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Volatility modelling in option pricing has been shown to be of first-order importance in

improving upon the Black-Scholes pricing biases. However, no consensus emerges on its

impact on hedging performance, with more realistic volatility specifications sometimes

decreasing the accuracy compared to BS.

In light of this, we provide a thorough study of the hedging performance and behaviour

of four models: constant volatility (Black-Scholes), local volatility (Practitioner Black-

Scholes), GARCH-type (Heston-Nandi) and stochastic volatility (Heston). We apply a

Delta-neutral payoff replication strategy on European call option quotes on the S&P500

and Apple.

We wish to assess the relative hedging performance of our models and how moneyness,

maturity and volatility impact the accuracy. Additionally, we further dive into the link

between hedging and pricing accuracy, the effect of a frequent parameters re-calibration

and the drivers of under/over-hedging.

We use a pricing $MSE loss function on windows of two days and we calculate the hedging

errors out-of-sample. Interesting results emerge:

• The maturity, moneyness and volatility have a substantial impact on hedging

accuracy. A larger maturity sometimes surprisingly leads to lower errors for far-

from-the-money options. Then, near-the-money options are better hedged than

far-from-the-money ones under a low volatility, while the reverse effect is interestingly

observed for long-term options under a high volatility. Finally, we observe that HN



and Heston are better suited to a more volatile asset: their errors are lower for

Apple than the S&P500.

• More advanced volatility modelling overall decreases hedging accuracy. Under a low

volatility, the ranking is always the same: PBS, BS, Heston, HN. When volatility

rises, Heston and HN sometimes outperform BS and PBS for sufficiently OTM

options. Based on the end-moneyness, the ranking shows that HN and Heston beat

BS and PBS when the Delta is close to 0 during a large proportion of the hedging

period.

• The worst models for hedging are overall the best ones for pricing, i.e. an over-fit

of option prices leads to poor Delta estimates. Then, a frequent parameters re-

calibration surprisingly increases the size of errors under a low volatility. When

volatility rises, the ranking is modified for DOTM options, with HN and Heston

beating BS and PBS. Finally, under/over-hedging is mainly driven by the re-

balancing frequency: a lower frequency leads to more over-hedging.

Three implications emerge: (1) there is not one ideal model: the choice depends on

the applied exercise, the underlying specificities, the option model parameters and the

procedure followed; (2) adding complexity to make the procedure and models more

realistic may counter-intuitively lead to worse results; (3) given the negative link between

hedging and pricing performance, a focus should be put on application-oriented calibration

procedures.
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Chapter 1

Introduction

1.1 Context of the Research

The appearance of financial markets shaped the modern economy and contributed to

the economic growth by providing investment opportunities to a wide class of investors.

Among them are derivative contracts, and options in particular. A derivative contract is

“a financial instrument whose value depends on the values of other, more basic, underlying

variables” (Hull, 2012). Options, in their plain vanilla versions, are a “financial instrument

that gives one party the right, but not the obligation, to buy or sell an underlying asset

from or to another party at a fixed price over a specific period of time” (Chance, 2003).

In 2014, the total volume of futures and options contracts traded on exchanges worldwide

was 21.87 billion (FIA, 2015). Globally, derivatives are estimated to represent from 10 to

20 times the size of the worldwide economy. In light of such numbers, we can not afford

not to thoroughly understand how to properly model and manage them.

Options are used in the economy for various reasons: to profit from them, to speculate,

to increase a portfolio performance and, more generally, to transfer risk from one party

to another. We decided to focus on options in this thesis both due to their practical

relevance and because they raise complex and interesting modelling challenges that have

attracted a lot of research attention. Indeed, as this work will extensively show, options

are highly non-linear and risky instruments. Consequently, pricing them and using them

for risk management purposes must be dealt with great care and with sufficiently realistic

models. It is therefore not surprising that the first option pricing model developed by

Black and Scholes (1973) resulted in a Nobel Prize. However, the over-reliance on this

same formula and more generally the deviances of complex derivatives products have

been highly criticized during the recent financial crisis. Nowadays, regulatory (e.g. Basel,

MiFID) and environmental pressures are pushing banks to upgrade their risk management.

1
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In this context, we believe that developing and properly using realistic option pricing

models is key for practitioners.

1.2 Research Questions & Motivation

In the literature, many different option pricing models have been developed, each with its

pros and cons. We have chosen to analyze four different models. We carefully selected them

based on their widespread reputation, theoretical features, empirical performance and

practical relevance. This last point especially concerns the trade-off between complexity

and computational intensity: a closed-form formula for the option price exists for each of

the model considered. The four models are:

1. The Black-Scholes (BS) model. This is a continuous-time model that describes the

underlying asset by a geometric Brownian motion with constant volatility.

2. The Practitioner Black-Scholes (PBS) model. This is a local volatility model that

uses the BS formula with a deterministic volatility function as volatility input.

3. The Heston-Nandi (HN) model. This is a GARCH-type discrete-time model whose

volatility is conditionally deterministic.

4. The Heston model. This is a continuous-time stochastic volatility model.

We limit ourselves to four models for matters of parsimony. This required to make some

non-easy trade-offs. For example, we deliberately decided to set aside jump models even

though they are crucial in pricing short-term options (Bakshi et al., 1997). Rather, we

decided to focus on four distinct ways of modelling volatility.

Having outlined the context, the academic and practical relevance of the subject at hand

and the models that we will evaluate, we define our main research question as:

Among the Black-Scholes, Practitioner Black-Scholes, Heston-Nandi and Heston

models, which one performs best in terms of out-of-sample hedging performance, as

measured by payoff replication, and how does performance differ according to the level

of moneyness, maturity and volatility of the underlying?

This research question raises several comments. We deliberately decided not to put our

focus on pricing performance even though this measure is widely spread in the literature
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when comparing between different option pricing models. There are two main reasons for

this decision:

• Pricing is in practice not so relevant for plain vanilla options that are typically well

liquid and thus whose prices are driven by offer and demand. It is more relevant

for exotic options or structured derivatives for which no liquid data are readily

available.

• Although pricing is not practically relevant for plain vanilla options, it can still

serve as a good measure to see how different models are able to capture information

from option quotes, especially with out-of-sample forecasting. However, pricing

performance is well documented in the literature (see Bakshi et al. (1997), Dumas

et al. (1998), Heston and Nandi (2000) or Christoffersen and Jacobs (2004) among

others), so that we do not think that it adds value to focus on this issue.

In practice, therefore, what matters for practitioners is rather whether these models

are able to accurately hedge the position held in the option. We solely focus on this

matter in our research. We assess the hedging performance out-of-sample and we use

a non-traditional hedging criterion compared to the literature: payoff replication. In

short, the Delta-neutral strategy can be used to try to replicate the payoff of the option

at maturity. This reduces the uncertainty inherent to holding such a product, which is

attractive for practitioners. Compared to the hedging tests in the literature, which are

performed on an arguably small time period (five days in Baskhi et al. (1997), one week

in Dumas et al. (1998) for instance), our hedging measure accounts for the whole life of

the option and thus provides a more stringent evaluation criterion.

Our motivation and ambition with this research question arises from the fact that no

consensus emerges from the literature on which model is best for hedging purposes, with

even the simple BS model being able to outperform more realistic ones. Accordingly,

we wish to contribute to a better understanding of the relative hedging performance of

each model. Moreover, we wish to shed light on the drivers of hedging performance by

classifying the errors according to moneyness and maturity and, importantly, by using two

different time series having distinct levels of volatility: the S&P500 index (low volatility)

and Apple (high volatility), whose options are very liquid. This contrasts with the tests

in the literature that focus on a single underlying.



Chapter 1. Introduction 4

We will focus exclusively on European call options on equity. European-style options can

only be exercised at expiration. This feature simplifies their analysis, and the models

developed in this thesis present closed-form formulas for European options. Then, we

focus only on call options because, if one assumes the put-call parity to hold true, then

the dollar pricing errors are the same for calls and puts, hence making it unnecessary to

delve into both types of contracts. Moreover, Bakshi et al. (1997), in their empirical study

of the performance of alternative option pricing models on S&P500 data from 1988 to

1991, found the pricing and hedging results to be qualitatively similar for calls and puts.

Finally, we opt for equity because this class of asset features well-known stylized facts

that require more advanced option pricing models. In the literature, equity as underlying

is also widely relied on. In practice, moreover, equity is often the riskiest portion of

investors’ portfolios (Bates, 2003) and options can be used to manage that risk.

In regards to our literature review and empirical findings, we identify three additional

relevant sub-questions:

1. Some authors, e.g. Dumas et al. (1998) and Yung and Zhang (2003), point to

the fact that, for hedging purposes, simpler models tend to fare better than more

complex ones. However, these findings are not unanimous, see e.g. Petitjean and

Moyaert (2011) who found that Heston outperforms BS in terms of hedging. With

our two time series, we investigate this conundrum by comparing the out-of-sample

payoff replication and pricing performance and ask ourselves the question:

Is an accurate fit of the market option prices by a certain model a good indicator

of its hedging performance?

Indeed, one may argue that a model which accurately fits prices also accurately

describes the underlying asset dynamics (if the model parameters are also reasonably

stable through time). It should therefore also be good at hedging options on this

same underlying. Put differently, we want to appraise whether the most accurate

models for hedging are also as accurate for pricing, i.e. does an accurate fit of the

option price curvature implies accurate Delta estimates?

2. Our procedure keeps the models’ parameters constant until maturity to calculate

the payoff replication errors. However, one could as well frequently re-estimate the

parameters. We argue that re-calibrating the parameters sufficiently often may
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change the ranking of the models performance by coping with the time instability

of parameters for our more complex models. The question therefore is:

What is the effect of a frequent re-calibration of parameters on the amplitude of

payoff replication errors and on the relative performance of our models compared

to keeping parameters constant over the life of option?

3. Our empirical results point to a systematic over-hedging of the payoff at maturity.

From Joshi (2008), we argue that this is due to the positive Gamma effect, and

therefore that the re-balancing frequency, the underlying asset expected return and

the underlying asset volatility may all have an impact on whether we observe an

under or over-hedging. We assess this theoretically, i.e. on simulated data, because

this gives us flexibility in the variables whose effect we want to test. Our payoff

replication procedure proves useful to that matter. Indeed, in the contrary to

traditional hedging tests that are performed only empirically, we can simulate the

replicating portfolio until maturity under our different model price dynamics. We

rely on the HN model and our specific question is:

How does under/over-hedging depend on the re-balancing frequency, the underly-

ing asset expected return and the underlying asset volatility?

1.3 Summary of Results

Based on the S&P500 (low volatility) and Apple (high volatility) time series, the main

results uncovered through our study are stated below. Because the study is based on

two time series, we do not pretend that the findings can automatically be generalized,

especially since the two time series do not only distinguish by their volatility (Apple

presents more negative skewness and leptokurticity). Our goal is rather to get deep

insights into the hedging behaviour and performance of different classes of models and to

compare our findings with the literature.

Effect of maturity. The payoff replication absolute errors increase with maturity for OTM

and ITM options. However, the errors sometimes decrease with maturity for DOTM and

DITM options. This is counter-intuitive since we would except payoff replication to be

less accurate when you have to hedge during a longer period of time.
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Effect of moneyness (at inception). Under a low volatility, we often observe U-shaped

curves, meaning that that near-the-money options are more accurately hedged than

far-from-the-money ones. When the volatility is higher, we strikingly observe the reverse

effect for long-term options.

Models relative performance. More advanced volatility modellings generally lead to less

accurate hedging. When the volatility is low, the ranking is always the same: 1. PBS, 2.

BS, 3. Heston, 4. HN. When volatility rises, Heston and HN perform very closely and

outperform BS and PBS for long-term OTM and DOTM options. For ITM and DITM

options, BS and PBS perform best and display close results. A look at the ranking in

function of the end-moneyness (at maturity) shows that HN and Heston achieve a more

accurate hedge than BS and PBS when the Delta is close to 0 during a large enough

proportion of the hedging period.

Effect of volatility. More stable underlying asset returns do not always induce more

accurate hedging. Specifically, a lower underlying volatility (S&P500) overall leads to

lower absolute payoff replication errors, measured in percentage of the option premium,

for BS and PBS, and the contrary for HN and Heston. Lower errors for a higher volatility

(Apple) do interestingly emerge under BS and PBS for DITM options.

Link with pricing performance. The worst models for hedging are overall the best models

for pricing. Indeed, HN and Heston are overall performing best, with PBS still doing

quite well. This indicates that an over-fit of option prices generates poor Delta estimates

and that a hedging-based estimation function should ideally be applied rather than the

pricing $MSE standard practice.

Effect of a frequent re-calibration. Under a low volatility, Heston and HN are still

outperformed and the errors are surprisingly nearly always larger than without re-

calibration: time-varying parameters do not generate more accurate Delta estimates.

When volatility rises, HN and Heston outperform BS and PBS for DOTM options, in the

contrary to the case of constant parameters. Re-calibrating is now frequently generates

lower errors, especially for DOTM options.

Drivers of under/over-hedging. We observe a systematic over-hedging on our empirical

data, and very strikingly under a low volatility. Based on Monte Carlo simulation
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of the HN model, we show that the main driver is the re-balancing frequency: a low

frequency leads to a high proportion of over-hedging, and vice versa. This is due to

the option price convexity, which in turn implies that a higher maturity leads to more

over-hedging. Additionally, the errors amplitude is larger under a low frequency because

larger movements in the underlying asset can happen between two revision dates.

1.4 Structure of the Master’s Thesis

Having introduced the context of our work, the research questions and our main results,

the rest of the master’s thesis is structured along the following chapters.

Chapter 2 We begin by reviewing the concepts that are necessary to grasp the remaining

of the thesis. We cover elements on options, Delta hedging, the stylized facts of stock

returns, stochastic calculus, risk-neutral valuation, the important concepts of no-arbitrage

and market completeness, and end up with Monte Carlo simulation.

Chapter 3 This chapter covers the BS model. Based on the model assumptions, we

derive the BS formula and present the payoff replication strategy, which is a central

concept for our thesis. We then introduce the Greeks of the BS model. Finally, we review

the model limitations and the concepts of volatility smile and skew.

Chapter 4 In this chapter, we review the three alternative models used in this thesis.

The PBS model is first presented, along with its empirical performance. The GARCH and

stochastic volatility frameworks are then introduced along the same structure: theoretical

framework, model choice rationale, main features, implementation, Delta formula and

finally empirical performance resurging from the literature.

Chapter 5 Here, we detail the methodology that we followed to answer to our research

question and sub-questions. We describe the data that we used and how we filtered

them. Then, we turn to the empirical study of payoff replication where we explain the

market calibration procedure, our sliding window technique and the error measures used

to assess the performance of the models. We end up by explaining how we will assess the

over-hedging effect based on Monte Carlo HN simulations.
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Chapter 6 In this chapter, we detail our results as summarized here before and discuss

the outcomes. Prior to that, we provide statistical descriptions of the two time series

and a short analysis of parameters. The analyses are performed on Matlab. The main

Matlab functions that we used can be found on the CD attached to this master’s thesis,

while appendix A describes each of them.

Chapter 7 This final chapter concludes the thesis. We point out implications and

underline the limitations of our work to finish with some suggestions for future research.



Chapter 2

Option Pricing: Concepts & Tools

2.1 Properties of Options

Options are part of one of the most prominent categories of financial assets, derivatives,

that we defined in the introduction. Options themselves include different instruments.

They can be divided between plain vanilla and exotic options. Exotic options are more

complex in nature and will not be covered in this thesis. Among plain vanilla options,

we distinguish between call and put options. A call option grants the right to buy the

underlying, while a put option grants the right to sell the underlying. From now on, we

will refer to the underlying as being a stock and we denote its price at time t as St. The

fixed price at which you can buy or sell the stock is the strike price that we denote K.

Options also have an expiration date, and therefore a certain maturity T − t at time t.

An option can be European, if it can only be exercised at expiration, or American, if it

can be exercised at any time before expiration. We recall that we will solely focus on

European options in this thesis. One other important characteristic of an option is its

payoff, which is the option value at expiration:

CT = max(ST −K, 0)

PT = max(K − ST , 0)
(2.1)

Finally, one important result in option theory is the put-call parity, which links the value

of a call and a put option (with the same strike and maturity) as follows:

Pt + St = Ct +Ke−r(T−t) (2.2)

Given that this relation holds well for very liquid options such as the one analyzed in the

empirical part, we restrict our investigation to call options from now on.

9
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2.2 Delta Hedging

Options are leveraged instruments: they can be used to amplify gains, but also losses.

