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Abstract

In [Nesl18], Y. Nesterov suggests a new model for fuzzy clustering by minimizing a strongly
convex potential function. This new technique based on an electoral process has the two main
advantages that under some natural assumptions the problem has a unique fixed point and that
there exist polynomial-time algorithms to solve this problem. The solution can be either found
by an alternating minimization scheme simulating sequential elections or by direct minimization
of the strongly convex potential function. Therefore, the first part of this document is dedicated
to the implementation and the numerical analysis of the different algorithms to solve the new
suggested model.

Nevertheless, the particularity of the new proposed model, referenced in this document under
the name "Simplified Soft Clustering", is to require prior knowledge about the centers of the
clusters. This particularity makes the use of the new technique complicated for unsupervised
learning. The goal of the second part of this document is therefore to compare the new clustering
strategy with other classical machine learning algorithms, aiming to answer the question

For what can we use the simplified soft clustering model ?
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Introduction

Motivation

Cluster analysis or clustering is one of the most classical task in machine learning or data mining.
This task consists of grouping a set of observations into a predefined number of groups (clusters)
such that the elements of a group are more similar to each others than to those in other groups.

Clustering algorithms are useful in numerous applications, we can cite for example data/text
mining, voice mining, image processing or web mining. Consequently, there exist at this moment
hundreds of algorithms to perform clustering.

Nevertheless, most of the current algorithms for cluster analysis try to optimize complicated
non-convex objective functions using some heuristics. The consequence is that they cannot
guarantee convergence to the optimal solution. Indeed, the algorithms can fall into local minima
and therefore the solution found depends on the initialization of the algorithm.

Moreover, some algorithms even have a combinatorial nature. This is for example the case
for the classical k-means algorithm (explained in chapter one of this document) that has been
shown to be NP-hard even for a dataset with only two clusters.

In [Nes18], Y. Nesterov proposed a new model for fuzzy clustering of multidimensional data
by minimizing a strongly convex potential function. This new technique is based on a voting
process. The voters who are represented by fixed opinions choose to vote for a party according
to probabilities related to the distance between their opinions and the positions of the parties.
At the same time, parties can adapt their flexible positions in order to try to attract more voters.
This model is denoted "Simplified Soft Clustering (SSC)" in this document.

This new model has the great benefit that under some natural assumptions, the problem
has a unique fixed point and that there exist some polynomial-time algorithms to solve this
problem. The solution can be found either by an alternating minimization scheme simulating
sequential elections or by direct minimization of the strongly convex potential function. These
two algorithms converge linearly to the solution. In [Nesl8], Y. Nesterov derived worst-case
complexity bounds for the different algorithms but no numerical analysis have been done at this
moment. The first part of this document is therefore dedicated to the implementation and the
numerical analysis of the different algorithms to solve the new suggested model.

Nevertheless, the particularity of the new proposed model is to require prior knowledge about
the centers of the clusters. Indeed, the model make the assumption that the parties have core
values and that they do not want their positions to move too far from these core values. This
particularity makes the use of the new technique complicated for unsupervised learning because
we need a way to determine the core values. The goal of the second part of this document is
therefore to compare the new clustering strategy with other classical machine learning algorithms,
aiming to answer the question

For what can we use the simplified soft clustering model ?



Contents

In the first chapter of this document, we provide existing theoretical background in the fields of
optimization and data mining, especially in cluster analysis. The purpose of this chapter is to
accustom the reader with basic notions and algorithms in these fields.

In the second chapter, we start by explaining in details the new approach for soft clustering
developed by Y. Nesterov in [Nes18]. The reader who is already familiar with this work will be
able to skim over the first section of this chapter. In the next sections of this chapter, we give
practical informations about the mathematical tools we developed for the implementation of the
algorithms solving the simplified soft clustering model. First, we give information to implement
the alternating minimization scheme that imitates the sequential elections and then to implement
direct minimization algorithms (standard and accelerated gradient methods), hoping to get a
better convergence than for the alternating minimization.

In the third chapter, we analyze numerically the behavior of the different algorithms to solve
the simplified soft clustering model. First, we discuss theoretically the effect of the different
parameters involved in the model on the results found and then we conduct a numerical analysis
in order to refine the hypothesis. To achieve this task we define some clustering validity indices
existing in the literature. At the end of this chapter, we provide a numerical comparison of the
different algorithms used to solve the simplified soft clustering model.

In the fourth chapter, we intend to benchmark the results found by solving the new model
with the results of the most known algorithm in soft clustering, the fuzzy C-means algorithm.
In order to perform this task, we use artificially generated core values, considering that these
core values are provided by a human intervention. Moreover, we define some existing external
validity measures in order to be able to assess the results of the cluster analysis in presence of
ground-truth information about the data.

In the fifth chapter, we aim to consider the new model, no longer as a clustering approach
but as a classification technique. Indeed, the use of the simplified soft clustering model requires
some preliminary knowledge about the centers of the clusters. In the previous chapter this prior
information was assumed to be given by an external source of information, for example, a human
intervention. This is no more the case in this chapter, the core values of the parties are now
computed from the labeled observations of semi-supervised learning problems. In this chapter,
we first explain how works the existing LS-SVM algorithm before doing a comparison between
results provided by this algorithm and by solving the simplified soft clustering model.

In the sixth and last chapter of this document, we open new perspectives for the use of
the simplified soft clustering model to perform semi-supervised learning. We first explain the
extension of the initial simplified soft clustering problem as proposed in [DFHN18] and then we
compare this new model with the initial simplified soft clustering model. The purpose of this
comparison is to highlight the cases in which the extended model is performing better than the
original model.



Chapter 1

Theoretical background

1.1 Optimization

Optimization problems are present in a plethora of various fields. Indeed, in numerous applications,
people want to find the best solution to their questions. One of the field of application is machine
learning and especially clustering. Indeed, the formulation of clustering problems almost always
takes the form of an optimization problem. Therefore, we start this chapter by recalling some
basic results in optimization theory. For further developments, the reader can refer to either
[Nes04] or [BV04].

First of all, let us recall the general form of an optimization problem. We want to find an
n-dimensional vector z = (z1,...,2,) € R that minimizes a real-valued function fo(z) (the
objective function) over the feasible set

Q:{x€S|f](x)§0,]:1,,m}

where fi(z),..., fm(z) are real-valued functions of x and S is a subset of R".
We usually write an optimization problem under the form

min  fo(z)
s.t. fi(x) <0, j=1....m (1.1)
xeds.

This optimization problem is said to be unconstrained if Q = R"™ and is said to be smooth if
fi(x),7 =0,...,m are all differentiable. Moreover, we call z* the optimal global solution of (1.1)
if f(z*) < f(z),Vr € Q.

Before presenting the type of optimization problems that will interest us in the next chapters
of this document and the method to solve them, we first define some classes of function.

1.1.1 Classes of functions

A function f is said to be Lipschitz continuous on @ € R™ with Lipschitz constant L if for any
x,y € Q, we have

[f (@) = f(y)l < Lllz —yl].

Then, a continuously differentiable function f is said to be convex on @ C R" if for any
x,y € @, we have

fy) = f@) + (f'(z),y — ).
We write f € F1(Q).



Finally, a continuously differentiable function f is said to be strongly convex on ) C R™ with
parameter u if there exists a constant u > 0 such that for any z,y € Q), we have

) = F@) + (f(2),y = ) + Sy — ll3.

We write f € S}L(Q).
If a function f is k times continuously differentiable on () C R™ and that the pth derivative
of f is Lispchitz continuous on () with constant L

IfP (@) = [Pl < Lz —yll,  VayeQ

we write f € C’g’p (Q). If moreover f is convex on @, we write f € ff’p (Q). If finally f is also
strongly convex on () with parameter u, we write f € Sﬁ’ﬁ(@).

1.1.2 Gradient method

We are now going to explain the method used to solve unconstrained optimization problems.
The extension to simple feasible sets will be explained in chapter 2. We are therefore interested
in solving

min f(z) (1.2)

zeR?
The type of problems which interests us in this document are convex optimization problems.
This means that either f € fi’l(R") or f € S}L:lL(]R”).
From [Nes04], we know that the unique optimal global solution z* of problem (1.2) (with
fe fi’l(R”)) can be found by using the gradient descent algorithm

Algorithm 1: General unconstrained gradient descent
1 g € R

2 for j > 0 do

3 | i = —hiVf(zg);

4 if [[Vf(xj)]|2 < é then
5 ‘ Stop

6 end

7 end

where V f(z) is the gradient of f at x and corresponds to the opposite direction of the locally
steepest descent of function f. h; is called the step size and ||V f(z;)||2 < € corresponds to a
natural stopping criterion, requiring that the 2-norm of the gradient of f at x is smaller than
a tolerance value ¢ (we know from [Nes04] that if f € F!(R") and Vf(x*) = 0 then z* is the
global minimum of f on R™).

If fe fi’l(R"), the above method is shown in [Nes04] to generate for a constant gradient
step hy = h = 1 a sequence of iterates {z)} such that

2L||xo —:c*H2
k+4

It therefore converges linearly to the global optimum of function f.
If f e SPILJL (R™), the above method is shown in [Nes04] to generate for a constant gradient

flzg) = fF <

step hy = h = “J%L a sequence of iterates {zj} such that
2k
* L Qf —1 *(12
_ < =z _
Flew) — 1< L (Qf . 1) 7o -]

where Q5 = L/ is called the condition number of the function f. It therefore also converges
linearly to the global optimum of function f.




1.2 Clustering

As explained in the introduction of this document, one of the most classical task in machine
learning or data mining is the task of clustering. This section presents the difference between
hard and soft clustering with an introduction to fuzzy sets. It describes the most well known
algorithms to perform both hard and soft clustering.

1.2.1 Hard clustering

The traditional type of clustering found in the literature is called hard-clustering. This type of
clustering consider crisp sets. This means that the observations belong to exactly one cluster.

The most best known algorithm for hard-clustering is the k-means algorithm. It consists
in partitioning a set of observations v; € R™, 4 = 1...N into K sets § = {S1,...,5k} by
minimizing the total variance of the partition :

K
Var(8) =Y > flvi — alls

k=1i€S}
where ¢, is the center of cluster k£ defined as the mean of points in Sy
1
Ck — 7+ V;.
|Sk| Z v

1€SK

The standard algorithm performing k-means clustering is an iterative algorithm and can be
described as follows :

Algorithm 2: K-means algorithm

Select the desired number of clusters K ;

Initialize the algorithm with a set of estimated centers ¢x, k=1... K ;

repeat
Assign each observation v;,4 = 1... N to the cluster whose center is the closest to it ;
Compute the new centers of the clusters ¢,k =1... K ;

S Uk W =

until No more centers move;

Note that this algorithm does not guarantee to converge towards the optimal solution.

1.2.2 Soft (fuzzy) clustering

One of the main drawback of hard clustering is the combinatorial nature of the solved problem.
Indeed, the k-means algorithm presented in the previous subsection was shown to be NP-hard
even when K=2.

This had led to the proposition of using fuzzy sets instead of crisp partitions. In this context,
the centers of the clusters C = (ci,...,cx) € R™* are now variables.

In order to understand how fuzzy clustering works, we have first to define what is a fuzzy set.

Fuzzy sets The theory of fuzzy sets was first developed by Lofti Zadeh in 1965 (see [Zad65]).
The motivation of this work was to be able to model the human thinking and its conception
of imprecisely defined classes.
The formal definition is given in [Zad65] by

Definition 1 Let X be a space of points (objects), with a generic element of X denoted by x.
Thus, X = x. A fuzzy set (class) A in X is characterized by a membership (characteristic)
function fa(x) which associates with each point in X a real number in the interval [0, 1],



with the value of fa(x) at x representing the "grade of membership" of x in A.

