
Appendix A

Matlab Functions Description

In this appendix, we list the main Matlab functions (or scripts) that we used in this

thesis, we briefly explain them and we describe for which purpose they were used. They

can be found on the physical CD attached to the printed version of this work.

Some variables taken as input are common for many functions listed below: the initial

stock price S0, the volatility coefficient v, the risk-free interest rate r, the underlying stock

expected return rS, the number of time steps N, the number of Monte Carlo random paths

MC, the number of years simulated T and the option strike price K. The other variables

will be explained when relevant.

A.1 Simulations and Density Functions

This first section describes the functions used to simulate the GBM, HN and Heston

processes, to generate the associated return density functions with Monte Carlo simulation,

and therefore also how the HN process and the replicating portfolio were simulated with

different re-balancing frequencies.

• GBM_Simulation

This function was used to generate figure 2.1. The function is function y =

GBM_Simulation(S0,v,rS,N,T). The output is a plot of the simulated stock price

under the GBM process and of its expected value.

• GBM_Distribution

This function was used to generate figure 2.2. The function is function y =

GBM_Distribution(v,rS,N,MC,T). The output is the physical density of stock re-

turns under the GBM process with a Gaussian kernel under Matlab default bandwidth.
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• GBM_PayoffReplication

This function was used to generate figure 3.1. The function is function y =

GBM_PayoffReplication(S0,v,r,rS,N,T,K). The output is a plot of the simulated

stock price under the GBM process, the option payoff and the replicating portfolio.

• HN_Simulation

This function was used to generate figure 4.2. The function is function y =

HN_Simulation(S0,v,r,rS,T). The output is a plot of the simulated stock price

under the HN and GBM processes.

• HN_Distribution

This function was used to generate figure 4.3. The function is function y =

HN_Distribution(S0,v,r,rS,MC,T). The output is a plot of physical density of stock

returns under the HN process with a Gaussian kernel under Matlab default bandwidth,

compared with the normal distribution.

• Heston_Simulation

This function was used to generate figure 4.4. The function is function y =

Heston_Simulation(S0,v,rS,N,T). The output is a plot of the simulated stock price

under the Heston and GBM processes.

• Heston_Distribution

This function was used to generate figure 4.5. The function is function y =

Heston_Distribution(v,rS,N,MC,T). The output is a plot of physical density of

stock returns under the Hestn process with a Gaussian kernel under Matlab default

bandwidth, compared with the normal distribution.

• HN_PayoffReplication_Simulation

This function was used to generate figure 6.9 and the results in table I.1. The func-

tion is function y = HN_PayoffReplication_Simulation(S0,v, r,rS,k,MC,T,K)

where k fixes the re-balancing frequency. The functions Call_HN and Delta_HN (see

section A.2) are called to calculate the payoff replication errors. The outputs are

different metrics of payoff replication errors as well as a plot of the simulated stock

price under the HN process, the option payoff and the replicating portfolio.
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A.2 Call Prices, Delta & Models Calibration

This second section describes the functions used to calculate the call option price and

Delta under each model, as well as those used to calibrate the models’ parameters.

Call Prices & Delta

These functions are used to then calibrate the models’ parameters by minimizing the

pricing $MSE, as well as to calculate the pricing and hedging errors out-of-sample (see

functions in sections A.3 and A.4).

• Call_BS

The function is function Call = Call_BS(S0,K,T,r,v). The output is the price of

a call option under the BS model.

• Delta_BS

The function is function Delta = Delta_BS(S0,K,T,r,v). The output is the value

of the Delta under the BS model.

• Call_PBS

The function is function Call = Call_PBS(S0,K,T,r,theta0,theta1,theta2)

where theta0, theta1 and theta2 are the parameters of the PBS model. The output

is the price of a call option under the PBS model.

• Delta_PBS

The function is function Delta = Delta_PBS(S0,K,T,r,theta0,theta1,theta2)

where theta0, theta1 and theta2 are the parameters of the PBS model. The output

is the value of the Delta under the PBS model.

• Call_HN

This function was coded with the help of a function which can be found

in the following link: https://www.mathworks.com/matlabcentral/fileexch

ange/27644-heston-nandi-option-price. The function is function Call =

Call_HN(S0,K,t,r,h0,b0,b1,b2,omega) where r is the daily risk-free rate, h0 the

initial variance and b0, b1, b2 and omega the parameters of the model. The output

is the price of a call option under the HN model following the combined integrand

approach of Rouah and Vainberg (2007).

https://www.mathworks.com/matlabcentral/fileexchange/27644-heston-nandi-option-price
https://www.mathworks.com/matlabcentral/fileexchange/27644-heston-nandi-option-price
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• Delta_HN

This function was also coded with the help of the link right above. The function is

function Delta = Delta_HN(S0,K,t,r,h0,b0,b1,b2,omega) where r is the daily

risk-free rate, h0 the initial variance and b0, b1, b2 and omega the parameters of the

model. The output is the value of the Delta under the HN model.

• ChFun_Heston

This intermediary function is used to calculate the characteristic function of log(St)

in the Heston model, which is then used to calculate the Heston call option price and

Delta. This function comes from Crisostomo (2014). The function is function ChFun

= ChFun_Heston(S0,V0,theta,kappa,alpha,r,rho,t,w) where V0 is the initial vari-

ance, theta, kappa, alpha and rho the parameters of the model and w the point at

which to evaluate the function. The output is the value of the characteristic function

at point w.

