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Chapter 1

Introduction

The field of Machine Learning broadly addresses the problem of selecting a
function or a model given samples of interest. Machine Learning helps to
tackle problems of classification, regression or prediction tasks, it can also
help with data analysis.

Machine Learning has a large literature devoted to variations of this prob-
lem. In this work we will focus on the classical supervised learning of a
function given independent identically distributed samples of input-output
pairs.

Our contribution is the exploration of the possibility to learn models
described by optimization programs. More precisely, the model we consider
is a function of the input given by

Fy(x) = arg;nin fo(z,y), (1.1)

where x is the input, y contains the prediction and 6 denotes the parameters
of the model.

Applications The domain of application is the learning in a supervised
setting. Besides this broad domain specific applications that could profit
from the development have been identified.

A possible specific application of this work is the development of opti-
mization program components inside a larger model. This allows to make
hybrid compositions such as neural networks with some layers corresponding
to learned optimization programs.

There are already examples using optimization programs inside some pro-
posed Deep Learning architectures in the literature (we refer to chapter 5).
These propositions could profit from the tools developed here.

Another application of interest is the development of learnable theories
using a language that can represent high-order structure (see chapter 6).
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Probabilistic models A parallel can be done with probabilistic models,
since probabilistic models [8, 20] and optimization programs’ function both
assign real numbers to possible outputs. The optimization program models
perspective is reminiscent and can be an alternative to probabilistic models
in some situations.

The main differences between the two approaches is the loss of prob-
abilistic interpretation for optimization programs’ objective function. The
interpretation is accompanied by the constraints attached, the loss comes
thus with new degree of freedom. In the case of optimization programs pos-
sible computational gains can be expected due to not having to enforce the
respect of this interpretation in the assigned numbers.

Structure of the thesis We recognize our learning problem as a bilevel
optimization problem. Consequently a presentation of the bilevel optimiza-
tion field is done in chapter 2. While our problem is bilevel it is observed
that the bilevel optimization literature does not gives us the necessary tools
to address our problem.

In chapter 3 and 4, learning programs are designed and tested in the
class of convex programs. From experimentation, a model is incrementally
constructed based on observed limitations. Finally a practicable model is
produced and tested.

Chapter 5 explores learning for non-convex programs. Non-convex pro-
grams pose intrinsic difficulties for learning, ideas are given to address these
and some are tested. While no concrete positive result comes out of the
study, a new research direction is given for further research.

Chapter 6 and 7 highlight further constructions around the tools devel-
oped notably with potential applications in Deep Learning and in the learning
of declarative theories with high-order structure.



Chapter 2

Bilevel Optimization and
Problem Formulation

Independently of the Machine Learning applications we will study a more
general formulation of the problems we wish to solve is optimization problems
defined using the arg min operator.

These problems are studied in the field of bilevel optimization that we
present in this chapter.

2.1 Bilevel Optimization : definition and ap-
plications

A general bilevel programming problem is of the form [14]

in F
Iin  F(z,y)
st.  G(z,y) <0, (2.1)
y € argmin f(z,y)s.t. g(z,y) <0,
)

with z € R™, y € R™ and G, g are vector functions possibly encoding
several constraints. A common denomination for x, F' and G are upper-
level variables, objective and constraints respectively. y, f and g are called
lower-level variables, objective and constraints respectively.

Set X offers another possibility besides G(z,y) < 0 to encode constraints
independent of the lower-level variables y in an explicitly way.

Note that while usual stochastic optimization problem can seem close to
this problem, it is the optimal value of the lower-level optimization problem
that is of importance for the upper-level problem in stochastic programming,



and not the variable achieving this minimum (min/arg min distinction). This
difference is of importance for the mathematical properties and applicable
algorithms (see next section).

Applications of bilevel optimization are present in a broad variety of fields
[52]. While we refer to the just cited article for more references and specific
examples, here is presented the variety of application domains. An informal
descriptions of these domains and of the relevance of bilevel optimization in
them is given.

Game theory In games where a leader can make an action posing the rules
for a sub-game played with other players, called followers, a formulation with
a bilevel program is indicated if the sub-game outcome can be posed as an
optimization problem.

Examples include :

e In Stackelberg competitions where leading firm can pose an action from
which a follower firm in competition act rationally based on it [47].

e Games with a regulator (leader) and regulated entities (followers), note
that they are also a Stackelberg competition.

Instances of this scheme can be found in environmental economics
where a regulator has to pose rules for polluting industrials knowing
their response to the chosen rules via an optimization problem simu-
lating the problem on their side. The regulator on his side can choose
to optimize a compromise between the generated pollution and the
revenues [1l, 53].

e Other instances of this regulator-regulated pairs appears in network
optimization [33] [5]. Notably the Toll Setting Problem [10] where a
regulator can pose tolls on a network, then based on it users can respond
by adapting their path to minimize their cost. Both party having their
objectives, what is the best possible toll dispatch for the regulator?

e Several applications with the same action-reaction logic also exist in
defense applications [9]. A specific example is the positioning of missile
interceptors [11].

e A group of common games in real life under the name of Principal-
agent problem also follows the leader-follower logic [31]. Here the leader
proposes a contract to a follower: employer-employee, politician-voters.



Chemical and Physical Industry Industrials who wants to optimize
some process can be faced with bilevel problems. The lower-level problem
correspond to the formalization of a physical principle such as entropy min-
imization, in order to obtain the output of a reactor for example [46]. The
upper-level problem encode usual concerns found in the industry such as
optimizing costs.

Another example is the optimal design of some structure (structural opti-
mization) [24]. The upper-level can concern the stability, weight and cost of
the structure while the lower level encode the potential energy minimization
principle (i.e. the physics of the system).

Inverse Optimal Control Usual control consist in the determination of
optimal action to control a system with respect to a cost function. How-
ever, in practice encoding a formalization of the informal objective can be
cumbersome; involving notably parameters tuning with trials by hand.

Inverse optimal control aims at formalizing the problem at hand at his
true level. For example it can consists in the optimization of an objective
function giving a behavior after optimal control, the upper-level objective
being written on the basis of the obtained behavior. Bilevel-optimization is
thus a natural framework for these problems [28] [55].

Machine Learning: hyper-parameter optimization and meta-learning
Machine Learning frequently involve the optimization of parameters of a
function on a training set under some loss measure. One hopes by doing
this to also implicitly reduce the loss on unseen examples, in another word
generalize.

Practitioners of Machine Learning frequently separate randomly the avail-
able data in three sets: the training set, the validation set, and the test set.
Given this separation, the parameters are fixed by fitting the training set
given the value of the hyper-parameters; the hyper-parameters are chosen
to maximize a fitting performance of the parameters on the validation set;
end the final performance is evaluated on the test set. Note that there exist
many variants to this procedure.

This procedure involve implicitly a bilevel optimization problem. We
develop this view.

The optimization problem to choose the parameters, and so the function,
has to encode preferences among the set of functions [38].

Such preferences are typically controlled via hyper-parameters. The de-
termination of the hyper-parameters is done by constructing a bilevel opti-
mization problem where the upper-level loss is the loss on a validation set



independent of the training set for the prediction function determined by
the hyper-parameters, and where the prediction function for given hyper-
parameters is the one found by the lower-level problem based on the training
set.

Note however that most hyper-parameter optimization methods ignore
this structure and instead use general black-box optimization algorithms.
Exceptions to this remark can be found in [6] [7, 54, 36].

Another application closely linked to hyper-parameter optimization is
meta-learning. Meta-learning learn a learning algorithm that perform well
for a predefined class of learning problems. The technical difference with
respect to bilevel hyper-parameter optimization is that the hyper-parameters
are shared across several problems, see [I8] on the subject.

2.2 Bilevel Optimization: Methods

In this section information about the existence of a solution are given and
methods devised to handle bilevel problems are presented. The presentation
is intended to be representative of the bilevel optimization literature. The
precise class of programs used in this work and methods devised for them
will be presented in more details further in the report.

2.2.1 Existence of solution

For general bilevel optimization problem the existence of an optimum is guar-
anteed under continuous and boundness assumptions on the involved func-
tions.

A classic result is [52]

Theorem 1. If the functions F, f, G, g are sufficiently smooth, the con-
straint region {(x,y)|G(z,y) < 0, g(x,y) < 0} is non-empty and compact,
and the Mangasarian-Fromowitz constraint qualification holds at all points,
then the problem has an optimum.

