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Abstract

Nowadays, we encounter on a daily basis systems of tremendous complexity. For
instance, we rely ever more on cyber-physical systems, including self-driving cars,
drones or smart assistive technologies. Deeply understanding the properties of these
applications is essential to optimize their potential. However, frequently, due to
their inherent complexity, there is no available closed-form model of these systems.
On the other hand, as the development of new technologies grows massively, so
does the amount of information-rich data we have access to. Hence, it is crucial to
develop new methods able to analyze complex systems without relying on model-
based techniques, but rather on the unprecedented volume of data available.
In this thesis, we propose new data-driven approaches providing probabilistic
stability guarantees for black-box linear switched systems, a first class of complex
systems whose model is unknown. We construct approximate Lyapunov functions
decreasing along a finite number of sampled trajectories by solving a quasi-convex
optimization problem, and deduce the stability of the underlying system with
a user-defined confidence level. We also explicitly characterize the number of
observations required to attain this confidence level.
Recently, techniques relying on common quadratic Lyapunov functions (CQLFs) to
provide probabilistic stability guarantees have been proposed. However, they require
non trivial assumptions on the system analyzed, and suffer from conservativeness
since many stable switched linear systems do in fact not admit a CQLF. Hence, in
a first time, we overcome these issues and provide a broader class of probabilistic
stability guarantees, by considering Sum of Squares (SOS) Lyapunov functions.
Our contribution is twofold: first, we propose a novel approach for CQLFs, allowing
to improve the existing guarantees and get rid of all assumptions. Then, we leverage
our approach to the SOS setting, providing further improvement for the technique.
In a second time, we propose an approach based on adaptive sampling to reduce
the sample and computational complexity required to obtain stability guarantees
holding with a given confidence level. We learn recursively, from small batches of
trajectories, an optimal sampling strategy. This allows the data-driven approach
to be tractable for high-dimensional systems, which is the case of the majority of
real-world complex systems.
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Chapter 1

Introduction

1.1 Motivation
Cyber-physical systems are systems composed of networked computers in close
and constant interaction with our physical world. Recently, they have been a
subject of growing interest [Lee15], [TCRM14]. Indeed, we encounter such systems
on a daily basis, in applications ranging from transportation to agriculture and
healthcare, which explains the incentive to efficiently design, control and analyze
them in spite of their inherent complexity. We can think for instance of self-driving
cars; complex robotic systems including smart assistive technologies or drones;
or smart grids applications such as the optimal energy management of smart
buildings. A large number of cyber-physical systems can be modeled as switched
systems. These are systems consisting of several models, describing several laws of
dynamics, among which the system can switch at certain points in time [Lib03]
[SWM+07]. We illustrate the particular example of a light switch in Figure 1.1 .
Switched systems whose underlying models are linear form an important family:
switched linear systems. They can for instance be used to model the design of drug
treatment for viral diseases like HIV, mechanical systems such as driving sticks,
multi-controller switching schemes, or coordination of autonomous mobile agents
[HVCMB11] [JLM03].
A central and challenging questions on switched linear systems is their stability,
which is an NP-hard problem [BT99], and many tools have therefore been designed
in the past decades for their analysis. Most of these tools are model-based, and
build on notions from Lyapunov and invariant set theory [LA09], [BM07], [Lib03].
However, in many practical applications, a closed-form model may not be available
directly. Typically, cyber-physical systems, which are composed of many subcompo-
nents of different nature interacting in a complex way with each other, are difficult
to model. For instance, consider the optimization of the energy management of

3



Figure 1.1: Example of a switched system.

smart buildings. The evolution over time of the system is stochastic and a closed-
form model for the thermal behavior of these buildings is difficult to obtain [ZHT17].
Hence, stability analysis based on data obtained via simulations or observations
of the unknown system solely has received increasing attention lately [KQHT16],
[BFGP17], [KBJT19], [SDGDI+20], [WJ21], [BJW21]. A first approach consists in
recovering the model from the available trajectories, and then using model-based
theory for stability analysis of switched linear systems. However, this two-steps
procedure presents several drawbacks for switched systems. First, identification
is NP-hard, can induce approximation errors, and requires a sufficiently rich set
of observations [Lau16]. Second, for various applications, the model may be too
complex to be analyzed using classical control techniques. Therefore, in this work,
we bypass the explicit identification phase and seek to obtain probabilistic stability
guarantees based directly on the simulations, without recovering the underlying
model.

The guideline of this thesis is the following question: After observing
a finite number of sampled trajectories of a given length, what
formal probabilistic guarantees about the stability of the underlying
system can we obtain?

Of course, there will be a trade-off between their accuracy and the desired level
of confidence. We refer to this framework as data-driven analysis of black-box
dynamical systems.
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1.2 State of the art
Stability of switched linear systems is characterized by their Joint Spectral Radius
(JSR), which measures the maximal asymptotic growth rate of a state under the
dynamics of the system [Jun09]. Model-based approximations of the JSR have
thus been deeply investigated. In particular, one can obtain bounds on the JSR by
constructing Lyapunov functions decreasing along all trajectories of the system.
This amounts to solving a particular quasi-linear optimization problem, that is
a problem of the form min

u∈Rn, λ>0
λ s.t. fi(u) ≤ λ, for i = 1, ...,m where fi(u) are

linear in u [Epp05] [JAPR17]. For instance, one can construct Common Quadratic
Lyapunov functions (CQLFs) by solving the following problem:

min
P�0, γ≥0

γ s.t. (Ax)TPAx ≤ γ2xTPx, ∀A ∈M,∀x ∈ Rn,

whereM is the set of the matrices associated to each model the system can switch
among. Then, a bound on the JSR of the underlying system is provided by the
optimal cost.
Recently, this work has been extended to the black-box setting, in which the
matrices are unknown and one only has access to a limited number of trajectories
(x,Ax) [BJW21] [KBJT19]. The method consists in two steps. First, one con-
structs approximate CQLFs decreasing along the sampled trajectories, by solving a
relaxation of the initial problem:

min
P�0, γ≥0

γ s.t. (Ax)TPAx ≤ γ2xTPx, ∀(x,Ax) observed.

Then, from the decrease of the approximate CQLF on a finite set of trajectories,
it remains to infer a probabilistic upper bound on the JSR of the underlying
system, holding with a user-defined confidence. To achieve this step, both [BJW21]
and [KBJT19] use tools from scenario optimization theory [CGR18], [Cal10] and
geometric properties of switched systems.
The approach developed in [BJW21] and [KBJT19] presents two main weaknesses.
First, it relies on the computation of CQLFs, which is conservative since some
stable switched systems do not admit a CQLF [LA09]. Second, it invokes classical
chance-constrained theorems underlying the scenario approach, which require non-
trivial assumptions concerning the setM to be satisfied. The probabilistic bounds
proposed are therefore not valid for all switched linear systems. In this thesis, we
answer these two weaknesses and improve the approach in several ways.

1.3 Contributions
In this work, we provide both theoretical results, that is new probabilistic stability
guarantees, and practical algorithms to obtain these guarantees. We implement
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these algorithms in the programming language Julia [BKSE12] and provide numer-
ical experiments illustrating the performance of our guarantees in comparison with
existing techniques. An overview of our code is given in Appendix I. Our work
comprises two main contributions.

• First, we derive a broader and more precise class of probabilistic
stability guarantees for black-box switched linear systems than the
ones obtained by relying on CQLFs. To this aim, we consider Sum of Squares
(SOS) Lyapunov functions of arbitrarily high degree, which yield tighter
results and exist in a significantly larger number of cases [PJ08], [Jun09,
Section 2.3.7]. We quantify explicitly the trade-off between the number of
observations and the tightness of the guarantee.
To get rid of the assumptions required when resorting to scenario optimization
theory, and because the geometric tools used in [KBJT19] and [BJW21] do
not generalize in a straightforward way to SOS Lyapunov functions of higher
degrees, we develop a novel approach, based on sensitivity analysis [Ber16] of
the quasi-linear optimization problem. Additionally, we thereby also obtain
novel upper bounds in the quadratic case, that can be compared with the
one obtained in [BJW21], and that hold for all switched linear systems.
Then, we extend our approach to the SOS setting. In the white-box setting,
approximations of the JSR using SOS Lyapunov functions are tighter [PJ08],
and we will observe on several numerical experiments that this generalizes to
the black-box setting.

• The main drawback of data-driven stability analysis consists in the huge
number of trajectories that have to be sampled to obtain a sufficient confidence
level on the derived guarantee. Hence, in a second time, we reduce the
number of samples required to obtain a stability guarantee holding
with a given confidence level. To the contrary of existing techniques
[CGC14], we exploit the particular structure of our system and propose
an approach based on adaptive sampling [DA20], [Set10]. We derive this
approach both in the quadratic and in the SOS setting. Our method consists
in sampling a small batch of trajectories uniformly, and in learning an
optimal change of variables corresponding to an optimal new sampling from
the observation of these trajectories. This can be refined by recursively
recomputing the change of variables. We propose a heuristic providing the
optimal number of trajectories to be sampled in each phase as well as the
optimal number of phases to optimize the probabilistic stability guarantees.
Then, we compare these optimal guarantees with the one obtained without
resorting to adaptive sampling for the same total number samples used.
Several numerical experiments illustrate the performance of our approach
and how it outperforms the existing bounds.
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Publication
The first contribution has been the object of the following publication:
[RWJ21] Anne Rubbens, Zheming Wang, and Raphaël M. Jungers. Data-driven

stability analysis of switched linear systems with Sum of Squares guar-
antees. To be published in Proceedings of the 7th IFAC Conference on
Analysis and Design of Hybrid Systems. arXiv preprint: 2101.00112.
2021.

1.4 Structure of the work
Our work is organized in four parts and eight chapters, including the present
introduction and the conclusion, as illustrated in Figure 1.2

Figure 1.2: Dependencies between the different parts of this thesis.

The first part comprises the introduction and the background. Chapter 2 introduces
the main concepts required to fully understand this thesis. It includes the state
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of the art of stability of switched linear systems in the white box setting and a
presentation of the scenario approach.
The second part contains the formal presentation of our problem and our first
contribution. Chapter 3 first presents the problem studied, that is stability analysis
of black-box systems, and briefly reviews the existing technique of [KBJT19] and
[BJW21]. It also contains the derivation of our new approach relying on sensitivity
analysis. It presents our novel probabilistic guarantees in the quadratic case, and
the extension of the technique to the SOS setting. We illustrate the performance of
our technique in Chapter 4 with numerical experiments, and explore the sensitivity
of our bounds with respect to several parameters.
The third part contains our second main contribution, that is the adaptive sampling
approach to the problem. In Chapter 5, we formulate our technique in the quadratic
setting and derive novel theoretical bounds. In Chapter 6, we then propose a
heuristic based on empirical observations, and illustrate the performance of this
heuristic with several numerical experiments. Chapter 7 presents the leveraging of
the adaptive sampling approach to the SOS setting.
Finally, we conclude our work and present future prospects in Chapter 8.
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Chapter 2

Theoretical background

In this chapter, we provide the background required to comprehend our contribu-
tions, by presenting a brief review of the involved concepts and proposing references
for further interest.
First, we formally present switched linear systems and the main tool used for
their stability analysis, that is their joint spectral radius (JSR) [Jun09]. Then, we
describe two classes of Lyapunov functions: common quadratic Lyapunov functions
(CQLFs) and Sum of Squares (SOS) Lyapunov functions. We emphasize their role
in the stability analysis of switched systems [AJ15].
Finally, we present the state of the art in scenario-based optimization [CG18]
[NY19].

2.1 Switched linear systems and the Joint Spec-
tral Radius

Switched linear systems form a particular family of switched systems, that is
systems whose dynamics are governed by several models and a switching sequence
selecting the model applying at a given time. They are characterized by a finite set
of modes: M = {Ai, i ∈M} ⊂ Rn×n where M = {1, 2, ...,m}, which describe the
different linear continuous state models; together with a discrete rule deciding the
switching among them: τ ∈MN. Formally, we consider systems of the form

xk+1 = Aτ(k)xk (2.1)

where xk ∈ Rn is the state and k ∈ N is the time index.
Switched linear systems are uniformly asymptotically stable (UAS) if they possess
the following property:

∀τ ∈MN, ∀x0 ∈ Rn, ||xk|| −→
k−→∞

0
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For linear systems (consisting of one mode only), UAS is characterized by the spec-
tral radius of the matrix A: the system is stable if and only if ρ(A) = lim

k−→∞
||Ak|| 1k =

max{|λ1(A)|, ..., |λn(A)|} < 1. Note that the definition is independent of the chosen
norm.
This characterization is extended to switched linear systems, by defining the JSR
of the setM:

ρ(M) = lim
k−→∞

max
i1,...,ik

{||Ai1 ...Aik ||
1
k : Aij ∈M},

which measures the maximum asymptotic growth rate of ||xk|| under the dynamics
(2.1), achieved by taking an arbitrary sequence of modes. The following property
relates the JSR and the stability of switched systems:

Property 2.1. [Jun09, Cor. 1.1]
Given a finite set of matricesM, the corresponding switched dynamical system is
stable if and only if ρ(M) < 1.

The JSR is invariant under similarity transformations and scales with multi-
plications of the matrices, which allows to conduct stability analysis of several
systems equivalently:

Property 2.2. [Jun09, Props. 1.3 and 2.5]
For any bounded set of matrices M, any invertible matrix T , and any l ∈ N0,
ρ(M) = ρ(TMT−1) and ρ(Ml) = ρ(M)l, whereMl := {∏l

j=1Aij : Aij ∈M}.

Because switched linear systems do not inherit the properties of their modes,
as illustrated on Figure 2.1, and since the number of possible sequences of matrices
is exponentially high, computing their JSR is a NP-hard problem.