• Call_Heston

This function comes from Crisostomo (2014). The function is function Call =

Call_Heston(S0,V0,theta,kappa,alpha,r,rho,T,K) where V0 is the initial vari-

ance and theta, kappa, alpha and rho the parameters of the model. The function

ChFun_Heston (see right above) is called and the output is the price of call option

under the Heston model.

• Delta_Heston

This function comes from Crisostomo (2014). The function is function Delta =

Delta_Heston(S0,V0,theta,kappa,alpha,r,rho,T,K) where V0 is the initial vari-

ance and theta, kappa, alpha and rho the parameters of the model. The function

ChFun_Heston (see above) is called and the output is the value of the Delta under the

Heston model.

Cost Functions & Models Calibration

The cost functions calculate the pricing $MSE and are then used to calibrate the models’

parameters with the lsqnonlin numerical scheme in the calibration functions.

All the functions load a document Data.txt (there exists one for each estimation window
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of two days) that contains the empirical data and whose columns are, in order: dividend-

adjusted stock price, strike price, maturity (in years), mid bid-ask call option price,

risk-free rate (annual), implied volatility, bid price, ask price, indice (0 for first day of the

window, 1 for second day), maturity (in days), stock price (not adjusted for dividends)

and finally moneyness.

• Cost_BS

The function is function Error = Cost_BS(x) where x is the value of the implied

volatility. Given the empirical data and the value of x, the output is a vector of pricing

errors and the $RMSE under the BS model, calculated by calling the function Call_BS.

• Calibration_BS

This script loads the empirical data and, given the initial value and bounds on the

implied volatility, calibrates the value of the implied volatility with the lsqnonlin

numerical scheme, which calls the function Cost_BS. The output is the calibrated

implied volatility, the $RMSE and the vector of in-sample pricing errors for the

estimation window considered.

• Cost_PBS

The function is function Error = Cost_PBS(x) where x is the vector of parameters

of the PBS model: x = [theta0,theta1,theta2]. Given the empirical data and the

value of x, the output is a vector of pricing errors and the $RMSE under the PBS

model, calculated by calling the function Call_PBS.

• Calibration_PBS

This script loads the empirical data and, given the initial value and bounds on

parameters, calibrates the value of the parameters with the lsqnonlin numerical

scheme, which calls the function Cost_PBS. The output is the calibrated parame-

ters (theta0,theta1,theta2), the $RMSE and the vector of in-sample pricing errors

for the estimation window considered.

• Cost_HN

The function is function Error = Cost_HN(x) where x is the vector of parameters

of the HN model: x = [h0,b0,b1,omega,persistence] where persistence is given

by b1+b2*omega*omega. Given the empirical data and the value of x, the output is a
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vector of pricing errors and the $RMSE under the HN model, calculated by calling the

function Call_HN.

• Calibration_HN

This script loads the empirical data and, given the initial value and bounds on

parameters, calibrates the value of the parameters with the lsqnonlin numerical

scheme, which calls the function Cost_PBS. The output is the calibrated parame-

ters (h0,b0,b1,b2,omega), the $RMSE and the vector of in-sample pricing errors for

the estimation window considered.

• Cost_Heston

The function is function Error = Cost_Heston(x) where x is the vector of param-

eters of the HN model: x = [V0,theta,alpha,rho,2*kappa*theta-alpha*alpha].

Given the empirical data and the value of x, the output is a vector of pricing errors and

the $RMSE under the Heston model, calculated by calling the function Call_Heston.

• Calibration_Heston

This script loads the empirical data and, given the initial value and bounds on param-

eters, calibrates the value of the parameters with the lsqnonlin numerical scheme,

which calls the function Cost_Heston. The output is the calibrated parameters

(V0,theta,alpha,rho,kappa), the $RMSE and the vector of in-sample pricing er-

rors for the estimation window considered.

A.3 Out-of-Sample Pricing Errors

These scripts, given the parameters of the last estimation window, calculate the pricing

errors out-of-sample. To do so, in addition to Data.txt (see section A.2), the document

Parameters.txt is loaded, which contains all the calibrated parameters, one row for each

estimation window, for 15 rows in total.

• PricingErrors_BS

This scripts loads the empirical data and the parameters of the last estimation window,

and calls the function Call_BS to calculate the $RMSE and the vector of out-of-sample

pricing errors of the window considered as an output.
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• PricingErrors_PBS

This scripts loads the empirical data and the parameters of the last estimation window,

and calls the function Call_PBS to calculate the $RMSE and the vector of out-of-sample

pricing errors of the window considered as an output.

• PricingErrors_HN

This scripts loads the empirical data and the parameters of the last estimation window,

and calls the function Call_HN to calculate the $RMSE and the vector of out-of-sample

pricing errors of the window considered as an output.

• PricingErrors_Heston

This scripts loads the empirical data and the parameters of the last estimation window,

and calls the function Call_Heston to calculate the $RMSE and the vector of out-of-

sample pricing errors of the window considered as an output.

A.4 Out-of-Sample Payoff Replication Errors

These scripts, given the parameters of the last estimation window, calculate the payoff

replication errors out-of-sample, with or without re-calibration of parameters. To do so,

in addition to Data.txt (see section A.2) and Parameters.txt (see section A.3), the

document PriceDiv.txt is loaded, which is needed to calculate the payoff replication

errors and whose five columns contain the following data, in order: date, stock price (not

adjusted for dividends), sum of discounted dividends for each date for the first day of the

hedging window, sum of discounted dividends for each date for the second day of the

hedging window, daily dividend.

