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Abstract

Nowadays, we encounter on a daily basis systems of tremendous complexity. For
instance, we rely ever more on cyber-physical systems, including self-driving cars,
drones or smart assistive technologies. Deeply understanding the properties of these
applications is essential to optimize their potential. However, frequently, due to
their inherent complexity, there is no available closed-form model of these systems.
On the other hand, as the development of new technologies grows massively, so
does the amount of information-rich data we have access to. Hence, it is crucial to
develop new methods able to analyze complex systems without relying on model-
based techniques, but rather on the unprecedented volume of data available.

In this thesis, we propose new data-driven approaches providing probabilistic
stability guarantees for black-box linear switched systems, a first class of complex
systems whose model is unknown. We construct approximate Lyapunov functions
decreasing along a finite number of sampled trajectories by solving a quasi-convex
optimization problem, and deduce the stability of the underlying system with
a user-defined confidence level. We also explicitly characterize the number of
observations required to attain this confidence level.

Recently, techniques relying on common quadratic Lyapunov functions (CQLFS) to
provide probabilistic stability guarantees have been proposed. However, they require
non trivial assumptions on the system analyzed, and suffer from conservativeness
since many stable switched linear systems do in fact not admit a CQLF. Hence, in
a first time, we overcome these issues and provide a broader class of probabilistic
stability guarantees, by considering Sum of Squares (SOS) Lyapunov functions.
Our contribution is twofold: first, we propose a novel approach for CQLFs, allowing
to improve the existing guarantees and get rid of all assumptions. Then, we leverage
our approach to the SOS setting, providing further improvement for the technique.
In a second time, we propose an approach based on adaptive sampling to reduce
the sample and computational complexity required to obtain stability guarantees
holding with a given confidence level. We learn recursively, from small batches of
trajectories, an optimal sampling strategy. This allows the data-driven approach
to be tractable for high-dimensional systems, which is the case of the majority of
real-world complex systems.
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Introduction and background






Chapter 1

Introduction

1.1 Motivation

Cyber-physical systems are systems composed of networked computers in close
and constant interaction with our physical world. Recently, they have been a
subject of growing interest [Leeld], [TCRM14]. Indeed, we encounter such systems
on a daily basis, in applications ranging from transportation to agriculture and
healthcare, which explains the incentive to efficiently design, control and analyze
them in spite of their inherent complexity. We can think for instance of self-driving
cars; complex robotic systems including smart assistive technologies or drones;
or smart grids applications such as the optimal energy management of smart
buildings. A large number of cyber-physical systems can be modeled as switched
systems. These are systems consisting of several models, describing several laws of
dynamics, among which the system can switch at certain points in time [Lib03]
[SWM™07]. We illustrate the particular example of a light switch in Figure :
Switched systems whose underlying models are linear form an important family:
switched linear systems. They can for instance be used to model the design of drug
treatment for viral diseases like HIV, mechanical systems such as driving sticks,
multi-controller switching schemes, or coordination of autonomous mobile agents
[HVCMBI11] [JLMO03].

A central and challenging questions on switched linear systems is their stability,
which is an NP-hard problem [BT99], and many tools have therefore been designed
in the past decades for their analysis. Most of these tools are model-based, and
build on notions from Lyapunov and invariant set theory [LA09], [BMOT7], |[Lib03].
However, in many practical applications, a closed-form model may not be available
directly. Typically, cyber-physical systems, which are composed of many subcompo-
nents of different nature interacting in a complex way with each other, are difficult
to model. For instance, consider the optimization of the energy management of



4 Switching rule

Figure 1.1: Example of a switched system.

smart buildings. The evolution over time of the system is stochastic and a closed-
form model for the thermal behavior of these buildings is difficult to obtain [ZHT17].
Hence, stability analysis based on data obtained via simulations or observations
of the unknown system solely has received increasing attention lately [KQHT16],
[BEGP17], [KBJT19], [SDGDI*20], [WJ21], [BIJW21]. A first approach consists in
recovering the model from the available trajectories, and then using model-based
theory for stability analysis of switched linear systems. However, this two-steps
procedure presents several drawbacks for switched systems. First, identification
is NP-hard, can induce approximation errors, and requires a sufficiently rich set
of observations [Laul6]. Second, for various applications, the model may be too
complex to be analyzed using classical control techniques. Therefore, in this work,
we bypass the explicit identification phase and seek to obtain probabilistic stability
guarantees based directly on the simulations, without recovering the underlying
model.

The guideline of this thesis is the following question: After observing
a finite number of sampled trajectories of a given length, what
formal probabilistic guarantees about the stability of the underlying
system can we obtain?

Of course, there will be a trade-off between their accuracy and the desired level
of confidence. We refer to this framework as data-driven analysis of black-box
dynamical systems.



1.2 State of the art

Stability of switched linear systems is characterized by their Joint Spectral Radius
(JSR), which measures the maximal asymptotic growth rate of a state under the
dynamics of the system [Jun09]. Model-based approximations of the JSR have
thus been deeply investigated. In particular, one can obtain bounds on the JSR by
constructing Lyapunov functions decreasing along all trajectories of the system.
This amounts to solving a particular quasi-linear optimization problem, that is

a problem of the form min 0)\ s.t. fi(u) < A, fori = 1,...,m where f;(u) are
u€eR™, A>

linear in uw [Epp05] [JAPRIT7]. For instance, one can construct Common Quadratic
Lyapunov functions (CQLFs) by solving the following problem:
min v st (Ar)TPAxz < +*2"Px, VA € M,Vz € R",

P20, v20

where M is the set of the matrices associated to each model the system can switch
among. Then, a bound on the JSR of the underlying system is provided by the
optimal cost.

Recently, this work has been extended to the black-box setting, in which the
matrices are unknown and one only has access to a limited number of trajectories
(z, Az) [BJW21] [KBJT19]. The method consists in two steps. First, one con-
structs approximate CQLFs decreasing along the sampled trajectories, by solving a
relaxation of the initial problem:

- T 2 T
Pl st.  (Az)' PAx < ~°z" Px, ¥Y(x, Az) observed.

Then, from the decrease of the approximate CQLF on a finite set of trajectories,
it remains to infer a probabilistic upper bound on the JSR of the underlying
system, holding with a user-defined confidence. To achieve this step, both [BJW21]
and [KBJT19] use tools from scenario optimization theory [CGRI1S], [Call0] and
geometric properties of switched systems.

The approach developed in [BJW21] and [KBJT19] presents two main weaknesses.
First, it relies on the computation of CQLFSs, which is conservative since some
stable switched systems do not admit a CQLF [LAQ9]. Second, it invokes classical
chance-constrained theorems underlying the scenario approach, which require non-
trivial assumptions concerning the set M to be satisfied. The probabilistic bounds
proposed are therefore not valid for all switched linear systems. In this thesis, we
answer these two weaknesses and improve the approach in several ways.

1.3 Contributions

In this work, we provide both theoretical results, that is new probabilistic stability
guarantees, and practical algorithms to obtain these guarantees. We implement



these algorithms in the programming language Julia [BKSE12] and provide numer-
ical experiments illustrating the performance of our guarantees in comparison with
existing techniques. An overview of our code is given in Appendix I. Our work
comprises two main contributions.

o First, we derive a broader and more precise class of probabilistic

stability guarantees for black-box switched linear systems than the
ones obtained by relying on CQLFs. To this aim, we consider Sum of Squares
(SOS) Lyapunov functions of arbitrarily high degree, which yield tighter
results and exist in a significantly larger number of cases [PJ08], [Jun09l
Section 2.3.7]. We quantify explicitly the trade-off between the number of
observations and the tightness of the guarantee.
To get rid of the assumptions required when resorting to scenario optimization
theory, and because the geometric tools used in [KBJT19] and [BJW21] do
not generalize in a straightforward way to SOS Lyapunov functions of higher
degrees, we develop a novel approach, based on sensitivity analysis [Ber16] of
the quasi-linear optimization problem. Additionally, we thereby also obtain
novel upper bounds in the quadratic case, that can be compared with the
one obtained in [BJW21], and that hold for all switched linear systems.
Then, we extend our approach to the SOS setting. In the white-box setting,
approximations of the JSR using SOS Lyapunov functions are tighter [PJO§],
and we will observe on several numerical experiments that this generalizes to
the black-box setting.

e The main drawback of data-driven stability analysis consists in the huge
number of trajectories that have to be sampled to obtain a sufficient confidence
level on the derived guarantee. Hence, in a second time, we reduce the
number of samples required to obtain a stability guarantee holding
with a given confidence level. To the contrary of existing techniques
[CGC14], we exploit the particular structure of our system and propose
an approach based on adaptive sampling [DA20], [Set10]. We derive this
approach both in the quadratic and in the SOS setting. Our method consists
in sampling a small batch of trajectories uniformly, and in learning an
optimal change of variables corresponding to an optimal new sampling from
the observation of these trajectories. This can be refined by recursively
recomputing the change of variables. We propose a heuristic providing the
optimal number of trajectories to be sampled in each phase as well as the
optimal number of phases to optimize the probabilistic stability guarantees.
Then, we compare these optimal guarantees with the one obtained without
resorting to adaptive sampling for the same total number samples used.
Several numerical experiments illustrate the performance of our approach
and how it outperforms the existing bounds.



Publication

The first contribution has been the object of the following publication:

[RWJ21] Anne Rubbens, Zheming Wang, and Raphaél M. Jungers. Data-driven
stability analysis of switched linear systems with Sum of Squares guar-
antees. To be published in Proceedings of the 7th IFAC Conference on
Analysis and Design of Hybrid Systems. arXiv preprint: 2101.00112.
2021.

1.4 Structure of the work

Our work is organized in four parts and eight chapters, including the present
introduction and the conclusion, as illustrated in Figure (1.2
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Figure 1.2: Dependencies between the different parts of this thesis.

The first part comprises the introduction and the background. Chapter 2 introduces

the main concepts required to fully understand this thesis. It includes the state




of the art of stability of switched linear systems in the white box setting and a
presentation of the scenario approach.

The second part contains the formal presentation of our problem and our first
contribution. Chapter 3 first presents the problem studied, that is stability analysis
of black-box systems, and briefly reviews the existing technique of [KBJT19] and
[BJW21]. Tt also contains the derivation of our new approach relying on sensitivity
analysis. It presents our novel probabilistic guarantees in the quadratic case, and
the extension of the technique to the SOS setting. We illustrate the performance of
our technique in Chapter 4 with numerical experiments, and explore the sensitivity
of our bounds with respect to several parameters.

The third part contains our second main contribution, that is the adaptive sampling
approach to the problem. In Chapter 5, we formulate our technique in the quadratic
setting and derive novel theoretical bounds. In Chapter 6, we then propose a
heuristic based on empirical observations, and illustrate the performance of this
heuristic with several numerical experiments. Chapter 7 presents the leveraging of
the adaptive sampling approach to the SOS setting.

Finally, we conclude our work and present future prospects in Chapter 8.



Chapter 2

Theoretical background

In this chapter, we provide the background required to comprehend our contribu-
tions, by presenting a brief review of the involved concepts and proposing references
for further interest.

First, we formally present switched linear systems and the main tool used for
their stability analysis, that is their joint spectral radius (JSR) [Jun09]. Then, we
describe two classes of Lyapunov functions: common quadratic Lyapunov functions
(CQLFs) and Sum of Squares (SOS) Lyapunov functions. We emphasize their role
in the stability analysis of switched systems [AJ15].

Finally, we present the state of the art in scenario-based optimization [CGI1S]
INY19].

2.1 Switched linear systems and the Joint Spec-
tral Radius

Switched linear systems form a particular family of switched systems, that is
systems whose dynamics are governed by several models and a switching sequence
selecting the model applying at a given time. They are characterized by a finite set
of modes: M ={A;, i € M} C R"™" where M = {1,2,...,m}, which describe the
different linear continuous state models; together with a discrete rule deciding the
switching among them: 7 € MYN. Formally, we consider systems of the form

Le+1 = AT(k)ZL’k (21)

where z;, € R"™ is the state and k£ € N is the time index.
Switched linear systems are uniformly asymptotically stable (UAS) if they possess
the following property:

vr € MY, Voo € R™, ||lzi|| — 0
k—o0



For linear systems (consisting of one mode only), UAS is characterized by the spec-
tral radius of the matrix A: the system is stable if and only if p(A) = klim ||AF|| % =
—00

max{|A1(4)[, ..., |\ (A)|} < 1. Note that the definition is independent of the chosen
norm.
This characterization is extended to switched linear systems, by defining the JSR

of the set M:

. 1
p(M) = lim max {[[Ay... Ay ||7 - Ay € M},

which measures the maximum asymptotic growth rate of ||xy|| under the dynamics

(2.1)), achieved by taking an arbitrary sequence of modes. The following property

relates the JSR and the stability of switched systems:

Property 2.1. [Jun09, Cor. 1.1]
Given a finite set of matrices M, the corresponding switched dynamical system is
stable if and only if p(M) < 1.

The JSR is invariant under similarity transformations and scales with multi-
plications of the matrices, which allows to conduct stability analysis of several
systems equivalently:

Property 2.2. [Jun09, Props. 1.3 and 2.5]
For any bounded set of matrices M, any invertible matrix 7', and any [ € N,

p(M) = p(TMT1) and p(M') = p(M)!, where M" := {[I\_; A;, : A;, € M}

Because switched linear systems do not inherit the properties of their modes,
as illustrated on Figure 2.1 and since the number of possible sequences of matrices
is exponentially high, computing their JSR is a NP-hard problem.

A 4 Iy

L L

N

unstable

Figure 2.1: Illustration of an unstable switched linear system composed of two
stable modes. The two left-hand side graphs present the trajectories of the two
stable systems associated to each mode, while the right-hand side graph presents
an unstable trajectory of the switched linear system.
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We present a running example, adapted from [JLMO03], that will serve throughout
the rest of this thesis:

Example 2.1. Suppose you can observe the states of n nodes composing a switching
and hidden network, that is a network of nodes interacting with each other in
several unknown ways, as illustrated on Figure 2.2l At each time step, the states
of the nodes are updated by taking into account the influence of the nodes they
are currently interacting with, through the rule

Tir1 = AT(t)$t, T(t) € {17 ...,m},

where A; represent the interaction matrices. These matrices are such that A4;1 =1,
where 1 is the all-one vector in R™ for ¢ = 1,...,m. We seek to verify that the

Figure 2.2: The two unknown interaction schemes for the consensus problem of 9
nodes.

nodes eventually reach as consensus, so that tlim x(t) = cl for some ¢ € R. This
—>00

amounts to verifying whether or not the JSR of the system {BA;BT, i =1,...,m}
is smaller than one, for a fixed matrix B € R*'*" such that BBT = I,,_;. In this
thesis, we will analyze the consensus of a network of 9 nodes, interacting with each
other in 2 different and unknown ways.

2.2 Approximation of the JSR using Lyapunov
functions

Over the past decades, many tools have been developed to provide approximations
of the JSR of a switched linear system and hence to analyze the stability of the
underlying system. Lyapunov functions provide one of the most commonly used tool.
They are positive functions f : R™ — R decreasing everywhere in the state space:
f(zrs1) < f(zg), V. Common Lyapunov functions are Lyapunov functions shared

11



by all modes of the system, that is satisfying f(A;x) < f(z), VA, € M, Vz € R™.
The existence of a common Lyapunov function is a sufficient condition for the
system to be UAS, implying that they can serve as stability certificates [Lib03].
Several types of Lyapunov functions exist, providing more or less conservative
approximations of the JSR at a more or less expensive computational cost [AJ15].

2.2.1 Semidefinite programming

Computation of Lyapunov functions require the resolution of specific optimization
programs. Several of these programs fall under the field of a particular class of
convex optimization: semidefinite programming (SDP) [VB96]. It consists in the
minimization of a linear function under constraints defined by matrix inequalities.
SDP programs can be solved efficiently, with polynomial worst-case complexity.

2.2.2 Quadratic forms

CQLFs are the most widely used class of Lyapunov functions. A CQLF is a quadratic
Lyapunov function common to all modes of the systems, that is an ellipsoidal
norm || - || p with respect to which all modes are contractive: 7 AT PAz — 27 Px <
0, VA € M, Yz € R"\ 0. Constructing a CQLF hence amounts to solving a SDP
program, that we will now define based on Common quadratic forms (CQFs).

Definition 2.1. A CQF for System ({2.1) with a finite set of matrices M C R™*"
is a matrix P € 87 such that for some v > 0

(Az)'P(Az) < v*2' P2, VA € M, Yo € R\ 0. (2.2)

When v < 1, CQFs become CQLFs and can hence serve as stability certificates
for switched linear systems. Conversely, a lower bound on the JSR can be obtained
if there exists no such CQLF. This lower bound is refined by considering CQFs
for the finite set M! := {Hé-:1 Ai; o Ay, € M} and using Property E This also
allows to benefit from the consideration of long trajectories. These observations
are summarized in the following theorem:

Theorem 2.1

[Jun09, Prop. 2.8, Thm. 2.11]
Consider a finite set of matrices M C R™»*",

o If there exists 7 > 0 and P € 87, such that (2.2) holds, then p(M) < 7.

12



o If p(M) < %\/ﬁ, there exists a CQF P € 87, for M' such that

(Az)"PAx < +*2" Pz, VA € M' V2 ¢ R"\ 0

The accuracy of the upper bound on the JSR in Theorem increases when
7y decreases. Hence, we seck for the minimal v such that (2.2), for the system
defined by the set M!, is satisfied. Therefore, we consider the following quasi-linear
optimization problem:

min 7y

P, v>0

st.  (Az)'PAx <+*2"Px, VA € M',Vz €S (2.3)
P =1, ||P|| < C for alarge C' € Rxq.

We denote by (7°, P°) the solution to Problem (2.3), which is a quasi-linear
optimization problem. While the optimal cost 4° is unique, there can be several
optimal P that is different feasible P leading to the same optimal cost. When this
occurs, we apply a tie-breaking rule: P° denotes the optimal P of smallest condition
number, since the accuracy of our upper bound will depend on this number.
Problem differs from Program in three ways. First, we impose a bound
on the norm of P to ensure the compactness of the set of constraints. Since this
bound can be arbitrarily high, the solution is not affected. Second, P > I, replaces
the constraint P > 0, and third, we restrict = to S instead of R™ \ 0. These two
latter restrictions do not incur any conservativeness because of the homogeneity of
System (2.1)): for A > 0, A;yAzy = AA-ryzx. This property implies, for instance,
that the decrease of a CQLF on an arbitrary set enclosing the origin is sufficient to
serve as a stability certificate. Problem ([2.3]) can be efficiently solved by bisection
on the variable 7. Namely, for a fixed accuracy «, we look for a feasible v° by
bisection on an interval [0, U], where U is an upper bound on the JSR. In a second
step, with 7 fixed, we apply our tie-breaking rule and obtain P°. More precisely,
once ~v° is obtained, we compute P° as the solution to:

min Apax(P)
P>,
st. (A;n)' PAjz < A" Pr, VA e M Vx €S, ||P||<C.  (24)

Remark 2.1. When all modes are known, Problem (2.3) can be handled as a
semidefinite program, by using matrix inequalities: (7°, P?) is the solution to

min v st. ATPA <% P VA ¢ M, |P|| < C.

PrIn, v20

It can thus be solved efficiently, by solving at each iteration of the bisection on v a
feasibility SDP problem.
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2.2.3 SOS forms

The bound on the JSR obtained by Program can, in the white-box setting,
be improved by considering SOS polynomials p(x), of degree 2d. These are polyno-
mials admitting a quadratic decomposition p(z) = 3, p;(x)?, where py, po, ... are
polynomials of degree d [PJ08]. Indeed, to extend quadratic Lyapunov which are
polynomials of degree 2, an idea is to consider polynomials of higher degree, again
decreasing with respect to all modes. The following proposition holds:

Proposition 2.1. [Jun0d, Thm. 2.13]
Consider a finite set of matrices M C R"™ ™. Let p(z) be a strictly positive
(p(x) > 0 Yz # 0) homogeneous polynomial of degree 2d, such that for some v > 0

p(Az) < ~%p(z), YA € M, Yo € R™\ 0. (2.5)
Then, p(M) < /7.

For 2d > 4, deciding whether or not a multivariate polynomial of degree 2d is
stricly positive is NP-hard. However, SOS functions are clearly always positive,
and easy to handle. Hence, by releasing the strictly positive assumption on p(z)
into the assumption that it is a SOS polynomial, one obtains a tractable and rich
class of Lyapunov functions. Before proceeding further, we recall the notion of
symmetric algebra of a vector space:

Definition 2.2. [Jun09] and [PJ0S]
Let x € R™. Let D denote the number of different monomials of degree d in n

variables, for some d € Ny:
—1
D:("Jr;l ) (2.6)

The d-lift of x, denoted by z!9, is a vector in R” containing all possible monomials
of degree d in n variables, judiciously scaled. z[¥ is thus indexed by the D different
n-dimensional vectors a such that oy + ...+ a, =dand a; > 0 fori=1,...,n:

ol =

Qn

«

1
a1!a2!...ozn!x1
The entries of zl¥ are scaled so that the lift is norm-preserving up to power d:

|| = |||, (2.7)
The d-lift of the matrix A € R™ " is the unique matrix AlY € RP*P gatisfying

Al — ()14,

14



The entries of A can be obtained via the following closed-form expression:

per(A(a, 5))
() p(B)

In this expression, «, [ are the D different d-elements multisets of {1,..,n} and
p(a) denotes the product of the factorials of the multiplicities of the entries of
a. The permanent of a matrix B € R™™ is denoted by per(B): per(B) =
Yorem,, 1Iity bixgy, where IL,, is the set of permutations of {1,...,m}. Finally,
A(a, B) is the d x d matrix whose entries are given by aq) (;)-

ld _
Ay =

We illustrate the concept of a d-lift in the following example:

Example 2.2. [PJOS, Ex. 3.1, Ex. 3.2]

Let n =2, and x = [xll Then,
X2
22 a3
L0 = |71 2 = \/§x1 x 2Bl = 3212z
To ) x21 2| > \/g.Tl.’L'%
2 3

The 4 different 3-elements multisets of {1,2} are {1,1,1}, {1,1,2}, {1,2,2} and
{2,2,2}. Hence,

3 2 2 3

agy \/§a11a12 \/§a11a12 Qg

2 2 2 2
A8 V3adias  ajamn + 2ana0a12  afyas + 201101209 V3adyan
\/gana%l a%1a12 + 2a11a91 G99 G%zan + 2a92a91 012 \/§a12a§2

3 2 2 3

We are now ready to introduce SOS forms to approximate the JSR of M. First,
we relate the SOS decomposition to a SDP constraint:

Proposition 2.2. [PJ0S, Thm. 2.5]
A homogeneous multivariate polynomial p(z) of degree 2d is a SOS polynomial if
and only if for some P € Sf+, where D is given by (2.6]),

p(x) = (!)T Pyl

A SOS polynomial thus extends the concept of a quadratic polynomial in a
lifted space. We now introduce SOS forms similarly as CQFs. Even though we
drop the common prefix, it is implicit that the forms are common to all modes.
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Definition 2.3. A SOS form for System ([2.1)) with a finite set of matrices M C
R™™ is a matrix P € S . such that for some v > 0,

(AT P(Az)d < A2 (2T Pl wA e M, Vo €8, (2.8)
where the restriction of = to S is again due to the homogeneity of System ((2.1)).

Similarly to CQFs, SOS functions become SOS Lyapunov functions when
~v < 1, and can provide upper and lower bounds on the JSR in any case. These
approximations of the JSR using SOS functions are tighter than when resorting
to quadratic functions. The improvement holds for all systems but is especially
impressive for stable systems that do not admit a CQLF. Considering SOS forms
for M! improves the accuracy of the lower bounds on the JSR, as summarized in
the following theorem:

Theorem 2.2

[Jun09, Thms. 2.13 and 2.16]
Consider a finite set of matrices M C R™»*".

o If there exists ¥ > 0 and P € S, such that (2.8)) holds, then p(M) < .

o If p(M) < QZf where 7 = min{ D, m}, there exists a SOS form P € S,
for M' such that

(Az) T P(Ax)d < A2 (YT pgld WA € M!, Yz € S.

We generalize Problem ([2.3)) as follows:

min
P'y>0’y

st. (AT P(Ax)d < A2 T prld YA € M!, Vo e S (2.9)
P > Ip, ||P|| < C for a large C' € Rx.

Its solution is denoted by (72, P2,), with the same tie-breaking rule applied to

S0s

P when the latter is not unique. When d = 1, we recover Problem ({2.3)).

Remark 2.2. Clearly, when z € S, z!? belongs to the unit sphere in R”, denoted
by SP. However, for d > 2, the d-lift of S only consists of a subset of this sphere
of higher dimension, as illustrated in Figure for n = 2 and d = 2. Hence, for
d > 2, two differences separate Problems and (| - First, the dimension of
the problem increases from dgyqq + 1 = "(”H) +1todss +1= (DH) + 1, where
D is given by . Second, in Problem ( - the constraints hold only for the set
{r €SP :2 =yl ycS}instead of the whole sphere SP.
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Figure 2.3: Representation of the d-lift of S, for n = 2 and d = 2. This d-lift, given
by {z € SP: z =yl¥ for y € S}, is represented in red on the figure. It only forms
a subset of SP.

Remark 2.3. Approximations of the JSR can be further improved by using
polyhedral Lyapunov functions [BMOT], defined with respect to polyhedral sets of
the foorm S ={z e R": Flx <1, i=1,2,..,s}, as

V(z) = max Fx.

i=1,2,..,s

Indeed, they are non-conservative, but can be extremely hard to compute since
their complexity is not bounded by the space dimension but by the number of
planes describing S. We present a probabilistic bound on the JSR relying on such
functions in Appendix A. However, we should keep in mind that the computational

complexity of the method will be much higher than the one we propose based on
CQLFs and SOS functions.

When we have access to the model, that is to the modes of the system, solving
Problems and is easily handled using matrix inequalities (see Remark
2.1), and provides deterministic stability guarantees [Lib03]. However, in our
black-box setting, we do not have access to the modes, and cannot solve Problems
(2.3) and using matrix inequalities. Moreover, we note that these problems
are then defined by an infinite number of constraints, while we only sample a finite
number N of trajectories of System , corresponding to a finite subset of the
constraints of Problems and . We hence seek to answer the following
question: after observing these N trajectories of length [; what probabilistic
upper bound on the JSR of the underlying system, holding with a given confidence
level, can we provide?

To answer this question, we first present a method used to solve optimization
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problems in which we only have access to a subset of the constraints: the scenario
approach.

