SIS model with different Ry

Different to the SIR model, since all infected person come back to the susceptible group, there will be no lack
of "infect resources". The system equilibrium achieves at a strict positive value of I(¢) when Ry > 1 is above the
critical point.
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There exists a lot of other epidemic models such as SIRS, SEIR whcih we will not discuss in this paper. In a real
case of disease spreading, there should be other factors such as the rate of death. In this paper, we are specially
interested in the first stage of propagation. The goal is to analyze which initial condition could bring an explosion
of disease.

5 Galton-Watson process

The Galton-Watson process is a stochastic process firstly arose by [ Francis Galton,1842] to explain the extinction
of family names(Wikipedia). Suppose that family names are passed on to all male children by their father and the
number of a man’s sons to be a random variable distributed in N. More importantly we suppose in addition that
the numbers of different men’s sons to be independent random variables.

Respecting all the assumptions above, the number of males sharing the same surname has been defined. The
mathematical model can be described as:

Xo=1
Xn
Xn+1= Z (]
=1

Where ; € N are all independent identically distributed variables.They represent the number of sons in the j* h
family with this surname .

The extinction probability is defined as

Prextinction = nlirpwpr(xn =0)

It is well known that Prextinction = 1 if E((;”)) < 1 and Prextinction < 10 otherwise. In the case when

E( g.”)) = 1 we are also almost sure to have the extinction of family name unless we are in the situation that each
man has exactly one son.

This model sounds very similar to the disease spread problem where we can make an analogy between Ry and
El ;”)) intuitively.

Ryp=average number of secondary patients infected by one primary patient
E({ j)=average number of sons for each male human being

We are interested in the critical case when E({;) = 1. Generally speaking, this condition shows that each male
has one son in average. Imagine a society of n families where n is a large integer. As we know in average each
male has one son, therefore the total number of males in the whole population should stay constant. However
according to the result presented before, one has Prexsincrion = 1 as E({) < 1. This means family name will extinct
in the society. In order to keep the population (male) constant, some families should have a very large number of
descendants.

We have made a Monte Carlo numerical test to verify our intuition.
Suppose

* {j~Poisson(l);

e n=10%
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x 10 number of males x 10" distribution of family names after 100 generations
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Figure 35: family names after 100 generations

From figure 35, one observe that during the whole period of simulation the number of males in the society
remains almost constant. After 100 generations, over 99% of family names have extincted meanwhile the most
prosperous family have 359 male members.

We would like to find a familiar phenomenon in disease spread. However the model of disease does not fulfill an
important assumption in Galton—-Watson process. The infections actually depend on the connections of individ-
uals, therefore they can not be independent. One could understand this model as a "graph based Galton-Watson
process".

6 Mathematical models and anlysis

In this section, we focus on the essential problematic: how can the structure of adjacency matrix influence the be-
havior of network diffusion (disease spread). These different structures present different spreading characteristics
of diseases.

To do so, we keep the graph density constant (ie. same number of edges) and split our study into two different
models which are named "fixed contact model" and "random contact model". In first model, we assume that the
adjacency matrix of connection remains constant during the whole process of diffusion. Meanwhile in second,
the adjacency matrix will be re-simulated at each step following the constraints of block structure. Which means
people in same community see each other randomly with a even probability.

We split the problem into two different models which depend on the randomness of adjacency matrix.

¢ fixed contact model: We suppose the adjacency matrix stays constant during the whole period of spreading
which means people always own the same contact.

¢ random contact model: In this model, the adjacency matrix changes its form at each generation of disease
respecting the structure of communities.

6.1 description and assumptions

The contact of n persons in a social network is presented as a directed graph with adjacency matrix A. The tran-
sition time is supposed to be constant as 1 unit. The object is to check if the disease will spread explosively or
eventually disappear.Therefore we start with a weak number of initial patient and suppose all the adjacency ma-
trix of infection are sparse. The validity of the last assumption will be judged in section 6.
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An integer vector Vp has been created to present the initial index(patient) in the social network (person who
carry virus).

In the case when each node in the graph presents one individual

Wo,i =

)

1 if personiisinfected at time 0
0 otherwise

In the case when each node in the graph presents a community (ex. a city or a country)
Vo,i €N*  number of initial patients in community i

According to the assumption of weak initial index, the number of initial patient should be negligible before the
whole population 7.

n
Y Vo,i=o(n)
i=1

A function of four entries next — generation(A,V;,model, p,r) is defined in order to simulate the spread in
one period.

¢ A: adjacency matrix of contact (We suppose that every contact can lead to an infection. If it is not the case,
we can generate a matrix of infection using binomial laws and the contact matrix like we do in section 7 of
this chapter)

* V: binary vectors present patient infected at k*" step for i from 0 until the present time

e model: which epidemic model being applied for the problem, we mainly consider three models: SIR,
SIS,SIRS

¢ p: Infectious time (suppose to be a constant in this chapter,equal to co in SI model)

¢ r:recovered time after being cured (only useful in SIRS model, for SIR model r = +00)

The output of function next — generation is a binary vector of length n that present people being infected at
this step of disease spread.

Therefore,

Vi+1 = next—generation(Ag, Vi(i =1..k), model, p,r)

All current infected at time k are presented by a vector I;. We give an example of SIS model for readers to
have a more clear vision.We remind that in this model, once the infected being cured, he/she will become again
susceptible immediately. To simplify the notation, we introduce the symbol of positive part (), as

Q=0Q,= Y (i, j) Q;-'j =max(0,Q;,;) forQ to be a matrix, vector or scalar

Thus this model could be described as

k k
k= Y Vi and Vi =4k = Vi =AY V) 2)
i=(k—p).+1 i=(k—p).+1

Here I is a vector present current infectious person. In the case when each node in the graph present one indi-
vidual I} should be a binary vector as
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k
Vi Ljg=max( Y = VigpD
i=(k—p)++1
The SIR and SIRS models are in fact more complicated as a part of population could be recovered from the
disease. The recovered appears in the network when k = r + 1. A vector Ry of length n has been defined to present
the recovered at time k
Therefore, in SIR model we have

(k—-p-1)+ k
Ry= ) Vi and Ve =Ar( ). Vi-Rps
i=1 i=(k—p)++1

while in SIRS model only the definition of Ry is different

(k=p-1+
Re= ) Vi
i=(k-r—p)+

Erdos-Renyi graphs:from contact to infection

The traditonal Erdos-Renyi graph is a one block stochastic matrix. Each pair of nodes in the matrix share a same
probability P to be linked by one edge. Here we use the same idea and extend the Erdos-Renyi graph to a ran-
dom matrix formed by a prescribed block structure on a reduced graph where the edges appear with probability
pin € [0,1] if they belong to the same prescribed block and py,; € [0, 1] if not.We assume by default P;;, > Py,

Here we present an example below for constructing an Erdos-Renyi random graph from a blocked structure re-
duced graph of three self connected clustering.Therefore, the adjacency matrix is also diagonal-block structured
which is often the case of a social contact network.

If one fix P,,,; = 1 then the adjacency matrix generated by Erdos-Renyi method will be purely block diagonal struc-
tured which means there are three disjoint communities with no connections among them.

Reduced graph Adjacency matrix Erdos-Renyi graph

Pout | Pout

Pin Pous

Pout ‘ Pout Pin

Figure 36: construct Erdos-Renyi graph from reduced graph

6.2 Fixed contact model
6.2.1 problematic

As explained in the previous part, in this model the adjacency matrix is considered as a constant, Ay = A. Using the
Erdos-Renyi graphs presented in the end of the last section, we have constructed several numerical experiments
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to reveal the importance of graph structure on the diffusion. We first limit ourselves to the 2 x 2 block structured
matrices (of size 200 x 200 with density P = 0.01) with four equal size blocks presented in figure 37 below.

Figure 37: bock structure matrix where the densities are expressed by parameter

One can easily find that no matter how the value of u changes the global density of the adjacency matrix stay
invariant (= P). Which means the average degree of the associated graph is an invariable. As we have mentioned in
the beginning of the chapter, Ry can be seen as the average number of secondary infected caused by one primary
infected. By this definition, the value of Ry should be exactly the average degree of all nodes in the network. There-
fore, the Ry of all diseases (ie. whatever u is) sharing the contact network in the form as Figure 37 should have the
same Ry. Using the formulas in section (6.1), we have simulated 20 generations of infection for fixed matrices in
a SIS model using different values of u. When starting the simulation we suppose there are 5% (ie.10/200) initial
infected distributed randomly for every simulation(sum (V) = 10). We then draw the curve of infected after 20
iterations (ie.sum(Vsg)) in function of p

0 0.2 0.4 0.6 0.8 1
Value of p

Figure 38: infected population size after 20 generations in function of y obtained by monte carlo simulation for
n=1000

The figure 37 shows that although the Ry value should probability stay constant when p varying, there exists
a significant difference on the result of spreading. The number of infected after 20 generations is much smaller
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when the two blocks are homogeneous (ie. ¢ approach 0.5).
Here we present the same numerical experiment with a series of double symmetric (ie. the two diagonal (resp.anti-
diagonal) blocks have always the same density).

2uxP  2(1 —pwWxP

2(1 —wxP  2uxp

Figure 39: double symmetric structure

Similarly we draw the curve of infected number after 20 iterations in the network in function of . One observe
from figure 40 that in this case the number of infected finally stay almost constant for all values of p.