Figure 2.1: Illustration of an unstable switched linear system composed of two
stable modes. The two left-hand side graphs present the trajectories of the two
stable systems associated to each mode, while the right-hand side graph presents
an unstable trajectory of the switched linear system.
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We present a running example, adapted from [JLM03], that will serve throughout
the rest of this thesis:

Example 2.1. Suppose you can observe the states of n nodes composing a switching
and hidden network, that is a network of nodes interacting with each other in
several unknown ways, as illustrated on Figure 2.2. At each time step, the states
of the nodes are updated by taking into account the influence of the nodes they
are currently interacting with, through the rule

xt+1 = Aτ(t)xt, τ(t) ∈ {1, ...,m},

where Ai represent the interaction matrices. These matrices are such that Ai1 = 1,
where 1 is the all-one vector in Rn for i = 1, ...,m. We seek to verify that the

Figure 2.2: The two unknown interaction schemes for the consensus problem of 9
nodes.

nodes eventually reach as consensus, so that lim
t−→∞

x(t) = c1 for some c ∈ R. This
amounts to verifying whether or not the JSR of the system {BAiBT , i = 1, ...,m}
is smaller than one, for a fixed matrix B ∈ Rn−1×n such that BBT = In−1. In this
thesis, we will analyze the consensus of a network of 9 nodes, interacting with each
other in 2 different and unknown ways.

2.2 Approximation of the JSR using Lyapunov
functions

Over the past decades, many tools have been developed to provide approximations
of the JSR of a switched linear system and hence to analyze the stability of the
underlying system. Lyapunov functions provide one of the most commonly used tool.
They are positive functions f : Rn −→ R>0 decreasing everywhere in the state space:
f(xk+1) ≤ f(xk), ∀xk. Common Lyapunov functions are Lyapunov functions shared
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by all modes of the system, that is satisfying f(Aix) ≤ f(x), ∀Ai ∈M, ∀x ∈ Rn.
The existence of a common Lyapunov function is a sufficient condition for the
system to be UAS, implying that they can serve as stability certificates [Lib03].
Several types of Lyapunov functions exist, providing more or less conservative
approximations of the JSR at a more or less expensive computational cost [AJ15].

2.2.1 Semidefinite programming
Computation of Lyapunov functions require the resolution of specific optimization
programs. Several of these programs fall under the field of a particular class of
convex optimization: semidefinite programming (SDP) [VB96]. It consists in the
minimization of a linear function under constraints defined by matrix inequalities.
SDP programs can be solved efficiently, with polynomial worst-case complexity.

2.2.2 Quadratic forms
CQLFs are the most widely used class of Lyapunov functions. A CQLF is a quadratic
Lyapunov function common to all modes of the systems, that is an ellipsoidal
norm || · ||P with respect to which all modes are contractive: xTATPAx− xTPx ≤
0, ∀A ∈M, ∀x ∈ Rn \ 0. Constructing a CQLF hence amounts to solving a SDP
program, that we will now define based on Common quadratic forms (CQFs).

Definition 2.1. A CQF for System (2.1) with a finite set of matricesM⊂ Rn×n

is a matrix P ∈ Sn++ such that for some γ ≥ 0

(Ax)TP (Ax) ≤ γ2xTPx, ∀A ∈M, ∀x ∈ Rn \ 0. (2.2)

When γ < 1, CQFs become CQLFs and can hence serve as stability certificates
for switched linear systems. Conversely, a lower bound on the JSR can be obtained
if there exists no such CQLF. This lower bound is refined by considering CQFs
for the finite setMl := {∏l

j=1Aij : Aij ∈M} and using Property 2.2. This also
allows to benefit from the consideration of long trajectories. These observations
are summarized in the following theorem:

Theorem 2.1

[Jun09, Prop. 2.8, Thm. 2.11]
Consider a finite set of matricesM⊂ Rn×n.

• If there exists γ ≥ 0 and P ∈ Sn++ such that (2.2) holds, then ρ(M) ≤ γ.
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• If ρ(M) < γ
2l√n , there exists a CQF P ∈ Sn++ forMl such that

(Ax)TPAx ≤ γ2lxTPx, ∀A ∈Ml,∀x ∈ Rn \ 0

The accuracy of the upper bound on the JSR in Theorem 2.1 increases when
γ decreases. Hence, we seek for the minimal γ such that (2.2), for the system
defined by the setMl, is satisfied. Therefore, we consider the following quasi-linear
optimization problem:

min
P, γ≥0

γ

s.t. (Ax)TPAx ≤ γ2lxTPx, ∀A ∈Ml,∀x ∈ S
P � In, ||P || ≤ C for a large C ∈ R≥0.

(2.3)

We denote by (γo, P o) the solution to Problem (2.3), which is a quasi-linear
optimization problem. While the optimal cost γo is unique, there can be several
optimal P o, that is different feasible P leading to the same optimal cost. When this
occurs, we apply a tie-breaking rule: P o denotes the optimal P of smallest condition
number, since the accuracy of our upper bound will depend on this number.
Problem (2.3) differs from Program (2.2) in three ways. First, we impose a bound
on the norm of P to ensure the compactness of the set of constraints. Since this
bound can be arbitrarily high, the solution is not affected. Second, P � In replaces
the constraint P � 0, and third, we restrict x to S instead of Rn \ 0. These two
latter restrictions do not incur any conservativeness because of the homogeneity of
System (2.1): for λ > 0, Aτ(k)λxk = λAτ(k)xk. This property implies, for instance,
that the decrease of a CQLF on an arbitrary set enclosing the origin is sufficient to
serve as a stability certificate. Problem (2.3) can be efficiently solved by bisection
on the variable γ. Namely, for a fixed accuracy α, we look for a feasible γo by
bisection on an interval [0, U ], where U is an upper bound on the JSR. In a second
step, with γo fixed, we apply our tie-breaking rule and obtain P o. More precisely,
once γo is obtained, we compute P o as the solution to:

min
P�In

λmax(P )

s.t. (Ajx)TPAjx ≤ γo2lxTPx, ∀A ∈Ml,∀x ∈ S, ||P || ≤ C. (2.4)

Remark 2.1. When all modes are known, Problem (2.3) can be handled as a
semidefinite program, by using matrix inequalities: (γo, P o) is the solution to

min
P�In, γ≥0

γ s.t. ATPA � γ2lP, ∀A ∈Ml, ||P || ≤ C.

It can thus be solved efficiently, by solving at each iteration of the bisection on γ a
feasibility SDP problem.

13



2.2.3 SOS forms
The bound on the JSR obtained by Program (2.3) can, in the white-box setting,
be improved by considering SOS polynomials p(x), of degree 2d. These are polyno-
mials admitting a quadratic decomposition p(x) = ∑

i pi(x)2, where p1, p2, ... are
polynomials of degree d [PJ08]. Indeed, to extend quadratic Lyapunov which are
polynomials of degree 2, an idea is to consider polynomials of higher degree, again
decreasing with respect to all modes. The following proposition holds:

Proposition 2.1. [Jun09, Thm. 2.13]
Consider a finite set of matrices M ⊂ Rn×n. Let p(x) be a strictly positive
(p(x) > 0 ∀x 6= 0) homogeneous polynomial of degree 2d, such that for some γ ≥ 0

p(Ax) ≤ γ2p(x), ∀A ∈M, ∀x ∈ Rn \ 0. (2.5)

Then, ρ(M) ≤ d
√
γ.

For 2d > 4, deciding whether or not a multivariate polynomial of degree 2d is
stricly positive is NP-hard. However, SOS functions are clearly always positive,
and easy to handle. Hence, by releasing the strictly positive assumption on p(x)
into the assumption that it is a SOS polynomial, one obtains a tractable and rich
class of Lyapunov functions. Before proceeding further, we recall the notion of
symmetric algebra of a vector space:

Definition 2.2. [Jun09] and [PJ08]
Let x ∈ Rn. Let D denote the number of different monomials of degree d in n
variables, for some d ∈ N0:

D =
(
n+ d− 1

d

)
. (2.6)

The d-lift of x, denoted by x[d], is a vector in RD containing all possible monomials
of degree d in n variables, judiciously scaled. x[d] is thus indexed by the D different
n-dimensional vectors α such that α1 + ...+ αn = d and αi ≥ 0 for i = 1, ..., n:

x[d]
α =

√
d!

α1!α2!...αn!x
α1
1 ...x

αn
n .

The entries of x[d] are scaled so that the lift is norm-preserving up to power d:

||x[d]|| = ||x||d. (2.7)

The d-lift of the matrix A ∈ Rn×n is the unique matrix A[d] ∈ RD×D satisfying

A[d]x[d] = (Ax)[d].
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The entries of A[d] can be obtained via the following closed-form expression:

A
[d]
αβ = per(A(α, β))√

µ(α)µ(β)
.

In this expression, α, β are the D different d-elements multisets of {1, .., n} and
µ(α) denotes the product of the factorials of the multiplicities of the entries of
α. The permanent of a matrix B ∈ Rm×m is denoted by per(B): per(B) =∑
π∈Πm

∏m
i=1 bi,π(i), where Πm is the set of permutations of {1, ...,m}. Finally,

A(α, β) is the d× d matrix whose entries are given by aα(i),β(j).

We illustrate the concept of a d-lift in the following example:

Example 2.2. [PJ08, Ex. 3.1, Ex. 3.2]

Let n = 2, and x =
[
x1
x2

]
. Then,

x[1] =
[
x1
x2

]
, x[2] =

 x2
1√

2x1x2
x2

2

 , x[3] =


x3

1√
3x2

1x2√
3x1x

2
2

x3
2

 .

The 4 different 3-elements multisets of {1, 2} are {1, 1, 1}, {1, 1, 2}, {1, 2, 2} and
{2, 2, 2}. Hence,

A[3] =


a3

11
√

3a2
11a12

√
3a11a

2
12 a3

12√
3a2

11a21 a2
11a22 + 2a11a21a12 a2

12a21 + 2a11a12a22
√

3a2
12a22√

3a11a
2
21 a2

21a12 + 2a11a21a22 a2
22a11 + 2a22a21a12

√
3a12a

2
22

a3
21

√
3a2

21a22
√

3a21a
2
22 a3

22


We are now ready to introduce SOS forms to approximate the JSR ofM. First,

we relate the SOS decomposition to a SDP constraint:

Proposition 2.2. [PJ08, Thm. 2.3]
A homogeneous multivariate polynomial p(x) of degree 2d is a SOS polynomial if
and only if for some P ∈ SD++, where D is given by (2.6),

p(x) = (x[d])TPx[d].

A SOS polynomial thus extends the concept of a quadratic polynomial in a
lifted space. We now introduce SOS forms similarly as CQFs. Even though we
drop the common prefix, it is implicit that the forms are common to all modes.
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Definition 2.3. A SOS form for System (2.1) with a finite set of matricesM⊂
Rn×n is a matrix P ∈ SD++ such that for some γ ≥ 0,

((Ax)[d])TP (Ax)[d] ≤ γ2d(x[d])TPx[d], ∀A ∈M, ∀x ∈ S, (2.8)

where the restriction of x to S is again due to the homogeneity of System (2.1).
Similarly to CQFs, SOS functions become SOS Lyapunov functions when

γ < 1, and can provide upper and lower bounds on the JSR in any case. These
approximations of the JSR using SOS functions are tighter than when resorting
to quadratic functions. The improvement holds for all systems but is especially
impressive for stable systems that do not admit a CQLF. Considering SOS forms
forMl improves the accuracy of the lower bounds on the JSR, as summarized in
the following theorem:

Theorem 2.2

[Jun09, Thms. 2.13 and 2.16]
Consider a finite set of matricesM⊂ Rn×n.

• If there exists γ ≥ 0 and P ∈ SD++ such that (2.8) holds, then ρ(M) ≤ γ.

• If ρ(M) < γ
2ld√η where η = min{D,m}, there exists a SOS form P ∈ SD++

forMl such that

((Ax)[d])TP (Ax)[d] ≤ γ2dl(x[d])TPx[d], ∀A ∈Ml, ∀x ∈ S.

We generalize Problem (2.3) as follows:

min
P,γ≥0

γ

s.t. (Ax)[d]TP (Ax)[d] ≤ γ2dlx[d]TPx[d], ∀A ∈Ml, ∀x ∈ S
P � ID, ||P || ≤ C for a large C ∈ R≥0.

(2.9)

Its solution is denoted by (γosos, P o
sos), with the same tie-breaking rule applied to

P o
sos when the latter is not unique. When d = 1, we recover Problem (2.3).

Remark 2.2. Clearly, when x ∈ S, x[d] belongs to the unit sphere in RD, denoted
by SD. However, for d ≥ 2, the d-lift of S only consists of a subset of this sphere
of higher dimension, as illustrated in Figure 2.3 for n = 2 and d = 2. Hence, for
d ≥ 2, two differences separate Problems (2.9) and (2.3). First, the dimension of
the problem increases from dquad + 1 = n(n+1)

2 + 1 to dsos + 1 = D(D+1)
2 + 1, where

D is given by (2.6). Second, in Problem (2.9), the constraints hold only for the set
{x ∈ SD : x = y[d], y ∈ S} instead of the whole sphere SD.
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Figure 2.3: Representation of the d-lift of S, for n = 2 and d = 2. This d-lift, given
by {x ∈ SD : x = y[d] for y ∈ S}, is represented in red on the figure. It only forms
a subset of SD.

Remark 2.3. Approximations of the JSR can be further improved by using
polyhedral Lyapunov functions [BM07], defined with respect to polyhedral sets of
the form S = {x ∈ Rn : Fix ≤ 1, i = 1, 2, .., s}, as

V (x) = max
i=1,2,..,s

Fix.

Indeed, they are non-conservative, but can be extremely hard to compute since
their complexity is not bounded by the space dimension but by the number of
planes describing S. We present a probabilistic bound on the JSR relying on such
functions in Appendix A. However, we should keep in mind that the computational
complexity of the method will be much higher than the one we propose based on
CQLFs and SOS functions.

When we have access to the model, that is to the modes of the system, solving
Problems (2.3) and (2.9) is easily handled using matrix inequalities (see Remark
2.1), and provides deterministic stability guarantees [Lib03]. However, in our
black-box setting, we do not have access to the modes, and cannot solve Problems
(2.3) and (2.9) using matrix inequalities. Moreover, we note that these problems
are then defined by an infinite number of constraints, while we only sample a finite
number N of trajectories of System (2.1), corresponding to a finite subset of the
constraints of Problems (2.3) and (2.9). We hence seek to answer the following
question: after observing these N trajectories of length l; what probabilistic
upper bound on the JSR of the underlying system, holding with a given confidence
level, can we provide?
To answer this question, we first present a method used to solve optimization
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problems in which we only have access to a subset of the constraints: the scenario
approach.