2.3 The scenario approach

Relying on data to obtain effective control methods, such as Lyapunov functions
or invariant sets; and assess efficiently system-theoretic properties despite the
complexity of the underlying system and the lack of a closed-form description of
the model is a topic of high interest in our data-based world: how to benefit from
the potential of the torrents of data we have access to? Hence, scenario-based
optimization has been widely studied in the past decade [Call0], [NY19], [CGRIS]
[CG18].
Scenario-based optimization is one of the subfields of optimization under uncertainty,
that is optimization in which the constraints depend on an uncertainty parameter.
Suppose we have a problem of the form
min c’us.t. f(u,8) <0, V6 € A,
uceUCR™
of solution u®, where A represents some form of uncertainty and U is a set of
deterministic constraints. It is often difficult to derive a solution satisfying all
constraints, because we only have access to a subset of them or because the size
of A causes the problem to be computationally intractable [BEFB94]. In our
setting, for instance, A = (x, Ax) Va € S,VA € M!, so that we have a closed-form
expression for A, but no access to the entirety of it. There exist several approaches
to deal with this family of problems [NY19]. For instance, the chance-constrained
approach consists in considering ¢ as a random variable, and in deriving a solution
u* satisfying the constraints up to a given level of probability, that is satisfying
u{f(u*,8) > 0} < e, where u is a probability measure on A [SDR09J.
The approach suiting our setting best is the scenario approach, which allows to
obtain probabilistic guarantees about the unobserved samples in A based on a
given number of realizations of A. In this approach, we consider a finite set
wny C A composed of N constraints (associated in our setting to the trajectories
(x, Ax) we have access to) independently and identically sampled among all possible
constraints according to the probability measure 1 on A. We then solve the sampled
optimization problem, denoted by P(wy), defined by these constraints:
T
i cu s.t. f(u,0) <0, V6 € wy.
This problem hence uses available data in a direct way. Since it does not contain
any uncertainty and consists of a finite number of constraints, it is efficiently
solvable. Its solution, denoted by u*(wy), is a random variable, which outperforms
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the solution of the initial problem: cfu*(wy) < cTu?, to the expense of potentially
violating some constraints of the initial problem.

The relationship between the initial problem and the sampled problem, depending
on the number N of sampled constraints, has been widely studied recently, from
two perspectives. First, one can analyse the feasibility of the sampled solution,
and bound the measure of the set of initial constraints possibly violated by the
sampled solution [Call(] [CGRI8|] [CGI18]. This perspective is hence related to
the chance-constrained approach: given the number N of constraints enforced,
one can derive a probability with which the sampled solution is feasible for the
chance-constrained problem. Second, one can analyze the objective performance
of the sampled solution, that is the distance between its cost and the cost of the
initial problem [MSL15].

To analyze the feasibility of the sampled solution, we need the following definition:

Definition 2.4. [Call0), defn. 2.9]
An essential set for P(wy) is a subset Es C wy, with minimal cardinality, such
that cTu*(Es) = cTu*(wy).

In other terms, an essential set is a set only containing constraints whose
removal imply a decrease in the cost of P(wy). One can derive upper bounds on
the cardinality of essential sets, for two specific versions of P(wy):

Lem 2.1. [Cali(, Lem. 2.10]

Let P(wyn) be a convex problem, such that f(u,d) is convex in u for any fized 6 € A.
Then, |[Es|<n+ 1 for any essential set Es of P(wy), where n is the dimension of
the variable w.

Lem 2.2. [BIWZ21, Thm. 2
Let P(wy) be a quasi-linear problem, of the form

min A s.t. alu < \blu, V0 € wy.
u€R™, A>0

Then, |Es|<n for any essential set Es of P(wy).

An assumption on P(wy) required to analyze the feasibility of its solution is its
non-degeneracy:

Definition 2.5. [Call0, Lem. 2.11]
P(wy) is said to be non-degenerate if it admits a unique essential set.

We can now present the probabilistic guarantees on the measure of the set of
constraints violated by the sampled solution u*(wy), for non-degenerate problems:
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Proposition 2.3. [Cali(, Thm. 3.5]

Let P(wy) be a non-degenerate problem, with a unique solution after, if necessary,
the application of a tie-breaking rule. Let N > n, and let & be an upper bound on
the cardinality of the essential set of P(wy). Then, for all e € (0,1), the following
holds:

e-1
pMwuy € AV p(V(wy)) <ep>1-— ;) (jj) (1 —e)N

where V(wy) =45 € A: f(u*(wn),d) > 0} is the set of violated constraints.

Applying Lemmas and [2.2 to Proposition [2.3] provides the following corol-
laries:

Corollary 2.1. Let P(wy) be as in Proposition and let it be convex. Then,
with the notation of Proposition it holds that for all €. € (0,1),

,uN{wN e AV p(Viwn)) < et > Beleée, N)=1— 2”: <N> (1 — e )N

j=0 \J
We can also define €.(B,, N) =1— 1741~ B, N —n,n+1).

Corollary 2.2. Let P(wy) be as in Proposition and let it be quasi-linear.
Then, with the notation of Proposition it holds that for all €, € (0,1),

n—1 ) )
MN{WN c AN . p(V(wn)) <eut > Buleq, N) =1— Z (?f) efﬂ(l — qu)N—J.
j=0

We can also define €(By, N) =1—1"Y1— By, N —n—1,n).

Proposition provides an explicit bound on the number of samples required
to obtain, with a high probability, a sampled solution feasible for the chance-
constrained problem. However, in general, one cannot straightforwardly translate
this knowledge into a confidence interval for the cost of the initial problem as a
function of the sampled cost. Hence, analysis of the relationship between the initial
and the sampled problems from the performance perspective is far from trivial.
There exist problems for which, if a specific set of constraints, even of arbitrary
small measure, is not satisfied, the feasible cost decreases greatly, as illustrated in
the following example:

Example 2.3. Consider the following problem:

min wu s.t.
u€eR

w>10% §¢€ 0,107
u>0, §€(107%1]
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whose optimal solution is given by u® = 10'°. By allowing the measure of the
set of violated constraints to be of € > 1075, it can happen that the whole set of
constraints associated to § € [0,107°] gets neglected and that the sampled solution
is of 0.

In [MSL15], a probabilistic bound on the optimal cost is given, in the form
pN{cTu® — cTu*(wy) € [0,1(€)]} > 1 — B, where . is defined as in Corollary
2.1} However, it only holds for convex problems and it suffers from the curse of
dimensionality, so that I(e) grows exponentially with the dimension of A. Hence,
other methods have to be derived to obtain a probabilistic bound on the JSR
based on the observation of N trajectories, relying on the specific structure of the
problem.

We now present a non-exhaustive list of further developments in the scenario
approach. We focus on developments that will be of interest in the course of
Chapter 5, or attempting to decrease the complexity of the problem.

« Extension of the feasibility analysis to multi-stage optimization [VKRI12]
[KML16]. In this framework, the decision variable v = (uy, ..., u,,) has to
satisfy several problems of the form

ueI}/{l%IganClTul st f(ug,uiog,0) <0, Vo € Ay,
for i = 2,...,m, where U; represents a set of deterministic constraints. A
bound on the total number of samples to be sampled to obtain a global solution
feasible for a large set of constraints is then derived. This total number of
samples is divided into m sets of samples used to solve each subproblem. This
sequential problem will serve in Chapter 5, and the hereabove mentioned
references will be further investigated in this context.

o Attempt to decrease the sample complexity as well as the computational
complexity of the approach by solving a two-phase process: the first phase
consists in computing u*(wy) based on N samples, and in the second phase,
one only updates part of the decision variable u while maintaining the rest
fixed to u*(wy) [CGCI4]. This algorithm is further investigated in Chapter
5.

o Attempts to decrease the computational cost of the approach by relying on
distributed algorithms [CSBCT4].

o Techniques to decrease the sampled cost while maintaining the same level
of probability on the measure of the set of violated constraints, by allowing
some sampled constraints to be discarded [Call0] [CG11]. The choice of the
constraints to be discarded to achieve an optimal trade-off between feasibility
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and performance is however a NP-hard problem. Moreover, this increases
both the computational and sample complexity of the scenario approach.
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Part 11

A broader and more precise class
of probabilistic stability
guarantees
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Chapter 3

Data-driven computation of the

JSR

In this chapter, we first formally present the data-driven approach to compute
approximations of the JSR, by introducing the black-box setting in the construction
of Lyapunov functions described in Chapter 2. We also briefly present the approach
proposed in [KBJT19] and [BJW2I] to obtain probabilistic upper bounds on the
JSR. We then derive deterministic lower bounds on the JSR based on approximate
CQLFs and SOS Lyapunov functions.

In a second time, we present our first main contribution by answering the following
question:

How to provide probabilistic upper bounds on the JSR of switched
linear systems, based on a method which do not rely on chance-
constrained theorems and which can be used in the quadratic and
in the SOS setting?

We thus propose a novel approach, based on sensitivity analysis of the quasi-linear
optimization problems and , which allows to approximate their solution
within a given confidence level.

We first derive our approach in the quadratic setting, and obtain two novel upper
bounds based on CQLFs. Then, we leverage our technique to the SOS framework
and take advantage of the tighter approximation of the JSR allowed by SOS
Lyapunov functions.

3.1 Problem statement

In Chapter 2, we proposed a method to obtain deterministic upper bounds on the
JSR of a switched linear system whose model is available. The bounds are given by
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the optimal costs of the quasi-linear problems and . These problems are
defined by an infinite number of constraints since (Az)4” P(Ax)ld < 2dzldT pyld
must hold V(z,A):z €S, A € M.

However, in our setting, we only have access to a finite number N of trajecto-
ries of length [ of System , as well as to an upper bound on the number of
modes of the actual system. The trajectories are denoted by (z;0, i1, ..., Zi1) =
(w50, Aji 1 Ti0, -y Aj, iy 1) for i = 1,..., N. Hence, we can only implement N con-
straints of Problems and , defined by the N observations (z; 0, i1, ..., Tij)-
Based on the solutions obtained when solving these relaxations, we seek to infer a
bound on the solution of the initial problems, holding with a certain confidence
level.

The trajectories are assumed to be generated from N initial states z;( drawn ran-
domly, uniformly and independently from S according to o™!. Then, N sequences
of [ modes are drawn randomly, uniformly and independently from M' according
to pys and applied to each initial condition. The set of N observations of System
{(xi0,®i1, ..., xiy), 1 =1,2,..., N} is therefore associated to a uniform sample
of N (I + 1)-tuples in Z:

WN = {(;Ui’(),ji’l, ---;ji,l)u 1=1,2, ,N} € ZZN (31)

We denote Aj:= A Aj,_,..A;, and j = {j1, ..., 5i}.

In the framework of scenario approach, for a given data set wy, we define the
sampled optimization problems associated to and , that is the relaxed
problems defined by the N constraints associated to the N observed trajectories.
The sampled optimization problem to be solved in the quadratic case, denoted by
Opt(wy), is:

min vy

Py>0

st. (Ay)'PAr <y%2"Pr, Y(,j) € wy (3.2)
P> 1, ||P|| < C for a large C' € Rx.

Its solution is denoted by (v*(wn), P*(wy)), where the same tie-breaking rule
is applied on P*(wy)) if needed. Observe that Problem only requires the
knowledge of Ajz, available through the observations. Namely, it does not require
the knowledge of j, which is not observed in our setting.

In the SOS case, we consider the following sampled problem, denoted by Optes(wn)
and with solution (v}, ,(wy), P (wn)):

S0S

min -y

Py>0

st (An) DT P(Azz) ) < (TPl (g, ) € wy (3.3)
P > Ip, ||P|| < C for a large C' € Rs,.
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Once the solution to Problems (3.2)) and (3.3)) are obtained, we aim to infer the
solutions to Problems ([2.3)) and ([2.9)), respectively, within a certain confidence, as
illustrated on Figure |3.1]

Generalisation to d > 2
—_ I —

Initial Problem — (1°, P?) Initial Problem for the SOS setting = (72, P2,

SOS)

i, 0 I

st.  (Azx)TPAz <+22TPr, VA e M. vz es [|st (Ax)")P(Az)" <" (") P2l VA € M! Yz €S
P~1,  ||P||<C foralarge C € Rxg Pz Ip, [P/ <Cforalarge C €Rxg

t

Inference: /,z,N{wN IS Z,‘\' 17 < f(v* (wn), P*(wn))} > B

Sampled problem

>ameled problem Inference: i {wn € Z{¥ 700 < Fros(Vios(w), Plos(wn))} >
Opt<wN) = (’\/* (WN)7 p* (w\)) optsos (wN) = (’Y:os (WN), ]Ds*os (WN))
min 7 min =~y
P~>0 P~>0
s.t. (AjJ‘)TPAjZI‘ < 4227 pa, r,j) Ew s.t. ((Aj.r)T)[{/;P(Aj.r):d: < *,2‘”(.7:T)V‘I‘P;r:{[:. )
P =1, [|P|| < C for alarge C' € Rx P> 1Ip, [|P|| < C for a large C € Rx>g

Figure 3.1: Relations between the different optimization problems introduced. The
left-hand side of the figure is related to the quadratic setting, while the right-hand
side presents the extension to the SOS setting. We infer an upper bound on the
costs of initial problems, v° and s, as a function of the solutions to the respective
sampled problems. The sampled problems are relaxations of the initial problems.
They only require the knowledge of N trajectories of System to be solved.
The upper bounds, which approximates the JSR, hold with a certain confidence
level § depending on N.

Observe that solving the sampled problems amounts to computing approximate
Lyapunov functions, decreasing on a large number of trajectories instead of every-
where in the state space. Problems and are both quasi-linear problems,
and they are non-degenerate under the assumption that M' does not contain any
matrix A such that ATPA = ~?P for some P € S, and some v > 0 [BJW21]
Section 4]. Hence, Corollary provides a bound on the measure of the set of
trajectories potentially not satisfying the Lyapunov property, holding with a certain
confidence level depending on N. However, translating this knowledge into an
assumption about the JSR of the system is far from trivial. Indeed, there exist
approximate Lyapunov functions decreasing everywhere in the state space except
for an arbitrarily small set, while almost all of the trajectories of the analyzed
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system diverge to infinity.

Figure 3.2: Illustration of the dynamics of the unstable system of Example
on the level set of an approximate Lyapunov function. The trajectories of the
system starting on the level set diverge to the infinity, even though the set of points
violating the Lyapunov property, represented in red, is arbitrarily small.

Example 3.1. Consider the unstable linear system defined by the matrix

01 0
A= l 0 1.011 ’
and the almost Lyapunov function V(z) = 2% + 3, defined by P = I,.

It satisfies the Lyapunov property almost everywhere on the sphere: if 22 + 22 = 1,
then

(Az)"(Ar) < 2'z <= 0.012% + 1.020125 < 25 + 25 <= |74| < 0.99.

The set of points violating the Lyapunov property is represented by the red areas
on Figure |3.2 However, almost all trajectories diverge to infinity, as illustrated on
the same figure.

3.2 Presentation of an existing technique

In [KBJT19] and [BJW21], after the computation of an approximate CQLF, the
feasibility property of Corollary is translated into a probabilistic bound on the
JSR, based on geometric properties of switched linear systems. Indeed, one knows
a bound, holding with a certain probability f,, on the measure of the set of points
of the computed ellipsoid Ep«(,,) that do potentially not satisfy the Lyapunov
property (A;z)T P*(wy)Ajz < v*(wn)? 2z P*(wy)z, YA; € M'. This bound is
obtained by applying Corollary to Problem , and projecting the set of
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violating constraints onto the ellipsoid. From this, one can compute the convex
hull of the subset of Ep«(,,) whose points satisfy the property with probability 3.
More precisely, since we do not know explicitly which points of Ep-(,,) belong to
the set of violating points, we compute this convex hull for the worst distribution
of violating points possible. Then, we can compute the largest scaling & of Ep«(,,)
such that aEp-(,,) is included in this convex hull, as illustrated on Figure (3.3
Because System is convexity-preserving, it holds that all trajectories satisfy

a relaxed Lyapunov property: (A;z)T P*(wy)Ajz < %é\f)mxTP*(wN)x. Hence,

p(M) < %/“;{V) holds with probability at least 3.

Figure 3.3: Hlustration of the existing technique to obtain probabilistic stability
guarantees. The largest ellipsoid is Ep«(,,), computed by solving Problem (|3.2)).
The red portions of Ep-(,,) represent the worst-case distribution of the points
that potentially violate the Lyapunov property. The inscribed ellipsoid is the
largest scaling of Ep-(,,) included in the convex hull of the subset of Ep«(,,,) which
does not belong to the violating set. All points on this ellipsoid satisfy a relaxed
Lyapunov property.

This technique cannot be extended to the SOS setting due to the distribution of
the vectors z!¥. Indeed, they are not uniformly sampled on the sphere of dimension
D when the vectors x are uniformly sampled on S (see Remark , while the
geometric properties used require a uniform distribution of the sampled points.
Moreover, it only holds for a certain class of systems, satisfying the non-degeneracy
assumption required to use Corollary [BJW21l, Section 4].

Therefore, we propose a new method, which can be leveraged to SOS functions and
provides bounds valid without any assumption on the system. Before presenting
this method, we derive deterministic lower bounds on the JSR that can be obtained
by solving the sampled problems and . Combined to the probabilistic
upper bounds, these lower bounds allow to infer a confidence interval for the true
value of the JSR.
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3.3 Deterministic lower bounds on the JSR

The optimal costs of the sampled problems are necessarily smaller than the optimal
costs of the initial problems. Hence, by Theorems and [2.2] we obtain the
following deterministic lower bounds on p(M), based respectively on 7*(wy) and

/y:os (WN):

Lem 3.1. [KBJT19, Thm. 8]
Consider a finite set of matrices M C R"*". Let wy be a uniform random sample
drawn from ZV, and (v*(wy), P*(wn)) be the optimal solution to Problem .
The following holds:
7 (wn)
21 n

< p(M). (3.4)

Lem 3.2. Consider a finite set of matrices M C R™*"™. Let wy be a uniform

random sample drawn from Z{ , and (vZ,,(wn), P (wn)) be the optimal solution
to Problem . The following holds:

Vsos (W)
22—~ < p(M 3.5
iy S pM) (3:5)
where n = min{m, D}.

Note that the lower bound obtained using SOS functions is larger than the one
obtained using quadratic functions. Hence, one can expect the gap between the
lower and upper bounds on the JSR to be smaller when resorting to SOS functions.
We now propose our new probabilistic upper bounds on the JSR, based on the
computation of approximate CQLFs or SOS Lyapunov functions.

3.4 Novel quadratic upper bounds

We first derive our method in the quadratic setting, by conducting a sensitivity
analysis of Problem ([2.3)). This provides tools to approximate its solution within a
given confidence level.

3.4.1 A new approach based on sensitivity analysis

First, we derive a key result concerning the existence and the cardinality of an
essential set for Problem ((2.3)), that is a finite set of points such that the solutions to
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Problems ([2.3) and (3.2)) defined on this set coincid. We denote by dguad = "("2+1)
the number of variables of P € S™.

Lem 3.3. Let (v°, P°) be the optimal solution to Problem . Then, there exists
a set w, € Zldq““dJr1 with |ws| = dguaa + 1 such that v*(ws) = 7°, where v*(ws) is the
optimal solution to Opt(ws).

Proof. From a standard continuity argument (see Appendix B), it is equivalent to
prove that for any € > 0, there exists a set w, € Zld auad T (it |ws| = dquaa + 1 such

that v*(ws) > 7% — €. Problem (2.3)) is equivalent to:

g,lyirzlo% st. P& Xgjy, Y(z,j) € Z (3.6)

where
Xijy) = {P € 8"| (Ajo)" PAjz < v*2" Pz, P = I, ||P|| < C}

are sets of dimension dg,.q. Clearly, all sets X, ;) are convex and compact.

Suppose by contradiction that there exists an ¢ > 0 such that, for any w € Zld quad+1

with |w| = dquaa + 1, it holds that v*(w) < 4° — €. Let 4/ = 4° — €. Then, for any
wE Zldq““ﬂrl with |w| = dquaa + 1, Nz j)ewX(zj,) is nonempty.

However, Helly’s theorem [DGKG63| states that if every subcollection of cardinality
d + 1 of a collection of compact convex subsets of R has nonempty intersection,
then the whole collection has nonempty intersection.

Hence, Nz 5)ez Xz, is nonempty. As a result, v° < ' = v° — ¢, which leads to a
contradiction. O]

Based on Lemma (3.3 we will show how to construct, from a set of trajectories
wy, another set wy such that v*(wl) = ~° with a certain probability depending
on N and on how close the points of both sets are. Before proceeding further, we
introduce the notion of a spherical cap:

Definition 3.1. |Lill]
The spherical cap on S of direction ¢ and measure e, illustrated on Figure (3.4} is
defined as C(c,€) := {x € S: c"x > ||c||d(€)}, where d(¢) is given by:

n—11

d(e) = \/1—]_1<26;2,2). (3.7)

!The fundamental difference between Lemma and Theorem 2 in [BJW2I] lies in the fact
that our bound is derived for Problem ({2.3]) with infinite number of constraints while the bound
of [BJW21] is derived for the sampled problem (3.2) with a finite number of constraints.
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Figure 3.4: Hlustration of a spherical cap of measure € in two dimensions.

Proposition 3.1. Let wy := {(z;,4;), ¢ = 1,..., N} be a uniform random sample
drawn from ZlN, with N > dgueq + 1, and let v° be the optimal cost of Problem
(2.3). For all e € (0,1], with probability at least

Ble,m, N) i= 1 — (dyuaq + 1)(1 — %)N,

there exists a set wy = {(x},4;), i =1,..., N} such that

o Y (W) =7°, where v*(wl) is the optimal solution to Opt(wy ).

e Fori=1,..,N: ;€S and ||z; — x}|| < /2 —2d(¢), where 6(-) is given by

.
Given 3, m, N, we can also define ¢(3,m, N) = m! <1 — N,/dqi;ﬁA).

Proof. By Lemma , there exists a set wy, with |ws| = dquaa + 1, such that
v*(ws) = v°. The idea, for each trajectory (z’,j') in ws, is to derive the probability
that there exist a trajectory (z,j) in wy whose initial state belongs to a spherical
cap associated to 2’/ and such that j = j/, as illustrated in Figure |3.5. Given
any (2',j’) € ws, let (z,j) be drawn randomly and uniformly from Z;. Then, the
probability that z € C(2',¢) and j = j’ is of 5.

Hence, {(z,j)| © ¢ C(2',e) or j #j’} =1 — 5 for all (z,]) € wy, and 1 {wy €
ZN| x; & C(a',e) or j; # §° V(2:,Ji) € wy} = (1 —-5)Y by independence of
the sampling. These sets, for each (z/,j’) € ws, can be disjoint. Hence, the
measure of their union, that is the probability that there exists no (x,j) € wy
such that © € C(2/,¢) and j = j’ for a least one (2/,j’) € ws, is smaller or
equal to (dquaa + 1)(1 — -5)V. Therefore, the probability that V(z',j’) € ws,
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Ws

Wy

Figure 3.5: Illustration of the argument leading to Proposition 3.1} For each
trajectory (z',j) € ws, where v*(w;) = 72, there exists a trajectory (z,j) € wy such
that x belongs to C(2’,¢€). This holds with probability 5(e,m, N).

there exists a point (x,j) € wy such that z € C(2/,¢) and j = j’ is at least of
Ble,m,N) =1 — (dguaa + 1)(1 — 5)V.

If z € C(2/,€), then z'"x > ||2/]|6(e) where d(€) is given by (3.7), and ||z — 2/||* =
||| |* + ||2/||* — 2272’ < 2 — 25(¢). We define the set wj from wy as follows: for
the (x,j) € wy such that x € C(2',¢€) and j = j’ for some (2/,j") € ws, (2,§) € Wy.
For all other (z,j) € wy, (z,j) € Wy.

Hence, with probability larger than (e, m, N), w) contains wg, which implies
v (W) = 7" (ws) = v°. Moreover, by construction, for 1 = 1,..., N, x} € S and

s — 21| < /2 — 26(e). O

3.4.2 New bounds for the quadratic case

Using Proposition |3.1] we provide probabilistic upper bounds on +°, based on
(v*(wn), P*(wn)), the only solution we have access to. The idea is to obtain a
relationship between v*(wy) and v*(w), ), relying on the knowledge that the distance
separating the initial states of the sets w; and wy is bounded.

To prevent repetitions in the statements of our propositions, we summarize here
the notation used in this section:

Assumption 3.1. We consider an n-dimensional switched linear system as in

(2.1)), whose set of m modes is denoted by M C R™ ™; and a uniform random
sampling wy € Z, where N > dqu.q + 1. We denote by (v*(wy), P*(wy)) the
optimal solution to Problem (3.2)) and by (v°, P°) the optimal solution to Problem

E3).
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Proposition 3.2. Let Assumption [3.1] hold. For any 8 € [0,1), let
e=m (1 — N8 ) Then, with probability at least 5, the following holds:

dquad+1
77 < @)+ (7 (wn)! + BOMY)A)R(P(w), (3.8)
where A(e) = /2 —20(¢), 0(+) is given by /.) = max NIA[l and k(P) =
Amax(P)
Amin(P) °

Proof. Let v = v*(wy) and P = P*(wy). By definition,
1Az][p < A'llz]lp ¥(2,)) € wn. (3.9)
Consider the Cholesky decomposition P = LT L. Then [GVLIJ]:
l|z||p = VaTLT Ly = ||Lz|| and ||L™ z||p = ||2]]. (3.10)
Since ||A||p = ||[LAL7Y], ||L7Y|p = ||L7}|. Hence,
1=l = I Il = s(P)ll|p- (3.11)

Finally,
|zllp = [|(z + Az) = Az[[p < [[z + Azl[p + [[Az||p. (3.12)
So, for any Az such that ||Az|| < A(e) and z+ Az € S, we obtain that V(z,j) € wy
1A;(z + Az)||p < ||Aj5L“||P +|[A;Az||p

o Il 1Al
e s+ Aallo+ G+ A 1]
613,610
oS Nl Aalle (6 +IAIDA@IE 2 + Al

(7' + (0 + BIM)A©R(P)) [z + Az [p.

B11)

Let A(e) = 1/2 —2d(e), 5 €[0,1), and € = < — N,/dqia_ﬁl). Then, Proposition
guarantees the existence of a set wiy = {(z; + Ax;,j;), i = 1,..., N} such that

fori=1,...N, Az; < A(e) and z; + Ax; € S, and such that v*(w}) = 7° with
probability at least 3.

Hence, ||Ajz|[p < (’yl + (¢! —i—B(MZ))A(e)/@(P)) \|z|lp V(z,j) € wy. From the
definition of v*(wh ), (v*(wi))! < (’yl + (Y + B(Ml))A(e)/@(P)), which concludes
the proof. O
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One cannot directly use the probabilistic bound of Proposition Indeed, it
contains the expression B(M') = max [|Al|. This quantity can be computed as
AeM

[Jun09, Prop. 2.7]:
BWM") = min A, st. ||Az|| <, V€S, VA € M. (3.13)

However, we have no direct knowledge of A € M! and hence cannot solve Problem
(3.13). We thus seek to obtain a probabilistic bound on B(M?!) by solving the
sampled problem

n/\11>1(1) A, st [|Az]] < A V(z,]) € wa, (3.14)

which only requires the knowledge of the observations we have access to. Let
A*(wy) denote the solution to Problem (3.14]). By combining classical results
from chance-constrained optimization and the approach proposed in [KBJT19] and
[BJW21], we obtain the following bound:

Proposition 3.3. Let Assumption hold, and let \*(wy) be the optimal solution
to Problem . Then, for any given By € [0,1), with probability at least 5y, we

have: A (wn)
WN
All <
glea/)\fllH H - (5(61(51,771/, N))

where §(-) is given by and €1(f1,m, N) = %1(1 — V1-=751).