50

pal — sum(VZO)

40} 1

251 h
20 b

151 ]

10 b

0 0.2 0.4 0.6 0.8 1
Value of pu

Figure 40: infected after 20 generations in function of u

Why does that happen? Does the fact that the contact among people is more homogeneous slow down the
diffusion?

To reveal the truth, we start by developing the expression (2) for A constant.

=AY S p)=a(E ,¥.)

i=(k=p)++1j=(-1-p)s++1
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It is obvious to see that the power of matrix A play a key role in the spread model. Especially the convergence
of matrices power A” depend on the dominant eigenvalue of A which is also known as spectral radius of matrix A.

6.2.2 Study of eigenvalues of binary matrices

For a directed graph of n nodes G, denote A as its adjacency matrix and dy,d....d, as de-
gree of each node. For A1 = p(A) (ie.dominant eigenvalue of A), dmax = max(dy, d»....d,) and
Property6.1. f d;

Amean = 55—, we have

daverage = /11 = dmax

Proof. Using the property of Rayleigh quotient, the lower bound can be proved easily :

YA d:
b XTAx 1AL Vo Ly
1 = Inaxy Tx = 171 . n g Gmean

For proving the upper bound, let’s suppose v is the eigenvector associated with the dominant eigenvalue 1;, so
Av = A;. Let v; be the largest component in vector vie. Vj € [1,n],v; < v;.
ZAi,jUj ZAi,jVi

J

(Av);
A= i_J < ZZAi,jZdiSdmax
J

Vi %] %1
O

As showing in the proof above, the eigenvalue of a adjacency matrix could also be understood as a sort of
weighted average of nodes’ degree.

In fact, as described in chapter 0, p(A) > 1 implies A” — oo when n — oco. Generally speaking when the spec-
tral radius of adjacency matrix A is higher than 1, we are almost sure to have an explosion of disease. Therefore,
the respective ratio Ry is often defined by the p(A).

remark [Richard.PStanley 1987 ] has proved a more precise upper bound for a symmetric 0-1 matrix (which is
the case of most disease transmission )

[Richard.PStanley 1987 |
The spectral radius p(A) of the adjacency matrix A of a graph G with e edges satisfies p(A) <

k
%(—1 + v 1+8e). Equality occurs if and only if 3k € N such that e = (2) and G is a disjoint

union of the complete graph K. and isolated vertices.

In fact the number of edges e could be considered as 72 x dgyerage.- Therefore, the theorem above shows that in a
non directed graph, p(A) = O(n x dayerage). As We suppose the graph of contact is sparse, we are interested in the
influence of density (number of ones in the adjacency matrix) on the spectral radius of a size-fixed graph. On the
left part of figure 41, we present the curve of eigenvalues as function of the density for a sparse matrix of size 1000
x 1000 simulated using Monte Carlos method for 1000 experiments. On the right part we find the probability of
the spectral radius is higher than 1.
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Figure 41: dominate eigenvalue of random binary matrix

One observes that the increasing of dominant eigenvalue is almost linear to the density of graph when the
graph is sparse enough (ie. relatively low density). However the probability of having a bigger eigenvalue than one
increases rapidly(convex function ) with the augmentation of density.

6.2.3 block structured matrices

As mentioned in section 2 of the chapter, an important part of diseases owns a diagonal block structured matrix
as potential infectious contact especially for the diseases spread by sexual contacts or drug injections like HIV.
Each diagonal block in the adjacency matrix presents a community in social network. By intuition, we think the
disease could spread very fast if infected appears inside a community. However it will be much more difficult for
the disease to spread across the communities.

To illustrate this phenomenon, a 2 x 2 block matrix A has been constructed. We suppose the two communities
in the network are with the same size.

A A 2)
VY e
(Az,l Az

Here A; ; are sub-matrices of the same size that represent the link between two communities as presented in
figure 42

Figure 42: communities in graph G

Now we are interested in the spectral radius of these matrices by blocks and how the densities in different
blocks could influence these eigenvalues.
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The dominant eigenvalues(ie.spectral radius) of blocks Aj, (respectively

Property 6.2. Ay 2,A2,1,A2 ) are denoted as R, (respectively Ry 2,R21,R2,2 ). We have

min(|Ry11+|R12l,|R2,11+|Ro2]) <A < max(|Ry,1|+ |R12l,|R2,11 + [Ro2)

Proof. Suppose the dominant eigenvalue of matrix A is A with associated eigenvector x = (xl)

Where dim(x;) =dim(A; ;) fori=1,2
Therefore:
A1,1x1 + Al’ng = /1x1

Ax =
x=Ax= { Agylxl + Az,zxz = /1)62

= |A1x1] +]Ar2x2] = |Ax1]

:{ [R1,1 11111+ Ry 21201 = Al ||
[Ro,1 111111 + | R2 211211 = Allx2]|

Without losing generality, one may suppose ||x1 || # 0, thus

{ [Ry1|+ Ry b2l > 2

1 - e
(R, 1|+ [Ro 2l Z AT

min(|Ry1|+|Ri2l,[Ro1|+|Ro2]) <A < max(|Ry1|+|Ry2l,|R21| + [Ro2l)

O

Remark: A reaches the maximum when the sub-vectors x; and x, are co-linear. This is obviously the case of
structure 2-2, as the null vector is co-linear to all vectors which makes in practice the disease spread more efficient
for the transition matrix of type 2-2 than type 1. This phenomenon will be illustrated later by numerical experience.

When the matrix is in purely diagonal block structure as the case of a lot of infectious contact, the reduced
adjacency matrices of blocks can be written as:

_ A1,1 0
= )

This matrix could be seen as the next-generation matrix for two independent communities (ex.two cities far
away from each other). In this case it is easy to see p(A) = max(p(A1,1), p(Az22)). However the behavior of disease
spread will heavily depend on the initial patients. For example, if there is no initial patient in one community, its
population will never be infected no matter the value of Ry is.

In some specific situation, the block structure of adjacency matrix could also be anti-diagonal.[J.Holland,2007]
give an example for a sexually transmitted disease in a completely heterosexual population. Define f as the ex-
pected number of infected women and m as the expected number of infected men given contact with a single
infected member of the opposite sex in a completely susceptible population.

In this case,

e )

m 0
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with one community of all males and another of all females. Obviously the disease could only spread across com-
munities. We assimilate m and f as the eigenvalues of two anti-diagonal blocks. Therefore, Ry = p(A) =/ mf.

Keeping the global density of adjacency constant, we would like to further check how the distribution of edges
in each block could influence the value of R,

We still limit ourselves in the case of 2 x 2 block structured matrices with two communities of same size. We
further assume that all four blocks are for the same size. The constant density (number of edges over number
of all pairs) is denoted as P which means the average density of four sub-matrices Aj1,A;,2,42,1,A2,2 should be
P;n.Using the result in figure 41, we mix the two definitions of Ry (ie.eigenvalue of adjacency matrix and average
number in secondary infection). Therefore,

p

Al 1 Al 2) Rl 1 Rl 2 . Rl,l +R1,2 + Rg,l + R2,2
T R F :
o=pA=p A1 Az Ry Rop 4

the problem become simply evaluating the dominant eigenvalues of a 2 x 2 matrix.One can easily get:

p(A)

Ri1+Ryp \/( Rii+Rop
= +

2
—(R11R22—R21R
5 3 ) (R1,1R2,2 — Rz 1Ry 2)

We further assume that Ry ; = Ry» = a and R; » = Rz,; = b, the expression above becomes simply:

p(A)=a+b=2P

This result shows that theoretically no matter the distribution of density of each block, when the adjacency ma-
trix is symmetric in both diagonal and anti-diagonal directions (ie A;,; = Az and Aj,2 = Az1) the value of Ry will
always stay the same. Therefore, the speed of disease spread should remain the same for any adjacency matrices
with the same density and the constraints of symmetry.

Now we consider another scenario where we have two isolated communities which means A; » and A ; are
null matrices. However we remove the condition that the matrix is anti-diagonal symmetric. Thus

R = 4up 0
7L o0 4Q-wpP

p(Ay) = p(Ry) = max(4uB4(1 - ) P)

To observe more clearly the different evolution of infected, we have chosen several block structures and drawn
their curves of evolution.
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Figure 43: matrices structure 1,2-2,3-1,4-0 (in order)
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Figure 44: evolution of infected for 20 generations using Monte Carlo method for n = 1000

The simulation presented in figure 44 is made for the case when each node in the graph present one individual
for global density P = 0.01 in a adjacency matrix of size 200 x 200 with different block structure. Therefore the vec-
tors v; are all binary during the whole simulation. One observes that the block structure 2 — 2 and block structure
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1 almost share the same evolution curve while the block structure 3 — 1 and 4 — 0 are much higher. These results
are in coherence with the study of dominant eigenvalues and therefore proves the validation of the spectral radius
as Ry when the adjacency matrix of connection is available.

