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Abstract

Option Pricing Using Adomian Decomposition Method under Stochastic Interest Rates and Rough
Heston Model:

Master thesis submitted in order to be awarded the Master’s Degree in Actuarial Sciences

Maxime Druez, Louvain School of Statistics, Biostatistics and Actuarial Science, 2022-2023

In the temporal domain, following the ideas of (Gonzalez-Gaxiola et al., 2015), the Adomian Decomposition Method
(ADM) is used to solve the non-linear pricing PDE arising from a market model encompassing non-linear effects
such as illiquidity or transaction costs. A first simple non-linear introductory example illustrates the interest
of the ADM (conceptually simple, potentially robust and fast-converging numerical scheme) as an alternative to
Monte-Carlo (MC) simulations or Finite Differences (FD). However, the classical ADM appears quickly limited
whenever it has to deal with non-smooth payoff functions or with more risk factors (e.g. stochastic interest rates).
Singularities in the payoff function can possibly be treated under a non-classical modification of the ADM. Yet, the
latter extension is more involved on the mathematical and numerical points of view. It is only applicable for very
specific problems and becomes intractable when it has to envision more risk factors (e.g. stochastic interest rates),
especially in a non-linear context. The application of the ADM in the frequency domain leads to more promising
results. Through the ADM, the Moment Generating Function (mgf) of the log return can be inferred under a rough
Heston model. In turn, it can feed a fast pricing algorithm for European call options, over-performing a crude MC
simulation.

(208 words)

Keywords: Adomian Decomposition Method (ADM) - Non-linear model of option pricing - Non-
linear Black-Scholes PDE - Singular payoff - Stochastic interest rates - Rough Heston model

All numerical experiments in this master thesis were conducted on a MacBook Pro (2.4 GHz Intel
Core i5), using the RStudio and Mathematica (free trial version) environments.
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"Non-linear means it is hard to solve."
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1 General introduction

A non-linear world: a detour into engineering and physics

Human beings have a natural tendency to think in linear terms. Whether you call them a cognitive bias, a
paradigm, a simplification, or anything else you want, linear models are quite reassuring in the way they try to
apprehend the complexity of our world. They can often catch efficiently and rapidly the main orders of magnitude
of a phenomenon while offering mathematical tractability and ease of understanding. From that perspective, it is
not surprising to witness that quantum mechanics, one of the greatest achievements of contemporary sciences and
one of today’s most fundamental theories, is purely linear. It has given rise to some of the most extraordinary and
fascinating features, such as quantum entanglement. Yet, the exact interpretation of quantum linearity is not yet
perfectly understood and is still heavily debated amongst the scientific community. After a deep second thought,
linearity might very well bring its own set of difficulties.

Besides, while being very successful in explaining microscopic systems, the quantum theory becomes quickly in-
tractable whenever one has to describe the complexity of meso- or macro- scale components. In particular, non-linear
effects are not uncommon in most fields of engineering and physics. As necessary as they might appear to properly
translate complex phenomena, non-linearities are often feared considering the mathematical and numerical burdens
they entail. In turn, engineers have become specialists in neglecting higher order effects or in linearising equations
around equilibrium states, which is common practice in system theory. And yet, when the approximation is not
justified, when deviations from the equilibrium state become too big or just when a finer understanding is required,
the non-linear modelling phase seems unavoidable. The well-known Kerr effect (in optics) can only be described
through a non-linear expansion up to the third order. The famous Navier-Stokes equations (in fluid mechanics) are
examples of non-linear PDEs (Partial Differential Equations).

Non-linearities in finance and actuarial sciences: beyond the Black-Scholes assumptions

The actuarial or financial modeller is not that different from the engineer or the physicist in the way he has been
favouring linear paradigms since the early days of those disciplines. In the context of financial derivatives valuation,
most of today’s models pertain to the linear class and can in particular be rephrased in terms of linear PDEs. For
instance, the widely used Black-Scholes framework relies on a series of assumptions [GGrdcS15|, commonly referred
to as a perfect market model:

e Absence Of Arbitrage (AOA)

e Existence of a risk-free asset earning the deterministic constant risk-free rate r. Existence of a risky asset
following a geometric brownian motion dynamics with constant drift p and constant volatility o.

No credit restriction (in time and size) and money can be lent or borrowed for any amount at the same rate
r. Any security is perfectly divisible and any investor can purchase, at any time, any amount of units for the
same price (including short selling).

e Investors are rational decision makers and they prefer more to less.

o "All parties have immediate access to any information” [GGrdcS15].

e Frictionless market (no taxes and no transaction costs).

e Perfect liquidity and no agent is dominant. Financial agents are price takers and not price makers.

Under the Black-Scholes Model (BSM), the market is then complete. Any contingent claim is perfectly replicable
and can be priced using the linear Black-Scholes pricing PDE (also called Feynman—-Kac PDE) [GGrdcS15]. Never-
theless, real-world markets are likely to violate one or several of the previous assumptions. In particular, non-linear
effects such as illiquidity, transaction costs or market incompleteness are eventually turning the linear BSM into a
non-linear pricing PDE [GGrdcS15].

Market consistent valuation frameworks, such as Solvency-II (S-II) or IFRS, enforce a priori to include those
non-linear effects in order to apprehend real-world markets in all their complexity. It seems especially true for
pension funds or life insurers that manage huge volume of assets and that are de facto exposed to transaction
costs and liquidity considerations. As most life insurance products (guarantees and participation features) can be
decomposed into embedded standard financial options, this master thesis will essentially consider the problem of
valuating standard financial derivatives, accounting for non-linear effects (be them liquidity issues or transaction
costs).



Scope of the present master thesis: numerical techniques for solving non-linear PDEs
There are essentially three elements that prevent, for now, the use of non-linear pricing equations in the industry:

e One should derive the non-linear model. This is no trivial question. It goes beyond the scope of this
work, especially considering that transaction costs are often associated with market incompleteness. Specific
techniques such as indifference pricing or superhedging might be involved in developing the non-linear pricing
PDEs. Appendix [A] briefly discusses the situations in which non-linear option pricing models are introduced
in the literature (liquidity restrictions and large trader effects, transaction costs, volatility uncertainty). It
also briefly summarises the main models developed by the actuarial and financial community as well as the
techniques involved in their derivation. For the rest, the core of the text will solely focus on one particular
non-linear pricing PDE. Except for some elements of interpretation, this equation will be assumed correct,
with existence and uniqueness of a solution and will not be discussed in more details.

e The calibration of the model parameters in the non-linear pricing PDE is no easier question. It will not be
discussed in the present document as it could be the object of an entire work by itself. Numerical experiments
will be conducted considering ad-hoc examples of parameter values.

e Once the model is established and calibrated, the non-linear pricing PDE must be solved for a specific deriva-
tive product (i.e. essentially for a given payoff function). Again, this is no easy question. Monte-Carlo (MC)
simulations are not well suited for this peculiar problem, as it will be highlighted in the next sections. The
literature often envisions Finite Differences (FD) techniques but those are usually computationally intensive.
This master thesis rather investigates the Adomian Decomposition Method (ADM) as a possible numerical
alternative to MC or FD schemes.

The Adomian Decomposition Method (ADM) and structure of the present work

"The decomposition method, as developed by the mathematician George Adomian (1922-1996), has been very useful
in applied mathematics, the applied sciences and engineering"|GGrdcS15] in order to solve a wide class of (non-)
linear Ordinary or Partial Differential Equations (ODEs or PDEs). Adomian’s book [Ado94] considers many such
frontier problems in physics, for various boundary and initial value conditions. [Racl2| provides a comprehen-
sive bibliography (1961-2011) on the theory and applications of the ADM. [TDO06| uses the ADM for solving a
wide class of multipoint boundary value (non-) linear ODEs. [JDYO0S§| introduces the so-called Generalised De-
composition Method (GDM) as an extension of the ADM for particular non-linear ODEs. [DRW™13b| considers
second-order non-linear ODEs subject to Robin boundary conditions. [DRW13a] envisions higher order non-linear
initial value ODEs with variable system coefficients as well as systems of coupled non-linear differential equations.
[Waz07] applies the ADM to the class of (in)homogeneous advection problems. [EWAEQG| uses the ADM to solve
the diffusion—convection-reaction equations, having applications in plasma physics and laser theory. [Deh04] is con-
cerned with two-dimensional parabolic PDEs subject to integral boundary specifications, which have applications
in nuclear reactor physics, heat and chemical diffusion, medical engineering, etc.

While its applications in the financial domain remain limited for now, the ADM has recently attracted attention in
the actuarial literature as a conceptually simple, possibly robust and fast-converging numerical alternative in order
to solve non-linear modifications of the Black-Scholes PDE. In sec. |2} the interest of the classical ADM is illustrated
on a very simple non-linear Black-Scholes equation "in which volatility is not constant as a result of considering
liquidity and transaction costs" [GGrdcS15|. Yet, this introductory example only considers a smooth payoff function
and constant interest rates. If smoothness of boundary specifications seems to hold for the vast majority of physical
or engineering applications, many financial options (e.g. European calls or puts) incorporate singularities in the
payoff function (or its derivatives). In sec. [3| in accordance with [KGZ18|, the classical ADM is shown to be unable
to cope with non-smooth payoff functions, only delivering partial results far away from the singularities. This is
why [KGZ18] proposes a non-classical modification of the ADM, as detailed in sec. |4 However, the latter extension
is only able to treat singular payoff functions under simple linear cases, with only few risk factors, for which closed-
form analytical option prices are anyway available. This non-classical generalisation of the ADM is thus essentially
unable to deal with stochastic interest rates models (more generally with additional risk factors) or with non-linear
effects. Combining the ability to treat non-linearities and singular payoff functions under a stochastic interest rates
framework would appear as a highly desirable feature. This would be especially true in the field of life insurance,
in which the long-term nature of the proposed guarantees seems naturally associated to stochastic rates models.
This master thesis will however show that neither the classical ADM, nor its generalisation, are able to deliver a
unified resolution framework, at least in the temporal domain. In sec. [5] more promising results are obtained in the
frequency domain, where the ADM, in combination with a FFT (Fast Fourier Transform) algorithm, can efficiently
serve the purpose of option pricing under a rough Heston model.



2 Presentation of the classical ADM through a simple non-linear intro-
ductory example

2.1 The problem considered for this introductory example

Bibliographical remark, objectives and contributions of the present section

The considerations exposed in the present section are heavily inspired by [GGrdcS15|, which is the first reference
article for this master thesis. It envisions a simple non-linear extension of the Black-Scholes pricing PDE (due to
liquidity effects or transaction costs) for which a closed-form solution is available. Beyond the pedagogical interest
of this introductory framework (in order to present the classical Adomian scheme), the knowledge of the exact
solution enables to evolve in a controlled environment, in which the efficiency of the ADM can be monitored very
precisely. It will demonstrate that the ADM is a conceptually simple, potentially robust and fast-converging scheme
towards the analytical option prices. This is at least true under the assumptions of a smooth payoff function and a
constant interest rate r. The possibility to extend the ADM to singular payoff functions and/or stochastic interest
rates, while still accounting for non-linearities, will only be envisioned in the following sections [3| and

Even if the structure of the reasoning and the examples presented here below are retrieved from [GGrdcS15|, the
contributions of the present work are as follows:

e The reference article [GGrdcS15| exhibits some mathematical inconsistencies, as detailed in sec. They
were corrected in sec. to[2.3]in order to present a more rigorous framework.

e [GGrdcS15| proposes two numerical examples. They were re-considered here accounting for those corrections.
Despite the inconsistencies in [GGrdcS15|, the main tendencies in the paper’s results are still observed to hold.
In particular, the ADM still converges quite rapidly to the exact option prices. Yet, the previous corrections
lead to a faster convergence and a higher numerical accuracy by opposition to [GGrdeS15].

e The previous corrections are validated by confronting the temporal behaviour of the solution (theta Greek)
w.r.t. what is proposed in the literature (in particular in [Esel3|). This temporal behaviour is physically
motivated under a transaction costs perspective.

e [GGrdcS15| only shows the convergence of the ADM towards the exact option prices. Per se, this is not a
sufficient motivation towards the ADM, as other numerical methods could achieve better performances. As
such, the present section further demonstrates the interest of the Adomian scheme, that requires here a lower
computation time w.r.t. a Finite Differences (FD) algorithm, for a better accuracy reached.

Non-linear pricing PDE
In [GGrdcS15|, based on the work of [ES97], [Fre00] and [FP02], the following non-linear modification of the
Black-Scholes pricing PDE is considered:

1 9 49 VSS(S’T)
VelSm) 4 30 S oA (S)Vas(8,7)]

5 +rSVs(S,7) —rV(S,7) =0 [Eq.2.1]

where S is the underlying stock price, V(S, 1) is the option price on the underlying S at time 7, r is the risk-free
interest rate (assumed constant), o > 0 is the reference volatility (assumed constant), p is the strength of non-
linearity (assumed constant) and A(S) is the price of the risk. The problem is subject to the following boundary
specification:

V(S,T) = f(S) for 0 < S < +00 [Eq.2.2]

where f(S) represents the payoff function of the derivative product at maturity T. Strictly speaking, for the problem
to become well-posed, one should also specify the value of V for the limits S — 0 and S — 400, depending on the
particular derivative product considered. For instance, for a European call option with strike K, one has:

V(S,7)

Vr:V(0,7)=0 V7 lim

Glim =1 [Eq.2.3]

Yet, the latter two boundary conditions will not be exploited by the FD or ADM schemes and are no more
discussed afterwards. It is implicitly assumed that the solution found by FD or ADM is consistent with those other
two specifications. The problem is thus essentially to recover the option price V(S,0) at the pricing instant t=0
from the terminal payoff {(S) at maturity T.



Problem interpretation: large trader feedback or transaction costs
The [Eq.2.1] is nothing but the classical Black-Scholes pricing PDE (also called Feynman-Kac PDE), corresponding
to the standard Black-Scholes Model (BSM using the assumptions given in sec. [1))

1
V- (S,7)+ 502521/55(5, )+ rSVs(S,7) —rV(S,7) =0 [Eq.2.4]

in which the constant volatility parameter o was replaced by a non-linear volatility function

o
Y = Eq.2.
e e TG

[Eq.2.5] translates some kind of feedback effect affecting the volatility and leading to the non-linear market model.
In [FP02], large traders face this feedback loop in a "illiquid market, where the implementation of a dynamic hedging
strategy (for the derivative) has an impact on the underlying price process, (...) for instance in case the volume of
trading committed to the dynamic hedging strategies is relatively large compared to the overall trading volume on
the underlying”. In that article, the authors modify the BSM dynamics (relying on a standard brownian motion
WtQ) to include the effect of the stock trading strategy a; on the stock price process. In the specific case r=0:

dS; = 08— dW2 + pS;— MN(S,- )da; [Eq.2.6]

where the subscript + (resp. -) refers to the right (resp. left) limit. A non-trivial dynamic hedging argument leads
then to the pricing PDE of [Eq.2.1].

Quite surprisingly, the non-linear pricing PDE [Eq.2.1] can also be generated from a continuous-time transaction
costs model. In [CJP04] and [Esel3|, the authors distinguish between the fundamental stock price process S;
(following a standard Black-Scholes dynamics) and the transaction price:

Si(a) = el S, [Eq.2.7]

where « is the number of traded units and p the strength of non-linearity. Using a non-trivial argument (generalisa-
tion of the arbitrage pricing theory and of the fundamental theorems of asset pricing, uniqueness of semi-martingale
decomposition), [CJP04] and [Esel3] infer [Eq.2.8] (cf. here below), which is nothing but a simplification of [Eq.2.1].

Problem derivation, calibration, existence and uniqueness of a solution

The pricing PDE [Eq.2.1] appears thus already quite general in its ability to model a wide range of non-linear
phenomena, be them liquidity issues (large trader effects) or transaction costs. And yet, it only constitutes a very
particular non-linear extension of the BSM. For the interested reader, appendix [A] briefly summarises the main
paradigms that have been developed by the financial and actuarial community in order to treat illiquidity and
transaction costs issues. Some of them lead to [Eq.2.1], exploiting the modified volatility function [Eq.2.5]. Other
attempts consider alternative forms for the volatility function or even totally other modelling frameworks.

What is important to notice is that it is never trivial to even establish the non-linear model and to infer then the
related pricing PDE. It is not because [Eq.2.1] is a generalisation of the BSM [Eq.2.4] that the underlying stock
price process can still be emulated through a standard Black-Scholes dynamics using the reference volatility o (or
even the modified volatility function 6(7, S, Vs, Vss)) . In general, the non-linear model relies on a much more
complex dynamics for the underlying, possibly integrating feedback loops as in [Eq.2.6]. In fact, this is why a PDE
approach is often elicited in order to price options in a non-linear context. In general, the pricing PDE must be
derived from the non-linear model using non-trivial arguments and techniques.

In particular, transaction costs might question the completeness assumption associated to frictionless markets.
Continuous trading becomes prohibitively expensive and the transaction costs model will depend on the trading
frequency. While continuous trading and perfect replication are natural features of the BSM, leading to the linear
pricing PDE [Eq.2.4], it is no more evident that all contingent claims are replicable in the presence of transaction
costs. "It might require to relax the hedging condition” [BS98|. It might even require to generalise the arbitrage
pricing theory and the fundamental theorems of asset pricing [CJP04]. It can also introduce bid-ask spreads and
different pricing PDEs for the writer and holder of the option [Yan22|. Again, appendix [A| mentions some of those
non-trivial arguments and techniques that can be mobilised under a non-linear context, in a discrete or continuous
time framework: dynamic hedging, superhedging, indifference pricing and utility functions, etc.



The problem of inferring the non-linear model and the related pricing PDE lies thus beyond the scope of the present
master thesis and will not be further mentioned. So is the problem of calibrating the model parameters. Those
topics have generated an abundant literature and could be the object of multiple separate works. In the present
introduction, the non-linear pricing PDE [Eq.2.1] is solely considered and is assumed to correctly depict non-linear
effects, be them transaction costs or large trader feedback loops. Ad-hoc parameter values will be envisioned for
numerical illustration. The focus lies on resolution techniques that can be leveraged to accurately value financial
derivatives subject to the pricing PDE [Eq.2.1].

However, before attempting any numerical resolution, one should investigate the questions of existence and unique-
ness of the solution to [Eq.2.1]. Assessing those properties often requires a heavy mathematical formalism, which
extensively depends on the considered problem. Yet, [LY05] succeeds in showing the existence and uniqueness of the
solution to [Eq.2.1], after a long development, when the payoff function f is such that f(e”) is Lipschitz-continuous
and when exp(—avz? 4+ 1) f(e”) is bounded for some a > 0 [GGrdcS15|. Again, this goes beyond the scope of the
present work, where we assume all regularity conditions to be satisfied in order to achieve existence and uniqueness
of the solution. It will be in particular the case for the two examples developed in sec. [2.3

Problem simplification

Following the ideas of [BCO6|, [GGrdcS15| further simplifies [Eq.2.1] by considering A(S) = 1 constant. The
volatility function [Eq.2.5] is expanded at the first order (ﬁ = 1+ 22+ O(2?)) under the assumption of a weak
non-linearity (low impact of dynamic hedging on the volatility in [FP02], i.e. ||[pSVss|| << 1). The problem is
then simplified towards

1
Vo (S,7) + 5025%/35(5, ) {1 +2pSVss(S, 7)} +7SVg(S,7) —rV(S,7) =0 [Eq.2.8]

even if [Eq.2.8] remains a non-linear pricing PDE due to the p—term. By introducing the change of variable
t =T — 7 (temporal reversion towards the time t left to maturity) and if u(S,t) = V (S, 7), the PDE becomes:

1
—us(S,t) + 5025’2uss(5, t) {1 + 2pSugs(S, t)] + rSug(S,t) —ru(S,t) =0 [Eq.2.9]

The terminal condition [Eq.2.2] is now transformed into an initial value specification:
u(S,0) = f(S) for 0 < S < +o0 [Eq.2.10]

From that point onward, the reasoning starts to differ from [GGrdcS15]. In that article, the negative sign in front
of the temporal derivative was forgotten during the change of variable [Eq.2.8] to [Eq.2.9]. The next sec. and
2.3| pursue the workout accounting for the correct expression [Eq.2.9] while sec. explores the consequences of
the inconsistent positive sign in front of u; in [GGrdeS15].

Exact solution for a particular smooth payoff function and possible numerical techniques
In [Esel3], a closed-form expression is found to [Eq.2.9] for the following payoff function:

5,4

f(8)=5-¥2 :

[Bq.2.11]
p

where Sy is an extra parameter specifying the shape of the payoff specification. The (unique) solution of [Eq.2.9]
is then given by:

r 0'2 0
u(S,t) =95 — \/? [\/5* exp <—+2/4 * t) + \/f x exp (—(r+ 02 /4) * t)] [Eq.2.12]

or in the original temporal variable 7 =T — ¢:

S r+ o2 S
V(S,1) =5~ \/':0 [\fS* exp <+2 /1, (- T)) + g xexp ((r+o0%/4) = (1 —T))} [Eq.2.13]

In the arguments of the exponential, let us note the negative sign in front of t for the modified variable and the
positive sign in front of 7 for the original variable.



For this very particular payoff function [Eq.2.11], the knowledge of the exact option price [Eq.2.12] enables to assess
and compare objectively the performances of various numerical techniques, namely the FD and ADM schemes. In
particular, the ADM will be observed to converge very rapidly towards the analytical price, over-performing the
FD in terms of computation time and numerical accuracy.

Nevertheless, the exact solution to [Eq.2.8| or [Eq.2.9] remains unknown in general for a payoff function £(S) not
given by [Eq.2.11]. Also, one might not consider the simplification [Eq.2.8] and rather keep the original non-linear
PDE [Eq.2.1], for which it is usually not possible to infer a closed-form pricing formula. In order to deduce the
option value in those cases, one would have to rely anyway on numerical schemes, among which the ADM will thus
appear particularly appealing. It tends to demonstrate the interest of the ADM over other numerical techniques.
This is at least true under the assumptions of this introductory example: for a constant interest rate r and a smooth
payoff function f(S).

Indeed, [Eq.2.11] defines a smooth payoff function f(S) (continuous and differentiable everywhere on 0 < .S < +00).
In combination with a constant interest rate r, the classical ADM constitutes then a credible and useful alternative
against the FD scheme in order to treat non-linearities. However, sec. (3| and [4| will illustrate the failure of the
classical ADM (or even its non-classical extension) in front of singular payoff functions combined with non-linearities
and/or stochastic interest rates (or more generally extra risk factors).

Pricing techniques relying on the underlying stock dynamics, such as binomial /trinomial trees or Monte-Carlo (MC)
simulations, are not suitable for the present non-linear context. Indeed, as explained before, it is here not only a
question of emulating the underlying stock based on a standard Black-Scholes dynamics exploiting the modified
volatility function 6(7, S, Vs, Vss) [Eq.2.5]. Even if it was the case, this volatility function would depend on the
unknown option value (and its derivatives), which is not practical for MC or tree schemes. Yet, the underlying
stock dynamics leading to the pricing PDE [Eq.2.1] is in general much different than the standard BSM. It can
integrate complex feedback loops (as in [Eq.2.6]) that depend on the implemented hedging strategy and on the
option price process itself. It prevents again the use of MC or tree simulations. Finally, the risk-neutral valuation
principles that underpin MC or tree schemes might become questionable in a non-linear incomplete market model,
for instance in presence of transaction costs. This is why one rather elicits a PDE approach for the pricing of
derivatives in a non-linear market model. The ADM constitutes one possible resolution technique for (non-)linear
pricing PDEs. It is compared against FD schemes that constitute a standard in the actuarial literature for solving
(non-)linear extensions of the Black-Scholes pricing PDE [AEO0S] [CJP09|[CJPB10| [CTP10][Heil0][Yan22|[Wanl19].

2.2 The classical Adomian Decomposition Method (ADM)

Presentation of the method

As mentioned in [AP11], the ADM extends the Picard method of successive iterations to a larger class of functional
problems. While the latter has been essentially limited to the proof of existence and uniqueness of a solution to
first order differential equations, the former is best dedicated for non-linear ODEs and PDEs. The equivalence
of Picard and Adomian developments does not hold in a non-linear case [AP11]. In the context of (non-)linear
PDEs, the classical ADM is introduced for instance in [Ado94| or [GGrdcS15]. For the sake of illustration, it is
here directly particularised to the non-linear pricing PDE [Eq.2.9], subject to the initial condition [Eq.2.10]. The
PDE is rephrased in terms of linear and non-linear operators

Liu(S,t) + Ru(S,t) + Nu(S,t) = g(S,t) [Eq.2.14]
where L; is a temporal differential operator, R is the linear part, N the non-linear part and g(S,t) the independent
term. For the particular case of interest [Eq.2.9], we identify

2 2
Li=-0, R= 302528%5—1—7"583—7" N = po*s? <8§S) = po?S*F  with F = <8§S> g(S,t) =0 [Eq.2.15]

The inverse temporal operator (time integration) is here defined as

t
~L7t= [ ..do [Eq.2.16]
0

The minus sign in [Eq.2.16] arises from the negative sign in front of the temporal derivative in [Eq.2.9]. This
negative sign is again inconsistently treated in [GGrdcS15], the consequences of which will be explored in sec.



In combination with the initial condition [Eq.2.10], a time integration of [Eq.2.14] leads to
t t
u(S,t) =u(S,0)+ L; g — Ly *Ru — po*S®L; ' Fu = f(S) + / Ru(S,0)do + pJ2S3/ Fu(S,0)df |Eq.2.17]
0 0

Adomian proposes a series decomposition of the solution u and of the non-linear part Fu

o0 —+oo
u(S,t) = Zun(S, t) Fu(S,t) = ZAn(uo,ul,ug, vy Up) [Eq.2.18]
n=0 n=0

where A,, are the Adomian polynomials defined here below. What is important to notice, for now, is that the
polynomial A,, at the order n only depends on the terms u; of the solution up to the order n. This naturally gives
rise to a recursive computation scheme. Indeed, the substitution of [Eq.2.18] into [Eq.2.17] entails

+o00 +oo ¢ +oo .t
> un(S,t) = f(S) +Z/ Run(S,O)d9+pa2SBZ/ A (g, ug, U, ..., Uy )dO [Eq.2.19)
n=0 n=0 0 n=0 0
from which we deduce the recurrence
t t
uo(S,t) = f(S) Upnt1(S,t) = / Ru, (S, 0)do + p0'253/ Ay (ug, ug, gy ...yt )do [Eq.2.20]
0 0

From the first term ug, trivially given by the payoff function f(S), the second term u; can be computed, since Ay
is only function of ug. Since A; is only function of uy and uy, us is easily deduced, etc.

How to compute the classical Adomian polynomials 7
The classical Adomian polynomials are defined in [Ado94], [BJ04] or [AC94] using an external parameter A

1 qn +oo . +oo ) “+o00
An(’LLQ,’LLhUQ, ,Un) = EW |:F<Z’LLZ)\Z):| - F(Zuz)\l> = ZAn(anulvu2v 7un))\n [Eq22]—]
' i=0 A=0 n—0

=0

This definition appears quite arbitrary for now and alternatives are possible (cf. below). Yet, it has proven to
deliver a convergent scheme for many physical and financial (non-)linear ODEs and PDEs, including [Eq.2.9]. An
intuitive motivation of this fact is to observe that the development [Eq.2.18] of Fu(S,t) is recovered for A = 1 in
the integral formulation of [Eq.2.21].

2
When F = (833) , for the problem [Eq.2.9] under concern, we find

1 Jdn +oo ] 2
An(uo,ul,u2, 7un) = —'W |:< E uiyss)\z> :| [Eq.2.22]
n: =0 A=0

After tedious derivation operations, [Eq.2.22] delivers the following first six Adomian polynomials

2 2
Ao = ug gg A1 = 2up, gsU1,55 Az = uj gg + 2up s5U2 55 Az = 2up ssus3,55 + 2u1,55U2,55

2
Ay = uj gg + 2ug,55U4a,55 + 2U1 55U3 55 As = 2ug,55U5,55 + 2u1,55U4,55 + 2u2 55Uz 55 [Eq.2.23]

In general, if higher order polynomials must be inferred or if more complex non-linear operators F are involved, the
direct application of [Eq.2.21] might entail too heavy computations: it becomes intractable for practical purposes.
The question of how to efficiently compute the classical Adomian polynomials, for specific non-linear operators,
has thus given rise to an abundant literature, where many algorithms and new formulas can be found beyond the
original definition [Eq.2.21] suggested by Adomian. In [BJ04], the authors rely on generalised derivation operators.
[ZCW05] rather exploits the fact that the infinite sums in [Eq.2.21] can be truncated at the order n whenever
derivatives must be computed at A =0

ar
daxm
n

dn n ] dn ,
F A =>4 )N Eq.2.24
dA™ [ (;UM )]A_o dan L—o (o, 11z, s i) A [Eq |

A=0




[CL04] uses the same idea as in [Eq.2.24] in order to develop a symbolic computation algorithm efficiently delivering
the classical Adomian polynomials. In fact, [ZCWO05] and [CL04] both refer to the results of [AC94| and [AC95],
where [Eq.2.24] is proven. The latter two articles further give simplified formulas computing the classical Adomian
polynomials in order to demonstrate the convergence of the ADM development [Eq.2.18], at least in the context of
non-linear differential equations. By opposition, [BBKT03] keeps the infinite sums in [Eq.2.21]. It rather tries to
expand F( ;OS) u;\%) in series of )\, before identifying the A" coefficients in order to access the Adomian polynomials
Ay (ug, u1,ug, ..., uy ). While being slightly less general, [Waz00] participates to the same philosophy as [BBK™03|.
For the example under concern Fu = u%g, [Waz00] considers the series developments [Eq.2.18|, expands the square
and groups the terms where the sums of indexes are identical. This procedure is suggested in [Eq.2.25]. It correctly
delivers the classical Adomian polynomials found in [Eq.2.23]. [Waz00] applies with success this simple grouping
technique to several other non-linear operators.

Fu=u%g = (uo,5s + 1,55 + 2,55 +...)° = (1§ g5) + (2ug,s5U1,55) + (Uiss + 2up,55U2,55) + ...
= Ao(UO) + Al(uo, ul) + AQ(UO, U, u2> + ... [Eq.2.25]

Extensions of the ADM and terminological remark

As stated in [DRW13a], there exist alternate definitions of the Adomian polynomials, developed in particular by
Georges Adomian, Randolph Rach and Jun-Sheng Duan. While the present work only deals with univariate poly-
nomials, multivariate extensions (coupled ODEs or PDEs) are possible, as in [Duall]. [Ado94] introduces also the
concept of accelerated Adomian polynomials by opposition to the classical polynomials [Eq.2.21]. In the literature,
the terminology "modified ADM" is essentially used to refer to the way the Adomian polynomials are defined and
computed [Ado94]. Several articles submitted by Jun-Sheng Duan provide efficient recurrence algorithms in those
cases: [Duall] for multivariate polynomials, [DRW13a| to treat higher order inhomogeneous non-linear differential
equations with variable system coefficients, [DRW"13b]| to deal with Robin boundary conditions. [Turl9] shows
rigorously that some ADM modifications proposed by Duan and Rach result in an accelerated convergence of the
method for specific problems.

Beyond the modified ADMs, one should also mention the Generalised Decomposition Method (GDM) introduced
by [IDYO08|. It relies on a "new kind of decomposition strategy for the non-linear function (...) utilising all the
information concerning” the previous terms u; of the solution and the non-linear function F(u) itself [JDYO0S].
Finally, [Tur2I] proposes a perturbed ADM "to speed up the convergence rate of the ADM series”. Modified,
generalised or perturbed decomposition methods lie beyond the scope of the present master thesis. In any case,
they should not be confused with the non-classical ADM extension studied in sec. whose objective will be to
treat singular payoff functions.

2.3 Two numerical examples

Values of the parameters
The first numerical example in [GGrdcS15| considers

r=0 o =02 So=1 p=-0.1 [Eq.2.26]

Considering [Eq.2.11], it leads to the following payoff function
1
FO(S) =S +10 {ﬁ + 4] [Eq.2.27]

While the article mentions erroneously the value p = —0.01, it is well the parameter p = —0.1 that leads to
[Eq.2.27], consistent with the generic payoff expression [Eq.2.11] for Sy = 1.

In a second example, [GGrdcS15| introduces a constant but non-zero interest rate r
r =0.06 oc=04 So=4 p=-001 [Eq.2.28]
Considering [Eq.2.11], it leads to the following payoff expression

FA(S) = S+ 200V + 100 [Bq.2.29]



In a transaction costs perspective, going back to [Eq.2.7|, [Esel3] suggests a value p > 0. It is only in that case
that a bid-ask spread is consistently introduced, due to transaction costs, and that "the trader will pay more than
the fundamental price when buying the stock (i.e. o > 0 ) and get less when selling it (i.e. o < 0)" [Eseld] .
Regarding large trader effects, [FP02| also considers a value p > 0 in its volatility feedback loop. In both numerical
examples of [GGrdcS15|, the negative strength p of non-linearity is thus hardly interpreted on the physical point
of view, which is a first argument we can address against that article. Yet, numerically speaking, nothing prevents
the use of p < 0 as an ad-hoc parameter value. Those negative p values will be kept in what follows, for the sake
of comparability with [GGrdcS15], especially regarding the entailed convergence speeds and levels.