2.3 The scenario approach
Relying on data to obtain effective control methods, such as Lyapunov functions
or invariant sets; and assess efficiently system-theoretic properties despite the
complexity of the underlying system and the lack of a closed-form description of
the model is a topic of high interest in our data-based world: how to benefit from
the potential of the torrents of data we have access to? Hence, scenario-based
optimization has been widely studied in the past decade [Cal10], [NY19], [CGR18]
[CG18].
Scenario-based optimization is one of the subfields of optimization under uncertainty,
that is optimization in which the constraints depend on an uncertainty parameter.
Suppose we have a problem of the form

min
u∈U⊆Rn

cTu s.t. f(u, δ) ≤ 0, ∀δ ∈ ∆,

of solution uo, where ∆ represents some form of uncertainty and U is a set of
deterministic constraints. It is often difficult to derive a solution satisfying all
constraints, because we only have access to a subset of them or because the size
of ∆ causes the problem to be computationally intractable [BEFB94]. In our
setting, for instance, ∆ = (x,Ax) ∀x ∈ S,∀A ∈Ml, so that we have a closed-form
expression for ∆, but no access to the entirety of it. There exist several approaches
to deal with this family of problems [NY19]. For instance, the chance-constrained
approach consists in considering δ as a random variable, and in deriving a solution
u∗ satisfying the constraints up to a given level of probability, that is satisfying
µ{f(u∗, δ) > 0} ≤ ε, where µ is a probability measure on ∆ [SDR09].
The approach suiting our setting best is the scenario approach, which allows to
obtain probabilistic guarantees about the unobserved samples in ∆ based on a
given number of realizations of ∆. In this approach, we consider a finite set
ωN ⊂ ∆ composed of N constraints (associated in our setting to the trajectories
(x,Ax) we have access to) independently and identically sampled among all possible
constraints according to the probability measure µ on ∆. We then solve the sampled
optimization problem, denoted by P (ωN), defined by these constraints:

min
u∈U⊆Rn

cTu s.t. f(u, δ) ≤ 0, ∀δ ∈ ωN .

This problem hence uses available data in a direct way. Since it does not contain
any uncertainty and consists of a finite number of constraints, it is efficiently
solvable. Its solution, denoted by u∗(ωN ), is a random variable, which outperforms
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the solution of the initial problem: cTu∗(ωN ) ≤ cTuo, to the expense of potentially
violating some constraints of the initial problem.
The relationship between the initial problem and the sampled problem, depending
on the number N of sampled constraints, has been widely studied recently, from
two perspectives. First, one can analyse the feasibility of the sampled solution,
and bound the measure of the set of initial constraints possibly violated by the
sampled solution [Cal10] [CGR18] [CG18]. This perspective is hence related to
the chance-constrained approach: given the number N of constraints enforced,
one can derive a probability with which the sampled solution is feasible for the
chance-constrained problem. Second, one can analyze the objective performance
of the sampled solution, that is the distance between its cost and the cost of the
initial problem [MSL15].
To analyze the feasibility of the sampled solution, we need the following definition:

Definition 2.4. [Cal10, defn. 2.9]
An essential set for P (ωN) is a subset Es ⊂ ωN , with minimal cardinality, such
that cTu∗(Es) = cTu∗(ωN).

In other terms, an essential set is a set only containing constraints whose
removal imply a decrease in the cost of P (ωN). One can derive upper bounds on
the cardinality of essential sets, for two specific versions of P (ωN):

Lem 2.1. [Cal10, Lem. 2.10]
Let P (ωN ) be a convex problem, such that f(u, δ) is convex in u for any fixed δ ∈ ∆.
Then, |Es|≤ n+ 1 for any essential set Es of P (ωN), where n is the dimension of
the variable u.

Lem 2.2. [BJW21, Thm. 2]
Let P (ωN) be a quasi-linear problem, of the form

min
u∈Rn, λ≥0

λ s.t. aTδ u ≤ λbTδ u, ∀δ ∈ ωN .

Then, |Es|≤ n for any essential set Es of P (ωN).

An assumption on P (ωN ) required to analyze the feasibility of its solution is its
non-degeneracy:

Definition 2.5. [Cal10, Lem. 2.11]
P (ωN) is said to be non-degenerate if it admits a unique essential set.

We can now present the probabilistic guarantees on the measure of the set of
constraints violated by the sampled solution u∗(ωN), for non-degenerate problems:
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Proposition 2.3. [Cal10, Thm. 3.3]
Let P (ωN) be a non-degenerate problem, with a unique solution after, if necessary,
the application of a tie-breaking rule. Let N ≥ n, and let ξ be an upper bound on
the cardinality of the essential set of P (ωN). Then, for all ε ∈ (0, 1), the following
holds:

µN{ωN ∈ ∆N : µ(V (ωN)) ≤ ε} ≥ 1−
ξ−1∑
j=0

(
N

j

)
εj(1− ε)N−j

where V (ωN) := {δ ∈ ∆ : f(u∗(ωN), δ) > 0} is the set of violated constraints.

Applying Lemmas 2.1 and 2.2 to Proposition 2.3 provides the following corol-
laries:

Corollary 2.1. Let P (ωN) be as in Proposition 2.3, and let it be convex. Then,
with the notation of Proposition 2.3, it holds that for all εc ∈ (0, 1),

µN{ωN ∈ ∆N : µ(V (ωN)) ≤ εc} ≥ βc(εc, N) = 1−
n∑
j=0

(
N

j

)
εjc(1− εc)N−j.

We can also define εc(βc, N) = 1− I−1(1− βc, N − n, n+ 1).

Corollary 2.2. Let P (ωN) be as in Proposition 2.3, and let it be quasi-linear.
Then, with the notation of Proposition 2.3, it holds that for all εql ∈ (0, 1),

µN{ωN ∈ ∆N : µ(V (ωN)) ≤ εql} ≥ βql(εql, N) = 1−
n−1∑
j=0

(
N

j

)
εjql(1− εql)N−j.

We can also define εql(βql, N) = 1− I−1(1− βql, N − n− 1, n).

Proposition 2.3 provides an explicit bound on the number of samples required
to obtain, with a high probability, a sampled solution feasible for the chance-
constrained problem. However, in general, one cannot straightforwardly translate
this knowledge into a confidence interval for the cost of the initial problem as a
function of the sampled cost. Hence, analysis of the relationship between the initial
and the sampled problems from the performance perspective is far from trivial.
There exist problems for which, if a specific set of constraints, even of arbitrary
small measure, is not satisfied, the feasible cost decreases greatly, as illustrated in
the following example:

Example 2.3. Consider the following problem:

min
u∈R

u s.t.
 u ≥ 1010, δ ∈ [0, 10−5]

u ≥ 0, δ ∈ (10−5, 1]
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whose optimal solution is given by uo = 1010. By allowing the measure of the
set of violated constraints to be of ε ≥ 10−5, it can happen that the whole set of
constraints associated to δ ∈ [0, 10−5] gets neglected and that the sampled solution
is of 0.

In [MSL15], a probabilistic bound on the optimal cost is given, in the form
µN{cTuo − cTu∗(ωN) ∈ [0, I(ε)]} ≥ 1 − βc, where βc is defined as in Corollary
2.1. However, it only holds for convex problems and it suffers from the curse of
dimensionality, so that I(ε) grows exponentially with the dimension of ∆. Hence,
other methods have to be derived to obtain a probabilistic bound on the JSR
based on the observation of N trajectories, relying on the specific structure of the
problem.
We now present a non-exhaustive list of further developments in the scenario
approach. We focus on developments that will be of interest in the course of
Chapter 5, or attempting to decrease the complexity of the problem.

• Extension of the feasibility analysis to multi-stage optimization [VKR12]
[KML16]. In this framework, the decision variable u = (u1, ..., um) has to
satisfy several problems of the form

min
ui∈UI⊆Rni

cTi ui s.t. f(ui, ui−1, δ) ≤ 0, ∀δ ∈ ∆i,

for i = 2, ...,m, where UI represents a set of deterministic constraints. A
bound on the total number of samples to be sampled to obtain a global solution
feasible for a large set of constraints is then derived. This total number of
samples is divided into m sets of samples used to solve each subproblem. This
sequential problem will serve in Chapter 5, and the hereabove mentioned
references will be further investigated in this context.

• Attempt to decrease the sample complexity as well as the computational
complexity of the approach by solving a two-phase process: the first phase
consists in computing u∗(ωN) based on N samples, and in the second phase,
one only updates part of the decision variable u while maintaining the rest
fixed to u∗(ωN) [CGC14]. This algorithm is further investigated in Chapter
5.

• Attempts to decrease the computational cost of the approach by relying on
distributed algorithms [CSBC14].

• Techniques to decrease the sampled cost while maintaining the same level
of probability on the measure of the set of violated constraints, by allowing
some sampled constraints to be discarded [Cal10] [CG11]. The choice of the
constraints to be discarded to achieve an optimal trade-off between feasibility
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and performance is however a NP-hard problem. Moreover, this increases
both the computational and sample complexity of the scenario approach.
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Part II

A broader and more precise class
of probabilistic stability

guarantees
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Chapter 3

Data-driven computation of the
JSR

In this chapter, we first formally present the data-driven approach to compute
approximations of the JSR, by introducing the black-box setting in the construction
of Lyapunov functions described in Chapter 2. We also briefly present the approach
proposed in [KBJT19] and [BJW21] to obtain probabilistic upper bounds on the
JSR. We then derive deterministic lower bounds on the JSR based on approximate
CQLFs and SOS Lyapunov functions.
In a second time, we present our first main contribution by answering the following
question:

How to provide probabilistic upper bounds on the JSR of switched
linear systems, based on a method which do not rely on chance-
constrained theorems and which can be used in the quadratic and
in the SOS setting?

We thus propose a novel approach, based on sensitivity analysis of the quasi-linear
optimization problems (2.3) and (2.9), which allows to approximate their solution
within a given confidence level.
We first derive our approach in the quadratic setting, and obtain two novel upper
bounds based on CQLFs. Then, we leverage our technique to the SOS framework
and take advantage of the tighter approximation of the JSR allowed by SOS
Lyapunov functions.

3.1 Problem statement
In Chapter 2, we proposed a method to obtain deterministic upper bounds on the
JSR of a switched linear system whose model is available. The bounds are given by
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the optimal costs of the quasi-linear problems (2.3) and (2.9). These problems are
defined by an infinite number of constraints since (Ax)[d]TP (Ax)[d] ≤ γ2dlx[d]TPx[d]

must hold ∀(x,A) : x ∈ S, A ∈Ml.
However, in our setting, we only have access to a finite number N of trajecto-
ries of length l of System (2.1), as well as to an upper bound on the number of
modes of the actual system. The trajectories are denoted by (xi,0, xi,1, ..., xi,l) =
(xi,0, Aji,1xi,0, ..., Aji,lxi,l−1) for i = 1, ..., N . Hence, we can only implement N con-
straints of Problems (2.3) and (2.9), defined by the N observations (xi,0, xi,1, ..., xi,l).
Based on the solutions obtained when solving these relaxations, we seek to infer a
bound on the solution of the initial problems, holding with a certain confidence
level.
The trajectories are assumed to be generated from N initial states xi,0 drawn ran-
domly, uniformly and independently from S according to σn−1. Then, N sequences
of l modes are drawn randomly, uniformly and independently from M l according
to µM and applied to each initial condition. The set of N observations of System
(2.1) {(xi,0, xi,1, ..., xi,l), i = 1, 2, ..., N} is therefore associated to a uniform sample
of N (l + 1)-tuples in Zl:

ωN := {(xi,0, ji,1, ..., ji,l), i = 1, 2, ..., N} ∈ ZN
l . (3.1)

We denote Aj:= AjlAjl−1 ...Aj1 and j := {j1, ..., jl}.
In the framework of scenario approach, for a given data set ωN , we define the
sampled optimization problems associated to (2.3) and (2.9), that is the relaxed
problems defined by the N constraints associated to the N observed trajectories.
The sampled optimization problem to be solved in the quadratic case, denoted by
Opt(ωN), is:

min
P,γ≥0

γ

s.t. (Ajx)TPAjx ≤ γ2lxTPx, ∀(x, j) ∈ ωN
P � In, ||P || ≤ C for a large C ∈ R≥0.

(3.2)

Its solution is denoted by (γ∗(ωN), P ∗(ωN)), where the same tie-breaking rule
is applied on P ∗(ωN)) if needed. Observe that Problem (3.2) only requires the
knowledge of Ajx, available through the observations. Namely, it does not require
the knowledge of j, which is not observed in our setting.
In the SOS case, we consider the following sampled problem, denoted by Optsos(ωN )
and with solution (γ∗sos(ωN), P ∗sos(ωN)):

min
P,γ≥0

γ

s.t. ((Ajx)[d])TP (Ajx)[d] ≤ γ2dl(x[d])TPx[d], ∀(x, j) ∈ ωN
P � ID, ||P || ≤ C for a large C ∈ R≥0.

(3.3)
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Once the solution to Problems (3.2) and (3.3) are obtained, we aim to infer the
solutions to Problems (2.3) and (2.9), respectively, within a certain confidence, as
illustrated on Figure 3.1.

Figure 3.1: Relations between the different optimization problems introduced. The
left-hand side of the figure is related to the quadratic setting, while the right-hand
side presents the extension to the SOS setting. We infer an upper bound on the
costs of initial problems, γo and γsos, as a function of the solutions to the respective
sampled problems. The sampled problems are relaxations of the initial problems.
They only require the knowledge of N trajectories of System (2.1) to be solved.
The upper bounds, which approximates the JSR, hold with a certain confidence
level β depending on N .

Observe that solving the sampled problems amounts to computing approximate
Lyapunov functions, decreasing on a large number of trajectories instead of every-
where in the state space. Problems (3.2) and (3.3) are both quasi-linear problems,
and they are non-degenerate under the assumption thatMl does not contain any
matrix A such that ATPA = γ2P for some P ∈ Sn++ and some γ > 0 [BJW21,
Section 4]. Hence, Corollary 2.2 provides a bound on the measure of the set of
trajectories potentially not satisfying the Lyapunov property, holding with a certain
confidence level depending on N . However, translating this knowledge into an
assumption about the JSR of the system is far from trivial. Indeed, there exist
approximate Lyapunov functions decreasing everywhere in the state space except
for an arbitrarily small set, while almost all of the trajectories of the analyzed
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system diverge to infinity.