• Hedging_WithoutRecalibration_BS

This scripts loads the empirical data and the parameters of the last estimation window

to calculate the $MAE and the vector of out-of-sample payoff replication errors (without

re-calibration) of the window considered as an output.

• Hedging_WithRecalibration_BS

This scripts loads the empirical data and the parameters of the last estimation window

to calculate the $MAE and the vector of out-of-sample payoff replication errors (with

re-calibration) of the window considered as an output.
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• Hedging_WithoutRecalibration_PBS

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_PBS to calculate the $MAE and the vector of out-of-sample

payoff replication errors (without re-calibration) of the window considered as an output.

• Hedging_WithRecalibration_PBS

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_PBS to calculate the $MAE and the vector of out-of-sample

payoff replication errors (with re-calibration) of the window considered as an output.

• Hedging_WithoutRecalibration_HN

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_HN to calculate the $MAE and the vector of out-of-sample

payoff replication errors (without re-calibration) of the window considered as an output.

• Hedging_WithRecalibration_HN

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_HN to calculate the $MAE and the vector of out-of-sample

payoff replication errors (with re-calibration) of the window considered as an output.

• Hedging_WithoutRecalibration_Heston

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_Heston to calculate the $MAE and the vector of out-of-

sample payoff replication errors (without re-calibration) of the window considered as

an output.

• Hedging_WithRecalibration_Heston

This scripts loads the empirical data and the parameters of the last estimation window

and calls the function Delta_Heston to calculate the $MAE and the vector of out-of-

sample payoff replication errors (with re-calibration) of the window considered as an

output.
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Description of Data

Figure B.1: S&P500 index daily dividends from January 4, 2016 to May 31,
2016.
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Notes. The time span goes from January 4, 2016, which is the first date of the sample of
S&P500 options, to the largest maturity considered for payoff replication, i.e. May 31, 2016.

The dividends were obtained on S&P Dow Jones Indices (2016b)
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Figure B.2: Treasury-bill rates from January 4, 2016 to June 17, 2016.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of options,
to the furthest maturity considered for payoff replication for the two samples, i.e. June 17, 2016
for Apple. The T-bill rates were obtained on Board of Governors of the Federal Reserve System

(2016).

Table B.1: Quantiles of maturity, moneyness and call option price for the
S&P500 index and Apple stock.

S&P500

min 25% 50% 75% max
Days to maturity 6 30 55 80 105
Moneyness 0.9283 0.9875 0.9967 1.0060 1.0619
Call option price 4.5500 39.8125 55.0000 76.9500 173.7000

Apple

min 25% 50% 75% max
Days to maturity 6 30 55 79 115
Moneyness 0.7964 0.9634 1.015 1.0899 1.2760
Call option price 0.3750 2.5188 5.8000 10.8562 22.9500

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. The moneyness is defined as

St−Dpv

K . We report the quantiles from the total sample of
options used for each time series. The total sample also includes those options that will have
to be eliminated to calculate the payoff replication errors because they have maturity dates

extending beyond the time of the analysis.
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Figure B.3: Auto-correlation function of log-returns of the S&P500 index from
January 4 to May 31, 2016.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. May 30, 2016. The blue

bands represent the 5% confidence interval for a null auto-correlation.

Figure B.4: Auto-correlation function of log-returns of Apple stock from January
4 to June 17, 2016.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. June 17, 2016. The blue

bands represent the 5% confidence interval for a null auto-correlation.
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Figure B.5: Auto-correlation function of log-returns squared for the S&P500
index from January 4 to May 31, 2016.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. May 30, 2016. The blue

bands represent the 5% confidence interval for a null auto-correlation.

Figure B.6: Auto-correlation function of log-returns squared for Apple stock
from January 4 to June 17, 2016.
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Notes. The time span goes from January 4, 2016, which is the first date of our sample of
options, to the largest maturity considered for payoff replication, i.e. June 17, 2016. The blue

bands represent the 5% confidence interval for a null auto-correlation.
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Breakdown of Number of Option

Contracts

Table C.1: Options elimination criteria applied to the S&P500 index and Apple
stock.

S&P500 Apple

Original sample 3000 2930
Option price below $3/8 -0 -180
Maturity lower than 6 days -170 -66
Arbitrage condition -0 -0
Total sample 2830 2684
Hedging criterion -320 -140
Hedging sub-sample 2510 2544

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. The arbitrage condition eliminates options when Ct < St −Dpv −Ke−r(T−t), but the
inequality was not verified on any options of our two samples. The hedging criterion eliminates
options with maturity dates that extended beyond the time of the analysis because we did not

have all the stock prices available to calculate the hedging errors.
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Table C.2: Number of option contracts used across moneyness and maturity in
the estimation and hedging windows for the S&P500 index.

Estimation windows

DTM630 30<DTM660 DTM>60 Total
M<0.98 0 21 190 211
0.98<M<1 203 254 168 625
1 <M<1.02 157 146 139 442
M>1.02 0 9 133 142
Total 360 430 630 1420

Hedging windows

DTM630 30<DTM660 DTM>60 Total
M<0.98 0 24 121 145
0.98<M<1 202 248 49 499
1 <M<1.02 158 142 42 342
M>1.02 0 16 88 104
Total 360 430 300 1090

Notes: The option contracts cover the period January 4, 2016 to March 30, 2016. M refers to
moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report the statistics on the
number of contracts used for each moneyness-maturity category in the estimation and hedging
windows for the S&P500 index as underlying asset. Each window is composed of two days. The
estimation windows are used to calibrate the parameters of our option pricing models, while
the hedging windows are used to calculate the payoff replication errors out-of-sample (i.e. using
the parameters of the previous estimation window). Our sample contains 30 windows of two

days in total, half being used for parameters estimation and half for hedging purposes.
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Table C.3: Number of option contracts used across moneyness and maturity in
the estimation and hedging windows for Apple stock.