Proof. Problem ([3.14)) is convex and admits a unique solution. Moreover, there ex-

ists a sample (z,j) € wy such that \*(wy) = ||Ajz||, that is (z,j) = argmax ||Ajz||,
(337j)€LUN

so that one is a bound on the cardinality of the essential set of Problem (3.14]).

Let V(wy) be the set {(z,j) € Z; : ||A z|| > X(wn)} of violated constraints. We
seek to bound the probability to sample wy such that the measure of this set is
larger than ;. We consider two cases, depending on whether or not the problem is
degenerate.

(3.15)

1. Suppose the problem is non-degenerate with probability one. Then, Corollary
directly ensures that for all ¢; € (0, 1], we have:

pi{wy € 20 u(V(wn)) < e} > Biler, N)
where B1(e;, N) =1— (1 —¢)".

2. Suppose the problem is degenerate with probability larger than 0. In this
case, there exists at least one matrix A € M! such that ATA = ~I,, for
some 7 € Rsg (see Appendix C). Let B(M') = X\° = [|A*|| be the solution
to Problem . We consider the two following cases:
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o A*TA* = )\°[,, implying ||A*z|| = A\’ Vz € S. Then, it holds that if
for some (z,j) € wy, A* = A;, X(wn) = A%, so that 4 (V (wy)) can be
positive only if no such j belongs to wy, which happens with probability
(1 —-5)N. Hence,

1

oy € 21 u(Viwn) za} < (1- )Y < (1-a)

when ¢ is smaller than L. Then, p{wy € Z¥ : u(V(wy)) < @} >
Bi(e1, N), where fi(e;, N) =1 — (1 — ).

o A*TA* £ )\l so that (V(wy)) can be positive even though j such
that Aj; = A* belongs to wy. Let V/(A) = w({(z,j) € Z; : ||Ajz|| > A}).
Then, 1 — V'()) is the cumulative distribution function of the random
variable [|A;z||. Consequently, V'(\) is a right continuous and non
increasing function of A\. Hence, for all ¢; € (0, 1), there exists an
Ae1) € Ry satisfying V/(A(e1)) = €1, where A(e;) is a decreasing
function of ¢;. In addition, for \*(wy) to be smaller than A(e;), it is
necessary that wy contains no (z,j) € {(z,j) € Z; : ||Ajz|| > M)},
which occurs with probability (1 — ¢;)". Hence,

i {wy € 2 w(Viwn) > e} = ' {wy € Z) : X(wy) < Me)}
<(1- 61)N

and ' {wy € Z)¥ + w(V(wn)) < e} > fi(er, N) where (e, N) =
1-— (1 - 61)N.

In each case, we obtain that p}' {wy € Z¥ : w(V(wy)) < €1} > Bi(er, N) where
Bi(e1, N) =1 — (1 — €)N. This result can replace Theorem 4 in [KBJT19]. Then,
the proof follows the same lines as the derivation of Theorem 6 in [KBJT19], so
that details are omitted here. Note that €,(51, m, N) = m%(l — V1 — ) is smaller
than % as soon as /1 <1—(1— %)N , which holds for almost all values of 3; as

soon as NN is sufficiently high. m
Using sensitivity analysis, we obtain another bound on B(M!):

Proposition 3.4. Let Assumption hold and let \*(wy) > 0 be the optimal
solution to Problem . Then, with the same notation as in Propositz'on
for any given By € [0,1), with probability at least By, the following holds:

ma [|A]] < — )

AeM! 1—/2—26(ey)

(3.16)
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Proof. Let Max(wy) denote Problem (3.14). We replace Lemma[3.3|by the following

observation concerning Problem ([3.13)). Consider the trajectory (z,j) such that

Kla/\)fleAH = ||A;z|| = ||Aj(—x)||. Then, the two sets wy = {(x,j)} and w| =
€

{(=x,j)} are such that \*(w;) = A\*(w}) = B(M!), where A\*(w;) and \*(w}) are
the optimal solutions to Max(w;) and Max(w}).

Following the lines of Proposition , we can also prove, for all sets wy € Z}, the
existence of a set wy;, holding with probability at least 3; (e, m, N) = 1 — (1 —24)¥
and satisfying two properties. First, \*(w/y) = B(M!), where \*(w/;) is the optimal
solution to Max(w)). Second, for all (z},j;) € Wy, «} € S and there exists a
trajectory (z},j;) € wy such that ||z; — x}|| < 1/2 — 25(€1), where 0(.) is defined in
. The factor 2 in the expression of f; (€1, m, N) follows from the observation
that there are two distinct sets whose solution is equal to B(M!). We can also

mi(1— N/1— 1
express €1 as a function of 51: (5, m, N) = M
By definition, A*(wy) is the minimal A such that ||A;z|] < A V(z,j) € wy. Then,

V(z,j) € wy, ||Aj(z + Az)|| < X+ gnee%lHAH,/Q —24(€ey) for any Az such that

ml _— - . . 1.
[|Ax|| < /2 —20(€1). Hence, if €; = (1# Vlﬂl), we obtain that with probability
at least [;:

AN (wn)

Al <\ Ally/2 - 26 Al <
max ||A[] < A+ max || Al (€) <= max || ||_1_ ST

]

Remark 3.1. The bound of Proposition is less tight than the bound of
Proposition 3.3 as long as (e (51, m, N)) is larger than 0. However, §(-) is defined
over (0, 3), and if ¢ is larger than £, d(e;) = 0. Hence, as soon as m71(1— V1—-70y) >
% , which occurs for a large trace and/or number of modes, or when the number of
samples is too small, the bound of Proposition becomes infinite while one can

keep using the bound of Proposition [3.4]

We now propose our first bound on the JSR, by combining Propositions |3.2
and 3.3l

Theorem 3.1

Let Assumption hold and let A*(wy) be the optimal solution to Problem

3.14). For any 8 € [0,1) and 3; € [0,1), let € = m! <1 - ¥ dqllla_ﬁrl)’ and
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!

€1 = % (1 — /1 = B1). Then, with probability at least 3 + 3, — 1, we have:

M) <7 (@) + (7 (wn)! + Ale))Ale)r(P*(wn)), (3.17)

where A(e) = /2 — 26(e€), 4(+) is given by {D and A(ep) = A;EQI)V).

Proof. By Proposition [3.2] pN{wy € ZN| (3.8) holds} > 3, and by Proposition
¥ {wy € ZN| (3.15) holds} > B;. Hence,

i {wn € Z| at least one of (3.8)) or (3.15)) does not hold}
< i {wy € Z| (3.8) does not hold} + p" {wy € Z;¥| (3.15) does not hold}
<(1=8)+0-5).

Therefore, ul {wy € Z}| (3.8) and (3.15) hold} > 1 — (1 — ) — (1 — B). If wy is
such that (3.8) and (3.15)) hold, then (3.17) holds. Hence, this relation holds with
probability at least 8 + 1 — 1, which concludes the proof. O

We can infer another bound on the cost of Problem (2.3 as a function of the
solution to Problem (3.2)) by resorting to the Cauchy inequality [GVLI13]. This
bound also holds with probability at least 5 + 3; — 1.

Theorem 3.2

Let Assumption hold. Then, with the same notation as in Theorem [3.1],
with probability at least 5 + 3; — 1, the following holds:

p(M) <
%(wzv)*” + (Ae1)2(2A(e) + A(€)?) + v(wn)2(2A(e) — A(€)?)) k(P (wn))*.

Proof. We first prove that ~° <
Vr(wn)? + (BIMY(A()? + 2A(6)) + 1(wn) 2 (—A ()2 + 2A(6))) £(P*(wn))?,
where B(M') = max ||A]|.
Aem!
Let v = v*(wy) and P = P*(wy). By definition,

|Ajzl[p < A*|[2l[3 ¥(z,]) € wn. (3.18)

Let L be the Cholesky decomposition of P. Tt holds that (z,y)p = 2T Py = (Lx, Ly)
for x, y € R". Then, for any Ax such that ||Az|| < A(e) and z + Az € S, we
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obtain that V(z,j) € wx
1A;(z + Ax)|[5 = [|Aszllp + [|AsAz][b + 2(Ajz, AjAz)p

<9l 1A+ 2{Age, A

=Yz + Azl|} + ||Az|[p — 2{x + Az, Az)p) + ||A;AZ| [} + 2(Ajz, AjAz)p
= 'yZIHx + A:(JH% — fy2l|]Ax|]%3 — 272I<L:L’, LAzx) + HAJAJJH?; + 2(LA;x, LAjAx)
Yz + Az|[p + (||Af] 1P = +*)]ILAz]]?

@

+29%[(La, LAz)| + 2|| LA;z|||| LA;Ax|]
< e+ Allp + (| A]]° = ™)l Az L]

+2(1 A3 + )]l A ||| L
< (V4 (BIM)? =) A(e)* + 2(BIM')? + ) A(e)) 5(P)?) ||z + Axl [},
B1D)
Let A(e) = (/2 —25(e), B € [0,1), and €(8,m, N) = m! (1 — N,ldlﬁrl) Then,
Proposition |3.1| guarantees the existence of a set wiy = {(x; + Ax;,j;), i =1,..., N}
such that for i = 1,..., N, Az; < A(e) and z; + Ax; € S, and such that v*(wh) = ~°
with probability at least 5. Hence, V(z,j) € wly,
[A52]1% < (72 + ((BIM)? = 42)A(e)? + 2(BMY)? +92)A(e)) 5(P)?) ||l 3
From the definition of v*(wY),
(Y (@) < (7% + ((BIMY? = 42)A(€)? + 2(B(M')? +7*)A(e) ) 5(P)?), which
concludes the first part of the proof. Then, combining the inequality with Proposi-
tion |3.3| as in the proof of Theorem concludes the proof. n

Remark 3.2. The bound of Theorem [3.2]is advantaged over the one of Theorem
in two cases. First, it is less affected by an increase in A(e), especially when the
latter is higher than 1. Indeed, the largest term in the bound of Theorem [3.2]is of

order y/A(e) instead of A(e). A(e) is larger than 1 when a low number of samples
is used or for systems composed of a large number of modes. The bound is also
tighter when the difference B(M!)? — ~? is sufficiently high.

For non-degenerate systems, the bounds of Theorems [3.1] and [3.2] can be compared
with the previous bounds from [BJWZ21], stating that with a confidence level of

ﬁ:ﬁl—i_ﬂ_l?

p(M) < ) (3.19)
3 ((CMm P )
and

[ A=(aBN)m) [ e e A
o 2 )
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where P*(wy), v*(wy) and §(-) are defined as in Theorem 3.1} &3, N) = 1 —

I (1 = B, N = dguaa — 1, dquaa), and E(P) = | /3240

Remark 3.3. Again, because §(¢) = 0 when € > %, our upper bounds present an
advantage over the bound in [BJW21]: in the latter, especially when the number
of modes m and the length of the traces [ increase, a large number of samples NV is

required to provide a finite upper bound on the JSR, while our bounds are finite
in all cases. Indeed, if €(8,m, N) > 1 so that d(e(8,m, N)) = 0, the bounds we
provide are nevertheless finite. If €;(f;,m, N) > %, we can replace the expression
Ale) = ’\;Efg ) by the expression provided in Proposition (see Remark and
obtain finite bounds. This is not the case for the bound of [BJW21], which requires

for instance N = 500 samples to be finite for m =5, n =2 and [ = 3.

3.5 Probabilistic SOS-based guarantees

We now leverage our new approach to the SOS framework.

The main differences between Problems and are (i) the increase in
the dimension of the optimization problem, from dquaq + 1 to dsos + 1, where
dgos = w and D is given by ; and (ii) the distribution of the vectors z¥,
which are not uniformly sampled on the sphere of dimension D when the vectors x
are uniformly sampled on S. The latter observation explains why the technique of
[BJW21] cannot be leveraged to the SOS setting directly. It however does not affect
our sensitivity analysis approach: Lemma [3.3]is straightforwardly extended with
the increased dimension taken into account; and we can then apply Proposition (3.1

to Problem ([2.9), with only the expression of the confidence level modified:

Proposition 3.5. Let wy := {(z4,5;), i = 1,..., N} be a uniform random sample
drawn from Z;, with N > ds.s+ 1, and v° be the optimal solution to Problem .
For all 5,5 € (0, 1], with probability at least

€sos
ﬁ(esos,m,N) =1- (dsos + 1)(1 - ml )N7

there exists a set wiy = {(x},4;), i =1,..., N} such that

o Vi (W) =7°, where i (W) is the optimal solution to Optses(wiy ).

o« Fori=1,...N:z, €S and ||x; — x}|| < /2 —20(¢), where §(-) is given by

ex)

Again, to prevent excessively long statements in our next theorems, we present
here the notation used in this section:
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Assumption 3.2. We consider an n-dimensional switched linear system as in ([2.1)),
whose set of m modes is denoted by M C R™*"  and approximate SOS Lyapunov

functions of degree 2d. Let D = ("Jrj_l). We consider a uniform random sampling

wy € Z¥, where N > dgos + 1. We denote by (v, (wn), P (wn)) the solution to
Problem (3.3)), by (72,,, P2.) the optimal solution to Problem (2.9), and by A*(wy)

the optimal solution to Problem (3.14)).

We now combine Propositions and to obtain a SOS-based probabilistic
upper bound on p(M). Note that we only extend the bound of Theorem [3.1]
Indeed, the argument leading to the bound of Theorem takes advantage of the
relation ||z + y||*> = ||z||* + ||y||* + 2(z, y). In the SOS setting, we deal with norms
of sums containing more than 2 terms, which prevents the bound we could obtain
following this argument to be tight.

Theorem 3.3

Let Assumption hold. For any 8 € [0,1) and 81 € [0,1), let €55 =

m! (1 - d:;fl) and €; = m7’(1 — /1= 31). Then, with probability at least
B+ B1 — 1, we have:

M) < {y(wn) @ + ((v(wn)*™ + A(1)?) F(d; €s00) JE(P* ()

where A(er) = 258 £(d, €0s) = VD((14 Al€s0s))* = 1= (1= F5)A(Es05)?),

A(€gos) = \/m and J(-) is given by .

When d = 1, this theorem reduces to Theorem as expected. Before proceeding
to the proof itself, additional properties concerning d-lifts and Kronecker products
are needed.

Proposition 3.6. There exists a matriz Cy € RP*™ of norm ||Cy|| < VD such
that 2@ = Cyx®?, where 29 is the d-lift of x. Moreover, the following relations
hold:

2] = []=||¢ (3.20)
d d—1
@+ i=@+y)@.0@+y) =D Ky(dk) =22 +y% + 3 K, (d k)
k=0 k=1
(3.21)

where K, (d, k) is the sum of all possible sequences of d Kronecker products composed
of d — k copies of x and k copies of y. Fork=0,...,d, K;,(d, k) is composed of
(1) terms of norm [[s264H) @ y2H|| = |laf @)y |*
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Proof. The two last relations are well-known [LE72]. In addition, 2%? is composed
of a! copies of each monomial of degree d x®. Hence, if the only non-zero entries of
a-th row of Cy are \F and lie at columns assoc1ated to monomials 2%, Cz®¢ = 2.

Moreover, ||Cy||? < [|Cyl|% = So al ~=D. O
We are now ready to prove Theorem 3.3
Proof. We recall the binomial theorem [Aig97]: for n > 0, z € R,

(1+2)" = i (Z) 2", (3.22)

k=0
Let v =7} (wn) and P = P} (wy). By definition,

1(As2) Al < A" ]p, V(z,]) € wy. (3.23)

Let ¢ = ||(x + Az)||p. For any Ax such that ||Az|| < A(e) and z + Az € S, we
obtain that V(z,j) € wx

(A + Ax)|p HA Cy(x + Az)™ || p
d—1
= ||A AC | p + || A Ca(A2) ™| p + || D A CaKona(d, F)| P
(3-21) k=1
= vlefB[d}HP +11(AjAD) Y| p+ 3 A C K an(d, )|
1;
S ’Yle(x + Ax)[d} - A‘r[d} - Z CdK:L’AJ:(da k)HP

.1

3
=

k=1
d—1

+ A A| LI+ 2 A Calll K oax (d, KL
k=1

< AT+ (v 4[| AG|| D] Az L]
), Prop

d _
#3204 VD () el el ]
k=1

< Y+ (v + || A D A) R (P
3.11), z+AzeS

S (CERATNTENZ) ol B INER RECH

< (v + "+ AN A R(P) )

ﬁ
Q. I
|

—

R
il
=

(0 IAIVDES () A -1 - ae) sy
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(7" + (¢ + BM)HA()*R(P))

+ (" + BMYHWVD (1 + Ae)! = 1= A(e))) 5(P)e
- (W L (" 4 BM)WD ((1 LAY 1 (1- jﬁm@d) >H<P>) "

where B(M!) = ,ﬂ%{zHAH' Let 5 €[0,1), A(e) = /2 — 20(€eg05) and

€s0s(B3,m, N) = m! (1 — N,/d:fi). Proposition guarantees the existence of a
set wy = {(x; + Ax;,j;), i =1,...,N} such that for : = 1,..., N, Ax; < A(e) and
x; + Az; € S; and such that %, (wy) = 72,, with probability at least 5. Hence,
[1(Az2) | <

(v + (4% + BMYDD (14 A(e) = 1 = (1 = ) AE))w(P)) ],
V(x,j) € wly. Following the same reasoning as in Theorem concludes the
proof. O

Similarly to our quadratic bounds, the bound of Theorem is always finite.
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Chapter 4

Numerical experiments

In this chapter, we conduct several numerical experiments to illus-
trate the improvement of our quadratic bounds compared to the one
of [BJW21], the performance of our SOS-based bound compared to
the quadratic bounds, and the accuracy of the lower bounds given
in Lemmas [3.7] and 3.2

We first illustrate the benefits of using approximate SOS Lyapunov functions on a
stable system for which no CQLF exists. We then show that for high dimensional
systems, our quadratic bounds outperform the one of [BJW2I]. In a third time,
we evaluate the sensitivity of our bounds with respect to the length of the trace [,
the number of modes m of the underlying system, and its dimension n. Finally, we
analyze the accuracy of our lower bounds.

For the sake of clarity, we first only plot the bound of Theorem in the quadratic
case. We then compare it to the bound of Theorem in a separate example.

Experimental protocol

Let N denote the number of random trajectories sampled. Then, in each experiment,
for every value of m, n, [, d and N analyzed, we solve Problems , in
the quadratic case, and in the SOS case using N trajectories. For the two
last problems, we look for the optimal cost v*(wy) or 7% . (wx) by bisection on an
interval [0, U], for a reasonable choice of U (U = iI_I}aXNquH, for instance) with a

fixed accuracy a. We thus solve a feasibility problem at each iteration, that is at
most [logz(%)w times. Once the optimal cost is obtained, we apply the tie-breaking

rule on P*(wy) (or P

* <(wn)) if the latter is not unique. Namely, we obtain a
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feasible P of minimal condition number by solving the following problem:

min Apax(P)
P=Ip

s.t.((Aj:L')[d})TP(ij)[d} < 7*(wN)2dl(x[d])TPx[d} V(z,j) €wn, ||P]]<C. (4.1)

Then, we compute the bounds of Theorems and 3.3 as well as the bound of
[BJW21]. The average of the bounds is computed over several runs to get rid of
the randomness of the experiments. Table |4.1| summarizes the default values of the
parameters used in our experiments unless stated otherwise.

Accuracy on the bisection « 1073

Confidence level 3 0.95

Confidence level 3, 0.95

Global confidence level 5; + 5 — 1 0.9

Number of runs for each simulation 10

Degree 2d of the approximate SOS Lyapunov function | d = 2
Number of modes m of the system m =2

Length [ of the traces observed [=1

Table 4.1: Default values of the parameters used in the experiments of Chapter 4.

4.1 Comparison of the quadratic and SOS-based
bounds

In the white-box setting, resorting to SOS Lyapunov functions instead of CQLFs
to approximate the JSR of a system provides a significant improvement when the
system does not admit a CQLF. Hence, first, to illustrate the improvement of our
bounds, especially in the SOS case, compared to the quadratic bound of [BJW21],
we consider a stable system for which no CQLF exists:

Example 4.1. ([PJ08, Ex. 2.8])
Consider the 2-modal system of dimension 2 defined by

)

The JSR of this set is equal to 1. However, the optimal cost of Problem is
7° = /2, which is thus the tightest quadratic bound one can obtain on the JSR of
the system. On the other hand, by relying on SOS function of degree 2d = 4, one
can obtain an upper bound of 1 + €, with € arbitrarily close to 0, so that in the
white-box setting, SOS Lyapunov functions outperform CQLFs.
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Figure presents the evolution of the different upper bounds with the number
of samples. We observe that for a large enough number of samples, the SOS-based
bound outperforms the quadratic bound in the black-box setting just
like it does in the white-box setting. We also observe that while the bound
of [BJW21] is tighter than our quadratic bound for a sufficiently high number of
samples, it is beaten for a small number of samples. As we will notice in Section
3.2, this feature becomes even more advantageous when longer traces are used.

-=: |SR
- Quadratic case, [BJW21]
- (Quadratic case, Theorem 3.1

. —— S0S case, d=2
Q
=
]
o
o 3
U
=
[
=3
Q
L
[
o 2r
o P R (S A N (g ey ——
[=3 G 11 16 21 26 3 36 41 45
=5
T o - ———————————————————————————————
| 1 1 1
0 2500 5000 7500 10000

Number of samples

Figure 4.1: Evolution of several upper bounds on the JSR of the system of Example
with the number of samples. The bounds of Theorem (our new quadratic
bound), of Theorem [3.3] (our SOS-based bound, for d = 2), of and the true
value of the JSR are plotted. From 1500 samples, the SOS-based bound becomes
the tightest one.

We now illustrate on the 8-dimensional system of Example 2.1 how our bounds
outperform the bound of [BJW21] for high-dimensional systems. This
is due to an asset of our bounds: their robustness with respect to the condition
number of P*(wy). First, the quantity appearing in our bounds is k(P*(wy)) =

%, which is always smaller than the expression appearing in the bound

of [BIJW21], that is kx(P*(wy)) = %. Second, in our bounds, k(P*(wy))

)\min( *(
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——— Quadratic case, Theorem 3.1
SOS case, d=2
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Figure 4.2: Evolution of several upper
bounds on the JSR of the system of
Example with the number of sam-
ples, for traces of length 2. The bounds
of Theorem [3.I, of Theorem [3.3] of
[BJW21] and the true value of the JSR
are plotted. As expected for systems of
large dimension, our bounds outperform
the one of [BJW21].

is multiplied by
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Figure 4.3: Illustration of the key factor
explaining Figure [4.2} the evolution of
k(P*(wy)) (appearing in our quadratic
bound), k(P (wy)) (appearing in our
SOS-based bound) and x(P*(wx)) (ap-
pearing in the bound of [BJW21]) with
the number of samples. <(P*(wy)) is
significantly larger than the other quan-
tities.

\/2 — 20(€), which tends to 0 as N increases. On the contrary,

R(P*(wy)) appears directly in the expression of 4(-) in the bound of [BJW21],
which causes the bound to become infinite as soon as x(P*(wy)) becomes too large.
Since both x(P*(wy)) and <(P*(wy)) increase rapidly with the dimension of the
system, our bounds outperform the one of [BJW2I] for high dimensional systems,
especially if longer traces are used. We illustrate this property in Figure [4.2] which
presents the evolution of the quadratic and SOS-based bounds on the JSR with the
number of samples, for traces of length [ = 2. In this setting, our bounds always
outperform the one of [BIJW21]. The evolution of x(P*(wy)) and &(P*(wy)) with
the number of samples, explaining Figure [4.2] is plotted on Figure [4.3]

4.2 Influence of the length of the trace

To illustrate another advantage of our bounds compared to the one of [BJW21],
we analyze the impact of the length [ of the traces on the upper bounds on the
JSR. We consider the system of Example [4.2]

Example 4.2. We consider the following 2-dimensional system composed of 3
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modes drawn uniformly, independently and randomly on the sphere:
M= { —0.138 —0.147 —0.159 —0.923 0.324 0.934 )
N 0.446  0.874 )\ —0.288 —0.297)\0.461 —0.297)°"
Its JSR is equal to 0.778.

Figures [4.4] and present respectively the evolution of the quadratic and
SOS-based upper bounds on the JSR with the number of samples, for values of
[ ranging between 1 and 5. The true value of the JSR approximated by the JSR
toolbox [LJP16] is also plotted.
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Figure 4.4: Evolution of the quadratic
upper bounds on the JSR of the system
of Example [1.2] with the number of sam-
ples, for traces of various length. To the
contrary of the bound of [BJW21], our
bound gets tighter when [ increases.

Number of samples

Figure 4.5: Evolution of the SOS-based
upper bound, for d = 2, on the JSR
of the system of Example with the
number of samples. The length of the
traces ranges between 1 and 5. The
bound gets tighter when [ increases.

We observe that the tightness of the quadratic bound of [BJW21] decreases when
the length of the traces increases. However, both in the quadratic and in the SOS
setting, our newly proposed bounds do not suffer from this curse of dimensionality:
their accuracy increases with the length of the trace. This holds for systems whose
modes are drawn on the sphere, and whose JSR is thus relatively small. Indeed,
for these systems, the optimal costs of Problems and are smaller than 5.
Then, the bounds of Theorems and are decreasing in [, especially rapidly
when [ is small. For systems consisting of modes of larger norm or when longer
traces are used, this property does not hold anymore. However, even then, our
bounds are less affected by the length of the traces than the bound of [BJW21].
Hence, our bounds can be used to take advantage of longer trajectories if
these are available. Moreover, we observe as expected that in the quadratic case,
our bound outperforms the bound of [BJW2I] when a large number of samples
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is not available. The number of samples required for the bound of [BJW2I] to
become the tightest one increases with the length of the traces.

4.3 Influence of the dimension

Our third experiment studies the impact of the number of modes m and of the
dimension n of the system on the upper bounds on its JSR. Figures [4.6] [£.7] and
present the convergence of the quadratic and SOS-based upper bounds when the
number of samples increases, for various values of m and n. For each combination
of m and n, a random system of m modes of dimension n of unitary Euclidean
norm is drawn. The ratios between the probabilistic upper bounds of Theorems [3.1
and or of [BJW21] and the true value of the JSR as approximated by the JSR
toolbox [LJP16] are plotted.