Figure 3.2: Illustration of the dynamics of the unstable system of Example 3.1
on the level set of an approximate Lyapunov function. The trajectories of the
system starting on the level set diverge to the infinity, even though the set of points
violating the Lyapunov property, represented in red, is arbitrarily small.

Example 3.1. Consider the unstable linear system defined by the matrix

A =
[
0.1 0
0 1.01

]
,

and the almost Lyapunov function V (x) = x2
1 + x2

2, defined by P = I2.
It satisfies the Lyapunov property almost everywhere on the sphere: if x2

1 + x2
2 = 1,

then

(Ax)T (Ax) ≤ xTx⇐⇒ 0.01x2
1 + 1.0201x2

2 ≤ x2
1 + x2

2 ⇐⇒ |x2| ≤ 0.99.

The set of points violating the Lyapunov property is represented by the red areas
on Figure 3.2. However, almost all trajectories diverge to infinity, as illustrated on
the same figure.

3.2 Presentation of an existing technique
In [KBJT19] and [BJW21], after the computation of an approximate CQLF, the
feasibility property of Corollary 2.2 is translated into a probabilistic bound on the
JSR, based on geometric properties of switched linear systems. Indeed, one knows
a bound, holding with a certain probability βql, on the measure of the set of points
of the computed ellipsoid EP ∗(ωN ) that do potentially not satisfy the Lyapunov
property (Ajx)TP ∗(ωN)Ajx ≤ γ∗(ωN)2lxTP ∗(ωN)x, ∀Aj ∈ Ml. This bound is
obtained by applying Corollary 2.2 to Problem (3.2), and projecting the set of
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violating constraints onto the ellipsoid. From this, one can compute the convex
hull of the subset of EP ∗(ωN ) whose points satisfy the property with probability βql.
More precisely, since we do not know explicitly which points of EP ∗(ωN ) belong to
the set of violating points, we compute this convex hull for the worst distribution
of violating points possible. Then, we can compute the largest scaling ᾱ of EP ∗(ωN )
such that ᾱEP ∗(ωN ) is included in this convex hull, as illustrated on Figure 3.3.
Because System (2.1) is convexity-preserving, it holds that all trajectories satisfy
a relaxed Lyapunov property: (Ajx)TP ∗(ωN)Ajx ≤ γ∗(ωN )2l

α2 xTP ∗(ωN)x. Hence,
ρ(M) ≤ γ∗(ωN )

l√α holds with probability at least βql.

Figure 3.3: Illustration of the existing technique to obtain probabilistic stability
guarantees. The largest ellipsoid is EP ∗(ωN ), computed by solving Problem (3.2).
The red portions of EP ∗(ωN ) represent the worst-case distribution of the points
that potentially violate the Lyapunov property. The inscribed ellipsoid is the
largest scaling of EP ∗(ωN ) included in the convex hull of the subset of EP ∗(ωN ) which
does not belong to the violating set. All points on this ellipsoid satisfy a relaxed
Lyapunov property.

This technique cannot be extended to the SOS setting due to the distribution of
the vectors x[d]. Indeed, they are not uniformly sampled on the sphere of dimension
D when the vectors x are uniformly sampled on S (see Remark 2.2), while the
geometric properties used require a uniform distribution of the sampled points.
Moreover, it only holds for a certain class of systems, satisfying the non-degeneracy
assumption required to use Corollary 2.2 [BJW21, Section 4].
Therefore, we propose a new method, which can be leveraged to SOS functions and
provides bounds valid without any assumption on the system. Before presenting
this method, we derive deterministic lower bounds on the JSR that can be obtained
by solving the sampled problems (3.2) and (3.3). Combined to the probabilistic
upper bounds, these lower bounds allow to infer a confidence interval for the true
value of the JSR.
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3.3 Deterministic lower bounds on the JSR
The optimal costs of the sampled problems are necessarily smaller than the optimal
costs of the initial problems. Hence, by Theorems 2.1 and 2.2, we obtain the
following deterministic lower bounds on ρ(M), based respectively on γ∗(ωN) and
γ∗sos(ωN):

Lem 3.1. [KBJT19, Thm. 3]
Consider a finite set of matricesM⊂ Rn×n. Let ωN be a uniform random sample
drawn from ZN

l , and (γ∗(ωN), P ∗(ωN)) be the optimal solution to Problem (3.2).
The following holds:

γ∗(ωN)
2l
√
n
≤ ρ(M). (3.4)

Lem 3.2. Consider a finite set of matrices M ⊂ Rn×n. Let ωN be a uniform
random sample drawn from ZN

l , and (γ∗sos(ωN), P ∗sos(ωN)) be the optimal solution
to Problem (3.3). The following holds:

γ∗sos(ωN)
2dl
√
η
≤ ρ(M) (3.5)

where η = min{m,D}.

Note that the lower bound obtained using SOS functions is larger than the one
obtained using quadratic functions. Hence, one can expect the gap between the
lower and upper bounds on the JSR to be smaller when resorting to SOS functions.
We now propose our new probabilistic upper bounds on the JSR, based on the
computation of approximate CQLFs or SOS Lyapunov functions.

3.4 Novel quadratic upper bounds
We first derive our method in the quadratic setting, by conducting a sensitivity
analysis of Problem (2.3). This provides tools to approximate its solution within a
given confidence level.

3.4.1 A new approach based on sensitivity analysis
First, we derive a key result concerning the existence and the cardinality of an
essential set for Problem (2.3), that is a finite set of points such that the solutions to
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Problems (2.3) and (3.2) defined on this set coincide1. We denote by dquad = n(n+1)
2

the number of variables of P ∈ Sn.

Lem 3.3. Let (γo, P o) be the optimal solution to Problem (2.3). Then, there exists
a set ωs ∈ Z

dquad+1
l with |ωs| = dquad + 1 such that γ∗(ωs) = γo, where γ∗(ωs) is the

optimal solution to Opt(ωs).

Proof. From a standard continuity argument (see Appendix B), it is equivalent to
prove that for any ε > 0, there exists a set ωs ∈ Z

dquad+1
l with |ωs| = dquad + 1 such

that γ∗(ωs) > γo − ε. Problem (2.3) is equivalent to:

min
P,γ≥0

γ, s.t. P ∈ X(x,j,γ), ∀(x, j) ∈ Zl (3.6)

where

X(x,j,γ) = {P ∈ Sn| (Ajx)TPAjx ≤ γ2lxTPx, P � In, ||P || ≤ C}

are sets of dimension dquad. Clearly, all sets X(x,j,γ) are convex and compact.
Suppose by contradiction that there exists an ε > 0 such that, for any ω ∈ Zdquad+1

l

with |ω| = dquad + 1, it holds that γ∗(ω) ≤ γo − ε. Let γ′ = γo − ε. Then, for any
ω ∈ Zdquad+1

l with |ω| = dquad + 1, ∩(x,j)∈ωX(x,j,γ′) is nonempty.
However, Helly’s theorem [DGK63] states that if every subcollection of cardinality
d+ 1 of a collection of compact convex subsets of Rd has nonempty intersection,
then the whole collection has nonempty intersection.
Hence, ∩(x,j)∈ZlX(x,j,γ′) is nonempty. As a result, γo ≤ γ′ = γo − ε, which leads to a
contradiction.

Based on Lemma 3.3, we will show how to construct, from a set of trajectories
ωN , another set ω′N such that γ∗(ω′N) = γo with a certain probability depending
on N and on how close the points of both sets are. Before proceeding further, we
introduce the notion of a spherical cap:

Definition 3.1. [Li11]
The spherical cap on S of direction c and measure ε, illustrated on Figure 3.4, is
defined as C(c, ε) := {x ∈ S : cTx > ||c||δ(ε)}, where δ(ε) is given by:

δ(ε) =
√

1− I−1(2ε; n− 1
2 ,

1
2). (3.7)

1The fundamental difference between Lemma 3.3 and Theorem 2 in [BJW21] lies in the fact
that our bound is derived for Problem (2.3) with infinite number of constraints while the bound
of [BJW21] is derived for the sampled problem (3.2) with a finite number of constraints.
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Figure 3.4: Illustration of a spherical cap of measure ε in two dimensions.

Proposition 3.1. Let ωN := {(xi, ji), i = 1, ..., N} be a uniform random sample
drawn from ZN

l , with N ≥ dquad + 1, and let γo be the optimal cost of Problem
(2.3). For all ε ∈ (0, 1], with probability at least

β(ε,m,N) := 1− (dquad + 1)(1− ε

ml
)N ,

there exists a set ω′N = {(x′i, ji), i = 1, ..., N} such that

• γ∗(ω′N) = γo, where γ∗(ω′N) is the optimal solution to Opt(ω′N).

• For i = 1, ..., N : x′i ∈ S and ||xi − x′i|| ≤
√

2− 2δ(ε), where δ(·) is given by
(3.7).

Given β, m, N , we can also define ε(β,m,N) = ml

(
1− N

√
1−β

dquad+1

)
.

Proof. By Lemma 3.3, there exists a set ωs, with |ωs| = dquad + 1, such that
γ∗(ωs) = γo. The idea, for each trajectory (x′, j′) in ωs, is to derive the probability
that there exist a trajectory (x, j) in ωN whose initial state belongs to a spherical
cap associated to x′ and such that j = j′, as illustrated in Figure 3.5. Given
any (x′, j’) ∈ ωs, let (x, j) be drawn randomly and uniformly from Zl. Then, the
probability that x ∈ C(x′, ε) and j = j’ is of ε

ml
.

Hence, µl{(x, j)| x /∈ C(x′, ε) or j 6= j’} = 1− ε
ml

for all (x, j) ∈ ωN , and µNl {ωN ∈
ZN
l | xi /∈ C(x′, ε) or ji 6= j’ ∀(xi, ji) ∈ ωN} = (1 − ε

ml
)N by independence of

the sampling. These sets, for each (x′, j’) ∈ ωs, can be disjoint. Hence, the
measure of their union, that is the probability that there exists no (x, j) ∈ ωN
such that x ∈ C(x′, ε) and j = j’ for a least one (x′, j’) ∈ ωs, is smaller or
equal to (dquad + 1)(1 − ε

ml
)N . Therefore, the probability that ∀(x′, j’) ∈ ωs,
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Figure 3.5: Illustration of the argument leading to Proposition 3.1. For each
trajectory (x′, j) ∈ ωs, where γ∗(ωs) = γo, there exists a trajectory (x, j) ∈ ωN such
that x belongs to C(x′, ε). This holds with probability β(ε,m,N).

there exists a point (x, j) ∈ ωN such that x ∈ C(x′, ε) and j = j’ is at least of
β(ε,m,N) = 1− (dquad + 1)(1− ε

ml
)N .

If x ∈ C(x′, ε), then x′Tx > ||x′||δ(ε) where δ(ε) is given by (3.7), and ||x− x′||2 =
||x||2 + ||x′||2 − 2xTx′ ≤ 2− 2δ(ε). We define the set ω′N from ωN as follows: for
the (x, j) ∈ ωN such that x ∈ C(x′, ε) and j = j’ for some (x′, j′) ∈ ωs, (x′, j′) ∈ ω′N .
For all other (x, j) ∈ ωN , (x, j) ∈ ω′N .
Hence, with probability larger than β(ε,m,N), ω′N contains ωs, which implies
γ∗(ω′N) = γ∗(ωs) = γo. Moreover, by construction, for 1 = 1, ..., N , x′i ∈ S and
||xi − x′i|| ≤

√
2− 2δ(ε).

3.4.2 New bounds for the quadratic case
Using Proposition 3.1, we provide probabilistic upper bounds on γo, based on
(γ∗(ωN), P ∗(ωN)), the only solution we have access to. The idea is to obtain a
relationship between γ∗(ωN ) and γ∗(ω′N ), relying on the knowledge that the distance
separating the initial states of the sets ω′N and ωN is bounded.
To prevent repetitions in the statements of our propositions, we summarize here
the notation used in this section:

Assumption 3.1. We consider an n-dimensional switched linear system as in
(2.1), whose set of m modes is denoted by M ⊂ Rn×n; and a uniform random
sampling ωN ∈ ZN

l , where N ≥ dquad + 1. We denote by (γ∗(ωN), P ∗(ωN)) the
optimal solution to Problem (3.2) and by (γo, P o) the optimal solution to Problem
(2.3).
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Proposition 3.2. Let Assumption 3.1 hold. For any β ∈ [0, 1), let
ε = ml

(
1− N

√
1−β

dquad+1

)
. Then, with probability at least β, the following holds:

γo ≤ l

√
γ∗(ωN)l + (γ∗(ωN)l +B(Ml))∆(ε)κ(P ∗(ωN)), (3.8)

where ∆(ε) =
√

2− 2δ(ε), δ(·) is given by (3.7), B(Ml) = max
A∈Ml

||A|| and κ(P ) =√
λmax(P )
λmin(P ) .

Proof. Let γ = γ∗(ωN) and P = P ∗(ωN). By definition,

||Ajx||P ≤ γl||x||P ∀(x, j) ∈ ωN . (3.9)

Consider the Cholesky decomposition P = LTL. Then [GVL13]:

||x||P =
√
xTLTLx = ||Lx|| and ||L−1x||P = ||x||. (3.10)

Since ||A||P = ||LAL−1||, ||L−1||P = ||L−1||. Hence,

||L||||x|| ≤
(3.10)

||L||||L−1||||x||P = κ(P )||x||P . (3.11)

Finally,

||x||P = ||(x+ ∆x)−∆x||P ≤ ||x+ ∆x||P + ||∆x||P . (3.12)

So, for any ∆x such that ||∆x|| ≤ ∆(ε) and x+∆x ∈ S, we obtain that ∀(x, j) ∈ ωN

||Aj(x+ ∆x)||P ≤ ||Ajx||P + ||Aj∆x||P
≤

(3.9), (3.10)
γl||x||P + ||LAj∆x||

≤
(3.12),(3.10)

γl||x+ ∆x||P + (γl + ||Aj||)||L|| ||∆x||

≤
||x+∆x||=1

γl||x+ ∆x||P + (γl + ||Aj||)∆(ε)||L||||x+ ∆x||

≤
(3.11)

(
γl + (γl +B(Ml))∆(ε)κ(P )

)
||x+ ∆x||P .