For mixed-integer bilevel problems under compactness conditions one
can assure that the continuous-continuous, discrete-continuous and discrete-
discrete linear cases admits an optimum, as studied in [57]. The continuous-
discrete linear case is more problematic [52].

Other cases can be studied, for example in our case if there is non-unicity
of the optimum in the lower-level problem, the upper-level can choose the
answer that improves his objective. This is called the optimistic position



in the literature, a pessimistic position can also be devised for which other
conditions for the existence of an optimum apply.
Discreteness associated to non-linearity can also be involved in practice.
See [15] for further information on optimum existence guarantees.

2.2.2 Methods

Bilevel optimization is algorithmically complex; to show it the restricted
and classic case of bilevel problems with linear objectives and constraints is
considered.

A short proof of NP-Hardness in this case can be given using the equiv-
alence between the binary constraint on variable x and the upper-level con-
straint y = 0 associated to the lower-level optimization problem

ycargmn—yst.y<z,y<1l—-zx

[14].

It is know that it is moreover strongly NP-Hard [22] and that under P#£NP
there does not exists a polynomial time algorithm that can approximately
solve the problem [16], 27].

Despite these theoretical results multiple approaches to the problem have

been designed. Here is an overview of the ideas based on the following reviews
[14, 52].

Single level reduction with KKT

If the lower level is convex, sufficiently smooth and satisfies simple conditions,
like the existence of a Slater point, one can replace the lower-level problem
by usual algebraic conditions using the KK'T conditions.

Applied to a linear bilevel problem, the KKT complementary conditions
of the lower-level problem produce bilinear constraints that can be handled
in a mixed-integer framework with branch and bound method for example
[2.

A similar idea can be adapted for bilevel linear-quadratic and quadratic-
quadratic problems [3, [17].

Descent methods

Here a descent direction on the upper-level variables is computed taking into
account the constraints, notably those on the lower-level ones. The descent
direction is then used to make an iterate decreasing the objective value.



The computation of such a descent direction is a challenge. Several meth-
ods have been designed with different area of applications. Those method
include: approximation of the gradient assuming an implicit function from
the upper-level variables to the lower-level ones y(z) [30]; reducing the steep-
est descent search to a linear-quadratic bilevel problem [45].

Penalty Function methods

By substituting the hard-constraint for penalty terms in the objective the
complex originally constrained problem can be changed for an unconstrained
one. However the equivalence is not perfect and a succession of penalized
problems have to be solved to solve the original problem.

The exchange of constraints for penalty function can be made at several
places in the upper-level and/or lower-level constraints [48], but also after a
single-level reduction on the KKT conditions [49].

Trust-region methods

Trust-region methods create at each iterate a simpler model of the optimiza-
tion problem around the current point. They also associate to this model a
region of trust. This simpler problem is then solved in the trust region to
yield the next point.

An example in bilevel optimization of this method when the upper-level
constraints only depend on the upper-level variables is to approximate the
lower-level problem with a quadratic problem and to linearize the upper-level
problem [13].

Evolutionary approaches

Genetic Programming (GP) and Particle Swarm Optimization (PSO) were
both proposed to solve bilevel problems. They are attractive by their capacity
to handle difficult problems with nearly no profitable structure.

They can be used in several ways: applied only at upper-level keeping a
specialized algorithm at the lower-level [37] or at both levels [35]; applied on
a single-level reduction of the problem [23]; or with meta-modelling methods
that are described next.

With meta-modeling one wants to avoid the computing cost of the eval-
uation of a complex function by replacing it by an approximation simpler to
evaluate.

In bilevel algorithms there are several choices of functions to approximate
that make sense: approximate the minimizer set of the lower level problem
given the upper-level variables [51]; approximate the optimal objective value
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of the lower-level problem given the upper-level variables [58]; approximate
the lower-level optimization problem by another one for which a faster spe-
cialized method exists [52].

Methods for mixed-integer bilevel programs

Specialized methods include adaptations of branch-and-bound [39]; implicit
enumeration scheme [4]; benders decomposition [55]. However these methods
does not scale to large problems [52].

2.3 Problem formulation

Using the structure offered by bilevel programming we formalize our learning
problem. This is to the best of our knowledge a new application area for
bilevel programming.

2.3.1 Supervised Learning

The basic supervised learning problem in Machine Learning consists in the
estimation of a function g given a set of input/output pairs {(z;, v; = g(x;)}.
The function, also called model, can then be used on unseen data to estimate
an evaluation of g.

There are lots of restricted classes for this problem: types of function
binary /classification/continuous, number of examples, structure of the input,

The definition of an estimation performance can also be subject to vari-
ations. For example, in the continuous output case the mean square error
can be used, or the accuracy in a classification task. In any cases the goal
is to maximize this performance on unseen data. A classic hypothesis is to
consider that available data follow the same probabilistic distribution as the
unseen data.

Supervised learning has applications in image processing, natural lan-
guage processing (speech and text), and medical diagnosis for example.

Functions class

The class of functions of interest in our search is

Fy(x) = arg min fp(z,y), (2.2)

yeS
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where x is the input, y is the optimized variable possibly constrained in set
S (independent of X), and # denotes the parameters of the model. We will
concentrate our developments on input represented as reals vectors.

Formally Fj is a function returning a set of elements, in our work we will
make sure that this set contain one and only one element. We will thus make
the notational simplification to confound the element and the set.

A trick we will use is to compose our model with the soft-max function
in classification tasks. The soft-max function| takes y € R" as input and

returns
eyl

1

m (2.3)

eyn

The final output can then be considered as a probabilistic distribution on
the classes since his sum equal 1.

Another change of interest is to only keep part of the optimal vector
variable y* as output, letting the other dimensions play the role of hidden-
variables. Another equivalent way to write this is by renaming the hidden-
variables z giving

Fy(z) = {yl (y,2) € a(rg l)frensn fo(z,y,2)}. (2.4)

Adding hidden-variables is of importance, as it can allows one to describe
f and S with fewer terms in some case. This argument is formalized on the
mathematical programming side for linear program with polyhedral projec-
tions on subset of variables [32].

Learning Problem

In Machine Learning, learning algorithms are frequently posed as optimiza-
tion problems. To learn these models a loss and an associated learning/op-
timization procedure are devised.

Specifically, for our supervised Machine Learning problem we have, with
(x;,y;) the training input-output pairs (see the above introduction), L a loss
measure, and R a regularization cost on the parameters

meinZL (yi, |:F9(.TZ’> = arg;nin fg(]fz7@1):|) : (2.5)

! Another soft-max function will be used in this work. They are not used in the same
way and can be distinguished from context. (The names are took from the literature.)
Another proposed name is soft-argmax for this one.
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An example of loss L for classification tasks that will be used jointly with
the soft-max composition is the cross-entropy loss

L (yi, Fy(z;)) = —log Fp(x;)y,- (2.6)

This problem possess the expected bilevel programming structure.

2.3.2 Unsupervised Learning

The goal of unsupervised learning is to learn a distribution or some properties
of it from a set of samples {z;}. This can be concretized by asking the learner
to get a declarative model M from the data and taking into account a priori
knowledge on the model.

A model can be used to answer questions on possible x; like probabilities
of occurrence in probabilistic models.

Designing a declarative model from data with unsupervised learning in
our optimization program framework will not be studied in this work.

Our framework, when compared with respect to others like the probabilis-
tic framework, is not justified by being an usual way to formalize problems,
the search in this framework has begun for computational reasons.

This partially leads to the fact that there is no natural straightforward
way to formalize the unsupervised learning problem in our case, which is still
in contrast with probabilistic models.

We postulate that potential unsupervised learning with optimization pro-
grams should be on the basis of computational considerations in presence of
no other clear desirable properties.

13



Chapter 3

Learning through Linear and
Convex Quadratic Programs

We begin our exploration of program types for learning. The presentation
of tests follows the research chronologically. For each type, limitations are
observed and push the next proposition and associated experiments.

A seen in the previous chapter on bilevel optimization, the problem we
wish to solve is computationally hard. Moreover, taking into account the
usual scale of machine learning applications, the proposed implementation
must be conceived with care for both optimization levels.

For the upper-level optimization, our devised optimization algorithms are
based on local improvements, with the help of an heuristic direction such as
a gradient for the parameters. These methods have the advantage to be
scalable to large datasets, using their stochastic version (see below). The
proposed class of programs must come with such an heuristic direction of
search.