However, most investors do not opt for speculative strategies. Rather, options are used

for hedging purposes. Hedging has a specific meaning in finance which is “risk reduction

with offsetting transactions that usually involve derivative securities” (van der Wijst,

2013). The most common hedging strategy used by traders is Delta hedging (Yung and

Zhang, 2003). Delta hedging caps the total amount that can be lost when holding a

certain number of stocks, by selling call options on this stock. This strategy can be used,

theoretically, to create a risk-free portfolio. Indeed, suppose you are short a call option

which is a certain function Ct that depends on time, the stock price and other parameters

as we will see when introducing the BS model in chapter 3. Then, we can define the

Delta of the option as the derivative with respect to the stock price:

∆t ≡
∂Ct
∂St

(2.3)

By holding a portfolio composed of shorting one call option Ct and buying an amount of

stocks given by ∆t, we create a hedged portfolio: we talk about a Delta-neutral portfolio.

However, the Delta does not remain constant over time (the second-order derivative,

Gamma, must be accounted for). This means that the portfolio will theoretically remain

hedged for only an infinitesimal amount of time. In practice, the amount of stock held

will thus have to be adjusted periodically (e.g. daily), which is known as re-balancing

or dynamic hedging (Hull, 2012). However, assuming that re-balancing can be done

continuously, we can theoretically obtain a risk-free portfolio, which provides an argument

for finding the fair (arbitrage-free) price of the option (Joshi, 2008). This is the BS price

of the option, that we will derive in chapter 3. This means, as section 3.3 will show,

that investing the BS price of the option in this continuously re-balanced Delta-neutral

portfolio will perfectly replicate the option payoff under the model assumptions: this is

called a payoff replication strategy. This is desirable for institutions, which would therefore

be able to replicate the payoff at maturity that they will be liable to pay to investors

who bought options from them. More generally, the economic attractiveness of hedging

rests mainly “on the smoother, less volatile performance that hedging brings about” (van
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der Wijst, 2013). Hedging performance and behaviour, through payoff replication, will

be the subject of our empirical study.

2.3 Stylized Facts of Stock Returns

Stock returns do depict so-called stylized facts that make their distribution differ from the

Gaussian distribution. We describe three characteristics here: (1) kurtosis, skewness and

leverage effect, (2) volatility clustering and (3) the mean-reverting behavior of volatility.

These properties have to be adequately modeled in order to achieve an accurate stock

price dynamic and thus develop a well-performing option pricing model.

2.3.1 Skewness, Kurtosis & Leverage Effect

The skewness (S) and kurtosis (κ) are the third and fourth standardized moments of a

probability distribution X:

S = E

[(
X − µ
σ

)3
]

; κ = E

[(
X − µ
σ

)4
]

(2.4)

The skewness measures the degree of asymmetry of the distribution, while the kurtosis

measures the tailedness of the distribution. The Gaussian distribution has values of S = 0

and κ = 3. In the case of stock returns, we typically have S < 0, i.e. a long tail to the

left and so more downside risk than the Gaussian distribution, and κ > 3, i.e. fatter tails

than the Gaussian. A negative skewness means that there is an asymmetric relation

between returns and volatility: negative returns impact volatility relatively more than

positive ones. The reason often mentioned is the so-called leverage effect of Black (1976):

as the stock price drops, the leverage of the firm increases, the risk increases and hence

the volatility raises too. Section 3.5 will explain that these deviations from normality

give rise to the so-called volatility smile of the BS model.

2.3.2 Volatility Clustering

Volatility clustering refers to fact that, as noted by Mandelbrot (1963), the volatility

of stock returns is serially correlated: large movements tend to be followed by large

movements, and similarly for small movements. This results in volatility clusters where
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high and low volatility periods are grouped together. Moreover, the auto-correlation

function tends to be very persistent, i.e. slowly decaying. This serial correlation of

volatility is at the origin of the family of ARCH and GARCH models that have also been

applied to option pricing, as we will analyze in section 4.2.

2.3.3 Mean-Reverting Volatility

When modelling volatility, we often opt for a mean-reverting process, meaning that the

instantaneous volatility reverts to its long-term value at a certain rate. This property

makes economical sense since volatility cannot increase or decrease indefinitely but has

rather a natural level which is occasionally perturbed (Joshi, 2008). This effect is verified

in practice. For example, Engle and Patton (2001) explain that option prices are consistent

with mean reversion: implied volatilities (see section 3.5) of long-maturity options are

less volatile and close to the long run average volatility of the underlying.

2.4 Stochastic Tools for Option Pricing

In this thesis, except for the HN model, we will deal with continuous-time models. These

models are based on stochastic processes and stochastic calculus, which differ from their

deterministic counterparts. In this section, based on Brigo and Mercurio (2006), Hull

(2012) and van der Wijst (2013), we report the main tools needed to properly understand

the models analyzed further.

2.4.1 Stochastic Differential Equations

The class of processes with which we will work are stochastic differential equations (SDE),

which are of the form:
dSt = µ(t, St)dt+ σ(t, St)dWt (2.5)

with S0 > 0. The function µ(t, St) is the deterministic part of the process called the drift,

and σ(t, St) the diffusion coefficient. The randomness in this equation enters from the

term dWt and the initial condition S0.

The process Wt is called a Brownian motion and is defined by three characteristics for

any 0 < s < t < u and any h > 0: (1) Independent increments: Wu −Wt ⊥⊥ Wt −Ws,

(2) Stationary increments: Wt+h − Ws+h ∼ Wt − Ws and (3) Gaussian increments
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Wt −Ws ∼ N (0, t− s). The paths t 7→ Wt are required to be continuous, and W0 = 0.

These properties imply that Wt is nowhere differentiable, which is why we must have

recourse to stochastic calculus. Finally, one special case of equation (2.5) is when µ(t, St)

and σ(t, St) are directly proportional to St. This is called a geometric Brownian motion

(GBM), which is the price dynamic used in the BS model. It is of the form:

dSt = µStdt+ σStdWt (2.6)

Figure 2.1 displays an example of a simulation of the GBM process.

2.4.2 Itô’s Lemma

One very important stochastic calculus result in finance is the well-known Itô’s lemma,

which gives the corresponding chain-rule for differentials in a stochastic context. This is

based on three useful stochastic formulas: dWtdWt = dt, dtdt = 0 and dWtdt = 0.

Suppose that we have a SDE as given in equation (2.5). Then, given a smooth function

φ(t, St), Itô’s lemma says that the function φ follows the process

dφ(t, St) =

(
∂φ

∂St
µ(t, St) +

∂φ

∂t
+

1

2

∂2φ

∂S2
t

σ2(t, St)

)
dt+

∂φ

∂St
σ(t, St)dWt (2.7)

where, importantly, the Brownian motions in equations (2.5) and (2.7) are the same.

2.4.3 Log-Normal Distribution & Martingale

If we apply Itô’s lemma to lnSt where St follows a GBM process as given in equation

(2.6), we have the following process:

dlnSt =
(
µ− σ2

2

)
dt+ σdWt (2.8)

whose solution at some future time T is, with WT ∼ N (0, T ),

ST = S0e

(
µ−σ

2

2

)
T+σWT (2.9)
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Figure 2.1: Stock price simulation under the GBM process.
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Notes. The simulation was done under the physical measure with a Milstein discretization
scheme1 and is compared with the process expected value. Parameters’ values: S0 = 50, µ = 5%,

σ = 20%, T = 10. Number of time steps: 10000.

This means that ST follows a log-normal distribution since equation (2.9) implies

lnST ∼ N

[
lnS0 +

(
µ− σ2

2

)
T, σ2T

]
(2.10)

Figure 2.2 shows the density function of stock returns under a GBM process obtained by

Monte Carlo simulation (see section 2.7). As expected, the distribution is very close to

the normal density (since the log-price is log-normally distributed).

Finally, if we define a new process Yt = e−µtSt, then by Itô’s lemma we obtain dYt =

σYtdWt. Since this process has a zero drift term, we have that e−µtSt is a martingale. A

martingale is a process such that, for all t < T , we have:

E[XT |Ft] = Xt (2.11)

where Ft is the information set until date t (called filtration). This property “is a picture

of a “fair game”, where it is not possible to gain or lose on average” (Brigo and Mercurio,

2006). This is a crucial property to model the absence of arbitrage in finance (more on

that in section 2.6). This is also extensively used for derivatives pricing: we price the

1To simulate continuous-time processes for Monte Carlo purposes (see section 2.7 for an explanation of
Monte Carlo simulation), we need to discretize the processes (since Monte Carlo is done in discrete time
steps). Many discretization schemes exist to achieve this, and in this thesis we apply the Milstein
scheme (see Gatheral (2006) and Rouah (n.a.) for more details). The Milstein discretization is
obtained by a second-order Itô-Taylor expansion of the process and, compared to the more simple
single order Euler scheme, is not more computationally intensive and converges more rapidly. For
the BS model, the Milstein discretization of the stock price process under the physical measure is:
St+∆t = St + µSt∆t+ σStZ

√
∆t+ 1

2σ
2∆t(Z2 − 1) where Z ∼ N (0, 1) and ∆t is the discrete time step.

2As opposed to risk-neutral, see section 2.5.



Chapter 2. Option Pricing: Concepts & Tools 15

Figure 2.2: Physical density of stock returns under the GBM process.
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Notes. The physical2density was obtained by Monte Carlo simulation, with a Gaussian kernel
under Matlab default bandwidth. The simulation was done with a Milstein discretization
scheme for Rt ≡ dSt

St
= µdt+ σdWt. Parameters’ values: µ = 5%, σ = 20%, T = 1. Number of

time steps: 1000. Number of Monte Carlo random paths: 10000.

option under a probability measure chosen such that the price is simply given by the

discounted expected value of the payoff under the risk-free rate. This probability measure

is not the physical (i.e. real) measure, but the risk-neutral one.

2.5 Equivalent Martingale Measure & Risk-Neutral

Valuation

This section is based on Brigo and Mercurio (2006). Option pricing relies on an equivalent

martingale measure method. The principle is to change the expectation operator in the

calculation of the option price from the physical measure P to another equivalent measure

Q, under which the properly discounted asset price is again a martingale. Two measures

P and Q are said to be equivalent if “they share the same sets of null probability (or

of probability one, which is equivalent).” What is interesting is that properly changing

the probability measure changes the drift of the process, but keeps the same diffusion

coefficient. Mathematically, when two measures are said to be equivalent, we can express

the first in terms of the second in the following way:

dQ
dP

∣∣∣
Ft

= ρt (2.12)

where ρt is a martingale called the Radon-Nidokym derivative. Under Girsanov theorem,

and considering the general process dSt = µ(St)dt+ σ(St)dWt, the change of measure is

such that the new Brownian motion WQ
t is given by
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dWQ
t = −

[
µQ(St)− µ(St)

σ(St)

]
dt+ dWt (2.13)

where µQ(St) is the drift under the new probability measure. In option pricing theory,

we set µQ(St) = r, so that the probability measure Q is called the risk-neutral measure.

In this way, the Brownian motion incorporates the market price of risk:

dWQ
t =

[
µ(St)− r
σ(St)

]
dt+ dWt (2.14)

As a result, the stochastic process for the stock price under the risk-neutral measure is

dSt = rdt+ σ(St)dW
Q
t (2.15)

under which we have

e−r(T−t)EQ[ST |Ft] = St (2.16)

i.e. we have our new equivalent martingale measure. This new process can be used to

derive the BS formula of an option without having to know the value of the risk premium

of the underlying stock (see Cox and Ross, 1976). Next chapter will derive the formula

by another method, but leading to the same conclusion: the BS price of an option does

not depend on the underlying expected return µ. Risk-neutral valuation is also at the

basis of the other more advanced models presented in this thesis: the physical processes

that describe the underlying dynamics always have to be transformed in the risk-neutral

processes to find the option price and Delta formulas.

2.6 No-arbitrage & Market Completeness

The previous section introduced the concept of equivalent martingale measure used to

price options. As explained by Brigo and Mercurio (2006), the existence and uniqueness of

the equivalent martingale measure is linked to the arbitrage-free and market completeness

concepts. Specifically, we have that (1) the market is arbitrage-free if and only if there

exists an equivalent martingale measure, (2) the market is complete if and only if the

equivalent martingale measure is unique.

Absence of arbitrage refers to the impossibility to invest zero today and receive a non-

negative amount in the future that is positive with a positive probability. It implies that
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two portfolios having the same payoffs at a given future date must have the same price

today. This property will be respected in all the models used in this thesis.

Market completeness means that any contingent claim is attainable. In other words,

every payoff can be perfectly replicated via a self-financing strategy3 (Ortega, 2009). In

particular, this holds true for the payoff at maturity of an option. Market completeness

is verified by the BS model, but not by the other three models.

2.7 Monte Carlo Simulation

To conclude this chapter, we present a simulation technique extensively used in finance:

Monte Carlo simulation. This can be used whenever one wants to compute a quantity at

time T > t dependent on the value of a certain path-dependent process.

To illustrate, suppose we want to find the value of a call option under a GBM process. The

most straightforward way is to use the BS formula. Alternatively, although unnecessarily

more computationally intensive, we can use Monte Carlo simulation. In that case, we

start from the following risk-neutral process: dSt = rStdt+ σStdWt. Using discretization

schemes (as explained on figure 2.1), one can discretize this continuous process to simulate

it and find the value of a call option under Monte Carlo simulation. The procedure goes

as follows: a set of MC random paths4 (εt+1,j, ..., εT,j), j = 1, ...,MC is generated (with

εt ∼ N (0, 1)) and the corresponding prices ST,j are calculated. The price Ct of the call

option is then approximated by

Ĉt = e−r(T−t)
1

MC

MC∑
j=1

max(ST,j −K, 0) (2.17)

We will use this very handy technique to generate probability density functions of stock

returns from our models, as well as in the empirical part to analyze the over-hedging

behaviour based on simulated data from the Heston-Nandi stock price dynamic.

3A self-financing strategy is “an investment strategy that does not call for external cash-flows” (Vrins,
2015).

4Around 5000 paths are sufficient to get a reasonably precise estimate (Christoffersen, 2012).



Chapter 3

Black-Scholes Framework

One of the greatest breakthroughs in option pricing and in the theory of finance has been

the paper of Black and Scholes (1973), developed with the help of Robert Merton. The

paper derived a new method to determine the fair value of derivatives. In this chapter, we

derive what is now known as the Black-Scholes formula, we present the payoff replication

strategy and finally we discuss the BS empirical limitations justifying more advanced

models that will be described in chapter 4.

3.1 Model Assumptions

From Black and Scholes (1973) and Hull (2012), we can hold these 9 assumptions:

1. The underlying follows a GBM process as in equation (2.6), with σ being constant.

2. The risk-free interest rate r is constant.

3. The underlying asset involves no dividends or other cash flow distributions.

4. The option is of European-style.

5. There are no transaction costs or taxes involved.

6. There are no riskless arbitrage opportunities.

7. All securities are perfectly divisible.

8. Security trading is continuous and not discrete.

9. The short selling of securities with full use of proceeds is permitted.

In this thesis, we will relax three assumptions. First, the BS formula and the other

option pricing models can easily be adapted to securities involving cash flow distributions.

Second, the Heston-Nandi model of section 4.2 is a discrete-time model. Finally, and

most importantly, the assumption of a constant volatility of asset returns goes strongly

18
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against empirical evidence. The resulting limitations will be discussed in section 3.5 and

the alternative models in chapter 4 will try to model the volatility more realistically.

3.2 Black-Scholes PDE & Formula

3.2.1 Derivation of the Formula

There are several ways by which we can derive the famous BS formula. One possibility

is by risk-neutral valuation as hinted in section 2.5, which is formally proven in van

der Wijst (2013). In this section, we rely on the original proof of Black and Scholes.

Their derivation gives insights into how constructing a Delta-neutral portfolio can remove

uncertainty and therefore lead to the fair price of an option. The elements of proof of

this section rely on Black and Scholes (1973), Hull (2012) and van der Wijst (2013).

We assume that the stock price follows a GBM process, given by

dSt = µStdt+ σStdWt (3.1)

If we refer to ft as the price of the derivative on St, then, from Itô’s lemma, we have:

dft =

(
∂ft
∂St

µSt +
∂ft
∂t

+
1

2

∂2ft
∂S2

t

σ2S2
t

)
dt+

∂ft
∂St

σStdWt (3.2)

Since the Brownian motion in equation (3.2) is the same as the one from equation (3.1),

we can make a portfolio of the stock and the derivative from which the Brownian motions

disappear, i.e. a risk-free portfolio. This portfolio, that we denote as Πt, is the following:

Πt = −ft + ∆tSt. In this equation, ∆t is the option Delta, i.e. ∂ft
∂St

. The dynamics of the

portfolio is therefore given by1

dΠt = −dft + ∆tdSt (3.3)

By substituting (3.1) and (3.2) into (3.3), we get

dΠt = −
(
∂ft
∂t

+
1

2

∂2ft
∂S2

t

σ2S2
t

)
dt (3.4)

1This formula is a shortcut, since we have d(∆tSt) = ∆tdSt + d∆tSt + d∆tdSt. However, we can
prove that the derivation is still true with the self-financing condition (Rosu and Stroock, 2004).
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We see that the process Πt contains no diffusion term. By the assumption of no arbitrage,

Πt thus has a return exactly equal to the risk-free rate: dΠt = rΠtdt. Substituting

equation (3.4) and the definition of the portfolio Πt into this last equation, we get:

∂ft
∂t

+
1

2

∂2ft
∂S2

t

σ2S2
t +

∂ft
∂St

Str − rft = 0 (3.5)

This is the BS partial differential equation (PDE). It holds for any derivative satisfying

the assumptions of section 3.1. We see that this equation does not depend on the expected

return of the stock µ. Joshi (2008) clearly explains why this is the case in the BS model:

“[...] in the Black-Scholes model, we can eliminate all the risk by continuous trading. Once

the risk has been eliminated, there can be no risk premium.”

