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1 Conventions of writing

ρ Density [ kg
m3 ]

T Temperature [oC]

P Pressure [Pa]

h Enthalpy [ J
kg
]

µ Dynamic viscosity [ kg
m.s

]

ν Kinematic viscosity coefficient [m
2

s
]

k Conductivity constant [ W
m.K

]

ϕ̂ dimensional value of ϕ

u Horizontal velocity [m
s
]

v Vertical velocity [m
s
]

w Depth velocity [m
s
]

vector Vector (single underscore)

tensor Tensor (double underscore)

v velocity vector [m
s
]

n̂ Base vector for the direction of the boundary

cp Constant pressure calorific capacity [ W
kg.K

]

cv Constant volume calorific capacity [ W
kg.K

]

γ [ cp
cv
]

H Height of the geometry [m]

g Constant of gravitation on earth [m
s2
]

I Identity matrix

S the strain rate tensor 1
2

(
∇v + (∇v)T

)
Sd deviatoric part of the strain rate tensor 1

2

(
∇v + (∇v)T − 2

3
(∇ · v)I

)
τ Tensor of constraints [ kg

m.s2
]

Re Reynolds number [-]

Pr Prandtl number [-]

Gr Grashov number [-]

Ray Rayleigh number [-]

Nu Nusselt number [-]

Ri Richardson number [-]

C Courant number [-]
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2 Introduction

Natural convection is a fundamental process that plays a significant role in various engineering
and environmental scenarios. Such a flow is present in nature (e.g. atmospheric convection) and
employed in industrial applications. One important application is the phenomenon of natural con-
vection occurring in a spent fuel pool, a key component of nuclear power plants. A spent fuel pool
serves as a temporary storage facility for nuclear fuel assemblies that have been used in reactor
cores. These assemblies generate intense heat due to the residual radioactivity of the fuel, necessi-
tating effective heat removal mechanisms to ensure both safety and optimal pool operation. This
work is linked with the thermal convection occurring in a spent fuel pool. In this Master thesis we
propose a numerical study of turbulent thermal convection in domains of different aspect ratios. A
software code is used to solve the Navier Stokes equation applied to natural convection. Different
aspect ratios will be investigated for two different Rayleigh number: Ra = 107 and Ra = 5 · 107.
This work is separated in three parts. First some context around spent fuel pool, a loss-of cooling
accident and the phenomena of Rayleigh natural convection is provided. A second part will present
the model we will use, the equations involved and give a presentation of the numerical algorithme
that is applied. A third part will present the numerical results.

3 Context

3.1 Nuclear Energy Use in the World and Future Development

Nuclear energy is mainly used to produce electricity through nuclear power plans. As shown in
Figure 1, it produces about 10% of the electricity generated in the world. Looking at his development
history (Figure 2), it shows a strong development after the 1970s corresponding to the reaction of
the oil shocks which had a large impact on countries like France who had relied heavily on oil for
electricity production. The Chernobyl disaster of 1986 altered the development of nuclear power
plants. The total production of nuclear electricity has remained quite stable since the early 2000s.
While some countries like Germany have decided to reduce their electricity generation with nuclear
power plants, other countries like China are investing a lot, with 24 units under construction [3],
they lead the world in building nuclear power plants today.

Figure 1: World gross electricity production by
source [1]

Figure 2: Nuclear production in the world per
year [2]

Despite this slow down in development, nuclear energy has some major advantages to consider
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regarding future developments: it is a low CO2 emission and controllable energy source, and it
doesn’t require a lot of space and materials as it is an extremely dense energy source. For this
reason, nuclear can be an interesting tool to reduce climate change. Most mitigation scenarios
of the group III of IPCC [4] include an increase in nuclear electricity production. Despite its
advantages, nuclear energy has its drawbacks: it produces nuclear waste which need long term
treatment, it needs high investments and is a very long term industry. It also requires a lot of
safety rules and expertise to be safe. As producing nuclear energy is complex and mainly used to
produce electricity, it can’t replace all the uses of fossil fuels uses but is mainly a competitor of coal.
But if the world would like to use nuclear energy much more massively in a long term sustainable
way, some technological gaps need to be closed. Indeed almost all reactors use the isotope 235 of
uranium which is present at a concentration of 0.7% in the natural uranium extracted from the
mines, but the amount on earth can eventually become a limit. Future reactors under development
called Generation IV reactors aim at also using the isotope 238 or thorium as nuclear fuel. This
would in theory increase the amount of potential nuclear energy by a lot, more than all fossil fuels
available on earth.

3.2 Nuclear Power Plan Cycle

Nuclear power plan produces electricity from the fission of uranium. Today, most of them use the
technology of PWR (pressurized water reactor). Schematically it has three main circuits of water.
First the fuel is made by uranium enrichment using a centrifuge to have a higher concentration
of U-235 uranium. In the reactor neutrons will cause the fission of the uranium atoms which will
release heat and other neutrons which will cause the fission of other atoms of uranium keeping the
reaction going. In order to provoke this fission of other atoms those neutrons need to be slowed
down by a moderator, usually by water of the primary circuit which is used as both the coolant
and neutron moderator. The heat will warm up the water of the primary circuit and this water is
pressurized to stay liquid, the liquid of the primary circuit then flows to a steam generator, where it
transfers its thermal energy to a lower pressure water of a secondary circuit system where steam is
generated. As the water of this primary circuit goes through the reactor, it becomes radioactive by
neutron activation [6], the reactor and the steam generator are thus in a containment structure (see
figure 3). The secondary circuit undergoes a steam cycle: it receives heat from the steam generator,
heats up isobarically from liquid to steam then undergoes an expansion producing mechanical work
to drive a turbine which spins an electric generator. The water is then cooled down in a condensor
and once cooled liquid is brought back to a higher pressure through a pump. The third circuit will
evacuate the heat from the condensor. In case of using a river as cooling source, a cooling tower is
used to release as much heat as possible to the air before putting the water back in to the river.

3.3 Waste Management and Spent Fuel Pool

There is a large variety of radioactive waste from nuclear power plan broadly classified into three
categories [7]( see Figure 4): low-level waste, such as tools and clothing used by employees, which
contain small amounts of mostly short-lived radioactivity, intermediate-level waste (ILW), like steel
components from within the reactor. These are more dangerous because they contain higher
amounts of radioactivity and require some shielding, and finally high-level waste (HLW), which
is highly radioactive and warm, so it requires shielding but also cooling. This high-level waste
represents only a small volume of the total radioactive waste but contains the majority of the total
radioactivity. This comes mostly from the spent nuclear fuel and is produced mainly by two pro-
cesses : the product of fission created after the fission of the uranium U-235 and actinides created
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Figure 3: Nuclear power plan [5]

by neutron capture [8]. The fuel assemblies are made by long tubes (see figure 5). The fuel rod
cladding is made with zirconium alloy because of its low neutron capture and resistance to corro-
sion properties. Inside the tubes the fuel is pelleted, a large pressurized water reactor typically has
150-250 fuel assemblies, each containing 200-300 fuel rods.

Figure 4: classification of nuclear waste
[9]

Figure 5: Fuel assembly composed mainly
with fuel rods and few guide tubes for me-
chanical strength and one instrument tube
in the middle to insert measurement instru-
ments. [10]

Once used in the reactor, then removed this spent fuel releases thus still a lot of heat and
radioactivity that make it dangerous and necessitate storage in a spent fuel pool first for at least
one year. These pools are located directly on the site of nuclear power plan to make it possible to
transfer this dangerous spent fuel from the reactor to the pool directly. They are used for short-term
cooling of the fuel rods to allow the short-lived isotopes to decay and thus reducing the radiation
and decay heat emanating from the rods. It is then possible to move the spent fuel to another
location where the waste can be treated, melted and stored in dry containers and eventually stored
geologically at high depth. The water of the pool acts both to cool and protect from radioactivity
as water is an efficient shield against radioactivity. The water of the pool is constantly being cooled
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actively to maintain it below 50 ◦C using pumps and heat exchangers so it needs electrical power
supply. The bottom is equipped with metal storage racks (see Figure 7) at the bottom to hold fuel
assemblies that are removed from the reactors in a vertical position.

Figure 6: spent fuel pool [11]
Figure 7: racks disposed at the bottom of the
pool [12]

Several designs of storage racks have been used, nowadays to store a high density of fuel assem-
bles. Power plants employ solid stainless steel holder walls with plates of neutron absorbers based
on inserted bore to prevent criticality issues of uncontrolled fission chain reaction (definition of
criticality in [18]). There is a hole at the bottom and the top of the storage rack to allow convection
of water but it doesn’t allow cross-flow.

3.4 Loss-of-cooling Accident in a Spent-fuel-pool

The management and safety of spent nuclear fuel plays a crucial role in the operation of nuclear
power plants. Accidents such as loss-of-coolant accident can occur either by sudden leakage loss of
the pool water inventory or by loss of Cooling Accident (LOCA) if the cooling system stops working
or is not efficient enough. The LOCA accident is a slower process and this work is related with this
type of accident. It can be partitioned into three temporal phases showed in Figure 8.
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Figure 8: Temporal phases and phenomenology of SFP loss-of-cooling/coolant accidents [15]

During the pre-uncovery, phase, the spent fuel assemblies (FAs) are still covered with water
but the water heats up and natural convection loops develop in the pool, the evaporation rate
increases at the free surface and as a result the level of water decreases. Several safety issues are
concerned during this phase. Boiling mechanism can occur, mainly by wall heterogeneous nucleation
on heated structures at the top of the fuel assemblies (see Figure 9). The boiling phenomena has
several potential consequences. It increases the production of hydrogen from the pool water because
hydrogen produced by radiolysis of water increases in boiling compared with non-boiling conditions
[16]. The bubbles breaking the free surface increase the release rate of radionucleides contaminants
coming from activated corrosion products deposited on the spent fuel, leaking fuel rods or tritium
carried over from the reactor cooling circuit to the pool during refueling. Subcriticality may also
eventually be lost (critical accident phenomenology is explained in [17]) especially if the pool contain
fresh fuel. The increase void fraction by boiling or a decrease of soluble boron concentration (in
case of refueling the pool with non bored water for example) reduces the subcriticality margin.
Furthermore the increase in water temperature promotes cavitation phenomena in the pumps of
the cooling system and the drop of water level may increase the radiation field around the pool that
would access to the spent fuel pool building which makes the accident more and more difficult to
handle over time.
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Figure 9: From left to rigth: Pre-uncovery phase, Uncovery phase and Fuel damage phase [15]

During the Uncovery Phase, parts of the rods start to be uncovered but the steam flow from the
evaporation will still cool the uncovered parts but as the water level drops, the peak temperature
of the cladding at the top of the uncovered part increases because less steam is produced by boiling
in the bottom part and the steam overheating is increased along the uncovered length. The higher
temperature during the uncovery phase will accelerate the cladding creep under the internal gas
overpressure in the fuel rod and the temperature will also promote the cladding oxidation of the
Zirconium alloy. It undergoes the following oxydation reactions in parallel [15]:

Zr + O2 −−→ ZrO2

Zr + 2H2O −−→ ZrO2 + 2H2

Zr +
1

2
N2 −−→ ZrN

(1)

The last two above equations mainly occur in the absence of oxygen or oxygen starvation. If oxygen
recovery occurs, the additional so-called back reactions will take place:

2H2 +O2 −−→ 2H2O (2)

Under presence of steam without oxygen the zirconium nitride ZrN will be oxidised:

ZrN + 2H2O −−→ ZrO2 +
1

2
N2 + 2H2 (3)

We can thus observe that during the oxidation, hydrogen is released and deflagration of this
hydrogen is a risk of explosion in the building of SPF. This oxidation is exothermic so it is also is an
extra source of heat release and at high temperature it can become self sufficient leading to the fully
consuming of fuel rod cladding in a short time period if sufficient oxygen is available. This is called
zirconium cladding fire [14]. Critical risk is also increased for the same reasons as the pre-uncovery
phase but also because some racks are made with neutron absorbing materials that can degrade
at a lower temperature than the stored fuel assemblies. Once all the water has evaporated natural
convection of air will still provide some cooling to the spent fuel. A large scale flow pattern develops
in the building, air goes from below the racks and by heating up moves to the ceiling (see Figure
8). The integrity of the ventilation inside the pool building is crucial to evacuate the hot air on
the ceiling to enhance the effect of the natural convection. But overall the natural air convection
cooling is not sufficient [13], as can be seen on figure 8 when only natural convection occur the
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LOCA enter in the fuel damage phase which has an order of magnitude of hours length so it is in
any case an absolute emergency. Furthermore, the end of the uncovery phase is a very dangerous
moment, when the water nearly completely uncovers the storage racks, when only the bottom inlets
of the rack cells are immersed. At this specific stage the water is no longer in direct contact with
the heat loading so the water heats up less and generates less steam to cool the above fuel assembly
but also the water prevents the circulation of air. So, at that moment the fuel temperature increases
very quickly. This situation can also happen when refilling a complete empty SFP during a loss of
cooling accident.