Estimation windows

DTM630 30<DTM660 DTM>60 Total
M<0.94 15 90 141 246
0.94<M<1 122 72 103 297
1<M<1.06 132 86 126 344
M>1.06 59 169 220 448
Total 328 417 590 1335

Hedging windows

DTM630 30<DTM660 DTM>60 Total
M<0.94 20 82 117 219
0.94<M<1 135 69 80 284
1 <M<1.06 141 78 96 315
M>1.06 63 161 167 391
Total 359 390 460 1209

Notes: The option contracts cover the period from January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report the statistics
on the number of contracts used for each moneyness-maturity category in the estimation and
hedging windows for Apple stock as underlying asset. Each window is composed of two days.
The estimation windows are used to calibrate the parameters of our option pricing models,
while the hedging windows are used to calculate the payoff replication errors out-of-sample (i.e.
using the parameters of the previous estimation window). Our sample contains 30 windows of

two days in total, half being used for parameters estimation and half for hedging purposes.
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Plots & Summary Statistics of

Parameters

Figure D.1: Calibrated implied volatility from the S&P500 index.
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Notes. The implied volatility is calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for the S&P500
index. The calibration is done on 15 estimation windows of two days, each separated by two

days, on the period January 4, 2016 to March 30, 2016.
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Figure D.2: Calibrated PBS parameters from the S&P500 index.
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Notes: The PBS parameters are calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for the S&P500
index. The calibration is done on 15 estimation windows of two days, each separated by two

days, on the period January 4, 2016 to March 30, 2016.

Figure D.3: Calibrated HN parameters from the S&P500 index.
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Notes: The HN parameters are calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for the S&P500
index. The calibration is done on 15 estimation windows of two days, each separated by two

days, on the period January 4, 2016 to March 30, 2016.
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Figure D.4: Calibrated Heston parameters from the S&P500 index.
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Notes: The Heston parameters are calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for the S&P500
index. The calibration is done on 15 estimation windows of two days, each separated by two

days, on the period January 4, 2016 to March 30, 2016.

Figure D.5: Calibrated implied volatility from Apple stock.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Estimation window

0.24

0.26

0.28

0.3

0.32

0.34

Im
p

lie
d

 v
o

la
ti
lit

y

Notes. The implied volatility is calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for Apple stock.
The calibration is done on 15 estimation windows of two days, each separated by two days, on

the period January 4, 2016 to March 30, 2016.
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Figure D.6: Calibrated PBS parameters from Apple stock.
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Notes: The PBS parameters are calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for Apple stock.
The calibration is done on 15 estimation windows of two days, each separated by two days, on

the period January 4, 2016 to March 30, 2016.

Figure D.7: Calibrated HN parameters from Apple stock.
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Notes: The HN parameters are calibrated to option data by minimizing the Dollar Mean
Squared Error ($MSE) between the market and the model call option prices for Apple stock.
The calibration is done on 15 estimation windows of two days, each separated by two days, on

the period January 4, 2016 to March 30, 2016.
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Figure D.8: Calibrated Heston parameters from Apple stock.
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The calibration is done on 15 estimation windows of two days, each separated by two days, on

the period January 4, 2016 to March 30, 2016.
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Table D.1: Summary statistics of the calibrated parameters for the S&P500
index.

Mean Std. dev.
∣∣Std.dev.

Mean

∣∣ Min Max

Black-Scholes
σ∗ 0.1879 0.0251 0.1335 0.1444 0.2320
Practitioner BS
θ0 4.6509 7.4026 1.5916 -1.3290 20.901
θ1 -8.3009 14.727 1.774 -40.612 3.5491
θ2 3.8400 7.3049 1.9023 -2.0520 19.8715
Heston-Nandi
h0 1.46∗10−4 7.68∗10−5 0.5244 4.63∗10−5 2.78∗10−4

β0 2.08∗10−8 7.27∗10−8 3.4920 4.33∗10−14 2.82∗10−7

β1 0.3625 0.1781 0.4912 0.0223 0.5289
β2 5.27∗10−6 2.98∗10−6 0.5664 1.96∗10−6 1.18∗10−5

ω 362.17 61.8265 0.1707 279.82 525.61
β1 + β2ω

2 0.9768 0.0157 0.0161 0.9442 0.9964
Heston
V0 0.0347 0.0170 0.4893 0.0116 0.0662
θ 0.0734 0.0525 0.7155 0.0488 0.2595
α 0.7061 0.1393 0.1973 0.4645 0.9921
κ 4.4352 2.5013 0.5640 0.4157 10.093
ρ -0.9851 0.0193 0.0196 -1.0000 -0.9452

Notes: The parameters are calibrated to option data by minimizing the Dollar Mean Squared
Error ($MSE) between the market and the model call option prices for the S&P500 index. The
calibration is done on 15 windows of two days, each separated by two days, on the period

January 4, 2016 to March 30, 2016.
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Table D.2: Summary statistics of the calibrated parameters for Apple stock.

Mean Std. dev.
∣∣Std.dev.

