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Abstract

This master thesis designs new e�cient multi-agent algorithms that operate in open systems (i.e. systems
subject to arrivals and departures of agents) and that aggregate the data held by each arriving agent for
allowing them to estimate some external quantities in a decentralized way.
Multi-Agent Systems are systems composed of independent, intelligent and interactive entities acting
toward some common objective. Recognized for their advantages in solving large problems in a decen-
tralized manner, their study generally considers a �xed composition of agents. However, arrivals and
departures of agents may be unavoidable (such as computer failures in a network) and may impact the
objective pursued by the agents. In that Open Multi-Agent Systems context, the agents may need to
aggregate information from all the agents that have ever been in the system for estimating some external
quantities but without using a growing memory. This is the case, for example, when each agent holds
a measurement of a same random phenomenon for which each wants to estimate the distribution mean
in a decentralized way. This latter problem is the focus of this master thesis. Its main challenge is to
incorporate correctly the information from new agents without forgetting the information of the agents
having left the system and without being too much impacted by noise.
This master thesis establishes theoretical and empirical performance limitations for this problem in Open
Multi-Agent Systems and presents new algorithms that solve it e�ciently. The best designed algorithm
reaches the performance limitations (within 1%) in most cases.

Key Words: Multi-Agent Systems, Open Systems, Data Fusion, Decentralized Estimation, Gossip,
Push-Sum.
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Introduction

These days, people, computers and every thing are more connected to each other than ever. Arti�cial
intelligence is more and more present in our lives through smartphones, cars, internet, industries or
other. It is then logically that the idea of combining individual intelligent entities to collaborate and
solve problems has become popular in the past decades. The distributed arti�cial intelligence already
started as a branch of arti�cial intelligence forty years ago. It quickly became an independent research
discipline in its own right, representing a combination of ideas from several disciplines [A02]. Multi-agent
systems are one of the main examples of distributed intelligence [Woo09].

Think for example of a system of robots that need to communicate with each other in order to play
football (potentially against another team) as depicted in Figure 1. Robots should not be controlled
by one centralized entity but can each take their own decisions on the �eld. Therefore, in order to
play correctly, these soccer robots need to reach an agreement about the strategy to adopt, control
the formation they have on the �eld, synchronize them between each other in order to execute passes
correctly and ideally also observe the moves of the opposing team to collectively estimate what they
are going to do and try to optimize their own strategy from that. This robot system example combines
most of classical problems that are studied in multi-agents systems (consensus, decentralized control,
decentralized optimization,...) and that will be presented in this work.

Figure 1: An example of multi-agent system: the soccer robots system

More formally, a multi-agent system (MAS) is a system that contains several autonomous entities
(called agents) that can take their own decisions and actions, and that interact with each other in order
to achieve a common objective, that is often beyond the individual capabilities or knowledge of each
entity. The amusing example of soccer multi-robots system exists for real [DCX12] and competitions are
even organized. Other (more useful) examples of systems of robots that have to achieve speci�c tasks
requiring coordination and collaboration [Ota06] exist or can be imagined. As explained in [DBB14], the
applications of swarm of robots are promising when the tasks they are carrying are dangerous, require
di�erent activities to be performed concurrently or when they are redundant (e.g. mine clearance or
search and rescue). Other situations, where it is technically impossible to set up the necessary infras-
tructure to control the robots in a centralized way or where the absence of a single point of failure is
desired, can also be handled by swarm of robots, such as for planetary or underwater exploration.
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Multi-robots systems are not the only examples of multi-agent systems. Another example of multi-
agent system is the sensor network where the agents try to collectively estimate a parameter or a function
from the data they collect. Multi-agent approaches for this estimation problem are often more e�cient
(in terms of energy and communication) than centralized estimation schemes [RN04]. One other well-
known example of multi-agent systems is the ad-hoc network which is a network that does not rely on any
pre-existing infrastructure such as routers and where devices can communicate directly with each other
without intermediary routers. It can be used for examples with cars [CHW11]. Multi-agent systems
can also model social networks, opinion dynamics [VMH18] [Van+16] [Ye+18b] [Ye+18a] and animals
behaviors (as �ocks of birds) [Leo13]. This short list of examples shows that there are various �elds of
application for multi-agent systems. Di�erent types of applications and their challenges are detailed in
[DKJ18] and [Cao+13] presents an overview of the classes of problems that can be solved using multi-
agent systems and their respective applications.

As shown in Figure 2, a multi-agent system is generally represented by a graph where the set of
nodes N is the set of agents and the presence of an edge between two agents depicts the existence of a
communication channel between the corresponding agents. This abstraction allows using graph theory
results in the analysis of multi-agent systems.

y1(t)

y2(t)y3(t)

y4(t)

Figure 2: Representation of the multi-agent system of soccer robots from Figure 1. Each agent (robot)
holds a time-varying value yi(t) that represents its own approximation of the solution to a given problem.

Problem solving with multi-agent systems is not an easy task: since each agent is an independent
entity that often evolves into an environment subject to some randomness, predictions and analyses of
such systems may be di�cult and often rely on stochastic approaches to estimate certain expected behav-
iors. This challenge is worth the e�ort because in return, multi-agent systems provide many advantages
related to the decentralized and collaborative resolution of a problem.

Firstly, multi-agent systems do not work with a centralized master node that collects and manages
all the information contained in the system. It is said that multi-agent systems work in a decentralized
manner. This approach can be useful to solve di�cult problems that a single agent could not be able
to solve or problems where data cannot be stored on a single agent (computer), either for privacy or
memory reasons. In other situations, the communication constraints do not allow all agents to com-
municate with a same central entity, or only intermittently (due to cost of communication, distance
between nodes or infrastructure constraints). In these situations, the decentralized approach is essential.
In some systems where decisions need to be taken in real time, without latency, as for the soccer robots
systems, a central entity often constitutes a bottleneck in the execution speed of the decisions since it has
to manage many communications and computations on its own. Moreover, in decentralized algorithms,
the nodes do not need to know the entire structure of the system, which is very desirable for large systems.

Furthermore, multi-agent systems are easily scalable: agents can cooperate just as well in small or
large systems without large modi�cations, which is not the case of centralized solutions for which the

2



master node often constitutes a bottleneck when the system needs to be scaled up.

The absence of centralized master node may also allow the system to be in a sense more robust to
failures. Indeed, when a node fails in multi-agent systems, it has undesirable e�ects on the balance of the
system as it will be explained later but a single failure is rarely fatal to the system. Even if this worst
case scenario happens, each remaining agent can still access to its own approximation of the solution
and the entire process can restart without the broken agent. In centralized settings, the solution is only
computed at the central master node and can potentially be sent to others thereafter but if the central
node fails, all the system fails without having any access. Also since all agents of a multi-agent system
are identical, a defective agent can be replaced pretty easily in comparison with a centralized node for
which a replacement may be di�cult and expensive.

As shown in representation of Figure 2, in multi-agent system, each agent i ∈ N holds its own
approximation of the solution1 that evolves with time. The solutions of all agents are stacked in a vector
y(t), and under some assumption on the interactions network, it converges to a �nal desirable vector y∗

when time goes to in�nity.
For example, in consensus problem, the agents aim to achieve a consensus on a common value, starting
each with a di�erent initial value. Therefore, as shown in Figure 3, the agents start with di�erent initial
values yi(0) and (pairwise) communications allow the di�erent yi(t) values to converge toward a common
one. Consequently, the �nal vector y∗ have identical components (y∗ ∈ span{1}).

0 50 100 150 200
-3

-2

-1

0

1

2

3

Figure 3: Example of averaging consensus with 5 agents using the gossip averaging algorithm (presented
in the state-of-the-art and in Chapter 3). Each communication involves two (random) agents that average
and update their own yi value.

In decentralized optimization, the �nal solution vector of the system is y∗ = argmin
∑
i fi(y) where

fi are local objective functions available only at node i. Alternatively, convergence can also happen to a
desirable set or trajectory y∗(t) as it is often the case in decentralized control.

In all these scenarios (consensus, decentralized optimization, decentralized control,...), the agents
communicate through a (potentially) time-varying network, meaning that new communication channels
can appear and others can disappear, but the system has a �xed composition, meaning that the same
agents are present from the beginning of the process to the end. However, the reality is often di�erent
since in many applications, we observe repeated arrivals and departures of agents: people join and leave
social network, nodes in communication ad-hoc network get connected and disconnected, sensor or robots
are replaced and may fail... That is why open multi-agent systems are introduced. In these open systems,
the arrivals and departures have time-scales similar to those of the studied phenomenon, and therefore

1Depending on the problem, yi(t) could be scalars or vectors. For simplicity of notation, we assume that yi(t) ∈ R.
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there may be a new arrival or departure before the e�ect of the last one has been fully incorporated. For
our soccer robots system, it means that the robots may fail and be replaced during the course of a match
and not only between two games. A broken robot leaves with some information that the system may
miss or on the contrary, remaining robots may continue to be in�uenced by some outdated information
coming from this broken gone robot. A new robot enters into the system without any knowledge about
it and brings its personal information to the system. The situation is represented in Figure 4.

Figure 4: Representation of an Open Multi-Agent System depicting a soccer robots system, with the
implications of an agent entering or leaving the system.

In general, arrivals bring new information that may perturb the system and also change the objective
pursued by the agents. Similarly, departures imply a loss of information and possibly a break of the
balance of the system. In some situations, the information left in the system by previous agents may
become outdated and in�uence the system into the wrong direction. This is the case for the consensus
problems about a value which is intrinsic to the system (i.e. that depends only on the agents currently
in it). This kind of problems is detailed below in the state-of-the-art.

Repeated arrivals and departures lead to signi�cant di�erences in the analysis and design of open
multi-agent systems and pose several challenges. First the arrival and departure events imply a change
of the system size that makes the analysis of the evolution of the system more challenging. Secondly,
continuous perturbations due to departures and arrivals lead open systems to never asymptotically con-
verge to a speci�c state as it was the case in closed system (see Figure 3). The open systems may rather
approach some form of steady state expected behavior as explained in [HM17] and in this master thesis.
Therefore, many algorithms designed for closed multi-agents systems are not working correctly anymore
in an open situation. Design of algorithms for open multi-agent systems that are robust to repeated
arrivals and departures are nonetheless important to extend the applications of multi-agent systems in
cases where frequent arrivals and departures are inherent or bene�cial, and to make systems more robust
to failures. For example, it seems better (practically and economically) to have basic agents (e.g. robots
or servers) that may often fail but with algorithms that can manage these failures correctly than very
sophisticated and expensive agents (e.g. robots or servers) that (almost) never fail.

This master thesis aims to develop e�cient algorithms to solve a speci�c problem in this context of
open multi-agent systems and to analyze the potential limitations due to arrivals and departures. Before
describing the problem in question and the overview of this master thesis, the state-of-the-art in open
multi-agent system is brie�y reviewed.
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State-of-the-art

We describe here di�erent typical problems in multi-agent systems, their applications, the existing algo-
rithms that solve these problems and their adaptation in the context of open multi-agent systems. The
focus is set on the main challenges that arise due to arrivals and departures of agents and the recent
emerging solutions. Many multi-agent problems have not been considered yet in an open multi-agent
systems context and are therefore not presented here.

In a multi-agent system, a problem can be described as an objective that each agent aims to achieve.
There may be di�erent algorithms that solve the same problem, i.e. ful�lls the same objective. Two
mains problems (objectives) are detailed in this state-of-the-art: the max-consensus problem and the
averaging consensus problem. For both of them, the problem statement and some existing algorithms
that solve the problem in closed systems are �rst presented. In open system, the statement of these
problems need to be clari�ed about the agents that have left the system: � are they still part of the
objective? � Depending on the answer to this question, each problem (max-consensus and averaging
consensus) can be decomposed into two distinct problems for which closed system algorithms and their
potential adaptations are discussed.

For the following, the agents are supposed to have constant bounded memory, identical algorithms
and no identi�er they can use. N (t) denotes the set of agents in the system at time t (N can be used
for closed systems), n(t) = |N (t)| is the size of the system and zi is the initial value held by agent i.
The interactions are supposed to be asynchronous, pairwise, random and symmetric which means brie�y
that a communication involves only a random pair of agents at once. We suppose that all pair of agents
i, j ∈ N (t) can communicate with each other (i.e. the communication graph is complete), even if more
complex communication schemes can be considered [TJ08] [HM05].

1 The Max-consensus problem [AHH17]

1.1 In closed system

In closed system, the goal of each agent i ∈ N for the max-consensus problem is to �nd the maximum of
all the initial values of the agents: yi(t)→ maxk∈N zk. It can be used for leader election (which is useful
for self-organization, e.g. by setting the speed of a group of robots to the speed of the slowest one), in
maximum likelihood for estimating system properties [Luc+15] or it can be part of another decentralized
algorithm. A simple algorithm that solves this problem �oods the system with the maximum value:

Max-consensus algorithm: (1)

Initialization for all i ∈ N : yi(0) = zi,

Interaction between a pair of agents i, j ∈ N : y+i = y+j = max(yi, yj).

By applying this algorithm in closed system, agents eventually converge to the maximum of their initial
values since at each communication between two agents, they only keep the maximum of their y values.
The maximum initial value among all agents in the system (maxk∈N zk) is always kept and is progressively
spreading through the system with communications.

1.2 In open systems

In open systems, the problem splits into intrinsic and external cases.

� The intrinsic objective is related to the agents currently present in the system, i.e. yi(t) =
max {zk | k ∈ N (t)}. It is used in coordination and self-organization. In this situation the in-
formation of leaving agents should be removed from the system. For this objective, the algorithm
(1) may keep as maximum estimate the value of an agent that has left the system. Therefore, it
should be adapted to erase outdated information.

� The external objective is related to all agents having ever been in the system at some time (until
current time t), i.e yi(t) = max {zk | k ∈ ∪s≤t N (s)}. This is used, for example, to estimate the
external value of which zk are measures. The algorithm (1) works well for this external objective.
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To be able to erase outdated information and achieve the intrinsic objective, two di�erent solutions that
adapt the algorithm (1) have been studied in [AHH17].
The �rst solution is to introduce information age and to erase information for which the age exceeds a
threshold. The choice of the threshold is crucial: if it is too low, it leads to spurious reset and if it is
too high, it leads to slow reaction. The optimal threshold depends on the size of the system. A theorem
states that, with a proper threshold, if arrivals and departures stop, there is a time T (ε) after which
agents hold correct solution with a probability 1− ε (for any ε).
The second solution allows agents to send a last goodbye message before leaving the system. The adap-
tation is not so easy but relies on auxiliary variables describing trust level. This solution reacts quickly
to leaving agents. It can be proved that if arrivals and departures stop, the algorithm converges to the
correct solution with probability 1.
Both solutions guarantee asymptotic correctness but present a transient disruption during which there
is no performance guarantee, and therefore performance may be very poor if the arrivals and departures
are frequent. A challenge for the future is to design algorithms that give good performance when agents
keep arriving and leaving without necessarily having to give the exact solution if the system becomes
closed. It should be a trade-o� between disruption magnitude and speed of re-convergence.

2 Averaging consensus problem

2.1 In closed systems

In closed system, the averaging consensus problem is to ensure that each agent converges to a common
value that is the average of the initial values of the agents: yi(t) → 1

n

∑
i∈N zi. This problem is mo-

tivated by the importance of the average in many problems: coordination, synchronization, statistics,
decentralized optimization [NOR18], decentralized control and others (see [WBA05] for a survey). Dif-
ferent consensus algorithms have been designed to solve this problem in closed system. Two of them are
presented below: the gossip averaging algorithm and the push-sum algorithm.

The gossip averaging algorithm [Boy+06] is one of the simplest consensus algorithms that converges
to the average of initial values of the agents. Each agent i ∈ N holds a value xi initialized to its initial
measurement zi. In the gossip algorithm, agents perform pairwise and symmetric interactions to update
their xi values via pairwise averaging. During this algorithm, the estimate of the average is given by
yi(t) = xi(t) (for each agent i), and hence both notations x and y can be used indi�erently in the
context of the gossip algorithm (which is not the case for the push-sum algorithm described below). The
algorithm can be summarized as follows:

Gossip averaging algorithm:

Initialization for all i ∈ N : xi(0) = zi,

Interaction between a pair of agents i, j ∈ N : x+i = x+j =
xi + xj

2
,

Average estimate of agent i ∈ N : yi(t) = xi(t).

After each communication, agents get closer to an agreement and the sum of xi values is preserved:∑
i∈N (t) x

+
i =

∑
i xi =

∑
i zi. Hence, when consensus occurs, the agreement point corresponds to the

average of initial values, as shown in Figure 3. It has been proved that the algorithm converges (expo-
nentially) to the average of the initial values with probability 1. Indeed, the expected variance of the
estimate vector x, that measures the disagreement between agents in the system, decreases exponentially:

E[Var(x(t))] =
(
1− 1

n

)tE[Var(x(0))].

The push-sum algorithm is another algorithm that solves the averaging consensus problem. It has
been designed to handle asymmetric interactions in closed multi-agent systems and has been studied
for example in [KDG03] or [GH19]. The latter paper also studies the e�ect of transmission failures
on the algorithm. A communication is said to be asymmetric if an agent i ∈ N sends information to
j ∈ N without receiving anything from j in return. If the gossip averaging algorithm is performed with
asymmetric communications (x+j =

xi+xj
2 but x+i = xi), the sum of the x values is no more preserved and

the algorithm is not guaranteed to converge to the exact average. The idea of the push-sum algorithm
is that each agent records (through interactions) a linear combination of agents values (as for the gossip
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algorithm) but it also keeps track of its relative importance in the system. Therefore, two variables are
required for each agent i: a value xi(t) and a weight wi(t). The algorithm is the following:

Push-sum algorithm: (2)

Initialization for all i ∈ N : xi(0) = zi and wi(0) = 1.

Interaction from agent i ∈ N to j ∈ N : x+i =
xi
2

and x+j =
xi + xj

2
,

w+
i =

wi
2

and w+
j =

wi + wj
2

.

Average estimate of agent i ∈ N : yi(t) =
xi(t)

wi(t)
.

We observe that the sum of xi and the sum of wi are both preserved. In closed multi-agent system,
the estimates of the agents yi(t) are guaranteed to converge exponentially to the average of the agents
initial values: limt→∞ yi(t) = 1

n

∑
i∈N zi for all i with probability 1. According to [GH19], when trans-

mission failures are possible (i.e. some messages can be lost), the agents estimates yi(t) still converge
exponentially to a common value with probability 1, but this might not be the exact average of the initial
measurements.

2.2 In open systems

In open system, the averaging problem also splits into intrinsic and external averaging problem. [HM16]
and [HM17] have studied the behavior of an open multi-agent system subject to the averaging gossip
algorithm, independently of the objective for which the algorithm is used (intrinsic or external). Since
arrivals and departures systematically change the size of the system (and then the dimension of vector
x(t)), the analysis follows size-independent descriptors (such as the expected (squared) mean over all the
agent in the system). This analysis of the gossip algorithm behavior in open multi-agent systems will be
largely used in this master thesis and is therefore presented in a dedicated section (see Section 3.1).

The algorithms and the performance limitations of the intrinsic averaging problems are discussed in the
following. Thereafter, the external averaging problem is brie�y presented. This has not been studied yet
in the literature and is the subject of this master thesis.

Intrinsic averaging problem aims to compute (or estimate) the average of the initial values of the
agents present in the system at time t: yi(t) → 1

n(t)

∑
k∈N (t) zk. One might wonder if the averaging

gossip algorithm works to solve this problem. To converge to the average of the system, the sum of
estimates xi (recall that yi(t) = xi(t) for the gossip algorithm) should be preserved, i.e. be equal to the
sum of the initial values zi of the agent in the system:

∑
i∈N (t) xi =

∑
i∈N (t) zi. This property remains

satis�ed after gossip interactions and arrivals of new agents (since the x value of new agent n + 1 is
initialized to xn+1 = zn+1) but not for departures since information (i.e. a part of di�erent zi values)
goes out of the system. As it has been studied by Baptiste Brasseur in its Master Thesis [Bra18], a last
message strategy can be implemented to try to correct this apparent issue with the gossip algorithm.
Assume agent d leaves the system and sends a last message to r before leaving. Then if r updates its
estimate with: x+r = xr + (xd− zd), the sum of xi would be equal to the sum of zi after the departure of
agent d. This strategy improves the performance of the system when arrivals and departures stop, since
it allows converging to the exact average, but surprisingly it achieves worst results as long as the system
remains open (comparing to the uncorrected gossip strategy). Hence, this correction is counterproductive
for the systems where convergence is not always possible between departures (i.e. for large systems or
for systems subject to frequent departures).

It is obvious that there exists fundamental limitations on the performance that can be achieved by
any algorithm for this problem since the system cannot adapt instantaneously to arrivals and departures.
These limitations are studied in [Mon18] and [MH20]. A lower bound on the expected mean squared
error of the estimates xi can be derived by considering an ideal (and optimal) algorithm for which each
agent i has access to improved knowledge: the communication model and all the information it has
gathered through all interactions (direct or indirect) with other agents up to time t. The performance
of this optimal algorithm can be analyzed using infection models which allow to model the spread of
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information. This approach gives a lower bound on the performance of any algorithm for which nodes
can access to any improved knowledge (distribution of agent value, departure and arrival rate,...). These
limitations are useful to see the area of possible improvement for this problem.

External averaging problem can be used to perform decentralized estimation which consists in
estimating a value de�ned outside of the system, and that is thus independent of the system state.
Supposing that the initial values of the agents zi (for i ∈ N (t)) are random samples independently and
identically drawn from an unknown distribution of mean µ and variance σ2, the purpose of agents is to
�nd an estimate of the distribution mean µ: yi(t)→ µ for all i ∈ N (t). Given the measurements of µ of
all the agents that have ever been in the system, the best linear unbiased estimator of µ is the external
average of the system, i.e. the average of the measurement zi of all the agents that have ever been in
the system up to time t:

yi(t)→
1

|∪s≤tN (s)|
∑

k∈∪s≤tN (s)

zk.

Computing (or estimating) it by aggregating the data held by each agent that has ever been in the
system therefore allows to estimate e�ciently the distribution mean µ.
The gossip averaging algorithm can be used to try to solve this problem but as we will see in Chapter 3,
it does not perform very well, especially for small systems which forget more quickly the information of
the former agents.
This problem has not been addressed yet in the literature and is the focus of this master thesis. The
contributions and the overview of this document are presented right after this state-of-the-art section.

3 Other works about open multi-agent systems

Some other problems, as the dynamic average consensus algorithm [Kia+19], have already been studied
for open multi-agent systems but are less relevant for the problem addressed in this master thesis since
they formalize ideas from a control theory perspective that we do not describe here. The dynamic average
consensus problem is explained in detail in [Kia+19] for closed system and is studied for open multi-agent
system (in its intrinsic version) in [FF18]. The dynamic average consensus problem is an extension of the
classical averaging consensus problem presented above, where the reference (initial) value of each agent i
is a time-varying signal (often denoted ui(t) instead of zi since it is mainly used for control applications).
Let ui(t) be the time-varying reference signal of each agent i ∈ N (t). In dynamic average consensus
problem, agents aim to track the average of the reference signal of all agents of the system:

uavg(t) =
1

n

∑
i∈N (t)

ui(t).

This problem has various applications in decentralized control as explained in [Kia+19]. Motivation to
study the problem in open system in [FF18] is mainly modern power grids, where intelligent devices with
communication and computing capabilities can arrive or depart at any time. In these applications, the
devices aim to estimate in a distributed way the current and future power consumption of the network
to which they belong: this information is then used locally to optimize the energy consumption of the
devices (see [FF18] for details and references).

[SSF19] studies another dynamic consensus in open multi-agent system, about the median of agents
reference signals. As said at the beginning of this state-of-the-art section, many others problems have
never been addressed yet in an open multi-agent systems context.
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Contribution and overview

This master thesis analyzes the external averaging problem in open multi-agent system, brie�y presented
above, in order to estimate the distribution mean µ of the measurements held by each agent. The main
contributions of this work are the development of performance limitations and of new e�cient algorithms
for solving this problem. The best designed algorithm reaches the performance limitations (within 1%)
in most cases.

We restrict to the case where only replacements occur in the system, meaning that each departure
of agent is instantaneously followed by the arrival of a new agent in the system. This restriction allows
the system to keep a constant size. This allows us to focus on the main other challenges in solving this
problem in open systems: (i) to incorporate information from new agents without having the estimates
a�ected too much by noise, (ii) to make sure to exploit information from agents before they leave, (iii) to
avoid forgetting information from agents having left in the past, and (iv) to avoid any error accumulation
resulting from imbalances created by agent departures.

Chapter 1 de�nes properly the problem, its assumptions and the metric used to evaluate the quality
of an algorithm which is the expected mean squared error. Chapter 2 studies the performance limitations
for this problem by considering an ideal algorithm. The theoretical expected mean squared error of this
algorithm has been lower bounded using two di�erent ways. This lower bounds are not tight and the
performance of this best ideal algorithm is rather computed empirically in order to have a comparison
bound for our new designed algorithms.

Chapter 3 presents in detail another comparison point which is the gossip averaging algorithm that
has already been presented in the state-of-the-art. The analysis of an open multi-agent system subject
to the gossip averaging algorithm pursued in [HM17] is presented and used to deduce theoretical per-
formance of the algorithm. The gossip averaging will serve as baseline to beat for new algorithms. The
chapter also presents the two main issues of this algorithm for solving the external averaging problem in
open system. The �rst issue is that too much importance is attributed to the new agents that arrive in
the system, resulting in a progressive forgetting of the former agents. The second issue is related to the
disruption caused by the arrivals of new agents which makes it impossible for the algorithm to perform
well in many situations.

Chapter 4 presents an algorithm that aims to resolve the �rst issue of the gossip algorithm. It is a
(symmetric) push-sum based algorithm that allows giving a weight to each agent. Decreasing correctly
the initial weight of new incoming agents allows the algorithm to perfectly solve this �rst issue of the
gossip and to reach the performance limitation in many cases. Reducing progressively the importance
of the new agents also allows reducing their disruption on the system, which partially solves the second
issue of the gossip averaging algorithm. The performance of this new algorithm is analyzed in detailed
through simulations results. Some theoretical descriptions are also explored, without leading to perfor-
mance guarantees.
To be implementable in practice, the symmetric push-sum algorithm requires the agents to know (or to
estimate) the size of the system and the frequency of the replacements in the system in comparison with
the communication.

Chapter 5 designs a new gossip-based algorithm that aims to reduce the perturbation of the estimates
of the agents due to the arrival of a new agent in the system. This allows solving the second issue of the
gossip averaging algorithm. The idea of this algorithm relies on the di�erence tracking in which the new
agents, in order not to disturb the system abruptly, pretend to have the value of another agent already
in the system and retain the di�erence with their true value to add it progressively into the system and
spread out the arrival of new information. The chapter analyzes theoretically this gossip averaging with
di�erence tracking, under the assumption that an agent directly communicates when it arrives into the
system. This theoretical analysis gives some guarantees about the performance of the algorithm under
this assumption and allows tuning correctly the rate at which the di�erence held by each agent should
be incorporated into their estimates. The simulation results show that this algorithm reduces well the
disruption of the system due to arrival of new agents. It complements the symmetric push-sum algorithm
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by reaching closely to the performance limitation in the only situations where the symmetric push-sum
algorithm does not.

Logically, Chapter 6 combines both algorithms in order to obtain an algorithm that responds to
all the challenges of this external averaging problem and resolves both issues of the gossip averaging
algorithm. The symmetric push-sum with di�erence tracking is therefore the most e�cient algorithm
that has been developed in this master thesis and it reaches very closely the performance limitations.
For giving an idea, for a system with 50 agents with 1 replacement every 100 communications on aver-
age, it improves the expected mean squared error of the gossip averaging algorithm of about 26% (on a
maximum of 27% achieved by the best ideal algorithm) and this improvement is even more signi�cant
when the replacements are more frequent: with 1 replacement every 5 communications (on average), the
improvement is about 45.6% (on a maximum of 45.8% achieved by the best ideal algorithm).

Finally, Chapter 7 explores another category of algorithms that use more memory and computations
but which may be relevant when the measurement held by each agent is a highly multi-dimensional data
(which is heavy to store). This has been explored in the hope that an agent could calculate the best
ideal estimate from Chapter 2. This has not succeeded and the over memory and computation costs are
therefore not always worth it but the development of the algorithm remains interesting and opens up
other perspectives.
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Chapter 1

Problem statement and tools

This chapter �rst de�nes the problem of the external average evaluation in open multi-agent system that
this master thesis analyzes and aims to solve. It also presents the assumptions that are taken. Thereafter,
two tools that are used in the remainder of this document are introduced: the gossip averaging algorithm
(for which an in-depth analysis is provided in Chapter 3) and the simulation tool.

1.1 Problem de�nition and general assumptions

This section presents the problem in a synthetic way in the �rst subsection. In a second time, the
di�erent parts of the problem and the assumptions that have been made are detailed and discussed in
dedicated subsections.

1.1.1 Synthetic problem statement: the external averaging problem

Let us begin with a very synthetic description of the problem, before analyzing some aspects in detail in
further subsections.

The system is an open multi-agent system, subject to replacements of agents during its operation.
The agents present in the system at time t are described by the set of indices N (t). The size of the
system, denoted n = |N (t)|, is constant thanks to the replacement assumption: the departure of an
agent from the system is immediately followed by the arrival of a new agent.

The agents are supposed to be identical, to have a bounded memory, to be capable of local compu-
tations and capable of communicating with each other, without having access to any kind of identi�er.
Each agent i ∈ N (t) holds an initial value zi (also called initial measurement) independently drawn from
an identical distribution of constant mean µ and variance σ2. The mean µ is also called the value of
interest. Each agent i is supposed to execute the same algorithm in order to achieve a common desired
goal for which it has its own solution estimate yi(t).

The goal of each agent is to estimate as accurately as possible the mean distribution µ:

yi(t)→ µ, for all i ∈ N (t).

Since the value of interest µ is constant, the best way of estimating it is to compute the external average
of the system. The external average of the system is the average of the initial values zk of all agents k
that have ever been in the system until time t. The goal of each agent i ∈ N (t) can then be summarized
as follows:

yi(t)→ µ ≈ 1

|∪s≤tN (s)|
∑

k∈∪s≤tN (s)

zk, for all i ∈ N (t). (External averaging problem)
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The metric used to quantify the accuracy and the success of an algorithm to achieve this goal is
the mean squared error criterion (MSE) computed between the agents estimates yi(t) and the value of
interest µ. It is de�ned as:

MSE(t, ω) =
1

n

∑
i∈N (t,ω)

(yi(t, ω)− µ)
2
.

It depends on the realization ω ∈ Ω of the randomness into the system (the realization of the initial
values of the agents and of the sequence of communication and replacement events that occur in the
system). The expected mean square error E[MSE(t, ω)] is used to evaluate the expected performance of
an algorithm.

The communications occur in the system according to a Poisson clock of global rate nλc. Whenever
a communication occurs, two randomly uniformly and independently selected agents i, j ∈ N (t) (possibly
twice the same agent) exchange information with each other. In a nutshell, communications are said to
be asynchronous, pairwise, symmetric and random.

The replacements occur in the system according to a Poisson clock of global rate nλr. The value
of λr therefore the individual replacement rate. A replacement corresponds to the departure of one
randomly and uniformly chosen agent from the system, instantaneously followed by the arrival of a new
agent into the system.

The following subsections comment and provide some details about the di�erent aspects of the problem.

1.1.2 The system, the agents and their goal

Let us consider an open multi-agent system whose composition evolves with time. Integers indices are
used to label the agents: N (t) ⊂ N denotes the set of agents present in the system at time t. These
indices are used as identi�ers for the sake of our analysis but in general, agents are not supposed to have
access to any kind of identi�ers between them. The cardinality of N (t) corresponds to the size of the
system n(t), i.e. the number of agents present at time t. We restrict the problem to the case where
the system keeps a constant size n(t) = n, meaning that each departure of an agent is instantaneously
followed by the arrival of a new agent in the system, which is called a replacement. This simpli�cation
allows avoiding the complications related to the system size change without sacri�cing the challenges
associated with the arrivals and departures of agents in the system.

Before arriving into the system, each agent i ∈ N (t) holds a value zi independently drawn from an
identical distribution of constant mean µ and variance σ2. For example, the zi values can be considered as
noisy measurements of a value of interest µ and thus follow a normal distribution: zi ∼ N ormal

(
µ, σ2

)
.

This distribution is supposed to be unknown to the agents and should therefore not been used for
solving the problem. The agents have a bounded memory, are capable of local computations and capable
of communicating with each other.
The purpose of the agents is to interact with each other so that each one estimates as accurately as
possible the value of the distribution mean µ. Let yi(t) denotes the estimate of agent i, this purpose can
be written as:

yi(t)→ µ, for all i ∈ N (t).

Since the value of µ is constant, a good way for each agent to pursue this objective is to average as many
di�erent measurements zk of µ as it can and hence ideally, to average the initial measurements zk of all
agents k that have ever been in the system until time t. This average is called the external average of
the system, denoted zext:

zext(t) =
1

|∪s≤tN (s)|
∑

k∈∪s≤tN (s)

zk.

Using similar arguments as in Proposition 2.1 from Chapter 2, one can prove that, given i.i.d measure-
ments zk, the external average zext corresponds to the best estimator of µ among all the unbiased linear
estimator1 of µ. For our upcoming algorithmic design, we will stay in this framework of linear unbiased
estimates. Therefore, estimating the value of interest µ, which is the true objective used for the perfor-
mance evaluation described below, amounts to compute (or estimate) the external average of the system.

1An estimator y of µ is linear (with respect to the measurements zk) if y =
∑
k ckzk and it is also unbiased if

∑
k ck = 1.
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This implicit objective is largely used for reasonings about the design of new algorithms and is therefore
considered as integrant part of the objective of each agent i ∈ N (t) that can be resumed as follows:

yi(t)→ µ ≈ 1

|∪s≤tN (s)|
∑

k∈∪s≤tN (s)

zk, for all i ∈ N (t). (External averaging problem)Goal:

To achieve this goal, the agents, which are supposed to be identical and interchangeable should therefore
execute an identical algorithm. This ensures a fully decentralized solution. To quantify the accuracy
and the success of an algorithm, one need to choose a metric. It is what we called the performance
evaluation.

1.1.3 Performance evaluation

To evaluate the performance of an algorithm at time t, for a given realization of the randomness ω ∈ Ω,
the estimate yi(t, ω) of each agent i ∈ N (t, ω) is compared to the true distribution mean µ of the
measurements z. The metric used is the mean squared error (MSE). The mean is taken over the di�erent
agents that are in the system:

MSE(t, ω) =
1

n

∑
i∈N (t,ω)

(yi(t, ω)− µ)
2
.

The mean squared error is a classical performance measure of an estimator that has the advantage to be
easily decomposed into squared bias and variance. The bias represents the error of the entire system while
the variance rather measures the degree of agreement (or disagreement) between the di�erent agents in
the system. Their formal de�nitions are:

Bias(t, ω) = y(t, ω)− µ and Var(t, ω) =
1

n

∑
i∈N (t,ω)

(yi(t, ω)− y(t, ω))
2

(1.1)

Where y(t, ω) denotes the average of estimates values in the system at time t for realization ω ∈ Ω :
y(t, ω) = 1

n

∑
i∈N (t,ω) yi(t, ω). One can easily prove that (see [Ava19])

MSE(t, ω) = Bias2(t, ω) + Var(t, ω). (1.2)

This decomposition provides an easy interpretation of the performance of an algorithm. It allows under-
standing if performance is dominated by the error of the group that is biased or by individual divergences
that imply a large variance.

For the same system con�guration (n, λc, λr), the evolution (with time) of the MSE value can be
very di�erent from a realization ω ∈ Ω to another. Furthermore, for a same realization ω ∈ Ω, the MSE
can evolve very abruptly due to replacements of agents. Measuring the expected value of the MSE gives
a valid idea of the expected performance of an algorithm in a given system con�guration (n, λc, λr) and
resolves these issues related to the randomness of the problem.

E[MSE(t, ω)] = E

 1

n

∑
i∈N (t,ω)

(yi(t, ω)− µ)
2


This expected MSE can be estimated by considering a large sample of realizations (denoted S) over
which the MSE is averaged.

E[MSE(t, ω)] ≈ MSE(t, ω) =
1

|S|
1

n

∑
ω∈S

∑
i∈N (t,ω)

(yi(t, ω)− µ)
2
,

The expected squared bias E
[
Bias(t, ω)2

]
and the expected variance E[Var(t, ω)] can be de�ned and

computed in a similar way.

A realization of the randomness ω ∈ Ω can be decomposed into realization of two independent vectors:
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� A realization of the events sequence ε chosen among all the possible ones E (ε ∈ E). It includes
the order and the type of events (communication or replacement) and also agents that are involved
in the di�erent events.

� A realization of the agents' initial measurements ζ chosen among all the possible ones Z (ζ ∈ Z).

The sample space Ω can be expressed as a cross product of both sample spaces E and Z: Ω = E × Z.
Therefore, the expectation over all realizations ω (denoted simply with E or sometimes with Eω) can be
decomposed into two successive expectations: one over the realizations of events sequence ε (denoted Eε)
and another over the realization of initial measurements ζ (denoted Eζ). For example, we have that

E[MSE(t, ω)] = Eω[MSE(t, ω)] = Eε[Eζ [MSE(t, ω)]].

It can be used to simplify the expression of the expected mean squared error. Indeed, since the set of
agents in the system N (t) only depends on the sequence of events (and not on the initial measurements
of the agents), it holds that

E[MSE(t, ω)] = Eε[Eζ [MSE(t, ω)]] = Eε

 1

n

∑
i∈N (t,ω)

Eζ
[
(yi(t, ω)− µ)

2
].

And therefore, since the agents execute an identical algorithm, the expectation Eζ
[
(yi(t, ω)− µ)

2
]
is the

same for all i ∈ N (t) and the expected mean squared error can be written is a simple form,

E[MSE(t, ω)] = Eε
[
Eζ
[
(yi(t, ω)− µ)2

]]
= E

[
(yi(t, ω)− µ)2

]
.

This latter de�nition is used for the development of the performance limitations in Chapter 2.

To alleviate the notations, the dependency of the estimates, the set of agents and the performance on
the realization ω is often omitted. Implicitly, we have for example that:

yi(t, ω) = yi(t), MSE(t, ω) = MSE(t), Bias(t, ω) = Bias(t), Var(t, ω) = Var(t), N (t, ω) = N (t).

Sometimes, the time dependence is also omitted for these notations, but this is in general speci�ed.
We also often suppose, without loss of generality, that the distribution mean is zero: µ = 0. It implies,
omitting time-dependence notation, that

Bias2 = y2 and MSE = y2 =
1

n

∑
i∈N

y2i .When µ = 0, (1.3)

1.1.4 System events: the communications and the replacements

Since the system is open and has a constant size n, it is subject to replacements of agents. Therefore,
two di�erent types of events can occur in the system:

Communication: two agents i, j ∈ N (t) are uniformly randomly and independently selected2 to ex-
change some information. The interactions are supposed to be symmetric, i.e. both agents share
and receive information from each other. The communication scheme is asynchronous, which means
that each communication is independent of the others and therefore that the agents do not have
to perform exactly the same number of interactions. In brief, communications are asynchronous
pairwise symmetric and random. This event may only occur if n > 0.

Replacement: one uniformly randomly selected agent i ∈ N (t) leaves the system and one new agent
j /∈ N (s) for all s ≤ t joins the system. It results that N (t+) = (N (t)\{i}) ∪ {j} and the size n of
the system remains well constant. This event may only occur if n > 0.

2This includes the possibility of selecting twice the same agent.
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The frequency and the distribution of these two types of events (communication and replacement)
determine the behavior of the system. We suppose that the evolution of the number of communications
and the number of replacements that have occurred in the system are both characterized by a di�erent
Poisson process with respective positive global communications and replacements rates λGc and λGr which
depend on the size of the system and on individual corresponding rates. It means that the time between
two communications (respectively replacements) are exponential random variables with mean 1

λGc
(re-

spectively 1
λGr

). In other words, there are in average, λGc communications (respectively λGr replacements)

per unit of time.

The two independent Poisson processes can be merged into one Poisson process of rate λGc +λGr that

count all the events. The probability of an event to be a replacement is then pr =
λGr

λGr +λGc
. Conversely,

a Poisson process can also be split into multiple independent Poisson processes: the replacement of each
agent can be counted individually and independently with a Poisson process of identical and individual
replacements rate λr; and the communications of each pair of agents can be counted individually and
independently with a Poisson process of identical pairwise communications rate λpc . It then holds that the
global replacement rate grows linearly with the size of the system n (for a �xed individual replacement
rate λr): λ

G
r = nλr, while the global communication rate grows quadratically with n (for a �xed pairwise

communications rate λpc): λ
G
c = n2

2 λ
p
c . The Poisson processes that count the communications individually

(and not pairwisely) are not independent, but we still introduce a kind of individual communication rate
λc (identical for all agents) that is such that the global rate grows linearly with n: λGc = nλc in order to
have rates that are comparable.