10 10
—— [BJW21], n=3, m=5
—— Theorem 3.1, n=3, m=5
—— [BJW21], n=5, m=5
Theorem 3.1, n=5, m=5

—— [BJW21], n=3, m=5
—— Theorem 3.1, n=3, m=5
—— [BJw21], n=3, m=7
Theorem 3.1, n=3, m=7

s
T
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Black-box bound/White-box bound
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Figure 4.6: Convergence of the
quadratic upper bounds on the JSR of
5-modal systems of various dimensions
when the number of samples increases.
The ratios between the bounds of Theo-
rem (3.1 (our new quadratic bound) or of
[BJW21] and the true value of the JSR
are plotted. The ratios increase with n.

Number of samples

Figure 4.7: Convergence of the
quadratic upper bounds on the JSR of
3-dimensional systems composed of 5 or
7 modes when the number of samples in-
creases. The ratios between the bounds
of Theorem (3.1} or of [BJW21] and the
true value of the JSR are plotted. The
ratios slightly increase with m.

In the quadratic case, as expected, our bound outperforms the one of [BJW2I]
when the number of samples is not sufficiently high, especially when the dimension
increases. We observe that in any case, the ratios increase with the number of
modes and the dimension of the system. The impact of the dimension is also
significantly greater than the impact of the number of modes.

As illustrated on Figure in the SOS case, we can explain these observations by

the behavior of the condition number of P (wy) (or P*(wy)). Indeed, it increases
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Figure 4.8: Convergence of the SOS-
based upper bounds on the JSR of sys-
tems of various dimensions when the
number of samples increases. The ratio
between the bound of Theorem [3.3] and
the true value of the JSR is plotted. The
ratio increases with n, while the impact
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Figure 4.9: Evolution of x(P (wn))
for systems of various dimensions with
the number of samples. k(P%, (wy))
increases with n, while its sensitivity
with respect to a variation in m is
negligible. The behavior of k(P (wy))
explains Figure 4.8

of m is negligible.

with the dimension of the system, while staying more or less equivalent when the
number of modes increases. By comparing Figures [£.6, and [£.8 we observe that
for larger dimensions, our SOS-based bound is larger than our quadratic bound.
This is explained by the increased dimension of the variable P when resorting to
approximate SOS Lyapunov functions. Indeed, this rise in the dimension induces

an increase in k(P% (wy)) compared to x(P*(wy)).

4.4 Comparison of the bounds of Theorems [3.1
and [3.2

Our next experiment consists in the comparison of our two novel quadratic bounds
on systems of various dimensions. Figure [£.10] presents the convergence of both
bounds on the JSR of n-dimensional systems of unitary norm when the number of
samples increases, for various values of n. The ratios between the probabilistic upper
bounds of Theorems and and the true value of the JSR as approximated by
the JSR toolbox [LJP16] are plotted.

As expected, the bound of Theorem beats the one of Theorem
when the number of samples available is low, a fortiori for low dimensional
systems. In this context, it also beats the bound of [BJW21], and can thus be used
to obtain the tightest bounds possible when a low number of samples is available.
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Figure 4.10: Convergence of our quadratic upper bounds on the JSR of systems of
various dimensions when the number of samples increases. The ratio between the
bounds of Theorem or and the true value of the JSR is plotted. The bound
of Theorem [3.2] is the tightest one when the number of samples used is low.

4.5 Lower bounds on the JSR
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Figure 4.11: Evolution of the lower bounds on the JSR of the system of Example
with the number of samples. The bounds of Lemma |3.1} in the quadratic case,
and of Lemma [3.2] in the SOS case for d = 2 and d = 4, are plotted. The bounds
get tighter when d increases.
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Our last experiment illustrates another asset of approximate SOS Lyapunov
functions over approximate CQLFs. Indeed, we analyze the behavior of the lower
bounds given in Lemmas [3.1] and [3.2] on the system of Example [£.2] More precisely,
Figure presents the evolution of these bounds, in the quadratic case and in
the SOS case with d = 2 and d = 4, with the number of samples. As expected,

the bounds converge to dp%. They thus increase with d, and would benefit
& /min(D,m) ’

further from longer traces. Hence, the gap separating the deterministic
lower bound and the probabilistic upper bound on the JSR decreases
as d increases.

4.6 Conclusion of the experiments

In conclusion, we observe that our novel bounds, derived in Theorems [3.1} [3.2] and
present several improvements in comparison with the bound of [BJW21], both
in the quadratic and in the SOS case:

o Our SOS-based bound outperforms the quadratic bounds for systems that do
not admit CQLFS, just as it does in the white-box setting.

o In the SOS setting, the gap separating the upper and lower bounds is tighter
than in the quadratic setting. The confidence interval for the value of the
JSR is thus more accurate.

e Our SOS and quadratic bounds are more robust with respect to the increase
in the condition number of P*(wy) or P (wy) than the bound of [BJW21].
Moreover, they are always finite.

e Our SOS and quadratic bounds either benefit from the use of longer traces,
or are less impacted than the bound of [BJW21].

o Our quadratic bounds, and especially the bound of Theorem [3.2] outperform
the bound of [BJW2I] when the number of samples available is small. The
number of samples required by the bound of [BIJW21] to beat our bound
increases with the length of the traces and the dimension of the system.

One however has to note that our SOS-based bounds are negatively affected by
the dimension of the system. Indeed, due to the rise in the condition number
of P¥ (wn), when d increases, they require a larger number of samples to yield
bounds as tight as the quadratic bounds. Moreover, the dimension of the problem
to solve increases exponentially with d and the dimension of the system. Hence,
since the computational complexity of solving a SDP program depends on both
the dimension of the problem and the number of constraints, SOS-based bounds

require the resolution of a program of much higher complexity.
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Chapter 5

The adaptive sampling approach
in the quadratic case

As illustrated in Chapters 3 and 4, the scenario approach is a successful and handy
method to obtain probabilistic bounds on the JSR of switched linear systems.
However, this approach presents a major drawback: the sample complexity required
to obtain a bound holding with a sufficiently large confidence level increases rapidly
with the dimension of the problem and with the desired accuracy of the bound. This
induces two potential issues. First, depending on the system analyzed, obtaining a
huge number of trajectories might be costly. Second, the computational complexity
of the problem to be solved increases with the sample complexity. This is especially
problematic for large-scale problems, which might become intractable. In this
chapter, we thus provide a novel approach answering the following question:

How to reduce the sample complexity required to obtain a bound
on the JSR holding with a given confidence level, while maintaining
the accuracy of the solution?

How to reduce the sampled complexity in the scenario approach has been relatively
widely investigated recently. Hence, first, we present an existing method designed
to this goal, based on a variation of the chance-constrained theory underlying the
scenario approach. In a second time, we derive a novel approach, based on adaptive
sampling and taking into account the structure of our initial problem. It consists
in solving a multi-phase optimization problem, where the total number of samples
available is divided into the several phases. We propose two variants of this approach
and define different algorithms accordingly. Finally, we derive probabilistic bounds
on the JSR based on the solutions computed by these algorithms.
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Assumptions and notation

As a reminder, to obtain a quadratic probabilistic upper bound on the JSR, we
attempt to approximate the solution (v°, P°) to Problem ([2.3)):

min ~ ys.t.  (Az)TPAzr <~y%2"Px, VA € M, Vr €S

P, >0

P*>1, ||P|| < C for a large C' € Ry,.

Therefore, we solve an associated sampled quasi-convex optimization problem:
Problem (3.2)). In this chapter, we will propose a multi-phase algorithm to obtain
quadratic upper bounds. Since we will solve Problem in the first phase, using
N, samples, we denote it here by Opt;(wy,) and its solution by (v;(wn, ), P (wny)):

PIEEFEO v st (Ajr)"PiAjz < AT P, Y(w,j) € wy, 651)
Plt[na ||P1H§CforalargeCER20.

As always, we apply the tie-breaking rule to select the feasible solution P of minimal
condition number if needed. We summarize the notation used in the propositions
of this chapter in the following assumption:

Assumption 5.1. We consider an n-dimensional switched linear system as in ([2.1]),
whose set of m modes is denoted by M C R"*"; and a uniform random sampling
wy, € ZM, where Ny > dquaq + 1. We denote by (v (wy, ), P (wn,)) the optimal
solution to Problem and by (7°, P°) the optimal solution to Problem ({2.3)).

5.1 The fast algorithm

In [CGC14], a two-phase algorithm, named the fast algorithm, is proposed for
scenario-based problems similar to Problem . In the first phase, one solves
Opti(wy,) with Ny samples to obtain a first solution (75 (wn, ), Py (wn,)). In the
second phase, one refines the computation of the cost v while maintaining P fixed
to P (wn,), by solving the following one-dimensional problem:

I’%Lno Vs 8-t (ij)Tpl*(w]\h)ij < ’sz‘lePf(le)m? V(.Q?,J) € WN1+No» (52)

where Wy, 1, = Wx, Uwn,. We denote the solution to this problem by v} (wn, 1),
and observe that it can easily be computed as:

(x,j)GWNQ

A'I‘ *(0
V;(wNﬁNz):maX ¥ (wy,), max zw ‘
||l Py ()
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Algorithm 1: Fast algorithm adapted to stability analysis of linear
switched systems.
Input: Number of samples to use in each phase: N; and N,.
Result: (fV;(le?wNQ)aP*(le))
First Phase
Sampling of a set wy, € Z"', where |wy, | = Ni;
Computation of (vf(wny), Py (wn,)), solution to Opty(wny );
Second Phase
Sampling of a set wy, € Z;'* independent from wy,, where |wy,| = Ny ;
Computation of v}(wn, +n,), solution to Problem (5.2);

[ .

=W

We present the global procedure in Algorithm [I], for given numbers of samples N,
and N, to use in each of the two phases.

In comparison to the resolution of Problem (3.2 with N; + N, samples, the total
computational complexity is reduced since the problem in the second phase is
one-dimensional. We now show that the sample complexity required to obtain a
bound of equivalent accuracy holding with a given confidence level is also reduced:

Proposition 5.1. Let Assumption [5.1] hold. Consider a uniform sampling wy, €
7z and let YWy n,) denote the solution to Problem (5.2). Then, for any
B € [0,1), with probability at least 3, it holds that:

'7;; (WN1+N2)

\/ 5( €(8,N1,N2)m!s(Py (wn,)) )

p(M) <

2

where 8(+) is given in (3.7), Bi(e, Ny) = Z?ﬁ‘é‘d (Ajf.l)ej(l — )77 and €(B, Ny, No)
is the solution to B =1 — (1 — e(B3, N1, N2))N2B1(e(B3, N1, Ny), Ny).

Proof. Let N = Ny + Ny, and define V (v, P) := {(z,j) € Z, : (Ajz)"PAz >
2T Px} as the set of violated constraints for a given pair (v, P). [CGC14, Thm.
1] ensures that for all € € (0,1), the following holds:

,ulN{wN1+N2 S ZZN : MZ(V(V;(WN1+N2)7Pl*(le))) < 6} >1- (1 - E)N251(67 Nl)

where (e, N1) = Z?iudld (1\](1)€j(1 — )M,
This result can replace Theorem 4 in [KBJT19|]. Then, the proof follows the same

argument as in the proof of [KBJT19, Thm. 6], so that details are omitted here. [
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5.2 An enhanced approach based on adaptive
sampling

Attempts to reduce the sample complexity required to obtain bounds holding
with a given confidence level such as the fast algorithm present the two following
drawbacks:

e They consider the samples to be drawn independently according to the same
distribution in each phase. In our setting, this implies that we consider a
uniform sampling of the state space in each phase. Similarly, these attempts
consider sampled versions of the same initial problem in each phase. In the
fast algorithm, for instance, both Problem and Problem are based
on the white-box problem Problem (2.3)).

o They hold for all scenario-based optimization programs. Hence, they do not
take into account the specific structure of our initial problem, that is Problem
([2.3). In particular, they neglect the impact of the condition number of P°
on the accuracy of the probabilistic bounds derived in Theorems and [3.2]

Therefore, we propose a new approach overcoming these drawbacks. We consider
different samplings in each phase, corresponding to variants of our initial problem,
after a specific change of variables has been applied. We base our approach on an
analysis of the Problem , and rely on a key property of the JSR: its invariance
under similarity transformations.

We first provide the intuition behind the changes of variables to be performed in
the white-box setting. We then derive our approach based on two phases only,
before extending our technique to an arbitrary number p of phases.

5.2.1 Idea in the white-box setting

Suppose wy, is sampled uniformly. Then, when P°, the solution to Problem ([2.3]),
possesses a high condition number, so does P} (wy;, ), the solution to Problem ({5.1).
This prevents the bounds of Theorems and to be tight. Therefore, we seek
for a coordinate system in which P? is the identity, which allows to get rid of the
condition number.

This optimal coordinate system, in the white-box setting, can easily be computed
as follows. Let L € R™*" be the matrix defining the change of variables. In the
new coordinate system, with 2’ = Lz, the constraints of Problem become:

(AL7'2\TPAL ‘2’ <~ (L7 '2)TPL 2/, VA € M' V2’ € LS
— (AL'2)TPAL 2 <+*(L7'2)"PL 2, VA e M V2 €S
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by homogeneity of System (2.1). By defining P’ = L~TPL™!, we obtain the
following replacement of Problem ({2.3)):

min 7/
P, ~'>0
st.  (LAL7'2)TP'LAL'2 < ~y?2TP'2', YA € M\ V2’ €S (5.3)
P =1, [|P'|| < C for a large C € Rxg.

We denote this problem by Opt(L) and its solution by (y°(L), P°(L)). After
performing the change of coordinates, we thus analyze in fact the stability of the
set LMUL™!. Since by Proposition [2.2) p(M") = p(LM'L™"), we can conduct our
stability analysis on LM'L~! instead of M! equivalently: v = v°. Moreover,
P°(L) = L7 TP°L" is a feasible solution to Opt(L).

We thus seek to compute the matrix L such that L= P°L~" is the identity. Since
P° € 8", it admits a Cholesky decomposition: P° = (L°)" L°, where L° maps the
elements of Epo to S, as illustrated on Figure [5.1]

Figure 5.1: Change of coordinates L mapping the elements of an ellipsoid Ep to
the unit sphere. L is the Cholesky decomposition of P: P = LTL.

Hence, L° is exactly the change of coordinates we are looking for. Indeed, in the
coordinate system defined by L°, P° is mapped to the identity: P°(L°) = I, is a
feasible solution to Problem ([5.3)).



5.2.2 Two-phase adaptive sampling approach

Having access to a finite number of simulations solely, we cannot compute exactly
either P° or P°(L°). Hence, we use adaptive sampling ([DA20], [Set10]) to (i)
compute an approximation L; of the optimal change of variables L°, by solving
Opts (wy, ) and (ii) compute a probabilistic bound on the JSR in the new coordinate
system, by solving a sampled version of Opt(L;). In the second phase, the sampled
solution will be an approximation of the identity. This will allow for the bounds of
Theorems and to be tighter for an identical number of samples used.
More precisely, the technique consists in the following steps:

1. Uniform sampling of wy, € Z*.

2. Computation of (7§ (wn,), Pf(wn,)), solution to Opty(wy, ). From this, we
learn an approximation of the optimal change of variables L°; given by the
Cholesky decomposition of Pj(wy,): Pf(wn,) = LT L;. We will approximate
the JSR of the system in the coordinate system determined by L;.

3. Sampling of wy,, composed of N, trajectories, uniformly for the system
LiM'LT". In our black-box setting, we have no direct access to Ly ALy,

for A; € M!. We therefore use Procedure to sample wy, .

Procedure Generation of samples uniformly distributed for L; M'L;*

Input: Number of points to sample: Ny, change of variables: L;
Output: Set of N, trajectories sampled uniformly for Lt ML wy,
1 fori=1,..., Ny do

2 Sampling of x; uniformly on S;

3 Computation of z; = Lflxi;

4 Sampling of j; uniformly from M' and generation of A;z;;
5 Computation of y; = LlAle_lxi;

6 end

7wy, = {(zi,y:), 1 =1,2,..., Na};

Note that the initial states of wy, are not uniformly sampled on the sphere
for the system M!. They are instead uniformly sampled on the ellipsoid
Epr(wy,), since LiY(S) = Ep;(wy,)s as illustrated on Figure .

4. Computation of a bound on the JSR of the system by solving a sampled
version of Opt(L;). Let the variables of this sampled problem be v, € R
and P, € R™", We would like to benefit from the information contained in
both wy, and wy,. Therefore, we enforce two sets of constraints. First, we
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implement a set of constraints associated to wy,:
(LlAle_lfL’)TPQ(LlAjLI_IZL‘) S ’)/SZI'TPQZE, V(Cl?,j) € WN, -

Then, we enforce the constraints of Opt; (wy, ) translated in the new coordinate
system:

(LA LT )T P L AL < A% P!, Y(2,5) 0 o' = Ly, (2,§) € way-

To the contrary to the distribution of the trajectories of wy,, the distribution
of the trajectories of wy, is not uniform for the system considered.

Let wn,+n, = wn, Uwy,. We then solve the following sampled version of
Opt(Ly), denoted by Opta(wn,+n,):

min Yo S.t. (LlAle_lw)TPQLlAle_lx < 7§leP2:L‘,
Pa, 7220

V(rj) €wn, U)o = Lix, (xj) €wy ) (O4)
PZEITM \|P2||§CforalargeC€Rzg.
We denote its solution by (75 (wn,+n,), P (Wny+n,)). When Ny is equal to

zero, that is when we only implement the constraints associated to wy,, the
solution to Opta(wn, +n,) is exactly (v (wn, ), In)-

We summarize our approach in Algorithm

Algorithm 2: Two-phase adaptive sampling algorithm.

Input: Number of samples to use in each phase: N; and N,.

Result: (v (wn,+n,), Py (wny+n,))
First Phase

W N =

Second Phase

Sampling of a set wy, € Z"', where |wy,| = Ny;
Computation of (7j(wn, ), Py (wn,)), solution to Opt;(wy, );
Computation of the change of variables L; such that Py (wy,) = L Ly;

Sampling of a set wy, uniformly distributed in the coordinate system
determined by L;, where |wy,| = Na, using Procedure ;
Computation of (v5(wn,+n,), Pa(wn,+n,)), solution to Opta(wa,+n,);

Remark 5.1. When solving Opta(wn, +n,) as the sampled version of Opt(L;), we
enforce the constraints associated to the trajectories of both wy, and wy,. We could
also solve a sampled version of Opt(L;) where only the constraints associated to wo
are enforced. This would decrease the optimal cost of the problem, but Pj (wx,+n,)
would be further from the identity. Empirically, we determined that the resulting
bound on the JSR would hence be less tight.

63



Initial Problem — (1°, P°) Opty(wn, ) = (' (wn,), Pi(wn,))
Pz Pomzo !
st. (Az)TPAz <% 2TPx, VA e M\ vz esS s.t. (AJ-.T)TPlAj.z? <" pya, ,J) E¢
P =1, [|[P|| < C for alarge C € Rxg P = I, [|P1]| < C for a large C' € R>q
— - —
Aur s 1P () = POl — 121 — L]
A [|P(Ly) = || = || L vI‘PuLl L L||
Dso: ||P5 (W, +n,) — P(L)]
- e —
Opt(L1)= (v*(L1), P*(L1)) Optz(wNy +N,) = (13 (Wny+842)s Po (@ +v)
min Y2
P2, 4220
. " _
S st (LiAL ' 2)T Ly AL e < 3T P,
st. (LIAL ') P'LAL Y <42/ Pa!, VA e M V2l €S j)Ew (2] Liz, (z,]) € wn, )
Pzl |IP][<Cforalarge C € Ry Py>= I, ||Psl| < C foralarge C € Rxg

Figure 5.2: Relations between the different optimization problems designed for
the two-phase adaptive sampling adaptive approach, and illustration of the factors
impacting the distance || Py (wn,+n,) — In||- The left-hand side of the figure presents
the white-box problems, before and after the change of variables is performed. The
right-hand side presents the associated sampled problems. We only have access to
the solutions to these problems, approximating the solutions of the initial problems.
The closeness of Py (wn,+n,) to the identity depends on A, ; and Ago. Ay, affects
the quality of the change of variables by inducing a distance between the solution
of Opt(L;) and the identity. It decreases when N; increases, while A, 5 decreases
when N, increases. A trade-off has thus to be achieved between both quantities.

The performance of our approach depends on the closeness of Py (wn,yn,) to
the identity. This closeness is impacted by two factors, as illustrated on Figure [5.2

1. The distance Ag; = || Pf(wn,) — P°||, implying a distance ||L; — L°|| which
represents the quality of the change of variables L;. This distance is due to
the restriction of the infinite number of constraints of Problem to Vy
constraints in Problem . It decreases when the number of samples V;
used in the first phase increases. It induces a distance A = ||P"°(L;) — I,,|| in
the solution of Problem (/5.3]).

2. The distance Ago = || Py (wny+n,) — P°(L1)]| due to the restriction of the
infinite number of constraints of Problem to N; + N, constraints in
Problem . It decreases when the number of samples N, used in the
second phase increases.
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Clearly, for a given total number of samples to be used, there will be a trade-off
to achieve between these two factors. We propose an approximation for the total
distance separating Pj (wn,+n,) from the identity, based on A, ; and A o:

Proposition 5.2. Let Assumption [5.1] hold. Let (vs(wn,+n,), Py (wni+n,)) be the
solution to Opty(wn,+n,), and (Y°(Ly1), P°(Ly)) be the solution to Opt(L,), where
Ly is the Cholesky decomposition of Pf(wny,).

Let A1 = || P (wn,) — P°|| and Aga = || P (wny+n,) — P°(L1)|] be the distances
separating the solutions of the initial and sampled problems. Then, it holds that:

||P2*(WN1+N2) - ]n“ < AS,Q + As,l- (55)

Proof. Since the Cholesky decomposition L of a matrix P € S}, is such that
Amin(L) = y/Amin (P) and since ||L7Y|| = %(L) [GVL13], we have:

min

A =||P°(Ly) = Ll = [|ILy"PPLy" = Ll = [|Ly T (P° = Py (wx,)) L7 ]
As,l

< IETINP? = BT = 5 po—
min 1

= As,l

where the last equality follows from the constraint P > I, in Opti(wy,) and
Opta(wn,+n,), from the homogeneity of these Problems and from the tie-breaking
rule applied. Indeed, if P € ST, satisfies (Ajz)" PAjz < v*2” Pz, VY(z,j) € wn,
then so does aP, for any o € R. Hence, the feasible P = I,, € 87, whose largest
eigenvalue, A\jyax(P), is minimal will be such that A, (P) = 1. Indeed, then, there
exists no a € R such that Ay (@P) = adpin(P) > 1 and Ajax(aP) = adpax(P) <
Amax(P). Hence,

1P (wnyns) = Tl = (1P (Wi ve) — P(L1) + P(Ly) — 1|
< 15 (wwive) = PO(La) || + |[P(Ly) = 1|
S AS,Q + As,l'

5.2.3 p-phases adaptive sampling approach

We now refine the idea of adaptive sampling by increasing the number of phases
of our approach. After each phase, the change of variables is recomputed until it
becomes sufficiently close to the optimal change of variables.

For k > 1, let Ly = Lg...LoLy and L;l = L;l...LglLfl. Let Ly = lel = I, for
k=0. Let Q =wn, U{(2,j) : @ = Lyz, (2,j) Ewn,_, tU...U{(2,]): o' =
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Lk—lxa (l’,j) € WN1}'
We define Optg(wn, 4. +n, ), of solution denoted by (v (wny+..+n,)s P (Wny+..+nN, )5
in the following recursive way:

Jmin -y st (L 1 AL 2) T Pl 1 AL o < A’ Pox, Y(x,§) €
ks YeZ

P, = 1,, | Pe|| < C for a large C' € Ry,
(5.6)

where L;, for i = 1,...,k — 1, is the Cholesky decomposition of P(wn,+. +n;,), the
solution to Opt;(wn,+..+n,). Note that Problems (5.1) and (5.4]) are particular

cases of Problem ([5.6)).
After an initial change of variables L; is obtained by solving Problem (.1]) with

N trajectories, we solve Opty(wn, 4. +n,) for k=2, ...,p. At Phase k, we analyze
the stability of the system Ly_; M'L*,. We sample N} points uniformly for this
system using Procedure [Generation] which define a set wy, of constraints. We
append to this set the Ny + ... + Ny_; constraints of Opty, (Wn,+. +n,_, ), translated
in the new coordinate system. We present our approach in Algorithm [3]

Algorithm 3: p-phases adaptive sampling algorithm.
Input: Number of phases: p, number of samples of each phase: Ny, ..., N,.
Result: (’y;(wN1+---+Np)7 P;(le-l-----i-Np))
First Phase
Sampling of a set wy, € Z}V', where |wy,| = Ny;
Computation of (vi(wn,), Py (wn,)), solution to Opty(wy, );
Computation of the change of variables L; such that Py (wy,) = LT Ly;
Second set of phases

W N =

4 for k =2 to p do
5 Sampling of wy, uniformly for Ly M'L*,, where |wy, | = Ny,
using Procedure ;
6 Computation of (v (wn,+.. +n,)s Pr(Wny+..+n,,)), solution to
Optr(Wn, .48 );
7 if k # p then
Computation of the change of variables L; such that
P (wnit..4n,) = L Ly;
9 Computation of Ly = LyLy_; and L' = L 'Lty ;
10 end
11 end

Assumption [5.2] will be required in our next statements:
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Assumption 5.2. We consider p, N € N;and N; € N> dgyqq +1fori=1,..,p
such that Ny +...+ N, = N. Fori =1, ..., p, let wy, be a uniform random sampling
for System L;_ 1 M'L;Y,. We denote by (v} (wn,+..on,); P (Wn,+...+n,)) the solution
to Opt;(wn,+..+n;), and by (7v°(L;), P(L;)) the solution to Opt(L;). L; is the
Cholesky decomposition of P (wn,+. +n;)-

The performance of our approach now depends on the closeness of P;(w Nit.+N,)
to the identity. We thus generalize Proposition as follows:

Proposition 5.3. Let Assumptions and[5.3 hold. Fori=2,...p, let Ay; =
|| P (wny+..+n;) — P°(Li_1)|| be the distances separating the solutions of the initial
and sampled problems. Then, it holds that:

||P;(WN1+A..+NP> — Ll < Asp+ Dy (5.7)

Proof. Since P°(Ly_1) = L, P°(Ly_2)L,", is a solution to Opt(Ly_1), we have:

1By (Wnisn,) = Inl| < By (Whyt.av,) — PO (Lp-1)|| + [P (Lp-1) — L]
= Dy + 1L, (PP (Lp-2) = Py_y(wnieen,o) Lyl
As,p—l

)‘min(P;fl (WN1+---+Np71)

S As,p + = ASvP + As,p—l

since Amin (P (Wny +..4n,_,)) = 1 by the same argument as in the proof of Propo-

sition £.2 O

Remark 5.2. A, decreases not only when the number of samples NV, used
in phase k increases, but also when the condition number of P} (wn,+. +n,) de-
creases. Increasing the number of phase is thus beneficial as long as the decrease
in k(P (wn,+..+n,)) compensates the fact that a lower number of samples is used
in phase k. For instance, usually, A, < Ag; despite N; being larger than N}, for
k<2

5.3 Novel theoretical bounds based on adaptive
sampling

To evaluate the performance of our approach, we seek to derive probabilistic
bounds on the JSR based on the sets wy,, wn,, ..., wy, and on the solution

(Vo (WN1ENp+. N, )s P (Wi 4. 4nv,)) 0 Opty(wiy +..4nv,)- Indeed, then, we can com-
pare it with the bounds obtained without resorting to adaptive sampling, given in
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Theorems and [3.2] For the same total number of trajectories sampled and with
the same confidence level, can we improve the bound on the JSR of the system?
Obtaining such bounds on the JSR and being able to optimizing them is also crucial
to determine the optimal values of Ny, ..., N, and p. Two approaches are possible:

« Analysis of Opt,(wn,+..+ Np) on the basis of wy, only, that is of the N, samples
whose distribution is uniform in the system considered.

o Analysis of Optp(leJr,__Jer) on the basis of all samples used, that is of the
totality of the set wn, 4. 4,

In both cases, the bounds derived have to be compared with the one that would be
obtained by using all the N; + ... + N, samples in Phase 1. The bounds obtained
through the first analysis will be more conservative, but easier to derive. Indeed, the
set (2, is not identically distributed. In addition, Ly, ..., L,_; are random variables
depending on wy,, ..., wy,_,. Therefore, when considering all trajectories sampled,
we cannot rely on the results of Chapter 3.

