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Abstract

The walking droplet experiment gained interest over the last decades because it
is known as the first example of a macroscopic pilot-wave system that exhibits
behaviours thought to be exclusive to the microscopic quantum realm. Until now,
the walking droplet topics were mainly focused about its behaviour characterization
both in fluid mechanics and mathematical modeling, and also about the comparison
of its behaviour with particles showing wave-particle duality such as electrons.
However, no reported experiments have paid attention to walker transport properties
through cavities with input and output leads, that could be comparable to transport
properties of electrons. Consequently, the objective of this master thesis is to
analyze the transport properties of walking droplets through two types of cavity
that undergo a constant angular velocity, analog to magnetic field application
on two-dimensional system. The two cavities are an analog quantum ring and
a Bunimovich stadium billiard, each interesting for different known phenomena
in the electronic world. Indeed, the quantum ring is particularly well known for
exhibiting Aharonov-Bohm effect while the Bunimovich stadium billiard is known
for showing scars in the quantum world, as opposed to the classical world that
presents chaotic behaviours.

To fulfill this objective, the experimental setup developed by O.Leblanc [1] was
the starting point, mainly modified to include bath rotation control. The current
setup includes the following components : the two baths that can be fixed on the
membrane of a loudspeaker for the vertical acceleration, a 3-axis accelerometer, a
droplet generator, a stepper motor on which the loudspeaker is nested and a fixed
camera recording top view images of the droplet horizontal motion, post-processed
by tracking algorithms. The imperfect electrical contacts between the stationary
and rotating structure shows amplitude variations of ±120[mg] that guided the
choice of low memory experiments, with a Faraday instability threshold found at
γF = 4.03[g]. For both baths, the walking droplet transmission shows a global
increase to a maximum transmission probability with the angular velocity increase
of the bath, with some transmission fluctuations. The ring-shaped bath fluctuations
with angular velocity are thought to be related to particular interactions at the ’T-
junction’ both to enter or to exit the ring. Yet, the stadium-shaped bath fluctuations
are rather due to the orbital radius of the walking droplet that decreases with angu-
lar velocity, guiding the walking droplet trajectory and influencing the transmission.
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Nomenclature

List of Abbreviations

2DEG Two Dimensional Electron Gas

AB Aharonov-Bohm

ADC Aharonov-Bohm

AI Analog Input

AO Analog Output

BPF Band-pass filter

FFT Fast Fourier Transform

FPS Frames per second

GMM Gaussian Mixture Model

HSL Hydrodynamic spin lattices

LDOS Local Density Of States

LED Light-Emitting Diode
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PI Proportional Integral
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Table 1: List of default parameters

Name Symbol Value [Unit]
Fundamental constants

Gravitational acceleration g 9.81 [m/s2]
Elementary charge e 1.602 · 10−19 [C]
Particle charge q ±1.602 · 10−19 [C]
Plank constant h 6.626 · 10−34 [J.Hz]

Silicone oil properties
Oil density ρ 956 [kg/m3]
Oil kinematic viscosity ν 20 [cSt] = [mm2/s]
Oil dynamic viscosity µ = ρν 19.12 · 10−3 [Pa.s] = kg/m.s]
Surface tension σ 20.6 [mN/m]

Droplet properties
Droplet diameter D [0.82 − 1.10] [mm]
Droplet radius R0 = D/2 [0.41 − 0.55] [mm]
Droplet mass m = ρ 4πR3

0/3 [2.7 − 6.6].10−7 [kg]
Characteristic drop oscillation frequency ωD =

√
σ/(ρR3

0) [361.0, 560.9] [rad/s]
Vertical oscillations parameters

Sample rate N 10000 [−]
Frequency of forcing f0 80 [Hz]
Pulsation of forcing ω0 = 2πf0 160π [rad/s]
Liquid height h0 [6 − 7] [mm]
Acceleration amplitude γm [0 − 41.622] [m/s2]
Non-dimensional acceleration peak Γm = γm/g [0 − 4.2] [−]
Faraday wavelength λF 4.72 [mm]
Faraday wavenumber kF 1330 [rad/m]
Faraday period TF 25 [ms]
Faraday threshold γF 40.036 [m/s2]
Non-dimensional Faraday threshold ΓF = γF /g 4.03 [−]
Distance to Faraday threshold M = ΓF /(ΓF − Γm) [0 − (+∞)] [−]
Vanishing viscosity wavenumber [2] k0 = k s.t. ΓF → 0 1319.5 [rad/m]
Free damping [2] γ0 = 4νk2

0/ω0 0.277 [−]

Memory [2] Me = M
2πγ0

(
1 + γ

1/2
0
2 + γ0

4

)
[0 − (+∞)] [−]

Faraday phase velocity V ϕ
F =

√
g
k + σk

ρ 190.8 [mm/s]
Walker horizontal velocity VW approximation from [3] [13 − 18] [mm/s]
Capillary length lc =

√
σ
ρg 1.48 [mm]

Vibration number Ωv = ω/ωD [0.90 − 1.39] [−]
Bouncing mode (m, n) (−, −) [−]

Experimental setup (Chapter 5)
Angular velocity Ω [0 − 0.628] [rad/s]
Orbital radius rW [∞ − 11.54] [mm]
Number of transmitted, reflected walkers wt, wr [18 − 115] [#]
Total time of reflections, transmissions τt, τr / [s]
Transmission T = wt

wt+wr
[0 − 1] [−]

Transmission current flow (TCF) It = wt
τt

[0 − 0.15] [#/s]
Transmission current (TC) I = wt

τt+τr
[0 − 0.11] [#/s]



Chapter 1

Introduction

Quantum mechanics is a branch of physics that aims to describe the physical
properties of matter at the scale of atoms and subatomic particles. It provides the
best current mathematical theory to predict the measurements that characterize
the micro and nanoscopic particles behaviour. Notable principles include the
wave–particle duality, energy quantization, probabilistic behaviour described by
the Schrodinger equation in situations where classical physics predicts certainties.
While the mathematical theory is widely understood, many physical interpretations,
that are part of the quantum foundations branch, have been developed in order to
explain and understand how the world behaves according to quantum mechanics
in "reality", that is more a matter of philosophy. While often not needed in the
scientific realm, they may help to better understand how reality is depicted and
"accept" the particle quantum behaviour.
Many interpretations have emerged, leading to debates about their postulates
which can often not be verified that is the whole point. As N. David Mermin
said in [4] "New interpretations appear every year. None ever disappear.". These
interpretations rely on different fundamental statements such as the deterministic
or stochastic particles behaviour, the effect of measurements on microscopic system,
what can be considered as a microscopic system that affects our apparatuses in a
prescribed manner, the principle of locality, etc. [5]. We can cite the Copenhagen
interpretation, the many-worlds interpretation, the de Broglie–Bohm theory and
many others [6].
Among them, the Copenhagen interpretation was the first general interpretation
attempt and is still the most widely spread one. This interpretation starts through
1920’s and has evolved considerably over years with the support of Niels Bohr,
Werner Heisenberg, Max Born and other scientists. Although not always in agree-
ment with each other, generally accepted ideas support that quantum mechanics is
stochastic with probabilities calculated using the Born rule. Moreover, it states
that the act of "measuring" an object is irreversible because a particle state consists
in the superposition of all possible states at once and when an object is observed,
the superposition collapses as the object is forced into one of the states of its wave
function [7, 8].
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As opposed to the Copenhagen interpretation, the de Broglie–Bohm theory was
introduced by Louis de Broglie in 1926 [9] and completed by David Bohm in 1952
[10]. The de Broglie–Bohm theory, also called the pilot-wave model, supports
different statements such as a deterministic motion. Indeed, the system of particles
is described by its wave function that follows the Schrödinger’s equation, and also
by the specification of the actual positions of the particles, that evolve according
to the “guiding equation”, which expresses the velocities of the particles in terms
of the wave function [11,12].

While the wave-particle duality had only appeared in quantum mechanics with
no similar behaviour at the macroscopic scale, Y. Couder, E. Fort and their team
introduced in 2006 a system that couples a macroscopic particle and a wave [13],
leading to a pilot-wave system. The system consists in a millimetric silicone oil
droplet, called "walker" or "walking droplet", bouncing on a vertically vibrated
fluid bath, such that the walker can interact with the surface wave it generates
and starts moving at constant velocity on the interface. Experiments have shown
very remarkable properties such as wave-like statistics in confined geometries,
tunneling, orbital quantization, that can be compared to those attributed to the
wave-particle duality in quantum mechanics. Some of them will be discussed :
self-organising lattice structures, diffraction and interference patterns for single
and double slit experiment (Chapter 2) as well as quantized orbits and orbital
level splitting (Chapter 3). These "walkers" rise particular interest in the scientific
realm as they offer a privileged view on the wave-particle coupling at a macroscopic
scale, and represent a realization of pilot-wave dynamics. Therefore, walkers exper-
iments showing similarities to electron behaviours are support to the de Broglie
theory and may help understanding quantum mechanics with a macroscopic system.

These walkers experiments already report peculiar walker properties, but no
reported experiments have paid attention to walker transport properties through
mesoscopic systems with input and output leads, in order to compare them to
electrons transport properties, a major topic in nanoelectronics.

Therefore, this master thesis aims to explore the walker transport properties
through two types of cavities and investigate the effect of a magnetic field physical
analog for walkers, chosen to be a rotating bath.

The first cavity is analogue to an open quantum ring. In quantum electronics,
it is best known for quantum-interference effects such as Aharonov-Bohm effect
depending on the magnetic field strength [14], firstly observed by Wahburn et al.
[15]. The Aharonov-Bohm oscillations are the oscillations of the conductance due
to a change a phase induced by a magnetic field. The change of phase depends on
the followed path of the electrons and the magnetic field strength. As in quantum
mechanics the paths all have a probability to be taken by the electrons, it results
that for a quantum ring, the electrons have a non-null probability to go from input
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lead to both ring branches. At the output, both branches have a phase difference
due to different path and it results in constructive or destructive interference,
leading to a periodic change conductance for an increasing magnetic field.
The second cavity is a Bunimovich stadium billiard with input and output leads.
It is a chaotic geometry that showed different behaviours between the classical
trajectories and the quantum electron behaviour. Chaotic behaviour is defined as
an exponential sensitivity to initial conditions. A classical ball bouncing elastically
on the stadium boundaries will visit the entire geometry except for some unstable
regular orbits. However, quantum particles behaviour in confined geometries is de-
termined by Schrödinger equation, possibly leading to quantum scars, i.e. patterns
resembling stable semiclassical trajectories, even in classically chaotic geometries
due to the wavefunction eigenstates.

For both cavities, the electron behaviour is strongly different than that of a
classical particle. What will be the closest behaviour to the walker? This master
thesis will investigate the subject and attempt to answer the following questions
for both cavities :

– How does the walker transmission compare to quantum particles conductance?

– Can the probability distribution of the walker positions be associated to the
electrons local density of states (LDOS) or the electron local current?

– Can one evidence an Aharonov Bohm interference effect in the transmission
properties of walkers, similar to the one observed for electrons on mesoscopic
ring?

This master thesis will answer these questions based on experimental observa-
tions of the walkers inside these cavities with a rotating bath. The work will be
based on comparison between existing data from articles, quantum simulations of
electron behaviours in analog geometries obtained with the Kwant library [16] and
classical simulations of a particle at constant speed, bouncing on obstacles by a
specular reflection, obtained with Julia package [17].

It will be organized according to the following guideline. Chapter 2 will present
the growing interest in the walking droplets behaviour in its early stages, followed
by the global parameters to reach the walking state, that will be useful for the
experimental setup.

Then, Chapter 3 will review the main relevant effects of an applied magnetic
field on a two-dimensional electronic system, regarding the properties the walker
could exhibit in this framework. The analogy between a magnetic field and a
rotating bath will be highlighted. Then, a review of the realized experiments in
rotating bath with their electronic analogy will be discussed.

Chapter 4 will present the experimental setup and the methodology followed for
the data analysis. Starting from the setup developed by O.Leblanc [1], I describe
the main improvements realized during the master thesis. To answer the scientific
questions listed above, I first had to add the possibility to rotate the bath with
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controllable angular velocity. I also had to devise image analysis procedures allowing
to extract transmission probabilities for sets of walking droplets in a rotating bath.

Chapter 5 describes the walker observations, including probability distribution
and transmission probability depending on the bath angular velocity in order to
compare them to analog existing electron experiments and quantum simulations.

Appendix B discuss the quantum simulations realized in Python with the library
Kwant[16] using tight-binding approximation. The simulations are performed on
a graphene lattice to get more realistic comparisons. The system dimensions,
the Fermi energy and the magnetic field are the main parameters that will be
investigated to obtain a relevant analog comparison.
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Chapter 2

State of the art on walking droplet

2.1 History of the walking droplet
In 2005, Y. Couder, E. Fort and their team first introduced the concept of "walker"
or "walking droplet" in [18, 19]. They created a macroscopic system consisting of a
vertically vibrated fluid bath and discovered that a millimetric droplet may bounce
on the surface of the bath indefinitely. Under certain conditions, the droplet can
even enter in an interesting "walking" state in which the droplet travels at constant
speed on the bath surface, being propelled by its own wavefield (Figure 2.1). Plus,
two walkers could interact with each other and follow quantized orbitals of diameters
which self-adapt to the forcing bath frequency(Figure 2.2).

Figure 2.1: a–c: Motion of a single
drop in interaction with its own wave-
field on the liquid surface. Adapted
from [19].

Figure 2.2: Two walkers following a
quantized orbital. Adapted from [19].

Following this experiment, interactions between walking droplets [20] have been
investigated and they found out that the scattering of two drops could either lead
to a repulsive collision or to a mutual capture of two walkers of identical size into a
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circular orbit (Figure 2.3). They also observed complex interactions between several
walking droplets that exhibit self-organizing lattices behaviours (Figure 2.4).

Figure 2.3: Possible results of a colli-
sion between two droplets. Left: re-
pulsion behaviour. Right: association
and circular trajectory following an
orbital. Adapted from [20].

Figure 2.4: Self-organizing walking
droplets system forming an hexago-
nal lattice. Adapted from [20].

The next year, they published another experiment [13] showing new interesting
features such as diffraction and interference patterns appearing respectively in a
single (Figure 2.5) and a double slit experiment.

Figure 2.5: Single slit experiment schematic (left) and recorded image (right). θi in
the incidence angle and α is the deviation angle as a result of the crossing through
the slit. Adapted from [13].

These patterns (Figure 2.6) were created from the histogram of the deviations
angle α (defined in Figure 2.5), of a large number of successive walkers.
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Figure 2.6: Left: angle deviation histogram with 125 single walkers with slit length
L = 6.95[mm]. Right: angle deviation histogram with 75 single walkers through
two slits of width L = 7.6[mm], a distance d = 14.3[mm] apart (inset). Adapted
from [13].

These three scientific articles contributed to a growing interest in walking
droplets, as they constituted the very first macroscopic experiments demonstrating
behaviours related to the wave-particle duality that was until this moment only
observed in quantum mechanics. Indeed, the particular behaviour of quantized
orbitals is reminiscent of the electron orbitals, quantized by the four quantum
numbers: n, l, m, and s. The attractive or repulsive characteristics of the scattering
of the two droplets are due to their waves interaction which is a non-local property.
This is a feature also met in solid-state physics for example with Cooper pair which
is a pair of bound electrons namely due to electron-phonon interaction. Finally,
the diffraction and interference pattern of the deviation angle in the single and
double slits experiments are comparable to the famous double-slits experiment
firstly achieved by Young with light in 1804 [21].