In the context of soft clustering, this means that an observation v; is no more attributed to
(k)

only one cluster but that it is member of cluster £ with a membership value of p,”’. The higher
is this membership value, the higher is the probability that observation ¢ belongs to cluster k.

In the classical problem, named fuzzy C-means , the new minimized function is defined as
follows

K
k
Var (C) = 33 7M(C) v — ex13
k=11=1

K 21~
> [lvi — ckll2
j=1 Hvl _CjHQ
The standard algorithm used to perform fuzzy C-means is really similar to the one for k-means
clustering and can be summarize as follows

Algorithm 3: Fuzzy C-means algorithm (FCM)

where

1 Select the desired number of clusters K ;

2 Initialize the algorithm with a set of estimated partition pgk) ;

3 repeat

4 Compute the new centers of the clusters ¢y, k=1... K ;

5 Compute for each observation v;,¢ = 1... N its membership pl(-k) to each cluster ;
6 until No more centers move;

where
'f\;l (ng)) ? V;

AT

For more information about fuzzy clustering, the reader can refer to [Bab98] or to [GK13] for
an extensive comparison of k-means and fuzzy C-means algorithms.

Cl =



Chapter 2

Soft clustering by convex electoral
model

2.1 The Nesterov’s approach

In the first section of this chapter, we start by describing the new model proposed by Nesterov
in [Nes18]. The approach of Nesterov is based on a convex voting model.

In this model, we assume that there are N independent voters (the features) and K political
parties (the clusters). Each voter i is described by an opinion vector v; € V C R™, i =1,..., N.
These opinion vectors are assumed to be fixed during the whole election process and can be
unified in a matrix

V= (v1,...,ux) € RN,

At the same time, the K political parties have flexible positions z € V, k =1,..., K. These
positions can be adjusted by the parties after each round of elections in order to better fit the
opinions of the voters. These positions can be unified in a matrix

X = (x1,...,2x) € R™*K,

Moreover we assume that the voting results are random. This means that a voter ¢ decides

to vote for a party k with a probability pgk). We can put these probabilities in a vector

pi =, )T € Ak
where A is the standard simplex defined by
K
Ax = {q— e U € RE 0 < g < Lk 1, K3 g = 1}.
k=1
All these vectors can be unified in a matrix (the voting matrix)
P = (pl,. . .,pN) € A%

This matrix is unknown at the beginning of the electoral process but it will be computed as the
result of an iterative electoral process.

Initially, we assume that voter i selects party k with a probability following a Logit model.
That is

0y exp(=p(vi, x1) /1)
D; (X) Zszl exp(—ﬂ(vivxj)/'u’)



where p is the volatility of the opinions of the voters and p(v;, xx) > 0 is a distance function
measuring the closeness between the opinion v; € V of voter ¢ and the position xp € V of party k.
The function p(v;,-) is assumed through all this document to be convex for a fixed opinion v;.

The probabilities pgk) (X)) can be put in a vector

pi(X) = (M (X), P (X))T

and these vectors can be unified in the following voting matrix

Py(X) = (p1(X),...,pn(X)).

Moreover it is shown in [Nesl18] that p;(X) can be interpreted as the solution of the following
optimization problem

min {{gi(«), p) + un(p)}

where

K
Z lnp pE R}g
k=1

and g;(X) = (p(vi,21),--+, p(vi,xx))T. The function n(-) is shown in [Nes18] to be strongly

convex on the standard simplex Ak in [;-norm with convexity parameter one.

This previous development showed the behavior of the voters. We now have to explain the
attitude of the political parties between each round of elections. Intuitively they want to attract
the maximal number of voters but at the same time they don’t want to go too far from some
core values ¢ € V, k=1,..., K. These vectors are assumed to be known and fixed during the
whole election process and can be unified in a matrix

C = (cl,...,ck) ERmXK.

Consequently, we define another distance function d(ck, zx) > 0 that measures the closeness
of the current position xj of party k with its core values ¢,. The function d(cy, ) is assumed to
be strongly convex with parameter one for a fixed cy.

Moreover, we assume that party k updates his current position x; € V by minimizing the
following function

V(P zg) sz (vi, Tx) + d(%xk)

for a given voting matrix P = (p1,...,pn) € AX. The parameter 7 > 0 is a group tolerance
parameter. This function can be interpreted as the expected distance between the opinions of
all voters v;,4 = 1,..., N and the position x; of party k increased by the distance between the
core values ¢ of party k and its current position x;. For a fixed voting matrix P, the function
Y(P,-) is strongly convex and therefore it has a unique minimum z3(P) € V. We can unify these
vectors in a matrix

Xi(P) = (z1(P),...,xx(P)).

We are now ready to suggest an alternating minimization scheme for the electoral process
described above :

Set Xo =C.
Repeat: Pt+1 = P*(Xt), Xt+1 = X*(Pt-i—l)) t> 0.



This alternating algorithm is easy to interpret. First the voters announce their probabilities
P,1 to vote for each party according to the positions of the parties X; and then the parties
update their positions X;11 according to the preferences of the voters Piyq.

This alternating minimization scheme is called stable if it converges to a unique limiting
solution independently of the starting position Xy (note that it does not mean that the solution
is independent of the core values of the parties C' € R™*K),

It is shown in [Nes18] that the electoral process described above can be seen as the alternating
minimization of the following bivariate potential :

B(X, P) = 1 (X) + (G1(X), P)s, + uh(P)

on the space Q = {Z = (X, P)|X € VK, P ¢ AX} where

K N
F(X) =3 deg,z),  h(P)=)_nlpi),  Gi(X)=(q1(X),...,gn(X))
k=1

i=1

and Eo = REXN,
This electoral system is shown in section 4 of [Nes18] to be stable under the condition

7

T

N <

or if we introduce the individual tolerance parameter
T=1N

we can slightly modify the minimized objective by dividing it by N

A

1 1 o
(X, P)=—-f(X)+ — X), P —h(P
(X, P) = 2 f(X) + (G1(X), P, + S h(P)
and then the stability condition becomes
T < p.

This means that the individual tolerance of parties must be smaller than the volatility of the
voters. This assumption seems coherent since it means that the positions of the parties have to
change slower than the opinions of the voters.

We still have to determine which distance functions p(v,x) and d(c, x) we are going to use in
our model. The standard choice

1 1
plv,2) = Sllv=zl3,  dle,2) = glle -3

can not be used because it will results in non convexity of the potential ®(X, P) and therefore in
presence of local minima. Instead of that, we will change p(v, ) by using a smoothed Euclidean
norm :

2

1
,02('0737) = 52+||U_$|27 d(C,iU) :iHC_:EH%

where § > 0 is the smoothing parameter. Function ps(v,-) has Lipschitz continuous gradient
with constant %.

Nevertheless, section 5 of [Nesl8] shows that the computational cost of this alternating
minimization scheme is still quite heavy. This issue could be improved by using direct minimization
methods to solve our problem (for example a gradient descent). However, our current objective
function is not simple because the function A(-) has unbounded derivatives at the feasible set.



Therefore, we finally propose a new model where we replace previous function h(-) by a squared
Fuclidean norm.
The final model is called Simplified Soft Clustering (SSC) and can be summarized as follows

%%@ﬂKP)XeVKPEA },  with

. p (2.1)
Do(X, P) = - f(X) + <G1( ); P)E, + —=h(P)
T N
where
1 & 1 L
= 52”»%—%\\3, h(P) = 52\\%\@ and  G1(X) "D = po(v;, ).
k=1 =1

This potential has three parameters 7, d and p that we assume to satisfy
0<7<d<p.

Under these conditions, the potential @4 is shown in [Nesl8] to be a strongly convex function
with convexity parameter & = 1 with respect to the following norm :

1 1 w—29
2 2 2
121 = (5 - 5 ) WIE, + “ 1,
where
K
U1, = w3 end  HIZ, = Z a3
k=1

for a direction Z = (U, H) € E = By x Ey = R™M*K x REXN,
Moreover ®5 has a Lipschitz continuous gradient with constant

{54—2? u—i—é}
Lo = max .

§—7"pu—20

We write that ®, € 811:]{2 and therefore the condition number of function ®9 is ko = Lo (see
section 2.1.3 of [Nes04]). In order to reduce this condition number k2 and therefore the theoretical
complexity of the gradient method apply to function ®2, we introduce parameter v € (0,1) and
set

29

33—~

0= and T = (2.2)

We are now ready to implement the minimization of ®o(X, P) onset Q = {Z = (X, P)|X €
VE pe AJI\([} We will explore two possible approaches. Firstly, we use an alternating minimiza-
tion scheme as the development of the simplified soft clustering model suggests. Then, we use a
direct gradient descent as it is suggested in section 6 of [Nes18]. The two next sections describe
these two approaches.

2.2 Implementation of the alternating minimization algorithm

We are now going to develop the required tools for the implementation of the algorithm to solve
the simplified soft clustering problem. In this section we use an alternating minimization scheme
as defined in section 2 of [Nes18].

10



We want to solve problem (2.1) by using the following alternating scheme :

Set xX’=c.
Repeat: t > 0. P! =arg min ®y(X", P)
pPenll
X" = arg min ®y(X, PH).
XeVk

An electoral round consists therefore of two steps.
First, we want to compute the probabilities p(k),i =1,...,N,k = 1,..., K that voter ¢

[

decides to vote for party k. We therefore need to minimize the potential ®o(X?,-) :

; 1 t H
Jmin {N<G1 (X1), P), + Nh(P)} .

This problem can be decomposed by solving for each element ¢ = 1,..., N the problem

, [
min {5 + Sl

By completing the square, we can rewrite the objective function of the above problem as

1 2

H t 2 t
2= ot 5 Jd)
and therefore we can simply compute p;, i = 1,..., N by doing the Euclidean projection of the

point

_ 1 .
pl-:—;gi(Xt) 1=1,...,N

onto the standard simplex Ag. Algorithm 5 shows how this projection is performed in practice.
Then, we want to compute the new positions xx € V C R™, k =1, ..., K of the parties. We
therefore need to minimize the potential ®5(-, Pt*1) :

iy {2700 + (G0, P, |

This problem can be decomposed by solving for each element £k = 1,..., K the problem

N
R 1 1
. 1 2 k 1
min {wk(m,PH )= gl -l + 5 L) Vo + i - mkn%} .
Since we have that the domain of z, is V = R™ and we know from [Nes18] that (-, P't1) €

S ;};(Rm), we can compute x by using the gradient descent algorithm for the minimization of

the function Qﬁk(, P! The gradient of this function with respect to x, is given by

1 (k)\t+1 (T — v;)
(zr — c) + N > () 5
P Vo2 ok — vill3

kaﬁk(xb PH_I) =

| =

We have from [Nes04], that the optimal gradient step size for a function f € S;IL(Rm) is
given by

2

h= .
o+ L

11



and that it

Pl

In our case, we remind that the convexity parameter of function TZJk(, Pl is 6 =

has a Lipschitz continuous gradient with constant L = (% + %)

Then, we need to compute the stopping criterion for our gradient method. The classical
criterion is to stop the algorithm when the gradient of the function is close to zero (i.e. smaller
than a tolerance parameter é3). In our case, this gives us

IV (r, P |2 < &a.

We therefore have all the elements to compute one iteration of the alternating minimization
algorithm.

Finally, we still need to compute a stopping criterion for the whole algorithm. This stopping
criterion is the same than for the direct minimization scheme and will be explain in details
in the next section (because it requires some tools that will be developed in next section).
It consists to say that the norm of a new object, the gradient mapping go(Z, L2) of ®2 on
Q={Z=(X,P)|X € VE P e A¥} is smaller than é.