An example of stochastic version is the stochastic gradient descent algo-
rithm (SGD). Assume a differentiable objective of the form

Z fiz). (3.1)

Stochastic gradient descent consist in applying successive iterates of the gra-
dient descent algorithm of each f; individually. The potential computational
gain is to make small improvements without the need to evaluate the full
sum.

Numerous evaluations of the program/lower-level optimization are ex-
pected, thus the program’s class must admit a fast algorithm.

Linear programming is a natural choice to begin our exploratory work,
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since optimization programs in this paradigm are easy to solve and can en-
code a large variety of problems that occur in practice.

However, our experience suggests that it is not the correct class of pro-
grams for our problem, and we extend it to quadratic programs in order to
address one encountered problem. This extension will in turn reveals itself
to be insufficient.

This study, while not directly fruitful, allows us to set in evidence (and
has allowed us to discover) some properties that our programs should satisfy
in order to be learnable. This knowledge will be used in the next chapter
that will study other convex programs propositions.

3.1 Linear Programs

3.1.1 Model

We first consider this general formulation

Fape(r) =argminc’y
y

s.t. (3.2)
i
Y
Hence parameters § = A € R™*" b € R™, ¢ € R".
This general formulation pose problems:

e How one can ensure a non-empty domain?
e How one can ensure the problem is bounded?

We answer them by proposing a restriction.

To ensure a non-empty domain we optimize a piece-wise linear function
determined as a maximum over a collection of linear functions. To ensure
the existence of an optimum we constrain the variables in a box.

A first description of this program is, with A;, B;, ¢; the rows and ele-
ments of the respective objects]]

Fap(x) =argmin max {A;y+ Bz + b;}
y

i=1,....m

s.t. (3'3)
-1<y<1

10 or 1 denote a vector of all zeros or respectively of all ones.
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An auxiliary scalar variable ¢ is added to encode the epigraph and we
obtain the following linear program,

Fyp(z) =argmint
y;t

S.t. (3'4)
Ay+ Bx +b< 1t

-1<y<1

Note that as there are no guarantees on the unicity of the optimum in
this formulation, we make the assumption that non-unicity does not occur
in practice for now.

3.1.2 Search Direction

The function F4,(x) admit a first order approximation for points of the do-
main where the solution is locally unique and where there are locally no
changes in the active constraints set for the optimal solution. For our de-
velopments we assume that the active constraints have linearly independent
gradients.

In that case for our formulation the optimum is locally given by

-1

. A -1 —Bx —b
B] = | |1~ o 1 , (3.5)
nxn
Id 0 act -1 act

where H selects the rows corresponding to active constraints at the opti-
mum act

The optimum can thus be obtained by differentiating through the matrix
inverse operator. Let’s use this to obtain an heuristic search direction.

The Jacobian of the inverse of a matrix M is a 4th order tensor given by
[42]

0 [Mil]i j -1 -1
OMj,; L= [M Lk [M ]l,j' (3.6)
Another way to give it is, with M : ¢t — M(t) a function this time,
dM ()~ _1dM() -1
——— = —M(t) " ————=M(t)"". .
i 0 W p (37)

Let us note the scalar objective function on the linear program output

16



J(2). To derive the expression for J (y*), we note also

A -1
G= |~ ol |, (3.8)
Iam~" 0 act
—Bx -0
d= 1 . (3.9)
-1 act

The gradients of interest are [

Vol (v) = — ([V- I (v7) 0]a™H)" (¢d)"

AT (3.10)
_ * -n\T |Y
— (V.Y 06 H .
From which we can extract V 4.J(y*) and, for the right term,
Vil (y*) = [V.J (y*) 0]G (3.11)

from which we can recover the gradient with respect to b and B (post mul-
tiplication by x) can be given.

Notice that, from a numerical point of view, no explicit matrix inversion
is required but only few linear system solutions.

3.1.3 Experimentation

We try to make a regression of a simple function.

For the evaluation of the lower level program any linear programming
solver can be used.

The used loss function is the usual quadratic difference between the
model’s prediction and the true value.

The optimisation (learning) algorithm used is simply a gradient descent
where the used gradient is the developed search direction (which is nearly
everywhere the true gradient). At each iteration the step is chosen to give
an approximate minimizer along the search direction.

To test this first idea, we attempt to learn the binary XOR function,
@. It has the advantage to offer the possibility to have a visualization of
the constructed program evaluations, allowing us to understand the inner
working and drawbacks of our proposition.

2We take the row notation for gradient w.r.t. vectors, for gradient w.r.t. matrices the
. - T
gradient has the same form as the matrix itself, and M~7 = (M~1)".
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Several numbers of planes (constraints) where used, the conclusions from
this experimentation holds independently from this number, we note the
existence of a perfect solution for three planes (and no perfect solution for
only two planes).

The solution with three planes consists in: one plane A} = —1, B; =
[4, 4], by = —2 which is dominant for inputs (1,0) and (0,1); one plane
Ay =1, By =0, 0], b, = 0 which is dominant for the input (0, 0); and finally
A3 =1, B3 =[8,8], b3 = —8 which is dominant for input (1,1).

Observation

There are zones in the search space where the gradient is zero, we will call
them dead-zone. They happen in the situation visually presented in Figure
As one can see on the Figure, as soon as the optimum activate ay <1 or

t

Figure 3.1: visualization of a dead-zone case

y > —1 constraint, any local move of the other constraints does not change
the value of y*.

In the situation where the value wanted for y* is 1, a classic local optimizer
based on the gradient, as the one used here, and starting with the situation
on the Figure does not reach this simple objective.

This problem inspired quadratic programs that are presented in the next
section.

18



3.2 Quadratic programs

As said, earlier, the dead-zones problem inspired a quadratic program for-
mulation. This new form substitutes the static linear box constraints for a
quadratic norm term implying the existence and uniqueness of the optimum.

3.2.1 Model

The model is now 1
Fyp(r) =argmint + 5 Iyl
y;t

ot (3.12)

Ay+ Bx +b < 1t.

The program can be seen as a unconstrained problem where the objective
is a maximum of linear terms plus a convex quadratic term.

It is strongly convex, the minimum is thus guaranteed to be unique in
comparison with the previous linear program. Its existence is preserved also
by strong convexity.

3.2.2 Search direction

In a similar way to the previous development for the linear program, a search
direction equal to the gradient when there is locally no change in the active
constraints set for the optimum. Also we assume linear independence between
the active constraints gradients.

Suppose that there is locally no change in the active constraints set for
the optimum, then locally the optimum is given by

* 1
{ﬂ —argmint + 5 lyll2
s.t. (3.13)

A -1 m _[Br-b]_,.

Here again H denote the selection of the rows corresponding to active
act

constraints at the optimum in the original problem [3.12]
This is a constrained quadratic problem. We recognize two formulations
allowing us to derive the wanted search direction.
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Formulation using weights

The first formulation turns the problem into a least-squares problem in which
the constraint are enforced with large scaling of the associated terms [19].

(i ) H-Lres,

where M is chosen sufficiently large to enforce the equality constraints in[3.13]
but small enough to preserve us from devastating numerical errors. Note that
the solution of this problem converges to the true solution with M — +o0
[19].

With this version it is possible to compute a gradient by differentiating
through the associated analytical solution.

min
y?t

+t, (3.14)
2

Analytical solution To write the analytical solution and the parameters’
gradient two simplifying notations are used: the first is ) = [A —1} os and
the second d = [—Bm — b} act: With it the minimization problem @ can be
rewritten

T nxn n T r
wrale] (o o) rvere) [« (weras [3]) [

-

defp

(3.15)

for which the analytical solution is

o)

Gradient The gradient of a function J(z) based on the output, J(y*), with
respect to Q is fJ
* «1T
Vol(y") = =MQ (H VTP (VoI ()P m ) (317)
+ MdV J,(y* )P~
With respect to d it is

Val(y*) = MV J(y" )P'Q". (3.18)

3Recall: we take the row notation for gradient w.r.t. vectors; for gradient w.r.t. ma-
. . - T
trices the gradient has the same form as the matrix itself; and M~7 = (M~!)".
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From which the gradient w.r.t. [B} is

act

Vig| W) =-MQPT(V.J(y) " (3.19)

act

Formulation using the Lagrangian

Another possibility is to solve using a Lagrangian function [19].