More specifically, it is interesting to remark the analogy of this system and the
pilot-wave theory, proposed by de Broglie introduced in the Chapter 1. Indeed,
the droplet can be linked to a particle that has interactions with the wave it
generated at each bath impact, and the de Broglie-Bohm theory starts from the
coupling between a particle being guided by an accompanying wave field pushed in
a direction perpendicular to surfaces of constant phase. Plus, the de Broglie-Bohm
theory shows diffraction and interference properties similar to the stated walker
experiments. Let us now introduce how to reach this macroscopic pilot-wave
system.
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2.2 Walking droplet physics

2.2.1 Walking droplet state
When a droplet is placed on the surface of a bath of the same liquid, the drop will
follow a fusion process called coalescence, that consists of the merge of the droplet
and the bath. The droplet, under the action of gravity, approaches the interface
and thus crushes the thin film of air that separates them. The intermediate film
of air is evacuated to the sides and becomes so thin that the two surfaces will
then come into contact at one point due to Van der Waals forces. The air film is
broken at this point and the liquid inside the drop will then rapidly merge with
the underlying bath to form a bath and equalise the pressures. For the droplet to
reach a bounce state that avoids the coalescence phenomenon, the air film needs to
be maintained. A way to achieve it was introduced by Y. Couder et al. in [18] that
consists in a vertical oscillation of the substrate, namely the liquid bath. When
the droplet is placed on a vertically oscillating liquid bath, the vertical acceleration
of the liquid bath needs to overcome an acceleration threshold noted γC

m, such that
the droplet never has time to break the air film until the droplet is released back
in the air.

The walking state is a particular state of the bouncing state. The conditions
are as follows: when the droplet bounces on the liquid surface, it is accelerated
from the edge of a previous waves it had emitted, so that the reaction force has
a non-null horizontal component F (xi, t) ∝ ∇η|(xi,x),with ∇η the wave slope at
the point of impact xi(t) that makes the droplet moves horizontally, schematically
illustrated in Figure 2.7.

Figure 2.7: Schematic of the droplet walking state. The droplet bounces on the
edge of a previous emitted wave.[3]
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2.2.2 Walking droplet parameters
Let us now qualitatively introduce the main parameters relative to the walking
droplet experiment. A complete analysis of the fluid mechanics is beyond the scope
of this thesis.
To enter in the walking state, five main parameters that will be discussed now
come into play: the droplet diameter D often in [mm], the liquid properties such
as the dynamic viscosity µ in [Pa.s], the liquid bath height, the vertical liquid bath
acceleration γm in [m/s2] and the acceleration frequency f0 in [Hz].

Droplet diameter The droplet diameter influences the transition to bounce
state, due to the gravity and the capillary forces. To enter the bounce state, the
capillary forces must overcome the gravity forces to minimize droplet deformation
from sphere to ellipsoid shape during bath contact and thus higher coalescence
probability. The capillary force will be dominant if the droplet diameter D < 2lc,
with lc the capillary length defined as

lc =
√
σ

ρg
,

where σ is the surface tension, ρ is the oil density and g = 9.81[m/s2] is the gravi-
tational constant. Droplet of diameter D < 2lc ∼ 3[mm] is the droplet diameter
range where interesting experiments were reported. Therefore, a suitable silicone
oil that will be used for this walkers experiment is [22], where σ = 20.6[mN/m]
and ρ = 956[kg/m3], leading to a capillary length lc = 1.48[mm]
For oil with viscosity µ = 50.10−3[Pa.s], Couder et al. measured the required
acceleration threshold to enter in bouncing state depending on the bath frequency,
for different droplet diameters (Figure 2.8). Overall, a higher acceleration is needed
for larger drop diameter in order to compress and renew the air film at high
frequencies or for a wider air film and the acceleration threshold is roughly γC

m ∝ f0.
[3, 18]. For viscosity µ ≤ 20 · 10−3[Pa.s], they report stability of the walking state
for smaller droplet D < 1[mm] in a frequency range 40 < f0 < 300[Hz]. In [23],
they characterized a silicone oil of the same viscosity with a forcing frequency
f0 = 50[Hz] that confirms that a higher acceleration is required for larger diameters
(Figure 2.9) and prove the walking state is accessible and stable for certain a range
of vertical acceleration [γW − γF ], where W stands for "walking"and F for Faraday
instability, explained hereafter.
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Figure 2.8: The required acceleration
thresholds for bouncing states of drops
of various sizes as a function of the forc-
ing frequency.[18]

Figure 2.9: Phase diagram of the bounc-
ing states depending on the droplet di-
ameter and the acceleration. B stands
for bouncing mode, PDB period dou-
bled bouncing, W walking mode and F
for Faraday instability. [23]

Viscosity and forcing frequency The viscosity has an important role in the
evacuation of the air film as well. Indeed, when the drop lands on the surface the
air film resists the drop pressure only in viscous regime, e.g. when the viscous force
are dominant over the inertial forces. Different viscosities of silicone oil have been
experimentally tested in [3] (Figure 2.10) to analyze the acceleration and frequency
range in which the walking state is achieved. In most walking droplets experiments,
a viscosity µ = 20.10−3[Pa.s] is chosen due to its larger frequency range and more
accessible acceleration range, with a forcing frequency is f0 = 80[Hz]. Another
common choice is µ = 50.10−3[Pa.s], f0 = 50[Hz].
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Figure 2.10: The required acceleration thresholds for bouncing states of drops of
various viscosity as a function of the forcing frequency.[3]

Surface height and acceleration As far as these parameters are concerned,
it is now useful to introduce the Faraday instability phenomenon and Faraday
waves that govern the droplet dynamics. Firstly introduced in 1831 by Faraday,
the surface of a fluid bath vibrating with vertical oscillation

r(t) = A sin(ω0t),

with ω0 = 2πf0 the pulsation and f0 the bath frequency, has an acceleration

γ(t) = −Aω2
0 sin(ω0t) = γm sin(ω0t)

with γm = −Aω2
0 that creates instabilities on the bath surface when the forcing

acceleration amplitude is increased beyond a critical value γm > γF in which γF is
called the Faraday threshold. The fluid surface follows a pattern of standing waves
oscillating at half the excitation frequency fF = f0/2 with a Faraday wavelength
noted as λF . This phenomenon is called the Faraday instability. The waves satisfy
the dispersion relation of gravity-capillary waves :

ω2
F (kF ) =

(
ω0

2

)2
=
(
gkF + σ

ρ
k3

F

)
tanh (kFh0)

with g the gravitational acceleration constant, kF the Faraday wave vector, σ the
surface tension, ρ the mass density and h0 the height of the liquid surface [23].
With a kinematic viscosity ν = µ/ρ = 20[cSt], ρ = 956[kg/m3], µ = 19.12[Pa.s],
the wave vector and the corresponding Faraday wavelength are respectively:

kF = 1330[rad/m]

λF = 4.72[mm]
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The height of the liquid will stop influencing the generated waves if

tanh (kFh0) ≈ 1 ⇐⇒ h0 > 3[mm]

Experimentally, Vandewall et al. [24] built a phase diagram depending on the
adimensional forcing amplitude acceleration Γ and the surface height for 20[cSt]
silicone oil (Figure 2.11). Let us introduce adimensional acceleration written in
upper case Γ :

ΓF = γF/g for the Faraday threshold
Γm = γm/g for the forcing acceleration (simply noted Γ in [24])

The surface height threshold at h0 = 3[mm] is well noticed. The more the
surface height decreases, the more the droplet and generated waves will interact
with the bath bottom and eventually enters in bouncing state due to too damped
emitted wave.

Figure 2.11: Droplet phase diagram with Γm the adimensional forcing acceleration
amplitude and h0 the surface liquid height. Experimental data are indicated by
circles.[24]

The walking state occurs when the forcing amplitude acceleration is slightly
below the Faraday instability. The generated waves can be called Faraday waves
for bouncing states since their wavelength is equal to the Faraday wavelength; for
walking states, their wavelength slightly differs due to Doppler effect [23]

λth
W = λF ∓ VWTF

where VW and TF are the walkers velocity and the Faraday period. The waves are
less damped as the acceleration increases allowing the droplet to impact a previous
wave and enters the walking state. With the Faraday Threshold and the forcing
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acceleration, two important parameters can be defined.

The distance to Faraday Threshold M derives from the Faraday threshold being
written as

M = γF

γF − γm

Another notation is the dimensionless bath acceleration ratio:

G = γm/γF

The Memory Me has been introduced in [23] as the division of τ , the time
constant of the exponential decay of generated waves, and the Faraday period TF :

Me = τ

TF

= M
2πγ0

1 + γ
1/2
0
2 + γ0

4 +O(γ3/2
0 )

 , (2.1)

where the second statement has been developed in [2] with γ0 the free damping. The
memory can be seen as a measurement of the spatial extension of emitted wavefield.
With a kinematic viscosity ν = µ/ρ = 20[cSt], ρ = 956[kg/m3], µ = 19.12[Pa.s],
the damping is γ0 = 0.277 and the Faraday threshold is theoretically ΓF = 4.144.

As far as the forcing frequency is concerned, a vibration number Ωv has been
introduced in [25] as :

Ωv = ω0

ωD

,

with ωD =
√
σ/ρR3

0 the characteristic drop oscillation frequency [26] and R0 is the
droplet radius.

Depending on the forcing acceleration and frequency, bouncing states and
walking states may exhibit different periodic modes. They are generally noted as
(m,n), introduced by Gilet and Bush in [27]. In the (m,n) mode, the period of
the droplet vertical motion lasts m periods of the bath vertical oscillation, during
which the drop contacts the bath n times. Plus, for a same mode, a distinction can
be made to separate lower-energy mode in which the drop spends a large fraction of
its bouncing period in contact with the bath, noted as (m,n)1, and higher-energy
mode in which the contact is relatively short, noted as (m,n)2. Higher-energy mode
occurs for higher bath acceleration. As an example, Protière et al.[20] recorded the
spatio-temporal droplet vertical behaviour of the (2, 1)1, (2, 1)2 and (2, 2) modes
(Figure 2.12), by selecting a vertical line from frames aligned with the droplet
center, and arranging this pixels column extracted from each successive frame side
by side.
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Figure 2.12: Spatio-temporal images silicone oil drops in waking state on a liquid
bath vibrating with f0 = 50[Hz]. (a) the (2, 1)1 mode, (b) the (2, 1)2 mode, (c)
the (2, 2). Adapted from [20].

The bouncing modes have been explored in [28,29] in which they compared exper-
iment data to theoretical model developed in [25,28]. They found out that the walk-
ing state was accessible in the (2, 1)1, (2, 1)2 the dominant mode, as well as in the , (2, 2), (4, 2), (4, 3), (4, 4)
modes and chaotic behaviours, characterized by non-periodic droplet motion (Fig-
ure 2.13).

Figure 2.13: Phase diagram indicating the droplet modes depending on the dimen-
sionless forcing acceleration Γm and the vibration number Ωv, with a 20[cSt] oil
viscosity at f0 = 80[Hz] and Faraday threshold observed ΓF = 4.22 ± 0.05. The red
line and colourful areas correspond to theoretical predictions. Experimental data
are presented as square for bouncing states or round markers for walking states.
Adapted from [29].

14



Chapter 3

Magnetic field effect in
two-dimensional materials and
analogy to walking droplet
experiments

In this chapter, a brief review describes the consequences of a magnetic field on a
charged particle in the quantum and classic world that are relevant regarding our
walking droplet experiment. Then, it will be followed by a comparison to walking
droplet experiments with a rotating bath is introduced. As we will see, the case is
similar to the application of a magnetic field on a particle.

3.1 Magnetic field effect in two-dimensional sys-
tems

3.1.1 Lorentz force
In the classical world, a magnetic field B induces a component in the force that
acts on a charged particle called the Lorentz force noted :

FLorentz = qE + qv × B

with q the particle charge = ±e (e being the elementary charge e = 1.6 10−19[C]),
E the electric field, v the particle velocity and B the magnetic field. The first
component is the electrical force and the second one is the magnetic force which is
of interest in our case. Depending on the charge, the trajectory of a particle in a
two-dimensional system will follow a circle of radius r (Figure 3.1). The Lorentz
force for a particle moving at velocity amplitude v in a plane normal to a magnetic
field of amplitude B, becomes for a null electric field :

FLorentz = |FLorentz| û where |FLorentz| = qvB and û = v × B
|v × B|
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For example, the Figure 3.1 gives the Lorentz force direction for initial velocity
v = v x̂ and B = B ẑ. The Lorentz force provides a centripetal force

Fcent = mv2

r

and equalling both, we obtain the radius r of the circular path :

r = mv

qB

Figure 3.1: Schematic of a curved trajectory of a particle of charge q with velocity
v = v x̂ in a magnetic field B = B ẑ. [30]

Hall effect One of the main important results of the Lorentz force is the Hall
effect discovered by Edwin Hall in 1879. This is is the production of a voltage
difference, called the Hall voltage VH , across an electrical conductor (a "Hall bar")
that is transverse to an electric current in the conductor and to an applied magnetic
field normal to the current. The electron flow is bent by the magnetic field, leading
to a higher electron concentration on one side of the conductor which results in an
electric field and thus a difference of potential VH :

VH = IxBz

nete

where Ix is the current intensity, ne is the electron density, t is the height of the
Hall bar (Figure 3.2).
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Figure 3.2: Schematic of the Hall effect with a potential difference V creating a
current density jx, constant magnetic field Bz normal to the surface, Rxx and Rxy

respectively the longitudinal and hall resistances. Adapted from [31].

The longitudinal resistivity ρxx and the Hall resistivity ρxy can be derived as
[32]

ρxx = Ex

jx

= m

nee2τ
ρxy = Ey

jx

= Bz

ene

where m is the electronic effective mass, e the electron charge and τ the time
between two electrons collisions.

3.1.2 Quantum world
At the scale of atoms and subatomic particles, quantum mechanics govern physical
quantities such as the position, momentum, energy, spin that are represented by
observables [33, 34]. The quantum state |Ψ(t)⟩ evolution of a particle is defined
more generally by the time-dependent Schrödinger equation

ih̄
∂

∂t
|Ψ(t)⟩ = Ĥ|Ψ(t)⟩

where h̄ = h/2π is defined with the Plank constant h, t is the time, Ĥ is an
observable or the Hamiltonian operator.

If the solution does not depend on time, the time-independent Schrödinger
equation can directly be used :

Ĥ|Ψ⟩ = E|Ψ⟩

Due to quantum superposition property, a quantum state |Ψ(t)⟩ will be a
linear combination of the eigenvectors of an observable of the time-independent
Schrödinger equation |ψEn⟩, in which case they are called eigenstates, and the
associated eigenvalues correspond to the value of the observable in these eigenstates.

|Ψ(t)⟩ =
∑

n

Ane
−iEnt/h̄ |ψEn⟩
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To calculate the Hamiltonian of a charged particle in a potential V (r, t) and a
magnetic field B, the magnetic field can be derived from a vector potential A as :

B = ∇ × A

and the Schrödinger equation is then :

ih̄
∂|ψ(t)⟩
∂t

= 1
2m

[
(−ih̄∇ − qA(r, t))2 + qV (r, t)

]
|ψ⟩

In the time-independent case and for a potential V (r, t) = 0, the equation is :

1
2m

[
(−ih̄∇ − qA(r⃗, t))2

]
ψ = Eψ

The solution of this equation often uses Landau gauge for the vector potential
defined as

A = Bz x ŷ
Then, the eigenvalues of the operator for non-relativistic particles are found to be
quantized (Figure 3.3) :

En = h̄ωc

(
n+ 1

2

)
n = 0, 1, 2, ...

Each value of n labels a discrete energy level called a Landau level, separated
by an energy gap ∆ = h̄ωC with ωC the cyclotron frequency

ωC = eBz

m

For relativistic particles such as electrons flowing in graphene, it can be proven
that energies become [35]:

Egraphene = ±
√

2νh̄eBv2
F

Figure 3.3: Landau levels as a function of the magnetic field, (a) for the non-
relativistic case and (b) for a relativistic case such as graphene. Adapted from [36].
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Quantum Hall Effect The quantum Hall effect [37] is the quantized version of
the Hall effect with a longitudinal resistivity that takes discrete values :

ρxy = h

e2ν
,

with ν the filling factor that can be an integer or the result of some allowed
fractions [38]. This effect derives from the Landau levels, where discrete energy
levels determined by ν are bent on the Hall bar boundaries due to confinement
potential. The number of energy levels crossed by the Fermi energy lead to quantized
resistivity, and the appearance of edge states.