Finally during the fuel damage phase rod integrity is lost by cladding creep rupture and excessive
oxidation (see Figure 8) and debris will relocate downward and obstruct the natural convection flow
of air. Volatilisation of fission products will occur. The more heated the fuel assembly, the more
fission volatile those products are and it will be maximum if the fuel assembly melts. Further
contamination of these fission products to the environment outside the pool building are different
for an SFP located inside the reactor containment building than for a SFP outside the containment
building. Overall a loss of cooling accident in a spent fuel pool is slower and less immediately urgent
than an accident in the reactor. This explains why before the Fukushima disaster, relatively little
attention had been paid to SFPs and research was more focused on accidents in the reactor. The
Fukushima disaster of 2011 has raised awareness concerning the security of nuclear spent fuel pools.

Figure 10: Schematic of the reactor building
at Fukushima [20]

On March 11, 2011, an earthquake occurred
on the east coast followed by a tsunami. Dur-
ing the earthquake the rods stopped the reac-
tion in the reactor, the electricity supply from
the network grid was lost, diesel generator took
over to supply the electricity needed to cool the
plant but the tsunami drowned them and pro-
duced a station blackout from unit 1 to unit 4.
Fuel melting appeared in 3 unit reactors (unit
4 was in maintenance and thus shut down), hy-
drogen was generated in the reactors and moved
out of the containment structure and exposed in
the reactor building (see Figure 10) damaging
the ceiling (hydrogen explosion in unit 4 may
have come from hydrogen leaking from unit 3).
Emergency action was first focused on cooling
the reactor but quickly the loss of cooling of the
spent fuel pools also became an issue and emer-

gency water injection was conducted by using a helicopter, a concrete pump truck and a fire truck ,
the water decreased up to about 1.5 meter above the storage racks [14]. With the damaged ceiling
open to air environment, extra dramatic release of radioactivity coming from the pool was avoid
by a small margin. So, the Fukushima accident brougth to the forefront that accidents in SFP also
pose major risks to the environment and need more safety. More research was needed highlighted
by [15] to fully understand the accident phenomenology to improve safety. At UCLouvain, SFP
LOCA [19] is a research project to advance the state of the art in the modelling and simulation
of the phenomena that take place during a Loss of Coolant Accident (LOCA). This work is linked
with the natural convection of water occurring above the racks during the pre-uncovery phase.
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3.5 Rayleigh Natural Convection in a Spent Fuel Pool

In the context of a loss of cooling accident, Rayleigh natural convection phenomena plays a vital
role in maintaining temperature safety within the spent fuel pool.

Natural convection is the situation for which there is no forced velocity but a free convection
current exists within the fluid due to a body force (usually the gravity) acting on the fluid in
which there are density gradients (usually due to a temperature gradient). Generally, density of
liquid and gases decreases with temperature: ∂ρ

∂T < 0 which is usually expressed with the thermal

expansion coefficient β = −ρ ∂ρ
∂T

∣∣∣
p
[1/K]. Natural convection is driven by buoyancy forces that must

overcome the viscous forces of the fluid in order to create the convection movement, to characterize
the phenomena we use the Grashof number that is defined as the ratio between buoyancy forces
and viscous forces:

Gr =
gβ∆TL3

ν2
(4)

Where g [m/s2 ] is the gravitational acceleration, β [1/K] is the thermal expansion coefficient,
∆T [K] the temperature difference L [m] the characteristics length and ν [m2/s] the kinematic
viscosity. This number is obtained by nondimensionalizing the momentum equation along the
vertical in a laminar boundary layer flow and taking into account the gravity term in, as in the
book [21] (dimensional variables have been denoted with a hat symbolˆand dimensionless variables
without it, as during the main part of the work dimensionless variables are used the simple notation
is kept for them):

ρ̂û
∂v̂

∂x̂
+ ρ̂v̂

∂v̂

∂x̂
= −dp̂

dŷ
− ρ̂g + µ̂

∂2v̂

∂2ŷ
(5)

and then using the approximation of Boussinesq by simplifying ρ̂(T̂ ) ≈ ρ̂∞ − β(T̂ − T̂∞) for the
density in the gravity term, the other density keeping constant ρ̂∞ and approximating −dp̂

dŷ ≈ ρ̂∞g
we have :

û
∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= gβ

(
T̂ − T̂∞

)
+ ν̂

∂2v̂

∂2ŷ
(6)

Then by nondimensionalizing we obtain:

u
∂u

∂x
+ v

∂u

∂y
=

gβ (Ts − T∞)L

u2ref
θ +

1

ReL

∂2u

∂2y
(7)

It is convenient to choose uref =
√

gβ (Thot − Tcold)L, so that the term multiplying θ∗ becomes
unity (so from the course of Fluid Mechanics I at UCL [22] it corresponds to the case where the buoy-

ancy is counterbalanced by the inertia of the fluid). Then, ReL becomes
[
gβ (Ts − T∞)L3/ν2

]1/2
and thus Gr = Re2L. The Grashof plays the same role in free convection as the Reynolds number
plays in forced convection. The ratio Gr

Re2L
is used to compare the effects of free and forced convection

(ReL is calculated using the characteristic speed of the forced convection), when Gr
Re2L

≪ 1 the nat-

ural convection can be neglected, when Gr
Re2L

≫ 1 the forced convection can be neglected and when

Gr
Re2L

≈ 1 both effects need to be taken into account. Usually in practice, it is the Rayleigh number

that is used instead of the Grashof number. The Rayleigh number is defined as the product of the
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Grahsof number with the Prandtl number (which is defined as the ratio between the momentum

diffusivity and thermal diffusivity and equal to µ/ρ
k/(ρcp)

):

Ra =
gβ∆TL3

αν
(8)

.
Thermally driven convection occurs in many geophysical, astrophysical and industrial processes.

In the Earth’s atmosphere and oceans, the thermally driven convection is a major source of deter-
mining weather patterns and currents in the ocean. Rayleigh-Bénard convection is a case of natural
convection occurring in a horizontal layer of fluid heated from below and cooled from above. The
Rayleigh number of natural convection will characterize three main regimes. The Rayleigh number
uses L = H where H is the height of the convection domain and ∆T = Thot − Tcold. At a very
low Rayleigh number the buoyancy forces don’t overcome the viscous forces and the fluid does not
present a movement convection, it is stable and the heat transfer occurs by conduction. When
the Rayleigh increases convection starts to take place in a laminar form and presents a pattern of
circular convection cells (see Figure 11), first discovered by Henri Bénard, that can take various
shapes.

Figure 11: Schematic of
a Rayleigh-Benard convection
cell [24]

Figure 12: a) Hexagonal con-
vection cells and b) Convec-
tion rolls [25]

The specific pattern and organization of the convection cells also called large scale circulation
(LSC) depend on various factors, including the physical properties of the fluid, the temperature
gradient applied, the geometry of the domain and the boundary conditions. The primary pattern
observed by Bénard in his experiment in 1900 [23] is a regular arrangement of hexagonal cells.
Each cell consists of an upward flow of fluid in the center, surrounded by a downward flow along
the cell boundaries. These cells form a repeating pattern across the entire fluid layer. However,
depending on the parameters of the system, different patterns can emerge like rolls (see Figure 12).
If the Rayleigh number is further increased, the convection becomes turbulent but the average flow
can still present large scale circulation. In this work we are interested in the turbulent natural
convection during a loss of cooling accident (see figure 13). A simplified model of the pool will be
used to focus on the large scale circulation above the racks for different aspect ratios of the pool.
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Figure 13: natural convection above the racks [19]

4 Model and Presentation of the Code

4.1 Case Setup

Figure 14: Schematic of the model

The spent nuclear fuel pool is represented, in
this work, by a cuboid. The objective of this
work is to vary the aspect ratio of the dimen-
sions. The center (0,0,0) is at a corner of the
floor (see Figure 14). The dimensions are the
height H along the axis y, the width W along the
axis x and the lenght L along the axis Z. The
cube contains three different types of bound-
aries.

• The floor represents the interaction of wa-
ter with the storage racks containing the
fuel and is thus at a high temperature Thot

(Dirichlet boundary conditions). Regard-
ing the velocity it is considered a fixed wall
so v = 0 (Dirichlet boundary conditions).

• The ceiling representing the surface of
the pool is thus a fixed temperature Tcold

(Dirichlet boundary conditions). The velocity boundary condition is a free slip so ∂u
∂y = 0,

∂w
∂y = 0 and v = 0.

• The sidewalls are considered adiabatic so
∂T
∂x = 0 on the sides perpendicular to the

x axis and ∂T
∂z = 0 on the sides perpendic-

ular to the z axis (Von Neuman boundary
conditions).

As a result of these boundary conditions there are three hydrodynamic boundary layers (one
on each vertical side and one on the floor) and two thermal boundary layers (on the floor and
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on the ceiling). About the initiale temperature distribution it is simply linearized T (x, y, z) =
Thot − x̂Thot−Tcold

W

4.2 Governing Equations and Low Mach Number Approximation

The objective is to simulate a RBC occuring in a Rectangular cuboid representing the model of a
spent fuel pool heated from below and cooled from above. Classically the RBC is modeled using
oberbeck-boussinecq simplification like in 3.5 where the density variations are neglected except for
the term of the buoyancy in the momentum equation where the density varies linearly with the
temperature starting from a reference (ρ0,T0) and with a coefficient β = − 1

ρ0
∗ ∂T

∂ρ in [1/K] such that
ρ = ρ0 ∗ (1 − β(T − T0)). However, the simulations done in this work uses a more precise model,
the low-Mach number approximation explained in [28] which is presented here. First, we remind
the continuity, momentum and energy equation:

Dρ̂

Dt̂
+ ρ̂∇ · v̂ = 0 (9)

ρ̂
Dv̂

Dt̂
= −∇P̂ +∇.τ̂ + ρ̂g (10)

ρ̂
Dĥ

Dt̂
=

DP̂

Dt̂
+ τ̂ : Ŝ +∇.(k̂∇T̂ ) (11)

with ĥ the enthalpie equal to ĉpT̂

By nondimensionalization these three equations using x = x̂
lref

, v = v̂
vref

, ρ = ρ̂
ρref

, T = T̂
Tref

µ = µ̂
µ(Tref )

, cp =
ĉp

cp(Tref )
, cv = ĉv

cv(Tref )
, P = P̂

Pref
such that Pref = ρrefTref

R
Mr

with R the perfect

gas constant and Mr the molar mass we recall that R
Mr

= cp−cv, γ =
cp
cv

the reference Mach number

is M =
vref
cref

with c the speed of sound which is equal to
√

γ p
ρ for an isentropic process of an ideal

gas and t̂ = t
lref/vref

we obtain:

Dρ

Dt
+ ρ∇ · v = 0 (12)

ρ
Dv

Dt
= − 1

γM2
∇P +

1

Re
∇.τ +

lref
v2ref

ρg (13)

ρ
DT

Dt
=

γ − 1

γ

DP

Dt
+

(γ − 1)M2

Re
τ : S +

1

PrRe
∇.(k∇T ) (14)

We can see that reference Mach number appears in the nondimensionalized equations. At low
mach number we can analyse those equations by considering the Mach number as a perturbation
parameter. As the Mach number is at the denominator in the momentum equation it implie a
singular perturbation analysis. We define the perturbation parameter ϵ = γM2 and we expanding
the flow variables in power series of ϵ = γM2 to expand the equations around the point of singularity
:

P = P 0 + ϵP 1 +O(ϵ2) (15)

v = v0 + ϵv1 +O(ϵ2) (16)
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ρ = ρ0 + ϵρ1 +O(ϵ2) (17)

T = T 0 + ϵT 1 +O(ϵ2) (18)

We replace those expansions in equations (12),(13) and (14) and taking into account that ϵ << 1
so we neglect O(ϵ) and O(ϵ2) and that γM2 already appears in these equations. In (13) γM2 is at
the denominator of ∇P so this means that at order O(1/ϵ) equation (13) yields ∇P 0 = 0, P 0 is
thus invariant in space, it is the thermodynamic pressure spatially uniform which will be equal to
Patm = 1013 hPA in this work, the term P 1 is the dynamic pressure and will remain in equation
(13) at order O(1). P 0 is called thermodynamique pressure because by insterting the expansions in
the equation of state only P 0 will remain at low mach number. In (14) as there is no M2 appearing

next to DP̂
Dt̂

it is mainly the thermodynamic pressure which appears. The term τ : S is multiplied

by M2 so it is neglected. We finally obtain the following low Mach approximation:

Dρ0

Dt
+ ρ0∇v0 = 0 (19)

ρ0
Dv0

Dt
= −∇P 1 +

1

Re
∇ · τ0 +

lref
v2ref

ρ0g (20)

ρ0
DT 0

Dt
=

γ − 1

γ

DP 0

Dt
+

1

PrRe
∇.(k∇T 0) (21)

Which are the equations that will be solved numerically as we will investigate an open domain
P 0 will be equal to the ambient pressure and DP 0

Dt = 0 and will be removed in the rest of this
work. Strictly speacking this derivation has been obtained assuming an ideal gaz law of state but
the general analysis can also be done for different law of state, ?? derived using a more general
approache. Overall intuitivelly the low mach number approximation neglect the vriations of density
due to pressure but not due to temperature.
As a last remark, the code stores a referential pressure equal to ρrefu