Bound based on the last set of samples only

Basing our analysis of Opt,(wn,+...4+n,) on the Np last samples solely allows us to
use the results of Chapter 3. Indeed, then, we consider the matrices Ly, ..., L,
and the trajectories of the set wy, 1. 4y, , to be deterministic. The only random
elements remaining are the Np trajectories of wy,, sampled uniformly in the system
considered, that is Lp,lMlL;I. Moreover, the JSR of this system is exactly the
one of M!. We propose a bound based on sensitivity analysis, adapted from the
one of Theorem Doing so requires the introduction of an additional sampled
problem, approximating the maximal norm of system Lp_lMZLI_,Elz

min A, st [|Lp1ALytyal| < Mlal], (2. 5) € 9, (5.8)

where L;, for ¢ = 1,...,p — 1, is the Cholesky decomposition of the solution
P*(wn,+..+n;) of Opti(wn,+. +n,). We denote the solution to Problem (5.8)) by
Ap(WN 440, )-

Theorem 5.1

Let Assumptions and hold, and let A*(wn,+..+n,) be the optimal
solution to Problem (5.8). For any 5 € [0,1) and 3, € [0,1), let ¢ =

- (1 - 47 ) and ¢ = ™ (1 — %/T=F). Then, it holds that, with

dquad+1 2
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probability at least S + (1 — 1:

M) < @iy )+ (3 @)+ Al AER(P; (it i3,):

where A(e) = /2 —20(¢), A(er) = W, d(+) is given by 1' and

_ [ Amaz(P)
k(P) = By

Proof. First, we prove that, with probability at least (3, it holds that
p(M) = p(Lp- 1t M'LSL))

fiéhﬁ@ww+m+m)l+(%ﬂwNﬁm+NJl+<Ba%rlﬂ4q£iﬂ)AOﬂKU?TWNHm+NJ)
(5.9)

where B(Lp_tM'LY) = max  [|A]].

A€Lp 1ML,

Clearly, Lemma [3.3] derived for Problem (2.3), also holds for Problem (5.3): it
suffices to replace the system M! by the system Lp,lMZL;EI. Hence, there exists
a set ws = {(x:, i), i = 1,.., dguaa+1} such that 7°(Lp_1) = 7*(w;s), where v*(w;)
is the optimal cost of the sampled version of Opt(Lp_1) implementing only the
constraints associated to ws.

Moreover, since wy, is sampled uniformly in the system considered, Proposi-
tion also holds for Problem , only with N replaced by N,. Then, since
the solution (7 (wn,+..4n,); Py (Wny 1..4n,)) satisfies any subset of constraints of
Opty(Wn, +..4n,), it holds that ¥(z,j) € wy,, [[Lp 1ALy 2 lprwn, s n,) <
yg(le+,_,+Np)l|\x||p5(wN1+m+Np). Hence, we can follow the same reasoning as in

the proof of Proposition applied to system Lp_l./\/llL;,ll instead of the initial
system M! and obtain Equation . Adding the constraints associated to wy,,...,
wn,_, can only increase the probability to sample a trajectory (&,j) whose initial
state belongs to a spherical cap associated to 2’ and such that j = j/, for each
(#',j") € w,. Hence, the result holds for Opt,(wn,+..4+n,) Where all the constraints
in €2, are enforced.

We now prove that

)‘;(WN1+...+NP>
d(€1)

holds with probability at least 5;. Suppose that, in Problem , we only imple-
ment the constraints associated to the uniform sampling wy,: [|[Lp_1A;Lg%, 2| <
Az, ¥(z,j) € wy,, and obtain a solution N*(wy,+..1n,). Then, the same argu-
ment as in the proof of Proposition ensures that:

p o, € 2 (Vi) < @1} > Buler, Ny)

B(Ly i M'LY) < (5.10)
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where V'(wy,) = {(2,j) € Z1 : ||Lp-1 ALY ]| > N (wny+..4n,)} is the set of
violated constraints and fB;(e;, N,) =1 — (1 — €;)™.

Adding the constraints associated to wy,,...,wn, , can only increase the cost and
decrease the measure of the set of violated constraints, since the trajectories
associated to wpy,, ...,wn,_, do not, by definition, belong to this set. So, the result

holds for the solution of Problem (5.8)) considering all constraints: /L;Vp{w]vp €
ZM 0 w(V(wnig.n,)) < @} > Biler, N,), where V(wn s 4n,) == {(2,]) €
Z HLp_lAJ-L;fle < Ay (Wny+..4n,) - Since it holds for all sets wy,, ..., Wn,_,
independent from w,, we also have as a corollary that

m T vy, € 20T (Viewsan,) < @} 2 Bile, Ny).
This result can replace Theorem 4 in [KBJT19]. Then, following the same lines as
in [KBJT19] proves Equation (5.10)).

Finally, combining Equations (5.9) and ((5.10)) in the same way as in the proof of
Theorem [3.1] concludes the proof. ]

Note that the bound of Proposition holds for all wy,,wny, ..., wn, ,. Even
though it is based on wy, only, it is thus to be compared with the bound of
Theorem [3.1] based on Ny ... + N, samples. In practice, for strategic choices of
Ni, N, ..., N, and p; the bound of Theorem beats the one obtained without
resorting to adaptive sampling, despite the fact that the number of trajectories
considered is smaller. This is due to the difference k(P*(wx)) — £(F) (Wny+..1N,))-

Remark 5.3. The bound derived in Theorem is an adaptation of the one of
Theorem [3.1 In Chapter 3, we proposed another quadratic bound on the JSR,
that is the one of Theorem [3.2] This bound outperforms the one of Theorem [3.]]
when the number of samples is low, or when the dimension of the system analyzed
is low (see Remark [3.2). We can thus derive another bound on the JSR based on
(Vp (WN1+ N 4.4, )5 Py (W 1.4, )5 the solution to Opt,(wi, +..+n,), by adapting
the bound of Theorem For the sake of clarity, we proceeds to its derivation
in Appendix D, and provide in the same appendix a comparison of the two novel
bounds on a numerical experiment.

Bound based on all samples

Deriving a theoretical bound on the JSR based on the solution of Opt,(wn,+..4+n,)
and taking into account the information provided by all samples is far from trivial
for two reasons. First, the distribution of €2, is not uniform, which prevents us
from resorting to the classical chance-constrained theorems such as Proposition [2.3]
Second, L, ..., L,_1 are themselves random quantities if we consider wy,, ..., wn,_,
not to be deterministic. Hence, these quantities cannot appear in the expression
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of 3, the confidence level on the bound. This constitutes a huge difficulty. For
instance, we cannot extend our sensitivity analysis straightforwardly (see Appendix
In Appendix E, we propose a bound based on all sets of samples by adapting the
technique of [VKR12] and [KMLI6]. They extend the feasibility theory summarized
in Proposition to multi-stage optimization. We put it in appendix for several
reasons. Indeed, it is always less tight than the bound of Theorem [5.1] it only
holds for the case where p = 2, and it requires the same assumptions on the system
as the bound of [BJW21]. From now on, we thus only consider the bound based
on the last set of samples solely.

5.4 A variant to the approach

We now present a variant to our approach, decreasing its computational complexity.
It is based on the following observation: if we have used enough phases and enough
samples, the solution to Opt(Lp_1), in the last phase, approximates the identity. If
this holds, setting P, to the identity in Opt,(wn,+..+n,) does not imply a significant
rise in the cost 7, (leJr,,,Jer). Hence, because the dimension of the problem is
then reduced to one and because of the complete disappearance of the condition
number of Py (wN1+,,.+Np), the bound we can obtain on the JSR will be tighter. In
this variant, the problem we solve in the last phase reduces to:

min 5y st |LpaAsbptiell < gllefl, Vi) € 9, (5.11)
where L; is the Cholesky decomposition of the solution to Opt;(wx, . 4+n,) for
i = 1,..,p — 1. We denote this problem by Opt, ;(wn,+..+n,) and its solu-
tion by 75 (Wn,4...1n,). Observe that v (wn,+..4n,) = /A5 (Wn,+..4n,), Where
)\;(leerJer) is the solution to Problem (5.8)). Note that the set of constraints

of this problem associated to wy,, ...,wn,_, is satisfied by v, = 75 1 (Wn 4.4+, )-
Hence, WS’I(wNHMJFNp) can easily be computed as:

Vo1 (WN 4.4+ N,) = max (7;_1(WN1+...+NP_1)> Jmax \7|’Lp—1AjLEf193H> :
’ 2
For p = 2, this approach is similar the fast algorithm, except for the sampling
in the second phase. Indeed, we sample the second set of trajectories uniformly
on Ep:(uy,) instead of on the sphere. Similarly to the case where F, is not set to
the identity, we propose a bound on the JSR based on the [V, last points sampled
solely:
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Theorem 5.2

Let Assumptions and hold, and let 4 ;(wn,+..+n,) be the optimal
solution to Opt, r(wn,+..+n,). Then, for any 3, € [0,1), with probability at
least /31, we have:

Vot (WNi+..4N,)

Vo(er(Br,m, N,))

where €, (51, m, N,) = m?l(l — %1 - 1) and 6(-) is given by 1}

Proof. Problem (j5.11)) is a sampled version of the following problem:

p(M) < (5.12)

r31>r%) v st ||[Lp_1AjLgtiz|| < 4|zl Vz €S, VA; € M

which is convex and admits a sample (z,j) as an essential set, namely the sample

such that v /(wny+..4n,) = \VHLp,lAjL;IxH. Hence, if we only consider the
constraints associated to the uniform sampling wy, in Opt,, 1(wn o+ Np) and obtain
a solution v,/ (wn,+..+n,), the same argument as in the proof of Proposition
ensures that for all ¢; € (0, 1], we have:

p o, € 2 (Vi) < @1} > Buler, M)

where Bi(e1, Np) = 1 — (1 — €)™ and V'(wy,) = {(,]) € Z1 ¢ ||Lp-1A;L 17| >
Vo (WN 4. 4n,)} 18 the set of violated constraints. By the same argument as in
the proof of Proposition , we obtain as a corollary that ufvl+"'+Np{wN1+m+Np €
ZlNlJNJer Cu(V(wni+.an,)) < €} 2> Bi(er, Np), where V(wn,+.4n,) == {(2,]) €
Zi+ || Lp—1AjL Y @] > 72 (wh, 4. 4n,) }, which replaces Theorem 4 in [KBJTT9).
Then, following the same lines as in [KBJT19] concludes the proof. O

Remark 5.4. For the bound of Proposition to be compared with the bound of
Proposition , one must set 31 to § + f; — 1, so that both bounds hold with the
same confidence level.

Remark 5.5. For an identical number of samples N, used in the last phase of
the approach and in the context of adaptive sampling, the bound of Theorem
almost surely outperforms the one the bound of Theorem [5.1] We provide an
explanation for this success in Appendix F.
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5.5 Summary of the approaches based on adap-
tive sampling

o Opt; (wn;, )
N Pimzo

s.t. (Aj.r)l PiAjr < ‘f’.rl Pz, V(z.j) €wn, L
P =1, ||Py]| < C for a large C' € Rx. 1

k=2,3,..,p—1
/_\ !
wN,, using Procedure Generation. Opti(Wn, +..4N,)
» min v
i e L,
Ly_y st (L1 AjL Y 2) Pl 1 AjL Y o < 4 a! P, V(o)) € Lp_q
Py = I, ||P|| < C for a large C € Rx.
Opt,(Wn: 4.+, ) wy,, using Procedure Generation oPtp.I(W)\‘l+...+A\',))
min v
Ppop>0 P | — —pl | W
st (Lp-1ALy Y 2) P Ly 1 ALY o < 7 2eT Poe, V(aj) € Q, 20 ) 1
Ll < A N e
Py = I, [|Py|| < C for a large C' € Rxq. st |[Lpa ALy ol < ypllxfl. V(z.j) €y
Ay N P*”' N A~k (w ‘)
(p(@Ny4.408,)s Py (WA +..48,)) Vp, 1 (WN1+..+N,,

Figure 5.3: Summary of the procedure to obtain a probabilistic bound on the
JSR using our adaptive sampling approach. The blue box contains the iterations
k = 2,...,p— 1, that is the phases refining the change of variables. After each
phase, the change of variables computed is handed to the next phase, as illustrated
in red. The external resources provided to the phases, that is the sampling wy,,
..., wy, are presented in black. In the last phase, one either fix P, to the identity
(right-hand side) or not (left-hand side). This is determined before starting the
computations.

Figure [5.3] illustrates the steps required by our adaptive sampling approach to
obtain a bound on the JSR. In the last phase, we choose whether or not we fix P,
to the identity. Note that this choice must be taken in advance, and that we cannot
simply take the minimum upper bound obtained, since both are probabilistic and
only hold with a certain confidence level. Hence, the minimum between the two
bounds holds with a lower confidence level. As observed in Remark [5.5] in our
adaptive sampling setting, if a sufficiently high number of samples is available, the
bound of Theorem [5.2] will almost surely beat the one of Theorem [5.1]
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Chapter 6

Numerical experiments and
derivation of a heuristic

In this chapter, we seek to optimize our adaptive sampling approach by answering
the following question:

Given a total number N of samples available, what is the optimal
number of phases p and what is the optimal number of samples N,
Ny, ..., N, to use in each phase?

In Chapter 5, we were only able to provide bounds based on the analysis of the
N, last samples solely. Hence, we cannot directly optimize these bounds to obtain
the values of Ny, ..., N, and p yielding the tightest bounds on the JSR possible.
Therefore, we will determine these optimal values empirically.

First, we propose a strategy, called the online strategy, determining the optimal
number of samples to use in each phase based on the convergence of Py(wn,+. +n,)
to a certain limit. We then compare its performance to what can be obtained by
fixing in advance, in an offline way, Ny, ..., N, and p to judicious values. This
allows to empirically confirm that the convergence criterion used by the online
strategy yields tight bounds on the JSR. Additionally, it also illustrate how our
adaptive sampling approach outperforms the fast algorithm and, for judicious
choices of Ny,...,N, and p, the bounds of Chapter 3. In a third time, we conduct
a large number of experiments to determine, using online sampling, the optimal
values of Ny, ..., N, and p to be used in offline strategy.

The information yielded by the experiments allows us to propose a
heuristic providing tighter bounds on the JSR than the ones of Chapter
3, holding with the same confidence level and requiring the same sample
complexity.

Finally, we illustrate the performance of the heuristic on various systems.
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6.1 Online and offline strategies

We present the features of the offline and the online strategies.

 In the offline strategy, we fix the values of Ny, ..., N, and p in advance and

obtain the solution (7; (WN 4. 4N, ) Py (WN,+..+N,)) by resorting to Algorithm
The parameters are thus deterministic.

In the online strategy, we determine Ny, ..., IV, and p after the computations
started, by resorting to a convergence criterion presented in Procedure [Onling
In each phase, we first sample Ninit trajectories uniformly in the coordinate
system relevant to the phase, and compute the solution P} (wn, 1. 4ninit) tO
Optr(wn,+..+Ninit). Then, iteratively, we add a small number n of samples to
the total number N of samples used in the phase, and recompute the solution
after each increment. The process keeps going until convergence is attained,
that is until || Py (wny+...4+n) — Pi(Wny 4.+ (v—n))|| is sufficiently small.

Procedure Online determination of N,

[ .

w

(3 BN

Input: Initial number of samples, increment n, tolerance tol, phase k.
Output: Number of samples generated Ny, solution

Initialization: P,, = I,,, N, = Ninit;
Sampling of wy, uniformly for System Ly 3 M'L,';, where |wy, | = Ny,

Computation of (v (wn1+.+n5,)s Pi(wn,+..+n,)), solution to

(VZ(WN1+..‘+N;€)= PJ(WN1+.‘.+N;C))-

using Procedure ifk>2;

Opti (Wi, +..+3,);

while ||P,jq — P (wn,+..+n,)|| > tol do
Sampling of w,, uniformly for System Ly_; M'L,.*;, where |w,| = n,
using Procedure |Generation|if k& > 2 ;
Pog = Pi(wny4..4n,)s Ne = N + 1, wy = wy U wy;
Computation of (v;(wn,+.+n5,)s Pi(wn,+..+n,)), solution to
Optk(wN1+...+Nk>;
end

The number of phases p is determined by the total number of samples available
or by a parameter pmaz, as presented in Algorithm [4] Setting a maximum
number of phases allows to increase NV, and hence decrease the bound of
Theorem[5.1] In the last phase, to decrease the total computational complexity,
we directly use all the remaining samples available without resorting to
Procedure [Online} Note that Ni,...,N, and p are random variables.

The online strategy can only provide useful information when the available
number of samples is sufficiently high for Algorithm [ to reach Phase 3.
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Algorithm 4: Online adaptive sampling algorithm.
Input: Total number of samples to be used N, maximum number of
phases pmax.
Result: (7; (le+~u+Np)7 P; (wN1+~~-+Np>>
First Phase
1 Determination of Ny and (7] (wn, ), Py (wn,)), solution to Opt; (wy, ),
using Procedure ;
Computation of the change of variables L; such that Py (wy,) = L Ly;

2
3 k=2,
Second set of phases
4 while Ny + ... + Ny_1 < N —dgyeqa — 1 and k < pmax do
5 Determination of Ny and (v (wny+..+n,), Pr(WNy+..+n,)), solution

to Optg(wn,+..+n,, ), using Procedure ;

6 Computation of the change of variables L, such that
Pi(WN 4.4N,) = L;%FLM

Computation of Ly = L;Lx_; and L;l = L,;lLlil;

k=k+1;
9 end
Last phase
10 p=k, Ny=N—(Ny+ ...+ Ni_1);
11 Computation of (vg(leerJer), P;(wNﬁ._,Jer)), solution to

Opty (Wi, +..4n,), without using Procedure ;

Note that the online strategy is computationally expensive, especially for high-
dimensional systems. However, it requires no a priori intuition about the optimal
values of Vy, ..., N, and p. We will now illustrate on numerical experiments that
it yields tight bounds on the JSR. This confirms the validity of the convergence
criterion to determine the optimal number of samples to use in each phase.

Notation and experimental protocol

We denote by (v*(wy), P*(wy)) the solution to Problem (3.2)), where N = N; +
..+ N,, that is the solution obtained without resorting to adaptive sampling. It
is with the bound of Theorem based on this solution that we compare our
adaptive sampling bounds.

The default values of the parameters used in the experiments are the ones of
Chapter 4, summarized in Table [4.1} In the offline strategy, by default, we fix a
number of samples to be used in the first phase and divide equally the remaining
samples between the next phases. Table [6.1] contains the default values of the
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parameters used in Procedure and in Algorithm [4] when resorting to the

online strategy:

Initial number of samples used in Procedure |Online| in Phase 1 dguad + 1
Increment of samples at each iteration of Procedure |Online| n—2
Tolerance on the convergence of Py(wn,+. +n,) in Procedure |Online| 107
Maximal number of phases allowed to be reached in Algorithm H 11

Table 6.1: Default values of the parameters used in Procedure and Algorithm
[] for a n-dimensional system.

6.2 Comparison of offline and online sampling on

Example

In Chapter 4, we observed that for high-dimensional systems, due to the rise of

R(P*(wy)) = %, the number of samples required to obtain relatively

tight bounds becomes large. For instance, for the 8-dimensional system of Example
2.1 4000 samples are required to obtain a bound smaller than 250% of the true
value of the JSR. We thus analyze the performance of our approach on this system.

6.2.1 Performance of offline sampling

First, we analyze the benefits of the offline strategy and try to determine empirically,
given a total number N of samples to be used, how to divide them between several
phases. Clearly, there is a trade-off to achieve between

(i) the quality of the change of variables measured by A;, 1 = |[|P°(Lp_2) —
Py 1 (WnN+...+n,)||, increasing with the number of samples Ny, ..., N, used

in the first phases and the number of phases (see Remark [5.2).

(ii) the benefits of increasing the number of samples N, used in the last phase.
First, the distance A,, = |[[P°(Lk-1) — By (wn,+..+n,)|| decreases as N,
increases. Second, N, appears in the theoretical bounds of Theorems and
(.2, and both bounds decrease as N, increases.

For a total number of samples fixed to 500, we plot the evolution of s (P (wn, +..+n,))
and of the upper bounds on the JSR with the ratio of samples used in the first
phase. As expected, we observe on Figure that #(P(wn,+..4n,)) Presents a
U-shape. At first, it decreases significantly when the ratio of samples used in the
first phase increases, since the quality of the change of variables then increases.
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Figure 6.1: Evolution of k(P (wx,+..+n,)) With the ratio of samples used in the
first phase, for the system of Example [2.1] In total, 500 trajectories are sampled.
k(P (wWny +..4n,)) presents a U-shape and decreases when p increases.

However, when this ratio becomes too high, x(P; (wn,+..+n,)) increases again. N,
is indeed too small for P;(wNﬁ._,Jer) to be close to P"°(Lp_1), even when the latter
is close to the identity. We also observe that x(P;(wn,+..+n,)) decreases with the
number of phases. When more than 2 phases are used, it is always smaller than
K(P*(wy)).

In Figures[6.2] [6.3] and [6.4], we plot the bounds of Theorems [5.1] and [5.2] the true
value of the JSR of the system as approximated by the JSR toolbox [LLJP16], and
the bound given in Proposition [5.1] referring to the fast algorithm. For the sake of
clarity, the different bounds are only presented together when two phases are used,
on Figure[6.4] Their evolution with the number of phases is presented on separate
figures, that is Figures [6.2] and [6.3]

We observe that all the adaptive sampling bounds decrease with the num-
ber of phases, and that they also present a U-shape. This feature is
accentuated since N, directly appears in the expression of our bounds. Hence,
when the ratio of samples used in the first phase increases, even if k(P (wn, +..4n,))
is low, the bounds become less tight. Our new bound of Theorem 5.1 outperforms
the one of Theorem for a sufficiently high number of phases, and the gap grows
for a judicious choice of the ratio of samples used in the first phase. The bounds of
Theorem always outperform all other bounds as expected given Remark [5.5]
Finally, we observe that the bound resulting from the application of the
fast algorithm is significantly larger than our bounds.

In conclusion, determining judicious values for Ny, ..., N, and p is crucial for
the bounds yielded by the offline sampling to be as tight as possible. We aim at
determining the parameters yielding the minimum values of the U-shape for all
types of switched linear systems.
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Figure 6.2: Evolution of the upper Figure 6.3: Evolution of the upper
bounds of Theorem [5.1] with the ratio  bounds of Theorem (for P, fixed to
of samples used in the first phase, for  the identity) with the ratio of samples
the system of Example For p > 2, used in the first phase, for the system of
the bounds always outperform the one  Example 2.1l The bounds always out-
of Theorem (no adaptive sampling).  perform the one of Theorem [3.1]

—-=-JSR
—— No adaptive sampling
—— Adaptive sampling, Theorem 5.1, 2 phases
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Figure 6.4: Evolution of several upper bounds with the ratio of samples used in
the first phase, for the system of Example 2.1} The bounds of Theorems [5.1] and
m (two-phase adaptive sampling), of Proposition (fast algorithm), of Theorem
(no adaptive sampling), and the true value of the JSR are plotted.

6.2.2 Performance of online sampling

We now show that the convergence criterion defined in Procedure is valid
to ensure the tightness of the bounds of Theorems and 5.2 Hence, the number
of trajectories to be sampled in each phase as determined by the online strategy
can be used as optimal values in the offline strategy.
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Figure 6.5: Evolution of several upper bounds with the total number of samples,
for the system of Example 2.1} The bounds of Theorems [5.1]and [5.2] the true value
of the JSR of the system and the bound of Theorem are plotted. The bound of
Theorem is the tightest one. The bounds related to adaptive sampling beat the
bound of Theorem [3.1] for a sufficiently high number of samples.

Figure [6.5 presents the evolution of the bounds of Theorems and .2} depending
on whether or not P, is fixed to the identity, with the number of samples. The true
value of the JSR of the system as approximated by the JSR toolbox [LJP16] is also
plotted. As expected, the bound of Theorem is the tightest one. It only requires
750 samples to become smaller than 1 and hence serve as a stability certificate. We
observe that for a small total number of samples, implying that the online adaptive
sampling strategy does not reach Phase 3, the bound of Theorem does not
beat the one obtained without resorting to adaptive sampling. However, when the
number of samples increases, it rapidly outperforms the old bound, and provides
tight approximations of the JSR. Observe that for 500 samples used, the order
of magnitude of the bounds obtained via online and offline sampling, for
a judicious ratio of samples used in the first phase, is equivalent. Thus,
we infer that the convergence criterion we are using to determine how many samples
to use in each phase is valid when N is sufficiently high. More insight with respect
to the evolution of Py(wp,+. +n,) with the number of phases & and to the number
of samples required in each phase is provided in Appendix G.
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6.2.3 A computational comparison of the two strategies

We observed that the sample complexity required by both the offline and the online
strategies to obtain tight bounds is significantly lower than without resorting to
adaptive sampling. However, in the offline strategy, this only holds for a judicious
choice of the parameters Vi,..., N, and p of the method. We now answer the
following question: if the bounds yielded by the online strategy are always as tight
as possible (at least when the number of samples available is high enough), why do
we want to rely on the offline strategy? The answer is twofold.