Aharonov-Bohm effect The Aharonov-Bohm effect [14] is a pure quantum effect
resulting from the electron complex phase governed not directly by the magnetic
field B but by its associated potential vector A. This leads to an interesting
phenomenon where particles, with charge q travelling along a path P in a region
with zero magnetic field B, but a non-zero potential vector A (B = ∇ × A = 0),
acquires a phase shift

ϕ = q

h̄

∫
P

Adx,

Therefore, electrons with same input and output leads taking different routes
can acquire a phase difference ∆ϕ :

∆ϕ = qΦB

h̄

with ΦB = B · S the magnetic flux, S the surface B goes through. The phase shift
has thus a period h/q.

This effect explains certain frequencies of the conductance oscillations with
respect to varying magnetic field intensity on mesoscopic rings. If the magnetic
field B is perpendicular to the surface S with a flux that has circular boundaries,
the conductance G is oscillating with period

TG = h

e πr2 ,

where r is the radius of the surface S, generally computed as the mean of the inner
and outer radius of the considered mesoscopic ring. For electrons going one more
round, this period is doubled and thus some harmonics can also be observed.

The effect of the magnetic field on the electron dynamics in cavities is further
developed in Chapter 5, with a discussion of our results.
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3.2 Rotating bath and analogy to quantum world

3.2.1 Principle
Walking droplets in rotating baths have been firstly explored by E. Fort et al.
[39] influenced by an article from Berry et al. [40] that introduced an analogy
between electromagnetic fields and surface waves. Indeed, they showed that water
waves passing an irrotational vortex could exhibit Aharonov-Bohm effect varying
the vertex strength (Figure 3.4). An irrotational vortex is characterized by fluid
particles each travelling according to their own axis, with a flow velocity inversely
proportional to the center distance. With the support of this experiment, they
illustrated the Aharonov-Bohm effect found in quantum mechanics, associating an
irrotational vortex to a magnetic vector potential to analyze how it modifies the
wavefront phase of water waves front associated to electronic waves (Figure 3.5).
Defining the flux parameter as α = qΦ/h (Table 3.1) in the quantum mechanics
case, they show that the integer value α is equal to the number of wavefront
dislocations, i.e. a phase difference of the wavefront equal to a multiple of 2π after
passing the vortex. For half-integer α values, the interactions show destructive
interference between wave fronts.

Figure 3.4: Water wave passing through
an irrotational vortex leading to wave-
front dislocation depending on the vor-
tex strength. Waves are incident from
the right and the water is circulating
clockwise. Estimated values of the flux
parameter α are indicated. Adapted
from [40].

Figure 3.5: Sketch of electronic wavefronts
incident from the right with different flux
parameter α integer value (top left) corre-
sponding to a magnetic field at the origin
and pointing out of the paper.[40]

The analogy has been further explored in [41] where they pointed out common
points and differences between quantum mechanics and fluid mechanics (Table 3.1).
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The similar expression between a magnetic field B and the vorticity ω of the
medium with their potential vector A and U is the starting point for the walking
droplet experiment in rotating bath.

Table 3.1: Analogy between quantum mechanics and fluid mechanics adapted from
[41], vϕ is the phase velocity.

Quantum mechanics Fluid mechanics
Magnetic field B Vorticity ω
B = ∇ × A ω = ∇ × U
Vector potential A Flow velocity U
Magnetic flux Φ Velocity circulation Γc

Wave function ψ Surface displacement η
Flux parameter α Dislocation parameter α
α = qΦ/2πh̄ α = kΓc/2πvϕ

Dislocated wave is an exact solution Dislocated wave is approximate solution
Phase is not measurable Phase is measurable

As the rotation speed of the medium is not well suited for walkers experiment,
the first experiment inspired by these articles [39] rather chose to rotate the bath.
Indeed, it leads to another interesting analogy between the Lorentz force on charged
particles and the Coriolis force on object moving at constant speed. As seen in
3.1.1, the Lorentz force acting on a charged particle in absence of electric field is
written :

FLorentz = qv × B

In a rotating referential at an angular velocity Ω, an object of mass m moving
at speed v is subject to the Coriolis force equal to

FCoriolis = −2mv × Ω

If the object moves in a plane with normal vector ẑ with B = B ẑ or Ω = Ω ẑ,
both these forces lead to circular trajectories with radius found by equalling the
respective force with centripetal force F = mv2/r :

rLorentz = mv

qB
; rCoriolis = v

2Ω ,

with periods :
τLarmor = m

qB
; τCoriolis = 1

2Ω

3.2.2 Walker experiments in rotating bath
We will review the results of rotating bath effects on a walker with some proposed
analogies to the quantum realm.
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Orbitals First walking droplet experiments in rotating bath have been realized
by Fort et al. in [39] to investigate their presumed circular trajectory dependence
on the rotation speed. They report an orbital radius dependence on the memory
parameter. At low memory, a walker behaves more like a classical particle whose
trajectory during free movements is controlled by the Coriolis force with radius
slightly larger than classical Coriolis radius:

rW = a
(
VW

2Ω

)
,

where a is a fitting parameter found experimentally between 1.2 and 1.5. However,
at higher memory, the orbital radius no longer varies continuously with Ω and it
become quantized :

r

λF

= b2

a
(n+ 1/2) , for n > 0,

where a ≈ 1.5 and b ≈ 0.89 are fitting parameters. The authors explain the
quantization phenomenon as the effect of the high-memory leading to walker
interaction with the superposition of its emitted waves and the waves of its past
trajectory.

The authors also report an hysteresis phenomenon of the orbital radii leading
to an orbital degeneracy. Two different orbital radii may be observed for the same
rotation rate, depending on whether Ω is approached from above or below.

Following this article, Harris and Bush [42] conducted an experimental investi-
gation about the memory parameter effect on walker orbital in the same system,
which revealed a number of new walker orbital behaviours. They found out that
orbital quantization only exists for a finite range of memory (Figure 3.6). As
the memory increases, the authors report more exotic states such as wobbling
orbits with alternately stationary and drifting orbital centres and then followed
by wobble-and-leap dynamics. Finally, in the high limit of the Faraday threshold,
they found erratic trajectories, but still characterized by a multimodal probabil-
ity distribution of the unstable orbital states that reflects its wavelike statistical
behaviour (Figure 3.8).
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Figure 3.6: Points are the observed dependence of the orbital radius r0 on
the rotation rate of the bath. For (a), (b), (c), (d), Ω is respectively
(0.822, 0.922, 0.954, 0.971) reported in [42]. Solid lines are the model prediction
developed in [43], blue portions are stable while red and green portions are unstable

.

In [43,44], Oza et al. theoretically explained the observations [42] through linear
stability analysis, matching the different orbital walker states (Figure 3.7).

Figure 3.7: Regime diagram with the parameters r0 and γ/γF , respectively the
walker’s trajectory on the initial orbital radius and the dimensionless vertical
acceleration. [43]

The linear stability analysis being limited to stable solutions of the circular
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orbits, the same research group then investigated the walker behaviour in the
very high memory regime through numerical simulations [45], where they report
matching results with [42] (Figure 3.9)

Figure 3.8: Orbital statistics with forc-
ing amplitude γ/γF = 0.988 ± 0.003,
for increasing rotation rates (a) Ω =
0.47[rad/s], (b) Ω = 0.79[rad/s] and
(c) Ω = 1.57[rad/s]. (d) Probability
distribution of the radius of curvature
R depending on Ω. [42]

Figure 3.9: Numerical simulations of
orbital statistics and probability distri-
bution with forcing amplitude γ/γF =
0.985 for dimensionless rotation rate
2ΩλF/u0. [45]

Quantum analogy
The authors [39] proposed an analogy between the walker’s quantized orbits

and the Landau levels of an electron, as the quantized Larmor radii rL is:

rL

λdB

= 1
π

(n+ 1/2), for n > 0,

where λdB is the de Broglie wavelength, that the Faraday wavelength is associated
to when looking at the walker radius expression

r

λF

= b2

a
(n+ 1/2) , for n > 0,

In [45], the authors introduced an analogy for the quasi-periodic orbitals defined
by periodic change between unstable solutions based on Coriolis and Lorentz force
expression similarity. They compare them to a Rabi oscillation phenomenon, a
quantum physical phenomenon occurring for an oscillating force field where an
electron periodically alternate between two energy states.
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Orbital level splitting for walker bound states

In [20], Protiere et al. report an orbital quan-
tization phenomenon for two walkers in bound
states and [46] investigated the walkers bounds
states in a rotating bath. The orbit diameter sep-
arating the walkers in a static bath is discrete and
scaled on the Faraday wavelength λF :

dorb
n = (n− ε0)λF ,

where for drops bouncing in phase, n = 1, 2, 3, ...
or n = 1/2, 3/2, 5/2, ... for drops bouncing with
opposite phases and 0.15 < ϵ0 < 0.25 is a shift
found experimentally depending on the droplet
diameter that was around D = 0.7[mm] [20].

In a rotating bath, Eddit et al [46] observed
(Figure 3.10) that the orbital radii of rotating
orbits increase with the angular velocity Ω for a
same direction of rotation of the bath (noted n+

state, filled symbols), while the orbits decrease for
the opposite case (noted n− state, empty symbols). Figure 3.10: Evolution of diam-

eter d between two walkers in
bound states depending on the
angular velocity Ω.[46]

They developed a model to include shift δn (Figure 3.11) from the previous
expression :

dn(Ω) = dn(0) + δn(Ω),
by including Coriolis force to the balance between the centrifugal force and the
wave mediated interaction force of the static case:

δ

λF

= mG

πF0
ΩVW,n exp

(
dn(0)
lv

)
,

where mG/πF0 = 3[s2/m] with mG the droplet mass and F0 the amplitude of the
wave mediated interaction force, VW,n is the walkers velocity orbiting on the nth

bound state and lv ≈ 2λF is the characteristic damping length.
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Figure 3.11: Rescaled experimental data and developed model in solid line.[46]

Quantum analogy
The authors present an analogy between the level splitting of the orbitals

depending on their ± state and the Zeeman effect in which energy levels may be
split into different energies levels under a magnetic field. The analogy is supported
by the expression similarity between the Coriolis potential energy and the magnetic
interaction energy:

ECor = 2Ln · Ω ; Emag = e

2me

L · B

respectively leading to a shift distance and a shift frequency written as

δω±
n = ±αnΩ ; δωE = e

2me

L · B
h̄

where ωn = VW,n/dn(Ω) and ωE = E/h̄ are respectively the characteristic
frequency and the rotation frequency.

Hydrodynamic spin lattices
Recently, Sàenz et al. [47] reported a macroscale analogue of microscopic spin
systems in the form of hydrodynamic spin lattices (HSLs): a system of in-phase
bouncing droplets that influence each other one by one with wave-mediated inter-
actions (Figure 3.12). They introduce an analog magnetization M with spin S and
spin-spin correlation χ defined as

M(t) =
∑

i

Si(t) ; S(t) = Lz(t)/m ; χ(t) =
∑
i∼j

Si(t)Sj(t) ;

where m is the droplet mass and Lz the angular momentum with respect to the
well centre. The correlation is computed from adjacent walkers (written as i ∼ j).
The analog reported spin is thus orbital motion.
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They found out spin-spin correlation tunability by imposing bath rotation
leading to transition from analog antiferromagnetic (orbital motions in opposite
directions from one to the next) to ferromagnetic order (orbital motions in same
direction) (Figure 3.13)1.

Figure 3.12: Schematic of
droplet interactions in an
HSL between two droplets in
their respective well.[47]

Figure 3.13: (a) The local ferromagnetic or-
der for each droplet well. (b) The spin–spin
correlation χ and magnetization M evolution
with bath rotations that varies with time Ω =
(0, 0.7,−0.7)[rad/s].[47]

The discussed analogies are summarized in the following Table 3.2.

Table 3.2: Walker analogies with electron properties.

Electron properties Walkers analogy
Magnetic field B Angular velocity Ω
Coriolis Force FCoriolis Lorentz Force FLorentz

FCoriolis = −2mv × Ω FLorentz = qv × B
rLorentz = mv

qB
rCoriolis = a v

2Ω
τLarmor = m

qB
τCoriolis = 1

2Ω
Larmor radius rL Walker orbital radius r
de Broglie wavelength λdB Faraday wavelength λF
rL

λdB
= 1

π
(n+ 1/2) r

λF
= b2

a
(n+ 1/2)

Magnetic interaction energy Emag Coriolis potential energy ECor
Emag = e

2me
L · B ECor = 2Ln · Ω

Shift frequency δωE Shift distance between two coupled walkers δω±
n

δωE = e
2me

L·B
h̄

δω±
n = ±αnΩ

Spin S Walker ’spin’ S = Lz/m

1Illustration videos are available at the following url: Ferromagnetic order and Antiferromag-
netic order
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Chapter 4

Walker experiment

The experimental setup and its validation will be firstly discussed in this chapter.
It started from the setup previously developed by O. Leblanc [1] and has been
modified to improve some reported points such as the droplet generator, the bath
horizontality, and the walker state reported for acceleration amplitude regime
measured too low compared to the literature. Plus, the setup includes a stepper
motor that allows to set a controllable angular velocity of the bath. The baths
include input and output branch to study the transmission probability.

With the walker parameters analysis from 2.2.2, the silicone oil is chosen with
viscosity 20[cSt] [22], vertically accelerated at f0 = 80[Hz]. The droplet diameter
is D = 0.82[mm] ± 0.02, described in 4.1.4. The surface oil height is h0 = 6[mm]
depending on the bath, with wave damping on the boundaries h1 ≤ 1[mm], de-
scribed in 4.1.

The methodology for data analysis will then be presented, including algorithms
developed for droplet diameter estimation and tracking.

4.1 Experimental setup
A schematic of the experimental setup is shown in Figure 4.1, here with the ring-
shaped bath(7). The complete electrical connections between components are
schematically shown in the Appendix (Figure A.1).
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Figure 4.1: Experimental setup schematic

A camera Sony HDR-PJ10E [48] is placed vertically in line with the centre of
the bath. The camera records at 1920x1080 pixels with a 50FPS framerate. As
the camera only aims to analyze the horizontal droplet dynamics to track and
store the walker position, two lights are placed with grazing incidence on the
bath with the aim of increasing the contrast between the walking droplet and its
background including the generated wavefield reflection in the camera lens; it eases
the tracking algorithm to work for isolated objects without environment changes.
To avoid heating the liquid whose properties vary with temperature, LED lights are
chosen over classical incandescent lights that produce more heat, and are placed
at a sufficiently long distance D > 15[cm] considering LED technology. Plus, the
LEDs have adjustable light intensity which is chosen to be the lowest possible
while ensuring a good droplet visualisation. The vertical dynamics and the wave
dynamics are not analyzed. The video recordings are post-processed with Python
routines, discussed in 4.2.

Rotating structure The two studied baths are 3D printed with Polylactic Acid
(PLA), with a precision of 100[µm], (Figure 4.3). For both baths, the input branch
is the left horizontal branch and the output branch is the right horizontal branch.
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As the geometry is symmetrical, no return path between output and input branches
is added. To always consider the left branch as input, when the droplet positions
reach the right output branch, the next positions are ’reversed’ such that the right
branch becomes the left branch and vice versa. Both baths have height h0 = 6[mm]
to fulfill the oil surface height condition explained in 2.2.2. In practice, a bath
is fully filled to overcome the well height by h1 ≤ 1[mm] which is too shallow to
support a walking drop (Figure 4.2). This value was used in [13] and the reflections
angle were investigated in [49]. The minimal distance between the well and the
borders of a bath of is 7[mm].