2
ref which isn’t equal to the

above Pref but it still make sense because we have to keep in mind that the expansion variables in

equations (15), (16), (17) and (18) are dimensionless so the total pressure is : P̂total = P̂ambient +

ϵP1Pref but ϵ =
ρrefu

2
ref

Pref
so the code will solve the dimensionless P 1 that we can use with the stored

ρrefu
2
ref to have :

P̂total = P̂ambient + ρrefu
2
ref P 1 (22)

4.3 Fluid and Reference Properties

The fluid properties µ, ρ, cp, k and the thermal varies with temperature, they are calculated using
a polynomial fit

∑7
i=0 aiT

i over the range of temperature (Thot − 5) to Thot + 5. The coefficients
ai are obtained using a small python script and the module XSteam [30]. The reference temper-
ature is taken as Tref = Thot+Tcold

2 . With this reference temperature we can obtain the references
µref=µ(Tref ), ρref = ρ(Tref ), cp,ref = cp(Tref ), k(Tref and β(Tref ) with them we obtain the Prandtl:

Pr =
µref/ρref

kref/(ρrefcp,ref )
(23)

The free-fall velocity as explained in section 3.5:
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Uf =
√
βref (Thot − Tcold)gH (24)

And the free fall time Tf

Tf =
H

Uf
(25)

4.4 Finite Volume Method

In order to solve the equations we will use in this work the finite volume method for a collocated
grid . Let us briefly remind ourselves of the finite volume method for a collocated grid. The domain
is subdivided into a finite number of small control volumes for a collocated grid where both the
scalars and velocity values are stored in the center of each control volume cells. The method uses
the integral form of the conservation equations. The three equations (mass,momentum and energy)
can be expressed in the form of the general transport equation integrated over a domain Ω for a
quantity ϕ: ∫

Ω

∂ρϕ

∂t
dΩ +

∫
Ω
∇ · (ρϕv)︸ ︷︷ ︸

convective term

dΩ =

∫
Ω
∇ · (Γ∇ϕ)dΩ︸ ︷︷ ︸
diffusive term

+

∫
Ω
Source(ϕ)dΩ (26)

Where Γ is the diffusion coefficient and Sourceϕ the source term. The solution domain uses
a grid to divide the domain into a finite number of control volumes cells, and the conservation
equations are applied to each one.

Figure 15: A typical Control Volume (CV) cell and the notation used for a Cartesian 3D grid [26]

The variable ϕ is calculated at a computational node P situated at the centroid of each control
volume representing the average value over the control volume Vc:

ϕP =
1

Vc

∫
Vc

ϕ(x)dVc (27)

By applying the divergence theorem on the convective and diffusive term we obtain:∫
Vc

∂ρϕ

∂t
dVc +

∫
Sc

ρϕv · ndSc︸ ︷︷ ︸
convective term

=

∫
Sc

Γ∇ϕ · ndSc︸ ︷︷ ︸
diffusive term

+

∫
Vc

Source(ϕ)dVc (28)
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Where Sc is the total surface of the boundary of the control volume. The net flux through this
surface is the sum of integrals over Vc faces (there are six faces in the case of Figure 15):∫

Sc

f · n dSc =
∑
k

∫
Sck

f · n dSck , (29)

where the vector f is either the convective term (ρϕv) or diffusive term (Γ∇ϕ) and n the normal
to the Vc face surface. To calculate the surface integral in equation (29) exactly, we would need
to know the value of f everywhere on the surface Sc. But only the volume center values at P are
calculated so a double approximation must be introduced. We approximate the surface integral as
a product of the cell-face center value f

Sck
−center

· nSck
−center :∫

Sck

f · n dSck ≈ f
Sck

−center
· nSck

−centerSck . (30)

So we also need to further approximate fk−center with an interpolation of the known nodal values
at the Vc’s center. Several ways exist for this approximation, the most common are presented in
the book [26]. More detail for the approximation used for the simulation of this work is presented
in section 4.6. An approximation is also needed for the integrals over Vc of equation (28), a simple
approximation of the term on the left is

∫
Vc

∂ρϕ
∂t dVc ≈ (∂ρϕ∂t )PVc and the source term is often

approximated as
∫
Vc

SourceϕdVc ≈ SourceCVP + SourcePVP ϕP (which is obtained by a double
approximation, first Source(ϕ) ≈ SourceC + SourceP ϕ and then using approximation of Taylor
ϕ(x) ≈ ϕP + (x − xP ) · ∇ϕP and taking advantage that the point P is at the center of mass of
Vc so

∫
VC

(x − xP ) dVC = 0, combining those results we obtain
∫
VC

Source dVC ≈ SourceCVc +
SourcePVcϕP ). As a result for one cell control volume of the grid we obtain:(

∂(ρϕ)

∂t

)
P

VP +
∑
k

(ρϕv)Sck
−center · nSck

−centerSck =∑
k

(Γ∇ϕ)Sck
−center · nSck

−centerSck + (Sourcec VP + Sourcep VP ϕP )
(31)

Furthermore for a rectangular parallelepiped cartesian 3D grid with each cell of dimension ∆x, ∆y
and ∆z like in figure 15 we have Vc = ∆x∆y∆z and (using the notations e,w,n,s,t and b like on
figure 15)

∑
k fSck

−center
·nSck

−center ·Sck = (fe−fw)·e1∆y∆z+(fn−fs)·e2∆x∆z+(ft−fb)·e3∆x∆y

so we can divide left and right sides of equation 31 by Vc to obtain :

(
∂(ρϕ)

∂t

)
P

+
(ρϕv)e − (ρϕv)w

∆x
· ex +

(ρϕv)n − (ρϕv)s
∆y

· ey +
(ρϕv)t − (ρϕv)b

∆z
· ez =

(Γ∇ϕ)e − (Γ∇ϕ)w
∆x

· ex +
(Γ∇ϕ)n − (Γ∇ϕ)s

∆y
· ey +

(Γ∇ϕ)t − (Γ∇ϕ)b
∆z

· ez + (Sourcec + Sourcep ϕP )

(32)
Which is the final form that we will use in this work. By applying this result to each control

volume cell, one obtains an algebraic equation for each control volume, and by further using the
spatial discretization in each equation, a number of neighbor nodal values appear in each equation,
we put all those equations into a linear system AΦ = B that we can resolve using linear algebra.
More details about the spatial and time discretization and the inter cell face center interpolation
(at points e, w, n, s, t and b) used in this work and the general algorithm is provided in section 4.6.
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4.5 Mesh Refinement

In order to solve the previous equations and obtain the field values of all the flow elements, the pool
model is modeled by a cuboid form which is discretized using a rectangular mesh. As explained
in section 4.1 the convection presents boundary layers at the boundaries, so the mesh needs to be
small enough to capture correctly this physical phenomena. In order to achieve this, the grid is
non-uniform and finer near the boundaries and to calculate the coordinates of the corners of the
grid along one axis with a resolution of N cells along this axis the code uses an hyperbolic tangent
expansion function which gradually increases the cell’s dimensions from the wall towards the center
with the following formula for a certain length (which is the height H in our case):

coordinatej = − length

2

tanh(βgrid
rounddown(N/2)−j
rounddown(N/2) )

tanh(βgrid)
+

length

2
for j=0,1...rounddown(N/2)

coordinatej =
length

2

tanh(βgrid
j−roundup(N/2)
roundup(N/2) )

tanh(βgrid)
+

length

2
for j= roundup(N/2),...,N

(33)

By using this formula, we ensure that the first coordinate of corners of the grid will start at
zero, and finish at the end of the length. The higher the constant βgrid will be the smaller the cells
close to the boundaries will be and the larger the cells in the center will be. The cells of the cooling
pool domain are in blue on Figure 16 with the coordinates of their corners calculated with formula
(33) and we also add one extra layer of cells (in red in Figure 16 ) which has the same dimensions
as the adjacent blue cell. These red virtual cells in Figure 16 are used to implement the boundary
conditions explained in section 4.1. More details about their implementation is provided in section
4.6.

Figure 16: example image of the mesh in 2D when βgrid = 1.5 and N=14

To create the grid we need thus to decide the number of points N and the expansion constant
coefficient βgrid, for this we created a small python script that gives us the βgrid which follows the
same procedure as in [32]. The procedure is explained below:

1. calculate an approximation of the boundaries layer width using formulas from [31] which
approximate the boundaries layers turbulent Rayleigh–Bénard (RB) convection :
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0.5 Nu−1 Pr1/2 A−1 π−1/2 H for Pr < 3 ∗ 10−4

δu =0.5 Nu−1 Pr0.357−0.022log(Pr) H for 3 ∗ 10−4 ≤ Pr ≤ 3

0.5 Nu−1 Pr1/3 E−1 H for Pr > 3

δu A
√
π Pr−1/2 A for Pr < 3 ∗ 10−4

δth =δu Pr−0.357+0.022log(Pr) for 3 ∗ 10−4 ≤ Pr ≤ 3

δu E Pr−1/3 for Pr > 3

(34)

With A ≈ 0.332 and E ≈ 0.982 and H the height of the domain. The Prandtl Pr used is
calculated at Tref as said in section 4.3. As we don’t know the Nusselt Nu in advance we use
a correlation [32]: Nu = 0.178Ra0.301.

2. Again from [31] we approximate the minimum number of cells required in the boundary layers:

=
√
2 a Nu1/2 Pr−1/4 A1/2 π1/4 for Pr < 3 ∗ 10−4

Nu =
√
2 a Nu1/2 Pr−0.1785+0.011 log(Pr) for 3 ∗ 10−4 ≤ Pr ≤ 1

=
√
2 a Nu1/2 Pr0.3215+0.011 log(Pr) for 1 ≤ Pr ≤ 3

=
√
2 a Nu1/2 Pr1/3 E1/2 for Pr > 3

(35)

=
√
2 a Nu1/2 Pr−3/4 A3/2 π3/4 for Pr < 3 ∗ 10−4

Nth =
√
2 a Nu1/2 Pr−0.5355+0.033 log(Pr) for 3 ∗ 10−4 ≤ Pr ≤ 3

=
√
2 a Nu1/2 Pr−0.0355+0.033 log(Pr) for 1 ≤ Pr ≤ 3

=
√
2 a Nu1/2 E3/2 for Pr > 3

(36)

3. Then we also need to estimate the bulk grid width minimal requirement. The natural convec-
tion we study is turbulent. As explained in the book of Pope [33], turbulence can be considered
as composed of eddies of different sizes characterised by a size l, a velocity u(l)and a timescale
τ(l) = l/u(l). The kinetic energy enters the turbulence at the largest scale l0 (comparable
to the overall flow characterisctic which is H in our natural convection case) and break up
transferring their energy to smaller eddies, those smaller eddies undergo a similar break-up
process to yet smaller eddies until dissipation by viscous action of the kinetic energy occurs
at the smallest scales called Kolmogorov scales. This process is called the energy cascade.
Each eddy has a Reynold number Re(l) = u(l)l

ν that will decrease during the energy cascade
until viscosity is effective. The rate of dissipation ϵ is determinated by the first process’s
transfer of energy from the largest eddies l0. These eddies have kinetic energy of order u20 and
timescale of order τ0 = u0/l0 so the rate of transfer of energy ϵ can be supposed to scale as
∼ u20/τ0 = u30/l0 and this transfert of energy is nearly constant through the energy cascade.
So for a given eddy size l we can estimate the velocity scales as u(l) ∼ (ϵl)1/3 ∼ u0(l/l0)

1/3

and τ(l) ∼ (l2/ϵ) ∼ τ0(l/l0)
2/3. We can thus observe that u(l) and τ(l) decrease as l de-

creases confirming that Re(l) decreases as the eddies become smaller. The Re(l) of the eddy
will decrease until the viscosity effect is no longer negligible, the lengthscale lDI separates
the inertial subrange where viscous effects are negligible and the dissipation range (see Fig-
ure 17). The production P appear explicitly mathematically with a negative sign in the the
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mean-kinetic-energy equation. The action of the mean velocity gradients working against the
Reynolds stresses removes kinetic energy from the mean flow (P appear as a negative term)
and transfers it to the fluctuating velocity field. Full derivations is done in chapter 5 of the
book of Pope [33].