1. Resorting to offline sampling prevents situations where all available samples
are used in the first phase. This can occur in online sampling, when the
number of samples available is not sufficiently large.

2. In the online sampling strategy, the reduced sample complexity does not
imply a reduced computational complexity, which was one of the objectives
of resorting to adaptive sampling. Table presents the sample and com-
putational complexities required to obtain bounds smaller than 250% of the
true value of the JSR by three approaches: no resorting to adaptive sampling,
offline sampling or online sampling. When resorting to offline sampling, we
use as an input the results obtained via the online strategy, so that the same
number of samples is used in each phase of both methods. The derivation of
Table is presented in Appendix H.

No Offline Online
adaptive sampling strategy strategy
Total number of 4000 500 500
samples required
Number of phases 1 5 5
Number of samples Ny = 4000 Ny =253, Ny =90, N3 =24
used in each phase Ny =30, N5 =103
Computational ‘logQ(%)‘ * ‘logQ(%)’ * ‘logz(%)‘ *
complexity poly (4000, dguaa) | Poly (1860, dgued) | Poly (14736, dyuad)

Table 6.2: Sample and computational complexities of the different strategies,
required to obtain a bound smaller than 250% of the JSR. of the system of Example
2.1} [0,U] is the interval over which we look for 7 (or 7, for k = 1,2,...,p)
by bisection with an accuracy a. The expression poly(z,y) denotes that the
computational complexity is polynomial in x and y.

The computational complexity of the online strategy significantly
exceeds the one of the original method, while the contrary is true
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for the offline sampling method. Hence, resorting to offline sampling
with judiciously chosen values for Ny,...,Np and p allows to take advantage
of the adaptive sampling approach on high dimensional systems, for which
the computational complexity of the online strategy is too high.

6.3 Derivation of a heuristic optimizing the adap-
tive sampling approach

We now provide a heuristic combining the assets of online sampling with the low
computational complexity of the offline strategy. It determines the optimal number
of phases p, as well as the the number of samples to use in each phase, for systems
of any dimension and for any total number of samples available. We have asserted
that for a sufficiently high number of samples, allowing Algorithm [4] to reach Phase
3, the criterion defined in Procedure determining the optimal number of
samples to use in each phase yields accurate bounds on the JSR. Hence, we base
ourselves on results obtained using the online strategy when a sufficiently high
number of samples is available, and on results obtained using offline sampling
otherwise.

6.3.1 For a large number of samples available: online sam-
pling

We answer the following questions.

» For systems of any dimension, what is the number of samples required in each
phase for the convergence of P} (wn,+..+n,) as defined by Procedure

o What is the optimal number of phases to be used? We observe empirically
that for some k > 2, Pf(wn,+.+n, ) reaches a limit close to the identity. From
then, at each phase, Procedure only requires one or two iterations to
converge, and P}, (W, +. 45,1 )s Prpo(WNi4. 4N, 1)+, do not vary anymore.
Clearly, this specific k can be used as the maximum number of phases to
be used. Indeed, then, recomputing changes of variables will not decrease

k(P (wn, +..+n,)) much, while using more samples in the last phase will
increase the accuracy of the bounds of Theorems [5.1] and

We consider 2-modal systems of dimension ranging between 3 and 30, sampled

randomly and uniformly on the sphere. We first analyze the number of samples
required for the convergence of Py(wn,+. +n,), as defined in Procedure .
Figure presents the number of samples required for the convergence of Pj(wy;)
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[ Results of the simulations
- Linear regression, slope=32
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Figure 6.6: Evolution of the number Figure 6.7: Evolution of the number
of samples needed for the convergence of phases reached by Algorithm [ with
of Pi(wy,) as defined by Procedure the total number of samples, for sys-
with the dimension of the sys- tems of dimension ranging between 3
tem. The blue curve presents the av- and 10. In each phase, the number
erage number of samples required and of samples required is determined by
the blue ribbon is the variance of the Procedure [Onlingl The dots present
experiments. A linear interpolation the average of the observed data, and
whose slope is equal to 32 fits the data the curves are interpolations of degree
well. 2.

for systems of various dimensions. We plot the average and the variance of the
experiments, and we observe that a linear regression fits the data well. Hence,
we infer that the number of samples required for the convergence of Pj(wy,) is
equal to 32 % (n — 1), where n is the dimension of the system. We also observe
on Figure that in the next phases, the number of samples required for the
convergence decreases, in a quadratic way for systems of sufficiently high dimension.
For systems of lower dimension, from Phase 4, convergence is often reached after
one or two iterations, which implies that the optimal number of phases is reached.
We approximate the optimal values of Ny, Nj,... similarly to Ny, by linearly inter-
polating data yielded by our experiments. The coefficients of the linear regression,
for each phase, are given in Table [6.3]

Phase | 1 2 3 4 ) 6 7
a 321 30 |20 20 | 10 | 10 | 20
b -32 | -150 | -80 | -100 | -10 | -60 | -160

Table 6.3: Coefficients of the linear regression N, = a x n + b, where n is the
dimension of the system and N, is the number of samples required to reach
convergence in phase k, as determined by Procedure [Onling

From Phase 3, the coefficients are obtained based on the observation of systems of di-
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mension larger than 6, since for smaller dimensions, convergence of x( P} (wn,+. +n,))
to a final limit is then often already reached. From Phase 2, these coefficients yield
negative values for systems of small dimension. In this case, we fix the optimal
number of samples to be used in each phase to dgu.¢ + 1, the dimension of the
problem.

It now remains to determine the optimal number p of phases to use. Therefore, we
analyze the number of phases required for P (wn,+. +n,) and P°(Ly_1) (unknown
in our setting) to converge to a limit close to the identity.

20 F

—— Adaptive sampling, K(P, (W14 +n,))
—— Adaptive sampling, k(P"°(L,_ 1))

15 | —— No adaptive sampling, k(P{wy))

L L L L
2 4 8 10

6
Number of phases

Figure 6.8: Evolution of k(P (wn,+..+n,)) and k(P°(Lk_1)) with the number of
phases, for a 4-dimensional. k(P (wn,+. +n,)) decreases at each phase, and reaches
a limit from Phase 4.

For instance, Figure [6.8| plots the evolution of k(P (wn,+..+n;,)) and £(P°(Lk-1))
with the number of phases for a 4-dimensional system. The maximum number
of phases to be used for such systems is of 4. By analyzing the evolution of
Pl (wny+..+n,) and P°(Lk_q) for systems of various dimensions, we derive the
maximum values of p presented in Table

Dimension of the system | 1<n<6|7<n<10|11<n

Optimal number of phases 4 6 10

Table 6.4: Maximum number of phases to use, depending on the dimension. This
is the optimal number of phases when the number of samples available allows it.

Let Nop: be the sum of the optimal number of samples to be used in each phase as
determined by Table for 4, 6 or 10 phases. Note that N, is much lower than
what is needed to obtain tight bounds on the JSR without resorting to adaptive
sampling. If the total number of samples available is smaller than N,,;, we decrease
the number of phases until at least dyyq.q + 1 samples can be used in the last phase.
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6.3.2 For a low number of samples available: offline sam-
pling

Suppose that the total number of samples available is smaller than N+ Nao+dgueqa+1,
where N7 and Ny are the optimal numbers of samples to use in Phases 1 and 2 as
determined by Table [6.3] Then, as we have observed in Section 5.7.1, we cannot
rely on online sampling to obtain tight bounds on the JSR.

We have observed in the offline sampling strategy that increasing the number of
phases yields tighter bounds in the JSR. We show that this holds as long as dgyaq+ 1
samples are used in the last phase. We analyze the system of Example [£.2] and fix
the total number of samples to 80. Figure presents the evolution of the bounds
of Theorem with the ratio of samples used in the first phase.

600

=== JSR

—— No adaptive sampling

— Adaptive sampling, Pp set to In, 2 phases
Adaptive sampling, Pp set to In, 3 phases
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Ratio of samples used in the first phase

Figure 6.9: Evolution of the upper bounds of Theorem (for P, fixed to the
identity) with the ratio of samples used in the first phase, for the system of Example
4.2l In total, 80 trajectories are sampled. The number of phases ranges from 2 to
4. When less than dg,.q + 1 samples are used in the last phase, the tightness of the
bounds decreases.

In this setting, when the ratio of samples used in the first phase increases, for a
large number of phases, the number of samples to be used in the last phase falls
below dgyaa+1- Then, the bounds obtained increase and do not beat the bound
obtained without resorting to adaptive sampling anymore. Hence, if the total
number of samples is too low to resort to the online sampling results, we simply
use dguad+1 samples in each of the first phases.
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6.3.3 Summary of the heuristic

Heuristic [1| presents our method decreasing both the sample and the computational
complexity required to obtain tight probabilistic bounds on the JSR of systems of
any dimension. It provides the values of the parameters Ny, ..., N, and p to be
used in Algorithm [4] as a function of the dimension n of the system and of the total
number N of available samples.

Heuristic 1: Determination of the optimal values of the parameters of
the offline strategy
Input: Total number of samples to be used N, dimension of the system n,
Table [6.3] containing all coefficients a; and by,.
Result: Input of Algorithm [3} number of phases p, number of samples to
be used in each phase: Ny, Ny, ..N, .
if n <5 then
p=75;
Ny =aj; *n—by;
N2 = N3 = N4 = dquad+ 17
Ise if n < 10 then

© ® N o A W N -
®

p = 6;
Npy=ap*xn+b,fork=1..p—1;
else
p = 10;
10 Ny =apxn+b, for k=1,...,7, Ny = dgyaa+1 for k = 8,9;
11 end
12 N, =N — Z;-l:l Ny;
13 while N, < dgyqq4+1 do
14 p=p—1,;
15 N, =N - N;;
16 end

17 if p<5 then
18 p=max is.t. N —ix%(dgaa+1)>0;

N1 =N — (p — 1) * (dquad—‘rl); N,L = dquad+1 for i = 2, ey Py
20 end

19
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6.4 Illustration of the performance of the heuris-
tic

We illustrate the performance of the heuristic on several numerical experiments.
First, we fix the total number of samples available to 1500, and compare the bounds
yielded by the application of Heuristic [1| to the one obtained without resorting
to adaptive sampling on systems of various dimension. Figure presents the
evolution of the different bounds and of the true value of the JSR as approximated
by the JSR toolbox [LJP16] with the dimension of the systems analyzed.

@ True |SR ©
soll © No adaptive sampling, Theorem 3.1
@ Adaptive sampling, Theorem 5.1
E @ Adaptive sampling, Pp set to In
Q
=
S 100}
L]
=
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% 50 | O O
o
o ©O
e ¢ ®
@ 0 6 6 0 @) B O
5 10 15 20

Dimension of the system

Figure 6.10: Evolution of several upper bounds with the dimension of the system.
The bounds based on adaptive sampling are yielded by the application of Heuristic
on 4-modals systems of various dimensions, for a total number of samples fixed to
1500. The bounds of Theorems and (for P, set to the identity), of Theorem
(no adaptive sampling) and the true value of the JSR are plotted. The bound
of Theorem always outperforms all bounds. When the dimension increases, the
number of samples available is not sufficient to allow the bound of Theorem [5.1] to
be tighter than the one of Theorem

We observe that for systems of dimension smaller than 20, the bounds yielded by
the heuristic outperform the one of Theorem [3.1] However, for systems of larger
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dimensions, the bound of Theorem grows rapidly and becomes larger than
the one of Theorem . As expected, the bound obtained when fixing P, to the
identity always beats all other bounds. However, when the dimension increases, it
rapidly exceeds the true value of the JSR by more than 80% of its value. Hence, it
cannot serve as stability certificate anymore for systems whose JSR is smaller than
1.
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R | No adaptive sampling, Theorem 3.1
@ Adaptive sampling, Theorem 5.1
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w T5F
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Figure 6.11: Evolution of several upper bounds with the dimension of the system.
The bounds based on adaptive sampling are yielded by the application of Heuristic
on 4-modals systems of various dimensions n, for a total number of samples fixed
to 100n. The bounds of Theorems and [5.2] of Theorem and the true value
of the JSR are plotted. The bound of Theorem [5.2] is the tightest. For systems of
dimension larger than 25, the number of samples available is not sufficient to allow
the bound of Theorem [5.1] to be tighter than the one of Theorem

Clearly, in higher dimensions, a larger total number of samples is required to
obtain tight bounds on the JSR. Hence, we repeat our experiment on Figure [6.11],
but fix the total number of samples available to 100n, where n is the dimension
of the system. For low dimensional systems, we observe that the bounds based
on adaptive sampling remain tighter than the one of Theorem [3.1] in spite of
the decrease in the total number of samples. For high-dimensional systems, the
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accuracy of our bounds increases. The bound of Theorem is the tightest.
For systems of dimension smaller than 20, it does not exceed the true
JSR by more than 40% of its value, which often allows it to serve as a
stability certificate. The bound of Theorem beats the one of Theorem
in a larger number of cases. However, it is still unable to outperform the bound
obtained without resorting to adaptive sampling for systems of dimension larger
than 25. This does not imply that our adaptive sampling approach is not effective
for high-dimensional systems, but only that more samples are required for it to
become efficient. To reach tight bounds on the JSR (less than 500% of its value, for
instance), the sample complexity of our heuristic is lower than the one required when
not resorting to adaptive sampling. We illustrate this property on a 45-dimensional
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— Mo adaptive sampling, Theorem 3.1
— Adaptive sampling, Theorem 5.1
o - . )
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Figure 6.12: Evolution of several upper bounds on the JSR of a 45-dimensional
system with the total number of samples. The bounds based on adaptive sampling
are yielded by the application of Heuristic [l The bounds of Theorems [5.1] and [5.2]
of Theorem [3.I and the true value of the JSR are plotted. The bound of Theorem
is the tightest. From 5000 samples, all bounds based on adaptive sampling
outperform the one of Theorem

system composed of 4 modes, uniformly and independently sampled on the sphere.
Indeed, Figure [6.12] presents the evolution of the different upper bounds on the
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JSR with the total number of samples. We observe that from a sufficiently
high number of samples, all bounds yielded by the application of the
heuristic outperform the one obtained without resorting to adaptive
sampling.

Finally, we test Heuristic [I]on 1000 systems composed of a number of modes m
varying between 2 and 7, and of dimension ranging between 2 and 50. The norm
of the modes can be larger than 1. The total number of samples is fixed to 120 x n
in each experiment. In 90% of the cases, our adaptive sampling bound of
Theorem beats the bounds obtained without resorting to adaptive
sampling. Moreover, the bound obtained when fixing P, to the identity always
outperforms all other bounds.

6.5 Conclusion of the experiments

We summarize here the improvements yielded by our adaptive sampling approach
in the context of data-driven stability analysis of switched linear systems.

« Even though the bounds of Theorems and only take into account the
last N, samples and not the total number N of samples, they are able to
outperform the bounds obtained without resorting to adaptive sampling, but
taking into account the total number of samples used.

o Our approach always yields tighter bounds than the fast algorithm, designed
to decrease the sample complexity in the scenario approach.

o Both the online and the offline sampling methods allow to significantly
decrease the sample complexity required to obtain tight bounds on the JSR.
However, a judicious choice of the parameters used in the offline sampling
is needed to obtain tight results. The online strategy provides the tightest
bounds on the JSR as soon as the total number of samples is large enough
for Algorithm [4] to reach Phase 3.

« As expected in Remark [5.5] the bound of Theorem [5.2] associated to the
variant setting P, to the identity, always beats all other bounds. This presents
the auxiliary advantage of reducing even more the computational complexity
of the method.

 Heuristic [I} derived based on empirical observations of the online and offline
sampling strategies, allows to significantly decrease the sample and the
computational complexity required to obtain tight bounds on the JSR holding
with a given confidence level. It thus allows the data-driven approach to be
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tractable for high-dimensional systems, which was exactly the goal of this
thesis.
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Chapter 7

Extension of the adaptive
sampling approach to the SOS
setting

As observed in Chapter 4, resorting to approximate SOS Lyapunov functions to
obtain probabilistic bounds on the JSR presents two drawbacks in terms of the
computational complexity.

o First, the dimension of the problem increases exponentially with the degree
of the function used. This increases the computational complexity, which
depends on the scale of the problem to solve.

 Second, because of the increased dimension of the problem solved, x(PZ% (wn))
grows rapidly with the dimension of the system analyzed. Consequently, the
sample complexity required to obtain tight bounds on the JSR grows, which

also increases the computational complexity of the method.

In this chapter, we overcome this issue by leveraging our adaptive
sampling approach to the SOS setting. This allows to decrease
the sample complexity required to obtain tight bounds on the JSR,
holding with a given confidence level.

We follow the same structure as in Chapter 5. First, we define the optimal change
of variables to be computed, and propose an algorithm extending the adaptive
sampling approach to the SOS setting. We then provide a SOS-based bound relying
on the solutions yielded by this algorithm. Finally, we illustrate the performance
of our new SOS-based method on a numerical experiment.
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Notation

In the SOS setting, we approximate the solution (v2,., P2 .) to Problem ({2.9):

min y - s.t. (Az) T P(Ax)d < 2T pldl YA ¢ M! Yz €S
77_
P> Ip, ||P|| < C for a large C' € R,

by solving an associated sampled problem: Problem (3.3). In this section, simi-
larly to the quadratic setting, we denote it by Optses1(wn,) and its solution by
(7:05,1(("}]\71)7 Ps*os,l (le)):
Pmin>071 s.t. ((ij)[d})Tpl(ij)[d] < vfdl(x[d})TPﬂ:[d], V(x,j) € wn,
1,712

(7.1)
PlilDa |]P1||§C’f0ralargeC'€]R20.

7.1 Adaptive sampling in the SOS setting

Similarly to the quadratic case, we seek for a coordinate system in which P = Ip

is the solution to Problem (2.9). We first define it in the white-box setting. Then,
we propose our approach in the black-box setting.

Optimal change of variables in the white-box setting

Let L € R™™ be the matrix defining the change of variables. In the new coordinate

system, Problem (22.9)) becomes:

. !

PI’I,llwI/lzo K

st (LAL7*2)HITP(LAL 24 < 42 (YT praftd g A e Ml V2! € S
P = Ip, ||P'|| < C for a large C € Rx

(7.2)

where we have used the fact that L4 (Ax)ld = (LAz) [Bro73]. We denote this
problem by Optses(L) and its solution by (72 (L), P2%,(L)). Solving Opts,s(L)

amounts to computing an approximate SOS Lyapunov function for the set LML,
Note that 7% (L) = 72, and that P2 (L) = (L)=TpPe (L)~ is a feasible
solution.

Let L° € RP*P be the Cholesky decomposition of P2 : P2 = (L°)TL°. Then,
the same reasoning as in the quadratic case yields the following conclusion: the
optimal change of variables is given by LI = L°. To the contrary to the quadratic

case, this change of variables does not exist in general. Indeed, as observed in

94



Remark [2.2] the d-lift of the set of all matrices in R™*™ only consists of a subset of
the set of all matrices in RP*P. For instance, when d is even, lﬁ‘? will always be
positive. Hence, we approximate the optimal change of variables by the solution of
the following least squares problem:
min ||L4 — L°|]. (7.3)
LGRan
Even in the white-box setting, we thus only can compute an approximation of the
optimal change of variables.

p-phases SOS adaptive sampling

In our black-box setting, we only have access to a finite number of trajectories.
Therefore, we do not have access to Pg,, but only to Pj, ;(wy,), its approxima-
tion computed by solving Optses 1(wy, ) using Ny uniformly sampled trajectories.
Similarly, we cannot compute P2 (L) but only its approximation, by solving the
sampled problem associated to Optg.s(L). Hence, our adaptive sampling technique
consists of three steps, each inducing a factor increasing the distance separating

the final sampled solution from the identity:

o Uniform sampling of wy, € ZZN ! and computation of the solution
(Vios1 (W, ), Phogi(wn,)) t0 Optaes,i(wn,). This induces a distance A, =
|| Py (wny) — P2l|, representing the quality of the change of variables. It
decreases when Ny increases.

 Determination of the change of variables Ly, solution to Problem (7.3)).
(L) ~ Ly, where L; is the Cholesky decomposition of P*_,(wy,). This

sos,1
induces a distance Ay = || Ly 4 _ L,|| impacting the quality of the change
of variables. This distance depends on the dimension of the problem.

o Sampling of wy,, consisting of N, trajectories, uniformly in the system

I:lMlEl_l, using Procedure |Generation, We then compute a bound on the
JSR by solving a sampled version of Optsos(ljl). Similarly to the quadratic
case, we choose to benefit from the information contained in both wy;,
and wy,. We denote this problem by Optss2(wn,+n,) and its solution

by ('7:03,2 (WN1+N2)7 Ps*os,Q <WN1+N2)):

min 9
Py, v2>0 "

~ ~ -1 ~ ~ -1
s.t. ((LlAle Qf)[d])TPQ(LlAle Qf)[d] S fy%dl(x[d])TPQx[d], (74)
\V/([E,J) € wn, U {(J]/,J) Dol = Lz, (%J) € WNl}
PQE[D, HPQHSCforalargeCG]Rzo.
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The performance of our approach depends on the closeness of

This step induces a distance Ago =

when N, increases.

|| 508, 2(wN1+N2) -

P

Sos

(Ly)|| decreasing

Py

sos, 2(WN1+N2) to the

identity. As illustrated on Figure [7.1] this quantity is impacted by one more factor
than in the quadratic case: the distance Ay ;.

Initial Problem = (79, P%,.) Optsos, 1 (WNy) == (Vios.1 (Wh1): Page 1 (Wny))
min 7y mln fol!
P.7>0 21>
st (Ax))TP(A)d < 2T pld yA e Mlvzes| st (A2) DT Pi(Aj2) ) < A2 ()T pald) 2,j)
P 1Ip, ||P|| < C for a large C € R P, = Ip, [|Pi|| < C for a large C' € Rx.
Agp |7 ) = Peosll — [I1L1 = L°| ;
min [|L19 — L°||
LeRHXn
_ ~[d
Njige = || L4 — Ly]|
T I ~ 1 .
A[|PO(Ly) = Lol = Iy P°Ly = Ipl| Ago:|IP — Pl (L)l
‘_‘
OptSOS(Ll ):> (’7303( ) Pégs(Ll )) OptSOS-2(wN1+N2) - ('7':05.2(“"‘\"1-0—:\"2)' Ps*os42(w:\'1+l\'2))
. min 9
P u Py, 7220 ”
st (DAL 2) TP AL 2)d < 52d (T prostd | gt (([f,Ajlf,’l.z-)["])TPg(LAjIQ’l.z-)["] < A3 (21T Pyl
VYA e M.V2' €S j N ' )j): 2 = Lz, (] Ny )
/ /
P = Ip. [|[P'|| < C for a large C € Rx. Py Ip ||P—’H <Cfora IargeCeRzU.

Figure 7.1: Relations between the different optimization problems designed for the
two-phase adaptive sampling approach in the SOS setting. The factors impacting
the distance ||P},, ,(wn,+n,) — Ip|| are emphasized. The left-hand side of the
figure presents the white-box problems, before and after the change of variables is
performed. The right-hand side presents the associated sampled problems. We only
have access to the solutions to these problems, approximating the solutions of the
initial problems. The closeness of P}, ,(wn,+n,) to the identity depends on A,
Ao and Ay The latter appears because the exact optimal change of variables
does not exist in general in the SOS setting, to the contrary to the quadratic
setting. Ay and Ay, affect the quality of the change of variables by inducing a
distance between the solution of Optsos(il) and the identity. Ay, decreases when
N increases, while A, decreases when N, increases.

Similarly to the quadratic case, the change of variables can be refined by increasing
the number of phases. Therefore, for £k > 1, we define Lk = Ly...LyL, and L 1=
Ly 1...L2 LTY Fork =0, Ly = L' = I,. We also define Q= wn, U{(2',]) : a:’
Ek,lx, (z,j) € kafl}U...U{(a;’,j) . o' =Ty 12, (2,j) € wy, }. Then, we introduce
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Opt5087k<wN1+---+Nk)7 of solution denoted by (/y:os,k<wN1+...+Nk)7 Psos,k<wN1+---+Nk))7
as follows:

min Vi
P, 7620
s.t. ((EkflAjfliiliE)[d])Tpk(kaflAjiiill')[d} S VIzdl(%[d})TPkl'[d], V(.I',_]) € Qk
P, = Ip, ||Pk||§C’fora1argeC€]R20,

(7.5)

where L;, for i = 1,...,k — 1, is the matrix minimizing ||[:Z-[d] — L;||, and L; is the
Cholesky decomposition of PZ_(wn,+. +n;), the solution to Optsesi(Wny+. +n;)-

508,1

We present our p-phases approach in Algorithm [5

Algorithm 5: p-phases adaptive sampling algorithm in the SOS setting.

Input: Number of phases: p, Number of samples of each phase: Ny, ..., N,,.
Result: (7], ,(Wni+..+N,), Posp (Wi +..4n,))
First Phase

Sampling of a set wy, € Z;'', where |wy, | = Ny;

Computation of (7;,1(wn,), Pigs1(Wny)), solution to Optses 1 (W, );

[ .

sos,1
3 Computation of Ly, the Cholesky decomposition of P}_,(wn;);
4 Computation of the change of variables L; minimizing ||L, i Lqll;

Second set of phases

5 for k=2 to p do
6 Sampling of wy, uniformly for Ly M'L Y, where |wy, | = Ny,
using Procedure ;
7 Computation of (Vi 1(WN, 148 ), Paps x(Wn,+..4,.)), solution to
Optsos,k(wN1+...+Nk);
8 if & # p then
9 Computation of L;, the Cholesky decomposition of
Ps*os,k(wN1+‘..+Nk); B
10 Computation of the change of variables L; minimizing
12" = Lill;
11 Computation of Ly = LLix_;1 and f;;l = E;ligfl;
12 end
13 end

In the quadratic setting, fixing P, to the identity in Opt,(wn,+..+n,) allows to
decrease the computational complexity of the problem and yields tighter bounds on
the JSR for an equivalent sample complexity. However, in the SOS setting, fixing
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P, to the identity in Optsesp(wn,+..+n,) reduces the problem to:

min 7 st [[(EpaAL) ] < o2 la ], V(o) €

=min 5, st [T AL ]| < yllall, Yo, j) € (7.6)

]

where L;, for i = 1,...,p — 1, is the matrix minimizing HL~i[d — L;||, and L; is the
Cholesky decomposition of P}, ;(wn,+..+n;), the solution to Optsesi(wn,+..1n;)-
The problem thus reduces to a version of Opt, ;(wn,+..+n,) analyzing the system
f,p,lj\/llf,;il instead of Lp,lj\/llL;,fl. Because of the distance Ay, for a same
total number of samples used in the first phases, Ep_l will be a less accurate
approximation of the optimal quadratic change of variables than Ly_;. Hence, this
variant in the SOS setting will not be able to beat the quadratic bound. Hence, we
only consider the case where P, is not fixed to the identity.