For the following analyses, two size-independent measures of the behavior of the system are used:

The probability of an event to be a replacement pr =
λGr

λGr + λGc
=

λr
λr + λc

,

The rate ratio ρ =
λc
λr
.

These two measures are linked by the following relation

pr =
1

1 + ρ
.

The individual rate ratio ρ can be interpreted as the expected total number of communications that
occur in the system between two replacements. Indeed, λGc = nλc corresponds to the expected number
of communications per unit of time and 1

λGr
= 1

nλr
corresponds to the expected time between two

replacements (recall that inter-occurrence time of a Poisson process follows an exponential distribution
of equivalent rate). Hence, the expected number of communications between two replacements (denoted
g) is given by:

λGc
λGr

=
nλc
nλr

= ρ.

The individual rate ratio ρ can also be linked to the expected number of communications that a speci�c
agent i performs before being replaced which is denoted by gi. Indeed, the number of pairs of agents
i, j ∈ N (t) that involves a same agent i is n (it does not exclude that an agent form a pair with itself).
Therefore, nλpc describes the rate of communications that involve agents i and gi can be computed as
follows:

gi =
nλpc
λr

= n
2λc
n

1

λr
= 2ρ for all i.

The second equality uses the link that exists, by de�nition, between λpc and λc:
n2

2 λ
p
c = nλc = λGc .

In theory, g can be lower than one if the replacements are more frequent than the communications
(λr > λc). And similarly, gi can also be lower than one if replacements are at least twice as frequent as
communications (λr > 2λc). However in practice, having a system with as many replacements and as
few communications is not very interesting for multi-agent system applications in which, by de�nition,
agents communicate to collaborate. For the analyses to follow, it will therefore sometimes be assumed
that g is greater than one and hence ρ > 1 or equivalently pr < 1/2. We also mainly use the individual
communication and replacements rates and not so much the other related rates (global or pairwise).
Therefore, they will often simply be referred to as the communication and replacement rates.
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1.1.5 Problem statement limitations

As far as I know, this external averaging problem has never been addressed in the literature. Therefore,
I focus on one of the simplest version of the problem, as presented in previous section. Consequently,
the model presents di�erent limitations that are brie�y listed below.

� The topology of the communication network is supposed to be complete. In the problem de�nition,
communication can occur between any pair of agents i, j ∈ N (t) at any time t in both directions.
In reality, all pairs of agents in the system may not have the opportunity to communicate due
to distance separation, lack of bandwidth or non-existent connection. This communication con-
straints could also evolve (deterministically or stochastically) with time. Asymmetric interactions
or interactions involving more than two agents can also be considered. Many works in multi-agent
systems study the impact of the topology of the communication network on a closed system and
conditions to guarantee consensus [TJ08] [HM05]. For open multi-agent system, the convergence
to a speci�c state will never happens (unless the arrivals and departures stops) and the system may
rather approach some form of steady state behavior. [Oli18] starts to investigate the behavior of
the classical averaging gossip algorithm in open multi-agent systems for di�erent communication
network topologies and provide rule between the structure of a system and the variance of the
values held by the agents, i.e. a measure of the disagreement in the system.

� The replacement assumption is not valid in many applications where the size of the system may
vary. This replacement assumption still makes sense when the arrival and the departure rates are
similar. Many ideas and analysis developed in this master thesis under this assumption can be
adapted and re-used to consider separated arrival and departures. This limitation therefore seems
rather technical.

� The individual communication and replacement rates are supposed to be constant and identical
for all the agents. Some applications can have time-varying communication or replacement rates
where the system knows di�erent regimes (as �uid or busy road for a car-oriented applications) or
the agents can also have di�erent communications and replacements rates from each other.

� The value of interest µ is constant. A time-varying mean µ(t) can be useful to estimate (in a
decentralized manner) time-varying external value as temperature, humidity,... In that situation,
the external average of the system can no longer be used to estimate a time-varying value µ(t)
and the solutions presented in this document seem no longer valid, unless adapted to make agents
aggregating information of a limited number of agents (the newest ones) that should depend on
the variation speed of µ.

1.2 The gossip averaging algorithm: a baseline algorithm

The gossip averaging algorithm is a simple averaging consensus algorithm. It has already been brie�y
presented in the state-of-the-art section and its analysis in open multi-agent system is presented in
Chapter 3. We mention it here since the algorithm and its analysis in open multi-agent system conducted
in [HM16] and [HM17] are mainly used, as a tool, in the remaining of this master thesis, including for
the validation of the simulation tool presented in the next section. The algorithm can be summarized as
follows:

Gossip averaging algorithm:

Initialization for all i ∈ N (t): xi(0) = zi,

Interaction between a pair of agents i, j ∈ N (t): x+i = x+j =
xi + xj

2
,

Average estimate of agent i ∈ N (t): yi(t) = xi(t).

For this algorithm the estimates of the agents, denoted yi, and the variables xi coincide and can be used
indi�erently. In general, only xi are used to denote both the variables of the agents and their estimates
of µ (omitting the time dependence notation). In closed system, the mains result to remember is that
the sum of xi values are preserved and hence the agents are converging to a consensus which corresponds
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to the average of their initial values.

The analysis of the evolution of an open multi-agent system subject to the gossip averaging algorithm
(see Chapter 3) allows deducing the performance of the algorithm for the external averaging estimation
problem. The analysis relies on the description of the system through size-independent and self-contained
descriptors (omitting the time dependence notation)

EX =
[
E
[
x2
]
, E
[
x2
]]T

where x =
1

n

∑
i∈N

xi and x2 =
1

n

∑
i∈N

x2i .

The expected performance (the mean squared error, the squared bias and the variance de�ned in Sec-
tion (1.1)) that the algorithm achieves for the external averaging problem can be deduced from these
descriptors. For example, when the distribution mean is zero µ = 0, we have (from equation (1.3)) that

EX =
[
E
[
x2
]
, E
[
x2
]]T

=
(for µ = 0)

[
Bias2, MSE

]T
.

The evolution of these descriptors with an event k in the system are deduced in [HM17] and explained
in Chapter 3. It is given by the following linear recurrence system:

EXk = AEXk−1 + b (1.4)

With A =

[
1− 2pr

n
pr
n2

1−pr
n 1− 1

n

]
, and b = σ2

[
pr
n2
pr
n

]
.

This system of equations allows tracking the expected performance evolution of the averaging algorithm
and deducing its steady state expected performance. These theoretical guarantees about the performance
of the gossip averaging algorithm led us to use the algorithm as a baseline that new algorithms should
have to beat.

1.3 Simulation tool

This section brie�y presents the simulation tool created to simulate an open multi-agent system that
respects the assumptions set in Section 1.1. Its validation is also presented, before reviewing the di�erent
choices about the parameters scaling that have been made for all the simulations presented in this
document and that may potentially have an impact on the interpretation of the simulation results.

Utility of the simulation tool

This tool has been used to assist the design of new algorithms. Indeed, it makes it possible to observe
what happens in many situations and get better intuition about the problem or the algorithms used.
Since the only algorithm with theoretical guarantees for now is the gossip averaging algorithm, this
simulation tool is also used to compare the algorithms with each other in di�erent scenarios and for
di�erent system con�gurations.

Conception and main functionalities

Two types of simulations have been designed. Both of them consider a realization of the measurements of
the agents and of the event sequence (communications and replacements) determined by a random seed
argument which allow to reproduce the exact same realization for di�erent simulation (e.g. to compare
di�erent algorithms). For a given algorithm and system con�guration (λc, λr and n), the two types of
simulations can be described as follows:

Event-based simulation loops on all events and return (among other things) the performance (for a
speci�c realization) of the system after each event. The result depends only on the probability of
an event to be a replacement pr = λr

λc+λr
but not on each speci�c rate separately.
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Time-based simulation loops on a discrete-time to return (among other things) the performance of
the system at each sample time. The performance depends also on the probability of a event to be
a replacement pr but also on how many events occur at each time step (n(λc + λr)).

For both types of simulation, it is needed to average the performance over multiple realizations to obtain
the expected performance of an algorithm. However, to give a visual representation of what happens in a
speci�c realization of the system, it is possible to launch an animation of the simulation. The event-based
simulation gives the evolution of the performance with the number of events that does not necessarily
happen at the same moment in di�erent realizations. Therefore, the average over multiple realizations
in the event-based simulation is not really well time representative. The time-based simulation gives the
evolution of the performance over time. In that case, the simulation of all the realization of sequences
of events gives the performance of the system for the same discretization of the time and hence the
averaging gives well the expected performance over time. Depending on the context and the purpose of
the simulation, either event-based or time-based simulation is used. For the comparison of the expected
performance of the di�erent algorithms, time-based simulation is mainly used. For details about this
simulations tool, its animation and other related plot scripts, you can consult the dedicated github
repository: https://github.com/sebcolla/Simulation-Tool-TFE-OMAS.git.

Validation

To validate the sound operation of the simulation tool, the simulated expected evolution of a speci�c
system is compared with the expected evolution predicted using the descriptor evolution system brie�y
presented in Section 1.2 but explained in detail in Chapter 3. As a reminder, the descriptor vector is
de�ned as:

EX =
[
E
[
x2
]
, E
[
x2
]]T

=
(for µ = 0)

[
Bias2, MSE

]T
.

For the validation, it is supposed without loss of generality that µ = 0 to have equivalence between the
descriptors and the expected performance (squared bias and mean squared error). For computing the
theoretical evolution of the system descriptors, the initial value of the descriptor vector is set to its initial
expectation which is

EX0 =
[
E
[
x2(0)

]
, E
[
x2(0)

]]T
=

[
σ2

n
, σ2

]
. (1.5)

Indeed, the initialization of the x values of any agent initially in the system i ∈ N (0) is given by
xi(0) = zi. Remembering that the measurements zi are independent and identically distributed (with
mean µ = 0 and variance σ2) allows deducing equation (1.5).

To obtain empirical expected evolution of the performance of the system, it requires averaging the results
of multiples realizations simulations. As shown in Figure 1.1, the expected performance computed theo-
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Average of realizations
Theoretical expectation
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Theoretical expectation

0 1000 2000 3000

Events

10-2
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100 Expected Variance
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Figure 1.1: Comparison of the expected performance (MSE, squared bias and variance) for the gossip
averaging algorithm computed theoretically, using equation (1.4) (and (5.8) for initialization) with the
expected performance computed empirically by averaging 1000 realizations simulation, for a system of
size n = 50 and replacement probability pr = 0.05 (with constant nλc = 10).
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retically using recurrence relation (1.4) (in dashed red) �ts very well the empirical expected performance
computed through simulations (in blue). When averaging 1000 realizations, for the system used on the
�gure (n = 50 and pr = 0.05), the relative di�erence between the curves (averaged over the 3000 events)
is less than 1% for the expected variance and the mean squared error and about 3% for the expected
mean squared error (for which the empirical expectation requires more realizations to be a bit smoother).

This numerical experiment strengthens the validity of both the simulation tool and the theoretical
evolution of the descriptors mentioned in Section 1.2, explained in Chapter 3 but initially developed in
[HM17].

Parameter scaling

In order to correctly compare the results of the simulations even when the system con�gurations are
di�erent, we need to carefully scale the parameters of the system to avoid comparing results for which
too many parameters are changing. Di�erent choices are possible and are presented here. I have chosen
for each situation a way to scale the parameters that I will use for the whole document.

First of all, it will always be assumed for the simulation that the distribution of the measurements is
a normal with zero mean µ = 0 and unit variance σ2 = 1. It can be done without loss of generality since
the value of the mean µ does not impact the performance of the system and the value of the variance
corresponds simply to a scaling factor for these performances. The choice of the normal distribution is
an arbitrary choice, motivated by its many applications. It should not change the conclusion of the results.

To evaluate the global performance of an algorithm, we often want to compute its expected per-
formance for many di�erent system con�gurations. The system con�guration denotes the three main
parameters of the system that de�ne the behavior of the system over time: the system size n, the indi-
vidual communication rate λc and the individual replacement rate λr.
The impact of the variation of the two following parameters on the performance of a given algorithm is
often used to analyze its performance.

� The variation on the size of the system n.

� The variation of frequency of the replacements, in comparison with the frequency of the commu-
nication. It corresponds in other words to the variation of the total number of interactions that
occur in the system between two replacements. This measure is interesting because it evaluates
how much the system can react to a replacement before the next one takes place. As detailed in
Section 1.1.4, it corresponds to the ratio between the communication and the replacement rate
(called the rate ratio).

ρ =
λc
λr
.

When we vary the system size n, for a �xed rate ratio ρ, we have two di�erent options for the
parameters scaling:

1. Keep individual rates λc and λr constant. It allows having constant rate ratio ρ but it implies that
the global communication and replacement rates vary linearly with n:

λGc = nλc and λGr = nλr. (1.6)

In that situation, it occurs (in average) more communications and replacements (in total) in a
given amount of time in a larger system.

2. Keep global rates λGc and λGr constant. It allows having constant rate ratio ρ but it implies that
the individual communication and replacement rates vary linearly with 1/n (from equation (1.6)).
In that situation, for a given amount of time, it occurs (in average) the same total number of
communications and replacements for any system size. Therefore, when n grows, the contribution
of each agent to the global rates diminished, meaning that its individual communications and
replacement are less frequent.
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I have chosen the second case to scale the rates parameters when system size n is varying. It corresponds
to the scaling that is the toughest with large system, so if we �nd an algorithm that performs well in
large system using this scaling, it has many chances to do so with the other parameter scaling (the �rst
one).

When we vary the rate ratio ρ, for a �xed system size n, we also have di�erent options to vary ρ = λc
λr
:

1. Keep the replacement rate λr constant and vary the communication rate λc. Things probably
always get better in a system with more communication.

2. Keep the communication rate λc constant and vary the replacement rate λr. It seems more suited
to study the impact of the replacements on a system.

3. Keep the sum of the rates λc + λr constant and only vary their ratio ρ. It allows always having
(in average) the same number of events in a given amount of time but a di�erent repartition
between the number of communications and replacements. It is a bit arbitrary to impose that one
replacement count for one communication. More generally, we can keep αcλc + αrλr constant, for
any αc, αr ∈ R. When αc = 0 and αr = 1, we return to the �rst case, and similarly, we return to
the second one when αc = 1 and αr = 0. Any choice of coe�cients αc and αr is possible in practice
but it does not always make much sense.

I have chosen the second option to scale rates parameters when their ratio is varying. It corresponds
probably to the best choice to analyze the impact of the replacements on a system and the performance
of a given algorithm.

These two choices of parameters scaling correspond to always impose a constant global communication
rate λGc = nλc for any variation of n or ρ. I have arbitrarily chosen to set this constant to 10 (nλc = 10).
These choices are used throughout this master thesis when the results of the simulations are shown and
analyzed.
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Chapter 2

Performance Limitations

This chapter aims to �nd the best expected performance that an algorithm can reach for the external
averaging problem stated in Section 1.1.1. Empirical and proved lower bounds on the expected mean
squared error are deduced, discussed and compared. Having a lower bound on the expected performance
is very useful when designing new algorithms in order to be able to understand what improvements
can still be done and in which situation. The next chapter (Chapter 3) will also show how the gossip
averaging expected performance is situated in comparison with the empirical lower bound in order to
illustrate the progression margin that can be achieved with new algorithms (see Section 3.3).

To �nd the best possible performance that an algorithm can reach, the idea is to consider an ideal
algorithm and to evaluate (or bound) the performance of this ideal algorithm. This algorithm is called
ideal since agents can use resources that are not allowed in the classical designed algorithm. In our
situation, the algorithm is supposed to have access to an in�nite memory and to the agent identi�ers.

2.1 Ideal algorithm

In order to best estimate the distribution mean µ, agents should average as many measures zk of µ as
possible. The best thing an agent can do at time t is therefore to compute the external average of the
system at time t that, as a reminder, is the average of the initial measurements zk of all the agents k that
have ever been in the system up to time t, even past one that are left from the system. Unfortunately, it is
not guaranteed (due to replacements) that an agent has been in contact with all these agents (directly or
indirectly, with multiple middle-agents) and hence has access to their measurements he needs to compute
the exact external average of the system. The best thing an agent can do is therefore to average the initial
measurements zk of all agents k it knows. The knowledge set of an agent formalizes the acquaintance
to which it has (potentially) access. This concept is introduced and used in a similar purpose in [MH20]
and are studied more generally for communication graphs in [Hen14]. We de�ned it as follows:

De�nition 2.1 (Knowledge sets). Let i ∈ N (t) be the index of an agent in the system at time t. The
knowledge set of agent i at time t denoted Ki(t) is the set of indices of all the agents with which agent i
has been in contact (directly or indirectly) since its arrival into the system at time ti,0.
The knowledge set of agent i is initialized with only its own index: Ki(0) = {i}. At each communication,
agents involved in the communication (i and j) make the union of their knowledge sets:

K+
i = K+

j = Ki ∪ Kj .

At any time t, the knowledge set of agent i is included into the set of indices of all the agents that have
ever been in the system until time t: Ki ⊂ ∪s≤tN (s).

The knowledge set of an agent i allows describing the set of all agents for which agent i can have
access to individual information such as their measurements z or other things (if they are memorized and
shared at each communication in the same way that agents indices in the knowledge sets). Therefore,
the best estimate of µ that each agent can have is de�ned as follows:
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De�nition 2.2 (Best ideal algorithm). Let N (t) be the time-varying set of agent indices of a open
multi-agent system. The best ideal algorithm (for the external averaging problem stated in Section
1.1.1) is the one in which each agent uses equally all possible knowledge it gathers. In that situation,
the estimate of the value of interest µ of each agent i ∈ N (t) is de�ned by

ybesti (t) =
1

|Ki(t)|
∑

k∈Ki(t)

zk for all i ∈ N (t), (2.1)

where Ki(t) is the knowledge set of agent i ∈ N (t) (see De�nition 2.1).

The resulting expected mean squared error of the best algorithm can be written as

E[MSEbest(t)] = E

 1

n

∑
i∈N (t)

(
ybesti (t)− µ

)2 = E
[(
ybesti (t)− µ

)2]
,

where the last equality holds because agents are supposed to be identical and interchangeable (in expec-
tation) (see Section 1.1.3 for details).
The sense of the word best we used until here should still be clari�ed. This is the purpose of Proposition
2.1. Since the distribution of the measurements is unknown to the agents, this estimate seems intuitively
to be the best thing an agent can do (in terms of expected MSE). But in theory, it is not so easy and
maybe it is not totally true when we consider all possible other estimates. As it will be stated and
proved in Proposition 2.1, a such estimate (from equation (2.1)) corresponds to the best linear unbiased
estimate that agent i ∈ N (t) can do at time t.

To execute a such algorithm, each agent i of the system (i ∈ N (t)) should memorize and share,
at each communication, all the measurements it has access to (i.e. zk for all k ∈ Ki(t)), and their
corresponding agent indices k in order to keep their knowledge set up-to-date. Therefore, the memory
required for each agent grows with time since an agent needs to store the measurement of all agents with
which it has been in contact, even indirectly and even if they are gone long time ago from the system.
As it will be demonstrated further, the expected size of the knowledge set of an agent (and hence the
memory it needs) is upper bounded but can still be huge. That is why this algorithm cannot be used
in practice. Indeed, agents are supposed to have constant bounded memory and furthermore, it is in
general desirable for this memory limitation to be low for economic or practical reasons. Moreover, for
this algorithm, the agents should probably make use of identi�ers1 (i.e. the indices) of the agents in
order to maintain their knowledge set and its corresponding measurements, which was also forbidden in
our problem statement. Chapter 7 presents an algorithm that makes use of the knowledge sets, without
sharing and storing the measurements. This can make sense when the data of each agent are heavy.

This ideal algorithm is nevertheless useful since its expected mean squared error E[MSEbest(t)] pro-
vides a lower bound on the expected mean squared error of other algorithms:

Proposition 2.1 (Lower bound on the MSE of any linear unbiased algorithm). For any algorithm
that aims to solve the external averaging problem stated in Section 1.1.1 by generating estimates that
corresponds to unbiased linear combinations of the measurements (zi):

y(t) =
∑
i

ci(t)zi, with
∑
i

ci(t) = 1, (2.2)

The expected mean squared error E[MSE(t)] of the algorithm is lower bounded by the one of the best ideal
algorithm (see De�nition 2.2):

E[MSE(t)] ≥ E[MSEbest(t)] for all time t.

Proof. The estimate ybesti (t) of µ of agent i is de�ned by equation (2.1). It is the average of the mea-
surements of µ of all the agents that are in its knowledge set Ki(t).

1One can claim that for most of the continuous distributions, the measurement z of an agent is unique (with high
probability) and can be used as identi�er.
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Given a sample of i.i.d. measurements from a given distribution (here the measurement of the agents in
the knowledge set), the sample average is the best linear unbiased estimator (BLUE) (in terms of the
MSE with respect to the given distribution) of the true mean µ of the distribution (see [Sie] for proof).
Therefore, for any linear unbiased estimate y (that satis�es equation (2.2)) and for any agent i ∈ N (t),
we have that

Eζ
[
(y − µ)2 | Ki(t)

]
≥ Eζ

[
(ybesti (t)− µ)2 | Ki(t)

]
for any knowledge set Ki(t),

where Eζ denotes the expectation over all the realizations of the measurements z of the agents (which
are i.i.d.).
Since this inequality is valid for any agent of the system, taking the expectation over all the possible
knowledge sets, or equivalently over all the possible sequences of events ε, gives, for any linear unbiased
estimate y (satisfying equation (2.2)):

Eε
[
Eζ
[
(y − µ)2 | Ki(t)

]]
≥ Eε

[
Eζ
[
(ybesti (t)− µ)2 | Ki(t)

]]
E
[
(y − µ)2

]
≥ E

[
(ybesti (t)− µ)2

]
. (2.3)

Equation (2.3) means that the best estimate (in terms of the expected MSE) at time t of any agent of the
system i ∈ N (t), among all the linear unbiased estimates (equation (2.2)) is given by ybesti (t). Therefore,
the expected mean squared error of the entire system (using this estimate) is smaller than the one of any
other algorithm that uses linear and unbiased estimators:

E[MSE(t)] = E
[
(yi(t)− µ)

2
]
≥ E

[(
ybesti (t)− µ

)2]
= E[MSEbest(t)] for all time t.

Having agents that compute an unbiased estimator of µ (denoted yi) means that Eζ [yi] − µ = 0 for
all agents i ∈ N (t). It does not necessarily lead to a zero expected squared bias of the system as it has
been de�ned in Section 1.1.3:

E
[
(y − µ)2

]
= EεEζ


 1

n

∑
i∈N (t)

yi(t)− µ

2
.

It indeed computes the squared bias with respect to the estimates into the system, by taking their aver-
aging and not with respect to the distribution of the measurements.

One can also prove that the said best ideal estimates (given by De�nition 2.2) are also the best (in
terms of expected MSE) among all possible estimates (even unbiased or nonlinear), if the distribution is
Gaussian. This means that to be better than the said best ideal algorithm, an algorithm should exploit
both the nonlinear or biased estimates and the non-Gaussianity of the distribution. For our upcoming
algorithmic design, any new algorithm uses linear and unbiased estimates, so this lower bound holds for
sure.

The following of this section aims to express the expected performance of the best ideal algorithm in
order to develop bounds on the performance of any (linear unbiased) algorithm we could imagine.

Proposition 2.2 (Expected MSE of the best ideal algorithm). The best ideal algorithm from De�nition
2.2 achieves the following expected mean squared error.

E[MSEbest(t)] = Eε
[

σ2

|Ki(t)|

]
for all time t

where Eε denotes the expectation over sequences of events that occur in the system, σ2 is the variance of
the agent initial measurements distribution and Ki(t) the knowledge set of an agent i (from De�nition
2.1).
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Proof. The expected mean squared error of the algorithm is

E[MSEbest(t)] = E
[(
ybesti (t)− µ

)2]
= E

[(
ybesti (t)

)2]
+ µ2 − 2µE

[
ybesti (t)

]
, (2.4)

The expectations are decomposed into expectation over sequences of events (Eε) and over the initial
measurements of the agents (Eζ). Therefore, using this decomposition and the de�nition of the estimates
ybesti (t) of agent i used in the best ideal algorithm (see De�nition 2.2), E

[
ybesti (t)

]
can be computed as:

E
[
ybesti (t)

]
= Eε

 1

|Ki(t)|
∑

k∈Ki(t)

Eζ [zk]

 = µ,

since Eζ [zk] = µ for any k (using that zk are i.i.d with mean µ).
Similarly, E

[
ybesti (t)2

]
can be computed using the fact that:

(
ybesti (t)

)2
=

 1

|Ki(t)|
∑

k∈Ki(t)

zk

2

=
1

|Ki(t)|2

 ∑
k∈Ki(t)

z2k +
∑

l∈Ki(t)

∑
m∈Ki(t)
m6=l

zlzm

, for i ∈ N (t)

We have that the initial measurements zk are i.i.d random variables with the following �rst and second
moments: Eζ [zk] = µ, Eζ

[
z2k
]

= σ2 + µ2 (for any k) and that Eζ [zizj ] = µ2 when i 6= j (since the zk are
independent). Therefore, it results that

E
[(
ybesti (t)

)2]
= Eε

[
Eζ
[(
ybesti (t)

)2]]
= Eε

[
σ2

|Ki(t)|

]
+ µ2.

Substituting these expressions of E
[
ybesti (t)

]
and E

[
ybesti (t)2

]
into equation (2.4) gives

E[MSEbest(t)] = Eε
[

σ2

|Ki(t)|

]
for all time t

which concludes the proof.

Proposition 2.2 provides a general expression of the expected mean squared error of our ideal algo-
rithm E[MSEbest(t)] and hence a lower bound on the mean squared error of any realistic algorithm. By
realistic algorithm, we mean an algorithm that respects all the assumptions of the problem statement
(concerning the use of memory and identi�ers) and that uses linear and unbiased estimates.

It is however complicated to deduce an exact theoretical expression of E[MSEbest(t)] because it

requires computing the expectation of a ratio Eε
[

1
|Ki(t)|

]
which is in general not equal to 1

Eε[|Ki(t)|] .

However, it can be lower-bounded using Lemma 2.1 that applies the Jensen's inequality to probability.

Lemma 2.1. Given a (strictly) positive random variable X, it holds that

E
[

1

X

]
≥ 1

E[X]
.

Proof. We prove this lemma for the sake of completeness. We will only prove the case where X is a
discrete random variable. Extension can be done to the continuous case. The Jensen's inequality (in its
discrete form) [Der05] state that for a real convex function f , a set of real values xi (i = 1 . . . n) in the
domain of f and positive weights ai (i = 1 . . . n) such that

∑n
i=1 ai = 1, we have

n∑
i=1

aif(xi) ≥ f

(
n∑
i=1

aixi

)
.
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It can be applied to the de�nition of the expectation in probability, (for a discrete random variable X)

E[f(X)] =
∑
k

f(k)P [X = k] where the probability density function P [X = k] sums to 1 over k.

Hence, the Jensen's inequality applied to probability [Rao11] can be stated as:

E[f(X)] ≥ f(E[X]).

In particular, it can be applied to function f(x) = 1
x which is convex only for positive values of x.

From this lemma, we immediately deduce an upper bound on Eε
[

1
|Ki(t)|

]
and then Proposition 2.2

can be extended to the following proposition.

Proposition 2.3 (Lower bound on the MSE of the best ideal algorithm). The best ideal algorithm from
De�nition 2.2 has an expected mean squared error that is lower bounded by

E[MSEbest(t)] = Eε
[

σ2

|Ki(t)|

]
≥ σ2

Eε[|Ki(t)|]
for any i ∈ N (t), (2.5)

where Eε denotes the expectation over sequences of events that happens in the system, σ2 is the variance
of the agent initial measurements distribution and Ki(t) the knowledge set of an agent i (from De�nition
2.1).

Proof. The size of the knowledge set of an agent |Ki(t)| is a positive discrete random variable and then,

we can apply Lemma 2.1 on Eε
[

σ2

|Ki(t)|

]
to obtain inequality (2.5) which provides a lower bound on the

expected mean squared error of the best ideal algorithm at time t (from Proposition 2.2).

To get a theoretical expression of a lower bound on performance of any realistic algorithm, it remains
to compute (or upper bound), the expected size of the knowledge set of an agent at time t. The next
section presents two ways of obtaining an upper bound on Eε[|Ki(t)|], both based on the fact that there
is an expected maximum number of agents that are connected to each other in the union graph of all
communications that have taken place until time t.

Before presenting these two ways of obtaining a proved theoretical lower bound on performance of
any algorithm, let's quickly analyze the behavior of the performance of this best ideal algorithm. Indeed,
as it will be seen next, the proved bounds are conservative and for our algorithmic design purpose, the
expected performance of an algorithm are rather compared to an empirical lower bound that corresponds
to the expected performance of the best ideal algorithm from De�nition 2.2 computed empirically (over
multiple realizations). Figure 2.1 shows the time evolution of the best performance computed empirically
for a speci�c system (n = 50 and ρ = λc

λr
= 10). Here are some remarks illustrated by these graphs but

that can be generalized to every open system con�guration.

� First, the expected performance is asymptotically constant and hence, similarly than for the gossip
algorithm, the expected performance of this best ideal algorithm reaches a steady state. In the
situation shown in Figure 2.1, the squared bias reaches more slowly this steady state which is not
achieved yet after 500 seconds.

� Thereafter, in Figure 2.1b, we remark that the expected variance of this best ideal algorithm is
nonzero. This is due to the fact that the best estimate may be di�erent for every agent since it
depends on their own knowledge set. Continuous replacements ensure that the knowledge set of
each agent in the system cannot be always identical. When the replacements are less frequent, the
expected variance would be lower.

� Similarly, the expected squared bias converges also to a nonzero value. It means that, in general,
agents cannot be aware of the initial measurement of all the agents that have been in the system
since the very beginning. There is always a nonzero probability (even very small) that two sets of
agents are disconnected from each other, which means that they do not exchange any information.
This fact is used to develop theoretical bounds in the following section.
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(b) Expected Squared Bias and Variance

Figure 2.1: Expected performance evolution with time of the best ideal algorithm (from De�nition 2.2)
for a system with n = 50 and ρ = λc

λr
= 10 (with nλc = 10). Expectations have been computed

empirically with 500 realization simulations.

� The best ideal algorithm does not necessarily provide a lower bound on the expected variance or
the expected squared bias but only on their sum which corresponds to the expected mean squared
error. Indeed, we can imagine a stupid algorithm for which all agents choose immediately a same
�xed value (say for example 42). This algorithm achieves a very bad expected squared bias but
its expected variance goes directly to 0, which is below the expected variance of this best ideal
algorithm. Concerning the expected squared bias, we observe here that it increases at the very
beginning (before any replacement have occurred) before starting to decrease. This is due to
the fact that the sum of the agents estimates is not necessarily preserved during communications
and therefore, at some moments, some agents (or rather some agents' measurements zi) may
have more importance into the system than others, leading to a worst expect squared bias. Any
algorithm that preserves the sum of the estimates of the agents during the communications (like
the gossip averaging algorithm) will not increase the expected squared bias of the system during
communications and it will beat the best ideal algorithm on this point, at the very beginning of
the process, before the �rst replacement takes place. But, at any time t, the best ideal algorithm
provides the best trade-o� between the expected variance and the expected squared bias in the
system.

2.2 Upper bound on Eε[|Ki(t)|]
In order to upper bound Eε[|Ki(t)|], our approach �nds the maximum expected size of the knowledge set
|Ki(t)| for any agent i. Hence, it neglects the variance of the best ideal algorithm (see Figure 2.1) that is
due to the fact that agents can have di�erent knowledge set sizes and may not be of the maximum size.
The idea is that the number of agents with which an agent i have been in contact directly or not until
time t (|Ki(t)|) can be upper bounded by the expected number of agents that have been in the system
since the last restart and until time t.

De�nition 2.3 (Restart). A restart event occurs at time tnew if a set of agents N (told), that constituted
the entire system at time told (told < tnew), has been fully replaced at time tnew without having had
the opportunity to transmit any information to new agents. It holds that N (told) ∩ N (tnew) = ∅ and
that no communication has never taken place between old agents from the set N (told) and new agents
from the set N (tnew) during all time t (between told and tnew) where the set of agents in the system
N (t) may contained agents from both sets. In simple words, a restart thus happens whenever the entire
information that was in the system before it has totally disappeared.

The expected number of agents that have been in the system since the last restart and until current
time t can be counted as

n+ Eε[Nrpl(t)],
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where n stands for the number of agents that are in the system and Eε[Nrpl(t)] for the expected number of
replacements that have occurred since the last restart and until current time t. Remember from Section
1.1 that the size of the system n = |N (t)| is constant thanks to the replacement assumption.
Therefore, an upper bound on Eε[|Ki(t)|] can be deduced from an upper bound on Eε[Nrpl(t)]:

Eε[|Ki(t)|] ≤ n+ Eε[Nrpl(t)]. (2.6)

Indeed, the size of the knowledge set of any agent i ∈ N (t) is lower than the maximum number of
agents that have been potentially connected (even with multiple intermediary agents) to each other in
the system at time t, which is n+Nrpl(t).

For the following developments, that aim to �nd an upper bound on Eε[Nrpl(t)] via two di�erent
approaches, all expectations are supposed to be taken over the realizations of the sequence of events and
hence the ε-index in the notation of the expectation is omitted: E = Eε. The probability of an event to
be a replacement pr is supposed to be nonzero since the system is open. If this is not the case (i.e. if
pr = 0), the system is close and the size of the knowledge set of any agent can simply be bounded with
the size n of the system.

2.2.1 Time-dependent approach using a simpli�ed restart de�nition

This �rst approach �nds an upper bound on E[Nrpl(t)] using a simpli�ed restart de�nition (see De�nition
2.4). It also uses some basic probability properties that are recall here:

Proposition 2.4. Let X and Y be two random variables, the expectation of X can be computed as

E[X] =
∑
y

P [Y = y]× E[X | Y = y]

Proposition 2.5. Let A and B be two probability events, we have that

P [A ∩B] = P [A | B]× P [B]

De�nition 2.4 (Simpli�ed restart). A simpli�ed restart occurs when there are n di�erent successive
replacements without having any communication event. It means that in n system events, all agents
that were in the system before these events have been replaced and the new agents should start from
scratch, without having access to any past information. For simpli�cation, overlapping restarts are not
considered. It means that a replacement cannot count for di�erent restarts.

A simpli�ed restart that occurs after the ith event2 in the system is denoted Ri. In other words, Ri
corresponds to have n successive di�erent replacement events between events i−n+ 1 and i. R0 denotes
the situation of the system just before starting (i.e., it is not really a restart but only a start).

This simpli�ed de�nition misses a lot of real restart cases (from De�nition 2.3) since it does not
consider that communications can take place inside the set of old or new agents and imposes successive
replacements. It also only considers succession of n di�erent replacements (and no more than n like
it could be the case if there are some repetitions before that the totality of the old agents have been
replaced). But it is still a valid way to �nd a consistent upper bound on the expected number of
replacements that have occurred since the last general restart and until current time t, denoted E[Nrpl(t)].
Indeed, missing some restarts can only increase this expected number of replacements. We have that
the expected number of replacements since the last general restart (from De�nition 2.3) and until time t
is lower than the expected number of replacements since the last simpli�ed restart (from De�nition 2.4)
and until time t denoted E[Ns

rpl(t)]:
E[Nrpl(t)] ≤ E[Ns

rpl(t)]. (2.7)

It is explained by the fact that the general restarts are more frequent that the simpli�ed ones. Therefore,
this approach bounds E[Ns

rpl(t)] instead of E[Nrpl(t)]. It allows using the simpli�ed restart de�nition (see
De�nition 2.4) for the theoretical developments.

2the events are counted from the beginning of the process.
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Here is described the reasoning that leads to the �rst theoretical bound on E[Nrpl(t)] (or rather on
E[Ns

rpl(t)]) and hence on E[|Ki(t)|] and E[MSEbest(t)]. The resulting bound is thereafter summarized in
Proposition 2.6.

Since we want to �nd a time-dependent bound, it is needed to convert the problem from an event-
dependent one to a time-dependent one. Let Ne(t) be a random variable that counts the total number
of events that have occurred in the system since the very beginning and until time t. To avoid confusion
with probabilistic events, the events that occur into the system (communication and replacements) are
called system events in this development.
From Proposition 2.4 applied to random variables Ns

rpl(t) and Ne(t), we have that

E[Ns
rpl(t)] =

∞∑
ne=1

P [Ne(t) = ne]× E
[
Ns

rpl(t) | Ne(t) = ne
]

(2.8)

Where P [Ne(t) = ne] = (n(λc+λr)t)
ne e−n(λc+λr)t

ne!
since the system events are described with a Poisson

process of rate n(λc + λr).

Using again Proposition 2.4, the conditional probability of equation (2.8) can be expanded in function
of the event index k at which the last restart has occurred.

E
[
Ns

rpl(t) | Ne(t) = ne
]

=

ne∑
k=0

P [last restart at event k | Ne(t) = ne]× E
[
Ns

rpl(t)

∣∣∣∣ last restart at event kNe(t) = ne

]

=

ne∑
k=0

P
[
(Rk)

⋂(
∩nei=k+1Ri

)]
× E

[
Nrpl(t) | (Rk)

⋂(
∩nei=k+1Ri

)]
(2.9)

Equation (2.9) uses the notation Ri for a restart event that occurs at i, as introduced in De�nition 2.4
and it also ignores the assumption Ne(t) = ne because it is implicitly contained into the intersection up
to ne. Each factor of equation (2.9) can be upper-bounded independently.

Bound on the expectation in (2.9)

E
[
Ns

rpl(t) | (Rk)
⋂(
∩nei=k+1Ri

)]
≤ (ne − k). (2.10)

Indeed, there are ne − k system events since the last restart at event k and until event ne. The number
of replacement events since the last restart can obviously not be higher than the total number of system
events since the last restart. Then the upper bound holds. It is a poor bound, especially when the
general probability of a system event to be a replacement pr is small. Actually, we strongly suspect that
the upper bound is pr(ne − k). Indeed, without other knowledge, the expected number of replacements
that take place among (ne − k) system events is well pr(ne − k). But, we want the expected number of
replacements among (ne−k) system events, given that there is no restart that occurs during those events.
This has an impact on the expectation that is hard to quantify (and that can be counter-intuitive) and
therefore we have not been able to prove this suspected bound rigorously.

Bound on the probability in (2.9)

P
[
(Rk)

⋂(
∩nei=k+1Ri

)]
= P

[
∩nei=k+1Ri | Rk

]
× P [Rk] using Proposition 2.5

Where P [Rk] =


1 for k = 0,

0 for 1 ≤ k ≤ n− 1,

n!
(
pr
n

)n
for k ≥ n.

(2.11)

Indeed, R0 is the initial start of the system and always occurs. Rk never occurs for 1 ≤ k ≤ n−1 since a
restart requires at least n system events (which are the successive di�erent replacements) to be observed.
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For k ≥ n, P [Rk] corresponds to the probability of having n successive di�erent replacement.

We also have that P
[
∩nei=k+1Ri | Rk

]
= P

[
∩nei=k+nRi

]
since no overlapping restart are considered and

that at least n system events are needed to observe a restart. In order to upper bound this probability
of the intersection of no restart events P

[
∩nei=k+nRi

]
, we restrict it to the probability of the intersection

of a subset of no restart events. Instead of computing the probability of having no restart at any of the
system events since the last restart (from k + n to ne), we compute the probability of having no restart
only at all the system events that are multiple of n, which is a greater probability. It allows all the events
of the intersection to be independent and the following property can be used:

For independent random events Ai, P [∩iAi] =
∏
i

P [Ai].

In equation, this reasoning gives:

P
[(
∩nei=k+nRi

)]
≤ P

 bnen c⋂
l=b k+nn c

Rln

 =

bnen c∏
l=b k+nn c

(1− P [Rln]) =
(

1− n!
(pr
n

)n)bnen c−b k+nn c+1

,

where the last equality uses the fact that P [Rk] = n!
(
pr
n

)n
for all k ≥ n.