Mean

∣∣ Min Max

Black-Scholes
σ∗ 0.2933 0.0303 0.1034 0.2458 0.3331
Practitioner BS
θ0 1.5538 0.4759 0.3062 0.5317 2.4415
θ1 -2.2647 1.0049 0.4437 -4.1249 -0.1576
θ2 0.9973 0.4972 0.4985 -0.0424 1.9154
Heston-Nandi
h0 4.04∗10−4 5.26∗10−4 1.3019 2.99∗10−14 1.54∗10−3

β0 3.80∗10−6 9.57∗10−6 2.5158 2.22∗10−14 3.05∗10−5

β1 0.5589 0.2670 0.4777 1.88∗10−7 0.8869
β2 4.67∗10−5 3.20∗10−5 0.6857 1.15∗10−5 1.40∗10−4

ω 84.8064 19.920 0.235 51.692 137.92
β1 + β2ω

2 0.8643 0.0897 0.1038 0.6381 0.9783
Heston
V0 0.0838 0.0861 1.0271 0 0.251
θ 0.1099 0.0305 0.2776 0.0742 0.1692
α 1.7563 0.5428 0.3091 0.9434 2.523
κ 17.416 10.894 0.625 2.977 32.435
ρ -0.6082 0.0908 0.1492 -0.7114 -0.4395

Notes: The parameters are calibrated to option data by minimizing the Dollar Mean Squared
Error ($MSE) between the market and the model call option prices for Apple stock. The
calibration is done on 15 windows of two days, each separated by two days, on the period

January 4, 2016 to March 30, 2016.
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Table E.3: Out-of-sample payoff replication $MAE across moneyness for short-
maturity option contracts for the S&P500 index.

Options BS PBS Heston HN
0.98<M<1 DTM<20 115 11.2308 11.1004 11.8057 11.9669

DTM<15 79 10.4455 10.3401 10.8603 11.0768
DTM<10 36 7.1393 7.0973 7.9842 8.1461

1<M<1.02 DTM<20 95 11.3156 11.1650 12.1706 12.1803
DTM<15 71 10.2749 10.1805 11.1414 11.3747
DTM<10 34 7.4969 7.6053 8.4599 8.4937

Notes. The S&P500 options cover the period January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report the $MAE for
short-maturity ITM and OTM options, deeper levels of moneyness being not available for
low maturities in our sample. The errors are calculated out-of-sample on each of our hedging
windows, which are composed of two days, by using the parameters estimated on the previous
estimation window, also composed of two days. 15 hedging windows are used in total over the

sample period.

Table E.4: Ranking of models across moneyness and maturity based on the
out-of-sample payoff replication $MAE for Apple stock.

DTM630 30<DTM660 DTM>60

M<0.94 1) Heston (0.8515) 1) PBS (0.9011) 1) Heston (0.9146)
2) HN (+0.0691) 2) BS (+0.1099) 2) HN (+0.0261)
3) PBS (+0.0113) 3) Heston (+0.0417) 3) PBS (+0.0282)
4) BS (+0.0867) 4) HN (+0.0405) 4) BS (+0.0475)

0.94<M<1 1) PBS (0.7347) 1) PBS (0.9468) 1) Heston (1.7972)
2) BS (+0.0315) 2) BS (+0.0886) 2) HN (+0.0059)
3) Heston (+0.0315) 3) Heston (+0.1735) 3) BS (+0.0013)
4) HN (+0.0196) 4) HN (+0.0259) 4) PBS (+0.0319)

1<M<1.06 1) PBS (1.0138) 1) PBS (1.0083) 1) BS (2.1203)
2) BS (+0.0047) 2) BS (+0.0464) 2) PBS (+0.0790)
3) Heston (+0.1173) 3) Heston (+0.1546) 3) Heston (+0.0978)
4) HN (+0.0275) 4) HN (+0.0185) 4) HN (+0.0029)

M>1.06 1) PBS (1.0730) 1) HN (1.3030) 1) BS (1.8128)
2) BS (+0.0328) 2) PBS (+0.0067) 2) PBS (+0.0127)
3) Heston (+0.0470) 3) BS (+0.0014) 3) HN (+0.2141)
4) HN (+0.0136) 4) Heston (+0.0090) 4) Heston (+0.0189)

Notes. The Apple stock options cover the period January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We rank the models for each
moneyness-maturity category according to the payoff replication $MAE, which are reported
in brackets for the best model for each category, while the incremental increase in $MAE is
reported for the second, third and fourth best models. The $MAE are calculated out-of-sample
on each of our hedging windows, which are composed of two days, by using the parameters
estimated on the previous estimation window, also composed of two days. 15 hedging windows

are used in total over the sample period.
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Table E.6: Average out-of-sample normalized payoff replication $MAE for
different moneyness and maturity categories.