We introduce the notation used in our next statements in the following assumption:

Assumption 7.1. We consider an n-dimensional switched linear system as in ,
whose set of m modes is denoted by M C R™*"  and approximate SOS Lyapunov
functions of degree 2d. We consider p, N € N;and N; e N> dgs+1fori=1,....;p
such that Ny +...+ N, = N. Fori =1, ..., p, let wy, be a uniform random sampling
for System L; ; M'L{Y,. We denote by (Vaosi(WNy .4, ), Pogs i(Wny+...4n;)) the
solution to Optsesi(Wny+..4n;) for i =1,....p—1, and by (75,5, Paps,,) the solution

508,p
t0 OPtsos,p(WNy 4. +n,)- Li is the matrix minimizing ||[~/i[d] — L;||, and L; is Cholesky
decomposition of P _.(wny+. +n;,)-

5081

Theoretical bound based on the last set of samples only

For the same reasons as in the quadratic setting, we are only able to derive a bound
on the JSR of switched linear systems based on the last set of samples solely. Then,
since wy, is sampled uniformly in the system considered, we can use the results of
Chapter 3 and adapt the bound of Theorem to our adaptive sampling approach.
We obtain the following bound:

Theorem 7.1

Let Assumption hold, and let A} (wn,+..+n,) be the optimal solution to
Problem (5.8). For any 8 € [0,1) and B € [0,1), let €405 = m' (1 %/7=0)

dSOS+1
and € = m71(1 — /1 — B1). Then, it holds that, with probability at least
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B+ p— 1

\/’Yggép 7:2151 NY + A(el)d)f(d’ 6805)) (Ps*os p)

where A(e;) = W, §(-) is given by | , K(P) = i’:‘;}fé;%
Fldsess) = VD1 + Alew)) = 1= (1 = ) Aley00)?) and Afegs) =
2 — 20(€s0s)-

Proof. We prove that, with probability at least 3, it holds that

\//y;kgép ry:g‘ép + B( pP— lM L ) )f(d7 6805)) (Ps*os p) (77)

where B(Lp,_«M'L;1,) = max [|A]l.

Aely_ 1MZL 1
By the same reasoning as in the proof of Proposition [5.1] the extended version
of Lemma as well as Proposition [3.5] derived for Problem , also hold
for Problem (7.2)), with N replaced by N,. Then, since (ﬁos’is*osp) satisfy
any subset of constraints of Optsosp(thL__Jer), it holds that V(z,j) € wn,,

1(Lp-1AyLL Y 2) 1] ||
soning as in the proof of Theorem , applied to system fp,lle;fl instead of
the initial system M' and obtain Equation (7.7).

By the same reasoning as in the proof of Proposition B(Lp i M'L;Y,) <

A (WNy 4. 4+Np)

e holds with probability at least (. Comblmng both equations con-
cludes the proof. O

Pasy < VL » ps,,- Hence, we can follow the same rea-

7.2 Numerical illustration of the performance of
SOS adaptive sampling

We illustrate the benefits of resorting to adaptive sampling in the SOS setting on a
2-dimensional stable system for which no CQLF exists. Then, in the white-box
setting, SOS-based bounds significantly outperform quadratic bounds.

Example 7.1. ([LW95] Ex. 2.1])
Consider the 2-modal system of dimension 2 defined by

_ 1 2 (0 0 1 1 cost sin%
M_{<1_2000)O‘ (1 0)’(1_2000>O‘ (—sing Cos4>}’

where a = 3 (1 + (cos %)_1).

EENE
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— Mo adaptive sampling, S0O5-based bound
— Mo adaptive sampling, quadratic bound
—  Adaptive sampling, 505-based bound
—  Adaptive sampling, guadratic bound
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Figure 7.2: Evolution of several upper bounds on the JSR of the system of Example
with the total number of samples used. The SOS-based bounds of Theorems
and [7.1], the quadratic bounds of Theorems [3.1] and [5.1] and the true value of
the JSR are plotted. The bound of Theorem outperforms the SOS-based bound
obtained without resorting to adaptive sampling from 400 samples. It outperforms
all bounds from 3000 samples.

d
the problem. Figure presents the evolution of the upper bounds on the JSR

with the total number of samples. We plot the bounds of Theorems and (no
resorting to adaptive sampling, in the quadratic and in the SOS case), of Theorems
and (adaptive sampling, in the quadratic and in the SOS case), and the true
value of the JSR as approximated by the JSR toolbox [LJP16]. We observe that
the bound of Theorem outperforms all bounds for a sufficiently high number
of samples. It beats the SOS-based bound obtained without resorting to adaptive
sampling from 400 samples. While the latter requires more than 6000 samples
to outperform the one of Theorem |3.1], resorting to adaptive sampling allows to
observe the benefits of approximate SOS Lyapunov functions from a much lower
number of samples.

This example thus illustrates how combining our two contributions, that is SOS-

We rely on Heuristic F, with n replaced by D = (dJr”*l), the new dimension of
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based stability guarantees and the adaptive sampling approach, allows to obtain,

for a given number of samples and a given confidence level, the tightest bounds on
the JSR possible.

Note however than for higher dimensional systems, it often happens that Ay is
too large for the adaptive sampling bound to beat the bound of Theorem [3.3
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Part 1V

Conclusion
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Chapter 8

Summary of the contributions
and future prospects

In our everyday lives, the range of situations in which we interact with complex
and large-scale dynamical systems is ever growing. Who never encountered a drone,
was astonished by smart assistive technologies, or heard about the promises of
self-driving cars? Deeply understanding the properties of these systems is essential
to exploit their potential and ensure the security of their users. However, due to
the tremendous complexity of these systems, a closed-form model is not always
available, and one cannot directly rely on model-based techniques. Rather, new
methods based on data obtained through simulations of the system solely have to
be developed.

In this thesis, we handled the problem of stability analysis of black-box switched
linear systems, a first class of complex systems whose model is unknown. We met
the challenge of providing probabilistic guarantees holding in the whole state space,
based on a few observations of the underlying system. Hence, we were able to bridge
the gap between data and model-based control. We introduced new data-driven
approaches and derived novel probabilistic bounds on the JSR of switched linear
systems accordingly. Thereby, we were able to significantly improve an existing
bound, relying on the computation of CQLFs [KBJT19] [BJW21]. Moreover, to
the contrary of the existing bound, our approach does not require any assumption
on the system analyzed.
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8.1 Summary of the contributions

We summarize here our main achievements, and illustrate them in Figure 8.1

‘ . — P— ST PA T C T D N
/IPrewously: quadratic approximations of the JSR: Win, 7 st (Ajr) PAjwr <97 Pr, V(r.J) E*-\I\

Contribution 1 Contribution 2
From approximate CQLFs to approximate SOS Lyapunov functions| fFrom °° to the identity using adaptive sampling approac
min 7 st (Aje) ) P(Az2) ! < 42 @T) Pl (e, j) € wy min, % st (Lpo AL e) Py AL e <t P, V() € 9

3. Ty

_—
IA broader and more accurate class of probabilistic stability guarantees|

Reduced sample and computational complexity

—=-J5R
—— Quadratic case, [BJW21]
. —— 505 case, d=2

00 —=- True SR
—— No adaptive sampling, Theorem 3.1
—— Adaptive sampling, Theorem 5.1

—— Adaptive sampling, Pp set to In

H

Upper bounds on the JSR

Upper bounds on the JSR
H

g

o
=000 2000 3000 4000 5000 6000
Number of samples Number of samples

A 4

Combination of the contributions
AU st (L1 AGLL ) )T (L, AT ) < 2 (@) P, W(a, §) € 0,
o e

0

Emphasized benefits of the SOS approach

-—- True JSR

~—— No adaptive sampling, SOS-based bound
—— Adaptive sampling, SOS-based bound
——— Adaptive sampling, quadratic bound

wfl

Upper bounds on the JSR

%o wms0  mos w0 @000

Number of samples

Figure 8.1: Summary of the different contributions of this thesis. We improved
the existing probabilistic bound on the JSR of switched linear systems in several
ways. First, we provided a novel class of bounds, based on the computation of
approximate SOS Lyapunov functions. Additionally, this allowed us to derive two
new quadratic bounds. In a second time, we proposed a technique to reduce the
sample and computational complexity required to obtain tight bounds, and hence
made the problem tractable for high dimensions. Finally, we combined our two
contributions to improve our SOS-based bounds.

« First, we proposed in Chapter 3 a novel approach to derive probabilistic
bounds on the JSR, relying on the sensitivity analysis of a quasi-linear
optimization problem.
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This allowed to (i) get rid of the assumptions required when
resorting to the classical chance-constrained theory and (ii)
propose a novel class of bounds, based on approximate SOS
Lyapunov functions, providing more precise guarantees.

This approach yielded the derivation of three novel upper bounds. Firstly,
we proposed two novel quadratic bounds, that is the bounds of Theorems [3.1
and Then, we derived a SOS-based bound, that is the bound of Theorem
3.3l We illustrated in Chapter 4 the following advantages of these bounds
over the one of [BJW21]:

1. They hold for all switched linear systems, to the contrary of the bound
of [BJW21] which only holds for non degenerate systems.
2. They are always finite.

3. They take advantage of longer traces, while the bound of [BJW2I]
increases with the length of the trajectories.

4. They always outperform the bound of [BJW21] for large-scale problems
(of dimension larger than 6).

5. The SOS-based bounds can serve as stability certificate for stable systems
that do not admit a CQLF.

6. The confidence interval for the value of the JSR is smaller in the SOS
setting.

Second, in Chapter 5, we improved our quadratic bounds on the JSR by
proposing a novel technique, based on adaptive sampling.

This adaptive sampling approach allowed us to reduce both the
sample and the computational complexity required to obtain
a bound on the JSR of given accuracy, holding with a certain
confidence level.

We derived two quadratic upper bounds based on this approach, that is the
bound of Theorem and the bound of Theorem We then provided
a heuristic whose results significantly improve the stability guarantees we
can obtain on black-box switched linear systems. Our heuristic presents the
following advantages:

1. Again, it does not require any assumption on the system analyzed.
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8.2

2. It outperforms existing techniques to reduce the sample complexity
required in the scenario approach.

3. It is a tractable method to provide tight bounds on the JSR of systems of
any dimension. Indeed, to obtain bounds on the JSR smaller than 250%
of its value, the sample and the computational complexity required by
the heuristic are significantly smaller (10 to 15 %) than what is required
by techniques that do not resort to adaptive sampling.

Finally, in Chapter 6, we combined our two first contributions, that is our
SOS-based bounds and the adaptive sampling approach. We derived an
improved SOS-based bound, that is the bound of Theorem [7.1]

This allowed to significantly improve the accuracy of our SOS-
based bounds for a given number of samples, and hence to ob-
serve the benefits of resorting to approximate SOS Lyapunov
functions from a much lower number of samples.

Future work and possible further improve-
ments

While we already made noticeable advances in the field of data-driven stability
analysis of complex dynamical systems, we believe there exist several interesting
directions for future research.

First, we could improve the stability guarantees obtained using the adaptive
sampling approach by deriving bounds taking into account not only the last
set of samples, but all the trajectories ever sampled. However, as explained
in Section 5.3, considering the changes of variables Ly, ..., L, as random
variables hugely complexifies the analysis of the problem.

Another improvement consists in deriving a bound on the distance separating
P, the solution to Problem 2.3} from the sampled solution P*(wy). This
would allow to directly optimize the theorems of Chapters 5 and 6 to obtain
the optimal values of the parameters to use in the adaptive sampling approach.

One could also generalize the data-driven stability analysis of switched linear
systems to other Lyapunov functions, for instance to the path-complete
Lyapunov framework [PAAJI19).

To reduce further the computational complexity of the problem, one could
rely on distributed algorithms [CSBC14].
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o In this thesis, we have considered the stability of switched linear systems
under arbitrary switching. In many applications, there exist constraints on
the values that the switching sequence can take [Lib03]. One could thus
adapt the results derived in our general setting to the case of constrained
switching scenario to obtain tighter results in this setting.

« Finally, the data-driven stability analysis can be extended to other classes of
complex dynamical systems.
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Appendix A

Polyhedral stability guarantees

A.1 Polyhedral Lyapunov functions

Polyhedral Lyapunov functions form a third important family of Lyapunov functions,
that can be used to obtain stability guarantees on switched linear systems [BMOT].
They present the advantage of being non-conservative, which means that their
existence is both a sufficient and necessary condition for stability. On the other
hand, compared to quadratic or SOS Lyapunov functions, they can be extremely
complex and hard to compute. Indeed, polyhedral functions are based on polyhedral
sets, of the form S = {x € R": Fio <1, i = 1,2, .., s}, whose complexity is not
bounded by the space dimension but by the number of planes describing the set.
This number can be huge even for the simplest systems. We here only consider a
subset of polyhedral sets: C-polytopes.

Definition A.1. A C-polytope is a polyhedral set that is bounded, convex and
includes the origin as an interior point.

For a C-polytope S, let us define the norm

IS}

This norm is a Lyapunov function if all modes are contractive with respect to it:
|| Az||s < ||z||s, VA € M, Yz € R™\ 0. In the spirit of CQFs and SOS forms and

dropping the common prefix again, we introduce polyhedral forms:

Definition A.2. A polyhedral form for System (2.1)) with a finite set of matrices
M e R™" is a C-polytope S C R" such that for some v > 0

|1 Az||s < 7llzlls, YA € M, Yz € R\ 0. (A.1)
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When v < 1, polyhedral forms can serve as stability certificates. We can
also infer a lower bound on the JSR, whose accuracy increases by considering
traces of longer length, from the non-existence of such forms. We summarize these
observations in the following theorem:

Theorem A.1

[BMO7, Thm. 6.27]
Consider a finite set of matrices M &€ R"*".

o If there exists v > 0 and a C-polytope S C R" such that (A.1]) holds,
then p(M) < .

o If p(M) < 7=, there exists a C-polytope S C R" corresponding to a
polyhedral form for M! such that

|Az||s < ~'||z||s, VA € M!, V2 € R"\ 0.

Similarly to Problems ([2.3)) and (2.9)), we seek for the minimal ~ such that (A.1]), for
the system defined by the set M!, is satisfied. We therefore consider the following
problem, whose solution is denoted by (77, 5°):

. ! !
s oy st |[Az|[s < v[z]]s, VA € M',Vz €S, S C-polytope. (A .2)
The restriction to the sphere is again due to the homogeneity of System . To
the contrary of Problems and , related to quadratic and SOS Lyapunov
functions, Problem does not belong to the class of SDP programs, and cannot
be solved as efficiently. In particular, it requires the computation of convex hulls of
specific sets, that is the computation of the smallest convex set containing the initial
set. We denote by conv(S) the convex hull of the set S C R™. Problem ({A.2)) can
be solved by bisection on ~ and resorting to a geometric algorithm [BMOT, Section
5.4], [GP11] at each iteration. For a given value of 7, the geometric algorithm
requires an initial C-polytope & and recursively computes

A
Xk—i—l = CODV(Xk U JXg), k= 1,2,
jemt ry

until either, for some £,

(i) convergence is attained: Xj,, = &j = X. This implies that v is feasible for
Problem , and we decrease it at the next iteration.

(ii) AXpyq C int{AXp}, where int{S} denotes the interior of the set S, that is the
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largest open set included in S. This implies that ~ is infeasible for Problem (A.2)),
and we increase it at the next iteration.

It has been proven [BMOT, Section 5.4], [GP11] that in either cases, the geometric
algorithm terminates in a finite number of steps.

Similarly to the quadratic and SOS setting, we define a sampled problem associated
to Problem (|A.2)):

. < l 3 —

scpin oy st |[Az|[s <A'[z[ls, V(z,)) €wy, S C-polytope.  (A.3)
We denote Problem (|A.3) by Opt,ep, (wy) and its solution by (v, (Wx ), Sho, (WN))-
To extend the white-box algorithm to our sampled setting, we define the following
sets:

Qu(wy) = {T‘jf; (x,j)EWN}U{H__ij: (z,§) €wn},  (A4)

Hx’ /?k wN) mH‘)E‘IC(WN)

and propose the following algorithm, adapted from [W.J21]:

Algorithm 6: Data-driven computation of a polyhedral bound on the
JSR
Input: C-polytope X, set wy C Z;, accuracy on the bisection o > 0, upper
bound on the JSR U, tolerance ¢ > 0
Result: (75, (wn), Sy (wn))
1 initialization: ub=U, lb=0;
2 while ub — b > o do
3 | y=ul k=0, X(wy) = X;
4

2
while conv(Xy,(wy) U Q(wn)) € (1 + €)X (wy) and
conv(Xy(wn) U Q(wn)) € (14 €)X do
5 X1 (wy) = conv (X (wy) U Qi(wp));
6 kE=k+1,;
7 end
8 if COTL'U(.)E]C(WN) U Qk(wN)) Q (1 + E)XR(WN) then
9 ‘ ub=;
10 else
11 ‘ Ib=";
12 end
13 end

14 W;OZy(wN) = Ub7 S;oly<wN) = Xk(wN)

This algorithm converges to a feasible solution of Problem (A.3)) [WJ21, Thm. 1].

119



The stopping criterion € is included to ensure the finite-time convergence of the
algorithm. It now remains to infer a probabilistic bound on the cost of Problem
from the solution to Problem ([A.3). Similarly to the quadratic setting, we
can do so by relying on two different approaches: using theorems from chance-
constrained optimization, or by relying on sensitivity analysis. We present here
both approaches to be able to compare the accuracy of the bounds obtained.

A.2 Polyhedral probabilistic upper bounds on
the JSR

A.2.1 From approximate to actual polyhedral Lyapunov
functions

Concepts from this section are adapted from [WJ21) Section 4.A].
Let us suppose that we have a C-polytope S C R""! and a v > 0 such that

Wz eS: [|Azlls <||zlls, VA € M'}) > 1 —e. (A.5)

In other terms, S and v define a e-approximate polyhedral form, which becomes
a e-approximate Lyapunov function if v < 1. The solution to Problem (A.3)),
(YVpoty (WN ) Spor (W), will satisfy Equation for a certain e.

Using geometric tools, we seek to transform this property holding almost everywhere
in the state space into a relaxed inequality holding for all points on the sphere.
Before stating our proposition, we introduce two geometric concepts:

Definition A.3. Let S C R" be a C-polytope, € € (0, ) and V(S) be the set of
vertices of S. We define:

Amin (S, €) == urglljr(ls))\(u, S, ¢€) (A.6)

where A(u, S, €) := max {a:au € conv(SNC(u,e))}, Clu,e) :={x e R": ulx <

||z||[|u]|6(e)}, and (-) is given by (3B.7).

Definition A.4. Let S C R™ be a C-polytope, € € (0, %), V(S) be the set of

vertices of S and F(S) be the set of facets of S. We define:

A(S,€) := min J(e)

AT
u€V(S) [|ul| (A7)

where dpin(u, S, €) := min_d’, (u, S, ),
feF(s)

diin (1, S €) = min{]|z| ux > d(e)||=[|||ul[} and 4(-) is given by (3.7).
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Remark A.1. We can prove [WJ2I, Lem. 1] that A\yuin(S,€) > A(S,€). Namely,
A(S,€) is a relaxation of A\pin(S,€). It is determined by a convex optimization
problem and can thus efficiently be computed, to the contrary of Ap, (S, €), which
requires the computation of the convex hull of a set composed of nonlinear inequal-
ities.

We now relate the observation (A.5]) to a property satisfied everywhere in the
state space by S and ~:

Proposition A.1. Adapted from [WJ21, Prop. 3] Let v > 0 and S C R", a
C-polytope, be such that (A.F) is satisfied for a given € € (0,3). Let Apin(S, €) be
given by (A.6) and A(S,€) be given by (A.7). Then, it holds that:

l l

A
|| x||S =\

Aumin(5, €) AeM (A
mm(s )||37||S )\( >||l‘||5, VIES VA €¢ M ( 8)

Proof. By [WJ21, Prop. 3|, it holds that if u!({z € S |Az|ls < ||z]|s, VA €
M) > 1 —¢, then VA € M!, z € S implies Az € 5 @~ Hence, if !({resS:

|Az]|s < A'llzlls, VA € M'}) 21— €= p'({z € S HA:UHS < llzlls, VA €

M}) >1—c¢, then‘v’Ae l,xGSnnphesAa:E — S<:>VAEMZQZES
implies Az € % S Since, Vz € S, s € S, it holds that, Vo € S, VA € M!,
Ax e & Hgg!ﬁ 7- Therefore [|Az|| < 7”%"1 and the proof is concluded. O

Proposition allows to infer the existence of a polyhedral form holding
everywhere (and thus solution to Problem (A.2)) from an approximate polyhedral
form, solution of Problem , valid everywhere except on a subset of measure at
most €. It remains to derive the probability with which the first property holds, for
the solution of Problem ((A.3)).

A.2.2 Polyhedral upper bounds

First, based on a sensitivity analysis approach, we obtain the following upper bound
on the JSR:

Theorem A.2

(adapted form [WJ21, Thm. 2])

Consider a set of matrices M, and a uniform random sample wy € Z}¥. Let
(Vpoty (WN ) Spory (wn)) be the optimal solution to Problem (A.3). Let s(wy) be
the number of samples (z,j) in wy such that 3%, (wy \ {(2,3)}) <7, (Wn)
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and €: {0,..., N} — [0, 1] be given by:

1 ifh= N
e(k) =197 _ i H0<k<N
k

for any § € [0,1). Then, with probability at least /3, the following holds:

| o (@)
PM) S\ RS o), T3, N)) — 55, W) =1, 12 "
< V;OJy(WN)l
S\ A5y (o). TAGE((B. N)) — 85, M) 5L, 1) 2

where 0(+) is given by (3.7), Amin(S, €) is given by (A.6) and A(S,€) is given
by (A.7).

The proof follows directly from [WJ21, Thm. 2] and the argument of the proof of
Proposition [A.1] Based on chance-constrained optimization [CGRI18], we obtain
another polyhedral probabilistic bound on the JSR of our system:

Theorem A.3
Consider the same notation as in Theorem For any 8 € [0,1), let (3, N)

be such that N

m

p=1- ](1—5(6(571\7)). n—1 l)'

2 12 02
Then, with probability at least 3, the following holds:

z Ypoly (W)™ l Yooty (WN)
M) = J NSy (o), W5 o)) J XBiry o), mle(5(n))
(A.10)

where 0(+) is given by (3.7), Amin(S, €) is given by (A.6) and A(S,€) is given
by (A.7).

Proof. A classical chance-constrained theorem [CGRI8, Thm. 11] ensures that
VB € (0,1),

pi{wn € ZY 0 pl (Vo (w) < e(s(wn))} > 8
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where Vi (wn) = {(2.,J) € Zi = [[Az|ls, wn) > Ypory(@n)lZ]ls2,, @)} Then,
by projecting the set of violated constraints onto the sphere, it holds that with
probability at least 5, u{zr € S : [[Az[ls: (wy) < Yoy (W) || o) Y 2>
1 —mle(s(wy)).

Hence, by Proposition [A.T] with probability at least 3,

poly

’Ypoly(WN>*l
A o) <
A2l < TG (o) mie(a(an)) 1 St
*l[
< Wpoly(wN>

z]ls* (wx)s V2 €S, VA € M
)\(Spoly( N)yml€<3<wN))> poly( N)

which concludes the proof. O

Remark A.2. While presenting the advantage of being non-conservative, the
bounds of Propositions [A.2] and [A.3]are computationally expensive, especially when
the dimension increases. Indeed, one has to compute the convex hull of several sets
when applying Algorithm @ to obtain (75, (Wx), S5, (W), and the computation
of A( poly(wN),mle(s(wN) becomes expensive when the number of vertices of
S, (W) increases, which always happens when the dimension increases.
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Appendix B

Continuity argument for Lemma
3.3

We prove the equivalence between the two following statements:
(S1) There exists a set w € Z; ™" with |w| = dguaa + 1 such that v*(w) = 4°.

(S2) For any € > 0, there exists a set w € Zldq“’ld+1 with |w| = dguaq + 1 such that
7H(w) >7° —e

Clearly, if (S1) holds then (S2) holds. Suppose that (S2) holds. Then, we can

construct a sequence {(wy, €)} where wy € Zld‘““‘d“, |wk| = dguaa + 1 and €41 < €
such that ¢, — 0 and v*(wg) > 7° — €. Taking the limit on both sides yields

kllnoov*(wk) > ~°. Hence, since by definition, Vwy € Zldq“‘“i“, v (wr) < 7°, it holds
that kliglmv* (wg) = 7°. For (S1) to hold, we have to prove that this limit exists.

By compactness of the set Z;, {w} (or a subsequence of {wy}) converges to a limit
w= kli_n}oowk [Tes18]. It now remains to show that that v*(-) is continuous, which
implies that v*(w) = kli_rr}oo”y* (wk) = 7° so that (S1) holds [Tes18]. For a given € > 0,

=l

we define 0 := 2n(P)ma§cl|\A||+5l' From o = {(z;,Ji) € Zi, i =1,2, ..., dguea + 1}, we
AeM

define a set @' = {(2,§:), i = 1,2, ..., dguaa + 1} such that Ax; = ||z; — 2%|| < § for
i=1,2,...,dguad+1- Then, we prove that |[y*(&") — v*(w)| < €. Indeed,

1. Let us consider z, j and v* such that ||Az|| < § and ||Ajz||p < v*!||2||p. We
then prove that ||A;(z + Az)||p < (v + &)||x + Az]|p.
Observe that by definition of Problem (3.2)), v*! < max, ||A|| which is a feasible
€

solution associated to P = I,,, and that ||z+Az||p > v Amin(P)(||z]| —||Az]]).
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Hence, by a reasoning similar to the derivation of Proposition we have:

— \/ Amax(P)
A; A < [~ +l Ay 2 A
_k(P)
< *l K’( -
< <7 +2max ||Allo] _5> ||z + Az|[p

< (v + )|z + Azllp

by definition of 4.

2. Conversely, consider x, j and v* such that ||Az|| < & and ||Aj(z + Ax)||p <
v*||z + Az||p. We then prove that ||A;z||p < (v + &)]|z||p. Indeed, then,

1Azl < 1As(x + Ax)llp + [|AjAz][p < 7|z + Azl + [|Ay][0]|L]]

< 4 (v + max [|A 5_/4;P> T
< (0 e AP ) e
~k(P) ~
< (v + 2 IANTEED ) el < 0+ el

Hence, for a variation of the initial states in wy, smaller than &, we have proved that
|7 (@) — v*(w)] < €. In addition, from the convergence of {wy}, for any 0 < e < 1,
there exists a [ > 0 such that the components in wy corresponding to the modes
(i.e. j;) do not change (or have reached the limit) for all & > [, which concludes the
proof.
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Appendix C

Non-degeneracy of Problem
(3.14)

Following an argument of [BJW21], we prove that if there exists no matrix A € M!
such that ATA = «I, for some v € R, then Problem (3.14)) is non-degenerate
with probability one.