To deal with the �oor rounding in the power, we can use the fact that for any real x, we have bxc = x−∆x
with 0 ≤ ∆x < 1.
Hence, bxc − byc = x− y+ ∆y−∆x ≥ x− y− 1. Then, we have bnen c − b

k+n
n c+ 1 ≥ ne−k−n

n . Since the
basis of the exponent in the equation is lower than one, the probability becomes:

P
[(
∩nei=k+nRi

)]
≤
(

1− n!
(pr
n

)n)ne−k−nn

. (2.12)

Substituting upper bounds ((2.10), (2.11) and (2.12)) into equation (2.9) gives

E
[
Ns

rpl(t) | Ne(t) = ne
]
≤ ne

(
1− n!

(pr
n

)n)ne−nn
+

ne∑
k=n

(ne − k)
(

1− n!
(pr
n

)n)ne−k−nn

.

When this equation is inserted into the �rst one of this development (equation (2.8)), the expected
number of replacements that have occurred since the last simpli�ed restart and until time t (E[Ns

rpl(t)])
can be upper bounded as written in (2.13) and hence a fundamental bound on performance of any
realistic algorithm can derived:

Proposition 2.6 (Theoretical time-dependent bound on performance). In an open multi-agent system of
size n with individual communication rate λc, individual replacement rate λr and replacement probability
pr = λr

λc+λr
, the expected number of replacements that have occurred since the last simpli�ed restart (see

De�nition 2.4) and until time t, denoted E[Ns
rpl(t)], can be upper bounded as follows:

E[Ns
rpl(t)] ≤

∞∑
ne=1

(n(λc + λr)t)
ne e−n(λc+λr)t

ne!

(
ne
(
1− n!

(pr
n

)n)ne−nn
+

ne∑
k=n

(ne − k)
(
1− n!

(pr
n

)n)ne−k−nn

)
.

(2.13)

The expression of this in�nite sum has been computed using Mathematica and is provided in Appendix
2.A of this chapter. Asymptotic value of this bound, for time tending to in�nity, provides a global bound
(valid for any time t) on E[Ns

rpl(t)] (computed using Mathematica):

E[Ns
rpl(t)] ≤ lim

t→∞
E[Ns

rpl(t)] ≤
n!
(
p
n

)n (
1− n!

(
p
n

)n) 1
n−1((

1− n!
(
p
n

)n)1/n − 1
)2 , for 0 < pr < 1 and for any time t (2.14)

This upper bound on E[Ns
rpl(t)], and hence (from equations (2.6) and (2.7)) on E[|Ki(t)|] ≤ n+E[Ns

rpl(t)]
allows (from Proposition 2.3) having a lower bound on the expected mean square error of the best ideal
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algorithm (see De�nition 2.2) and therefore on the performance (E[MSE(t)]) of any realistic algorithm
(see Proposition 2.1):

E[MSE(t)] ≥ E[MSEbest(t)] ≥
σ2

E[|Ki(t)|]
≥ σ2

n+ E[Ns
rpl(t)]

for any i ∈ N (t).

where upper bound on E[Ns
rpl(t)] is given by (2.13). Corresponding global lower bound on E[MSE(t)],

valid for any time t, can be obtained by using global upper bound on E[Ns
rpl(t)] given at equation (2.14).

As suggests in Figure 2.2, this proved lower bound (in red) is obviously not tight to the true expected
performance of the best ideal algorithm that can be computed empirically (in green). It can be explained
by di�erent reasons. The two mains reasons depend on the approach used:

� The Jensen's inequality used in Lemma 2.1 is not always tight. As suggested in Figure 2.2 when
comparing green and black curves, we have

E[MSEbest(t)] = E
[

σ2

|Ki(t)|

]
>

σ2

E[|Ki(t)|]
,

This phenomenon is accentuated when the replacements are quite frequent since it implies more

di�erence between the knowledge sets of the agents and thus a larger di�erence between E
[

σ2

|Ki(t)|

]
and σ2

E[|Ki(t)|] .

� As mentioned, this approach, based on the restart idea, aims to �nd the maximum size of the
knowledge set |Ki(t)| of any agent i and hence it neglects the variance of the best performance in part
due to the fact that agents can have di�erent knowledge set sizes, especially when the replacements
are quite frequent. This variance also explains why the empirical expected performance of the
best ideal algorithm has slights oscillations since it may vary abruptly with time and from one
realization to another (a totally smooth curve should require much more than 500 realizations to
compute the expectation).
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Figure 2.2: Evolution with time of the empirical (from Proposition 2.1) and theoretical (from Proposition
2.6) lower bounds on the performance (MSE) of a system with n = 50 and λc

λr
= 10 (with nλc = 10).

E[MSEbest(t)] have been computed empirically with 500 realization simulations.

Other reasons related to simpli�cations into computation, explained during the development of the
bound on E[Nrpl(t)], also lead to a conservatism of the proved bound:
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� The simpli�ed restart de�nition which miss a lot of true restarts.

� The bound given at (2.10) on the expected number of replacements that have occur in the system
until time t and since the last restart, knowing the moment of the last restart, is obviously not
tight.

� Also, the bound on the probability that no restart has occurred after event k (given by (2.12)),
besides using the simpli�ed de�nition of a restart, discards many events to only have independent
ones which allows bounding more easily the probability of the intersection. It obviously over-
estimate the probability.

Figure 2.2 also shows that while empirical lower bound reaches quickly a steady state performance,
the value of the theoretical bound decreases slowly. However, a global bound, valid for any time t, on
E[Ns

rpl(t)] (and hence on E[MSEbest(t)]) can be obtained when time goes to in�nity. It corresponds to a
bound on the expected number of replacements that occur between two restarts in general. This limit
has been computed using Mathematica and is given by equation (2.14) in Proposition 2.6. This global
version of the bound will be useful to compare this �rst theoretical bound with the second one presented
below that aims to compute only a global bound that holds for any time t. This latter bound also aims
to solve computational conservatism issues from this �rst theoretical bound but not the approach-based
conservatism issues since the same restart idea is preserved.

2.2.2 Global approach using the general restart de�nition

This approach aims to compute a global bound on E[Nrpl(t)], the expected number of replacements
that have occurred into the system since the last restart. This approach aims to use the general restart
de�nition (De�nition 2.3). The bound is called global because it is independent of the time and hence
valid for any time. It actually corresponds to compute a bound on

E[Ninter] = lim
t→∞

E[Nrpl(t)],

where E[Ninter] is the expected number of replacements between two restarts in the system.

The resulting bound is summarized further in Proposition 2.8. The ideas and reasoning that have led
to this bound are �rst described. The idea is to consider at any time t, a partition of the agents in the
system N (t) into two sets of agents: the old ones Aold(t) that are supposed to have communicated with
each other and having each (potentially) access to information of other old agents (and maybe new agents
too) and a set of new ones Anew(t) that have not communicated yet with old agents and may generate
a restart later. The partition of course respects: N (t) = Aold(t) ∪ Anew(t) and Aold(t) ∩ Anew(t) = ∅.
When an agent comes into the system, it belongs to the set of new agents Anew. And when a new agent
i ∈ Anew communicates with any old agent j ∈ Aold(t), i passes from the set Anew to Aold since it get in
contact with a old agent and have now potentially also access to information about all other old agents.
A restart occurs when all the agents in the systems are new ones: N (t) = Anew(t). Since the system
size is constant n = |N (t)|, it is su�cient to analyze the size of each set of agents.

Markov chain We de�ne an absorbing Markov chain with state k = |Anew(t)| which is the number
of new agents that are in the system. If k = n, it means that all the agents in the system are new
and have not exchanged any information with past agents of the system. This state corresponds thus to
observing a restart. This is the absorbing state of our chain. There is a total of n + 1 di�erent states:
k = 0, 1, . . . , n. Using absorbing Markov chain theory, it is possible to compute the expected number
steps (i.e. events) needed to reach the absorbing state (i.e. a restart).

Let us �rst formalize the Markov Chain and its transition probability matrix. Let pr denote the
probability for an event to be a replacement (and hence probability 1− pr to be a communication) and
let ck denote the probability for a communication to be a communication between the two sets of agents
(Aold(t) and Anew(t)) at state k. Since there is k = |Anew(t)| new agents and n−k = |Aold(t)| old ones,
the probability, at state k, that a communication involves a new agent and an old is

ck =
2k(n− k)

n(n− 1)
.
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Here are listed the transition probabilities of the Markov chain which is represented in Figure 2.3.

� When the system reaches the absorbing state (k = n), it remains there with probability 1.

� The system passes from any state k > 0 to state k − 1 with probability (1 − pr)ck which is the
probability of an event to be a communication between i ∈ Aold(t) and j ∈ Anew(t) .

� The system passes from any state k < n to k+ 1 with probability n−k
n p which is the probability of

an event to be a replacement of an old agent i ∈ Aold(t)

� The system remains at the same state k with probability k
npr + (1 − pr)(1 − ck) which is the

probability of an event to be a replacement of a new agent i ∈ Anew(t) or an intern communication
between two new or two old agents).

0 1 ...k... n

pr

(1− pr)c1

n−1
n
pr

(1− pr)ck

1
n
pr

1− pr
1
n
pr + (1− pr)(1− c1) k

n
pr + (1− pr)(1− ck) 1

Figure 2.3: Representation of the absorbing Markov chain.

Results on Markov chain [GS06] allows to compute the expected number of visits to each transient
state before reaching the �nal absorbing state (k = n) for a given starting state. For our problem, the
starting state is always k = 0, meaning that all the agents in the system at the beginning are considered
to (potentially) know each other and to be old agents. The beginning can correspond to the system
after any of its starts or restarts. At each transient state, the system evolves to another state through
a replacement with probability pr and through a communication with probability 1− pr. It is therefore
possible to count the expected number of replacements that occur in the system before reaching the
absorbing state, i.e. a restart.
Let P be the transition matrix of the Markov chain in a canonical form, since there is only one absorbing
state, P can be expressed as:

P =

(
Qn×n Rn×1

01×n 1

)
.

Theorem 2.2 (The fundamental matrix in absorbing Markov Chain [GS06]). For an absorbing Markov
chain with a canonical transition matrix P , the matrix I −Q has an inverse N that is such that

N = I +Q+Q2 + · · · =
∞∑
i=0

Qi = (I −Q)−1.

I is the identity matrix. N is called the fundamental matrix of the Markov Chain. The ij-entry nij of
the matrix N is the expected number of visits to transient state j (until being absorbed), given that it
starts in transient state i. The initial state is counted if i = j.

Here, we are only interested in the �rst line nT0 of the fundamental matrix N which corresponds to
starting from state k = 0. The system to solve to �nd n0 is

N(I −Q) = I ⇔ (I −Q)Tn0 = e0, e0 is the vector (1, 0, . . . , 0)
T
. (2.15)

where n0 is a column vector corresponding to the �rst line of the fundamental matrix N . It corresponds
to the expected number of visits to each transient state (k = 0, . . . , n − 1) before reaching the �nal
absorbing state (k = n). The system to solve is tridiagonal and even if its size n is unspeci�ed, it can be
written as a second order recurrence equation, which allows to deduce a general expression for n0. From
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the expression of n0 is is possible to compute the expected number of events and replacements that occur
in the system between two restarts as stated in Proposition 2.7. Between two restarts means actually
since the beginning (state k = 0) and until the �rst restart (absorbing state k = n). The starting state
is considered to be always k = 0 since when a restart occurs, all the new agents that fully constitute the
system (N (t) = Anew(t)) can potentially already know each other3.

Proposition 2.7. The expected number of events E[M ] that occurs in a system of size n between two
restarts (see De�nition 2.3), can be computed as

E[M ] =

n−1∑
i=0

n0i (2.16)

where n0i are the solution of the system (2.15).
The corresponding expected number of replacements that occurs in the system between two restarts (de-
noted E[Ninter]) can be computed as

E[Ninter] = prE[M ], (2.17)

where pr is the probability of an event to be a replacement.

In order to prove that proposition, we recall the Wald's Identity (from renewal processes theory)

Theorem 2.3 (Wald's Identity from [Hei]). Let X1, X2, . . . be i.i.d random variables with common �nite
mean, and M be a stopping time with E[M ] <∞, then E[X1 + · · ·+XM ] = E[M ]E[X1].
The random variable M is called a stopping time for the stochastic process {Xk, k ≥ 1} if M takes
values in the positive integers set and for each positive integer m, the event {M ≤ m} is independent of
Xm+1, Xm+2, . . .

Proof of Proposition 2.7. The �rst equation (2.16) of the proposition holds by de�nition of E[M ] and of
the fundamental matrix N from Theorem 2.2.
The second equation (2.17) is an application of the Wald's identity. In our situation, we observe system
events until a restart occurs. The i.i.d random variables Xk are the number of replacements that occur
in the system at event k. It can only be 0 or 1. We have E[Xk] = pr for any event k. The number of
replacements in the system from the beginning until a restart occurs can be computed as:

Ninter =

M∑
k=1

Xk.

where M corresponds to the index of the �rst system event where a restart occurs. The value of M
only depends on what happens in events 1 to M (and not after). It is therefore a stopping time and the
Wald's identity can be used to conclude the proof. E[Ninter] = E[M ]E[X1] = E[M ]pr.

From system to recurrence: We now explain how to solve the system of unspeci�ed size from
(2.15). The idea is to convert it into a recurrence equation. From the above description of the transition
probabilities, the matrix Q can be summarized as follows:

Qij =


(1− pr)ci (lower diagonal) if j = i− 1 (and i 6= 0),
ipr
n + (1− pr)(1− ci) (main diagonal) if j = i,
n−i
n pr (upper diagonal) if j = i+ 1 and i 6= n− 1,

0 otherwise.

for
i = 0, . . . , n− 1
j = 0, . . . , n− 1

.

Each row of Q sums up to 1, except the last one (row n − 1) which corresponds to the only state that
has a nonzero probability to jump (directly) toward the absorbing state (k = n). The matrix (I −Q)T

that corresponds to the matrix of the system to solve (2.15) is

(I−Q)Tij =


−n−jn pr (lower diagonal) if j = i− 1 (and i 6= 0),

1− jpr
n − (1− pr)(1− cj) (main diagonal) if j = i,

−(1− pr)cj (upper diagonal) if j = i+ 1 and i 6= n− 1,

0 otherwise.

for
i = 0, . . . , n− 1
j = 0, . . . , n− 1

.

3Except maybe the last agent that arrives into the system and leads to the restart. A slightly more precise bound can
maybe be derived by choosing initial state as k = 1
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i stands for the equation indices and j for the unknown indices. Since the matrix is tridiagonal, each
equation i = 1, . . . , n − 2 involves 3 unknowns n0i−1, n0i and n0i+1. Therefore, these equations can be
written as a second order recurrence equation:

−
(
n− i+ 1

n

)
prn0i−1 +

(
1− ipr

n
− (1− pr)(1− ci)

)
n0i − (1− pr)ci+1n0i+1 = 0 for i = 1, . . . , n− 2.

(2.18)
It requires two initial conditions to be solved. Actually, the two last unknowns n0n−1 and n0n−2 can be
computed easily. Note that for matrix (I − Q)T , each column sums to 0, except the last one (column
n− 1). Indeed, (I −Q)T = I −QT and each column (except column n− 1) of both matrices I and QT

sums to 1. Summing all equations together allows therefore to eliminate all unknown except the last one
n0n−1 it results the following equation :

n−1∑
i=0

n−1∑
j=0

(I −Q)Tijn0j =

n−1∑
i=0

e1,i ⇔
(
−(1− pr)(cn−1) + 1− n− 1

n
pr − (1− pr)(1− cn−1)

)
n0n−1 = 1

⇔ n0n−1 =
n

pr
(2.19)

The relation n0n−1 = n
pr

have been veri�ed using Matlab for di�erent systems con�gurations. Finally,

last equation (equation n − 1) of the system (2.15) involves only two unknowns : n0n−1 and n0n−2.
Solving it allows to deduce an expression for n0n−2 (since equation (2.19) already gives an expression for
n0n−1) that can be used as second initial condition to solve recurrence (2.18) and get an expression of
any n0i for all i. Equation n− 1 from (2.15) is:

− 2

n
prn0n−2 +

(
1− n− 1

n
pr − (1− pr)(1− cn−1)

)
n0n−1 = 0 ⇔ n0n−2 =

n(2− pr)
2p2r

. (2.20)

The recurrence equation (2.18) with initial conditions (2.19) and (2.20) has been solved using Mathemat-
ica. The solution n0i (for i = 0, . . . , n− 1) is not an easy expression and hence is not shown here but is
available in Appendix 2.A of this chapter. Having an expression for each n0i (for i = 0, . . . , n− 1) allows
computing the expected number of replacements that occur between two restarts thanks to Proposition
2.7 that states that E[Ninter] = pr

∑n−1
i=0 n0i, and hence deriving the following fundamental lower bound

on performance.

Proposition 2.8 (Theoretical global bound on performance). In an open multi-agent system of size n,
the expected number of replacements that have occurred in the system since the last restart and until time
t (E[Nrpl(t)]) is bounded by the expected number of replacements that occur in the system between two
restarts (E[Ninter]). See De�nition 2.3 for the de�nition of a restart. From Proposition 2.7, we have:

E[Nrpl(t)] ≤ E[Ninter] = pr

n−1∑
i=0

n0i, for any time t. (2.21)

where expression of n0i can be computed using the recurrence equation (2.18) with initial conditions (2.19)
and (2.20). The expression of the solution of this recurrence is available in Appendix 2.A of this chapter.
This global upper bound on E[Nrpl(t)], and hence (from equation (2.6)) on E[|Ki(t)|] ≤ n + E[Nrpl(t)]
allows (from Proposition 2.3) having a global lower bound on the expected mean squared error of the
best ideal algorithm (see De�nition 2.2) and therefore on the performance (E[MSE(t)]) of any realistic
algorithm (see Proposition 2.1).

E[MSE(t)] ≥ E[MSEbest(t)] ≥
σ2

E[|Ki(t)|]
≥ σ2

n+ E[Nrpl(t)]
for any i ∈ N (t),

where a global upper bound on E[Nrpl(t)] is given by (2.21).

2.3 Comparison of the di�erent lower bounds on performance

The three di�erent lower bounds on the performance (the true one from Proposition 2.1 for which no
exact theoretical expression is available, the time-dependent one from Proposition 2.6 and the global
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one from Proposition 2.8) are compared in Figure 2.4. To allow a fair comparison, they are compared
on their global aspect which means that we compare them at the time t for which they have the lowest
value, i.e. for large time t. In concrete terms, Figure 2.4 shows in green, the value of the true bound
from Proposition 2.1 after 500 seconds4 computed empirically through numerical simulations, in red,
the value of the �rst time-dependent theoretical bound from Proposition 2.6 when time goes to in�n-
ity (i.e. in its global form) and in yellow the value of second theoretical bound which is valid for any time t.

As expected, the two theoretical bounds (in yellow and red) are not tight at all to the true bound (in
green) derived from the best ideal algorithm (see De�nition 2.2) for which the expected performance is
computed empirically (using di�erent numerical simulations). The second one (Proposition 2.8) is still
better than the �rst one (Proposition 2.6) since it computes the exact expected number of replacements
that occurs between two restarts E[Ninter] while the �rst approach can only upper bound it. The worst
bound (from Proposition 2.6) is however the one with the simplest theoretical expression (see equation
(2.14) in Proposition 2.6).

The bounds evolve logically with the systems parameters: both theoretical proved lower bounds
decrease exponentially (note that the y-scale is logarithmic) with the size n of the system: the larger
the system, the lower the chance of observing a restart. Similarly, they also decrease with the rate
ratio ρ = λc

λr
that corresponds to the expected number of communications that occurs between two

replacements. Intuitively, if there are more communications, the replacement probability is lower and
so is the chance of observing a restart into the system. The performance of the best ideal algorithm,
for its part, also decreases (much less) when the replacement become less frequent (i.e. the rate ratio
ρ increases) and it is almost insensitive to the variation of the system size n. Indeed, even its expected
squared bias is in general lower for larger system, it is counterbalanced by the increase of the expected
variance in the system (since it takes longer for the information to spread throughout the entire system)
and the total expected mean squared error is almost constant with n.

2 4 6 8 10 12 14 16 18 20
10-10

10-8

10-6

10-4

10-2

100

(a) Evolution with ρ = λc
λr

for �xed size n = 5

5 10 15 20
10-20

10-15

10-10

10-5

100

(b) Evolution with n for �xed rate ratio ρ = λc
λr

= 5

Figure 2.4: Comparison for di�erent global empirical and proved lower bounds on the expected mean
squared error for di�erent system con�gurations (with constant nλc = 10). In green, the empirical lower
bound from Proposition 2.1 after 500s computed empirically with 500 realization simulations. In red, the
�rst proved bound when t → ∞ from Proposition 2.6. And in yellow, the second proved global bound
from Proposition 2.8.

4As suggested in Figure 2.1, the expected mean squared error of the best ideal algorithm has already reached a steady
state after 500 seconds. This may be not totally the case for some systems that implies very long transient state (e.g. very
large system with small pr).

35



Conclusion about the performance limitations

In conclusion, this chapter proves (via two di�erent ways) the existence of a lower bound on the expected
mean square error of any algorithm that aims to solve the external averaging problem by generating linear
unbiased estimates. The proofs rely on the lower bounding of the expected mean squared error of the
best ideal algorithm that solves the problem. These theoretical bound are useless in practice since they
are not tight enough. However, the performance of the best ideal algorithm, that provides a very good
lower bound on performance of any realistic algorithm, can be computed empirically using the simulation
tool I developed. This lower bound is called the Empirical Lower Bound in the next chapters, even if it
still relies on theoretical aspects. This Empirical Lower Bound will be abundantly used for the design of
new algorithms, presented in the next chapters, since it allows to analyze the progression margin that is
still achievable. The following chapter shows, among other things, that the gossip averaging algorithm is
quite far from the lower bound in many system con�gurations and that there is room for new algorithms
that achieve this progression margin.
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2.A Appendix for theoretical expressions in the performance lower
bounds

First proved bound from Proposition 2.6

The �rst time-dependent proved bound on the expected mean squared error (from Proposition 2.6)
depends on the upper bound on E[Nrpl(t)] (see equation (2.13)) for which the expression is an in�nite
sum. This sum can be computed using Mathematica and it gives the following expression for the upper
bound on E[Nrpl(t)]:

E[Nrpl(t)] ≤
(1− f)

1
n−2 e−λ

Gt(
(1− f)

1/n − 1
)2 [feλGt(1−f)1/n ((λGt− n)

(
(1− f)

1/n − 1
)
− 1
)

+ fn
(

(1− f)
1/n − 1

)
+ feλ

Gt

− f2
(
eλ

Gt − 1
)

+ λGt
(

(1− f)
1/n − 1

)2
eλ

Gt(1−f)1/n
]

where f = n!
(
pr
n

)n
, and λG = n(λc + λr).

Second proved bound from Proposition 2.8

The second lower bound on the performance from Proposition 2.8 involves the solution n0i of a recurrence
relation (see equation (2.18)) that has been computed using Mathematica:

n0i =
ne−qqi

2pr(pr − 1)(i− n)Γ[i+ 2]

[
(−1)i+1(n− 1)prΓ[i+ 2]Γ [−i,−q]

+ (i+ 1)(−1)nΓ[n]

(
(n− 1)(pr − 2)Γ [1− n,−q] + 2(pr − 1)Γ [2− n,−q]

)]

where q = (n−1)pr
2(1−pr) and where the Gamma function Γ[z] is de�ned as:

Γ[z] =

∫ ∞
0

tz−1e−tdt for z ∈ C and R(z) > 0.

It is a prolongation of the factorial function to any complex number with positive real part. For any
positive integer input n, we have Γ[n] = (n− 1)!
The (upper) incomplete Gamma function Γ[z, x] is de�ned as:

Γ[z, x] =

∫ ∞
x

tz−1e−tdt for z ∈ C and R(z) > 0.

We have that Γ[z, 0] = Γ[z].
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Chapter 3

Gossip averaging algorithm

The gossip averaging algorithm is a simple averaging consensus algorithm. It has already been brie�y
presented in the state-of-the-art section and in Section 1.2 from Chapter 1. The algorithm can be
summarized as follows:

Gossip averaging algorithm:

Initialization for all i ∈ N (t): xi(0) = zi, (3.1)

Interaction between a pair of agents i, j ∈ N (t): x+i = x+j =
xi + xj

2
, (3.2)

Estimate of agent i ∈ N (t): yi(t) = xi(t).

For this algorithm the estimates of the agents, denoted yi, and the variables xi coincide and can be used
indi�erently. In general, only xi are used to denote both the variables of the agents and their estimates
of µ (omitting the time dependence notation). In closed system, the mains result to remember is that
the sum of xi values are preserved and hence the agents are converging to a consensus which corresponds
to the average of their initial values.

This chapter �rst presents the analysis of an open multi-agent system subject to the gossip averaging
algorithm that are detailed in [HM16] and [HM17] and deduces the performance of the algorithm for the
external averaging estimation problem (see the problem statement in Section 1.1.1). It also presents the
main issues that the algorithm encounters to solve this problem. These results are largely used in the
following of this master thesis: �rst to use the gossip averaging algorithm as a baseline algorithm for
which theoretical guarantees are available and second to exploit the principles of its analysis in open sys-
tems and its main issues to develop new e�cient algorithms. That is why this entire chapter is dedicated
to this algorithm. The last section of the chapter compares the performance of the averaging algorithm
with the empirical lower bound developed in Chapter 2 in order to show the possible progression margin
that can be achieved by new algorithms.

3.1 Analysis of the gossip averaging algorithm

This section presents the results concerning the evolution of an open multi-agent system subject to the
gossip averaging algorithm that are detailed in [HM16] and [HM17]. This allows deducing the perfor-
mance of the algorithm for the external averaging estimation problem. The analysis pursued to obtain
these results is also presented in order to be able to re-use similar reasonings for the design of new
algorithms.
The analysis relies on the description of the system through size-independent and self-contained descrip-
tors:

E
[
x2
]

and E
[
x2
]

and possibly also E[x]

where x =
1

n

∑
i∈N

xi and x2 =
1

n

∑
i∈N

x2i .
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The expected performance (the mean squared error, the squared bias and the variance de�ned in Sec-
tion 1.1.3) that the algorithm achieves for the external averaging problem can be deduced from these
descriptors:

E
[
Bias2

]
= E

[
(x− µ)

2
]

= E
[
x2
]

+ µ2 − 2µE[x],

E[Var] = E

[
1

n

∑
i∈N

(xi − x)
2

]
= E

[
x2
]
− E

[
x2
]
,

E[MSE] = E
[
Bias2

]
+ E[Var] from equation (1.2)

Note that the time and realization dependence of the di�erent variables is omitted here and in the
following development.

3.1.1 Descriptor evolution system

For the following, the distribution mean µ is supposed to be zero, without loss of generality. It is

therefore su�cient to track the evolution of the expected vector EX =
[
E
[
x2
]
, E
[
x2
]]T

to describe the

performance of the algorithm: E
[
Bias2

]
= [1, 0]EX, E[Var] = [−1, 1]EX and E[MSE] = [0, 1]EX. The

idea developed in [HM17] is to consider a discrete time evolution so that the time samples correspond to
the instants where an event occurs. EXk denotes the value of the descriptor vector after event k. The
evolution of vector EXk can be written as a linear recurrence system:

EXk = AEXk−1 + b.

The initial vector is EX0 =
[
σ2

n , σ
2
]T

since the initial value of agent each agent i is set to its own

measurement zi (xi(0) = zi) that is independently drawn from an identical distribution with a zero
mean µ = 0 and a variance σ2.
The event k can be either a replacement with probability pr or a communication with probability 1−pr.
The evolution of EX will be di�erent in both cases. Only the mean ideas of the reasoning are explained.
For complete proofs of the results, see [HM17].

A communication in gossip algorithm preserves the sum of xi and therefore preserves x. The bias is
thus unchanged. However, each gossip communication reduces a bit the variance (E[Var]

′
= (1− 1

n )E[Var])
and hence also a bit the global MSE. The linear update of EX vector for a gossip communication is
described in the following lemma.

Lemma 3.1 (Update of the descriptor vector EX with a communication (for the Gossip algorithm)
[HM17]). Let k be a communication event in an open multi-agent system of size n and with µ = 0 subject
to the gossip averaging algorithm (see the problem statement in Section 1.1.1 for a general de�nition of
a communication event or an agent). For a communication in the gossip algorithm, the update is de�ned

by equation (3.2) and the value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is updated according to

EXk = AcEXk−1, with Ac =

[
1 0
1
n 1− 1

n

]
.

A replacement impacts both components of the EX since it implies the departure of an agent and
the arrival of a new one. The evolution of the descriptor vector EX is described in the following lemma.

Lemma 3.2 (Update of the descriptor vector EX with a replacement (for the Gossip algorithm) [HM17]).
Let k be a replacement event in an open multi-agent system of size n and with µ = 0 subject to the gossip
averaging algorithm (see the problem statement in Section 1.1.1 for a general de�nition of a replacement
event or an agent). For a replacement, the gossip algorithm initializes the new agent i according to

equation (3.1) and the value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is updated according to

EXk = ArEXk−1 + br, with Ar =

[
1− 2

n
1
n2

0 1− 1
n

]
, br = σ2

[
1
n2

1
n

]
. (3.3)

40



The independent term br appears due to arrival of a new agent i with its own measurement zj of variance
σ2.

The resulting linear recurrence system that fully describes the evolution of EX is therefore described
in the following theorem.

Theorem 3.3 (Update of the descriptor vector EX with an event (for the Gossip algorithm) [HM17]).
Let an open multi-agent system satisfying the assumptions of the problem statement (see Section 1.1.1),
subject to the gossip algorithm and with µ = 0. The kth event that occurs in the system can be either a
communication (with probability 1−pr) or a replacement (with probability pr) (see the problem statement

for the general de�nitions of the events). The value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is

updated according to the following recurrence relations for the kth event:

EXk = AEXk−1 + b (3.4)

With A = (1− pr)Ac + prAr =

[
1− 2pr

n
pr
n2

1−pr
n 1− 1

n

]
, and b = prbr = σ2

[
pr
n2
pr
n

]
.

Sketch of Proof. The general evolution of EX with an event k can be decomposed as

EXk = (1− pr)E[Xk−1 | k is a gossip] + prE[Xk−1 | k is a repl.] = (1− pr)AcEXk + pr(ArEXk + br).

Where the last equality uses both Lemmas 3.1 and 3.2. Therefore, we have that A = (1− pr)Ac + prAr
and b = prbr, where Ac, Ar and br are de�ned in Lemmas 3.1 and 3.2.

3.1.2 Steady state expected performance and convergence rate

The steady state expected performance of the gossip algorithm (for µ = 0) corresponds to the �xed point
EXeq of the linear update system of the descriptors (see equation (3.4)), i.e the solution of equation
EXeq = AEXeq + b, which is:

E
[
Bias2

]
eq

= E
[
x2
]
eq

=
pr + 1

pr + 2n− 1
σ2 and E[MSE]eq = E

[
x2
]
eq

=
1 + pr(2n− 1)

pr + 2n− 1
σ2. (3.5)

It results from this solution that the steady state expected variance is given by

E[Var]eq = E
[
x2
]
eq
− E

[
x2
]
eq

=
2pr(n− 1)

pr + 2n− 1
σ2.

Interpretation of these expressions can be made easily in some limit cases. First when pr = 1, meaning
that all events are replacements and that no communication ever takes places, the expected squared bias

is E
[
Bias2

]
eq

= σ2

n and the expected variance E[Var]eq = (1 − 1
n )σ2. This is also a �xed point of the

replacement update (3.3) (from Lemma 3.2). This corresponds simply to the performance of a closed
system with n agents with i.i.d z values (that correspond to their initial measurements) with mean 0
and variance σ2.
When pr → 0, the number of gossip communications between two replacements tends to in�nity and
the agents converge to the exact average of the system before any replacement. In that case, it results

that E
[
Bias2

]
eq
→ σ2

2n−1 and E[Var]eq → 0. The expected variance tends toward zero, which means that

agents eventually reach a consensus on their x values (that estimate µ). The �nal expected squared bias
is lower than what would be obtained by averaging n i.i.d values. Indeed, the average of the values of
the system is actually a weighted average of the values of all the agents that have ever been part of
the system (at any past or present time). This statement (which is true for any value of pr) and its
implications are detailed in the next subsection.
When the size system is large (n→∞) with constant pr, the opposite situation happens: the expected
squared bias E

[
Bias2

]
eq

goes to zero but the expected variance does not: E[Var]eq → prσ
2.

The rate of convergence of the descriptors (and hence of the expected performance) toward this steady
state behavior can be analyzed using the eigenvalues of the update matrix A. Let us introduce ∆k which
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corresponds to the di�erence of the vector EXk with the �xed point EXeq, such that any descriptor
vector EXk can be expressed as EXk = EXeq+∆k. The recurrence system from equation (3.4) becomes:

EXeq + ∆k = A(EXeq + ∆k−1) + b ⇔ ∆k = A∆k−1 = Ak∆0.

The rate of convergence of ∆k to 0 corresponds to the rate of convergence of EXk to EXeq. Let λ1, λ2
be the two eigenvalues of matrix A and v1, v2 the corresponding eigenvectors (that are supposed to
be independent). Any initial di�erence vector ∆0 can be expressed in the eigenvector basis as ∆0 =
α1v1 + α2v2 with α1, α2 ∈ R. Therefore,

∆k = Ak∆0 = Ak(α1v1 + α2v2) = α1λ
k
1v1 + α2λ

k
2v2.

The di�erence vector ∆k goes to 0 if and only if both eigenvalues of A are (strictly) lower than one
(in absolute value). Moreover, the spectral radius of A, denoted ρ(A), which is the greatest eigenvalue
of A (in absolute value), gives the corresponding decreasing rate. If a component of the corresponding
eigenvector is near to zero, it implies that this component converges more quickly than the others.
According to [HM17]1, the eigenvalues of matrix A are

λ1,2 =
2n− 2pr − 1±

√
∆

2n
, with ∆ = (1− 2pr)

2 +
4pr(1− pr)

n
.

Note that the discriminant ∆ has no link with the di�erence vector ∆k introduced above. For large n,
we have that ∆ ≈ |1− 2pr|, and thus λ1 ≈ 1 − 2pr

n and λ2 ≈ 1 − 1
n , which corresponds to the diagonal

elements of A. It makes sense because A is almost triangular for large n (since pr
n2 ≈ 0).

For pr ∈ [0, 1], we have ∆ ∈ [0, 1]. Hence, for n ≥ 2, it holds that 0 ≤ λ2 < λ1 ≤ 1. Therefore, the
spectral radius of matrix A is ρ(A) = λ1 and it corresponds to the convergence rate of the expected
performance toward the steady state expected performance. This convergence rate strongly depends
on the replacement probability pr. The convergence rate increases when pr decreases (meaning that
the convergence is slower) and even goes to 1 when pr goes to 0 (meaning that the convergence never
happens). It means that when the replacements are less frequent, the expected performance converges
slower.

3.2 Main issues of the gossip algorithm for the external averaging
problem

New agents have too much weight in the system

In the gossip averaging algorithm, the xi value of each agent i at time t can be seen as a weighted average
of all the initial values xk(0) = zk of all the agents that have been present in the system at time t or
before:

xi(t) =
∑

k∈∪s≤tN (s)

φi,k(t)zk with
∑

k∈∪s≤tN (s)

φi,k(t) = 1,

where φi,k(t) denotes the weight that agent i ∈ N (t) gives to initial value of agent k ∈ ∪s≤tN (s) at time
t. These weights evolve with the algorithm as follows:

Initialization: φi,k =

{
1 if i = k,

0 otherwise.
for all i, k ∈ N (0)

Gossip communication between i ∈ N (t) and j ∈ N (t): φ+i,k = φ+j,k =
φi,k+φj,k

2 for all k ∈ ∪s≤tN (s).

Replacement of agent l by agent m :
All remaining agents are setting a weight of zero for the new agent m: φi,m = 0 for all i 6= m.

The new agent m has only its own weight as nonzero weight: φm,k =

{
1 if m = k,

0 otherwise.

1And con�rmed by Matlab and Mathematica
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To compute the exact external average of the system, each agent i ∈ N (t) should give an equal weight
to the initial value of all the present and previous agents j ∈ ∪s≤tN (s): φi,j(t) = 1

|∪s≤tN (s)| . In practice,

this is impossible to achieve at any time since the agents cannot agree on a common value due to perpetual
replacements that disturb the system. The best possible performance is discussed in Chapter 2.
However, if the replacements stop at time ts, each agent in the system will converge to the system
average:

x(ts) =
1

n

∑
i∈N (ts)

xi(ts) =
1

n

∑
i∈N (ts)

∑
k∈∪s≤tsN (s)

φi,k(ts)zk.

This system average can also be written as a weighted average of the initial values of all agents:

x(ts) =
1

n

∑
k∈∪s≤tsN (s)

φk(ts)zk, with φk(ts) =
1

n

∑
i∈N (ts)

φi,k.

It is therefore interesting to analyze the weights of each initial measurement zk into the system average
x(t) for any time t, in other words to analyze φk(t) = 1

n

∑
i∈N (t) φi,k for a �xed k. It will namely provide

some interpretation and information about the bias of the system.

After the initialization of the system, for each agent k ∈ N (0), it holds that φk(0) = 1
n . Each agent

has an equal weight into the system average. The gossip communications preserve φk for all k. When a
replacement takes place at time tr, the incoming agent m (that sets its own weight to 1) has an average
weight of φm(t+r ) = 1

n into the system average. The leaving agent l takes away its own weights φl,k(t−r )

(for all k) that are not all zero since they sum up to 1. Consequently, φk decreases for at least one
k ∈ ∪s<trN (s). More precisely, we have that, for a given leaving agent l,

φk(t+r ) = φk(t−r )− φl,k(t−r )

n
for all k ∈ ∪s<trN (s). (3.6)

The average weight of an agent k into the system average is maximum ( 1n ) when the agent k enters the
system and may decreases at each new replacement. All agents cannot maintain a maximal weight of
1
n since at least a part of the old agents have decreasing weight at each replacement. Therefore, with
gossip algorithm, the agents do not compute, even in average, the exact external average of the system
that is (as a reminder) the average of the initial values of all agents that have ever been in the system
until current time. Indeed, the algorithm gives more weights to the new agents and progressively forgets
the oldest ones.

If we suppose that the replacements are su�ciently infrequent (pr is closed to zero) so that a conver-
gence is achieved between each replacement, it is possible to specify the decrease of the average weights
of the agents with a replacement. In that situation, between each replacement, each xi converges toward
x and hence each φi,k converges toward φk (for all k). The evolution of the weight of each agent in the
system average x can be characterized more precisely. Initially, it still holds that φk(tk,0) = 1

n where tk,0
is the time at which agent k enters into the system. When a replacement occurs at time tr the update
of φk from equation (3.6) becomes:

φk(t+r ) =

(
n− 1

n

)
φk(t−r ) for all k ∈ ∪s<trN (s).

This de�nes a recurrence relation with an initial condition for which the solution gives an expression for
φk(tk,r): the average weight of agent k in the system after r new replacements since its arrival at time
tk,0:

φk(tk,r) =

(
n− 1

n

)r
φk(tk,0) =

(
n− 1

n

)r
1

n
. (3.7)

It means that the weight of an agent into the system average decreases with new replacements at a rate
of (1 − 1

n ). [HM16] shows that it is thereafter possible to re-deduce the theoretical expression of the
steady state expected square bias E

[
x2
]
from equation (3.5) (in this limit case where pr → 0).
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This reasoning shows that the gossip algorithm does not compute what is desired (the external average
of the system) since it does not give an equal average weight to all the agents that have ever been in
the system. Actually, it does not compute the intrinsic average of the system either (that only cares
about the agent currently in the system) since it does not forget the previous agents directly. For the
external averaging problem, the algorithm therefore has an expected squared bias that is quite large and
seems improvable. This statement is con�rmed by Figures 3.1b, 3.2a and 3.2b that each compares, for
a di�erent speci�c system, the gossip expected squared bias (the solid back line) with the one of the
best ideal algorithm (the solid green line) that provides a lower bound on the expected mean squared
error of any algorithm (but not necessarily on the expected squared bias or the expected variance that
sum to the expected MSE, see Chapter 2). We observe that the expected squared bias of the gossip
algorithm converges toward a steady state value much larger than the expected squared bias of the best
ideal algorithm, especially when the system is small or has a small rate ratio ρ.

Replacements disturb the system

In the gossip averaging algorithm, a new agent is among the ones that have the more weight into the
system average. But, its estimate (that corresponds only to its own measurements) is probably not
very good. Therefore, each replacement disturbs largely the system and implies a steady state expected
variance that seems also improvable as illustrated in Figure 3.1b. Indeed, the steady state variance of
the gossip algorithm (the dotted black line) is quite larger than the variance of the best ideal algorithm
(the dotted green line).