Putting the above elements together, we can write the following algorithm

Algorithm 4: Alternating minimization for the simplified soft clustering problem

1 XY =C;

2 for j > 0 do

3 fori=1,...,N do

o || T = PagSa(X0);

5 end

6 for k=1,..., K do

7 AR

8 while ||V, (™, Pit1)||y > & do
o | || At S A b, P
10 end

11 end
12 if HgQ(Zj+17L2)HIE < € then
13 ‘ Stop
14 end
15 end

where P, corresponds to the Euclidean projection onto the standard simplex Ag. This can
be done efficiently in O(K In K) operations (see [CY11] for details) with the following algorithm

Algorithm 5: Projection onto the standard simplex Ag

1 y € RE,

2 sort(y);
31=K—1;

4 fori>1do

s | g St
6 if t;, > Yi then
7 ‘ return z = (y — t;)+;
8 end

9 11— 1;

10 end

11 t= L;{:}(w—l;

12 return z = (y — ) 4;

12



2.3 Implementation of the direct minimization algorithm

In this new section, we now give the practical information for the implementation of the direct
minimization algorithm for simplified soft clustering as defined in [Nes18]. We first start by using
the usual gradient method and then we modify the minimization scheme in order to use the fast
gradient method.

2.3.1 Gradient method

In this approach, we want to solve problem (2.1) using the gradient method. However, since
we have a constrained problem, we cannot use the standard gradient for the gradient descent
since the iterate could be infeasible. Instead, we will use another object that keeps the two main
properties of the gradient of a function f € fi’l(R”) :

1

flo - 2F@) < @) = eI F @)

/ o < Ly
(fl@),z—2%) = +f ().

This object is defined in [Nes04] as follows

Definition 2 Let us fix some ¢ > 0. Denote

_ . _ = S =
rq@,¢) = argmin [£3) + (£/(@).x~) + S o — 37
gQ(:fa () = C(i - l‘Q(i’,C))

We call xg(z, () the gradient mapping of f on Q.

and the associate gradient descent is therefore

Algorithm 6: General constrained gradient descent
1z € Q;

2 for j > 0 do

3 | zjt1 =z — hgqg(z;, L)

4 if ||go(zj,L)|| < € then
5 ‘ Stop

6 end

7 end

From [Nes04], we know that this algorithm converge linearly to the solution if f € 8;1L(R”)
and h = % In this case the iteration is simply

zj41 = zj — hgg(zj, L)

1
=z — ZL(%‘ —xq(zj, L))

=xg(xj,L).

Now, let us apply the gradient mapping to the function ®5. We want to compute the gradient
step. In [Nes18], we had seen that @ € S;}: for a direction Z = (U, H) € E = E; x Ey according
to the following norm

1Z|§ = allUIE, + BIH|E,
where a = (% — %) and 8 = £=9  The associated inner product is therefore

e
N
<Zv Z/>E = a(U, U/>E1 + /6<H7 H/>E2

13



with Z/ = (U, H').

The last preparation step is to compute the gradient of function ®o according to the above
norm. To do that, let us compute the first order approximation of ®3(Z) about Z = (U, H)
using the classical inner product. We have

Dy(Z) = ©9(Z) + (VOo(2),(Z — Z)) + 0(Z?)

where V®,(Z) is the matrix of partial derivatives.
We can decompose the linear term as follows

<V(I>2(Z)7 (Z - Z)> - <8U@2(Uaﬁ)’U - U>E1 + <8H(I)2([7ﬂ FI)? (H - H)>E2

or equivalently

(VO2(2),(Z - 2)) = « <W, U - U> + B <<91¢{>2;(7,FI)’H — H>
E, Eo
_ <<aU<1>2(ﬁ,H)7 8H<I>2(U,H)> T H- PI)>
« I3 -
and therefore we have
V®y(Z) = (8[]@;(2) : 8Hq); &) )

where Jy®s is the partial derivative of @5 in the direction of U and 0y P, is the partial derivative
of ®5 in the direction of H.
We now have all the elements to apply the gradient mapping to the fonction ®,. We get

9(Z,¢) =((Z — Zo(Z,¢))
Za(7,¢) = argyin [2(2) + (V02(2),2 - Z)s + 512 - ZIR

where Z = (X, P) and Q = {Z = (X, P)|X € VK, P e A},
We thus have to minimize the the following function

1(2) = (V&2(2), 2~ Z)s + 517 - 21}

which can be split into two parts

where
9(X) = (Vxs(2). X ~ X}z, + 51X — X3,
M(P) = (Vp@2(2). P~ P, + SI1P - P,

We can therefore decompose our problem into two subproblems :

i, [(Vx22(2), X - X)e, + 51X - X, (2.3)
XeVk 2
win, | (V@2(2). P~ P)e, + 5P - PI3, (2.4)
Penll 2

14



and solve them separately.
At first, we can rewrite subproblem (2.3) as follows

min [(VX%(X,P%X - X)g, + %HX — XH%&}

Xevk
K o C K
= min Vo, ®o(X, P), zp — Zp)mm + > zr — 5|2
Jnin Lgf 2, P2(X, P), 21 — Tp)w 2;:2::1” : k||2]

So for each element k, 1 < k < K, we have to compute

min [<ka,q)2(X, P),xk — :L‘_k>Rm + g”xk — .CU_kH%:|

L€V

whose solution (using first order conditions) is given by

— _ 1 _
:L'k(X,P,C):fk—gvmk(pg(X,P):fk—afgaxkq)g(X,P)

with

S 1 1 Y (k) (g — v;)
O, P2(X, P) = < (1 — ~ ; :
" 2( ) T(-Tk Ck)+N;pz \/(52—|—H$k—’0i”2

Then, we can rewrite subproblem (2.4) as follows

i, [(Vp®,(X, P), P - Ple, + SIP - IR,
Peal 2

N N
. o _ ¢ 2
= Vo, ®o(X, P),p; — pi)rm + =  — Dilla ]| -
i, | S0 P) = e + 53 i~ il
So that for each element 7, 1 <7 < N, we need to solve
. T T
min |(Vp,®2(X, P),pi — pi)rx + 2 llpi — pill3] -
Pi€EAK 2

By completing the square, we can rewrite the objective function in the latter problem as follows :

1 o
¢ pi_ﬁi—i_zvpi@Q(X?P)

2
5 —

1
x|
and therefore the solution of this problem is the Euclidean projection of the point

1
S

a2

1

C 8pz(b2(X7P)

pi(X,P,¢) = pi — =V, (X, P) = p;

on the standard simplex A g where

o 1 _
Oy, @a(X, P) = Lopi + - 9:(X).

Finally we have to compute the stopping criterion of our algorithm. The general constrained
gradient descent has the following stopping criterion

lgo(z;, L) <e.
Applying this to our gradient mapping gives us

IL2(Z — Zo(Z, L2)) e < €

15



which can be rewrite equivalently

\/aIILz(X — XQ(Z,Lo))z, + BIL2(P — Po(Z, La))l|e, < &

We now have everything we need to write the algorithm. We just remind from [Nes18| that
the Lipschitz constant of ®4 is given by

{(54—2?’ ,u—i—é}
Lo = max .

d—7 " pu—296

In the end, we have the following algorithm

Algorithm 7: Direct minimization for the simplified soft clustering problem

1 X0 e VE pPOe AN

2 for 7 > 0do

s | 017 = Paglpl — 5100220, P));
4 x£+1:%i—ﬁ?xk@2(Xj’Pj);

5 | if |Lo(Z — Zo(Z, Ly))| < ¢ then
6 ‘ Stop

7 end

8 end

where Pp . corresponds to the Euclidean projection onto the standard simplex Ag.

Note that, in this algorithm we do not give any information about the choice of X° and
P°. The standard choice for the initial positions of the parties is to take X? = C as for the
alternating minimization scheme. For the probabilities, since we have no initial information, we
could simply take PY as the uniform distribution over all the clusters. Another possibility would
be to define the initial probabilities as the projection onto the standard simplex of the distances
between the opinions of the voters and the core values of the parties

pi = Pa[9i(C)], i=1,...,N

It is this second option that we will use in practice.

2.3.2 Optimal method

In this second subsection, we go one step further by using the accelerated (fast) gradient method
for the simplified soft clustering algorithm. Using the fast gradient method permits to improve
the theoretical complexity bounds of the algorithm by allowing the sequence of iterates not to be
a relaxation sequence

f(@re1) < f(ap).

The constant scheme is defined in [Nes04] as follows :

Algorithm 8: General accelerated constrained gradient descent

1 20 €Q, ap €(0,1);

2 Set yo = x9, ¢ = 6/L

3 for j > 0 do

4 Compute f(y;) and f'(y;).

5 | Set xjp1 =y; — hgqo(y;, L)

6 Compute a1 € (0,1) from the equation O‘?H =(1- ozj+1)oz? + qoj+q and set
7 Bj = 72%&313, Yir1 = Tj+1 + Bj(zj41 — )
8 if |lgo(zj, L)|| < € then

9 ‘ Stop

10 end

11 end
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This scheme corresponds to the same type of problems that the simplified soft clustering and
we have already all the tools to use it. Therefore, we can directly apply it to the simplified soft
clustering problem. It gives us

Algorithm 9: Accelerated direct minimization for the simplified soft clustering problem
1 X0 e VE PO c AN ape(0,1);

2 Set YO = X0, Q0= PO, g=6/L
3 for j > 0do
a | Set pl™ = Pala] — 5505 P2(Y7, Q7));
5 mi}-‘rl = yi - %[1282?1@@2(}/]7 Qj)a
6 Compute a1 € (0,1) from the equation a§+1 =(1- aj+1)04§ + gajq1 and set
7| = z%(i;]a:1)7 Yt = XUt 4 g (X9+L — XT),  Qitl = pitl 4 g;(Pitl — pi)
if | Lo(Z — Zo(Z, L2))|lz < € then
‘ Stop
10 end
11 end
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Chapter 3

Testing the algorithms

In this third chapter, we are now going to test and compare the three (alternating, direct and
accelerated direct) algorithms to solve the simplified soft clustering problem. First, we will
discuss the influence of the parameters v and p on the solution of the problem. Then, we will
evaluate the importance of the parameter € in the stopping criterion. Finally, we will compare
the three implementations and see which one is the best to use in practice.

In this chapter, we do not care about how the core values of the parties are computed,
this will be discussed in the following chapters. Indeed, in this chapter we only care about
the influence of the parameters and the empirical convergence of the algorithms. Nevertheless,
since the initialization of the model requires to know the fixed core values of the parties ¢ € V,
k=1,..., K, we will assume through the whole chapter that we are in an ideal and hypothetical
situation in which we know the true centers of the clusters of the datasets used in this chapter
and therefore that we can use them as core values. Moreover we assume that we know the
optimal number of clusters for each dataset.

3.1 Influence of parameters v and u

We start this chapter by first analyzing theoretically and then numerically the influence of the
parameters p and «y on the results of the simplified soft clustering problem. For this part, since we
have not already compared the three algorithm to solve of the simplified soft clustering problem,
we use the standard direct scheme as default.

3.1.1 Theoretical discussion

Recall that we are minimizing the following function

(X, P) = ;_23 (X) + 3(G1(X), P)e, + 2n(P).

In order to remove p from the multiplying factor of f(X), we can multiply our function ®9
by p. We get

— 2
S () + (G (X), Pls, + Sh(P).