Figure 17: schematic diagram of the energy cascade [33]

As ν is an important parameter of the viscous dissipation, Kolmogorov suggested [34] that
the smallest scales of turbulence are universal (similar for each turbulent flow) and that they
depend only on ν and ϵ, this idea and dimensional analysis provide an expression for the
smallest eddies, the Kolmogorov scales η:

lη = (ν3/ϵ)1/4

uη = (ϵν)1/4

τη = (ν/ϵ)1/2

(37)

We can observe that Reη = 1 confirms the viscous effects presence. Similarly temperature
turbulence fluctuation presents also microscales called Batchelor scales ηθ [35]. If Prandtl > 1
ηθ < η and if Prandtl < 1 ηθ > η. In order to simulate accurately all the scale of motions
using Navier-Stokes equations, the method used is Direct Numerical Simulation (DNS) which
resolves all the eddies regardless of their size, the mesh maximum bulk size l must thus be
smaller than the smallest between the Kolmogorov scales and Batchelor scales, an estimation
of this maximum grid size in the bulk can be computed using Pr,Ra and Nu [36]:

lscale = πH

(
Pr2

RaNu

)1/4

for Pr ≤ 1

lscale = πH

(
1

PrRaNu

)1/4

for Pr > 1
(38)

This DNS approach is computationally very expensive. In this work we use the large eddies
simulation (LES) approach which resolves the large scales and the smaller scales are modeled.
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The computational grid is designed to have sufficient resolution to capture the large turbulent
eddies explicitly but it is limited in size and cannot resolve all turbulent structures down
to the smallest scales (subgrid-scale eddies). Instead, they are modeled using subgrid-scale
models. More discussion about the LES method is provided in section 4.7. As LES can have
a lower resolution we can multiply the required length l by a factor of 4 as in [45] where
comparison of DNS and LES with a less precise mesh has been done. Thus we require 4
times l as minimal width for a cell in the bulk. An alternative LES resolution requirement
is to match the filtering cutoff width to the Taylor microscale, which for isotropic turbulence

is defined as ηl =
(
15νu2/ϵ

)1/2
(from [35] which also explains that this microscale is also

associated with the zero abscissa crossing of the Taylor series approximation of order 2 at zero
of the auto correlation), where u is representative of the velocity in the bulk. With [32] and
[37] the following relation can be used:

ηl
2

=

√
15u∗

[Ra(Nu− 1)]1/2

with

u∗ =
√
0.068Ra0.91 + 0.012Ra0.96

(39)

Overall as we follow the same procedure as in [32] we take for minimum mesh size in the bulk:

lbulk = minimum(4lscale,
ηl
2
) (40)

4. We can then have a first approximation of the number of cells required:

N = round(
H − 2 ∗max(δu, δth)

lbulk
+ 2 ∗max(Nu, Nth)) (41)

Once we have N, as lu = δu
Nu

and lth = δth
Nth

are more restrictive than lbulk we increase β starting
from β = 1 up to β = 3, if at some point the requirements of minimal number of points of
both Nu and Nth in the boundary layers are fulfilled we stop to increase β and check if the
bulk cell width is fulfilled. If either β increases up to 3 without fulfilling Nu and Nth or we
cannot fulfill the bulk requirement we increase N by 2 and put β back to 1 before increasing
it again.
The number of cells obtained by applying this procedure give the nubmer of cells in the
vertical. For the number of cells along the axis x for example, if W ≥ H the number of cells
in multiplied by W

H in this direction but if W ≤ H the number of cells is kept the same as
along the vertical.

4.6 Numerical Algorithm

The objective of the numerical algorithm will be to solve (19), (20) and (21) to obtain for each cell
grid noted as index i, j, k (see Figure 18) the values Ti,j,k, ui,j,k, vi,j,k, wi,j,k, P

0 and P 1
i,j,k.

Figure 18: Schematic of the grid indices
for a two dimensional grid

The low Mach number approximation equations rep-
resent 5 equations and also µ, ρ, cp, k will vary with the
temperature using equation of interpolation from section
4.3. We thus have in total 9 equations for 10 unknowns,
we close the equations by setting P 0 = 1 atm as our do-
main is open. The equations of the low Mach number
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approximation (19), (20) and (21) need to be spatially
and temporally discretized in order to solve them on the
grid with linear algebra. The discretization is similar as
in [46], for the spatial discretization we will use the fol-
lowing interpolation operator for the center on in-between
cell surface:

fi±1/2,j,k
x
=

fi±1,j,krii,j,k + fi,j,krii±1,j,k

rii,j,k + rii±1,j,k
(42)

Where ri, rj and rk are respectively the half length width along each direction x, y and z (see
Figure 18), as explained in section 4.1 we assume a rectilinear grid so the size of the cells in each
of the three directions varies only along the respective direction (rii,j,k = ri(i), rji,j,k = rj(j) and
rki,j,k = rk(k)). For the interpolation on faces along y axis and z axis, we just replace x by y,z
and i by j,k. For the interpolations of the derivatives at the center of the cells and at the center of
in-between surface we introduce the following operators:

δf

δx

∣∣∣
i,j,k

=
fi+1/2,j,k

x − fi−1/2,j,k
x

2rii,j,k
(43)

δf

δx

∣∣∣
i±1/2,j,k

= ±
fi±1,j,k − fi,j,k
rii±1,j,k + rii,j,k

(44)

δf
δy and δf

δz are similarly obtained. Now that we know how to spatially discretize the equation we can
present the algorithm to solve them. The objective is, knowing the variable ϕ (which can be T, u,
v, w) at each cell N at time tn so ϕn, to calculate them at time tn+1 so to have ϕn+1 by constructing
a linear system: 

An
11 An

12 ... ... An
1N

An
21 ... ... ... ...
... ... ... ... ...
... ... An

N
2

N
2

... ...

... ... ... ... ...

... ... ... ... An
NN





ϕn+1
1

ϕn+1
2

...

ϕn+1
N
2

...

ϕn+1
N


=



Bn
1

Bn
1

...
Bn

N
2

...
Bn

N


(45)

The process from going to ϕn to ϕn+1 is done in two steps. We first obtain the fields variables
at a predictor step, predicted variables are noted by ϕ∗ and then they are recalculated to update
them at the corrector step noted by ϕn+1.

4.6.1 Predictor Step

We will first calculate T ∗ using equation (21) reminded below, (we don’t use the subscripts ()0 for
simplicity):

ρcp
∂T

∂t
+ ρcpv · ∇T =

1

PrRe
∇.(k∇T ) (46)

So the above equation will be discretized in order to create the linear system of linear equation

system (45) by creating the matrix An, an unknown vector

T ∗
1

...
T ∗
N

 and a right hand side vector
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B

Bn
1

...
Bn

N

. To obtain this, we discretize spatially and temporally equation (46). Regarding the

temporal discretization needed for the convection term ρ̂ĉpv · ∇T̂ and the diffusion ∇.(k∇T̂ ) we
can either use explicit or implicit scheme to express them. However, using only implicit terms
would lead to a matrix A with a lot of elements on each row (each unknown T ∗ depends on a lot
of adjacent cells and consequently other unknowns, meaning each row of A has a lot of non-zero
values) and thus this would lead to too much computation requirement, the code uses thus only
implicit scheme along vertical derivative while the terms with gradients along the x axis and z axis
are treated explicitly. The choice of the vertical axis to threat implicitly is because of the alignment
with the vertical buoyancy effect. So the part of the equation that will be treated explicitly and
put on the right hand side is:

ResT = −ρcpv · ∇T +
1

PrRe

(
∂

∂x
(k

∂T

∂x
) +

∂

∂z
(k

∂T

∂z
)

)
(47)

The term ResT is treated explicitly with the two-step Adams-Bashforth method [48], which
means to solve for T ∗ we need the values at n and n-1. We quickly remind the two step method,
when we have a differential equation such as: y′ = f(t, y), when we know the value of f and y at tn
and look for the value at tn+1 we integrate the equation from tn to tn+1 to obtain yn+1 − yn on the
left hand side, and on the right hand side, we approximate the expression using Lagrange polynomial
of order r, if r= 0 we just use the value at tn on the right hand side, approximating it as a constant
and thus by integration we find back the Euler method: yn+1 − yn = (tn+1 − tn)︸ ︷︷ ︸

∆t

f(tn, yn). In the

code used for this work we use an approximation of order r=1, so the approximation is interpolated
using the values at tn and tn−1:

f(t, y) ≈
r=1∑
r=0

∏
0≤k≤1;k ̸=r

t− tn−k

tn−r − tn−k
f(tn−r, yn−r) (48)

by integrating from tn to tn+1 and with ∆t constant (which is not strictly constant, see section
4.6.3, but a robust approximation verified in practise) so ∆t = tn − tn−1 = tn+1 − tn we obtain:

∫ tn+1

tn

f(t, y) ≈
∫ tn+1

tn

t− tn−1

tn − tn−1
f(tn, yn)+

t− tn
tn−1 − tn

f(tn−1, yn−1) =
3

2
∆tf(tn, yn)−

1

2
∆tf(tn−1, yn−1)

(49)
So by using this result we will have 3

2∆tResnT − 1
2∆tResn−1

T and by using the interpolations
equations (42), (43) and (44) we obtain a spatial and temporal discretization of ResT but the
convective term ρ̂ĉpv · ∇T̂ used at a cell of coordinate ijk is not directly calculated using the values
of ρijk, cpijk and vijk, as this term is originating from the conservative form with a divergence

operator it make more sense to use the flux values interpolated at the inter face cells, so ρ̂ĉpv · ∇T̂
will be interpolated using the values at the centre of the faces of the cells as follows from [47]:
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(ρcpv · ∇T )
∣∣∣
ijk

≈
(ρcpv)i+ 1

2
,j,k

x δT
δx

∣∣∣
i+ 1

2
,j,k

+ (ρcpv)i− 1
2
,j,k

x δT
δx

∣∣∣
i− 1

2
,j,k

2
+

(ρcpv)i,j+ 1
2
,k

y δT
δx

∣∣∣
i,j+ 1

2
,k
+ (ρcpv)i,j− 1

2
,k

y δT
δx

∣∣∣
i,j− 1

2
,k

2
+

(ρcpv)i,j,k+ 1
2

z δT
δx

∣∣∣
i,j,k+ 1

2

+ (ρcpv)i,j,k− 1
2

z δT
δx

∣∣∣
i,j,k− 1

2

2

(50)

The diffusion terms are discretized by applying the divergence theorem on the cell we obtain the
discretization by using equation (43), as an example the discretization of the diffusive term along
axis x is given:

∂

∂x
(k

∂T

∂x
)
∣∣∣
ijk

≈
ki+ 1

2
,j,k

x δT
δx

∣∣∣
i+ 1

2
,j,k

− ki− 1
2
,j,k

x δT
δx

∣∣∣
i− 1

2
,j,k

2rii,j,k

≈
(ki+1,j,krii,j,k+kki,j,krii+1,j,k)

rii,j,k+rii+1,j,k

(Ti+1,j,k−Ti,j,k)
rii,j,k+rii+1,j,k

− (ki,j,krii+−1,j,k+ki−1,j,krii,j,k)
rii−1,j,k+rii,j,k

(Ti,j,k−Ti−1,j,k)
rii−1,j,k+rii,j,k

2rii,j,k
(51)

The diffusive term along y is treated implicitly using the Crank-Nicholson method, the temporal
discretization is as follow:∫ t∗

tn

∂

∂y
(k

∂T

∂y
)
∣∣∣
i,j,k

≈ 1

2
∆t

∂

∂y
(kn

∂T (n)

∂y
+ kn

∂T (∗)

∂y
)
∣∣∣
i,j,k

(52)

The spatial discretization of the two diffusive terms at time tn and t∗ of (52) will be the same as

for equation (51) and by developing the discretization of 1
2∆t ∂

∂y (k
n ∂T (∗)

∂y ) the terms T
(∗)
i,j,k, T

(∗)
i,j−1,k

and T
(∗)
i,j+1,k will appear and the coefficients in front of these terms will go in the matrix A as it is

implicit.
Thus from the equation of energy (46) we end up with the following temporal discretized equation
with the implicit terms on the left hand side and explicit on the right:

ρncnpT
∗
i,j,k −

1

RePr

1

2
∆t

∂

∂y
(kn

∂T (∗)

∂y
)
∣∣∣
i,j,k

=

ρncnpT
n
i,j,k +

3

2
∆tResnT−i,j,k −

1

2
∆tResn−1

T−i,j,k +
1

RePr

1

2
∆t

∂

∂y
(kn

∂T (n)

∂y
)
∣∣∣
i,j,k

(53)

As a synthesis: once the equation (53) is also spatially discretized, we end up with the following
linear system for the ijk cell:
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

... ... ... ... ...

... ... ... ...

...

−∆t·kn
i,j−1/2,k

y

(rji,j−1,k+rji,j,k)

2RePr2rji,j,k
ρnijkc

n
p−ijk +

∆t·(
kn
i,j−1,k

y

(rji,j−1,k+rji,j,k)
+

kn
i,j+1,k

y

(rji,j+1,k+rji,j,k)
)

2RePr2rji,j,k

−∆t·kn
i,j+1/2,k

y

(rji,j+1,k+rji,j,k)

2RePr2rji,j,k
...

... ... ... ... ...

... ... ... ... ...




...

T ∗
i,j−1,k

T ∗
i,j,k

T ∗
i,j+1,k

...



=



...

...

ρnijkc
n
p−ijkT

n
ijk +∆t · (32ResnT−i,j,k −

1
2Resn−1

T−i,j,k) +
∆t

RePr
1
2

kn
i,j+1

2 ,k

y δTn

δy

∣∣∣
i,j+1

2 ,k

−kn
i,j− 1

2 ,k

y δTn

δy

∣∣∣
i,j− 1

2 ,k

2rji,j,k
...
...


(54)

We can thus see that we end up with a tri-diagonal matrix which is easy to solve using Thomas
algorithm [49] and which is not very computational expensive. After the evaluation of T ∗ , the
predicted value of the fluid density ρ∗, c∗p, k

∗ and µ∗ are obtained by the equations of states in
function of T ∗ from section 4.2.