To solve this PDE, the boundary conditions must be specified. For a call option, they are:

ft = 0 if St = 0,∀t and fT = max(ST −K, 0). The equation (3.5) with these boundary

conditions has a unique solution, which is the BS formula:

Ct = StN (d1)−Ke−r(T−t)N (d2) (3.6)

where

d1 =
ln(St/K) + (r + σ2/2)(T − t)

σ
√
T − t

d2 =
ln(St/K) + (r − σ2/2)(T − t)

σ
√
T − t

(3.7)

From Gatheral (2006), N (d1) and N (d2) are risk-adjusted pseudo-probabilities: StN (d1)

is the pseudo-expectation of the final stock price given that the option is in-the-money

and N (d2) is the pseudo-probability that the option will be exercised.

Following Lehar et al. (2002), we use option quotes to estimate the BS model implied

volatility (see section 3.5) σ∗ yielding the lowest pricing error. Following Christoffersen

and Jacobs (2003), who showed that the $MSE estimates perform best across different

loss functions, we estimate σ∗ by non-linear least squares as follows:2

σ∗ = Arg min
σ

$MSE ≡ Arg min
σ

1

n

n∑
i=1

(
Cmkt
i − CBS

i (St, ri, Ki, Ti;σ)
)2

(3.8)

where n is the number of observed option prices in the sample considered.

2This type of procedure is called calibration to market data.
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3.2.2 Adaptation to Cash Flow Distribution

The BS formula can easily be adapted to the case where the underlying asset involves

some sort of cash flow distribution. Following the literature practice, we adjust the stock

price by the present value of dividends between t and the expiration date T (see Baskhi

et al. (1997), Dumas et al. (1998) or Yung and Zhang (2003) for example).

3.3 Market Completeness & Payoff Replication

Strategy

As mentioned in section 2.6, one of the most important properties of the BS model is

market completeness. This property implies that the BS price of an option is such that if

it is invested in a continuously re-balanced Delta-neutral portfolio, the option payoff at

maturity will always be perfectly replicated under the model assumptions. This is called

the replication strategy of the option’s payoff. The replicating portfolio Πt follows the

following process (Vrins, 2015):

dΠt = ∆tdSt + r(Πt −∆tSt)dt (3.9)

with Π0 = C0 (the option premium). This equation means that we adjust the amount

of stock held according to the value of the Delta, borrowing money at a rate r if the

position in the stock needs to be increased, and placing money at that rate otherwise.

The replicating portfolio is constructed with only two tradable assets: the underlying

stock and a cash account earning the risk-free rate r.

Figure 3.1 illustrates the replication strategy in the BS framework. We see that the

replicating portfolio converges to the payoff, and is exactly equal to the payoff at maturity.

However, the assumptions of the BS model are not verified in reality and continuous

re-balancing is not practically feasible. Therefore, one of the goals of this thesis will

be to assess how accurate is BS for payoff replication when using empirical data. In

brief, despite its shortcomings, we will show that BS compares overall very favourably to

Heston-Nandi and Heston but is outperformed by the PBS model.
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Figure 3.1: Payoff replication strategy under the GBM process.
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3.4 Delta in the Black-Scholes Model

The option value evolution depends on the Greeks: the partial derivatives of the option

value with respect to its various variables (St and T ) and parameters3 (σ and r). The

Greeks are a central matter to risk management. Indeed, a Taylor series expansion of Ct

shows how the change in the call option value is related to the its Greeks (Hull, 2012):

∆Ct =
∂Ct
∂St

∆St +
∂Ct
∂T

∆T +
∂Ct
∂r

∆r +
∂Ct
∂σ

∆σ +
1

2

∂2Ct
∂S2

t

(∆St)
2 + · · · (3.10)

The Greeks of equation (3.10) are, from left to right: Delta, Theta, Rho, Vega and

Gamma. In this thesis, however, we will only need to compute the first Greek - Delta -

in our empirical analysis to calculate the payoff replication errors.

The Delta of a call option in the BS framework is given by:

∆BS
t = N (d1) > 0 (3.11)

As one might expect, the Delta of a call is always positive, and takes value in [0,1].

Also, because it can be shown that Gamma is always positive, we have that the Delta

is a strictly increasing function of the stock price. Finally, as expiry approaches, Delta

becomes similar to the binary-valued payoff at expiration. Just before expiry, it will be

almost zero for St just a little below K and almost 1 just above K (Joshi, 2008).

3The partial derivative with respect to the strike price K is not a risk factor of an option given that
it is set for the whole life of the contract.
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3.5 Empirical Limitations

The BS formula, because of its strong assumptions, and especially the constant variance of

stock returns, is empirically poorly performing for pricing purposes. Indeed, the stylized

facts discussed in section 2.3 are not modeled by the GBM. From Macbeth and Merville

(1979), Duan (1995) and Hsieh and Ritchken (2005), we can hold some systematic biases

of the BS formula when applied to equities:

• Deep-in-the-money (DITM) options are underpriced.

• At-the-money (ATM) and out-of-the-money (OTM) options are overpriced.

• Options on low-volatility securities are underpriced.

• Short-maturity options are underpriced.

The two first moneyness biases increase with the maturity of the contract. To better

understand how these biases can be resolved by more advanced models, we dig into two

concepts: the volatility smile (and skew) and the volatility term structure.

To understand what the volatility smile is, we must first precise the concept of implied

volatility. From Christoffersen and Jacobs (2003), we define the implied volatility as

σimp = BS−1(Cmkt
t , St, r,K, T ), meaning that it is the value of volatility such that the

market price of the option is equal to the BS price. As explained by van der Wijst (2013),

implied volatilities are commonly used in practice: option traders quote option prices

in implied volatilities rather than in raw amount. This measure of volatility is more

forward-looking than historical measures.

When we plot the implied volatilities for different levels of the strike price, we would

except to get a flat line if the BS formula was correct. However, in practice, with a stock

option, what we get is different:

• ITM options tend to have higher implied volatilities than ATM options.

• OTM options tend to have lower implied volatilities than ATM options.

This decreasing relation is called the volatility skew. This is another way of specifying

the moneyness biases explained before. Figure 3.2 illustrates the volatility skew based

on S&P500 call options on three different maturities. We see that the three curves are
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Figure 3.2: Implied volatility skew of S&P500 index call options.
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Notes. The initial date is February 10, 2016. The index close price on that date was 1851.86.
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decreasing and that the implied volatility increases when the option approaches expiration,

which confirms the short-maturity under-pricing mentioned before.

Another common relation that is observed in practice is a U-shaped relation between the

implied volatility and the strike price: the well-known volatility smile. Hull (2012) explains

that this shape is more common for foreign currency options than for equities. However,

several authors find evidence of U-shaped relations on stock options (see Macbeth and

Merville (1979) or Dennis and Mayhew (2000) for instance).

To understand why the volatility smile effect appears, it is easier to look at the implied

(from option quotes) risk-neutral density function of stock returns (see Hull (2012) for

technical details). The volatility smile translates into fatter tails than the Gaussian. For

stocks, the volatility skew translates into a negatively skewed distribution. These are

nothing but the stylized facts explained in section 2.3, that we can now interpret in the

context of option pricing. The more advanced models analyzed in this thesis will all try

to better fit the asset distribution implied from option prices.

Finally, in addition to the strike price, the implied volatility also depends on the option

maturity, which gives rise to the volatility term structure. Hull (2012) explains that the

relation tends to be positive when short-dated volatilities are historically low and negative

when historically high (as in figure 5.2). This is because, in the first case, there is an

expectation that volatilities will increase, and the contrary in the second case. If you

combine the volatility term structure with the volatility smile/skew, you get a volatility

surface that is at the core of the Practitioner Black-Scholes model.



Chapter 4

Alternative Option Pricing Models

4.1 The Practitioner Black-Scholes Model

4.1.1 Model Framework & Calibration

The Practitioner Black-Scholes (PBS) model (also known as ad-hoc BS model) was

developed by Dumas et al. (1998). It relies on the considerations of section 3.5 regarding

the volatility smile/skew and term structure. The principle is to explicitly model the

implied volatility through a deterministic volatility function depending on the strike price

and/or the time to maturity. The PBS model is part of the class of local volatility models.

The most general model investigated by the authors is

σimp = θ0 + θ1K + θ2K
2 + θ3T + θ4T

2 + θ5KT + ε (4.1)

After estimation of the vector of parameters θ from cross-sections of option prices (see

below), the estimate of the option price is obtained as ĈPBS = CBS
(
σimp

(
θ̂
))

. Using

the BS formula in such a way may seem internally inconsistent. However, Berkowitz

(2002) showed that the frequent re-calibration of the model “can be viewed as a functional

approximation to the true but unknown option pricing formula.” Intuitively, market

completeness is not verified: for the exact same underlying, two options with two different

strike prices/maturities will use a different value for the underlying volatility.

In this thesis, following Dumas et al. (1998), we assume a structural form of the implied

volatility that only depends on the strike price. The reason is that the authors found

that by including maturity, the PBS model does not perform better in term of in-sample

valuation and performs worse in terms of out-of-sample prediction and hedging. However,

we assume a functional form which is different from their paper:

25
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σimp = θ0 + θ1
K

St
+ θ2

(K
St

)2

+ ε (4.2)

i.e. we normalize the strike price by the stock price rather than simply using the strike

price itself. The rationale is that the volatility smile is in practice often calculated as

the relation between the implied volatility and K/St because this makes the smile more

stable (Hull, 2012). Moreover, we believe that this can bring some flexibility to hedging

since the implied volatility will change over the life of the option depending on the value

of St while it would stay constant if it only depended on K.

Finally, we calibrate the parameter vector θ similarly to the BS model:

θ̂ = Arg min
θ

$MSE(θ) ≡ Arg min
θ

1

n

n∑
i=1

(
Cmkt
i − CBS

i (σimpi (θ)
)2

(4.3)

where n is the number of option contracts in the sample considered. In practice, to ensure

that the volatility used in the BS formula is positive, Christoffersen (2012) explains that

the structural form used for σimpi in equation (4.3) is max(0.01, σimpi (θ)).

4.1.2 Empirical Performance

Dumas et al. (1998) found that that their model significantly improves the cross-sectional

fit and eliminates an important part of the BS biases. This can be understood by looking

at figure 4.1: the implied S&P500 index price density under the PBS model exhibits the

stylized facts of equities: negative skewness and fat tails.

Additionally, the PBS model compares favourably to other more advanced classes of

models presented thereafter. Yung and Zhang (2003) find that PBS performs better in

terms of hedging than the EGARCH model and Christoffersen and Jacobs (2003) show

that the PBS model performs somewhat better than the Heston model in-sample and

out-of-sample when using consistent evaluation and estimation loss functions. However, a

drawback is that Dumas et al. (1998) find that the estimation of the volatility function is

unstable through time. This unstability makes PBS less performing in terms of hedging

than the BS model in their study. The reason is that the valuation errors of the BS model

are stable through time or at least strongly serially dependent. Our empirical study of

hedging performance will however disagree with the authors’ finding.
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Figure 4.1: Risk-neutral price densities under the PBS model implied from
option quotes on the S&P500 index.

Notes. The figure is taken from Dumas et al. (1998). The initial date was April 1, 1992.
The densities are based on parameter estimates of the implied volatility function σimp =

max(0.01, θ0 + θ1K + θ2K
2 + θ3T + θ4T

2 + θ5KT ).

4.2 The Heston-Nandi GARCH Model

The model of Heston and Nandi (2000) developed in this section is part of the broader

class of GARCH option pricing models. Hence, we will first review GARCH modelling

and the general GARCH option pricing framework before detailing the HN model.

4.2.1 Modelling Volatility with GARCH

The GARCH (Generalized Auto-Regressive Conditional Heteroskedastic) model was

introduced by Bollerslev (1986) who developed the well known GARCH(p,q) model. This

model allows for the conditional variance to be a function of lagged conditional variances

as well as past sample variances as follows:

εt|Ft−1 ∼ N (0, ht)

ht = α0 +

q∑
i=1

αiε
2
t−i +

p∑
i=1

βiht−i
(4.4)

where εt is a discrete-time random process. We further assume a daily time step. This

model is known to incorporate the stylized facts of financial time series: volatility

clustering, the mean-reverting behaviour of volatility and the leptokurtic distribution

of asset prices. Following the work of Bollerslev, an extensive literature on this class of

models has emerged proposing different specifications of the volatility function ht. A
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review can be found in Bollerslev et al. (1992). One important technical feature of GARCH

models is that for the conditional variance to be stationary (i.e. for the unconditional

variance of ht to be finite), the parameters typically have to be constrained.1 They also

have to be positive for the variance to be positive as well.

4.2.2 GARCH Option Pricing Framework & HN model

Duan (1995) was the first to develop an option pricing model based on the GARCH

framework. This model differentiates from the other models of this thesis in that it is a

discrete-time model rather than continuous-time. Following his paper, we assume that

the daily rate of return under the physical probability measure P follows the dynamic

ln
St
St−1

≡ Rt = r + δt −
1

2
ht +

√
htεt (4.5)

where εt|Ft−1 ∼ N (0, 1) and δt is the asset risk premium. The volatility process takes

the general form

ht = f(hs, εs; s < t; θ) (4.6)

for some parameter set θ. It is worth noting that GARCH is a deterministic volatility

framework2, with the same source of randomness (i.e. εt) impacting the return and

variance.3 Stochastic volatility models will be introduced in section 4.3.

The important choice of the model concerns the volatility dynamic function f(·). Duan

(1995) used the standard GARCH(p,q) process. However, other authors chose other

specifications. Yung and Zhang (2003) analyzed the hedging performance of the EGARCH

process of Nelson (1991) that has the appealing feature of removing the parameter

restrictions of the traditional GARCH models. Christoffersen and Jacobs (2004), by

comparing various GARCH models, found that the out-of-sample pricing analysis favors

a rather simple model that, besides volatility clustering, only allows for a standard

leverage effect. This model is the NGARCH model. Heston and Nandi (2000) developed

a closed-form solution for European options under a GARCH specification. Their model

is referred to as the HN model. In this thesis, even though Hsieh and Ritchken (2005)

1Bollerslev (1986) for example showed that his model was stationary if
∑q
i=1 αi +

∑p
i=1 βi < 1.

2Deterministic because the conditional variance ht|Ft−1 is known at time t.
3However, as shown by Duan (1995), the GARCH model still allows for negative correlation between

the shock component εt and the variance process ht.
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showed that the NGARCH model performs better than the HN model, we will adopt

the model developed by Heston and Nandi (2000). The rationale behind this choice is

that, in practice, a trade-off must be found between the complexity of the model and

the ease of implementation (i.e. the computational cost of the model). The analytical

tractability of the HN model through its closed-form formula makes it very attractive

from a computational perspective: we do not have to resort to Monte Carlo simulation to

calibrate the parameters to market quotes.

In the HN model, the risk premium is defined as δt = (λ + 1
2
)ht. This means that the

return process in equation (4.5) becomes

Rt = r + λht +
√
htεt (4.7)

with the volatility dynamic being given by

ht = β0 + β1ht−1 + β2

(
εt−1 − γ

√
ht−1

)2
(4.8)

with β0, β1, β2 > 0. The unconditional variance EP[ht] is finite and equals β0+β2
1−β1−β2γ2 if

β1 +β2γ
2 < 1 (in which case the model is stationary). The left-hand side of this inequality

is called the persistence of model. It is a measure of how fast the process ht reverts to the

unconditional variance. The closer it is to 1, the lower it will revert and the higher will

be the volatility clustering effect. The parameter γ determines the skewness of the asset

return distribution, a positive value indicating a negative skewness. The heteroskedasticity

finally implies that the unconditional returns distribution is leptokurtic. Figure 4.2 shows

a simulation of the HN stock price (under the physical measure), compared to a GBM

process. The gap between the two paths increases with time, but HN does not appear

to be more volatile than GBM, possibly because both models are affected by only one

source of random shocks. Figure 4.3 displays the density function of stock returns under

the HN model, compared to the normal density. The density under the HN model depicts

the stylized facts of stock returns: negative skewness (-0.38), a fatter left tail and a less

fat right tail than the normal distribution.