Classical ADM scheme

The Adomian recurrence [Eq.2.20] can be applied to the first numerical example, using the parameters [Eq.2.26]
and starting from the payoff function [Eq.2.27]. The linear operator R is recalled in [Eq.2.15] and the Adomian
polynomials, for the problem under concern, are given in [Eq.2.23]. After tedious computations, we obtain the
following first Adomian polynomials and first terms w; of the series development of the solution u:

uo(S,t) = F(S) =S +10 [\FS+ ﬂ

2
453

t t
1(S,t) = / Ruo(S, 0)df + pa*S> / Ao(up)dd = —0.05¢V'S — 0.025t
0 0

— Ao(UO) = ug,SS =

— A1(ug,u1) = 2ug,ssU1,55 = —0.0625

t t
us (S, t) = / Ruy (S, 0)do + p0253/ Ay (ug, u1)df = 1.25 % 10~ 12V/S + 1.25 % 10~ 44
0 0

2

t
— Ag(ug, u1,ug) = u? 55 T 2ug ssuz 55 = 3.125 x 10~ 453

t
uz(S,t) = / Ruy(S,0)d6 + p0253/ A (ug, ur, ug)df = —2.0833 % 10773V — 4.1667 * 1077
0 0

The ADM solution, in the modified variable t (time to maturity), is then given by [Eq.2.18]
u(S,t) = uo(S,t) + ur(S,t) + ua(S,t) +us(S,t) + ... [Eq.2.30]

where the infinite sum is usually truncated after a few orders k. In practice, for this first numerical example, a
development up to ug already provides a decent convergence level. This ADM result can be compared to the exact
solution [Eq.2.12], particularised to the parameters [Eq.2.26].

A similar reasoning can be performed under the second numerical example, for the parameters [Eq.2.28] and the
payoff function [Eq.2.29]. The computations are heavier due to the non-zero interest rate r=0.06 but lead to the
results here below for the first orders of the development. The ADM solution is still given by [Eq.2.30], where, for
this second numerical example, a development up to us already provides a decent convergence level. This ADM
result can be compared to the exact solution [Eq.2.12], particularised to the parameters [Eq.2.28].

uo(S, ) = S 4 200V/S + 100 Ap(ug) = 2500573
uy (S, t) = —10tV/S — 10t A (ug, uy) = 2506573
ug (S, t) :025t2f+05t2 Ao (ug, uy, ug) = 12.5t2873
5 5
’LL3(S, t) = —%tgf— - A3(U0,U1,U2,U3) EtSS 3
5

ug(S,t) = 19200 VS + 2400 (o, u, uz, uz, ug) = 512 S”

— 1 5 —645
us(8,) = =555t VS —8.125 % 1075¢



The need for symbolic computation

Even for the simple linear Ru and non-linear F'u = UQS 5 operators under concern [Eq.2.15], the manual computation
of the successive terms wuy and Ag(ug,u1, ..., ur) already appears long and harrowing, particularly for the higher
orders k of the development. It would a fortiori be the case for more complex non-linearities. There is in general a
combinatorial explosion of the derivation and integration steps required to compute high order polynomials, which
is difficult to automate.

In the previous expressions of u; and of the Adomian polynomials Ay, the parameters r, Sy, o and p were directly
substituted for their numerical equivalents. However, unlike the FD scheme that requires a new time-intensive run
for each new parameter value, the Adomian series could be deduced once and for all for abstractly defined parameter
variables, allowing to treat easily different parameter sets. The numerical phase of the ADM scheme would only
require to substitute the symbolic parameters for their numerical equivalent, in an unaffected series development,
which is done at a negligible time-cost. Yet, keeping symbolic parameters in prior computations would reinforce
even more the algebraic complexity of the ADM.

Both arguments suggest that any industrial development of the ADM could only be accompanied by symbolic
programming environments, as illustrated for instance by the symbolic computation algorithm of Adomian poly-
nomials developed in [CL04|. While open-source alternatives exist on the market (Sage, SymPy, Maxima, etc.),
those are often outperformed by the commercial Mathematica suite which is elicited in the vast majority of articles
having to deal with the ADM in the bibliography of this master thesis (including [GGrdcS15]). Beyond the cost
discussion, symbolic paradigms have a syntax of their own and they very often require some kind of expertise in
the way to organise the computations. Yet, for this introductory example, symbolic programming would be more a
way to ease and accelerate the prior algebraic steps of the ADM, for which a manual workout remains here totally
possible, at least theoretically speaking. By opposition, in sec. 4] a non-classical ADM extension will be introduced
to cope with singular payoff functions. Symbolic softwares, such as Mathematica, will then appear as an absolute
necessity given the mathematical complexity of the new methodology. It will be the opportunity to come back on
the pros and cons of various symbolic alternatives.

Results presentation and interpretation

The exact solution .. (S, t) [Eq.2.12] is compared to the ADM series tuqgm (S, t) [Eq.2.30] over the grid S={1,1.5,...,
9.5, 10} and t={0, 0.5, 1, 1.5,...,14.5, 15}. We work under the modified variable t = T' — 7 representing the time t
left to maturity T. The ADM development is truncated at the order ug for the first numerical example and at the
order us for the second one. The total computation time amounts 0.1 second in both cases. For several couples
(S,t), a sample of the option prices is provided in tab. [1] for example 1 (resp. in tab. |2 for example 2). Those
tables also give the Relative Absolute Error (RAE) |uqdm — Ues|/|Ues| W.r.t. the exact option price.

t=1 t=5 t=10

Ex. 1 Ugdm Ueg RAE Ugdm Ueg RAE Ugdm Ueg RAE

S=1  13.42525 13.42525 9.68e-11 13.13117 13.13117 6.14e-08 12.77438 12.77439 1.00e-06
S=3  22.70925 22.70925 6.55e-11 22.27094 22.27094 4.15e-08 21.73786 21.73787 6.75e-07
S=5 = 29.72428 29.72428 5.44e-11 29.18667 29.18667 3.45e-08 28.53221 28.53223 5.60e-07
S=7  35.80068 35.80068 4.81e-11 35.18235 35.18235 3.05e-08 34.42924 34.42926 4.95e-07
S=9  41.32550 41.32550 4.39e-11 40.63737 40.63737 2.78e-08 39.79896 39.79898 4.51e-07

Table 1: For the first numerical example (cf. parameters [Eq.2.26]), for various couples (S,t), comparison of
the exact solution ue,(S,t) [Eq.2.12] and the ADM series uqam(S,t) [Eq.2.30] truncated at the order us. The
Relative Absolute Error (RAE) w.r.t. the exact solution is also provided. CPU time: 0.1s.

The following conclusions can be drawn:

e The truncation at the order ug for example 1 (resp. us for example 2) already entails an excellent numerical
accuracy w.r.t. uesz, over the whole computation grid, in an almost negligible computation time.

e The method converges rapidly towards the exact option prices. This can for instance be noticed in fig. (1| that
gives the convergence curves of the log RAE, for several couples (S,t), as a function of the order of truncation
in the ADM series.
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t=1 t=5 t=10

Ex. 2 Ugdm Ueg RAE Ugdm Ueg RAE Ugdm Ueg RAE

S=1  281.7296 281.7296 6.08e-10 217.4121 2174132 5.12¢-06 159.0000 159.0941 5.91e-04
S=3 4229993 422.9993 5.78e-10 333.4366 333.4376 2.77e-06 249.8069 249.8963 3.58e-04
S=5  520.8865 520.8865 5.66e-10 413.9426 413.9434 1.91e-06 312.9505 313.0367 2.75e-04
S=7  600.8270 600.8270 5.59e-10 479.7550 479.7557 1.43e-06 364.6502 364.7338 2.29e-04
S=9  670.2214 670.2214 5.54e-10 536.9329 536.9335 1.10e-06 409.6250 409.7063 1.99e-04

Table 2: For the second numerical example (cf. parameters [Eq.2.28]), for various couples (S,t), comparison of
the exact solution ue,(S,t) [Eq.2.12] and the ADM series uqam (S, t) [Eq.2.30] truncated at the order us. The
Relative Absolute Error (RAE) w.r.t. the exact solution is also provided. CPU time: 0.1s.

e As noticed in tab. [I]and [2] or in fig. [I| the convergence levels reached are less satisfying whenever the time
t to maturity is increased. This is not surprising: a higher t lies further away from the initial specification
[Eq.2.10] in the modified variable, i.e. further away from the terminal payoff specification [Eq.2.2] in the
original temporal variable 7. The convergence levels are also slightly degraded for smaller S values. For
a given numerical accuracy required, when higher t or smaller S values are requested, it suggests the need
for more terms in the ADM developments. Those conclusions are also observed in [GGrdcS15], despite the
inconsistencies present in that article that are degrading its convergence properties (cf. sec. .

e The convergence speed is lower when r is non-zero and/or o is higher (as in example 2), which suggests the
need for a higher order truncation in the ADM series under those cases, at least for a given numerical accuracy
requested. This is especially true for larger time horizons.

(a) — t=2and S=1.5 (b) o
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5 ° t=15andS=1.5| | 5 ° g
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Order of ADM truncation Order of ADM truncation

Figure 1: For the first (a) and second (b) numerical examples, for various couples (S,t), convergence curves of
the log RAE as a function of the order of truncation in the ADM series.

The temporal behaviour of the solution (theta Greek)

In the modified variable ¢ = T' — 7 representing the time left to maturity T, the exact solution [Eq.2.12] shows a
minus sign in the arguments of the exponential. In combination with a negative p value, as in the two numerical
examples, the option prices [Eq.2.12] should be decreasing for a higher t. This is indeed observed in tab. [1] and
both for ue, and wggm. This is for the PDE [Eq.2.9], with a minus sign in front of the temporal derivative,
after the change of variable from 7 to t. In the original temporal variable 7, the PDE [Eq.2.8|, with a plus sign
in front of the temporal derivative, admits the exact solution [Eq.2.13], with a positive sign in the arguments of
the exponential. In combination with a negative p value, the option prices [Eq.2.13] are growing when 7 becomes
closer to the maturity T.

In other words, for the problem under concern, there is a positive time-value stemming from p < 0. Alternatively,
the temporal Greek theta is positive for p < 0. In [Esel3], the authors derive the solution [Eq.2.13] to the original
PDE [Eq.2.8]. They compute its Greeks and they also find a positive theta value in case p < 0. It tends to validate
our implementation, by opposition to the inconsistencies in [GGrdcS15] (cf. sec. .

11



For p < 0, this positive theta Greek can be interpreted under a transaction costs perspective, for instance as in
[CIP04] (cf. [Eq.2.7]). For the sake of illustration, let us consider the writer’s point of view. To hedge his position,
he will perform trading operations on the underlying. For p < 0, negative transaction costs (i.e. transaction
benefits) will of course reduce the hedging costs. The option prices are thus even more reduced when the time t
to maturity is increased since you can accumulate those transaction benefits. In practice, real trades can only be
associated to transaction costs, not benefits, questioning again the choice of [GGrdcS15| around negative p values.

Finite Differences (FD) scheme

Up to now, as in [GGrdcS15|, the ADM was only shown to converge fast towards the exact option prices. The
interest of the method must be further demonstrated by comparing its performances to other numerical techniques.
In a FD algorithm, we consider the grid t = {0, At, 2A¢, ..., NAt = t4.} and S = {0, AS,2AS, ..., MAS = Spaz}-
Let us denote by u, ; the option price at the point (iAt, jAS). In order to solve the PDE [Eq.2.9], the scheme is
initiated using the payoff specification [Eq.2.10]

and the derivatives in [Eq.2.9] are replaced by finite difference approximations. For any interior grid point, the
S-derivatives are approximated by centred differences

Uil — Uij—1 Wij1 + Wij—1 — 2Uij

Us,ij 2AS UsS,ij (AS)Q [ q ]
For a lower S point (j=0), forward differences are used
Uil — Ui 0 U2 + w0 — 21
i0 ~ _— 0~ 2 2 2 E 233
Us,i0 AS USS,i0 2(AS)? [Eq |
while backward differences are considered for an upper S point (j=M)
Uj, M — Wi, M—1 UM U M—2 — 2U M1 [Eq.2.34]

USiM ~ A—S Uss,iM ~ 2(AS)2

Regarding the temporal derivative, a forward approximation is envisioned

o Wit1,j — Uiy
Uy, R — A [Eq.2.35]
Substituting [Eq.2.32] to [Eq.2.35] in [Eq.2.9] gives rise to an explicit recursive scheme. Starting from [Eq.2.31],
U;i+1,; can successively be computed from (uw;j_1,u;j,u; j+1) for an interior grid point, from (u; ;, i j+1, i j+2)
for a lower S point or from (u; j, u; j—1,u; ;—2) for an upper S point.

This explicit scheme has the advantage of computational simplicity and time efficiency. It is interesting since we
are mainly trying to compare the time performances of the ADM and FD methods. Yet, it was observed to suffer
from a low convergence rate in (At,AS) and from stability issues if At is too high for a given AS. It requires
thus to consider relatively small At, which burdens the FD CPU time. In practice, the first numerical example (cf.
parameters [Eq.2.26]) was carried on with N=10 0000, M=200, Sy;4» = 10 and ¢4, = 15. The second numerical
example (cf. parameters [Eq.2.28]) was run on a grid with N=5 000 000, M=200, S;,a. = 100 and t,,q. = 15.

Let us focus on the second numerical example. Tab. [3] is the strict equivalent of tab. [2 except that the exact
solution .z (S,t) [Eq.2.12] is now compared to the FD approximation u4(S,t). The following conclusions hold:

e The convergence properties are much degraded in the FD case. In particular, the numerical accuracy reached
in tab. |3 is much less satisfying than in tab. Besides, the FD computation time amounts 517 seconds,
while it only lies around 0.1 second for the ADM. Even if not provided in this document, for succinctness of
the text, similar observations were made for the first numerical example: more computation time in the FD
case (10 seconds) than in the ADM case (0.1 second) for a lower accuracy in the end. A fortiori, for both
numerical examples, the FD scheme could only achieve the ADM convergence levels at the price of an even
higher CPU time. It tends to demonstrate the interest of the ADM over the FD algorithm.
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e As for the ADM, the FD convergence properties are degraded for a higher time t to maturity (further
away from the payoff specification). The FD convergence levels are also slightly lower at the border of the
computation grid, where centred differences are replaced by forward or backward approximations.

e As for the ADM, the FD convergence speed is lower when r is non-zero and/or o is higher (as in example 2).
Under those cases, it suggests the need for a finer FD grid, at least for a given numerical accuracy requested.
This is especially true for larger time horizons. It tends to explain the significantly higher FD CPU time in
the second numerical example (517 seconds since r non-zero and higher o) by opposition to the first one (10
seconds).

Ex. 2 Utd Ueg RAE Utq Ueg RAE Utd Ueg RAE

S=1  277.3402 281.7296 1.56e-02 204.6944 217.4132 5.85e-02 148.5965 159.0941 6.60e-02
S=3  422.7334 422.9993 6.29¢-04 328.4049 333.4376 1.51e-02 243.7082 249.8963 2.48e-02
S=5  520.8255 520.8865 1.17e-04 411.4901 413.9434 5.93e-03 310.0795 313.0367 9.45e-03
S=7  600.7996 600.8270 4.56e-05 478.5287 479.7557 2.56e-03 364.7929 364.7338 1.62e-04
S=9  670.2052 670.2214 2.42e-05 536.5132 536.9335 7.83e-04 412.9660 409.7063 7.96e-03

Table 3: For the second numerical example (cf. parameters [Eq.2.28|), for various couples (S,t), comparison of
the exact solution u.s(S,t) [Eq.2.12] and the FD approximation wusq(S,t) (N=5 000 000, M=200, Smae = 100
and tmaez = 15). The Relative Absolute Error (RAE) w.r.t. the exact solution is also provided. CPU time: 517s.

2.4 Inconsistencies in the reference article

When it applies the temporal inversion t = T' — 7 from [Eq.2.8] to [Eq.2.9], [GGrdcS15| forgets the minus sign in
front of the derivative u;. Instead of the correct PDE [Eq.2.9] (in the modified variable t), it rather considers the
following problem

1
s (S,t) + 502521155(5, t) [1 +2pSiiss (S, t)} +7STg(S,t) — ra(S,t) =0 [Eq.2.36]

Despite this inconsistent application of the change of variable, one can anyway try to solve the new PDE [Eq.2.36],
subject to the initial specification [Eq.2.10]-[Eq.2.11]: @(S,0) = f(5). [GGrdcS15] correctly gives its exact solution

Vi 2/4 Vi
Uez(S,1) =S — % {\/E * eTp (T—i_;/ * t) + fo xexp ((r+0°/4) xt) [Eq.2.37]
Unlike the correct option prices ue, (S, t) [Eq.2.12] associated to [Eq.2.9], the solution ., (S, t) [Eq.2.37] associated
to [Eq.2.36] has now a positive sign in the arguments of the exponential. In combination with p < 0, it is thus
increasing with t. However, when [GGrdcS15] applies the ADM to [Eq.2.36], it considers in its reasoning

t
L7t = 7/ ..do [Eq.2.38]
0

This is the same inverse temporal operator as in [Eq.2.16]. It is valid for L; = —d;, as in [Eq.2.9], but not for
L; = 0; that should be considered instead for [Eq.2.36].

In other words, [GGrdcS15| compares the function ., (associated to the PDE [Eq.2.36] considering +;) with
some ADM solution g4, (associated to the PDE [Eq.2.9] considering —a;). While 4., is growing in t for p < 0,
Uadm Was shown to be decreasing in t for p < 0 (cf. sec. . In combination with other computation errors in
[GGrdcS15], this can only alter the ADM convergence properties of that article.
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Those considerations are confirmed in tab. It gives a sample of the [GGrdeS15| results, for the first numerical
example (cf. parameters [Eq.2.26]), at various couples (S,t). For this first numerical example, the ADM solution
Uadm Of [GGrdcS15] was also truncated at the order g, similarly to what was done in tab. |1} While ., is indeed
growing with t, 4gqm, is a decreasing function of the time t to maturity.

t=0.5 t=1 t=1.5
Ex. 1 Uadm Ueg Ratio Uadm Ueg Ratio Uadm Ueg Ratio
S=1 13.4738 13.5376 4.71e-03 13.4475 13.5753 9.41e-03 13.4213 13.6131 1.41e-02
S=2 18.6055 18.6901 4.52e-03 18.5690 18.7381 9.03e-03 18.5324 18.7864 1.35e-02
S=3  22.7760 22.8764 4.39e-03 22.7314 22.9325 8.77e-03 22.6869 22.9887 1.31e-02
S=4  26.4488 26.5626 4.29¢-03 26.3975 26.6254 8.56e-03 26.3463 26.6883 1.28e-02
S=5 29.8035 29.9292 4.20e-03 29.7464 29.9979 8.38e-03 29.6893 30.0668 1.26e-02

Table 4: For the first numerical example (cf. parameters [Eq.2.26]), for various couples (S,t), comparison of e
and @qqm (truncation at order @s), as considered by [GGrdcS15|. The ratio |tee — Gadm|/|Gez| is also provided.

The ratio |@es — Gadm|/|Ges| is also provided in tab. [4]. While [GGrdcS15] calls it a Relative Absolute Error (RAE),
in reality, it cannot be interpreted as an error metrics. Indeed, e, and @Ggqm are relative to different PDEs (with
opposite signs in front of the temporal derivative). This ratio is much bigger than the RAEs obtained in tab.
Even for its highest time horizons t=5 or t=10, tab. [I] achieves much lower RAEs than the ratios of tab. [4l This
is a new incentive in favour of our implementation. The residual inconsistencies in [GGrdcS15| were corrected in
order to achieve much more satisfying convergence speeds and levels in tab. [I]and [2] for both numerical examples.
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3 The classical ADM is unable to deal with singular payoff functions

3.1 Context and intuition behind the failure of the ADM for singular payoff functions

The problem at stake: context and objective
While sec. |2| envisioned a non-linear modification [Eq.2.1] of the Feynman-Kac PDE, the present section considers
again the usual Black-Scholes pricing equation (associated to the perfect market assumptions cf. sec. [1)):

Vi(S,1) + %&s’zvss(s, B+ rSVs(S,t) —rV(S,6) =0 [Bq.3.1]

where t denotes now the original temporal variable and V(S,t) is still the option price (at time t) on the underlying
S (non-dividend paying stock). If the classical ADM seems best suited for non-linear problems, it should, at the
very least, also apply to this linear pricing PDE, without transaction costs or liquidity issues, with constant r and
o parameters. It constitutes a minimal quality requirement for the scheme.

Yet, the present section will demonstrate the failure of the classical ADM whenever singular payoff functions are
involved, even under this most basic linear Black-Scholes framework. If the classical ADM appears as a promising
tool for smooth payoff functions, especially in a non-linear context (cf. sec. , it fails to cope with singular
payoff functions, even in a linear case. In the latter situation, it can only deliver partial results far away from the
singularities.

At maturity T, two particular examples of non-smooth payoff functions will be considered:

e A European call option offering the payoff V(S,T) = grc(S) = (S — K)* for 0 < S < +oo. For the
sake of completeness, [Eq.3.1] is also subject to the additional boundary conditions V¢t : V(0,¢) = 0 and
YVt o limgos 4o V(g’t) = 1. The exact option price is then given by the standard Black-Scholes formula

[WHDO02|. If .#" denotes the cdf of a standard normal distribution:

_(T— In(S/K)+ (r+a%/2)(T —t)
V(S,t) =S+ N (d)—Kxe " T D% N (dy) dy = , dy=di—oVT—t [Eq.3.2
( ) ( 1) ( 2) 1 U\/ﬁ 2 1 [ q ]
e A digital put option offering the payoff V(S,T) = gpp(S) = Bls<k for 0 < S < +oo. For the sake of
completeness, [Eq.3.1] is also subject to the additional boundary conditions V¢ : V(0,t) = Be "(T=Y and
Vit : limg_ 100 V(S,t) = 0. The exact option price is then given by the following expression [WHDO02]:

_In(K/S)— (r—o?/2)(T — 1)
B ovVI —t

The European call (resp. digital put) payoff is sufficiently regular to imply the existence and uniqueness of the
solution [Eq.3.2| (resp. [Eq.3.3]) to the standard Black-Scholes PDE [Eq.3.1]. Yet, another question is the ability of
the classical ADM to converge towards the analytical price [Eq.3.2] (resp. [Eq.3.3]) despite the singularity present

in the payoff function around the strike price K. In fact, in both cases, the classical ADM precisely encounters
convergence issues, as will be illustrated here below.

V(S,t) = Be T s 4 (d3) ds

[Eq.3.3]

"Since the (...) option (prices) are (available here) in a closed-form, one may argue that there is no need to find an
approzimation to the solution using the (classical) ADM. However, we believe that it is an essential step to apply
the method to a well-known system in order to gain insight into more complicated option pricing problems. It is
also important to investigate how to apply the ADM to this very special PDE problem that is characterised by the
presence of singularities in the initial (or terminal) condition, but has a wide application in mathematical finance”
[KGZ18|. A fortiori, if the classical ADM already experiences difficulties in the most basic linear Black-Scholes
context, it can only be the case as well for non-linear extensions or under stochastic interest rates models (more
generally under the presence of other risk factors), whenever one has to account for payoff singularities.

Bibliographical remark and contributions of the present section

The considerations exposed in the present section are heavily inspired by [KGZ18|, which is the second reference
article for this master thesis. Indeed, [KGZ18| exploits the results of [BZ09| and [BS12| in order to illustrate
the failure of the classical ADM close to the payoff singularities, even under the standard linear Black-Scholes
environment. At first, in sec. the present work reproduces and confirms the main conclusions of [KGZ18| that
are limited to the case of a European call option. The singularity appears then as a discontinuity in the first order
derivative of the payoff function.
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In a second time, the contributions of the present work are as follows:

e For the European call example, sec. provides a detailed convergence analysis of the classical ADM.
[KGZ18| only mentions some asymptotic results that will be here demonstrated more rigorously. Here, the
classical ADM is shown to be indeed fast-converging but only towards biased option prices (that are only valid
asymptotically far away from the singularity). In the example at stake, extra comments and arguments are
provided around the convergence properties of the classical ADM, motivating the need for another extended
scheme.

e A similar reasoning is held in sec. for a digital put option. Analogous results, conclusions and convergence
properties seem to be retrieved when the discontinuity lies in the payoff function itself (and not only in its
first order derivative). It tends to confirm the inability of the classical ADM to deal with non-smooth put or
call payoffs, whatever the type of singularity at stake.

e A more involved example is considered in sec. in the context of a unit-linked life insurance product,
offering an exogeneous guarantee, under a Vasicek interest rate model, possibly extended to non-linear effects
such as transaction costs or illiquidity. In front of a singular payoff function, the difficulties experienced in the
standard Black-Scholes framework (linear, constant r) are a fortiori even more reinforced under a stochastic
interest rate and/or non-linear model.

For the sake of simplicity, and to remain consistent with the other sections of this master thesis, the underlying is
here a non-dividend paying stock. The extension towards a non-zero dividend yield q is made without difficulty,
for instance in [KGZ18|.

The results of [BZ09]: intuition behind the classical ADM failure

For the standard Black-Scholes problem [Eq.3.1], subject to the terminal payoff specification V' (S,T) = g(S) for
0 < S < 400, [BZ09| demonstrates that the classical ADM (presented in sec. leads to the following series
decomposition of the solution V(S,t):

2

Vs =S nen s - Ty (S5 W mgons) g, — (Bl er-1) [Eas
= U u = v =\ TT)(V— -90-
where the derivatives g™ (S) (at order m) of the payoff function g(S) are involved in the successive terms of
the development. The proof is recalled in appendix [B, following the ideas of [BZ09]. [Eq.3.4] provides a direct
intuition behind the failure of the classical ADM for European call or digital put options, and more generally for any
singular payoff function. It requires the payoff function to be differentiable at any order, rejecting the possibility
of discontinuities in g(S) or any of its derivatives.

Literature review about the payoff singularity problem

As such, even under the standard Black-Scholes framework, as soon as the payoff function g(S) has some differen-
tiability issues (at any order m), the classical ADM and the associated decomposition [Eq.3.4] are not applicable
anymore. As stated in [KGZ18|, some authors have nevertheless tried to apply the classical ADM to the linear
Black-Scholes problem [Eq.3.1], relying on different artifices, none of which are truly satisfying:

e Some articles stay limited to the class of regular payoffs, differentiable at any order. It is for instance the
approach of [EWAEQ6] that considers the terminal condition g(S) = S + (1/5)%, which admits a derivative
of any order for S > 0. It was also the technique envisioned in sec. |2| based on [GGrdcS15| (for the non-linear
extension [Eq.2.1] of the Black-Scholes problem). The payoff functions [Eq.2.27] and [Eq.2.29] were analytic
for S > 0. Alternatives are required for singular payoffs that are not uncommon in insurance and finance.

e [AEBI3] only considers the linear part (S-K) of the European call payoff (S— K)™. It only delivers asymptotic
results, for S >> K, far away from the singularity.

e For a European call option, [BS12] rather considers a series of regular payoff functions that approximate more
and more closely the real singular payoff (S — K)T. A similar procedure applies to the digital put case (cf.
sec. , yet based on a different set of approximate functions. In the next developments, the focus lies
around this methodology and the multiple artefacts it entails. In particular, for a European call option, in
the region S>K, it reduces to the [AEB13] technique, as if the payoff was (S-K) and not (S — K)*. Similarly,
in the region S<K, it will be shown to correspond to the zero payoff and not to the real terminal condition
(S — K)*. As such, the results of [BS12] are only asymptotically correct, far away from the singularity.
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The (Bohner et al., 2012) methodology [BS12]: classical ADM for a series of approximate payoffs

- o
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Figure 2: For a European call (a) and a digital put (b) option, convergence of the series of approximate payoff
functions [Eq.3.5] and [Eq.3.6] towards the real payoff functions.

Following the ideas of [BS12], in the classical ADM development [Eq.3.4], instead of g(S), one can consider a series
of approximate payoff functions g,(5), differentiable at any order m, tending towards the real singular payoff g(S)
as n — +o0o. For a European call option, [BS12| considers the following approximations

1 1 2v/2 -1
gecn(S) = 5(5 —K)+ 3 (S—K)2+a, apn = \/;72 [Eq.3.5]
As illustrated in fig. a) (for K=40), gecn(S) — gec(S) = (S — K)* for n — +oo. Similarly, the digital put
payoff can be approximated by the following series of sigmoid functions

B

9ppn(S)
As illustrated in fig. [J(b) (for K=40 and B=1), gpp,n(S) = gpp(S) = Bls<k for n — +oc0. For any finite n value,
the functions in [Eq.3.5] and [Eq.3.6] are fully differentiable (i.e. at any order m) for S>0. The computation of
their successive derivatives is not difficult but is quite tedious. It brings a combinatorial explosion in the number
of terms involved. If one considers the ADM development [Eq.3.4] up to the order k;;,,,=7, one must have access
to the derivatives up to the order m=2k;;,,=14. Again, a symbolic computation software such as Mathematica
can ease those preliminary derivation operations, even if hand computations remain totally possible here, at least
theoretically speaking. For instance, the first two derivatives of [Eq.3.5] are given by

S—-K n

1
! S)y=-+ ron(S) = . Eq.3.7
gEC,n( ) 9 9 (S — K)2 Ta, gEC,n( ) 2((5 _ K)2 + an)3/2 [ q ]
while the first two derivatives of [Eq.3.6] reduce to
(S—K)n 2 (S—K)n(,(S—K)n _
, B nBe " _ n°Be (e 1)
gDP,n(S) - _(1 + e(S—K)n)Q gDP,n(S) = (1 + e(s_K)n)g [Eq38]

For n — +oo (close enough payoff approximation) and when enough terms are considered in the classical ADM
development [Eq.3.4] (truncation for k;,, — +00), we hope to retrieve a decent numerical accuracy. In other words,
we hope that the approximate ADM solution [Eq.3.4] (considering g¢,(S) instead of g(S)) converges towards the
exact European put price [Eq.3.2] (resp. [Eq.3.3] for the digital put option) when n, ki, — +00. However, the
next developments will illustrate the absolute failure of this methodology, even if the approximations g, (S) are fully
differentiable, since the latter functions g, (S) tend to something singular for n — +o0o. When g, (S5) tends towards
the real singular payoff function g(S), the effects related to the singularities become more and more pronounced:
the computations of the successive derivatives ([Eq.3.7] or [Eq.3.8]) and of the ADM development [Eq.3.4] become
badly conditioned, entailing an undesirable numerical behaviour.
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3.2 The case of a European call option

The (Bohner et al., 2012) methodology: results from [KGZ18]

In order to confirm the analysis and conclusions of [KGZ18], let us consider the same parameter values as in that
article. At time t=0, a European call option with strike K=40 must be priced, for ¢ = 0.324366 and r=0.05. The
classical ADM solution uapps is computed from [Eq.3.4] where gpc(S) is replaced by the approximate functions
gec,n(S) [Eq.3.5] and their successive derivatives [Eq.3.7]. The truncation is here performed at the order ki, =7,
above which only negligible modifications can be observed in the obtained solutions. The ADM approximation is
compared with the exact option price u., [Eq.3.2]. In tab. [5| the Relative Absolute Error (RAE) |ter —tapnr|/|tex]
is provided for several combinations of stock prices S In, At and Out of The Money (ITM S=65, ATM S=40, OTM
S=30) and maturities T=1/4, 1/6, 1/12. Only short term maturities are considered here, which is sufficient to
highlight the main tendencies and convergence properties. Two orders of approximation are considered for the
payoff functions (n=2 and n=100), in order to assess the performances of the scheme when n — +oco (i.e. when
the approximation ggc ., (S) tends towards the real singular payoff gpc(S) = (S — K)™).

RAE T=1/4 | T=1/6 | T=1/12
S=65 ITM) | n=2 | 1.39e-04 | 1.97e-04 | 1.91e-04
n—100 | 9.54e-05 | 6.00e-06 | 7.35¢-08
S—40 (ATM) | n=2 | 1.45¢+16 | 1.05e+15 | 1.19¢+13
n—100 | 1.78¢+38 | 1.30e+37 | 1.46e+35
S=30 (OTM) | n—2 | 4.33e+00 | 8.47¢-01 | 1.le+01
n—100 | 9.98¢-01 | 9.99¢-01 | 9.95¢-01

Table 5: For K=40, o = 0.324366 and r=0.05, relative absolute error between the ADM solution [Eq.3.4]
(kiim = 7), using grc,n(S) [Eq.3.5] (n=2 or 100), and the exact solution [Eq.3.2]. Inspired by [KGZ18§].