The commented Matlab code of simulation (only for structure 1-1) is shown below.

n=1000; % monte carlo simulation

p_out = 0;

Bl = [1 0 ; 0 1];%structure of reduced graph

N = [100,100];%distribution of nodes in each block
p=2;%infectious time

node=sum (N) ;%number of nodes in network
evolution2=zeros (1,20);

p_in=0.01;
for j=1:n
[A Sim] = graphUD (B1,N,p_in,p_out);%simulate erdos—renyi graph
A=full (A);

V0=binornd (1,0.05,1,200) ;%set initial V_0
V=zeros(200,20);% V is a matrix where each colmun present V_i
V(:,1)=V0;

for u=1:19
start=max(u—p,0) +1;
vv=zeros (200,1);
for i=start:u
vv=vv+V (:,1i);

end

V(:,u+l)=Axvv;
V(:,u+1l)=min(V(:,u+1),1);% each component of V_i should be binary (in the case
when each node present one individual)
end
S=sum(V) ;
evolution2= evolution2+S;
end
evolution2= evolution2/n;

We would like compute the Ry value defined by next-generation matrix(ie.Ky ;) of the four differently struc-
tured network to see if it is coherent with the result of simulation. We than obtain the estimation of dominant
eigenvalues by making a Monte Carlo simulation for 1000 iterations in each case.

matrix structure dominant eigenvalue of next-generation matrix
4-0 3.9275
2-2 1.9743
1 1.9686
3-1 2.7990
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One observes that the order of Ry defined by next-generation matrix is in coherence with the curves in figure
44. However all the values obtained are much higher than 1, but we can see in figure 44 the evolution curves of the
structure 1 and 2-2 remains stable without an evident explosion. In this example, the Ry defined as the dominant
eigenvalue of the next-generation matrix is not perfect in terms of being the threshold of disease explosion.

However we discover an interesting point is that the Ry defined by the next-generation matrix is very close
to the highest average degree of two communities. As the size of adjacency matrix is 200 x 200 and we keep the
global density P = 0.01, it is easy to calculate the highest average degree among two communities. The results are
presented in the table below:

matrix structure highest average degree among two communities
4-0 100x0.04 =4

2-2 100 x0.02 =2

1 200x0.01=2

3-1 max(100 x 0.03,100 x 0.01) =3

Compare the values in the two tables above, we see they are similar. We have done other simulations and the
two groups of values obtained are always close enough to each other. Thus, the Ry obtained by the next-generation
matrix is nearly equivalent to the average degree of the most condensate community in the network when the
graph is simulated using Erdos-Renyi method.

To compare the results with SIS dynamical system presented at the beginning of the chapter, we have con-

structed a system of equal size (ie. n=200) with f =2 and y = 1 in figure 45. Thus the reproductive ratio Ry is equal
to two.
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Figure 45: evolution of infected simulated by dynamical system for n=200 and Ry =2
One observe that the curve simulated by SIS dynamical system is always above the four curves of simulation
in figure 44. In fact, as we have forced the vectors V; to be binary, we have eliminated a certain number of infected

by doing V(;,u+1) = min(V(;, u+1),1) (line 27 in Matlab code) these results are not literally compatible.

In order to properly compare the results with the dynamical system , we remove the condition that vectors V;
are binary. One can imagine that each node in the network present the number of infected in a city, therefore it
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could be much larger than one. In this case, the connection network present geographical human transport. We
also eliminate the upper bound of population (original 200) in the dynamical system by setting N = 1000000.
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Figure 46: comparison of evolution curve on logarithm

From figure 46, we see that the curve simulated when Ry = 2 almost coincide with the structure 4 — 0. These
results are in coherence with the values of dominant eigenvalues simulated by Monte Carlo methods for 10000
experiments as presented in table below.

structure | spectral radius
4-0 1.9951
2-2 1.1329
1 1.0097
3-1 1.4896

6.3 Random contact model

Now we focus on the random contact model where the adjacency matrix is not constant during the epidemic
propagation. How will this assumption influences the behavior of diffusion?

The main difference from the fixed contact model is that one has no longer the power of matrices. Instead we get
a product of several different matrices in a row ie.

k i
Vi = A1 () > Vi) =A142A3500.> > )
i=(k=p)++1j=>-1-p)++1 ijo4a

In this model, analyzing the eigenvalues is not useful anymore as the dominant eigen-vector of matrices A;
are not co-linear. Therefore, the convergence of product A; A;.... A, will not depend on the spectral radius of each
matrix.
As for the fixed contact model, we start by making a numerical experiment to have a direct vision.
Similar to figure 38, we draw the curve of infected number after 20 generations when the adjacency matrices follow-
ing the structure presented in figure 37. We remind here that in the simulation we re-simulate adjacency matrices
identically with same block structure at each generation.
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Value of u
Figure 47: infected after 20 generations in function of p obtained by monte carlo simulation for 7 = 1000

Comparing the curves in figure 47 to figure 38, we see that in the random contact model the function of fi-
nal infected on parameter u stays convex. That means this function also reaches its minimum when the density
is homogeneously distributed in two diagonal blocks. However, it is obvious that the difference created by the
change of parameter u is more evident in the random contact model (ie. figure 47). It shows that the structure of
non-homogeneous blocks own more advantage in terms of accelerating the diffusion when we are in the random
contact model.

To make further analysis, we have to study concretely the product of block structured matrices simulated by Erdos-
Renyi method.
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Ay, Ay, ..., Ay, are m matrices of size n x n simulated by Erdos-Renyi method for one block of
a fixed density P;;, (as presented in figure 48). We further assume that m = o(n) and all these
matrices are sparse which means the number of edges in the network should be in the same
quantity of number of nodes m. Therefore P;,, = O(%).

Denote P;, = %, with A =o(n).

Then we must have for matrix P = A1 As...Am

E(IIPI|p) = nA™

Where || P||F design the Frobenius norm of matrix P This result shows that when the number
of generation m is small(for example set m < 20), the matrix P is still sparse as A" = o(n)

Property 6.3.

Figure 48: structure 1

Proof. We make this proof by induction.
Starting with the case of production of two matrices

Py = A1A2 = Pai,j) = ) Al Az, k)
i=k
. o . A
As the density of A; is distributed homogeneously Vi, j, P(A; i x =1) = P(Ay,k,jy=1) = —
n
2 2 22

/12
One can deduce that when n — +oo  P(P2;,j=0)=(1- —2)” =expnxin(l- =) =exp(-—)=1-—
n n n n

AZ
Thus P(Pgl(,"j) >1)= 7

n) A 2 A2 2yn-2
Infact P(Pyjy=2)=x= 9 (ﬁ) (1—;) )T =0Pyu,pz 1)

Similarly (PZ,(i,j) >3)= O(PZ,(i,j) =2), (PZ,(i,j) >k)= O(PZ,(i,j) =k-1) fork=2..m

2
Therefore, E(||P2llp) = P(Py,;,jy = 1) x n* = — x n* = nA*
n
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This result shows that P, is almost binary of density ;L—nz homogeneously distributed (ie.Vi,j P, ;) are equally
distributed)
Now suppose E(||Pp,-1lF) = nA"™ L with Py, = A} As....Ajy—1 S0 Py = Pp—1Am

Using similar reasoning P(Pp;-1,i,j=0)= (1 - ?)” =expnxin(l- ?)) = exp(—7) =1- -

We can easily deduce E(||P||f) = g xAMx2=npA"

O

As the density of matrices’ product growing with the power of 1, we may define the reproductive ratio of the
system as Ry = A where A is the average degree of nodes in the network. However this definition is only valid for
matrices in form of figure 48

How about if we split the population into two isolated communities of equal size as in figure 37?

Denote A,-:(AAi’l 0 )

0 AA;p

Here dim(AA;1)=dim(AA;p)=n with density(AA;1)=4uP and density(AA;2)=41-pwP

As we keep the global density as a constant P correspond to an average degree A, the average degree of nodes in
sub-matrix AA; ; is 4uA while the one in AA; > is4(1 — wA.

. A AAiq 0 AA]-,1 0 _ AA“AA]-,I 0
Using the fact that A;A; = ( 0 AAi'z) ( 0 AAjo) 0 AAjpAAj,
. P, 0 ) ( moAA;1 0 )
we can easily deduce that P = ' =|["i=l ’
Y ( 0 Py 0 [T, AAi»

Applying directly the property 5.3, we get E(/|Py,11|F) = 5 (4uA)" and E(||P22IF) = 5 (4(1 — ) )™,
n m n m
Therefore, E(||P||lr(w) = 5(4,u/1) + 5(4(1 - )

This function is obviously convey, it reaches the minimum when y = % We recall this result is only valid under
the assumption that the adjacency matrices A; are sparse.

Using the result above, we could explain the phenomenon observed in figure 47. The Ry of the system should
be the largest average degree in two diagonal blocks. Therefore, the more homogeneous the two blocks are, the
smaller Ry it owns.

Similar to the example for constant contact model in figure 44, we have also drawn the evolution curves ac-
cording to different block structures presented in figure 75.We reminder that these four block structures share the
same global graph density. We have chosen n = 200(number of nodes), sum(Vp) = 10(number of initial patients
randomly distributed),P = 0.01(global density) as parameters and initial values.
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Figure 49: evolution of infected for 20 generations

From figure 49, one observes that same as the fixed contact model the less homogeneous structures 4 — 0 and
3 —1 actually accelerate the diffusion speed. However the equilibrium level of these two structures are relatively
low. The reason could be the weak number of infected in the community of small density.This result proves the
validity of defining Ry as the average degree in the network when using the random contact model.