To develop the GARCH option pricing model, Duan (1995) generalized the conventional

risk-neutral valuation relationship. He provided a locally risk-neutral valuation relation-

ship (LRNVR) that holds under some familiar assumptions on preferences and that is
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Figure 4.2: Comparison of stock price simulations under the GBM and HN
processes.
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Notes. The simulations were done under the physical measure, and the GBM process was
simulated with a Milstein discretization scheme. The same Gaussian random shocks were
applied for each model. The GBM process instantaneous (annualized) mean and volatility
are reflected by the HN parameters’ values as follows: λ is set such that µ = 252 ∗ (r + λh̄),

and β2 such that σ =
√

252h̄ where h̄ = β0/(1 − β1 − β2γ
2), i.e. the long run variance under

the HN model. The factor 252 reflects the daily time step used to simulate the HN process.
The parameters’ values are: S0 = 50, h0 = h̄ = 1.59 ∗ 10−4, µ = 5%, r = 0.03/252, σ = 20%,

β0 = 8 ∗ 10−6, β1 = 0.45, β2 = 1 ∗ 10−6, γ = 700, λ = 0.5, T = 5.

Figure 4.3: Comparison of the physical density of stock returns under the HN
model with the normal distribution.
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β2 = 1 ∗ 10−6, γ = 700, λ = 0.5, T = 1. Number of Monte Carlo random paths: 5000.
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satisfied by a measure Q if

EQ[exp(Rt)|Ft−1] = exp(r) (4.9)

meaning that the expected return is the risk-free rate, and

VarQ[Rt|Ft−1] = VarP[Rt|Ft−1] = ht (4.10)

which means that the conditional variances under the two measures are equal. The LRNVR

yields a well-specified model that does not locally depend on preferences. However, it is

insufficient for fully eliminating the preference parameters, but strong enough to reduce

them to the risk premium parameter λ.

Under the risk-neutral measure Q, the return process evolves as

Rt = r − 1

2
ht +

√
htε
∗
t (4.11)

with ε∗t |Ft−1 ∼ N (0, 1). The volatility process becomes

ht = β0 + β1ht−1 + β2

(
ε∗t−1 − ω

√
ht−1

)2
(4.12)

with ω = γ + λ+ 1
2
. The risk-neutral pricing measure is determined by four parameters

that have to be estimated: β0, β1, β2 and ω. Additionally, following the procedure of

Hsieh and Ritchken (2005), we take h0 as a parameter to be optimally determined from

the data since it is not directly observable from the market. Next section explains the

implementation of the HN model to calibrate the parameters based on market quotes.

4.2.3 Implementation of the HN model

In their paper, Heston and Nandi (2000) derived a closed-form formula for the option

price. This is a very attractive feature since it makes the implementation much less

cumbersome than a Monte Carlo approach (Joshi, 2008). Following the reasoning of

Heston and Nandi (2000), we write the value of a European call option as follows:

CHN
t = StP1 −Ke−r(T−t)P2 (4.13)

The two terms P1 and P2, as explained by Gatheral (2006), have the same meaning as in

the BS model (see section 3.2.1). Rouah and Vainberg (2007) explain that P1 and P2 can
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be computed by integrating the characteristic function of the log price f(iφ):4

P1 =
1

2
+
e−r(T−t)

πSt

∫ ∞
0

R

[
Ke−iφf(iφ+ 1)

iφ

]
dφ

P2 =
1

2
+

1

π

∫ ∞
0

R

[
Ke−iφf(iφ)

iφ

]
dφ

(4.14)

where i is the imaginary unit and R[·] refers to the real part of a complex function.5

The characteristic function takes the following form:

f(iφ) = Siφt exp(At +Btht) (4.15)

where

At = At+1 + φr +Bt+1β0 −
1

2
ln(1− 2β2Bt+1)

Bt = φ
(
ω − 1

2

)
− 1

2
ω2 + β1Bt+1 +

1
2
(φ− ω)2

1− 2β2Bt+1

(4.16)

Both equations can be solved recursively from time T by using the terminal conditions

AT = BT = 0. From the option price formula, we calibrate the parameters by minimizing

the pricing $MSE, similarly to Heston and Nandi (2000).

4.2.4 HN Delta & Market Completeness

From equation (4.13), we easily get that the Delta ∆HN
t for a call option is

∆HN
t = P1 > 0 (4.17)

Duan (1995) explains that GARCH adds another level of flexibility to dynamic hedging,

the option position being smaller (higher) in a low (high) variance state than with BS.

It is worth noting that market completeness is not verified by GARCH models: perfect

replication of every payoff via a self-financing strategy is not possible. The reason has to

do with “the poor cohabitation between discrete time modeling and the infinite number

of states of the innovations”6 (Ortega, 2009). This means that the risk-neutral measure

used here is not unique.

4The characteristic function f(φ) is the moment generating function of the log price under the

risk-neutral measure: f(φ) = EQ
t [SφT ]

5To improve the efficiency of the call option price calculation with Matlab, we follow the approach of
Rouah and Vainberg (2007) who combine the two integrals into a single one.

6The innovations refer to the random shocks εt.
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4.2.5 Empirical Performance

Hsieh and Ritchken (2005) showed that, in-sample, the HN model removes a significant

portion of the biases for each moneyness-maturity category. Out-of-sample, they find

that the pricing errors remain reasonable, except for DOTM contracts where “the HN

model is unable to explain the volatility strike bias.” Heston and Nandi (2000) showed

that the HN model outperforms the PBS model both in terms of in-sample fitting and

out-of-sample forecasting, a finding that we will confirm in the empirical part.

Regarding hedging performance, Yung and Zhang (2003) showed that the EGARCH

model performs worse than the PBS model, irrespective of moneyness categories and

hedging horizons. The authors explain that one plausible reason is that “more parameters

in a model may result in more freedom in fitting option price curvature, but may generate

less accurate Delta estimates.” Our empirical study will strongly confirm this statement.

Finally, Petitjean and Moyaert (2011) found that HN led to lower hedging errors than

Heston during the volatile subprime crisis. However, our own findings will point otherwise,

though less strikingly under a higher underlying volatility.

Next section aims at analyzing the class of so-called stochastic volatility models that are

in many ways theoretically related to GARCH models.

4.3 The Heston Stochastic Volatility Model

4.3.1 Theoretical Framework & Heston Model

Stochastic volatility (SV) models consider the volatility of the underlying asset as being

a continuous-time stochastic diffusion process. The process contains a second source of

risk (dWV ) affecting the level of instantaneous volatility (Jackel, 2004). Following Joshi

(2008), the general form of these models is

dSt = µStdt+
√
VtStdWS

dVt = µV dt+ σV V
α
t dWV

(4.18)

with α a positive real number. The two Brownian motions dWS and dWV may be

correlated or uncorrelated. The risk-neutral version of the model is
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dSt = rStdt+
√
VtStdWS

dVt = µ̃V (St, Vt, t)dt+ σV V
α
t dWV

(4.19)

where µ̃V is an arbitrary function of (St, Vt, t). Indeed, as explained by Joshi (2008): “the

drift of the variance process is not relevant to being a martingale, as its size will only

magnify up and down moves, not change the mean of the stock value.” This reflects an

important feature of SV model: volatility is not a directly tradable quantity. Therefore,

the market has two different sources of uncertainty but only one underlying and so, as

it was the case with GARCH models, SV models imply an incomplete market. More

precisely, the replication strategy developed in section 3.3 that relies only on the stock

and a cash account is not sufficient to perfectly hedge the option: another derivative is

needed to hedge against the volatility risk.7

Many different specifications for the volatility have been developed in the literature.

Hull and White (1987) modeled the variance Vt with a log-normal process of a form

similar to the asset price process, with two correlated Brownian motions. However, this

model has some drawbacks. Solving the model requires complex numerical methods

(Kermiche, 2014) and the dynamics of the model predicts that “both expectation and

most likely value of instantaneous volatility converge to zero” (Jackel, 2004).

Stein and Stein (1991) developed a model where a mean reversion process is used for the

volatility. However, one drawback is their assumption that volatility is not correlated

with the underlying, which does not allow for skewness (Kermiche, 2014). Also, the model

implies that the level of volatility has its most likely value at zero (Jackel, 2004).

In this thesis, we follow the famous model developed by Heston (1993) who relaxed the

model of Stein and Stein (1991) by allowing the volatility and asset price to be correlated.

The volatility diffusion process under the risk-neutral measure follows a Cox-Ingersoll-Ross

process (Cox and Ross, 1985) that allows for mean-reversion:

dVt = κ(θ − Vt)dt+ α
√
VtdWV (4.20)

7See Liu and Pan (2003) for a market complete framework under the Heston model where the
investment universe is composed of a derivative security in addition to the underlying asset and the bond
process.
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with E[dWS ·dWV ] = ρdt.8 If we denote κ∗ and θ∗ to be the corresponding drift parameters

of the process under the physical measure, we have the following relations:

κ = κ∗ + λ

θ =
κ∗θ∗

κ∗ + λ

(4.21)

where λ is the volatility risk premium. These relations are important when going from

one measure to another. The process for Vt means that the instantaneous variance reverts

to the long-run variance θ at a rate given by κ. This model allows for skewness and

kurtosis in the distribution of the underlying. Bakshi et al. (1997) indicate that, in SV

models, the correlation between the volatility and the underlying (ρ) determines the

level of skewness, while the volatility of volatility (α) determines the level of kurtosis.

Figure 4.4 displays a simulated stock price under the Heston model compared to a GBM

process. The Heston model produces a much more volatile stock price process, especially

compared to what we observed for HN in figure 4.2, possibly because Heston is affected

by two sources of random shocks. Figure 4.5 shows the density function of stock returns

under the Heston model, compared to the normal density. We find similar features than

for HN: the density depicts negative skewness (-0.90), a fatter left tail and a less fat right

tail than the normal. However, it appears that Heston is much more flexible than HN in

capturing a large negative skewness.

This last observation is confirmed by Kermiche (2014) who asserts that the attractiveness

of the Heston model is its ability to calibrate to the market given skew. However, Jackel

(2004) explains that this requires an unrealistic negative correlation, with ρ almost always

between -0.7 and -1. This unrealistic range is also necessary to fairly effectively price

short-term options. A very low value of κ is also required.

A final implication is that the volatility can become very low or even negative due to the

randomness of its process. Specifically, it can become negative unless 2κθ > α2. This

is the Feller condition (Feller, 1951).10 Due to the square root process of the variance,

8From Hull (2012), we can generate two correlated Brownian motions by setting dWS = ρdW1 +√
1− ρ2dW2 and dWV = dW1 where dW1 and dW2 are two uncorrelated Brownian motions.

9From Rouah (n.a.), we have that the Milstein discretization for the Heston model is, under the
physical measure: St+∆t = St+µSt∆t+

√
Vt∆tStZS + 1

4S
2
t ∆t(Z2

S −1) and Vt+∆t = Vt+κ∗(θ∗−Vt)∆t+
α
√
Vt∆tZV + 1

4α
2∆t(Z2

V − 1) where Z ∼ N (0, 1) and ∆t is the discrete time step.
10When simulating the Heston model under a Milstein discretization scheme, as in figures 4.4 and 4.5,

then as shown by Gatheral (2006), the inequality becomes less constraining: 4κθ > α2.
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Figure 4.4: Comparison of stock price simulations under the GBM and Heston
processes.
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Notes. The simulations were done under the physical measure with a Milstein discretization
scheme.9 The GBM process instantaneous volatility equals the long-run volatility of the Heston
model. The same Brownian shocks were applied to the GBM process and the stock price process
of the Heston model. Parameters’ values: S0 = 50, V0 = 4%, µ = 5%, σ = 20%, θ∗ = 4%,

κ∗ = 0.3, α = 0.2, ρ = −0.8, T = 5. Number of time steps: 5000.

Figure 4.5: Comparison of the physical density of stock returns under the
Heston model with the normal distribution.
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Notes. The Heston density was obtained by Monte Carlo simulation, with a Gaussian kernel
under Matlab default bandwidth. The simulation was done with a Milstein discretization
scheme. The normal distribution’s standard deviation equals the long-run volatility of the
Heston model. Parameters’ values: V0 = 4%, µ = 5%, σ = 20%, θ∗ = 4%, κ∗ = 0.3, α = 0.2,
ρ = −0.8, T = 1. Number of time steps: 500. Number of Monte Carlo random paths: 5000.

this inequality will be enforced when solving the model. Jackel (2004) explains that this

possibility of a very low variance, combined with the low value of κ, implies that “the

volatility can stay extremely low or very high for long periods of time.”

4.3.2 Implementation of the Heston Model

Heston (1993) derived a closed-form solution for the option price under his model.

Similarly to the HN model, we first write the value of a European call option as follows:

CSV
t = StP1 −Ke−r(T−t)P2 (4.22)
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Then, we follow the implementation approach of Crisostomo (2014) who provides efficient

and simple solutions to calibrate the Heston model. In his paper, he shows that P1 and

P2 can be found by solving the following inverse Fourier transforms:

P1 =
1

2
+

1

π

∫ ∞
0

R

[
e−iwln(K)ΨlnST (w − i)

iwΨlnST (−i)

]
dw

P2 =
1

2
+

1

π

∫ ∞
0

R

[
e−iwln(K)ΨlnST (w)

iw

]
dw

(4.23)

where ΨlnST (w) is the characteristic function of the log price.11 It is interesting to

note that this approach is not specific to the Heston model: it can be applied for any

underlying process St whose characteristic function is known. For the Heston model, the

characteristic function is derived by Crisostomo (2014) and is given by

ΨlnSt(w) = exp
(
C(t, w)θ +D(t, w)V0 + iwln(S0e

rt)
)

(4.24)

with

C(t, w) = κ

[
r−t− 2

α2
ln

(
1− ge−ht

1− g

)]

D(t, w) = r−
1− e−ht

1− ge−ht

r± =
β ± h
α2

; h =
√
β2 − 4ηγ

g =
r−

r+
; η = −w

2

2
− iw

2
; β = κ− ραiw; γ = α2/2

(4.25)

The calibration to option quotes will finally be done with a $MSE loss function. As for

the HN model, V0 is optimally determined in addition to all the other parameters.

4.3.3 Heston Delta

From Bakshi et al. (1997), we can find the closed-form formulas of the Greeks of the

model, adapted to the implementation approach of Crisostomo (2014) presented in the

previous section. Similarly to HN, the Delta of a call option is given by

∆Heston
t = P1 > 0 (4.26)

11In a continuous setting, the characteristic function of a stochastic process X is the Fourier transform
of its probability density function: ΨX(w) = E[eiwX ] =

∫ +∞
−∞ eiwxf(x)dx
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4.3.4 Link with GARCH Models

SV and GARCH models are closely related. Of course, these two frameworks have

important differences, mainly that SV is a continuous-time model (vs discrete-time for

GARCH) with a stochastic volatility that acts as a second source of noise (vs deterministic

volatility and only one source of noise for GARCH). The previous simulations of each

model also showed that Heston is much more volatile. However, both models specify

a volatility function that is time-varying and asymmetric (Lehar et al., 2002). In fact,

Heston and Nandi (2000) showed that their model converges to Heston as the length

of the time interval tends to zero. Chapter 6 will provide empirical insights into how

differently or closely these two models behave and perform regarding payoff replication.

We will show that, though they perform very closely, HN is not a good alternative to

Heston for hedging purposes.

4.3.5 Empirical Performance

Bakshi et al. (1997) showed that “taking stochastic volatility into account is of the

first-order importance in improving upon the BS formula.” They also found out that,

for hedging purposes, adding more stochastic components such as a jump process to

the SV model does not improve its performance, and that the only real improvement

brought by SV models over BS emerges for OTM calls, which the results on Apple will

confirm. Petitjean and Moyaert (2011) found that the Heston model outperforms the BS

model in terms of hedging, even though, as mentioned in section 4.2.5, it leads to larger

hedging errors than the HN model. Our findings will contradict both of these findings.

In terms of pricing fit, they also conclude that the Heston model seems to perform better

for medium or long-term options. For short-term options, they find that the Bates model

(which includes jumps) works best. Even though we will not analyze jump models in this

thesis, it is important to note that, as shown by Bakshi et al. (1997), “adding the random

jump feature to the SV model can further improve its performance, especially in pricing

short-term options.” Finally, Christoffersen and Jacobs (2003) found that Heston is

slightly outperformed by PBS for pricing when using consistent estimation and evaluation

loss functions. Conversely, we will show that Heston quite often outperforms PBS for

out-of-sample pricing, except at times for long-term or far-from-the-money options.



Chapter 5

Methodology

This chapter details the methodology that we follow to conduct our studies of the payoff

replication performance of the four models previously presented, to ultimately provide

answers to our research questions presented in chapter 1. First, we describe the data

that we collected and how we filtered them. Second, we explain how Delta hedging is

measured in the literature and how our payoff replication criterion differs thereof. Third,

we look at how we proceeded to do our empirical application by explaining the market

calibration procedure, the sliding window technique and the error measures used to

classify the models. Finally, we explain how we investigated the over-hedging effect based

on simulated data from the HN model. Most of our studies are performed with Matlab.

The main functions and scripts that we used are described in appendix A, and can be

found on the CD attached to the printing version of the thesis.