Figure 4.2: Scheme of the cross-section of a bath lead. h0 and h1 are respectively
the well oil height and the height that overcomes h0.

The ring-shaped bath has paths of constant width Wcav,r = Wlead,r = 2.5λF =
14.16 [mm] inspired by [50] ("cav" and "r" stands for "cavity" and "ring"). The
width is chosen to consider the paths as an analogy to electrical leads, acting as a
waveguide for the walker. In [50], they report a maximum longitudinal speed for
Wlead,r = 2λF without axial speed. Therefore, the width is chosen slightly bigger to
induce a possible small axial speed and thus a slightly higher degree of freedom for
the walker trajectory. This is meant to allow the walker to have possible scarring pat-
tern, such as the one observed in [1]. The inner radius is Rin = Wpath,r = 14.16 [mm]
and the outer radius is Rout = Rin +Wpath,r = 28.32 [mm].

The stadium-shaped bath is inspired by [1,51]. The stadium has a cavity width
Wcav,s = 45 [mm] ("s" stands for "stadium") and length Lcav,s = 2Wcav,s = 90 [mm]
(without the input and output leads), where Lcav,s = 2Wcav,s is chosen for the
most chaotic behaviour of ball trajectories [52]. The width Wcav,s = 9.5λF is
chosen to test whether the preference pattern for the droplet positions obtained for
Wcav,s = 8λF in [1] is robust for higher cavity dimensions. Input and output paths
are also added, with a width Wlead,s ≈ 2λF = 9.5 [mm]. The width is chosen such
that the walker initial conditions is overall constant in the stadium.
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Figure 4.3: The two 3D printed studied baths of the experimental setup. Left: the
ring-shaped bath with path width W = 2.5λF . Right: the stadium-shaped bath
with leads Wlead = 2λF ,L = 19λF , W = 9.5λF .

A bath structure support has been fabricated in Polyvinyl chloride (PVC) and
glued on the membrane of a loudspeaker [53], serving as an electromagnetic shaker.
The bath is attached to the PVC bath structure with 4 screws aimed at fixing
the horizontality problem encountered in [1]. The loudspeaker membrane applies
a vertical acceleration γ(t) = γm sin(2πf0t), where 3.2 < γm < 4.03 [g] is the
acceleration amplitude and f0 = 80 [Hz], described in 4.1.3. The silicone oil is
provided by Sigma-Aldrich [22], with viscosity ν = 20 [cSt] at T = 25 [◦C].

An accelerometer is fixed beyond the bath to optimally measure the silicone
oil acceleration. The loudspeaker is fixed on a stepper motor with a dedicated
attachment piece in PVC designed to support the loudspeaker, being attached
to the motor shaft with a clamping screw for couple transmission and a height
adjustable screw to adjust the loudspeaker distance from the stepper motor. For
electrical connections between the rotating loudspeaker and the stationary part, a
home-made slip ring has been designed, covered in 4.1.5. On the rotating structure
side, it is composed of copper rings created from a PCB (with a PCB milling
machine) that is attached to the loudspeaker.

Stationary structure The stationary structure is composed of a NEMA 23
stepper motor [54] fixed with four structural screws, and stationary contacts of
the slip ring. A stepper motor has been chosen to provide a low-cost motor with
fully controllable rotation speed. The four structural screws are used to adjust the
stepper motor horizontality. The stationary part of the slip ring is composed of
three row of copper brushes in contact with the rotating surface rings.

31



Droplet generator The droplet generator inspired by [55] is discussed in 4.1.4
and produces oil droplet of tunable diameter 0.8[mm] < D < 1.13[mm] generated
with a piezoelectric buzzer [56] powered by a voltage source. The oil droplets are
launched in the bath with launching pad made of soft plastic to land in one of the
bath leads.

The droplet generator, the loudspeaker membrane vertical acceleration, the
angular velocity and the data extraction from the accelerometer are all handled
from a PC with two NI Labview programs running in parallel. The first one,
"MyDAQ_memory_control.vi" (front panel in Figure A.3), is dedicated to the
vertical acceleration control and Z-axis measurements that runs on a NI myDaq
connected with dedicated components that is discussed in 4.1.3. The second one,
"Arduino_Ctrl.vi"(front panel in Figure A.2), handles a serial communication with
an Arduino Uno explained in 4.1.2 (Front panel in Figure A.1).

The Figure 4.4 presents the real setup with components indications.

Figure 4.4: Presentation of the real experimental setup with the stadium-shaped
bath.

4.1.1 Electrical connections to the rotating structure
The electrical connections to the rotating structure include the loudspeaker power
supply that is a voltage source requiring two connections and the accelerometer
connections that requires six connections: three for the three-axis accelerometer
measurements, two for the voltage source and one for the reference voltage. To
ensure electrical connections between the rotating structure and the stationary
structure, a home-made slip ring has been created (Figure 4.5).
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The rotating contacts consists in a circular PCB plate with a hole in its center
to fit with the loudspeaker bottom diameter and attach them to each other. On
the circular plate, eight independent conducting surface rings have been patterned
with a PCB milling machine, with a little hole to let pass an electrical cable. A
schematic of cutting plane is on Figure 4.6. The end of a wire is soldered on each
surface ring passing through the little hole from the bottom of the plate to connect
the surface ring to the component requiring electrical connections. The stationary
contacts is a row of electrical cables placed above each surface ring. The cables are
chosen to be composed of a huge number of very small copper wire to look like
a brush contact and maximize the electrical contact. To ensure no contact loss
during the rotations, three rows of stationary contacts have been created and form
90◦ angles from each other.

Figure 4.5: Home-made slip ring. Rotating structure consists in a circular plate with
eight surface rings that are in independent electrical contact with the loudspeaker
and the accelerometer. The stationary structure consists in three rows of eight
electrical brushes each in contact with one of the rotating surface rings.
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Figure 4.6: Schematic of the slip ring electrical con-
tacts between stationary part and rotating part.

Validation The electrical contacts are verified by measuring the resistances
between stationary contacts and rotating contacts for several complete rotations.
The resistances showed no peak values that would indicate a bad electrical contact
and measured values are constantly R < 3 [Ω]. Eventually, the three rows were
necessary as the rotating part of the slip ring nested in the loudspeaker was not
perfectly horizontal due to some bad fixed contacts at the loudspeaker bottom. As
a result the rows of stationary contacts ensure electrical contacts each in turn.

4.1.2 Experimental setup control
The experimental setup control is handled with two Labview programs running in
parallel, "MyDAQ_memory_control.vi" and "Arduino_Ctrl.vi". The first one is
dedicated to the vertical acceleration control and measurement (Z-axis) and will
be further discussed in 4.1.3. The second one interacts with the the Arduino Uno
microcontroller by implementing a master/slave serial communication between a
PC (master) and the Arduino Uno (slave).

Serial communication uses the PC as a transmitter to send data one bit at a
time over a single communication line to the Arduino Uno as a receiver. Arduino
Uno has two way of communications: parallel or serial communications. While
parallel connection offers a higher data rates, it requires a higher number of I/O
pins that were not available. Therefore, the serial communication is chosen. The
Arduino Uno program handles the droplet generation, the stepper motor control
and the three-axis measurements. It starts with default value for each components
and then checks for Serial communication events sent by the Labview program and
executes what is asked.

In the Labview program user interface, the following features are proposed.

• Acceleration :

– Selection of the desired axis acceleration;
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– Possibility to output the mean of a number of samples over time that
reduces the noise measure;

– Three-points calibration for each axis : enter the reported Arduino UNO
values [0, 1023] (internal conversion of the Arduino with its ADC) for
three different orientation, typically 0[g],±1[g];

• Droplet generator :

– Choice of the piezoelectric pulse duration (discussed in 4.1.4);
– ’Generate’ button for droplet generation;

• Stepper motor : control over target speed [Hz], maximum speed allowed
in [Hz], division step mode and acceleration parameters (discussed in 4.1.5).

At each confirmed change of value, an instruction is sent to the Arduino Uno
that executes the corresponding task.

4.1.3 Vertical acceleration
The vertical acceleration of the loudspeaker membrane whose bath is fixed is
directly ensured by a NI Labview program that communicates with a NI myDAQ.
The program controls sinusoidal signal that is sent with one of the two analog
output of the NI myDAQ. The signal goes through a power amplifier Brüel Kjaer
type 2706 with a gain set at ∼ 4.5, which is then sent to the loudspeaker by passing
through the slip ring.

The stepper motor is fixed on an optical table [57] suitable to absorb vibrations
coming from the loudspeaker, and positioned flat with the structural screws using
a precise bubble level as verification tool. The loudspeaker is nested on the stepper
motor. While the optical table ensures vertical vibration damping, nothing has
been used to stabilize the bath in the transverse directions.

The acceleration measurements are performed with 3-axis ±16 [g] ADXL326
accelerometer [58]. The Arduino Uno handles accelerometer power supply with
its 5 [V ] output, and receives the 3-axis acceleration output measurements from
the accelerometer that are in the range [0, 3.3] [V ] in one of its two analog inputs
(AI). The Z-axis (vertical axis) is also measured by the NI Mydaq for an analog
voltage measurement, gaining precision. Three capacitors are by default soldered
on the accelerometer to add a low-pass filter (R-C filter) at the end of the output
voltage. It aims to lower the noise density but limits the bandwidth output voltage
at 50 [Hz]. These have been removed and replaced by three capacitors C = 32 [nF ].
The cut-off frequency is :

f = 1
2πRC = 155.4 [Hz],
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with the ADXL326 resistance R = 32 [kΩ] to allow the 80 [Hz] measurements
while maintaining noise reduction.

User interface The Labview program developed for acceleration driving and
Z-axis measurements shows in real-time five different waveforms over time: the volt-
age measurements from the accelerometer, the vertical acceleration measurements,
its associated FFT in logarithmic scale, the found acceleration peaks corresponding
to Γm, the ratio G = Γm/ΓF and the memory parameter.

For the vertical acceleration parameters, the Labview program user has the
ability to vary the frequency f0, the vertical acceleration amplitude by modifying
the sinusoid amplitude A, and the NI myDAQ sample rate. Before starting an
experiment, the Z-axis acceleration can be calibrated with a three points voltage
measurements for three different orientation, typically 0 and ±1[g]. The user
reports the values in a dedicated calibration window and the program computes
a linear regression to convert voltage to acceleration measurements. The linear
accelerometer behaviour is assumed due to a small non-linearity 0.3% [58]. As an
acceleration setpoint controller has not been successfully implemented yet, the user
is then invited to progressively increase the amplitude voltage in order to reach the
Faraday threshold ΓF and report the acceleration value. This way, the program
computes the ratio Γm/ΓF and the memory parameter from (2.1).

Validation In practice, the serial communication cannot handle the reading of
the three axis acceleration at the same time due to a too low data rate, and gets
satisfying results for one axis reading maximum. A way to solve this problem is
using parallel communication or to better optimize the Arduino code constantly
waiting for events that slows downs its main loop. Therefore, this way of measure-
ment was mainly used as a double-check of the NI-myDAQ measurements.

Then, the bath horizontality was tested at null angular velocity by measuring
the acceleration axis with the NI myDAQ one at a time (Figure 4.7) and computing
the resulting amplitude mean. From the measurements, the tilt angles associated
to the rotation matrix R(α = 0, β, θ) = Rz(α)Ry(β)Rx(θ), where α = 0 assuming
no rotation around the Z-axis, are computed from the mean of the amplitude
acceleration Γm,µi

where i is the axis measurement :

θ = arcsin
(

Γm,µY

Γm,µZ

)
= arcsin

( 32.6582
3743.3397

)
= 0.5◦;

β = arctan
(

Γm,µX

Γm,µZ

)
= arctan

( 49.3023
3743.3397

)
= 0.75◦;

where the angles have well decreased comparing to the ones found by O.Leblanc
[1]. The power spectrum of the acceleration measurements (Figure 4.8) reveals an
expected main frequency peak at f = 80[Hz]. Frequency peaks at lower values
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are present. Some of them are related to 50[Hz] and higher harmonics, which are
typical electrical noises related to electric hum. The remaining peaks are harmonics
of the main 80[Hz] peak. The 80[Hz] signal is assumed to be perfect for the rest
of the experiments, considering a very low total harmonic distortion (THD)

THD = 100

√∑H
h=2 v

2
h√∑H

h=1 v
2
h

= 0.8863[%]

where vh is the amplitude of the Fourier transform at the h harmonic.

Figure 4.7: 3-axis acceleration measure-
ments over time measured by NI my-
DAQ.

Figure 4.8: Power spectrum of acceler-
ation measurements showing main ex-
pected peak at f = 80[Hz] and other
peaks at f = (50, 150, 160)[Hz].

However, two problems were then found, and the origin of these ones could
unfortunately not be resolved before the results presented in Chapter 5. The first
problem could be corrected from the measurements but the second one needs some
setup improvements discussed hereafter.

The first problem was Faraday threshold observed slightly too low compared
to experimental data presented in 2.2.2. The cause of the problem was a too
low cut-off frequency of 155.4[Hz]. Indeed, considering a first-order low pass
filter, the cut-off frequency value had an impact on the 80[Hz] forcing frequency,
confirmed by a Bode plot (Figure 4.9) realized with LT spice simulation. To solve
the problem of the measured accelerations for the results of Chapter 5, these
were post-processed by applying a digital bandpass butterworth filter (flow =
60[Hz], fhigh = 100[Hz], order = 3) to isolate the 80[Hz] frequency and multiplied
by a gain G that previously attenuated them, computed from LT spice simulation :

G = 10(1.0207745/20) = 1.1247

The second problem was acceleration amplitude variations with the rotation
(Figure 4.10). The origin of the problem is thought to be the series resistance
between the voltage amplifier Brüel Kjaer type 2706 and the loudspeaker input,
involved by the slip ring, whose impact was underestimated during the validation
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step of the electrical connections 4.1.1. The series resistance Rs has been measured
at 8 different points, varying between 1.1[Ω] and 2.9[Ω]. As the loudspeaker
impedance Rlp is 8[Ω], it will inevitably impact (voltage divider circuit) its input
voltage by a range :

Vlp = VinGamp
Rlp

Rlp +Rs

∈ [5.14, 4.29] [V ],

where Vin = 1.3[V ] is the NI myDAQ output and Gamp = 4.5 is the voltage
amplifier. To support this explanation, as mentioned previously in 4.1.1, the three
rows alternately ensure electrical contacts, and one can clearly notice the three
steps of acceleration measurements (Figure 4.10) due to different electrical contacts
between the rows and the rotating rings.

Figure 4.9: Bode response of RC-filter
from LT spice simulation, where R =
32[kΩ] and C = 32[nF ]. The red line
corresponds to the forcing frequency
80[Hz]

Figure 4.10: Acceleration peaks for a
complete rotation with a period of 20[s].

Due to this problem, the acceleration amplitudes of Chapter 5 were chosen at

Γm ∈ [3.52, 3.76],

fluctuating around Γm = 3.64 giving a dimensionless ratio and memory

G ∈ [0.87, 0.93] ; Me ∈ [6.06, 11.47]

This choice of low acceleration amplitude is motivated by a possible high behaviour
change of the droplet between very high memory and high memory, and a more
constant behaviour for a lower memory range. With the corrections, the Faraday
threshold was consistent, and found at

ΓF = 4.03
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Improvement propositions To solve this problem, two solutions are proposed.
The first one is more rapid and low-cost, consisting in the implementation of a
amplitude acceleration setpoint controller (such as PI or PID controller) that should
be reactive enough to counteract the resistance changes. The second one is the
electrical contact improvements. For this, two possibilities : the change of the
slip ring by a professional one that handles all the connections, or the stationary
electrical contacts improvement by a more sophisticated system including springs
that maintain a constant electrical contact. The professional slip ring was not
primarily envisaged due to too long delivery times compared to this Master thesis
date submission, and the accessibility to create one in the electronic lab of the
UCLouvain NAPS pole where the thesis was realized.