We pose as for the previous development () = [A —1}act and d =
[—B:I: — b} act”

In our case the Lagrangian is

L(x; \) = % HyH;—i—t—%—)\T(d—Qx). (3.20)

The optimality conditions becomes simply a quadratic problem, with m
the dimension of the linear subspace spanned by the active constraints’ gra-

dientd] P
{(On)T o} N B S R T (3.21)
Q Omxm )\ d

Since the problem is convex and admits a Slater point the KK'T condi-
tions are necessary and sufficient.

An analytical solution and a gradient can be found in a similar way to
the previous development from this point.

3.2.3 Experimentation

The experimentation setting is identical to the one used for the linear pro-
gramming approach except that a quadratic programming solver is used to
evaluate the program, and that the search direction is changed to the one
just developed.

Observation

The learning of the XOR function is easier w.r.t. the linear programming
formulation. Unfortunately, it appears it is not possible to learn some more
complex functions.

While the previously described problem with the box constraints has
disappeared, another problem of zero-gradient stays.
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Figure 3.2: situation with inactivity of a plane for the quadratic programming
formulation
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This problem appears in situations similar to the one represented on
Figure [3.2] In this situation one can observe that the plane ¢ > 2y — 1 is not
active at the optimum. Consequently the local influence of the hyper-plane’s
parameters onto the optimum is locally zero, and so is the related part of the
gradient.

Thus, during the optimization planes can be implicitly discarded by our
algorithm on the basis of their inactivity.

To address this problem two directions of research are considered, both
relying smooth strongly convex programs.

4We are still using the assumption that all active constraints’ gradient are linearly
independent.
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Chapter 4

Learning through Convex
Programs

As noted, the problems encountered for the previous class of programs push
us to test other solutions. Notably to extend our research to smooth strongly
convex programs.

This class of optimization is of interest to us for several reasons.

e A global optimum exists and is unique.
e [t is fast to evaluate with global optimality guarantees.

e [f additional smoothness assumptions are satisfied a gradient with re-
spect to the parameters is well-defined.

e We need to introduce some non-linearity but without hard-constraints
giving non-informative local gradient.

The gradient mentioned in the third reason above will be given next. This
gradient will be the basis of all the learning algorithms for the rest of the
chapter.

These reasons are also satisfied by ”pure” convex quadratic programs (i.e.
without linear constraints). However, those can only represent a subset of
linear functions since their evaluation can be done by multiplying the input
by the matrix inverse, which is a linear operator.

This lack in expressiveness is judged to limiting for the class of programs
to be useful.

All the experiments are reported at the end of the chapter.
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4.1 Gradient of Smooth Strongly Convex Pro-
grams’ Parameters

One is interested in the differential of

2*(0) = argmin fy(2). (4.1)

z

Here we work in a general case, the dependence with a potential input in our
machine learning application is implicitly coded in f.

Notation: fj(z), fi(z) are the gradient and hessian w.r.t. z at the point
(z,0).

Our answer is developed for these conditions:

e fisa C? function w.r.t. z for all §, and the hessian respects v,z 0 <
pld < fy(z) (ie. p>0);

e f/(z) is L—Lipschitz continuous w.r.t. 6;
o fi(z) is differentiable w.r.t. 6;
4 (z) is differentiable w.r.t. 6.

Note that since differentiability is a local notion it is sufficient for these
conditions to hold only locally. In a more formal way, the adaptation is that
for any point and function of interest one can restrict the function on an
open set containing the point and for which these conditions hold.

Theorem 2. Under these conditions the following holds

Voz"(0) = = [f (=" (0)] " Ve [f3(2)] (="(6))- (4.2)

Proof. The first and last conditions imply that f}(z)~! always exists and
is differentiable w.r.t. 6. Thus, with the third condition, the Newton step
—[f(2)] " f4(2) is differentiable w.r.t. 6.

From the first and second conditions, z*(6) is (2%)—Lipschitz continuous
w.r.t. 6 since

127(0) = 2*(0 + dO)| < 2]|f5ap (2" () || | Foan (=" (0))]| < 25 (4.3)

by the quadratic lower bound.
Now we are able to prove that the expression — [ (2*(8))] " Vg [f5(2*(8), 0)]
exists and is the gradient of z*(6) w.r.t. 6.
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The existence is directly implied by the assumptions and the previous
results.

To prove that it is indeed the differential of z*(#), one has to show that
the following limit evaluates to zero,

04 o) = 2 0) + (= 0D Vo LAyl (0))] o]
df—0 ||d‘9||

(4.4)

For that we will use the newton step Ny = — [ f§, 4(2*(6))] - Jora0(2%(0)).
A manipulation gives,

0+ de) — 2 (0) + (0] Vo Ly (0]
b ]
[0 d0) — 1 (0) = N+ N+ L 0)) Vo L 0))]
=% [
2@+ d) — 2 (8) = Ny |[Ne+ [f(5(0),0)] 7 Ve [f(2(0))] do)|
= i 6] i 6] |
Ly Lo
(4.5)

Quantity Ly is equal to 0 since — [f7/(2*(0))] " Va [f5(2*(6))] df is the first
order expansion of Ny w.r.t. 6 at the point (2*(6),0) (N is differentiable as
shown and fy(z*(6)) = 0).

For quantity Li, since z*(#) is Lipschitz continuous for any § > 0, we
have

1240 + dB) — =*(B)]] < 2§ do]|. (4.6)

The Newton step has a local quadratic convergence for strongly convex
C? near the optimum [40]. Hence, ||df]| can always be chosen small enough
in order to have ||z*(0 + df) — z*(0)|| to be small enough to have quadratic
convergence of the Newton method.

If we have quadratic convergence the following holds, for some constant

K,
(6 +d6) = *(6) = V.|| < 4K o). (4.7)
Thus,
L, — lim 2*(0 4 df) — z*(0) — Ny
d9—0 |do||

) 9 (4.8)

L a6 _

<4K— lim

p? do—0o HdOH

0
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4.2 Evaluation Method

Here is provided the implemented evaluation method for next presented un-
constrained convex programs.

Note that other first-order and second-order methods, such as constant
step gradient descent, some quasi-Newton methods, and an interior-point
method, were tested but this one was the most effective in practice for us.

The method is a line search for the Newton direction, it can be found
in [41] for example. It uses a backtracking scheme for the search of a point
satisfying a sufficient decrease condition.

Its pseudo-code is given next, Algorithm [II Two parameters of the
method are ¢ and p, those can be chosen in the (0, 1) interval to obtain guar-
anteed convergence. The role of ¢ is to make a trade-off between a sufficient
decrease with respect to the slope at the current point and the admissible
domain for the next iterate, it was fixed to le — 4 in the codes; p is used as a
parameter in a geometric decrease of the next iterate distance to the current
point until it satisfies the sufficient decrease condition, it is fixed to % in our

codes.
Data: a smooth p-strongly convex function to optimize f with

provided gradient and hessian, a precision €
Result: an estimation of the optimum of the function z* guaranteed
to be within distance € to the true optimum

Initialization;
20 = 0,
k= 0;
Iterations;
while 2 || f/(xy)|| > pe do
Search direction computation;
Jis i il f(n);
pr == [f"(@)] 7 f(wn);
Backtracking Line Search;
while f(zy + apy) < f(zg) + cafT (x)pe do

\ o pa;
end
k<« k+1,

end

Update;

Tpt1 € T + QPy;
Algorithm 1: optimization algorithm for smooth strongly convex func-
tions
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In practice the Hessian is not explicitly constructed, a hessian-vector
product function is used instead in order to get computational advantage
from potential sparsity in the problem.

An iterative method using matrix-vector products, such as the conjugate
gradient method, can be used to solve the linear system.

4.3 Encoding constraints with Barriers

This is a quick description on how constraints can be handled in the case of
smooth convex program. Previously it was observed that "hard” constraints
posed problems at the learning optimization level due to the appearance of
null non-informative gradients.

To counter this problem smooth barriers can be used instead of hard
constraints. While keeping constraints satisfied they allow us to break the
null gradient problem.

This is done in the next section.

4.4 Softmax

We take the last presented formulation and directly address the problem of
the zero-gradient of non-active constraints.

4.4.1 Model
The model can be rexpressed as

) 1
Fapy(r) = argmin max {Awy + Bz + b} + 5 Iyl (4.9)
y 1 ..m

with A;, B;, b; the rows/elements of the respective matrix/vector with m
rows/elements.