In the situation of Figure 3.1, the second issue of the gossip algorithm, related to the expected variance,
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(a) Evolution of the expected MSE

0 50 100 150 200 250 300 350 400 450 500
10-3

10-2

10-1

100

(b) Evolution of the expected squared bias and vari-
ance

Figure 3.1: Comparison between the expected performance evolution with time of the gossip averaging
algorithm and the best ideal algorithm for a system with n = 50 and ρ = λc

λr
= 10 (nλc = 10).

Expectations have been computed empirically with 5000 realization simulations.

seems the most important to solve, since the expected variance largely dominates the expected squared
bias. But, Figure 3.2 shows that it is not always the case. Depending on the system con�guration,
the expected variance of the gossip averaging algorithm can be of the same order of magnitude than
the expected squared bias (as in Figure 3.2a) or largely below it (as in Figure 3.2b). With these three
�gures, we also observe that the (multiplicative) di�erence between the expected variance of the gossip
averaging algorithm and the one of the best ideal algorithm seems not varying much from one system to
another (on the contrary of the expected squared bias).
It seems therefore important to solve both issues of the gossip averaging algorithm in order to obtain a
robustly e�cient algorithm. Having di�erent algorithms that solve both issues separately is already a
good way of solving the many situations where one of the two issues is dominating the other.

Let us make general and non-rigorous comments about the importance of the expected variance and
the expected squared bias into the expected mean squared error for any algorithm.
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� For small rate ratios ρ (as in Figure 3.1b), there are only a few communications between each
replacement and the expected variance in general dominates the expected squared bias, especially
if the system is large, as explained at the second point.

� Larger system has in general a lower expected squared bias since the system contains more agents
and hence more information about the value of interest µ. In a such system, the expected squared
bias is in general less importance. The comparison of Figure 3.2a and Figure 3.1b where the size
of the system passes from n = 10 to n = 50 illustrates this.

� On the contrary, when the system is small and its rate ratio is large, the large number of commu-
nications in which each agent is involved between each replacement allows the expected variance
to be relatively low, and in general lower than the expected squared bias, as illustrated in Figure
3.2b.

These general comments are used to better understanding the �nal expected mean squared comparison
presented in the next section.
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(a) n = 10, ρ = 10
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(b) n = 10, ρ = 100

Figure 3.2: Comparison between the expected variance and the expected squared bias of the gossip
averaging algorithm and the best ideal algorithm for two di�erent systems with a �xed size n = 10 and
two di�erent rate ratios (ρ = 10 versus ρ = 100) (with constant nλc = 10). Expectations have been
computed empirically with 5000 realization simulations.

3.3 Comparison between the gossip averaging algorithm and the
best ideal algorithm

Figure 3.3 compares the expected mean squared error (MSE) after 500 seconds of the gossip averaging
algorithm with the one of the best ideal algorithm (see De�nition 2.2) for a variety of di�erent system
con�gurations. Concretely, Figures 3.3a and 3.3b show the evolution of the performance with the rate
ratio ρ = λc

λr
respectively for a small and a large system (n = 15 and n = 75) and Figures 3.3c and 3.3d

show the evolution of the performance with the system size n respectively for a small and a large rate
ratio (ρ = 4 and ρ = 50). The parameter scaling is done with constant nλc = 10, as explained in Section
1.3 Moreover, the theoretical expression of the steady state expected mean squared error of the gossip
averaging algorithm from equation (3.5) is also plotted (dotted black line) in all these situations and �ts
well the points of the gossip expected MSE after 500 seconds. This means that the steady state of the
algorithm is reached after 500 seconds, for almost all these system con�gurations.
These �gures show that the gossip averaging algorithm does not perform too badly but that a signi�cant
progression margin is possible in most of the cases.

� Figure 3.3c (with a constant small ρ) corresponds to a situation where the shown expected mean
squared error is mainly in�uenced by the expected variance of the system. Figure shows that the
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expected variance of the system with both algorithms does not seems to be much impacted by the
size of the system n. In that case, the di�erence between the expected performance of the two
algorithms is constant.

� Larger system has in general a lower expected squared bias. Figure 3.3b (with constant large n)
corresponds therefore also to a situation where the expected mean squared error is mainly in�uenced
by the expected variance of the system. The space for improvement seems nearly identical for
any rate ratio ρ, in a logarithmic scale, meaning that the multiplicative di�erence between the
performance of both algorithms is nearly constant for all rate ratio ρ.

� In Figure 3.3d, the constant rate ratio is large (ρ = 50) and hence the impact of the expected
squared bias on the expected mean squared error is more signi�cant. We observe that the expected
MSE of the gossip algorithm moves away from the empirical lower bound when n becomes small.
This observation matches with the intuition about the issue of the gossip algorithm relative to
the expected squared bias developed in Section 3.2. Indeed, the speed at which the gossip forgets
progressively the old agents (see equations (3.6) and (3.7)) decrease when the size of the system n
increases and hence the expected squared bias achieved by the algorithm get closer to the expected
squared bias of the empirical lower bound when n increases.

� In Figure 3.3a, we can observe that the multiplicative di�erence between the expected performance
of the gossip algorithm and the empirical lower bound increases with the rate ratio ρ. This can be
explained by the fact that the expected squared bias (for which the gossip algorithm is far from the
optimal one since n is small), have more importance into the expected MSE when the rate ratio
ρ is large (which implies generally a low expected variance). In Figure 3.3a, we can also observe
that the performance of the best ideal algorithm after 500 seconds does not always decrease when
the rate ratio ρ increases. Having fewer replacements in the system means less disturbance in the
system which explain why the performance get generally better when ρ increase. But having fewer
replacements also means having less information (about the interest value µ) coming in the system
(in a given amount of time) and hence implies a worst expected squared bias (after a given amount
of time). For too large rate ratio ρ, the gain on the variance is not su�cient to counterbalance the
loss of information and it leads to a larger MSE after a given amount of time (here 500 seconds).
Therefore, in these situations (when ρ is very large), the expected performance of the best ideal
algorithm has not totally reached its steady state.

Conclusion about the gossip averaging algorithm

In a nutshell, the gossip averaging algorithm for which the evolution in open multi-agent system is well
known, presents two mains issues for solving the external averaging problem stated in Section 1.1.1. The
�rst issue is related to the expected squared bias and is due to the importance given to new agents. This
problem gets worse for small systems. The second issue is related to the variance of the system and its
importance seems constant for any system con�guration. These two problems, as illustrated in Figure
3.3, leaves rooms to new algorithms for improving the achieved performance and getting closer to the
empirical lower bound. Chapter 4 presents the design of a new algorithm that aims to solve the expected
squared bias issue of the gossip averaging algorithm. Chapter 5 concerns the design of a new algorithm
which is intended to solve the expected variance issue of the gossip. Thereafter, Chapter 6 presents the
combination of both algorithms in one in order to solve all the issues encountered in the gossip averaging
algorithm in once. The gossip algorithm can still be used as a baseline with theoretical guarantees that
new algorithms should have to beat. The design of new algorithms has also made use of the thoughts on
its issues in order to solve e�ciently the external averaging problem in open multi-agent systems.
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(a) Evolution with rate ratio ρ = λc
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, for n = 15.
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(b) Evolution with rate ratio ρ = λc
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(c) Evolution with system size n, for ρ = λc
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= 4.
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(d) Evolution with system size n, for ρ = λc
λr

= 50.

Figure 3.3: Comparison between the expected mean squared error after 500 seconds of the gossip av-
eraging algorithm and the one of the best ideal algorithm (that provides an empirical lower bound) for
a variety of di�erent systems (with constant nλc = 10). Expectations have been computed empirically
with 1000 realization simulations. The theoretical expression of the steady state mean squared error of
the gossip algorithm (see equation (3.5)) is also plotted (dashed black line).
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Chapter 4

Symmetric Push-Sum algorithm

This chapter presents an algorithm that aims to solve the �rst issue of the gossip averaging algorithm
for the external averaging problem (stated in Section 1.1.1), that has been presented in Section 3.2 from
Chapter 3. In short, this issue states that the gossip averaging algorithm cannot compute the external
average of the system since it gives too much importance to the new agents that come into the system
and therefore forgets progressively the old agents. The idea is therefore to design an algorithm capable of
assigning a weight to each agent in order to be able to choose wisely the weights of the incoming agents.
The push-sum algorithm, presented in the state-of-the-art, introduces a weight to each agent. Our new
algorithm will therefore be push-sum based. This chapter presents the design of this new algorithm and
evaluates its performance using simulations results. It also analyses (partially) the theoretical evolution
of an open multi-agent system subject to this push-sum based algorithm, without succeeding in having
guarantees on its performance. Finally, an implementable version of the algorithm is discussed.

4.1 Algorithm description and framework

The push-sum algorithm was initially designed to handle asymmetric communications in the averaging
problem in closed multi-agent system which the averaging gossip does not enable. The algorithm has
been studied for example in [KDG03] or [GH19]. See equation (2) for a description of this algorithm.

For our problem, we suppose that the communications are symmetric (see the problem statement in
Section 1.1.1) and therefore, the push-sum algorithm can be written in a non-directed way (see below).
Recall that for our problem, each agent i in the system i ∈ N (t) has an initial measurement zi indepen-
dently drawn from an identical distribution of mean µ and variance σ2. For the algorithm, each agent
i ∈ N (t) also holds a time-varying value xi(t) that represents the aggregation of information held by i
and a time-varying weight wi(t) that represents the volume of information that i holds within its variable

xi. At any time, the estimate of µ of each agent is given by yi(t) = xi(t)
wi(t)

. The general framework of the

symmetric push-sum algorithm is the following.

General symmetric push-sum algorithm:

Initialization for all i ∈ N (t): xi(0) = wi(0)zi, and choose wi(0) ∈ R+. (4.1)

Interaction between agents i ∈ N (t) and j ∈ N (t):

x+i = x+j =
xi + xj

2
, and w+

i = w+
j =

wi + wj
2

. (4.2)

Estimate of agent i ∈ N (t): yi(t) =
xi(t)

wi(t)
. (4.3)

This algorithm can be interpreted in terms of the estimates of the agents yi(t). Using the de�nition of
the estimates (equation (4.3)), a communication update can be understood as a weighted sum of both
estimates of communicating agents (i, j ∈ N (t)):

y+i = yjj =
xi + xj
wi + wj

=
wiyi + wjyj
wi + wj

. (4.4)
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But the weight of each agent is also updated during each communication in order to keep up-to-date the
importance of its estimate into the system.

On the point of view of the x values and the weights w, this algorithm simply amounts to perform
two distinct gossip averaging algorithms: one with the x values and one with the w values. It allows the
algorithm to inherit properties of the gossip averaging algorithm, such as the preservation of the sum
of x values and the sum of weights w during communications. In the push-sum algorithm presented in
the state-of-the-art section, each agent begins with the same initial weight (wi(0) = 1). Here we let the
possibility to choose a di�erent initial weight for each agent in order to prepare the adaptation to the
open system case. The initial x value of each agent i is then �xed to xi(0) = wi(0)zi to ensure that

its initial estimate of the solution corresponds to its own measurement of µ: yi(0) = xi(0)
wi(0)

= zi. When

the system is closed, meaning that the set of agents N (t) that constitutes the system remains constant
throughout the entire process, the following proposition can be deduced.

Proposition 4.1 (The symmetric push-sum algorithm in closed system). In a closed multi-agent system
(with �xed set of agents N ) subject to the symmetric push-sum with symmetric, pairwise, random com-
munications (as stated in Section 1.1.1), the estimates yi(t) of µ of each agent i converges to a weighted
average of the initial estimate yj(0) of all agent j ∈ N :

lim
t→∞

yi(t) =

∑
j∈N wj(0)yj(0)∑

j∈N wj(0)
for all i ∈ N

In general, all agents have been initialized such that their initial estimate yi(0) corresponds to their own
measurement of µ, as in equation (4.1), yj(0) = zj.
The starting time of the system is considered to be 0 here, but it can actually be any (�nite) time.

Proof. Using convergence results of the averaging gossip algorithm ([Boy+06] or [Blo+05]), we have that
the x value of each agent, for which the algorithm performs a gossip average, converges toward the
average of the initial x values:

lim
t→∞

xi(t) =
1

n

∑
j∈N

xj(0) for all i ∈ N .

Similarly, for the weights we have that:

lim
t→∞

wi(t) =
1

n

∑
j∈N

wj(0) for all i ∈ N .

Therefore, the estimate of each agent i ∈ N becomes (using de�nition of yi(t) given by equation (4.3)):

lim
t→∞

yi(t) = lim
t→∞

xi(t)

wi(t)
=

∑
j∈N xj(0)∑
j∈N wj(0)

=

∑
j∈N wj(0)yj(0)∑

j∈N wj(0)
for all i ∈ N

If all initial weights are identical (for example 1), the estimates of the agents converge toward the
exact average of initial measurements of all agents in the system: 1

n

∑
j∈N zj . In that case, we remark

that the algorithm is strictly equivalent to the gossip averaging algorithm since the weight of the agents
remains unchanged during the communications (see equation (4.2)) and becomes useless.

The individual weights of the agents become useful when the multi-agent system is open. Indeed,
since we can set the initial weight of any agent, the idea is to wisely choose the initial weight of the new
agents that arrive into the system during its operation. These initial weights should be set in a such way
that the agents tend to evaluate the external average of the system and then have a good estimate of µ
at any time t. As a reminder, the external average of the system at time t is de�ned as

zext(t) =
1

|∪s≤tN (s)|
∑

j∈∪s≤tN (s)

zj .
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And the intrinsic average at time t is de�ned as z(t) = 1
n

∑
j∈N (t).

For notation convenience, let us suppose that the n agents in the system at the beginning are denoted
with indices from 1 to n: N (0) = {1, . . . , n}. Each new agent that comes in the system during its
operation is supposed to have an index n+ r where r is its order of arrival (e.g. 1 for the �rst agent to
arrive during the �rst replacement). It allows writing the external average as:

zext(t) =
1

Ntot(t)

Ntot(t)∑
j=1

zj ,

where Ntot(t) is the total number of agents that have ever been in the system until time t.

For the symmetric push-sum algorithm in open multi-agent system, we suppose that the initial weight
of the agents initially present in the system is 1 and the next ones need to be wisely set:

wi(0) = 1 for all i ∈ 1, . . . , n and choose wn+r(0) for r = 1, 2, . . . .

It ensures that the algorithm acts as the gossip averaging algorithm, until the �rst replacement, and
hence that the estimates of the agents start tending correctly (at least until the �rst replacement) to
the average of their initial measurements z, which corresponds to the external average zext since no
replacement has taken place yet.
Setting correctly the initial weight wn+k(0) of all the new agents n + k that arrive into the system is
therefore a key to solve the expected squared bias issue of the gossip averaging algorithm. The next
section presents di�erent ways of choosing these initial weights.

4.2 Setting the initial weight of the incoming agents

To set correctly the initial weights of the incoming agents, this section presents a �rst reasoning, assuming
that the convergence occurs in the system between each replacement, which corresponds to an ideal case.
Secondly, the problem is written as an optimization problem to reveal if other better weights can be
found.

4.2.1 Convergence assumption

Assumption 4.1. We assume that the convergence occurs between two replacements in the system. It
means that the replacement probability of an event tends to 0 (pr → 0), or in other words, that the
expected number of interactions between two replacements (given by the rate ratio ρ) tends to in�nity
(ρ→∞).

Proposition 4.2 (Initial weights under Assumption 4.1). In an open multi-agent system subject to the
symmetric push-sum algorithm and under Assumption 4.1, if the initial weight of the agents are set
according to:

wi(0) = 1 for all i ∈ {1, . . . , n} and wn+r(0) =

(
n− 1

n

)r
for r = 1, 2, . . . , (4.5)

where {1, . . . , n} corresponds to the set of agents initially present in the system (N (0)) and n + r (for
r = 1, 2, . . . ) corresponds to indices of all the new agents that enter the system, in their index order;
Then, the estimates of the agents in the system yi(t) for i ∈ N (t) converge to the external average of the
system zext(t), between each replacement.

Proof. Let us make a recursive reasoning that uses the conclusion of the proposition as recursion as-
sumption. Imposing that this assumption remains valid before each replacement allows re-deducing the
expression of the initial weights given by (4.5).

Let tr be the moment of the rth replacement in the system and suppose that the estimate of each agent
has converged to the external average, just before the replacement occurs (at time t−r ). Using notation
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Ntot = n + r − 1 (the total number of agent in the system at t−r , just before the r
th replacement), we

have for all i ∈ N (t−r ):

xi(t
−
r ) = x(t−r ) =

1

n

∑
j∈N (t−r )

xj(t
−
r ) using Assumption 4.1,

wi(t
−
r ) = w(t−r ) =

1

n

∑
j∈N (t−r )

wj(t
−
r ) using Assumption 4.1, (4.6)

yi(t
−
r ) = zext(t

−
r ) =

1

Ntot

Ntot∑
j=1

zj , new recursion assumption. (4.7)

Remark that the only thing that changes in the system between time t−r and tr is the replacement of
one randomly selected agent of the system by a new one. Therefore, we have for all i ∈ N (t−r ),

xi(t
−
r ) = xi(tr), wi(t

−
r ) = wi(tr), yi(t

−
r ) = yi(tr) for all i ∈ N (t−r ). (4.8)

But the total number of agents that have ever been in the system changes and increases of one unit:

Ntot(tr) = Ntot(t
−
r ) + 1 = n+ r.

Choosing unit initial weight for the set of agents initially present in the system: wi(0) = 1 for all i ∈ {1, . . . , n},
allows the recursion assumption (4.7) to be satis�ed before the �rst replacement in the system.
Therefore, the assumption is veri�ed for the initial case where Ntot = n. Let us choose the weight
wNtot+1 of the new agent Ntot + 1 to ensure that the system after the replacement re-converges toward
the new external average zext(tr) and therefore that the assumption (4.7) remains satis�ed before the
r+1th replacement occurs.
Thanks to Assumption 4.1, the system can be considered as closed between the replacement at time tr
and the next replacement. Therefore, the convergence result of Proposition 4.1 can be used to determine
the convergence value of estimates of the agents, using tr as starting time. The initial weight of the
new agent Ntot + 1 should be such that the recursion assumption (4.7) remains satis�ed for the next
replacement: ∑

j∈N (tr)
wj(tr)yj(tr)∑

j∈N (tr)
wj(tr)

=
1

Ntot + 1

Ntot+1∑
j=1

zj = zext(tr)

Let l be the index of the leaving agent, and let us suppose that all variables for which no time is speci�ed
is evaluated at time tr (except for Ntot that is evaluated at t−r ). The left-hand side equation can be
expanded to isolate the terms related to the new agent Ntot + 1. The right-hand side can be expanded
to make appear the external average of the system before the replacement occurs (i.e. at time t−r ).∑

j∈N (t−r ) wjyj − wlyl + wNtot+1yNtot+1∑
j∈N (t−r ) wj − wl + wNtot+1

=
Ntot

Ntot + 1

 1

Ntot

Ntot∑
j=1

zj

+
1

Ntot + 1
zNtot+1

Using convergence assumptions (equations (4.6) and (4.7)) and equation (4.8) (for the left-hand side), it
becomes

(n− 1)w(t−r )zext(t
−
r ) + wNtot+1zNtot+1

(n− 1)w(t−r ) + wNtot+1

=
Ntot

Ntot + 1

(
zext(t

−
r )
)

+
1

Ntot + 1
zNtot+1

Both sides of this last equation corresponds to a weighted average of zext(t
−
r ) and zNtot+1. The equality

holds for any value of zext(t
−
r ) and zNtot+1 if and only if their weight ratio is the same:

wNtot+1

(n− 1)w(t−r )
=

1

Ntot
⇔ wNtot+1 =

(n− 1)w(t−r )

Ntot
. (4.9)

This leads to an expression of the initial weight of the new agent wNtot+1.
To obtain the expression (4.5) of the proposition, it simply remains to �nd an expression of w(t−r ). The
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average of the weights in the system only depends on the number of replacements that already have
occurred in the system since communications preserve the sum of weights (and then their average). We
denote wr the average of the weights in the system after r replacements. Thus, we have w(t−r ) = wr−1
since t−r is the time just before the rth replacement. Equation (4.9) can be written in function of the
rank r of the considered replacement (remembering that Ntot = n+ r − 1):

wn+r(0) =
(n− 1)wr−1
n+ r − 1

. (4.10)

Remark that we note wn+r(0) at time zero since it corresponds to the initial weight of the rth new agent
but actually, it could have been any time until its arrival into the system at time tr.
The expression of the average weight wr−1 can be computed as a recurrence equation:

Initially: w0 = 1

after the rth replacement: wr =
1

n

 ∑
j∈N (t−r )

wj(t
−
r )− wl(t−r ) + wn+r(tr)


=

1

n

(
(n− 1)wr−1 +

(n− 1)wr−1
n+ r − 1

)
.

=
n− 1

n

(
1 +

1

n+ r − 1

)
wr−1

To write this recurrence, we use the expression of the initial weight of new agent (4.10) and the conver-
gence assumption (4.6): each weight are equal to their average before any replacement. The solution of
this recurrence equation is given by

wr =
n+ r

n

(
n− 1

n

)r
.

It can be used to replace wr−1 into equation (4.10) to give the initial weights stated in the proposition:

wn+r(0) =
(n− 1)n+r−1n

(
n−1
n

)r−1
n+ r − 1

=

(
n− 1

n

)r
.

This results about the initial weights of the incoming agents matches perfectly with the results ob-
tained in Section 3.2 about the gossip averaging algorithm issues. Indeed, when the gossip averaging
algorithm is used, the weight of each agent in the average of the system decreases with a factor n−1

n at
each replacement (see equation (3.7)). Decreasing the weights of the incoming agents in a similar way
seems therefore natural. It represents the fact that at each replacement, only n− 1 (over n) old agents
remains in the system. From another point of view, it seems logical that we attribute less and less weights
to new agents for which the initial estimate always contains the same amount of information, coming
from their initial measurement of µ, while the estimates of agents in the system gather progressively
more and more information about µ.

The convergence assumption (see Assumption 4.1) is however ideal and it is not really achievable
by a true system. It can still be nearly achieved when the rate ratio ρ is large. Figure 4.1 shows the
performance of this symmetric push-sum algorithm (using initial weights from Proposition 4.2) when
ρ = 100, in comparison with the gossip averaging algorithm and the empirical lower bound (on the
expected MSE) given by the best ideal algorithm. When ρ = 100 there is in average 100 communica-
tions between two replacements in the system. Therefore, using results about the gossip algorithm from
Section 3.1.1, we can state that the expected variance of x and w decreases in average approximately
of a factor

(
n−1
n

)ρ ≈ 3 × 10−5 (for n = 10) between two replacements, meaning that the values of the
agents are almost all the same, and then that the convergence is almost reached.

Figure 4.1 �rst con�rms that, even when the replacements are infrequent, the gossip averaging algo-
rithm (in black) does not perform so well since it gives too much importance to new agents and then
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forgets progressively the old ones, as explained in Section 3.2. The symmetric push-sum algorithm (in
red) that aims to correct this issue by setting decreasing weights to new agents �lls its mission perfectly:
its expected squared bias �ts very well the one of the best ideal algorithm (in green). It con�rms therefore
the correctness of Proposition 4.2.

To measure how much the curves match together, we introduce a measure of relative di�erence
between two curves. This has no real theoretical value, but still allows to quantify how well the symmetric
push-sum algorithm performs, in comparison with the best ideal algorithm. The relative di�erence can
be computed at a speci�c time t or averaged over each discrete time of the simulation (that uses a
time-step of one second ts = 1).

E
[
Bias2

]
relative di�erence at time t

E
[
Bias2sps(t)

]
− E

[
Bias2best(t)

]
E
[
Bias2best(t)

] ,

E
[
Bias2

]
relative di�erence (averaged over time)

1

Jf

Jf∑
j=1

E
[
Bias2sps(jts)

]
− E

[
Bias2best(jts)

]
E
[
Bias2best(jts)

]
Similar relative di�erences measures can be computed for the expected variance and the expected mean
squared error. In Figure 4.1b, the relative di�erence (averaged over time) between the expected squared
bias of the symmetric push-sum algorithm and the one of the best ideal algorithm is about 0.007 (or
0.7%), while similar relative di�erence (averaged over time) for the gossip averaging algorithm is 0.84
(or 84%).

Secondly, the symmetric push-sum algorithm presents an expected variance that is close to the one
of the gossip algorithm at the beginning but that decreases with time and seems to tend to the one of
the empirical lower bound. A decreasing expected variance is also understandable with the weights of
Proposition 4.2 since each new agent has a bit less importance than the previous one, it perturbs each
time a bit less the system.

As shown in Figure 4.1a, the resulting expected mean squared error of the algorithm (dominated
by its squared bias component) is very close to the one of the best algorithm (with an average relative
di�erence of 0.03 only (or 3%)). In that situation where the Assumption 4.1 is almost satis�ed, the
symmetric push-sum algorithm with initial weights from Proposition 4.2 seems therefore almost optimal
since its expected performance (MSE, squared bias and variance) is very close (or tends to be very close
for the variance) to the one of the best ideal algorithm.

Implementing this symmetric push-sum algorithm with the weights given in Proposition 4.2 requires
new agents to know (or estimate) the size of the system n and their arrival rank (r) in the system (or
equivalently the number of agents that have ever been in the system before its arrival). These details are
discussed in Section 4.5. For other sections (including this one), we focus on the theoretical version of the
algorithm, where the new agents are supposed to know perfectly the system size n and their arrival rank r.

A natural question arises about the relaxation of Assumption 4.1. What happens when the assump-
tion is totally relaxed and that the replacements in the systems are frequent (in comparison with the
communications)? Figure 4.2 is similar to the previous one (Figure 4.1) and presents results for a system
of identical size (n = 10) but subject to more frequent replacements (ρ = 5). It �gures out that the
symmetric push-sum (using initial weights of Proposition 4.2) still performs very well.
The same conclusions as before can be drawn for the expected bias that is close to the one of the best
ideal algorithm (in green) and for the expected variance that tends to the one of the best ideal algo-
rithm (in dotted green). The average relative di�erence for the expected squared bias is about 0.08 (or
8%), which is a bit more than in the previous situation (from Figure 4.1b) but still very good. The
expected variance tends much more quickly to one the best ideal algorithm since a higher replacement
frequency implies that the weights of the incoming agents decrease faster (with time). What is di�erent
in this scenario of frequent replacements, is that the expected mean squared error is dominated by its
expected variance term. This explains why the expected mean squared error of the algorithm (from Fig-
ure 4.2a) does not totally �t the one of the best ideal algorithm at the beginning (but it is still very close).
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(a) Evolution of the expected MSE
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Figure 4.1: Comparison between the expected performance time evolution of the symmetric push-sum
algorithm (using initial weights given in Proposition 4.2), the gossip averaging algorithm and the best
ideal algorithm (that provides the empirical lower bound on E[MSE(t)]) for a system with n = 10 and
ρ = λc

λr
= 100 (with nλc = 10). Expectations have been computed empirically with 5000 realization

simulations.
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Figure 4.2: Comparison between the expected performance time evolution of the symmetric push-sum
algorithm (using initial weights given in Proposition 4.2), the gossip averaging algorithm and the best
ideal algorithm (that provides the empirical lower bound on E[MSE(t)]) for a system with n = 10 and
ρ = λc

λr
= 5 (with nλc = 10). Expectations have been computed empirically with 5000 realization

simulations.

As further illustrated in Section 4.3, the performance of the symmetric push-sum algorithm are very
good with the decreasing initial weights given in Proposition 4.2. Are these initial weights really optimal
in any situation? Is it possible to �nd better ones? That is what we aim to �nd out in the next subsection.

4.2.2 Optimal initial weights

This subsection aims to model the problem of setting the initial weights of incoming agents as an opti-
mization problem. Since an optimization problem can only manage a �xed number of variables, we �x
in advanced the number of replacements r that are considered.

The optimization problem chooses the initial weight wi(0) of each new agent i = n+ 1 . . . , n+ r that
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enters the system. All the problem variables are stacked (in order) in a vector w0. These variables are
optimized such that the resulting expected mean squared error is minimum after all the replacements
have taken place. The expectation is computed as the average over a �xed number nreal of realization
ωk. The notation trk denotes the time after r replacements for a given realization ωk. The problem can
be written as follows:

minimize
w0

1

nreal

nreal∑
k=1

 1

n

∑
i∈N (trk )

(µ− yi(trk , ωk))
2


where yi(trk , ωk) denotes the estimate of agent i ∈ N (trk) in realization ωk at the time trk and is de�ned

(for the symmetric push-sum algorithm) as: yi(trk , ωk) =
xi(trk ,ωk)

wi(trk ,ωk)
. The n initial agents of the systems

have weights initialized to 1 which are not decision variables. To be able to solve this problem, the
estimates of the agents in a given realization ωk need to be expressed in terms of the variable w0 of the
problem.

For a given realization ωk, a simulation of a system (in a given con�guration n, λc, λr) subject to
the symmetric push-sum algorithm is launched with unit initial weight for all the agents initially in the
system at the beginning, but without �xing the initial weight of any new incoming agent. The simulation
rather keeps track of all the coe�cients of these initial weights that allows computing xi and wi (for all
i ∈ N (t)) as a linear combination of w0, with an independent term that represents the in�uence of the
initial agents (for which the initial weight is set to 1):

xi(t, ωk) = cTi (t, ωk) w0 + c̃i(t, ωk) and wi(t, ωk) = dTi (t, ωk) w0 + d̃i(t, ωk).

The coe�cient can be computed for any discrete time t of the simulation (note that it could better
have been realized using the event-based simulation). The components of ci(t, ωk) and di(t, ωk) give the
coe�cients of the corresponding components of w0, respectively for xi(t, ωk) and wi(t, ωk). Similarly, the
values of c̃i(t, ωk) and d̃i(t, ωk) give their corresponding independent term. The coe�cients of interest
for our optimization problem are the one at the �nal time of the simulation, after r replacement (at time
trk). Therefore, we use the following simpli�ed notation for these �nal coe�cients

ci,k = ci(trk , ωk), c̃i,k = c̃i(trk , ωk) di,k = ci(trk , ωk) and d̃i,k = d̃i(trk , ωk).

Multiple realization ωk are considered to cancel the random e�ects and �nd values of w0 adapted to a
general case. This problem is still dependent on the �xed con�guration of the system (system size n,
communication and replacement rates λc, λr).
The resulting optimization problem is written in the following equation

minimize
w0

1

nreal

nreal∑
k=1

 1

n

∑
i∈N (trk )

(
µ−

cTi,k w0 + c̃i,k

dTi,k w0 + d̃i,k

)2
 (4.11)

where the coe�cients of the input weights for a given realization ci,k, c̃i,k,di,k and d̃i,k have been com-
puted with a simulation of a given multi-agent system (with �xed n, λc, λr). The problem minimizes the
expected mean squared error of the estimates of the agents right after a �xed number of replacements r,
computed over nreal iterations.

A variant of this optimization problem considers also a �xed number r of replacements in the system
but minimizes the expected mean square error of the estimates a long time after that the last replacement
have occurred. In other words, after the estimates of the agents have converged toward a common value,
after the rth replacement in the system (these estimates do not have any variance anymore). This
convergence value can be computed using Proposition 4.1 with trk as starting time:

lim
t→∞

yi(t) =

∑
j∈N (trk )

xj(trk)∑
j∈N (trk )

wj(trk)
for all i ∈ N (trk).
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Using that results, it is not needed to simulate the evolution of the system beyond the time trk of the
rth replacement and the second variant optimization problem can be written as in equation (4.12).

minimize
w0

1

nreal

nreal∑
k=1

(
µ−

∑
i∈N (trk )

cTi,k w0 + c̃i,k∑
i∈N (trk )

dTi,k w0 + d̃i,k

)2

(4.12)

where the coe�cients of the input weights for a given realization ci,k, c̃i,k,di,k and d̃i,k have been com-
puted with a simulation of a given multi-agent system (with �xed n, λc, λr).

The solutions of these optimization problems have been computed using the fminunc function of
Matlab, that uses the quasi-newton method. The starting point is randomly selected (between 0 and
1). These latter comments are valid for all the upcoming optimization problems (i.e. with regularization
and parametrization).

Figure 4.3 shows the solutions of both optimization problems for 50 replacements averaged over
nreal = 200 realizations for two di�erent systems of given size n = 10 and with two di�erent rate ratios
(ρ = 100 and ρ = 5). We observe a similar trend that with our theoretical initial weights from Proposition
4.2 but with random spikes probably due to over-optimization (or over�tting) of some realizations. To
solve this problem, there are di�erent potential solutions we can test:

� Consider more realizations to reduce the e�ects of randomness and the risk of over�tting of some
realizations. Some tests have been performed with more realizations (up to 1000) but it does not
improve the look of the solution much. To obtain smooth solutions, it would probably require too
many realizations to be viable. Therefore, this option has been abandoned.

� Add a regularization term in the objective function (4.11) and (4.12) to try obtaining a smooth
evolution of the initial weights of the incoming agents. Regularization penalizes solution with
abrupt variations of successive w0,i. Di�erent regularizations have been tested and are presented
below.

� Parametrize the problem in order to express the problem variable w0 as a parametrized function:
w0 = f(α, β, . . . ), for a chosen function f : Rs → Rr (for s parameters and r replacements). The
optimization problems (4.11) and (4.12) can be written only with the s parameters as decision
variable. This solution has been tested and is presented below.

� Try solving the problem using a stochastic gradient descent that loops multiple times over the
di�erent realizations separately (randomly ordered) in order to update the current iterate, only
based on one realization. It may result in a better e�ciency in the resolution and may also reduce
over�tting. This potential solution has not been tested.
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Figure 4.3: Solution of both optimization problems (4.11) and (4.12) for r = 50 replacements and
nreal = 200 realizations, for a given system size n = 10 and two di�erent rate ratios ρ = λc

λr
.
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Regularization Di�erent regularizations can be considered. Let λ > 0 be the importance of the
regularization term and let w0,0 denote the initial weights of all agents initially present in the system at
the beginning which is not a decision variable since it is �xed to w0,0 = 1. For i = 1, . . . , r, w0,i denotes
the ith component of the variable vector w0, and hence the initial weight of the ith agent to enter the
system. Di�erent regularization terms can be added to the initial objective value (from eqaution (4.11)
or (4.12)):

Absolute: λ

r∑
i=1

|w0,i−1 −w0,i|, Squared: λ

r∑
i=1

(w0,i−1 −w0,i)
2
.

Since the initial weights of the incoming agents should be decreasing with the rank i of their arrival
(according to our initial design idea), it is useful to consider logarithmic regularizations that penalize
less the variation when the weights are large (in order to allow them to decrease potentially exponentially).

Absolute Log: λ

r∑
i=1

|log(w0,i−1)− log(w0,i)|, Squared Log: λ

r∑
i=1

(log(w0,i−1)− log(w0,i))
2
(4.13)

In most of the situations, the squared logarithmic regularization solves well the problem by smoothing
the successive initial weights.

Figure 4.4 shows the solution of both optimization problems ((4.11) and (4.12)) with a squared
logarithmic regularization term with coe�cient λ = 0.01 in two di�erent situations: for a system with
infrequent replacements (n = 10 and ρ = 100) and a system with frequent replacements (n = 10 and
ρ = 5). The ordinate scale is logarithmic to allow a better comparison of the curves.
In both situations, the optimal solutions are quite similar and looks likes to the theoretical weights (from
Proposition 4.2) but with a decrease that is a bit slower. It is probably due to the regularization term
since it does not perform better on real simulations (on the contrary, it is a bit worst in expectation).
We still note that for frequent replacements (Figure 4.4b on the right), to optimize the expected MSE
right after the 50 replacements, the solution starts to decrease faster the initial weights a bit before
the 50th replacement. This allows to reduce faster the expected variance that each new agent brings
into the system but should impact the expected bias at long term (after the 50th replacement). It is
understandable that the optimal solution tries to reduce the expected variance faster since it is the
dominant term of the expected mean squared error in this frequent replacements situation (as shown in
Figure 4.2).
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Figure 4.4: Solution of both regularized optimization problems (4.11) and (4.12) with squared logarithmic
regularization term (with λ = 0.01) (from equation (4.13)) for r = 50 replacements and nreal = 200
realizations, for a given system size n = 10 and two di�erent rate ratios ρ = λc

λr
. The ordinate scale is

logarithmic to allow a better comparison of the curves.
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Parametrization This paragraph presents a parametrization of the problem in order to eliminate the
issues related to over�tting or to regularization. It obviously reduces the possibilities of the solution
weights, but it can still give a good idea of optimal solution behavior. Parametrization also allows to
extend the results behind the 50th replacements on which we optimize, to observe if it generalizes well
to any number of replacements.

Using the parametrized initial weights, w0 = f(α, β, . . . ), the optimization problem (4.11) becomes:

minimize
α, β, . . .

1

nreal

nreal∑
k=1

 1

n

n∑
i=1

(
µ−

cTi,k f(α, β, . . . ) + c̃i,k

dTi,k f(α, β, . . . ) + d̃i,k

)2
 (4.14)

And the second optimization problem (4.12) presents similar changes:

minimize
α, β, . . .

1

nreal

nreal∑
k=1

(
µ−

∑n
i=1 c

T
i,k f(α, β, . . . ) + c̃i,k∑n

i=1 d
T
i,k f(α, β, . . . ) + d̃i,k

)2

(4.15)

We need to choose the parametrized function f to use. For s parameters and r replacements, it needs
to be a real function f : Rs → Rr. Intuitively, we think about a function that would have similar shape
as the theoretical initial weights obtained in Proposition 4.2: wn+r(0) =

(
n−1
n

)r
. We can for example

choose:
w0,i = fi(α, β, γ) = (α+ βi)(γ)

i
+ θ. (4.16)

For the theoretical weights, it corresponds to set α = 1, β = 0, γ = n−1
n and θ = 0.

Figure 4.5 presents the solutions of these parametrized problems ((4.14) and (4.15)) for two di�erent
systems (the same as previously): one with infrequent replacements (n = 10 and ρ = 100) and a one
with frequent replacements (n = 10 and ρ = 5).

For infrequent replacements (Figure 4.5a), the optimal solutions correspond (almost perfectly) to the
theoretical initial weights. Indeed, from a random starting point, the optimization method has converged
to a similar solution for both problems (rounded to 2 decimal places): α = 0.97, β = 0, γ = 0.90 and
θ = 0. The most impacting parameter is the decreasing rate γ and it is very close to the theoretical one
(γ = n−1

n = 0.9). Moreover, the optimal weights improve the objective value of the theoretical weights
of only 0.2% for optimization problem (4.14) and 0.02% for (4.15).
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Figure 4.5: Solution of both parametrized optimization problems (4.14) and (4.15) (with parametrized
function from equation (4.16)) for r = 50 replacements and nreal = 200 realizations, for a given system
size n = 10 and two di�erent rate ratios ρ = λc

λr
. The ordinate scale is logarithmic to allow a better

comparison of the curves.

For frequent replacements (Figure 4.5b), the improvement of the objective value (in comparison with
theoretical weights) is slightly more signi�cant (about 1%) for both problems. The optimal weights still
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�t pretty well the theoretical ones. The optimal decreasing rate γ (for both problems) is about 0.88
(a bit lower than the theoretical 0.9). It leads to a slightly faster decrease (in comparison with the
theoretical weights), compensated in a �rst time by the factor α that is a bit larger than 1 (respectively
1.15 and 1.22). Their independent term (θ) is close to zero but still impact the curve when its values
becomes small, i.e. after about 30 replacements. Here, as for the regularized problems, the optimal
weights of the �rst problem decrease heavily before the 50th replacement in order to ensure a lower
expected variance. This is not the case for the second optimization problem that optimize the expected
MSE after convergence (after 50 replacements) and for which the expected variance part is always zero.
These independent non-zero terms θ imply a bad generalization after 50 replacements. Even without
these independent terms, these optimal solutions do not generalize well after 50 replacements, even if
some minor improvements are indeed present before the 50th replacement.

The theoretical initial weights from Proposition 4.2 seems to be nearly optimal in di�erent situations,
with frequent and infrequent replacements. Figure 4.6 shows the evolution with the system's rate ratio
ρ = λc

λr
of the relative di�erence between the optimal objective value and the objective value provided

by the theoretical weights (for both optimization problems).