In figure 51, we remove the constraint of binarities for V;, thus each node in the network present a community
instead of an individual. We would like to compare the curves obtained by the four different matrix structures with
the one simulated by the dynamical system shown in section 3 of this chapter.
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Figure 50: comparison of evolution curve on logarithm
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One observes that the curve of dynamical system coincide with the ones of structure 2 — 2 and 1. We explained
in the section 5.2 that the reproductive ration Ry could be translated as the average degree of nodes in the network.
In the structures 2 -2 and 1, the density are homogeneously distributed in each community and as we re-simulate
the adjacency matrix at each step, all nodes in these two graphs are symmetric thus we find the same evolution
curve as the dynamical system.

6.4 Comparison of two models

In this section, we would like to compare the behavior of diffusion using the fixed contact model and random
contact model. To do so, we fix all the other parameters in the SIS system such as n = 200, P;, = 0.05, infectious
time p = 2, same graph structure (structure 1). We have used the Monte Carlo method to simulate the evolution
of infected numbers in both models with the same initial condition.The Matlab code of simulation is available in
Appendix.

We recall that the reproductive ratio in these two models are different.

{ RO,ﬁxed contact € [daverage; dmax]

Ro,random contact = daverage

Here dayerage denotes the average degree of nodes in the network while diax is the maximum degree.
By intuition, we have the feeling that the fixed contact model should spread more rapidly than the random
contact model as the value of Ry is relatively higher under same condition.
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Figure 51: evolution curve of two models

However in figure 51, one observes the opposite of our prediction, why does this happen?
We then draw the distribution of final infected number of 20 generation in both models as presented in figure 52
and figure 53. We see that the one simulated by fixed contact model owns a much larger variance. In fact the rate
of disease extinction is very large (almost 30 %)
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Figure 52: Distribution of infected number in fixed contact model, the horizon axis represent the number of in-
fected after 20 generations the vertical axis represent number of simulations reach this final infected number

1200 . . . . : . . -
I number of infected after 20 generations of random contact model

1000

800

600

400

200

-20 0 20 40 60 80 100 120 140

Figure 53: Distribution of infected number in random contact model,the horizon axis represent the number of
infected after 20 generations the vertical axis represent number of simulations reach this final infected number

To explain this phenomenon, we will need the next theorem invented by [Harold M. Hastings, 1982].
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The MAY-WIGNER stability theorem for connected matrices

Let A be the n x n adjacency matrix of a graph with n*C (0 < C < 1) binary en-
tries, each chosen independently. Then the graph is asymptotically almost surely
connected if

log(n)
Theorem 2. C=1+e¢) p

and asymptotically almost surely not connected if

CS(I—E)M
n

The proof of this theorem is based on the famous May-Wigner stability theorem.
In fact, as we suppose the network is always sparse (ie. C = P;, = O(%) << lag—n(")), the graph is asymptotically
almost surely not connected after the MAY-Wigner stability theorem. This result shows that when the fixed contact
model is used, we are almost sure that there exist sub-communities inside the network simulated by Erdos-Renyi
method.
To illustrate this phenomenon, we take a 200 x 200 network of block structure 1 — 1 simulated by Erdos-Renyi
method.

14 : 1
/
12F / 1
5 10F ! 1

Figure 54: example of a graph simulated by Erdos-renyi

Figure 65 presented a network of diagonal block structure with P;, = 0.02 and P,,; = 0. However using the
graph processing pakage in Matlab, one can see there actually exists more than two communities in the network.
The the existence of sub-community could influence heavily the disease spread. For example, if there is no initial
patient in one sub-community there will never be any infected in this community as it is isolated from the outside.

On the other hand, the existence of sub-community is no longer possible in the random contact model as we
re-simulate the adjacency matrix at each step

We have also simulated the case when each node in the graph present one community instead of one individ-
ual. As have mentioned several times in this chapter for doing this, it is enough to remove the condition that V; are
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binary vectors. Here the V present the number of infected in each community. To simplify the model, we put no
population upper bound at each community. The other parameters and initial conditions remain the same.
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Figure 55: number of infected in random contact model
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Figure 56: number of infected in random contact model
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Figure 57: number of infected in random contact model

From figure 55 one observe that in this case the diffusion in the fixed contact model is much faster than in the
random contact model. This result is coherent to the value of Ry. Why the fixed contact model goes above the
random one when we remove the condition of binarity ?

To answer this question, we have drawn the distribution of final infected numbers (only strict positive) in both
fixed and random contact models when each node present one individual or one community.
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Figure 58: distribution of nonzero infected number after 20 generations in fixed contact model when each node
present one individual
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Figure 59: distribution of nonzero infected number after 20 generations in random contact model when each node
present one individual
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Figure 60: distribution of nonzero infected number after 20 generations in fixed contact model when each node
present one community
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Figure 61: distribution of nonzero infected number after 20 generations in random contact model when each node

present one community

From the four figures above, one can easily see that in each simulation model, the distribution obtained by ran-
dom contact model is much centralized (alomst like a gaussien distribution) than the one of fixed contact model.
The fact that the curve of fixed contact model going above the curve of random model in figure 55 is caused some

extremely high value among 10000 simulations.

This fact naturally makes us think about the Galton-Watson process presented in this chapter. By comparing figure
35 and 59, we find that the simulation made by Galton-Watson process shares a very similar distribution form as

the fixed contact model.

Because Ry = 2 in the simulation of contact model, in order to compare the two processes more precisely we

re-define a Galton Watson process for each node to have two roots in average. Which means

Xo=1
Xn

Xps1=_(; for E()=2

j=1

The distribution of final value of X for 1000 simulations is presented in figure 63.
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Figure 62: distribution of nonzero infected number after 20 generations simulated by Gaton Waltson process of
reproductive ration 2

The statistic values such as standard deviation, percentage of disease survive etc of both two models and the
Galton Watson process has also been collected and presented in table 6.

average median standard-deviation

Each node present | contact model | zeros(%)

(of non-zero) | (of non-zero) (of non-zero)

individual fixed 98.26% 3.5805 2 3.4594
random 88.88% 3.9910 3 2.9563
community fixed 19.16% 4.4807e+08 1.4869e+08 1.0629e+09
random 2.05% 1.5738e+08 135014750 1.1003e+08
Galton Watson 23.3% 6.5576e+05 559814 5.0002e+05

Table 6: stastic of 10000 simulations

In fact, the disease spread processing could be seen as a graph-based Galton Watson process. As the connection

of network has been taken into account, it is in fact a 2 dimensional diffusion problem while the classical Galton
Watson is only 1 dimensional. From table 6, it seems that the effect of large variance is even more obvious in spread
simulation. However we remind that in our simulation model nodes are no longer independent to each other
because of the existence of adjacency matrix. Exceptionally, in the random contact model two nodes belong to one
community could be considered equivalent as we re-simulate the adjacency matrix for each generation. However
in the fixed contact model once the adjacency matrix is constructed, we actually fix the "diffusion characteristic"
as well. Some nodes therefore become more important than others for spreading, it explains the variance in fixed
contact model is bigger than the one in random contact model.
In one word, the experiments above show that most part of the infected are caused by a few initial or inter-media
patients in the network even in the case we observe an explosion of disease after a long period. It is more than
important to control and protect these key individuals in a social network to slow down disease spreading. How to
find these key individuals when the connection matrix is given? we will argue about this problematic in the next
chapter.
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7 Study on real cases

7.1 Office contact data

In order to validate our methods in a real data base of human contact. We have employed the contact data in a
workplace available at Social Patterns: http://www.sociopatterns.org/datasets/contacts-in-a-workplace/.
This data set contains the temporal network of contacts between individuals measured in an office building in
France, from June 24 to July 3, 2013 (two weeks). It is very useful for modelling the infection of disease diffuse by
weak contact such as influenza. This network was described and analyzed in the publication [Mathieu Génois et

al. 2015].

Concretely a symmetric weighted (not binary) adjacency matrix of 92 x 92 with 1510 edges with total edge
weight 19654 is provided, it is easy to calculate the density of graph:
1510

pP= =17.84%
92 x 92

Which is much higher than what we suppose in our examples.
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Figure 63: data set of office contact

From figure 63 one can see it is connected graph with no isolated parts. This means one patient in the com-
pany could possibly infect all the co-workers. The edge weight in the matrix present number of face-to-face con-
tacts between two individuals in these two weeks.To well present the data set, we present in figure 64 the degree
of weighted(left) and unweighted (right) degrees of nodes. We see that despite the unweighted degrees are quite
homogeneous, some individuals in the network own a much higher weighted degree than others. It is caused by
the frequency of contact between each pairs of individuals.
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Figure 64: distribution of degrees in network

We use a binomial distribution to simulate the infection when one of the two nodes in a edge has been infected.

Apparently, the more contacts they make, the more likely they could infect the disease.This assumption is specially
suitable for diseases spread by relatively weak possibilities as the chance of infection is almost linear to the number
of contacts during a small period.
For example for two co-workers nodes i and j where i is infected and j is not at the moment, if A;, j=5 we will then
simulate a binomial variable x ~ binom(5, 1).By doing this we are actually mixing the fixed contact model and the
random one. In fact, the contact is supposed to be fixed for every period (two weeks in our case) but each contact
produce an infection by certain probability.

For our first experiment, we fix A = 1% that makes the expected number of edges in the adjacency matrix be-
come 138.9630 (simulated by Monte Carlo method of 1000 experiments). This leads to an average degree of nodes
daverage = % =1.5105 in the network.