Our new model consists in replacing the max operator by a softmax oper-
ator which is differentiable, convex and hopefully will counter the inactivity
of constraints problem.

The softmax operator with parameter A applied to a vector of reals v € R"

ef5)

i=1

18
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Parameter A regulates the tradeoff between smoothing the function, A\ — 0,
and approximating a function close to the max operator, A\ — +o0o (conver-
gence to max in the limit).

This gives

1 o 1
Fapa(x) = arg min 1 log (Z <B>) tolyly @1
Y i=1

We fix arbitrarily A = 1 without loss of expressivity since multiplying pa-
rameters by A yields the same optimum.

4.4.2 Gradient of Softmax model’s parameters

We develop a gradient valid for this model by applying Theorem [2| for the
optimum dependence with respect to the parameters A, B, b.

Let us name the objective of the program f(y) with an implicit
dependence on A, B, b and z. Giving

fly) =log (Z eAﬁBi”’”) +lyll3 - (4.12)

=1

The gradient w.r.t. y is, we note exp(.) for the exponential point-wise
operator, and ) without indexed variable as the sum over the components
of the vector that follows it,

exp(Ay + Bx +b)TA
= +y. 4.13
> exp(Ay + Bx +b) Y (4.13)

Vyf(y)

The Hessian w.r.t. y is, with diag(v) for v € R" the diagonal matrix with
v as diagonal,

exp(Ay + Bx + )T AAT exp(Ay + Bz +b)
(3" exp(Ay + Bz + b))
AT diag(exp(Ay + Bz + b)) A (4.14)
> exp(Ay + Bz +b)
+ Id"™".

Vafly) =

As in the previous cases, we pose J(z) a cost function used on the op-
timum of the program, and we develop the associated gradient w.r.t. the
parameters.
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With respect to A, we note X -Y for the Hadamard product between two
matrices or vectors X, Y (component-wise),

V() (V2f(y") AT exp(Ay + Br + )
B (Y exp(Ay + Bz +b))*
([A (T2 " VII)] - exp(ay + Br +0))
a > exp(Ay + Bz + b) Y
B exp(Ay + Bz + b))V, J(y*) (VZf(y*))_l
> exp(Ay + Bz + b) '

VI (") exp(Ay + Bx + b)y”

(4.15)
With respect to B we find

VW) (V3 F(y™)) " AT exp(Ay + Bx +b)
(3 exp(Ay + Bz + b))
([A (V2f) VZ’J(y*)} ~exp(Ay + Bx + b))

— I'T.

> exp(Ay + Bz + b)

ViJ(y")

exp(Ay + Bz + b))z’

(4.16)
And with respect to b we obtain
V.J(y") (V2f(y")) " AT exp(Ay + Br +b)
(X exp(Ay + Bz +b))?
([sz(y*) (sz(y*))_l AT] -exp! (Ay + Bz + b))
> exp(Ay + Br +b) '

Vi (y*) = exp’ (Ay + Bz +b)

(4.17)

4.5 Sum of Non-Linear terms

Previously the max operator, or some approximation of it, was used on linear
components to introduce non-linearities while making the reduction to a
scalar and preserving convexity.

Another possibility is to compose with convex non-linear functions inde-
pendently for each linear component (point-wise application) then to reduce
the results to a scalar by summing the results (see model [4.18)).

An interpretation for these types of models can be given, each term of the
sum represent a preference (or equivalently reject) of some states (x,y) over
others. Preferences in our interpretation is a soft version of hard constraints
found in other types of logic such as propositional logic.
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log(1 + exp(u))

Figure 4.1: representation of the different g(u) considered

4.5.1 Models

Formally the programs becomes of the type, with m the number of compo-
nents,

- 1
F(A, B,b) = argmin Y (A + B +by) + 5 Iy, (4.18)
Y i=1

and g : R — R a convex function.
In this section several choices of function g are considered:

e The logistic loss function g(u) = log(1 + expu), which can be seen as
a softmax between 0 and u.

e The exponential function.

e A function that we will call ¢ defined as

exp(u) ifu<o0
u) = . 4.19
a(u) {%u2+u+1 else (4.19)

They are represented on Figure [4.1]

As we will describe the ¢ function choice is performing best, and con-
sequently an extension to the model is done in an attempt to further
improve the performance. We augment it with a purely quadratic term

< 1 1
F(A,B,b) = argmmZp@-g(Aiy+B@-:c+bz-)+§ |Cy — dl!§+§ lyllz, (4.20)

Y i=1
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where p € R, €' € RP*", and d € R? are parameters.

4.5.2 An Universal Approximation Theorem

Here we develop a theoretical understanding of the proposed model’s approx-
imation capacity.

As will be shown universal approximation holds for all functions with for
domain the vertices of a hyper-cube.

Theorem 3. Let g : R — R € C' a convex function with lim,_,_, g(x) = 0.
Assume ¢’ is strictly positive, increasing at all points, and unbounded.

Then for any function f : {0,1}Y — R"™ and any € > 0 there exists
AcR¥n B cR¥P bhecR?” st

op
1
Hf(:c) — [y* = argminZg(Aiy + Bix + b;) + 3 Hyﬂgl <e (4.21)

v i=1

holds for all x € {0,1}".

Proof. The numbers {1...,2P} are bijectively associated to the vertices of
the hyper-cube denoted by z; € {0,1}? C RP.

With M,T € R constant, let us pose [B; = Ma]] 1oy and b =T —
pM1?%" .

With these choices, Biz; + b; = Malx; + T — pM = T and for i # j,
Bz +b; = M:z;;fpxj +T —pM <T — M hold.

For all i € {1,...,2P} there exist T; such that the following equation in
a admits a solution for all T > T;

g'(alf)ll;+Ta=~1. (4.22)

For proof lets first fix a, since lim,_, s ¢'(a || f(2;)]|3)a = 0~ there exist a < 0
st. o' (allf(@)B)a < 0.

Then take T; such that ¢/(a || f(z)|[3+T)a < —1 for T > Tj; this is always
possible since ¢’ is increasing, unbounded, and a < 0.

By the intermediate value theorem there exists a* € (—o0, a] s.t. ¢'(a || f(x:)||5+
T)a = —1 under T' > T;, which concludes.

Now fix T = max{T;};cq1..2¢}, then for all i € {1...2"} take a; s.t.
is satisfied, this is well defined as just shown, and fix A; = a;f(z;) with z;
the vertex associated to 7.

For all ¢ € {1...2P}, the following holds (development below)

Yy [0+ B+ )+ S | (F) =0 (1.23)
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It holds since the gradient at the point f(x;) is
g (allf@)lls +T)af(x:) + f(xs)- (4.24)
Thus, if the following condition is valid the gradient at f(s;) is null
d'(allf(z)ll3 + T)a+1=0. (4.25)

This is exactly |4.22] by construction it is valid.
The norm of the objective’s gradient at the point f(x;) for the input x;
can be decomposed and bounded by

op

7=1

<0+ Y G(Af(r) +T — M) |4
J={1,....2°\{j}

(4.26)
Since lim, ,  ¢'(x) = 0, there exist M large enough s.t. the gradient above
is bounded by .
By strong convexity of the objective a bound on the optimal point is,
with p the strong convexity constant for our objective,

op
. 2
1) =yl < D9 (Aif(wi) + Bysj + ) A; + f(xi) (4.27)
j=1
Since p = 1 is valid for the objective, ||f(z;) — y*|| <e.
[l

Corollary 1. Models with g(u) = expu or g(u) = q(u) are uni-

versal approximators over the vertices of a hyper-cube.

4.5.3 Gradients of the parameters

The gradients of the program model w.r.t. to the parameters are given.

It is done for the logistic loss choice with program[4.18)and ¢ with program
m (the exponential choice developments can also easily be derived from the
development for ¢). Moreover, as described in the experimentation section
the exponential choice is of little interest in practice.
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Gradient for the Logistic Loss

As in the softmax case in the previous section (equation 4.12), let us note
the objective function disregarding the dependence with the parameters

F) =Y loa(l+ esp(Ay + B+ b))+ 5wl (4.28)

i=1

Again we need to develop intermediate results to compute the gradient
w.r.t. the parameters. Note that these intermediate results are also useful
for the evaluation of the program.