Let ∆(ε) =
√

2− 2δ(ε), β ∈ [0, 1), and ε = ml

(
1− N

√
1−β

dquad+1

)
. Then, Proposition

3.1 guarantees the existence of a set ω′N = {(xi + ∆xi, ji), i = 1, ..., N} such that
for i = 1, ..., N , ∆xi ≤ ∆(ε) and xi + ∆xi ∈ S, and such that γ∗(ω′N) = γo with
probability at least β.
Hence, ||Ajx||P ≤

(
γl + (γl +B(Ml))∆(ε)κ(P )

)
||x||P ∀(x, j) ∈ ω′N . From the

definition of γ∗(ω′N), (γ∗(ω′N))l ≤
(
γl + (γl +B(Ml))∆(ε)κ(P )

)
, which concludes

the proof.
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One cannot directly use the probabilistic bound of Proposition 3.2. Indeed, it
contains the expression B(Ml) = max

A∈Ml
||A||. This quantity can be computed as

[Jun09, Prop. 2.7]:

B(Ml) = min
λ≥0

λ, s.t. ||Ax|| ≤ λ, ∀x ∈ S,∀A ∈Ml. (3.13)

However, we have no direct knowledge of A ∈Ml and hence cannot solve Problem
(3.13). We thus seek to obtain a probabilistic bound on B(Ml) by solving the
sampled problem

min
λ≥0

λ, s.t. ||Ajx|| ≤ λ, ∀(x, j) ∈ ωN , (3.14)

which only requires the knowledge of the observations we have access to. Let
λ∗(ωN) denote the solution to Problem (3.14). By combining classical results
from chance-constrained optimization and the approach proposed in [KBJT19] and
[BJW21], we obtain the following bound:

Proposition 3.3. Let Assumption 3.1 hold, and let λ∗(ωN ) be the optimal solution
to Problem (3.14). Then, for any given β1 ∈ [0, 1), with probability at least β1, we
have:

max
A∈Ml

||A|| ≤ λ∗(ωN)
δ(ε1(β1,m,N)) (3.15)

where δ(·) is given by (3.7) and ε1(β1,m,N) = ml

2 (1− N
√

1− β1).

Proof. Problem (3.14) is convex and admits a unique solution. Moreover, there ex-
ists a sample (x, j) ∈ ωN such that λ∗(ωN ) = ||Ajx||, that is (x, j) = argmax

(x,j)∈ωN
||Ajx||,

so that one is a bound on the cardinality of the essential set of Problem (3.14).
Let V (ωN) be the set {(x, j) ∈ Zl : ||Ajx|| > λ∗(ωN)} of violated constraints. We
seek to bound the probability to sample ωN such that the measure of this set is
larger than ε1. We consider two cases, depending on whether or not the problem is
degenerate.

1. Suppose the problem is non-degenerate with probability one. Then, Corollary
2.1 directly ensures that for all ε1 ∈ (0, 1], we have:

µNl {ωN ∈ ZN
l : µl(V (ωN)) ≤ ε1} ≥ β1(ε1, N)

where β1(ε1, N) = 1− (1− ε1)N .

2. Suppose the problem is degenerate with probability larger than 0. In this
case, there exists at least one matrix A ∈ Ml such that ATA = γIn for
some γ ∈ R≥0 (see Appendix C). Let B(Ml) = λo = ||A∗|| be the solution
to Problem (3.13). We consider the two following cases:
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• A∗TA∗ = λoIn, implying ||A∗x|| = λo ∀x ∈ S. Then, it holds that if
for some (x, j) ∈ ωN , A∗ = Aj, λ∗(ωN) = λo, so that µl(V (ωN)) can be
positive only if no such j belongs to ωN , which happens with probability
(1− 1

m
)N . Hence,

µNl {ωN ∈ ZN
l : µl(V (ωN)) ≥ ε1} ≤ (1− 1

m
)N ≤ (1− ε1)N

when ε1 is smaller than 1
m
. Then, µNl {ωN ∈ ZN

l : µl(V (ωN)) ≤ ε1} ≥
β1(ε1, N), where β1(ε1, N) = 1− (1− ε1)N .

• A∗TA∗ 6= λoIn, so that µl(V (ωN)) can be positive even though j such
that Aj = A∗ belongs to ωN . Let V ′(λ) = µl({(x, j) ∈ Zl : ||Ajx|| > λ}).
Then, 1− V ′(λ) is the cumulative distribution function of the random
variable ||Ajx||. Consequently, V ′(λ) is a right continuous and non
increasing function of λ. Hence, for all ε1 ∈ (0, 1), there exists an
λ(ε1) ∈ R≥0 satisfying V ′(λ(ε1)) = ε1, where λ(ε1) is a decreasing
function of ε1. In addition, for λ∗(ωN) to be smaller than λ(ε1), it is
necessary that ωN contains no (x, j) ∈ {(x, j) ∈ Zl : ||Ajx|| > λ(ε1)},
which occurs with probability (1− ε1)N . Hence,

µNl {ωN ∈ ZN
l : µl(V (ωN)) ≥ ε1} = µNl {ωN ∈ ZN

l : λ∗(ωN) ≤ λ(ε1)}
≤ (1− ε1)N

and µNl {ωN ∈ ZN
l : µl(V (ωN)) ≤ ε1} ≥ β1(ε1, N) where β1(ε1, N) =

1− (1− ε1)N .

In each case, we obtain that µNl {ωN ∈ ZN
l : µl(V (ωN)) ≤ ε1} ≥ β1(ε1, N) where

β1(ε1, N) = 1− (1− ε1)N . This result can replace Theorem 4 in [KBJT19]. Then,
the proof follows the same lines as the derivation of Theorem 6 in [KBJT19], so
that details are omitted here. Note that ε1(β1,m,N) = ml

2 (1− N
√

1− β1) is smaller
than 1

m
as soon as β1 ≤ 1− (1− 2

ml
)N , which holds for almost all values of β1 as

soon as N is sufficiently high.

Using sensitivity analysis, we obtain another bound on B(Ml):

Proposition 3.4. Let Assumption 3.1 hold and let λ∗(ωN) > 0 be the optimal
solution to Problem (3.14). Then, with the same notation as in Proposition 3.3,
for any given β1 ∈ [0, 1), with probability at least β1, the following holds:

max
A∈Ml

||A|| ≤ λ∗(ωN)
1−

√
2− 2δ(ε1)

. (3.16)
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Proof. Let Max(ωN ) denote Problem (3.14). We replace Lemma 3.3 by the following
observation concerning Problem (3.13). Consider the trajectory (x, j) such that
max
A∈Ml

||A|| = ||Ajx|| = ||Aj(−x)||. Then, the two sets ω1 = {(x, j)} and ω′1 =
{(−x, j)} are such that λ∗(ω1) = λ∗(ω′1) = B(Ml), where λ∗(ω1) and λ∗(ω′1) are
the optimal solutions to Max(ω1) and Max(ω′1).
Following the lines of Proposition 3.1, we can also prove, for all sets ωN ∈ ZN

l , the
existence of a set ω′N , holding with probability at least β1(ε1,m,N) = 1− (1− 2ε1

ml
)N

and satisfying two properties. First, λ∗(ω′N ) = B(Ml), where λ∗(ω′N ) is the optimal
solution to Max(ω′N). Second, for all (x′i, ji) ∈ ω′N , x′i ∈ S and there exists a
trajectory (x′i, ji) ∈ ωN such that ||xi − x′i|| ≤

√
2− 2δ(ε1), where δ(.) is defined in

(3.7). The factor 2 in the expression of β1(ε1,m,N) follows from the observation
that there are two distinct sets whose solution is equal to B(Ml). We can also
express ε1 as a function of β1: ε1(β1,m,N) = ml(1− N

√
1−β1)

2 .
By definition, λ∗(ωN) is the minimal λ such that ||Ajx|| ≤ λ ∀(x, j) ∈ ωN . Then,
∀(x, j) ∈ ωN , ||Aj(x + ∆x)|| ≤ λ + max

A∈Ml
||A||

√
2− 2δ(ε1) for any ∆x such that

||∆x|| ≤
√

2− 2δ(ε1). Hence, if ε1 = ml(1− N
√

1−β1)
2 , we obtain that with probability

at least β1:

max
A∈Ml

||A|| ≤ λ+ max
A∈Ml

||A||
√

2− 2δ(ε)⇐⇒ max
A∈Ml

||A|| ≤ λ∗(ωN)
1−

√
2− 2δ(ε1)

Remark 3.1. The bound of Proposition 3.4 is less tight than the bound of
Proposition 3.3 as long as δ(ε1(β1,m,N)) is larger than 0. However, δ(·) is defined
over (0, 1

2), and if ε1 is larger than 1
2 , δ(ε1) = 0. Hence, as soon as ml

2 (1− N
√

1− β1) ≥
1
2 , which occurs for a large trace and/or number of modes, or when the number of
samples is too small, the bound of Proposition 3.3 becomes infinite while one can
keep using the bound of Proposition 3.4.

We now propose our first bound on the JSR, by combining Propositions 3.2
and 3.3.

Theorem 3.1

Let Assumption 3.1 hold and let λ∗(ωN) be the optimal solution to Problem
(3.14). For any β ∈ [0, 1) and β1 ∈ [0, 1), let ε = ml

(
1− N

√
1−β

dquad+1

)
, and
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ε1 = ml

2 (1− N
√

1− β1). Then, with probability at least β + β1 − 1, we have:

ρ(M) ≤ l

√
γ∗(ωN)l + (γ∗(ωN)l + A(ε1))∆(ε)κ(P ∗(ωN)), (3.17)

where ∆(ε) =
√

2− 2δ(ε), δ(·) is given by (3.7) and A(ε1) = λ∗(ωN )
δ(ε1) .

Proof. By Proposition 3.2, µNl {ωN ∈ ZN
l | (3.8) holds} ≥ β, and by Proposition

3.3, µNl {ωN ∈ ZN
l | (3.15) holds} ≥ β1. Hence,

µNl {ωN ∈ ZN
l | at least one of (3.8) or (3.15) does not hold}

≤ µNl {ωN ∈ ZN
l | (3.8) does not hold}+ µNl {ωN ∈ ZN

l | (3.15) does not hold}
≤ (1− β) + (1− β1).

Therefore, µNl {ωN ∈ ZN
l | (3.8) and (3.15) hold} ≥ 1− (1− β)− (1− β1). If ωN is

such that (3.8) and (3.15) hold, then (3.17) holds. Hence, this relation holds with
probability at least β + β1 − 1, which concludes the proof.

We can infer another bound on the cost of Problem (2.3) as a function of the
solution to Problem (3.2) by resorting to the Cauchy inequality [GVL13]. This
bound also holds with probability at least β + β1 − 1.

Theorem 3.2

Let Assumption 3.1 hold. Then, with the same notation as in Theorem 3.1,
with probability at least β + β1 − 1, the following holds:

ρ(M) ≤
2l
√
γ(ωN)∗2l + (A(ε1)2(2∆(ε) + ∆(ε)2) + γ(ωN)∗2l(2∆(ε)−∆(ε)2))κ(P ∗(ωN))2.

Proof. We first prove that γo ≤
2l
√
γ(ωN)∗2l + (B(Ml)2(∆(ε)2 + 2∆(ε)) + γ(ωN)∗2l(−∆(ε)2 + 2∆(ε)))κ(P ∗(ωN))2,

where B(Ml) = max
A∈Ml

||A||.
Let γ = γ∗(ωN) and P = P ∗(ωN). By definition,

||Ajx||2P ≤ γ2l||x||2P ∀(x, j) ∈ ωN . (3.18)

Let L be the Cholesky decomposition of P . It holds that 〈x, y〉P = xTPy = 〈Lx, Ly〉
for x, y ∈ Rn. Then, for any ∆x such that ||∆x|| ≤ ∆(ε) and x + ∆x ∈ S, we
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obtain that ∀(x, j) ∈ ωN
||Aj(x+ ∆x)||2P = ||Ajx||2P + ||Aj∆x||2P + 2〈Ajx,Aj∆x〉P
≤

(3.18)
γ2l||x||2P + ||Aj∆x||2P + 2〈Ajx,Aj∆x〉P

= γ2l(||x+ ∆x||2P + ||∆x||2P − 2〈x+ ∆x,∆x〉P ) + ||Aj∆x||2P + 2〈Ajx,Aj∆x〉P
= γ2l||x+ ∆x||2P − γ2l||∆x||2P − 2γ2l〈Lx, L∆x〉+ ||Aj∆x||2P + 2〈LAjx, LAj∆x〉
≤

(3.10)
γ2l||x+ ∆x||2P + (||Aj||2 − γ2l)||L∆x||2

+ 2γ2l|〈Lx, L∆x〉|+ 2||LAjx||||LAj∆x||
≤ γ2l||x+ ∆x||2P + (||Aj||2 − γ2l)||∆x||2||L||2

+ 2(||Aj||2 + γ2l)||x||||∆x||||L||2

≤
(3.11)

(
γ2l +

(
(B(Ml)2 − γ2l)∆(ε)2 + 2(B(Ml)2 + γ2l)∆(ε)

)
κ(P )2

)
||x+ ∆x||2P .

Let ∆(ε) =
√

2− 2δ(ε), β ∈ [0, 1), and ε(β,m,N) = ml

(
1− N

√
1−β

dquad+1

)
. Then,

Proposition 3.1 guarantees the existence of a set ω′N = {(xi + ∆xi, ji), i = 1, ..., N}
such that for i = 1, ..., N , ∆xi ≤ ∆(ε) and xi+∆xi ∈ S, and such that γ∗(ω′N ) = γo

with probability at least β. Hence, ∀(x, j) ∈ ω′N ,
||Ajx||2P ≤

(
γ2l +

(
(B(Ml)2 − γ2l)∆(ε)2 + 2(B(Ml)2 + γ2l)∆(ε)

)
κ(P )2

)
||x||2P .