4.1.4 Droplet generator
A droplet generator had been fabricated in the framework of the O. Leblanc master
thesis [1] inspired by [55] (Figure 4.11). The authors [55] report droplet generation
with a highly reproducible diameter control with size range 0.5 − 1.4 [mm].

The droplet generation principle relies on a piezoelectric deformation induced
by a short polarity change that sends a pressure pulse to the oil filling the fluid
chamber, generating a droplet at the nozzle output. The droplet lands ideally
tangentially on a launchpad (not shown in the figure) that deviates its vertical
trajectory to a horizontal trajectory towards the bath. The droplet diameter is
determined by the amplitude Vs and the duration t of a voltage square pulse sent to
the piezoelectric terminals, as well as the height difference ∆h between the surface
level of the fluid reservoir and the nozzle output. A characterization of the droplet
diameter depending on the amplitude and pulse duration parameters is presented
afterwards and a typical pulse sent by the Arduino Uno is on the Figure 4.12.

Figure 4.11: Schematic of droplet genera-
tor.

Figure 4.12: Typical sent pulse used
in the experimental setup for droplet
generation, Vs = 42 [V ], t = 750 [µs].

The setup is similar to the one presented on Figure 4.11 except that the trans-
lation stage is static and positioned to get ∆h = 0 [mm] for a reservoir fully filled.
The nozzle diameter is D = 1 [mm], in light of the results [55].
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The electrical components used in [1] for driving the piezoelectric buzzer are
a voltage source Vs(0 − 50 [V ]), a Arduino Uno microcontroller and a bistable
relay driven by the Arduino. However, O. Leblanc reported a minimum pulse
duration achieved by the bistable relay of 1000 [µs] which often leads to multiple
droplets generation, as shown in [55] that reported single droplet generation for a
duration range 400 − 1000 [µs]. Therefore, the bistable relay has been replaced by
an H-bridge circuit (Figure 4.13).

Figure 4.13: H-bridge circuit implemented for polarity inversion of the piezoelectric
buzzer.

Two digital output pins of the Arduino Uno are connected to the H-bridge
circuit, labeled A and B, where A = B̄, which allows for the rapid reversal of the
polarity of the applied voltage to the piezoelectric buzzer. The sent pulses width
can be controlled within the range 3 − 16383 [µs] [59] to high precision as the delay
is accomplished by an integer number of processor internal clock periods. This one
is ATmega328P[60] that has a 16 [MHz] clock speed giving a time resolution of
0.0625 [µs]. During a pulse step, the A and B pins respectively receive voltage
values 0 − 5 − 0[V ] and inversely 5 − 0 − 5[V ] .

Four optocouplers 4N36 [61] are used as NPN transistors in the H-bridge circuit.
The optocoupler works as a NPN transistor except that it is a NPN phototransistor
with a base current generated from the emission of light from a photodiode, the
whole circuit in one package. In our case, they are preferred over classical NPN
transistors because they create a safe connection between high voltage equipment
and microcontrollers with a means of complete electrical insulation, preventing
electrical surge on the microcontroller and the PC side that can cause damage.
The 4N36 transistor has a typical turning-on time ton = 7.5 [µs] and turning-off
time toff = 5.7 [µs], that could lead to a slightly different effective pulse duration
∆t ≈ 1.4 [µs]. The optocouplers are turned on with forward current IF = 10 [mA]
and forward voltage VF = 1.3[V ]. A resistance is added to get a voltage drop
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∆V = 3.7 [V ] and reach the prescribed forward voltage:

R = ∆V
IF

= 3.7
0.010 = 370 [Ω]

The droplet generation is handled either with the "Arduino_Ctrl.vi" program
with a ’Generate’ button or manually with a push-button circuit (Figure 4.14). The
push button activation is detected with a pin transition state from LOW (0 [V ]) to
HIGH (5 [V ]).

The polarity change has been measured for an amplitude 9[V ] by the NI myDaq
(Figure 4.15) due to AI limited to ±10[V ]. The sample rate was set at its highest
possible, being 200[kS/s], that gives a period resolution 5[µs]. The pulse duration
taken between 90% of 9[V ] is measured t = 755[µs]; for 99% of 9[V ], t = 750[µs],
that testifies the right polarity behaviour.

Figure 4.14: Push-button circuit.

Figure 4.15: Polarity change mea-
sured for a 9[V ] amplitude. Pulse
duration for 90% of the amplitude is
755[µs] with time resolution 5[µs].

Droplet diameter characterization The camera [48] is placed horizontally to
record the generated droplets at the nozzle output (real setup in Figure 4.16 and
scheme in Figure 4.18). Two lights are placed at the sides and a dimension reference
pattern is used to measure the droplet diameter in post-processing. The reference
is placed just behind the nozzle output to consider the droplet in the same plane
(Figure 4.17). The droplet distance h from the plane has been evaluated to deviate
from a maximum hmax = 3 [mm] before reaching a container. The camera is placed
at a distance H = 25[cm]. Therefore, taking the droplet diameter ≈ 1[mm], the
distance between the camera and the droplet center is 24.65 < h2 < 24.95[cm]. As
h2 is not measured in practice, the following approximation is assumed for the
worst case:

h2

H
= 24.7

25 = 0.988 ≈ 1 ⇒ d

D
= 1
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Figure 4.16: Droplet diameter record-
ing setup from the camera point of
view. The dimension reference is a
white marker 3[cm] long.

Figure 4.17: Schematic 2D top view
of the camera recording the droplet,
where D is the projected droplet di-
ameter, d is the real diameter.

Figure 4.18: Droplet diameter recording setup scheme.

To evaluate the droplet diameter, the post-processing algorithm has been
developed.
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Algorithm 1
1. Calibration from first frame I[0]

– ROI window selection for droplet detections
– Dimension reference selection
– Pixels to millimeters ratio computation

2. Instance creation of a Gaussian Mixture Model (GMM) [62] with parame-
ters history = 200; varThreshold = 60. Used for foreground/background
segmentation.

3. Reading of next frames I[n] for n = 1, ..., N where N = total number of
frames.
For each frame :

– Frame cropping at ROI selection
– Grayscale conversion
– Gaussian blurring : kernel size (x = 5, y = 5) and σx = σy = 15
– Closing morphological operator : Ellipse kernel size (x = 4, y = 7), 5

iterations
– GMM application (Figure 4.19 Center)
– Edge detection : XOR operation with eroded image (Ellipse kernel size

(x = 5, y = 5)) (Figure 4.19 Right)
– Contours detection [63] (Figure 4.19 Left)
– Edge widths computation inside detected contours in pixels unit.
– Edge widths filter : weighted mean and standard deviation of maximum

histogram value + values at two bins on each side of the maximum value
4. Global mean computation of found means and standard deviations, and

conversion to millimeters unit.
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Figure 4.19: Algorithm 1 example. Left : frame with detected contour drawn as a
blue rectangle and a display of the pixel width mean. Center: Image result after
GMM application. Right: Image result after edge detection with detected contours
displayed.

To select an appropriate range of parameters, a first constant 42 [V ] was sent to
select the duration range leading to one droplet generation, found at 750 − 1150[µs].
Then, different amplitude pulses Vs have been tested for 750, 950 and 1150[mus]
to determine the one-droplet generation range of these durations. The droplet
diameter is then characterized for these pulse durations and going from the lowest
pulse amplitude boundary to the highest one in 1 volt increments. For each choice of
parameters, 30 droplets have been generated and the reported means and standard
deviation are on Figure 4.20. Despite different ranges from [55], the results are
relevant regarding the parameters, with an increasing diameter for higher pulse
amplitude and pulse time. The droplets mean diameter range in 0.82 − 1.10[mm]
and the final chosen parameters value are Vs = 42 [V ], t = 750 [µs] for a droplet
diameter mean D = 0.82[mm].
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Figure 4.20: Measured droplet diameters for three different pulse durations. Dots
correspond to mean diameters and intervals show the standard deviation. The
boundary of the parameters (pulse amplitude and pulse duration) is determined
between no-droplet generation behaviour and multiple droplet generation behaviour.

Due to an interaction between the droplet and the launchpad before reaching
the bath, its diameter could be modified. To verify this, a droplet was generated
with a 750[µs] pulse duration and a 42[V ] pulse amplitude. Its horizontal velocity
has been measured in the stadium-shaped bath (data acquisition is discussed in 4.2)
without rotation at Γm = 3.83 ± 0.01 (Figure 4.21) and compared to the diameter
characterization realized in [3] (Figure 4.22). The velocity histogram informs a
maximum occurrence for VW/V

ϕ
F = 0.076 where VW is the walker horizontal velocity

and V ϕ
F = 190.8 [m/s] is the Faraday wave velocity. The values are reported on

Figure 4.22 with red lines, the droplet diameter D = 0.82[mm] fits with the reported
observed values.
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Figure 4.21: Droplet horizontal veloc-
ity histogram for Γm = 3.83 ± 0.01
with bin size fixed at ≈ 1[mm] (after
pixel to [mm] conversion), and V ϕ

F =
190.8[mm/s] the Faraday wave velocity
and null angular velocity.

Figure 4.22: Horizontal velocity VW/V
ϕ

F

for three walker sizes depending on the
vertical acceleration Γm. The red lines
corresponds to the droplet measure-
ments of Figure 4.21. Adapted from
[3].

4.1.5 Bath rotation
The bath rotation is ensured with a stepper motor NEMA 23 [54]. It is a 8-wires
stepper motor with a 1.8◦ step angle that has been configured in series to decrease
power heat compared to a parallel configuration.

The "Arduino_Ctrl.vi" Labview program controls the Arduino Uno controller
that drives the stepper motor with a stepper motor driver DRV8885 [64] (Fig-
ure 4.23). The DRV8885 is chosen for its 1/32 microstepping mode, reaching a
0.05625◦ step angle to produce smooth rotations. The current limit is set to a
maximum 2.1[A] to prevent damage to the stepper motor. In practice, the current
limit is reduced to optimise the stepper motor noise. The Labview program handles
acceleration to the chosen target rotation speed and deceleration to null rotation
speed.
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Figure 4.23: Stepper motor control dia-
gram with typical current 0.5[A] and 1/32
microstepping mode. Adapted from [64].

Validation Three different target rotation speeds were tested Ω = (0.01, 0.05, 0.1)[Hz]
and the period manually measured was correct. Plus, the number of pulses the
Arduino sends to the stepper driver motor has been verified to correspond to the
rotation speed.

4.2 Data acquisition and analysis
The camera [48] is placed with a height H = 40[cm] away from the surface height
bath. The distance is chosen as a trade-off between the droplet position spatial
resolution and the reduction of the dimensions distortion trying to reach Fraunhofer
approximation

H >> wbath/2 ⇔ 40[cm] >> 8.9[cm]
The spatial resolution is preferred over the dimensions distortion because only

the droplet positions are evaluated and the bath boundaries are generated from the
video recording to match the bath with droplet positions. In practice, the droplet
positions and bath would be slightly horizontally stretched.

Regarding the speed computation from 4.1.4, the dimension distortions could
have an impact on the evaluated walker speed as the pixel to millimeters ratio is not
constant over the bath. However, the speed is evaluated as the distance travelled by
the walker between five frames due to a spatial resolution of ∆x = 0.134[mm] too
high to compute the distance between each frame. The mean distance traveled by
the walker between five frames is x = 1.49[mm] and so the Fraunhofer approximation
for this distance is verified 40[cm] >> 0.149[cm].

Tracking algorithm The droplet positions are tracked with a second algorithm
explained below. The input lead of each bath is by default the left one. The
algorithm handles the droplet positions tracking while keeping the bath view
horizontal with respect to the leads.

47



Due to the symmetry of the baths, when the droplet reaches the right lead
(output), this one is changed as input lead to reiterate the experiment from this
new start. This process is applied after the tracking algorithm.

The algorithm starts with a bath calibration step that defines the rotation
center of the bath and rotate it to get horizontal leads. The second step is the
droplet analysis calibration step that takes measurements of the coordinates of
the initial position of the droplet and the bath dimensions to recreate the bath
boundaries in the probability distribution computation presented in Chapter 5.
Then the tracking algorithm starts with image processing steps and tracker update,
with a possible re-orientation calibration every 50 frames due to imperfect angular
velocity explained in the next validation step1.

1Video of the tracking algorithm on ring-shaped bath for an angular velocity Ω = 0.126[rad/s]
is available a the link Tracking algorithm
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Algorithm 2
1. Bath calibration from the first frame I[0]

– Rotation center selection
– ROI window selection containing the bath
– Median blurring : kernel size 5
– Canny edge detection [65]
– Statistical Hough Transform [66]: lines detection
– Bath orientation angle computation from the mean of detected lines of

the previous step
2. Droplet analysis calibration

– Instance creation of a Channel and Spatial Reliability Tracker (CSRT)
tracker [62]

– ROI window selection from the left lead upper corner to the right lead
lower corner. Compute the input/output leads coordinates and the bath
rotation center.

– ROI window selection of the walker and tracker initialization
– Masks creations for bath isolation

3. Reading of next frames I[n] for n = 1, ..., N where N = total number of
frames.
For each frame :

– Frame rotation of angle computed from rotation speed.
– Grayscale conversion
– Dilation morphological operator: : Ellipse kernel size (x = 3, y = 3), 4

iterations
– Tracker update

Every 50 frame :
– Adaptive threshold [67] on both leads for edges detection
– Statistical Hough Transform [66]: lines detection on masked image

isolating the bath leads.
– Bath orientation angle correction within the [−1, 1] degree range from

the mean of detected line of the previous step.

Validation The following illustration images are for the ring-shaped bath and
same results were obtained for the stadium-shaped bath.

The calibration step is good at detecting the bath outer boundaries lines, by
fine-tuning the Hough transform parameters (Figure 4.24). Sometimes, some
undesired lines could also be detected (for example for the electric cables situated
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at the top right in the left Figure 4.24), modifying the correct mean angle line. In
such a case, the mean was manually set with the correct lines.

Figure 4.24: Calibration step. Left: rotation center selection. Center: Result of
Canny edge detection. Right: Frame rotation by the mean angle of detected red
lines from Statistical Hough Line transform.

The CSRT tracker is the most relevant tracker among the proposed OpenCV
trackers (Python library used) for a precise walker tracking. Indeed, compared to
other OpenCV trackers, it implements a Discriminative Correlation Filter with
Channel and Spatial Reliability (DCF-CSR), that shows improved tracking of
non-rectangular objects. While operating at a comparatively lower FPS (25 FPS),
it gives the highest accuracy for object tracking among the models [68]. In practice,
the walking droplet being sufficiently isolated due to a darker background, a good
horizontal illumination and some image processing (Figure 4.25) no tracking failure
were detected.

Figure 4.25: Image processing for tracking algorithm. Left: Mask application over
initial grayscale frame, rotation center as red point and input/output lead joined
with a blue rectangle (used to recover the bath boundaries). Right: Grayscale
frame provided to the tracker after dilation operator.

The frame rotation is implemented to keep bath images static while the bath is
rotating, as if the camera was rotating with the bath. While the frame rotation
works for a precise input rotation speed, it turned out that during experiments, the
real rotation speed could sometimes be very slightly lower than expected. After
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investigation, the reason was a possible too low adjusted current limit of the stepper
motor (aimed at reducing the motor noise) and some stepper motor steps could be
missed due to a too low current level.

In the validation step of 4.1.5, the period measurements should have been more
precisely realized. Due to our lack of previous experience with the stepper motor,
the period was considered correct due to the measured pulses sent by the Arduino.

Finally, the real rotation speed was evaluated at

Ωreal ∈ [Ωinput − 2%, Ωinput]

In the algorithm, the problem is skirted by adding a small rotation angle
correction every 50 frames by detecting the bath orientation (Figure 4.26) with
Hough Transforms detecting the lead edges.