Firstly, the gradient w.r.t. y is

1
1+ exp(Ay+ Bx +b

Vyfly) = < )>TA+yT, (4.29)

where the division and exp operator are component-wise.
Secondly, the hessian w.r.t. y

1
2 _ AT ; A
V() diag (exp(—Ay — Bz —b) + exp(Ay + Bx + B) + 2)

+ 1’ 7L><n.
(4.30)
We use again J(z) as the cost function on the program output and give
the gradient for it.

For A
o A(Vif(y) VI
Vad(y") = o4 exp(Ay + Bz +b) + exp(—Ay — Bx — b)yT (4.31)
V) (Vi) |
1+ exp(—Ay — Br —b)
For B
o A(V2f(y) " VEIW)
VeJ(y") = "2+ exp(Ay + Byx +b) + exp(—Ay — Bz —b) 2’ (4.32)
For b
T (0% 2 £0,4)) 7t AT
I~ VII(y) (V2 f(y") A (4.33)

" 2+ exp(Ay + Bz 4+ b) + exp(—Ay — Bz — b)’
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Gradient for ¢

We give now the gradient for program with g(u) = q(u).

The gradient is presented using the same scheme as previously and fol-
lowing the same notations and definitions.

The objective is

1 1
f@)=p"9(Ay+ Br+b) + S |[Cy —dll; + S Iyl (434)

The binary condition in the definition of function ¢ forces us to define
an operation to extract the relevant part of vector and matrices relatively to
the activation condition (u < 0).

For a vector v € R? and a matrix M € R™" we define v|; and M]; to
be a vector composed of the elements, respectively the rows for which ¢ is in
the exponential part.

We define a complementary operator .| also defined on vectors and ma-
trices selecting elements and respectively rows in a complementary way to
the .|; operator just defined.

Also we define

h = Ay + Bz + b, (4.35)

to shorten the expressions.
With the help of these notations the objective can be rewritten

1 1 1
) =i explt) 4 iF (59240 1) 4 510y =+ ol (430
The gradient of the objective is then

Vyf(y) = (pl1 - exp(hl1))" Al + (pl2 - (B2 +1))" Al

(4.37)
+ (Cy — d)'C + =.

The Hessian
Vif(y) = Alf diag (ply - exp(hl1)) Ay + Al3 diag (pl2) Al
+C0TC + 1dm.

Finally, the gradient w.r.t. the parameters given with the help of the
auxiliary function J ,are as follows

For A

Vapd ) = = (Al (V2 ) V)] -l exp(rly)) o”
— [ply - exp(RI)] (Vo /() VEI (),

Vapd(y) = = (|4l (V2 ) V)] - pla) y
= [pla - (Ao + D] (V2F () VII(y").

35

(4.38)

(4.39)



For B

Vo) == ([AL (V2F@) " VEIw)] - pli - exp(nly) ) 27,

1 (4.40)
Vi, J(y") = — ([Alz (Vofy)) VZTJ@*)] -p|2> i
For b
Vi (") = = [V=I ) (V2 ) AR -l - exp(al?),
B (4.41)
V(') = = |VJ (") (VaF )~ AlE] - plE.
For p
Vo d(y) = = [AL (V2£) " VI - exp(hly), e
Vo (7)== [ (V21 () " VT )] - (bl + 1), |
For C' .
Vel(y) = -C(Vif(y")) VzTc](,U“)y*T1 (4.43)
— (Cy = d) VI () (Vif(y™) .
For d )
Val(y*) = V.J(y*) (Vif(y)) CT. (4.44)

4.6 Experimentation

This section aims at assessing and comparing the different proposals pre-
sented earlier. First a comparison of models’ capacities is done [£.6.1 From
this comparison a model is selected, and further tests are done. One is to
measure the effect of hidden variables Finally a comparison with neural
networks is done [4.6.3

Our experimentations are done with the MNIST dataset [34]. It is a clas-
sic supervised learning problem in computer vision consisting in the identifi-
cation of hand-written digits. There are 60000 28*28 pixels grayscale image
of digits (0-9) in the training set and 10000 images with the same format
in the test set, for each of these images an associated ground truth digit is
associated.

This dataset is used for it is a problem that is known to be hard for
simple supervised classifiers: linear ones achieve a 88% correct classification
rate, while in comparison neural networks can achieve up to 98.4% [50].
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Note that these numbers are given for methods that do not use any kind
of prior on the problem, to do a fair comparison. Examples of unfair priors
use include pre-processing specific to computer vision problems such as cen-
tering and dataset augmentation methods, but also specialized models such
as convolutional networks.

Implementation and test details are as follows:

e The usual stochastic scheme presented in Algorithm [4]is used.

e The ADAM optimization method is used at the learning level for all
models with the hyper-parameters 5; = 0.9, S5 = 0.999, ¢ = le — 8
[29]. It is a classic method used in Deep Learning.

e The output is composed with a soft-max operator.

e The differentiable cross-entropy loss as a cost at training time, see
equation 2.6

e The ¢g-Sum model extended has 10 quadratic terms.
e All matrix parameters are full.

e Processor used for all the experiments is an Intel Core 15-6400 2.7GHz*4,
a CPU for personal computer launched in year 2015. No GPU test
were performed. Since matrix multiplications are the low-level opera-
tions taking a significant share of computational time, GPU have the
potential to greatly speed up the computation, as in the Deep Learning
case.

4.6.1 Comparison of Smooth Strongly Convex Propo-
sitions

The different models’ capacities to fit the MNIST training set are evaluated.
This test does not take into account any sort of generalization performance.
The goal is to assess a preliminary weaker condition to the true goal, by
simply asking good performance on the training set.

Tests are done with different number terms which were observed to be
the main influencer of a model capacity.

Results of the experiments are summarized in Table [4.1, The results
indicates a clearly superior empirical capacity in favor of the g-Sum model
with equivalent or better evaluation times.
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Model training optimization accuracy on the
#epochs time training set
Softmax model
with 25 terms 20 10min 84%
with 50 terms 20 30min 94%
with 100 terms 20 30min 95%
with 200 terms 20 1h15min 95%
Logistic
with 10 terms 5 15min 90%
with 10 terms 20 1h 92%
with 10 terms 20 20min 93%
with 50 terms 20 1h20min 95%
with 100 terms 5 20min 93%
with 100 terms 20 1h30min 96%
g-Sum model
with 10 terms 5 Tmin 73%
with 10 terms 20 20min 76%
with 50 terms 5 20min 96%
with 50 terms 20 1h10min 99%
with 100 terms 5 20min 97.5%
with 100 terms 20 1h15min 99.3%
with 200 terms 20 1h25min 99.3%
g-Sum model extended
with 10 terms 5 10min 93%
with 10 terms 20 40min 95%
with 50 terms 5 25min 97%
with 50 terms 20 1h10min 99%
with 100 terms 5 20min 97.5%
with 100 terms 20 1h15min 99.5%
with 200 terms 20 1h25min 99.7%
Table 4.1: Comparison of models’ capacity and optimization time. The

models were trained for some number of epochs on the training part of the
MNIST dataset with ADAM optimizer at the learning level. The models
have all 10 variables (no hidden variables), predictions are the softmax of the
optimal points. A cross-entropy loss is used, which interprets the predictions

as classes’ probability.



# of hidden variables 0 10 50 100
accuracy on the training set | 97.3 96.6 974  97.6
training time 23min  34min  50min  1h

Table 4.2: Performance of the ¢g-Sum model extended with m = 25 terms
and 10 training epochs for different number of hidden variables.

4.6.2 Effect of Hidden Variables

Hidden variables are variables are variables jointly optimized with the vari-
able of the output, see equation

The effect on the model capacity of hidden variables is experimentally
observed on the ¢g-Sum extended model. Results are given Table[4.2] As can
be seen the number of hidden variables does not seem to have a significant
impact on the capacity of the model for this setting. Moreover, evaluation
times grow.

This observation brings a more specific question: is it possible for our
learning algorithm to train output and hidden variables dependencies in any
useful way at all? The previous problem setting may have lacked training
epochs, or the number of terms was not sufficient to profit from any beneficial
effect.

To answer this question a experiment is designed where the dependence
with the hidden variables must be created and used to hope any performance
increase on the problem. For this the MNIST problem is kept, however, a
specific structure is imposed on matrices A and B to ensure that information
from the input must flow through the hidden variables to get to the output
variables.