Figure 4.6a (on the left) is applied to the regularized problems (with the same squared logarithmic
regularization λ = 0.01). For both optimization problems (4.11) and (4.12) (with regularization), the
relative di�erence remains almost constant with the rate ratio ρ, meaning that the theoretical weights
are as close to the true optimum for every rate ratio. When minimizing the expected MSE right after
50 replacements with a squared logarithmic regularization term, the relative di�erence is about 0.01,
meaning that the optimal solution improves the objective value of the theoretical weight only of 1%. For
the variant problem, it is between 5 and 10%. These improvements may be related to the expected MSE
term or the regularization term of the objective function. This seems to indicate that our theoretical
weights are closer to optimizing the expected value of the MSE right after a �xed number of replacements
(problem (4.11)) than after the convergence (problem (4.12)).

Figure 4.6b (on the right) is applied to the parametrized problems (with parametrization from (4.16)).
The relative di�erence between the objectives is not constant with the rate ratio of the system: larger
improvements are possible for small rate ratio ρ. They remain very small (less than 1% for problem
(4.11) and than 5% for problem (4.12)). The separation between the two variants of the optimization
problem is not as obvious as in Figure 4.6a but it still seems that the relative di�erence of objectives
for the �rst problem (4.11) is globally below the relative di�erence of objectives for the variant problem
(4.12).
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Figure 4.6: Relative di�erence between the objective value given by the theoretical weights (from Propo-
sition 4.2) and the optimal objective value for both regularized optimization problems ((4.11) and (4.12)
with squared logarithmic regularization from equation (4.13) with λ = 0.01) (plotted on the right) and
both parametrized optimization problems ((4.14) and (4.15) with parametrized function from equation
(4.16)) (on the left), for r = 50 replacements and nreal = 200 realizations, for a given system size n = 10
and for di�erent rate ratios ρ = λc

λr
. The scale is logarithmic to allow a better comparison of the curves.

60



Using a mix of simulations and optimization, this subsection has illustrated the fact that the theo-
retical weights of incoming agents from Proposition 4.2 are close to optimize the expected value of the
mean squared error in the system in all system con�gurations (frequent or infrequent replacements) and
I do not �nd any other initial weights that performs signi�cantly better for any number of replacements.

4.3 Performance analysis

Here is a summary of the symmetric push-sum algorithm that we have designed and for which the
performance is analyzed in this section. It incorporates the initial weights given in Proposition 4.2 into
the general framework of the algorithm described by equations (4.1), (4.2) and (4.3). Let us remember
that we suppose indexing of agents such that the initial set of agents in the system (at time t = 0) is
N (0) = {1, . . . , n} and the rth agent to arrive into the system during its operation have index n+ r.

Designed symmetric push-sum algorithm (SPS):

Initialization of agent i before it enters the system

xi(0) = wi(0)zi, for all i and wi(0) =

{
1 for i = 1, . . . , n(
n−1
n

)n−i
for i = n+ 1, n+ 2 . . .

(4.17)

Interaction between agents i ∈ N (t) and j ∈ N (t):

x+i = x+j =
xi + xj

2
, and w+

i = w+
j =

wi + wj
2

. (4.18)

Estimate of agent i ∈ N (t):

yi(t) =
xi(t)

wi(t)
. (4.19)

This section �rst analyzes the time evolution of the performance of the symmetric push-sum algorithm
for four di�erent representative system con�gurations and in comparison to the performance of other
algorithms. In a second time, the performance of the symmetric push-sum algorithm after 500 seconds is
analyzed in a larger variety of system con�gurations to show how its (nearly) steady state performance
is situated in comparison with other algorithms (the gossip averaging algorithm and the best ideal
algorithm).

4.3.1 Time evolution of the expected performance

Figure 4.7 shows the time evolution of the expected mean squared error (E[MSE(t)]) of the symmetric
push-sum algorithm, in comparison with the one of the gossip averaging algorithm (from Chapter 3) and
with the empirical lower bound on the mean squared error (from Chapter 2), in four di�erent scenarios
corresponding to four di�erent system con�gurations (n = 10 or n = 50 and ρ = 5 or ρ = 100). In
each scenario, the expected MSE of the symmetric push-sum (in red) is quite better than the one of the
gossip averaging algorithm (in black) and seems tending to the empirical lower bound (in green) and
having a similar steady state value which is very good news. But the time needed for the expected mean
squared error of the symmetric push-sum to stick de�nitively the empirical lower bound is di�erent from
one scenario to another. This can be explained by observing the decomposition of the expected mean
squared error into expected squared bias and expected variance in each of these scenarios, as shown in
Figure 4.8. We can observe that

� The expected squared bias of the symmetric push-sum algorithm sticks very well to the one of the
best ideal algorithm (that provides an empirical lower bound on the MSE) since the beginning time
and for all the di�erent system con�gurations considered in Figure 4.8. This is due to the setting
of the initial weights of the incoming agents that has been designed in Section 4.2 with the ideal
assumption that convergence occurs between each replacement (i.e. replacement are extremely
infrequent) and that works surprisingly properly when this assumption is relaxed.

� The expected variance of the symmetric push-sum algorithm does not stick directly to the one of
the best ideal algorithm but decreases and tends to it more or less quickly depending on the system
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con�guration. This variance decrease depends mainly on the decrease of the initial weights of new
agents (in comparison with the average weight of the agents in the system). Indeed, the lower the
weight of a new agent is (in comparison with others), the less in�uence it has on the estimates of
other agents (and on itself), since a symmetric push-sum communication corresponds to a weighted
average of the estimates (see equation (4.4)). The speed of decrease of the initial weights of new
agents with time depends on the decreasing rate at each replacement, given by n−1

n but also on the
frequency of the replacements. For large n, the initial weights decrease slower at each replacement
and for large ρ there are less replacements (in average) per unit of time. Indeed, when we use our
scaling of the parameters that keeps nλc = 10 (see Section 1.3 for discussion), a larger ρ implies
a lower λr. Therefore, the decrease of the initial weights, and hence of the expected variance, is
slower for system with large size n and/or large rate ratios ρ. That is well what we observe in
Figure 4.8.

� For any algorithm, the expected mean squared bias and the expected variance have more or less
importance into the expected mean squared error depending on the system con�guration. The
expected variance is in general smaller for systems with larger rate ratio (which is equivalent to
less frequent replacements with our scaling nλc = 10). For example, one can compare expected
variance in Figures 4.8a and 4.8c where ρ passes from 5 to 100. The expected squared bias is in
general smaller for larger systems. For example, one can compare Figures 4.8a and 4.8b where the
system size passes from n = 10 to n = 50.

0 50 100 150 200 250 300 350 400 450 500
10-2

10-1

100

(a) n = 10, ρ = 5
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(b) n = 50, ρ = 5
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(c) n = 10, ρ = 100

0 50 100 150 200 250 300 350 400 450 500
10-2

10-1

100

(d) n = 50, ρ = 100

Figure 4.7: Comparison between the expected mean squared error time evolution (E[MSE(t)]) of the
symmetric push-sum algorithm, the gossip averaging algorithm and the best ideal algorithm (that pro-
vides the empirical lower bound on E[MSE(t)]) for four di�erent system con�gurations (n and ρ = λc

λr
)

with scaling nλc = 10. Expectations have been computed empirically with 5000 realization simulations.
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(a) n = 10, ρ = 5
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(b) n = 50, ρ = 5
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(c) n = 10, ρ = 100
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(d) n = 50, ρ = 100

Figure 4.8: Comparison between the expected squared bias (solid line) and the expected variance (dotted
line) time evolution of the symmetric push-sum algorithm (in red), the gossip averaging algorithm (in
black) and the best ideal algorithm (in green) (that provides the empirical lower bound on E[MSE(t)])
for four di�erent system con�gurations (n and ρ = λc

λr
) with scaling nλc = 10. Expectations have been

computed empirically with 5000 realization simulations.

Knowing all this helps to better understand why the symmetric push-sum mean squared error does
not �t directly the empirical lower bound when the system size n is large (as in Figure 4.7b) and why it
is worst when in addition, the rate ratio ρ is large (as in Figure 4.7d). The next subsection analyzes the
performance of the algorithms after 500 seconds in a larger variety of system con�gurations to show if
the performance of symmetric push-sum algorithm tends to the empirical lower bound in all situations,
as it has been observed until here.

4.3.2 Expected performance after 500 seconds

Figure 4.9 shows the performance (excepted mean squared error) achieved by the symmetric push-sum
algorithm after 500 seconds for di�erent system con�gurations. This performance is compared to the
one of the gossip averaging algorithm (from Chapter 3) and the best ideal algorithm (from Chapter 2).
Actually it is the same �gure than Figure 3.3 with an additional algorithm: the symmetric push-sum that
we have just described. As a reminder, these �gures show the impact of the system size n and the rate
ratio ρ = λc

λr
on the expected mean squared error of the algorithms after 500 seconds. The parameter

scaling is done with constant nλc = 10, as explained in Section 1.3. Concretely, Figures 4.9a and 4.9b
show the evolution with the rate ratio ρ = λc

λr
respectively for a small and a large system (n = 15 and

n = 75) and Figures 4.9c and 4.9d show the evolution with the system size n respectively for a small and
a large rate ratio (ρ = 4 and ρ = 50).
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We observe that the value of the expected mean squared error of a system subject to this symmetric push-
sum algorithm (in red) after 500 seconds is always better than the gossip averaging algorithm (in black)
and almost always reaches the empirical lower bound (in green). After 500 second, the performance of
each algorithm has, in many situations, almost reached their steady state, as suggested by previous �gures
(see Figure 4.7). But there are some situations where the convergence to the steady state is slower and
this steady state is not reached in 500 seconds (see Figure 4.7d). It is the case for systems with too large
rate ratios ρ, implying a too small replacement rate (using our scaling nλc = 10). Therefore, for large
rate ratios, the curves correspond to performance of the algorithms before the steady state is reached
(except maybe for the gossip algorithm that converges faster). Hence, the gap between the expected
mean squared error of the symmetric push-sum algorithm and the empirical lower bound that appears
for large n and large ρ illustrates, using another perspective, the main fact illustrated and explained
in the previous sub-section that analyzes time evolution of the performance: the symmetric push-sum
mean squared error takes more time to �t the empirical lower bound when the system size n is large (as
in Figure 4.7b) and when in addition, the rate ratio ρ is large, due to the slow decrease of its expected
variance in these cases.
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(a) Evolution with rate ratio ρ = λc
λr
, for n = 15.

100 101 102
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10-1
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(b) Evolution with rate ratio ρ = λc
λr
, for n = 75.
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(c) Evolution with system size n, for ρ = λc
λr

= 4.

101 102
10-2

10-1
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(d) Evolution with system size n, for ρ = λc
λr

= 50.

Figure 4.9: Comparison between the expected mean squared error after 500 seconds of the symmetric
push-sum algorithm, the averaging gossip algorithm and the one of the best ideal algorithm (that provides
an empirical lower bound) for a variety of di�erent systems (with constant nλc = 10). Expectations have
been computed empirically with 1000 realization simulations. The theoretical expression of the steady
state mean squared error of the gossip algorithm (see equation (3.5)) is also plotted (dashed black line).

In conclusion of this section, we have seen that the symmetric push-sum has much better performance
than the gossip averaging algorithm for solving the external averaging problem stated in Section 1.1.1.
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The expected mean squared error of the algorithm seems to reach closely the empirical lower bound
(from Chapter 2) in steady state for any system con�guration. Improvement is still possible concerning
the speed at which the expected mean squared error of the symmetric push-sum algorithm reaches the
empirical lower bound, mainly due to its expected variance part. Chapter 5 presents another algorithm
that reduces very quickly the expected variance and Chapter 6 combines the idea of this new algorithm
with the one of the symmetric push-sum in order to obtain all their bene�ts.
Before exploring all of this, let us �rst try to analyze theoretically the evolution of a system subject to
the symmetric push-sum algorithm. We will also discuss the practical implementation of the algorithm.

4.4 Theoretical evolution of the system

In this section, we start to describe the theoretical evolution of an open multi-agent system subject to
the symmetric push-sum algorithm. The obtained description is partial (only about the x and w values
and not the estimates) and does not lead to performance guarantees.

The performance achieved by an algorithm can be expressed using some descriptors of the distribution
of the estimates of the agents in the system. As a reminder, omitting time and realization dependence,
we have

E
[
Bias2

]
= E

[
(y − µ)

2
]

= E
[
y2
]

+ µ2 − 2µE[y] =
(for µ = 0)

E
[
y2
]
,

E[Var] = E

[
1

n

∑
i∈N

(yi − x)
2

]
= E

[
y2
]
− E

[
y2
]
,

E[MSE] = E
[
Bias2

]
+ E[Var] =

(for µ = 0)
E
[
y2
]
,

where y =
1

n

∑
i∈N

yi and y2 =
1

n

∑
i∈N

y2i .

Without loss of generality, we suppose that µ = 0 and hence it is su�cient to describe the evolution of

E
[
y2
]
and E

[
y2
]
. Unfortunately describing evolution of these descriptors for the symmetric push-sum

algorithm is not as easy as for the gossip averaging algorithm (see Section 3.1.1) since the estimates are
ratios of two variables: yi = xi

wi
. The �rst subsection describes the di�culties when applying a similar

reasoning to the one we used for the gossip averaging algorithm (see Section 3.1.1). Thereafter, the
system evolution is still analyzed through the separate analysis of the x values and the weights of the
agents.

Di�culties to describe evolution of E[y2] and E
[
y2
]

Let us denotes the descriptors into one vector: EY =
[
E
[
y2
]
, E
[
y2
]]
. As for the gossip, we can consider

the evolution of this vector with the events that occur in the system (communications and replacements).
EYk denotes the vector after event k. The purpose is to write the evolution of this vector as a system of
recurrence relations (i.e. EYk in function of EYk−1 (and possibly other function of k)). Let us analyze
what happens for each kind of event separately.

A replacement implies the arrival of one new agent i. The algorithm is such that its initial estimate
yi(0) is equal to its own measurement of µ: zi (see equation (4.17)). There is also an agent l that leaves
the system with all its personal information (yl, xl,wl). Therefore, the situation is similar to the one
with the gossip averaging algorithm and the Lemma 3.2 presented in Section 3.1.1 can be reused. Hence,
equation (4.20) can be written for the update of descriptor vector EYk.

EYk = ArEYk−1 + br, with Ar =

[
1− 2

n
1
n2

0 1− 1
n

]
, br = σ2

[
1
n2

1
n

]
. (4.20)

The independent term br appears due to arrival of a new agent i with its own measurement zi of variance
σ2 and mean µ = 0.
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A communication between agent i and j implies a di�erent evolution of the descriptor vector (than
for the gossip algorithm). For the following, the + in the exponent indicates the values after the com-

munication (and just before it without the + exponent). We can compute E
[
(y2)+

]
and E

[
y2

+
]
by

decomposing the expectation in two: the expectation over all possible sequences of events ε until this
communication that allows knowing the y, x and w values of all agents just before the communication
occurs, and the expectation over the two agents i, j selected for the communication. We have that

E
[
(y2)+

]
= Eε

[
Ei,j

[
(y2)+ | y, x, w

]]
and E

[
y2

+
]

= Eε
[
Ei,j

[
y2

+
| y, x, w

]]
. After a communication be-

tween agents i and j with the symmetric push-sum, (y2)+ and y2
+
can be expressed using previous values

of y and w using the weighted average vision of the symmetric push-sum update for a communication
(see equation (4.4)) that combines the communication update from equation (4.18) and the de�nition of
the estimates from equations (4.19).

(y2)+ =

(
y +

1

n

(
−yi − yj + 2

wiyi + wjyj
wi + wj

))2

and y2
+

= y2 +
1

n

(
−y2i − y2j + 2

(
wiyi + wjyj
wi + wj

)2
)

Since both communicating agents are selected uniformly randomly and independently among the agents
of the system, we have that Ei,j

[
y2i | y

]
= y2 and that Ei,j [yiyj | y] = y2. Therefore, we have

Ei,j
[
(y2)+ | y, x, w

]
=

(
1 +

2

n2
− 4

n

)
y2 +

2

n2
y2 +

4

n2
Ei,j

[(
wiyi + wjyj
wi + wj

)2 ∣∣∣∣ y, x, w
]

+
4

n
yEi,j

[
wiyi + wjyj
wi + wj

∣∣∣∣ y, x, w]− 8

n2
Ei,j

[(
wiyi + wjyj
wi + wj

)
yi

∣∣∣∣ y, x, w],
Ei,j

[
y2

+
| y, x, w

]
=

(
1− 2

n

)
y2 +

2

n
Ei,j

[(
wiyi + wjyj
wi + wj

)2 ∣∣∣∣ y, x, w
]

Unfortunately, to follow the evolution of the two descriptors E
[
y2
]
and E

[
y2
]
, for a communication, it

is required to follow the evolution of many others descriptors such as E[y] or other more intricated ones
involving

wiyi+wjyj
wi+wj

:

EεEi,j
[
wiyi + wjyj
wi + wj

∣∣∣∣ y, x, w], EεEi,j

[(
wiyi + wjyj
wi + wj

)2 ∣∣∣∣ y, x, w
]

and EεEi,j
[(

wiyi + wjyj
wi + wj

)
yi

∣∣∣∣ y, x, w].
These descriptors are much more complicated to analyze and to compute since they involve the expec-
tation of a ratio that imply both the weights and the estimates of the agents. The reasoning used for
analyzing the gossip algorithm leads here to a complex situation that looks like a stalemate. Hence, we
cannot deduce the theoretical performance of the symmetric push-sum algorithm in that way. Other
simpli�ed situations should be considered to hope to unlock the situation, like having cyclic events:
exactly ρ communication events (assuming that ρ is an integer) between two replacement events. This
has not been explored. However, analyzing the evolution of both agent-dependent variables x and w
independently can allow to describe the main tendency of the system evolution, even if it cannot really
be extended to characterization of the performance.

Evolution of E[x2], E
[
x2
]
and E[w]

The motivation to study the evolution of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]

is �rst to try to

describe the evolution of the system in a simpler way. As for the gossip, we can consider the evolution
of this vector with events that occur in the system (communications and replacements). EXk denotes
the vector after event k. The purpose is to write the evolution of this vector as a system of recurrence
relations (i.e. EXk in function of EXk−1 (and possibly other function of k)). Let us analyze what
happens for each kind of event separately. We again suppose, without loss of generality that µ = 0.
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A communication modi�es the x values exactly in the same way as the gossip algorithm (see equation
(4.18)). The evolution of the descriptor vector is therefore the same, and the Lemma 3.1 can be re-written
to describe the linear update of EX for a communication with the symmetric push-sum algorithm:

Lemma 4.1 (Update of the descriptor vector EX with a communication (for the SPS algorithm)). Let
k be a communication event in an open multi-agent system of size n and with µ = 0 subject to the
symmetric push-sum algorithm (see the problem statement in Section 1.1.1 for a general de�nition of
a communication event or an agent). For a communication in this algorithm, the update is de�ned by

equation (4.18) and the value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is updated according to

EXk = AcEXk−1, with Ac =

[
1 0
1
n 1− 1

n

]
.

Proof. In the symmetric push-sum algorithm, the x values are evolving according to the scheme of the
gossip averaging algorithm during a communication event (see equation (4.18)) and therefore Lemma 3.1
can applied to the symmetric push-sum algorithm to describe the evolution of the descriptor vector EX,
that only involves the x values (except for the initialization but it does not impact the result), during a
communication event.

A replacement updates the descriptors di�erently from the gossip case (in Lemma 3.2), since the
initial xi(0) of the new incoming agent i is not equal to zi (as for the gossip) but to wi(0)zi. The update
of the descriptor vector EX for a replacement can summarized by the following lemma.

Lemma 4.2 (Update of the descriptor vector EX with a replacement (for the SPS algorithm)). Let k
be a replacement event in an open multi-agent system of size n and with µ = 0 subject to the symmetric
push-sum algorithm (see the problem statement in Section 1.1.1 for a general de�nition of a replacement
event or an agent). For a replacement, the algorithm initializes the new agent i according to equation

(4.17) and the value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is updated according to

EXk = ArEXk−1 + br

(
1− 1

n

)2

(ck−11 + ck−12 )

with Ar =

[
1− 2

n
1
n2

0 1− 1
n

]
, br = σ2

[
1
n2

1
n

]
, c1 = 1− 2n− 1

n2
pr, and c2 = −(1− pr).

The matrix Ar and the vector br are the same as for the gossip averaging algorithm (see Lemma 3.2).
The update di�ers only with the decreasing factor that multiply the vector br.

Proof. For the following developments, the + in the exponent indicates the values after the replacement

(and just before it without the + exponent). We can compute E
[
(x2)+

]
and E

[
x2

+
]
by decomposing

the expectation in two: the expectation over all possible sequences of events ε until this replacement
that allows knowing the number of replacements r − 1 that have already occurred in the system and
the x values of all agents just before the replacement occurs; and the expectation over the information
related to this replacement (denoted Erepl): the index of the agents l selected to leave the system
and the measurement zi of the incoming agent. We have that E

[
(x2)+

]
= Eε

[
Erepl

[
(x2)+ | x, r

]]
and

E
[
x2

+
]

= Eε
[
Erepl

[
x2

+
| x, r

]]
. After a replacement of the agent l by the new agent i in the symmetric

push-sum, (x2)+ and x2
+
can be expressed using previous values of x and the one of the new agent

xi = wi(0)zi (see initialization equation (4.17)).

(x2)+ =

(
x+

1

n
(wi(0)zi − xl)

)2

and x2
+

= x2 +
1

n

(
(wi(0)zi)

2 − x2l
)

Since the leaving agent is selected independently and uniformly randomly in the system for the re-
placement, we have that Erepl

[
x2l | x, r

]
= x2 and that Erepl[xxl | x, r] = x2. Using the de�nition of

the initial weight of the new incoming agent i (see equation (4.17)) and of its initial measurement
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zi (independently drawn from a distribution of variance σ2 and of mean µ = 0), we also have that

Erepl

[
(wi(0)zi)

2 | x, r
]

= σ2
(
n−1
n

)2r
and that Erepl[xlwi(0)zi | x, r] = 0 (since E[zi] = µ = 0). Using

these results, we have that

Erepl

[
(x2)+ | x, r

]
= (1− 2

n
)x2 +

1

n2
x2 +

σ2

n2

(
n− 1

n

)2r

,

Erepl

[
x2

+
| x, r

]
= (1− 1

n
)x2 +

σ2

n

(
n− 1

n

)2r

It remains only to take the expectation Eε on both expressions to deduce a recurrence system that
describes the update of the descriptor after a communication.

EXk = ArEXk−1 + brEε

[(
n− 1

n

)2r
]

with Ar =

[
1− 2

n
1
n2

0 1− 1
n

]
, br = σ2

[
1
n2

1
n

]
. (4.21)

The term Eε
[(
n−1
n

)2r]
corresponds to the expectation of the squared initial weight of the new agent i that

enters the system during this replacement (Eε
[
(wi(0))

2
]
). The expectation is taken over the sequence

of events that have occurred before this replacement that is the kth event of the system, i.e. over the
sequence of events from to beginning until event k − 1 (denoted ε). In fact, the only thing that depends
on the realization of this sequence of the events is the order of arrival r of the new agent. Counting the
number of replacements that have taken place between the �rst event and until event k − 1 and add 1
allows obtaining the value of r. Recalling that each event has a probability pr to be a replacement, it
can be computed as:

Eε
[
(wi(0))

2] = k−1∑
l=1

(k − 1)!

l!(k − 1− l)!
plr(1−pr)k−1−l

(
n− 1

n

)2(l+1)

=

(
1− 1

n

)2
((

1− 2n− 1

n2
pr

)k−1

− (1− pr)
k−1

)
.

Substituting this last result in the update of equation (4.21) gives the update described in the lemma.

Using these two lemmas, the resulting recurrence system that fully describes the evolution of EX
with an event can be described easily.

Theorem 4.3 (Update of the descriptor vector EX with an event (for the SPS algorithm)). Let an open
multi-agent system satisfying the assumptions of the problem statement (see Section 1.1.1), subject to the
symmetric push-sum algorithm and with µ = 0. The kth event that occurs in the system can be either a
communication (with probability 1−pr) or a replacement (with probability pr) (see the problem statement

for the general de�nitions of the events). The value of the descriptor vector EX =
[
E
[
x2
]
, E
[
x2
]]T

is

updated according to the following recurrence relations for the kth event:

EXk = AEXk−1 + b

(
1− 1

n

)2

(ck−11 + ck−12 )

With A =

[
1− 2pr

n
pr
n2

1−pr
n 1− 1

n

]
, b = σ2

[
pr
n2
pr
n

]
, c1 = 1− 2n− 1

n2
pr, and c2 = −(1− pr).

Here also, the matrix A and the vector b are the same as for the gossip averaging algorithm (see Theorem
3.3). The update di�ers only with the decreasing factor that multiply the vector b..

Proof. The general evolution of EX with the kth event (that has a probability pr to be a replacement)
can be decomposed as

EXk = (1− pr)E[Xk | k is a communication] + prE[Xk | k is a repl.] (4.22)

The updates to obtain E[Xk | k is a communication] and E[Xk | k is a repl.] are respectively described in
Lemmas 4.1 and 4.2. Therefore, combining these updates with equation (4.22) gives the update described
in the theorem with A = (1− pr)Ac + prAr and b = prbr.
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The update of the descriptor vector EX given in Theorem 4.3 allows showing that both descriptors
tend to 0 when the number of events k goes to in�nity. Indeed, the value of the descriptor vector after
any event k can be described from the initial one:

E[Xk] = AkE[X0] +

k−1∑
i=0

Aib

(
1− 1

n

)2(
ck−i−11 + ck−i−12

)
.

If the initial vector E[X0] is �nite, the vector E[Xk] tends to 0 (when k tends to∞) if the spectral radius
of A (denoted ρ(A)), |c1| and |c2| are all (strictly) lower than 1. The spectral radius of matrix A is
similar than for the gossip algorithm (since the matrix is the same), and hence from Section 3.1.2, we
have that ρ(A) < 1 (for pr > 0).
In the update of Theorem 4.3, contrarily to the one of the gossip (Theorem 3.3), the second term,
independent of any components of the descriptor vector EX, is also decreasing with the events k. We
have that |c1| < 1 and |c2| < 1 (for pr > 0) and therefore both descriptors tend to 0 when k tends to
in�nity:

lim
k→∞

E[Xk] = [0, 0]T for pr > 0.

The rate of convergence of E[Xk] to 0 is limited by the larger value between |c1|, |c2| and ρ(A). As a
reminder from Section 3.1.2, the spectral radius of matrix A is given by

ρ(A) = λ1 =
2n− 2pr − 1 +

√
∆

2n
, with ∆ = (1− 2pr)

2 +
4pr(1− pr)

n
. (4.23)

Since pr ∈ (0, 1]1, and if n ≥ 2, it is larger than |c2| = (1−pr) (obviously) and larger than |c1| = 1− 2n−1
n2 pr

(not obviously but veri�ed numerically).

Therefore, in an open multi-agent system (with pr > 0) subject to the symmetric push-sum algorithm,

the descriptors of the x values (E
[
x2
]
and E

[
x2
]
) tend to zero as fast as they converge to their steady

state value (in general di�erent from zero) with the gossip averaging algorithm. But the performance
of the symmetric push-sum algorithm, that involves the estimate yi = xi

wi
of each agent i in the system,

does not tend to 0, as suggested on the simulations results (see for example �gures of Section 4.3). That
can be explained by the fact that the weights of the agents also tend to 0 since the initial weight of an
incoming agent decreases at each replacement and tends to zero (see equation (4.17)). Analyzing how
the weights of the agents decrease (in expectation) can help to give an idea of the general evolution of
the system. We can for example compute the expected average of the weight of the agents in the system
denoted E[w] (where w(t) = 1

n

∑
i∈N (t) wi(t), but the time dependence is again omitted).

Evolution of E[w] can be computed easily using the same reasoning as for other descriptor evolutions.
Let E[wk] be the value of E[w] after the kth event that occurs in the system. The update of E[w] for an
event k that occurs in the system is given in the following theorem.

Theorem 4.4 (Update of E[w] with an event (for the SPS algorithm)). Let an open multi-agent system
satisfying the assumptions of the problem statement (see Section 1.1.1), subject to the symmetric push-
sum algorithm. The kth event that occurs in the system can be either a communication (with probability
1−pr) or a replacement (with probability pr) (see the problem statement for the general de�nitions of the
events). The value of the expected average weight of the agents in the system E[w] is updated according
to the following recurrence equation for the kth event

E[wk] = (a1 + a2)E[wk−1] +
pr
n

(
1− 1

n

)(
ck−13 − ck−14

)
With a1 = pr

(
1− 1

n

)
, a2 = (1− pr), c3 = 1− pr

n
and c4 = −(1− pr).

1We have excluded the case pr = 0 corresponding to a closed system and where the descriptor vetcor E[Xk] does not
tend to 0.
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Proof. The general evolution of E[w] with the kth event (that has a probability pr to be a replacement)
can also be decomposed as

E[wk] = (1− pr)E[wk | k is a communication] + prE[wk | k is a repl.] (4.24)

Therefore, the update of E[w] when the kth event is a communication or a replacement is analyzed
independently.

A communication of the symmetric push-sum algorithm preserves the sum of weights in the system
(see equation (4.18)). Therefore, if the kth event is an communication, we have that

E[wk | k is a communication] = E[wk−1]. (4.25)

A replacement implies modi�cations due to the departure of an agent l with its own weight wl and
the arrival of a new agent i into the system with its initial weight wi(0) =

(
n−1
n

)r
(r denotes the order

of arrival of i). For the following developments, the + in the exponent indicates the values after the
replacement (and just before it without the + exponent).
The expectation is decomposed in two: the expectation over all possible sequences of events ε until this
replacement that allows knowing the number of replacement r − 1 that have already occurred in the
system and the w values of all agents just before the replacement occurs; and the expectation over the
information related to this replacement (denoted Erepl): the index of the agents l selected to leave the
system and the measurement zi of the incoming agent. We have that E

[
w+
]

= Eε
[
Erepl

[
w+ | w, r

]]
. A

replacement of agent l by a new agent i impacts w as follows:

w = w +
1

n
(−wl + wi(0)) and Erepl

[
w+ | w, r

]
=

(
1− 1

n

)
w +

1

n

(
n− 1

n

)r
, (4.26)

Using that Erepl[wl | w, r] = w and that Erepl[wi(0) | w, r] =
(
n−1
n

)r
(using de�nition of wi(0)).

It remains to compute the expectation over the sequence of events that occur before this replacement ε to
obtain a recurrence equation that de�nes E[wk]. It nevertheless requires to compute Eε

[(
n−1
n

)r]
which

corresponds to the expectation of the initial weight of the new agent i that enters the system during this
replacement (Eε[wi(0)]) which can be done in a similar manner than in the proof of Lemma 4.2 that

evaluate the expectation of the squared initial weight of a new agent i (Eε
[
(wi(0))

2
]
) The expectation

is taken over the sequence of events that have occurred before this replacement that is the kth event of
the system, i.e. over the sequence of events from to beginning until event k− 1 (denoted ε). In fact, the
only thing that depends on the realization of this sequence of the events is the order of arrival r of the
new agent. Counting the number of replacements that have taken place between the �rst event and until
event k − 1 and add 1 allows obtaining the value of r. Recalling that each event has a probability pr to
be a replacement, it can be computed as:

Eε[wi(0)] =

k−1∑
l=1

(k − 1)!

l!(k − 1− l)!
plr(1− pr)k−1−l

(
n− 1

n

)l+1

=

(
1− 1

n

)((
1− pr

n

)k−1
− (1− pr)k−1

)
.

Using this result, the expectation Eε can be computed on the equation (4.26) and the update of E[w]
with a replacement can be described as follows:

E[wk | k is a replacement] = (1− 1

n
)E[wk−1] +

1

n

(
1− 1

n

)(
ck−13 + ck−14

)
, (4.27)

with c3 = 1− pr
n and c4 = −(1− pr).

Substituting equations (4.25) and (4.27) into the decomposition provided in equation (4.24) gives the
result stated in the theorem.

This theorem allows to show that the expected average weight of the agents E[w] tends to zero when
the number of events k tends to in�nity.
Indeed, for pr > 0 and n ≥ 2, we have that |a1| < |a2| = |c4| < |c3| < 1 and therefore we have that E[w]
tend well to 0 when k tends to ∞. The decreasing rate of E[w] is given by |c3| = 1− pr

n (for pr > 0 and
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n ≥ 2).

One should notice that the decreasing rate of (E[w])
2
, which is

(
1− pr

n

)2
, is very close to the decreasing

rate of E
[
x2
]
or E

[
x2
]
, especially for large n.

For large n, we have (from the de�nitions of ρ(A) and ∆ recalled in equation (4.23)) that

√
∆ ≈ |1− 2pr| and therefore ρ(A) = λ1 ≈ 1− 2pr

n
,

which have already been noticed in Chapter 3 concerning the analysis of the gossip averaging algorithm.
Concerning the decreasing rate of (E[w])

2
, we have that

c23 =
(

1− pr
n

)2
= 1− 2pr

n
+
p2

n2
≈

(for large n)
1− 2pr

n
.

For large system size n, the decreasing rates of (E[w])
2
, E
[
x2
]
and E

[
x2
]
, which are |c3| and ρ(A), are

all very close to 1− 2pr
n .

Hence, the ratio
E[x2]
(E[w])2

may give something that approaches roughly the expected squared bias of the

symmetric push-sum algorithm (for µ = 0) which is E
[
y2
]
. This is not really a valid approximation for

di�erent reasons:

� The approximation E
[
y2
]
≈ E[x2]

(E[w])2
could only be valid when all agents have a weight close to the

weight average w, which is needed to have that

E
[
y2
]

= E

( 1

n

∑
i∈N

xi
wi

)2
 ≈ E

[
x2

w2

]
.

But the weight average w should also be similar from one realization to another in order to ensure

that E
[
x2

w2

]
≈ E[x2]

(E[w])2
. This approximation is therefore rarely valid.

� Moreover, the ratio E
[
x2
]
and (E[w])

2
have close decreasing rates (especially for large n). But they

are never exactly equal and therefore asymptotically, when the number of events k goes to in�nity,

the ratio
E[x2]
(E[w])2

goes either to zero (if E
[
x2
]
decreases slightly faster) or to in�nity (if (E[w])

2

decreases slightly faster, which seems to be the case according to some numerical experiences).
None of these cases are observed in reality for E

[
y2
]
.

It would be interesting to analyze the variance of the weights of the agents in the system (and maybe
other moments) which is needed to approximate the expectations where the weights are present in the
denominator, such as for the estimates of the agents. Indeed, having no variance between the weights
means that they are all the same and that the symmetric push-sum becomes equivalent to the gossip
algorithm but when weights are di�erent, the symmetric push-sum updates performs weighted average,
as explained in the beginning of the chapter (see equation (4.4)).

In conclusion, this section has studied the evolution of a multi-agent system subject to the symmetric
push-sum algorithm. The reasoning that uses classical descriptors evolutions, as for the gossip algorithm
(see Chapter 3 or [HM17]), cannot be easily used to analyze the evolution of the performance of the
algorithm in the system since it involves expectations of ratios (due to de�nition of the estimates of the
agents yi = xi

wi
). Nevertheless, the agent dependent variables (x and w) can be analyzed separately. It

results that expected average of the weights go to zero since the initial weights of new agents are and

the x descriptors E
[
x2
]
and E

[
x2
]
also tends to zero. Future works and analyses are required in order

to deduce theoretical description of the performance of the algorithm.
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4.5 Implementable version of the algorithm

In order to have an implementable version of the algorithm, each incoming agent n + r should know
the size of the system n and its own order of arrival r to allow itself to set its initial weight according
to equation (4.17). Equivalently, it is su�cient for a new agent to know the size of the system n and
the total number of agents that have ever been in the system since the beginning before its arrival,
denoted Ntot = n+ r − 1. A solution is to let each agent in the system store an approximation of these
values (n and Ntot). The incoming agent will then receive the approximation of a peer during its �rst
communication. The new agents do not need to set their initial weights before their �rst communication.
In fact, a new agent cannot really be considered part of the system until it has communicated with
another agent in the system.

How do agents approximate n ?

Each agent initially in the system (i ∈ N (0)) is supposed to know the size of the system n. It can be
achieved beforehand through di�erent processes based on a probabilistic counting [Luc+15] [Sha+12]
[GY13] [KKL15]. Since we consider only replacements (see the problem statement in Section 1.1.1), the
size of the system never changes and it can simply be transmitted to new agents that enter the system
during its operation (when t > 0).

How do agents approximate Ntot ?

From the last paragraph, each agent initially in the system i ∈ N (0) is supposed to know the size of the
system n and can therefore starts with a correct initial estimate of Ntot, denoted Ntot,i: Ntot,i = n for
all i ∈ N (0). The estimate Ntot,i of each agent i, as well as the true value of Ntot evolve with the system
events and hence with time but this time dependence notation is omitted for simplicity. During their
communications, the agents perform a maximum consensus on their Ntot,i estimate: they share their
estimates and keep the highest one (as described in the state-of-the-art). When a new agent join the
system, during its �rst communication with an agent i ∈ N (t), it receives its estimate Ntot,i and both
will memorize Ntot,i + 1 as new estimate of Ntot. This new value will be propagated to other agents
thanks to the maximum consensus. It can be summarized as follows:

Max-consensus algorithm to estimate Ntot:

Initialization for all initially in the system i ∈ N (0): Ntot,i(0) = n,

During the �rst communication of a new agent j with i ∈ N (t) Ntot,j(0) = N+
tot,i = Ntot,i + 1,

Classic interaction between a pair of agents i, j ∈ N (t): N+
tot,i = N+

tot,j = max(Ntot,i, Ntot,j).

This method can miss some new agents into the estimates of Ntot, especially if multiple new agents
arrive in a short interval of time. Let us see a simple example. In a system where all the agents have an
identical estimate of Ntot, let us consider a new agent j that �rst communicates with i ∈ N (t). The value
of Ntot,i+1 will gradually spread to other agents. If another new agent m arrives and �rst communicates
with k ∈ N (t) that has not yet converged to Ntot,i + 1, it will add 1 to its estimate of Ntot for the new
agent m but not for j. The maximum consensus is not able to detect this error that will be propagated
into the system. In this simple example, two agents have arrived in the system but only one of them has
been added to the di�erent estimates of Ntot.

Figure 4.10 illustrates this problem by comparing the expected true value of Ntot with the expected
average estimate of the agents N tot,i = 1

n

∑
i∈N (t)Ntot,i(t). When the rate ratio is large (as in Figure

4.10a with ρ = 100 and n = 20), the expected average estimate of Ntot stays relatively close to the
expected true value of Ntot. But when the rate ratio is smaller (as in Figure 4.10b with ρ = 10 and
n = 20), the expected average estimate of Ntot is much lower than the expected true value of Ntot (more
than two times lower). Figure 4.11 shows, in both situations, the impact of the estimation error on Ntot

on the expected mean squared error achieved by the implementable version of the symmetric push-sum
algorithm. For ρ = 100 (Figure 4.11a), the impact is very small and the implementable version of the
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symmetric push-sum (in orange) performs almost as well as the theoretical version of the algorithm (with
the true value of Ntot). For ρ = 10 (Figure 4.11b), the impact is more important and the implementable
version of the symmetric push-sum (in orange) performs not as well as the theoretical version of the
algorithm and is closer (in terms of performance) to the gossip averaging algorithm (in black). As it will
be explained below, this problem about the estimation of Ntot can be corrected using bias correction
mechanism, but another problem which cannot be corrected exists. Hopefully, this is quite an infrequent
problem.
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Figure 4.10: Time evolution of the expected total number of agents that have ever been in the system
(Ntot), in comparison with the expected average estimate of Ntot with and without bias correction (using
correction factor from (4.28)). The system size is �xed to n = 20. The plot is shown for two di�erent
rate ratios (ρ = λc

λr
): ρ = 100 and ρ = 10, with constant nλc = 10. Expectations have been computed

empirically with 5000 realization simulations.
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Figure 4.11: Time evolution of the expected mean squared error for the symmetric push-sum algorithm
in its theoretical version and implementable version (with and without bias correction (using correction
factor from (4.28))), in comparison with the gossip averaging algorithm and the empirical lower bound.
The system size is �xed to n = 20. The plot is shown for two di�erent rate ratios (ρ = λc

λr
): ρ = 100 and

ρ = 10, with constant nλc = 10. Expectations have been computed empirically with 5000 realization
simulations.

This other problem corresponds to the situation where the �rst communication of an agent is with
another new agent. None of them have any estimation of the system parameters and the only thing
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they can do is a classical gossip interaction, waiting for a communication with someone that has infor-
mation about the system. This situation rarely happens, except when the rate ratio ρ is (very) small
(i.e. the replacements are frequent) and/or when the system is (very) small. For example, when n = 20
and ρ = 100, only (about) 0.03% of the communications occur between two new agents that have no
information about the system. When ρ passes from 100 to 10, the percentage of these communications
becomes about 0.54% and it becomes again a bit more (about 0.88%) when, in addition, the size of the
system n passes from 20 to 10. These situations are therefore in general negligible.