As having explained in 5.3, the average degree of nodes could be seen as a potential reproductive ratio Ry. We
would like to compare our simulation with the dynamical system for Ry = 1.5105.

For this simulation we have employed the SIS model with infectious period 71/ = 2. The results are presented in
figure 65 and the Matlab code of this simulation can be found in Appendix.
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Figure 65: SIS spread simulation using office contact data

One observes that the diffusion curve simulated using the adjacency matrices stays always above the one made
by dynamical system despite they share the same "average degree". This fact confirm the fact that in a real case the
non-homogeneity of network plays a role in terms of accelerating the disease spread especially in our case when
the non-homogeneity is significant (see figure 64). In fact, the nodes with highest degree in the network is more
probably to be infected and once they are, it creates a huge risk for the spread to continue.

To have a more clear vision of this phenomenon, we have presented the distribution of average time for individuals
stay infected (attention: it is different from the infected times as an individual stay infected during the infectious
timey=2).
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Figure 66: distribution of time for individuals stay infected

We can see from figure 66 that some nodes stays almost infected (17/20) during the period. These nodes cor-
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respond to the individuals who are most active in the network.

What happens if we work with a SIRS model? If our previous explanation about the disease spread relying on
the active nodes is valid then the fact that these nodes could be recovered after infectious time should slow down
the diffusion suddenly.

Figure 67 shows a numerical experiment for SIRS system with recovered period equals to infectious period 71/ =r=
2 for 50 generations.
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Figure 67: Different methods of caculating Ry

Under this conditions, the evolution of infected curve is almost a compelled vibration which is very interesting.
In fact, at the beginning of diffusion, most part of active individuals are infected within a few generations. These
active individuals are then recovered which cause a sudden drop of infected number. After certain moment when
most part of population become susceptible again, the number of infected grows once more. As time goes, we
get closer and closer to the convergence level. Actually, the damped oscillation curve is a nature characteristic for
SIRS model which has been described in [O.E.Aiélo et al,2000] vy using a dynamical system. In our simulation, the
oscillation stay much longer before convergence. The main reason of that could be the non-homogeneity brought
by the weighted contact matrix and most importantly when the most active nodes in the network are recovered
the paths of infection is cut off.

7.2 Airport transport data

Now we are interested in the case when each node present a community. For the following simulation, we em-
ployed the data set of global daily air flights of 227 airports with 4597 international airlines as presented in section
2, figure 31 and in figure 77 in Appendix.One can see like the office contact data, it is a totally connected graph.
The average degree of the directed and weighted adjacency matrix is 128 but it is very nonhomogeneously dis-
tributed.

The busiest airlines are presented in figure 70, most of them are among the countries in Europe and north America.
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Source_airport Destination_airport Routes
Canada United States 399
United States Canada 399
United States Mexico 341

Mexico United States 339

Spain United Kingdom 290
United Kingdom Spain 289
Spain Germany 236
Germany Spain 232
Taiwan China 165
China Taiwan 165
Figure 68: busiest airlines between countries, data from https://github.com/gsmanu007/

Complex-network-analysis-of-Airport-network-data/blob/master/airport_CnToCn.csv
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Figure 69: distribution of received international flights for each country in one day

From the histogram in figure 69, one could easily find that the distribution of international flights in each
country is extremely non-homogeneous. The busiest country (the USA) receives 2362 flights from other countries
every day while the median number is 38 for all countries.

As for the office contact data, we use a mixed model of fixed and random contact to simulate the evolution of
infected number for A = 0.001. The curve below is made by a Monte Carlo method for 1000 simulations for 10
initial patients.
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Figure 70: SIR model using airport transport data for A = 0.001

As there is no limit for the infected number, we observe a explosion of disease under these conditions. An
interesting point can be found for the decrease between the first and second generation. In fact as the 10 initial are
randomly distributed they may not be found in the countries with most international airlines (like U.S.A, Canada,
European countries China etc). Thus few of them could have a secondary infection. After several generations the
most active countries mentioned above will be probably be engaged and once the infected appears it will be hard
to wipe out as there exist a very frequent contact among people from these counties.

We have also made a simulation of SIRS model in Figure 71 for a recovered period r = 2.
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Figure 71: SIRS model using airport transport data for A = 0.001

Compare with the simulation data of office contact data, it is easy to see that the oscillation phenomenon
is less obvious in the case when each node presents a country. In fact, only the patients will be recovered after
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infectious time the rest of the population in this country will stay susceptible which means the disease could still
transfer by this country (node). Unlike the case when each node presents one individual, the paths of infection
will not be cut off because of the recovery. On the other hand, the evolution is also very sensible on the value of
A. Several other experiments (obtained by 100 simulations) have been shown in the Appendix from figure ?2 to
?2. The critical value for the SIS model is around 0.0007. For A under than this value we are almost sure to have
an extinction of disease, otherwise the explosion of infected seems inevitable. The critical value of SIRS model
obtained by numerical experiments is around

8 Conclusion

We have analyzed different modelling of epidemic diffusion in this chapter especially the fixed contact model and
random contact model. To our knowledge, these two methods which based on the Erdos-Renyi graph haven't been
created before this paper. However, some similar or even more advanced (but harder to analysis) methods have
been introduced for example in [Donald S. Burke, M.D, 2003]. The two methods created in this paper are easy to
compute and most importantly once the initial parameters and type of graph (ie. if one node present an individual
or a community) being set the result is only depend on the structure of adjacency matrix.

After all simulations and analysis in this chapter, we are convinced that the diffusion depend not only on the den-
sity (proportional to the average degree of nodes) of graph but actually heavily on the structure of connection.

Definition 1 Definition 2

Average number
Threshold of
of seoncdary .
; y explosion
infection

Reproductive

ratio

Figure 72: Different methods of caculating Ry

As have mentioned at the beginning of this chapter, several methods has been developed to define the repro-
ductive ratio Ry. Most part of them is based on two concepts: the average number of secondary infected and
the threshold of explosion. We have proved that in the case where each node are equivalent in terms of infection
probability (for example, in dynamical systems or random model using one block structure matrix as presented
in figure 48) these two quantities are equal. However once the connected graph brought some non-homogeneity
among the nodes, the situation become more complicated. In fact as proved in examples the fact that the number
of secondary infection of one patient is smaller than one is not enough any more to guarantee the no explosion of
disease. When the connected graph is available, it is commonly adapted to use the dominant eigenvalue of adja-
cency matrix to define this threshold. Nevertheless, it doesn't stand for a perfect solution as well. For example, if
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this dominant eigenvalue comes from a highly condensed sub-matrix with small size it will not decide if an disease

explosion will take place as the community is isolated from outside.

As shown in figure 74, using the numerical experiments and theoretical analysis described in this chapter, we
make some suggestions to define the value of Ry based on the concepts of average infection number and threshold

of explosion.

furthermore, by transferring the idea of Galton-Watson process into a graph based diffusion problem it seems
we could explain why most part of infected population is caused by a few primary patients. Unlike the classical
Galton-Watson process, because of the non-homogeneity in contact matrix it seems we may find the nodes who
play a key role in disease spreading. It may provide a huge advantage and convenience in disease preventing. Our

study in the next chapter is mainly inspired by this fact.

We remind that all the results obtained in this chapter are based on the assumption that the adjacency matrix of
infection are always sparse(attention: the adjacency matrix of social contact is not necessarily sparse, it can be a

dense contact matrix with low probability of infection).
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Figure 73: definitions of Ry
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We recall that we have proved by simulation in this chapter that the Ry obtained by the next-generation matrix

is almost equivalent to the average degree of the most condensate community in the network.
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Appendix of chapter 2
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Figure 74: Different methods of calculating Ry taken from https://web.stanford.edu/~jhjl/teachingdocs/
Jones-on-RO.pdf


https://web.stanford.edu/~jhj1/teachingdocs/Jones-on-R0.pdf
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Figure 75: figure
random matrices at each generation

Figure 76: figure
connection graph formed by international airlines
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Figure 77: figure
SIS model using office data for A = 0.005
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Figure 78: SIRS model using office data for A = 0.002
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Figure 79: SIS model using airport transport data for A = 0.0008
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Figure 80: SIS model using airport transport data for A = 0.0006
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Figure 81: SIRS model using airport transport data for A = 0.0008
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Figure 82: SIRS model using airport transport data for A = 0.0012

Matlab code

We have chosen to show the most preventative code in Appendix, other simulation were made using the same idea.