Then the code proceeds to calculate v∗ and p∗. This is done in two steps, first calculating an
intermediate velocity ṽ by solving the momentum equation (20) without the pressure gradient term
and the body force ρg:

∂(ρv)

∂t
+∇ · (ρvv) = ∇ · (µ(∇v +∇vT − 2

3
∇ · v)) (55)

The above equation represents three equations, one for each u,v and w velocity dimension of ṽ).
For each one, we create again a linear system, similarly as before, when we solve for each velocity
dimension, the derivatives along the vertical y of the unknown are treated implicitly and the rest
of the diffusion terms and the convective terms as explicit in a similar way as for the temperature,
we obtain the following right hand side as follows:

Resu =−∇ · (ρvu) + 1

Re
[
∂

∂x
(µ(2

∂u

∂x
− 2

3
∇ · v)) + ∂

∂y
(µ

∂v

∂x
) +

∂

∂z
(µ(

∂u

∂z
+

∂w

∂x
))]

Resv =−∇ · (ρvv) + 1

Re
[
∂

∂x
(µ(

∂u

∂y
+

∂v

∂x
))− 2

3

∂

∂y
(µ(

∂u

∂x
+

∂w

∂z
)) +

∂

∂z
(µ(

∂v

∂z
+

∂w

∂y
))]

Resw =−∇ · (ρvw) + 1

Re
[
∂

∂x
(µ(

∂u

∂z
+

∂w

∂x
)) +

∂

∂y
(µ

∂v

∂z
) +

∂

∂z
(µ(2

∂w

∂z
− 2

3
∇ · v))]

(56)

As we can see in the above equation for each Res the terms of double derivatives along y
( ∂
∂y (µ

∂
∂y ...)) do not appear because they are treated implicitly. Similarly as for the energy equation,

we end up with the following equation to solve:
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ρ∗ṽ − ρnvn

∆t

∣∣∣
i,j,k

=
3

2
Res(n)v

∣∣∣
i,j,k

− 1

2
Res(n−1)

v

∣∣∣
i,j,k

+
1

2

µn

Re

∂

∂y

(
∂un

∂y
ex +

4

3

∂vn

∂y
ey +

∂wn

∂y
ew

)∣∣∣
i,j,k

+
1

2

µ∗

Re

∂

∂y

(
∂u∗

∂y
ex +

4

3

∂v∗

∂y
ey +

∂w∗

∂y
ew

)∣∣∣
i,j,k

(57)

The spatial discretization to obtain the linear system follows the same logic as the energy
equation.

For the discretization of the convective term ∇·(ρnvnvn) in Resnv , interpolation of (ρnun)
∣∣∣
i± 1

2
,j,k

,

(ρnvn)
∣∣∣
i,j± 1

2
,k

and (ρnwn)
∣∣∣
i,j,k± 1

2

are needed but the code won’t straight use (ρnun)i± 1
2
,j,k

x
,

(ρnvn)i,j± 1
2
,k

y
and (ρnwn)i,j,k± 1

2

z
from equation (42). Indeed, contrary to staggered grid, collocated

grid arrangement can produce spurious oscillations of the pressure field called checker-board oscil-
lation or odd-even decoupling. This problem can be remedied with an alternative flux interpolation
method for the convective flux, first introduced by Rhie & Chow [40]. Applied to this work, the
code will use the following auxiliary flux:

Fn
u |i± 1

2
,j,k = (ρnun)|i± 1

2
,j,k = (ρnŭn−1)i± 1

2
,j,k

x − δP ′n

δx

∣∣∣∣
i± 1

2
,j,k

∆t+ Ri yj
δρn

δx

∣∣∣∣
i± 1

2
,j,k

∆t

Fn
v |i,j± 1

2
,k = (ρnvn)|i,j+ 1

2
,k = (ρnŭn−1)i,j± 1

2
,k

y − δP ′n

δy

∣∣∣∣
i,j± 1

2
,k

∆t+ Ri yj± 1
2

y δρn

δy

∣∣∣∣
i,j± 1

2
,k

∆t

Fn
w |i,j,k± 1

2
= (ρnwn)|i,j,k± 1

2
= (ρnw̆n−1)i,j,k± 1

2

z − δP ′n

δz

∣∣∣∣
i,j,k± 1

2

∆t+ Ri yj
δρn

δz

∣∣∣∣
i,j,k± 1

2

∆t

(58)

The term ŭ is the provisional velocity calculated during the corrector step (see below), the
subscript n−1 means it is the velocity calculated during the corrector step of the previous iteration
(the iteration going from n−1 to n). With the use of equations (58) the convective term in Resv−ijk

is discretized as follows:

∇ · (ρvv)
∣∣∣
i,j,k

=
Fu|i+ 1

2
,j,k vi+ 1

2
,j,k

x − Fu|i− 1
2
,j,k vi− 1

2
,j,k

x

2rii,j,k
+

Fv|i,j+ 1
2
,k vi,j+ 1

2
,k
y − Fv|i,j− 1

2
,k vi,j− 1

2
,k
y

2rji,j,k

+
Fw|i,j,k+ 1

2
vi,j,k+ 1

2

z − Fw|i,j,k− 1
2
vi,j,k− 1

2

y

2rki,j,k

(59)
Some more explanations about the pressure oscillation and justifications of the use of this alter-

native interpolation method is provided in section 4.6.5.
Once we have the value of ṽ, we calculate the value v∗ using the momentum equation with the

pressure and the buoyancy force:

ρ∗v∗ − ρ∗ṽ

∆t
= −∇P (∗) − ρ∗Ri ey with (Ri =

lref |g|

v2ref
) (60)
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As mentioned in [39] sometimes the Navier–Stokes equations are written in terms of the piezo-
metric pressure, P ′ = P + ρ|g|y, in near-zero Froude number Fr = v√

gH
the body forces are large

and can overwhelm the other terms, so writing the pressure in this form eliminates them from the
governing equations. This operation is done by substituting P ′ = P + ρRiy and:

ρRi ey = ∇(ρRiy)−Riy∇ρ (61)

Applying (61) to (60) and applying the divergence, we obtain:

∇ · ∇(P ′∗) =
1

∆t
∇ · (ρ∗ṽ) + 3ρ∗ − 4ρn + ρn−1

2∆t2
+Ri∇ · (y∇(ρ)) (62)

The term 3ρ∗−4ρn+ρn−1

2∆t2
is obtained by using the continuity equation (19), we replace − 1

∆t∇ ·
(ρ∗v∗) with 1

∆t
∂ρ
∂t

∣∣∣
t=t∗

and a implicit backward scheme time discretization is used [51] so ∂ρ
∂t

∣∣∣
t=t∗

is

approximated using a lagrange interpolation polynomial of the function ρ(t) of order 2 at points t∗,
tn(= t∗−1) and tn−1(= t∗−2) and taking the derivative at point t∗:

∂ρ

∂t

∣∣∣
t=t∗

≈ ∂

∂t

∣∣∣
t=t∗

r=2∑
r=0

∏
0≤k≤2;k ̸=r

t− t∗−k

t∗−r − t∗−k
ρ(t∗−r)

 =
3ρ(t∗)− 4ρ(tn) + ρ(tn−1)

2∆t
(63)

This Poisson’s equation is solved using Petsc library [50] and gives the solution for P ′∗. We
then use equation (60) to obtain v∗.

4.6.2 Corrector Step

In the corrector step, the variables are updated to tn+1, the procedure is very similar to the corrector
step, but the explicit terms are treated using the trapezoidal rule using the predicted values, so the
energy equation is solved with:

c∗pρ
∗T

n+1 − Tn

∆t

∣∣∣
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=
1

2
ResnT−i,j,k +

1

2
Res∗T−i,j,k +

1
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∂y
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∂y
)
∣∣∣
i,j,k

(64)

After the evaluation of Tn+1 , the predicted value of the fluid density ρn+1, cn+1
p , kn+1 and µn+1

are obtained by the equations of states. Then, we calculate the provisional velocity for the corrector
step v̆ using:

ρn+1v̆ − ρnvn
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2
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∣∣∣
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∂y
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∂y
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(65)

Once again for the discretization of the covective term in Resv we use a slightly different inter-
polation F ∗

v similar as in equation 58 but replacing v̆n−1 by the current v∗ and ρn, P ′n by ρ∗ and
P ′∗. Next, we consider the fluid momentum equation written in terms of v̆:

ρn+1vn+1

∆t
=

ρn+1v̆

∆t
−∇P ′(n+1) +Ri y∇ρn+1 (66)
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Similarly as in the predictor step, we apply the divergence and solve the Poisson’s equation:

∇ ·
(
∇P ′(n+1)

)
=

1

∆t
∇ ·
(
ρ(n+1)v̆

)
+
3ρ(n+1) − 4ρ(n) + ρ(n−1)

2∆t2
+Ri∇ ·

(
y∇ρ(n+1)

)
. (67)

Once p′(n+1) is obtained, vn+1 is directly calculated using (66). A last, temperature computation
is done with updated scalar elements (using ρn+1, µn+1, cn+1

p and kn+1) and Resn+1
T−i,j,k instead of

Res∗T−i,j,k

cn+1
p ρn+1T

n+1 − Tn
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∣∣∣
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=
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2
ResnT−i,j,k+

1

2
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∂y
+kn+1∂T
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∂y
)
∣∣∣
i,j,k

(68)
This last update of Tn+1 is recommended by [47], numerical experiments performed by the

authors therein show a reduction of energy conservation errors that may arise in flows subjected to
strong thermal gradients.

4.6.3 Time increment

At each step, the time increment ∆t is calculated based on the definition of the Courant number,
C = U.∆T

∆X [53]. It can be interpreted as the distance that the fluid contained in a cell will move,
towards another cell distant of a distance ∆X, due to its velocity U , during a time step of length
∆t. The mesh is known, so we know each value of ∆X, and the velocity U is known from the
previous time step. The only unknown, that we aim to determine, is the time increment ∆t.

The whole idea is that the fluid contained in a cell may not end up further than the adjacent
cell, at the end of a single time step of length ∆ti. The figure below (1 dimension) explains that,
if the non-dimensional number C is bigger than 1, the fluid will make big gaps, more than one cell
at a time. It can be avoided if C < 1. Big gaps will induce a loss of precision and stability in our
simulation.

Figure 19: Fluid displacement after one and two time steps, as a function of C

In practice, we wanted to make sure that, nowhere in the grid, the value of C exceeds 0,5. At
each time step of the simulation, we have selected, for each direction (x, y, z), the smallest value of
t: min(∆x

u , ∆y
v , ∆z

w ), of which we take the minimum among the grid.

Then, we recall our criterion :
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C =
∆t.vi
∆xi

≤ 0, 5 = CFLmax

We re-write this equation to find the biggest time increment ∆t that we may chose :

∆t =
0, 5

mini(
vi
∆xi

)
= 0, 5.maxi(

∆xi
vi

)

In practise instead of CFLmax = 0.5 we take lower value to be more precise, in this work the value
is taken between 0.1 and 0.3. The time increment also has to respect the Von Neumann stability
analysis [38] for transport equation 26, ∆t has to respect ∆t ≤ 0.5∆2x

ω with ω = µ
ρ if considering the

momentum equation or ω = k
ρcp

if considering the energy equation, in our case for the momentum
equation is a higher constraint . Overall the minimum value of all those constraints has to be
respected.

4.6.4 Boundary conditions

The algorithm implements two possible types of boundary conditions : the Dirichlet conditions
(the property of the fluid, against the boundary, are dictated by a given value), and the Neumann
conditions (the gradient of a property, in the direction of the boundary and evaluated against the
boundary, is dictated by a given value). For instance, in work, the Neumann condition is the adia-
batic condition. Thus, the gradient of temperature is equal to zero in the direction of the wall.

As we have explained, the mesh is composed of blue cells, and a layer of red virtual cells around.
The latter are useful for the boundary conditions. In the figure below, we show the situation close
to the boundary.

Figure 20: Boundary cells (blue) adjacent to the red virtual cells outside the boundary

We use the red virtual cells in the following way :

• For the Dirichlet conditions, the value of the red virtual cells (i.e. the cells at the boundary)
is set such that the interpolated value between the red and the adjacent blue cell is equal to
the given value, so for example for a Dirichlet boundary equal zero the red value is just th
negative of the adjacent blue.

• For the Neumann conditions, in our situation we only have zero Neumann conditions so we
make sure that the gradient of the field at the wall (boundary between the red and blue) is
equal to zero. The quantity inside the red virtual cell is set at the same value as the blue cell
adjacent to it to achieve that.