However, as explained in Chapter 2, there is always a chance (even small) that all agent are replaced
successively without having opportunity to transmit any information to new agents. It is called a restart
(see De�nition 2.3 for details). Usually a new agent waits for communicating with another old agent
that has information about the system (meanwhile, it only performs gossip averaging interactions with
other new agents it encounters). After a restart, none of the agents have any information and if they do
not detect the restart the agents could perform gossip averaging interactions between them for eternity.
Detecting the restart (with some probability) allows re-initializing the system as if it is the �rst start.
Supposing an agent detects a restart and has access to the value of n2, it can initialize its own weight
to one and its estimate of Ntot to n in order to start counting correctly the new agents that come in
the system. The probability of having a restart in a system, studied in Chapter 2, increases with the
probability of an event to be a replacement (pr = 1

1+ρ ), with time and when the system size n is de-
creased. Indeed, the smaller the system is, the fewer replacements are needed to make a restart, and, the
more replacements it occurs, the more chance there is to have a sequence of events that generate a restart.

A possible way for an agent (that know the system size n) to detect a restart would be to count the
number of unsuccessful communications it has performed and to compare it with the system size n. An
unsuccessful communication refers to a communication with another new agent that does not have any
information about Ntot, which is needed to initialize their weight according to the symmetric push-sum
algorithm. This has not been explored further and the following simply ignores the possibility of a restart
which is rather unlikely in many systems.

Bias correction can be used to correct the estimates of Ntot of the agents and having a e�cient
implementable version of the symmetric push-sum algorithm. The estimates of Ntot of the agents miss
some new agents and then are biased below the true value, as explained before and as shown on Figure
4.10. The sign of this bias3 remains identical (since estimates are all below the truth) and therefore a
bias correction can be considered. It has been performed empirically by �nding a factor q such that:

E[Ntot(t)]− n ≈ q

E

 1

n

∑
i∈N (t)

Ntot,i(t)

− n
,

where n has been subtracted from the expectation of Ntot (and its expected average estimate) because
n is supposed to be perfectly known by each agent. It amounts to compare the expected number of
replacements that have occurred in the system with the expected number of replacements that the
agents have perceived. An identical q can probably not be found for any time t. Large time are
considered to reach the steady state situation of the system, where the multiplicative gap between the
true and the estimate number of replacements that have occurred becomes constant (in expectation).
The expectations are taken over all the possible sequences of events and have been approximated using
simulations of many di�erent realizations. Once a such value of q have been found (in advance), it can
be used by the new agents to correct the estimate of Ntot they receive when they arrive in the system
and correctly set their initial weight. Concretely, when agent j enters the system and �rst communicates
with i, instead of using the estimate Ntot,i as estimate of Ntot to initialize its own weight, it will use the
following correction

q(Ntot,i − n) + n.

2Other than by communicating with a former agent, which is impossible since a restart have occurred.
3As a reminder, the bias is the di�erence between the expected estimate and the true value. Here it is therefore de�ned

as E
[
1
n

∑
i∈N (t)Ntot,i(t)

]
− E[Ntot(t)].
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Note that the max-consensus to estimate Ntot is not modi�ed. The correction only takes place when the
new agents use the value of Ntot in order to compute their order of arrival and initialize their weight.

Interpolating the values of q found for di�erent system con�gurations (ρ and n), allows deriving an
expression for q that seems to be working well:

q = 0.8prn+ 1, (4.28)

where pr is the probability of an event to be a replacement pr = 1
1+ρ . The value of pr, which is supposed

to be �xed, is supposed to be known by the agents in the system. It could maybe also be observed by
the agents in the system using another decentralized protocol. In-depth analysis of this max-consensus
scheme in open multi-agent system could allow obtaining an exact expression of the expected bias on the
estimates of Ntot and therefore on the correction factor q, but this empirical expression (4.28) is already
satisfying.

Figure 4.10 shows the time evolution of E[Ntot(t)] and E
[
N tot,i

]
= E

[
1
n

∑
i∈N (t)Ntot,i(t)

]
with and

without bias correction for two di�erent rate ratios (ρ = 100 and ρ = 10). This �gure �rst con�rms that
the factor q is constant for large time since both E[Ntot(t)] (in red) and N tot,i (in orange) increase linearly
(starting at the same value n). Secondly, it shows that the correction factor proposed in equation (4.28)
performs well since the expected corrected values of E

[
N tot,i

]
almost �t the true values of E[Ntot(t)],

even when the gap without correction is larger (as in Figure 4.10b).
The resulting mean squared error of this implementable version of the symmetric push-sum algorithm
with bias correction is shown in purple in Figure 4.11 in both cases ρ = 100 and ρ = 10 (with �xed
system size n = 20). As expected, when the estimates of Ntot are corrected (using correction factor from
equation (4.28)), the implementable version of the push-sum algorithm perform as well as the theoretical
version that has been developed in this chapter. When the rate ratio is large (such as in Figure 4.11a),
meaning that the replacement probability pr is small, the correction factor q is close to one and the bias
correction makes almost no di�erence.

In this section, we have seen that it is possible to implement the symmetric push-sum algorithm
by preserving its good performance, even if the agents do not know their rank of arrival in the system
(which is required to initialize their weight). It requires the agents to know the exact size of the system
n (at least the initial agents) and to maintain estimates of the total number of agents that have ever
been in the system Ntot. To have an implementable version of the algorithm that is as e�cient as the
theoretical one in any situation, the agents (at least the initial ones) should also know the replacement
probability pr (or equivalently the rate ratio ρ) in order to correct the bias of the Ntot estimate when it
is needed. This may still fail if a restart occurs in the system, which is less frequent, except in extreme
system con�gurations ((very) small system with (very) frequent replacements). Restart detection should
be studied in order to allow the system and the agents to restart correctly their estimates of Ntot when
a restart occurs.

Conclusion about the symmetric push-sum algorithm

In this chapter, we have designed an algorithm to solve the external averaging problem stated in Section
1.1.1 with the idea of resolving the expected squared bias issue of the gossip averaging algorithm. As
explained in Chapter 3, the gossip algorithm gives too much importance to the information brought
by the new agents that enter the system and therefore it progressively forgets the information of the
old agents, which is not desirable for computing the external average of the system. The symmetric
push-sum algorithm is an algorithm that allows giving a weight to each agent. The initial weight of
an agent represents the importance of its own measurement in the system. During the algorithm, the
weight of each agent is updated to indicate the amount of information it carries. Initial weight of the
agents (mainly the ones that arrive into the system during its operation) has been designed under the
ideal assumption that convergence occurs in the system between two replacements, meaning that the re-
placements are extremely infrequent (see Assumption 4.1). As expected, we have obtained initial weight
that decreases for each new agent. It decreases of n−1

n from the previous arrival: wn+r(0) = (n−1n )r.
Under the design convergence assumption, the algorithm is guaranteed to converge toward the external
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average of the system between each replacement (see Proposition 4.2). These initial weights allow the
symmetric push-sum algorithm to perform very well, even when the design assumption does not hold at
all (i.e. when the replacements are frequent). To explain this, the problem of �nding initial weights of
arrival agents that minimize the expected mean squared error has been studied and it seems that the
theoretical designed weights are nearly optimal in many di�erent situations.

In terms of performance, based on simulations results, we have seen that the symmetric push-sum al-
gorithm totally solves the expected squared bias issue of the gossip averaging algorithm since its expected
squared bias always �ts the one of the best ideal algorithm (see De�nition 2.2 in Chapter 2) that provides
a lower bound on the expected mean squared error. The expected variance of the algorithm tends to the
one of the best ideal algorithm more or less quickly depending on the system con�guration (it is slower
when the replacements are less frequent or when the system is larger). The resulting expected mean
squared error achieved by the algorithm always tends to the empirical lower bound provided by the best
ideal algorithm. The only remaining improvement concerns the speed at which the expected variance
(and then the expected mean squared error) tends toward the one of the best ideal algorithm. The char-
acterization of the expected performance is unfortunately di�cult to analyze theoretically since agents
compute their estimate with a ratio of two variables yi = xi

wi
. Nevertheless, the expected evolution of

both variables (x and w) has been derived (namely the evolution of descriptors E
[
x2
]
, E
[
x2
]
and E[w]).

Further analysis (and/or simpli�cation of the problem) are needed to be able to derive consistent bounds
on the expected performance. Finally, this chapter has presented a way for the agents to estimate the
total number of agents Ntot that have ever been in the system in order to allow new agents to know their
rank of arrival and to initialize their weight correctly. It is based on a maximum consensus protocol.
It makes the algorithm implementable, provided that the agents (at least the initial ones) know (or
estimate) the size n of the system and its rate ratio ρ (or equivalently the probability of replacement pr).

The next chapter presents a new idea, applied to the gossip averaging algorithm, in order to reduce
rapidly the expected variance of the system. This idea is thereafter applied to this symmetric push-sum
algorithm in Chapter 6.
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Chapter 5

Gossip averaging with di�erence

tracking

This chapter presents an algorithm that has been designed to reduce the expected variance due to the
arrival of new agents in open multi-systems. As observed in Section 3.2, the gossip averaging algorithm
does not perform very well for solving the external averaging problem (stated in Section 1.1.1) in part
because of the expected variance it achieves, that represents the degree of disagreement between the
agents and the impact of replacements on the system. Having a good expected variance from the
beginning is also the main possible improvement for the symmetric push-sum algorithm presented in
Chapter 4. This new algorithm relies on the idea of di�erence tracking applied the gossip averaging
algorithm. The next chapter (Chapter 6) applies it to the symmetric push-sum algorithm. The idea of
the di�erence tracking is that the new agents, in order not to disturb the system abruptly, pretend to
have the value of an agent already in the system and retain the di�erence with their true value to add
it progressively into the system and spread out the arrival of new information.

5.1 Algorithm description

The main design intention of this algorithm is to adapt the gossip averaging algorithm detailed in Chap-
ter 3 in order to reduce the expected variance it achieves.

As a reminder, for the external averaging problem stated in Section 1.1.1, each agent i in the system
i ∈ N (t) has an initial measurement zi independently drawn from an identical distribution of mean µ
and variance σ2 and aims to estimate µ as well as it can. In the gossip algorithm, each agent i also
holds a time varying value xi(t) to be exchanged with the others and that corresponds to its estimate
yi(t) of µ. That is why for gossip-based algorithm (on the contrary of push-sum based algorithm), the x
notation is used to denote the estimates of the agent.

The idea of the algorithm for reducing the disturbance brought by new agents when they enter the
system is that a new agent i should pretend to have the same estimate as another agent j in the system,
which is probably better than its initial estimate (that only contains its own measurement zi).

xi(0) = xj .

In order not to lose its own information, but to spread out and add it progressively into the system, the
new agent i also retains an additional variable, denoted δi, which correspond to the di�erence between
its initial measurement zi and its initial estimate that comes from another agent.

δi(0) = zi − xi(0) = zi − xj .

This di�erence should be spread out and added progressively into the system in order to incorporate the
new measurement of µ into the estimates of the agents. A similar additional variable has already been
used in the literature under the name of surplus or companion variable. It has been used to develop, as

77



an alternative to the push-sum algorithm, other averaging consensus algorithms that works for a general
digraph communication network [CI12] [CI14] [SR12] (recall that the gossip averaging algorithm only
works for symmetric interactions).

As explained, the algorithm, for which an explicit de�nition is provided below, relies on the fact that
a new agent has access to the estimate of another agent in the system to initialize its own variables (x
and δ). That is why the following assumption is considered for algorithmic design and analysis.

Assumption 5.1 (Arrival with communication). When a new agent i enters into an open multi-agent
system with set of agents N (t), it directly communicates with an agent j ∈ N (t) that was in the system
before the arrival of i.

Under this assumption, the de�nition of replacement from the problem statement in Section 1.1.1 needs
to be modi�ed.

De�nition 5.1 (Replacement with communication). Under Assumption 5.1, a replacement at time t
denotes the succession of the departure of a randomly uniformly selected agent l ∈ N (t−), the arrival of
a new agent i /∈ N (t−), and a communication between the new agent i and another randomly uniformly
selected agent j ∈ N (t−)\{l} that is still in the system.

All notations related to a replacement are modi�ed with a tilde in order to show that it refers to this
modi�ed replacement de�nition. For example, the individual replacement rate, with this new de�nition
of a replacement is denoted λ̃r, the rate ratio (with this new replacement rate) is denoted ρ̃ and the
probability of an event to be a (modi�ed) replacement is denoted p̃r.

This assumption is set up principally for designing and analysis purpose. Section 5.2 presents the
theoretical evolution of the system, including the evolution of the expected performance achieved by the
algorithm, under this assumption. The relaxation of this assumption is studied in Section 5.4 and the
performance of the algorithm is analyzed through simulation results without this assumption in Section
5.5.

As we can imagine, the performance of any algorithm under Assumption 5.1 is improved. Indeed,
imposing a new agent to communicate directly when it enters the system increase the total number of
communications and avoid all the problems related with the restarts of the system (i.e. when all the
agents are replaced without communicating their information to the new ones, see De�nition 2.3) that
are impossible under this assumption. It is a quite natural assumption that new agents communicate
when they enter the system, since it is actually the reason of their entry: communicating with other
agents in order to compute a better approximation of µ. Similarly, some may also think that an agent
is not really part of the system before its �rst communication.
Under this assumption, the proved lower bounds (based on the nonzero restart probability) do not hold
anymore. However, the best ideal algorithm (from De�nition 2.2) remains valid under this assumption
and still provides a lower bound on the expected mean squared error of any realistic algorithm under
this assumption (see Proposition 2.1). The performance of this algorithm can be computed empirically
and therefore it is still called the empirical lower bound.

Under Assumption 5.1, the gossip averaging with di�erence tracking can be described as follows.

Gossip averaging with di�erence tracking (under Assumption 5.1)

Initialization for any agent i ∈ N (0): xi(0) = zi and δi(0) = 0, setting parameter β ∈ [0, 1].

Replacement (at time t) of agent l ∈ N (t−) by agent i that �rst communicates with agent j ∈ N (t):

N (t) = N (t−) \ {l} Departure of agent l,

xi(0) = xj(t) for j ∈ N (t) Initial pretending x value of agent i, (5.1)

δi(0) = zi − xi(0) Di�erence with its true measurement, (5.2)

N (t+) = N (t) ∪ {i} Arrival of agent i,

The new agent i and the other (old) agent j perform a communication together (see below).
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Communication between agents i ∈ N (t) and j ∈ N (t):

x+i =x+j =
xi + xj

2
+ β

(
δi + δj

2

)
(5.3)

δ+i =δ+j =
δi + δj

2
(1− β) (5.4)

Equation (5.3) averages the x values of both communicating agents and adds a part (β) of their
respective di�erence variable δ. Equation (5.4) averages the remaining di�erences of both commu-
nicating agents in order that the di�erence variable δ of each agent spreads through the system
during future interactions.

The parameter β ∈ [0, 1] denotes the part of the di�erence variable δi, each agent i adds to its estimate
xi during each of its communications. It is called the incorporation rate. This parameter is supposed
to be the same for each agent and to be constant with time. When β = 1, the entire di�erence of a
new agent is directly added to its estimate during its �rst communication and the algorithm amounts to
the classical gossip averaging algorithm (under the arrival with communication assumption (Assumption
5.1)).

By de�nition of the communication update (equations (5.3) and (5.4)), the sum of all x values with
all δ values is preserved into the system. If + exponent denotes the value after a communication, we
have that ∑

i∈N (t)

x+i + δ+i =
∑

i∈N (t)

xi + δi.

Supposing that β is not to small (relatively to the system size and the rate ratio), the value δi of each
agent i in the system will decrease to zero before the next replacement, meaning that all the information
has been transmitted into the estimates x of the agents. In that situation, the δ values in the system
only contain information from the last arriving agent that is spread among the agents and progressively
incorporated into their estimates before the next replacement. This should allow the system to spread
out the impact of an arrival of a new agent without modifying the amount of information it brings to the
system. The expected variance should therefore be improved, without modifying the expected squared
bias. Figure 5.1b shows that it is well the case. The system size of the simulation was n = 10 and the
rate ratio ρ̃ = λc

λ̃r
= 10 (using the modi�ed de�nition of a replacement (see De�nition 5.1) as expressed

with the tilde notation). The value of the incorporation rate used is β = 0.2.

Comparing the evolution of the best ideal algorithm (in green) and the gossip averaging algorithm
(in black) in Figure 5.1b with their evolution in Figure 3.2a from Chapter 3 allows observing that the
assumption of arrival with communication reduces mainly the expected variance of the algorithms. In-
deed, this assumption adds a communication for each replacement, and moreover, this communication
involves the agent that was probably the less in agreement with the others since it has just arrived. The
improvement is more important for the best ideal algorithm.

The di�erence tracking on the gossip averaging (with β = 0.2) allows reducing the expected variance
almost by a factor 10 in this case, but it remains quite far from the expected variance of the empirical
lower bound. It does not modify (or a very little) the expected squared bias. Hence, in that situation,
the algorithm still presents the same issue as the gossip averaging algorithm concerning its expected
squared bias (see Section 3.2 for details about this issue). Indeed, the agents that arrive into the system
still have too much weight after their information has been completely incorporated into the system, in
comparison with the older ones. The resulting expected mean squared error of the gossip averaging with
di�erence tracking shown in Figure 5.1a is not improved that much in comparison to the basic gossip
(it decreases by a factor 2). In that system con�guration, the expected mean squared error is largely
in�uenced by the value of the expected squared bias, which is not improved by the di�erence tracking
with relatively large incorporation rate β (here β = 0.2). Improving the expected variance is good but
it is not enough for this system con�guration.

If β is smaller (relatively to the system size and the rate ratio), the δ values are incorporated slower
into the estimates and they may be nonzero before a replacement. Therefore, the δ values may contain
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Figure 5.1: Time evolution of the expected performance of the gossip averaging with di�erence tracking
(with β = 0.2) for an open multi-agent system with n = 10, ρ̃ = λc

λ̃r
= 10 (with nλc = 10). Performance

of the classical gossip averaging algorithm and the best ideal algorithm (that provides a lower bound on
the mean squared error) are also shown in comparison (also under Assumption 5.1). Expectations have
been computed empirically with 5000 realization simulations.

information coming from di�erent previous arrivals. If a leaving agent l has a nonzero δl value, it means
that some information, concerning some previous arrivals will never be incorporated into the agents
estimates. The information contained in the δ concerns the most recently arrived agents, the ones that
had too much weights when all their information was incorporated. The loss of some of their information
may therefore be bene�cial for the expected squared bias. In the meantime, the initialization of a new
agent in the system requires the new agent to pretend to have the estimate of another agent, which gives
it temporarily more importance in the system and may also impact the expected square bias, especially
if an important part of the di�erence δ is lost during a departure of an agent (which may occur for very
small β).
Figure 5.2 is similar to Figure 5.1 but with a smaller incorporation rate β = 0.02. The resulting expected
variance decreases drastically (even below the one of the best ideal algorithm at the beginning). The
combined e�ects of the algorithm on the expected squared bias due to the departure of agents with
nonzero δ values makes it di�cult to interpret.
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Figure 5.2: Time evolution of the expected performance of the gossip averaging with di�erence tracking
(with β = 0.02) for an open multi-agent system with n = 10, ρ̃ = λc

λ̃r
= 10 (with nλc = 10). Performance

of the classical gossip averaging algorithm and the best ideal algorithm (that provides a lower bound on
the mean squared error) are also shown in comparison (also under Assumption 5.1). Expectations have
been computed empirically with 5000 realization simulations.
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For the gossip with di�erence tracking (in blue), we can observe that the expected squared bias �rst
increases a bit (probably due to the fact that the estimates of some agents are duplicated by new agents
to not disturb the system) before stabilizing below the one of the classical gossip averaging algorithm.
It results in a signi�cant improvement of the classical gossip averaging algorithm performance (almost
by a factor 10).

Just for giving an idea of what happens when the incorporation rate β is very small, let us analyze
Figure 5.3 which represents the same system as previous �gures but for β = 0.002. The information of
the new agents is incorporated extremely slowly into the system and a major part is probably lost due
to replacement. It results in a drastic decrease of the expected variance, largely below the one of the
best ideal algorithm for a while. The expected squared bias also decreases, further than for larger values
of β but much more slowly. It also begins by increasing largely above the one of the gossip averaging
algorithm, before it starts to decrease. It takes more than 500 seconds to reach a steady state. As it
will be explained in the next section, this is due to the low importance attributed to the measurements
brought by new agents.
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Figure 5.3: Time evolution of the expected performance of the gossip averaging with di�erence tracking
(with β = 0.002) for an open multi-agent system with n = 10, ρ̃ = λc

λ̃r
= 10 (with nλc = 10). Performance

of the classical gossip averaging algorithm and the best ideal algorithm (that provides a lower bound on
the mean squared error) are also shown in comparison (also under Assumption 5.1). Expectations have
been computed empirically with 5000 realization simulations.

These three examples show that the value for the incorporation rate β has a signi�cant impact on the
performance of the algorithm. The tuning of this β parameter is therefore important. Depending on the
objective we aim to achieve with this algorithm based on di�erence tracking idea (e.g. decreasing only
the expected variance or achieving the best possible mean squared error after a given time), di�erent
strategies of β tuning should be used. In any cases, tuning the incorporation rate β in a reliable manner
is easier with a theoretical description of an open multi-agent system subject to this gossip averaging
with di�erence tracking. Next section aims to develop a such theoretical description based on the
same reasoning as the theoretical description of the classical gossip averaging algorithm, presented in
Section 3.1. It also allows giving guarantees on expected performance achieved by the algorithm (under
Assumption 5.1)
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5.2 Theoretical evolution of the system

Under Assumption 5.1, the performance achieved by the gossip averaging with di�erence tracking can
be expressed using some descriptors of the distribution of the estimates x of the agents in the system.
As a reminder, omitting time and realization dependence, we have

E
[
Bias2

]
= E

[
(x− µ)

2
]

= E
[
x2
]

+ µ2 − 2µE[x] =
(for µ = 0)

E
[
x2
]
,

E[Var] = E

[
1

n

∑
i∈N

(xi − x)
2

]
= E

[
x2
]
− E

[
x2
]
,

E[MSE] = E
[
Bias2

]
+ E[Var] =

(for µ = 0)
E
[
x2
]
,

where x =
1

n

∑
i∈N

xi and x2 =
1

n

∑
i∈N

x2i .

Without loss of generality, we suppose that µ = 0 and hence it is su�cient to describe the evolution of

E
[
x2
]
and E

[
x2
]
to obtain a description of the expected mean squared error and its decomposition into

expected variance and squared bias. Expressing the evolution of both descriptors E
[
x2
]
and E

[
x2
]
with

an event of the system requires tracking the evolution of 6 di�erent descriptors, involving both variables
xi and δi of each agent:

E[X] =
[
E
[
x2
]
, E

[
x2
]
, E

[
δ
2
]
, E

[
δ2
]
, E

[
δx
]
, E

[
δx
]]T

(5.5)

where δ =
1

n

∑
i∈N

δi, δ2 =
1

n

∑
i∈N

δ2i and δx =
1

n

∑
i∈N

δixi.

5.2.1 Descriptor evolution system

The evolution of the system subject to the gossip averaging with di�erence tracking can be described
using a linear system of recurrence equations of the form

EXk = AEXk−1 + b.

It describes the e�ect of one event k in the system on the descriptor vector EXk−1, which denotes the
value of the descriptors after event k − 1 in the system. Once again, to deduce an expression of matrix
A and vector b, we consider the two possible types of event in the system separately: a communication
(with probability 1− p̃r) or a replacement (with probability p̃r under Assumption 5.1).
When the event is a communication, the following lemma holds.

Lemma 5.1 (Update of the descriptor vector EX with a communication (for the gossip algorithm with
di�erence tracking)). Let k be a communication event in an open multi-agent system of size n and with
µ = 0 subject to the gossip averaging algorithm with di�erence tracking (see the problem statement in
Section 1.1.1 for a general de�nition of a communication event). For a communication in this algorithm,
the update is de�ned by equations (5.3) and (5.4) and the value of the descriptor vector EX (de�ned by
equation (5.5)) is updated according to

EXk = AcEXk−1, with Ac =



1 0 2β2

n2
2β2

n2
4β
n 0

1
n 1− 1

n
β2

n
β2

n
2β
n

2β
n

0 0 1 + 2β2

n2 − 4β
n

2β2

n2 0 0

0 0 (1−β)2
n 1−

(
2−(1−β)2

n

)
0 0

0 0 2β
n −

β2

n2 − 2β2

n2 1− 2β
n 0

0 0 (1−β)β
n

(1−β)β
n

1−β
n 1−

(
1+β
n

)


,

where β is the incorporation rate parameter of the gossip averaging with di�erence tracking.
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Proof. The proof of this lemma is based on reasonings similar to that of the analysis of the classical
averaging algorithm from [HM17] and is given in appendix of this chapter (see Appendix 5.A).

This results shows that, on the contrary of the classical gossip algorithm, a communication does
not preserve the expected squared bias (E

[
x2
]
for µ = 0). It is due to the addition of a part β of the

di�erence variables δ of the communicating agents during each communication. The four �rst descriptors
are always positive. This is not the case of the two last ones. Depending on the sign (and the amplitude)
of E

[
δx
]
, the expected squared bias can increase or decrease with a communication event.

When the event is a replacement, the following lemma holds.

Lemma 5.2 (Update of the descriptor vector EX with a replacement (for the gossip algorithm with
di�erence tracking)). Let k be a modi�ed replacement event (from De�nition 5.1) in an open multi-agent
system of size n and with µ = 0 subject to the gossip averaging algorithm with di�erence tracking. The
e�ect of a replacement can be decomposed into the e�ect of departure of one random agent from the
system that changes its size from n to n−1 momentarily and the e�ect of arrival of a new agent into the
system (initialized according to (5.1) and (5.2)) that directly communicates with one of the n−1 remaining
agents and restores the system size to n. Therefore, when event k is a replacement, the descriptor vector
EX, de�ned by equation (5.5), is updated according to

EXk = AaAdEXk−1 + ba,

with Ad =



n2−2n
(n−1)2

1
(n−1)2 0 0 0 0

0 1 0 0 0 0

0 0 n2−2n
(n−1)2

1
(n−1)2 0 0

0 0 0 1 0 0

0 0 0 0 n2−2n
(n−1)2

1
(n−1)2

0 0 0 0 0 1



Aa =



(n−1)(−2β+n+1)
n2

(1−β)2
n2 0 β2

n2

2β(n−1)
n2
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n
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n2
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n2 −β
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ba = σ2
[
β2

n2
β2

2n
(1−β)2
n2

(1−β)2
2n

(1−β)β
n2

(1−β)β
2n

]T
,

where β is the incorporation rate parameter of the gossip averaging with di�erence tracking.

Proof. The proof of this lemma is based on reasonings similar to that of the analysis of the classical
averaging algorithm from [HM17] and is given in appendix of this chapter (see Appendix 5.B).

These two lemmas are combined into the following theorem that describes the evolution of system
descriptors with an event, for the gossip averaging algorithm with di�erence tracking.

Theorem 5.3 (Update of the descriptor vector EX with an event (for the gossip algorithm with di�erence
tracking)). Let an open multi-agent system satisfying the assumptions of the problem statement (see
Section 1.1.1) and Assumption 5.1, subject to the gossip averaging algorithm with di�erence tracking and
with µ = 0. The kth event that occurs in the system can be either a communication (with probability
1 − p̃r) or a modi�ed replacement, including a communication due to Assumption 5.1 (with probability
p̃r) (see the problem statement in Section 1.1.1 for the general de�nitions of the events and De�nition
5.1 for the modi�ed replacement de�nition). The value of the descriptor vector EX (de�ned by equation
(5.5)) is updated according to the following recurrence relations for the kth event:

EXk = AEXk−1 + b, where A = (1− p̃r)Ac + p̃rAaAd and b = p̃rba, (5.6)

with Ac from Lemma 5.1 and Aa, Ad and ba from Lemma 5.2.
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Proof. The general evolution of EX with the kth event (that has a probability p̃r to be a replacement)
can be decomposed as

EXk = (1− p̃r)E[Xk | k is a communication] + p̃rE[Xk | k is a repl.] (5.7)

The updates to obtain E[Xk | k is a communication] and E[Xk | k is a repl.] are respectively described in
Lemmas 5.1 and 5.2. Therefore, combining these updates with equation (5.7) gives the update described
in the theorem with A = (1− p̃r)Ac + p̃rAaAd and b = p̃rba.

5.2.2 Validation

In order to validate the theoretical evolution of the system from Theorem 5.3, we compare it to the
simulation results for some speci�c systems. For computing the theoretical evolution of the descriptors,
the initial value of the descriptor vector is set to its initial expectation value which is

EX0 =
[
E
[
x2(0)

]
, E
[
x2(0)

]
, E
[
δ
2
(0)
]
, E
[
δ2(0)

]
, E
[
δ(0)x(0)

]
, E
[
δx(0)

]]T
=

[
σ2

n
, σ2, 0, 0, 0, 0

]
.

(5.8)
Indeed, the initialization of the x and δ values of any agent initially in the system i ∈ N (0) is given
by xi(0) = zi and δi(0) = 0. Remembering that the measurements zi are independent and identically
distributed (with mean µ = 0 and variance σ2) allows deducing equation (5.8).

As shown in Figure 5.4, the expected performance computed theoretically using Theorem 5.3 (in
dashed red) �ts very well the empirical expected performance computed through simulations (in blue).
When averaging 1000 realizations, for the system used on the �gure (n = 10 and ρ̃ = 100), the relative
di�erence between the curves is about 1% for the expected squared bias and the mean squared error
and 5% for the expected variance (for which the empirical expectation requires more realizations to be
smoother). Simulations validate the theoretical results from Theorem 5.3 which should allow tuning the
incorporation rate parameter β of the algorithm more easily, as presented in Section 5.3.
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Figure 5.4: Comparison of the expected performance (MSE, squared bias and variance) for the gos-
sip averaging algorithm with di�erence tracking computed theoretically, using Theorem 5.3 (and (5.8)
for initialization) with the expected performance computed empirically by averaging 1000 realizations
simulation, for a system of size n = 10 and rate ratio ρ̃ = 100 (with constant nλc = 10).

5.2.3 Steady state expected performance and convergence rate

Theorem 5.3 allows computing the steady state expected performance achieved by the gossip averaging
with di�erence tracking. Similarly than for the classical gossip averaging, the steady state expected
performance can be obtained as the �xed point of the system of recurrence relations that describes the
evolution of the descriptor vector with an event, which is given by equation (5.6) for the gossip algorithm
with di�erence tracking. Concretely, we have that the �xed point of equation (5.6) can be computed as
follows:

EXeq = AEXeq + b.
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And from that steady state descriptor vector, steady state expected performance are simply deduced:

E
[
Bias2

]
eq

= E
[
x2
]
eq
, E[MSE]eq = E

[
x2
]
eq

and E[Var]eq = E
[
x2
]
eq
− E

[
x2
]
eq
.

Unfortunately, the analytical expression of EXeq is complicated. Each of its components is a quotient
of multivariate polynomials (in β, n and p̃r). Their values can however be computed easily for a given
system. Some of them are shown and commented below, with their corresponding convergence rate (see
Figures 5.5b and 5.6b).

As for the analysis of the classical gossip averaging algorithm in Section 3.1.2, the spectral radius
of the matrix A gives the convergence rate of the descriptor vector to its �xed point and therefore the
convergence rate of the expected performance to their steady state.
Let us introduce ∆k which corresponds to the di�erence of vector EXk to the �xed point EXeq, such
that any descriptor vector EXk can be expressed as EXk = EXeq + ∆k. The recurrence system (5.6)
becomes:

EXeq + ∆k = A(EXeq + ∆k−1) + b ⇔ ∆k = A∆k−1 = Ak∆0.

The rate of convergence of ∆k to 0 corresponds to the rate of convergence of EXk to EXeq and therefore
strongly depends on the spectral properties of the matrix A. Let λj (for j = 1 . . . , 6) be the six eigenvalues
of the matrix A (indexed in absolute descending order) and vj their corresponding eigenvectors (that are
supposed to be independent). Any initial di�erence vector ∆0 can be expressed in the eigenvector basis:

∆0 =
∑6
j=1 αjvj with αj ∈ R for j = 1, . . . , 6. Therefore, the di�erence vector after k events ∆k can be

expressed in terms of the eigenvalues and eigenvectors of the matrix A.

∆k = Ak∆0 = Ak

 6∑
j=1

αjvj

 =

6∑
j=1

αjλ
k
j vj . (5.9)

It tends toward 0 only if all the eigenvalues λj (j = 1 . . . , 6) of the matrix A are strictly lower than
one (in absolute value). Each term of the sum in (5.9) converges to zero with a rate λj . The largest
eigenvalue (in absolute value) λ1, which is the spectral radius of the matrix, gives therefore the limiting
convergence rate of ∆k. Analyzing components of the dominant eigenvector v1, especially �nding the
one that are close to zero, allows determining the descriptors that converge more quickly to their steady
state than others.
The analytical expression of the eigenvalues of matrix A are not explicitly given, since they correspond
to the roots of a 6th degree polynomial function. Their corresponding eigenvectors have therefore no
explicit expression either. Their values can however be computed easily for a given system.

Figures 5.5 and 5.6 show the evolution of the steady state expected performance of the algorithm and
its corresponding convergence rate, given by the spectral radius of the matrix A, with the incorporation
rate β, for di�erent system sizes and rate ratios. As shown in Figures 5.5a and 5.6a, the spectral radius of
the matrix A is lower than 1 (for β > 0), meaning that the convergence of the descriptors to their steady
state occurs, but it starts increasing to one for small values of β, which implies a slower convergence.
For β = 0, the spectral radius of the matrix A is always equal to 1 and the convergence to a steady
state never happens. This is shown in Figures 5.5a and 5.6a for di�erent speci�c systems but it has been
validated by Matlab for a general value of n and p̃r.

For its part, the steady state expected mean squared error decreases when β decreases (see Figures
5.5b and 5.6b), mainly due to the decrease of the steady state expected variance which is almost linear
for not-to-small β values (see Figures 5.5c and 5.6c). The steady state expected variance naturally tends
to zero when β goes to zero. Indeed, having β = 0 means that all new agents ignore completely their own
value and will never incorporate it into the system. The expected squared bias is almost constant for
large β values and starts decreasing for small β values. Of course, this steady state is only reached after
a long time since the convergence rate gets closer to 1 for smaller value of β. Surprisingly, the expected
squared bias tends to zero too when β goes to zero. Of course, this is not achievable in practice since
having β = 0 implies an unit spectral radius, meaning that the convergence never occurs.
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Figure 5.5: Evolution of the steady state expected mean squared error and its corresponding convergence
rate (given by the spectral radius of A) with the incorporation rate β for di�erent system sizes n and a
�xed rate ratio ρ̃ = 10.

Analyzing the huge expression of the steady state expected squared bias, variance and mean squared
error allows to see that they e�ectively tend to 0 when β goes to 0 since their form are the following:

E[MSE]eq = σ2β

(
q1(β, n, p̃r)

qd(β, n, p̃r)

)
, E

[
Bias2

]
eq

= σ2β

(
q2(β, n, p̃r)

qd(β, n, p̃r)

)
and E[Var]eq = σ2β

(
q3(β, n, p̃r)

qd(β, n, p̃r)

)
.

where q1, q2, q3 and qd are multivariate polynomial (depending on β, n and p̃r) such that q1 = q2 + q3
(since MSE = Bias2 +Var), and qd is di�erent from 0 for β = 0. These expressions show well that having
β tending to zero allows the steady state expected performance tending to zero too.
One could select a positive β su�ciently small such that the algorithm eventually achieves an expected
mean squared error below ε > 0 (for any positive value of ε) after a time that grows exponentially with
1
ε . This is possible only thanks to Assumption 5.1 under which no restart occurs. The algorithm can
potentially perform poorly in a �rst time like this is the case in Figure 5.3b.

An intuitive way of explaining this is to consider the value of β as a kind of weight that is given to
the measurements of µ of the new agents in the system. This weight is e�ective only after a delay that
corresponds to the time needed for all di�erence variables that contain a part of the measurement either
to be incorporated, either to leave the system. It can continue to increase after this delay due to the
pretending values of the future new agents. For large β, the measurements are totally incorporated into
the estimates of the agents in the system, which is equivalent of having a weight of 1

n in the average of
the estimates. For low β, depending on the rate ratio ρ̃ of the system, only a part of the measurements
of the new agents is incorporated into the estimates of the agents in the system, meaning that they have
a weight smaller than 1

n (in the average of the estimates).
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Figure 5.6: Evolution of the steady state expected mean squared error and its corresponding convergence
rate (given by the spectral radius of A) with the incorporation rate β for di�erent rate ratios ρ̃ and a
�xed system size n = 20.

For a given rate ratio, we have that the weight of a new agent is about 1
n for the not-too-small values of

β, meaning that most of the information of the new agents is transmitted to the estimates of the agents.
This explains why the convergence rate is nearly constant for not-too-small values of β (see Figure 5.5a
and 5.6a).
When β becomes small, the weight of the new agents decreases, and reaches zero when β = 0. Since we
aim to compute the external average of the system (see the problem statement in Section 1.1.1), a �xed
β, leading in steady state to give an identical weight to each incoming agents, is only suited for a given
total number of agents that have ever been in the system (Ntot). The smaller β, the smaller the weight
of new agents and the larger the suited Ntot. The expected squared bias decreases hence slowly until the
correct value of Ntot is reached (i.e. when the correct number of replacements have occurred). When β
(and hence the weight of a new agent) tends to zero, the suited Ntot tends to in�nity. This suited Ntot

leads to the averaging of an in�nity of measures of µ, which leads well to an expected squared bias of
zero. However, this suited Ntot require an in�nite time to be reached.
This explanation misses some details about the delay and the evolution of the weight of an agent into
the system but still allows giving a good intuitive explanation of the evolution of the expected squared
bias with the value of the incorporation rate β.

In practice, it is therefore required to �nd a value of β that is a trade-o� between the steady state
performance it allows and the convergence rate to this steady state performance. Or even better, the
value of the incorporation rate β could be continually adapted to the growing value of Ntot in the system.
This problem is addressed in the next section that aims to tune the incorporation rate β for this algorithm.
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In situations where the spectral radius of the matrix A is close to one (for β close to zero), the
descriptors generally tends slowly to their steady state, but we observe that the expected variance
always converges quite rapidly (as suggested in Figures 5.2b and 5.3b). This is due to the dominant
eigenvector v1 of the matrix A. Figure 5.7a shows the evolution of the di�erent components of this
dominant eigenvector1 v1 with the incorporation rate β for a given system (n = 10 and ρ̃ = 10). Here
are some comments about the values of this dominant eigenvector based on observations made on this
�gure.

� The four last components of v1 are quite small and approach zero for large beta (close to one), which
makes these components of the descriptor vector converging more rapidly than others to their steady
state. Indeed, it cancels the contribution of the dominant eigenvalue for these components (see
equation (5.9)). This is consistent with the fact that for β = 1, the algorithm directly incorporates
the entire di�erence δ into the system and therefore these components (related to the δ values)
directly reach a steady state of 0.

� The two �rst components of v1 are very closed to each other, which means that their di�erence is

close to zero. The two �rst components are related to E
[
x2
]
eq

and E
[
x2
]
eq

and their di�erence

corresponds to the expected variance: E[Var]eq = E
[
x2
]
eq
− E

[
x2
]
eq
. The relative di�erence

between these two components is shown in Figure 5.7b for di�erent rate ratios. It shows that it
is close to zero, especially for small values of β and it therefore means the expected variance is
almost not impacted by the dominant eigenvalue and converges more rapidly to its steady state (in
comparison to other components, such as the expected squared bias), especially for small β. This
is consistent with observations of Figures 5.2b and 5.2b.
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(a) Evolution of the v1 components for a speci�c sys-
tem: n = 10 and ρ̃ = 10.
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(b) Evolution of the variance component of v1 (corre-
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components) for a system of �xed size n = 10 and
di�erent rate ratios ρ̃.

Figure 5.7: Evolution of the di�erent components of the dominant eigenvector v1 with the incorporation
rate β. The vector is normalized according to its �rst component (relative to E

[
x2
]
eq
).

1The evolution of the dominant eigenvector can have di�erent regimes corresponding to di�erent dominant eigenvalues.
The transition between these regimes can be more or less smooth.
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5.3 Tuning of the incorporation rate β

In light of the theoretical results presented in the previous section, it seems that tuning the β parameter
requires to �nd a trade-o� between the convergence speed (worsening with small values of β) and the
quality of the �nal performance (improving with small values of β).