Matlab code for generating the next-generation matrix

B=[1000,0100,0010; 0001 ];
N = [25,25,25,25];
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[A Sim] = graphUD (B,N,p_in,p_out);
A=full (A);

V=sum(A+A’) ;%degree of nodes
[C,ia,ic] = unique(V);
I=length (V) ;
size=max(V) ;
NG=zeros (size) ;%next—generation matrix

for k=1:size
for m=1:size
if sum(V==k)*sum(V==m)==0% if there exist nodes of degree m and k
NG(k,m) =0;

else
n m=sum(V==m) ;% number of nodes with degree m

S=0;
position_m=find (V=am) ;% index of nodes of degree m
position_k=find (V==k) ;
for i=1:length (position_m)
for j=1:length(position_k)

S=S+A(position_m (i) ,position_k(j))
end
end
NG(k,m)=S*(m-1) / (m+*n_m) ;

end
end
end

Matlab code for disease spread simulation using fixed contact model and random contact model

n=10000;%number of simulations

final_fix=zeros(1,n);

final_ran=zeros(1,n);% record the number of infected after 20 generations
evolution_fix=zeros(1,20);

evolution_ran=zeros(1,20) ;% average evolution curve

B1 =1[1,0,0,0;0,1,0,0;0,0,1,0;0,0,0,1];%reduced graph
N = [50,50,50,50];%number of nodes in each block

p_in=0.02;%density in blocks (could be several)

for j=1:n
[A Sim] = graphUD (B1,N,p_in,p_out);%simulate erdos—renyi graph
A=full (A);
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57

58

59

60

61

V0=binornd (1,0.05,1,200) ;% simulate initial patients
V=zeros (200,20);
V(:,1)=V0;
evol=zeros(1,20);
for u=1:19

start=max(u-p,0) +1;

vv=zeros (200,1);

for i=start:u

vw=vv+V (:,i);

end

V(:,u+l)=Axvv;
V(:,u+1)=min(V(:,u+1),1); % when each node present one individual
end
S=sum(V) ;
evolution_fix= evolution_fix+S;
final _fix (j)=sum(V(:,20));
end

for j=1:n
[A Sim] = graphUD (B1,N,p_in,p_out);
A=full (A);
VO0=binornd (1,0.05,1,200);
V=zeros(200,20);
V(:,1)=V0;
evol=zeros(1,20);
for u=1:19
[A Sim] = graphUD (B1,N,p_in,p_out);
A=full (A);
start=max(u-p,0) +1;
vv=zeros (200,1);
for i=start:u
vw=vv+V (:,i);
end

V(:,u+l)=Axvv;
V(:,u+1)=min(V(:,u+1),1);
end
S=sum (V) ;
evolution_ran= evolution_ran+S;
final_ran (j)=sum(V(:,20));
end

plot(1:20, evolution_fix/n, 'LineWidth’,2); hold on;
plot(1:20,evolution_ran/n, 'r’, 'LineWidth ' ,2);

Matlab code for disease spread simulation using office contact data
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27
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29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

B=tij_InVS (:,[2,3]);% reading the original data of edges in the graph

p=2;%infectious period
r=2;%revovered period

n=max(max(B) ) ;

A=zeros (n);

[q,~]=size (B);

% construct the contact matrix
for i=1:q

t1=B(i,1);
t2=B(i,2);
A(tl,t2)=A(tl,t2)+1;
A(t2,t1)=A(t2,t1)+1;

end
T=sum(A) ;

del=find (T==0);

A(del,:) =[1;

A(:,del) =[];

[n,~]=size (A) ;%delete empty nodes in the graph

lambda=0.01;

Adj=A;

% construct the Adjacency matrix with binomial variables
for i =1:n
for j=1:n
Adj (i, j)=min(binornd (A(i,j) ,lambda),1);

end
end

S S S S S S SIS SIS SIS
account=zeros(1,92);
evolutionl=zeros (1,20);
n=100;
m=92;

for j=1:n

VO0=binornd(1,0.05,1,92);% initial patients in the network presented by a binary
vector V_0

V=zeros(92,20);

V(:,1)=V0;

evol=zeros(1,20);

for u=1:19
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89
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91
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93

94

95

96

97

98

99

100

for i =1m
for j=1m
Adj(i,j)=min(binornd(A(i,j) ,lambda),1);% resimulate the adjacency
matrix based on the contact matrix for each generation

end
end

start=max(u-p,0) +1;
vv=zeros(92,1);

for i=start:u
vw=vv+V (:,i);

end
%
start2=max(u-p-r,1) ;%
end2=max(u-p—1,0);
R=zeros(92,1);
for i=start2:end2
R=R+V (:,1i);
end
vv=max(vv-R,0) ;% form =*: this part only useful for SIRS model
V(:,u+l)=Adj*vv;
V(:,u+1)=min(V(:,u+1),1);% each node present on individual
end
account=account+sum(V’) ;
S=sum(V) ;
evolutionl= evolutionl1+S;
end

%account=account/n;

beta=1.5105;

N=100;
gamma=1;

f = @(t,x) [-beta*x(1)*x(2) /N+gammax*x (2); beta*x(1)*x(2)/N-gammax*x(2) |;
[t,xa] = ode45(f,[0 20],[92 92x0.05 ]);% dynamic syst for SIS

f2 = @(t
[t2,xa2]

plot (t,xa(:

,X) [—beta*x(1)*x(2)/N; beta*x(1)*x(2)/N-gammaxx(2); gammasx(2) ];
= ode45(f2,[0 20],[92 92+0.05 0]);% dynamic syst for SIRS

,2),’b’, "LineWidth’,2); hold on

plot(t2,xa2(:,2),’r’, LineWidth’,2)
plot(0:19,evolutionl/n, 'LineWidth’,2); hold on;
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w |%plot(t,xa(:,2),’b’, LineWidth’,2); hold on
0z | plot(0:19,evolution2/100, ’r’, 'LineWidth ' ,2);
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Chapter 3 Transition Capability Measure

1 Summary

In this chapter we are interested in the optimal strategy of vaccination in order to slow down the disease spreading.
Suppose that we could only vaccinate a part of the whole population in time, therefore it is important to choose
wisely. The following assumptions will be respected in the whole chapter.

¢ The contact network is totally known ;
¢ We limte ourselves in the fixed contact model defined in chapter 2;

* For networks shown in this chapter, each node presents one individual;

2 Introduction and description

Following the idea of "graph based 2-D Galton Watson process" presented in the chapter2, most part of infected
after along period of time could probably caused by very few primary patients. Therefore, we would like to identify
the nodes which may probably generate more roots in the infection process based on the contact graph structure
. We remind that in a classical Galton-Watson process, all individuals are considered equivalent in probability
distribution so there are no nodes could be more "important” than others. However, like we have discussed in
chapter 2, the introduction of adjacency matrix breaks the homogeneity of all nodes.

Imagine we put ourselves in the situation when a city faces the invade of some deadly influenza virus with high rate

of infection. Unfortunately, we could only vaccinate 10% of population to prevent the disease explosion. Suppose
the social behavior network is perfectly known,obviously we would like to use our limited vaccinate on people who
own a higher probability of being infected and more importantly higher probability to infect others.

The main problematic in this chapter stands: How can we predict the nodes who will play an "important"
role in disease diffusion?
The first nature idea that comes to our mind is to take the nodes with highest degree. The reason is very simple,

actually if the probability of all edges appear in the temporary connection graph stays the same, higher degree
surely leads to higher number of secondary infected. In fact, there exists a well-known strategy of vaccination
based on the idea of choosing people with highest degree. In this method, we will randomly interview n person
and ask each of them to name of his or her friends. We will than vaccinate all the friends being mentioned. By
doing this we make a random selection where the probability of each individual to be chosen is proportional to
its degree in the social network. It is also much easier to carry out because in reality it is almost impossible to get
complete knowledge of social network. This method is well described in the book [the economist of epidemiology,
Tassier, Troy](section 6.5)

These nodes with high degree certainly play an important role in terms of virus spreading. But does there exist a
more efficient measure? Yes! We believe so!

To give a clear vision for readers, we give an example of connection graph in figure 83. It is easy to find that
the nodes can be roughly separated into two communities which locate on both sides of the red node. Therefore
the red node is the only link between these two communities. The out-degree of the red node is two which is not
the highest in the network. (for example, the green one has three as out-degree). However one can not deny that
when disease appears in one of two communities, the red node becomes extremely important as it is the only
way for virus to travel across communities. Which means the red node will be the front line to prevent half of the
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population. Its importance is needless to say. Using this example, we would like to show that the importance of
node should not only be decided on its degree but also the exact position it belongs in the network.

Figure 83: example of connection graph

In this chapter we define a quantity named transition capability of network to score the capability of a node
for connecting one community to another. The first task we face is to identify the different communities exist in a
connection graph. Many methods have been developed for this objective, a lot of them are based on the similarity
measure.

3 Similarity measure

Given a weighted or binary adjacency matrix A, the goal is to obtain a similarity matrix S; ; presenting the measure
of similarity between node i and j, which is a value between 0 and 1.The higher the value is, the more similar the
two nodes are. The method is to give a relatively high value of similarity for two nodes who are most likely to be in
the same community.

For example, let’s look at the network presented in figure 83. For two nodes from the same community should have
a higher similarity as they own a lot of children and parents in common. On the other hand, for two nodes from
two different communities their similarity should be very close to zero. We would like to establish a mathemati-
cal expression to quantify this measure. In this paper, we based ourselves on the methods described in [S.Cheng,
A.Laurent,PVan Dooren, 2017]

The main idea to count the common "parents" or "children" of each pair of nodes and then divide it by the
c of these two nodes. Concretely suppose A is binary, for nodes i and j, the number of common "children" is :

n
Y AjrAjr(A- ATy, ;j)-We then divide this quantity by geometric average of out-degrees then we get:
k=1

As the same for common "parent", one only need to replace the out-degrees by in-degrees in the denominator:

(AT A);
n n
> Agiy| X Agj
k=1 k=1

83




We finally get the similarity measure for nodes i and j:

(AAT); (AT A); ;

Sa,j = +
n n n n
\/Z Ai,k\/z Aj,k \/Z Ak,i\/z Ak,j
k=1 k=1 k=1 k=1

To compute the similarity matrix, one could simply use the row-normalized adjacency matrix C and the column-
normalized adjacency matrix D:

Then S can be written as
s=[c|p’]-1cip"”

By definition, S is surely symmetric.