Convergence analysis: OTM zone (S<K)

In the OTM zone, for n — +oo, the approximation grc,»(S) and any of its derivatives gggn(S ) essentially reduce
to the zero constant. At least, for any finite n >> 1, those quantities are very small. More formally, a,, — 0 for
n — +oo. For S<K, the limits n — 400 of [Eq.3.5] or [Eq.3.7] are all 0: g(Engn(S) — 0. When n — +o0, all
the uy terms in [Eq.3.4] are thus tending to 0. When n, ki, — 400, the ADM approximation uapys converges
thus (quite rapidly) towards the zero constant. This is true for any S<K: for instance, with n=100 and ky;,,, = 7,
the observed option prices are almost zero whatever the considered maturity T. This zero price, towards which
the classical ADM converges for S<K, is only valid asymptotically. In general, the exact option price is given by
[Eq.3.2], which is only zero in the limit T — t or when S << K. The classical ADM converges thus rapidly but
only towards biased option prices. For S<K, since uapys — 0 when n, kj;,,, — +oo , we also have RAE — 1, as
noticed for instance in the last line of tab. B with n=100.

Convergence analysis: ATM zone (S=K)

At the strike price K, the real payoff gpc(S) = (S — K)T is not differentiable (discontinuity in its first derivative).
Despite each approximate function ggc ., (S) is fully differentiable, we have gpc . (S) — grc(S) singular when
n — +oo. Formally, a, — 0 for n — +0c0. When S=K in [Eq.3.7|, g5¢,,(S) — 1/2 for n — +oo, which is the
mean of the left and right derivatives g (S) of the real payoff function around S=K. However, still in [Eq.3.7],
when S=K, 9%077L(S) — 400, which is the effect of the singularity. The same goes for the higher order derivatives

gg'é?f )(S ) around S=K. In tab. |5 around the ATM zone (S=K), the numerical computation of those derivatives

gg’gn(S ) is thus badly conditioned for m > 2, explaining the enormous RAEs obtained.

Even if each approximate function ggc ,(9S) is fully differentiable (in particular at S=K), the effect of the payoff
singularity is thus still observed in the classical ADM development [Eq.3.4] under the limit n, ki, — +00. In fact,
higher n values even deteriorate the results in the ATM zone, since the high order derivatives gEEW(lJ);n (for m > 2)
take huge values around S=K when n — +o00. The classical ADM appears thus absolutely not suitable in the
ATM zone, entailing enormous losses in precision, even if we consider a series of fully differentiable approximate
functions converging towards the real payoff.
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Convergence analysis: ITM zone (S>K)

In the ITM zone, for n — 400, the approximation ggc ,(S) essentially reduces to the linear part (S-K) of the real
payoff (S—K)™T. Its first derivative g};an(S ) is thus essentially 1 and higher order derivatives gg'gnl ) are essentially
0 (they are at least very small for any finite n >> 1). More formally, a,, — 0 for n — +oco0. For S>K, the limit
n — +oo of [Eq.3.5] is indeed (S-K). When S>K in [Eq.3.7], 95, (S) — 1 and g%, (S) — 0 for n — +oo. As
such, for S>K, in the limit n — 400, the classical ADM terms u(.S,t) [Eq.3.4] only have to consider the indices m

up to min(1,2k), with gg)()jm(S) ~ (S — K) and ggén(S) ~ 1. Hence, since go = —r and g1 = 0, [Eq.3.4] becomes:

m )m v

uo(s.1) ~ =00 5~ (Z ),gv) 5™ gl (S) = g0 (S) ~ (S — K) [Eq3.9)

m=0

1 m
Tft mi m _(m -t :
up>1(8,t) & (i) Z (Z ,%)S (EC‘)n(S) = % Qgggé,n(S)Jr( o5 +91)59E0n(5)

m=0 “v=0
(T —t)*
k!

(T — D)k
[(—r)k(S - K) - (—r)’fs} = —K# [Eq.3.10]

Q

When n, kj;,, — +o00 and S>K, the ADM approximation uapys converges thus (quite rapidly) towards

00 _ N k 00 _ B k
uap (S, 1) Zuk S, t) K)— ZK% =5- ZKW =8 —Ke """ [Eq.3.11]
k=1 ’ k=0 '

For any S>K, the classical ADM converges thus rapidly but only towards biased option prices u* = S — Ke~"(T—1),

as if the payoff was (S-K) and not (S — K)*. Yet, the exact option prices [Eq.3.2] only correspond to [Eq.3.11] in
the asymptotic limit 7' — ¢ or when S >> K.

Those considerations are highlighted in particular for S=65 in tab. [6] It gives, for K=40, o = 0.324366, r=0.05,
kiim = 7 and n=100, the ADM price uapps resulting from [Eq.3.4], the asymptotic approximation u* = S —
Ke "= and the exact price ey [Eq.3.2]. Indeed, for n, ki >> 1 and S>K, uapy has converged towards the
asymptotic approximation u*. Since S = 65 >> K = 40 (far enough from the singularity), the asymptotic result
u* is not too far from the exact solution ue,: it explains the decent RAEs obtained in tab. [5| when S=65, especially
for the highest n values. Yet, in general, for S > K but closer to the singularity, the bias between v apys — u* and
Uue, might degrade the convergence properties.

T=1/4 | T=1/6 | T=1/12
uapar | 2549689 | 25.33195 | 25.16632
w* | 25.49689 | 25.33195 | 25.16632
Uew | 25.49932 | 25.33210 | 25.16632

Table 6: For S=65, K=40, ¢ = 0.324366, r=0.05, ki;»m = 7 and n=100, comparison between the ADM price
uapm resulting from [Eq.3.4], the asymptotic approximation u* = S — Ke " T=Y and the exact price Ueq
delivered by [Eq.3.2]. Inspired by [KGZ18].

Convergence analysis: synthesis

The previous observations about the convergence of the (Bohner et al., 2012) methodology [BS12| had essentially
already been made by [KGZ18]. The next paragraphs provide extra arguments against the scheme [Eq.3.4] proposed
by [BS12]. For a European call option, the classical ADM exposed here above is absolutely not suitable around the
singularity S=K. Everywhere else, it is fast-converging but only towards biased option prices, that are only valid
asymptotically for T — ¢ or in a restrained zone of the payoff S << K or S >> K (far away from the singularity).
The problem is not about the convergence per se, nor about its speed, but about the price level towards which the
method is leading. For S<K, it converges rapidly towards zero, only seeing the flat zero portion of the call payoff.
For S>K, it converges rapidly towards u* = S — Ke~"(T=%) only seeing the linear portion (S-K) of the call payoff.
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As such, the classical ADM only makes a local interpretation of the payoff function, through the g-derivatives in
[Eq.3.4]. Tt is unable to account at once for the whole payoff pattern. Local effects cannot be propagated beyond
the singularity S=K, even when one considers a series of fully differentiable payoff approximations converging
towards the real singular payoff. Yet, the real call payoff is (S — K)T and the exact option prices are given by the
Black-Scholes formula [Eq.3.2]. This is a first incentive motivating the need for a non-classical ADM extension, as
proposed for instance by [KGZI8] (cf. sec. [f). Using suitable changes of variables, [KGZ18] moves the singularity
from S=K towards the infinity, excluding de facto the need to propagate local effects beyond this shifted singularity.

Asymptotic utility of the method and distance metrics ?

Yet, as the bias vanishes asymptotically for T — ¢, § << K or S >> K, one could argue that the classical
ADM might recover some kind of utility in those limits. For short term horizons and/or far enough from the
singularity, the method is rapidly converging and has possibly a low bias, turning it eventually into a credible
numerical alternative, at least in a restrained zone of the payoff function.

On one hand, for S << K (resp. S >> K), the probability of exercise is almost zero (resp. one) and the option
price is immediately known: it trivially reduces to 0 (resp. u* = S — Ke~"(T=%). This is true for a European call
option but, in general, asymptotic results are often immediately deduced for a wide class of derivative products.
The utility of a numerical method that only captures accurately those already known asymptotic prices is thus
heavily questionable.

On the other hand, what does it really mean to be far enough from the singularity? It appears difficult to define
a distance metrics (of S w.r.t. the singularity K) that would be related to the convergence bias one can expect
from the method at a particular S value. Would this distance metrics be defined endogeneously, without making
reference to another numerical method or to the exact option prices? If not, the legitimacy of the classical ADM
would again be questionable from the need to rely on other numerical schemes and/or the exact option prices. At
the very least, we expect such a distance metrics to be mathematically involved and/or problem dependent and/or
related to the particular singularity or payoff shape considered (lack of transposability).

Definition of a singular payoff function and singularity metrics ?

The European call payoff ggc(S) is undoubtedly singular: it admits a discontinuity in its first order derivative. In
that case, a direct application of [Eq.3.4] with the exact payoff ggc(S) is not possible since it is not differentiable.
The method considering a series of fully differentiable approximations ggc,,(S) converging to ggc(S) was also
shown to be problematic. When n is too low, the scheme is biased from the discrepancies between gpc,,(S) and
gec(S). When n is too large, gpcn(S) accurately reproduces ggc(S) but a convergence bias is introduced from
the singularity effect. One could argue that intermediate n values could offer a suitable numerical trade-off. Yet,
again, it would be difficult to select intrinsically the optimal n value, without making reference to another numerical
method or to the exact option prices.

Similar conclusions will apply for the digital put option (cf. sec. . It is associated to a discontinuity in the
payoff function itself, which appears stronger than the discontinuity in the first order derivative of the European
call payoff. But what about discontinuities in the second, third or higher order derivatives of the payoff function?
Are the latter still associated to a convergence bias? Or even to slow or non convergence issues? In fact, even
defining the concept of singular payoff is not a trivial task. How to define a metrics telling whether or not a given
payoff function is locally singular and if we can expect some convergence issues through the classical ADM? As for
the distance metrics mentioned before, the same questions would apply. Would this singularity metrics be defined
endogeneously? Would it be mathematically tractable and easily transposable?

Besides, this singularity metrics could not reliably be defined solely based on the presence of a discontinuity in the
payoff function or its derivatives. Let us imagine a derivative product offering the exact payoff ggc . (S) for n=100.
It is differentiable everywhere, in particular at S=K. As it is really close to ggc(S) = (S — K)T, we expect the
option price to be really close to the European call price. Yet, the application of the classical ADM for ggc n=100(S5)
was shown here to introduce a convergence bias w.r.t. this European call price. One way or another, gpc n=100(S5)
is close to a singular payoff function and introduces ADM convergence issues, even if it is fully differentiable.

As such, in general, for an arbitrarily defined payoff function g(S), possibly differentiable at any order m, it is
difficult to tell in advance how the classical ADM will behave. Is g(S) smooth enough to have a proper ADM
convergence, as in sec. Or is it singular enough to entail convergence issues and the absence of propagation
of local effects, as in the present sec. What does it mean to be smooth/singular enough? How to define this
singularity metrics? Do we have a convergence bias? Or even convergence speed or non convergence issues?
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In order to bypass those questions, according to the ideas in [KGZ18§], sec. introduces a non-classical ADM
extension that properly deals with the possible payoff singularities. By opposition, the general conclusion (cf. sec.
@ will come back on some attempts in the literature that study the convergence properties of the classical ADM.
The latter are often constrained to only one of the three aspects (convergence or not, speed of convergence, bias
in converged prices) without offering a complete picture. Besides, the study of convergence properties is often
mathematically involved and difficult to transpose beyond the specific problems considered.

3.3 The case of a digital put option

Similar results apply in the case of a digital put option, despite the discontinuity appears here in the payoff function
itself and not only in its first order derivative. At time t=0, a digital put option with strike K=40 must be priced, for
o = 0.3, r=0.05 and B=1. The classical ADM solution w4 pps is computed from [Eq.3.4] where gpp(S) = Bls<k is
replaced by the approximate functions gpp,(S) [Eq.3.6] and their successive derivatives [Eq.3.8]. The truncation
is here performed at the order kj;,,, = 3, above which only negligible modifications can be observed in the obtained
solutions. The ADM approximation is compared with the exact option price u., [Eq.3.3]. Tab. [7|is the exact
analogous of tab. for several combinations of stock prices S In, At and Out of The Money (ITM S=35, ATM
S=40, OTM S=45) and maturities T=1/4, 1/2, 3/4. Two orders of approximation are considered for the payoff
functions (n=5 and n=20) in order to assess the performances of the scheme when n — 400 (i.e. when the
approximation gpp,(S) tends towards the singular payoff gpp(S) = Bls<k).

RAE T=1/4 | T=1/2 | T=3/4
S—35 (ITM) | n—5 | 2.33¢-01 | 3.66e-01 | 4.42¢-01
n—20 | 2.33¢-01 | 3.67e-01 | 4.47¢-01
S=40 (ATM) | n=5 | 5.93¢105 | 4.82¢106 | 1.65¢+07
n—20 | 6.08¢+08 | 4.97¢+09 | 1.69-+10

S—45 (OTM) | n=5 | 9.98¢-01 | 9.88¢-01 | 9.65¢-01
n=20 | 1.00e+00 | 1.00e+00 | 1.00e-+00

Table 7: For K=40, o0 = 0.3, r=0.05 and B=1, relative absolute error between the ADM solution [Eq.3.4]
(kiim = 3), using gpp,n(S) [Eq.3.6] (n=>5 or 20), and the exact solution [Eq.3.3].

The following comments can be made:

e In the OTM zone (S>K):
(m)

Formally, [Eq.3.6] and [Eq.3.8] tend all to 0 for n — +oo. At least, for any finite n >> 1, all the g),p,, are
very small. All the uy terms in [Eq.3.4] are thus tending to 0. When n, ki;,,, — +00, the ADM approximation
uapp converges thus (quite rapidly) to 0 and the RAE towards 1, as noticed for instance in the last line of
tab. [7| when n=20. Yet, the exact option price [Eq.3.3] is only zero in the asymptotic limit " — ¢ or when
S >> K. The classical ADM converges thus rapidly but only towards biased option prices, only seeing the
flat zero portion of the real payoff gpp(S) = Bls<k.

e In the ATM zone (S=K):
At the strike price K, the real payoff gpp(S) = Bls<k is discontinuous. Despite each approximate function
gppn(S) is fully differentiable, we have gpp,(S) — gpp(S) singular when n — +oco. In [Eq.3.8], when
S=K, the numerical computation of the successive derivatives gg}),n is thus badly conditioned, explaining the
enormous RAEs obtained in tab. [ around the ATM zone.

e In the ITM zone (S<K):
(m>

Formally, for S<K, when n — +oc0 in [Eq.3.6] or [Eq.3.8], we have gpp,(S) — B and 9DP,7?) — 0. As such,
for S<K, in the limit n — +o0, the classical ADM terms wuy(S,t) [Eq.3.4] only have to consider the index

m=0, with g}?},’n(S) ~ B. Hence, since g9 = —r, |[Eq.3.4] becomes:

- t)ka (0) (T —t)*

Ippn(S) ~ I (—r)*B [Eq.3.12]

T
ue(8.1) = T
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When n, kjjm — 400 and S<K, the ADM approximation upps converges thus (quite rapidly) towards

ZukStR:

For any S<K, the classical ADM converges thus rapidly but only towards biased option prices u*, only seeing
the flat B portion of the real payoff gpp(S) = Bls<k. Yet, the exact option prices [Eq.3.3] only correspond
to [Eq.3.13] in the asymptotic limit 7 — ¢ or when S << K.

X [=r(T - b))
uapnm(S;t) Z % ~ Be "7V [Eq.3.13]
k=0

Those considerations are highlighted in particular for S=35 in tab. It gives, for K=40, ¢ = 0.3, B=1
r=0.05, kjjm = 3 and n=20, the ADM price uapps resulting from [Eq.3.4], the asymptotic approximation
u* = Be "(T=1 and the exact price ey [Eq.3.3]. Indeed, for n, ki >> 1 and S<K, uapas has converged
towards u*, which is biased w.r.t. u,,.

T=1/4 T=1/2 T=3/4
wapy | 0.9875778 | 0.9753099 | 0.9631944
u* 0.9875778 | 0.9753099 | 0.9631944
Uer | 0.801002680 | 0.713545956 | 0.665852981

Table 8: For S=35, K=40, B=1, o0 = 0.3, r=0.05, kiim = 3 and n=20, comparison between the ADM price
wapu resulting from [Eq.3.4], the asymptotic approximation v* = Be™"T~% and the exact price uc, delivered
by [Eq.3.3].

In tab. [7] for the digital put example, the RAEs in the I'TM zone are less satisfying than they were in tab. [5] for
the European call option. It comes from the fact that the discontinuity appears here in the digital put payoff itself
(and not only in its first order derivative). Also, S=35 in tab. m is closer to the singularity K=40 than S=65 in

tab. Finally, the numerical computation of the successive derivatives gD Pn >0) [Eq.3.8] is badly conditioned. In

theory, for S # K, we have formally g(m>0) — 0 when n — +00. Yet, in practice, exponentials appear both in the

numerators and denominators of [Eq.3. 8], which can lead to expressions of the kind 0.0c0 or co/co during numerical
evaluation for very large n values.

The other comments made in sec. apply mutatis mutandis to this new example of a digital put option. In
particular, the classical ADM still only makes a local interpretation of the payoff function, through the g-derivatives
in [Eq.3.4]. It is unable to account for the whole payoff pattern. As before, local effects cannot propagate beyond
the singularity S=K. It confirms the results of [KGZ18] for another kind of singularity.

3.4 A more involved example under a life insurance context

Context and problem: unit-linked life insurance product offering an exogeneous guarantee
Under a life insurance context, let us consider the following unit-linked insurance product offering an exogeneous
guarantee and subject to the following assumptions:

e At first, the financial market is supposed to respond to a linear Black-Scholes Vasicek model. The risky
asset .Sy follows thus a standard Black-Scholes dynamics (o constant) while the short rate r; obeys a Vasicek
dynamics (speed a and level b of mean reversion, volatility o, are constant). There is a correlation p between
the non-dividend paying stock S; and the short rate r;. Under the risk-neutral measure Q:

dS(t) = r(t)S(t)dt + o.S(t)dW(t)

S(0) =Sy [Eq.3.14]

dr(t) = a(b — r(t))dt + o,dW2(t) 7(0) = 1o AW2(t)dWR(t) = pdt |Eq.3.15|

e The insurance model assumes that mortality is independent from the financial market. Besides, we do not
envision the questions of longevity risk, of stochastic mortality and of the price of mortality risk. For the sake
of simplicity, the XR life table is used (since the product offers benefits in case of survival). For instance, for
a policyholder of age x=63y. at time t=0, the survival probability until 65y. (e.g. retirement at maturity

T=2y.) is po(0,T) = 0.98103.
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e The policyholder invests at time t=0 in a fixed number N of underlying units S; (non-dividend paying stock).
The product has a single premium P. At maturity 7" = 2, in case of survival, the policyholder fully participates
in the stock return, yet with a guaranteed amount K per stock unit. This product can thus be seen as the
combination of a zero-coupon bond and a European call option. Indeed, its payoff at maturity T (accounting
for the survival probability) is proportional to the maximum between the dynamic fund S; and the exogeneous
guarantee K:

gur(S7) = Np,(0, T)max(Sy, K) = Np,(0,T)[K + (St — K)*] = Np,(0, T)[K + gec(St)] [Eq.3.16]

We aim at determining the Fair Value (FV) of this life insurance product at time t=0:
FV = me(o, T)FV%:()[K + gEC(ST)] = pr(o, T)V(t =0,8=85p,r= TQ) [Eq.3.17]

At first, we assume thus the absence of non-linear market effects such as illiquidity or tramsaction costs. In
particular, the function V(t, S, r) is solution of the linear Black-Scholes Vasicek PDE [Eq.3.18]|. From Itd’s lemma
and from the argument that the drift of any asset should correspond to r; under QQ, we find indeed

Vi + %O’ESQVSS + %ofVM +7rSVs + a(b—r)Vy + poso,.SV,s —rV =0 [Eq.3.18]
V(T, ST,TT) =K+ gEC(ST) =K+ (ST — K)+ = ma:v(ST, K) = gUL(ST)

It is only in the last developments of this section that the product valuation will be considered under a non-linear
extension of the Black-Scholes Vasicek model. Ultimately, non-linear effects, such as illiquidity or transaction costs,
will be accounted for by replacing the constant o; parameter with the same volatility function ds(7, S, Vs, Vss) =
ToEves 8 insec. 2 (cf. [Eq.2.5]). Only a Finite Differences (FD) scheme will be able to tackle this more
difficult non-linear extension. In particular, the classical ADM will be shown to already fail in the resolution of
the linear problem [Eq.3.18|, again due to the presence of a payoff singularity around S=K. A fortiori, the classical
ADM could not serve the valuation purpose under the non-linear extension.

Classical ADM when more risk factors are involved
In theory, nothing prevents the use of the classical ADM for a (non-)linear problem encompassing multiple risk
factors. For instance, in the context of a Heston stochastic volatility model

dS(t) = rS(t)dt + /v(t)S(t)dW(t) 5(0) =Sy [Eq.3.19]
dv(t) = r(y — v(t))dt + ou\/v(t)dWE(t) v(0) = vy AW2(t)dW2(t) = pdt [Eq.3.20]

[BGM15] tries to price European call options by applying the classical ADM to he Heston linear pricing PDE:

Vi + %1)52‘/35 + %agvvm, +7rSVs + k(y —v)Vy + po,vSVys — 1V =0 [Eq.3.21]
V(T,Sr,vr) = gec(St) = (S7 — K)*

The theoretical developments in [BGM15] about the classical ADM are perfectly correct. However, the methodology
and numerical examples from this article suffer from several drawbacks. Some parameter values used by the authors
(such as the interest rate r) are not specified, questioning the repeatability of the results. Also, [BGMI15| compares
the Heston option pricing through the classical ADM with the so-called Variational Iteration Method (VIM) and
Homotopy Perturbation Method (HPM). Those three numerical schemes lead to very different option prices, without
further analysis or comparison with the exact results. In particular, no comparison is made with well-established
pricing methodologies, such as the FFT algorithm relying on the Heston characteristic function (e.g. function
callHestonct of the R-package NMOF Numerical Methods and Optimisation in Finance). Finally, the effect of the
singularity in the European call payoff is never analysed by [BGM15].

Yet, any payoff singularity is likely to have similar effects as in sec. [3.2] even if the context is here more general as
it encompasses multiple risk factors. In the present work, this assertion will not be illustrated for the Heston PDE
[Eq.3.21], but for the linear Black-Scholes Vasicek PDE [Eq.3.18]. In particular, the classical ADM will be shown
again to make only a local interpretation of the payoff function [Eq.3.16]. It will not be able to propagate local
effects beyond the singularity S=K.
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Linear Black-Scholes Vasicek model

Under the linear Black-Scholes Vasicek framework, using the technique of change of numeraire, it is possible to infer
a closed-form expression for the FV [Eq.3.17]. The demonstration, retrieved from [KZB12], is recalled in appendix
[C. If .4 denotes the cdf of a standard normal distribution:

py — In(K/Sp)
oy

FV = Np,(0,T) {SOJV{
Oy

} 4 Ko tod /2y | U So) — py +U%H

- b 1 -
with py = Q(l —e Y 40T — —(1 — e ") + =0T b=b+ Lo,
a a 2 a
2 _Or T 1 2aT 2 2000 1 T
and oy = ;;(T - (- )+ %(1 —e 2 +oIT + T(T— g(l —e ")) [Eq.3.22]

In order to validate [Eq.3.22], a crude risk-neutral Monte-Carlo (MC) simulation is also implemented. It is also
detailed in appendix [C. In tab. [9] for various combinations of parameter values, the MC simulation is shown to
produce FVs that are consistent with [Eq.3.22]. However, the convergence is rather slow w.r.t. the hyper-parameters
Ny and A, entailing significant computation times. Under the notations of appendix[C| Ny = 100, 000 random
paths were generated, each one considering a time step A = 0.02y. One obtains then an absolute precision of the
order 0.1 for the MC FVs in tab. [0] estimated by re-conducting several times the MC experiment.

N| K| x|T So To a b o o p FV [Eq.3.22] | FV MC
2 |40 | 63| 2 | 65 (ITM) | 0.04 | 0.4 | 0.05 | 0.2 | 0.02 | -0.8 127.6762 127.7988
2 140 |63 | 2|30 (OTM) | 0.01 | 0.4 | 0.02 | 0.2 | 0.02 | 0.8 78.60212 78.61874
2 140 | 63| 2 |30 (OTM) | 0.01 | 0.4 | 0.02 | © 0 0 76.45032 76.45035

Table 9: For various combinations of parameter values, comparison of the exact FV [Eq.3.22] with a crude
risk-neutral MC simulation (Na;¢ = 100,000 paths and time step A = 0.02y.).

Under a PDE approach, in order to infer the FV of the life insurance product, one can rather try to solve the
linear problem [Eq.3.18], either through a Finite Differences (FD) scheme, either through the classical ADM. Both
methodologies are again detailed in appendix @ The unit-linked FV is then given by [Eq.3.17]. In tab. for
various combinations of parameters, the ADM and FD FVs are compared with the closed-form expression [Eq.3.22].

So ro ||| FV [Eq.3.22] | FVFD | FV ADM FV* FV**
65 (ITM) | 0.04 127.6762 | 127.6760 | 127.5339 |||| 127.5339 |  ///
40 (ATM) | 0.06 82.82516 | 82.82324 | 4.27e+15 /// /]/
30 (OTM) | 0.06 72.67918 | 72.67814 | 70.0341 //) | 70.03897

Table 10: The following parameters are fixed: N = 2, K=40, x=63, T=2, a=0.4, b=0.05, s = 0.2, 0, = 0.02
and p = —0.8. For various combinations (rg, So), comparison of the exact FV [Eq.3.22] with the ADM (ki = 3,
n=100) and FD (N=5000, M=200, O=50, Smaez = 100, rmaez = 0.2) results. The asymptotic result towards
which the classical ADM converges is also given: FV* = Np,(0,7)So in the ITM zone (S > K) or FV** =
Np,(0,T) * K ZCB(Vasicek) in the OTM zone (Sy < K).

In all cases, the FD scheme seems to converge towards the exact FV [Eq.3.22], whether we lie in the ITM (Sp > K),
OTM (Sy < K) or ATM (S =~ K) zones. At least, this is true provided the FD grid hyper-parameters are selected
carefully (cf. appendix . An explicit FD scheme is considered here. It has the advantage of computational
simplicity but it was observed to suffer from a low convergence rate in (At, AS, Ar) and from stability issues if
At is taken too high for any given couple (AS,Ar). For the present example, the following hyper-parameters
gave satisfaction regarding the convergence and stability issues: N=5000, M=200, O=50, t;e. = T = NAG,
Smaz = MAS = 100, rpee = OAr = 0.2. They come at the expense of a rather high computation time: about
278 seconds in order to produce the FD results in tab.
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In tab. the Adomian FVs are truncated at the order ki, = 3 (still using the notations of appendix .
In practice, in order to solve [Eq.3.18] through the classical ADM scheme, the terminal specification Gy, (St) =
maz(St, K) = K + grpc(St) is replaced by a series of approximations g, ,,(S7) = K + grc,n(St) converging
towards the real singular payoff g;;;,(S7) when n — +o0. Tab. (10| considers n=100. Even if each element g ,, is
fully differentiable, even if g, , — g1, (ST) when n — +o0, as in sec. and the classical ADM is only able
to make a local interpretation of the payoff function. It cannot propagate local effects beyond the singularity S=K.

In the ITM zone (Sy > K):
As demonstrated in appendix [C| the classical ADM scheme converges rapidly towards

FV* = Np,(0,T)S, [Eq.3.23]

as if the terminal specification in [Eq.3.18] was proportional to St and not to maxz(Sr, K). The classical ADM
scheme only sees the linear part S of the payoff function. It converges rapidly but only towards a biased F'V*,
which is solely valid asymptotically in the limit Sy >> K or T' — t. In tab. we have Sy = 65 >> K = 40,
explaining the proximity of FV ADM — FV* with the exact FV [Eq.3.22].

In the ATM zone (Sy = K): The computation of the successive derivatives g%}?n is badly conditioned on the

numerical point of view, especially in the limit n — +o0o (close to a singular payoff function). It entails enormous
relative errors, as noticed for instance in the second line of tab.

In the OTM zone (S < K):
As demonstrated in appendix [C| the classical ADM scheme converges rapidly towards

FV** = Np,(0,T) * K x ZCB(Vasicek) [Eq.3.24]
where ZCB(Vasicek) is the price P(t = 0,T) of a Zero-Coupon Bond under the Vasicek model [Hai22b]:

P(t,T) = explA(t,T) — B(t, T)r] [Eq.3.25]
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2
_9r pe2
) 4aB (t,T)

B(t,T) = Lo oo A(t,T) = (B(t,T) — (T —t)) (b —
a( ) ( )

as if the terminal specification in [Eq.3.18] was proportional to K and not to maxz(St, K). The classical ADM
scheme only sees the flat part K of the payoff function (ZCB under Vasicek model). It converges rapidly but only
towards a biased FV**, which is solely valid asymptotically in the limit Sy << K or T — t. In tab. we have
So =30 < K =40 and FV ADM — FV**  quite different from the exact FV [Eq.3.22].

Non-linear extension of the Black-Scholes Vasicek PDE
In sec. |2} a non-linear extension [Eq.2.1] of the Black-Scholes PDE [Eq.2.4] was obtained by replacing the constant
o5 parameter with a non-linear volatility function (¢, S, Vg, Vss) [Eq.2.5]. Here, similarly, we envision a non-linear
extension of the Black-Scholes Vasicek PDE [Eq.3.18] by performing the same substitution os — &5(t, S, Vs, Vss):
2
Vi + s m s vesyz S Vss + 507 Ver +18Vs +alb = 1)Ve + pr—dimyves 0rSVes — 1V =0 [Eq.3.26]
V(T,St,rr) = K + gec(St) = K + (ST — K)* = maz(St, K) = Gy 1.(ST)
Every other assumptions of the model remain unaffected. This new PDE [Eq.3.26] is assumed correct, with existence
and uniqueness of a solution. In reality, as in sec. a rigorous justification of this non-linear model might be
non-trivial. In fact, a proper modelling of illiquidity or transaction costs effects should go well beyond this simple
substitution o3 — ds(¢, 5, Vs, Vsg) into the pricing PDE. In particular, it is not only a question of replacing o by

ds(t, S, Vs, Vss) into the Black-Scholes Vasicek dynamics [Eq.3.14]. In general, the underlying dynamics S; might
be far more complicated.

As in sec. |2 we further consider A(S) = 1 and the weak non-linearity assumption (low impact of dynamic hedging,
ie. ||pnSVss << 1||). Using the first order expansions == = 1+ z + O(z?) and (17%)2 =1+ 2z + O(z?), the

x

PDE [Eq.3.26] is simplified towards the non-linear problem:

Vi + 30252(1 4 29 SVss)Vss + 302V +17SVs + a(b — 1)V, + poso,S(1 + pruSVss)Ves — 1V =0 [Eq.3.27]
V(T, ST, ’I“T) =K+ gEC(ST) =K+ (ST — K)+ = mam(ST,K) = gUL(ST)
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The FV of the life-insurance product is still given by [Eq.3.17]. However, the function V(t,S,r) is now solution to
the non-linear PDE [Eq.3.27], for which:

e There is no evident closed-form solution. Unlike [Eq.3.22], it is here not possible anymore to find an explicit
FV expression under the non-linear extension.

e Already under the linear model, the classical ADM scheme was leading to enormous relative errors close to
the singularity S=K. Anywhere else (ITM/OTM zones), it converged towards biased FVs. A fortiori, the
classical ADM seems absolutely not suitable for the present non-linear extension.

e A MC simulation is not useful anymore due to the non-linear volatility function d(¢, S, Vs, Vss). In particular,
as stated before, it is not only a question of performing the substitution o, — 05(t,5, Vs, Vss) into the
Black-Scholes Vasicek dynamics [Eq.3.14] and [Eq.3.15]. The underlying dynamics are in general far more
complicated. Even if it was the case, the volatility function o5 would depend on the second derivative of the
unknown function V(t,S,r), which is not practical for a MC scheme.

The only viable numerical alternative for solving [Eq.3.27] is thus a FD scheme. It only requires tiny modifications
w.r.t. the FD scheme that was calibrated and that worked well under the linear case. This is again detailed in
appendix [C. In tab. for various combinations of the parameters Sy, ro and p,;, the FV of the life insurance
product, under the non-linear extension of the Black-Scholes Vasicek model, is computed through the FD scheme.
This is for instance useful if a sensitivity analysis must be conducted on the non-linear parameter p,;. In short, one
might be interested in checking whether or not the FV of the product is much affected by the non-linear modelling.
Despite the theoretical interest of a non-linear model such as [Eq.3.27], its utility might be questioned in case of a
low-sensitivity into pp;. In the latter situation, a linear model such as [Eq.3.18] might be plenty sufficient, avoiding
de facto the hard questions of deriving, calibrating and numerically solving the non-linear model.