/Lq)Q(X?P) =

A natural assumption in order to determine the parameter v would be to reduce the influence
of f(X), which is the sum of the distances between the current positions of the parties and their
core values, in the evaluation of function ®,. Indeed, we do not want the new positions of the
parties (or equivalently the centers of the clusters) to be too constrained by the core values of
the parties. Therefore, we would like to make ?;T;Y as small as possible. Since this function is
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decreasing in 7 on the interval (0, 1), this results in taking v as close as possible to 1. Therefore
we get

hm udqe(X, P)

K 2 N
> llon = el + 37 5SS sV + o alB + I
1 i=1

k’lzl

l\D\H

Now, let us analyze the influence of parameter . We would like to know what are the
dimensions of 4 and how function @, is affected by modifying p. For that, let us see what is the
influence on function ®5 to multiply the core values of the parties, the positions of the parties
and the opinions of the voters by a scale factor v, that is

T v, ¢ e, v VU
we get
K m N
2(X, P) Zka—CkHer*ZZPz +Hvz $k||§+ﬁZHPz‘||§-
= k 1:=1 =1

We can notice that if we also multiply p by v (u+— vu), we get

vz g — exl3 + = Z Zpl W + o — el + v Z Ipill3

k 1i=1

Dy(X, P

and so the influence on the function ®- is to multiply it by the factor v :
Oy (X, P) — vPy(X, P).

Therefore the dimensions of u, x, ¢ and v must be identical

Now that we know the required dimensions of u, let us see how big it is better to take pu.
Using, the previous results on the parameter v, we can rewrite

K

lim p®a(X, P) =3 {QII:vk —erll3 + 5 D W2 + o — a3 + v 2 (m?) b
i=1 =1

k=1

We can now clearly see that p has a double role in the equation. First, and this is not
surprising, p has an effect on the accuracy of the norm approximation. Indeed, when p is smaller,

u2 + ||lv; — k|3 is closer to ||v; — k|2

1 1
But on the other hand, when p is bigger, N Al ,upz(k) <\/u2 + |lvi — zgl13 + 2up§k)> has

proportionally more influence on function ®3 than ||z — cxl|3.
If we consider the extreme cases when u tends to zero or u tends to infinity, we have the
following behaviors. In the first case we have

limp®s(X, P) Z 2k — cxll3

and therefore the solution of this problem is to take zp = ¢, k=1,..., K.
In the second case, we get

lim  pudy(X, P) i i g: (,upZ )

1
T LETeo 2N o
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and therefore the probabilities tend to the uniform distribution.

This shows clearly how hard it is to evaluate the optimal order of magnitude for the parameter
. We will therefore analyze numerically the influence of 1 on the results of the simplified soft
clustering problem. Our approach will consist in defining p in terms of the distances between
the observations :

pe | min v —vjlla, | max o — v

3.1.2 Cluster validity

Before presenting the results of the analysis, one may know how to validate the results of an
algorithm. Indeed, it is important to be able to quantify the solution found by an algorithm. It is
why we are going to define some indicators in this section (see for example [BAF14] or [Bez81]).

In absence of ground-truth information about our data, classical external validity measures
used in supervised learning cannot be used. Typically in clustering we do not have access to this
type of information. It is why, one of the hardest task in unsupervised learning and therefore in
clustering, is to validate the results of an algorithm.

Nevertheless, we can still use some indicators showing if the elements of a group are more
similar to each others than to those of other groups.

Cluster validity is an essential procedure that is performed for example to determine the
optimal number of clusters, to compare several clustering algorithms or to determine the optimal
parameters of an algorithm.

We have two types of internal validity measures, the indicators for fuzzy partitions and the
indicators for crisp partitions.

Internal validity measures for fuzzy clustering

This paragraph presents four validity measures that are used to assess the results of fuzzy
clustering algorithms.

The two first classical cluster validity indices measures the fuzziness of the clusters. The first
one is the Partition Coefficient (PC), it is defined as follows

A high partition coefficient (close to one) means that there is a low overlapping between the
clusters while a partition coefficient that tends to % means a high overlapping between the
clusters.

The second coefficient is the Classification Entropy (CE), it is defined as follows

:_722191 log,(p )

k=11i=1
(k)

where p( )logQ( (k)) = 0 whenever p;”’ = 0. A low classification entropy means that the clusters
are well separated. On the contrary, a high classification entropy means that the memberships in
the clusters tends to the uniform distribution.

Another approach in cluster validity is to require the elements of a cluster to be strongly
related and the clusters to be well separated. For that, we define the Partition Index (SC) which
is a ratio between the within cluster sum of squares (the compactness of the clusters) and the
between cluster sum of squares (the separation of the clusters). It is defined as follows

Z die 1 Pz ||Uz*$k||§

o NeXic 1Hx] 13
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where Ny, is the number of elements in cluster k defined as Nj, = YV, pgk).

Another coefficient is the Xie and Beni’s Index (XB) which consists of a small modification
of the Partition Index where we use a minimum-distance separation :

k
S S )2 los — a3

XB = : ;
Nming . [|lz; — 23

Since we want the compactness of the clusters (numerator) to be as small as possible and the
separation of the clusters (denominator) to be as big as possible, we have that for both coefficients,
the smaller they are, the better is the partition.

Internal validity measures for hard clustering

Moreover, the results of a soft clustering algorithm could also be analyzed if they were provided
by a hard clustering algorithm. This means that in this case, we are no more interested in
the probabilities of each observation to belong to each cluster but only to which cluster an
observation has the most probability to belong to. We can therefore convert the results of our
fuzzy algorithm to hard clustering results. In this context, we also defined some internal validity
measure. We present two of them.

The first measure is the Davies-Bouldin Index (DB). It can be computed using the following
formula :

1 & S(xy) + S(x)

DB = — max
K kzz:l l#k H:L’k — leQ

1
where S(x;) = — > v; — o|l2 is the mean of all the distances between the elements of
N RS

cluster k and its center xp and N is the number of elements in cluster k. The best algorithm
corresponds to the lowest Davies-Bouldin index. Indeed, we want to minimize the intra-cluster
distances and maximize the inter-cluster distances.

The second measure is the Dunn Index (D). There exist several versions of this index. One
of them is defined as follows :

min1§k<l§K ka - leQ

D—
Max1| <k<f MaXy, v, e85, ||V — vjll2

As for the Davies-Bouldin index, we are looking for low intra-cluster distances and high inter-
cluster distances. In this case we want therefore to maximize the Dunn index.
3.1.3 Numerical analysis

We are now going to present the results of the analysis applied to five different two-dimensional
datasets. These datasets comes from the KEEL dataset repository [AFFL*11] and are summarized
in table 3.1.

Name #Observations | #Features
Bupa 345 6
Haberman 306 3
Heart 270 13
Tonosphere 351 33
Pima 768 8

Table 3.1: KEEL Datasets
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For this section we set the values é = 1076 and v = 0.99. Moreover, as explained in the
introduction of this chapter, we assume that we are in a flawless situation where we know the
real centers of the clusters and that therefore we can use them as core values.

Figures 3.1 to 3.5 show the different internal validity measures applied on the results of our
model for the five mentioned datasets depending on p.

1 35 9
—PC —S8C —DbB
—CE —XB —D
08 [— 30 Optimal 1 8 Optimal
—Heuristic x —Heuristic
25 7
0.6
20 6
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15 5
0.2
10 \// 4

0 . 5 : 3 ' '
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(a) PC and CE (b) SC and XB (¢c) DB and D

Figure 3.1: Internal validity measures for the Bupa dataset
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Figure 3.2: Internal validity measures for the Haberman dataset
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Figure 3.3: Internal validity measures for the Heart dataset
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Figure 3.4: Internal validity measures for the Ionosphere dataset
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Figure 3.5: Internal validity measures for the Pima dataset

First of all, we clearly see that the partition coefficient and the coefficient entropy have a
monotonic evolution with respect to u. This is not surprising since increasing p gives more
importance to h(P) in the objective function. Consequently the partition coefficient will decrease
while p is increasing and the classification entropy will increase while p is increasing. If we would
like to make the partition coefficient as big as possible and the classification entropy as small as
possible we should take u to tend to zero. This shows that these two coefficients are not good
validity indices in the case of our algorithm since we previously saw that it would have as effect
that the solution to our problem would be to take the positions of the parties equal to the core
values of the parties (X, = C).

On the other hand, the four others validity measures (SC, XB, DB and D) can give us
interesting information about the optimal value of u. Indeed, we see that all these indicators
take their optimal value (minimum for SC, XB and DB, maximum for Dunn index) more or less
for the same value of p.

Therefore, we added on the graphs the optimal value of u in the sense of these different
indicators for the different datasets. We found experimentally that this value was always
corresponding to more or less the heuristic value of

M —m
20

pr=m+

where m = minj<;<j<n ||vi — vj||2 and M = max;<;<j<n ||v; — vj||2. This value was also added
on the different graphs.

We will therefore use this heuristic to compute p in the experiments of the following sections
and chapters.
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3.2 Influence of parameter ¢

In the previous section, we randomly set the accuracy of the gradient in the stopping criterion é
to be equals to 1076, Nevertheless, we don’t know if it is important to take such a small value
for €. In this section, we are therefore going to analyze the solution obtained by our algorithm
depending on the required accuracy €. The parameters p and ~ are set accordingly to results of
the previous section and the analysis is conducted on the Pima dataset also presented in the

previous section.

Table 3.2 shows the number of iteration, the computational time and the value of ®5 at its
minimum for different values of € for the direct minimization algorithm. The value of function

®5 at its minimum is also plotted in terms of € on figure 3.6.

3 #Iter | Time (s) | P2(Xy, Py)
10° 10 0.0563 | 118.4835581
10°1] 19 0.0860 | 118.4784674
1072] 28 0.1487 | 118.4784169
1073 ] 37 0.2062 | 118.4784164
107 ] 46 0.2471 | 118.4784164
107° | 55 0.2748 | 118.4784164
1076 | 64 0.3526 | 118.4784164

Table 3.2: Influence of parameter € on the convergence of SSC algorithm
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Figure 3.6: Influence of parameter € on the optimal value of function ®5 found

We clearly see that taking ¢ equals to 1070 is not necessary and therefore is a waste of time.
Indeed, using a value of 0.1 for € already permits to the algorithm to find the minimum of the
potential with a precision of 1074 and using a value of 0.01 for ¢ gives a precision of 1076, This
is more than sufficient and we will therefore set é = 0.01 for the experiments of the following

sections.
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3.3 Comparing the algorithms

Now that we know which values of u, v and € to use, we can compare our three algorithms
(alternating, direct and accelerated direct) in terms of computational time and number of
iterations.

For this section we therefore set 1 = 0.99, € = 0.01 and use our heuristic to compute pu.
Moreover, we still assume that we are in the hypothetic situation where we know the real centers
of the clusters and that we can use them as core values.

In order to have significant differences, we need to test our algorithms on sufficiently large
datasets. Therefore, we first present the different datasets that we are going to use in this section
and then we compare the convergence of the different algorithms. For the fast gradient method,
we consider two alternatives. The first one is the standard fast gradient method as explained in
chapter 2 of this document. The second one is a fast gradient method with restarts. Among
all the tested restarting strategies, the heuristic providing the best results is to use a standard
gradient step instead of a fast gradient step every two iterations. The results are therefore
presented for this strategy. The four algorithms are respectively denoted "Alternating", "Direct",
"Accelerated" and "Restarts" in the results.

3.3.1 Datasets

The first collection of datasets comes from [FV06]. It consists of four synthetic two dimensional
datasets. Fach dataset contains 5000 points and 15 Gaussian clusters with different degrees of
overlapping as shown on figure 3.7. This collection of dataset is denoted S-Sets.

x10° x10°

10 10

10
%10°

x10 x10

Figure 3.7: S-sets
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The second collection of datasets comes from [FVHO6]. It consists of four high dimensional
datasets (the dimensions are the power of two between 32 and 256). Each datasets contains 1024
points and 16 clusters. This collection of dataset is denoted DIM-Sets.