Remark : There are quite a few other similarity measures as described in [A.Browet, PVan Dooren, 2015], the one
we have chosen owns two important advantages:

« Its complexity of computation is low:n? for full adjacency matrix and n? for sparse adjacency matrix ;
e Itisvery efficient in community detection;

In fact an approximation of low rank matrix could also be applied on S, by doing that we can get a linear computa-
tion complexity.

To make an example, we construct the similarity matrix for the network shown in figure 83. The adjacency matrix
could be written as:

[=NeleloleololBolel el
O OO OO HKHMHMHO M
[l === = R R T R S
[N eNeNeoNeol oo Nol =)
S O OO OO O - H -
C o000 R OO OO
SO~ OO~ OO O OO
-0 O = O OO0 o oo
O = O O OO oo oo
_H O HMHMFOOODOOOOoOO
—_ O - O OO0 00O OO0

OO OO OO HMEMORO

o
o
o
o
o
o
o
o
o

Using the similarity measure introduced above, we obtain the similarity matrix:
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1.0000 0.4081 0.4268 0.6250 0.6422 0.1443 0.5303 0 0 0 0 0
0.4081 1.0000 0.5854 0.2831 0.3679 0.4025 0.5122 0.1581 0 0 0 0
0.4268 0.5854 1.0000 0.4268 0.5387 0.4330 0.4268 0.1768 0 0 0 0
0.6250 0.2831 0.4268 1.0000 0.6098 0.1443 0.1768 0.4268 0 0 0 0
0.6422 0.3679 0.5387 0.6098 1.0000 0.4553 0.1250 0.2041 0 0 0 0
S= 0.1443 0.4025 0.4330 0.1443 0.4553 1.0000 0.1443 0 0.1443 0 0 0
~ | 05303 0.5122 0.4268 0.1768 0.1250 0.1443 1.0000 0 0.1443 0 0 0
0 0.1581 0.1768 0.4268 0.2041 0 0 1.0000 0 0.2500 0.4082 0.5000
0 0 0 0 0 0.1443 0.1443 0 1.0000 0.4541 0.4553 0.3809
0 0 0 0 0 0 0 0.2500 0.4541 1.0000 0.2041 0.8536
0 0 0 0 0 0 0 0.4082 0.4553 0.2041 1.0000 0.4082
0 0 0 0 0 0 0 0.5000 0.3809 0.8536 0.4082 1.0000

The row in red color presents the red node in figure 83. It is easy to see that for nodes in the same community
the similarity among them is always positive. If two nodes belong to different communities the similarity between
them is zero because in our case the two communities will be totally isolated when we remove the red node. We
make a remark that the diagonal of similarity matrix is always one because all nodes are 100% similar to themselves.
How can the similarity help us to define the transition capability ?

It seems once the communities are known, it will be easy to find the nodes who are capable to transfer virus from
one community to another. However, in this paper we will not identify those communities directly. There are
several reasons. First, it is quite expensive in terms of complexity when we are given an adjacency matrix of large
size. Most importantly, unlike the ideal example, in most real cases the way to split communities is not unique.
Therefore, we would like to define the transition capability using the similarity measure but without pre-identifying
the communities.

4 Transition Capability

The idea is quite straightforward: a node is capable to transfer virus across communities means its parents and
children should not belong to one same community. The less the parents and children are similar to each other
the higher transition capability should this node own.

Thus, we need an "anti-similarity " measure. In order to simplify the notation, we denote E as the n x n matrix of
all 1 and S’ = E — S is also a matrix of elements of real numbers between 0 and 1. This matrix can be considered as
an anti-similarity measure.

Therefore we browse all the pairs of "parent" and "children" and measures the anti-similarity of each pair.The sum
of anti-similarity measure of all pairs will be considered as the transition capability measure of this node.

In order to accentuate the importance of anti-similarity value, we use the convexity of exponential function to

define an enlarged anti-similarity matrix S,,.
exp(S; ) -1
Vi,j (Sa)ij=—————¢l0,1]
J wnl exp(1)

The transition capability of the network associated to matrix A is denoted as a vector T where T; presents the value
of "transition capability" of node i in the network.
For node i this value can be expressed as:

n n
Ti=) Y (Sa)ijAqiAij
q=1j=1
From where one can simplify the expression

T; =

n
Jj=

n
A Y (Sa)i,jAg,)
1 q=1
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n
Ti=) Ai,j(SZA)j,i
j=1

T=diag(ASL A)

One can see that the degree of nodes (number of children and parents) play an important role in this measure

but it is not the only factor.

We also define another quantity called "transition characteristic" of one node in this paper to present the
percentage of links towards to and receives from other communities. This quantity is denoted as a vector C of

length n.

n
The denominator ) Ag4 ;Aj;,j actually present the total number of pairs "parent-children" to be compared. The
j=1

]:
transition characteristic of a node does not depend on its degree.

Since (Sa)q,j € 10,1], we can easily deduce C; € [0,1]. To give an example we are going to construct three vectors

D, T, C which correspond to the out-degree, the transition capability and the transition characteristic of nodes in

figure 83.

[ 1.5315
4.2264
3.7246
1.8002
3.4123
2.8028
2.5922
2.2901
2.6892
0.2664
1.2810

| 0.5327

DN W R DR W W B

P

[ 0.1914 ]

0.2113
0.2328
0.2250
0.2275
0.3114
0.3240
0.3817
0.2241
0.1332
0.1423

| 0.1332 |

The red node owns a relative high transition capability value with low degree

transition characteristic is the highest among all 12 nodes.

. In fact,unsurprisingly, its value of

Complexity In the case when the adjacency matrix is dense, as we have to build diag(AS” A), one has to com-
pute the total production of two 1 x n size matrices and that takes n® operations. However when the matrix is
sparse (defined in chapter 0 number of edges m = O(n)) the complexity could be reduced to n? by simply doing a

naive multiplication.
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5 Betweenness Centrality

Betweenness centrality is a measure of centrality in a graph based on shortest paths. This method introduced by
[ LC.Freeman ,1977] is widely used in graph theory.The betweenness centrality for each vertex is defined as the
number of these shortest paths of two nodes in the network that pass through the vertex.

We give the expression of betweenness centrality of a node v in a network.

g(l/) — Z Ust(v)

SELZV Ost

Where s, t are two other nodes in the network. o; present the total number of shortest paths from node s to node
t and o (v)is the number of those paths that pass through v.

Remark : For weighted graph, the shortest path is defined as the path with smallest sum of edge weight in it.

In disease spreading, the shortest path could be explained as the most efficient way for an infected s to con-
taminate a susceptible ¢.
The betweenness Centrality measure of figure 83 is obtained by Matlab:

6.0000
11.5000
5.0000
4.3333
20.5000
34.8333
16.8333
57.0000
48.5000
0
10.5000
0

The red node in the network does own a much higher centrality than all the other nodes. In fact if two nodes belong
to different communities the shortest path between them will surely pass by the red node. It seems this measure
could also be a good solution to accentuate the importance of nodes who are capable to transfer virus from one
community to others.

According to [Ulrik Brandes,2001], the complexity to build the betweenness centrality for all nodes in a sparse
graph will be O(n?log(n)) which is higher than n? for the transition capability measure.

6 Comparison of three measures

For the three measures mentioned in this chapter (degree, transition capability and betweenness centrality ), we
would like to compare their performance in terms of overlapping and efficiency on identifying the most "danger-
ous" individual in disease spreading.

6.1 Overlap ratio

We have already seen that the importance order defined by these measures have a significant difference for the
example in figure 83. However, we have made this example in purpose to emphasize the "transition effect". What
happens if we apply them to random simulated graph?
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We use Erdos-Renyi method(see chapter 2) to simulate block structured random matrices. We also change the
inside and outside density P;;, Py, to see what influence they make on the overlapping rate.

We use two types of block structured matrices for this simulation as presented in figures 84 and 85. The first type
of contact graph is formed by four self-connected communities of equal size which may represent for example
population in four cities. In this case, the inside density P;, presents the contact frequency for people in one same
city while the outside density P,,; presents the frequency of people come from different cities. The second graph
structure we have picked is formed by a cycle of four communities. This structure also present the behavior of some
diseases. For example for virus spread by sexual contact such as HIV, the contact mainly happens between males
and females. Then the inside density P;, presents the frequency contact across communities (heterosexuality)
while P,,; presents the contact inside same community (homosexuality).

For each graph, we pick 10% nodes of highest values in each of three measures. We then present the overlapping
ratio of each two measures in tables below. All results are obtained by Monte Carlo simulation for 1000 networks
simulated independently.The commented Matlab code of this simulation could be found in Appendix.