5.1 Description of Data

In this thesis, we work with two distinct time series, both corresponding to a different

level of volatility. This will enable to verify whether and how our conclusions depend

on the level of volatility, keeping in mind that the two series do not only distinguish by

the volatility as section 6.1 will show. The call options are of European-style. The two

underlying assets’ samples considered are the following:

1. Low volatility sample: S&P500 index options from January 4 to March 30, 2016.

The furthest maturity considered for hedging is May 31, 2016.1 The annualized

standard deviation of log-returns from January 4 to May 31, 2016 is 15.71%.

1Section 5.3.3 will explain that some days will be used for parameters estimation purposes and others
to calculate the payoff replication errors out-of-sample. Longer maturities will be used for estimation
than for payoff replication.

39
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2. High volatility sample: Apple stock options from January 4 to March 30, 2016. The

furthest maturity considered for hedging is June 17, 2016. The annualized standard

deviation of log-returns from January 4 to June 17, 2016 is 27.49%.

We wish to underline that, in the literature, a longer time span is generally analyzed,

e.g. 3 years in Christoffersen and Jacobs (2004) and Heston and Nandi (2000), 4 years

in Bakshi et al. (1997) or 5 years and a half in Dumas et al. (1998), with data collected

every week. However, our option data were obtained on Bloomberg where we only had

access to 3 months of historical quotes for options. We therefore collected data on a daily

basis rather than weekly to have a large enough sample of options.

In general, the reader should keep in mind that the results in chapter 6 may not always

be robust to different underlying asset samples. That said, comparing the results with

the literature will enable to confirm previous findings and point to counter-examples. In

general, we will get profound insights into the hedging performance and behaviour of our

models to come up with relevant implications and suggestions for future research.

Figure 5.1 displays the time series of stock prices and log-returns for the two underlying

from January 4, 2016 to the furthest maturity considered for payoff replication. We

clearly see that Apple log-returns are more volatile than the S&P500 ones. Apple also

had an overall negative return over the period considered, in the contrary to the S&P500.

Section 6.1 will give a detailed statistical description of the two time series.

The S&P500 index is a market value weighted index based on 500 highly traded top

American companies in leading industries. It is denoted by the ticker SPX (S&P Dow

Jones Indices, 2016a). SPX options are traded on the Chicago Board Options Exchange

(CBOE). They have a large notional size with a $100 multiplier and are very actively

traded with an average daily volume of 938,620 in 2015. They are finally extensively used

in the literature (e.g. Dumas et al. (1998) or Christoffersen and Jacobs (2004)).

Apple stock is traded on the NASDAQ stock exchange and is denoted by the ticker AAPL.

Options on Apple are traded on the CBOE and are also actively traded.

For each of the two samples, we collected four different types of data:
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Figure 5.1: Time series of stock prices and log-returns for the S&P500 index
and Apple stock.
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Notes: The time span goes from January 4, 2016, which is the first date of our sample of
options, to the furthest maturity considered for payoff replication, i.e. May 31, 2016 for the

S&P500 and June 17, 2016 for Apple.

1. Option quotes. We collected option data on every day of our sample based on mid

bid-ask closing quotes. The quotes were collected on 10 strikes and 5 maturities.

This allows to have a rather large number of simultaneous observations. Bates

(2003) points out that this allows to compensate for measurement errors in the

option data such as synchronization errors with the underlying asset prices2 or

rounding errors. Ten strikes are chosen so as to cover a reasonably wide range

of moneyness. For the SPX options, we had access on Bloomberg to the SPX

End-of-Month options that expire on the last trading day of each month (CBOE,

2016). It must be noted that wider values of the strike are available on Bloomberg

for options with a longer maturity.

2. Underlying assets. The data on the S&P500 and Apple time series were obtained on

Yahoo Finance based on the closing prices of each day. Because of the methodology

by which the S&P500 index is constructed as detailed by S&P Global (2016), the

2Non-synchronization arises when the option quote and the corresponding underlying price are not
recorded at the same moment.
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S&P500 closing prices are adjusted to corporate actions (e.g. stock splits, dividends),

while it is not the case for Apple.

3. Dividends. The asset prices have to be adjusted to the dividends that accrue during

the life of the option. We follow the procedure of Bakshi et al. (1997): the present

discounted value of the discrete daily dividends during the life of the option is

subtracted from the underlying price. We have access to the S&P500 Dividend

Points Index (Annual) on S&P Dow Jones Indices (2016b), which tracks the total

daily dividends from the constituents of the S&P500.3 They are displayed on figure

B.1 in appendix. For Apple, the dividends were available on Yahoo Finance. Apple

issues dividends every 3 months, so that only two dividends had to be accounted

for: 0.52 on February 4, 2016 and 0.57 on May 5, 2016. The present discounted

value of the daily dividends is

Dpv =
n∑
i=1

Die
−riti (5.1)

where Di is the ith cash dividend, ri is the risk-free rate for the ti period, ti is the

time to the ith dividend from the initial date, and n is the number of dividend

payments during the life of the option.

4. Interest rate. Finally, as a proxy to the risk-free interest rate, we use the daily

Treasury-bill (T-bill) rates obtained on Board of Governors of the Federal Reserve

System (2016). A T-bill is a“short-term debt obligation backed by the U.S. govern-

ment with a maturity of less than one year” (Investopedia, n.a.). It is commonly

used in the literature as a proxy for the short term risk-free rate. To obtain the

rate for a particular maturity, we apply the method of Bakshi et al. (1997): we use

two T-bill rates that straddle the maturity date to obtain the risk-free rate for that

date, by linear interpolation. The T-bill rates we use are the 1-month, 3-month and

6-month rates. They are displayed on figure B.2 in appendix. We transform them

into continuously compounded rates.4

3At the time of the analysis, dividends were not available for some long-term maturities that extended
to June 2016 and beyond and that we needed for our estimation windows (see section 5.3.3 for an
explanation of the sliding window technique). In that case, we approximated the future dividends with
the average dividend in 2015, adjusted to the growth rate of dividends between 2015 and 2016.

4The continuously compounded interest rate rc is calculated as rc = ln(1 + r) where r is the discrete
interest rate (Chance, 2003).
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Based on these data, we apply the following elimination criteria:

• Following Bakshi et al. (1997), options with a price below $3/8 are removed “to

mitigate the impact of price discreteness on option valuation.” Indeed, for options

with low prices, pricing errors due to rounding may become substantial.

• Following Heston and Nandi (2000) and Hsieh and Ritchken (2005), we exclude

options with maturities fewer than six days. Short-term options, as explained by

Dumas et al. (1998), have relatively small time premiums and are thus sensitive to

non-synchronicity and other possible measurement errors.

• Following Yung and Zhang (2003), we eliminate options that violate the lower

bound arbitrage condition, i.e. when Ct < St−Dpv−Ke−r(T−t) where r is the T-bill

rate with maturity date T .

• Finally, as explained in details in section 5.3.3, some days will be used for parameters’

estimation purposes, and others to calculate the payoff replication errors out-of-

sample. For the latter days, we need the data on all the stock prices until maturity

of the option to calculate the errors. Therefore, for those days, we eliminated

options with maturity dates extending beyond the time of the analysis. The furthest

maturities used for payoff replication are therefore May 31, 2016 for the S&P500

and June 17, 2016 for Apple. However, we did not apply this elimination criterion

for the days used for estimation in order to keep a large enough sample size and to

be consistent across windows in the range of maturities used in the calibration.

Table C.1 in appendix reports the number of options eliminated for each time series. The

total sample refers to the sample before elimination of the options having too distant

maturities to calculate the hedging errors5, and the hedging sub-sample is calculated

after eliminating them.

Then, we classify options depending on moneyness (at inception) and days to maturity.

Defining moneyness as M = St−Dpv
K

, we distinguish four moneyness categories that differ

for the S&P500 and Apple because larger moneyness levels are quoted for Apple:

• DOTM: M<0.98 for S&P500 (15% of the total sample), M<0.94 for Apple (18%).

5We report this number because these long-maturity options will still be used when analyzing the
out-of-sample pricing performance in section 6.3.2.
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• OTM: 0.98<M<1 for S&P500 (44%), 0.94<M<1 for Apple (22%).

• ITM: 1<M<1.02 for S&P500 (31%), 1<M<1.06 for Apple (26%).

• DITM: M>1.02 for S&P500 (10%), M>1.06 for Apple (34%).

Three levels of maturity are then distinguished:

• Short-term contracts have maturities between 6 and 30 days included, accounting

for 26% of both of our options samples.

• Mid-term contracts have maturities between 31 and 60 days included (30%).

• Long-term contracts have maturities of more than 60 days (44%).

Figure 5.1 shows the number of contracts used for each category from the total sample

of options for the two time series. We can particularly notice that DOTM and DITM

SPX options are not available for short-term contracts, simply because Bloomberg quotes

a larger range of strike prices only for options with enough days to maturity. Figure

5.2 shows the average implied volatility in each moneyness-maturity category, clearly

showing the BS biases. The volatility smile is especially visible for short-term options

(and mid-term ones for the S&P500), while long-term contracts rather feature a volatility

skew (and mid-term ones for Apple). Finally, table B.1 in appendix gives more details on

the quantiles of maturity, moneyness and call option price.

5.2 Delta Hedging Performance in the Literature

Before explaining the methodology followed to assess the payoff replication performance of

our models, we wish to do a brief detour into how Delta hedging performance is measured

in the literature. Indeed, as already argued in chapter 1, our hedging criterion differs

from the one used in the literature, which is why it is worth briefly explaining how it

does differ and why we opted for payoff replication in our thesis.

Typically, hedging errors in the literature are calculated out-of-sample in three steps

(see Bakshi et al. (1997) for example). First, a hedged portfolio is formed on date t by

shorting a call option, going long in ∆t shares of the stock, and investing the remaining

(denoted X0) at the risk-free rate (or borrowing if necessary). Second, this portfolio is

discretely re-balanced until a future time t + ∆t, where ∆t is typically one day. The
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Table 5.1: Number of option contracts used across moneyness and maturity.

S&P500

DTM630 30<DTM660 DTM>60 Total
M<0.98 0 45 372 417
0.98<M<1 405 502 341 1248
1<M<1.02 315 288 276 879
M>1.02 0 25 261 286
Total 720 860 1250 2830

Apple

DTM630 30<DTM660 DTM>60 Total
M<0.94 35 172 289 496
0.94<M<1 257 141 203 601
1<M<1.06 273 164 248 685
M>1.06 122 330 450 902
Total 687 807 1190 2684

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. M refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report
the statistics on the number of contracts for each moneyness-maturity category for the total
sample of options used for each time series. The total sample also includes those options that
will have to be eliminated to calculate the payoff replication errors because they have maturity

dates extending beyond the time of the analysis.

Table 5.2: Average implied volatility across moneyness and maturity.

S&P500

DTM630 30<DTM660 DTM>60
M<0.98 / 18.074 17.22
0.98<M<1 17.42 17.6 17.21
1<M<1.02 18.51 18.68 18.76
M>1.02 / 22.89 21.56

Apple

DTM630 30<DTM660 DTM>60
M<0.94 28.84 26.89 27.13
0.94<M<1 27.15 27.80 28.54
1<M<1.06 27.41 29.02 29.32
M>1.06 32.67 31.58 31.05

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. M refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report the
statistics on the average implied volatility (in percent) for each moneyness-maturity category
for the total sample of options used for each time series. The total sample also includes those
options that will have to be eliminated to calculate the payoff replication errors because they

have maturity dates extending beyond the time of the analysis.
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hedging error after that time step is calculated as

εt+∆t = ∆tSt+∆t +X0e
r∆t − Cmkt

t+∆t (5.2)

This re-balancing step is repeated until the desired future date. Third, on that final date,

the portfolio is unwound and the hedging error is computed using formula (5.2).

Our different criterion - payoff replication - presents two attractive features:

• First, instead of relying on the discrete formula for the hedging error as given by

equation (5.2), we rely on the continuous process for the replicating portfolio given

in equation (3.9) to calculate the replication error (given by the difference between

the replicating portfolio value at maturity and the final payoff). This means that

cross-series of option data are not required to compute payoff replication errors

since, in addition to the stock price process and the payoff, the replicating portfolio

can also be simulated under the different models. We are therefore able to analyze

hedging performance both theoretically and empirically. This will enable to study

the over-hedging behaviour based on HN simulated data as detailed in section

5.4. We stress that the procedure used in the literature could also be simulated

theoretically, but that the authors don’t specify a process for the Delta-neutral

portfolio and only resort to empirical analyses.

• The out-of-sample hedging errors are calculated on small time periods in the

literature: one day and five days in Bakshi et al. (1997) and Yung and Zhang (2003),

seven days in Dumas et al. (1998) for instance. Conversely, by construction, our

hedging criterion accounts for the whole life of the option. Since parameters will

(at first) be kept constant during the life of the option, our measure represents a

more challenging test to compare the hedging performance of our models.

In short, with payoff replication, we will be able to better understand the over-hedging

effect from a theoretical point of view and, empirically, we will manage to appraise

whether or not our measure leads to different results than those found in the literature: a

model that hedges accurately on a few days horizon may not automatically be accurate

until maturity.
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5.3 Out-of-Sample Payoff Replication Methodology

In this section, we explain how we proceed to analyze the payoff replication performance

based on the data described in section 5.1. This analysis is done out-of-sample since this

is more relevant for practitioners than in-sample. The four upcoming sections explain the

market calibration procedure used to estimate the parameters, the initial value, lower

and upper bounds of the parameters, our sliding window technique and finally the error

measure used to classify the models.

5.3.1 Market Calibration Procedure

Chapters 3 and 4 explained that each model will be calibrated to market data to estimate

the parameters based on a pricing $MSE loss function. The calibrations are done on

Matlab with the lsqnonlin (least-squares non-linear) function, which is a local optimizer.

We want to stress an important point regarding our optimizations. Because we are dealing

with non-linear models, the calibration may “present the problem that the objective

function is not necessarily convex and may exhibit several local minima” (Crisostomo,

2014). In particular, the optimal solution obtained might be very dependent on the initial

guess of the parameter set. This is especially relevant for HN and Heston where five

parameters are estimated. To counter this problem, one solution could be to use a global

optimizer such as asamin (a simulated annealing algorithm). However, the resulting

computational times are substantially increased and, also, Crisostomo (2014) found that,

for the Heston model, local optimization with lsqnonlin provided better calibration than

asamin. Still, the main drawback of local optimizers is that we can not be sure whether

the solution found is the best one, and we can not measure how far it is from the best

one. To ensure that we are not too far from the global minimum, it is therefore necessary

to carefully choose the initial values as well as lower and upper bounds of the parameters.

5.3.2 Initial Values & Bounds of Parameters

To ensure that the optimal parameters’ values make sense from an economic point of

view and that we are not too far from the global minimum of the $MSE loss function, we

use realistic initial values as well as lower and upper bounds for the optimization.
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Black-Scholes Following Heston and Nandi (2000), the initial value of the volatility

parameter σ is set equal to the one-year historical volatility of log-returns of the time

series. The lower and upper bounds are fixed to 0% and 100%, a volatility higher than

100% being unrealistic, even in crisis periods.

Practitioner Black-Scholes The initial value of θ0 is fixed to 1, θ1 to -1 (a negative

value to account for the skew) and θ2 to 1 (a positive value to account for the smile).

The PBS model optimization is not very complex, so that we can choose large bounds for

the parameters: the upper and lower bounds are [-50,50] for the three parameters, which

gives a wide range of possible values.

Heston-Nandi For this model, finding initial values leading to a low pricing $MSE

was not as easy as for the other models. After several trials, we found that the following

initial conditions lead to good results: h0 is equal to the one year historical variance

of log returns (transformed into a daily variance), β0 = 0.0001, β1 = 0.0001, ω = 150

and β2 is fixed through the persistence formula: β1 + β2ω
2 = 0.85 (⇔ β2 = 3.78 ∗ 10-5).

The upper and lower bounds used are: h0 ∈ [0,1/253] β0, β1 ∈ [0,1], ω ∈ [0,1000] and

β1 +β2ω
2 ∈ [0.4,1]. The lower bound for β0 and β1 and upper bound for β1 +β2ω

2 ensure

the stationarity of the model.

Heston The parameters’ initial values are: V0 and θ are equal to the one year variance

of log-returns, α = 0.2, ρ = −0.5 and κ is set as a byproduct of the Feller condition:

2κθ − α2 = 0.1 (⇔ κ = 1.75 if θ = 0.22 for example). The upper and lower bounds used

are: V0, θ ∈ [0,1], α ∈ [0,5], ρ ∈ [-1,1], 2κθ − α2 ∈ [0,20].

In order to consider time-consistency in the parameters, we also compare the $MSE under

these initial values with the $MSE obtained by using the estimated parameters of the

last window as initial values (see section 5.3.3 for a description of the sliding window

technique), and we choose the optimal parameters accordingly.

5.3.3 Sliding Window Technique

To conduct our payoff replication performance analysis on real data, which is done out-

of-sample, we use a sliding window technique. The size of the window is two trading days.