3.3.2 Results

Tables 3.3 and 3.4 show the number of iterations and the computational time required by our
four implementations for respectively the S-Sets and the DIM-Sets.

Dataset Method #lter | Time (s)
S1 Alternating 8 0.1635
Direct 18 0.3203

Accelerated 20 0.3541

Restarts 11 0.1981

S2 Alternating 8 0.1715
Direct 20 0.3473

Accelerated 29 0.4939

Restarts 13 0.2468

S3 Alternating 9 0.2001
Direct 20 0.3500

Accelerated 30 0.5230

Restarts 13 0.2402

S4 Alternating 9 0.1930
Direct 20 0.3649

Accelerated 30 0.5318

Restarts 13 0.2456

Table 3.3: Comparison of the convergence of the different algorithms applied on S-Sets

Dataset Method #lIter | Time (s)
DIM32 | Alternating 6 0.1147
Direct 11 0.2637
Accelerated 10 0.2346
Restarts 7 0.1707
DIM64 | Alternating 6 0.1604
Direct 12 0.4768
Accelerated 10 0.4096
Restarts 7 0.3007
DIM128 | Alternating 6 0.3304
Direct 12 0.9023
Accelerated 10 0.7340
Restarts 7 0.5253
DIM256 | Alternating 6 0.6690
Direct 12 1.7003
Accelerated 15 2.0697
Restarts 9 1.3182

Table 3.4: Comparison of the convergence of the different algorithms applied on DIM-Sets
Figures 3.8 and 3.9 show the convergence of the algorithms applied on dataset S4. We

illustrated the value of function ®5 in terms of the number of iterations as well as the position of
the first and last centers in terms of the number of iterations.
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Figure 3.8: Convergence of function ®, for the S4 dataset
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Figure 3.9: Convergence of centers 1 and xx for the S4 dataset

Surprisingly, we can see that contrarily of what we could have expected in view of the
worst-case complexity bounds found of [Nes18], the alternating minimization algorithm requires,
for all the tested datasets, a lower number of iterations to converge and a smaller computational
time than the direct minimization algorithm (for the three different versions). The empirical
complexity is therefore lower for the alternating minimization while the upper bound of the
theoretical complexity was better for the direct minimization.

Moreover, we clearly see that the standard accelerated gradient method does not always
improve the empirical convergence of the algorithm in comparison of the usual gradient method.
On the other hand, using restarts in the accelerated gradient method always permits to reduce
the number of iterations in comparison of the usual gradient method. On figure 3.8, we can see
that the relaxation sequence is no more respected for the standard accelerated gradient method.

Then, we can notice that the number of iterations and the computational time are related.
Indeed, these two indicators are multiplied by more or less a factor two between the alternating
and the standard direct minimization algorithms. The operation that takes the most time in
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the algorithms is the projection onto the standard simplex. Since at each iteration, we have to
project N vectors onto the standard simplex, it is not surprising that the increase of the number
of iterations and the computational time are related.

We can therefore conclude that in practice the alternating minimization scheme is faster
than the direct minimization algorithm. This could be explained by the fact that in the gradient
descent along the X axis for the alternating minimization we can exploit the strong convexity of
function 1/; € S;lL Indeed the gradient step is set to h = UJ%L while in the direct minimization
since we are in the case of a constrained problem, we have to use the step h = % for the gradient

descent of function ®, € Slliz (which is always smaller than h = UJ%L for all the tested datasets).

Finally, we can empirically note that the degree of overlapping between the clusters does
not significantly influence the computational time of our algorithms (tests with S-Sets) while
increasing the dimension of a dataset (without changing the number of observations) strongly
increases the needed time for our algorithms to converge (tests with DIM-Sets).
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Chapter 4

Unsupervised learning

In this fourth chapter, we are now going to use the simplified soft clustering model for what it
was initially developed : cluster analysis. We will compare the results of our algorithm with the
well known fuzzy C-means algorithm described in chapter one.

First, we define some external validity measures in order to quantify the results of the
algorithms in presence of ground-truth information about the data.

Then, we will conduct a comparison of the two clustering techniques. We will mainly emphasis
the analysis on the quality of the core values used in the simplified soft clustering model. Since
we are in the context of unsupervised learning, we therefore have to consider that these core
values are given by an external source of information, for example, a human intervention (in the
context of election rounds, this can be for example the position of the parties on the political
spectrum).

In practice, in the previous chapter, as we were not interested on how the core values were
computed, we made the really strong assumption that these core values were the exact centers of
the real clusters of the tested datasets. In this chapter, we will now define the core values as a
noisy version of these real centers. That is

cp = Cp + o€, k=1,....K
where ¢, € R™ is the real center of cluster k and e ~ A(0, cov(C)) where
é = (61, - ,ék) S RmXK.

and cov(C) is the covariance matrix of C'. The analysis will then be conducted for different
values of the parameter o.

4.1 External validity measures

In the previous chapter, we presented some validity measures in order to quantify the internal
properties of the clusters found by an algorithm.

In this section, we are now going to consider that we have access to external information
in order to validate the results of the compared algorithms. This means that we know which
observations actually belong to which clusters. We are therefore able to verify if the observations
were clustered in the same way as they were generated. This is called external validity assessment.
There exist numerous external validity measures. We are going to present four of them.

At first, we have to define the concepts of ’true positive’, 'true negative’, 'false negative’ and
'false positive’. Figure 4.1 summarizes these four concepts.
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Figure 4.1

The true positive elements are the selected elements among the relevant elements. The true
negative elements are the unselected elements among the irrelevant elements. Both of these
concepts correspond to a correct classification. After that, the false negative elements are the
unselected elements among the relevant elements and the false positive elements are the selected
elements among the irrelevant elements. These two concepts correspond to a misclassification.

Now that we have define these concepts, we can define the measures that we will use to
determine the quality of the clustering task.

Accuracy (ACC) The accuracy is the number of correctly classified elements over all the
elements. It is defined as

TP +TN _TP+TN

A = =
ce TP+FP+TN+FN P+ N

Precision (PPV) The precision is the number of relevant retrieved elements over all the
retrieved elements. It is defined as

TP

PPV = ———.
v TP+ FP

Recall (TPR) The recall is the number of relevant retrieved elements over all the relevant
elements. It is defined as

TP

TPR= ——.
& TP+ FN

F-measure (F}) Finally, the F} score is a measure that combines the precision and the recall
by doing their harmonic mean. This measure is defined by

p _o. PPV-TPR
1= 2" PPV I TPR

4.2 Comparison with fuzzy C-means

In this second section of this chapter, we are now going to compare the results provided by the
fuzzy c-means algorithm (FCM) with the results of the simplified soft clustering model (SSC).
To do this, we will analyze the results provided by both algorithms on different datasets.
In these experiments, we use the values v = 0.99 and é = 0.01 as well as our heuristic to
compute p. Moreover all the results are averaged over 20 runs of the different algorithms.
First, we are going to do a detailed comparison for the well known Iris dataset from the UCI
Machine Learning repository [DKT17]. This dataset consists of 50 samples from three different
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species of Iris : setosa, versicolor and virginica. Each sample has four features : the length and
the width of the petals and the sepals. After that, we will proceed to the comparison on the
S-Sets presented in the previous chapter.

Table 4.1 shows the mean and standard deviation of the different validity measures for the
Iris dataset and figure 4.2 shows the obtained clustering in the case of o = 0.3 (only for the
petals width and length).

ACC PPV TPR Fy
Method o Mean SD Mean SD Mean SD Mean SD
FCM 0.8933 | 0.0000 | 0.9028 | 0.0000 | 0.8933 | 0.0000 | 0.8980 | 0.0000
0.0000 | 0.9267 | 0.0000 | 0.9276 | 0.0000 | 0.9267 | 0.0000 | 0.9271 | 0.0000
0.0500 | 0.9227 | 0.0109 | 0.9258 | 0.0084 | 0.9227 | 0.0109 | 0.9242 | 0.0096
0.1000 | 0.9167 | 0.0123 | 0.9225 | 0.0090 | 0.9167 | 0.0123 | 0.9196 | 0.0105
0.1500 | 0.9093 | 0.0188 | 0.9193 | 0.0112 | 0.9093 | 0.0188 | 0.9143 | 0.0148
SSC 0.2000 | 0.9007 | 0.0173 | 0.9140 | 0.0144 | 0.9007 | 0.0173 | 0.9073 | 0.0153
0.2500 | 0.8913 | 0.0383 | 0.9022 | 0.0411 | 0.8913 | 0.0383 | 0.8967 | 0.0394
0.3000 | 0.8843 | 0.0346 | 0.9030 | 0.0312 | 0.8843 | 0.0346 | 0.8935 | 0.0322
0.3500 | 0.8680 | 0.0771 | 0.8889 | 0.0626 | 0.8680 | 0.0771 | 0.8782 | 0.0697
0.4000 | 0.8207 | 0.1285 | 0.8485 | 0.1431 | 0.8207 | 0.1285 | 0.8333 | 0.1344
Table 4.1: External validity measures for the Iris dataset
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(a) Fuzzy C-means (FCM) (b) Simplified Soft Clustering (SSC)

Figure 4.2: Clustering of Iris sataset for o = 0.3

First of all, we can notice that the four indicators are closely related. As we could have
expected, the four validity measures are evolving in the same way.

Then, we clearly see by looking at table 4.1 that the results of the simplified soft clustering
are often better than the results of the fuzzy C-means algorithm. Indeed, for a value o < 0.2, the
four indicators are better for the SSC model than for the FCM algorithm. This shows that the
new proposed clustering technique permits good results if we have access to accurate core values.

Finally, we can note by looking at the graphs that the optimal positions of the parties are
not moving far from the core values. This is not necessarily a bad behavior but we could expect
that the clustering task would be done more accurately if the centers had the possibility to move
further from the core values. Investigating this behavior would be interesting to do in further
research.

Now, let us confirm these results by using the algorithms on other datasets. Tables 4.2 to 4.5
show the results for the S-Sets presented in the previous chapter.
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Method