So To | Pl FV FD
65 (ITM) | 0.04 | © 127.6607
65 (ITM) | 0.04 | 0.25 128.3703
65 (ITM) | 0.04 | 0.5 129.1986

30 (OTM) | 0.06 | 0 72.6021
30 (OTM) | 0.06 | 0.25 ||||| 75.5859
30 (OTM) | 0.06 | 0.5 772177

Table 11: Non-linear extension of the Black-Scholes Vasicek model. The following parameters are fixed: N = 2,
K=40, x=63, T=2, a=0.4, b=0.05, 05 = 0.2, 0, = 0.02 and p = —0.8. For various combinations (7o, So, pni),
computation of the FV through a FD scheme (N=10000, M=20, O=50, Smaz = 100, rmqee = 0.2).

In order to produce the results of tab. the FD grid hyper-parameters were selected as follows: : N=10 000,
M=20, O=50, tipee =T = NAL, Spae = MAS = 100, 70, = OAr = 0.2. The N-parameter is more stringent
than in the linear case but the M-parameter is slightly reduced in order to avoid an explosion of the computation
time. For the present non-linear extension, we hope it provides an equal satisfaction regarding convergence and
stability issues. Through the FD method, the sensitivity analysis into the p,; parameter is rather slow to perform,
with a computation time around 190 seconds associated to tab.

As expected, the FVs in tab. are growing with the non-linear parameter p,,;. Let us recall that the considered life
insurance product can be seen as the combination of a European call option with a ZCB. Under the Black-Scholes
framework, using constant or Vasicek interest rates, the European call prices are growing with the o parameter
(wider distribution of the underlying S at maturity T, i.e. higher payoff potential). Here, the volatility function
ds(t, S, Vs, Vss) = HMS"W is growing with p,,;. Indeed, the second derivative Vsg is mainly positive (consider
for instance the terminal specification maz(St, K) which is convex in S). An increase in the non-linear strength
pni has thus a similar effect on the FV as a higher o, parameter. Besides, under a transaction costs perspective
(cf. [Eq.2.7]), a higher non-linear effect p,; should naturally result in a rising FV for the life insurance product.
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4 A non-classical ADM extension to deal with singular payoff functions

4.1 Bibliographical remark and introduction to the non-classical ADM extension

Sec. [3| highlighted the difficulties of the classical ADM scheme when singularities are present in the payoff function
(or in its derivatives). It was already the case in the standard linear Black-Scholes framework using a constant
interest rate r (cf. sec. and . A fortiori, if one desires to envision non-linear generalisations and/or a model
with multiple risk factors (such as stochastic interest rates), the classical ADM scheme must be modified in order
to properly deal with singular terminal payoff specifications.

[KGZ18| proposes an alternate way of treating the payoff singularity through a non-classical ADM extension. Its
solution is based on multiple changes of variables that shift the singularity S=K in the payoff function towards the
infinity. By doing so, it avoids de facto the need to propagate local effects beyond the shifted singularity and one
can safely use the ADM (making a local interpretation of the payoff specification). Yet, as will be illustrated below,
this procedure transforms the terminal condition into a boundary value problem (with conditions at +00). As such,
the proper treatment of non-smooth payoff functions, through the non-classical ADM extension, will appear much
more involved mathematically and numerically speaking.

Nevertheless, this non-classical ADM extension proposed by [KGZ18| appears as a mathematically elegant and
fast-converging scheme in the following situations:

e In the standard linear Black-Scholes framework using a constant interest rate r. In sec. the new method is
presented, according to the ideas of [KGZ18|. It is shown to perform well for European and digital put options,
that were inaccurately treated under the classical ADM scheme (cf. sec. and . The methodology
of [KGZ18] is summarised and validated. Similar results are produced under the European and digital put
cases, which is a first incentive towards the ability of this ADM extension to treat singular payoff functions.

e In the linear Black-Scholes Vasicek framework (cf. sec. [4.3). [KGZI8]| shows that this new method can even
price European put options under the simple Vasicek stochastic interest rates model. Again, the methodology
and main results of [KGZ18] are summarised and validated.

e In the linear Black-Scholes Hull and White (HW) framework (cf. sec. [£.4). A first contribution of this
master thesis is to extend the methodology towards the HW stochastic interest rates model, beyond what
is proposed in [KGZI8|. This generalisation is made without much difficulties considering that the HW
and Vasicek models have many features and equations in common. Yet, unlike the Vasicek case, the HW

framework allows a perfect replication of the initial term structure (that will be here supposed to follow a
Nelson-Siegel (NS) model).

Beyond what is exposed in [KGZIS|, the present work also discusses extensively, in sec. and two points of
attention around this non-classical ADM extension:

e This new methodology requires to solve non-trivial second order linear ODEs with variable coefficients. Their
explicit solutions can fortuitously be found for the linear cases discussed in sec. to As detailed in
sec. it already requires some symbolic computation environment, such as Mathematica. And this is not
even done without mathematical and numerical difficulties. A lot of additional remarks are provided around
analytical, numerical or symbolic computation tools that can be leveraged to solve those non-trivial linear
ODEs. Yet, for more general cases (other risk factors, other stochastic interest rates models or non-linearities),
there is no guarantee that this non-classical ADM extension would also apply and that the related ODEs
involved in the scheme would find an explicit solution.

e This new methodology is thus able to cope with simple stochastic interest rates models such as Vasicek
or HW. This is in a linear context, without liquidity or transaction costs effects. Yet, in those situations,
closed-form European or digital put prices are anyway available. One could then argue against the utility of
this ADM extension, especially when considering its mathematical and numerical burdens. Of course, any
numerical method should first be calibrated and tested on simple examples: sec. to offer encouraging
results in this regard. However, sec. will show that this new method is essentially unable to deal with
other stochastic interest rates models, other risk factors or non-linearities. While it is relatively efficient for
simple stochastic rates models (Vasicek or HW) in a linear framework, this is only a fortuitous result. Any
generalisation appears difficult or even impossible.
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4.2 Standard Black-Scholes framework: European and digital put options
Methodology for the pricing of European put options [KGZ18]|
Under the standard linear Black-Scholes framework, using a constant interest rate r, the pricing of a European put
option with maturity T and strike K responds to the Feynman-Kac PDE

Vi(S,t) + %O'QSQVSs(S, t) +rSVs(S,t) —rV(S,t) =0 [Eq.4.1]

V(T,St) = (K — Sp)* Yt V(0,t) = Ke (T Vit limg 400 V(S,) =0

From the European put prices, the put-call parity [Hai22b] enables to recover the prices of European call options, as
in sec. The exact European put prices are thus also known from the standard Black-Scholes formula [Hai22b]:

V(S.) = Kre T 4y (—dg)— S N (—dy)  dy = TE/E) +J%/2)(T D gy —dy—oVT =T [Fqd2]

The non-classical ADM extension proposed by [KGZ18| considers a first change of variables:

2
2 S @ [Bq.4.3]

T:(Tft)%HtZT*ET x:ln(?)HS:Ke“" olz,7) =
This is nothing but a non-dimensionalisation and a time reversal. While S is limited to the half axis [0; +00), x
spans the entire R—axis. The time reversal transforms the terminal condition (payoff specification) into an initial
value problem. If one defines k; = ko = 25, under the new variables (z,7), the PDE [Eq.4.1] becomes [KGZ18|

g

{ng(x, T) = Quu(z,7) + (k1 — Doz (z, 7) — koo(x, T) [Eq.4.4]
o(z,0) = mazx(l — €%;0) V7 p(—00,T) = e~k V71 p(+o0,7) =0

As mentioned in sec. |2 stricto sensu, the last two boundary specifications are required for the problem to become
well-posed. However, the following methodology only exploits the payoff condition. Fortuitously, the resulting ADM
solution also verifies the other two specifications [KGZ18|. [KGZ18| considers then a second change of variables:

Z:\/;HT:ZQ in:yz u(yvz):go(x,’r)

AV NG

Using the chain rule of derivation, under the new variables (y,z), the PDE [Eq.4.4] becomes [KGZ18]:

< oz, 7) = zu(y,z)  [Eq.4.5]

1
uy + g = {ZUW + yuy + 2(k1 — 1)zu, — 2k2z2u} [Eq.4.6]
The change of variables [Eq.4.5] also has the effect of shifting the singularity S=K (i.e. x=0) for t — T (i.e. 7 — 0T)
towards y = oo for z = 07, Indeed 7 - 07 = 2z — 0% = y = £ — oo depending on the sign of x. We

also have 1 — e® = 1 — e¥* and u = /2. As such, the initial value condition in [Eq.4.4] becomes a boundary value
problem [KGZ18|:

1—e€® i 0
o(z,7 = 07) = maz(l — €% 0) = { ST = lim u(y,2) = [Eq.4.7]

0if x>0 2—0+

717;?42 if y— —o0
0if y—+o0

IKGZ18| further expands the boundary condition [Eq.4.7] into a Taylor series of z:

z 3 4

Eq.4.8
0if y— +o0 [Ea.4.]

lim wu(y,z) =

vz 2 3 4 .
{”:—y—%z—y!zQ—y!z?’—... if y— —o0
z—0t

[KGZ18] also defines the following differential operator L, for which an invert can fortuitously be found:

L.[f(y,2)] = fz(y,z)+@ = L '[g(y,2)] = i/oz 0g9(y,0)df [Eq.4.9]
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Indeed, using integration by parts, we have then
1 1 z 1 z z
L L0f ) = £ [ 0w.0)+ 100000 = 215655~ [ gan+ [ a8] = f02) (a0
0 0 0
Applying L; ! to [Eq.4.6], the problem reaches the integral formulation [KGZIS]:
1 z
u(y, z) = ;/ 2uyy + yuy + 2(ky — 1)0u, — 2k20%udd  [Eq.4.11]
0

The non-classical ADM extension of [KGZ18| still looks for a series decomposition of the solution. It considers a
separable form wuy(y, z) = 2¥ fx(y) for the successive terms of the development:

+oo +oo
k=0 k=0
The substitution of [Eq.4.12] into [Eq.4.11] leads to [KGZIS]:

1 z
Uy +uy +us + ... = ; / 2u07yy + Yyuo,y + 2(]61 — 1)9U07y - 2]6262’&0
0
+ 2uq yy + yury + 2(k1 — 1)0uy , — 2k00%uy + ...d0  [Eq.4.13]

It suffices then to equalise the terms corresponding to the successive powers of z. This procedure leads to second
order linear ODEs on the successive unknown functions f;(y) (k=0,1,...). [KGZ18| fixes the boundary conditions
of those ODEs so that the ADM expansion [Eq.4.12] meets the requirements of [Eq.4.8]. In practice:

At the order k=0:

w(2) = fols) = % [ 20,0+ vuodd = % [ 20500+ ufi(0)a8 = 265 ) + ui)

0
— foly) =25 () + vfo(y) foly) = —y for y — —co foly) > 0 for y — 400 [Eq.4.14]

At the order k—1:

1 [~ 1 [~
w1(p2) = 2h) = 5 [ 2yt + 20k~ Douoyds = [ 205) +v08iw) + 200k - DO (1)
0 0

= [2f7(W) + ufi(y) +2(k1 — 1) f(’)(y)]g

2
= AW = AW+ SA0) + k= Dfiy)  fily) » —F fory > —00 fily) = 0fory = 400 [Eq.4.15]

At the order k£ > 2:

uk(y, z) = 2" fily) = %/ 2ugyy + Y,y + 2(k1 — 1)0ug_1, — 2ko0%uy,_od6
0
1 z

=2 /O 20% 13! (y) + 90" fi(y) + 2(kr = 1)0" fi_1(y) — 2ka0" fi—a ()

k

= [27/) + uFiw) + 20 = Dff 1) 2K fia)] g
2 " ’ 2(ky —1) ,, 2k
o ) = f) + s i)+ 2 ) - 2 ()
k
Tely) = — o fory > —oo  fi(y) = 0 for y —» +oo [Eq.4.16]

(k+1)!
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In order to find the successive functions fx(y) (and thus the ADM development [Eq.4.12]), it suffices to recursively
solve [Eq.4.14] to [Eq.4.16] for any order k. Despite those ODEs are linear and only of the second order, it is not
trivial to infer their solutions fx(y), for at least three reasons. On one hand, they do not have constant coefficients,
as noticed for instance with the function #_1 in front of f;(y). On the other hand, the independent term at
the order k is recursively defined from the previous solution f;_o(y) or the derivative of the previous solution
fi.—1(y). Finally, those are boundary value problems (with asymptotic conditions for y — £o00) and not initial
value problems. In sec. [4.5] we will come back on those non-trivial linear ODEs and the difficulties they entail.
For the moment, just as in [KGZ18|, let us only give the solutions fi(y) (here for the first few orders k=0,1,2,3),
that one can find under a symbolic computation environment (such as Mathematica). If erf denotes the Gauss
error function:

/4 /4 2
fol) = S+ ers) 1] R =2 (S ) [ers -]
—y?/4 y

faly) = <2y2 4 3(ky + 1) — 4(3ks + 1)) 6127\/% + <y2 + 6Ky — 6k2> [erf(g) - 1] [Eq.4.17]

e~y /4

24,/

1
fa(y) = y(y2 — k3 4 3k? + 9Ky — 12Ky — 1) + <y4 + 92 (12ky — 12ky) + 12k1 (ky — 2k2)> [erf(g) — 1}

A first remark about the non-classical ADM extension: a totally new method?

One can wonder if the methodology detailed here above derives from the Adomian philosophy or if it is a totally
new scheme. In particular, why can we speak about a non-classical extension of the Adomian method? In fact, it
shares similar features with the classical ADM scheme presented in sec. It still relies on a series decomposition
[Eq.4.12] of the solution. It still applies the inverse of a differential operator (here L;! and not L; ') in order to
rewrite the problem under an integral form [Eq.4.11]. Tt is still based on the substitution of the series expansion
[Eq.4.12] into the integral form [Eq.4.11].

There is still an idea of recurrence between the different orders k of the development. However, this recurrence
lies not anymore in the computation of successive Adomian polynomials A, (ug, ..., u,). It can rather be noticed
through the independent terms of the ODEs [Eq.4.14] to [Eq.4.16], that are recursively defined based on fr_2(y)
or fi_,(y), i.e. based on previous solutions (or their derivatives). In practice, ug reduces to fy, requiring to solve
[Eq.4.14]. Once fy is known, one can solve [Eq.4.15], deduce f; and thus ug, etc. Also, whereas the classical
ADM scheme identifies ug with the initial or terminal condition (e.g. [Eq.2.20]), "no such obvious terms appear in
[Eq.4.13]" [KGZ18]. The initial value problem was transformed into a boundary value specification [Eq.4.8]. Even
at the order k=0, it requires to solve a non-trivial linear ODE [Eq.4.14| with asymptotic conditions for y — +oo.

A second remark about the non-classical ADM extension: series expansion in powers of z

[Fer21] proposes a comment about the non-classical ADM described in [KGZ18]. It states that "the implementation
of the ADM proposed by [KGZ18] is simply the Taylor-series approach in disquise” [Fer21]. Indeed, it is essentially
based on a Taylor expansion (in powers of z around z=0) of the boundary condition [Eq.4.8] or of the solution
[Eq.4.12]. The accuracy of the method is thus reduced for higher z values, i.e. higher T values, i.e. when the maturity
T lies further away from the pricing instant t. This is at least true unless the truncation of the solution [Eq.4.12] is
performed for a higher order kj;,,, which slows down the computations and complicates the prior algebraic steps.
At any given kj;py,, this lower accuracy for higher T values (further away from t=0) was indeed observed during our
numerical experiments. However, a reduced accuracy further away from the payoff specification is a characteristic
shared by most numerical pricing techniques.

Results for the pricing of European put options

In tab. for European put options, the non-classical ADM extension exposed here above is compared to the
exact prices [Eq.4.2] but also to alternate pricing techniques that apply to the standard Black-Scholes framework,
namely a MC simulation and a binomial tree algorithm. The latter methodologies are detailed in appendix [Dl
Under the notations of this appendix, in order to produce the results of tab. the MC simulation emulates
Nyre = 100,000 random paths and the binomial tree is built upon Np;, = 100 time steps. The non-classical ADM
expansion [Eq.4.12] is truncated at the order ki, = 2 or ki = 4. In order to confirm the results of [KGZIS|, tab.
considers the same combinations of parameters (Sp,T) as in the article, in the OTM, ATM or ITM zones. It
delivers the option prices as well as the computation time (CPU) and the Mean Absolute Error (MAE) over the
considered parameter values.
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So T Exact [Eq.4.2] | ADM ki, =2 | ADM Ky, = 4 | Bin. tree | MC

1 9.519 9.486 9.520 9.524 9.549

30 ITM) | 3 9.548 9.218 9.564 9.559 9.587
5 9.244 8.378 9.316 9.220 9.284

1 4.112 4.086 4.112 4.099 4.143

40 (ATM) | 3 5.730 5.495 5.742 5.709 5.770
5 6.212 5.561 6.266 6.186 6.253

1 1.566 1.556 1.566 1.574 1.591

50 (OTM) | 3 3.461 3.315 3.468 3.443 3.501
) 4.273 3.815 4.312 4.292 4.315

CPU time 0.02s 0.09s 2.67s

MAE 0.31 0.02 0.02 0.04

Table 12: The following parameters are fixed: K=40, o = 0.324366, r=0.05 and t=0. For various combinations
(So,T'), comparison of the exact price [Eq.4.2] of a European put option, with the non-classical ADM (kiim = 2
or 4), MC (Ny¢ = 100,000 paths) or binomial tree (Np;n, = 100 steps) results. Inspired by [KGZ18|.

The following conclusions of [KGZ18| are validated:

e By considering only a few orders in the non-classical ADM development (e.g. kjj, = 2 or 4), it is already
possible to approximate the exact option prices with a decent accuracy. Unlike the classical ADM scheme,
this is true in the ITM, OTM or ATM zones.

e The non-classical ADM extension with k;;,,, = 4 already provides a similar (or even lower) MAE w.r.t. the
binomial tree (Np;, = 100 steps) or the MC (N = 100,000 paths) results, yet in a reduced computation
time. It highlights the interest of the method, as a fast-converging numerical alternative, at least in the
standard Black-Scholes case. Yet, this interest must be nuanced given the existence of closed-form option
prices in the present situation.

e In [KGZ18|, a MAE of the order 5e-06 is even obtained for a non-classical ADM expansion up to 10 terms (i.e.
kiim = 9). Yet, the prior analytical steps become more complicated. The need for a symbolic computation
environment is even more reinforced. In particular, the functions fi(y) in [Eq.4.17] must be computed up
to the order ki, = 9: they entail much heavier expressions. However, once those fi(y) are known, there is
almost no extra computation time needed (during the numerical phase) when going to higher orders of the
development. Indeed, in [KGZ18|, the CPU time for k;;,,, = 9 only lies around 0.17s. By opposition, obtaining
a similar MAE of the order 5e-06 through the MC scheme would require a significant increase in the number
Nyo of simulated paths and thus of the computation time. Similarly, obtaining a similar MAE of the order
5e-06 through the binomial tree scheme would require a significant increase in the number Ny;;, of time steps,
which would be associated to a combinatorial explosion of the computation time.

e The method seems to converge towards the exact option prices when ki, — +oo (the MAE is indeed
decreasing). Unlike the classical ADM scheme, this is true in every zones (ITM, ATM, OTM) of the payoff
function, even close to the singularity S=K. Yet, following the comments of [Fer21] (cf. above), the accuracy
is of course reduced for longer maturities T that require to envision higher orders kj;,, of the development.

The case of a digital put option

[KGZ18| shows that an analogous non-classical ADM methodology is equally capable of pricing the digital put
option under the standard Black-Scholes framework. In the digital put case, the main developments and results of
[KGZ18| are summarised in appendix [E| Similar conclusions are applicable compared to what has just been said
for the European put option.
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4.3 Extension to the linear Black-Scholes Vasicek model

Methodology for the pricing of European put options [KGZ18]|

The linear Black-Scholes Vasicek model is defined through the correlated S; [Eq.3.14] and r; [Eq.3.15] dynamics.
Under that context, the pricing of a European put option amounts to solve the linear PDE in [Eq.3.18], but now
subject to the put payoff specification V (T, Sy, rr) = (K —St)*. However, the dynamics in [Eq.3.14] and [Eq.3.15]
are not symmetrical. While S; essentially follows a geometric brownian motion dynamics, the short rate r; reduces
to a Ornstein-Uhlenbeck process. As a consequence, the PDE [Eq.3.18] is not symmetrical w.r.t. the state variables
S and r. This is why [KGZ18] rather chooses to work under the state variables (t,S,P), instead of (t,S,r), where
P(t,T,r) is the price (at time t) of a Zero-Coupon Bond (ZCB) that matures at time T. Under the Vasicek model,
P(t,T,r) is given by the closed-form expression [Eq.3.25]. Besides, similarly to Sy, P(t,T,r) essentially follows a
geometric brownian motion dynamics but based on a deterministic volatility function op(t) [Hai22b):

dP(t,T,r) = r(t)P(t, T,r)dt + op(t)P(t,T,r)dW2(t) ap@)::—i;[1-e-MT-ﬂ] [Eq.4.18|

Let us note that [KGZI8| forgets the minus sign in front of the op(t) expression. [Eq.4.18] has essentially the same
form as [Eq.3.14|. Besides, since Pr = P(T,T,r) = 1 at maturity T, the payoff can also be symmetrised in S and P.
The linear Black-Scholes Vasicek model entails thus a symmetrical PDE [Eq.4.19] under the state variables (t,S,P).
Indeed, it suffices to use Itd’s lemma under the triplet (t,5,P) (and the fact that the drift of any asset should reduce
to r; under Q) in order to show that the option price V(t,S,P) obeys

Vi + 30252Vss + 203 P?Vpp + 1SVs + rPVp + po,opSPVsp — 1V =0 [Eq.4.19)]
V(T, ST,PT) = max(KPT — ST; O)

The non-classical ADM extension proposed by [KGZ18| considers a first change of variables, similar to [Eq.4.3]:

S . V(¢ 5 P)
T=(T-1) x = ln(?) ~ S=Ke w = In(P) olr,w,7) = %P [Eq.4.20]
It transforms [Eq.4.19] into an initial value problem under the new variables (z,w, 7) [KGZIS|:
0'2 0'2
Pr = %Og(puv + %0-1239071)711 + (7‘ - TQ + po'sUP)QOw + (T + TP)QO’UJ + POsOPPrw [Eq421]
o(z,w,0) = max(l — e*~%;0)

IKGZ18] considers then a second change of variables, similar to [Eq.4.5]:

_ _ N vy ) = P& WT)
2=VT v= s NG (v,y,2) NG

Using the chain rule of derivation, under the new variables (v,y,z), the PDE [Eq.4.21] becomes [KGZ18|:

[Bq.4.22]

1
Lou=u,+ L= { 2Uyy + Oy + YUy + VU, + 20050 pUyy + (21 + o) zuy + (2r — 02 + 2posop)zu, | [Eq.4.23]
z oz

In fact, from the above-mentioned symmetry considerations, the solution only depends on the difference £ = y — v.
This is one of the advantages of working under the state variables (t,S,P) instead of (t,S,r). [Eq.4.23] becomes then:

1
Lou(&z2) = Z [(a? + 0% — 2p0s0p)uge + Eug — (02 +0p — 2pasap)zu4 [Eq.4.24]

The change of variables [Eq.4.22| also has the effect of shifting the singularity (x-w)=0 for 7 — 07 (cf. [Eq.4.21])
towards £ = oo for z = 0T. Indeed 7 = 0t = 2z - 07 = =y —v = 2% — Fo0 depending on the sign

of (x-w). We also have (z —w) = £z and u = ¢/z. As such, the initial value condition becomes a boundary value
problem [KGZ18|:

1—e™ if z—w<0
o(z,w,07) = maz(l—e*"";0) = { ¢ if Tow< = lim u(, 2) = [Eq.4.25]

0if xt—w>0 2—0+

L f &€ —o0
0 if € — +oo
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[KGZ18]| further expands the boundary condition [Eq.4.25] into a Taylor series of z:

lim u(€,2) =

z—0t

1-ef* o &2 g o & 3 . _
s = E— 52— 32 T2 v if €= —00 IEq.4.26]
0if €= 400

[KGZI18)| further states that (02 + 0% — 2posop) in [Eq.4.24] can be replaced by its average value a2, which can be
computed for the deterministic function op(t) defined in [Eq.4.18]. If A = L(1 —e797):

1 /(7 24 1-—e27) (g, \> 2po.(r — Ao
7= 2 2(0) — 2posop())dl = o2 1l-—=4+—|[= e 7T [Eq42
7 =2 [ o2+ ohO) — 2omp(O)an = o + 1 - 22+ I | (2] HO T g

As a consequence of its sign error in the expression op(t), [KGZ18| erroneously considers a minus sign in front of the
p—term in [Eq.4.27]. Applying L;! (defined in [Eq.4.9]) to [Eq.4.24], the problem reaches the integral formulation:

1 z
u(€,2) = ;/0 Tluge + Eug — 72 0uedd [Eq.4.28]

The non-classical ADM extension of [KGZ18| still looks for a series decomposition of the solution. It considers a
separable form u (&, 2) = 2¥ fx(€) for the successive terms of the development:

+oo +oo
2) =Y ur(62) =Y F (&) [Eq.4.29]
k=0 k=0

Similarly as before, it suffices to substitute [Eq.4.29] into [Eq.4.28] and to equalise the terms corresponding to the
successive powers of z. This procedure leads to second order linear ODEs on the successive unknown functions fx(£)
(k=0,1,...). [KGZ18] fixes the boundary conditions of those ODEs so that the ADM expansion [Eq.4.29] meets the
requirements of [Eq.4.26]. In practice, the following ODEs are obtained [KGZ18|:

For k=0:  fo(§) =7 f§(§) +§fo(€) fo(§ = —o0) = —¢ fo(§ = +0o0) =k+01 [Eq.4.30]
For k>1: (k"‘l)fk(g): k(§)+§f1/g(§)_72fl/q—1(f) fk(f%—oo)z—h fe(§ = +00) =0

In order to find the successive functions fi(€) (and thus the ADM development [Eq.4.29]), it suffices to recursively
solve [Eq.4.30] for any order k. Despite those ODEs are linear and only of the second order, it is not trivial to
infer their solutions fi(§), for at least three reasons. On one hand, they do not have constant coefficients, as
noticed for instance with the function ¢ in front of f/(£). On the other hand, the independent term at the order
k is recursively defined from the derivative of the previous solution f; ,(£). Finally, those are boundary value
problems (with asymptotic conditions for £ — +00) and not initial value problems. In sec. we will come back
on those non-trivial linear ODEs and the difficulties they entail. For the moment, just as in [KGZ18|, let us only
give the solutions fi(€) (here for the first few orders k=0,1,2,3,4), that one can find under a symbolic computation
environment (such as Mathematica). If erfc denotes the complementary error function:

\fU —£2 2 £
s eean( o) — ferfe(=S5)
V2o ., V258 -,
48f§ 96f) (7)_*

[Eq.4.31]

T cap(Z5) — Serpe(
NeZaarrs
2 3
7(6) = e 7€ - Phenn(35) ~ Syersel(=2) 1) = (

V2o ., 11253 13
fa©) = (240\/%'S T 3840 /7 1280\f) (2*2> \[)

In particular, our Mathematica symbolic computation program delivers the previous f4(¢) solution whereas [KGZ18|
puts a & (resp. &°) instead of &> (resp. &°) in the second (resp. third) term of f4(¢). Even if a symbolic environment
is used, given the heaviness of the symbolic expressions, especially for the higher orders k, such typos are likely to
occur. Eventually, they will reduce the numerical efficiency of the ADM scheme. The ADM expressions available
in the literature should thus ideally be verified or at least used cautiously.
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Results for the pricing of European put options

Under the linear Black-Scholes Vasicek model, a closed-form expression exists [LW16] for the pricing of European
put options (cf. appendix . In tab. the non-classical ADM extension exposed here above (truncation at the
order ky;, = 4 or 6) is compared to those exact European put prices but also to a MC simulation (Ny;¢ = 10,000
paths, n%,, = 50 time steps, under the notations of appendix . In order to confirm the results of [KGZIS], tab.
considers the same combinations of parameter values as in the article, in the OTM, ATM or ITM zones. It
delivers the option prices as well as the computation time (CPU) and the Mean Absolute Error (MAE) over the
considered parameter values.

The main conclusions of [KGZ18| are validated. When kj;,;, — 400, the method seems to converge everywhere
(ITM/ATM/OTM zones) towards the exact option prices, even close to the singularity S=K. In particular, the
MAE is indeed decreasing when ki;,,, goes from 4 to 6. A few orders in the non-classical ADM development (e.g.
kiim = 6) already deliver a MAE of the order 2e-07, in only 0.28s of computation time. This is a much better
accuracy than the MC simulation, for a much lower CPU time. It highlights the interest of the non-classical
ADM extension, as a fast-converging numerical alternative, at least in the linear Black-Scholes Vasicek model
(singular payoff function but only simple stochastic interest rates and absence of non-linearities such as illiquidity
or transaction costs effects). Yet, this interest must be nuanced given the existence of closed-form option prices in
the present situation.

By opposition to [KGZ18|, small typos were corrected (sign error in [Eq.4.27] and expression of f4(¢) in [Eq.4.31]).
As a consequence, the ADM MAESs obtained in tab. are slightly lower than in [KGZIS8|. Again, following the
comments of [Fer21] (cf. above), the accuracy is of course reduced for longer maturities T that require to envision
higher orders kj;,, of the development.

4.4 Extension to the linear Black-Scholes Hull and White model

Sec. will emphasise that it is essentially hopeless to generalise the non-classical ADM extension towards other
stochastic interest rates models. The only exception, beyond what is proposed in [KGZIS|, is the linear Black-
Scholes framework relying on a Hull and White model for the short rate r;. This slightly more involved paradigm
is detailed in appendix [G] Unlike the Vasicek case, it is capable of perfectly replicating the initial term structure
by using a deterministic function b(t) [Eq.G.3| for the mean reversion level in a Ornstein-Uhlenbeck dynamics
[Eq.G.2]. In this master thesis, we assume that the initial term structure was fitted through a Nelson-Siegel model
(cf. [Eq.G.4] to [Eq.G.10]).

The non-classical ADM extension detailed in sec. (for the Vasicek model) remains strictly applicable to the Hull
and White case. In particular, it stems from the fact that the ZCB dynamics still obey [Eq.4.18] under a Hull and
White context (with the same deterministic volatility op(t)). The only change lies in the closed-form expression
of the ZCB price P(t,T,r), that is now given by [Eq.G.11] and no more by [Eq.3.25]. For the rest, the equations of
sec. 3] are not affected.

Tab. [I4)is the strict analogous of tab. [I3|but for a linear Black-Scholes Hull and White framework. The non-classical
ADM extension (truncation at the order &y, = 4 or 6) is compared to the exact European put prices (closed-form
expression available in appendix but also to a MC simulation (N, = 100,000 paths, nﬂc = 50 time steps).
For several combinations of parameter values, it delivers the option prices as well as the computation time (CPU)
and the Mean Absolute Error (MAE). All the conclusions made above for the Vasicek case equally apply to this
new example. Again, the interest of the method remains to be nuanced given the existence of closed-form option
prices in the present situation.
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So | 1o a | o5 | o p Exact [app. [F| | ADM ki, =4 | ADM ki, = 6 MC
T=0.25
30 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 9.5002 9.5002 9.5002 9.4889
30 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 9.4820 9.4820 9.4820 9.4718
40 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 1.3466 1.3466 1.3466 1.3523
40 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 1.8637 1.8637 1.8637 1.8718
50 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 0.0137 0.0137 0.0137 0.0158
50 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 0.0120 0.0120 0.0120 0.0140
T=0.5
30 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 8.5231 8.5231 8.5231 8.5070
30 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 8.9745 8.9746 8.9745 8.9615
40 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 2.4162 2.4162 2.4162 2.4243
40 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 2.8937 2.8937 2.8937 2.9052
50 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 0.0991 0.0991 0.0991 0.1069
50 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 0.8018 0.8018 0.8018 0.8379
T=1
30 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 7.8075 7.8075 7.8075 7.7872
30 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 7.6118 7.6118 7.6118 7.6005
40 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 2.2018 2.2018 2.2018 2.2098
40 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 3.2113 3.2113 3.2113 3.2258
50 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 0.9240 0.9240 0.9240 0.9588
50 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 0.7566 0.7566 0.7566 0.7929
T=3
30 | 0.05 | 0.1 0.2 0.03 | 0.5 7.0703 7.0703 7.0703 7.0361
30 | 0.15 | 0.4 | 0.3 | 0.10 | -0.8 3.5124 3.5124 3.5124 3.5046
40 | 0.15 | 0.1 | 0.3 | 0.10 | 0.5 3.8018 3.8016 3.8018 3.7885
40 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 1.5911 1.5911 1.5911 1.6217
50 | 0.15 | 0.1 | 0.3 | 0.10 | 0.5 2.4076 2.4074 2.4076 2.4347
50 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 0.4293 0.4293 0.4293 0.4579
CPU Time 0.28s. 57.84s.
MAE 2e-05 2e-07 0.017

Table 13: Linear Black-Scholes Vasicek model.