This means that, first, we estimate the parameters over the first two days, and then that
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we shift the window by two days and perform the payoff replication on the options over

these next two days.6 The window is then shifted again by two days and the parameters

are re-estimated. This means that half of the windows are used for parameters’ estimation

purposes and the other half to calculate the out-of-sample replication errors, for a total

of 30 windows for each time series.

Practically, we use the parameters estimated in the current time window to calculate the

hedging errors for the next time window by using the time series of S&P500 or Apple

prices. Each day, the daily value of the Delta and thus of the replicating portfolio are

calculated, until expiration of the option where the replication error is computed as

εT = ΠT −max(ST −K, 0) (5.3)

where ΠT is the value of the replicating portfolio at maturity. The replicating portfolio

continuous process in equation (3.9) has to be discretized and, as mentioned by Yung and

Zhang (2003), when the underlying distributes dividends, the formula must be adjusted

accordingly, becoming:

Πt+∆t = Πt + ∆t(St+∆t − St) + r∆t(Πt −∆tSt) + ∆tD∆t (5.4)

where D∆t is the daily dividend from the underlying asset during the period ∆t.7 However,

as noted in section 5.1, the S&P500 is already adjusted to dividends, so that the extra

term ∆tD∆t will not be added. It is however added for Apple because we use the

closing prices and not the adjusted ones that account for the extra return from dividends.

Importantly, following Petitjean and Moyaert (2011), we take the initial value of the

replicating portfolio to be the market price of the option, i.e. Π0 = Cmkt
0 , “so that the

results are not affected by the difference in pricing between the models.” We take 253

trading days in a year since 2016 is a leap year.

For the S&P500 time series, on average, 95 option contracts were used in each estimation

window, and 73 in each hedging window. For Apple, it amounts to 89 and 81 option

6Remember from section 5.1 that, for the windows used for hedging purposes, some options had
maturity dates extending beyond the time of the analysis and therefore had to be eliminated.

7The Delta in equation (5.4) is calculated after subtraction of the discounted present value of
dividends from the underlying asset price. Conversely, St in equation (5.4) is not adjusted to future
dividends. The reason is that, in practice, the portfolio is re-balanced by buying or selling the underlying
asset at the market price itself.
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contracts respectively. A detailed breakdown of the number of contracts used in the

estimation and hedging windows can be found on tables C.2 and C.3 in appendix.

Using such a procedure represents a reasonable trade-off between the sample size in

each time window that must be large enough for estimation purposes, and the time

dependence of the parameters that calls for frequent recalibration. Moreover, using

only daily calibration, as explained by Bates (2003), can hide fundamental flaws in the

underlying model, which is an issue that we wanted to avoid.

5.3.4 Error Measures & Classification of Models

The error measures used to appraise the distance between the replicating portfolio value

and the payoff at maturity is the Dollar Mean Absolute Error ($MAE) for ease of

interpretation. In order to capture any potential bias (under-hedging or over-hedging),

we also use the normalized Dollar Mean Error (normalized $ME). The normalized $ME

is calculated as the $ME divided by the $MAE. The sign indicates whether the model

under- or over-hedges, and the closer it is to 1 in absolute value, the stronger is the bias.

The $MAE and normalized $ME are reported on our moneyness-maturity categories for

each model and each time series, and are calculated as, with n the number of options:

$MAE =
1

n

n∑
i=1

∣∣ΠT,i −max(ST,i −Ki, 0)
∣∣

$ME =
1

n

n∑
i=1

ΠT,i −max(ST,i −Ki, 0)

(5.5)

We wish to stress that we will take the best model as the one having the lowest $MAE.

However, one may wonder why we do not use a maximum $ME criterion given that

over-hedging the payoff at maturity is attractive since you are left with a positive cash

bonus, while conversely under-hedging the payoff is not desirable. However, in practice,

the goal of hedging is not to maximize the value of the replicating portfolio but to have a

hedge as accurate as possible. Moreover, we use a simple Delta-neutral portfolio whose

Delta, and thus Gamma, is positive. However, in practice, practitioners have a whole

portfolio of options and may in fact have a short position in some options and a long
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position in others, and therefore different relations to Gamma when hedging them.8 As

pointed out by Joshi (2008), this has an important effect: being short Gamma means

that the procedure of hedging will cost money over the life of the option, and the contrary

if we are long Gamma. Our empirical results in the next chapter will confirm that we

indeed observe an over-hedging effect in average given that our replicating portfolio has

a positive Gamma. In brief, over-hedging is not always a positive feature since it will

transform into under-hedging if one holds a Delta-neutral portfolio having a negative

Gamma. This is why we consider the best model to be the one as close as possible to the

value of the payoff at maturity.

5.4 Payoff replication on Simulated Data

Methodology

To provide explanations to the over-hedging effect observed on our empirical data, we

rely on a simulation analysis. This means that we simulate ourselves the stock price

dynamics under carefully chosen parameters’ values to calculate the payoff replication

errors. The advantage is that we place ourselves in a “perfect” experiment where we can

freely control the value of the parameters whose effect we want to understand. Conversely,

with empirical data, you don’t have access to such a flexibility and several effects interact

with each other (e.g. the estimation method, the underlying asset behaviour, imperfect

models), which make it harder to understand the impact of different variables on payoff

replication behaviour, all else being equal.

The simulations are done on HN because its discrete-time form lends itself well to test the

impact of the re-balancing frequency on under/over-hedging. Practically, we re-balance

the replicating portfolio under the HN stock price dynamics with the HN Delta until

expiration of the option. Since we are not in a pricing perspective, we use the processes

under the physical measure and not the risk-neutral one. This requires to be careful to

the relations between the physical and risk-neutral parameters. Indeed, the call option

premium under HN at t = 0 and the HN Delta are calculated under the risk-neutral

8Moreover, hedging put options requires the opposite position in the underlying asset than when
hedging calls, which makes that the sign of the Gamma for the Delta-neutral portfolio when hedging a
put will be opposite to the one for a call.
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measure, while the HN stock price dynamics is simulated until t = T under the physical

measure. The risk-neutral and physical processes were presented in section 4.2.2.

We distinct three levels of volatility (σ = 15%, 30%, 45%), four re-balancing frequencies

(k = 0.5, 1, 2, 5, i.e. twice a day, daily, every two days and every five days) and finally

four levels of expected return (µ = −10%,−5%, 5%, 10%). To fix the volatility in the

context of the HN model, what we have chosen to do is that when we have σ = 15% for

example, we fix the initial annualized variance (252 ∗ k ∗ h0) and the long-term variance

(252 ∗ k ∗ β0+β2
1−β1−β2γ2 ) to (15%)2 = 2.25%. For the other parameters, we choose plausible

values as in figure 4.3: we set r = 3%, β0 = 8 ∗ 10−6, β1 = 0.45, γ = 700, β2 is fixed to

fulfill the long-term variance condition, and λ is chosen such that µ = r + 252 ∗ k ∗ λ ∗ h0.

Finally, we fix T = 0.5 and S0 = K = 50, i.e. at-the-money options.

The numerical procedure that we use is Monte Carlo simulation with 1000 random paths.9

Since we are assessing under or over-hedging, we only report the normalized $ME for the

different levels of volatility, expected return and re-balancing frequency.

9This is lower than the 5000 random paths recommended by Christoffersen (2012) because HN is
quite computationally intensive. We also performed some calculations with 5000 random paths to assess
whether the differences in results were substantial or not, and found that the results were very close so
that the conclusions were the same.



Chapter 6

Payoff Replication: Results &

Further Analysis

Based on the methodology detailed in chapter 5, we now report and analyze our results

to answer to our research questions. First, we provide statistical descriptions of our two

time series and a short analysis of the calibrated parameters. Then, we describe the

payoff replication findings on our two time series. Additionally, we provide two further

analyses: we compare the results with the out-of-sample pricing performance and we look

at the effect of a frequent re-calibration of parameters. Finally, we provide explanations

for the observed over-hedging effect based on HN simulations.

6.1 Time Series Statistical Description

This section describes the time series of log-returns of the S&P500 and Apple over the

time period considered. We particularly want to assess whether the data detract from the

BS description of normally distributed log-returns. This analysis is of interest because, if

GBM proves to represent an accurate description of our data, then we could expect BS

to outperform the PBS, HN and Heston models.

S&P500 Figure 6.1 shows that the log-returns fit quite well to the Normal density.

The normality test of Jarque and Bera (1987) confirms that normality can not be rejected

with a p-value of 79.03%. Then, figure B.3 in appendix shows that log-returns are not

auto-correlated. This is in line with the models used in this thesis that all assume

log-returns to present no auto-correlation. Finally, figure B.5 in appendix shows strong

evidence of auto-correlated squared log-returns, i.e. of volatility clustering, which is

explicitly modeled by the HN and Heston models.

53
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Figure 6.1: Histogram of log-returns of the S&P500 index from January 4 to
May 31, 2016 compared to the normal density.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. May 31, 2016.

Figure 6.2: Histogram of log-returns of Apple stock from January 4 to June 17,
2016 compared to the normal density.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. June 17, 2016.

Apple Figure 6.2 shows that Apple diverges quite strongly from the Gaussian. This is

confirmed by a p-value of 3.51 ∗ 10−11 from the Jarque-Bera normality test.1 Then, figure

B.4 in appendix shows that log-returns do not depict auto-correlation. Finally, figure B.6

in appendix shows no evidence of volatility clustering.

All in all, whether due to non-normality (Apple) or volatility clustering (S&P500), we

should except BS to be outperformed by the other three models since the geometric

Brownian motion is a poor description of the two assets. In fact, our results will show

1The skewness equals -0.7269 and the kurtosis 5.8323, compared with -0.1143 and 3.2442 for the
S&P500.
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that BS performs worst for pricing but not for hedging purposes. This is due to the fact

that we use a pricing $MSE estimation loss function while optimizing the fit to option

prices does not automatically imply accurate Delta estimates. As a result, BS will very

often beat HN and Heston (but not PBS) because these two models tend to over-fit the

option price curvature and are therefore not accurate for hedging.

6.2 Parameters Analysis & Discussion

Plots of the estimated parameters across the 15 estimation windows are displayed in

appendix D. Tables D.1 and D.2 in appendix report summary statistics of the parameters.

By looking at the ratio between the standard deviation and the mean of parameters, we

see that, for the S&P500, PBS has the most varying parameters with all ratios being

above one, while it is significantly more stable for Apple. However, figures D.2 and D.6

in appendix show that θ1 decreases when θ0 and θ2 increase (and vice versa), so that

the resulting implied volatilities are quite stable through time. BS implied volatility is

also stable for both time series. Conversely, the parameters of HN and Heston often

present substantial time-variations, which indicates the relevance of having a frequent

re-estimation of the parameters for these two models.

We wish to point out that large time-variations of parameters, such as for HN and

Heston, indicate that the models do not always accurately represent the data dynamics.

Indeed, a good model can incorporate information on the underlying asset distribution

with sufficiently stable parameters through time. Conversely, a model with unstable

parameters may still be able to accurately fit the option price curvature with a sufficient

number of degrees of freedom (parameters) but at the cost of a frequent re-calibration of

the parameters. In that case, it can either mean that the parameters are hard to estimate

or that they don’t represent their intended financial/economic meaning.2

2Examples of seemingly nonsensical values are: ρ is very close to -1 under the S&P500, the volatility
of volatility α takes very high values for both time series, even often higher than 100% for Apple, and V0

and h0 are sometimes absurdly close to 0 for Apple.
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6.3 Out-of-Sample Payoff Replication Results

In this section, we report and interpret the payoff replication performance of our four

models based on the data described in section 5.1 and the methodology of section 5.3.

6.3.1 Analysis of Out-of-Sample Payoff Replication

This section answers to our main research question: Among the Black-Scholes, Practitioner

Black-Scholes, Heston-Nandi and Heston models, which one performs best in terms of

out-of-sample hedging performance, as measured by payoff replication, and how does

performance differ according to the level of moneyness, maturity and volatility of the

underlying?. We also comment on the observed under/over-hedging bias.

The out-of-sample payoff replication $MAE are reported in table E.1 in appendix, while

the normalized payoff replication $ME are reported in table E.2. We first distinguish the

results for the two time series and then end up by looking at the ranking of models in

function of the end-moneyness rather than the moneyness at inception.

S&P500 Index

Over-hedging bias. First, the normalized $ME criterion shows that all models over-

hedge on average. This bias increases with maturity, except for DITM options. It also

generally decreases when moneyness rises, meaning that OTM options lead to more

over-hedging than ITM ones. Our results diverge from Bakshi et al. (1997) and Yung

and Zhang (2003) who found, by using S&P500 option quotes, that the mean hedging

errors for the BS and SV models (for the first authors and on call options) and PBS

and EGARCH models (for the second author and on put options) were systematically

negative. Section 6.4 will explain that it is likely due to the fact that we hedge until

expiration while the authors only considered one and five days horizons. Section 6.4 will

also provide theoretical explanations on simulated data to this over-hedging behaviour,

which is linked to the positive Gamma as mentioned in section 5.3.4.

Effect of maturity. Table E.1 as well as figure 6.3 show that the $MAE increases with

maturity for OTM and ITM options, while it decreases for DITM ones (except for PBS).

For DOTM options, the errors slightly decrease with maturity for BS and PBS, while
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Figure 6.3: Out-of-sample payoff replication $MAE for mid-term and long-term
options for the S&P500 index.
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Notes. The S&P500 options cover the period January 4, 2016 to March 30, 2016. M on the
x-axis refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We display the
$MAE for each moneyness-maturity category for mid-term and long-term contracts. The errors
are calculated out-of-sample on each of our hedging windows, which are composed of two days,
by using the parameters estimated on the previous estimation window, also composed of two

days. 15 hedging windows are used in total over the sample period.

they increase for HN and Heston. The fact that the $MAE sometimes decreases with

maturity is not intuitive since one could reasonably except payoff replication to be less

accurate when you have to hedge during a longer period of time, especially given that

the parameters are kept constant until expiration of the option.

Effect of moneyness. The effect of moneyness (at inception) is consistent across all

models and depends on maturity. For short-term options, table E.1 shows that moneyness

has a very minor effect (since there is less time-uncertainty): the $MAE slightly decreases

when going from OTM to ITM options, expect for Heston. For mid-term options, the

errors are lower for OTM and ITM options than DOTM and DITM ones, which results in

the U-shaped blue curve in figure 6.3. Finally, for long-term contracts, the errors decrease

with moneyness for HN and Heston, while we once again have a U-shaped curve for BS

and PBS. Overall, the results outline that near-the-money options are generally more

accurately hedged than far-from-the-money ones.



Chapter 6. Payoff Replication: Results & Further Analysis 58

Figure 6.4: Graphical ranking of models across moneyness and maturity based
on the out-of-sample payoff replication $MAE for the S&P500 index.
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Notes. The S&P500 options cover the period January 4, 2016 to March 30, 2016. M refers to
moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We display the $MAE for our
different levels of moneyness and maturity to assess the ranking between the four models. The
errors are calculated out-of-sample on each of our hedging windows, which are composed of two
days, by using the parameters estimated on the previous estimation window, also composed of

two days. 15 hedging windows are used in total over the sample period.

Ranking of models. Figure 6.4 establishes a very clear ranking among the four models.

For all categories, Heston and HN are largely outperformed by BS and PBS. Heston also

always slightly outperforms HN. Considering that HN, as explained in section 4.3.4, is a

discrete-time version of Heston, we see that discretizing time does not enable to achieve

a better hedging performance. This result disagrees with Petitjean and Moyaert (2011)

who, as mentioned in section 4.2.5, had found lower hedging errors for HN than Heston

during the subprime crisis. We will see afterwards that the results on the more volatile

Apple stock will not diverge as much from the authors’ findings. Regarding BS and PBS,

PBS always outperforms BS, therefore systematically being the best of our four models

for payoff replication. This disagrees with Dumas et al. (1998) who found that PBS

performs less well for hedging than BS. This may be due to the different functional form

that we use (see equation (4.2)).

Although we just concluded that Heston and HN are systematically the worst performers
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in all moneyness-maturity categories, figure 6.4 also shows that the ranking between the

four models is least striking for short-term contracts. This indicates that Heston and

HN could perform better than BS and PBS for very short-term options. To verify this,

we report the payoff replication $MAE for options with 20, 15 and 10 or less days to

maturity in table E.3 in appendix. The results show that our previous findings are robust

to a short maturity: the ranking between the four models stays the same. However, the

errors are quite close to one another because, when maturity is short, the Delta quickly

converges to values very close to 0 or 1 (depending on whether the option is OTM or

ITM) and so the model specification has less impact for those options.