ACC

PPV

TPR

Fy

Mean

SD

Mean

SD

Mean

SD

Mean

SD

FCM

0.9593

0.0508

0.9692

0.0391

0.9588

0.0519

0.9639

0.0455

SSC

0.0000

0.9934

0.0000

0.9935

0.0000

0.9934

0.0000

0.9934

0.0000

0.0500

0.9932

0.0007

0.9932

0.0007

0.9931

0.0007

0.9932

0.0007

0.1000

0.9893

0.0033

0.9895

0.0032

0.9892

0.0032

0.9893

0.0032

0.1500

0.9748

0.0086

0.9757

0.0077

0.9747

0.0086

0.9752

0.0081

0.2000

0.9408

0.0320

0.9463

0.0298

0.9406

0.0315

0.9434

0.0306

Table 4.2: External validity measures for the S1 dataset

Method

ACC

PPV

TPR

F

Mean

SD

Mean

SD

Mean

SD

Mean

SD

FCM

0.9563

0.0335

0.9609

0.0223

0.9560

0.0345

0.9584

0.0285

SSC

0.0000

0.9708

0.0000

0.9709

0.0000

0.9708

0.0000

0.9709

0.0000

0.0500

0.9683

0.0012

0.9685

0.0013

0.9682

0.0013

0.9684

0.0013

0.1000

0.9600

0.0037

0.9607

0.0033

0.9599

0.0037

0.9603

0.0035

0.1500

0.9357

0.0186

0.9372

0.0186

0.9353

0.0194

0.9362

0.0190

0.2000

0.9011

0.0310

0.9054

0.0329

0.9008

0.0312

0.9031

0.0319

Table 4.3: External validity measures for the S2 dataset

Method

ACC

PPV

TPR

Mean

SD

Mean

SD

Mean

SD

Mean

SD

FCM

0.8322

0.0405

0.8418

0.0285

0.8317

0.0401

0.8366

0.0343

SSC

0.0000

0.8596

0.0000

0.8599

0.0000

0.8586

0.0000

0.8592

0.0000

0.0500

0.8558

0.0026

0.8563

0.0024

0.8548

0.0026

0.8556

0.0025

0.1000

0.8444

0.0046

0.8464

0.0044

0.8434

0.0046

0.8449

0.0045

0.1500

0.8272

0.0109

0.8311

0.0101

0.8262

0.0111

0.8286

0.0105

0.2000

0.7965

0.0224

0.8068

0.0201

0.7954

0.0222

0.8011

0.0211

Table 4.4: External validity measures for the S3 dataset

Method

ACC

PPV

TPR

Fy

Mean

SD

Mean

SD

Mean

SD

Mean

SD

FCM

0.7955

0.0191

0.7957

0.0138

0.7952

0.0197

0.7955

0.0168

SSC

0.0000

0.7998

0.0000

0.7980

0.0000

0.7997

0.0000

0.7988

0.0000

0.0500

0.7994

0.0017

0.7980

0.0020

0.7993

0.0016

0.7986

0.0018

0.1000

0.7901

0.0050

0.7899

0.0050

0.7900

0.0052

0.7899

0.0049

0.1500

0.7787

0.0078

0.7808

0.0068

0.7785

0.0081

0.7797

0.0073

0.2000

0.7527

0.0179

0.7585

0.0172

0.7528

0.0174

0.7556

0.0171

The results for these four datasets confirm the intuition we had with the results for the
using the simplified
soft clustering model with accurate core values permit to overcome the results of the fuzzy
C-means algorithm. Moreover, with these new examples, we can also reaffirm that one of the
main advantage of the simplified soft clustering model is that it finds the unique minimum of
potential ®, while the results of the fuzzy C-means algorithm depend on the initialization of the

Iris dataset.

Table 4.5: External validity measures for the S4 dataset

The same conclusion can be drawn with these datasets :
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centers of the clusters. Indeed, results for fixed core values are always the same for the simplified
soft clustering algorithm. This can be seen in the results because the standard deviation of the
indicators is almost always higher for the fuzzy C-means algorithm than for the simplified soft
clustering algorithm.

This let us think that the results of the new proposed clustering technique are promising if
we have a good prior knowledge about the core values of the parties. Nevertheless, these results
rely on the hypothesis that the core values are provided by a human intervention. Even if these
settings could have some practical applications, it would be interesting to be able to compute
automatically these core values. Therefore, the next chapter will try to answer the question :

How can we compute the core values of the parties used in the simplified soft clustering
model 7

We will try to find a solution to this problem by using the simplified soft clustering model to
solve classification problems and thus by using the labeled observations in order to compute the
core values.
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Chapter 5

Semi-supervised learning

In the previous chapter, we saw that the simplified soft clustering model is in practice difficult to
use for unsupervised learning (classical clustering). Indeed, the problem in this type of task is to
determine the core values of the parties. The approach of the previous chapter was to consider
that the core values were known from, for example, a human intervention. Another possibility
would be to first use another clustering algorithm and then use the centers of the clusters found
by this algorithm as core values in the simplified soft clustering model in order to improve the
clustering task. Nevertheless, the number of applications were the first approach can be apply
seems low and the second approach make us lose all the good convergence properties of our
algorithm.

Another approach would be to use the simplified soft clustering model to solve semi-supervised
learning problems. This type of task is a class of supervised learning problems were we also
make use of the unlabeled observations. In a two-class semi-supervised learning problem, the
data-points are defined as pairs of observations and labels (see for example [AFS18])

(Uiayi)a Z:]-aaN

where v; € V and y; = %1 if v; is a labeled point and belongs to either class 1 or class —1 and
y; = 0 if v; is unlabeled. This definition can be easily extended to problems with more than two
classes by adding as many other possible values for the y;’s as there are other classes. The goal
is, as in supervised learning, to predict the labels of unlabeled observations.

In this context, we can therefore use the labeled data to first compute the core values of the
parties and then unlabeled data to solve the simplified soft clustering model. The purpose of
this chapter is therefore to explain the simple preprocessing that we will do to compute the core
values and then to compare our algorithm with a well-known classification algorithm.

Therefore, we first start this chapter by presenting the well known Support Vector Machine
(SVM) algorithm used for classification as a well a small modification of this algorithm known
under the name of Least-Squares Support Vector Machine (LS-SVM). Then we compare the
results of the simplified soft clustering model with a naive version of the linear LS-SVM classifier
and a tuned version of this classifier with 5-fold cross validation.

5.1 Classification algorithms

5.1.1 Linear Support Vector Machine (SVM)

In this section, we explain the well known classification algorithm developed by Vladimir Vapnik in
[Vap98]. In the context of this thesis, we limit our comparison (and consequently the explanations
of this section) to the linear SVM classifier. Nevertheless, it would be interesting in further
research to study if kernel methods could be applied to the simplified soft clustering model and
then compare our new algorithm with non-linear classifiers.
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In our semi-supervised learning problem, we call training set, the set of labeled data-points
and we note 7 the set of indices of labeled observations. That is

(Vi ¥i), 1€T, v; €V and y; = +1.

At first, let us consider that we have a two-dimensional datasets with two classes that are
linearly separable as shown on the figure 5.1a.
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(a) Linearly separable dataset (b) Separating hyperplanes

Figure 5.1: Simple two-dimensional linearly separable dataset with two classes

It is easy to show that there exists several separating hyperplanes that correctly separates
the data in two classes (see Figure 5.1b). Therefore one would like to define a unique separating
hyperplane. The idea of SVM is to maximize the distance between the nearest points of the two

classes (see Figure 5.2a).
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Figure 5.2: SVM on linearly separable dataset

Using notations of figure 5.2b, this means that we want to find an hyperplane with equation
w’v 4 b = 0 that maximizes the margin while requiring

lwll2

wTvi+b21, ify,; =1
whv; +b < —1, ify; = —1.
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The maximization of the margin is equivalent to the minimization of w”w and therefore we

can write our model as follows

. -
i Jp(w) = Guwtw (5.1)

s.t. yi[wlv; +b] > 1, 1eT

Nevertheless, in many practical example, the data is not linearly separable as shown on the
example of figure 5.3a. We therefore have to adapt the model in order to tolerate misclassification.
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(a) Non-linearly separable dataset (b) SVM on non-linearly separable dataset

Figure 5.3: Simple two-dimensional non-linearly separable dataset with two classes
This can be done with the introduction of slack variables & > 0. The set of inequality
constraints becomes therefore
whvi+b>1-¢, ify; =1
wlv;+b < —1+&, ify; = —1

Adding a loss function to the objective function, the model becomes

min Jp(w,§) = LT +e) &

w,b,€ 2 “
~
P , (5.2)
st yilwlv+0>1-¢, ieT
& >0, 1 €T

Figure 5.3b shows an example of SVM classification on a non-linearly separable dataset.

5.1.2 Least-Squares Support Vector Machine (LS-SVM)

The linear Least-Squares Support Vector Machine model consists of a small modification of the
linear Support Vector Machine model. The theory about LS-SVM is developed in [JBK02]. The
solved problem is defined as follows
1 1
min Jp(w,e) = —wlw+y= Z e?
w,b,e 2 2 ieT (53)
st. yilwlv+b=1-—¢;, €T

The two modifications with respect to the SVM classifier is to consider equality constraints
instead of inequality constraints. Moreover, this model is now considering a squared loss function
for the slack variables.
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These modifications have the great advantage to considerably simplify the problem. Indeed,
LS-SVM has the advantage that it only requires to solve a set of linear equations instead of
quadratic programming problems for classical SVM.

For the comparison, we consider two versions of this algorithm, trained over the labeled
subsample of the observations. The first one is a naive version with a fixed value of v = 10.
The second one is a tuned version of LS-SVM where the best 7 is found using a line search and
cross-validation. The procedure used for cross validation is k-fold with k = 5. The used Matlab
implementation of the LS-SVM algorithm comes from a well documented toolbox developed at
KULeuven (see [DBKO™11]).

5.1.3 k-fold cross-validation

The purpose of this subsection is to define the procedure of k-fold cross-validation. First we
divide the training set in k subsets of identical size. Then we take k — 1 subsets in order to
train the classifier and we evaluate the accuracy of the classification on the last remaining subset
(the validation set). We reproduce this step k times in order for the k subsets to be once the
validation set. The purpose of k-fold cross-validation is to prevent overfitting (that the model
becomes overly specialized for the training samples and is no more a good generalization). It is
illustrated on figure 5.4.

81 82 33 Sk

Run 1

Run 2

- = validation set

Figure 5.4: k-fold cross validation

The k-fold cross-validation is usually performed with £ = 10. Nevertheless, since we are
dealing with small training sets, we decided to use k = 5 in order to still have significant validation
sets.

5.2 Methodology

In this section, we are going to explain how we will preprocess our data in order to compute the
core values needed in the simplified soft clustering model. To illustrate this, we will perform a
comparison of our algorithm with the greedy LS-SVM classifier and with the tuned LS-SVM
classifier on a modified version of the well-known Iris dataset from the UCI Machine Learning
repository [DKT17]. The original dataset consists of 50 samples from three different species
of Iris : setosa, versicolor and virginica. Each sample has four features : the length and the
width of the petals and the sepals. In our modified dataset, we only consider two species of
Iris : versicolor and virginica and only two features : the length and the width of the petals.
This dataset (after removing duplicate data) is composed of 36 samples of Iris versicolor and 44
samples of Iris virginica as shown on figure 5.5.
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Figure 5.5: Modified Iris dataset

Our semi-supervised algorithm will be applied directly on the dataset but also on a scaled
version of the dataset. This consists in transforming the dataset in order to get observations
with zero mean and unit-variance. This permits to get rid of the dimensions of the observations.
This operation is called standardization and consists of removing from the observations their
mean and dividing them by their standard deviation

where

1 & -
EZN;W and o= 7N_1;(Ui—’l_))2

are respectively the mean and the standard deviation of the observations.
This transformation applied on the modified Iris dataset is illustrated on figure 5.6.
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Figure 5.6: Standardized modified Iris sataset

We are now going to explain the process used to determine the core values of the parties. We
assume that we have N labeled observations belonging to cluster k£ and that 7 is the set of
indices of the labeled observations belonging to cluster k. We define the core value of cluster k
as the mean of all labeled observations belonging to cluster k. That is



In this example, we consider that we have 10% of labeled observations. Figure 5.7 shows the
labeled observations and the corresponding core values.
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Figure 5.7: Core values of the modified Iris dataset with 10% of labeled observations

Since we have seen in the previous chapter that the four presented external validity measures
(accuracy, precision, recall and F-measure) were evolving in a similar way, we will only use
the accuracy on the unlabeled data as measure of the performance. This will permit a better
readability of the results. For the particular training set shown on figure 5.7, the accuracy (ACC)
of the classification of the unlabeled observations is equal to 0.9375 for the four considered
algorithms. Figures 5.8a to 5.8d show the resulting classification for the four tested used
algorithms. In these figures as well as in the results of next section LS-SVM corresponds to the
naive LS-SVM classifier, LS-SVM-T corresponds to the tuned LS-SVM classifier, SSC corresponds
to the solution of the SSC model used with the original observations and SSC-S corresponds to
the solution of the SSC model used with the standardized observations.

5.3 Comparison

Now that we have how we are going to use the simplified soft clustering model in the context of
semi-supervised learning, we are going to analyze the results depending on the proportion of
labeled observations. To do this comparison, we will use several real datasets. All the datasets
come from the KEEL dataset repository [AFFLT11] and are summarized in table 5.1.