The following parameters are fixed: K=40, b=0.1 and t=0. For various combinations of the other parameters,
comparison of the exact European put price (cf. appendix , with the non-classical ADM (kiim = 4 or 6) or
MC (Nprc = 10,000 paths, nk;c = 50 time steps) results. Inspired by [KGZ18].
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So | 1o a | o5 | o p Exact [app. |G] | ADM kjjm =4 | ADM kyjp, =6 MC
T=0.25
30 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 9.5329 9.5330 9.5329 9.5268
30 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 9.5325 9.5325 9.5325 9.5267
40 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 1.3621 1.3621 1.3621 1.3583
40 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 1.9041 1.9041 1.9041 1.8997
50 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 0.0141 0.0141 0.0141 0.0134
50 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 0.0125 0.0125 0.0125 0.0120
T=0.5
30 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 8.7914 8.7914 8.7914 8.7728
30 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 9.1473 9.1473 9.1473 9.1372
40 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 2.5532 2.5532 2.5532 2.5437
40 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 3.0825 3.0825 3.0825 3.0763
50 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 0.1042 0.1042 0.1042 0.1020
50 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 0.8739 0.8739 0.8739 0.8745
T=1
30 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 8.5335 8.5336 8.5335 8.4959
30 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 8.3487 8.3487 8.3487 8.3208
40 | 0.05 | 0.1 | 0.2 | 0.03 | 0.0 2.3402 2.3402 2.3402 2.3290
40 | 0.15 | 0.4 | 0.4 | 0.10 | -0.8 3.7534 3.7533 3.7534 3.7433
50 | 0.10 | 0.1 | 0.3 | 0.05 | 0.0 1.0978 1.0978 1.0978 1.0912
50 | 0.10 | 0.4 | 0.3 | 0.05 | -0.8 0.9126 0.9126 0.9126 0.9120
T=3
30 | 0.05 | 0.1 0.2 003 05 7.7197 7.7197 7.7197 7.6353
30 | 0.15 | 0.4 | 0.3 | 0.10 | -0.8 5.8553 5.8553 5.8553 5.7692
40 | 0.15 | 0.1 | 0.3 | 0.10 | 0.5 5.9989 5.9986 5.9989 5.7794
40 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 2.3906 2.3906 2.3906 2.3743
50 | 0.15 | 0.1 | 0.3 | 0.10 | 0.5 4.0020 4.0017 4.0020 3.8443
50 | 0.05 | 0.4 | 0.2 | 0.03 | -0.8 0.7269 0.7269 0.7269 0.7248
CPU Time 0.25s. 1667.5s.
MAE 3e-05 3e-07 0.030

Table 14: Linear Black-Scholes Hull and White model (Nelson-Siegel initial term structure).
The following parameters are fixed, possibly under the notations of appendix [G: K=40, t=0, 81 = 0.0569,
B3 = —0.0315, v = 0.9224. For the sake of consistency, the Nelson-Siegel parameter 2 is constrained to ro — 3.
For various combinations of the other parameters, comparison of the exact European put price (cf. appendix
EL with the non-classical ADM (kim = 4 or 6) or MC (Nac = 100,000 paths, nh;c = 50 time steps) results.
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4.5 First remark about (Ke et al., 2018): non-trivial ODEs are involved

Fortuitous explicit solutions to non-trivial linear ODEs

The non-classical ADM extension proposed by [KGZ18| requires to solve non-trivial linear ODEs: [Eq.4.14] to
[Eq.4.16] (standard Black-Scholes, European put option), [Eq.E.11] to [Eq.E.13] (standard Black-Scholes, digital
put option) or [Eq.4.30] (Black-Scholes Vasicek, European put option). The shape of those ODEs is mainly
driven by the nature of the pricing PDE to solve. Their boundary conditions are mainly affected by the payoff
expression for the derivative product to value. Fortuitously, in the previous examples, despite the complexity of
the ODEs involved, an explicit solution [Eq.4.17], [Eq.E.14] or [Eq.4.31] can be found for the successive orders of
the development, turning the scheme into an attractive, robust and fast-converging numerical alternative.

Yet, this new method is not without asking a series of questions. In general, for other pricing models (underlying
stock dynamics, stochastic interest rates or volatilities, more risk factors, non-linearities), i.e. for other shapes of the
related ODEs and/or other boundary specifications, it would not be guaranteed that an explicit solution could be
found. Indeed, despite being linear and only of the second order, the involved ODEs have non-constant coefficients,
are boundary value problems (with conditions in £o00) and have an independent term recursively defined on fj_o
or f;_, (ie. on the previous solutions and their derivatives). While [KGZI8| only gives the explicit solutions
[Eq.4.17], [Eq.E.14] or [Eq.4.31], without any further comments, it is in reality not evident to infer those results,
even through a symbolic computation environment, as will be discussed now. And yet, being able to efficiently
solve this kind of non-trivial linear ODEs appears as a necessary step in order to generalise the non-classical ADM
extension towards other models and/or payoff functions.

Analytical hand computations are hopeless

At first, one could try to rely on hand computations in order to solve those linear ODEs with variable coefficients.
Some analytical results are indeed available in appendix [H| at least under the standard Black-Scholes context (cf.
[Eq.4.14] to [Eq.4.16] or [Eq.E.11] to [Eq.E.13]). It is there essentially possible to find two independent solutions
to the homogeneous problem, one of which is polynomial (while the other one requires a non-trivial extension
of Hermite’s polynomials towards the negative integers). The method of variation of constants allows then, at
least theoretically speaking, to infer the solution to the problem with an independent term. In practice, hand
computations are too heavy, already in the homogeneous case, a fortiori for the inhomogeneous problem. Besides,
it is again not guaranteed that such a basis of independent solutions could be explicitly found for the homogeneous
ODEs in more general cases, for other option pricing models (underlying stock dynamics, stochastic interest rates
or volatilities, more risk factors, non-linearities).

ODE numerical solvers are hopeless

Since the analytical path is essentially a dead end, one could rather try to leverage numerical techniques (e.g. R-
package deSolve with solvers ode45, etc.) in order to solve those linear ODEs with variable coefficients. However,
one would then be exposed to error propagation between the successive orders k of the development. Besides, the
independent terms of the successive ODEs (at the order k) require to compute the derivatives f;_; of the previous
solutions (at the order k-1). This is difficult to cope with under a grid perspective, where the solution fj is only
computed at discrete nodes.

The need for symbolic computation

The only viable solution against those non-trivial linear ODEs is thus a symbolic computation environment. Those
programming languages have a syntax of their own. Open-source symbolic alternatives exist on the market (Sage,
SymPy, Maxima, etc.). Yet, their implemented solvers seem not to support the complicated ODEs (with variable
coefficients) stated above. The online WolframAlpha possibility is only free up to a given computation time. In
the present case, it only delivers gratuitously the order k=0 of the development, which is not associated to a
decent numerical accuracy. All in all, the previous options are often outperformed by the commercial Mathematica
environment. The latter is elicited in the vast majority of articles having to deal with the ADM in the bibliography
of this master thesis. It is in particular the approach followed by [KGZIS8|, whose results were validated in this
master thesis by using the free trial version of the Mathematica suite. It seems to be the only alternative offering
the possibility to recover the explicit solutions [Eq.4.17], [Eq.E.14] or [Eq.4.31] for the successive orders k of the
development.

Nevertheless, as discussed now, Mathematica is not a miracle tool that solves all the problems entailed by those
non-trivial ODEs. Its execution also requires some kind of expertise, in particular around the solvers to use or
around the particular way to tackle those ODEs. Especially, the brute force approach, that directly tries to solve
[Eq.4.14] to [Eq.4.16], [Eq.E.11] to [Eq.E.13] or [Eq.4.30], is often fatally flawed.
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Residual problems even under a symbolic computation environment

At first, as already mentioned, it is often not guaranteed that an explicit solution is known for those non-trivial linear
ODEs with variable coefficients. Even if a known solution exists somewhere in the literature, it is not certain it was
implemented in Mathematica’s solvers. If it is the case for the problems [Eq.4.14] to [Eq.4.16], [Eq.E.11] to [Eq.E.13]
or [Eq.4.30], would Mathematica also support more general models (underlying stock dynamics, stochastic interest
rates or volatilities, more risk factors, non-linearities, other payoff functions)? In short, it might be useless and
time-consuming to use a symbolic computation environment against a problem without any known or implemented
closed-form solution.

Also, this prior symbolic step requires some non-negligible computation time, on top of the numerical phase. The
CPU time given in tab. and [16] is indeed almost negligible but it only concerns the numerical step, once
the analytical ADM development is known. Especially, for the highest orders k of the development, the solutions
[Eq.4.17], [Eq.E.14] or [Eq.4.31] become heavier, just as the symbolic burden. However, those prior efforts must only
be accomplished once and for all, keeping symbolic parameter values. Then, the same algebraic ADM development
remains valid whatever the numerical values to substitute during the effective computation phase. By opposition,
a new time-intensive MC or binomial tree simulation must be envisioned for any new set of parameter values.

Finally, the last (but not least) difficulty stems from the fact that we consider ODEs with boundary specifications
and not initial conditions. If existence and uniqueness of a solution hold for a Cauchy problem (linear ODEs,
subject to initial conditions, with continuous but possibly variable coefficients), this is not guaranteed in case of
linear ODEs subject to boundary specifications (in particular at +o0).

For the sake of illustration, let us consider the European put option under the standard Black-Scholes framework
(i.e. the problem [Eq.4.1]) and the related ODEs [Eq.4.14] to [Eq.4.16] that are involved in the non-classical ADM
expansion. While existence and uniqueness of a solution are natural features of the option pricing problem [Eq.4.1],
the exact option price [Eq.4.2] might admit several functional developments. In turn, for the orders k=3 or 4,
multiple solutions can be found to the ODE [Eq.4.16]. The latter are somehow associated to different functional
expansions of the exact option price. Some of them are very elegant and numerically well conditioned while some
others are not. It is not guaranteed that Mathematica spontaneously delivers the most practical solution.

In practice, at the orders k=0, 1 or 2, Mathematica reaches spontaneously the elegant solutions fo(y), fi(y) or
fo(y) in [Eq.4.17]. However, at the order k=3, the brute force approach (that directly tries to solve [Eq.4.16])
spontaneously reaches the following heavy solution, after a long symbolic computation time:
2
1 [e v /4
—40y° + 132v/y2 + 11y*V/y2 + 132(y%)*/2 + k2 (480y> + 11y* /92 + 132¢/y2(1 + y?)) — k1 ( — 960kay + 480y

+ 11y* /Y2 4 1324/92(1 + y2))) + erf(%) (12k:1(11 + 40k, — 80ko) + 612(ky — ko)y?

1
( —20y(15 + k1 (—47 4+ 4(=3 + k1)k1) + 59%k2) + y° (58 + 22k, — 22k2)) + ; < — 480k3y

+ (29 + 11k — 11ko)y* — 132(1 + ko + y2)>} [Eq.4.32|

Using Mathematica, both f3(y) in [Eq.4.17] and [Eq.4.32| are checked to verify [Eq.4.16] for k=3. [Eq.4.32] is also
checked to be different (for at least some y values) from the elegant solution f5(y) in [Eq.4.17]. This heavy solution
[Eq.4.32], spontaneously delivered by Mathematica, further complicates and lengthens the symbolic computations
at the higher orders k& > 3, where the independent terms are recursively defined on f5(y) or f5(y). Besides,
unlike the elegant solution f5(y) in [Eq.4.17], [Eq.4.32] is badly conditioned numerically around y=0, i.e. x=0 (cf.
[Eq.4.5]), i.e. S=K (cf. [Eq.4.3]). One recovers some kind of sensitivity into the singularity S=K of the European
put payoft.

This is why, even if Mathematica is used, some kind of expertise is required in the way to organise the computations.
For instance, regarding [Eq.4.14] to [Eq.4.16], one can first attempt a brute force resolution, leading to the elegant
solutions fo(y), fi(y) or fa(y) in [Eq.4.17]. From those solutions at the first orders k=0,1,2, one can deduce the
generic expression of fi(y):

e—v’/4 y
o) = )+ [ers =1 Quat) [Bad 3
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where Py (y) (resp. Qr+1(y)) is a y-polynomial of order k (resp. of order k+1). In turn, for the higher orders k=34,
etc., one can identify the coefficients of the polynomials Py (y) and Qx+1(y) that satisfy [Eq.4.16] and its boundary
conditions. A similar identification procedure applies for [Eq.E.11] to [Eq.E.13] or [Eq.4.30], yet based on different
generic expressions for the solutions fg.

4.6 Second remark about (Ke et al., 2018): generalisation towards other models

Beyond the considerations of sec. other elements prevent the generalisation of the non-classical ADM extension
towards other models (stock dynamics, stochastic interest rates or volatilities, more risk factors, non-linearities,
etc.). The key questions to answer are always the same: under which state variables should we express the option
pricing problem and is it possible then to eliminate one or several of those variables 7 In sec. (standard Black-
Scholes framework with constant r), the initial state variables for the PDE [Eq.4.1] were (t,S). They were shifted
towards (y,z) via [Eq.4.3] and [Eq.4.5]. A series development was made onto the powers of z, leaving us with the
linear ODEs [Eq.4.14] to [Eq.4.16] on the single variable y for any order k of the development.

In sec. the Black-Scholes Vasicek model had to consider an extra state variable. The choice (t,S,P) (ZCB
price P) was made instead of (t,S,r) (short rate r). It required to solve the annex ZCB pricing problem, for which
a closed-form expression fortuitously exists in the Vasicek or Hull and White cases. In general, for other models,
it might be difficult or even impossible to find a closed-form expression for the ZCB prices P(t,T). Yet, under a
Vasicek context, the triplet (t,5,P) of state variables enjoyed from three special features that were necessary for
the non-classical ADM extension proposed by [KGZ18|. By opposition, those elements would not have held under
the triplet (t,S,r):

e Since P(T,T)=1 at maturity T, the payoff function could be symmetrised in S and P (cf. [Eq.4.19]).

e The ZCB volatility op(t) was a deterministic function [Eq.4.18]. In turn, one could compute and use the
average quantity o~ in [Eq.4.27].

e The ZCB dynamics [Eq.4.18] was symmetrical w.r.t. the underlying S dynamics [Eq.3.14] (i.e. essentially the
same geometric brownian motion form).

Then, starting from the triplet (t,S,P), the Vasicek PDE [Eq.4.19] was rephrased into the new variables (v,y,z) via
[Eq.4.20] and [Eq.4.22]. A series expansion was again considered onto the powers of z, de facto reducing the state
space towards the doublet (v,y). Yet, given the favourable symmetry considerations stated above, the problem was
in fact only dependent on the difference £ = y — v, leaving us, for any order k of the development, with the linear
ODEs [Eq.4.30] on the single variable &.

The Black-Scholes Vasicek or Hull and White frameworks already encapsulate two risk factors (underlying stock
S and short rate r). Yet, they are thus very particular cases where symmetry considerations allow to shrink the
state space: the solution only depends on the difference between two states variables. It is generally not the case
for other models (stock dynamics, stochastic interest rates or volatilities, more risk factors, etc.). One can thus
severely doubt about the transposability of the non-classical ADM extension towards other models. For instance:

e In a Black-Scholes Cox-Ingersoll-Ross (CIR) stochastic interest rates framework, the r, and S; dynamics are
again not symmetrical [Hai22b]:

drerr(t) = alb —rerr(t))dt + op\/rorr(t)dW2(t) [Eq.4.34]

Also, it seems not possible to use a similar trick as in the Vasicek case and to work under the triplet (t,S,P)
(ZCB price) instead of (t,S,r). Indeed, as stated in [Hul09], the ZCB volatility op(¢) for the CIR model is no
more determinisitic: it is a stochastic process directly proportional to \/rcrr(t).

e In a Heston stochastic volatility model [Eq.3.19]-[Eq.3.20], there is an apparent breaking of symmetry between
the stock Sy and variance v; dynamics. As a consequence, the Heston PDE [Eq.3.21] is non-symmetrical in
S and v. It is then doubtful that the option price would only depend on the difference between two state
variables: it seems impossible to shrink the state space towards less variables.

e A fortiori, more risk factors (e.g. stochastic volatility and stochastic interest rates) enforce us to consider
more state variables. It is then doubtful that the problem enjoys from favourable symmetry features allowing
to shrink the state space towards less variables.

e Similarly, non-linearities, as in [Eq.3.26] or [Eq.3.27|, are additional symmetry breakers.
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5 The ADM in the spectral domain for a rough Heston model

5.1 Introduction to the spectral approach

The ADM becomes quickly limited for solving (non-linear) Black-Scholes pricing PDEs

Sec. [2Jhighlighted the possible interest for the ADM as a conceptually simple, potentially robust and fast-converging
tool for solving, in the time domain, non-linear extensions of the Black-Scholes pricing PDE, such as [Eq.2.1].
However, this approach remained only limited to simple non-linear cases, dealing mainly with a constant interest
rate r and smooth payoff functions [Eq.2.11].

Sec. [3| showed the failure of the classical ADM in front of singular payoff functions, even under the standard linear
Black-Scholes framework using a constant interest rate r. To be compliant with non-smooth payoff functions, sec.
studied the non-classical ADM extension proposed by [KGZ18]. The latter methodology was only successful in
solving simple linear cases, with few risk factors or simple stochastic interest rates models, for which closed-form
option prices are anyway available. It questions the legitimacy and the utility of this mathematically involved ADM
modification. Its generalisation towards non-linear cases, more risk factors, more involved stochastic interest rates
or stochastic volatility models seemed hopeless.

Stricto sensu, the previous results do not prevent, at least theoretically speaking, the existence of another ADM
extension capable of dealing simultaneously and elegantly, for pricing PDEs defined in the time domain, with
singular payoff functions, non-linearities and multiple risk factors (such as stochastic interest rates). Yet, the
mathematical complexity of such a generalisation would anyway put it beyond the scope of the present master
thesis. Besides, the literature has shown difficulties in finding such a more general method so that the temporal
approach remains, at least for now, essentially a dead end. By opposition, the present section will highlight that the
ADM can recover some kind of attractiveness for applications defined in the frequency world, where more promising
outcomes can be obtained.

Laplace-Adomian attempts in the literature

In the actuarial literature, there have been some attempts [SR19] to combine the ADM and the spectral approach
towards the so-called Laplace-Adomian decomposition method. However, for now, the benefits of this first category
of frequency applications have remained quite limited for financial purposes, since it mainly corresponds to the
temporal approach in disguise. Following the reasoning of [SR19], let us consider a functional problem of the form:

Liu(S,t) + Ru(S,t) + Nu(S,t) = g(S,t) [Eq.5.1]

subject to the initial condition «(S,07) = f(S). This is w.l.o.g. since any terminal payoff specification becomes an
initial condition after a proper time reversal. As before, L; = 0; denotes the temporal differentiation, R (resp. N) is
a linear (resp. non-linear) operator and g is the independent term. . (resp. .#~1) is the Laplace transform (resp.
inverse transform) under the complex Laplace variable s. Using the properties .Z[0;u(S,t)] = s.Z[u(S, )] —u(S,07)
and £~ *[1] = v(t) (v(t) is the unit step function), we have, for t>0:

L] = s.2[u] — u(S,07) = Llg — Nu— Ru] & L] = (SS ) 4 %f[g] _ %f[Nu] _ %f[Ru}
o ulS,1) = f(S) + 2! [if{g} - éf[Nu] - éf[Ru] Eq.5.2]

An Adomian expansion is again considered:

400 400

u(S,t) = Z un (S, 1) Nu(S,t) = ZAn(uo,ul,ug, vy Up) [Eq.5.3]

n=0 n=0

In combination with [Eq.5.2|, it leads to the following ADM recurrence:
|1 1|1 1
w(S,) =)+ 27| -2ll| w50 =27 LA+ —Z[Ru] | [Fa54

A division by s in the Laplace plane amounts to a time integration. [Eq.5.4] is thus nothing but the classical
temporal Adomian recurrence in disguise. An example of such a temporal ADM recurrence was given in [Eq.2.20],
for the problem [Eq.2.9|, where g=0 and where a time reversal was performed, suppressing the negative signs.
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When it applies the Laplace-Adomian framework, [SR19| essentially faces the same difficulties that were highlighted
in sec. |3 for the classical ADM in the temporal domain. Indeed, [SR19] also tries to solve the linear Black-Scholes
pricing PDE [Eq.3.1]

1
Vi(S,t) + 505 Vss(S,1) + 7SV (S,t) — 1V (S,#) = 0 [Eq.5.5]

for European call C(S,t) and put P(S,t) derivatives (with maturity T and strike K). In that case, the standard
Black-Scholes formula delivers closed-form option prices [WHD02]:

C(S,t) =S % N (dy) — K e "T85 4 (dy) P(S,7) =K xe "I s 4 (—dy) — S % N (—dy)

_In(S/K) + (r+0%/2)(T —t) o —
d1 = O_m d2 = d1 0\/T t [Eq56]

where .4/ denotes the cdf of a standard normal distribution. [SR19] considers a similar change of variables as in
[Eq.4.3] (non-dimensionalisation and time reversal)

o2 2r
Finally, under the new variables (z, 7), [SR19] applies the recursive Laplace-Adomian scheme [Eq.5.4]. The method
requires some algebraic workout (forward and inverse Laplace transform operations) but it is shown to be quickly
convergent, yet only towards biased option prices:

C(S,t) = maz(S — K;0) * e "7 4+ maz(S;0)(1 — e "T=0) [Eq.5.7]
P(S,t) =K xe T — 8 4 max(S — K;0) « e " T £ maz(S;0)(1 — e "TY) [Eq.5.8]

If those approximations can appear quite satisfactory, especially asymptotically far away from the singularities
S=K in the payoff functions, the Laplace-Adomian method proposed by [SRI19| fails thus to converge towards the
exact option prices [Eq.5.6], even under the standard Black-Scholes framework. This is the exact same problem
as in sec. [3] where the classical ADM was shown to be quickly convergent, yet only towards asymptotically valid
option prices, leading to degraded accuracy properties especially close to the singularities.

In turn, it is doubtful that the Laplace-Adomian scheme could be extended towards more complicated pricing
PDEs, beyond the standard Black-Scholes framework, encompassing non-linearities and/or more risk factors (such
as stochastic interest rates). At least, the literature has not yet envisioned this possibility. This master thesis will
rather focus on a second and more promising class of spectral applications.

Objective: FFT algorithm and Carr-Madan formula for a rough Heston model

In [SR19], even if a detour is made into the complex frequency plane s, the Laplace-ADM is thus still trying to
solve the Black-Scholes pricing PDE [Eq.5.5] defined under the temporal variable t. By opposition, the actuarial
literature has developed purely spectral approaches for the pricing of European call and put derivatives, for instance
based on the Fast Fourier Transform (FFT) algorithm. As mentioned in [Hai22a], there exist mainly two pricing
paradigms relying on the FFT. Some authors try to recover the density of the underlying’s log cushion, which
delivers a more complete information especially useful for risk management purposes. Yet, this master thesis rather
follows the Carr-Madan point of view [CM99| that directly approximates the call and put prices.

The present section shows that a fast FFT-Carr-Madan European option pricer can be developed under the rough
Heston model. In comparison with a crude MC simulation, it delivers similar European call prices but in a
significantly reduced computation time. This FFT pricer could, for instance, efficiently serve the purpose of model
calibration, which requires numerous evaluations of plain vanilla option prices (for different sets of parameters)
in order to match market quotes. However, this is only true provided one can effectively estimate the Moment
Generating Function (mgf) of the rough Heston log-cushion, that intervenes in the FFT reasoning. It requires to
address a fractional Ricatti equation [Hai22a|, for which the ADM appears as a best-suited resolution alternative.
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In [DH21], following the ideas of [MS06], it is shown that the ADM, combined with Padé approximants, can lead to
an efficient numerical computation of this mgf. " This method is highly effective and stable in order to capture the
essential behaviour of the solution (...) in the fractional Riccati case and provides solutions that are consistent with
the" classical Adams scheme "described in the (...) paper of [DFFG02]" [DH21]. In short, while being consistent
with other numerical techniques solving the fractional Ricatti problem (such as the classical Adams method), the
new ADM scheme described in [DH2I] provides some acceleration in the computation of the rough Heston mgf.
In turn, pursuing the reasoning of [DH21], the present work shows that European call and put derivatives can be
efficiently valued based on the ADM and FFT building blocks, outperforming a crude MC simulation in terms of
computation time. Beyond temporal applications, the ADM might thus constitute an appealing alternative for
solving (non-) linear ODEs or PDEs arising in the mgf derivation of some specific option pricing models.

5.2 The rough Heston model

Fractional brownian motion

As stated in [Erk20], fractional brownian motions were an essential step that led towards fractional and rough
volatility models. It is thus not useless to recall some of the concepts around the fractional brownian motion W}.
defines it by means of the Mandelbrot - van Ness representation, i.e. from convolution integrals bringing
some kind of long range dependence [Hai22a]:

wH = ﬁ {/OOO <(t —5)=05 _ (s)H°~5>dWS + /Ot(t — 5)H=05qm, [Eq.5.9]

Alternative definitions can be found in the literature. For instance, [Hai22a] defines W/ using the same convolution
integrals as in [Eq.5.9] but it considers a more complicated normalisation Cp instead of the simple gamma function
I'(H +1/2). The standard brownian motion Wy, with independent increments, is recovered for H=1/2 [Erk20|. Yet,
in general, W/ has dependent increments whose correlation is measured by the Hurst index H € (0;1) [Hai22a.
"Processes with H > 1/2" have positively correlated increments and "have a long-term memory that is observed in
time series of stock returns or interest rates"[Hai22a]. The fractional case corresponds to the values H € (0;1/2)
that bring negative correlation in the successive increments [Erk20]. It is mainly used in volatility modelling given
the rough behaviour it entails [Hai22a].
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Figure 3: One simulated random path of a fractional brownian motion for an increasing Hurst index H=0.1
(a), H=0.4 (b), H=0.5 (c) and H=0.9 (d). Inspired by [Erk20].
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In fact, the roughness decreases when the Hurst index H increases [Erk20]. This is illustrated in fig. [3| (inspired
by [Erk20]), in which the process [Eq.5.9] was simulated for H=0.1 (fractional), 0.4 (fractional), 0.5 (standard
brownian motion) and 0.9 (smooth long-memory process). The roughness is indeed a decreasing function of H. For
the simulation, at any time t, the integrals in [Eq.5.9] were replaced by discrete sums, using a time step As = 0.02.
The integral lower bound —oo was replaced by -100 and the standard brownian increments dWy were emulated
from AW, ~ V/AsZ, (where Z, are i.i.d. N(0,1)). The underlying increments AW, were taken as identical for the
four H values considered.

Rough Heston model as a particular member in the class of affine Volterra processes
The rough Heston model, which has become a standard for option pricing [Hai22a], was originally developed by
[EERT9] and is recalled in [Hai22a]. The stock price process follows the same risk-neutral dynamics as in the

classical Heston model, using independent standard brownian motions W,}’Q and WE’Q

i, = rSidt-+ Vi [VI= #aw e pawi?) (B0

but the variance process has a more general definition

_ t(t—S)“’lﬂ Vods t(t—S)“*lg 2,0
Vt—Vo+/O o) (y = Vi)d +/O o) VVedW? [Eq.5.11]

where H € (0;1/2] is the (fractional) Hurst index and a« = H + 1/2 lies thus in (1/2;1]. The classical Heston
dynamics is recovered for a« = 1 [EER19]

AV, = k(v — Vi) dt + o/ VidW 2 [Eq.5.12]
The parameters x (speed of mean reversion), v (level of mean reversion), o (vol-of-vol) and V; (initial variance) "are

thus positive and play the same role as in the classical Heston dynamics” [EER19]. The stock-variance correlation
p is expected to be mainly negative from the leverage effect on stock returns.
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Figure 4: For Vo = 0.2,k = 0.8,7 = 0.2 and o = 0.05, one simulated instance of the variance process V; in the
rough (o = 0.58) and classical (o = 1) Heston cases. Inspired by [Hai22al.
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"The additional parameter o = H +1/2 belongs thus to (1/2, 1] and governs the smoothness of the volatility sample
paths" [EER19]. Tt is illustrated in fig. |4} inspired by [Hai22a|. Considering the parameters Vp = 0.2,k = 0.8,y =
0.2 and o = 0.05, one instance of the variance process [Eq.5.11] was simulated (up to the horizon Ty = 1) for
a = 0.58 (fractional case) and o« = 1 (standard brownian motion case). For the simulation, at any time t, the
integrals in [Eq.5.11] were replaced by discrete sums, using a time step As = 0.0002. The standard brownian
increments dW2@ were emulated from AW2Q ~ \/AsZ, (where Z, are i.i.d. N(0,1)). As in [Hai22a], the same
occurrences of AW2Q were considered for the classical (o = 1) and rough (a = 0.58) Heston cases. Indeed, "the
variance in the rough Heston model has a much more chaotic behaviour than (...) in the classical setting” [Hai22a].
The rough Heston volatility "behaves like a mean reverting fractional motion"[Hai22a]. As in [Eq.5.9], it "is driven
by an integral of the type" [Hai22a

t (t o 5)H70.5
/OF(H+1/2) o dW, [Eq.5.13]

If the correspondence with the fractional brownian motion is maybe not perfect, it is yet not surprising to recover
similar properties and especially the rough behaviour for H < 1/2 [Hai22a|. "The rough Heston model is in fact
an extension of the the classical Heston model where [EER19] introduces the power-law kernel (t — s)7 =05 in the
Heston variance process in order to allow for a rough behaviour of V; " [DH21].

The rough Heston model is thus "an important member among the class of affine Volterra processes” [DH21], that
"are solutions of stochastic convolution equations with affine coefficients (...) and that have gathered a broad family
of dynamics: Ornstein—Uhlenbeck, Heston, and even the Rough Heston model” [Hai22a|. They generalise the idea of
processes depending on "the convolution of a function and their own past sample paths"[Hai22a|. In particular, the
rough Heston model "can be reframed as a Volterra Heston model with a fractional or power law kernel” [Hai22a

g(t) = ;a(;)

[Eq.5.14]

The rough Heston model enjoys from several positive features that have contributed to "its growing popularity
among practitioners and academicians” [DH21]:

e It admits a solid microstructural foundation detailed for instance in [Erk20] or [EER19].

e As the classical Heston model, it can "reproduce well several important stylised facts of low frequency price
data, namely leverage effect, time-varying volatility and fat tails. It generates very reasonable shapes and
dynamics for the implied volatility surface. (...) Using a fractional Brownian motion with small Hurst index
(...) enables (...) to reproduce very accurately the features of the volatility surface.” [EER19].

o It offers a "highly tractable implementation of rough volatility models which has been shown to be remarkably
consistent with financial time series data. (...) More precisely, (...) volatility dynamics based on fractional
Brownian motions with a Hurst exponent in (0;1/2) are extremely consistent with the historical volatility
processes of major indices. Such condition on the Hurst index aims to generate rough sample paths" [DH21].
Indeed, "for a very wide range of assets, historical volatility time series exhibit a behaviour that is much
rougher than that of a Brownian motion (as implied by standard stochastic volatility models)"” [DH21|. "More
precisely, dynamics of log-volatility are very well modelled by a fractional Brownian motion with Hurst pa-
rameter of order 0.1."[EER19|. Finally, "|GJRI8] provide empirical evidence that the volatility under the real
measure has a rough dynamic" [Hai22a).

5.3 Crude Monte-Carlo (MC) simulation vs. fast pricer FFT algorithm

Crude risk-neutral MC simulation

Under the rough Heston model, we consider the problem of pricing European call options, with maturity 7 and
strike K, i.e. offering a payoff (S — K)* at time Ty. A risk-neutral MC simulation emulates the random paths of
the underlying stock price process S; from a discrete-time version of the Q—dynamics described in [Eq.5.10] and
[Eq.5.11]. The terminology "crude” MC simulation indicates that it is not made usage of convergence acceleration
means, such as variance reduction techniques. Nj;¢ random paths are simulated, each one considering a time step
A and starting from the initial stock Sy and variance Vg values at time t=0. The independent brownian increments
dWn? and dW2? are approximated by AW, ® ~ VAZ! and AW*? ~ VAZ? where Z} and Z2 are all i.i.d.
standard normal random numbers. In this discrete-time setting, [Eq.5.10] and [Eq.5.11] are approximated by
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S =8 LA 4V s [\/1 NI p\/ZZZ’(n)] [Eq.5.15]

tit1

i—1 . A va—1
(n) _ (iA —jA) (n) zA 2,(n)
(AR Vo+j§:0T Ky = V")A + § \/ Az [Eq.5.16]

where the simulation is conducted up to the maturity Ty of the product. The payoff (S — K)* is evaluated for
any random path n = 1,2, ..., Nyse. The current price (at time t=0) of the call option is then given by the risk-
neutral pricing formula, in which the empirical mean across the Nj;c random paths is taken as a proxy for the
Q—expectation

Nuve

C(S = So,t =0) = E¢|e"Tr(S — K)ﬂgzo] ~— Z e Tr (85 — K)F [Eq.5.17]

The variance process must be estimated at any discrete instant ¢;. In [Eq.5.16], it requires a summation over the
previous time steps in order to approximate the convolution integrals of [Eq.5.11]. The overall complexity of the
crude MC simulation is thus of the order O(number of paths x number of time steps x number of time steps), which
is not efficient in comparison with the algorithms developed here under. Besides, for any fixed strike K, a new MC
simulation must be conducted for any new initial value Sy of the stock price process at t=0.