From the definition of γ∗(ω′N),
(γ∗(ω′N))2l ≤

(
γ2l +

(
(B(Ml)2 − γ2l)∆(ε)2 + 2(B(Ml)2 + γ2l)∆(ε)

)
κ(P )2

)
, which

concludes the first part of the proof. Then, combining the inequality with Proposi-
tion 3.3 as in the proof of Theorem 3.1 concludes the proof.
Remark 3.2. The bound of Theorem 3.2 is advantaged over the one of Theorem
3.1 in two cases. First, it is less affected by an increase in ∆(ε), especially when the
latter is higher than 1. Indeed, the largest term in the bound of Theorem 3.2 is of
order

√
∆(ε) instead of ∆(ε). ∆(ε) is larger than 1 when a low number of samples

is used or for systems composed of a large number of modes. The bound is also
tighter when the difference B(Ml)2 − γ2l is sufficiently high.
For non-degenerate systems, the bounds of Theorems 3.1 and 3.2 can be compared
with the previous bounds from [BJW21], stating that with a confidence level of
β̄ = β1 + β − 1,

ρ(M) ≤ γ∗(ωN)
l
√
δ( ε̄(β̄,N)mlκ̄(P ∗(ωN ))

2 )
(3.19)

and
ρ(M) ≤ γ∗(ωN)

l

√
δ(

1−(1−ε̄(β̄,N)ml)
√

det(P∗(ωN ))
λmax(P∗(ωN ))n

2 )

,
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where P ∗(ωN), γ∗(ωN) and δ(·) are defined as in Theorem 3.1; ε̄(β̄, N) = 1 −
I−1(1− β̄, N − dquad − 1, dquad), and κ̄(P ) =

√
det(P )
λmin(P )n .

Remark 3.3. Again, because δ(ε) = 0 when ε ≥ 1
2 , our upper bounds present an

advantage over the bound in [BJW21]: in the latter, especially when the number
of modes m and the length of the traces l increase, a large number of samples N is
required to provide a finite upper bound on the JSR, while our bounds are finite
in all cases. Indeed, if ε(β,m,N) ≥ 1

2 so that δ(ε(β,m,N)) = 0, the bounds we
provide are nevertheless finite. If ε1(β1,m,N) ≥ 1

2 , we can replace the expression
A(ε1) = λ∗(ωN )

δ(ε1) by the expression provided in Proposition 3.4 (see Remark 3.1) and
obtain finite bounds. This is not the case for the bound of [BJW21], which requires
for instance N = 500 samples to be finite for m = 5, n = 2 and l = 3.

3.5 Probabilistic SOS-based guarantees
We now leverage our new approach to the SOS framework.
The main differences between Problems (2.3) and (2.9) are (i) the increase in
the dimension of the optimization problem, from dquad + 1 to dsos + 1, where
dsos = D(D+1)

2 and D is given by (2.6); and (ii) the distribution of the vectors x[d],
which are not uniformly sampled on the sphere of dimension D when the vectors x
are uniformly sampled on S. The latter observation explains why the technique of
[BJW21] cannot be leveraged to the SOS setting directly. It however does not affect
our sensitivity analysis approach: Lemma 3.3 is straightforwardly extended with
the increased dimension taken into account; and we can then apply Proposition 3.1
to Problem (2.9), with only the expression of the confidence level modified:

Proposition 3.5. Let ωN := {(xi, ji), i = 1, ..., N} be a uniform random sample
drawn from Zl, with N ≥ dsos + 1, and γo be the optimal solution to Problem (2.9).
For all εsos ∈ (0, 1], with probability at least

β(εsos,m,N) = 1− (dsos + 1)(1− εsos
ml

)N ,

there exists a set ω′N = {(x′i, ji), i = 1, ..., N} such that

• γ∗sos(ω′N) = γo, where γ∗sos(ω′N) is the optimal solution to Optsos(ω′N).

• For i = 1, ..., N : x′i ∈ S and ||xi − x′i|| ≤
√

2− 2δ(ε), where δ(·) is given by
(3.7).

Again, to prevent excessively long statements in our next theorems, we present
here the notation used in this section:
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Assumption 3.2. We consider an n-dimensional switched linear system as in (2.1),
whose set of m modes is denoted byM⊂ Rn×n, and approximate SOS Lyapunov
functions of degree 2d. Let D =

(
n+d−1

d

)
. We consider a uniform random sampling

ωN ∈ ZN
l , where N ≥ dsos + 1. We denote by (γ∗sos(ωN), P ∗sos(ωN)) the solution to

Problem (3.3), by (γosos, P o
sos) the optimal solution to Problem (2.9), and by λ∗(ωN )

the optimal solution to Problem (3.14).
We now combine Propositions 3.5 and 3.3 to obtain a SOS-based probabilistic

upper bound on ρ(M). Note that we only extend the bound of Theorem 3.1.
Indeed, the argument leading to the bound of Theorem 3.2 takes advantage of the
relation ||x+ y||2 = ||x||2 + ||y||2 + 2〈x, y〉. In the SOS setting, we deal with norms
of sums containing more than 2 terms, which prevents the bound we could obtain
following this argument to be tight.

Theorem 3.3

Let Assumption 3.2 hold. For any β ∈ [0, 1) and β1 ∈ [0, 1), let εsos =
ml
(
1− N

√
1−β
dsos+1

)
and ε1 = ml

2 (1− N
√

1− β1). Then, with probability at least
β + β1 − 1, we have:

ρ(M) ≤ dl

√
γ(ωN)∗dl + ((γ(ωN)∗dl + A(ε1)d)f(d, εsos))κ(P ∗(ωN))

where A(ε1) = λ∗(ωN )
δ(ε1) , f(d, εsos) =

√
D((1 + ∆(εsos))d− 1− (1− 1√

D
)∆(εsos)d),

∆(εsos) =
√

2− 2δ(εsos) and δ(·) is given by (3.7).

When d = 1, this theorem reduces to Theorem 3.1 as expected. Before proceeding
to the proof itself, additional properties concerning d-lifts and Kronecker products
are needed.
Proposition 3.6. There exists a matrix Cd ∈ RD×nd of norm ||Cd|| ≤

√
D such

that x[d] = Cdx
⊗d, where x[d] is the d-lift of x. Moreover, the following relations

hold:

||x⊗d|| = ||x||d (3.20)

(x+ y)⊗d = (x+ y)⊗ ...⊗ (x+ y) =
d∑

k=0
Kxy(d, k) = x⊗d + y⊗d +

d−1∑
k=1

Kxy(d, k)

(3.21)

where Kxy(d, k) is the sum of all possible sequences of d Kronecker products composed
of d− k copies of x and k copies of y. For k = 0, ..., d, Kxy(d, k) is composed of(
d
k

)
terms of norm ||x⊗(d−k) ⊗ y⊗k|| = ||x||(d−k)||y||k.
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Proof. The two last relations are well-known [LF72]. In addition, x⊗d is composed
of α! copies of each monomial of degree d xα. Hence, if the only non-zero entries of
α-th row of Cd are 1√

α! and lie at columns associated to monomials xα, Cx⊗d = xd.
Moreover, ||Cd||2 ≤ ||Cd||2F = ∑

α α! 1
α! = D.

We are now ready to prove Theorem 3.3.

Proof. We recall the binomial theorem [Aig97]: for n ≥ 0, x ∈ R,

(1 + x)n =
n∑
k=0

(
n

k

)
xk. (3.22)

Let γ = γ∗sos(ωN) and P = P ∗sos(ωN). By definition,

||(Ajx)[d]||P ≤ γdl||x[d]||P , ∀(x, j) ∈ ωN . (3.23)

Let ψ = ||(x+ ∆x)[d]||P . For any ∆x such that ||∆x|| ≤ ∆(ε) and x+ ∆x ∈ S, we
obtain that ∀(x, j) ∈ ωN

||(Aj(x+ ∆x))[d]||P =
Prop.3.6

||Aj
[d]Cd(x+ ∆x)⊗d||P

≤
(3.21)

||Aj
[d]Cdx

⊗d||P + ||Aj
[d]Cd(∆x)⊗d||P + ||

d−1∑
k=1

Aj
[d]CdKx∆x(d, k)||P

≤
(3.23)

γdl||x[d]||P + ||(Aj∆x)[d]||P +
d−1∑
k=1
||Aj

[d]CdKx∆x(d, k)||P

≤
(3.10)

γdl||(x+ ∆x)[d] −∆x[d] −
d−1∑
k=1

CdKx∆x(d, k)||P

+ ||Aj∆x||d||L||+
d−1∑
k=1
||Aj

[d]||||Cd||||Kx∆x(d, k)||||L||

≤
(2.7), P rop.3.6

γdlψ + (γdl + ||Aj||d)||∆x||d||L||

+
d−1∑
k=1

(γdl + ||Aj||d)
√
D

(
d

k

)
||x||d−k||∆x||k||L||

≤
(3.11), x+∆x∈S

γdlψ + (γdl + ||Aj||d)∆(ε)dκ(P )ψ

+
(

(γdl + ||Aj||d)
√
D

d−1∑
k=1

(
d

k

)
∆(ε)k

)
κ(P )ψ

≤
(3.10)

(
γdl + (γdl + ||Aj||l)d)∆(ε)dκ(P )

)
ψ

+
(

(γdl + ||Aj||d)
√
D(

d∑
k=0

(
d

k

)
∆(ε)k − 1−∆(ε)d)

)
κ(P )ψ
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=
(3.11),(3.22)

(
γdl + (γdl +B(Ml)d)∆(ε)dκ(P )

)
ψ

+
(
(γdl +B(Ml)d)

√
D
(
(1 + ∆(ε))d − 1−∆(ε)d

))
κ(P )ψ

=
(
γdl + (γdl +B(Ml)d)

√
D

(
(1 + ∆(ε))d − 1− (1− 1√

D
)∆(ε)d

)
)κ(P )

)
ψ

where B(Ml) = max
A∈Ml

||A||. Let β ∈ [0, 1), ∆(ε) =
√

2− 2δ(εsos) and

εsos(β,m,N) = ml
(
1− N

√
1−β
dsos+1

)
. Proposition 3.5 guarantees the existence of a

set ω′N = {(xi + ∆xi, ji), i = 1, ..., N} such that for i = 1, ..., N , ∆xi ≤ ∆(ε) and
xi + ∆xi ∈ S; and such that γ∗sos(ω′N) = γosos with probability at least β. Hence,
||(Ajx)[d]||P ≤(
γdl + ((γdl +B(Ml)d)

√
D
(
(1 + ∆(ε))d − 1− (1− 1√

D
)∆(ε)d

)
)κ(P )

)
||x[d]||P ,

∀(x, j) ∈ ω′N . Following the same reasoning as in Theorem 3.1 concludes the
proof.

Similarly to our quadratic bounds, the bound of Theorem 3.3 is always finite.
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Chapter 4

Numerical experiments

In this chapter, we conduct several numerical experiments to illus-
trate the improvement of our quadratic bounds compared to the one
of [BJW21], the performance of our SOS-based bound compared to
the quadratic bounds, and the accuracy of the lower bounds given
in Lemmas 3.1 and 3.2.

We first illustrate the benefits of using approximate SOS Lyapunov functions on a
stable system for which no CQLF exists. We then show that for high dimensional
systems, our quadratic bounds outperform the one of [BJW21]. In a third time,
we evaluate the sensitivity of our bounds with respect to the length of the trace l,
the number of modes m of the underlying system, and its dimension n. Finally, we
analyze the accuracy of our lower bounds.
For the sake of clarity, we first only plot the bound of Theorem 3.1 in the quadratic
case. We then compare it to the bound of Theorem 3.2 in a separate example.

Experimental protocol
Let N denote the number of random trajectories sampled. Then, in each experiment,
for every value of m, n, l, d and N analyzed, we solve Problems (3.14), (3.2) in
the quadratic case, and (3.3) in the SOS case using N trajectories. For the two
last problems, we look for the optimal cost γ∗(ωN) or γ∗sos(ωN) by bisection on an
interval [0, U ], for a reasonable choice of U (U = max

i=1,...,N
||xi,l||, for instance) with a

fixed accuracy α. We thus solve a feasibility problem at each iteration, that is at
most

⌈
log2(U

α
)
⌉
times. Once the optimal cost is obtained, we apply the tie-breaking

rule on P ∗(ωN) (or P ∗sos(ωN)) if the latter is not unique. Namely, we obtain a

45



feasible P of minimal condition number by solving the following problem:

min
P�ID

λmax(P )

s.t.((Ajx)[d])TP (Ajx)[d] ≤ γ∗(ωN)2dl(x[d])TPx[d] ∀(x, j) ∈ ωN , ||P || ≤ C. (4.1)

Then, we compute the bounds of Theorems 3.1, 3.2 and 3.3 as well as the bound of
[BJW21]. The average of the bounds is computed over several runs to get rid of
the randomness of the experiments. Table 4.1 summarizes the default values of the
parameters used in our experiments unless stated otherwise.

Accuracy on the bisection α 10−3

Confidence level β 0.95
Confidence level β1 0.95

Global confidence level β1 + β − 1 0.9
Number of runs for each simulation 10

Degree 2d of the approximate SOS Lyapunov function d = 2
Number of modes m of the system m = 2
Length l of the traces observed l = 1

Table 4.1: Default values of the parameters used in the experiments of Chapter 4.

4.1 Comparison of the quadratic and SOS-based
bounds

In the white-box setting, resorting to SOS Lyapunov functions instead of CQLFs
to approximate the JSR of a system provides a significant improvement when the
system does not admit a CQLF. Hence, first, to illustrate the improvement of our
bounds, especially in the SOS case, compared to the quadratic bound of [BJW21],
we consider a stable system for which no CQLF exists:

Example 4.1. ([PJ08, Ex. 2.8])
Consider the 2-modal system of dimension 2 defined by

M = {
(

1 0
1 0

)
,

(
0 1
0 −1

)
}.

The JSR of this set is equal to 1. However, the optimal cost of Problem (2.3) is
γo =

√
2, which is thus the tightest quadratic bound one can obtain on the JSR of

the system. On the other hand, by relying on SOS function of degree 2d = 4, one
can obtain an upper bound of 1 + ε, with ε arbitrarily close to 0, so that in the
white-box setting, SOS Lyapunov functions outperform CQLFs.
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Figure 4.1 presents the evolution of the different upper bounds with the number
of samples. We observe that for a large enough number of samples, the SOS-based
bound outperforms the quadratic bound in the black-box setting just
like it does in the white-box setting. We also observe that while the bound
of [BJW21] is tighter than our quadratic bound for a sufficiently high number of
samples, it is beaten for a small number of samples. As we will notice in Section
3.2, this feature becomes even more advantageous when longer traces are used.