Name #Observations | #Features
Australian 690 14
Heart 270 13
Tonosphere 351 33
Monk-2 432 6
Pima 768 8
Sonar 208 60
Wdbc 569 30

Table 5.1: KEEL Datasets

The number of labeled data used to compare the algorithms is varied as 1%, 2%, 5% 10%
and 20% of the total number of the observations (if this permits to have at least as many
labeled observations as classes). Moreover we always make sure that there is at least one labeled
observation in each class. All the presented results in this section are averaged over 20 runs of
the different methods.
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Figure 5.8: Classification of the modified Iris dataset
Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
16 0.9180 | 0.0328 | 0.9148 | 0.0342 | 0.9422 | 0.0190 | 0.9320 | 0.0154
8 0.9194 | 0.0269 | 0.9118 | 0.0338 | 0.9389 | 0.0171 | 0.9368 | 0.0131
4 0.8743 | 0.0578 | 0.8947 | 0.0560 | 0.9243 | 0.0400 | 0.9230 | 0.0250
2 0.6013 | 0.0379 | 0.5571 | 0.0158 | 0.8756 | 0.1561 | 0.9058 | 0.0397
Table 5.2: Classification accuracy for the Iris dataset
Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
138 0.8579 | 0.0107 | 0.8572 | 0.0107 | 0.6512 | 0.0188 | 0.8555 | 0.0106
69 0.8432 | 0.0160 | 0.8422 | 0.0156 | 0.6371 | 0.0357 | 0.8503 | 0.0085
35 0.8077 | 0.0430 | 0.8168 | 0.0434 | 0.6091 | 0.0467 | 0.8392 | 0.0135
14 0.6526 | 0.1187 | 0.7107 | 0.1146 | 0.5831 | 0.0577 | 0.8020 | 0.0321
7 0.6902 | 0.0776 | 0.6821 | 0.0916 | 0.5549 | 0.0658 | 0.7310 | 0.0850

Table 5.3: Classification accuracy for the Australian dataset
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Accuracy

Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
54 0.8023 | 0.0229 | 0.8160 | 0.0262 | 0.6475 | 0.0326 | 0.8220 | 0.0212
27 0.7395 | 0.0582 | 0.7924 | 0.0344 | 0.6226 | 0.0697 | 0.8045 | 0.0185
14 0.6547 | 0.0692 | 0.7436 | 0.0561 | 0.5898 | 0.0787 | 0.7820 | 0.0310
5 0.6791 | 0.0869 | 0.6530 | 0.1189 | 0.5702 | 0.0769 | 0.7485 | 0.0589
3 0.6427 | 0.1005 | 0.6436 | 0.0993 | 0.5596 | 0.0829 | 0.6890 | 0.0964
Table 5.4: Classification accuracy for the Heart dataset
Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
70 0.8012 | 0.0331 | 0.8311 | 0.0367 | 0.7404 | 0.0453 | 0.7941 | 0.0539
35 0.7932 | 0.0301 | 0.8180 | 0.0333 | 0.7495 | 0.0541 | 0.7847 | 0.0534
18 0.7426 | 0.0471 | 0.7449 | 0.0615 | 0.7239 | 0.0604 | 0.7500 | 0.0472
7 0.6483 | 0.1078 | 0.6449 | 0.1017 | 0.6471 | 0.0952 | 0.6664 | 0.0956
4 0.6287 | 0.1016 | 0.6293 | 0.1019 | 0.6527 | 0.0851 | 0.6572 | 0.0876
Table 5.5: Classification accuracy for the Ionosphere dataset
Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
86 0.7935 | 0.0162 | 0.7939 | 0.0170 | 0.7887 | 0.0282 | 0.7923 | 0.0083
43 0.7848 | 0.0305 | 0.7688 | 0.0421 | 0.7749 | 0.0234 | 0.7752 | 0.0311
22 0.7641 | 0.0421 | 0.7539 | 0.0698 | 0.7663 | 0.0340 | 0.7540 | 0.0428
9 0.6787 | 0.0889 | 0.6580 | 0.1133 | 0.7002 | 0.0802 | 0.6783 | 0.0724
4 0.5882 | 0.0677 | 0.5871 | 0.0688 | 0.6327 | 0.0966 | 0.6064 | 0.0885
Table 5.6: Classification accuracy for the Monk-2 dataset
Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
154 | 0.7595 | 0.0113 | 0.7565 | 0.0150 | 0.6278 | 0.0380 | 0.7259 | 0.0123
7 0.7423 | 0.0200 | 0.7420 | 0.0220 | 0.6392 | 0.0597 | 0.7253 | 0.0157
38 0.7162 | 0.0268 | 0.7039 | 0.0294 | 0.6025 | 0.0773 | 0.7172 | 0.0213
15 0.6497 | 0.0649 | 0.6568 | 0.0630 | 0.5529 | 0.0798 | 0.6778 | 0.0577
8 0.6247 | 0.0870 | 0.6253 | 0.0791 | 0.5690 | 0.1059 | 0.6510 | 0.1018

Table 5.7: Classification accuracy for the Pima dataset
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Accuracy

Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
42 0.6337 | 0.0735 | 0.6907 | 0.0370 | 0.6102 | 0.0471 | 0.6795 | 0.0469
21 0.6623 | 0.0445 | 0.6652 | 0.0480 | 0.6171 | 0.0428 | 0.6810 | 0.0327
10 0.6303 | 0.0736 | 0.5967 | 0.0949 | 0.5778 | 0.0441 | 0.6093 | 0.0551
4 0.6054 | 0.0794 | 0.6051 | 0.0781 | 0.5309 | 0.0410 | 0.5461 | 0.0577
2 0.5187 | 0.0294 | 0.5175 | 0.0307 | 0.5199 | 0.0443 | 0.5306 | 0.0690

Table 5.8: Classification accuracy for the Sonar dataset

Accuracy
Labels LS-SVM LS-SVM-T SSC SSC-S
Mean SD Mean SD Mean SD Mean SD
114 0.9335 | 0.0131 | 0.9408 | 0.0169 | 0.8829 | 0.0086 | 0.9322 | 0.0091
57 0.9050 | 0.0213 | 0.9279 | 0.0193 | 0.8858 | 0.0122 | 0.9287 | 0.0132
28 0.8585 | 0.0442 | 0.8966 | 0.0453 | 0.8792 | 0.0172 | 0.9245 | 0.0174
11 0.8147 | 0.0791 | 0.8495 | 0.0800 | 0.8710 | 0.0340 | 0.9025 | 0.0426
6 0.8529 | 0.0714 | 0.8583 | 0.0736 | 0.8527 | 0.0496 | 0.8740 | 0.0739

Table 5.9: Classification accuracy for the Wdbc dataset

Let us now analyze the above results.

First of all, we can notice that the tuned version of the LS-SVM classifier does not always
give better results than the naive LS-SVM classifier. This is mainly true when we have only a
small subsample of labeled observations and can be caused by overfitting. This means that the
model is overly specialized for the training data and therefore is no more a good generalization
for unseen data.

Then we can see that, for all the tested datasets except the Iris and the Monk-2 datasets,
standardizing the observations before solving the simplified soft clustering model leads to a better
accuracy than using original observations. Indeed, this process permits to the algorithm not
to be influenced by the different units of the data along the different dimensions. For the Iris
and Monk-2 datasets, the units of the data are always in the same range of order along all the
dimensions, it is why the standardization does not improve the results. We see that standardizing
the observations is therefore essential before using the simplified soft clustering model in the
context of semi-supervised learning.

Finally, we can clearly see that the simplified soft clustering model usually gives better results
that the LS-SVM algorithm. This is mainly true for datasets containing few labeled observations.
Indeed, except for the Sonar dataset, when we use 1%, 2% or 5% of labeled observations, there
is always one of the two versions of the algorithm solving the simplified soft clustering problem
that is performing better than the LS-SVM algorithms. Moreover, the standard deviation for
the SSC model is often lower that the one for LS-SVM algorithm meaning that there are less
variations in the results provided by the SSC model. The SSC model used with standardized
observations is therefore well suited for classification with few labeled observations.
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Chapter 6

Diversified electoral model

In this last chapter, we open a new perspective for semi-supervised learning using the simplified
soft clustering model. Indeed, we show that by slightly modifying our initial model (problem
2.1), we can propose a new algorithm performing a better classification for dataset whose classes
have an ellipsoidal shape.

6.1 Modification of the simplified soft clustering model

In [DFHNI18], it was proposed to modify problem 2.1 (simplified soft clustering) by using for each
cluster, its own distance function. This means that instead of using the same distance functions

1
pa(v,w) =82+ o —al3,  dle,x) = Sl -zl

for all the clusters, we define different distance functions for each cluster

1
pr(v,x) = /6% + |jv — :CH[QM, di(c,z) = §Hc— :E”[QM, k=1,...,K

where all the norms || - [|z) are Euclidean
lzllw = (Bez,2)?,  k=1,....K

for some positive definite matrix By, k=1,..., K.
The problem therefore becomes

I)r(li]gl{q)g(X, P): X eVE Pe A}, with

6.1)
1 1 0 (
O3(X, P) = ;fz(X) + ﬁ<G2(X)7P>JE2 + Nh(P)
where
1 9 1 2 ki
X)) =35> o —ally,  wP)=53 llpllz  and Go(X) ™) = py (v, z)
k=1 =1

with

o (viy ) = /0% + [lag — vill .
Under the same assumption than for the initial simplified soft clustering problem

0<T<d<p
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it is proved in [DFHN18] that the potential ®3 is a strongly convex function on E with convexity
parameter one with respect to the norm

1 1 w—20
2 2 2
121 = (5 - 5) WIE, + “ 11,

where

U1, = Z lugllfyy — and [ H]E, = Z 11y

for a direction Z = (U, H) € E = Ey x Ey = R™M*K x REXN,
Moreover, it is shown that ®3 has Lipschitz continuous gradient with constant

L2=max{5+2T M+5}.

§—7"pu—20

We are therefore exactly in the same settings than for the initial simplified soft clustering
model and we can adapt the different algorithms presented in chapter 2 of this document in order
to apply them to the diversified electoral model. We just note that the gradient of pg(v;, zx)
with respect to xj is given by

By (zk — vi)

\/52 + [l — vill2)

The rest of the development can be derived intuitively from sections 2 and 3 of chapter 2.

vxk Pk (vla

6.2 Preprocessing methodology

The main motivation of the development of the diversified electoral model is to improve results
obtained in semi-supervised learning for some particular datasets.

Indeed, in the previous chapter, the core values of the parties were computed as the mean of
the labeled observations. The idea in this chapter is no more to only compute the core values of
the parties during the preprocessing but also to compute a different metric for each cluster.

As in the other chapters, let us consider that we have K clusters. For each cluster k =1,..., K,
we consider that we have a training set composed of N labeled observations with T the set of
the indices of labeled observations

(Uk,i7yk,i)a 1€ 773, Vg € YV and Yk = +1.

We want to approximate this training set by a circumscribed ellipsoid of minimal volume.
This means that we want to compute for each cluster k = 1,..., K its core value ¢, € R™
and a positive semi definite matrix By, such that

(Br(vk —ci)svpi — ) <1, i €Ty
We can then define the metrics
||x”[k] :<kaax>1/2> k=1,...,K.

and the distance functions

1
pk(v,x):,/(SQ—i—Hv—xH[Qk], dk(c,w)ziHc—xH%k}, k=1,...,K.
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This preprocessing therefore permits us to use the diversified simplified soft clustering model
instead of the initial simplified soft clustering model. Let us see how to compute the core values
and the different distance functions in practice.