Figure 4.26: Droplet tracking during the bath angle correction. The droplet
tracker is the blue rectangle surrounding the droplet. The four red lines are the
ones detected by the Statistical Hough Transform to possibly correct the bath
orientation. At the top left, information in green are provided in the order: the
used tracker model, the FPS the algorithm is processing, the total progress in %
and in progress time of the video.
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Chapter 5

Walkers behaviour and comparison

This chapter presents the experimental results of both baths, including transmission
properties and probability distributions compared to simulations and experimental
data of electron behaviour in mesoscopic cavities, as well as simulations of classical
particles (’balls’) at constant speed with specular reflection in a billiard. As ex-
plained in the Chapter 4, the dimensionless acceleration ratio is G ∈ [0.87, 0.93]
which determines the corresponding memory Me =∈ [6.06, 11.47] for the walking
droplets (as a reminder, this parameter quantifies the spatial extension of the
wavefield associated with the droplet). This parameter was chosen constant over
the experiments that were rather towards an investigation of the angular velocity
effect, analog to the magnetic field. Indeed, the study of the memory effect was not
suitable with this setup due to the lack of acceleration setpoint controller (possible
setup improvements presented in 4.1.3). The Faraday instability threshold is mea-
sured at γF = 4.03[g], and the angular velocity varies in the range [0−5.655] [rad/s]
that is the value above which transmission barely varies around 1 due to walkers
following the edges, explained hereafter. For this angular velocity range, the circular
trajectory of the walking droplet with free velocity VW ≈ 15.5[m/s] (mean velocity
measured during experiments with bath in rotation, slightly higher than the result
previously found 4.1.4) has a radius rW ∈ [∞, 21.24][mm] due to Coriolis force.

5.1 Data collection and relevant parameters
Each experiment used a single walker that was recorded between 13 and 20 minutes,
giving a range of about 30-80 samples of transmitted or reflected walkers between
the leads (Figure 5.1). Each time a walker reaches a lead, input or output, the
image analysis algorithm considers the latter lead as the new input lead for the
next walker trajectory. This is made possible considering the baths symmetry with
respect to input-output leads. Plus, this allows to keep the same walker for the
experiment as it is rotating and decrease the dimensional constraints that a return
path connecting the output to the input would bring to the current setup.
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Figure 5.1: Number of walker samples for each experiment, transmitted or reflected
depending on the angular velocity Ω[rad/s]. The red line is the 30 samples arbitrary
limit. Left: Ring-shaped bath. Right: Stadium-shaped bath.

The walker velocity VW can be divided into a cross-radial and a radial component
with respect to the bath rotation center. A co-rotating walker has a cross-radial
component in the same orientation as the linear velocity of the bath, and in the
opposite orientation for a counter-rotating walker. In order to prove the significance
of the statistical results given the sample size, a 90% confidence interval is computed
for the transmission probability, described hereafter. For some experiments, it
could happen that a counter-rotating walker was ’trapped’ in the cavity, decreasing
the number of samples of the experiment. Analyzing the mean convergence, it was
found that a 30 samples of walkers, either transmitted or reflected, was reasonable
and giving consistent results. For the experiments with lower number of samples,
their mean convergence (Figure 5.2) aims to still prove the significance of the
corresponding results.
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Figure 5.2: Evolution of the transmission probability mean with 90% confidence
interval with respect to the number of walker samples (# walkers).(a-c) ring-
shaped bath respectively for Ω = (0.079, 0.157, 0.204)[rad/s], (c) has a number of
samples > 30 for comparison with (a-b) convergence. (d) stadium-shaped bath
for Ω = 0.062[rad/s]

We now state wt and wr respectively the number of transmitted and reflected
walkers, and τt and τr the total time respectively taken by the wt and wr walkers to
reach output and input lead. A transmitted walker goes from input to output lead,
and a reflected walker from input to input lead. Let’s now describe the different
features that will be analyzed in analogy with the behaviour of electrons :

– Transmission [−]: the walker transmission probability between the input
and output lead, computed as

T = wt

wt + wr

– Transmission current flow (TCF) [#/s]: the walker current between input
and output lead, computed as

It = wt

τt

,

– Transmission current (TC) [#/s]: the ’total’ walker current computed as

I = wt

τt + τr
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5.1.1 Ring-shaped bath
The transmission (Figure 5.3) is globally increasing until reaching ∼ 1, with
some fluctuations at low angular velocities. As angular velocity increases, the
transmission starts at very low values T ∼ 0.12 for Ω = 0[rad/s], to then have a
fluctuating behaviour for Ω ∈ [0, 0.2][rad/s] and eventually tends towards 1 for
Ω ∈ [0.2,−][rad/s]. The radius of the circular walker trajectory is computed as

rW = a
VW

2Ω ;

where a = 1.5 is a fitting parameter [42]. In the walker experiments, due to the
fluctuating vertical accelerations, the walker horizontal velocity could also fluctuate.
The mean velocity was recorded at VW = 15.5[mm/s], slightly higher than the one
found in 4.1.4. Still, this velocity was also obtained in [3] for droplet diameter
D = 0.82[mm] in the acceleration range of this experiment. One can already notice
that the transmission tends towards 1 before the walker circular trajectory reaches
a radius rW ≈ W the path width (Figure 5.3 red dashed lines).

Figure 5.3: Ring-shaped bath transmission varying with the angular velocity
Ω[rad/s]. Dots are measured transmission and the 90%-confidence interval is in light
blue. Green and red square markers respectively correspond to local maxima and
minima analyzed in the probability distributions (Figure 5.4) with the corresponding
letter. Red dashed lines corresponds to the radius rW = (2Wcav,r, 1.5Wcav,r) of the
walker circular trajectory, where Wcav,r, is the ring width. The radius is computed
for a mean free walking velocity VW = 15.5[mm/s] and a fitting parameter a = 1.5
[42].

To analyze the transmission behaviour, the probability distribution of the
walker’s position (Figure 5.4) is computed for the local extrema as well as for
the null and highest angular velocities (green and red markers). The probability
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distribution is obtained from a two-dimensional histogram of the walker’s position
tracked by the algorithm 2. The retrieved positions of the tracking algorithm
are expressed in pixel coordinates. With the calibration step, the dimensions of
the bath are measured in pixels and knowing the corresponding dimensions in
millimetres, the pixel coordinates can be converted in millimetres. The histogram
is computed with an isometric pixel bin size bp = 8 (bp,x = bp,y with x and y the
axis). The value is chosen such that the bin size converted in millimeters bmm ≈ D
the droplet diameter (bmm = 8∆x = 1.04[mm] where ∆x ≈ 0.13[mm] is the spatial
resolution (4.2) corresponding to 1 pixel width).
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Figure 5.4: Empirical probability distribution of the walking droplet’s position,
with input/output lead respectively on the left/right side. (a-b) corresponds to
minimum and maximum angular velocity Ω = (0, 0.6283)[rad/s]. (c-h) alternately
corresponds to transmission local maxima in left column and minima in right
column, Ω = (0.0628, 0.0785, 0.1257, 0.1728, 0.1885, 0.2042)[rad/s].
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At null angular velocity (Figure 5.4(a)), the walker penetrates into the cavity
with a trajectory almost perfectly perpendicular to the inner circle and its reflection
pushes it back very often in the input lead. At high angular velocity (Figure 5.4(b)),
the walker has no reflection with the inner circle and follows the upper path. This is
explained by the Coriolis force, analog to the Lorentz force, that linearly increases
with the angular velocity and forces the walkers to move along the edges more
and more. The Coriolis force is dominant over the T-junction interactions starting
around Ω ≈ 0.25[rad/s], stated as the high angular velocity regime (illustrated in
Figure 5.4(b)). The regime of low angular velocity is consequently Ω < 0.25[rad/s].

In the regime of low angular velocities (Ω < 0.25[rad/s]), the transmission
reaches some local maxima and minima (Figure 5.3(c-f)). The two main factors
that are thought to be considered are the walker interaction with its own wavefield
on the ring path where it did not pass through, and the bath boundaries influence
at the "T-junction".

The first factor was considered thinking Aharonov-Bohm effect could arise
(explained in 3.2.1) due to interactions between the emitted waves in the upper and
the lower path that would have a change of relative phase. This would possibly
lead to constructive/destructive interference that could respectively increase or
decrease the walker velocity and attract or repel it at the entry of the output
lead. However, this mechanism can be set aside for the following reason. The fluid
is enclosed between two rotating cylinders (assuming the outer cylinder perfect,
without considering the leads), a configuration leading to Taylor–Couette flow. In
such a configuration, the azimutal velocity component of the fluid is computed as
[69]:

vθ = Ar + B

r
,

where
A = Ωin

µ− η2

1 − η2 ; B = ΩinR
2
in

1 − µ

1 − η2

with
µ = Ωout

Ωin

; η = Rin

Rout

for Ωin, Ωout, Rin and Rout respectively being the angular velocity of the inner
cylinder, angular velocity of the outer cylinder, inner radius, outer radius. In this
bath, the flow simply becomes a Couette flow as Ωin=Ωout (single rigid piece), that
leads to B = 0 and vθ = Ar, i.e. a rotational flow.

Comparing to the Aharonov-Bohm effect observations that were realized in
[40, 41], the authors inform that the flow needs to be irrotationnal to observe a
such effect, characterized by azimutal velocity vθ = Γ

2πr
where Γ is the fluid circula-

tion. Therefore, the Aharonov-Bohm effect is not thought to play a role in this setup.
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The second factor seems way more important considering the probability dis-
tributions. For the local maxima (Figure 5.4(c,e,g)), the walker encounters less
interactions with the T-junction’s walls, both to enter the ring and to leave through
the output lead, improving the walker flow. In the local minima cases (Fig-
ure 5.4(d,f,h)), the walker undergoes more reflections at the T-junction where the
distribution shows walker interactions with the inner circle and the lead corners.
This seems to show that certain angular velocity are prone to lead to some resonant
reflections between these boundaries. A total reflection of the walker is either
realized with a reflection from the inner circle at the start or with a reflection at
the T-junction output that sends the walker back to the entry.

To analyze the role of the reflections with boundaries once the walker has been
transmitted through the first T-junction, the TCF and the TC (Figure 5.5) can
give an insight about the time spent by the walker inside the cavity. Both follow
the global transmission behaviour except for some points where the currents have a
larger behaviour difference between them (Ω = (0.0314, 0.0785)[rad/s]). For these
ones, the dwell time of reflected walkers were significant, meaning that they could
be ’trapped’ a certain time in the cavity before coming back to the entry. Except
for the outliers, the transmission local maxima and minima faithfully corresponds
to smaller and larger dwell times for the walkers, as indicated by the qualitative
picture given by the T-junction probability distribution (Figure 5.4).

Figure 5.5: Walker current varying with angular velocity. Left: TCF compared to
transmission. Right: TC compared to transmission.

Now that the transmission behaviour has been discussed, we can take a look
at some walkers trajectory behaviours. First, the walker trajectory inside the ring
paths is well analog the trajectory in a wave guide reported in [50], where the
walker follows the path with a small degree of freedom in the radial direction.
The distribution width variation inside the ring path for the different angular
velocities is however thought to be due to an imperfect setup. The two possible
reasons are a rotation center not perfectly set during the tracking algorithm 2 that
slightly distorts the positions with respect to the measured bath dimensions in the
calibration step, and the noise coming from the stepper motor that makes the bath
vibrate slightly.
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Then, at the T-junction, one can notice the walker could go beyond the lead
corners boundaries. Whereas the previous imperfection might suggest that it is
due to a distortion of the walker’s position, this behaviour was ’really’ observed (by
eye). It is similar to tunneling effect already observed for walkers [70–72], where a
walker can travel across a submerged barrier. The difference here is that the barrier
has a limited width of 7[mm] followed by a wall, forcing the droplet to return in
the bath

Aharonov-Bohm effect perspectives Although the Aharonov-Bohm effect is
not thought to lead to the observed transmission fluctuations in the bath considered
here, some suggestions are proposed to try to highlight this effect. As a reminder,
Aharonov-Bohm effect would be observable if the emitted waves travel through two
paths that would change their relative phase. Such results can be reached with
a free vortex, also called “bath-tub” vortex, due to the advection of the emitted
waves by the fluid velocity. The waves going in the direction of the vortex will have
a faster phase velocity while the waves in the opposite direction will have a lower
one. At first sight, walker experiments are not well suited for being realized in a
free vortex for practical reasons: the bath should be constituted of a hole at its
bottom where the oil can flows out while keeping the oil height surface constant.
Plus, considering the surface oil needs to be horizontal, a practical realization of
this setup can not easily be implemented.

Another suggestion is presented here consisting in a Taylor-Couette flow in
a different configuration than the setup that is analog to an irrotational flow
(investigated in [73]). The irrotational flow being characterized by a tangential
fluid velocity vθ ∝ 1/r, the Taylor-Couette flow can have similar behaviour if the
tangential fluid velocity vθ = Ar + B

r
is such that B >> A (Figure 5.6).

Figure 5.6: Analogy between Taylor-Couette flow (left) and Free-surface vortex
(right), adapted from [73].

Setting the outer radius as twice the inner radius (current dimensions), it is
possible to maximize the ratio |B|/|A| with the ratio Ωout/Ωin = (Rin/Rout)2 = 0.25
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(Figure 5.7). However, it would require the outer cylinder to rotate, which is not
practical for a ring-shaped bath with leads. A setup that could be more easily
achievable would be a rotating inner cylinder while the outer one is static. For
such a case, the condition is thought to be still acceptable as Ωout/Ωin = 0 results
in |B| = 802.02|A| (red line on Figure 5.7 ).

Figure 5.7: Tangential velocity component ratio |B|/|A| depending on the angular
velocity ratio between the outer and inner cylinder Ωout/Ωin. Vertical line is for
Ωout/Ωin = 0, leading to |B| = 802.02|A|.

Regarding the walking droplet parameters, the system should be set at memory
sufficiently high such that waves emitted from the walker can interfere coming
from the two different paths (Figure 5.8). That way, the waves can interfere. Such
a case could possibly lead to walker change of dynamics. Plus, a recent walkers
experiment [74] reported an interferometer behaviour of the walkers (Figure 5.9)
with a similar geometry (but without rotating inner cylinder) that reinforce this
setup suggestion.
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Figure 5.8: Schematic of wave-
front emitted by a walker com-
ing from the left with destruc-
tive interference for a bath with
inner rotating cylinder. The dis-
location parameter represented
is α = 1.5.

Figure 5.9: (a) Symmetric setup, where a
droplet shows trajectories specific to an interfer-
ometer behaviour. (b) When one of the barriers
is removed, the symmetry of the system is bro-
ken and no such trajectory is found. The system
is adapted from the interferometer setup imag-
ined in [75].

Then, the dimensions of the inner cylinder, namely its radius and its height in
the bath, could be modified. The optimal inner cylinder would have a minimal
radius to decrease the required wavefield spreadness and so the high memory con-
straint. Regarding the height, it is a trade-off between a good Taylor-Couette flow
(high height) and a decrease of the waves damping (low height) to reach a similar
case of [40] and allows better interaction between waves of different phase. The
transmission of the walker and/or its emitted waves through damping walls gained
interest over the last years due to interesting interaction behaviour [47, 76, 77].
However, a high height is considered preferable since the irrotational flow is crucial
to observe Aharonov-Bohm effect.

The analogy between Taylor-Couette flow and free-surface vortex should be
further investigated in the framework of fluid mechanics and is beyond the scope
of this master thesis.

5.1.2 Stadium-shaped bath
The transmission (Figure 5.10) is also globally increasing until reaching ∼ 1, with
some fluctuations both at low and high angular velocities. As opposed to the
ring-shaped bath, the transmission at null angular velocity is higher, as we could
expect. Indeed, the walker does not have here a first obstacle that can lead to
perpendicular reflection such as the inner circle of the ring-shaped bath.
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Figure 5.10: Stadium-shaped bath transmission varying with the angular velocity
Ω[rad/s]. Dots are measured transmission and the 90%-confidence interval is in
light blue. Green and red square markers respectively correspond to local maxima
and minima analyzed in the probability distributions (Figure 5.11) with the corre-
sponding letter. Red dashed lines corresponds to the radius rW = (Wcav,s,Wcav,s/2)
of the walker circular trajectory where W is the stadium width.