9

Figure 84: first structure: 4 self-connected communities with noise for 50 nodes each

Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100 % 90.71% 79.21%
degree 90.71% 100 % 76.96%
betweenness centrality 79.21 % 76.96% 100%

Table 7: P;; =0.1,Py,; = 0.05

Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100 % 88.69% 73.33%
degree 88.69% 100% 70.54%
betweenness centrality 73.33% 70.54% 100%

Table 8: P;;, =0.1,Py,; = 0.02
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Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100% 87.10% 66.38%
degree 87.10% 100% 62.71%
betweenness centrality 66.38% 62.71% 100%

O
|

Table 9: P;;, =0.1,P,,; =0.01

Figure 85: first structure: 4 cycled communities with noise for 50 nodes each

Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100% 88.98% 75.86%
degree 88.98% 100% 73.67%
betweenness centrality 75.86% 73.67% 100%

Table 10: P;;, =0.1,Py,; =0.05

Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100% 88.29% 72.45%
degree 88.29% 100% 70.58%
betweenness centrality 72.45% 70.58% 100%

Table 11: P;;, =0.1,Pyy; = 0.02

Overlapping in highest 10% transition capability | degree betweenness centrality
transition capability 100% 89.65% 77.90%
degree 89.65% 100% 75.73%
betweenness centrality 77.90% 75.73% 100%

Table 12: P;;, =0.1,P4,; =0.01

From examples above, one can easily see that these three measures are in fact highly correlated. The overlap-
ping ratio stays always superior than 60%. The transition capability is actually more correlated to the degree than
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to the betweenness centrality. Interestingly,in both structures the higher P, is, the more correlated three mea-
sure’s are. We thought there can be an explanation on this phenomenon. In fact the low value of P,,,; implies the
block structure is more clear where we have few nodes link different communities. The transition capability and
betweenness centrality measures will surely own a high value at those nodes. However, these nodes don’t neces-
sarily have a high degree. We may say the transition capability measure is more "useful" when the contact graph is
well clustered.

6.2 Efficiency of vaccination

We now come back to the essential question launched at the beginning of this chapter: if we are only allowed to
vaccinate 10% of the population, how can me make our choices wisely to avoid the disease explosion?

Using the simulation methods defined in chapter 2 of this paper, we want to verify the behavior of spreading when
vaccinating 10% nodes of highest value in one of the three measures mentioned above.

We will now compare four different strategies of vaccination in the network.

e vaccinate 10% nodes randomly ;
¢ vaccinate 10% nodes of the highest degree ;
e vaccinate 10% nodes of the highest transition capability ;

e vaccinate 10% nodes of the highest betweenness centrality ;

SIS model

We are going to apply these four strategies on different structured graph randomly simulated by Erdos-Renyi
method. The results are obtained by a Monte Carlo simulation for 1000 independent simulations following same
community structure.

We start with a 200 x 200 block structured network including four self-connect communities as shown in figure 84
for P;; =0.1 and P,,; = 0.01. We use fixed contact model which means the adjacency matrix stays constant at each
iteration and obviously each node presents one individual in this case.

90 T T T T T T T T
80
701
- 60
o
3
€ 501
S
g 40f
€
>
< 30t
20 vaccinate highest transition capability | |
vaccinate randomly
10 vaccinate highest degree
1 2 3 4 5 6 7 8 9 10
generation

Figure 86: evolution of infected for P;;,, = 0.1 and P,,; = 0.01
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From figure 86, one observes that by following the strategies of vaccinating the people with the highest tran-
sition capability or highest contact degree, we have successfully slow down the spread of disease.It seems in this
case, these two strategies have almost the same effect on the evolution of infected number. As have mentioned
in 5.2 the difference between two measures can be enlarged when P, is relatively low. Thus we make another
simulation only using these two methods of vaccination for exactly the same condition except Py, = 0.001.
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0 . . . . . . . .
1 2 3 4 5 6 7 8 9 10

generation
Figure 87: evolution of infected for P;;,, = 0.1 and P,,; = 0.01

We can see that when the value P, is small, the transition capability does own a slight advantage in terms of
retarding the diffusion.
How about the measure of betweeness centrality?
We have taken the same examples in figure 86 and figure 89 and add the evolution curve (green) of infected number
when vaccinating the population with the highest centrality.

91



number of infected

90

80

70

60

50

40

30

20

10

vaccinate highest transition capability
vaccinate randomly

vaccinate highest degree

vaccinate highest centrality

5 6 7 8 9 10
generation

Figure 88: evolution of infected for P;;,, = 0.1 and P,,,; = 0.01
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Figure 89: evolution of infected for P;;, = 0.1 and P,,; = 0.001

From the two figures above, we see that the last strategy owns a slight advantage when the density outside the
communities is high. However, when we decease the value of P, it seems this strategy is less efficient than the
two others.

SIRS model

The examples have also been made for the SIRS models for infectious period 71/ =1.
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Figure 90: evolution of infected for P;;, = 0.05 and P,,; = 0.001
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Figure 91: evolution of infected for P;;, = 0.05 and P,,; = 0.002
It seems in SIRS model, the choice of vaccination strategy makes a larger difference.

Simulation with real data set

To check the performance of these three methods in a real data set, we use the office contact network introduced
in chapter 2.Both SIS and SIRS models have been employed. As described in the previous chapter, a mixed contact
model is employed for A = 0.05. Unlike the ones simulated by Erdos-Renyi method, the real networks are much
less homogeneous (some nodes are much more active than others).
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Figure 92: office data simulation with SIS model
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Figure 93: office data simulation with SIRS model

From figure 92 and 93, one observes that the shift between the random vaccination and other three other
strategies are more evident. This proves the importance of a well-chosen strategy of vaccination when facing
disease threat. It looks like the strategy of vaccinating nodes with the highest degree or capability measure is more
efficient than using the betweenness centrality measure.
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7 Conclusion

In this chapter, we have compared three different measure of nodes’ transition importance in a network. Among
them the transition capability measure is defined and introduced in this paper for the first time. The complexity
of three algorithms in a sparse network is shown in the table below.

degree measure O(n)
transition capability measure 0(n?)
betweenness centrality measure on?i og(n)

Table 13: complexity of measures

It is difficult to announce which measure is better than others. Choosing the nodes with highest degree seems
the most easy to compute. However, according to all the numerical experiments above the strategy of vaccinating
nodes with the highest transition capability and betweeness centrality can be more efficient than using the degree
measure. As having said it is not easy to give a proper winner in this competition, nevertheless the performance
of the method using transition capability measure seems to be the most stable. In fact, in almost all numerical
experiments, its result stays always in the top two.

In one word, the transition capability measure could be a strong candidate for constructing the optimal strategy of
vaccination.
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Appendix of chapter 3

Matlab code for testing overlapping

Bl=(1111;11111111;11111;
N = [50,50,50,50];

p_in=0.05;

p_out=0.01;

n_times=1000;% number of simulations
Mil=zeros (4) ;% matrix stock the results of competition
for k=1:n_times

[A Sim] = graphUD (BI1,N,p_in,p_out);
A=full (A) ;%Erods—Renyi graph construction

C=normalize_line (A);
D=normalize_line(A’) ’;

B = [C,D'];
S=B*B’/2;%similarity measure
E=ones (sum(N) ) ;

Sa=E-S;%anti—simularity
n=sum(N) ;

for i=1:n
for j=1:n
Sa(i,j)=(exp(Sa(i,j))-1)/exp(1);
end
end

To=diag (A*Sa’*A) ;%transition capability
Ao=To;
for i=1:length (To)

Ao(i)=Ao(i)/max(sum(A(i,:))*sum(A(:,i)),1);
end% transition characteristic

AA=sparse (A) ;
V=betweenness_centrality (AA) ;%betweenness centrality measure
D=sum(A’+A) ;%degree: outdegree+indegree
[B_tr,I_tr] = sort(To, 'descend’); %order the nodes by measured vale
[B_ar,I_ar] = sort (Ao, 'descend’);
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[B_.d,I_d] = sort(D, 'descend’);
[B_bc,I_bc] = sort(V, 'descend’);
fin=floor (n/10);

I tr=I tr(1:fin);
I_ar=I_ar(1:fin);
I_d=I_d(1:fin);
I_bc=I_bc(1:fin);

MAT=0.5*eye (4) ;

MAT(1,2)=1-length (setdiff (I_tr,I_ar))/fin;
MAT(1,3)=1-length (setdiff (I_tr ,I_d))/fin;
MAT(1,4)=1-length (setdiff (I_tr ,I_bc))/fin;

MAT(2,3)=1-length (setdiff (I_ar,I_d))/fin;
MAT(2,4)=1-length (setdiff (I_ar,I_bc))/fin;

MAT(3,4)=1-length (setdiff (I_d,I_bc))/fin;
MAT=MAT+MAT" ;

MI1=M1+MAT;

end
M1=Ml1/n_times
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Conclusion

The conclusions of each chapter have been given separately. Here we would like to highlight again our main con-
tribution and suggest some points to be developed.

In chapter 1

* We have defined two relations of dominance in order to compare the characteristics of probability distribu-
tion in network diffusion.

» Several properties around the new relations have been found and proved either theoretically or numerically.

* We could also suppose the contact between people are not independent. Some past related process such as
the Hawkers process can be applied and studied in the future.

In chapter 2

* We have compared different definition of reproductive ratio in both aspects as average secondary infection
number and the threshold of outbreak.

« Different connection structure of network has been discussed using simulations of disease spreading.

In chapter 3

* We have defined a new measure called "transition capability" which indicates the power of nodes of car-
rying virus from one community into another. Using this method, we don’t need to identify the difference
communities in the network.

¢ Several strategies of vaccination have been compared numerically in terms of preventing disease explosion.

¢ We can remove the condition that the social network is totally known. One needs to find an estimation of
measures which is feasible for large population.
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