With m; the number of terms linking all the optimized variables; ms
the number of terms between the hidden variables and the input; n;, the
dimension of the input; n, the dimension of the output variables; and n,
the dimension of the hidden variables. The structure of matrices A and B
imposed is the following

A, € Rmyxme Ay € RMXTh
(m1+ma)x(no+np) _ o hl
A € R |: Omzxno Ah2 c Rsznh:| (445)
B e Rimi+ma)xn, _ |07 (4.46)
By, € Rm2xnin |

A test with my = 25, mg = 50 and nj, = 25 for 22 epochs (3 hours) gave
a training accuracy of 98%. This test indicates the possibility to learn with
hidden variables.
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4.6.3 Comparison with Artificial Neural Networks

Several aspects have to be presented.

The baseline optimization program that will serve for the comparison is
a ¢g-Sum extended model, model [£.20] is chosen with no hidden variables,
m = 500 terms plus p = 100 quadratic terms. It is chosen on the basis of an
architecture search with a validation set.

It was trained for 30 epochs (2h50min) obtaining a training accuracy of
99.8% and a generalization performance of 97.9%.

For the artificial neural networks, the already cited result of 98.4% [50] is
taken as a reference. It was obtained with a 2-layers architecture having 800
hidden units.

Using the Keras framework [12], two informations were obtained: the
training set accuracy when training this architecture is nearly 100% with
99.96%; also on the same hardware as for the other experiences the network
takes about 20 epochs to train with about 4sec. taken by epoch.

One observation is that ANN take clearly fewer evaluations of the gradient
to be train on MNIST in comparison to the optimization program. While in
the same order of magnitude.

A more marked difference is the evaluation time of 70us by image for
the chosen ANN architecture versus 5600us by image for our optimization
program which is thus two order of magnitude slower.

Still, the generalization performance of our model is not very far from
that of the tested ANN.
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Chapter 5

Learning through Non-Convex
Programs

In this part another approach to the optimization program evaluation and
search direction is taken.

Previous sections presented optimization programs for which a search
direction based on first-order information on the parameters-output depen-
dence could be computed by the mean of the optimization result. The com-
puted dependence did not need the intermediate steps taken by the optimiza-
tion algorithm to compute the dependence.

This property was due to the existence of manipulable certificates of op-
timality, such as the gradient equal to zero in the smooth strongly convex
case.

While this property is interesting since it disentangle intermediate com-
putations from the result, it severely limit the class of optimization programs
that can be used.

Here methods using other tools than certificate of optimality are devel-
oped in order to address larger class of functions.

The learning methods here are based on the computation of a gradi-
ent linking parameters to the output by backpropagation through the whole
series of computation steps performed by the (lower-level) optimization al-
gorithm. The backpropagation algorithm is of major importance in Deep
Learning and many references to explain in detail it can be found, one is
[43].

Developing a smooth exact minimization scheme is impossible in general
for the non-convex case, the position of the optimum can be non-unique and
jump with variations of parameters.

Due to this limitation heuristic non-exact optimization schemes are used
for the evaluation. Two such schemes that we tested are variable cycling and
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gradient descent.
Another research direction in the reinforcement learning framework is also
presented.

5.1 Variable cycling

Here we wish to profit from the result we obtained for the minimizer depen-
dence to the parameters for strongly convex functions.

The class of block-separable convex functions is considered. Given a par-
tition of the variables, a function f is n-blocks separable convex, if there
exists a partition P in n blocks of the variables such that, foralli =1,...,n,
f restricted to the block of variables P; at all points is convex.

This structure conveys a class of natural heuristic algorithms with it.
Here we will use a cycling method, see the pseudo code Algorithm [2] Tt
consist in cycling through the partitions in a predefined order while for each
partition solving the convex problem.

Data: a n-blocks function f(x,y) to minimize with respect to y, its

associated partition P, x the input and a starting point g

Result: an heuristically obtained approximate minimizer and output

of the model

Initialization;

Y < Yo;

Optimization of the function;

while a predefined number of cycles are not done do

for i < 1 ton do
y; € P, <~Optimize f over variables in P; fixing the others to

their current values;
end
end

Algorithm 2: alternating minimization scheme for the minimization of
blocks separable function
Note that this algorithm has no state dependent block selection procedure
nor state dependent terminating criterion; since it is just cycling across the
variables and stop after a predefined number of cycles.
Due to these properties, if the convex sub-problems are smooth and
strongly convex, it is possible to get a gradient linking parameters and output
using backpropagation with Theorem 2]
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5.1.1 Experimentation

The function used for the experimentation is
- 1
fan =0 (vt Y] ) w6
i—
where ¢ is the previously defined function , Viel,...,M A; € ROvtnmn)x(ntnin)
b € R""in ¢, € R, and where the diagonal elements of A; equal to zero to
guarantee uni-variate convexity.

This function is smooth and strongly convex independently in each vari-
able at any point. Also, the function is not jointly convex for all variables.

Our main observation is that we were not able to optimize the model, the
accuracy did not get better than random guesses. The experimental setting
is described next.

For this experimentation MNIST is reused, see the previous experimen-
tation section for a description. Also ADAM is used again with the same
hyper-parameters, and the combination softmax-cross-entropy is reused.

Moreover, m = 50 was taken and 5 optimization cycles across the vari-
ables are done. These numbers were chosen as high as possible while keeping
the evaluation time sufficiently low. 17000us evaluation time by example was
observed for this setting with MNIST.

Further experiments were not pursued.

5.2 Gradient descent

Here a more generic method for a larger class of functions is tested.
A basic version of the gradient method were steps proportional to the
gradient are taken, see Algorithm
Data: a function f(x,y) to minimize with respect to y, = the input, a
starting point vy, and a scalar « regulating the size of the step
taken
Result: an heuristically obtained approximate minimizer
Initialization;
Y < Yo;
Optimization of the function;
while a predefined number of cycles are not done do
|y y—aV,f(z,y);
end
Algorithm 3: a constant step gradient descent based approximate mini-
mization algorithm
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In a similar way to the last form presented, a backpropagation through
the iterates of the method allows us to get the first-order dependency between
the parameters and the output if all the operations are smooth with respect
to the parameters.

5.2.1 Implementation and Experimentation

The MNIST is kept for the tests.

The chosen function f is an artificial neural network (ANN) for its ability
to represent a large class of function while being differentiable (note that the
sigmoid activation function is used, see below).

More precisely, evaluation time was observed to be a clear limitation of
the method, thus the choice is made to use an one hidden layer ANN with
only 20 hidden nodes. Following the same logic no hidden variable were used.

To ensure the existence of an optimum a quadratic term is added.

The final function is, with o(u) = 5 +i_u the sigmoid function applied
point-wisely,

10~

flz,y) = Woo Wy + Wiz +0)+ 5

lyll3 (5.2)

with W} e [R20%28° WY e R¥x10p ¢ R W, € RIX%.

For the implementation the Julia package Flux.jl [26] is used, Flux.jl
helps by being able to automatize the computation of gradients. Since the
gradient of the parameters is found by passing second-order dependence with
y and f, the package is highly recommended to lower the coding and gradient
computation burden.

The evaluation time of the gradient for one sample is 90000us in this
setting. This time is does not allows us to optimize on the full MNIST
dataset, one epoch requiring 1h30min.

An attempt to fit the model on a subset of 1000 training samples with
ADAM reveals that the model is hard to train. At 30 epochs a 96% training
accuracy was attained, this accuracy is low compared to other approaches
even on the full training set and with less computation time. Moreover, the
accuracy started to decrease in subsequent training epochs.

This learning algorithm is thus not practicable.
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5.3 Reinforcement learning: another research
direction

The ideas to learn non-convex programs were based on usual non-convex
algorithms associated with backpropagation. Another possibility is to fit the
tools of reinforcement learning to our problem [56].

In reinforcement learning the problem of optimizing a function can be
posed as taking a sequence of actions decreasing a value function, which
can be simply considered as the objective function. Moreover, a reward
corresponding to the fitness of the current state with the expected output
can be posed at the end of a sequence of optimization actions.

Once these two links are made a reinforcement learning algorithm can
be transformed into a supervised learning algorithm. The main gain in this
change with respect to our approach is more freedom, for the actions must
no more be differentiable to apply reinforcement learning algorithms.

45



Chapter 6

Optimization Programs as
Components

Practical learning of functions expressed as convex programs from input-
output pairs was developed in chapter 4. Our learning algorithm is gradient-
based, this property allows us to extend the results obtained using the back-
propagation algorithm.