The transmission behaviour can again be investigated with the probability
distribution of the walker’s position (Figure 5.11). The walkers enter the bath with
an initial trajectory angle ∈ ±40◦ with the lead orientation. The walkers trajectory
is guided by the Coriolis force, with circular trajectories more and more visible as
the angular velocity Ω increases. The Coriolis force seems to be dominant over the
initial walker trajectory initial trajectory angle starting around Ω = 0.25[rad/s]
and the initial range of angle of 80◦ decreases as well with the Coriolis force. As
the angular velocity increases, the radius of the walker orbital decreases leading
to one, two or three reflections on the upper boundary before reaching or not the
output lead, that varies the transmission. The local maxima and minima depend
on the orbital radius that either sends the walker in the output lead direction or
slightly next to it which increases the chance of being sent back to the input.
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Figure 5.11: Empirical probability distribution of the walking droplet’s
position in the stadium-shaped bath, with input/output lead respectively
on the left/right side. (a-h) alternately corresponds to transmission lo-
cal maxima in the left column and minima in the right column Ω =
(0, 0.0314, 0.1100, 0.1571, 0.2513, 0.2670, 0.5655, 0.6283)[rad/s].

At null angular velocity, the result diverges from the one found by O. Leblanc [1]
that is here more comparable to the classical chaotic case, showing no preferential
pattern. The main parameters that could explain this result are the higher cavity
dimensions, the addition of the leads, the memory and the height h1 < 1[mm]
of the oil fill of the edges that have impact on the wave damping and thus the
walker reflections. The memory can be raised for null angular velocity (4.1.3).
With h1 ≈ 1[mm], it was tested by gradually increasing the vertical acceleration
until reaching the Faraday threshold but no similar pattern have shown up. Then
different height h1 of the filling edges surface have been tested at constant memory
of the setup (Me ≈ 7) from 1 to 0[mm].
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Similar ∞−pattern (Figure 5.12)
could be obtained for h1 = 0[mm]
(no damping) but not as robust as
reported in [1] that was obtained
with wave damping h1 < 1[mm].
Thus, the walker reflections are
influenced by the wave damping
possibly leading to a higher pref-
erential pattern probability. The
angle reflection of walkers on filling
edges where investigated in [49] for a
surface height h1 = 0.42 ± 0.03[mm]
that showed a non-specular reflection
behaviour. Particularly, the authors
of [49] indicate that the reflection
angle range is significantly lower than
the incidence angle range, and thus
’stabilize’ the reflections.

Figure 5.12: Empirical probability distri-
bution of the walking droplet’s position in
the stadium-shaped bath, Ω = 0[rad/s],
Me ≈ 7, comparable to [1].

It seems the cavity dimensions in [1] were suitable to present "scarring effects"
where walkers have stable trajectory due to a stable reflection angle sending it right
at the next expected quarter circle boundary. Still, the ∞−pattern found for our
dimensions indicate a change on the non-specular reflections behaviour. Research
about the surface height effect of the edges on the reflection angle is missing
and could lead to interesting results as the one reported here. The robustness of
∞−pattern is lower than the one reported [1] and the reason is thought to be due
to walker change of dynamics seeing the influence of the lead at the four quarter
circle of the stadium and the missing characterization of the walkers reflection
when the silicone oil does not fill the area away from the main cavity.

Again, we can look at the TCF (Figure 5.13 Left) and the TC (Figure 5.13
Right). While the TC follows well the transmission behaviour, the TCF shows
more distinctions with maxima and minima sometimes at different positions than
the transmission ones.

The different TCF optima are explained by the walker orbital radius. For high
transmission and low TCF, it means the transmission was sometimes realized after
having missed the first direct trajectory (only reflections on the upper boundary
and directly reaching the output lead) and following orbitals that sends it back to
the output after one or more rotations in the clockwise direction (well illustrated
in Figure 5.11(c)). On the other hand, a low transmission and a high TCF means
that the transmission was not very likely but when the walker was transmitted,
it was quick and thus probably directly from input to output with some possible
reflections on the upper/lower boundaries.
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Regarding the similarity of shape between the TC and the transmission, one
can suggest that the dwell time of reflected walkers seems to rebalance the TCF to
the transmission shape behaviour.

Figure 5.13: Walker current varying with angular velocity. Left: TCF. Right: TC.

5.2 Quantum simulations and experimental data
Quantum simulations are realized with the Kwant package [16] using tight-binding
approximation with ballistic system. The simulations are focused on the conduc-
tance variations with the magnetic field and the local density of states (LDOS) and
local current at certain magnetic field value comparable to the walkers experiment
results. As no scarring patterns were observed (except at null angular velocity
in the stadium with a ∞-distribution), the LDOS and local current simulations
were produced at high magnetic field, to compare the circular trajectory of walkers
and electrons. Further information about simulation parameters are provided in
Appendix B.

The simulations are computed on two graphene cavities, one with a dimensional
constraint (explained in 5.2.1 and 5.2.2) and another one which is a mesoscopic
graphene cavities. Indeed, mesoscopic cavities have dimensions suitable to explain
electron dynamics both classically and quantum mechanically, i.e. following ’semi-
classical’ behaviour1, a case that could be analog to the walkers behaviour dynamics.

Classically, part of electrons dynamics in ballistic mesoscopic devices can be
explained by billiard models, where electrons travel along straight line over the
table and collide elastically with the walls defining the cavity until they disappear
into one of the leads. Ballistic mesoscopic devices are characterized by an electron
mean free path2 longer than the cavity dimensions, feasible by reducing the density

1A semiclassical system is described on one part quantum mechanically and on the other
classically.

2The electron mean free path is the average distance over which the electron travels before
being scattered
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of impurities. Diffusive behaviour, as opposed to ballistic, is described with a
mean free path shorter than the cavity dimensions leading to random electrons
trajectories due to scattering. In ballistic systems, fluctuations are observed in the
device electrical conductance, originating from device boundaries reflection [78].

On the other hand, quantum mechanics can capture the wave-like electron
behaviour and describe carriers interference when the phase coherence length3 is
longer than the cavity dimensions.

Mesoscopic cavities are at the crossing point between both worlds, which is
convenient to develop scarring effect (a.k.a. "scarred wavefunctions" or "scars"),
where some semiclassical orbit are privileged, even in the case of chaotic geometries.
Indeed, in the framework of classical behaviours, scars are not expected for chaotic
geometries and a uniform distribution of electrons trajectories should be observed.
On the contrary, quantum mechanics predict scarring phenomena, even in quantum
analogs of classically chaotic systems.

Semiclassical analysis shows that scarring patterns can be periodic with the
Fermi energy of the system. On graphene, the bandstructure can be assumed linear
for low energy

E(k) = ±h̄vF e|∆k|

where vF e is the Fermi velocity and |∆k| is the magnitude of the wave vector from
the Dirac points. The resulting period for a given length of the periodic orbit Lorb

is ∆E = hvF e/Lorb [79].

5.2.1 Mesoscopic ring cavities
Mesoscopic ring cavities were firstly known to exhibit Aharonov-Bohm (AB) effect
[15,80–86], as explained in 3.1 (Figure 5.14) with an expected magnetoconductance
period TG = h/(e πr2) where r is the mean radius of the quantum ring. Scarring
effect could also be observed experimentally by means of scanning probes techniques
such as scanning gate microscopy that can capture charge-carrier wave functions
concentration [81,82,84,86] by measuring the change of local conductance (∆G)
with movable voltage gate (Figure 5.15). The scars periodicity is also shown on
Figure 5.15 for a characteristic ∆E = 0.0115[eV ] leading to Lorb comparable to
twice the ring arm’s width.

3The phase coherence length and time are the length and time for which an electron can travel
before losing its phase coherence.
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Figure 5.14: AB effect.(a) Mag-
netoresistance of a metal quantum
ring showing main h/e period. (b)
Fourier transform of (a) with two
peaks at the two first expected har-
monics h/e and h/2e.[80]

Figure 5.15: (a, b) Recurrence
of a scar pattern for two different
Fermi energies separated by ∆E =
0.0115[eV ]. (c, d) are corresponding
LDOS simulations. [86]

Quantum simulations results
Quantum simulations are realized on a mesoscopic graphene quantum ring (named
QR1) with inner radius Rin = 200[nm] and outer radius Rout = 400[nm] and
on another graphene quantum ring (named QR2) whose dimensions fulfill the
constraint :

λF e

Wq

= λF

Wb

where λF e is the Fermi wavelength, λF is the Faraday wavelength of walkers, Wq

and Wb = Wcav,r designate the ring arm width in the quantum simulations ("q"
for quantum) and in the experiments ("b" for "bath"), inspired by [1]. The QR1
aims to get close to existing experimental quantum ring while QR2 is meant to
have quantum simulations comparable to the experimental results obtained with
walking droplets in Section 5.1.

In graphene, the Fermi energy is expressed as

EF e = h̄vF ekF e = 2πh̄vF e/λF e

where kF e and λF e are the Fermi wave vector and Fermi wavelength related to
each other as kF e = 2π/λF e. Quantum simulations are realized with tight-binding
approximation with hopping parameter t = 2.8[eV ] and graphene lattice constant
a = 0.142[nm] with a possible scaling factor s = (10, 1) (explained in Appendix B).
The Fermi energy is set at EF e = 0.1t for the QR1 to restrict to number of
propagating modes to 4 and EF e = 0.3t for the QR2 as a trade-off between
reasonable computation time (small Fermi energy leads to high Fermi wavelength
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and thus large cavity dimensions) and a moderate number of propagating modes
equal to 10. Both are also chosen to fulfill the condition E < 0.5t, and assume
a linear energy with the wave vector close to Dirac points. The transmission
conductance (Figure 5.16) is computed with a magnetic field increasing from 0
to the value corresponding to the cyclotron radius lower than half the cavity arm
width. Its expression on graphene is given by

rc = m∗vF e

eB
where m∗ = h̄kF e

vF e

is the effective mass,

The different ranges of value of the conductance in each cavity is explained by
the difference in number of modes, higher for the QR2. Both conductance have an
oscillating behaviour and the QR2 shows a step at B ≈ 0.725[T ].

Figure 5.16: Transmission conductance [2e2/h] and cyclotron orbit radius ratio
rc/W for (a) QR1 and (b) QR2.

The Fourier transform (Figure 5.17) reveals peaks close to AB oscillations
frequency. The QR1 has a slightly higher main frequency obtained for a mean ring
radius r = 330[nm] instead of 300[nm] but is still consistent, while the QR2 a peak
perfectly aligned with the first AB harmonic.

Figure 5.17: Power spectrum of transmission conductance and AB two first har-
monics in red dashed line for (a) QR1 and (b) QR2.
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The transmission step of the QR1 at B ≈ 0.725[T ] is explained by Landau
levels. A Landau at level n on graphene takes the expression

En = ±vF e

√
2h̄e

√
nBz

and we can notice (Figure 5.18) that it is the value where the number of Landau
levels below the Fermi energy goes from 2 to 1. It means that the Fermi energy
only crosses one Landau level on the graphene edge due to potential confinement,
leading to one electron channel and thus a mean conductance ∼ 1[2e2/h] taking the
electron spin into account. This effect is responsible for the integer quantum Hall
effect. Oscillations above this value are thought to be due to quantum tunneling
from an edge channel along the outer circular boundary to a ’trapped’ edge channel
along the inner circular boundary, but could not be verified in simulation.

Figure 5.18: Landau levels varying with the magnetic field and Fermi energy in
red line.

The local density of states (LDOS) and local current in the QR2 (Figure 5.19)
are computed for magnetic field leading to cyclotron orbit radius rc = W/2 and
rc = W/5. It should be noticed that the very small cavity dimensions of the QR2
leads to very high magnetic field required to reach these cyclotron orbit radius.
The goal of the QR2 is not meant to be realistic but rather to provide a qualitative
comparison with the walkers experiment.

For rc = W/2, the local current in the upper path is globally higher due to the
Lorentz force and some trajectories follow the edge at the top and the inner circle at
the bottom. The LDOS indicates two high density circular zones at the beginning
of the upper path, spaced by a distance ≈ W the path width, that demonstrate
the electron circular trajectory of radius rc = W/2.

For rc = W/5, the local current is practically only present in the upper path.
At this value, the number of Landau levels below the Fermi energy is 2, leading
to two edge channels. These ones are not clearly visible and rather form only one
channel. Again, the LDOS demonstrate the electron circular trajectory of radius
rc = W/5 with the distance between some higher density circular zones ≈ 2W/5.
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Figure 5.19: Simulation results on QR2. Left column : the local current. Right
column: LDOS. (a) line results are for magnetic field B = 166.27[T ], r = W/2, (b)
line results are for magnetic field B = 415.67[T ], r = W/2.

5.2.2 Stadium cavity
Regarding the stadium cavity, research have been mainly focused on scarring effect
both on closed and open (addition of leads) stadium [51,78,79,87–89] due to its
chaotic geometry. Quantum behaviours are reported in [1,90] with scarring pattern
periodicity with Fermi energy. Akis et. al [51] also reported scarring pattern
periodicity but varying a perpendicular magnetic field instead of Fermi energy.
They show a magnetoconductance periodicity at low magnetic field (Figure 5.20),
indicating that only a few regular orbits dominate the quantum transport. Indeed,
they report rectangular scar pattern (Figure 5.20 (b-c)) with a magnetic period
corresponding to the magnetoconductance period (Figure 5.20 (a)). Plus, the
authors point out the importance of the leads positions that change the electrons
initial condition, prone to lead to different scarring effect [51,78]. Eventually, the
contact and width of leads play an important role, as pointed out in [89], due to
the selection of the electron modes able to propagate in the cavity, possibly leading
to resonant states (scarring effects).
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Figure 5.20: (a) Magnetoconductance of open stadium cavity where dots correspond
to rectangular scars (Inset : Fourier transform showing a large frequency peak).
(b, c) Recurrence of the rectangular scar pattern for two different magnetic fields
B = 0.135[T ] and B = 0.288[T ], showing a rectangular scar in both cases. [51]

Regarding walkers experiment, O.Leblanc reported [1] preferred "probable
positions" of the droplet inside a closed stadium geometry, found to be analog to a
scarring pattern obtained in a stadium cavity with quantum simulations, adding
an input lead at the top (Figure 5.21). The walker behaviour is explained by the
influence of the billiard borders through its coupling to its pilot-wave properties in
the walking regime. Similar scarred wavefunctions were reported in the Fig. 2 of
[87] and on graphene simulations [79].

Figure 5.21: Similar ∞-distribution in a stadium geometry between (a) Experi-
mental observation with the walking droplet and (b) LDOS simulation.

Quantum simulations results
Quantum simulations are realized on a mesoscopic graphene stadium (named S1)
with width W = 200[nm] and length L = 2W and on another graphene quantum
stadium (named S2) whose dimensions fulfill the same constraint as in [1]:

λF e

Rq

= λF

Rb

where Rq and Rb = Rcav,s designate the semicircle radii in the quantum simulations
and in the experiments.
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As for the ring system, the Fermi energy is set at EF e = 0.1t for the S1 to
restrict to number of propagating modes to 4 and EF e = 0.3t for the S2 leading
to a number of propagating modes equal to 10. The transmission conductance
(Figure 5.22) is computed with a magnetic field increasing from 0 to the value
corresponding to the cyclotron radius lower than half the cavity semicircle radius.
The different ranges of value of the conductance in each cavity is as well explained
by the difference in number of modes, higher for the S2.