4.6.5 Checkerboard oscillation and auxiliaries flux interpolation

In this section we briefly explain the phenomena of checkerboard oscillation and a justification of
the utilisation of the auxiliary fluxes interpolation methods of equation (58).
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The construction of the Poisson’s equation to solve the scalar Pressure P can be seen as a
combination of the continuity equation and the momentum equation. Indeed, we can also start
from the continuity to obtain the same Poisson’s equation. We start from:

∇ · (ρnvn) = −∂ρ

∂t

∣∣∣
t=tn

(69)

We insert the momentum equation ρnvn = −∇P (n)∆t + ρnv̆n−1 (we don’t use the piezometric

pressure here for simplicity and to be clear, we remind that ˘vn−1 is the provisional velocity obtained
during the corrector step of the iteration going from n− 1 to n):

∇ · (−∇P (n)∆t+ ρnv̆n−1) = −∂ρ

∂t

∣∣∣
t=tn

(70)

And we obtain back :

∇ · ∇(P (n)) =
1

∆t

∂ρ

∂t

∣∣∣
t=tn

+
1

∆t
∇ · (ρnv̆n−1) (71)

It is important to keep in mind that the Laplacian operator applying on P is the product of the
divergence operator originating from the continuity equation and the gradient operator that comes
from the momentum equations. As pointed out in the book [26] it is essential that the consistency of
these operators are maintained and the outer and inner derivatives may be discretized using different
schemes, they have to be the same than the discretization used in the continuity and momentum
equations. In order to maintain this consistency for the approximations used to discretize the double
derivative on P , it is better to derive the equation for the pressure from the discretized continuity
and momentum equations rather than by approximating the double derivative directly. Indeed to
illustrate this we develop the left hand side of equation (69) :

∇ · (ρnvn)i,j,k ≈
(ρnun)i+ 1

2
,j,k − (ρnun)i− 1

2
,j,k
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2
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2
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2

2rki,j,k

(72)

For a collocated grid, we need to interpolate ρnvn at inter cell points i + 1
2 , j, k etc .... A

candidate (but we will explain why it causes the oscillation) is to use equation 42 i.e (ρnvn)i± 1
2
,j,k ≈

(ρnvn)i±1/2,j,k
x
=

(ρnvn)i±1,j,krii,j,k+(ρnvn)i,j,krii±1,j,k

rii,j,k+rii±1,j,k
.

So, as said previously, in order to maintain the consistency if (ρnvn)i±1/2,j,k
x
is chosen, the Laplacian

operator on P needs to be discretized as follows:
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(73)

Another way to understand this above equation is applying the momentum equation once the
continuity equation is already discretized in 72 and interpolated with (ρnvn)i±1/2,j,k

x
so the mo-

mentum equation is applied to replace each value under the over bared terms.

But ( δPδx )i+ 1
2
,j,k

x
̸= δP

δx

∣∣∣
i+ 1

2
,j,k

(=
Pi+1,j,k−Pi−1,j,k

rii,j,k+rii+1,j,k
), instead it is an interpolation using δP

δx

∣∣∣
i,j,k

and
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δP
δx

∣∣∣
i+1,j,k

. Furthermore, an important element is that for a uniform equidistant mesh of width

∆x = 2rii,j,k = 2rii±1,j,k , δP
δx

∣∣∣
i,j,k

doesn’t depend on the value of Pi,j,k:

δP

δx

∣∣∣
i,j,k

=
Pi+ 1

2
,j,k

x
(=

Pi+1,j,k+Pi,j,k

2 )− Pi− 1
2
,j,k

x
(=

Pi−1,j,k+Pi,j,k

2 )

∆x
=

Pi+1,j,k − Pi−1,j,k

2∆x
(74)

So by further developping equation (73) for a uniform equidistant mesh along each dimension
axis :

(∇ · ∇P )i,j,k ≈

δP
δx

∣∣∣
i,j,k

+ δP
δx

∣∣∣
i+1,j,k

2 −
δP
δx

∣∣∣
i,j,k

+ δP
δx

∣∣∣
i−1,j,k

2

∆x
+

δP
δy

∣∣∣
i,j,k

+ δP
δy

∣∣∣
i,j+1,k

2 −
δP
δy

∣∣∣
i,j,k

+ δP
δy

∣∣∣
i,j−1,k

2

∆y

δP
δz

∣∣∣
i,j,k

+ δP
δz

∣∣∣
i,j,k+1

2 −
δP
δz

∣∣∣
i,j,k

+ δP
δz

∣∣∣
i,j,k−1

2

∆z

≈
Pi+2,j,k − 2Pi,j,k + Pi−2,j,k

2∆x
+

Pi,j+2,k − 2Pi,j,k + Pi,j−2,k

2∆y

+
Pi,j,k+2 − 2Pi,j,k + Pi,j,k−2

2∆z

(75)

We can observe that, on the above equation, the pressure equation at a cell i, j, k doesn’t depend
on the pressure values of the adjacent cells (i±1, j, k), (i, j±1, k) and (i, j, k±1). So, for a collocated
equidistant mesh grid, we have seen that using the interpolation (ρnvn)i±1/2,j,k

x
and keeping the

consistency of the operator ∇ · ∇ in the Poisson’s equation lead to an uncoupling between the odd
and even index cell’s pressures. So we can have a different solution for each combination of odd-even
i, j, k, so 2 solutions for a 1D grid to 8 for a 3D grid. The pressure will oscillate from cell to cell
between each solution. A 1D illustration is provided on figure 21 and on 2D a superimposition of
four uniform pressure fields that could arise in a normally physical uniform pressure but numerically
resulting by 4 uniform fields of dynamic pressure like in figure 22.

Figure 21: 1D example of cell to cell
pressure oscillation between 2 solutions.
[41]

Figure 22: Example of checkerboard pressure
field distribution, of four superimposed uni-
form fields on a 2D-spacing grid [26]

In a staggered grid, the velocities are stored directly at the inter face cells. So there is no need to
interpolate at equation (72) and the momentum equation can be applied on equation (72) without
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over bar interpolation thus directly using δP
δx

∣∣∣
i+ 1

2
,j,k

(=
Pi+1,j,k−Pi−1,j,k

∆x ) instead of ( δPδx )i+ 1
2
,j,k

x
. This

would lead to equation 75 having the result :

(∇ · ∇P )i,j,k ≈
Pi+1,j,k − 2Pi,j,k + Pi−1,j,k

2∆x
+

Pi,j+1,k − 2Pi,j,k + Pi,j−1,k

2∆y

+
Pi,j,k+1 − 2Pi,j,k + Pi,j,k−1

2∆z

(76)

And, as a result, having the adjacent cells pressure coupled. For a collocated grid a possible
solution is to use a different interpolation for the interface center values like (ρnvn)i+ 1

2
,j,k etc. The

idea is to use:

(ρnun)i+ 1
2
,j,k ≈ (ρnun)i±1/2,j,k

x −

(
δP

δx

∣∣∣
i+ 1

2
,j,k

− (
δP

δx
)i+ 1

2
,j,k

x
)

(77)

By using this interpolation in equation (72) and applying the momentum equation for (ρnun)i±1/2,j,k
x

the appearing ( δPδx )i+ 1
2
,j,k

x
will be removed and replaced by δP

δx

∣∣∣
i+ 1

2
,j,k

by the added corrective term

−( δPδx

∣∣∣
i+ 1

2
,j,k

− ( δPδx )i+ 1
2
,j,k

x
). This modified interpolation makes sense and can be derived if you

consider a control volume centered on the center face i+ 1
2 , j, k as done in [42] and [43].

Furthermore, we remind on the one hand that P = P ′ − ρRiy so :

−

(
δP

δx

∣∣∣
i+ 1

2
,j,k

− (
δP

δx
)i+ 1

2
,j,k

x
)

= −

[
δP ′

δx

∣∣∣
i+ 1

2
,j,k

− (
δP ′

δx
)i+ 1

2
,j,k

x
]
+

[
Riyj

δρ

δx

∣∣∣
i+ 1

2
,j,k

−Ri(y
δρ

δx
)i+ 1

2
,j,k

x
]

(78)

(we briefly comment that in the case of derivation along y that ∂(P ′−ρRiy)
∂y = ∂P ′

∂y −Riy ∂ρ
∂y −ρRi, but

by apllying this to the two terms on the left in equation (78) the two added terms ρRi will cancel
each other. We just have to add a precision on the right side of (78) by replacing y by yj+ 1

2

y like in

the expression of Fn
v in equation (58)).

Finally, by reminding that (ρnun)i,j,k = − δP ′(n)

δx

∣∣∣
i,j,k

∆t + ρnŭn−1 + Riyj
δρ
δx

∣∣∣
i,j,k

and applying it to

equation (77) to develop the term (ρnun)i±1/2,j,k
x
and using (78), we find back Fn

u

∣∣∣
i+ 1

2
,j,k

as in 58:

(ρnun)|i+ 1
2
,j,k ≈ (ρnŭn−1)i+ 1

2
,j,k

x − δP ′n

δx

∣∣∣∣
i+ 1

2
,j,k

∆t+ Ri yj
δρn

δx

∣∣∣∣
i+ 1

2
,j,k

∆t (79)

As a final comment, the important argument mentioned above that δP
δx

∣∣∣
i,j,k

doesn’t depend on

Pi,j,k illustrated by equation (74) leading to the uncoupling of adjacent cell’s pressure (equation

75), this doesn’t strictly hold in a case of an non-equidistant mesh where δP
δx

∣∣∣
i,j,k

does actually

depend on Pi,j,k, however if rii−1,j,k, rii,j,k and rii+1,j,k are not too much different, the coefficients
multiplying Pi−1,j,k and Pi+1,j,k that would appear once the equation 75 is developed are lower than
those multiplying Pi−2,j,k,Pi,j,k and Pi+2,j,k thus presenting a low coupling between adjacent cells.
It would be interesting to further investigate in the literature the effect of non-equidistant meshes
on the pressure oscillation, the article [42] showed that on a non-equidistant mesh (it took one with
a strong variation of rii−1,j,k, rii,j,k and rii+1,j,k) the auxiliary method still filters out the oscillation
but didn’t mention in details the effect of the grid on the occurring oscillations themselves.
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4.7 Turbulence Modelling with LES Lagrangian Dynamic Model

The natural convection occurring in the pool is turbulent in this work, which means there is an
unsteady velocity field. As explained in section 4.5 turbulent flows may be viewed as a hierarchy
of eddies over a range of lengthscales to the smallest scales where they dissipate : the Kolmogorov
scales. Direct Numerical Simulation resolves all the eddies, regardless of their size, the mesh size
must thus be smaller and thus is very computational expensive. In order to simulate at high Rayleigh
number, we use a LES method which is less computational expensive than a DNS method. In LES,
the dynamics of the larger-scale motions are computed explicitly and the influence of the smaller
scales than the grid (sub-grid scales SGS) are modelled. The cut off between the structures of a
turbulent flow that are resolved and the ones which are modelled is done by applying a spatial filter
to the governing equations. This procedure is done by the convolution of a quantity of interest ϕ
with a low-pass filter function G (larger scales have a lower wavenumber). The equations are solved
for those filtered quantities, mathematically the filtered velocity is for example v(x, t) :

v(x, t) =

∫
Ω
G(r, x)v(x− r, t)dr (80)

where integration is over the entire flow domain Ω and the specified filter function G satisfies the
normalised condition: ∫

Ω
G(r, x)dr = 1 (81)

In the simplest case, the filter function is independent of x so G(r, x) = G(r) which allows the
commutation of the filter with spatial derivative. Figure 23 shows some typical filters in 1D. More
theoretical background about the filters and spectral analysis in wavenumber space using Fourier
transform is provided in chapter 13 of the book of Pope [33].

Figure 23: Filter functions and transfer functions for one-dimensional filters [33]

The velocity is decomposed v(x, r) = v(x, r) + v′(x, r). v′(x, r) is the residual field representing
structures smaller than the filter width. As we are dealing with variable density flows, to avoid
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having to model the sub-filter scale term of the mass conservation equation, we use a density-
weighted filtering operation proposed by Favre [52], defined for an arbitrary quantity ϕ as:

ϕ̆ =
ρϕ

ρ
(82)

So, similarly, the velocity v(x, t) is then decomposed into a slightly modified decomposition

v(x, t) = ˘v(x, t) + v′′(x, t). Applying the filter operation to the low Mach number approximation
equations (19), (20) and (21), they become the filtered equations (we don’t use the subscripts ()0

for simplicity) :

∂ρ

∂t
+∇ · (ρv̆) = 0 (83)

∂ρv̆

∂t
+∇ · (ρv̆v̆) = −∇(P − 1

3
τRkk) +∇ · τ + ρg +∇ · (τ r) (84)

∂ρh̆

∂t
+∇ · (ρh̆v̆) = 1

PrRe
∇.(k∇T )−∇ · (qR) (85)

Two terms appear, the sub-grid scale stress tensor τR = −ρ(v̆v − v̆v̆) with it’s anisotropic part

τ r = τR− 1
3τ

R
kkI and the sub-grid scale heat flux vector qR = ρ( ˘vT − v̆T̆ ). Also the term P − 1