The �rst subsection aims to �nd a �xed value of β that correspond to a consistent trade-o�. The
second subsection analyzes the possibility of having a value of β decreasing with time. Indeed, this can
bene�t from the advantage of having a large β in a �rst time, with rapid convergence and hence a rapid
decrease of the expected mean squared error; and a smaller β thereafter in order to continue decreasing,
less rapidly, the expected mean squared error. Both tuning lead to improving the performance of the
classical gossip averaging algorithm but as it will be explained, the decreasing β strategy allows solving
the issue related to the expected squared bias, which cannot be done robustly with a �xed value of β.

5.3.1 Fixed incorporation rate β

This subsection presents a consistent trade-o� for the value of the incorporation rate β. The idea is to
achieve the best steady state performance, without compromising the performance during the transient
state. In other words, it should avoid having a �rst period of time during which the algorithm performs
poorly, like it is the case in Figure 5.3. In that �gure the period of time during which the poor perfor-
mance occurs is quite short but it can become much longer when the replacements are less frequent (i.e.
when the rate ratio ρ̃ is larger) implying (for any algorithms) a slower decrease of the expected mean
squared error.

A good way of avoiding poor performance at the beginning is to ensure a convergence rate of the
expected performance toward its steady state that is close to the one of the gossip averaging algorithm,
that corresponds to the case of β = 1 (in which all δ values are always equal to zero) and that never
increases the expected squared bias. Figures 5.5a and 5.6a show that the spectral radius of matrix A
(that gives the convergence rate) is nearly constant for all value of β greater than some threshold value
that depends on the system con�guration: β ≥ βthresh(n, ρ̃). The convergence rate starts increasing
rapidly to 1 for β values below this threshold. Like suggested in Figure 5.5a, this threshold value of β
seems independent of the system size n.

Choosing the value of β as equal to this threshold value allows decreasing the most possible the
expected mean squared error (principally by decreasing the expected variance), while keeping a conver-
gence rate very close to the best one (for β = 1), which corresponds to the one of the gossip averaging
algorithm. For β ≥ βthresh, it seems that most of the information of new agents is transmitted to the
estimates of new agents and therefore the expected squared bias is almost not modi�ed.

Interpolating the βthresh value for di�erent rate ratios ρ̃ allows obtaining an approximate expression
for βthresh:

βthresh ≈
1

ρ̃+ 1
= p̃r.

This expression can be validated with Figure 5.6a. It is consistent with the domain of de�nition of
the incorporation rate β ∈ [0, 1] since the replacement probability is also between 0 and 1. It is also
consistent with our intuition: if ρ̃ is large, there are many communications between each replacement
in the system and even with a small incorporation rate β, the entire δ values are in general transmitted
into the estimates of the agents. On the contrary, when there are only a few communications between
each replacement (i.e. when ρ̃ is small), the incorporation rate β should be larger in order not to lose too
much of the δ values when an agent leaves the system. Using βthresh = p̃r to set the value of β of course
requires the agents (at least the initial ones) to know (or estimate) the value of p̃r (or equivalently ρ̃).

Figure 5.8 shows the time evolution of the simulated expected performance of the gossip averaging
algorithm with di�erence tracking, with β = βthresh = p̃r, for the same system (n = 10 and ρ̃ = 10) as
in Figures 5.1, 5.2 and 5.3. As expected, it converges as quickly as the classical gossip algorithm and it
mainly decreases its expected variance. Therefore, as desired, the expected squared bias (and then the
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expected mean squared error) does not increase at the beginning (or a very little but it is not visible)
but it does not improve much the expected squared bias of the gossip averaging.
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(a) Expected mean squared error
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(b) Expected variance and squared bias

Figure 5.8: Time evolution of the expected performance of the gossip averaging with di�erence tracking
(with β = βthresh = 1

ρ̃+1 ) for an open multi-agent system with n = 10, ρ̃ = λc
λ̃r

= 10 (with nλc = 10).

Performance of the classical gossip averaging algorithm and the best ideal algorithm (that provides a
lower bound on the mean squared error) are also shown in comparison (also under Assumption 5.1).
Expectations have been computed empirically with 1000 realization simulations.

Even if it is still far from the performance of the best ideal algorithm, this gossip algorithm with
di�erence tracking, using β = p̃r, is guaranteed (under Assumption 5.1) to beat the classical gossip
averaging algorithm after a short amount of time since it has a better steady state performance and
an almost identical convergence rate. A characterization of this short amount of time and this almost
identical convergence rate should be studied in order to obtain rigorous theoretical guarantees.

The algorithm with a �xed β value really improves the expected variance of the classical gossip av-
eraging algorithm but it does not allow solving the issue of the gossip algorithm related to the expected
squared bias. This issue is related to the fact that the new agents entering the system have too much
importance with the gossip algorithm and therefore the estimates of the agents progressively forgets the
measurement of former agents, which is not desirable for computing the external average of the system.
This issue is not solved with the di�erence tracking idea with �xed β since, in the steady state, any new
agent has an identical �xed importance into the system, meaning that the same amount of their own
measurement is integrated into the system. The constant importance of new agents cannot be adapted
to the system for all time since the total number of agents that have ever been in the system keeps
growing with time.

The idea of di�erence tracking with �xed incorporation rate β can still be applied to the symmetric
push-sum algorithm that e�ciently solves this issue related to the expected squared bias of the system.
Having a tuning of β that does not impact too much the importance of new agents into the system and
hence the expected squared bias (like the one presented in this subsection) is needed in order to avoid
the two algorithms to collide. If both algorithms are combined e�ciently, it could allow solving both
expected squared bias and variance issues of the classical gossip and getting very close to the performance
of the best ideal algorithm in most of the case. This idea is explored in Chapter 6.

Another way of solving this squared bias issue is to consider β decreasing with time, in order to
decrease the part of the new measurements of µ that are integrated into the system. It is somewhat
similar to the decreasing initial weight of the symmetric push-sum algorithm (see Chapter 4). This is
discussed in the following subsection.
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5.3.2 Decreasing incorporation rate β

As explained previously, a �xed incorporation rate β allows decreasing the expected variance in the
system and sets a constant importance to new incoming agents which cannot be adapted to the system
for any time, since the total number of agents that have ever been in the system Ntot keeps growing.
At some time, the importance of new agents may be too low for the actual value of Ntot and after some
time, when Ntot has increased, it becomes too large and it results in the progressive forgetting of the
oldest agents. Having a value of β that is adapted with the actual value of Ntot in the system seems
therefore better. Since the replacement events occurs according to a Poisson clock (see the problem
statement in Section 1.1.1), the value of Ntot increases linearly with time (which have been con�rmed in
Figure 4.10) and therefore the value of β can evolve with time to be suited to the value of Ntot. Since
Ntot increases with time, the importance of each new agent should decrease. Decreasing the value of
β with time allows decreasing progressively the importance of new agents in the system. This is some-
what similar to the decreasing weight of new agents of the symmetric push-sum algorithm (see Chapter 4).

Having a decreasing incorporation rate β seems also a good idea given the theoretical results from
Section 5.2. Indeed, the system can bene�t from the advantage of having a large β in a �rst time,
with rapid convergence and hence a rapid decrease of the expected mean squared error; and a smaller β
thereafter in order to continue decreasing, less rapidly, the expected mean squared error.

Deducing a general theoretical expression of the decreasing β(t) in order to achieve a good expected
mean squared error at any time is not an easy task. Decreasing β values can be computed for a speci�c
system using a succession of optimization problems. Let us suppose we know the value of the descriptor
vector from equation (5.5) after event k. Then the value of β to use for the next event can be computed
greedily by minimizing the expected mean squared error after the next event (supposing µ = 0):

minimize
β

eT2 (AEXk + b)

with matrix A and vector b from Theorem 5.3 and where e2 denotes the vector with only a 1 in the
second component. The second component corresponds to the component of E

[
x2
]
in the descriptor

vector, which is the expected mean squared error when µ = 0 (which we assume). The initial value of
EX0 is given by equation (5.8).

This can be seen as a greedy method since after each event, the next β value is chosen in order to
optimize the expected mean squared error after the next event. Alternatively, one can also minimize the
expected mean squared error after a larger number of events, called the span s. This objective function
can be computed using the recurrence relations from Theorem 5.3.

minimize
β

eT2

AsEXk +

s−1∑
j=0

Ajb

 (5.10)

Figure 5.9a shows the evolution of the β values when solving this optimization problem recursively,
using equation (5.8) for the initialization, for di�erent span values s and for the speci�c system n = 10
and ρ̃ = 10 (which corresponds to a replacement probability of p̃r = 1

11 ). The resulting β values are
smaller when the span s is larger but the decreasing rate is almost similar for the four considered spans.
Figure 5.9b on the right shows the corresponding theoretical expected means squared error achieved by
the obtained β decreasing values for each s. The �gure shows that the greediest methods (with the
smaller span s) does not perform the best on long term. And the solution of the problem with larger
spans, such as s = 200, seems to achieve a better expected mean squared error on long term, but not for
the �rst events where the expected mean squared error decreases a bit slower.
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Figure 5.9: Evolution of the β value obtained recursively as solution of equation (5.10) (initialized using
equation (5.8)) with di�erent span values s for a speci�c system (n = 10, ρ̃ = 10) (on the left) and
evolution of the resulting theoretical expected mean squared error (on the right).

Implementing the result as it is, requires the agents to have access to the number of events that have
already occurred in the system. But a similar decrease of β can be achieved if the agents have an intern

time clock and know the global rate of the events in the system which is given by λ̃G = n
(
λc + λ̃r

)
.

Indeed, it allows converting the time into an expected number of events since λ̃G corresponds to the
expected number of events that occurs per seconds.

For the system in Figure 5.9 (n = 10 and ρ̃ = 10), the β solutions for s = 200 have been �tted with the
following function (that depends on the index of the current event k):

β(k) =
0.06

1 +
(
k

121

)1.02 .
A similar decrease of β with time can be expressed as:

β(t) =
0.06

1 +
(
tλ̃G

121

)1.02 . (5.11)

This decrease of β with time has been tested on simulations of the system and Figure 5.10 shows that
the result are very good. The expected mean squared error �ts the empirical lower bound almost all the
time. It achieves a slightly di�erent trade-o� between the expected variance and squared bias since its
expected variance is slightly lower than the one of the best ideal algorithm and its expected squared bias
is slightly greater than the one of the best ideal algorithm (which is not really visible on the �gure due
to the scale). With a well-tuned decreasing β, the gossip averaging with di�erence tracking de�nitively
and largely beats the classical averaging gossip algorithm. In this situation, the algorithm is as good as
the symmetric push-sum algorithm (in red) presented in Chapter 4 (simulated under Assumption 5.1), in
terms of the expected mean squared error. It achieves an expected variance that decreases very quickly
below the one of the symmetric push-sum but its expected squared bias decreases slightly slower in the
beginning and remains slightly above. This may bene�t to one or the other of the algorithms depending
on the system con�guration that is considered.

This way of tuning the decreasing values of β requires a di�erent tuning for each system con�guration.
Solving the tuning problem for many di�erent system con�gurations (n and ρ̃) should allow interpolating
the di�erent decreases of β obtained in order to deduce an expression of the same form than (5.11) but
with coe�cients depending on n and ρ̃ (or p̃r). One could expect a time-decrease of the β that is more
rapid for smaller rate ratio ρ̃, since there are less communications between each replacement. This has
not been done during this master thesis and may be a good idea to explore for the future. Therefore, the
performance analysis of Section 5.5 only considers the algorithm with a �xed β, as tuned in the previous
subsection.
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Figure 5.10: Time evolution of the expected performance of the gossip averaging with di�erence tracking
(with decreasing β) for an open multi-agent system with n = 10, ρ̃ = λc

λ̃r
= 10 (with nλc = 10). Perfor-

mance of the classical gossip averaging algorithm, the symmetric push-sum algorithm and the best ideal
algorithm (that provides a lower bound on the mean squared error) are also shown in comparison (also
under Assumption 5.1). Expectations have been computed empirically with 1000 realization simulations.

5.4 Relaxation of Assumption 5.1 (arrival with communication)

Without Assumption 5.1, the new agents are not guaranteed to communicate with an agent in the system
directly after their arrival. The initial pretending value xi and the corresponding di�erence δi of a new
agent i should therefore wait for the �rst communication of agent i in order to be correctly set up. The
algorithm can be written as (omitting the time dependence notation for x and δ):

Gossip averaging with di�erence tracking (without Assumption 5.1)

Initialization for any agent i ∈ N (0): xi(0) = zi and δi(0) = 0, setting parameter β ∈ [0, 1].

Replacement (at time t) of agent l ∈ N (t−) by agent i

N (t) = N (t−) \ {l} Departure of agent l,

xi(0) = zi

δi(0) = 0

N (t+) = N (t) ∪ {i} Arrival of agent i.

Before the �rst communication of a new agent i ∈ N (t) with an (old) agent j ∈ N (t):

δi = xi − xj Di�erence with its true xi,

xi = xj Initial pretending x value of agent i,

The new agent i and the other agent j perform a communication together (see below).

Communication between agents i ∈ N (t) and j ∈ N (t):

x+i =x+j =
xi + xj

2
+ β

(
δi + δj

2

)
δ+i =δ+j =

δi + δj
2

(1− β)

It is very similar to the algorithm under Assumption 5.1 described at the beginning of the chapter,
but the true initialization of the xi and δi of a new agent i is not done before its �rst communication
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with another agent of the system. It is kind of like the agent does not enter the system until its �rst
communication.

But what should an agent do if its �rst communication occurs with another recent agent that has also
not yet communicated? This problem is similar that the one encountered in Section 4.5, where agents
maintain an estimate of the total number of agents that have ever been in the system (Ntot). There
exists two principal ways of answering the latter question.

� Selecting one of the two communicating agents to pretend to have the x value of the other and
continuing the algorithm normally.

� Communicating agents do not pretend anything about their x values and perform a classical com-
munication that corresponds to average their x values (as for the gossip algorithm). These new
agents wait for the �rst communication with an old agent in order to pretend to have its x value.
An old agent is an agent that has already been fully initialized: either an agent from N (0), initially
present in the system, or an agent that has already communicated with an old agent.

As explained in Section 4.5, this type of communication that occurs between two new agents is quite
rare, except in small systems subject to frequent replacements. That is why the second solution is pre-
ferred in most of the cases. Indeed, the behavior of the �rst one is unknown and may impact badly
both the variance and the squared bias of the system. But this �rst solution keeps working even when
a restart occurs in the system (i.e. when all the agents are replaced, see De�nition 2.3). The second
solution is more suited when these communications are not too frequent (like it is mostly the case) but
badly react to a restart of the system since the agents will simply performing gossip interaction, waiting
for communication with an old agent, which does not exist anymore into the system. As suggested in
Section 4.5, a restart detection protocol should be bene�cial for this solution. For the following analyses,
the second solution has been implemented (without any restart detection). This is the solution we refer
to when we talk about the gossip averaging algorithm with di�erence tracking without Assumption 5.1.
The issues related to the restart of the system, which is rare in most situations, is ignored for the following.

Without this assumption of arrival with communication, the impact of the incorporation rate β on
the behavior of the algorithm remains quite similar. As shown in Figure 5.11a, too large value of β still
implies small improvements on the expected mean squared error. On the contrary, too small value of β,
like on Figure 5.11b, still implies that too little importance is attributed to new agents and consequently,
the expected mean squared error decreases further but more slowly. The algorithm waits for the total
number of agents that have ever been in the system (Ntot) to be adapted with the �xed importance the
algorithm attributes to new agents. The suited value of Ntot (that can be (very) large for small β) may
never be reached due to the chance of restart it exists in the system. Indeed, a restart imply recounting
the total number of agents that have ever been in the system from zero. Despite this di�erence due to
the little chance of restart in the system, the impact of the incorporation rate β remains quite similar
without Assumption 5.1.

Therefore, the tuning of β with a �xed value (see Section 5.3) still works in a similar way. The exact
value of βthresh (which is the threshold above which the convergence rate is nearly constant) is probably
not identical but approximating it with pr seems still working, as suggested in Figure 5.12a. Indeed, in
this �gure, the gossip averaging with di�erence tracking (in blue) converge as quickly as the classical gos-
sip (in black) but quite lower. Having a slightly incorrect threshold βthresh is not dramatic since in reality,
there is no true threshold and the transition is relatively smooth. The threshold βthresh = pr is probably
a bit too low. Since there are less communications, it requires a β slightly higher in order to incorporate
all the information of the new agents in the estimates of the agents in the system. Therefore, having
βthresh = pr can therefore impact the expected squared bias and make it slightly worse at the begin-
ning, especially when the rate ratio is low (which is not the case of the system simulated in Figure 5.12a).

Concerning the decreasing β tuning (see Section 5.3), it should also work well with the same decreasing
as under Assumption 5.1, except when a restart occurs. It is therefore not recommended for systems
where the restarts are relatively frequent ((very) small system with (very) low rate ratio). For the
system of size n = 10 and rate ratio ρ = 10 for which the decreasing weight has been designed in Section
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Figure 5.11: Impact of the incorporation rate β on the expected mean squared error of the gossip
averaging with di�erence tracking, without Assumption 5.1, for a system of size n = 10 and with rate
ratio ρ̃ = 10 (with nλc = 10). Expectations have been computed empirically with 5000 realization
simulations.

5.3 (under Assumption 5.1), Figure 5.12b shows that it performs very well and �t almost directly the
empirical lower bound without the designing assumption.
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(a) Fixed β value: β = pr = 0.91
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Figure 5.12: Impact of the tuning solutions of the incorporation rate β (from Section 5.3) on the expected
mean squared error of the gossip averaging with di�erence tracking, without Assumption 5.1 for a system
of size n = 10 and with rate ratio ρ̃ = 10 (with nλc = 10). Expectations have been computed empirically
with 5000 realization simulations.
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5.5 Performance analysis

This section analyzes the performance of the gossip averaging algorithm with di�erence tracking, using
a �xed incorporation rate β = pr (as tuned in Section 5.3). In order to have results comparable to
previous chapters, most of the analysis focuses on the case where Assumption 5.1 is relaxed. Even if the
theoretical description of the algorithm has been developed under this assumption, previous section has
shown that the behavior of the algorithm and the impact of the incorporation rate β is quite similar is
most of the cases. This section presents quickly the time evolution of the expected performance of the
algorithm and shows the advantage of converging rapidly to a steady state situation (in expectation).
Thereafter, the expected men squared error of the algorithm after 500 seconds is compared to the other
algorithms for a variety of di�erent systems in order to have a good vision of the nearly �nal performance
of the algorithm in comparison to others.

5.5.1 Time evolution of the expected performance

In reason of the tuning of a �xed β that has been done in Section 5.3, the expected performance of the
algorithm converges almost as quickly as the gossip averaging algorithm (corresponding to β = 1) in any
situation. Figure 5.13 illustrates this with and without the assumption of arrival with communication.
That is advantageous for the algorithm to quickly decrease its expected mean squared error below the
one of the classical gossip, even if it does not reach the empirical lower bound. The symmetric push-
sum algorithm (from Chapter 4) that reaches the empirical lower bound in most cases, can sometimes
converge slowly to it and can perform not directly in an optimal way. This is the case in Figure 5.13, and
the gossip with di�erence tracking achieves a better expected mean squared error than the symmetric
push-sum during the �rst 75 seconds. This observation is valid with or without the Assumption 5.1 (see
respectively Figures 5.13a and 5.13b). This shows that both algorithms complement each other, even
if there are still situations where the push-sum algorithm directly �ts the empirical lower bound (see
Chapter 4).

0 50 100 150 200 250 300
10-3

10-2

10-1

100

(a) Under Assumption 5.1 (arrival with communication)

0 50 100 150 200 250 300
10-2

10-1

100

(b) Without Assumption 5.1

Figure 5.13: Time evolution of the expected mean squared error of the gossip averaging with di�erence
tracking (using �xed β = pr = p̃r) with and without Assumption 5.1 for a system with n = 50 and
ρ = 5 (or ρ̃ = 5 for the �gure on the left) with nλc = 10. Performance of the classical gossip averaging
algorithm, the symmetric push-sum algorithm and the best ideal algorithm (that provides a lower bound
on the mean squared error) are also shown in comparison. Expectations have been computed empirically
with 1000 realization simulations.

5.5.2 Expected performance after 500 seconds

Figure 5.14 shows the performance (the excepted mean squared error) achieved by the gossip averaging
algorithm with di�erence tracking (without Assumption 5.1 and with β = pr) after 500 seconds for dif-
ferent system con�gurations. This performance is compared to the one of the gossip averaging algorithm
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(from Chapter 3), the symmetric push-sum algorithm (from Chapter 4) and the best ideal algorithm
(from Chapter 2).
Actually it is the same �gure than Figure 4.9 with an additional algorithm (in blue): the gossip algorithm
with di�erence tracking that we have just described in Section 5.4. As a reminder, these �gures show the
impact of the system size n and the rate ratio ρ = λc

λr
on the expected mean squared error of the algo-

rithms after 500 seconds. The parameter scaling is done with constant nλc = 10, as explained in Section
1.3. Concretely, Figures 5.14a and 5.14b show the evolution with the rate ratio ρ = λc

λr
respectively for

a small and a large system (n = 15 and n = 75) and Figures 5.14c and 5.14d show the evolution with
the system size n respectively for a small and a large rate ratio (ρ = 4 and ρ = 50).

100 101 102
10-2

10-1

100

(a) Evolution with rate ratio ρ = λc
λr
, for n = 15.

100 101 102
10-2

10-1

100

(b) Evolution with rate ratio ρ = λc
λr
, for n = 75.

101 102
10-2

10-1

100

(c) Evolution with system size n, for ρ = λc
λr

= 4.

101 102
10-2

10-1

100

(d) Evolution with system size n, for ρ = λc
λr

= 50.

Figure 5.14: Comparison of the expected mean squared error after 500 seconds of the gossip averaging
algorithm with di�erence tracking (denoted Gossip with DT) (using β = pr and without Assumption
5.1) with the one of other algorithms (best ideal algorithm, classical gossip, symmetric push-sum) for
a variety of di�erent systems (with constant nλc = 10). Expectations have been computed empirically
with 1000 realization simulations. The theoretical expression of the steady state mean squared error of
the gossip algorithm (see equation (3.5)) is also plotted (dashed black line).

We observe that the gossip algorithm with di�erence tracking (in blue) achieves a better expected
mean squared error after 500 seconds than the classical gossip algorithm in any cases (or equal in some
extreme cases). Of course, since the algorithm (with �xed β = pr) mainly improve the expected variance,
it gets closer to the empirical lower bound for system con�gurations where the expected variance has a
great impact on the expected mean squared error of the algorithms. This is the case for large systems
(i.e with large n) that have generally a small expected squared bias (such as in Figure 5.14b) or for
systems with low rate ratio ρ for which the expected variance is generally large (such as in Figure 5.14c).
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Moreover, the algorithm beats the symmetric push-sum algorithm (in red) in the only situations where
it does not perform perfectly: when the symmetric push-sum algorithm decreases the expected variance
slowly (for large rate ratio ρ) and when this expected variance impact the expected mean squared error
(for large system size n) (see Chapter 4 for details). This can be observed in Figures 5.14b and 5.14d
This suggests that the combination of both algorithms (presented in Chapter 6), if it succeeds to bene�t
from the best of each algorithm, could perform very well and be almost as good as the empirical lower
bound in any situation.

Conclusion about the gossip averaging algorithm with di�erence tracking

This chapter has presented a new gossip-based algorithm to solve the external averaging problem as
stated in Section 1.1.1. The algorithm applies the idea of di�erence tracking to the gossip averaging
algorithm in order to allow new agents to incorporate progressively their own information about µ into
the estimates of the agents in the system and hence to reduce the expected variance due to repeated
arrivals. The di�erence tracking idea, in brief, is that new agents pretend to have a x value of another
agent in the system when they arrive and keep track of the di�erence δ with their true value that will
be spread out and incorporated into the system progressively.

To study the algorithm theoretically, we have considered the assumption of arrival with direct com-
munication. This assumption can be relaxed in practice, even if it implies troubles related to possible
restart of the system. Theoretical results have allowed generalizing observations: the incorporation rate
β impacts the steady state expected variance almost linearly (the less quickly the new information is
incorporated into the system, the less variance it has (in expectation)). When the incorporation rate
is to small (in comparison with the rate ratio), some agents leaves the system with nonzero di�erence,
meaning that some information is lost. For these small values of β the importance attributed to new
agents is impacted and therefore the steady state expected squared bias of the algorithm is modi�ed (in
comparison with the gossip averaging algorithm). This also implies slower convergence of the algorithm
toward its expected performance and a partially poor expected squared bias in a �rst time. Understand-
ing the impact of the incorporation rate β have allowed to tune it consistently.

A �xed value of β implies choosing a compromise between the quality of the convergence speed and
the quality of the steady state expected performance. Having a decreasing value of β with time allows not
compromising either. It corresponds to giving a decreasing importance to new agents that arrives into
the system (in the same idea as for the symmetric push-sum from Chapter 4) and therefore it improves
signi�cantly the expected squared bias of the gossip averaging algorithm. Further works is required
in order to deduce a general decreasing expression of β. A well-tuned �xed β still allows improving
the expected mean squared error of the gossip averaging algorithm (mainly by decreasing its expected
variance) without compromising about the convergence rate toward the expected performance. It does
not often reach the empirical lower bound for the expected mean squared error, but it does so in the only
situations where the symmetric push-sum does not. In this regard, both algorithms complement each
other and it seems natural to try combining them. That is the subject of the next chapter (Chapter 6).
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5.A Appendix for the proof of Lemma 5.1

Proof of Lemma 5.1. For the following developments, the + in the exponent indicates the values after
the communication (and just before it without the + exponent). We can compute EX+ by decomposing
the expectation in two: the expectation over all possible sequences of events ε until this communication
that allows knowing the x and δ values of all agents just before the communication have occur; and
the expectation over the two agents i, j selected for the communication (denoted Ei,j). We have that
EX+ = Eε[Ei,j [X+ | x, δ]]. To compute this expectation for each descriptor, we use the fact that both
communicating agents are selected uniformly randomly and independently among the agents of the
system and then

Ei,j
[
x2i | x, δ

]
= Ei,j

[
x2j | x, δ

]
= x2, Ei,j [xixj | x, δ] = Ei,j [xix | x, δ] = Ei,j [xjx | x, δ] = x2,

Ei,j
[
δ2i | x, δ

]
= Ei,j

[
δ2j | x, δ

]
= δ2, Ei,j [δiδj | x, δ] = Ei,j

[
δiδ | x, δ

]
= Ei,j

[
δjδ | x, δ

]
= δ

2
,

Ei,j [δix | x, δ] = Ei,j [δjx | x, δ] = δx, Ei,j [δixi | x, δ] = Ei,j [δjxj | x, δ] = δx,

Ei,j
[
δxi | x, δ

]
= Ei,j

[
δxj | x, δ

]
= δx.

Using these relations, and the communication scheme de�nition for the algorithm (equations (5.3) and
(5.4)), we can compute the expectation for each descriptor. For E

[
(x2)+

]
, we have

(
x2
)+

=

(
1

n

∑
k∈N

x+k

)2

=

(
1

n

∑
k∈N

xk − xi − xj + x+i + x+j

)2

=

(
x+

β

n
(δi + δj)

)2

= x2 +
β2

n2
(
δ2i + δ2j + 2δiδj

)
+ 2

β

n
x(δi + δj),

Ei,j
[
(x2)+ | x, δ

]
= x2 +

β2

n2

(
2δ2 + 2δ

2
)

+ 4
β

n
δx.

Taking Eε of the last equation gives the �rst line of matrix Ac.

For E
[
x2

+
]
, we have

x2
+

=
1

n

∑
k∈N

(
x+k
)2

= x2 +
1

n

(
2

(
xi + xj

2
+ β

(
δi + δj

2

))2

− x2i − x2j

)

= x2 +
1

n

(
x2i
2

+
x2j
2

+
β2δ2i

2
+
β2δ2j

2
+ xixj + βxiδi + βxiδj + βxjδi + βxjδj + β2δiδj − x2i − x2j

)
,

Ei,j
[
x2

+
| x, δ

]
=

1

n
x2 +

(
1− 1

n

)
x2 +

β2

n
δ
2

+
β2

n
δ2 +

2β

n
δx+

2β

n
δx.

Taking Eε of the last equation gives the second line of matrix Ac.

For E
[
(δ

2
)+
]
, we have

(
δ
2
)+

=

(
1

n

∑
k∈N

δ+k

)2

=

(
δ +

(1− β)

n
(δi + δj)−

1

n
(δi + δj)

)2

=

(
δ − β

n
(δi + δj)

)2

= δ
2

+
β2

n2
(
δ2i + δ2j + 2δiδj

)
− 2β

n
δ(δi + δj),

Ei,j
[
(x2)+ | x, δ

]
=

(
1 +

2β2

n2
− 4β

n

)
δ
2

+
2β2

n2
δ2.

Taking Eε of the last equation gives the third line of matrix Ac.
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For E
[
δ2

+
]
, we have

δ2
+

=
1

n

∑
k∈N

(
δ+k
)2

= δ2 +
1

n

(
2

(
(1− β)

(
δi + δj

2

))2

− δ2i − δ2j

)

= δ2 +
1

n

(
(1− β)2

(
δ2i
2

+
δ2j
2

+ δiδj

)
− δ2i − δ2j

)
,

Ei,j
[
x2

+
| x, δ

]
=

(1− β)
2

n
δ
2

+

(
1 +

(1− β2)− 2

n

)
δ2.

Taking Eε of the last equation gives the fourth line of matrix Ac.

For E
[
δx
]
, we have

δ
+
x+ =

(
1

n

∑
k∈N

δ+k

)(
1

n

∑
k∈N

x+k

)
=

(
δ − β

n
(δi + δj)

)(
x+

β

n
(δi + δj)

)
= δx+

β

n

(
δδi + δδj

)
− β

n
(xδi + xδj)−

β2

n2
(
δ2i + δ2j + δiδj

)
,

Ei,j
[
x2

+
| x, δ

]
=

(
2β

n
− β2

n2

)
δ
2 − 2β2

n2
δ2 + (1− 2β

n
)δx.

Taking Eε of the last equation gives the �fth line of matrix Ac.

For E
[
δx
]
, we have

δx
+

=
1

n

∑
k∈N

δ+k x
+
i = δx+

1

n

(
2

(
δi + δj

2
(1− β)

)(
xi + xj

2
+ β

δi + δj
2

)
− δixi − δjxj

)
= δx+

(1− β)

2n
(δixi + δixj + δjxi + δjxj) +

(1− β)β

2n

(
δ2i + δ2j + 2δiδj

)
− 1

n
δixi −

1

n
δjxj ,

Ei,j
[
x2

+
| x, δ

]
=

(1− β)β

n
δ
2

+
(1− β)β

n
δ2 +

1− β
n

xδ +

(
1 +
−β − 1

n

)
δx.

Taking Eε of the last equation gives the sixth line of matrix Ac.
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5.B Appendix for the proof of Lemma 5.2

Proof of Lemma 5.2. The e�ect of a replacement can be decomposed into the e�ect of departure of one
random agent from the system that changes its size from n to n−1 momentarily and the e�ect of arrival
of a new agent into the system (initialized according to (5.1) and (5.2)) that directly communicates with
one of the n− 1 remaining agents and restores the system size to n. Let us �rst analyze the evolution of
the descriptors with the departure of a randomly uniformly selected agent from the system.

Departure For the following developments, the + in the exponent indicates the values after the depar-
ture (and just before it without the + exponent). We can compute EX+ by decomposing the expectation
in two: the expectation over all possible sequences of events ε until this departure that allows knowing
the x and δ values of all agents just before the departure have occurred; and the expectation over the
agent i selected for leaving (denoted Ei). We have that EX+ = Eε[Ei[X+ | x, δ]]. Using the fact that
the leaving agent i is selected independently and randomly uniformly selected among the agents of the
system, we have that

Ei
[
x2i | x, δ

]
= x2, Ei[xix | x, δ] = x2, Ei

[
δ2i | x, δ

]
= δ2, Ei

[
δiδ | x, δ

]
= δ

2
,

Ei[δix | x, δ] = Ei
[
δxi | x, δ

]
= δx, Ei[δixi | x, δ] = δx.

These relations are used to compute the evolution of each descriptor with a departure.
For E

[
(x2)+

]
, we have(

x2
)+

=

(
1

n− 1

(∑
k∈N

xk − xi

))2

=
1

(n− 1)
2

(
n2x2 + x2i − 2nxxi

)
,

E
[(
x2
)+ | x, δ] =

n2 − 2n

(n− 1)2
x2 +

1

(n− 1)2
x2.

Taking Eε of the last equation gives the �rst line of matrix Ad.

For E
[
x2

+
]
, we have

x2
+

=
1

n− 1

(∑
k∈N

x2k − x2i

)
=

1

(n− 1)

(
nx2 − x2i

)
and E

[
x2

+
| x, δ

]
= x2.

Taking Eε of the last equation gives the second line of matrix Ad.

For E
[
(δ

2
)+
]
, we have(

δ
2
)+

=

(
1

n− 1

(∑
k∈N

δk − δi

))2

=
1

(n− 1)
2

(
n2δ

2
+ δ2i − 2nδδi

)
,

E
[(
δ
2
)+
| x, δ

]
=
n2 − 2n

(n− 1)2
δ
2

+
1

(n− 1)2
δ2.

Taking Eε of the last equation gives the third line of matrix Ad.

For E
[
δ2

+
]
, we have

δ2
+

=
1

n− 1

(∑
k∈N

δ2k − δ2i

)
=

1

(n− 1)

(
nδ2 − δ2i

)
and E

[
δ2

+
| x, δ

]
= δ2.

Taking Eε of the last equation gives the fourth line of matrix Ad.

For E
[
δ
+
x+
]
, we have

δ
+
x+ =

(
1

n− 1

(∑
k∈N

δk − δi

))(
1

n− 1

(∑
k∈N

xk − xi

))
=

1

(n− 1)
2 (nδ − δi)(nx− xi),

=
1

(n− 1)2
(
n2δx− n

(
δxi + δix

)
+ δixi

)
E
[
δ
+
x+ | x, δ

]
=
n2 − 2n

(n− 1)2
δx+

1

(n− 1)2
δx.
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Taking Eε of the last equation gives the �fth line of matrix Ad.

For E
[
δx

+
]
, we have

δx
+

=
1

n− 1

(∑
k∈N

δkxk − δixi

)
=

1

(n− 1)

(
nδx− δixi

)
and E

[
δx

+ | x, δ
]

= δx.

Taking Eε of the last equation gives the sixth line of matrix Ad.
After this departure, we have that E[X+] = AdE[X]. For a replacement, the departure of an agent is
followed by the arrival of a new agent that directly communicates.

Arrival with communication Let us analyze the evolution of the descriptors E[X] with the arrival
of a new agent that directly communicate with a randomly uniformly selected agent from the system. A
departure is supposed to precedes this arrival and therefore the size of the system just before the arrival
is n−1. For the following developments, the + in the exponent indicates the values just after the arrival
with communication (and just before it without the + exponent). We can compute EX+ (i.e. EX after
the arrival with communication) by decomposing the expectation in two: the expectation over everything
that happened before this arrival (denoted Eε) (including the sequence of events and the departure that
precedes this arrival) that allows knowing the x and δ values of all agents just before the arrival occurs;
and the expectation over the information related to this arrival with communication (denoted Earr): the
measurement zi of the incoming agent i and the agent j selected to communicate with the new agent i.
We have that EX+ = Eε[Earr[X

+ | x, δ]].
Combining initialization of the new agent from equations (5.1) and (5.2) with the communications equa-
tion of the algorithm ((5.3) and (5.4)), the value of xi and xj after the arrival with communication are
de�ned as:

x+i = x+j =
xi(0) + xj

2
+ β

(
δi(0) + δj

2

)
= xj + β

(
zi − xj + δj

2

)
(5.12)

δ+i = δ+j =
δi(0) + δj

2
(1− β) =

zi − xj + δj
2

(1− β). (5.13)

Let us analyze the evolution of each descriptor separately. This analysis, in addition of using of the
de�nition of the new x and δ values given by these two equations ((5.12) and (5.13)), also uses the fact
that the measurement zi of the new agent i is independently drawn from a distribution of mean µ = 0
and variance σ2 and that the communicating agent j is independently and randomly uniformly selected
among the agents of the system. It implies that

Earr

[
x2j | x, δ

]
= x2, Earr[xjx | x, δ] = x2, Earr

[
δ2j | x, δ

]
= δ2, Earr

[
δjδ | x, δ

]
= δ2,

Earr[δjx | x, δ] = Earr

[
δxj | x, δ

]
= δx, Earr[δjxj | x, δ] = δx Earr

[
z2i | x, δ

]
= σ2 Earr[zi | x, δ] = 0.

Let us remember that the size of the system before this arrival is n− 1. For E
[
(x2)+

]
, we have

(
x2
)+

=

(
1

n

(∑
k∈N

xk + x+i + x+j − xj

))2

=
1

n2
((n− 1)x+ (1− β)xj + βδj + βzi)

2

=
1

n2

[
(n− 1)2x2 + (1− β)2x2j + β2δ2j + β2z2i + 2(n− 1)(1− β)xxj + 2(n− 1)βxδj+

+ 2(n− 1)βxzi + 2β(1− β)δjxj + 2β(1− β)xjzi + 2β2δjzi

]
,

E
[(
x2
)+ | x, δ] =

(n− 1)2 + 2(n− 1)(1− β)

n2
x2 +

(1− β)2

n2
x2 +

β2

n2
δ2 +

2(n− 1)β

n2
xδ +

2β(1− β)

n2
δx+

β2

n2
σ2.

Taking Eε of the last equation gives the �rst line of matrix Aa and vector ba.
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For E
[
x2

+
]
, we have

x2
+

=
1

n

(∑
k∈N

x2k + (x+i )2 + (x+j )2 − x2j

)
=

1

n

(
(n− 1)x2 + 2

(
xj + β

(
zi − xj + δj

2

))2

− x2j

)

=
1

n

(
(n− 1)x2 +

β2

2
(zi − xj + δj)

2
+ 2βxj(zi − xj + δj) + x2j

)
,

E
[
x2

+
| x, δ

]
=

(n− 1) + β2

2 − 2β + 1

n
x2 +

β2

2n
δ2 +

−β2 + 2β

n
δx+

β2

2n
σ2

Taking Eε of the last equation gives the second line of matrix Aa and vector ba.

For E
[
(δ

2
)+
]
, we have(

δ
2
)+

=

(
1

n

(∑
k∈N

δk + δ+i + δ+j − δj

))2

=
1

n2
(
(n− 1)δ + (zi − xj)(1− β) + βδj

)2
=

1

n2

[
(n− 1)2δ

2
+ (1− β)2(zi − xj)2 + β2δ2j + 2(n− 1)(1− β)(zi − xj)δ+

+ 2(n− 1)βδδj + 2(1− β)β(zi − xj)δj
]
,

E
[(
δ
2
)+
| x, δ

]
=

(1− β)2)

n2
x2 +

(n− 1)2 − 2(n− 1)β

n2
δ
2

+
β2

n2
δ2 − 2(n− 1)(1− β)

n2
xδ +

2(1− β)β

n2
δx+

(1− β)2

n2
σ2.

Taking Eε of the last equation gives the third line of matrix Aa and vector ba.

For E
[
δ2

+
]
, we have

δ2
+

=
1

n

(∑
k∈N

δ2k + (δ+i )2 + (δ+j )2 − δ2j

)
=

1

n

(
(n− 1)δ2 + 2(

zi − xj + δj
2

)2 − δ2j
)

=
1

n

(
(n− 1)δ2 +

(1− β)2

2

(
z2i + x2j + δ2j − 2zixj − 2ziδj + 2δjxj

)
− δ2j

)
,

E
[
δ2

+
| x, δ

]
=

(1− β)2

2n
x2 +

(n− 1) + (1−β)2
2 − 1

n
δ2 +

(1− β)2

n
δx+

(1− β)2

2n
σ2

Taking Eε of the last equation gives the fourth line of matrix Aa and vector ba.