Fast option pricer: FFT algorithm

In [Hai22al|, based on the work of [CM99|, a fast option pricer relying on the FFT algorithm is described for
European call and put derivatives. Let us denote by X; = In (5 t) the log return of the underlying, by k = In (&)
the log moneyness and by C(t, k, Ty) the price (at time t) of a European call option (with log moneyness k and
maturity Ty) conditionally to the available information .%#;. The mgf of the log return is defined by

Yoo (w) = E® [ewX< 0}} s>t [Eq.5.18]

Let us consider a dampening factor € (¢ > 1 for a call option) so that e*C(t, k, T}) is square integrable w.r.t. k,
which is a prerequisite for the Fourier transform to exist [Hai22a|. We consider a Discrete Fourier Transform (DFT)

over M points. The discretization steps are Ay = %mf in the log strike space and A, = Mg—gk in the frequency
domain. We define p,, = Im 1 + Im=z1, the discrete frequencies wy,, = (m — 1)A,, and the discrete log strikes

k; = MAk + (- DAy, for jym= 1, 2, ..., M. According to the proposition 1.7 in [Hai22a], we have then

9Spe—cki—r(T—t)
MA,

M .
T m 1 _ a2 1) (i—
Ot kj, Ty) ~ Re[zpm<<, t.1 (i Ter ) )(71)“1 l)e iar (m=1)G 1)} [Eq.5.19)]

iWm + €)% + (iwy, + €

To obtain the current option price, it suffices to particularise [Eq.5.19] for t=0. The DFT in [Eq.5.19] is efficiently
computed through the FFT algorithm, that can be applied to the M-points vector

B Tir(iwn +€+1) ymet
m = fm < (iwm + €)% + (iwm, + e)( 1 ) [aq.5.20]

[Eq.5.19] directly delivers the option prices at time t over a grid of log strikes k; (dense provided M is sufficiently
large). The FFT algorithm is of complexity O(MIin(M)), instead of the classical O(M?) computations (DFT
[Eq.5.19] requiring a M-sum for any point k;). Powers of 2 are usually considered for the values of M. "The main
difficulty is the selection of parameters M and kp,qz that keep A, and Ay relatively small. Indeed, a high granularity
of strike prices is obtained with a small Ay value. However, decreasing Ay increases A, and then the inaccuracy
in the frequency domain" [Hai22a)], except if M increases much faster than ky,q, (which burdens the computation
time). Nevertheless, the FFT formalism can only be effectively deployed provided the mgf T, s(w) of the log return
is efficiently computed. While a closed-form mgf expression exists for the Heston model [EER19| [Hes15|, numerical
methods are required in the rough case. As such, particular care should be taken around the development of low
complexity algorithms for the rough Heston mgf computation, as will be addressed in the next sections.
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5.4 The mgf of the rough Heston model and its classical computation methods

The mgf of the log cushion in the rough Heston model
The mgf of the log return in the rough Heston model is given in [Hai22a]

Tour, (@) = B2 [e’“l"(fof) L%} — expld(T)) + 2(T)Ve]  [Eq.5.21)
where
d(flit) = wr + kyPs(t) $(0) =0
dvjt(t) = (W —w) + (pow — k) Uy (t) + 502Wa(t)>  2(0) =0 [Eq.5.22|

The function Uy(¢) is solution of the fractional Riccati equation
1 1
DUy (t) = 5(w“' —w) + (pow — K)Wa(t) + 502\112(75)2 Uy(0) =0 [Eq.5.23]

where intervenes the Riemann-Liouville derivative [Hai22a]

wpp  AOf@) 1 d Y f(u)
Def(t) = pr = Ta- OZ)£/0 i 7u)adu [Eq.5.24]

It is the inverse operator of the fractional integral

() = %a) /0 F)t—wtdu  [Bq.5.25]

in the sense that D*I*f(t) = f(¢) [Hai22a]. Using this last identity, a fractional integration of [Eq.5.23] leads to
the integral form of the fractional Riccati problem [Hai22a]

U, (t) = /O % (;(wQ — W)+ (pow — K)Wa(s) + 302\112(5)2>ds [Eq.5.26]

The proof of [Eq.5.21] to [Eq.5.23] is mathematically involved. It requires long and tedious developments that go
beyond the scope of the present master thesis. The interested reader will find more details about this derivation
in [Hai22al, [Erk20] and [EER19]. Here, the expression [Eq.5.21] of the mgf is simply admitted. The focus lies on
efficient numerical resolution techniques for the fractional Riccati problem [Eq.5.23].

An intuitive computation scheme from [Hai22a]

[Hai22a| develops an intuitive computation scheme for the functions intervening in the mgf [Eq.5.21] based on a
discrete-time approximation of [Eq.5.22] and [Eq.5.26]. If A denotes a constant temporal discretization step (with
Ty =nrA) and if f(j) denotes the value of any function f(t) at the point t; = jA, we can use the algorithm

k—1
o(k) = (wr + kyPa(5)A [Eq.5.27]
=0
k—1
pak) = 3 (3 — )+ (pow = I + 3o ) A [Eas2

o) = 30 T (L0t -+ o — () + 4007 )B B2

starting from the initial condition ¥5(0) = 0. In order to compute ¢(7Ty) and @2(T}) intervening in the mgf [Eq.5.21],
one should perform the summations [Eq.5.27] and [Eq.5.28| over the previous Ws(j) values, whose computation
requires itself a summation process [Eq.5.29]. The complexity of this intuitive explicit scheme is thus of the order
O(number time steps x number time steps), which is not better than a crude MC simulation.
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The fractional Adams method

In practice, instead of the intuitive scheme described in [Eq.5.29], the literature rather resorts to the so-called
fractional Adams method in order to find the solution ¥o(k) (for &k = 1,2, ...,n) to the fractional Riccati equation
[Eq.5.23] (or [Eq.5.26] under the integral form). It originates from [DFFGO02| but it is here briefly summarised
according to the notations of [Erk20]. The problem [Eq.5.23| is rewritten as

DUy (t) = %(oﬂ —w) + (pow — K)Wa(t) + %ﬁ%(t)z = F(Uy(t)) [Eq.5.30]

Using again the time step A and the notation £(j) to denote the value of any function f(t) at the point ¢; = jA, we
also define the following quantities:

o Aa a+1 «a
aok+1 = m(k‘ = (k=a)(k+1)%) [Eq.5.31]
, _ A atl — gyetl _ — otl <5< 5.
Gk = T D) ((k=Jj+2)"" +(k—J) 2k =7 +1)*) 1<j<k [Eq.5.32]
AOL
Ok41,k+1 = 7“& ) [Eq.5.33]
- i) — (k— ) <j< 5.
bj k1 Tlat1) (k—j+1)*=(k—5)") 0<j<k [Eq.5.34]

The solution Wy (k) to the fractional Riccati equation is then approximated by

k
Uo(k+1) =Y aj k1 FP(W2(4) + arsr 1 F (U5 (k+ 1)) [Eq.5.35]

=0

starting from the initial condition ¥5(0) = 0. In order to avoid an implicit scheme, an Adams-type predictor
WL (k4 1) is used in the right-hand side of [Eq.5.35] instead of Wy (k + 1)

k
VY (k+1) = bjxr1F(¥a())) [Eq.5.36]

Jj=0

This classical resolution technique will not be further motivated in the present work. The interested reader can
find more details around the fractional Adams method in [DH21], [Exrk20] or [EERI9]. Let us simply mention that
this implicit scheme, modified by an Adams-type predictor to become explicit, is reputed to converge faster than
[Eq.5.29] towards the fractional Riccati solution ¥(k) [Hai22a).

Nevertheless, just as with [Eq.5.29], the overall complexity of the rough Heston mgf computation remains of the order
O(number time steps x number time steps), which is again not better than a crude Monte-Carlo simulation. Indeed,
in order to compute ¢(7') and ¢2(T) intervening in the mgf [Eq.5.21], one should perform the summations [Eq.5.27]
and [Eq.5.28] over the previous Us(j) values, whose fractional Adams computation requires itself a summation
process [Eq.5.35] and [Eq.5.36].

5.5 The mgf through the ADM and Padé approximants

Objective in terms of complexity

In reality, it is possible to approximate efficiently the fractional Riccati solution ¥s(k) through an Adomian decom-
position with only a few terms in the development, instead of the heavy summations [Eq.5.29] or [Eq.5.35]. Using
this technique, in combination with Padé approximants, the previous Ws(j) values in the summations [Eq.5.27]
and [Eq.5.28] are computed for a much reduced time-cost. The overall complexity of the rough Heston mgf com-
putation [Eq.5.21] essentially drops towards the order O(number time steps), outperforming the classical methods
such as the fractional Adams scheme. In turn, we can expect a significant acceleration in the FFT option pricing
algorithm [Eq.5.19] that requires M rough Heston mgf evaluations. Eventually, from this efficient mgf computation
in O(number time steps), the FFT pricing methodology can achieve a complexity of the order O(M x number time
steps + M In(M)), i.e. much better performances than a crude MC simulation for which the complexity was of the
order O(number of paths x number time steps x number time steps).
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Adomian decomposition

Based on the work of [MS06], [DH21] envisions thus the possibility of using "the ADM combined with Padé approx-
imants to obtain numerically the solution of such fractional Riccati equations” [DH21]. The problem [Eq.5.23] is
rewritten as

DOy (1) = %(wQ — W) + (pow — ”)Ws (1) + %oﬂ%(t)? — A4 BU(t) 4 CUs(t)?  [Eq.5.37]

using the constants w.r.t. the variable t

A:%(wQ—w) B = pow —k C=

1

: [Eq.5.38]

Using the fractional integral notation I* [Eq.5.25], the integral formulation [Eq.5.26] becomes
Uy(t) = I[A+ BUs(t) + CUy(t)?] = I*[A + BUs(t) + CN(Uy(1))] [Eq.5.39]

An Adomian expansion is considered for the solution y(#) = W5(¢) and for the non-linear term N (y) = y?

“+o0
t) = Zyn(t) N(y)=y* = ZAn(ymyl, vy Yn) [Eq.5.40]
n=0 n=0

The Adomian polynomials for the non-linearity N(y) = y? are computed using the grouping technique of [Waz00]
Ay =y3 A1 = 2yoy Ay = yi + 2yoy2 As = 2yoys + 24192
Ay = y3 + 2y0ys + 20193 As = 2yoys + 2y1ys + 2423 [Bq.5.41]

The substitution of [Eq.5.40] into the integral form [Eq.5.39] gives rise to the recurrence

yo(t) = I°[A] Ynt1(t) = I%[Byn(t) + CAn(Yo, Y1, -+ Yn)] [Eq.5.42]

In practice the series are truncated after a few orders, depending on the numerical accuracy required. The algebraic
computations are long and tedious. They might require a symbolic computation environment such as Mathematica,
especially to perform the fractional integration steps I“. Using the properties of the I' function, we find for the
first two orders

yo(t) = I*[A] = F(la)/o At —u)* tdu = ozlf(la) Y = F(aA—i— 0 t*  [Eq.5.43]
o 1 ¢ ABu® a1 1 b A2Cy2e )
y1(t) = I*[Byo(t) + CAo(yo)] = o) /0 ot 1)(t —u)* tdu + Ta) /0 (0t 1)(t —u)* du
AB ., CAM@Ra+1)
T T@a+1) : T(3a + 1)I2(a + 1)’53 [Ea.5.44]

Eventually, it amounts to expand the solution y(t) = ¥ (t) into a power series of t*. [DH21] pursues the compu-
tations up to the order t5¢ that already provides a decent numerical accuracy

Balt) [ ] [ AB }t% [ C AP (20 + 1) AB® ..
MNa+1) I'2a+1) F'Ba+1)I'?(a+1) T(Ba+1)

N [ BCAT(2a + 1) 2BC AT (3a + 1) N AB® ] 1
Fda+1)I%(a+1) T(a+1)I'Q2a+1)I'da+1) T(da+1))]

202 A3 (2a + 1) (4a + 1) CA’B’T(2a + 1) 2C0A’B?T'(3a + 1)
+{ ot TBat+ ITGat )  T2at )(Ga+1)  T(a+ DMa+ DIGa+ 1)

2CA2B2T (4o + 1) CA2BT (4o + 1) AB* 750

T(a+1DLBa+)I(Ba+1)  I2Q2a+ )I(Ga+1)  T(Ga+1))

+[...]t60‘ + ... |Eq.5.45]
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Padé approximants

The diagonal Padé approximants are often considered in combination with the ADM as "one of several common
convergence acceleration techniques” [DRW13a] [Tur21]. This method is also envisioned in [DH21]. Following the
notations of [MS06|, setting x = ¢, the expansion [Eq.5.45] can be shortened as

Uy (t) =~ ar1x + agx® + azx® + agz® + asz® + aga® + ... [BEq.5.46]

The [P/Q] diagonal Padé approximants offer an alternate representation of the power series [Eq.5.46], that rather
relies on a rational function with a polynomial of order at most P (resp. at most Q) in the numerator (resp. denom-
inator). For instance, [DH21] considers [P=3/Q=3| Padé approximants that already provide a decent numerical
accuracy. The latter can be easily computed using the R-command Pade.

_bo+bix 4. +bpr bo + bt + ..+ bpt"®

WUo(t) =~ = Eq.5.47
2(t) o+ + ... +corQ o+ rt® + ..+ cot@ [Eq !

By "manipulating the polynomial approximation into a rational function, (...) the diagonal Padé approzimants
are effectively (...) capturing the essential behaviour of the solution” [MS06]. The domain of convergence of Padé
approximants is often expanded in comparison with the polynomial approximation. "It is well-known that Padé
approzimants will converge on the entire real axis if the solution is free of singularities on the real axis" [MS06].
They enable thus "to gain more information about the solution" [MS06]. Also, "it is of interest to note that Padé
approximants give results with no greater error bounds than the approximation by polynomials” [MS06].

Accelerated but consistent scheme for the mgf computation: numerical example
For the sake of illustration, let us consider a numerical example inspired by [DH21]. We aim at solving the fractional
Riceati equation [Eq.5.23] for the following parameter values

a=058 p=-025 0=005 k=08 w=2 [Eq5.48]

We look for the solution Wy (t) over the interval [0,T] with Ty = 2, either through the fractional Adams method
(with ny = 4000 time steps), either through the ADM scheme (truncated at the order t°* and combined with [3/3]
diagonal Padé approximants). As noticed in fig. [} the accordance is almost perfect between the two numerical ap-
proximations: the new ADM scheme seems consistent with the fractional Adams method [DH21]. However, whereas
the classical Adams algorithm requires about 56 seconds to produce those results, the ADM computation time only
amounts 0.21 second. In turn, the computation of the rough Heston mgf [Eq.5.21] could only be accelerated when
going from classical computation methods, such as the Adams scheme, towards the ADM-Padé technique. When
feeding the FFT option pricer, this efficient mgf computation delivers a fast pricing methodology for European call
options, outperforming a crude MC simulation in terms of computation time, as will be now illustrated.
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Figure 5: For a = 0.58, p = —0.25, 0 = 0.05, k = 0.8 and w = 2, solution Ws(t) to the fractional Riccati
equation [Eq.5.23], either through the fractional Adams method (nr = 4000), either through the ADM scheme
(truncated at the order t°* and combined with [3/3] diagonal Padé approximants). Inspired by [DH21].
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5.6

Results: pricing of European call options

Let us consider a rough Heston model [Eq.5.10]-[Eq.5.11] using the following parameter values:
Vw=02 r=005 «a=058 p=-025 o0c=005 =08 ~=02 [Eq.549

As expected, the parameters Vj, o, k and « are positive. The value a = 0.58 belongs to (1/2;1] corresponding
to the fractional case (rough behaviour). The correlation p is negative, as expected from the negative leverage
effect on stock returns.

Under this rough Heston model, we aim at pricing European call options with a maturity 7y = 1. The strike
price is fixed at K=40 but we consider several initial values Sy for the underlying stock.

At first, a crude MC simulation is envisioned, sampling Ny;c = 30,000 random paths, each one considering
100 time steps of constant length A = 0.01y..

The MC simulation is compared to the FFT option pricer, where the rough Heston mgf is computed based on
the ADM-Padé approximants technique. The ADM scheme is truncated at the order ¢ and it is combined
with [3/3] diagonal Padé approximants. The DFT is computed over M=4096 points (indeed a power of 2),
for kpar = 20. The latter two hyper-parameters provide a decent trade-off between the strike and frequency
granularities, while keeping a limited computation time. The dampening factor is taken as e =2 (e > 1 for a
call option). The summations [Eq.5.27] and [Eq.5.28] are performed over ny = 100 points, i.e. for the same
time step A = 0.01y. as in the MC simulation.

The MC simulation is only performed over three Sy values: Sy = 30.13259 (Out of The Money OTM), Sy = 40
(At The Money ATM) and Sy = 65.1883 (In The Money ITM) for a total computation time of 311 seconds.
By opposition, the FFT option pricer delivers call prices over a dense grid of Sy values in about 110 seconds,
illustrating the interest of the FFT-ADM scheme in terms of numerical performances.

While a new time-intensive MC simulation would have to be conducted again for different Sy values, the FFT
pricer directly delivers the option prices over a dense grid of log strikes k = In(K/Sy) (i.e. a dense grid of Sy
values for K fixed or vice versa).

The MC and FFT call prices are consistent with each other, as illustrated in tab. This seems to be
equally true in the OTM-ATM and ITM regions.

In tab. the discrepancies between the MC and FFT-ADM prices are comparable to the convergence levels
reached for the MC indicators (estimated by re-conducting the simulation several times). This a new incentive
bringing confidence in the FFT-ADM implementation.

Method So = 30.13259 (OTM) | Sp =40 (ATM) | Sp = 65.1883 (ITM)
Crude MC 2.830 7.913 28.341
FFT-ADM-Padé 2.832 7.915 28.385

Table 15: Comparison of European call prices resulting from the crude MC simulation or from the FFT pricer
relying on the ADM-Padé technique. MC CPU time: 311s. ADM-FFT CPU time: 110s.
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6 General conclusion

Summary of the present master thesis

In sec. [2} the classical ADM was introduced based on a simple non-linear pricing PDE. It appeared as a conceptually
easy, potentially robust and fast-converging numerical alternative, at least for the problem under concern. By
opposition to an explicit FD scheme, it entailed a much better accuracy in a much reduced computation time.
Some inconsistencies in [GGrdcS15] were corrected, entailing even better convergence levels. Those corrections
were physically motivated based on the temporal behaviour of the solution (theta Greek). Yet, this introductory
example was too simple in the sense it was only dealing with smooth payoff functions and constant interest rates.

In sec. 3] the failure of the classical ADM was demonstrated in case of singular payoff functions, even under a linear
context. The conclusions of [KGZ18| were validated for new examples, namely a digital put option and a unit-linked
life insurance product offering an exogeneous guarantee. The classical ADM only made a local interpretation of
the payoff functions. It could only deliver asymptotical results, far away from the payoff singularities.

In sec. the non-classical ADM extension proposed by [KGZIS8| was studied and criticised in depth. Despite its
mathematical complexity, it offered an elegant numerical alternative for a Black-Scholes context using constant,
Vasicek or even Hull and White interest rates models. It was thus able to cope with singular payoff functions,
under those simple stochastic interest rates models. Yet, closed-form option prices were anyway available in those
basic frameworks. This ADM extension also involved non-trivial linear ODEs with variable coefficients, requiring a
careful use of a symbolic computation environment (such as Mathematica). Finally, the symmetry considerations
it exploited were not guaranteed to hold for other stochastic interest rates models, with more risk factors and/or
non-linearities.

In sec. |5l more promising results were obtained in the spectral domain. The ADM was shown to outperform the
traditional schemes solving the fractional Riccati problem. In turn, it allowed to efficiently compute the mgf of the
log cushion under a rough Heston model, which could feed a fast FFT option pricer. For the pricing of European
call options, it provided a significant acceleration w.r.t. a crude MC technique.

Further developments beyond this master thesis
The present work highlighted the following questions as possible areas of further research:

e Non-linear models for option pricing. Which non-linear market effects were already modelled in the
actuarial literature? Which one could be modelled? For transaction costs, illiquidity issues, market incom-
pleteness, volatility uncertainty, etc., what are the main non-linear modelling alternatives? What are their
similarities? Their (dis)advantages? How to rigorously infer those non-linear models? What are the tech-
niques involved in their derivation ? Do we need to generalise the fundamental theorems of asset pricing and
the arbitrage pricing theory given the market incompleteness? Do we have existence and uniqueness of a
solution to the pricing PDE? Appendix [A]only draws a broad panorama of those questions.

e Adomian for non-linear pricing problems. Has the Adomian decomposition method ever been applied
to all those non-linear models? With success? If not, could it be useful? Considering the flaws highlighted
in this work for financial and actuarial applications? One could attempt a theoretical investigation of the
forms of non-linearities that could be treated under the ADM (or one of its extension), even if it appears
as a mathematically involved question. What kind of non-linear pricing PDEs the classical ADM (or its
extensions) is able to cope with?

e Calibration of the (non-linear) option pricing model. How to calibrate the non-linear pricing model
based on real option prices? Does the dataset follow the assumptions of the pricing model? Which methods
are available in the literature for this non-linear calibration? Would it be possible to rely on a fast ADM
option pricer to speed up this calibration phase? Despite the flaws of the ADM described in this work for
financial and actuarial applications? Similarly, can the ADM-FFT option pricer described in sec. [fefficiently
calibrate a rough Heston model to meet real market quotes?

e Non-linear bond pricing. Instead of the option valuation problem, can we rather consider the pricing of
bonds in non-linear contexts, as for instance in [DDX02|?

e ADM extensions. As mentioned in sec. the literature has developed many ADM extensions: acceler-
ated [Ado94], generalised [JDYO0S§]| or perturbed [Tur2l]decomposition methods. Are those extensions, or even
another one, better capable of treating singular payoff functions? Under stochastic interest rates frameworks
(or more generally with additional risk factors)? In non-linear contexts?
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e Singularity and distance metrics for the classical ADM. As stated at the end of sec. can we
provide an exact definition of a singular payoff function, for which the classical ADM is likely to experience
the bias in convergence observed in sec. How to define such a singularity metrics? We showed that it
cannot reliably be based on the differentiability criterion. When the payoff exhibits such a singularity, beyond
which distance (w.r.t. the singularity) do we reach a decent accuracy if one uses the asymptotically valid
ADM results? How to define such a distance metrics? Are those singularity and distance metrics defined
endogeneously, without making reference to another numerical method or to the exact option prices? Are
those metrics mathematically tractable and easily transferable to other problems?

e ADM convergence properties. Can we provide a theoretical study of the classical ADM convergence
properties? Or of one of the ADM extensions? Is the method convergent? Without bias? What about
its speed of convergence? Those questions often require heavy mathematical or numerical considerations.
Besides, they are often truly problem-dependent (lack of transposability). Some results are nevertheless
available in the literature, under relatively mere conditions, for instance in [AC94] (classical ADM convergence
for differential equations), [AC95] or [CA93] (classical ADM convergence for non-linear functional equations),
[AP11] (classical ADM convergence for non-linear initial value PDEs). Yet, they are often limited to the
proof of convergence of the classical ADM scheme, without any consideration about the speed or the bias in
convergence. [HNO6] tries to infer the rate of convergence of the ADM. [DRW13a] or [DRW"13b] are also
dealing with convergence rates, targeting accelerated schemes. Similarly, [Turl9] and [Tur21| also consider
those kinds of ADM modifications, showing they entail a convergence acceleration. [JDYO0S8| studies the
convergence of a generalised decomposition method.

e Spectral approach for non-linear option pricing PDEs. Considering the encouraging results obtained
in sec. |5}, one could be tempted to search for efficient ADM-FFT pricers that would apply to other kinds of
option pricing models, possibly non-linear. For instance, can the FFT approach be transposed to a non-linear
problem similar to [Eq.2.1] or [Eq.2.8]?7 One one hand, from those non-linear pricing PDEs, it seems difficult
to infer an equation for the mgf of the log cushion. Indeed, in general, the related dynamics of the underlying
include complicated feedback loops, as in [Eq.2.6], affected by the hedging strategy for the derivative product
under concern. It is not only a question of emulating a Black-Scholes underlying, not even using the non-linear
volatility function [Eq.2.5]. On the other hand, even if such an equation for the mgf could be obtained, it is
not guaranteed then that the ADM would provide an efficient solving tool in the spectral domain.

e Other numerical techniques for non-linear pricing PDEs. Beyond the ADM (and its extensions), be-
yond the explicit FD schemes that are proposed in this master thesis, can we envision other methodologies for
efficiently solving non-linear pricing PDEs? Topological methods [AAMO03]? Implicit FD schemes? Particular
FD schemes such as Crank—Nicolson [Heil0] or Rigal compact schemes [AEQ8|? Variational iteration methods
[Waz07] or homotopy perturbation methods [BGM15]|? Can we exploit symmetry properties and invariant
solutions [BC06]? Semi-discretisation techniques [CNRPPOS| [GW15]? Splitting methods [GW15]? Legendre
transforms [Loel8]? Multi-scale perturbation methods [PL20]? Or can we rely on the scheme of [MS12]?

Final word: a beautiful non-linear world !

"Non-linear means it is hard to solve” says Arthur Mattuck. Nothing could be more true. The Adomian de-
composition was not the first, nor the last attempt aiming at solving this kind of beautifully intricate non-linear
PDEs. Hopefully, the present master thesis could add a small increment in this vast area of research. As always,
there is probably no such thing as a miracle method overcoming all the difficulties. Otherwise, it would be too
simple. If quite appealing results could be obtained in sec. [2] or [], sec. [3] and [d] reminded us that the ADM is not
without bringing its own set of interrogations, challenges and criticisms. All in all, it is certainly more a question of
identifying the class of actuarial problems for which the Adomian decomposition might reveal its potential, rather
than a blind application or dogmatic faith in its utility for any non-linear pricing PDE. What is more certain is
that any industrial development of the ADM could only be supported by symbolic computation environments such
as Mathematica. This is already a reality for the classical ADM, if one wishes to avoid the painful load of numerous
derivation and integration operations. It is a fortiori even more necessary for the non-classical ADM extension
studied in sec. [4] given its mathematical complexity. And yet, this is probably only a small price to pay in order
to apprehend our non-linear world in all its subtle beauty.
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A Appendix: Literature review about non-linear pricing equations

Transaction costs beyond the frictionless market assumption: hedging relaxation

[Yan22| provides a comprehensive study about non-linear pricing equations under a transaction costs perspective.
The standard Black-Scholes framework is quite unrealistic, in the sense it is based on the perfect market assumptions
(cf. sec. [1)) [Yan22]|. In particular, being frictionless, it neglects the transaction costs associated to the trading of the
underlying stock [Yan22]. "Such an assumption is clearly at odds with reality as nearly every financial transaction
involves some sort of transaction cost" [Yan22].

In particular, transaction costs might question the completeness assumption associated to frictionless markets.
While continuous trading and perfect replication are natural features of the standard Black-Scholes framework,
leading to the classical Feynman-Kac PDE [Eq.2.4], it is no more evident that all contingent claims are replicable in
the presence of transaction costs. "Formally, the arbitrage argument used by Black-Scholes to price options (under a
continuous framework) no longer can be used: because replicating the option by a dynamic strategy would be infinitely
costly (...) " [Lel85]. In fact, continuous trading becomes prohibitively expensive and the transaction costs model
will depend on the trading frequency. "When transaction costs are taken into consideration, perfect hedging under
the Black-Scholes framework is no longer possible. Therefore, the Black-Scholes model with continuous hedging
process needs to be modified with transaction costs being introduced and the portfolio is hedged at discrete time
steps” [Yan22|. "It might require to relax the hedging condition"” [BS9§].

"The natural defence of the Black-Scholes approach is to assume that trading takes place only at discrete intervals.
This will bound the transaction costs of the replicating strategy. And, if trading takes place reasonably frequently,
hedging errors may be relatively small” [Lel85]. However, "there are some problems with this defence in the presence
of transaction costs. First, hedging errors exclusive of transaction costs will not be small unless portfolio revision
is frequent. But transaction costs will rise (without limit) as the revision interval becomes shorter (...) A second,
and perhaps more important problem, is that transaction costs themselves are random, and will add significantly to
the error of the Black-Scholes replicating strategy. (...) transaction costs associated with replicating strategies are
path-dependent: they depend not only on the initial and final stock prices, but also on the entire sequence of stock
prices in between" [Lel85].

The Leland’s model (Leland, 1985)

[Yan22| cites the Leland’s model [Lel85] as one of the first attempts in the financial literature that tried to relax
the hedging condition in presence of transaction costs. [Lel85| considers a standard Black-Scholes dynamics for
the underlying stock. Yet, "the author assumes that the portfolio is re-balanced at deterministic, discrete times,
ot units apart, and that the transaction costs are proportional to the value of the underlying. Specifically, the cost
incurred is k|v|S, where v is the number of shares of the underlying asset bought (v > 0) or sold (v < 0) at price
S, and K is a proportionality constant characteristic to the individual investor” [Senld]. The, [Lel85] shows that
an approximate hedging strategy can be built for a European call option. Its initial value reduces to a standard
Black-Scholes formula but using a modified variance, known as the Leland number [Yan22]:

2 kK
s2 2 2
Gl =0 {1—}—\/;0\/&} [Eq.A.1]

While being disputed since then [Senl4], in the limit 6¢ — 0 (frequent hedging) and x — 0 (weak transaction
costs), [Lel85] states that the European call payoff is replicated at maturity T, inclusive of transaction costs, with
a hedging error tending to 0 (and with bounded transaction costs).

The approach of (Boyle and Vorst, 1992)

[BV92] participates to the same philosophy. It builds a discrete-time model that provides a natural extension of
the binomial tree framework in presence of transaction costs. Similarly, it defines an approximate hedging strategy
for a European call option, whose initial value reduces to a standard Black-Scholes formula but using a modified
variance:

. 2k\/n
iy =0 {1 + U\\/ﬁj] [Eq.A.2|

In the limits of many time steps n (frequent hedging) and of a small transaction costs rate k, [BV92] states that
the European call payoff is replicated at maturity T, inclusive of transaction costs, with a hedging error tending to
0 (and with bounded transaction costs).
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A first non-linear pricing PDE in presence of transaction costs (Hoggard et al., 1994)

Using a more formal delta-hedging and arbitrage argument, [WHWO94]| infers a first non-linear extension of the
Black-Scholes pricing PDE due to transaction costs. The approach is for instance summarised in [MS12]. In a
discrete-time approximation, over a time step d¢, the underlying is supposed to evolve like a geometric brownian
motion. If & denotes a standard normal random number:

65 = puSdt + oSBVit [Eq.A.3]

The hedging portfolio IT is made of one option V(S;t) (long position) and A stocks (short position). [WHW94]
assumes again proportional transaction costs k|v|S, as in the Leland’s model [Lel85]. The change in portfolio value
over the step dt is then [MS12]:

Y L >0V v v
51105(85A)q>f+< §* 5z ® Ztp nSog + oo — nAS |ot —xlv|S [Eq.A.4]

The delta-hedging argument leads to the following number of assets held short [MS12]:

oV
A= — Eq.A.
55 [Eq.A.5]
The number of traded units over §t is thus:
8 8 V 0%V
Accounting for [Eq.A.3]:
oV oV oV
v= (u55t + oSV ) 592 + &85815 oSV it 852 + O(6t) [Eq.A.7|

Keeplng only the dominant terms, combining [Eq.A.4], [Eq.A.5] and [Eq.A.7|, accounting for E[®?] = 1 and
E[|®|] = \/2/m, the expected portfolio variation is given by

1 PV oV
E[oT1) = ( 0?8? — 557 T o |352 >6t [Eq.A.8|

"Standard no-arbitrage arguments imply that the portfolio will earn the risk-free interest rate r" [MS12|:

E[oI] = r <V - AS> St=r <V s?é) 5t [Eq.A.9]

From [Eq.A.8] and [Eq.A.9|, [WHW9]| infers the following non-linear PDE for option pricing under a transaction
costs framework:

6V 1 25287‘/4— Sa— rV — koS?