Based on Nesterov’s work published in [Nes08], a numerical scheme has been proposed in
[Fan18] to generate a rounding ellipsoid for a convex hull of N points.

We consider an Euclidean space E of dimension m and E*, its dual space with respect to the
canonical inner product. We consider that we have N data points

v; € F, i=1,...,N
We define an ellipsoid of radius r and center x associated to the definite matrix G as follows ;
Wo(v,G) = {s € E*t||ls = vl = (s — v, G (s —))/2 <7}
For a given v > 0, we want to compute a rounding ellipsoid of radius ym for
C=Conv{v, € E,i=1,...,N}

the convex hull of the data points (which is a convex set of E*).
The details to compute the iteration are given in [Fanl8] and summarized in Algorithm 10.

Algorithm 10: Rounding ellipsoid for convex hull of m points

1 for k> 0 do

2 Compute gy € C such that ||gr — vkllg;, = 7% = maxgec g — vkllG,
3 if rp, < ym then

4 ‘ Stop

5 else

o | [a=gdner se=mr (00) () o= on - ),
7 Grt1 = (1 — o) G + Dige — vi) (gr — i),

8 Hk+1:1—1011€{Hk_H7%2];{m€xka}’With kaHk(gk—'l}k),
9 V1 = Uk + Ok (gr — ).

10 end

11 end

where Hy, = G,;l.

As in the previous chapter, we are now going to first do an extensive example on a simple
dataset and then we will compare this new model with the initial simplified soft clustering
problem on real datasets in the next section.

The dataset used for this first example is a synthetic two-dimensional dataset composed of
three Gaussian clusters each containing 100 samples. The samples of the three Gaussian are
generated respectively according to the following distributions

e G | Rt 5 R | R (S R )

This synthetic dataset is shown on figure 6.1.
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Figure 6.1: Synthetic dataset

In this first example, we consider that we have 30% of labeled observations as shown on figure
6.2a. Applying the preprocessing explained above we can therefore compute the core values of
the three clusters and a different metric for each cluster. The resulting core values and ellipsoids
are shown on figure 6.2b. The resulting classification for both the initial simplified soft clustering
model and the diversified soft clustering model are shown on figure 6.3.
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Figure 6.2: Preprocessing by ellipsoidal approximation

6.3 Comparison

In this section, we are now going to compare the results provided by the initial electoral model
and the diversified electoral model (denoted SSC-E) on real datasets for semi-supervised learning
problems. For the initial electoral model, we consider both versions when we use the original
data (denoted SSC) and when the data is standardized (denoted SSC-S).

The datasets used in this section are a subset of the KEEL datasets used in the previous
chapter : Australian, Heart, Monk-2 and Pima datasets. We only selected the datasets whose
dimension was not to high in order to be able to compute the rounding ellipsoids without the
need of too many data-points. We also provide results for the Iris dataset coming from the UCI
Machine Learning repository and for the synthetic dataset presented in the previous section.

Moreover, in this chapter, the number of labeled observations used to compare the algorithms
is varied as 50%, 40%, 30%, 20% of the total number of observations. Indeed, we cannot
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Figure 6.3: Classification of the synthetic dataset

anymore analyze the results for very small training sets since we need enough data-points for the
preprocessing of the diversified electoral model. Additionally, in this section, we make sure to
keep the same proportion of points belonging to each cluster in the training set as in the whole
dataset.

Finally, all the presented results are averaged over 20 runs of the different algorithms. Tables
6.1 to 6.6 present the mean and the standard deviation of the classification accuracy for the
different proportions of labeled observations and the different models.

Accuracy

Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
150 0.8647 | 0.0152 | 0.8757 | 0.0176 | 0.9257 | 0.0111
120 0.8658 | 0.0203 | 0.8731 | 0.0213 | 0.9308 | 0.0206
90 0.8745 | 0.0188 | 0.8831 | 0.0207 | 0.9302 | 0.0202
60 0.8760 | 0.0183 | 0.8848 | 0.0193 | 0.9283 | 0.0126
30 0.8674 | 0.0125 | 0.8772 | 0.0139 | 0.9181 | 0.0214

Table 6.1: Classification accuracy for the synthetic dataset

Accuracy

Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
345 0.6555 | 0.0163 | 0.8535 | 0.0152 | 0.7630 | 0.0326
276 0.6537 | 0.0227 | 0.8539 | 0.0116 | 0.7635 | 0.0258
207 0.6534 | 0.0220 | 0.8582 | 0.0089 | 0.7730 | 0.0314
138 0.6428 | 0.0159 | 0.8514 | 0.0126 | 0.7586 | 0.0534

Table 6.2: Classification accuracy for the Australian dataset
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Accuracy
Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
135 0.6574 | 0.0364 | 0.8281 | 0.0184 | 0.7289 | 0.0280
108 0.6506 | 0.0293 | 0.8355 | 0.0226 | 0.7225 | 0.0345
81 0.6574 | 0.0300 | 0.8328 | 0.0197 | 0.7156 | 0.0466
54 0.6356 | 0.0336 | 0.8289 | 0.0182 | 0.7007 | 0.0466

Table 6.3: Classification accuracy for the Heart dataset

Accuracy
Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
216 0.8028 | 0.0122 | 0.7898 | 0.0172 | 0.8845 | 0.0177
173 0.8104 | 0.0154 | 0.7959 | 0.0190 | 0.8766 | 0.0212
130 0.7959 | 0.0236 | 0.8002 | 0.0190 | 0.8669 | 0.0189
86 0.7915 | 0.0228 | 0.7964 | 0.0098 | 0.8561 | 0.0269

Table 6.4: Classification accuracy for the Monk-2 dataset

Accuracy
Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
384 0.6113 | 0.0187 | 0.7305 | 0.0175 | 0.6958 | 0.0289
307 0.6176 | 0.0264 | 0.7242 | 0.0170 | 0.6900 | 0.0226
230 0.6134 | 0.0157 | 0.7285 | 0.0123 | 0.7022 | 0.0225
154 0.5972 | 0.0581 | 0.7273 | 0.0121 | 0.6820 | 0.0333

Table 6.5: Classification accuracy for the Pima dataset

Accuracy
Labels SSC SSC-S SSC-E
Mean SD Mean SD Mean SD
75 0.9173 | 0.0295 | 0.8540 | 0.0416 | 0.9693 | 0.0199
60 0.9206 | 0.0275 | 0.8633 | 0.0272 | 0.9589 | 0.0220
45 0.9148 | 0.0272 | 0.8767 | 0.0270 | 0.9476 | 0.0194
30 0.9125 | 0.0233 | 0.8646 | 0.0328 | 0.9275 | 0.0349

Table 6.6: Classification accuracy for the Iris dataset

In these tables, we clearly see that the diversified electoral model is performing better than
the initial electoral model for three over the six tested datasets (synthetic, Monk-2 and Iris
datasets). On the other hand, the initial electoral model used with standardized observations is
performing better than the diversified electoral model for the three other datasets (Australian,
Heart and Pima). These results are not really surprising. Indeed, in order for the diversified
electoral model to perform well, the classes need to have ellipsoidal shapes. If this is not the
case, then the metrics used in this model will well fit the training sets but will not generalize
well the whole datasets. In this case, it will be preferable to use a simpler model as the initial
electoral model. We can therefore conclude that the extension of our model is well suited to find
ellipsoidal clusters/classes.
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Conclusion and perspectives

With this document, we proposed the first numerical analysis of the new clustering procedure
proposed by Y. Nesterov in [Nes18]. The objectives of the present work were twofold.

The first goal of this thesis was to derive the mathematical tools to implement the possible
algorithms to solve the simplified soft clustering model. Two approaches were proposed. First by
using an alternating minimization scheme that imitates the procedure of sequential elections and
then by direct minimization of the objective function of the simplified soft clustering problem.
The purpose of implementing these algorithms was then to be able to numerically analyze their
convergence. In its paper, Y. Nesterov derived the worst-case complexity bounds for both
approaches. These complexity bounds showed that in theory, the direct minimization methods
were more promising than the alternating minimization scheme. Nevertheless, the numerical
analysis conducted in chapter 3 of this thesis showed that the alternating minimization scheme
was in practice performing better than the direct minimization methods (both standard and fast
gradient methods). Indeed, for all the datasets we investigate, the computational time and the
number of iterations were lower for the alternating procedure than for the direct minimization
algorithms.

This result open a new track that should be investigate in order to try to improve the
performance of the simplified soft clustering model. Indeed, throughout all this document we
reduced the space of the parameters 7, § and u (see eq. 2.2) in order to reduce the condition
number of the objective function of the simplified soft clustering problem. This assumption was
made in order to reduce the worst-case complexity bounds of the direct minimization methods.
Since we saw that the alternating scheme is in practice performing better, it would be interesting
to analyze the new degree of freedom that we reach if we do not make this assumption.

The second objective of this thesis was to try to figure out in what practical cases the
simplified soft clustering model can be used. Indeed, the importance of the cores values in the
model make its use quite different from traditional clustering algorithms.

In regards to this question, in chapter 4, we compared the new algorithm with the well known
fuzzy C-means clustering algorithm. We showed that in some cases we were able to outperform
the results found by the fuzzy C-means algorithm. Indeed, we analyze the results found by
the new algorithm in terms of the accuracy of the core value used. We showed that if the core
values are not too far from the real centers of the clusters, solving the simplified soft clustering
problem outperforms the fuzzy C-means algorithm. This result is promising since it means that
we now have a polynomial time algorithm which always converges to the optimal solution and
which, under some conditions, can perform a better clustering than the classical fuzzy C-means
algorithm.

Nevertheless, number of applications were we have access to the core values seems limited and
therefore it would be interesting to know how we can compute automatically the core values used
in the model. In this context, we showed in chapter 5 that this task is possible by considering
the simplified soft clustering model as a semi-supervised learning problem. With this setting, we
can use the labeled observations in order to compute the core values of our model. We showed
also in the same chapter that with the simple preprocessing of standardizing the observations, we
are able to outperform the results found by the linear LS-SVM classifier on many real datasets.
We showed that the new algorithm is mainly performing better if the dataset we are considering
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has a small number of labeled observations.

Also in the context of semi-supervised learning, we showed in chapter 6 that with a slight
modification of the simplified soft clustering model, it is in some cases possible to improve the
performances of our model. Indeed, in the modified model, we now consider that each cluster
has its own distance function. We showed that the core value and the own metric of each cluster
can be computed thanks to a simple preprocessing using the labeled observations of the dataset.
The purpose of this simple preprocessing is to approximate the training set by a circumscribed
ellipsoid of minimal volume. We showed in this chapter that with the new modify model we can
significantly improve the results of the initial model for datasets whose classes have ellipsoidal
shapes.

This improvement can open a further researchs. Indeed, in chapter 5 of this document, we
only compared the simplified soft clustering model with a linear LS-SVM classifier. Nevertheless,
the modification of the model in chapter 6 allows non linear classification by using a different
distance function for each cluster. Consequently it would be interesting to analyze if this extended
model can outperform non-linear (LS-)SVM classifiers (using kernel tricks) for certain datasets.

Finally, to end this thesis, we propose another potential application of the simplified soft
clustering model that would be interesting to study in further works. This application propose
another approach on how to compute the core values of the parties needed in the model. The class
of problems that would be interesting to study are time-varying problems. In this type of problems,
we now consider that the observation matrix V' (opinions of the voters) is no more constant but
is varying in time. This means that we have to recompute the clustering/classification every time
the matrix V is changing. In this context, if we know the centers of the clusters at time t — 1, we
can therefore use them as core values at time ¢ in order to perform clustering at time ¢. This
approach therefore consider another way to take profit of the core values involved in the new
proposed model.
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