For E
[
δ
+
x+
]
, we have

δ
+
x+ =

(
1

n

(∑
k∈N

xk + x+i + x+j − xj

))(
1

n

(∑
k∈N

δk + δ+i + δ+j − δj

))

=
1

n2
((n− 1)x+ xj + β(zi − xj + δj))

(
(n− 1)δ + (zi − xj + δj)(1− β)− δj

)
=

1

n2
((n− 1)x+ (1− β)xj + β(zi + δj))

(
(n− 1)δ + (zi − xj)(1− β)− βδj

)
=

1

n2

[
(n− 1)2xδ − β(n− 1)xδj + (n− 1)(1− β)(zi − xj)x+ (n− 1)(1− β)δxj − (1− β)βδjxj+

+ (1− β)2(zi − xj)xj + (n− 1)βδ(zi + δj)− β2(zi + δj)δj + (1− β)β(zi + δj)(zi − xj)
]
,

E
[
δ
+
x+ | x, δ

]
= − (n− 1)(1− β)

n2
x2 − (1− β)2

n2
x2 +

(n− 1)β

n2
δ
2 − β2

n2
δ2

+
(n− 1)(n− 2β)

n2
xδ − 2(1− β)β

n2
δx+

(1− β)β

n2
σ2.
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Taking Eε of the last equation gives the �fth line of matrix Aa and vector ba.

For E
[
δx

+
]
, we have

δx
+

=
1

n

(∑
k∈N

δkxk + δ+i x
+
i + δ+j x

+
j − δjxj

)

=
1

n

(
(n− 1)δx+ 2

(
xj + β

(
zi − xj + δj

2

))(
(1− β)

(
zi − xj + δj

2

))
− δjxj

)
=

1

n

(
(n− 1)δx+ (1− β)xj(zi − xj + δj) +

β(1− β)

2
(zi − xj + δj)

2 − δjxj
)

E
[
δx

+ | x, δ
]

=
−(1− β) + β(1−β)

2

n
x2 +

β(1− β)

2n
δ2 +

(n− 1) + (1− β)2 − 1

n
δx+

β(1− β)

2n
σ2

Taking Eε of the last equation gives the sixth line of matrix Aa and vector ba.
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Chapter 6

Symmetric Push-Sum algorithm with

di�erence tracking

In order to contextualize this chapter, let us brie�y summarized the main results of Chapters 3, 4 and
5. Chapter 3 presents the well-known gossip averaging algorithm and the two mains issues it has for
solving the external averaging problem (see the problem statement in Section 1.1.1). The �rst issue is
related to the expected squared bias and is due to the fact that new agents have too much importance
when they arrive in the system. Chapter 4 presents an algorithm (the symmetric push-sum) that aims
to solve this issue by giving a decreasing weight to new incoming agents. It also partially solves the
second issue of the gossip algorithm which is related to the expected variance. Chapter 5 presents the
idea of di�erence tracking applied to the gossip algorithm for reducing quickly the expected variance of
the system. It is possible to combine these two algorithms into one in order to solve rapidly both issues
of the gossip averaging algorithm in the same time and to get an expected mean squared error very close
to the empirical lower bound. This symmetric push-sum with di�erence tracking is presented in the �rst
section of chapter. Thereafter, its performance is analyzed using simulation results in order to show how
much the combination of both algorithms is successful.

6.1 Algorithm description

In order to apply the di�erence tracking idea on the symmetric push-sum algorithm (from Chapter 4),
it requires each agent to have two additional di�erence variables: one related to the x variable (called δ,
as in previous chapter) and another related to the w variable (called δw). When a new agent i arrives
into the system and �rst communicates with another (old) agent j, it pretends to have both its xj value
and its weight wj in order to obtain the same estimate yi = yj =

xj
wj
. Using the same initial weights as

for the symmetric push-sum from Chapter 4, the algorithm can be described as follows (omitting time
dependence notation for x, w, δ and δw):

Initialization for any agent i ∈ N (0): xi(0) = zi, wi(0) = 1, δw,i = 0, and δi(0) = 0,

setting parameter β ∈ [0, 1].

Replacement (at time t) of agent l ∈ N (t−) by agent i . It is the kth replacement in the system:

N (t) = N (t−) \ {l} Departure of agent l,

wi(0) =

(
n− 1

n

)k
, δw,i(0) = 0 Initial weight of agent i

xi(0) = wizi, δi(0) = 0 Initial x value of agent i,

N (t+) = N (t) ∪ {i} Arrival of agent i.
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Before the �rst communication of a new agent i ∈ N (t) with an (old) agent j ∈ N (t)

δi = xi − xj Di�erence with its true measurement,

xi = xj Initial pretending x value of agent i,

δw,i = wi − wj Di�erence with its true weight,

wi = wj Initial pretending weight of agent i,

The new agent i and the other agent j perform a communication together (see below).

Communication between agents i ∈ N (t) and j ∈ N (t):

x+i =x+j =
xi + xj

2
+ β

(
δi + δj

2

)
(6.1)

δ+i =δ+j =
δi + δj

2
(1− β) (6.2)

w+
i =w+

j =
wi + wj

2
+ β

(
δw,i + δw,j

2

)
(6.3)

δ+w,i =δ+w,j =
δw,i + δw,j

2
(1− β) (6.4)

Equation (6.1) averages the x values of both communicating agents and adds a part (β) of their
di�erence variable δ. Equation (6.2) averages the remaining di�erences of both communicating
agents in order that the di�erence δ of each agent spreads through the system during future
interactions. The weights w and their related di�erence δw are updated similarly (see equations
(6.3) and (6.4)).

This algorithm works either under the assumption of arrival with direct communication (see Assumption
5.1) or without this assumption to be more general. Without this assumption, the same remarks as in
Section 5.4 can be made and the agents wait for their �rst communication with an old agent to pretend
having di�erent x and w values and truly initialize their di�erence variables. If two new agents are
communicating with each other before meeting any old agent, they perform a communication without
pretending anything about their x or w (i.e. δ = δw = 0). To be clear, let us recall from Section
5.4 that an old agent is an agent that has already been fully initialized: either an agent from N (0),
initially present in the system, or an agent that has already communicated with an old agent. Relaxing
Assumption 5.1 allows the system to have a chance (often little) to restart (i.e. when all the agents are
replaced without communicating their information to the new ones, see De�nition 2.3). When it happens,
if no restart detection protocol is set up, the agents will simply perform an algorithm equivalent to the
symmetric push-sum, without any di�erence tracking. Restart detection protocol has not been studied
in this master thesis and could consist in a future work. Fortunately, it is quite unlikely to happen in
most system con�guration, unless waiting very long time.

The incorporation rate β corresponds to the part of the di�erence variables that is incorporated
into the x and w variables at each communication. The value of β is identical for all agents and �xed at
the initialization. The same incorporation rate is used for δ and δw in order to avoid having the x or the
w values that is evolving more quickly than the other and to ensure keeping consistent estimates. More
experiments could be conduct about this.

For this algorithm, the importance of each new agent is properly decided by its initial weight and
should not be modi�ed through the di�erence tracking. On the contrary of the gossip with di�erence
tracking, it is therefore important that the information of a new agent (its x and w) is entirely (or in
major part) incorporated into the system in order to only impact the expected variance of the symmetric
push-sum algorithm, without modifying its expected squared bias (which seems already almost perfect).
That is why, the �xed value of β = pr obtained in Section 5.3 based on threshold above which the
convergence rate is nearly constant should be increased to ensure that the expected squared bias is
(almost) not modi�ed at all. Within this constraint, the value of β still needs to be the lowest possible
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in order to decrease the expected variance the most possible. The consistent choice we have made is

β = 2pr =
2

1 + ρ
.

We have well that β ∈ [0, 1] for pr ∈ [0, 12 ] (which we suppose, since having pr >
1
2 (or ρ < 1) corresponds

to situations where the replacements are so frequent that it does not really make sense (see Section
1.1.4)). The factor 2 is a kind of security factor and is a bit arbitrary. More elaborated analyses could
conduct to another tuning of the β. The important is that it seems working very well in many cases, as
illustrated in the following section.

Implementing this algorithm requires the agents to know (or to estimate) the size n of the system
and their rank of arrival in the system in order to initialize correctly their own weight, and the value
of ρ (or equivalently pr) in order to set up correctly the value of the incorporation rate β. As detailed
in Section 4.5, the agents can estimate their rank of arrival e�ciently by knowing the rate ratio ρ (or
equivalently pr) and the system size. This estimation protocol may still fail if a restart of the system
occurs.

6.2 Performance analysis

This section analyzes the performance of the symmetric push-sum algorithm with di�erence tracking,
in comparison with other algorithms described in previous chapters, including the symmetric push-sum
(from Chapter 4) which already achieves very good performance in many situations (i.e. close to the
empirical lower bound on the expected MSE). To be able to compare the results with those of the pre-
vious chapters, the performance results are presented without Assumption 5.1 about the arrival with
communication and the problem solved by the algorithm is therefore exactly the one described in the
problem statement (see Section 1.1.1).

We will see that the symmetric push-sum algorithm with di�erence tracking successfully and rapidly
solves both issues of the gossip algorithm (related to the expected variance and the expected squared
bias). Therefore, it has an expected mean squared error better (or equal) than any other algorithm
we have analyzed and that gets rapidly very close to the empirical lower bound in any situation. To
show this, the section �rst analyzes the time evolution of the expected performance of the algorithm (in
comparison with the others) and thereafter, it presents its expected mean squared error after 500 seconds
for a variety of di�erent system con�gurations (n and ρ).

6.2.1 Time evolution of the expected performance

Figure 6.1 and 6.2 show the evolution of the performance of the algorithm for the same four di�erent
system con�gurations we used for the analysis of the symmetric push-sum algorithm in Section 4.3.
Figure 6.1 shows the expected squared bias and expected variance and Figure 6.2 shows the expected
mean squared error. As expected, the symmetric push-sum with di�erence tracking (in orange) achieves
an expected squared bias which is as good as the one of the symmetric push-sum (in red) in all these
situations (see Figure 6.1). It means that the di�erence tracking does not imply a real loss of information
in expectation, but it still improves the expected variance of the symmetric push-sum algorithm. Indeed,
in Figure 6.1, the expected variance of the symmetric push-sum with di�erence tracking decreases quickly
toward the one of the best ideal algorithm, which is not always the case of the symmetric push-sum, as
shown in Figures 6.1b, 6.1c and 6.1d.

It results in an improvement of the expected mean squared error of the symmetric push-sum error
in these situations if it is signi�cantly impacted by the expected variance (such as in Figures 6.2b and
6.2d). In other cases (Figures 6.2a and 6.2c), the symmetric push-sum algorithm already �ts the empiri-
cal lower bound. In conclusion, the di�erence tracking allows the symmetric push-sum to �t the expected
mean squared error lower bound more rapidly, without compromising about its steady state performance.
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It remains a tiny improvement margin for the algorithm in the situations where the expected variance
does not �t directly the one of the best ideal algorithm. This is visible when the system is large and has
a great rate ratio (such as in Figures 6.2b and 6.2d or in their corresponding bias-variance decomposition
in Figures 6.1b and 6.1d). This is probably due, in part, to the variance decrease that is achieved at
each communication in the symmetric push-sum algorithm which is not totally optimal. The parameter
scaling nλc = 10 that is used may thus explain why it is more visible for large system since it ensures
that the global rate of communications events in the system remains identical, even if the system size
increases, which implies that the expected variance in the system decreases less rapidly (in time) due to
communication.
Moreover, in this algorithm, the arrival of a new agent also implies a decreasing of the expected vari-
ance: due to its pretending behavior but also to its smaller initial weights. Larger rate ratio ρ (with our
parameter scaling choice) implies having a smaller replacement rate, which lead to a slower decrease of
the variance due to arrival.

As shown in Figures 6.2b and 6.2d, the remaining possible improvement is very limited, but it exists.
Next section shows that after a quite long time (500 seconds), the expected mean squared error of the
algorithm �ts the empirical lower bound almost perfectly.
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0 50 100 150 200 250 300 350 400 450 500
10-3

10-2

10-1

100

(c) n = 10, ρ = 100

0 50 100 150 200 250 300 350 400 450 500
10-3

10-2

10-1

100

(d) n = 50, ρ = 100

Figure 6.1: Comparison between the expected squared bias (solid line) and the expected variance (dotted
line) time evolution of the symmetric push-sum algorithm with di�erence tracking (in orange), the
symmetric push-sum algorithm (in red), the gossip averaging algorithm (in black) and the best ideal
algorithm (in green) (that provides the empirical lower bound on E[MSE(t)]) for four di�erent system
con�gurations (n and ρ = λc

λr
) with scaling nλc = 10. Expectations have been computed empirically

with 5000 realization simulations.
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Figure 6.2: Comparison between the expected mean squared error time evolution (E[MSE(t)]) of the
symmetric push-sum algorithm with di�erence tracking (Sym. Push-Sum with DT), the symmetric
push-sum algorithm, the gossip averaging algorithm and the best ideal algorithm (that provides the
empirical lower bound on E[MSE(t)]) for four di�erent system con�gurations (n and ρ = λc

λr
) with

scaling nλc = 10. Expectations have been computed empirically with 5000 realization simulations.

6.2.2 Expected performance after 500 seconds

Figure 6.3 shows the performance (the excepted mean squared error) achieved by the symmetric push-
sum algorithm with di�erence tracking (without Assumption 5.1 and with β = 2pr) after 500 seconds
for di�erent system con�gurations. This performance is compared to the one of the gossip averaging
algorithm (from Chapter 3), the symmetric push-sum algorithm (from Chapter 4), the gossip averaging
with di�erence tracking (from Chapter 5 and the best ideal algorithm (from Chapter 2).
Actually it is the same �gure than Figure 5.14 with an additional algorithm (in orange): the symmetric
push-sum algorithm with di�erence tracking that we have just described in the previous section. As a
reminder, these �gures show the impact of the system size n and the rate ratio ρ = λc

λr
on the expected

mean squared error of the algorithms after 500 seconds. The parameter scaling is done with constant
nλc = 10, as explained in Section 1.3. Concretely, Figures 6.3a and 6.3b show the evolution with the
rate ratio ρ = λc

λr
respectively for a small and a large system (n = 15 and n = 75) and Figures 6.3c and

6.3d show the evolution with the system size n respectively for a small and a large rate ratio (ρ = 4 and
ρ = 50).

These �gures show that the symmetric push-sum algorithm with di�erence tracking (in orange) com-
bines the advantages of both the symmetric push-sum (in red) and the gossip averaging with di�erence
tracking (in blue) since its expected mean squared error after 500 is systematically equal to the minimum
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(c) Evolution with system size n, for ρ = λc
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(d) Evolution with system size n, for ρ = λc
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= 50.

Figure 6.3: Comparison of the expected mean squared error after 500 seconds of the symmetric push-
sum algorithm with di�erence tracking (denoted SPS with DT) (using β = 2pr and without Assumption
5.1) with the one of other algorithms (the best ideal algorithm (denoted Emp LB.), the classical gossip
algorithm, the symmetric push-sum (SPS) and the gossip with di�erence tracking (Gossip with DT)) for
a variety of di�erent systems (with constant nλc = 10). Expectations have been computed empirically
with 1000 realization simulations. The theoretical expression of the steady state mean squared error of
the gossip algorithm (see equation (3.5)) is also plotted (dashed black line).

between the expected mean squared error of both algorithms. After 500 seconds, the expected mean
squared error of the algorithm therefore �ts closely the empirical lower bound for almost all the di�erent
situations depicted and allows therefore solving almost perfectly the external averaging problem that
was stated in Section 1.1.1. In average over all points of Figure 6.3, the relative di�erence between the
expected mean squared error of the algorithm and the empirical lower bound is less than 2%. Actually,
it is in general less than 1% but some extreme cases increase the average.
This is the case for (very) small systems with (very) small rate ratio ρ: see the leftmost orange point of
Figures 6.3a and 6.3c that each achieves a relative di�erence with the empirical lower bound of about
6%. This is probably due to the decrease of the initial weight of an incoming agent which may be
slightly further from the optimal decrease in situations with extremely low rate ratio (see Section 4.2).
Moreover, a slight error in the initial weight of incoming agents impact more the small systems (with
small n), which explains why this phenomenon is less visible in Figure 6.3b for which n = 75.
Another extreme case where the expected mean squared error of the algorithm is a bit further from the
empirical lower bound (about 8% in relative di�erence) is for a large system with (very) large rate ratio
ρ, such as the rightmost point of Figure 6.3b. This gap is due to the e�ect of the di�erence tracking
on the expected squared bias. The incorporation rate β has been tuned in order to ensure it impact
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almost not the expected squared bias, which seems true for most situations. However, having β = 2pr
seems to impact slightly the expected squared variance for (very) large system with (very) large rate
ratio (implying a very small value of pr). For such situations, the value of β should be increased a bit in
order to reach exactly the empirical lower bound.

Despite these extremes cases where the algorithm is slightly above the empirical lower bound, the
symmetric push-sum algorithm with di�erence tracking is de�nitively the best algorithm that exists
until now in order to solve the external averaging problem as stated in Section 1.1.1 and it greatly
improves the performance of the existing gossip averaging algorithm. Moreover, the performance of the
algorithm �ts very closely the empirical lower bound in most situations, leaving only little room for
future improvements.
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Chapter 7

Weighted gossip averaging algorithm

using the knowledge sets

This chapter presents the design of a gossip-based algorithm that weights the agents during commu-
nication according to the amount of knowledge they have access to. This category of algorithms uses
identi�ers, a growing memory and more computations than the other algorithms but it does not require
any information about the system as it is the case for implementing the symmetric push-sum algorithm
or the di�erence tracking in previous chapters. This has been explored in the hope that an agent could
calculate the best ideal estimate from Chapter 2, without having to store the initial data from all the
agents in its knowledge scope. It has not succeeded, but it results into an algorithm that achieves a
very low expected variance, with some compromises about the expected squared bias when the system is
large. This over memory and computation costs are therefore not always worth it but the development
of the algorithm remains interesting and opens up other perspectives.

7.1 Assumption and motivation

Let us consider the following assumption:

Assumption 7.1. Each agent i ∈ N (t) stores and updates its knowledge set Ki, i.e. the set of agent
with which it has been in contact (directly or not) (see De�nition 2.1).

Memorizing these knowledge sets requires a growing memory. Therefore, contrarily to the other de-
signed algorithms, we do not respect the �xed bounded memory assumption and agents are supposed
to use their indices identi�ers which are needed for the knowledge sets. All other assumptions of the
problem statement from Section 1.1.1 are still satis�ed.
If it is allowed for an agent to access to a such memory, it should in general also retain the set of mea-
surements zk of each agent k in its knowledge set in order to be able to perform the best ideal algorithm
developed in Chapter 2. However, the knowledge set always contains indices of agents, while the data
z held by each agent may be highly multi-dimensional (e.g. image or video). Heavy data are of course
more di�cult to store in a such scale. In this situation it seems comprehensible that agent could store
its knowledge set (containing only indices) but not the initial data of each agent of the set, which would
allow performing the best ideal algorithm.

The next section presents a gossip-based algorithm for which the weight of each agent for a speci�c
communication depends on their knowledge sets. It tries to recover the best possible estimates from
the best ideal algorithm (see De�nition 2.2), without remembering the data of the agents. As it is
indicated in the title, this is not possible using a such algorithm and Section 7.3 presents a variation of
the algorithm that aims to minimize the variance after each communication.
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7.2 Impossibility of recovering the best estimates using a weighted
gossip with knowledge sets

Our purpose is to use the knowledge sets of the agents in order to design a gossip-based algorithm of the
following form:

Initialization for all i ∈ N (t): xi(0) = zi and Ki(0) = {i},
Interaction between agent i ∈ N (t) and j ∈ N (t): x+i = x+j = α(Ki,Kj) xi + (1− α(Ki,Kj)) xj ,

K+
i = K+

j = Ki ∪ Kj ,
Estimate of agent i ∈ N (t): yi(t) = xi(t),

where α ∈ [0, 1]. The expression of this weighting α in the communication update (between i ∈ N (t)
and j ∈ N (t)) should be designed such that the new estimates (after the communication) are as close
as possible to the average of the initial measurements of all the agents in the union of both knowledge
sets (Ki ∪Kj), which corresponds to the best ideal estimate for these agents. The expression of α should
therefore depends on both knowledge sets of the communicating agents (Ki and Kj) but the notation of
this dependence is omitted for the following reasonings.

To �nd the best communication update possible, let us analyze the situation where 2 agents i ∈ N (t)
and j ∈ N (t) exchange their respective information. Let us suppose that i and j each holds (a good
approximation of) the average of all the initial measurements of the agents contained in their knowledge
set

xi =
1

|Ki|
∑
k∈Ki

zk, and xj =
1

|Kj |
∑
k∈Kj

zk. (7.1)

This is case at the beginning since xi(0) = zi and Ki(0) = {i} for any agent i ∈ N (t). Let us see
if there exists a choice of weighted communication such that it remains true (or almost true) after a
communication, in other words, we would like to update xi and xj such that

x+i = x+j = αxi + (1− α)xj =
1

|Ki ∪ Kj |
∑

k∈Ki∪Kj

zk

where α ∈ [0, 1]. In order to ensure that this equation is veri�ed after the communication, the variance
of x+i and x+j should be equal to

Var

 1

|Ki ∪ Kj |
∑

k∈Ki∪Kj

zk

 =
σ2

|Ki ∪ Kj |

We can set α such that the resulting variance of the new x+i is minimized and see if it achieves a such
variance.
The variance of x+i can be computed as follows:

Var(x+i ) = Var(αxi + (1− α)xj) = α2Var(xi) + (1− α)2Var(xj) + 2α(1− α)Cov(xi, xj) (7.2)

= α2 σ
2

|Ki|
+ (1− α)2

σ2

|Kj |
+ 2α(1− α)σ2 |Ki ∩ Kj |

|Ki||Kj |

This variance is minimum when

α =
|Ki| − |Ki ∩ Kj |

|Ki|+ |Kj | − 2|Ki ∩ Kj |
=

|K̃i,j |
|K̃i,j |+ |K̃j,i|

, (7.3)

where we de�ne K̃i,j as the set of agent indices that are known at i but not at j, i.e : K̃i,j = Ki\(Ki∩Kj).
We have well that α ∈ [0, 1]. This expression of α can be computed easily by the communicating agents
i and j since they share their knowledge set with each other and can then compute the size and the
intersection of these knowledge sets.
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This α given by equation (7.3), that minimizes the resulting variance after the communication, does

unfortunately not reach the variance of the best ideal estimate σ2

|Ki∪Kj | in general (except for speci�c cases

of Ki and Kj), as it should be the case in order to keep initial hypothesis (7.1) true after a communication.
This shows that this hypothesis of achieving exactly the best ideal estimate is too strong. Next section
states a lighter design hypothesis that remains easily true after a communication.

7.3 Algorithm using the knowledge sets and the knowledge weights

To tackle the problem encountered in previous section, one could change the initial assumption related
to the x estimates of the agents (see equation (7.1)) and only suppose that the agents hold an estimate
that corresponds to a weighted average of the measurements of all the agents in their knowledge set:

xi(t) =
∑
k∈Ki

φik(t)zk for all i ∈ N (t), (7.4)

where φik(t) denotes the nonnegative weight that agent i attributes to the measurement of agent k in its
estimates at time t. These φik(t) are called the knowledge weight. We should have that

∑
k∈Ki φik(t) = 1

for all i ∈ N (t).
Initially, this assumption is obviously respected with only one nonzero knowledge weight: φii(0) = 1 for
any agent i ∈ N (t) since xi(0) = zi and Ki(0) = {i} for any agent i ∈ N (t). For the following, the
notation of the time dependence of either the estimates x or the knowledge weights φ is omitted.

The tuning of the communication update of the algorithm should allow this hypothesis (equation
(7.4)) to remain true after any communication, while enforcing the estimates of agents to get close to the
best ideal estimate, meaning that all knowledge weights φki of a given agent i should be close to each
other. We have seen in previous section that imposing these knowledge weights to be always equal to
each other (which amounts to imposing an exact average of the measurements) is not always possible.

For designing a such communication update, we suppose that each agent i ∈ N (t) memorizes the
knowledge weight φik it attributes to each agent k in its knowledge set. These knowledge weights are
updated during the communication to ensure that this hypothesis about the x estimates (equation (7.4))
remains valid. They can also be used in order to design a weighting α of the agents involved in a com-
munication that minimizes the resulting variance or any other quantities right after the communication.
This can be seen as a greedy optimization of some general performance of the system.
The communication scheme between i ∈ N (t) and j ∈ N (t) can be written as follows:

x+i = x+j = αxi + (1− α)xj

which is equal to
∑

k∈Ki∪Kj

φ+ikzk

, (7.5)

φ+ik = φ+jk = αφik for k ∈ Ki\Ki, (7.6)

φ+ik = φ+jk = (1− α)φjk for k ∈ Kj\Kj , (7.7)

φ+ik = φ+jk = αφik + (1− α)φjk for k ∈ Ki ∩ Kj , (7.8)

K+
i = K+

j = Ki ∪ Kj , (7.9)

where α ∈ [0, 1]. It may depends on the knowledge sets Ki, Kj and on the knowledge weight φik
and φjk (for any k respectively in Ki or Kj) of the communicating agents i ∈ N (t) and j ∈ N (t).
This communication update, by de�nition, keeps the initial hypothesis from equation (7.4) true (with∑
k∈Ki φik(t) = 1 for all i ∈ N (t)).

7.3.1 Minimizing the resulting variance

This weighting α can be set up in order to minimize the resulting variance of x+i and x+j right after a
communication between agents i ∈ N (t) and j ∈ N (t):

min
α

Var(x+i ) given the values of xi, φik, xj and φjk. (7.10)

such that α ∈ [0, 1].
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It corresponds to a kind of greedy optimization of the variance in the entire system.

The variance after a communication between agents i ∈ N (t) and j ∈ N (t) can be written using
equation (7.2). Supposing that the value of Var(xi), Var(xj) and Cov(xi, xj) (before the communication)
can be computed using the knowledge weights φik and φjk of each communicating agents (see below for
how), the optimal solution of problem (7.10) can be obtained by considering the solution of the relaxed
problem, without constraint α ∈ [0, 1]. This relaxed solution is computed by imposing the derivative of

Var(x+i ) with respect to α to 0:
∂Var(x+

i )

∂α = 0, which gives:

α =
Var(xj)− Cov(xi, xj)

Var(xi) + Var(xj)− 2Cov(xi, xj)
. (7.11)

We suppose that the denominator is nonzero: Var(xi) + Var(xj)− 2Cov(xi, xj) 6= 0. It will be explained
below what does it mean if the denominator is zero, depending on the expressions of Var(xi), Var(xj)
and Cov(xi, xj) that are found. This relaxed solution for α is not always between 0 and 1 (as required
by problem 7.10), but since the objective function is a univariate quadratic function in α, if the relaxed
solution (given by equation (7.11)) is not in the admissible domain (i.e. between 0 and 1), we can sim-
ply project it onto the domain to obtain a feasible optimal solution. In other words, if equation (7.11)
gives a value of α larger than one (respectively lower than zero), it is projected on one (respectively zero).

Let us compute Var(xi), Var(xj) and Cov(xi, xj) in terms of the knowledge weights φik and φjk such
that the communicating agents can compute the optimal value of α easily. Using our new hypothesis
from equation (7.4), we have that

Var(xi) = Var

(∑
k∈Ki

φikzk

)
=
∑
k∈Ki

φ2ikVar(zk) =
∑
k∈Ki

φ2ikσ
2. (7.12)

We also used the fact that the measurements zk are independent and identically distributed (i.i.d.). The
expression of Var(yj) can be obtained similarly. For its part, the covariance can be expressed as:

Cov(xi, xj) = Cov

∑
k∈Ki

φikzk,
∑
k∈Kj

φjkzk

 =
∑
k∈Ki

∑
l∈Kl

φikφjlCov(zk, zl) =
∑

k∈Ki∩Kj

φikφjkσ
2, (7.13)

since for i.i.d. measurements z, we have

Cov(zk, zl) =

{
Var(zk) = σ2 for k = l,

0 otherwise.

Having an optimal value of α (from equation (7.11)) with a zero denominator therefore means that the
knowledge sets and the knowledge weights of both agents i and j are identical (for nonzero σ):

Var(xi) + Var(xj)− 2Cov(xi, xj) =
∑
k∈Ki

φ2ikσ
2 +

∑
k∈Kj

φ2jkσ
2 − 2

∑
k∈Ki∩Kj

φikφjkσ
2 = 0

⇔
∑

k∈Ki∩Kj

(φik − φjk)2 +
∑

k∈Ki\{Ki∩Kj}

φ2ik +
∑

k∈Kj\{Ki∩Kj}

φ2jk = 0

⇔ Ki ∩ Kj = Ki = Kj and (φik − φjk)2 = 0 for all k ∈ Ki ∩ Kj .

The last equivalence is true because we have that
∑
k∈Ki φik(t) = 1 for all i ∈ N (t). In that situation,

any value α can be chosen. In fact, the communication is useless.

Knowing relations (7.12) and (7.13) allows the agents to use the α weighting from equation (7.11),
with potential projections to have α ∈ [0, 1], in the communications scheme described by equations
(7.5) to (7.9) in order to minimize the resulting variance. This is called the knowledge weighted gossip
algorithm in the following analysis. Implementing this algorithm requires each agent i to memorize an
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index and a weight for each agent k in its knowledge sets. This communication updates are in general
time-consuming (in comparison with other algorithms such as the gossip averaging) since it requires to
calculate the union of the knowledge sets of both communicating agents (equation (7.9)) and to update
all their knowledge weights (φ) (equations (7.6), (7.7) and (7.8)).
Let us see if these memory and time costs are worth it by analyzing brie�y the performance achieved by
the knowledge weighted gossip algorithm.

Performance of the algorithm

Figure 7.1 shows the time evolution of expected variance and squared bias of the knowledge weighted
gossip (in cyan) in comparison with the classical gossip algorithm (in black) and the best ideal algorithm
(in green) for four di�erent system with small and large size and rate ratio. As expected, the expected
variance of the algorithm totally and directly �ts the one of the best ideal algorithm meaning that our
greedy minimization of the variance after each communication seems well leading to a low variance in the
entire system. In terms of expected variance, this algorithm therefore beats the classical gossip averaging
algorithm and even the e�cient symmetric push-sum with di�erence tracking which does not always �t
directly the expected variance of the best ideal algorithm as explained and illustrated in Section 6.2.
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Figure 7.1: Comparison between the expected squared bias (solid line) and the expected variance (dotted
line) time evolution of the weighted gossip using the knowledge sets (in cyan), the gossip averaging
algorithm (in black) and the best ideal algorithm (in green) (that provides the empirical lower bound on
E[MSE(t)]) for four di�erent system con�gurations (n and ρ = λc

λr
) with scaling nλc = 10. Expectations

have been computed empirically with 5000 realization simulations.
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As shown in Figure 7.1, the expected squared bias of the algorithm generally decreases well when
the system is small (see Figures 7.1a and 7.1c) and is quite close to the on of the best ideal algorithm.
But when the size of the system increases, the expected squared bias of the algorithm starts increasing
during a while before decreasing slowly, as shown in Figures 7.1b and 7.1d. It can even be worse than
the one of the gossip averaging for more or less long time depending on the con�guration of the system
(it seems longer when the rate ratio is large). In Figure 7.1d for example, the expected squared bias of
the algorithm remains above the one of the gossip (at least) during the 500 �rst seconds.

The resulting expected mean squared errors achieved by the algorithm in these four situations are
shown in Figure 7.2. For small systems its expected mean squared errors is very good and approach
closely the empirical lower bound (see Figures 7.2a and 7.2c). It is also the case for small rate ratio ρ
such as on Figure 7.2b where the expected mean squared error is dominated by the expected variance.
However, for large system with large rate ratio (as in Figure 7.2d), the algorithm performs poorly, and is
even poorer than the gossip averaging algorithm for a while (at least the �rst 200 seconds in Figure 7.2d).
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Figure 7.2: Comparison between the expected mean squared error time evolution (E[MSE(t)]) of the
weighted gossip using the knowledge sets, the gossip averaging algorithm and the best ideal algorithm
(that provides the empirical lower bound on E[MSE(t)]) for four di�erent system con�gurations (n and
ρ = λc

λr
) with scaling nλc = 10. Expectations have been computed empirically with 5000 realization

simulations.

As it has been observed, this algorithm is therefore attractive only for situations where the expected
variance has a great impact on the expected mean squared error in comparison with the expected squared
bias (i.e. for small ρ) or where the expected squared bias is not (too) badly impacted by the algorithm
(i.e. for small system size n). These situations also correspond to the ones where the chance of observing
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a restart in the system are not very loo. Fortunately, on the contrary of the other algorithm (in their
implementable version), this algorithm reacts as well to a restart in the system than in any other situation.
Indeed, to work properly, it only requires the agents to know their current knowledge sets and knowledge
weights, whatever they are.

7.3.2 Perspectives

This knowledge weighted gossip algorithm presents a memory and computations overcost, without per-
forming perfectly in most situations (due to a not so good expected squared bias for larger systems). Its
advantages in comparison with the symmetric push-sum algorithm with di�erence tracking is its expected
variance which is exactly the same as the one of the best ideal algorithm from the very beginning in
any situation, the management of the potential restart of the system and the fact that agents does not
need any prior information about the system, such as its size n or its rate ratio ρ. These overcosts are
therefore only worth it if we care about the bene�ts the algorithm provides, which do not include having
very good performance in general.
However, this path is not closed since the weighting α used in the communication scheme (equations (7.5)
to (7.9)) can be design to optimize other quantities than the variance (depending on the knowledge sets
and the knowledge weights), which could maybe improve the performance of the algorithm. For example,
it could minimize the di�erence between the resulting knowledge weights after the communication, in
order to have an estimate that is closer to the exact average of the measurements of the agents in the
resulting knowledge set (which is the best ideal estimate). This could be another future work.
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Conclusion

The multi-agent systems and the decentralized paradigm they represent have become more and more
prominent due to their many applications in various �elds and relevant due to the growing size of the
studied systems that makes centralized solution impossible. Indeed, it turns out that the decentralized
approaches provide numerous advantages, starting with the scalability of the system. It therefore allows
working with large systems thanks to the distribution of the information among the agents. Moreover,
the multi-agent systems are considered to be more robust since they do not rely on any central unit,
on which the success of an operation would depend, and each agent keep its own approximation of the
solution.

Most of the existing work concerning multi-agent system consider a �xed composition of agents (i.e.
closed system). However, considering such systems to be open to arrivals and departures of agents has
shown to be a major and necessary improvement of the decentralized methods. Indeed, having larger
systems implies a higher probability of observing arrivals or departures of agents. Furthermore, some
systems may be inherently open. In such open multi-agent systems, many problems have not yet been
addressed.
For example, this is the case of aggregating di�erent data held by di�erent agents in order to estimate,
in a decentralized way, the true distribution mean of these measurements. This problem is called the
external averaging problem and is properly stated in Chapter 1. It is the focus of this master thesis.
The main contributions are the development of performance limitations and of new e�cient algorithms
for solving this problem in open multi-agent systems.

Throughout this work, the open nature of the system is supposed to manifest itself only through re-
placements of agents, meaning that each departure is immediately followed by an arrival. This assumption
allows the system to keep a constant size. These replacements are supposed to happen according to a
Poisson clock. Extension of the results to separated departures and arrivals should constitute one of the
important future works.
The open character of the system allows it to continuously receive new agents with new data, which
should make possible the improvement of the estimates of the agents in the system. Making these
improvements from the possible to the real is challenging because the system should incorporate infor-
mation from new agents without forgetting information from agents having left in the past, without
using a growing memory and without being a�ected too much by noise.
With the help of simulations and based on existing results, new algorithms have been designed to answer
these challenges.

Chapter 2 also plays a major role in the design of new algorithms since it establishes limitations about
the performance that any realistic algorithm can achieve. The performance of an algorithm is measured
using the expected mean squared error metric, that can be decomposed into expected squared bias ex-
pected variance. This chapter presents an ideal algorithm that achieves the best expected mean squared
error among all the algorithm that generate linear and unbiased estimates. Its performance provides
therefore a lower bound on the performance of any such algorithm and can be computed empirically. Its
performance has also been lower bounded theoretically but the two resulting bounds are not tight at all.

Chapter 3 presents an existing well-known algorithm which is the gossip averaging algorithm. Its
analysis in open system is explained and allows giving theoretical guarantees about the performance
of this algorithm for solving the external averaging problem. It turns out that the algorithm does not
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perform well. Two main issues have been explained: �rstly, the information of the new arriving agents
has too much importance into the system, which leads the system to progressively forget the information
of the older agents and to achieve a large expected squared bias. Secondly, each arrival disturbs largely
the estimates of the agents which leads to a large expected variance, especially when they are frequent.
Two new algorithms are designed in Chapters 4 and 5 with the intention of solving respectively the �rst
and the second issue of this gossip averaging algorithm.

Chapter 4 presents the symmetric push-sum algorithm that allows giving a weight to each measure-
ment of the agents. Setting correctly the initial weight of each agent, especially the new arriving one is
a key aspect for resolving the �rst issue of the gossip averaging algorithm and achieve a good expected
squared bias. Using the assumption that the replacements are extremely infrequent, we have established
an expression of these initial weights for each arriving agent that guarantees the agents to converge
toward the external average of the system between each replacement. As expected, these initial weights
are decreasing at each new replacement. It �gures that this weight expression seems to be nearly optimal
in any situation, even when the replacements are very frequent. These decreasing initial weights allow
achieving an expected squared bias that totally �ts the one of the best ideal algorithm in any situation.
It also improves the expected variance by reducing progressively the disturbance of each new agent in the
system but there remains a progression margin, especially concerning the speed at which it decreases,
which may be slow in some situations. Theoretical analysis of this algorithm has been undertaken, with-
out leading to any guarantees on its performance. Implementing this algorithm in practice requires the
agents to know the size of the system and the frequency of the replacements (in comparison with the
communication frequency).

Chapter 5 presents a variation of the gossip averaging algorithm allowing to reduce rapidly the ex-
pected variance of a system. It is based on the idea of di�erence tracking which spreads out the arrival of
new information: a new arriving agent initially pretends to have the same estimate as another agent al-
ready in the system and keeps track of the di�erence with its true initial estimate in order to incorporate
it progressively into the system. The rate at which the di�erence variables of the agents are incorporated
into their estimates in�uences largely the expected variance of the system and may, when the rate is too
low, in�uence the expected squared bias of the system. A theoretical analysis of the algorithm has been
carried out under the assumption that each arriving agent directly communicates. This allows having
guarantees about the performance of the algorithm under this assumption which gives better steady
state performance guarantees than the gossip averaging (under the same assumption). This theoretical
analysis also helps to tune correctly the value of the incorporation rate. A well tuned �xed value of
this rate allows improving quickly the expected variance without modifying the expected squared bias.
Therefore, it does not often reach the empirical lower bound for the expected mean squared error but
it does in the only situations where the symmetric push-sum does not. In this regard, both algorithms
complement each other and it seems natural to combine them.

The combination of both algorithms in one has been presented in Chapter 6. The symmetric push-
sum with di�erence tracking bene�ts from the advantages of both algorithms and is therefore the best
algorithm that has been designed. It resolves both issues of the gossip averaging algorithm and it �ts
closely the performance limitations in any situation (within 1% for most situations). Improvements are
still possible by setting up the detection and management of potential natural restarts of the system,
which are generally extremely rare.

Finally, Chapter 7 starts exploring another category of algorithms where agents can use a growing
memory and identi�ers in order to choose wisely a weighting of the two communicating agents, depending
on the state of their knowledge that is aggregated into their estimate. These algorithms make sense when
the data held by each agent is particularly heavy. This chapter results into an algorithm that reduces
particularly well the expected variance, with some compromise on the expected squared bias that may
be badly impacted, especially for large system. Other perspectives are still possible with this approach
and can be explored in the future.

This master thesis gives a better understanding of this external averaging problem as stated in
Chapter 1. The new algorithms that have been designed really improve the performance of the gossip
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averaging algorithm. The best of those new algorithms is surely the symmetric push-sum algorithm with
di�erence tracking which succeeds to solve both issues of the gossip averaging algorithm at the same time
and to reach very closely the performance limitations. Further works are required in order to deduce
general performance guarantees about this algorithm, and its simpler form the symmetric push-sum. But
the algorithm can already been used in practice for estimating some value of interest in a decentralized
way in multi-agent systems subject to replacements of agents, for which no e�cient algorithm did not
exist before. Future work should adapt the results and the algorithm to the case where the arrivals
and departures of the agents can be separated. Thanks to this master thesis, I think I have made my
contribution to the study of the open multi-agent systems and I have presented e�cient solutions to a
new problem it raises: how to aggregate e�ciently information of arriving and leaving agents. Many
other problems are still waiting to be considered in order to drive the decentralized methods further,
from a research point of view but also from the point of view of real-life applications such as interacting
autonomous vehicles, sensor networks (e.g. in smart cities) or many other things. Expanding our general
knowledge and the scope of possibilities it provides is very important for me, but we should not forget
to think again about the utility and the soundness of each application before implementing it in the real
world.
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