Over-fitting issue. All in all, the results agree with the findings of Baskhi et al. (1997),

Dumas et al. (1998) and Yung and Zhang (2003) who found that more complex model

specifications than the simple BS or PBS models do not improve or even decrease the

hedging performance. More advanced volatility modelling as in the HN and Heston

models may thus produce superior pricing performance, as per the literature findings and

as section 6.3.2 will show, but do it at the cost of more parameters to estimate. This

creates issues of over-fitting and therefore less stable option valuation errors through time,

which, as pointed out by Dumas et al. (1998), lead to higher hedging errors. In other

words: “[...] more parameters in a model may result in more freedom in fitting option

price curvature, but may generate less accurate delta estimates” (Yung and Zhang, 2003).

Given that we keep the parameters constant until maturity, the parameters instability

(from the over-fitting issue) outlined in section 6.2 for HN and Heston plays a great role.

Interestingly, this also points out that HN and Heston may be able to perform better

at the cost of re-estimating the parameters sufficiently often throughout the life of the

option. Section 6.3.3 will provide such an analysis and will show that the ranking is not

altered and even that the errors will increase: a frequent re-calibration does not help in

generating more accurate Delta estimates.

Apple Stock

We now report the results for the more volatile Apple stock and compare them with

those uncovered for the S&P500. We want to appraise whether a larger volatility of the

underlying asset changes some of our findings, keeping in mind that the two time series

do not only distinguish by their volatility as section 6.1 showed.
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Figure 6.5: Out-of-sample payoff replication $MAE for Apple stock.
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Notes. The Apple stock options cover the period January 4, 2016 to March 30, 2016. M on the
x-axis refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We display the
$MAE for each moneyness-maturity category. The errors are calculated out-of-sample on each
of our hedging windows, which are composed of two days, by using the parameters estimated
on the previous estimation window, also composed of two days. 15 hedging windows are used

in total over the sample period.

Over-hedging bias. Table E.2 in appendix shows that all the models systematically

over-hedge, as we had found for the S&P500. The normalized $ME nearly always increases

with maturity. Compared to the S&P500, PBS systematically over-hedges more for Apple,

and also quite often the BS model, while the normalized $ME tends to be lower under

HN and Heston. Across all models, there is systematically more over-hedging for Apple

than the S&P500 for short-term options.

Effect of maturity. From figure 6.5, we see that the errors are overall increasing with

maturity, except for DOTM options where long-term options lead to very close or lower

errors than short-term and mid-term ones.

Effect of moneyness. Third, figure 6.5 and table E.1 show that the effect of moneyness

for different maturities is once again very consistent across all models. The most striking

feature that we want to outline appears for long-term contracts: we find a reverse U-

shaped curve, meaning that the errors first largely increase with moneyness and then
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also quite strongly decrease from ITM to DITM options. This shape is at odds with

what we had found for the S&P500. This indicates that the volatility of the underlying

(and its whole distribution more generally) strongly impacts how moneyness affects the

replication errors, and can even give opposite effects.

Ranking of models. It is interesting to look at whether HN and Heston are still

outperformed under the Apple stock. The ranking is not as straightforward as for the

S&P500. Table E.4 in appendix reports the ranking of the models in each moneyness-

maturity category. Figure 6.6 displays the ranking graphically. The first thing that we

observe is that the models display closer results than under the S&P500. Then, for ITM

and DITM options, BS and PBS still outperform HN and Heston. PBS slightly surpasses

BS for short and mid-term options, and the contrary for long-term ones. This contrasts

with the results on the S&P500 where BS was always beaten by PBS. Interestingly,

divergent results compared to the S&P500 are found for OTM and DOTM options: HN

and Heston are now the two best models for long-term contracts and DOTM short-term

contracts, with Heston being first, while otherwise they are outperformed by BS and

PBS, with PBS being first. These results only partially confirm the finding of Petitjean

and Moyaert (2011) that Heston outperformed BS for hedging during the very volatile

subprime crisis. HN is still not a good alternative to Heston for hedging purposes, though

they generate very close results. Overall, considering that larger moneyness levels are

available for Apple than for the S&P500, our results demonstrate that under a large

enough volatility, more complex models such as Heston and HN are able to compete with

and even outperform simpler models for options that are sufficiently OTM. This is in line

with Bakshi et al. (1997) who had found, as mentioned in section 4.3.5, that the only real

improvement brought by SV models over BS was for OTM calls. In fact, we will later

show, both for the S&P500 and Apple, that HN and Heston perform well for options

that are sufficiently OTM at maturity, i.e. when the Delta is close to 0 during a large

proportion of the hedging period.

Effect of volatility. Finally, we wish to assess whether a higher volatility of the

underlying asset implies higher payoff replication errors. To compare the errors under the

S&P500 and Apple, table E.5 reports the normalized replication $MAE, i.e. the mean of
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Figure 6.6: Graphical ranking of models across moneyness and maturity based
on the out-of-sample payoff replication $MAE for Apple stock.
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Notes. The Apple stock options cover the period January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We display the $MAE for
our different levels of moneyness and maturity to assess the ranking between the four models.
The errors are calculated out-of-sample on each of our hedging windows, which are composed of
two days, by using the parameters estimated on the previous estimation window, also composed

of two days. 15 hedging windows are used over the sample period.

absolute errors divided by the initial call option market price Cmkt
0 .3 Table E.6 reports

the errors averaged by maturity and moneyness. In average across all categories4, the

errors are quite largely lower for the S&P500 when hedging with BS and PBS, while they

are larger under HN and Heston, which shows that these two models are better suited

for more volatile underlying assets. When dividing by maturity, we in fact notice that

HN and Heston lead to lower errors for Apple especially for long-term maturities. Across

moneyness, lower errors for Apple do interestingly emerge under BS and PBS for DITM

options, while for Heston and HN it appears for both DOTM and DITM options. These

results overall indicate that more stable underlying asset returns do not always induce

more accurate hedging, which is not especially intuitive.

3The absolute hedging errors are indeed substantially higher for the S&P500 than for Apple because
the average call option price over the total sample is also very much greater: $62.68 for the S&P500
against $7.12 for Apple.

4Not accounting for short-term DOTM and DITM contracts that are not available for the S&P500.
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End-Moneyness Ranking

The ranking between the four models has been established in function of the moneyness

at inception. However, being ITM or OTM at t = 0 is of course no guarantee that it will

also be the case at t = T . In particular, from figure 5.1, both the S&P500 and Apple have

had periods of high surge and decline during the time span considered that impacted the

end-moneyness. Looking at the ranking in function of the end-moneyness, i.e. ST
K

, may

change some of the previous conclusions. Indeed, hedging options that finished DOTM

or DITM means that it is likely that the Delta was close to 0 or 1 during a substantial

part of the hedging period. In turn, the model specifications have less impact for those

options than those finishing near-the-money.

The number of options used in each maturity and end-moneyness category for the two

time series is displayed on table E.7 in appendix.5 The payoff replication $MAE for our

two time series in function of the end-moneyness are reported on table E.8, along with

graphical displays of the rankings on figures 6.7 and 6.8. The most striking observation

is that HN and Heston compare favourably to BS and PBS for options that finish OTM.

Specifically, for the S&P500, Heston and HN finish first and second for options that have

a moneyness below 0.98 at maturity, and very drastically so for a long enough maturity.

This diverges from the ranking in function of the moneyness at inception. For Apple, as

previously found, Heston and HN outperform BS and PBS for long-term options that

finish with a null payoff.

To sum up, more realistic volatility specifications achieve a better hedging when the Delta

converges close to 0 during a large enough proportion of the hedging period.

6.3.2 Comparison with Out-of-Sample Pricing Performance

This section answers to our first research sub-question: Is an accurate fit of the market

option prices by a certain model a good indicator of its hedging performance?

The previous section showed that more complex option pricing models do not compare

well to simpler models such as BS and PBS for hedging purposes. We argued that, as

exposed by Dumas et al. (1998), this is due to over-fitting which, although can give lower

5The definition of moneyness categories is modified. For the S&P500, it is: M<0.98, 0.98<M<1.03,
1.03<M<1.08 and M>1.08. For Apple, it is: M<0.85, 0.85<M<1, 1<M<1.15 and M>1.15.
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Figure 6.7: Graphical ranking of models in function of the end-moneyness
based on the out-of-sample payoff replication $MAE for the S&P500 index.
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Notes. The S&P500 options cover the period January 4, 2016 to March 30, 2016. M refers
to end-moneyness, defined as ST

K , and DTM to Days To Maturity. The errors are calculated
out-of-sample on each of our hedging windows, which are composed of two days, by using
the parameters estimated on the previous estimation window, also composed of two days. 15

hedging windows are used in total over the sample period.

Figure 6.8: Graphical ranking of models in function of the end-moneyness
based on the out-of-sample payoff replication $MAE for Apple stock.

DTM<=30 30<DTM<=60 DTM>60
0

0.5

1

1.5

2

2.5

P
a

y
o

ff
 R

e
p

lic
a

ti
o

n
 $

M
A

E

DOTM (M<0.85)

BS

PBS

Heston

HN

DTM<=30 30<DTM<=60 DTM>60
0

0.5

1

1.5

2

2.5

P
a

y
o

ff
 R

e
p

lic
a

ti
o

n
 $

M
A

E

OTM(0.85<M<1)

BS

PBS

Heston

HN

DTM<=30 30<DTM<=60 DTM>60
0

0.5

1

1.5

2

2.5

P
a

y
o

ff
 R

e
p

lic
a

ti
o

n
 $

M
A

E

ITM (1<M<1.15)

BS

PBS

Heston

HN

DTM<=30 30<DTM<=60 DTM>60
0

0.5

1

1.5

2

2.5

P
a

y
o

ff
 R

e
p

lic
a

ti
o

n
 $

M
A

E

DITM (M>1.15)

BS

PBS

Heston

HN

Notes. The Apple stock options cover the period January 4, 2016 to March 30, 2016. M refers
to end-moneyness, defined as ST

K , and DTM to Days To Maturity. The errors are calculated
out-of-sample on each of our hedging windows, which are composed of two days, by using
the parameters estimated on the previous estimation window, also composed of two days. 15

hedging windows are used in total over the sample period.
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pricing errors, is a problem for hedging. We now want to explicitly verify whether a

better fit of the option price curvature implies less accurate Delta estimates or not.

This section first briefly comments the out-of-sample pricing errors for our four models and

two time series.6 Table F.2 in appendix reports the out-of-sample pricing root-mean-square

errors ($RMSE).7 The number of contracts that were used in each moneyness-maturity

category for out-of-sample pricing can be found on table F.1 in appendix. Tables F.3 and

F.4 report the ranking of the four models in each moneyness-maturity category for both

time series. The comments we can make are, in short:

S&P500 HN and Heston are overall the best performers: they have the two lowest

$RMSE in 7 out of the 10 moneyness-maturity categories. HN fares better than Heston

by beating it in 8 categories out of 10. BS is a very poor performer: it finishes in the last

position in every category except for ITM short-term contracts. PBS does not behave so

poorly, especially for DITM and DOTM options where its RMSE closely follows or does

better than HN and Heston. The most striking improvement in the $RMSE brought by

HN and Heston compared to PBS is for short-term options: PBS performs 43.84% and

32.65% worse than the best model for OTM and ITM options.

Apple This time, Heston performs better than HN for short-term and mid-term con-

tracts, while HN is superior for long-term contracts. We once again observe that BS

performs very badly by finishing in the last place in 9 categories out of 12, often by a large

margin. Overall, the best model to use is not always the most complex one. Specifically,

PBS performs better than HN and Heston for long-term options and DOTM and DITM

mid-term options. That said, the improvement compared to HN or Heston tends to be

very low for these options. As for the S&P500, the improvement brought by Heston

compared to PBS is most striking for short-term options.

Overall, compared to what section 4.1.2 explained that Christoffersen and Jacobs (2003)

had concluded from their research, PBS does not compare so well to Heston for pricing

6The errors are calculated on the same windows than for the out-of-sample payoff replication errors.
We have re-included the options that had been eliminated because they had maturity dates extending
beyond the date of analysis (as explained in section 5.1).

7The $RMSE criterion is used in order to have consistent estimation and evaluation loss functions,
since the parameters were estimated by minimizing the pricing $MSE. The requirement of having
consistent estimation and model evaluation loss functions to achieve an optimal out-of-sample loss was
pointed out by Christoffersen and Jacobs (2003).
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purposes. However, we confirm the results of Heston and Nandi (2000), mentioned in

section 4.2.5, who had found that HN outperformed PBS for out-of-sample pricing.

Altogether, these results confirm the conclusions of section 6.3.1 that accurately fitting

the market option prices is not a good indicator of hedging performance. Even further,

these two measures are at odds with one another. Indeed, HN and Heston fare overall

way better for pricing than hedging purposes. The reason is that we use a pricing-based

estimation function and that they account for the stylized facts observed in section 6.1.

The relation between hedging and pricing accuracy has been assessed by comparing the

models between themselves. Even further, we can wonder if the negative relationship also

emerges at the level of a single model: does a low pricing error for a particular option

under a certain model implies a large payoff replication error for the same option under

the same model? To test this, we run the following regression analysis8:

|Replication Error|i =β0 + β1 ∗Moneynessi + β2 ∗Moneyness2
i + β3 ∗Maturityi

+ β4 ∗ |Pricing Error|i + εi

for i = 1, ..., n where n is the total number of options used for the regression. The maturity

is measured in unit of years and moneyness is defined as St−Dpv
K

. We are interested in the

sign and significance of β4. The other three explanatory variables have been included to

avoid an omitted-variable bias.9 The results for the S&P500 and Apple are reported on

tables G.1 and G.2 in appendix. For the S&P500, β4 is positive for BS and Heston, and

negative for PBS and HN, indicating that a negative relationship at the level of a single

level is indeed sometimes observed. That said, none of the β4 are significantly different

from 0 at a confidence level of 5%. The only low p-value observed is for PBS: 8.86%.10

For Apple, β4 is positive for all models except for BS where it is slightly negative. This is

in line with our finding that more complex models fare better for hedging than under the

8The linear regressions are conducted with the statistical analysis software R. The parameters of
the regression are estimated by OLS. The homoskedasticity assumption of the error term ε has been
tested with the test of Breusch and Pagan (1979), and the assumption of non auto-correlated errors
with the Lagrange-multiplier test developed by Breusch (1978) and Godfrey (1978). Both tests rejected
the two assumptions for all models with a p-value < 2.2 ∗ 10−16. As a result, HAC (Heteroskedasticity
and Auto-correlation Consistent) standard deviations of the estimated parameters have been used by
resorting to the variance-covariance matrix of Newey and West (1987), with a lag value of 10.

9The variable Moneyness2 has been included given that we previously found U-shaped (for S&P500)
and reverse U-shaped (for Apple) relations between the hedging errors and moneyness.

10This means that the unilateral test of the form H0 : β4 = 0, H1 : β4 < 0 for PBS gives a p-value
twice as low, i.e. 4.43%, which is below 5%.
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S&P500 and are still good for pricing. However, β4 is only significantly different from 0

for HN with a p-value of 0.32%.

Overall, we see that out-of-sample pricing is not a good predictor of out-of-sample payoff

replication at the level of a single model. A negative relationship does not seem to be

concluded, except possibly for PBS under the S&P500.11 This confirms that a better fit

of option prices does not especially imply more accurate Delta estimates.

6.3.3 The Effect of a Frequent Re-Calibration of Parameters

This section answers to our second research sub-question: What is the effect of a frequent

re-calibration of parameters on the amplitude of payoff replication errors and on the

relative performance of our models compared to keeping parameters constant over the life

of option?

This question is worth investigating since we suggested in section 6.3.1 that Heston and

HN may be able to better compete with BS and PBS for payoff replication by applying

a frequent re-calibration of parameters. The rationale came to us from Dumas et al.

(1998) who explained that more complex models with more parameters create over-fitting

and hence larger hedging errors. Since we keep parameters constant and that we hedge

until expiration of the option, this effect has an important impact. By re-estimating

the parameters sufficiently often, one would be able to cope with the time instability of

parameters outlined in section 6.2. As a downside, being constrained to frequently update

the parameters to achieve an accurate hedging would also underline that the model has

difficulties in representing the data dynamics.

Practically, the Delta is calculated with the parameters of the last estimation window.

This means that re-calibration is done every four days (since the estimation windows are

separated by two days). The exercise is done on the options within our hedging windows.

We eliminate options with maturities extending beyond the final date of our sample of

options - March 30, 2016 - because we can’t re-calibrate the parameters after that date.

As a result, we change the definition of our moneyness-maturity categories since we have

lower maturities and therefore not as large levels of moneyness available. The maturities

11Doing the same tests on a larger set of data (the number of options used for the regressions is 1090
for S&P500 and 1209 for Apple) would help to conclude on the significance of β4.
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are divided as: DTM620, 20<DTM640 and DTM>40. For moneyness, the classification

is: (1) DOTM (M<0.99 for S&P500 and M<0.97 for Apple); (2) OTM (0.99<M<1 for

S&P500 and 0.97<M<1 for Apple); (3) ITM (1<M<1.01 for S&P500 and 1<M<1.03 for

Apple); (4) DITM (M>1.01 for S&P500 and M>1.03 for Apple).

Table H.1 in appendix details the number of options used. The results are displayed on

tables H.2 and H.3 in appendix and are compared with the results without re-calibration.