E 552 a5 t‘ 052 ‘ =0 [Eaq.A.10]

Let us note that the approach of [WHW94]| is somehow only based on the mean transaction costs (cf. [Eq.A.8]).
However, "if we wish to continue to use an arbitrage argument to bound option prices, we are forced to consider
the mazximum transaction cost rather than simply the average. But transaction costs associated with replicating
strategies are path-dependent: they depend not only on the initial and final stock prices, but also on the entire
sequence of stock prices in between. Computation of the maximum transaction costs is a non-trivial problem. And,
because the maximum transaction costs will substantially exceed the average, the bounds on option prices will not
be very tight. Perhaps we could be more modest and look at only at expected transaction costs (...). This could be
justified if transaction costs, like hedging errors, were uncorrelated with the market. But in general, this is not the
case" [Lel85]. This is a point of attention we can address to the methodology of [WHW94].
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In [Eq.A.10], the non-linearity only stems from the absolute value. For a European call option, we expect g?ﬁ to
be mainly positive. Consider for instance the European call payoff V(S,T) = (S — K)™ that is convex at maturity

T. In that particular situation, by setting & = 2k, [Eq.A.10] becomes:

v 1, [2 R , 0%V ov
— 4+ = 1—14/— — —_— — = Eq.A.11
3t+20[ WU\/E}S aSQ—I—TSaS rV =0 [Eq |

This is nothing but the standard Black-Scholes PDE [Eq.2.4] using the modified variance:

o _ 2|, [2_F
Ohog = O [1 \/;U\/g [Eq.A.12]

Both the Leland’s model [Lel85] and the methodology of [WHW94| lead thus essentially to a standard Black-
Scholes framework using a modified volatility function. Yet, [Eq.A.1] and [Eq.A.12] consider opposite signs for the
proportional transaction costs effect [Yan22|. "The authors in [WHW94] argued that their equation is for the holder
of the option while the Leland’s model is for the writer of the option (...) The option price is no longer unique
for the holder and the writer because their attitudes towards risk from hedging costs are quite different” [Yan22].
Market incompleteness, due for instance to transaction costs, can thus also introduce bid-ask spreads and different
pricing PDEs for the writer and holder of the option [Yan22|.

Finally, in all the previous modelling attempts, "the hedging frequency needs to be small to control the hedging
error. The transaction costs term also needs to be small otherwise it would give a very small or even negative value
for the option price for the holder and extremely large value for the option price for the writer” [Yan22).

Alternate expressions for the transaction costs

The previous modelling attempts, and in particular the Leland’s model [Lel85], were all considering proportional
transaction costs, based on a constant rate s, i.e. of the kind k|v|S. "In practice, it is not easy to find a
representation of realistic transaction costs. Most studies assume that transaction costs are proportional to the
amount of the underlying to be traded at each transaction (...) Others define the transaction costs rate as a function
rather than a constant” [Yan22|. For instance, [AAMO3] rather considers a linear transaction costs rate, leading
to transaction costs of the kind (k — n|v|)S|v|. In turn, using an argument similar to [WHW94] (delta-hedging, no
arbitrage, mean transaction costs), [AAMO3] infers a non-linear pricing PDE that generalises [Eq.A.10].

The modelling of transaction costs under stochastic interest rates and stochastic volatilities

The argument of [WHWO94]| (delta-hedging, no arbitrage, mean transaction costs) can be extended to more general
contexts, encompassing more risk factors such as stochastic interest rates and /or stochastic volatilities. For instance,
in [Senld], the author generalises the previous modelling attempts to a stochastic one-factor interest rate model
based on correlated brownian motion dynamics for the underlying stock S and the short rate r. The same is
done in [MSI2] for a one-factor stochastic volatility model based on correlated brownian motion dynamics for the
underlying stock S and the volatility process o(t) (namely a modified Hull-White process [Yan22]). Both in [Senl4]
and [MS12|, the authors infer non-linear pricing PDEs that generalise [Eq.A.10].

Existence and uniqueness of a solution are always desired features of the option pricing model. Yet, they are
not-always guaranteed in the context of non-linear PDEs. Yet, [Senl4] and [MSI12| both succeed in demonstrating
the existence of a solution to their non-linear pricing PDEs, under relatively mere conditions [Yan22|. [Yan22]
also deals with the pricing of European options under a Heston stochastic volatility model modified for transaction
costs. Pursuing the reasoning, [Wan19| combines stochastic interest rates and stochastic volatilities by considering
the problem of option pricing under the Heston-CIR model modified for transaction costs.

Alternate modelling attempts based on the investor’s preferences (utility functions)

"In general, there are two different approaches to tackle the problem of pricing options with transaction costs:
the hedging strategies and utility indifference pricing. Each of these two approaches has its own merits for pricing
options under incomplete markets. The former method is easy to implement, but does not take investors’ preferences
into consideration, the latter is very computational intensive” [Yan22|.

The above-mentioned modelling attempts essentially relied on the hedging perspective. "However, when considering
any form of market friction, such as transaction costs, [DPZ93] pointed out that those (hedging) models (...) have
a significant limitation that their trading strategy is considered not to be optimal” [Yan22).
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As such, some authors, like [DPZ93], based on the work of [HN89|, have rather tried to develop a utility framework
for the option pricing problem under a transaction costs perspective [Yan22|. It is known as the utility indifference
pricing, based on the expected utility maximisation theory [Yan22|. "With the utility indifference method, European-
style option price is the price at which the investor is indifferent, in the sense of expected utility, whether he or she
trades in the market with or without the obligation to fulfil the terms of an option contract at the exercise time"
[Yan22|. "Due to its excellent empirical performances (...), the utility indifference approach is considered to be the
most successful approach for pricing options in incomplete markets” [Yan22|.

Both [WW97] and [BS98| pursue the reasoning of [DPZ93] via an asymptotic analysis [Yan22]. Under a small
transaction costs assumption, [WW97] is more focused on the computational efficiency of the time-intensive utility
framework. |[BS98| rather infers a non-linear extension of the Feynamn-Kac PDE, relying again on a modified
volatility function, depending here on the specific investor’s risk aversion [CJP09]. The investor’s preferences are
modelled in [BS98| through an exponential utility function.

Non-linear extensions of the Black-Scholes PDE using modified volatility functions

Considering the previous modelling attempts, it seems that the use of a modified (non-linear) volatility function
in a standard Black-Scholes PDE has been a very efficient tool in order to obtain non-linear extensions of pricing
equations, in particular under a transaction costs perspective. It has given rise to multiple "types of non-constant
volatility aiming at modelling different types of transaction costs" [Yan22|. Several adjusted volatility functions
are for instance listed in [CNRPPOS| or [CIP09]. Via this technique, non-linear pricing equations have naturally
been extended to volatility uncertainty contexts, beyond transaction costs models. In particular, in [Heil0], "a
non-linear model is considered, in which the volatility is not known precisely but is assumed to lie between extreme
values omaz and omin " [Heil0]. Tt suffices to consider the modified variance [Heil0):

JE {Ufm Vss >0 [Eq.A.13]

une o2 Vss <0

min

Transaction costs in fractional brownian markets
In [SL18|, a non-linear PDE is derived for the European option pricing problem in a fractional brownian market
encompassing stochastic interest rates (fractional Black-Scholes Vasicek model) and proportional transaction costs.

Market incompleteness when transaction costs are involved
As already mentioned, transaction costs might question the completeness assumption associated to frictionless
markets. It has several consequences:

e Not all contingent claims are perfectly replicable, which might "require to relax the hedging condition" [BS98§].
e It can introduce bid-ask spreads and different pricing PDEs for the writer and holder of the option [Yan22].

e It might even require to generalise the classical arbitrage pricing theory and the fundamental theorems of asset
pricing [CJP04], when transaction costs or liquidity issues are involved. If one can still assume the absence of
arbitrage and the existence of an equivalent martingale measure, the latter is not necessarily unique anymore
due to market incompleteness. Or, "a martingale measure (appropriately defined) can be unique, and markets
still be incomplete” [CJP04], beyond the classical financial theory. For instance, [GLR12] studies the fate of
the fundamental theorems of asset pricing under a transaction costs perspective.

The concept of risk-neutral valuation (that underpins the classical financial theory) must thus be refined when the
market is incomplete (e.g. due to transaction costs. Such a generalisation is for instance proposed in [CIP04],
that reviews extensively and formally the notion of (admissible) trading strategy, the fundamental theorems of
asset pricing and the martingale theory for illiquid markets. The authors in [CJP04| exploit those new notions,
in combination with non-trivial stochastic calculus tools (e.g. uniqueness of semi-martingale decomposition), in
order to derive a continuous-time transaction costs model. The latter is for instance recalled in [Esel3]. One has
to distinguish between the fundamental stock price process Sy (following a standard Black-Scholes dynamics) and
the transaction price:
Si(a) = e S, [Eq.A.14]

where « is the number of traded units and p the strength of non-linearity. In turn, using long but formal develop-
ments, [CJP04] and [Esel3] infer [Eq.2.8], which is nothing but a simplification of the non-linear extension [Eq.2.1]
of the Black-Scholes pricing PDE, relying again on a modified volatility function.
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Modelling large trader effects in illiquid markets: Frey

In fact, the modelling in [CJP04] or [Esel3| holds more generally, not only when transaction costs are involved but
also in front of large trader effects. Similarly, [Esel3| proposes additional non-linear PDEs for the option pricing
problem in an illiquid market. More recently, [PL20] has developed a non-linear PDE for hedging liquidity risk
under CEV (Constant elasticity variance) diffusion.

However, Frey appears probably as the reference author for the modelling of large trader effects, through feedback
loops affecting the volatility. Large traders face this feedback loop in a "illiquid market, where the implementation
of a dynamic hedging strategy (for the derivative) has an impact on the underlying price process, (...) for instance
in case the volume of trading committed to the dynamic hedging strategies is relatively large compared to the overall
trading volume on the underlying” [FP02]. In short, "in a market with imperfect liquidity, trading affects stock
prices" [LY05].

Frey provides empirical evidence that "the demand generated by dynamic hedging strategies affects the equilibrium
price of the underlying asset (...) It turns out that (market) volatility increases and becomes time and price
dependent” [ES97|. Frey wonders "how hedging strategies perform when we allow the underlying asset’s price process
to be affected by their implementation, even if this effect is not fully taken into account in designing them. Moreover,
hedging is mostly used to replicate payoffs that are convex functions of the underlying asset’s price, requiring the
investor to sell shares of the underlying asset when its price declines and to buy when its price goes up. Therefore
one should expect an increase of market volatility under the impact of such trading behaviour. Dynamic hedging is
thus likely to have a destabilising effect on prices" [FS97]. It is thus not surprising for Frey to infer, in [FreQ0], a
non-linear extension of the Black-Scholes pricing PDE relying on the non-linear volatility function [Eq.A.15]. It
precisely translates this feedback effect and the increase of volatility when convex derivatives are hedged.

a

1= pSA(S)Vss(S,7)

6(7, 5, Vs, Vas) = [Eq.A.15]

This non-linear extension of the Black-Scholes PDE is formally motivated in [Fre00] and [FP02]. In those articles,
the authors modify the standard Black-Scholes dynamics to include the effect of the stock trading strategy «; on
the stock price process S;. In the specific case r=0:

dS, = 0S;-dW2 + pSy- (S, )dait [Eq.A.16]

where the subscript + (resp. -) refers to the right (resp. left) limit. "In this framework, a standard Black-Scholes
delta-hedging strategy does no longer eliminate all risk of a derivative position” |[Fre00]. After long and formal
developments, specifying the other assumptions of the model, revisiting the concepts of trading strategies and of
dynamic hedging, the non-linear PDE [Eq.2.1] is derived for the hedging cost of the derivative [Ere00].

[BCO6] and [Bor08] state that a number of analogous non-linear extensions were obtained in a similar manner for
various illiquid markets, yet relying on other volatility functions. "Depending on the assumptions concerning the
market, different variations of the Black-Scholes formula can arise (...). Usually, the volatility term in the Black-
Scholes formula will be replaced in order to fit the behaviour of the price on the market. The modelling process is
not concluded now and new models can appear” [Bor(8|.

In the context of large trader effects, unlike the case of transaction costs, hedging strategies providing exact
replication of terminal claims remain possible [FP02]. This fact is also stated in [LY05] and [Loel8|, where the
authors develop analogous non-linear extensions of the Black—Scholes pricing PDE. In particular, in [LY05], sufficient
conditions are inferred for the existence and uniqueness of a solution to the non-linear pricing PDE, that are shown
to coincide with the option replication requirements.

Finally, Frey states that "the non-linear PDE [Eq.2.1] is closely related to the PDE characterising superhedging
strategies in the uncertain volatility models” [FP02] or in incomplete market models, for instance due to transaction
costs. Superhedging is a common pricing technique in case of market incompleteness. In short, for a contingent
claim X, the superhedging price V(X) considers the supremum over the set 2 of all equivalent martingale measures
arising in the incomplete market model:

V(X) = supge 2 E? [Xe"'TL%)] [Eq.A.17]
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B Appendix: Proof of the (Bohner et al., 2009) decomposition

Objective of the demonstration
For the standard Black-Scholes pricing PDE

Vi(S, 1)+ 50%S?Vss(S,0) 4 rSVs(S,6) —rV(S,5) =0 [EqB.1
subject to the terminal payoff specification
V(S,T) = g(S) 0<S <+ [Eq.B.2|
the present appendix will demonstrate that the classical ADM scheme (presented in sec. leads to the following

series decomposition of the solution V(S,t)

+00
V(S,t) = uk(S,t) [Eq.B.3]|

k=0

where the successive terms uy(S,t) are given by

vl(m — o) k!

Lok 2k s m _ Nk 2k AT
we(S,) = -0 3 (Z (U!05>Smg<m)(5) — (TTt) S B smgtm(5) = MUM

m=0

0’2’0

where Oy = (7 +7)(v—1) [Eq.B.4]

The following proof is retrieved from [BZ09|.

The classical ADM scheme
As in sec. [2] let us define the temporal L;, inverse temporal L; ! and linear R operators:

t
1
Ly =0, — Lt_1 = / ...do R= 50252835 +7rSdg —r [Eq.B.5]
T
Since the non-linear part N is absent for the linear Black-Scholes problem, [Eq.B.1] can be rewritten as
t
LV (S,t) + RV(S,t) =0 — V(S,t) = V(S,T) — L; 'RV (S,t) = g(S) — / RV (S, 0)do [Eq.B.6]
T
The substitution of [Eq.B.3| into [Eq.B.6| leads to the following recurrence:
t T4
uo(S,t) = g(S) ups1(S,t) = — / Ruy (S, 0)do = / 50252%35(5, 0)+7Suy 5(S,0) —ruk(S,0)dd [Eq.B.7|
T t

The consistency of [Eq.B.7] w.r.t. [Eq.B.4] is shown by recurrence in the next paragraphs.

Lemma 1
Considering the definition of g, in [Eq.B.4], the following equality holds for any pair of integers (m,v):

02m 02'0 2

Om — Oy = (TJrT)(m*l)*(T +r)(v—1)= (mfv)[%(m+vfl)+r] [Eq.B.§]

In particular
Om — Om—1 =0°(m—1)+r [Eq.B.9|
Lemma 2
Exploiting [Eq.B.8] and [Eq.B.9], the following identity is verified for any pair of integers (m,v):

o2
Om — 0v — (M = v)(0m — Om—1) + (M —v)(Mm —v — 1)7 =0 [Eq.B.10]
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Lemma 3

The following equality holds for any pair of integers (m.k):
2

o
[Gm -+ r)m =17 + [0 (m = 1) o]+ 5 vﬁr’f) s =Yt =0 [Eq.B.11]

Indeed, from the definition of ’y(k) DD %gv in [Eq.B.4], we have

m (_1)m—v m (_1)m—'u
,yr(rllc-i-l) = Z A Rl Z 7_0)!95‘971 [Eq.B.12]

| — )= |
e vl(m —v)! e vl(m

Considering the definition of g,,, and v} = Yoo 1(),_(27;), 0¥ in [Eq.B.4] but also [Eq.B.9] and [Eq.B.12|, we have:

2

k k
[+l m = 138+ [2m = 1) 4 7], + Gl i)
= 007 ® + (0m — 0m-1)7W, + 2 5 %(ff), — et
m m—1 m
_ (_1)m—v X (_1)m 1—v ( 1 m—2—v kO.Q (_1)m—v X
= UZ:OU!(mf’U)!Qva—’— UZ:O 'I}!(mf 1 )'IQ'U( Qm 1 + Z v'(m )'Q’U 2 ;v!(miv)!gvg’u

n m=uv m—1 _1\ym—v m—2 1ym—v 9
=3 %gﬁ(gm NOEDY ,U!(Enl)lv)!gﬁ(gm — Oom-1) + ;} Wg% [Eq.B.13]

The term v=m in the first summation is of course zero. The terms v=(m-1) in the first and second summations
reduce to the same expression and cancel out since 0!=1!=1. Hence

(k+1)

k
'Y( ) — Tm

[O;m—&-r] —17¥ + [0?(m —1)+]fn) +%2
X

v=0 '
_ Y ng [om — @0 — (10— 0)(gm — 0m—1) + (m — v)(m — v - 1)%] [Eq.B.14
v=0

The identity [Eq.B.11] immediately follows from [Eq.B.10] and [Eq.B.14].

Lemma 4
In [Eq.B.4], in order to compute the terms wug(S,t) for k > 0, only the values m € [0;2k] must be considered for
”yr(f). The definition %(f) =>", %gu suggested in [Eq.B.4] only makes sense for m € [0;2k] and thus m > 0.
For any k > 0, one can arbitrarily set

A® =0 for m <0 [Eq.B.15]

m

Lemma 5
In [Eq.B.4], in order to compute the terms ux(S,t) for & > 0, only the values m € [0;2k] must be considered

for ’y( ). The definition *y( ) = =3, f],(zm;;, os suggested in [Eq.B.4] only makes sense for m € [0;2k] and thus
(k)

m < 2k. For any k > 0, one can nevertheless try to adopt the same definition of ~y,’ whenever m > 2k (which
implies in particular m > 0). In fact, for any k& > 0, it amounts to set

AR =0 for m > 2k [Eq.B.16]
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The proof of [Eq.B.16] is made by recurrence over the index k. Let us assume that %(r]f) = 0 for m > 2k. Then, for
m > 2(k+1) =2k+2, we have m > 2k+2 > 2k, m—1>2k+1> 2k and m—2 > 2k. Form > 2(k+1) = 2k+2,

we have thus i) = 7,(5) 1= ’y,(,lf) 5 =0. For m > 2(k + 1) = 2k + 2, [Eq.B.11] implies then ~EFD = 0. Provided

(0)

the initiation v»,” = 0 holds for any integer m > 0, [Eq.B.16] is demonstrated. And, indeed, for any integer m > 0

m

W= U(,(_l)m:; =0 [Eq.B.17]
v=0 "

Either m is odd and each term admits a symmetric of opposite sign. Either m is even and symmetric terms have
the same sign but they are then compensated by the unbalanced middle term v=m/2.

Consistency of [Eq.B.7] w.r.t. [Eq.B.4]: proof by recurrence
[Eq.B.4] is consistent w.r.t. [Eq.B.7]. Indeed, in a first time, the initiation holds for k = 0:

(T 1) e 0
ur=0(5,t) = 5 v0(S) = vo(S Z YR=08mg M (8) = 7y ¢ (S) = g(S)  [Eq.B.18]
Only the value 7((,0) is required, with unit value:
m=0
(0) (_1)m—1) _
Ym=0 = ZO v!(mfv)! =1 [Equg}

The values 'ym) for m < 0 (resp. m > 0) are not required. They can be set arbitrarily to zero, which is consistent
with [Eq.B.15] (resp. [Eq.B.16] and [Eq.B.17]).

In a second time, assuming that [Eq.B.4] holds for wu(S,t), let us show that [Eq.B.4] also holds for ugy1(S,?)
computed by the classical ADM scheme [Eq.B.7]. Since [Eq.B.4] is separable in S and t, its insertion for u(S,t)
into [Eq.B.7] leads to

T (1 vk
up1(S,t) = [;0252’[}%(5) +rSvy(S) — Wk(s)] /t %d@
okt
_ |:;O'2S2’U;€I(S) + T‘SU;C(S) — ’r"l}k(S):| % [EqB20]

In order to demonstrate [Eq.B.4| for u11(S,1), i.e

(T _ t)k+1

went (550 = T

vks1(S) [Bq.B.21]

it is thus sufficient to show
1
Vp+1(S) = 502521),;’(5) +1rSvy,(S) — rog(S) |Eq.B.22]

Since v (S) = Zif 07 Smg(m)(S), we have (for S > 0):

2k 2k 2k
S) =D AWemgtmt(9) 43" AWmsm gt (§) =Y 4k {msm-l g™ (8) + smg<m+1>(5)} [Eq.B.23]

m=1

2k
Uk Z ’Y(k)Sm (m+2) )+ Z 2,%(7/;)m5m—1g(m+1 + Z v(k)m Sm 2 (m)(S)

m=0

2%
= Z A (k) {m(m —1)8m2g(M)(8) 4 2m8m L g(mH (8 4 Smg(m“)(S)} [Eq.B.24]
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The combination of [Eq.B23] and [Eq.B.24] leads to

1
502521)%(5’) +rSvi(S) — rvg(9)

2k 2 )
=) AP [(JQm(m — 1) +r(m—1))S"g"™(S) + (o*m +r) S gmTI(S) + 025m+2g(m+2)(5)]
m=0
2k 0.2 2k+1 . oot
= 2 ¥k [2m + r} (m —1)S™g(™)(S) + mzzl %(n)_l [02(m 1)+ T} S™g(m)(§) + Z Wm a Sm m(s)

Using [Eq.B.15] and [Eq.B.16] the summations can be completed in order to include all the terms m € [0; 2k + 2].
[Eq.B.11] achieves then the demonstration.

1
5‘7252“;9/(5) +rSvi(S) — rvg(9)

2k+2 0_2
= Z { (k)< m+?‘>(m—1)+vﬁf)1(02(m—1)+T> +la }Smg(’")(s)

2(k+1
= 3 aSTeS) = v (S)

This is nothing but [Eq.B.22]. Q.E.D.

61



C Appendix: Valuation techniques for the life insurance example

Closed-form expression in the linear case
[KZB12] proposes the following demonstration, based on a change of numeraire, in order to show that [Eq.3.22] is
indeed the Fair Value (FV) [Eq.3.17] under the linear Black-Scholes Vasicek framework. The risk-neutral world Q

uses the money market account B; as numeraire
t
dB; = r;B.dt By=1— B, = exp[/ rsds] [Eq.C.1]
0

Under a risk-neutral pricing approach, if Y (t) = In(S:/Sp), the FV [Eq.3.17] can be rewritten as:

T
BySr
BrSy

FV = Np,(0,T)E" [gomax(ST, K)L@o}

ByS _
ol | 90| + B9 P Ke ™ yctagirsy| %) | B2

= Np.(0,T) [EQ[

Using the change of numeraire technique towards the S-neutral world Q, (underlying stock S; as numeraire):

FV = Np,(0,T) {SOEQS |:IYT>ln(K/So)|j0 + KE® |:€YTIYT§ln(K/So)ﬁ0:|:| [Eq.C.3]

For the linear Black-Scholes Vasicek model, defined by [Eq.3.14] and [Eq.3.15], the Radon-Nykodym derivative is
given by [KZB12|:

dQs _ BoSt _ _1i.2740. w(m)
- = o ioiTHo Eq.C.A4
d(@ BTSO € o [ q ]

From Girsanov’s theorem, we deduce [KZB12]:
AW (t) = dWE(t) — o.dt AW (t) = dW2(t) — posdt [Eq.C.5|

where WSS,WQS are correlated Brownian motions under Q;. The dynamics of r; and Y; can be rewritten as:

2
dY; = (ry — %)dt + o, dWO(t)

2
= (re + "Q—S)dt + o, dW (1) [Eq.C.6)
dry = alb+ Loo, — r)dt + o dW (t)
a

= a(b—r,)dt + o, dW 2 (1) b=b+ Lo, [Eq.C.T]
a
In particular, r; follows a Vasicek dynamics under Q,, with parameter b instead of b. A time integration leads to:
T 1 T
Yr = / rydu + §U§T + O‘S/ dWg*(u) [Eq.C.8]
0 0

Under the Vasicek model, we have [Hai22b]:

T 7 T
/ rodu = 2 (1 — e=T) 4+ 5T — 9(1 —e T +/ Ir (1 — e T g (u) [Eq.C.9|
0 a a 0 a

Since any Itd’s integral is normally distributed, it follows that Y is gaussian under Qs:

Y7 ~ A [uy, 03] [Bq.C.10]
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Since any Itd’s integral has a zero expectation, the mean py is given by:

~ b 1
py = %(1 _ 67aT) + 0T — a(1 _ 7"T) + 20’5T [Eq.C.ll]

Using It6’s property of isometry, the variance % is given by:

2 T T
i Z;V{/O (1 —ea(T“))dW,Qs(u)} —|—0§T+20arascov[/0 (1 — e~ T dW Qs (u / dWg* (u }

2 T T
2po,0, —a(T—
= % (1 — e T=W\2qy 4 o217 4 22 pong / (1 —e aT=)dy
a= Jo a 0
2 1 200,05 1 _
== (T—a( —e_“T)—i-%(l—e_QaT))—i-a?T—i— pora (T—E(l—e “T)) [Eq.C.12]

We have then:

E% l:IYT>ln(K/So)|§O:| =Q, |:YT > ln(K/SO)] =1- W[WM”} - W{‘MW&))

oy

] [Eq.C.13]

Besides, we also have:

2
Q. | -v e 1 %<m°5y>
E 5[6 TIYTgln(K/SO)|<9\0:| :[W e IIxﬁln(K/Sg)me dx

2
" I s d)
:67HY+U€/2 /l (K/So) 1 . 2< oy > dr
o oy V2T
In(K/So) — (py —o
Oy

2
= e_“YJ”’?’/QJ/[ Y)} [Eq.C.14]
It suffices to introduce [Eq.C.13] and [Eq.C.14] into [Eq.C.3] in order to recover the closed-form valuation [Eq.3.22].
Q.E.D.

Crude Monte-Carlo (MC) simulation in the linear case

A risk-neutral MC simulation emulates the random paths of the underlying stock price process S; from a discrete-
time version of the Q—dynamics described in [Eq.C.1], [Eq.3.14] and [Eq.3.15]. The terminology "crude” MC
simulation indicates that it is not made usage of convergence acceleration means, such as variance reduction
techniques. Nj;c random paths are simulated, each one considering a time step A and starting from the initial
stock Sp and short rate ro values at time t=0. The correlated brownian increments de(t) and dW2(t) are
approximated by AWZ(t) ~ VAZL and AWR(t) ~ pVAZ} + /1 — p2/AZ? where Z} and Z? are all ii.d.
standard normal random numbers. In this discrete-time setting, [Eq.3.14], [Eq.3.15] and [Eq.C.1] become

S =S VS A + oS VAZL ™ [Eq.C.15]
™ =t ab - r™)A + o, |pVAZL™ T 2VAZE™ IEq.C.16]
B =B +rVBMA [Eq.C.17]

where the simulation is conducted up to the maturity T of the product. The expression maz(St, K) is evaluated
for any random path n = 1,2, ..., Nyse. The FV is then given by the risk-neutral pricing formula [Eq.C.2|, in which
the empirical mean across the Ny, random paths is taken as a proxy for the Q—expectation

— By 1 R By (n)
FV = Np,(0,T)E?| —=maz(Sr, K)|Zo| ~ Npa(0,T)— > maz (S, K) [Eq.C.18]
BT NMC n=1 B;)
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Finite Differences (FD) scheme in the linear case

In order to solve the linear Black-Scholes Vasicek PDE [Eq.3.18] through a FD algorithm, let us consider the grid ¢ =
{0, At, 208, ..., NAt = typae =T}, S = {0, AS,2AS, ..., MAS = Sppas t and r = {—OAr = =14, ..., 0, Ary ..., OAr =
Tmag t- Let us denote by V; ; i the value of the function V(t,S,r) at the point (iAt, jAS, kAr). The scheme is initi-
ated using the terminal specification in [Eq.3.18]:

Vi k:Vnk =gyr(JAS) = maz(jAS, K) [Eq.C.19]

The derivatives in [Eq.3.18] are replaced by finite difference approximations. For any S-interior grid point, the
S-derivatives are approximated by centred differences:
o Vigrik = Vij-1k o Vigrik T Vijo1k —2Vigk

Vs.iji ~ 5AS Vss,ijk ~ As)? [Eq.C.20]

For a lower S point (j=0), forward differences are used:

Viik — Viok Viowx +Vior —2Viik

Vg ok =~ Vssior =~ Eq.C.21
S,i0k AS SS,i0k 2(AS)? [ q ]
while backward differences are considered for an upper S point (j=M)
Vi — Vim—1k Vi +Vinm—ok —2Vi -1k
Veime ~ —— d d Vssime ~ —— d : : : Eq.C.22
S,iMk AS SS,iMk 2(AS)?2 [ q ]
For any r-interior grid point, the r-derivatives are approximated by centred differences:
Vi1 = Vijke Vigher + Vighor — 2Vij
Viijk = JoE2 bl Virijk & kA1 & Vigih—1 Sk [Eq.C.23]

2Ar (Ar)?
For a lower r point (k=-0), forward differences are used:

_Vij—o+1 —Vij-o _Vij—or2+Vij—0—2Vij-—om1

Vr,ij(*o) ~ Ar Vrr,ij(fO) ~ 2(A7’)2 [ch24]
while backward differences are considered for an upper r point (k=0)
_Vijo—Vijo- Vijo+Vijo-2—2Vijo1
Viijo =~ - A Virijo = 2(Ar)? [Eq.C.25]

The cross derivative is given by the following expression for any interior grid point:

Vigtiker1 + Vij—16—1 — Vijrip—1 = Vij—1641 (Eq.C.26]

Vs ik &~
Siik 4ATAS

At the corners of the grid, the cross derivative becomes:

Vit—or1+Vio—o—Vii—o—Vio-0+1

Visio(—0) = ATAS
v _Viio+Vioo-1—Viio-1—Vioo
5,100 ~ ATAS
Vim,—o+1 +Vinv-1,—0 = Vim,—o0 — Vi,m—1,-0+1
Visim(-0) & ArAS [Eq.C.27]

Viamo +Vinm—1,0-1 — Vimo-1— Vim-1,0
ArAS

Visimo =
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For any lower S point (j=0) that is not a corner of the grid (k # +0), the cross derivative becomes:

Vitkt1 +Viok—1—Vitk—1— Viok+
Vrs,iok ~ 2ATAS

[Eq.C.28]

For any upper S point (j=M) that is not a corner of the grid (k # £0), the cross derivative becomes:

o Vimgtr +Viv—1k-1 — Vimg—1 — Viv—1,6+1
Vrs,ink ~ 2ArAS

[Eq.C.29]

For any lower r point (k=-O) that is not a corner of the grid (j # 0 and j # M), the cross derivative becomes:

Vigri,—or1+Vijo1,-0 = Vijt1,-0 — Vij-1,-0+1

Visij(—0) = SATAS [Eq.C.30]

For any upper r point (k=0) that is not a corner of the grid (j # 0 and j # M), the cross derivative becomes:

Vi~ Vij+1,0 +Vij—1,0-1 — Vij+1,0-1 — Vij-1,0
r$ijo = 2ATAS

[Eq.C.31]

Regarding the temporal derivative, a backward approximation is envisioned

Vigk = Vicijk

Eq.C.32
A [Eq.C.32|

Viijk &
Substituting [Eq.C.20] to [Eq.C.32] into [Eq.3.18] gives rise to an explicit recursive scheme. Starting from [Eq.C.19],
Vi—1,j,1 can successively be computed from V;  quantities, until we reach t=0.

Finite Differences (FD) scheme for the non-linear extension

In order to solve the non-linear PDE [Eq.3.27] through a FD algorithm, the principles and notations are similar in all
aspects w.r.t. the linear case. The same grid ¢t = {0, At,2A¢, ..., NAt =ty = T} S = {0,AS,2AS, ..., MAS =
Smaz} and r = {=OAr = —rpaz, ., 0, Ar, ., OAT = rppa.} is considered. [Eq.C.19] still defines the terminal
specification that initiates the backward scheme. [Eq.C.20] to [Eq.C.32] are still used as finite differences approx-
imations. Yet, the latter are now substituted into [Eq.3.27] in order to produce the explicit recursive scheme.
Starting from [Eq.C.19]|, V;_1 ; » can successively be computed from V; quantities, until we reach t=0.