BS PBS Heston HN
Overall S&P500 0.3028 0.2679 0.4056 0.4146

Apple 0.3615 0.3426 0.3742 0.3815

BS PBS Heston HN
DTM630 S&P500 0.3263 0.3251 0.3683 0.3732

Apple 0.3907 0.3780 0.4068 0.4110
30<DTM <60 S&P500 0.3407 0.2877 0.4424 0.4472

Apple 0.4116 0.3761 0.4335 0.4459
DTM>60 S&P500 0.2531 0.2195 0.3874 0.4027

Apple 0.2969 0.2913 0.2986 0.3023

BS PBS Heston HN
Deep-out-of-the-money S&P500 0.6602 0.5345 0.9255 0.9432

Apple 0.7725 0.6993 0.7569 0.7830
Out-of-the-money S&P500 0.2777 0.2662 0.3567 0.3671

Apple 0.3739 0.3584 0.3964 0.4006
In-the-money S&P500 0.1958 0.1898 0.2504 0.2555

Apple 0.2370 0.2375 0.2606 0.2640
Deep-in-the-money S&P500 0.1437 0.1211 0.1918 0.1959

Apple 0.1188 0.1196 0.1289 0.1274
Notes: The two samples of option contracts (S&P500 and Apple) cover the period January 4,

2016 to March 30, 2016. The moneyness is defined as M =
St−Dpv

K and the categories are different
for S&P500 and Apple. For S&P500, they are, in order of increasing moneyness: M ∈ [←
, 0.98], [0.98, 1], [1, 1.02], [1.02,→]. For Apple they are: M ∈ [←, 0.94], [0.94, 1], [1, 1.06], [1.06,→].
DTM refers to Days To Maturity. We report the normalized payoff replication $MAE, averaged
for different categories of moneyness and maturity. The normalization is done by dividing the
hedging error of one option by its market price. The errors are calculated out-of-sample on each
of our hedging windows, which are composed of two days, by using the parameters estimated
on the previous estimation window, also composed of two days. 15 hedging windows are used

in total for both underlying asset sample.
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Table E.7: Number of option contracts used for out-of-sample payoff replication
in function of the end-moneyness.

S&P500

DTM630 30<DTM660 DTM>60 Total
M<0.98 8 9 / 17
0.98<M<1.03 217 108 26 351
1.03<M<1.08 128 195 108 431
M>1.08 7 118 166 291
Total 360 430 300 1090

Apple

DTM630 30<DTM660 DTM>60 Total
M<0.85 3 26 30 59
0.85<M<1 101 92 173 366
1<M<1.15 201 154 204 559
M>1.15 54 118 53 225
Total 359 390 460 1209

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. M refers to the end-moneyness, defined as ST

K , and DTM to Days To Maturity. We report
the statistics on the number of contracts used to calculate the out-of-sample payoff replication

errors for each moneyness-maturity category.
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Appendix F

Out-of-Sample Pricing Performance

Table F.1: Number of option contracts used for out-of-sample pricing across
moneyness and maturity.

S&P500

DTM630 30<DTM660 DTM>60 Total
M<0.98 0 24 182 206
0.98<M<1 202 248 173 623
1<M<1.02 158 142 137 437
M>1.02 0 16 128 144
Total 360 430 620 1410

Apple

DTM630 30<DTM660 DTM>60 Total
M<0.94 20 82 148 250
0.94<M<1 135 69 100 304
1<M<1.06 141 78 122 341
M>1.06 63 161 230 454
Total 359 390 600 1349

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. M refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report
the statistics on the number of contracts used to calculate the out-of-sample pricing errors for

each moneyness-maturity category.
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Table F.3: Ranking of models across moneyness and maturity based on the
out-of-sample pricing $RMSE for the S&P500 index.

DTM630 30<DTM660 DTM>60

M<0.98

/

1) PBS (2.2924) 1) HN (4.6027)
2) HN (+0.0331) 2) Heston (+0.0776)
3) Heston (+0.0699) 3) PBS (+0.1146)
4) BS(+5.6419) 4) BS (+5.5897)

0.98<M<1 1) HN (3.5208) 1) Heston (4.57864) 1) HN (4.3516)
2) Heston (+0.0530) 2) HN (+0.0218) 2) PBS (+0.0983)
3) PBS (+1.4905) 3) PBS (+0.6035) 3) Heston (+0.0001)
4) BS (+0.5116) 4) BS (+0.6601) 4) BS (+0.3917)

1<M<1.02 1) HN (+3.8894) 1) Heston (4.4463) 1) HN (4.2347)
2) Heston (+0.2264) 2) HN (+0.0020) 2) Heston (+0.0967)
3) BS (+0.9451) 3) PBS (+0.5462) 3) PBS (+0.1928)
4) PBS (+0.0983) 4) BS (+0.0334) 4) BS (+1.5718)

M>1.02

/

1) HN (+2.0792) 1) HN (4.4671)
2) PBS (+0.1659) 2) Heston (+0.3546)
3) Heston (+0.2093) 3) PBS (+0.213)
4) BS (+6.1628) 4) BS (+5.8295)

Notes. The S&P500 options cover the period January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We rank the models for
each moneyness-maturity category according to the $RMSE, which is reported in brackets for
the best model for each category, while the incremental increase in $RMSE is reported for the
second, third and fourth best models. The $RMSE is calculated out-of-sample on a window of
two days by using the parameters estimated on the previous estimation window, also composed
of two days. 15 windows are used in total to calculate the out-of-sample pricing errors over the

sample period.
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Table F.4: Ranking of models across moneyness and maturity based on the
out-of-sample pricing $RMSE for Apple stock.