3τ
R
kk is

called the effective pressure and it is this value that is actually solved by the Poisson’s equation in
the algorithm. In order to close the equations for the filtered velocity, a model for the anisotropic
sub-grid scale stress tensor is needed. The filtering operation in large eddy simulation can be implicit
or explicit. The implicit filtering simply writes down the filtered above equations together with a
model for the subgrid-scale stresses and then applies the desired solving algorithm as explained in
4.6 to this implicitly filtered system. In this way, the grid or the numerical discretization scheme can
be assumed to be the low-pass filter (a simple example illustrating this concept for an equivalence
between a finite difference operator and the exact derivative of a filtered variable is done at equation
(4) of [54]). In this work, implicit filtering is used, it is often difficult to determine the shape of
the implicit LES filter effectively applied. The papers [55] and [56] give some insight about the
implicit filtering when using a finite volume method, volume-averaging can be interpreted as a
top-hat spatial filtering (similar as the Box filter in figure 23) operation that smooths out the small-
scale components. In the explicitly filtered approach, the filter is defined unambiguously and the
convolution of equation (80) is done explicitly during the computation. So the terms ”filtered” and
”residual/subfiltered scales” are more appropriate terms used in explicit filtering than ”resolved” and
”subgrid scales” which are more appropriate for the implicit filtering. The filter cut off wavenumber
is lower than the grid cut off wavenumber filtering effect, so that the scales filtered and kept by the
explicit filter are larger than those resolved by the grid. So, for a same final cut off wavenumber
target, explicit filtering needs a finer mesh leading to higher computational cost.
The purpose of subgrid (or subfilter for the explicit filtering procedure) scale modelling is to provide
closure for the terms that were added in the governing equations by the filtering operation. The
aim of the model is to withdraw energy from the filtered turbulent structures in order to imitate the
forward energy cascade (see section 4.5) in the unresolved part. A common way to model the subgrid
(or subfilter) scales is based on an artificial eddy viscosity approach. This can be accomplished by
introducing an artificial turbulent viscosity, µt and considering:

τ r ≈ 2µtSd (86)
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Several models of LES exist to give a way to calculate µt and can be quiet complex. In this
work, the code uses the Lagrangian dynamic model procedure. It involves the application of an
explicit second filter noted ϕ̃ on top of the first filtering presented before (for simplicity and purpose
of explanation, we consider constant density in the following paragraph and thus we don’t use the
Favre’s filter notation ϕ̆ but just keep the generic ϕ notation for the first applied filter which can
either be implicit or explicit, the reasoning is the same). The second filter, always explicit, called
test filter has filter width ∆̃, which is typically taken to be twice the one of the first filter ∆ (the
width ∆ mentioned are in the physical space, not the wavenumber space). So we obtain a filtered
simple velocity vector v and a double filtered velocity vector ṽ. The application of the first filter

followed by the application of the second filter can be seen as the application of a unique filter ϕ̃

which is a combination of the two filters with a width ∆̃. The eddies are thus in three categories:
the unknown eddies of lenghtscales going from the Kolmogorov lengthscales η up to ∆, the known

eddies of lenghtscale going from ∆ to ∆̃ and finally the eddies of lenghtscale above ∆̃ also known.
The essential ingredient in the dynamic procedure is the assumption that the same model with the
same value of the parameters coefficients to calculate µt can be applied to both the actual first filter

ϕ and the combined double filter ϕ̃. It will use the known scales between ∆ and ∆̃ to tune the
parameter modelling the sub double filtered scales using in order to match closely the already know

scales going from ∆ to ∆̃. In a single filtered application, if τR = −ρ(vv − v v) is the stress tensor

formed by turbulent motions of intermediate scale between η and ∆ applied to the scales with a
lengthscale above ∆, then, by analogy, the tensor:

T = −ρ(ṽv − ṽ ṽ) (87)

is the stress tensor formed by turbulent motions of intermediate scale between η and ∆̃ and

applied to the scales with a lengthscale above ∆̃. Also, by the same analogy, the tensor:

L = −ρ(ṽ v − ṽ ṽ) (88)

is the stress tensor formed by turbulent motions of intermediate scale between ∆ and ∆̃ and

applied to the scales with a lengthscale above ∆̃. So the difference T − L is the stress formed by

turbulent motions of intermediate scale between η and ∆ applied to the scales with a lengthscale

above ∆̃ and by developing:

T − L = −ρ(ṽv − ṽ v) = τ̃R (89)

which is equivalent to the Germano’s identity [33]:

L = T − τ̃R (90)

In the above equation, L is called the resolved stress because we know everything to compute it

exactly at each iteration. τR and T are called the residual stresses based on the single and double
filtering operations respectively, they can only be approximated by a model. As said before, an
important assumption is that the same model with the same constant parameter values can be
applied to both. The dynamic process is a procedure rather than a model as any subfilter-scale
model can be used as a basis for it. For example, if we use the Smagorinsky model [33]:

τ r = τR − 1

3
τRkkI ≈ −2cSd∆̄2

∣∣∣Sd
∣∣∣︸ ︷︷ ︸

=µt

Sd (91)
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with
∣∣∣Sd
∣∣∣ ≡ (2S̄d

ijS̄
d
ij

)1/2
The same model applied for T with assuming the same constant parameter cS:

T d = T − 1

3
TkkI ≈ −2cSd

˜̄∆2∣̃∣∣Sd
∣∣∣S̃d (92)

By using equations (90), (91) and (92), we get the approximation:

Ld = L− 1

3
LkkI ≈ 2cS∆

2 ˜∣∣∣Sd
∣∣∣Sd − 2cS∆̃

2∣̃∣∣Sd
∣∣∣S̃d (93)

In the above equation, the only unknown is cS, but this equation actually represents several
equations due to the presence of tensors, so it is an overdetermined system and cS cannot be chosen
to satisfy exactly the equations, so the objective is to minimize the error :

e = Ld −

(
2cS∆

2 ˜∣∣∣Sd
∣∣∣Sd − 2cS∆̃

2∣̃∣∣Sd
∣∣∣S̃d

)
(94)

This minimisation is usually done in a global least-square sense, the full derivations of the
Lagrangian dynamic model is not given here as it is complex, we refer to [44] for the full derivation.
The turbulent viscosity µt is computed at the end of the predictor and the corrector step of each
iteration, it is also calculated for each grid point i, j, k and added to µ(T ). So, in section 4.6, the µ
used in the equations of the algorithm is in fact µ(T ) + µt.
Then the sub-grid scale heat flux vector qR is simply modelled by considering:

qR ≈ −kt∇T (95)

And kt is linked with µt with a constant turbulent Prandtlt number Prt =
cpµt

kt
. In this work, Prt

is set equal to 0.4 as in [32].
So, to be perfectly rigorous in section 4.6, the used and resolved variables should have been used
with the subscripts ϕ and ϕ̂. Finally, we have to keep in mind that those are spatial filtered values
and do still vary with time due to the turbulence, they are not time averaged values < ϕ >. In the
following sections, we will continue for simplicity not to use the spatial filtered subscripts.

5 Numerical results

5.1 General methodology

The objective of the simulations in this work is to analyse for different aspects ratios AR the emerg-
ing turbulent structures Large Scale Circulation (LSC) and turbulence statistics. The convention
we use to specify an aspect ratio is AR=W

H :1: LH , the vertical height H is kept constant at 0.045 m
like in previous works [32] and is constant throughout the work. The reference temperature is kept
at 330 K in order to have a coherent reference temperature with previous works [32],[45] and [57].
The difference temperature ∆T = Thot − Tcold is thus calculated from the target Rayleigh number
with equation 8. The simulations have been run during 500 Tf (see equation (25), to remove initial
transient effect, the averaging over time starts after 200 Tf . The turbulent structure is analysed
with the software Paraview [58], a visualisation software to plot the velocity fields and the tem-
perature scalar. It is the time average quantities that are of interest in a turbulence simulation
post-processing. As explained and analysed in [59] and [57], the LSC is not static, it undergoes non
periodic re-orientations. So, when observing the LSC on Paraview, care is needed that the observed
averaged structure is approximately steady, smaller averaging periods are first investigated step by
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step on visualisation to detect such re-orientations. If they occur during 200-500 Tf averaging peri-
ods, it will be shown and discussed. A choice is often made of an averaging time interval where the
structure is known to be stable to observe the main LSC and to present some insight full Paraview
plots in this paper. However, the turbulence statistics analysis (see below) is always done on a full
average over 300Tf . The plots will mainly consist of streamline representation and slice cuts off
to visualise inside the domain the LSC. Often, the LSC analysis will be illustrated for one of the
two Rayleigh as the LSC is often very similar. When some differences occur, it will be a bit discussed.

About the turbulent statistics, they are displayed and analysed from bottom to top graphs along
the vertical y. A quantity averaged over time is noted < ϕ >t (the averaging period is given as
comment), we plot some of them along a chosen vertical line or we also average them both in time and
on the horizontal plane noted < ϕ >txz. The decomposition of a quantity is thus ϕ =< ϕ >t +ϕ′

t

(ϕ′ is a similar notation as in section 4.7 but not the same meaning). The temperature field is
non-dimensional using (we remind that the hatˆsymbol means dimensional quantity):

θ =
T̂ − Tref

∆T
(96)

Investigated statistics include the non-dimensional root mean square (rms) over time temperature:

θrms−t =
√
< θ′tθ

′
t >t (97)

and a variant of it, the root mean square (rms) over time and horizontal plane temperature:

θrms−txz =
√

< θ′txzθ
′
txz >txz (98)

The rms values tell us about the intensity of the turbulence effect (in laminar the rms over
time is zero). The velocities u,v and w are also analysed, however, a horizontal rms is calculated
combining u and w as follows:

urms =
√
< u′u′ > + < w′w′ > (99)

(the rms can either be t− rms or txz − rms with the same logic).

The last statistic that we focus on is the the turbulent heat flux area-averaged < (θ′txzv
′
txz) >txz.

This value combines the temperature and vertical velocity, it provide some correlation between the
two quantities.

Finally, we also investigate the non-dimensional mean heat transfer flux across the xz plane at
height y measured by the local Nusselt number Nuy. The non-dimensional is made by dividing
the dimensional heat flux along y by kref

∆T
H . So we have (we remind that the hatˆsymbol means

dimensional quantity):

Nuy =

〈
q̂
convection

+ q̂
conduction

kref
∆T
H

· ey

〉
txz

=

〈
ρ̂v̂ĉp(T̂ − Tref )

kref
∆T
H

+
−k̂ ∂T̂

∂ŷ

kref
∆T
H

〉
txz

(100)

By further developing using vref = Uf from equation (24) and as the C++ code doesn’t store ĉp at
each time step and each cell, we make the approximation ĉp = cp−ref , we end up with:
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Nuy =
√
PrRa < ρvθ >txz︸ ︷︷ ︸

=Nuconv−y

+< −k
∂θ

∂y
>txz︸ ︷︷ ︸

=Nudiff−y

(101)

And the global Nusselt number NuG is obtained by averaging over the whole volume:

NuG =
√
PrRa < ρvθ >txyz + < −∂θ

∂y
>txyz (102)

Computing those Nusselt numbers will allow us to compare the heat transfer among the aspect
ratios.
All those statistics have been obtained by post processing the data delivered by the code in C++,
using Python language.

5.2 Standard case, aspect ratio AR=1:1:1

We have first started this work by running a standard case of aspect ratio AR=1:1:1 to test our
manipulation of the C++ code and the post processing by comparing it with same cube aspect
ratio case of [57] and [59]. In the other sections below, the large scale circulations will be compared
with those of the standard case.

Figure 24: Streamlines plots with < θ >t of Rayleigh 107 (left) and Rayleigh 5 107 (left)
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Figure 25: Diagonal slice along the LSC plane for Rayleigh 107 (left) and Rayleigh 5.107 (left), the
plane velocity is the magnitude of the velocity vector in the plane (the normal component has been
removed)

In this standard case, the flow topology is characterized by a large-scale circulation (LSC)
occuring in a plane containing one of the diagonals of the cube, while we observe on the orthogonal
diagonal two counter-rotating vortices. The impingement zone is concentrated and can be well
observed near a corner of the top plate and in the opposite corner of the bottom plate. Near the
impingement zone, the LSC plane also contains re-circulations than can be observed on the top left
or bottom right of the figure 25, this observation is coherent with the streamlines of figure 24.

Figure 26: Schematic of the cut off plane along the diagonal done in the figure above
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Figure 27: Orthogonal plane plotting the plane velocity (normal component of the velocity vector
has been removed), at Ra = 107 on the left and 5 · 107 on the right

The above figures are the orthogonal planes, we can clearly observe the counter-rotating vortices,
the ones above are sligthly bigger than the ones below. During the simulations, we have also observed
a reorientation of the diagonal flow, the LSC main diagonal flow remains the same at the beginning
and at the end by changing its direction of circulation and the impingement zone went to the
opposite corner as illustrated below:

Figure 28: Example of reorientation sequence in an AR=1:1:1 with Rayleigh = 5 · 107, average
pictures taking from left to right at 100− 150 Tf , 150− 200 Tf , 200− 250 Tf and 250− 300 Tf

This section was a remind of the cuboid with free slip at the upper boundary.

5.3 Aspect ratio from AR=1:1:1 to AR=4:1:1

In this section, the aspect ratio will vary by changing the width W and keeping H and L constant.
First, we will get some insight of the emerging circulation structure for each aspect ratio, and then,
at the end, the turbulence statistics will be compared altogether graphically.

5.3.1 Aspect ratio AR=2:1:1

We first observe the case where W
H = 2 : the streamlines are similar for the two Rayleigh numbers,

we observe one impingement point at the top in the middle along a side and two at the bottom on
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the opposite corners.