More precisely, the fact that the learning algorithm is gradient-based
allows to extend it to composition of differentiable and learnable by gradient
descent models. This is the same idea as in Deep Learning with a composition
of simple models fitted by gradient descent using gradient propagation across
models.

The models developed can thus be inserted inside known Deep Learning
architectures without re-thinking the optimization.

This last decade Deep Learning research has produced new architectures
that less and less resemble the first designed networks, up to a point where
Differentiable Programming was proposed as a new name for the field.

Some of the proposed differentiable programs inserted some optimiza-
tion program as component. A first example is replacing current simple
pooling procedures used in convolutional neural networks by a more nu-
anced voter scheme [25]. In that papers the authors pose it as a clustering
optimization problem solved by an iterative expectation maximization algo-
rithm with closed form solutions, see [§] for an explanation of the expectation
maximization algorithm. The learning algorithm is gradient-based and uses
backpropagation through the steps.

The second example aims at obtaining of useful representations of images
in an unsupervised way [21]. Each image has unknown descriptors, and
the link from the descriptors to the images is plastic and can be learned.
Moreover, the unknown descriptors of an image can be retrieved using (again)
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an expectation maximization algorithm. However, in this case the iterative
steps does not have analytical solutions and the authors decide to use gradient
descent instead in the maximization step. The learning algorithm optimizes
the link from the descriptors to the images by backpropagating through the
expectation-maximization/gradient descent algorithm.

The learning algorithms associated with these proposals are conceptually
close to the ideas presented in the previous chapter, but applied to other
classes of optimization problems. The link is that the algorithm backprop-
agates through a sequence of optimization steps applied on a non-convex
problem. A contribution of this work for these type of problems is to show
that if the problem can decomposed in an iterative resolution of convex pro-
grams, then analytical solutions for the convex problems are not necessary
for backpropagation.

Next, we present a simple experimental setup to test the composition of
optimization program models.

6.1 Experimentation

Here is reported a simple experiment concretizing under a simple form the
possible extension described above. It is chosen to compose three optimiza-
tion program. A model to fit (again) the MNIST dataset is learned out of it
using backpropagation.

The exact architecture is a composition of ¢-Sum extended model with
no hidden variables and outputs of size 20, 10, 10 respectively and all three
with m = 50 terms and 10 quadratic terms.

The rest of the experimentation setting is the same as in the previous
experimentation on this model.

The result after 25 epochs of training (3h50min), is an accuracy of 99.4%
on the training set and 97.3% on the test set (it was 97.9% for our single
¢-Sum extended model compared with ANN).

Note that the parameters of the architecture were not optimized. This
result shows that it is possible to learn through composition of optimization
programs.
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Chapter 7

Higher-Order Structures
Learning

In this chapter we explore ways to learn higher-order patterns in the opti-
mization framework. To clarify, higher-order in the logical sense is taken not
the higher-order polynomial sense.

Logical higher-order patterns appears when the description of a theory/-
model is factorized or can be factorized in smaller parts. It is one of the
main difference between predicate logic (first-order logic) and propositional
logic (zeroth-order logic). Predicate logic can explicitly describe higher-order
structures in a theory. For a basic introduction to these theories a reference
is [44].

The following section explores the problem of learning theories in a logical
language expressive enough to capture higher-order patterns.

7.1 Learning Predicates

Here we look at the problem of constructing an algorithm that can learn first-
order logic theories and make the observation that using learning through
optimization programs could be part of a solution.

Pertinence of the problem Developing such an algorithm allows to cap-
ture higher-order patterns in data. Benefiting from these patterns is impor-
tant in the same way that first-order logic is important to describe structure
that propositional logic cannot. Not using these patterns leads to more com-
plex and more difficult models than need to be.
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Predicates The sub-problem on which we focus is the learning of a predi-
cate. For a given theory to learn, in our setting, a predicate will be a function
from tuples of objects belonging to the theory to a real number to which a
meaning of truth can be associated. We will assume that the set of objects
belonging to the theory is finite.

For example let’s take the classic family theory. In family theory, the ob-
jects are persons of the family, and the predicate encode relationships between
the persons. An example of predicate could be P(z,y, z) > some real number
iff x is the child of y and 2. Other example of predicates could relate to the
truth of the relationships: grandfather, uncle, son, daughter, is a male, is a
female, belong to the same family, ...

In the example just taken the relationship between truth and the real
number returned by the predicate function can seem a bit artificial, why not
just use a binary system to represent predicate’s truth? This remark make
sense in this case because the predicate has a clear meaning and value from
an human point of view. Thus it does not point a clear reason to restrict the
expressivity from real number to binary value for learned predicates.

Note that if one wants to learn a predicate, the predicate does not neces-
sarily have to possess a predefined meaning, the concept it has to represent
can be left to the learning algorithm, as for hidden neurons in Deep Learning.

Appearing difficulty Now suppose one wants to learn and use a predicate
function inside a more complete system with logic inference. At inference
time the elements of the domain of the predicate have to be considered. This
poses a serious challenge since the space of tuples grows exponentially with
the length.

One approach One possible approach would be to pose any question at
inference time on a predicate domain as an optimization problem with some
structure. This approach could then profit from the capacity of optimiza-
tion algorithm to find an answer with limited computations using potential
struture in the problem.

One way to do this is to use as a variable a matrix representing a tuple.
For any tuple of ¢ object a real matrix T of size p x n (n is the number of
objects in the theory) can be constructed with one-hot encoding, for each ith
row all entry are zero except the one corresponding to the object in position
1 whose value is one.

The selection of the objects can then be written as a matrix multiplication
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I
T | : |, if the left multiplication by a real and a sum operator are defined.
*rn
A natural choice would be to embed the objects in real vectors to have this
property reducing the operation to a matrix-matrix operation. With a space
T
of embedding of dimension ¢, let’s note X = | : | € R"*9.
:L'n
With this tuple and object representation, an inference with only one
predicate could be an optimization program of the form

arg min Lp(TX), (7.1)

Teobjects tuple space

where Lp is a learned loss for predicate P, X is the learned embedding.
The learning problem can profit from the development done in the previous
chapter, notice that post multiplying by X is a linear operator and thus
preserve the potential convexity of function Lp.

A satisfying inference procedure was not designed. Nonetheless, here
is an example that introduces a way of constructing one and highlight the
importance of the optimization framework in this problem.

Be the rule Father(z,y) and Father(y, ) — GrandFather(z, 2)[[}

A possibility is to pose the inference problem as

arg min LFather<T1X) + LFather (TQX)

Ty, T>€objects 2-tuple space (72)

s.t. Ty(2) = To(1).

Here the capacity to encode constraints in the optimization framework is
essential.

IThis rule is not formally defined in our used logic, it is chosen to stay informal.
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Chapter 8

Conclusion

A new class of parametrized functions, based on the use of an inner opti-
mization model, has been introduced and tested on Machine Learning tasks.
A universal approximation theorem for binary vectors in input was shown to
hold.

We report for this Machine Learning algorithm a 97.9% classification ac-
curacy on the classic MNIST dataset. While practicable, the algorithm does
not reach the computational performance of other currently used machine
learning tools.

Experimentation also taught us that the learning algorithm could make
use of potential hidden variables in the optimization program.

An interesting property is that the model developed has the flexibility to
be taken as a module inside larger differentiable Deep Learning architectures.

A pragmatic value to these developments has to be found in specific
problems. Potential applications were shown. However, the applications
presented still require work to integrate the obtained results and validate
their usefulness.

Non-convex approaches were tested without any success to report, but an
encouraging research direction is given in a reinforcement learning formula-
tion.
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Appendix A

Pseudo-codes

A.1 Supervised learning

Data: zData, yData

Result: a function making predictions from the xData space to the
yData space

Initialization of the function parameters;

0 + RandomInitialization(zData, yData);

Initialization of the optimizer;

O < InitializeOptimizer();

Optimization of the function parameters;
for e < 1 to nEpochs do

for ¢ + 1 to nSamples do

Fvaluate the function on the sample;
z* «—argmin(f(z, zData;, 0));

Fvaluate gradient;

g < EvaluateMetaGradient (Lossfunction,, z*, yData,);
Update Optimizer;

O < UpdateQ(Q, g);

Update 0,

0+ O, q);

end

end

return P(z) =argmin(f(z,,0);

Algorithm 4: supervised learning with a stochastic algorithm for bilevel
optimization
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