DTM630 30<DTM660 DTM>60

M<0.94 1) Heston (0.3374) 1) PBS (0.2728) 1) PBS (0.2634)
2) PBS (+0.0361) 2) Heston (+0.0096) 2) HN (+0.0153)
3) BS (+0.0146) 3) HN (+0.0295) 3) Heston (+0.0089)
4) HN (+0.0366) 4) BS (+0.0826) 4) BS (+0.1970)

0.94<M<1 1) Heston (0.3278) 1) Heston (0.3840) 1) HN (0.3611)
2) HN (+0.0375) 2) HN (+0.0207) 2) PBS (+0.0051)
3) PBS (+0.1558) 3) PBS (+0.0311) 3) Heston (+0.0107)
4) BS (+0.0423) 4) BS (+0.0544) 4) BS (+0.0318)

1<M<1.06 1) Heston (0.3126) 1) Heston (0.3935) 1) PBS (0.3522)
2) HN (+0.0148) 2) HN (+0.021) 2) HN (+0.0108)
3) PBS (+0.1843) 3) BS (+0.0156) 3) BS (+0.0017)
4) BS (+0.0262) 4) PBS (+0.0104) 4) Heston (+0.0088)

M>1.06 1) HN (0.3392) 1) PBS (0.3617) 1) PBS (0.3030)
2) Heston (+0.0156) 2) Heston (+0.0060) 2) Heston (+0.0173)
3) PBS (+0.0782) 3) HN (+0.0027) 3) HN (+0.0033)
4) BS (+0.0633) 4) BS (+0.1935) 4) BS (+0.6136)

Notes. The Apple stock options cover the period January 4, 2016 to March 30, 2016. M refers
to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We rank the models for
each moneyness-maturity category according to the $RMSE, which is reported in brackets for
the best model for each category, while the incremental increase in $RMSE is reported for the
second, third and fourth best models. The $RMSE is calculated out-of-sample on a window of
two days by using the parameters estimated on the previous estimation window, also composed
of two days. 15 windows are used in total to calculate the out-of-sample pricing errors over the

sample period.



Appendix G

Out-of-Sample Payoff Replication:

Linear Regressions

117



Appendix G. Out-of-Sample Payoff Replication: Linear Regressions 118

Table G.1: Results of the linear regressions on the out-of-sample payoff replica-
tion $AE for the S&P500 index.

Black-Scholes

Estimate HAC std. dev. T-test p-value
β0 1427 519.25 2.7482 0.0061
β1 -2829 1039 -2.7217 0.0066
β2 1411 521.08 2.7078 0.0069
β3 20.29 11.0235 1.8406 0.0660
β4 0.0551 0.1329 0.4143 0.6787

R2 = 14.59%
Practitioner BS

Estimate HAC std. dev. T-test p-value
β0 786.41 368.13 2.1363 0.0329
β1 -1559 735.83 -2.119 0.0343
β2 783.22 368.42 2.1259 0.0337
β3 15.1901 9.8945 1.5352 0.1250
β4 -0.375 0.2201 -1.7041 0.0886

R2 = 10.20%
Heston

Estimate HAC std. dev. T-test p-value
β0 1992 514.24 3.8737 1.14∗10−4

β1 -3912 1033 -3.7884 1.60∗10−4

β2 1928 518.77 3.7157 2.13∗10−4

β3 45.3608 12.2863 3.6920 2.34∗10−4

β4 0.1145 0.4069 0.2814 0.7784

R2 = 29.08%
Heston-Nandi

Estimate HAC std. dev. T-test p-value
β0 1924 545.88 3.5246 4.42∗10−4

β1 -3775 1097 -3.4409 6.02∗10−4

β2 1858 551.38 3.3697 7.79∗10−4

β3 49.8000 12.3375 4.0365 5.81∗10−5

β4 -0.0335 0.4254 -0.0789 0.9371

R2 = 30.17%
Notes. The S&P500 options used for the regression cover the period January 4, 2016 to March
30, 2016. The linear regression equation is: |Replication Error|i = β0 + β1 ∗ Moneynessi +
β2 ∗Moneyness2

i + β3 ∗Maturityi + β4 ∗ |Pricing Error|i + εi. 15 windows of two days have
been used to calculate the payoff replication and pricing errors out-of-sample, by using the
model parameters estimated on the previous estimation window, also composed of two days.
The total number of options used is 1090. The parameter estimates are found by Ordinary
Least Squares. The homoskedasticity assumption of the error term ε has been tested with
the test of Breusch and Pagan (1979), and the assumption of non auto-correlated errors with
the Lagrange-multiplier test developed by Breusch (1978) and Godfrey (1978). Both tests
rejected the two assumptions for all models with a p-value < 2.2 ∗ 10−16. As a result, HAC
(Heteroskedasticity and Auto-correlation Consistent) standard deviations of the estimated
parameters have been used by resorting to the variance-covariance matrix of Newey and West
(1987), with a lag value of 10. The T-test column reports the value of the bilateral Student test
for the significance of each parameter: H0 : βi = 0, H1 : βi 6= 0, i = 0, ..., 4. The last column

reports the p-value associated to the T-test.
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Table G.2: Results of the linear regressions on the out-of-sample payoff replica-
tion $AE for Apple Stock.