Figure 4.1: Evolution of several upper bounds on the JSR of the system of Example
4.1 with the number of samples. The bounds of Theorem 3.1 (our new quadratic
bound), of Theorem 3.3 (our SOS-based bound, for d = 2), of [BJW21] and the true
value of the JSR are plotted. From 1500 samples, the SOS-based bound becomes
the tightest one.

We now illustrate on the 8-dimensional system of Example 2.1 how our bounds
outperform the bound of [BJW21] for high-dimensional systems. This
is due to an asset of our bounds: their robustness with respect to the condition
number of P ∗(ωN). First, the quantity appearing in our bounds is κ(P ∗(ωN)) =√

λmax(P ∗(ωN ))
λmin(P ∗(ωN )) , which is always smaller than the expression appearing in the bound

of [BJW21], that is κ̄(P ∗(ωN )) =
√

det(P ∗(ωN ))
λmin(P ∗(ωN ))n . Second, in our bounds, κ(P ∗(ωN ))

47



Figure 4.2: Evolution of several upper
bounds on the JSR of the system of
Example 2.1 with the number of sam-
ples, for traces of length 2. The bounds
of Theorem 3.1, of Theorem 3.3, of
[BJW21] and the true value of the JSR
are plotted. As expected for systems of
large dimension, our bounds outperform
the one of [BJW21].

Figure 4.3: Illustration of the key factor
explaining Figure 4.2: the evolution of
κ(P ∗(ωN)) (appearing in our quadratic
bound), κ(P ∗sos(ωN)) (appearing in our
SOS-based bound) and κ̄(P ∗(ωN)) (ap-
pearing in the bound of [BJW21]) with
the number of samples. κ̄(P ∗(ωN)) is
significantly larger than the other quan-
tities.

is multiplied by
√

2− 2δ(ε), which tends to 0 as N increases. On the contrary,
κ̄(P ∗(ωN)) appears directly in the expression of δ(·) in the bound of [BJW21],
which causes the bound to become infinite as soon as κ̄(P ∗(ωN )) becomes too large.
Since both κ(P ∗(ωN)) and κ̄(P ∗(ωN)) increase rapidly with the dimension of the
system, our bounds outperform the one of [BJW21] for high dimensional systems,
especially if longer traces are used. We illustrate this property in Figure 4.2, which
presents the evolution of the quadratic and SOS-based bounds on the JSR with the
number of samples, for traces of length l = 2. In this setting, our bounds always
outperform the one of [BJW21]. The evolution of κ(P ∗(ωN)) and κ̄(P ∗(ωN)) with
the number of samples, explaining Figure 4.2, is plotted on Figure 4.3.

4.2 Influence of the length of the trace
To illustrate another advantage of our bounds compared to the one of [BJW21],
we analyze the impact of the length l of the traces on the upper bounds on the
JSR. We consider the system of Example 4.2.

Example 4.2. We consider the following 2-dimensional system composed of 3
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modes drawn uniformly, independently and randomly on the sphere:

M = {
(
−0.138 −0.147
0.446 0.874

)
,

(
−0.159 −0.923
−0.288 −0.297

)
,

(
0.324 0.934
0.461 −0.297

)
}.

Its JSR is equal to 0.778.

Figures 4.4 and 4.5 present respectively the evolution of the quadratic and
SOS-based upper bounds on the JSR with the number of samples, for values of
l ranging between 1 and 5. The true value of the JSR approximated by the JSR
toolbox [LJP16] is also plotted.

Figure 4.4: Evolution of the quadratic
upper bounds on the JSR of the system
of Example 4.2 with the number of sam-
ples, for traces of various length. To the
contrary of the bound of [BJW21], our
bound gets tighter when l increases.

Figure 4.5: Evolution of the SOS-based
upper bound, for d = 2, on the JSR
of the system of Example 4.2 with the
number of samples. The length of the
traces ranges between 1 and 5. The
bound gets tighter when l increases.

We observe that the tightness of the quadratic bound of [BJW21] decreases when
the length of the traces increases. However, both in the quadratic and in the SOS
setting, our newly proposed bounds do not suffer from this curse of dimensionality:
their accuracy increases with the length of the trace. This holds for systems whose
modes are drawn on the sphere, and whose JSR is thus relatively small. Indeed,
for these systems, the optimal costs of Problems (3.2) and (3.3) are smaller than 5.
Then, the bounds of Theorems 3.1 and 3.3 are decreasing in l, especially rapidly
when l is small. For systems consisting of modes of larger norm or when longer
traces are used, this property does not hold anymore. However, even then, our
bounds are less affected by the length of the traces than the bound of [BJW21].
Hence, our bounds can be used to take advantage of longer trajectories if
these are available. Moreover, we observe as expected that in the quadratic case,
our bound outperforms the bound of [BJW21] when a large number of samples
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is not available. The number of samples required for the bound of [BJW21] to
become the tightest one increases with the length of the traces.

4.3 Influence of the dimension
Our third experiment studies the impact of the number of modes m and of the
dimension n of the system on the upper bounds on its JSR. Figures 4.6, 4.7 and 4.8
present the convergence of the quadratic and SOS-based upper bounds when the
number of samples increases, for various values of m and n. For each combination
of m and n, a random system of m modes of dimension n of unitary Euclidean
norm is drawn. The ratios between the probabilistic upper bounds of Theorems 3.1
and 3.3 or of [BJW21] and the true value of the JSR as approximated by the JSR
toolbox [LJP16] are plotted.

Figure 4.6: Convergence of the
quadratic upper bounds on the JSR of
5-modal systems of various dimensions
when the number of samples increases.
The ratios between the bounds of Theo-
rem 3.1 (our new quadratic bound) or of
[BJW21] and the true value of the JSR
are plotted. The ratios increase with n.

Figure 4.7: Convergence of the
quadratic upper bounds on the JSR of
3-dimensional systems composed of 5 or
7 modes when the number of samples in-
creases. The ratios between the bounds
of Theorem 3.1 or of [BJW21] and the
true value of the JSR are plotted. The
ratios slightly increase with m.

In the quadratic case, as expected, our bound outperforms the one of [BJW21]
when the number of samples is not sufficiently high, especially when the dimension
increases. We observe that in any case, the ratios increase with the number of
modes and the dimension of the system. The impact of the dimension is also
significantly greater than the impact of the number of modes.
As illustrated on Figure 4.9 in the SOS case, we can explain these observations by
the behavior of the condition number of P ∗sos(ωN ) (or P ∗(ωN )). Indeed, it increases
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Figure 4.8: Convergence of the SOS-
based upper bounds on the JSR of sys-
tems of various dimensions when the
number of samples increases. The ratio
between the bound of Theorem 3.3 and
the true value of the JSR is plotted. The
ratio increases with n, while the impact
of m is negligible.

Figure 4.9: Evolution of κ(P ∗sos(ωN))
for systems of various dimensions with
the number of samples. κ(P ∗sos(ωN))
increases with n, while its sensitivity
with respect to a variation in m is
negligible. The behavior of κ(P ∗sos(ωN))
explains Figure 4.8.

with the dimension of the system, while staying more or less equivalent when the
number of modes increases. By comparing Figures 4.6, and 4.8, we observe that
for larger dimensions, our SOS-based bound is larger than our quadratic bound.
This is explained by the increased dimension of the variable P when resorting to
approximate SOS Lyapunov functions. Indeed, this rise in the dimension induces
an increase in κ(P ∗sos(ωN)) compared to κ(P ∗(ωN)).

4.4 Comparison of the bounds of Theorems 3.1
and 3.2

Our next experiment consists in the comparison of our two novel quadratic bounds
on systems of various dimensions. Figure 4.10 presents the convergence of both
bounds on the JSR of n-dimensional systems of unitary norm when the number of
samples increases, for various values of n. The ratios between the probabilistic upper
bounds of Theorems 3.1 and 3.2 and the true value of the JSR as approximated by
the JSR toolbox [LJP16] are plotted.
As expected, the bound of Theorem 3.2 beats the one of Theorem 3.1
when the number of samples available is low, a fortiori for low dimensional
systems. In this context, it also beats the bound of [BJW21], and can thus be used
to obtain the tightest bounds possible when a low number of samples is available.
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Figure 4.10: Convergence of our quadratic upper bounds on the JSR of systems of
various dimensions when the number of samples increases. The ratio between the
bounds of Theorem 3.1 or 3.2 and the true value of the JSR is plotted. The bound
of Theorem 3.2 is the tightest one when the number of samples used is low.

4.5 Lower bounds on the JSR

Figure 4.11: Evolution of the lower bounds on the JSR of the system of Example
4.2 with the number of samples. The bounds of Lemma 3.1, in the quadratic case,
and of Lemma 3.2, in the SOS case for d = 2 and d = 4, are plotted. The bounds
get tighter when d increases.
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Our last experiment illustrates another asset of approximate SOS Lyapunov
functions over approximate CQLFs. Indeed, we analyze the behavior of the lower
bounds given in Lemmas 3.1 and 3.2 on the system of Example 4.2. More precisely,
Figure 4.11 presents the evolution of these bounds, in the quadratic case and in
the SOS case with d = 2 and d = 4, with the number of samples. As expected,
the bounds converge to ρ(M)

dl
√

min(D,m)
. They thus increase with d, and would benefit

further from longer traces. Hence, the gap separating the deterministic
lower bound and the probabilistic upper bound on the JSR decreases
as d increases.

4.6 Conclusion of the experiments
In conclusion, we observe that our novel bounds, derived in Theorems 3.1, 3.2 and
3.3, present several improvements in comparison with the bound of [BJW21], both
in the quadratic and in the SOS case:

• Our SOS-based bound outperforms the quadratic bounds for systems that do
not admit CQLFs, just as it does in the white-box setting.

• In the SOS setting, the gap separating the upper and lower bounds is tighter
than in the quadratic setting. The confidence interval for the value of the
JSR is thus more accurate.

• Our SOS and quadratic bounds are more robust with respect to the increase
in the condition number of P ∗(ωN) or P ∗sos(ωN) than the bound of [BJW21].
Moreover, they are always finite.

• Our SOS and quadratic bounds either benefit from the use of longer traces,
or are less impacted than the bound of [BJW21].

• Our quadratic bounds, and especially the bound of Theorem 3.2, outperform
the bound of [BJW21] when the number of samples available is small. The
number of samples required by the bound of [BJW21] to beat our bound
increases with the length of the traces and the dimension of the system.

One however has to note that our SOS-based bounds are negatively affected by
the dimension of the system. Indeed, due to the rise in the condition number
of P ∗sos(ωN), when d increases, they require a larger number of samples to yield
bounds as tight as the quadratic bounds. Moreover, the dimension of the problem
to solve increases exponentially with d and the dimension of the system. Hence,
since the computational complexity of solving a SDP program depends on both
the dimension of the problem and the number of constraints, SOS-based bounds
require the resolution of a program of much higher complexity.
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Part III

Efficient computation using
adaptive sampling
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Chapter 5

The adaptive sampling approach
in the quadratic case

As illustrated in Chapters 3 and 4, the scenario approach is a successful and handy
method to obtain probabilistic bounds on the JSR of switched linear systems.
However, this approach presents a major drawback: the sample complexity required
to obtain a bound holding with a sufficiently large confidence level increases rapidly
with the dimension of the problem and with the desired accuracy of the bound. This
induces two potential issues. First, depending on the system analyzed, obtaining a
huge number of trajectories might be costly. Second, the computational complexity
of the problem to be solved increases with the sample complexity. This is especially
problematic for large-scale problems, which might become intractable. In this
chapter, we thus provide a novel approach answering the following question:

How to reduce the sample complexity required to obtain a bound
on the JSR holding with a given confidence level, while maintaining
the accuracy of the solution?

How to reduce the sampled complexity in the scenario approach has been relatively
widely investigated recently. Hence, first, we present an existing method designed
to this goal, based on a variation of the chance-constrained theory underlying the
scenario approach. In a second time, we derive a novel approach, based on adaptive
sampling and taking into account the structure of our initial problem. It consists
in solving a multi-phase optimization problem, where the total number of samples
available is divided into the several phases. We propose two variants of this approach
and define different algorithms accordingly. Finally, we derive probabilistic bounds
on the JSR based on the solutions computed by these algorithms.
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Assumptions and notation
As a reminder, to obtain a quadratic probabilistic upper bound on the JSR, we
attempt to approximate the solution (γo, P o) to Problem (2.3):

min
P, γ≥0

γ s.t. (Ax)TPAx ≤ γ2lxTPx, ∀A ∈Ml,∀x ∈ S

P � In, ||P || ≤ C for a large C ∈ R≥0.

Therefore, we solve an associated sampled quasi-convex optimization problem:
Problem (3.2). In this chapter, we will propose a multi-phase algorithm to obtain
quadratic upper bounds. Since we will solve Problem (3.2) in the first phase, using
N1 samples, we denote it here by Opt1(ωN1) and its solution by (γ∗1(ωN1), P ∗1 (ωN1)):

min
P1,γ1≥0

γ1 s.t. (Ajx)TP1Ajx ≤ γ2l
1 x

TP1x, ∀(x, j) ∈ ωN1

P1 � In, ||P1|| ≤ C for a large C ∈ R≥0.
(5.1)

As always, we apply the tie-breaking rule to select the feasible solution P of minimal
condition number if needed. We summarize the notation used in the propositions
of this chapter in the following assumption:

Assumption 5.1. We consider an n-dimensional switched linear system as in (2.1),
whose set of m modes is denoted byM⊂ Rn×n; and a uniform random sampling
ωN1 ∈ ZN1

l , where N1 ≥ dquad + 1. We denote by (γ∗1(ωN1), P ∗1 (ωN1)) the optimal
solution to Problem (5.1) and by (γo, P o) the optimal solution to Problem (2.3).