Figure 5.22: Transmission conductance [2e2/h] and cyclotron orbit radius ratio
rc/W for (a) S1 and (b) S2.

Both conductance exhibit at first sight a fluctuating behaviour. Looking at the
Fourier transform (Figure 5.23), no single peak value are found as reported in [51],
but several ones for both cavities. The periodicity of several magnetoconductance
frequencies peak could be investigated to search for corresponding recurring scars
(as in [51]), but was not further explored seeing the walkers experimental results.

Figure 5.23: Power spectrum of transmission conductance for (a) S1 and (b) S2.

The LDOS and local current of the S2 (Figure 5.19) are computed for magnetic
field leading to cyclotron orbit radius r = R/2 and r = R/4. The goal of the QR2
is also here not meant to be realistic but rather to provide a qualitative comparison
with the walkers experiment.
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For rc = W/2, the local current is bent in the upper part, and some circular
trajectories are more visible in the lower part with the expected radius rc = W/2.
The LDOS indicates as well some circular trajectory.

For rc = W/4, the local current is practically only present in the upper path
along the boundary and showing some circular trajectory with an expected radius
rc = W/4 on the upper straight boundary zone. Here, the LDOS is not very
illustrative of the cyclotron orbital.

Figure 5.24: Simulation results on S2. Left column : the local current. Right
column: the LDOS. (a) line results are for magnetic field B = 85.70[T ], rc = W/2,
(b) line results are for magnetic field B = 171.41[T ], rc = W/4.

As a double-check of the right circular trajectories radius, the LDOS of the
propagating modes was computed, and the most illustrative ones (Figure 5.25) well
satisfy the expectations.
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Figure 5.25: LDOS of modes illustrating circular electron trajectories (a) for
magnetic field B = 85.70[T ], r = W/2, (b) for magnetic field B = 171.41[T ],
r = W/4.

5.3 Comparison of walkers experiments with ex-
perimental data and simulations

We will now address a comparison between the walkers experiment (5.1) and the
experimental data and simulations (5.2).

Transmission behaviour
The transmission behaviours in the walker experiments is expressed as a probability
of being transmitted and the analog conductance is computed in Kwant with the
Landauer-Buttiker formalism:

Gab = 2e2

h
Sab

where a, b labels two leads and Sab is the scattering matrix element giving the
transmission between lead a and b. The scattering matrix is computed as

Sab =
∑

n∈a,m∈b

|tnm|2 ,

where tnm is the transmission coefficient from mode n of lead a to mode m of lead
b.

The transmission behaviours of walker and electron in these cavities have been
shown to radically differ. On the ring geometry, electron conductance exhibit AB
oscillations while on the stadium geometry, the transmission has several frequency
peak at different locations. On the other side, the walker transmission shows
oscillating behaviour that are rather thought to be due to the reflections on bath
boundaries in both case, influenced by the angular velocity.
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In electronic system of such geometries, a lot of parameters come at play
namely the superposition of the electron modes, the Fermi energy, the magnetic
field leading to different effects such as Landau levels quantization, electron phase
shift, Lorentz force, etc. On the other hand, a walker is a macroscopic system
associating a particle and a wave, but the wave has a constant wavelength, i.e. the
Faraday wavelength. Setting aside the physical oil parameters, the most important
remaining one is the memory compared to the cavity dimensions, possibly leading
to wave-like behaviours. The limitation of the walking droplets in such a system
regarding the electron dynamics is the impossibility to superimpose modes due to
low memory experiments preventing interference with previously emitted waves,
that could lead to more complex transmission behaviours.

Still, the walker experiment in the stadium-shaped bath has shown behaviour
similar to magnetic focusing effect observed on electronic systems[91] where the
transmission has local maxima for cyclotron orbital radius leading the electron
trajectory in the output lead after zero or more reflection on a boundary. Indeed,
the walker transmission was shown to have periodic extrema above a certain angular
velocity where trajectories were mainly influenced by the number of reflections on
the upper boundary due to the walker cyclotron radius varying with the angular
velocity of the bath.

Walker’s position distribution compared to local current and LDOS
Both local current and LDOS were not shown to be comparable at low magnetic
field. Indeed, walkers in ring-shaped and stadium-shaped bath did not exhibit scar
pattern in the whole cavity (expect for null angular velocity in the stadium-shaped
bath discussed in Chapter 6), which are a key property of analog electronic system.
Also, the T-junction peculiar behaviour of walkers for transmission local minima
was not observed in simulations.

At strong magnetic field (rc ≤ W/2 and rc ≤ R/2 for the ring and stadium
geometries), the local current has shown more and more similar behaviours as the
magnetic field increases. Indeed, at very high magnetic field, the electron dynamics
can be governed by one conducting channel due to Landau levels. This case is
analog to walkers in bath with high angular velocity, where walkers follow the
device edges before reaching the output. The LDOS shows less similarity with the
walkers dynamics. It can capture precise cyclotron orbit which was not observed
for walkers whose trajectory tended to follow the boundary.

Although the walkers trajectories do not follow classical trajectory of a bouncing
ball in a billiard model with specular reflections, simulations of such model are in
Appendix C as a support to the reflection non-specular behaviour of walkers [49].
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Chapter 6

Conclusion and perspectives

This work was realized in the continuity of the master thesis realized by O.Leblanc[1]
where a first experimental setup was developed at UCLouvain. Some reported
improvements have been realized and a controllable angular velocity has been set,
bringing in turn new possible improvements described in 4.1.3.

6.1 Discussion on the obtained results
Let us remind the initial questions of this master thesis to answer them:

– How does the walker transmission compare to quantum particles conductance?

From the walkers observations compared with electron simulations and experi-
mental data, the transmission behaviours are shown to radically differ in such
geometries. Indeed, for electronic system, a lot of parameters come at play. The
Fermi energy defines the propagating modes and the electron dynamics is governed
by the superpositions of these modes. The magnetic field has many consequences
on the electron dynamics such as Landau levels, phase shift of the electron waves,
etc. On the other side, a walker is a macroscopic system associating a particle
and a wave at constant Faraday wavelength, and its main important parameter
to consider to reach wave-like behaviours in cavity is the memory compared to
the cavity dimensions [1, 92–95], setting aside the physical oil parameter. The
current setup was not suitable to work at high memory (4.1.3), leading to walkers
transmission mainly governed by boundaries reflections.

– Can the probability distribution of the walker positions be associated to the
electrons density or the electron local current?

For both baths, the local current at strong magnetic field (rc ≤ W/2 and
rc ≤ R/2 for the ring and stadium geometries) showed behaviours similar to
the distribution of walker’s positions at high angular velocity. In such a case,
the walkers trajectories are dominated by the Coriolis force and electrons by the
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Lorentz force, that have similar expression respectively with the angular velocity
and magnetic field. Plus, as magnetic field increases in electronic systems, the
number of Landau levels crossed by the Fermi energy decreases until 1, as it was
observed in simulations. This case can be analog to the walkers experiment in both
geometries as trajectories were shown to follow the boundary edges, analog to a
single edge electron channel following the cavity boundary.

On the other hand, the LDOS is less comparable to the walkers dynamics. The
LDOS is suitable to observe precise cyclotron orbit which was not observed for
walkers whose trajectories tended to follow the boundary.

Regarding these results, one can state that the local current is more suitable for
a qualitative comparison with the walker experiments oriented toward transmission.
Indeed, the local current can often give more appealing results and insights about
the electron flow that can be analog to the walkers flow. On the other hand, the
LDOS here is less comparable to the walker experiments and is thought to be more
relevant for closed cavity, to illustrate resonant eigenstates resulting in scarring
effect.

– Can one evidence an Aharonov Bohm interference effect in the transmission
properties of walkers, similar to the one observed for electrons on mesoscopic
ring?

As discussed in 5.1, the Aharonov-Bohm effect was firstly considered in the
ring-shaped bath due to oscillating transmission characteristics. However, this
effect is not thought to be responsible of this observation. Indeed, the relative phase
accumulation at the origin of the Aharonov-Bohm effect was observed for wavefront
passing through an irrotational vortex [41] that modify their phase leading to
interference depending on the wavefront dislocation parameter (itself depending
on the vortex strength). Yet, the current setup leads to a rotational vortex, which
should therefore not exhibit such an effect. A proposition of setup suitable for
the AB observation was put forward, with some connections to a recent research
showing walker interferometer behaviours [74].

Apart from the stated questions, the stadium geometry showed a more chaotic
behaviour of the walker at null angular velocity, as opposed to the results of
O.Leblanc [1]. The proposed reasons are the change of walkers dynamics due to
the addition of the leads and the higher cavity dimensions not suitable for scarring
effect with edges filled by oil, considering the angle reflections stability observed in
[49]. The surface height of the oil filling edges was investigated and it has been
shown that it influences the non-specular reflection behaviour of walkers, that could
possibly lead to ∞− walker’s position distribution found in [1]. The perspectives
of this observation are discussed hereafter.
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6.2 Perspectives for future research
Walkers experiments in rotating bath gained interest due to new interesting be-
haviours where some analogies to electron dynamics were proposed [20,39,42–47].
In this master thesis, an analogy between the walkers transmission probability
and the conductance was investigated in such a system but showed different be-
haviours. Although the transmission behaviours are different, the walker’s position
distribution at high angular velocity showed behaviours analog to electrons under
high magnetic field leading to one-dimensional electron channels, responsible of the
Quantum Hall effect.

This work opens up many perspectives for future work, being the first one to
investigate walker transmission properties between an input and output lead. As
previously pointed out (5.3), the walkers transmission behaviour in the stadium
geometry was similar to conductance behaviour resulting from magnetic focusing
effect observed on electronic systems[91]. Therefore, one could imagine a bath
analog to the cavity reported in [91] with input and output lead in the same plane
and examine the walker transmission walker probability dependence on the angular
velocity.

Then, as already mentioned, Aharonov-Bohm effect could be investigated in
another proposed setup (5.1), including a rotating inner cylinder that results in
a vortex approaching irrotational flow, suitable to observe such an effect [41].
Aharonov-Bohm effect is the result of interference between waves of different phase,
and a recent research showing walker interferometer behaviours [74] support the
proposed setup.

Eventually, for the stadium geometry, chaotic behaviour of the walker was
reported for oil filling the bath edges with height surface 0 < h < 1[mm], but
’preferred positions’ of the walkers were found for h = 0[mm], with ∞−pattern
comparable to [1]. Therefore, the question of the dependency of scarring effect with
the oil filling height at the bath edges could be further explored. Other dimensions
could be tested to identify the oil height leading to scarring effect, and perhaps find
a relationships between both. An analogy could be proposed between the surface
height on the borders and the depletion length on the borders of an electronic
system. The surface height on the borders could be seen as the border potential,
and the depletion length characterizes the narrowness of the potential seen by
electrons on the system that differs according to the considered material (graphene,
GaAs/AlGaAs heterostructures, ...)
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Appendix A

Experimental setup control

Figure A.1: Electrical connections
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Figure A.2: Front panel of the Labview program "Arduino_Ctrl.vi"

Figure A.3: Front panel of the Labview program "MyDAQ_memory_control.vi"
directly applying a BPF. Missing parts are other waveforms : Accelerations peaks,
G, Raw output voltage of accelerometer
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Appendix B

Quantum simulations

Simulations were performed in the tight-binding framework using the Kwant package
[16]. The tight-binding framework can capture the main physical characteristics
we want to calculate, and Kwant is oriented toward electronic transport, providing
tools to create custom system lattice with leads and compute the conductance, the
local current, the LDOS, etc. The tight-binding Hamiltonian can be expressed in
the second quantization formalism as [96]

Ĥ =
∑

i

U (ri) ĉ†
i ĉi −

∑
<i,j>

t0ĉ
†
i ĉj

where t0 = 2.8[eV ] is the hopping parameter, < i, j > is the restriction over
the nearest neighboring atoms indices, ĉ†

i and ĉi are respectively the creation
and annihilation operators on site i and U (ri) is the potential on site i. In our
simulations, no potential was applied on the sites and the Hamiltonian becomes

Ĥ = −
∑

<i,j>

tĉ†
i ĉj

where t = t0. In the hexagonal lattice of graphene, the energy dispersion at low
energies can be approximated linearly as a function of the wave vector k written as

E(k) = ±3at
2 |k|

where a = a0 = 0.142[nm] is the lattice constant equal to carbon-carbon distance.
At low energy, it was shown that a (reasonable) scaling of the system, useful to
decrease the number of sites and thus the computation time, kept the electron
dynamics unchanged [96]. It is defined with a scale factor s as

a = a0 × s and t = t0/s

The magnetic field B can be added in the tight-binding Hamiltonian with a
modification of hopping parameter t, becoming

t = t0 exp
(

−j e
h
B (xi − xj)

yi + yj

2

)

83



and the resulting Landau levels on graphene take the form
En = vF

√
2h̄e

√
nB

where vF = 3at/(2h̄) is the Fermi velocity and n = 0,±1,±2, ... designates the
Landau level label where + and − respectively stands for electrons and holes.

Within the Landauer-Buttiker formalism the conductance is computed as:

Gab = 2e2

h
Sab

where a, b labels two leads and Sab is the scattering matrix element giving the
transmission between lead a and b. The scattering matrix is computed as

Sab =
∑

n∈a,m∈b

|tnm|2 ,

where tnm is the transmission coefficient from mode n of lead a to mode m of lead
b.

For our simulations, the Table B.1 summarises the set parameters. As explained
in the main text, the simulations were realized on two dimensions for each geometry,
hence the two possible values for some parameters. When two parameters are
mentioned, they correspond to the order 1, 2 of the main text (for example: QR1
and QR2). The magnetic field was increased until reaching a cyclotron orbit radius
rc ≤ Rq/2 or rc ≤ Wq/2 respectively for the ring and the stadium.

Name Expression Value [Unit]
Planck’s constant h 6.626069 · 10−34 [J.s]
Electric charge of the electron e 1.602 · 10−19 [C]
Scaling factor s (10, 1) [−]
Hopping parameter t = t0/s (0.28, 2.8) [eV ]
Lattice parameter a = a0 · s (1.42, 0.142) [nm]
Fermi energy EF = (0.1, 0.3)t (0.027, 0.84) [eV ]
Fermi velocity vF = 3at/(2h̄) 0.906 · 105 [m/s]
Fermi wave vector kF = EF/(h̄vF ) (4.695 · 107, 4.695 · 108) [rad/m]
Fermi wavelength λF = 2π/kF (1.338 · 10−7, 1.338 · 10−8) [m]
Cyclotron orbit radius rc = EF/(vFB) [+∞, Rq/2 or Wq/2] [m]
Magnetic field B = EF/(vF rc) range set from rc [T ]

Ring
Width of the leads Wlead,r (200 · 10−9, 2.5λF ) [m]
Inner radius Rin (200 · 10−9, 2.5λF ) [m]
Outer radius Rout (400 · 10−9, 5λF ) [m]

Stadium
Width of the leads Wlead,s (200 · 10−9, 2λF ) [m]
Stadium semicircle radius Rq = Wq/2 (200 · 10−9, 4.75λF ) [m]
Stadium length Lq (800 · 10−9, 19λF ) [m]

Table B.1: Simulation parameters
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Appendix C

Classical system simulations

Ring billiard classical simulations obtained with Julia package [17] for a magnetic
particle. The initial trajectory angle formed with the horizontal axis is simulated
with a Gaussian distribution of mean = 0 and standard deviation σ = 45◦.

Figure C.1: (a-f) Classical simulations in ring-shaped billiard with cyclotron orbits
rc = (∞, 0.5, 0.66, 1, 4, 9)Rin[mm], with Rin = 2.5λF the inner circle radius.
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Stadium billiard classical simulations for a magnetic particle [17]

Figure C.2: (a-f) Classical simulations in stadium-shaped billiard with cyclotron
orbits rc = (∞, 1, 2, 3, 4, 5)Rstadium[mm], with Rstadium = 4.75λF the semi-circle
radius.
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