Black-Scholes

Estimate HAC std. dev. T-test p-value
β0 -12.8162 4.7234 -2.7133 0.0068
β1 23.9166 9.0802 2.6339 0.0085
β2 -10.5339 4.4016 -2.3932 0.0169
β3 3.8880 1.0172 3.8224 1.39∗10−4

β4 -0.0866 0.2013 -0.4303 0.6670

R2 = 15.65%
Practitioner BS

Estimate HAC std. dev. T-test p-value
β0 -13.7402 4.8266 -2.8468 0.0045
β1 24.9812 9.3826 2.6625 0.0079
β2 -10.9908 4.5438 -2.4189 0.0157
β3 4.2964 1.0016 4.2895 1.93∗10−5

β4 0.5728 0.42856 1.3366 0.1816

R2 = 19.05%
Heston

Estimate HAC std. dev. T-test p-value
β0 -19.7061 5.3778 -3.6644 2.59∗10−4

β1 36.8114 10.2641 3.5864 3.49∗10−4

β2 -16.6132 4.9438 -3.3604 8.03∗10−4

β3 4.1233 1.1302 3.6483 2.75∗10−4

β4 0.4076 0.4172 0.9769 0.3288

R2 = 17.59%
Heston-Nandi

Estimate HAC std. dev. T-test p-value
β0 -19.4104 29.5404 -0.6571 0.5113
β1 36.3899 107.4473 0.3387 0.7349
β2 -16.4792 24.9416 -0.6607 0.5089
β3 4.0626 1.2259 3.3140 9.47∗10−4

β4 0.4637 0.1284 3.6107 3.18∗10−4

R2 = 16.79%
Notes. The Apple stock options used for the regression cover the period January 4, 2016 to
March 30, 2016. The linear regression equation is: |Replication Error|i = β0 +β1 ∗Moneynessi+
β2 ∗Moneyness2

i + β3 ∗Maturityi + β4 ∗ |Pricing Error|i + εi. 15 windows of two days have
been used to calculate the payoff replication and pricing errors out-of-sample, by using the
model parameters estimated on the previous estimation window, also composed of two days.
The total number of options used is 1090. The parameter estimates are found by Ordinary
Least Squares. The homoskedasticity assumption of the error term ε has been tested with
the test of Breusch and Pagan (1979), and the assumption of non auto-correlated errors with
the Lagrange-multiplier test developed by Breusch (1978) and Godfrey (1978). Both tests
rejected the two assumptions for all models with a p-value < 2.2 ∗ 10−16. As a result, HAC
(Heteroskedasticity and Auto-correlation Consistent) standard deviations of the estimated
parameters have been used by resorting to the variance-covariance matrix of Newey and West
(1987), with a lag value of 10. The T-test column reports the value of the bilateral Student test
for the significance of each parameter: H0 : βi = 0, H1 : βi 6= 0, i = 0, ..., 4. The last column

reports the p-value associated to the T-test.



Appendix H

Payoff Replication Under

Parameters Re-Calibration

Table H.1: Number of option contracts used for out-of-sample payoff replication
with a frequent re-calibration of parameters across moneyness and maturity.

S&P500

DTM620 20<DTM640 DTM>40 Total
M<0.99 33 42 34 109
0.99<M<1 82 69 31 182
1<M<1.01 79 65 29 173
M>1.01 16 4 6 26
Total 210 180 100 490

Apple

DTM630 30<DTM660 DTM>60 Total
M<0.97 3 37 23 63
0.97<M<1 75 25 5 105
1<M<1.03 72 23 7 102
M>1.03 8 64 25 97
Total 158 149 60 367

Notes: The two samples of option contracts cover the period January 4, 2016 to March 30,
2016. M refers to moneyness, defined as

St−Dpv

K , and DTM to Days To Maturity. We report the
statistics on the number of contracts used to calculate the out-of-sample payoff replication errors
with a frequent re-calibration of parameters for each moneyness-maturity category. Compared
to the number of options used without re-calibration of parameters (in tables C.2 and C.3), we
had to eliminate options expiring after the final date of our sample of options, i.e. March 31,
2016, because we can’t re-calibrate the parameters after that date. As a result, the definition of
our moneyness-maturity categories are different since we have lower maturities and therefore

not as large levels of moneyness available.
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Appendix I

Under/Over-Hedging: Results from

Simulated Data

Table I.1: Normalized payoff replication $ME under simulated data from the
HN model.

Volatility = 15%

0.5 day 1 day 2 days 5 days
µ = -10% -0.5837 0.2109 0.7606 0.9951
µ = -5% -0.5896 0.1246 0.7711 0.9910
µ = 5% -0.6609 -0.0068 0.7407 0.9953
µ = 10% -0.6449 0.0461 0.7652 0.9964

Volatility = 30%

0.5 day 1 day 2 days 5 days
µ = -10% -0.5073 0.0199 0.6542 0.9656
µ = -5% -0.5319 0.0245 0.6677 0.9598
µ = 5% -0.6131 0.0194 0.6520 0.9740
µ = 10% -0.5973 -0.0410 0.6724 0.9851

Volatility = 45%

0.5 day 1 day 2 days 5 days
µ = -10% -0.4596 0.0235 0.6480 0.9637
µ = -5% -0.5413 0.0419 0.5196 0.9637
µ = 5% -0.5408 -0.0562 0.6589 0.9688
µ = 10% -0.5689 -0.0388 0.5816 0.9665

Notes: The results were obtained by Monte Carlo simulation with S0 = K = 50 and T = 0.5.
The normalized errors are calculated as the $ME divided by the $MAE. The columns report the
errors under different re-balancing frequency of the replicating portfolio. The mean and volatility
are reflected by the HN parameters’ values as follows: λ is set such that µ = r + 252 ∗ k ∗ λ ∗ h̄,
β2 such that σ =

√
252 ∗ k ∗ h̄ where k = 0.5, 1, 2, 5 depending on the re-balancing frequency,

h̄ = β0/(1− β1 − β2γ
2), i.e. the long run variance under the HN model, and h0 = h̄. The other

parameters’ values are: r = 3%, β0 = 8 ∗ 10−6, β1 = 0.45, γ = 700. Number of Monte Carlo
random paths: 1000.
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