Classical ADM scheme in the linear case
In order to solve the linear Black-Scholes Vasicek PDE [Eq.3.18] through the classical ADM scheme, let us rephrase

1 1
Vi + 503521/55 + 503\/” +7SVs +a(b—7)V, +poso,.SVys —17V =0 < LV (t,S,r)+RV(t,S,r) =0 [Eq.C.33]
in terms of the temporal L, inverse temporal L, ! and linear R operators
-1 ! L 922 L 90 2
=0 — L = [ ..d R= 5055 O05g + iarﬁrr +7S0s +a(b—1)0y + poso,S0;g — T [Eq.C.34]
T
A time integration in [Eq.C.33] transforms the problem into
V(t,S,r)=V(T,S,r)— L;'RV(t,S,r) = Gy1.(S / RV (6,S,r)d [Eq.C.35]
The classical ADM scheme considers a series expansion of the solution V(t,S,r)
V(t,S,r) Zuk (t,S,r) [Eq.C.36]

The substitution of [Eq.C.36] into [Eq.C.35] gives rise to the following recurrence:

T
uo(t, S,7) = gy (S) = maz(S,K) = K + gpc(9) up41(t, S,r) = / Ruy (6, S,r)do [Eq.C.37]
t
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From ug(t,S,7) = gy (S), one can compute

1
Ruo (0, S,r) = 503329&(5) + 783 (S) = rgy L (S) [Eq.C.38]
ui(t, S,r) / Ru (60, S,7)d0 = (T —t)[ 025%g2) (S) + rSgih (S) — 1y (S) [Eq.C.39]

From w4 (t,S,r), one can compute Ruq(f,5,r) and deduce

r T-1)?[1 1
us(t,8,7) = /t Run(6,.5.r)a9 = T 10 {20—352952(5) oA (S) + 1olS TL(S) + o7rs g, ()
+02rS3ge)(S) + r25%G 51 (S) — r2SgyL(S) + r*gyL(S)

T alb— 1)STILS) — alb — 1)grr (S) + pos,S2GEL(S)| [Eq.C.40)
Pursuing the reasoning, from wus(t,S,r), one can compute Rus(6,S,r) and deduce

us(t, S, r) /tTRuQ(H,S,T)dQ (T6t)3{ ..... } [Eq.C.41]

For higher orders k of the decomposition, hand computations remain theoretically possible. Yet, they are burdened
by a combinatorial explosion in the number of derivation operations required. The ADM terms uy entail heavier
and heavier expressions. Again, a symbolic environment, such as Mathematica, could ease those prior algebraic
developments.

The ADM series [Eq.C.36| is usually truncated above some order kj;,,, that brings a sufficient convergence level
and beyond which the supplementary increments have little impact on the solution V(t,S,r). In practice, the
singular terminal specification g, (S) = maz(S, K) = K + ggc(S) is replaced by a series of fully differentiable
approximations gy, ,,(S) converging towards g, (S) when n — +oo. From [Eq.3.5], we have for instance

1 1 2v2 -1
for which the first two derivatives are given by [Eq.3.7]
S—K a
=/ S — 4 S = — + a’ S =g S = n E C43
gUL,n( ) gEC,n( ) 2 9 (S — K)2 Ta, gUL,n( ) gEC,n( ) 2((S_K)2 +an)3/2 [ q ]

We hope to obtain a decent numerical accuracy in the limit n, kj;,,, — +00. However, as demonstrated in the next
paragraph and similarly to sec. and [3.3] this is not the case from the fact that gy, ,(S) converges towards
Gy (S) = maz(S, K) which is singular at S=K.

Convergence analysis of the classical ADM scheme in the linear case

ITM Zone (S>K):
For any S>K, formally, we have the following limits for n — +oco:

Gurn(S) =8 leLm(S) —1 Vm > 2: ?gjnﬁn(s) — 0 [Eq.C.44]
In the limit n — +o0, considering [Eq.C.37], [Eq.C.39] and [Eq.C.40] in combination with [Eq.C.44], we have thus:

uo(t, S,r) — S up(t,S,r) =0 uz(t, S,r) = 0 [Eq.C.45]
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In fact, we have ui(t,S,r) — 0 for any k£ > 1. For S>K, in the limit n, kj;,;, — 400, the ADM decomposition
[Eq.C.36] converges thus rapidly towards V (¢, S,r) = ug(t,S,r) = S. In the ITM zone (Sy > K), the ADM-FV
[Eq.3.17] converges thus rapidly towards

FV* = Np,(0,T)Sy [Eq.C.46]

as if the terminal specification in [Eq.3.18] was proportional to S7 and not to maz(St, K).
ATM Zone (S = K):

Around the strike price K, as in sec. the computation of the successive derivatives gg'gn(s ) and thus §(U"£)n(5 )
is badly conditioned for m > 2. It entails enormous relative errors in the ATM zone, close to the singularity S=K.

OTM Zone (S < K):
For any S<K, formally, we have the following limits for n — +o0:

Gurn(S) = K Ym > 1 :?5}72”(5) —0 [Eq.CA4T|
In the limit n — 400, considering [Eq.C.37], [Eq.C.39] and [Eq.C.40] in combination with [Eq.C.47], we have:

(T —t)?
2

uo(t,S,r) = K ui(t, S,r) = —r(T —t)K us(t, S,r) — [7‘2K —a(b— T)K] [Eq.C.48]

For S<K, in the limit n, ki;, = +00, the ADM decomposition [Eq.C.36] converges thus rapidly towards

(T 1)

V(t,S,r)=ug+u +us+us+..=K—r(T—t)K + 5

[TQK —a(b— T)K:| + w H [Eq.C.49]

This is nothing but the price KP(t,T) of a Zero-Coupon Bond (ZCB) under the Vasicek model [Hai22b]:

KP(t,T) = Kexp[A(t,T) — B(t,T)r4] [Eq.C.50]
1 o2 o?
— - _ —a(T-1) — _ _ _Yry _ Yrn2
B(t,T) - (1—e ) A(t,T) = (B(t,T) — (T —t))(b 2a2) B (t,T)
Indeed, a Taylor expansion of [Eq.C.50] (only keeping the terms up to %) delivers
1 T —t)? T —t)?
Bt,T)=-|1—-[1—a(T —t)+ aQ% +.]| =T -t - a( 2 + ... [Eq.C.51]
a
T—t)? ; 2 T —t)?
A, T) = (T —t) — A - 1) (b— 20;2) - Z—;[(T )+ )= —ab% + .. [Bq.C.52)

KP(t,T)=K[1+ A(t,T) - B(t,T)r + %(A(t, T) — B(t,T)r)* +..]

= K[+ A(t,T) - B(t,T)r + %BQ(t,T)r2 + ..

Lgt) (T;t> +%r2(T—t)2—|—...}

=K[l—ab —(T—-t)r+ar
(T —1)?

2

=K-—r(T-t)K + r?K —a(b—r)K|+.. [Eq.C.53|

This is nothing but the first terms of the ADM development [Eq.C.49]. In the OTM zone (Sy < K), the ADM-FV
[Eq.3.17] converges thus rapidly towards

FV** = Np,(0,T) « K « P(0,T) = Np,(0,T) * K * ZCB(Vasicek) [Eq.C.54]

as if the terminal specification in [Eq.3.18] was proportional to K and not to max(St, K).
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D Appendix: Valuation techniques for the standard Black-Scholes frame-
work
Let us consider a standard linear Black-Scholes framework using a constant interest rate r. Under the risk-neutral

measure Q, the underlying S; (non-dividend paying stock) follows thus a geometric brownian motion dynamics
with a constant volatility o. If W@(t) denotes a standard brownian motion under Q [Hai22h]:

dS(t) = rS(t)dt + oS (t)dWw(t) 5(0) =Sy = S(T) = Spexp|(r — 02/2)T + e W(T) [Eq.D.1]

Under this model, let us consider the pricing (at time t=0) of a financial derivative (on the underlying stock .S;),
offering (at maturity T) the payoff f(Sr). For instance, a European put option (with strike K) has f(St) =
(K — S7)™ while a digital put option (with level B and strike K) has f(St) = Blgs,<k-

Risk-neutral Monte-Carlo (MC) simulation
One can emulate Nj;c instances of the underlying stock Sz at maturity T. The brownian motion W@(T) is
approximated by v/T'Z where Z denotes a standard normal random number:

S(Tn) = Soexp {(T —o?/2)T + a\/TZ(")} [Eq.D.2]

The payoft f (S(Tn)) is evaluated for any instance n=1,2,...,Nj;¢. The option price can be retrieved from a risk-neutral
pricing formula, in which the empirical mean across the Nj;¢ instances is taken as a proxy for the Q-expectation:

Nue
1 n
V(Sp,t=0)=E® [G_TTf(ST)|yQ:| N > e T (s [Eq.D.3|
n=1

Binomial tree algorithm

Let us consider Ny;, time steps of constant length At = # According to [Hul09], at each step j=1,2,..,Np;y, the

stock price process can be multiplied by the u or d quantitlies , defined as follows:

u=etoVat d=e VA [Eq.D.4]

[Hul09] also defines the risk-neutral probability p corresponding to the binomial branching:

At
et —d
= — Eq.D.5
p=— [Eq.D.5]
N
(@ Sou (b) V(SouN,T) = f(suN)
Sou-1
N-1
Sou2 Sodu V(SoduN-1,T) = f(SpduN-1)
S()U SOdUN2
Soud Sod2uN-2 V(Spd2uN-2,T) = f(Sgd2uN-2)
So sou2dN2  V(S, 0)
ou=d 0,
24N-2 7y _ £g 1 2gN-2
Sod soucV-2 V(Sgu2dN-2 1) = f(Sgu2dN-2)
Sod? N-1
Soud == V(SoudN-1.T) = f(Sgua-1)
=0 =1 (t=0) | | (t=At)
(t=0) | | (=A%) soa-1 SnaN
0 V(SodN, T) = f(SodN)
j=N-1 i=N j=N-1 =N
(t=(N-1)At) ||(t=NA=T) (t=(N-1)At) ||(t=NAt=T)

Figure 6: Binomial trees offering a discrete-time representation of the underlying stock price process S; (a) or
of the option price process V(S,t).
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A discrete-time representation of the underlying stock price process S; is then provided by the binomial tree in fig.
[6{a). An analogous binomial tree representation exists for the option price process V(S,t), as depicted in fig. [6|b).
If (S, t;) is associated to the node (i,j) in fig. [6fa), the corresponding node (i,j) in fig. [6{b) delivers V' (S;,t;). The
payoff specification (at maturity T) allows to initiate the terminal nodes (i,j=Np,) in fig. [6|(b):

V(Si7thin = T) = f(S’L) [EqDG]

The option prices V(S;,t;), at the different nodes (i,j), can be successively computed in a backward manner, starting
from the payoff specification (j=Np;p), until t=0 (j=0) is reached. It suffices to use the branching mechanism
highlighted in fig.

V(Sit1.ti41)

V(Si.t)

= e™[pV(Si,1,41)+(1-P)V(Si-1.b41)] 1-p V(Si1.t41)

Figure 7: Branching mechanism in order to obtain the successive option prices V(S;,¢;) at the nodes (i,j) in a
backward manner.
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E Appendix: Non-classical ADM extension for the digital put case
(standard Black-Scholes)

Methodology for the pricing of digital put options [KGZ18]|

Under the standard linear Black-Scholes framework, using a constant interest rate r, the pricing of a digital put
option with maturity T, strike K and level B responds to the Feynman-Kac PDE. If H denotes the Heaviside step
function (jumping from 0 to 1 around 0) [KGZ18]:

Vi(S,t) + 20252V (S, t) + rSVs(S,t) — rV (S, t) =0 [Eq.E.1]
V(T,Sr) = Bls<x = BH(1 - £)

As mentioned in sec. stricto sensu, two other boundary specifications are required for the problem to become
well-posed. However, the following methodology only exploits the terminal payoff condition so that only the latter
is provided in [Eq.E.1]. Fortuitously, the resulting ADM solution also verifies the other two specifications [KGZ18].
The exact digital put prices are given by [Eq.3.3]:

_ In(K/S) — (r—0?/2)(T —t)

V(S,t) = Be "I « ¥ (d: ds = Eq.E.2
( ) e * (3) 3 U\/ﬁ [ q ]

The non-classical ADM extension proposed by [KGZ18| considers a first change of variables, similar to [Eq.4.3|:

2
T:(T—t)%HtZT—%T x:ln(%)HS:Ke“: @(m,T):@ |[Eq.E.3]
o

The time reversal transforms the terminal condition (payoff specification) into an initial value problem. If one
defines ki = ko = 25, under the new variables (z,7), the PDE [Eq.E.1] becomes [KGZ18|:

(2, 7) = Paz(x,7) + (k1 — 1)z (z,7) — koo, T) |[Eq.E.4]
ol,0) = H(1 — %)

[KGZ18]| considers then a second change of variables, similar to [Eq.4.5]:

=T T=2" T =yz u(y, z) = o(x,7) [Eq.E.5]

- v
Y= \/F
Using the chain rule of derivation and the definition of the L, operator in [Eq.4.9], under the new variables (y,z),
the PDE [Eq.E.4] becomes [KGZ18|:

1
Lou(y,z) =u, + gz [2uyy + yuy + 2(k1 — 1)zuy, — 2ke2*u + u] [Eq.E.6]
z 2
The change of variables [Eq.E.5| also has the effect of shifting the singularity S=K (i.e. x=0) for ¢ — T (i.e.

7 — 07) towards y = doo for z = 0. Indeed 7 — 07 = 2z - 0" = y =2 — F00 depending on the sign of
x. As such, the initial value condition becomes a boundary value problem [KGZIS]:

14
<p(:U,T—>O+)=H(1—e:”)={ if w<0 = lim u(y,z) =

1if y— —o0 (Eq.E.7]
0if >0 0+ 4=

0if y— +o0

Applying L; ! (defined in [Eq.4.9]) to [Eq.E.6], the problem reaches the integral formulation [KGZI8|:

1 z
u(y,z) = 2 /0 Quyy + yuy + 2(ky — 1)0u, — 2ko0%u + udd  [Eq.E.§]
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The non-classical ADM extension of [KGZ18| still looks for a series decomposition of the solution. It considers a
separable form wuy(y, z) = 2¥ f(y) for the successive terms of the development:

“+o00 —+oo
u(y,2) = uk(y,z) = 2 fr(y) [EqE9
k=0 k=0
The substitution of [Eq.E.9] into [Eq.E.8] leads to [KGZ18|:

1 z
uo + 1+ up + =~ / 2ug yy + Yuo,y + 2(k1 — 1)0ug y — 2k20%ug + ug
0

+ 2Uy yy + YUy + 2(](11 — 1)9’U17y - 2k292u1 +uy + ...do [Eq.E.lO]

It suffices then to equalise the terms corresponding to the successive powers of z. This procedure leads to second
order linear ODEs on the successive unknown functions fi(y) (k=0,1,...). |[KGZ18| fixes the boundary conditions
of those ODEs so that the ADM expansion [Eq.E.9] meets the requirements of [Eq.E.7]. In practice:

At the order k=0:

uo(2) = fo0) = % [ 20 o+ uodd = - [ 25 0)+ ui0) + Fo)db = 2650) + uSsw) + o)

=21 (y) +yfo(y) =0 foly) = 1 for y — —o0 fo(y) = 0 for y — 400 [Eq.E.11]
At the order k=1:

1 z
ui(y,z) = 2fi1(y) = ;/ 2uy yy + Yu1,y + 2(k1 — 1)0ug,y + uidl
0

. / 201 (y) + O, (4) + 2(ks — VOF(y) + 051 (y)d6

zJo

= [2f'(w) + yfi(y) + 2(kx = 1) fo(y) + fr(y)]

z

2

— fily) = fi'(y) + %f{(y) + %fl(y) + (k1 —1)foly)  fily) = 0fory — —o0  fi(y) = 0for y — o0 [Eq.E.12]

At the order k > 2:

1 z
u(y,z) = 2" fe(y) = ;/ g,y + YUy + 2(k1 — 1)0ug_1,y — 2k267ugp_o + urpdf
0

1

= /OZ 20" £ (y) + y0" fi.(y) + 2(k1 — 1)6" fi._y (y) — 2ka6" fo_a(y) + 6" fi(y)db

ok

kE+1

= [2f (W) +yfi(y) +2(ks — D fi 1 (y) — 2k fu—2(y) + fr(y)]

— fi(y) :%H 1204 () + v i) + fr(y) +2(kr — 1) fr_1 (y) — 2k2fr—2(y)]

fr(y) = 0fory — —oo  fu(y) = 0fory — +oo [Eq.E.13]

In order to find the successive functions f;(y) (and thus the ADM development [Eq.E.9]), it suffices to recursively
solve [Eq.E.11] to [Eq.E.13] for any order k. Despite those ODEs are linear and only of the second order, it is not
trivial to infer their solutions fi(y), for at least three reasons. On one hand, they do not have constant coefficients,
as noticed for instance with the function %7 in front of f;(y). On the other hand, the independent term at
the order k is recursively defined from the previous solution fi_o(y) or the derivative of the previous solution
fi_1(y). Finally, those are boundary value problems (with asymptotic conditions for y — £o00) and not initial
value problems. In sec. [4.5] we will come back on those non-trivial linear ODEs and the difficulties they entail.
For the moment, just as in [KGZIS|, let us only give the solutions fi(y) (here for the first few orders k=0,1,2,3,4),
that one can find under a symbolic computation environment (such as Mathematica).
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If erf denotes the Gauss error function and erfc the complementary error function:

(k1 —1)ev"/4
2,/

y(ky —1)% v/
NG

fs(y) = (2(k1 —1)3 4 24ky (k1 — 1) — y? (k1 — 1)3>

folw) = serfeld)  fitw) = -

[Eq.E.14]

Faly) = —Zerfe(Y) +

e~y /4

A8\/7

(ky — 1) ko (ky — 1)2
384/ 8T >

In particular, our Mathematica symbolic computation program delivers the previous f4(y) solution whereas [KGZ18|
puts a minus sign in front of the y? — 6 term. Even if a symbolic environment is used, given the heaviness of the
symbolic expressions, especially for the higher orders k, such typos are likely to occur. Eventually, they will reduce
the numerical efficiency of the ADM scheme. The ADM expressions available in the literature should thus ideally
be verified or at least used cautiously.

) = Zerredy ¢ yey2/4( (y* - 6)

2

Results for the pricing of digital put options

In tab. for digital put options, the non-classical ADM extension exposed here above is compared to the
exact prices [Eq.E.2] but also to alternate pricing techniques that apply to the standard Black-Scholes framework,
namely a MC simulation and a binomial tree algorithm. The latter methodologies are detailed in appendix [D]
Under the notations of this appendix, in order to produce the results of tab. the MC simulation emulates
Nye = 1,000,000 random paths and the binomial tree is built upon Ny;, = 1000 time steps. The non-classical
ADM expansion [Eq.E.9] is truncated at the order ki, = 2 or ki, = 4. In order to confirm the results of [KGZ18],
tab. considers the same combinations of parameters (Sy,T,r,0) as in the article, in the OTM, ATM or ITM
zones. It delivers the option prices as well as the computation time (CPU) and the Mean Absolute Error (MAE)
over the considered parameter values.

The following conclusions of [KGZI18| are validated:

e By considering only a few orders in the non-classical ADM development (e.g. kji, = 2 or 4), it is already
possible to approximate the exact option prices with a decent accuracy. Unlike the classical ADM scheme,
this is true in the ITM, OTM or ATM zones.

e The non-classical ADM extension with ki, = 4 already provides a lower MAE w.r.t. the binomial tree
(Npin = 1000) or the MC (Np;¢ = 1,000,000) results, yet in a reduced computation time. It highlights the
interest of the method, as a fast-converging numerical alternative, at least in the standard Black-Scholes case.
Yet, this interest must be nuanced given the existence of closed-form option prices in the present situation.

e In [KGZ18], a MAE of the order 1e-08 is even obtained for a non-classical ADM expansion up to 10 terms (i.e.
kiim = 9). Yet, the prior analytical steps become more complicated. The need for a symbolic computation
environment is even more reinforced. In particular, the functions fi(y) in [Eq.E.14] must be computed up
to the order ki, = 9: they entail much heavier expressions. However, once those fi(y) are known, there is
almost no extra computation time needed (during the numerical phase) when going to higher orders of the
development. Indeed, in [KGZ18|, the CPU time for k;;,, = 9 only lies around 0.20s. By opposition, obtaining
a similar MAE of the order 1e-08 through the MC scheme would require a significant increase in the number
Ny of simulated paths, and thus of the computation time. Similarly, obtaining a similar MAE of the order
1e-08 through the binomial tree scheme would require a significant increase in the number Ny;,, of time steps,
which would be associated to a combinatorial explosion of the computation time.

e The method seems to converge towards the exact option prices when ki, — 400 (the MAE is indeed
decreasing). Unlike the classical ADM scheme, this is true in every zones (ITM, ATM, OTM) of the payoff
function, even close to the singularity S=K. Yet, following the comments of [Fer21] (cf. sec. , the accuracy
is of course reduced for longer maturities T that require to envision higher orders kj;,, of the development.
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So T r o Exact [Eq.E.2] | ADM kj;p, =2 | ADM kyj, = 4 | Bin. tree MC
0.25 | 0.05 | 0.3 0.9598 0.9597 0.9598 0.9606 0.9600
0.5 | 0.05 | 0.3 0.8881 0.8878 0.8881 0.8887 0.8884
0.75 | 0.05 | 0.3 0.8310 0.8303 0.8310 0.8309 0.8311
30 0.25 | 0.1 | 0.2 0.9717 0.9714 0.9717 0.9717 0.9716
(ITM) | 0.5 | 0.1 | 0.2 0.9132 0.9117 0.9132 0.9150 0.9133
0.75 | 0.1 | 0.2 0.8402 0.8355 0.8403 0.8426 0.8406
1 0.05 | 0.2 0.8572 0.8550 0.8573 0.8547 0.8575
3 | 0.05| 0.2 0.6162 0.5960 0.6175 0.6229 0.6153
0.25 | 0.05 | 0.3 0.4905 0.4904 0.4905 0.4781 0.4903
40 0.5 | 0.05 | 0.3 0.4831 0.4828 0.4831 0.4708 0.4829
(ATM) | 0.75 | 0.05 | 0.3 0.4761 0.4755 0.4761 0.4639 0.4759
1 0.05 | 0.2 0.4189 0.4152 0.4190 0.4071 0.4187
3 | 0.05| 0.2 0.3421 0.3214 0.3437 0.3317 0.3419
0.25 | 0.05 | 0.3 0.0665 0.0665 0.0665 0.0666 0.0663
50 0.5 | 0.05 | 0.3 0.1402 0.1401 0.1402 0.1420 0.1394
(OTM) | 0.75 | 0.05 | 0.3 0.1842 0.1839 0.1842 0.1855 0.1839
1 0.05 | 0.2 0.0978 0.0962 0.0978 0.0993 0.0975
3 0.05 | 0.2 0.1575 0.1436 0.1585 0.1530 0.1572
CPU Time 0.03s. 4.69s. 44.04s.
MAE 0.00397 0.00023 0.00464 | 0.00028

Table 16: The following parameters are fixed: K=40, B=1 and t=0. For various combinations (So,T,r, o),
comparison of the exact price [Eq.E.2] of a digital put option, with the non-classical ADM (ki = 2 or 4), MC
(Name = 1,000,000 paths) or binomial tree (Npin, = 1000 steps) results. Inspired by [KGZ18|.
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F Appendix: Useful relations for the Black-Scholes Vasicek model

Closed-form expression for European put options

Let us consider a linear Black-Scholes Vasicek model defined by the correlated dynamics for S; [Eq.3.14] (geometric
brownian motion) and r, [Eq.3.15] (Ornstein-Uhlenbeck process). Under that framework, [LW16] provides a closed-
form expression for the price V(t,S,r) at time t of a European put option with maturity T and strike K. Let us
define the following quantities:

r=T-—1 G, = 2(1 — e 7) F, = %(1 — e 20T [Eq.F.1]
as well as
vy = 02T + 2pasar7— — Gy fT — 2327 I [Eq.F.2]
The European put price is then given by:
V(t,S,r)=Pt,T)KN(—d") =St (—d") d* = [Eq.F.3]

Under the Vasicek model, the Zero-Coupon Bond (ZCB) price P(t,T) is given by [Eq.3.25].

Crude risk-neutral MC simulation
The risk-neutral world Q uses the money market account B; as numeraire

¢
dBy = Bdt By=1— B, = eacp{/ rsds} [Eq.F.4]
0

A risk-neutral MC simulation emulates the random paths of the underlying stock price process S; from a discrete-
time version of the Q—dynamics described in [Eq.F.4], [Eq.3.14] and [Eq.3.15]. The terminology "crude” MC
simulation indicates that it is not made usage of convergence acceleration means, such as variance reduction
techniques. Nj;¢ random paths are simulated, each one considering n?@lc time steps (of constant length A) and
starting from the initial stock Sy and short rate 7o values at time t=0. The correlated brownian increments deQ(t)
and dW2(t) are approximated by AWZ(t) ~ VAZ} and AWR(t) = pV/AZ} +/1 — p2/AZ? where Z} and Z? are
all i.i.d. standard normal random numbers. In this discrete-time setting, [Eq.3.14], [Eq.3.15] and [Eq.F.4] become

S =8 4+ rMSMA + o8 VAZ ™ [Eq.F.5|
n = a - M)A + o, | pVAZS W 4 T 2VAZE [Eq.F.6]
B, = B[ + "B A [Eq.F.7]

where the simulation is conducted up to the maturity T of the product. The expression (K — St)T is evaluated for
any random path n = 1,2, ..., Ny;o. The option price is then given by a risk-neutral valuation formula, in which
the empirical mean across the Ny, random paths is taken as a proxy for the Q—expectation

By 1 ¥ B, (n)
V(0,80,79) = E® FT(K - ST)+|350} ~ Nuro > W(K —Sp)* [Eq.F.8]
n=1 T
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G Appendix: Useful relations for the Black-Scholes Hull and White
model
The model

The linear Black-Scholes Hull and White model is defined by the following correlated dynamics for the underlying
S¢ (non-dividend paying stock) and the short rate ry:

dS(t) = r(t)S(t)dt + o, S(t)dW(t) 5(0) =Sy [Eq.G.1]

dr(t) = a(b(t) — r(t))dt + o,dW2(t) r(0) =g AWZ(t)dWE(t) = pdt |Eq.G.2]

Unlike the Black-Scholes Vasicek model, the mean reversion level is no more a constant b but becomes a deterministic
function b(t). It allows a perfect replication of the initial term structure, provided this function b(t) is elicited as
follows [Hai22b|:

2
T

- 1202

where £(0,t) is the instantaneous forward rate curve.

L 0,8 + 2o (1 — %) |Eq.G.3]

2a2

Initial term structure: Nelson-Siegel (NS) model
In this master thesis, we assume that the initial term structure was fitted using a Nelson-Siegel model [Hai22bh]:

P(0,t) = exp(—t.ry™ (1)) [Eq.G.4]
S (1) —t/v) —t/y
P = By + (B + o) (1= e7) T = Bue [Eq.G.5]
The instantaneous forward rate curve is thus given by
dlnP(0,t) ons ary™* (t)
=———1L =1 o2 Eq.G.
with y y y
Irg™* (¢) et 1—e t/ et/
—Qa; = - Eq.G.
We also have 90,1 orem (1 5 (1)
0.t TS (¢ FOTS (¢
— =20 0 Eq.G.
ot o T oe [Fa.G.8]
with ) " y y y
*rg"(t) et et 2y gy €T et
o (B2 + B3) - = + tig(l e ) o) B3 2 [Eq.G.9]

For the sake of consistency, the model also defines the following constraint between the NS parameters and the
initial value rg of the short rate:

%g% ry () =p1+ P2 =10 [Eq.G.10]
Zero-Coupon Bond (ZCB) prices

Under the Hull and White interest rate model, a closed-form expression still exists for the ZCB prices P(t,T)
[Hai22b]:

P(t,T) = exp[A(t, T) — B(t, T)r] [Eq.G.11]
B(t,T) = 2(1 — ea(T=0) At,T) = ln};)((% :f)) + B(t,T)f(0,t) — %(1 — e 2 B2(t,T)

where P(0,t) or P(0,T) can be computed from [Eq.G.4] and [Eq.G.5], and £(0,t) from [Eq.G.5] to [Eq.G.7].
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The ZCB dynamics is still given by [Eq.4.18] [Hai22b|:

dP(t,T,r) = r(t)P(t, T,r)dt + op(t)P(t,T,r)dW2(t) op(t) = —— [1 - e“(Tt)] [Eq.G.12]

Closed-form expression for European put options
Under the linear Black-Scholes Hull and White framework, [Yool4] provides a closed-form expression for the price
V(t,S,r) at time t of a European put option with maturity T and strike K. Let us define the following quantities:

T=T-1 X, = 1(1 —e ) [Eq.G.13]
a

as well as
52(r) = 0% + 2po,0, X, + 02 X2 [Eq.G.14]

It is then possible to compute the following integral:

at +e 97 —1 p2aT — e 29T 4 4e79 — 3
a? G 2a3

/ 2 (u)du = o1 + 2po0, [Eq.G.15]
0

The European put price is then given by:

V(t,S,r)=Pt,T)KAN(—d) = SN (—dT) d* = [Eq.G.16]

using the ZCB price P(t,T) of [Eq.G.11].

Crude risk-neutral MC simulation
The crude risk-neutral MC simulation follows exactly the same principles and notations as for the Black-Scholes
Vasicek model in appendix |[F} The only difference lies at the level of [Eq.F.6] that becomes here:

ri = rt(?) +a(b(t;) — rt(i”))A + o, p\/ZZtli’(n) +/1 - pQ\/ZZZ_’(") [Eq.G.17]

where b(t;) can be computed using [Eq.G.3] to [Eq.G.9].
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H Appendix: Some analytical results for the non-trivial linear ODEs

In general, it is not possible to obtain an explicit solution for second order linear ODEs subject to variable coefficients
and boundary specifications. It is only in very particular cases, such as [Eq.4.14] to [Eq.4.16] (standard Black-
Scholes, European put option) or [Eq.E.11] to [Eq.E.13] (standard Black-Scholes, digital put option) that an
analytical treatment is possible.

The case of a European put option under the standard Black-Scholes framework
Let us consider for instance [Eq.4.14] to [Eq.4.16]. The homogeneous problem at order n (without independent
term) reduces to:

217 (W) +yfu(y) — (n+ 1) fuly) = 0 [Eq.H.1]
It admits a polynomial solution Y;,11(y) of order n+1:

2

n=0: y n=1: %Jrl
y4
n=2: y>+6y n=3: E+y"’+1 [Eq.H.2|

n=4: y°+20y°+ 60y

If one solution is known for the homogeneous ODE, it is in general possible to infer a second basis solution,
linearly independent, for instance relying on the Wronskian technique. However, here, hand computations via the
Wronskian become quickly intractable. In fact, for [Eq.H.1|, it is even possible to obtain a second basis solution,
linearly independent, in a more elegant manner. Using appropriate changes of variables, one can indeed show that
[Eq.H.1] is equivalent to a Hermite’s differential equation following the generic form:

v"(2) = 220" (2) + 2X\v(2) = 0 [Eq.H.3|

for which the Hermite’s polynomial H)(z) defines one basis solution. Let us define f,(y) = e~v*/ un(y) =
e‘yz/‘*vn(%). Under the new variable z = ¥, [Eq.H.1] becomes:
vl(2) — 2200, (2) — 2(n + 2)v,(2) =0 [Eq.H.4]

which is nothing but [Eq.H.3] with A = —(n + 2). Using the constants C; and Cj, the general solution to the
homogeneous problem [Eq.H.1] can thus be written as:

Fal®) = Co¥ois () + Coe™ M H_ iy (§)  [BaHL5)

For [Eq.4.14] to [Eq.4.16], it is thus possible to infer the general solution [Eq.H.5] to the homogeneous problem. In
general, it might not be the case for other linear ODEs with variable coefficients, associated to other option pricing
models (stochastic interest rates or volatilities, more risk factors, non-linearities) through the non-classical ADM
extension.

However, while being relatively elegant, [Eq.H.5] hides some difficulty. The Hermite’s polynomials H) are usually
defined for the positive integers A, while A = —(n + 2) is here negative for n > 0. In a non-trivial extension (cf.
Wolfram documentation), based in particular on the recurrence relation for the Hermite’s polynomials, it is possible
to generalise H) towards fractional or even negative A\ values. Those functions H)., available in Mathematica,
rely in reality on the erf and erfc functions. It naturally explains the appearance of erf and erfc in [Eq.4.17].

In a second step, one should infer the solution to the inhomoegenous problem [Eq.4.14] to [Eq.4.16], with an
independent term and boundary specifications at y = +00. Theoretically speaking, from the homogeneous solution
[Eq.H.5|, the method of variation of constants should achieve this objective. Yet, in practice, hand computations
become quickly intractable, especially considering that the independent term at the order n is recursively defined

on fn—2(y) and f;_;(y).
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The case of a digital put option under the standard Black-Scholes framework
A similar reasoning holds for [Eq.E.11] to [Eq.E.13|. The homogeneous problem of order n is now:

217 (y) + ufn(y) —nfaly) =0 [Eq.H.6]

It admits a polynomial solution Z,(y) of order n:

n=20 1 n=1 Y
y2

n=2: T +1 n=3: y>+6y [Eq.H.7|
4

n=4 ‘%—i—y?—kl

Let us define f,,(y) = 6*92/4un(y) = e*yz/%n(%). Under the new variable z = ¥, [Eq.H.6] becomes:
Un(2) = 2205, (2) = 2(n + Dvn(2) =0 [Eq.H.8|

which is nothing but [Eq.H.3] with A = —(n + 1). Using the constants C; and Cs, the general solution to the
homogeneous problem [Eq.H.6] can thus be written as:

Faly) = C1Zuly) + Cae " H_in(B) [BaHL9)

The previous considerations apply thus mutatis mutandis to this new example of a digital put option.
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