Suppose by contradiction that the probability that wy, = (z,j) € Z; and wy: =
(2',j) € Z; are two distinct essential sets for Problem is non zero. Conse-
quently, the probability that (x,j) is an essential set for Problem and that
|Aj2'|| = AN (wn, ), where A*(wy, ) is the solution to Problem (3.14)), is non-zero.
However, for any non-zero polynomial on R" P(z), the set of points z € R"
satisfying P(z) = 0 has zero Lebesgue measure [Tes18, Problem 2.15]. Hence, if
[|Ay || = A*(wn, ) = 0 holds with a non-zero probability, ||Ayx|| — A*(wn,) = 0 for
all z € S, which contradicts the assumption that there exists no matrix A € M!
such that ATA = ~I, for some v € Rx,.

Since wy, and wy, are arbitrary, the probability that there exist two distinct
essential sets for Problem is zero: for instance, if (z,j) € wy is an essential
set for this problem, the probability that (—z,j) also belongs to wy is zero.
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Appendix D

Adaptation of Theorem 3.2 to the
adaptive sampling setting

Theorem [5.1] adapts Theorem [3.1] to provide a bound on the JSR based on the
adaptive sampling approach. Similarly, we extend the bound of Theorem and
propose a second quadratic bound, based on the last N, samples only.

Theorem D.1

Let Assumptions and hold. For any 8 € [0,1) and 3; € [0,1), let
e — m! (1 _ Nc/dqi;ﬁl) and ¢; = ™ (1 — NT= ). Let (v:(Q), P*(2,))

denote the solution to Opt,(wn,+..+n,). Then, with the same notation as in
Theorem [5.1], with probability at least 8 + §; — 1, the following holds:

IN

p(M)

V(@)% + (A(e)2(2A(€) + A(€)?) + 7(2) % (2A(e) — A(6)2)) K2(P; ().

p

The proof follows exactly the same lines as he proof of Theorem [5.1}

We now compare the bounds of Theorem and on a numerical experiment.
Figure plots the evolution of both bounds with the dimension of the system.
As expected since the number of samples used in the last phase is low, the bound
of Theorem beats the one of Theorem [5.1| when the dimension of the system is
lower than 10. It thus outperforms the bound of Theorem in a wider range of
situations than the situations in which the bound of Theorem outperforms the
one of Theorem [3.11
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Figure D.1: Evolution of upper bounds based on adaptive sampling with the
dimension of the system. The bounds are yielded by the application of Heuristic
on 2-modals systems of various dimension, for a total number of samples of 1500.
The bounds of Theorems [5.1] and [D.I], as well as the true value of the JSR are

plotted. When the dimension is lower than 10, the bound of Theorem is the
tightest.
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Appendix E

Derivation of theoretical bounds
based on all samples in the
adaptive sampling approach

We consider the two-phase adaptive sampling approach where P, is fixed to the
identity in the second phase. We provide a probabilistic bound on the JSR by
analysing Opts rk(wn,+n,) based on all points sampled and not only on wy,. To
this aim, we consider the joint distribution of wy, and wy,. We base our analysis on
the stage-wise coupled scenario approach with re-sampling proposed in [KML16].
In the first phase, we solve Opty(wy, ) with Ny samples. In the second phase, we
solve Opta( Py (wn, ), wn, ), with solution v (P} (wn, ), wn,):

min - 7y s.t. ||L1A.]L1_1m|| < ’Yéa V((E,J) € WNy» (El)
7220

where Pj(wy,) = LTLy. Clearly, for any fixed Pj(wy,), Opta( Py (wy,), wn,) is
feasible and its minimizer is unique. Moreover, it is convex with respect to ..
The solution 73 ; (W, x,) to Opty,rk(wn, 4 a,) is given by the maximum between
i (wn,) and v (P (wn, ), wn,). We introduce here the notation used this appendix:

Assumption E.1. We consider an n-dimensional switched linear system as in ([2.1]),
whose set of m modes is denoted by M C R™™". Let N1 > dgyqa+1, N2 > 2 and
N = N; + Ny. We consider two independent samples wy, € ZlN 'and wy, € ZZNQ,
whose union is denoted by wy. We denote by (75 (wn, ), Py (wn,)) the solution to
Opt1(wn, ) and by 75 (P (wn, ), Wi, ) the solution to Opta (P} (wy, ), wn,). L1 denotes
the Cholesky decomposition of Pj(wny,).

We will make use of Corollary [2.2] Hence, we require the following assumption
on the system analyzed, allowing the problem to be non-degenerate:
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Assumption E.2. The system analyzed is defined by a set M C R™*™ such that
VA € M, there exists no P € S}, and v > 0 satisfying ATPA = ~*P.

Then, by combining results from Proposition 2.3} [KMLI6] and [KBJT19], we
obtain the following proposition:

Proposition E.1. Let Assumptions[E.1| and[E.4 hold. For any B, B € (0,1) such
that = B1+P2—1 € (0,1), let €,(B1, N1) = 1 =171 (1= B1; N1 —dguaa— 1, dquaa) and
EQ(BQ,NQ) =1- Nm. Let 6(/81,N1,/82, Ng) = 61(51, Nl) + 62(52,]\[2). Then,
with confidence at least 3, it holds that:

“Vres\S, Vje M (E2)

(Aj2)" Py (wny Az < (0 (wn) 2 P (wn,)
||L1A.]L1_1xH < (WS(PI*(WNl)awNz))l

where S C'S has measure o™ (S) < €(B1, Ny, B2, No)m!.

Proof. We define the following sets of violated constraints:

o« Vilww) =A{(,j) € Zi: (Ajx)" Pr(wn,)Ajz > (v (ww,))*a” P (wy, )o}: set
of violated constraints in Opt; (wy; ).

¢ ‘/Q(Pf(le)7wN2) = {(ZL‘,J) € ||L1A.]Ll_1x|| > (’7;(P1*(WN1>’WN2))Z}: set
of violated constraints in Opty (P} (wn, ), wn,)-

» Viwy) =A{(=J) € Zi = (Aj2)" Pl(wn) Az > (71 (wn,))"2" Py (w, )z or
[|Li AL || > (73 (Pf (wh, ), Wi, )} union of violated constraints.

By Corollary [2.2] it holds that
i H{wn, € ZM 0 u(Viwn,)) < e (B, N1} > B
By Corollary [2.1], it holds that
1 {wn, € 2% 0 u(Va(Pf(wi, ), wi,)) < €a(Ba, Na)} > Ba
Then, we obtain the following joint result from [KMLI16, Prop. 2|:
pifon € ZY 0 m(Viww)) <€t > 8.

Projecting V(wy) on S in a similar way as in [KBJTI19, Cor. 1] concludes the
proof. O
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Since P;(wy,) = LT L, we can rewrite Equation (E.2)) as follows:

(LA LT ) T LA LT e < (7 (wiy)H a2, Vo € Li(S\S), Vj € M
||L1AJL1_II|| < (’Y;(Pl*(w]\h)vwl\fﬁ)l? Vo € S\S, Vj e M.

By homogeneity of the dynamics, the first inequality becomes:

(LA LT ) LA LT e < (V) (wwy) P 2T, Vo € S\ TIs(Ly(S)), Vj € M
= ||LiA LT ]| < (1 (wn))', Vo € S\ TIs(La(S)), Vj € M

Hence, since VS,I(WN1+N2) = max(f}/f(le)? '7;(P1*(WN1>>WN2))7 we have:

11 ASLY ]| < (35, (wmiem))'s Vo €8\ (SN TI5(La(8))) . vj € M

Let us denote 0" Y(SNTg(Li(S))) = 0" '({x € S: Ty € Sst. 2 = L) by

[[L1yl|

€(B1, N1, B, N2). Then, following the same lines as in the derivation of [KBJT19|
Thm. 5], we obtain the following upper bound on the JSR:

Theorem E.1

Let Assumptions and hold. Then, for any 1, 52 € (0,1) such that
= p1+ Py —1€(0,1), with probability at least 3, it holds that:

,Y;,I(WNIJ'_—"_NP) (E 3)

pM) < ——=
\/5(56(51,N1>52,N2))

Where~€(ﬁl, Ny, (o, NQ) = O'nil(g N Hg(Ll(S))),

Un_1<S) = ml (1 - I_l(l - 51; Nl - dquad - 17dquad) + 1-— Ne/ 1- BZ)?

and 0(-) is given by (3.7).

The bound of Theorem can outperform the one of Theorem only if
€(B1, N1, B2, Na) < €(B1, N1, B2, No). Indeed, otherwise, it is too conservative. Unfor-
tunately, without further assumptions, it can be the case that o™~ (SNIIg(L:(S))) =
0" 1(S), as illustrated on Figure [E.1l However, we believe that if e(3;, N1, 32, Na)
is sufficiently high, the measures of these two sets do not coincide. We leave
investigation of this track for further work.

131



wm

Figure E.1: Tllustration of a case, in two dimensions, where SNIIg(Ly(S)) = S. ~S
is presented in red and L;(S) is presented in pink. Clearly, the projection of L:(S)
on the sphere covers S.

In a second time, we show why we cannot straightforwardly extend our sensitivity
analysis to provide a bound on the JSR based on all trajectories sampled, in the
adaptive sampling approach. We consider the case where the number of phases is
fixed to 2.

Let 7"°(Ly) be the solution to Opt(L;). By Lemma [3.3| and the same argument as
in the proof of Theorem [5.1], there exists a set w, € Z¥, with |w,| = dgyaa + 1, such
that v*(ws) = v°(L1). v*(w)) is the optimal cost of:

S

19?3%07 s.t. (Lp,lAjL;,flx)TPLp,lAngilx < A2t Px, Y(z,j) € W,

P> 1, |P|| < C for a large C' € Rxy.

We now seek to extend Proposition to take into account the constraints of
Opta(wn,+n,) associated not only to the trajectories in wy,, but also to the trajec-
tories in wy,. Since Ny is uniformly sampled in the system considered, V(2', j) € wy,
1 {wy, € 22| z; ¢ C(a',€) or §; # i V(21,3;) € wn,} = (1 — -5)™2. This holds
by the same argument as in the proof of Proposition [3.1]

If L, is fixed, we can also prove that V(2',j) € ws, ' {wy, € ZNM| L2 ¢

|[Lazq]]
C(z',€e)or j; #3 Y(zi,ji) €wn, } = ( L )N2. Indeed, for all

1 —
\/det(LT L1)Amin (LT Ly)mm!
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(x,j) € 4, IIﬂiH € C(a,e) «— HE%H € C(a',e) «— x € mg(Li*C(a',€)), where

7s(A) denotes the projection of the set A on the sphere: for any z € A, 7g(2) =
Let A(-) be the Lebesgue measure; and for any A C S, let S4 := {tA, t € [0,

and 0" 1(A) = X\(S*). Then, /\mi(L)SLA c S for any A C S. Hence,

z

El
1]}

Ry Ly'C(a' ) —1/QC(z ¢)
" ms(LTIC(7, €))) = A(S™Wr €@ > ) (S ) _ ALy (87Y)

Amax(Lfl) )\maX(LI1>n
_ |det(LHAS9) 0" H(C(a',¢) _ ¢
Amax (L) Vaet (LT L) Awin (LT L))" \Jdet (LY Ly) Awin (LT Ly)™

Then, we are tempted to combine the probabilities and improve Proposition [3.1]
However, one crucial mistake has been made: we cannot consider L, to be fixed
and wy, to be random. Hence, the second part of the argument is wrong, and we
cannot straightforwardly take into account the information provided by wy; .
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Appendix F

Comparison of the bounds of
Theorems 5.1 and 5.2

We seek to compare the bounds of Theorems [5.2] and [5.1], related respectively to
the cases where P, is fixed to the identity or not. First, we relate the costs of the
respective problems:

Lem F.1. Let wy, be a uniform random sampling for system Lp_l./\/lngil. Let
(vg(leJr,_jLNp),P;(thL__Jer)) be the optimal solution to Opt,(wn,+..+n,), and
Yy 1(WNy1..4n,) be the optimal solution to Opt, 1(wn,+..+n,). Then, it holds that

7;7I(WN1+..‘+NP) < H(P;(wN1+...+N,,))”Y; (WN1+...+NP)-

Proof. Let Q = wy, U{(2',j) : o' = Lp_12, (2,j) €wn,, JU...U{(2,j): 2’ =
Lo-1z, (,j) € wy, }. Then, for all P € 8%,

1271 Lp1 ALy 2l

v (Wnesn,) = max \/[|Lp_1 AjLty ]| < max

o o 1Ed]
(z.J)eq (z.j)eR HLIIID
L, 1A;L Yz
— max lli(P)H p—1jtp-1 HP
()€ ||]|p
Taking P = P;(wn,+...+n,) concludes the proof. O

Let (v, P) denote (v, (wn,+..+n,), Py (Wn,+...1n,)), the optimal solution to
Opty (Wi, +..+n,); and let 77 denote '7;7[(WN1+...+NP), the solution to
Opty,1(WN,+.4n,)- As observed before, /\;(leJr_,Jer), the solution to Problem

(-8), is given by A (wny+..+n,) = 7p- For given 8, 61 € (0,1); let Bi=p+pb—1
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e = m (1 o djfadfil), 6 ="2(1— %YT=P)and & = Z(1— %1 — ). We
seek to prove that in the context of adaptive sampling, the bound of Theorem
outperforms the bound of Theorem [5.2, This means that V3, 3; € (0,1),

1 I 1 1 7} _ Ay

= sz O+ 52— 20(m(P)
l l

— 5(760 <A+ (4 5(71)) 2 25(e)r(P),

where §(-) is given by (3.7). Note that d(-) is a decreasing function. Hence, when

ﬁl:ﬁa
1-B>1-5 > 1-5

—— = <€ SE:é(gl) 25(61) 25(6) (Fl)
dquad+1

In the adaptive sampling context, we consider that x(P) (wn;+.4n,)) is relatively
low or that N,, the number of trajectories sampled in the last phase, is itself low.
We consider the following cases:

1. /2 —2d(e)k(P) > 1. Then, since 5(751) is non-negative,

,/2—25(6)5]3
o(er) — 1—\/2—25(6)/{

ol r ! l o —95(e)k
5(e) 5er) <Y+ O+ 6(61)) 2 —20(e)k(P)).
2. /2 — 26(e)x(P) < 1. This implies that §(e) > 1.

1+ 4/2—20(e)k(P)
f(k(P),d(e)) =d(e -1
(K(F), oe)) = & >I€(P)l — /2 —20(e)k(P)HHT!
Indeed, if f(k(P),d(€)) is non-negative for all x(P) > 1, §(¢) € (0.5,1), then

We analyze the function

K;(I;)l (1= /2 =26(e)x(P)) < 1+ /2 —25(e)x(P)
gl K(P)'
= 5er) (1—1/2—20(e)(P)) Lem§[Ej_| 5] (1 —1/2—20(e)k(P))
K(P)' ! L /9 _98(e)k
SEL = 2= BR(P) <7+ = 25(6)n(P)
gl ! ! gli
5(e) <A +94/2—2)(e)k(P)) + 5er) 2 —26(e)k(P).



The derivative of f(k(P),d(€)) with respect to x(P) is given by:

(2 —20(e P)2 +24/2 —26(e)k(P
2 —20(e)k(P)iH1)2

3(e)r(P)™

Its roots are given by k(P) = l H;V;;El) so that f(k(P),d(€)) admits a mini-

1+12—

. Two subcases have to be considered:
2726(6)

mum in x(P) when x(P) =

VIFP-1

(a) \/W < 1, implying d(e)
when [ = 1. Then, f(r(P),d(e )) is mlnimal in kK(P) when x(P) = 1.
The derivative of f(1,0(¢€)) with respect to d(¢) is given by:

< YIHE 1“ . Note that this only happens

(26(e) — 1)4/2 — 25(e) — 25(¢)
1—\/2—25 \/2—25

which is always negative for d(¢) € (0,1). Hence, f(1,0(€)) always
decreases in (¢), and achieves its minimum for §(e) = 1. Since f(1,1) =
0, f(k(P),5(e)) is non-negative for all k(P) > 1, d(e) € (0.5, 1 — 1),

2

(b) % > 1, implying d(e) > Vljp — 3. Then, f(k(P),d(¢)) is minimal

in k(P) when k(P) = Y2=L We thus analyze

T 1/2-25(e)

V1+12— [,/2 —25(e) 1 4 VA+i2-1
FEEE L 5(9) = 669 Oyl
1\/2 — 26(c) VIHE -1 - Y

Clearly, this expression is not always positive: when d(e) = 1, for

instance, it is equal to —1. However, the derivative of f( \/—V() ,0(€))

with respect to d(e) is given by:

12— 20(e) : 2_25(6)_5<)V+12< (1“2 1)2,/2 — 26(e
() s

This expression, depending on [, is either always negative, or is decreasing
and admits a unique root in the interval 6(¢) € (0.5, 1]. Hence, since

VIEP-1 N : i s
f(l\/m 0.5) is positive, f( WoRret ,0(€)) remains positive until it

reaches a root in the interval (0.5, 1].
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N : = Vit2-1
Let d(e) be the value of this root, and let (P) be equal to Ntk

Then, it holds that f(x(P),d(e)) is non-negative for all x(P) > 1,
5(e) € (0.5,0(¢)) and for all 1 < k(P) < &, 6(e) € (0.5,1]. At least one
of these assumptions will hold in the adaptive sampling context.

We illustrate this case for [ = 1. Then, 0(¢) = 0.9848 and &(P) = 2.3776.
Hence, if either d(e) < 0.9848 or x(P) < 2.3776 in the last phase, it
holds that the bound of Theorem always beats the one of Theorem
F.2l Note that the number of samples required to obtain d(€) > 0.9848 is
of 1200 samples in dimension 2 and rapidly increases with the dimension,
reaching 10° in dimension 4. Such a large number of samples is never
used in practice in the last phase of the adaptive sampling approach,
since it is sufficient to obtain tight results without resorting to adaptive
sampling.

We have thus shown that in the context of adaptive sampling, the bound of Theorem
almost always beats the one of Theorem especially if traces of length 1 are
used. Indeed, in this context, the number of samples used in the last phase never
exceeds 1200, which is sufficient to ensure this claim.
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Appendix G

Additional analysis of the online

sampling approach

We consider the system of Example[2.T] and the online strategy with the parameters
of Chapter 6. To gain more insight with respect to the behavior of P°(Ly) (unknown
in our black-box setting) and P} (wn,+.+n,), for k =1,...,p, we present on Figure
the evolution of these quantities with the number of phases, when 1100 samples
are used. For the sake of comparison, we also plot x(P*(wy)).

—— Adaptive sampling, k(P; (Wy1+  +n,))
—— Adaptive sampling, k(P"°(L, _1))
—— No adaptive sampling, k(P(wy))

8 10

2 4 6
Number of phases

Figure G.1: Evolution  of
BB @y rim,)) and £(P(Li_1))
with k&, when 1100 samples are
used, for the system of Example
2.1l k(P (wn,+..+n,)) decreases at
each phase, and reaches a limit from
Phase 6. For an equivalent number of
samples used, it is much lower than

K(P*(wy)).

°IT"e observed data
= Degree 2 interpolation

Number of phases

' . | \ . . .
250 300 350 400 450 500 550
Total number of samples

Figure G.2: Evolution of the num-
ber of phases reached by Algorithm
with the total number of samples,
for the system of Example 2.1 In
each phase, the number of samples
required is determined by Procedure

Onlinel

Figure presents the number of samples required in each phase. We observe



that after the first change of variables, k(P'°(L;)) increases compared to k(P°).
k(P"(Ly)) then decreases with each phase, and becomes smaller than x(P°) from
Phase 3. This rise after the first change of variables means that the latter is
not precise enough. This makes sense: for it to be sufficiently precise, a number
of samples as large as the one required to obtain a tight cost directly would be
needed. However, k(P (wn,+. +n,)) always decreases, and beats k(P(wy)) from
the third phase, that is after 360 samples (less than the half of the total number
of samples) are used. This decrease is due to the enforcement of the constraints
associated to all samples in each phase, as predicted in Remark This decrease
in k(P (wn,+..+n,)) supports the validity of the convergence criterion.

[IPeLa)]|

1Pl 5 w2) — PULA) ||

1Pl ednis & w2) — Palwnn + wz —m)||
(I

Convergence of P1(wn1)
Convergence of Po(wWny + wz)
w

, . . | . n f
50 00 =0 200 =0 300 =0
Nz

Figure G.3: Evolution of P;(wy,)
with the number of samples used in
the first phase during Procedure
line|, for the system of Example

We plot 12 2iem=nll which de-

Figure G.4: Evolution of Py(wn,4n,)
with the number of samples used in
the second phase during Procedure

for the system of Example .

[ P2(wny + Ny ) —P2(WN; 4 (Ng—n)
We  plot P

termines the number of samples used |P2(wny +np) =P (La)|
i Phase 1, and 25y and ™= Zpetryy - Both duan-
1 hase 1, all mpe - +helats tities are smaller than in Phase 1,

ter decreases more slowly, implying and IIPz(wNﬁw%)—)li’“(LnH
0 P'o(Ly
that the convergence of P;(wy,) to P Pa(rvyvy)— ooy ()|

is not ensured by Procedure [Onling P (L1)]]

To explain the rise in £(P°(Lyx_1)) after the first change of variables, we present

. |1 Pe(wny 4.+ 8 )= Pr(wny 4 (v, =)l [P Wiy .43, ) =P (L) | :
the evolution of D] and i during

Procedure on Figures and [G.4], for k =1 and k = 2 respectively. As
[P Wiy .43y )= P (L) || 1P (Wivy +..+ N, )= Pi(Wny 4. (v, —n))
expected, RE P

decreases more slowly than the latter. Hence, the convergence of Py(wn, . +n,) as
defined in Procedure does not ensure the convergence of Py(wn,+. 1n,) to
P’°(Ly). This explains the rise in (P (Lyx_1)) after the first change of variables.

However, we also observe that this distance HP’“(“}NW PZJ(VESTD ")

phase, which explains the performance of our method.

is larger than

I and

is larger than

I decreases at each
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Appendix H
Derivation of Table 6.2

We approximate the computational complexity of the three different approaches as
follows. Every problem encountered is a quasi-linear problem solved by looking
for v (or 7, for k = 1,2,...,p) by bisection on an interval [0, U], with a fixed
accuracy «, which requires [logQ(%)w iterations. At each iteration, a feasibility SDP
problem is solved. The complexity of this problem is polynomial in the number
of constraints, that is in the number of samples used; and in dg,qq, the dimension
of the problem. Hence, the computational complexity of the initial method is of
[logQ(%)w * poly (4000, dgueq)- In the offline strategy, for 5 phases used, we solve 5
quasi-linear problems, with respectively Ny, Ny + Ny, ..., and Ny + No+ N3+ N4+ N5
constraints. Hence, the computational complexity is equal to

U
[1og2(a)] & pOly (5N, + 4Nz + 3N + 2N, + Ny, dyuad)-

In the online strategy, at phase k, we solve % + 1 quasi-linear problems, with
Ni+ ...+ Ny, N+ ...+ N1 +n, ..., and Ny + ... + Np_1 + N, constraints,
except for the last phase, in which we only solve one quasi-linear problem with
Ny + Ny + ... + N, constraints. Hence, for 5 phases, the computational complexity
is equal to

U .. Ny — Ninit n , N1 — Ninit N; — Ninit
] } Iy((Ninit(—— "7 4 1) 4 — 1
Hog,(—) | spoly(Wimit (S-S 4 1) 4 ZELIE ) LR
N n, N N, >
+((N1+N2+N3)(74+1)+5(?4+1)?4)+2Ni,dquad)-
=1
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Appendix 1

Overview of the Julia codes
implemented

We briefly present the different functions implemented and the structure linking
them. The inputs, outputs, and way to use the functions is heavily commented
in the code itself. The code is separated in two parts: the implementation of the
functions designed in Part 2, and the implementation of the algorithms of Part
3. They are respectively available as Rubbens_ 68821600 2021 Appendix1.ipynb
and Rubbens_ 68821600 2021 _ Appendix2.ipynb.

To use the functions, several packages have to be installed:

o Random.jl: to generate systems and trajectories.

o LinearAlgebra.jl: to deal with matrices.

o JuMP.jl and CSDP.jl: to solve the SDP optimization programs.

« Ipopt.jl: to solve the least square approximation of Problem ([7.3]).

e IncGammaBeta.jl: to compute the regularized inverse beta function.

o HybridSystems.jl and SwitchOnSafety.jl: to compute the true value of the
JSR of switched linear systems as approximated by the JSR toolbox [LJP16].

« Plots.jl and PyPlot.jl: to illustrate the implementations.

Tables G.1 to G.7 present the purpose of the different functions implemented. Each
table groups functions related to a specific part of the work.
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generatesystem Generation of a system of m modes in R"*", drawn
uniformly, independently and randomly on the sphere.
generatetrajectories Generation of a set of trajectories wy € Z;".

Table I.1: Generation of random systems and trajectories

trueJSR | Computation of the true JSR of a system using the JSR toolbox.

truesol Computation of P° or P¢ _, solution to Problem (2.3|) or (2.9).
SO0S

Table 1.2: White-box computations

dlift

Computation of the d-lift of a vector x € R".

dliftmat

Computation of the d-lift of a matrix L € R™*".

inversedlift | Computation of the least square solution to Problem ([7.3).

Table 1.3: Functions required by the use of SOS Lyapunov functions

proba__bounds | If d = 1: Resolution of Problems and (3.14]), and
computation of probabilistic upper bounds on the JSR:

bounds of Theorems [3.1| and and bound of [W.J21].

If d = 2: Resolution of Problems ) and ( - ) and
computation of a probabilistic upper bound on the JSR:

bound of Theorem .

Table 1.4:

Implementation of the approach of Chapter 3

comparison | Experiments of Sections 4.1 and 4.5.

trace Experiment of Section 4.2.

convergence | Experiments of Section 4.3 and 4.4.

Table 1.5: Implementation of the experiments of Chapter 4




proba__bounds__offline__sampling

Resolution of Opty(wn, 4.+, ), the k™
problem to solve in adaptive sampling.

algo__offline__sampling

Implementation of Algorithm |§|, the
p-phases offline sampling algorithm.

procedure__online__sampling

Implementation of Procedure (Online]
determining the number N of samples
to use in Phase k.

algo__online__sampling

Implementation of Algorithm , the
p-phases online sampling algorithm.

algo__fast Implementation of Algorithm ,
the fast algorithm.
heuristic Implementation of Heuristic .

Table 1.6: Implementations of the algorithms of Chapter 5, 6 and 7

offline

Experiment of Section 5.7.1.

online

Experiments of Sections 5.7.1 and 6.2.

online__several dimensions

Experiments of Section 5.7.2.

Table 1.7: Implementation of the experiments of Chapters 6 and 7
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