Figure 29: Plots of streamlines, average θ for Ra = 107 on the left and Ra = 5 · 107 on the right

Figure 30: Streamlines from the bottom at Ra = 5 · 107

One may think by looking at those above streamlines that the structure is just the double
duplication as the standard case. However, by looking at the circulation in the planes joining the
impingement points, we indeed observe some similarities with the standard case as seen on the upper
left image of figure 31) but the orthogonal plane doesn’t show the two counter-rotating vortices.
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Figure 31: Plane velocity plots on the left, both at Ra = 5 · 107, with the corresponding slice seen
from above on the respective right image

To understand more clearly the structure underlying, we made some clips from the 3D stream-
lines structures as shown on figure ??.
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Figure 32: Doubles rolls observation for Ra=5 · 107 for AR=2:1:1

One clip is at the level of the impingement point (on the left image of figure 32), we observe two
convection roll structures, the axis of the rolls isn’t exactly perpendicular to the xy axis. Indeed,
by doing a parallel clip further away, we can remark that the centre axis of the rolls went closer
to the middle and lower. Furthermore, we observed one movement of the impingement point, it
changed side as shown on figure 33 but the rolls structure didn’t change his circulation direction
like a reorientation in the standard case. Indeed, the roll’s axis changed a bit and present a reverse
situation, the extremity closest from the center and lowest goes further and higher and vice versa.

Figure 33: Movement of the impingement point sequence in an AR=2:1:1 with Rayleigh = 5 ∗ 107,
averaging pictures taking from left to right at 50− 100 Tf , 100− 150 Tf and 150− 200 Tf

5.3.2 Aspect ratio AR=3:1:1 and Aspect ratio AR=4:1:1

The aspects ratios W
H = 3 and W

H = 4 are very similar as shown on figure 34 comparing two different
Rayleigh numbers and two different aspect ratios. Similarly, there is a double roll convection cell,
the axis is more centred and horizontal than in the previous case and the impingement point is
centred and doesn’t move significantly.
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Figure 34: Streamlines at Ra = 107 with W
H = 3 on the left and Streamlines at Ra = 5 · 107 with

W
H = 4 on the right

The convection cells are very clean and stable, we can observe a small re-circulation on the cut
of the plan z = 0.5 at the bottom, towards the external. This re-circulation is more important at
the planes get closer to the faces z = 0 and z = 1 (see figure 35).

Figure 35: Plane cut at z = 0.5 (left) for W
H = 3 and Ra = 107 and streamlines seen from the side
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Figure 36: Plane cut at z = 0.5 (left) for W
H = 4 and Ra = 5 · 107 and streamlines seen from the

side
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5.4 Turbulence statistics for Aspect ratio from AR=1:1:1 to AR=4:1:1

Figure 37: On the top, < θ >t plotted along the vertical centre line and on the bottom < θ >t xz
the temperature area averaged along the vertical

The temperature profiles plotted on Figure 37 are coherent from previous studies [45] Near the
bottom wall, the temperature changes approximately linearly along the vertical. In this thin thermal
boundary layer conduction of heat is the main heat transfer. Then, after a transition phase, the
temperature reaches a constant value in the bulk of the domain where convection is the main heat
transfer (see below the graph of the convection Nusselt and conduction Nusselt as a complement).
In this bulk zone, the temperature isn’t equal to Tref but lower (shifted to the left) due to the free
slip upper boundary compare to the upper fixed wall as analysed by [57]. Regarding the influence
of the AR on figure 37, at both Rayleigh numbers investigated, the center line is shifted back
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toward the middle in presence of higher AR, this effect is less visible however for the area averaged
temperature.

Figure 38: On the top, θrms−txz along the vertical and on the bottom < θ′txzv
′
txz >txz along the

vertical

Regarding the rms (over time and area) (on the of figure 38) several observation can be done. The
bulk values of the θrms−txz are lower for higher Rayleigh which is coherent with other observations
studies [57]. The peaks in the thermal boundary layers occur closer to the wall for higher Rayleigh
numbers and a higher aspect ratio has the tendency to increase that peak value except for the
bottom peak values of the Rayleigh values equal to 5 · 107. Regarding the turbulent heat flux
< θ′txz >txz, the aspect ratio seems to decrease it.

48



Figure 39: On the top, urms−txz along the vertical and on the bottom, vrms−txz along the vertical

About the rms velocities, the aspect ratio increases the turbulence intensities of horizontal
velocities whereas it is the contrary for vrms−txz.
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Figure 40: On the left, < u >t along the vertical for x̂ = 1
4W and ẑ = 1

2L

One interesting velocity statistic to plot is the horizontal velocity < u >t at the vertical center
line of the first half (at x̂ = 1

4 and at ẑ = 1
2L). The three aspect ratios from 2 to 4 present

some similar dual rolls, so plotting that horizontal velocity along the vertical allows to compare the
speeds in the rolls where the velocity is mainly horizontal. Both at the upper circulation and lower
circulation, the aspect ratio increases the centre u speed, however this increase is less significant at
the free slip boundary side.

Figure 41: On the left the Nu convection along the vertical and on the right the Nu convection

Finally, we can have a look on the Nusselt numbers, we can observe that the increase of the
aspect ratio has negligible effect on the diffusion Nusselt, but mostly has the effect to decrease the
convection Nusselt in the bulk. This is quite coherent with the total averaging of the Nusselt G
as displayed in the table below, the reduction of NuG with AR is especially visible for the higher
Rayleigh case:
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Ar & Ra NuG
AR=1:1:1 Ra 1e7 22.359
AR=2:1:1 Ra 1e7 23.082
AR=3:1:1 Ra 1e7 22.489
AR=4:1:1 Ra 1e7 22.008
AR=1:1:1 Ra 5e7 38.476
AR=2:1:1 Ra 5e7 38.370
AR=3:1:1 Ra 5e7 37.524
AR=4:1:1 Ra 5e7 37.054

Table 1: NuG for each case of study

5.5 Aspect ratio from AR=1:1:1 to AR=1
4
:1:1

4

In this section, we will quickly analyse the effect of varying the aspect ratio W
H = L

H from 1 to 1
4 , we

keep thus at the base W = L. Unfortunately, one simulation (Ar = 1
3 at Ra = 5 · 107) was wrongly

parameterised and one simulation has clear numerical errors (Ar = 1
4 at Ra = 107), which might

be due to unbalanced sizes of the cells in the mesh.

5.5.1 Aspect ratio AR=1
2

We first start with an aspect ratio of 1
2 , the result of the emerging structure is similar for both

investigated Rayleigh numbers.

Figure 42: Streamlines at Ra = 5 · 107 for an aspect ratio AR=1:12 :
1
2

[32] investigated a similar aspect ratio but for a higher Rayleigh and observed similar but
elongated circulation than the standard case. In our case, at lower Rayleigh, we observe 8 rolls
in total: 4 on the above part and 4 on the under half approximately with an impingement point
located in the middle. These rolls are located along the vertical corners, as can be seen on figure
43, but they are not homogeneous, as can be seen by comparing the middle plane cut and the right
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one on figure 43. Some above rolls are longer and have downward streamlines that join the lower
rolls. The middle plane clearly shows the difference between upper right and upper left rolls. The
location of those slightly different rolls can change over time, switching to another diagonal.

Figure 43: Sections of figure 42: the middle and the left represent the same plane, the one on the
right represents the perpendicular plane

5.5.2 Aspect ratio AR=1
4

The pattern at higher aspect ratio remains the same at those observed above, the streamline con-
nections and in-homogeneity between the rolls become more apparent, the rolls at the lower half
are now longer than those above (figure 44).
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Figure 44: Streamlines plot and section for an aspect ratio of 4 at Ra= 5 · 107

5.5.3 Turbulence statistics from AR=1:1:1 to AR=1
4 :1:

1
4

In this section, we will follow the same procedure as the previous observation of turbulence statistics.

Figure 45: On the left, < θ >t plotted along the vertical centre line and on the right < θ >t xz the
temperature area averaged along the vertical

On figure 45, we can clearly observe that, in this case, the temperature isn’t constant in the
bulk, there is an asymmetry at mid-height, the higher the aspect ratio will be, the higher this effect
takes place and even more at lower Rayleigh number. We can presume that this is due to opposite
circulation of the rolls in the middle and the clear asymmetry at half-height at the interface of the
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rolls.

Figure 46: On the left, θrms−txz along the vertical and on the right < θ′txzv
′
txz >txz along the vertical

We still have higher Rayleigh who has a lower θrms−txz but, in this case, the aspect ratio has
the contrary effect by increasing the bulk rms. Regarding the turbulent heat flux < θ′txz >txz, the
patterns are similar than in previous turbulence analysis.

Figure 47: On the left, urms−txz along the vertical and on the right urms−txz along the vertical

We have the opposite result of what we had before for the urms : the aspect ratio seems to
reduce this turbulence intensity instead of increasing it.
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Figure 48: Nu conduction on the left and Nu convection on the right

The Nusselt number trends are quite similar than the other aspect ratio, the convection Nusselt
seems to reduce in response of an increase of the aspect ratio. In this case, the NuG is fully coherent
with this observation.

Table 2: Table of NuG values

Paramètres Valeur

AR=1:1:1 Ra1e7 22.359

AR=1
2 :1:1/2 Ra1e7 21.313

AR=1
3 :1:1/3 Ra1e7 21.040

AR=1:1:1 Ra5e7 38.476

AR=1
2 :1:

1
2 Ra5e7 35.553

AR=1
4 :1:

1
4 Ra5e7 34.916

5.6 Aspect ratio AR=2:1:2

A simulation modelling a flat pool has also been simulated at the two Rayleigh numbers. It can
eventually give some information of a pool half evaporated. Some major differences have been
observed between the two Rayleigh numbers. First, at Ra = 5 ·107, we observe a similar circulation
as the standard case, of course it is more ”flat” but the structure is the same: a main circulation
along a diagonal joining a top and a bottom impingement and counter rotating vortices on the
diagonals (see Figures 49 and 50). The structure is also very stable, no significant movement has
been observed.
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Figure 49: Main diagonal cut, for the case of Rayleigh = 5 · 107

Figure 50: Orthogonal diagonal cut, for the case of Rayleigh = 5 · 107

For the case of Ra = 107, at the beginning of the simulation, we can see two impingement points
at the top and at the bottom (see figure 51).
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Figure 51: Streamlines seen from above and bottom for Ra= 107

To get some insight of the flow we sliced below, the line between the two impingement points is
an area of upward flow who transversely go the rest of the domain (see figure 52).

Figure 52: Slice at Ra = 107

Halfway through the simulation, the pattern started to move and the impingements joined each
other to create a pattern close to the Ra = 5 · 107 case (see figure 53).
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Figure 53: Sequence of reorientation for Ra = 107

The turbulence statistics are provided, as there is no enough data to really try to find some
conclusions, they are just given as indicative below, we can just remark that thy seems to close to
the observations for aspect ratios obtained by increasing W :

Figure 54: Turbulence statistics for an aspect ratio AR=2:1:2, part 1
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Figure 55: Turbulence statistics for an aspect ratio AR=2:1:2, part 2

5.7 Aspect ratio from AR=1:1:1 to AR=1
4
:1:1

In this section we will breifly give some information on what happens if we decrease W but keeping
L constant, at W divided by (AR=1

2 : 1 : 1) we still observe one big circulation contrary to the
case AR=1

2 :1:
1
2 , but contrary to the standard case the impingement point is not in a corner and

the main circulation pattern in not in a diagonal but mainly in a plane with constant x̂=0.5 W, see
figure 56
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Figure 56: Plots at Ra=5 · 107, the upper left shows the streamlines from above and the bottom
image from below, the image on the right shows a section showing the main flow pattern

By further increasing the aspect ratio we then also observe dual rolls from bottom to left
appearing but we only have 4 in total instead of 8 see figure 57

Figure 57: On the left streamlines at AR=1
4 :1:1, on the right a section along the plane x̂=0.5 W

Like the previous section we add the turbulence statistics for indicative, they seems to be
coherent with the observations done for the aspect ratios AR=1:1:1 - 1

4 :1:
1
4 :
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Figure 58: Turbulence statistics for an aspect ratio AR=1
4 :1:1, part 1
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Figure 59: Turbulence statistics for an aspect ratio AR=1
4 :1:1, part 2
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5.8 Conclusion

This paper has investigated the natural convection of water for a simplified model of a nuclear spent
fuel pools by means of numerical study. Different aspect ratios were analysed in order to visualise
the cell convection pattern structure and to observe the effect of the aspect ratio on some important
turbulence statistics.

As a general remark, increasing the aspect ratio, whether in the horizontal or vertical direction,
leaded to the apparition of more natural convection cells compared to the standard case. Some
reorientation of the flow patterns were detected for some aspect ratios. These deserve longer simu-
lation time investigation using more precise, well placed, numerical probes to visualise graphically
the frequency of reorientation. An increase in the horizontal direction sometimes has an opposite
effect on the turbulence statistics, compared to an increase in the vertical direction, for example for
urms−txz While increasing the width, we have an increase of urms−txz while increasing the height,
however, we have a decrease for example.

The project fits within a broader framework of simulation of loss of cooling accident state of the
art. Some assumptions like the boundaries conditions could have been more complex to get closer
to the reality of a spent fuel pool. Also for instance, we have assumed that level of water stays the
same. In the reality, quick evaporation can occur.

The field of nuclear energy has future, and I am glad to have done some research of which it is
the subject.
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