S&P500 The main observation is that Heston and HN are still systematically beaten

by BS and PBS. Also, quite surprisingly, the errors are nearly always larger with re-

calibration of parameters than without. This is counter-intuitive since one could think,

at least for HN and Heston, that frequently re-estimating the parameters would have

counter-balanced the over-fitting issue that made these models perform badly for hedging.

In the contrary, our results indicate that time-varying parameters do not generate more

accurate Delta estimates. To improve HN and Heston hedging performance, we believe

that the most promising solution would be to use a hedging-based estimation function

rather a pricing-based one.

Apple The effect of re-calibration is quite different than for the S&P500. For OTM,

ITM and DITM options, we do not observe any significant differences depending on

whether the parameters are frequently re-calibrated or not. However, for DOTM options,

while with constant parameters HN and Heston are outperformed by BS and PBS, this is

interestingly not the case anymore with re-calibration: the ranking becomes HN, Heston,

PBS and lastly BS, for all maturities. Regarding the amplitude of errors, we now have

that re-calibrating parameters is much more worthwhile than for the S&P500. Lower

errors are frequently observed, and especially for DOTM options: 8 out of 12 categories

generate more accurate hedging than with constant parameters.

Overall, we can thus conclude that frequently re-estimating parameters throughout the life

of the option is worthwhile only in the case of sufficiently unstable underlying asset returns

(Apple), and especially for DOTM options. In that case, Heston and HN outperform BS

and PBS for DOTM options as well. If the underlying asset volatility is low (S&P500),

then one is better off by not including variations in the parameters.
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6.4 The Over-Hedging Behaviour: Explanation

from Simulated Data

This final section answers to our third research sub-question: How does under/over-

hedging depend on the re-balancing frequency, the underlying asset expected return and

the underlying asset volatility?.

We previously observed a systematic over-hedging on our data, that we now wish to

further understand. To do so, we follow the methodology developed in section 5.4 and

perform Monte Carlo simulations on HN. This enables to have a lot of flexibility on

the variables whose effects we want to understand. Understanding when and why an

over-hedging appears is relevant since having an over-hedged portfolio guarantees that

you do not fall short of the payoff at maturity, while even leaving you with a positive

bonus that will help to cover the transaction costs that can not be ignored in practice.

Conversely, an under-hedged portfolio is not desirable for practitioners.

The most plausible explanation for the observed over-hedging effect results from the fact

that the price of a call option (and incidentally also of a put option) is a convex function

of the stock price (Joshi, 2008), i.e. the Gamma (Γt ≡ ∂∆t

∂St
) is always positive. This

means that ∆t, which is the slope of the call option function, will increase more than

it will decrease for the same absolute percentage change in the stock price. This has a

positive effect on the replicating portfolio value. This is pointed out by Joshi (2008),

who explains that being long Gamma means that the procedure of hedging will make

money during the life of the option. If we were able to apply continuous re-balancing,

then this would have no effect. However, we only re-balance the portfolio on a daily basis.

Since our procedure accounts for the whole life of the option, the convexity effects have

the time to accumulate and therefore we very often over-hedge the payoff at maturity,

especially for a long maturity. This would also explain why the literature rather points

to an under-hedging effect (as explained at the beginning of section 6.3.1): the short

hedging horizon makes that convexity has a more minor effect.

In addition, we argue that a higher volatility of the underlying asset should lead to

more over-hedging since the returns are larger in absolute value, which increases the
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convexity effect. However, we saw previously that Apple did not always lead to more

over-hedging than the S&P500. This may be explained by the fact, as figure 5.1 shows,

that the S&P500 had increased in value over the time period considered while Apple had

decreased. This should ceteris paribus lead to a larger over-hedging for S&P500 options

because a lower expected return means that there is less effect coming from magnified

positive daily returns by the positive Gamma.

In brief, we wish to test the effect of the re-balancing frequency, expected return and

underlying volatility on under/over-hedging.

Table I.1 in appendix reports the normalized $ME for our different levels of re-balancing

frequency, expected return and volatility. The strongest result is that the normalized

$ME always increases when the replicating portfolio is re-balanced less frequently, linked

to the positive Gamma effect. When re-balancing is done twice a day, we always observe

an under-hedging, while a normalized $ME very close to 1 is obtained when re-balancing

every five days. Regarding volatility, when going from σ = 15% to 30%, the errors

systematically increase for a twice a day re-balancing, and decrease otherwise. From

30% to 45% volatility, the errors overall tend to increase. The hypothesis that a larger

volatility increases the proportion of over-hedging is thus not strongly confirmed. Finally,

the effect of the expected return depends on the re-balancing frequency. When going

from µ = −10% to 10%, the errors overall tend to decrease for a frequent re-balancing

(twice a day and daily) and tend to increase otherwise. Our hypothesis that a higher

expected return leads to a higher proportion of over-hedging is therefore only verified

when re-balancing is not too frequent.

Figure 6.9 illustrates the the payoff replicating strategy when σ = 30% and µ = 5% for

our four different re-balancing frequencies. It shows that the the payoff at maturity is

over-hedged under a low frequency, and the contrary for a high frequency. Interestingly,

the distance between the payoff and replicating portfolio value at maturity gets lower

when the frequency increases.12 This can simply be explained by the fact that, under

a lower re-balancing frequency, larger changes in the underlying stock price can occur

between two revision dates. In turn, this can substantially change the value of the Delta

12More precisely, in our case with σ = 30% and µ = 5%, the payoff replication $MAE takes the
following values from the highest frequency (twice a day) to the lowest (every five days) under 1000
Monte Carlo random paths: 2.4672, 2.5407, 3.1936 and 6.7544.
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Figure 6.9: Payoff replication strategy for at-the-money options simulated
under the HN model for different re-balancing frequencies.
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Notes: The simulations were performed with S0 = K = 50, T = 0.5, µ = 5% and σ = 30%.
The mean and volatility are reflected by the HN parameters’ values as follows: λ is set such
that µ = r + 252 ∗ k ∗ λ ∗ h̄, β2 such that σ =

√
252 ∗ k ∗ h̄ where k = 0.5, 1, 2, 5 depending on

the re-balancing frequency, h̄ = β0/(1 − β1 − β2γ
2), i.e. the long run variance under the HN

model, and h0 = h̄. The other parameters are: r = 3%, β0 = 8 ∗ 10−6, β1 = 0.45, γ = 700.

while the number of stocks held in the portfolio is not adjusted accordingly between the

two re-balancing dates. This ultimately makes hedging less effective.
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Conclusion

This thesis wished to provide a thorough study of the hedging performance and behaviour,

through payoff replication, of four well-known option pricing models - Black-Scholes,

Practitioner Black-Scholes, Heston-Nandi and Heston - each of which distinguishes by

the way the volatility of the underlying asset is modeled. The results were obtained on

two time series (one per volatility category): the S&P500 index and Apple stock, based

on option quotes from January 4 to March 30, 2016.

The introduction of the thesis presented the research question that we wanted to tackle.

In short, we wanted to assess the relative performance of our four models regarding

out-of-sample payoff replication, as well as how the moneyness, maturity and volatility of

the underlying impact the performance. Additionally, three sub-questions appeared as

very relevant from our study: whether an accurate fit of the market option prices is a good

indicator of the hedging performance, the effect of a frequent re-calibration of parameters

and the drivers of under/over-hedging. After reviewing the relevant theoretical content in

chapters 2, 3 and 4, chapter 5 detailed the methodology followed and chapter 6 finished

with the presentation and discussion of the results.

Chapter 1 already summarized our main results that chapter 6 detailed and discussed

them extensively, also in light of the literature. Therefore, this conclusion will focus on

the implications of the results, and will end up with the limitations of our work as well

as suggestions for future research.

7.1 Implications of the Results

From the payoff replication investigation performed in this thesis, we wish to draw the

reader’s attention to three implications.
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The first implication arising from our research is that there is not one ideal model: the

best model to use depends on the problem at hand. Specifically, it depends on the purpose

of the exercise (e.g. pricing or hedging), the specificities of the underlying (and especially

its volatility), the maturity of the option, its moneyness and finally the procedure followed

(e.g. whether the parameters are frequently re-calibrated or how the parameters are

estimated). Several examples erupt from our results, such as:

• Under a high underlying volatility, when the parameters are kept constant through-

out the life of the option, Heston and HN are outperformed by BS and PBS

for DOTM options. In the contrary, when applying a frequent re-calibration of

parameters, Heston and HN beat BS and PBS for those same options.

• Under a low volatility, HN and Heston are always outperformed by BS and PBS.

Conversely, under a higher volatility and for options sufficiently OTM, Heston and

HN perform best for long-term contracts.

• For pricing purposes, HN and Heston perform overall better than PBS and BS.

However, under a low underlying volatility, PBS sometimes beats them for DITM

and DOTM options. Under a high volatility, PBS does better for long-term options

as well as DITM and DOTM mid-term ones.

Therefore, practitioners have to be careful not to blindly follow only one model for all

purposes. They must carefully perform historical analyses to understand which model

they should use for which underlying asset, which type of option and which purpose.

The second implication is that adding complexity to make the procedure and the models

more realistic may counter-intuitively lead to worse results. Indeed, our findings support

this implication. On the one hand, we have shown that more realistic volatility specifica-

tions tend to decrease the hedging accuracy due to an over-fitting issue. On the other

hand, there is some evidence from our results that a frequent re-calibration of parameters,

although more realistic since it accounts for more updated information, sometimes leads

to larger payoff replication errors, and even nearly systematically under the S&P500.

Therefore, in light of such counter-intuitive results, practitioners have to strive to rely as

much as possible on analytical reasoning rather than common sense. As for the the first

implication, well-designed historical tests are necessary to that extent.
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The third and most important implication is the importance of application-oriented

calibration procedures. Indeed, our results have shown that HN and Heston, which are

very good performers for out-of-sample pricing, display quite poor results for out-of-

sample payoff replication. The reason is that the good pricing performance comes from

an over-fit of option prices that in turn generates poor Delta estimates. Therefore, we

argue that using a pricing estimation loss function, which is the standard practice, is

at odds with the hedging exercise for which the options are applied. This was pointed

out by Christoffersen and Jacobs (2003): “We argue that the relevant discussion should

not start out by discussing how to estimate the parameters, but rather by stating what

the evaluation (typically out-of-sample) loss function is. This loss function is dictated

by the purpose of the empirical exercise and can be related to a hedging problem or a

risky investment strategy for example.” Therefore, the focus for practitioners should not

altogether be put on which model to use but also on how to build a calibration procedure

that fits the final purpose of the practitioner. In other words, we point to the importance

of a consistency between the estimation and evaluation loss functions. In our case, a

hedging-based estimation loss function should therefore ideally be used.

7.2 Limitations of the Research

This section points out the three main limitations of the research that we performed, and

that we want the reader to be aware of.

The first limitation arises from the fact that we ignore transaction costs when re-balancing

the Delta-neutral portfolio, similarly to what is done in the literature. However, in practice,

they can not be ignored. Therefore, one should ideally test whether our findings are

robust to including transaction costs in the replicating portfolio process. Depending on

the size of these costs, a less frequent re-balancing may prove more viable, at the risk

of having larger stock price changes between two revision dates. Depending on how the

Delta reacts to changes in the underlying (i.e. the value of Gamma) under each model, we

may have some models generating less costs than others, hence making them relatively

more attractive than when ignoring such costs.

The second limitation comes from the fact that our conclusions are based on only two

time series, one per volatility category, and whose option quotes cover a small time span of
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three months. This period, as mentioned in section 5.1, is substantially smaller than most

of the studies in the literature. This originates from the availability of historical option

quotes on Bloomberg which is limited to three months. To mitigate this, we collected the

data on a daily frequency rather than weekly in the literature. Still, the reader should

keep in mind that the results and conclusions from our work may not always be robust

to a larger time period, and more importantly to other underlying asset samples. Ideally,

one should verify whether our results are verified on a longer time span and on other

time series having different statistical behaviours. However, we can reasonably expect

that our general conclusions and implications should not drastically be changed but that

it may help to refine them more precisely and potentially to find additional conclusions.

The third limitation comes from our data collection. By collecting closing prices for

both the options and the underlying asset, we may face a non-synchronous bias, which

arises when the option quote and the corresponding underlying price are not recorded

simultaneously. The CBOE, where our options are traded, closes at 3:15 p.m., while

both the NASDAQ (where Apple is traded) and the S&P500 stop trading at 4:00 p.m.

However, as mentioned in section 5.1, we mitigated this bias by taking a large enough

number of daily observations. Also, Bates (2000), in a decomposition of option pricing

residuals into measurement and specification error based on S&P500 futures options,

found that the latter is from one to four times larger than the former. This makes us

confident that the non-synchronous bias should not seriously affect our results.

7.3 Suggestions for Future Research

Finally, we end up this work with three suggestions for future research that we believe

are worth investigating.

First, other models than those to which we restricted in this thesis could be analyzed. One

could consider other functional forms for the PBS model for example. More importantly,

we consider that jump models, which include random discontinuous changes in the

underlying price dynamics, are a path worth following. Indeed, Bates (2003) pointed

out that “to simultaneously summarize volatility evolution and capture the fat-tailed

properties of daily returns, [...] jumps in returns and/or in volatility, and probably both”

are needed. It would then be interesting to assess whether jump models are able to
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generate an accurate hedging performance and how this model would behave regarding

payoff replication. As mentioned in section 4.3.5, Bakshi et al. (1997) found that adding

jumps on top of stochastic volatility does not improve the hedging performance. However,

our empirical results showed that we do not always agree with the literature findings,

so that it is still worth applying our procedure to a jump model in the context of our

research questions. For example, one could opt for the first jump model developed by

Merton (1976) where the underlying stock returns are a mixture of continuous and jump

processes. This model is attractive model because it generates a closed-from formula for

a European option price.

A second suggestion is to consider other hedging strategies than only the simple Delta-

neutral one. Indeed, while theoretically this simple strategy is enough to eliminate all

risks in the BS framework, this is not so for other models such as HN and Heston which

are market incomplete since volatility risk is also present. Of course, the possibility

to eliminate all risks with a simple Delta-neutral strategy is even less true empirically.

Therefore, it would be interesting to compute the payoff replication errors when other

Greeks than only Delta are hedged. Two common strategies to that extent are to

construct Delta-Gamma and Delta-Vega neutral portfolios. A Delta-Gamma neutral

portfolio is hedged both with respect to a change in the stock price, but also to a change

in the value of Delta, meaning that “Gamma neutrality provides protection against larger

movements in the stock price between hedge re-balancing” (Hull, 2012). To achieve this,

it is necessary to trade one additional option. If this option has a Gamma equal to Γ

and the Delta-neutral portfolio’s Gamma is Γ
′

then, if we add a quantity w of the option,

the portfolio will have a Gamma equal to wΓ + Γ
′
, which makes that w must be worth

−Γ
′
/Γ to make the portfolio Gamma neutral (Hull, 2012). This Delta-Gamma neutral

portfolio must be periodically re-balanced to keep a Gamma of 0 as the values of Γ and

Γ
′

evolve. Racicot and Théoret (2006) showed, in the context of the BS model, that

Delta-Gamma hedging is “quite superior to a simple Delta hedging.” Along the same

lines, one can construct a Delta-Vega neutral portfolio to hedge against the changes in the

underlying asset volatility. Bakshi et al. (1997) showed that Delta-Vega hedging produces

far better hedging results, and that it makes stochastic volatility models outperform

BS for ITM options. This may counter the fact that we always observed that HN and

Heston were outperformed by BS and PBS for those options. Yung and Zhang (2003)
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also found that Delta-Vega hedging increases the relative performance of the EGARCH

model compared to BS. These results show that more advanced hedging procedures are

worth investigating.

The third and final suggestion for future research is linked to the third implication

mentioned before on the importance of having consistent estimation and evaluation

loss functions. It is worth assessing how the results are changed when calibrating

parameters following a hedging-based estimation loss function, for example based on

payoff replication. We believe that the results may be quite seriously different under such

a procedure compared to ours. That being said, computational constraints also have to be

considered and may make such loss functions hard to implement in practice. Indeed, one

significant advantage of the models analyzed in this thesis is that closed-form formulas

are available for option prices, which makes the estimation procedure based on pricing

loss functions very computationally-friendly. Conversely, using a loss function based on

payoff replication, for example, would lead to a substantially larger computational burden

since payoff replication is a path-dependent criterion, i.e. it depends on the path taken

by the underlying asset price until expiration of the option. This path-dependency also

implies that the estimation would need to be made on option data quite far in the past

rather than on a few days ago, which is also not so attractive. Therefore, one would have

to balance the improvement in hedging accuracy with the increasing complexity of the

implementation procedure.
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Working Paper Series, Département des sciences administratives, UQO.

http://cermics.enpc.fr/cnf/Ortega.pdf


Bibliography 82

Rosu, I., & Stroock, D. (2004). On the Derivation of the Black-Scholes Formula. Séminaire
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