5.1 The fast algorithm
In [CGC14], a two-phase algorithm, named the fast algorithm, is proposed for
scenario-based problems similar to Problem (2.3). In the first phase, one solves
Opt1(ωN1) with N1 samples to obtain a first solution (γ∗1(ωN1), P ∗1 (ωN1)). In the
second phase, one refines the computation of the cost γ while maintaining P fixed
to P ∗1 (ωN1), by solving the following one-dimensional problem:

min
γf≥0

γf s.t. (Ajx)TP ∗1 (ωN1)Ajx ≤ γ2l
f x

TP ∗1 (ωN1)x, ∀(x, j) ∈ ωN1+N2 , (5.2)

where ωN1+N2 = ωN1 ∪ ωN2 . We denote the solution to this problem by γ∗f (ωN1+N2),
and observe that it can easily be computed as:

γ∗f (ωN1+N2) = max
γ∗1(ωN1), max

(x,j)∈ωN2

l

√√√√ ||Ajx||P ∗1 (ωN1 )

||x||P ∗1 (ωN1 )

 .
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Algorithm 1: Fast algorithm adapted to stability analysis of linear
switched systems.
Input: Number of samples to use in each phase: N1 and N2.
Result: (γ∗2(ωN1 , ωN2), P ∗(ωN1))
First Phase

1 Sampling of a set ωN1 ∈ ZN1
l , where |ωN1| = N1;

2 Computation of (γ∗1(ωN1), P ∗1 (ωN1)), solution to Opt1(ωN1);
Second Phase

3 Sampling of a set ωN2 ∈ ZN2
l independent from ωN1 , where |ωN2| = N2 ;

4 Computation of γ∗f (ωN1+N2), solution to Problem (5.2);

We present the global procedure in Algorithm 1, for given numbers of samples N1
and N2 to use in each of the two phases.
In comparison to the resolution of Problem (3.2) with N1 +N2 samples, the total
computational complexity is reduced since the problem in the second phase is
one-dimensional. We now show that the sample complexity required to obtain a
bound of equivalent accuracy holding with a given confidence level is also reduced:

Proposition 5.1. Let Assumption 5.1 hold. Consider a uniform sampling ωN2 ∈
ZN2
l , and let γ∗f(ωN1+N2) denote the solution to Problem (5.2). Then, for any

β ∈ [0, 1), with probability at least β, it holds that:

ρ(M) ≤
γ∗f (ωN1+N2)

l

√
δ( ε(β,N1,N2)mlκ(P ∗1 (ωN1 ))

2 )

where δ(·) is given in (3.7), β1(ε,N1) = ∑dquad
j=0

(
N1
j

)
εj(1− ε)N1−j, and ε(β,N1, N2)

is the solution to β = 1− (1− ε(β,N1, N2))N2β1(ε(β,N1, N2), N1).

Proof. Let N = N1 + N2, and define V (γ, P ) := {(x, j) ∈ Zl : (Ajx)TPAjx >
γ2lxTPx} as the set of violated constraints for a given pair (γ, P ). [CGC14, Thm.
1] ensures that for all ε ∈ (0, 1), the following holds:

µNl {ωN1+N2 ∈ ZN
l : µl(V (γ∗f (ωN1+N2), P ∗1 (ωN1))) ≤ ε} ≥ 1− (1− ε)N2β1(ε,N1)

where β1(ε,N1) = ∑dquad
j=0

(
N1
j

)
εj(1− ε)N1−j.

This result can replace Theorem 4 in [KBJT19]. Then, the proof follows the same
argument as in the proof of [KBJT19, Thm. 6], so that details are omitted here.
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5.2 An enhanced approach based on adaptive
sampling

Attempts to reduce the sample complexity required to obtain bounds holding
with a given confidence level such as the fast algorithm present the two following
drawbacks:

• They consider the samples to be drawn independently according to the same
distribution in each phase. In our setting, this implies that we consider a
uniform sampling of the state space in each phase. Similarly, these attempts
consider sampled versions of the same initial problem in each phase. In the
fast algorithm, for instance, both Problem (5.1) and Problem (5.2) are based
on the white-box problem Problem (2.3).

• They hold for all scenario-based optimization programs. Hence, they do not
take into account the specific structure of our initial problem, that is Problem
(2.3). In particular, they neglect the impact of the condition number of P o

on the accuracy of the probabilistic bounds derived in Theorems 3.1 and 3.2.

Therefore, we propose a new approach overcoming these drawbacks. We consider
different samplings in each phase, corresponding to variants of our initial problem,
after a specific change of variables has been applied. We base our approach on an
analysis of the Problem (2.3), and rely on a key property of the JSR: its invariance
under similarity transformations.
We first provide the intuition behind the changes of variables to be performed in
the white-box setting. We then derive our approach based on two phases only,
before extending our technique to an arbitrary number p of phases.

5.2.1 Idea in the white-box setting
Suppose ωN1 is sampled uniformly. Then, when P o, the solution to Problem (2.3),
possesses a high condition number, so does P ∗1 (ωN1), the solution to Problem (5.1).
This prevents the bounds of Theorems 3.1 and 3.2 to be tight. Therefore, we seek
for a coordinate system in which P o is the identity, which allows to get rid of the
condition number.
This optimal coordinate system, in the white-box setting, can easily be computed
as follows. Let L ∈ Rn×n be the matrix defining the change of variables. In the
new coordinate system, with x′ = Lx, the constraints of Problem (2.3) become:

(AL−1x′)TPAL−1x′ ≤ γ′2l(L−1x′)TPL−1x′, ∀A ∈Ml,∀x′ ∈ LS
⇐⇒ (AL−1x′)TPAL−1x′ ≤ γ′2l(L−1x′)TPL−1x′, ∀A ∈Ml,∀x′ ∈ S
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by homogeneity of System (2.1). By defining P ′ = L−TPL−1, we obtain the
following replacement of Problem (2.3):

min
P ′, γ′≥0

γ′

s.t. (LAL−1x′)TP ′LAL−1x′ ≤ γ′2lx′TP ′x′, ∀A ∈Ml,∀x′ ∈ S
P ′ � In, ||P ′|| ≤ C for a large C ∈ R≥0.

(5.3)

We denote this problem by Opt(L) and its solution by (γ′o(L), P ′o(L)). After
performing the change of coordinates, we thus analyze in fact the stability of the
set LML−1. Since by Proposition 2.2, ρ(Ml) = ρ(LMlL−1), we can conduct our
stability analysis on LMlL−1 instead of Ml equivalently: γ′o = γo. Moreover,
P ′o(L) = L−TP oL−1 is a feasible solution to Opt(L).
We thus seek to compute the matrix L such that L−TP oL−1 is the identity. Since
P o ∈ Sn++, it admits a Cholesky decomposition: P o = (Lo)TLo, where Lo maps the
elements of EP o to S, as illustrated on Figure 5.1.

Figure 5.1: Change of coordinates L mapping the elements of an ellipsoid EP to
the unit sphere. L is the Cholesky decomposition of P : P = LTL.

Hence, Lo is exactly the change of coordinates we are looking for. Indeed, in the
coordinate system defined by Lo, P o is mapped to the identity: P ′o(Lo) = In is a
feasible solution to Problem (5.3).
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5.2.2 Two-phase adaptive sampling approach
Having access to a finite number of simulations solely, we cannot compute exactly
either P o or P ′o(Lo). Hence, we use adaptive sampling ([DA20], [Set10]) to (i)
compute an approximation L1 of the optimal change of variables Lo, by solving
Opt1(ωN1) and (ii) compute a probabilistic bound on the JSR in the new coordinate
system, by solving a sampled version of Opt(L1). In the second phase, the sampled
solution will be an approximation of the identity. This will allow for the bounds of
Theorems 3.1 and 3.2 to be tighter for an identical number of samples used.
More precisely, the technique consists in the following steps:

1. Uniform sampling of ωN1 ∈ ZN1
l .

2. Computation of (γ∗1(ωN1), P ∗1 (ωN1)), solution to Opt1(ωN1). From this, we
learn an approximation of the optimal change of variables Lo, given by the
Cholesky decomposition of P ∗1 (ωN1): P ∗1 (ωN1) = LT1L1. We will approximate
the JSR of the system in the coordinate system determined by L1.

3. Sampling of ωN2 , composed of N2 trajectories, uniformly for the system
L1MlL−1

1 . In our black-box setting, we have no direct access to L1AjL
−1
1 ,

for Aj ∈Ml. We therefore use Procedure Generation to sample ωN2 .

Procedure Generation of samples uniformly distributed for L1MlL−1
1

Input: Number of points to sample: N2, change of variables: L1
Output: Set of N2 trajectories sampled uniformly for L1MlL−1

1 : ωN2

1 for i = 1, ..., N2 do
2 Sampling of xi uniformly on S;
3 Computation of x̃i = L−1

1 xi;
4 Sampling of ji uniformly from M l and generation of Ajx̃i;
5 Computation of yi = L1AjL

−1
1 xi;

6 end
7 ωN2 = {(xi, yi), i = 1, 2, ..., N2};

Note that the initial states of ωN2 are not uniformly sampled on the sphere
for the system Ml. They are instead uniformly sampled on the ellipsoid
EP ∗1 (ωN1 ), since L−1

1 (S) = EP ∗1 (ωN1 ), as illustrated on Figure 5.1.

4. Computation of a bound on the JSR of the system by solving a sampled
version of Opt(L1). Let the variables of this sampled problem be γ2 ∈ R
and P2 ∈ Rn×n. We would like to benefit from the information contained in
both ωN1 and ωN2 . Therefore, we enforce two sets of constraints. First, we
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implement a set of constraints associated to ωN2 :

(L1AjL
−1
1 x)TP2(L1AjL

−1
1 x) ≤ γ2l

2 x
TP2x, ∀(x, j) ∈ ωN2 .

Then, we enforce the constraints of Opt1(ωN1) translated in the new coordinate
system:

(L1AjL
−1
1 x′)TP2L1AjL

−1
1 x′ ≤ γ2lx′TP2x

′, ∀(x′, j) : x′ = L1x, (x, j) ∈ ωN1 .

To the contrary to the distribution of the trajectories of ωN2 , the distribution
of the trajectories of ωN1 is not uniform for the system considered.
Let ωN1+N2 = ωN1 ∪ ωN2 . We then solve the following sampled version of
Opt(L1), denoted by Opt2(ωN1+N2):

min
P2, γ2≥0

γ2 s.t. (L1AjL
−1
1 x)TP2L1AjL

−1
1 x ≤ γ2l

2 x
TP2x,

∀(x, j) ∈ ωN2 ∪ {(x′, j) : x′ = L1x, (x, j) ∈ ωN1}
P2 � In, ||P2|| ≤ C for a large C ∈ R≥0.

(5.4)

We denote its solution by (γ∗2(ωN1+N2), P ∗2 (ωN1+N2)). When N2 is equal to
zero, that is when we only implement the constraints associated to ωN1 , the
solution to Opt2(ωN1+N2) is exactly (γ∗1(ωN1), In).

We summarize our approach in Algorithm 2.

Algorithm 2: Two-phase adaptive sampling algorithm.
Input: Number of samples to use in each phase: N1 and N2.
Result: (γ∗2(ωN1+N2), P ∗2 (ωN1+N2))
First Phase

1 Sampling of a set ωN1 ∈ ZN1
l , where |ωN1| = N1;

2 Computation of (γ∗1(ωN1), P ∗1 (ωN1)), solution to Opt1(ωN1);
3 Computation of the change of variables L1 such that P ∗1 (ωN1) = LT1L1;
Second Phase

4 Sampling of a set ωN2 uniformly distributed in the coordinate system
determined by L1, where |ωN2| = N2, using Procedure Generation ;

5 Computation of (γ∗2(ωN1+N2), P ∗2 (ωN1+N2)), solution to Opt2(ωN1+N2);

Remark 5.1. When solving Opt2(ωN1+N2) as the sampled version of Opt(L1), we
enforce the constraints associated to the trajectories of both ωN2 and ωN1 . We could
also solve a sampled version of Opt(L1) where only the constraints associated to ω2
are enforced. This would decrease the optimal cost of the problem, but P ∗2 (ωN1+N2)
would be further from the identity. Empirically, we determined that the resulting
bound on the JSR would hence be less tight.
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Figure 5.2: Relations between the different optimization problems designed for
the two-phase adaptive sampling adaptive approach, and illustration of the factors
impacting the distance ||P ∗2 (ωN1+N2)−In||. The left-hand side of the figure presents
the white-box problems, before and after the change of variables is performed. The
right-hand side presents the associated sampled problems. We only have access to
the solutions to these problems, approximating the solutions of the initial problems.
The closeness of P ∗2 (ωN1+N2) to the identity depends on ∆s,1 and ∆s,2. ∆s,1 affects
the quality of the change of variables by inducing a distance between the solution
of Opt(L1) and the identity. It decreases when N1 increases, while ∆s,2 decreases
when N2 increases. A trade-off has thus to be achieved between both quantities.

The performance of our approach depends on the closeness of P ∗2 (ωN1+N2) to
the identity. This closeness is impacted by two factors, as illustrated on Figure 5.2:

1. The distance ∆s,1 = ||P ∗1 (ωN1)− P o||, implying a distance ||L1 − Lo|| which
represents the quality of the change of variables L1. This distance is due to
the restriction of the infinite number of constraints of Problem (2.3) to N1
constraints in Problem (5.1). It decreases when the number of samples N1
used in the first phase increases. It induces a distance ∆ = ||P ′o(L1)− In|| in
the solution of Problem (5.3).

2. The distance ∆s,2 = ||P ∗2 (ωN1+N2) − P ′o(L1)|| due to the restriction of the
infinite number of constraints of Problem (5.3) to N1 + N2 constraints in
Problem (5.4). It decreases when the number of samples N2 used in the
second phase increases.
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Clearly, for a given total number of samples to be used, there will be a trade-off
to achieve between these two factors. We propose an approximation for the total
distance separating P ∗2 (ωN1+N2) from the identity, based on ∆s,1 and ∆s,2:

Proposition 5.2. Let Assumption 5.1 hold. Let (γ∗2(ωN1+N2), P ∗2 (ωN1+N2)) be the
solution to Opt2(ωN1+N2), and (γ′o(L1), P ′o(L1)) be the solution to Opt(L1), where
L1 is the Cholesky decomposition of P ∗1 (ωN1).
Let ∆s,1 = ||P ∗1 (ωN1)− P o|| and ∆s,2 = ||P ∗2 (ωN1+N2)− P ′o(L1)|| be the distances
separating the solutions of the initial and sampled problems. Then, it holds that:

||P ∗2 (ωN1+N2)− In|| ≤ ∆s,2 + ∆s,1. (5.5)

Proof. Since the Cholesky decomposition L of a matrix P ∈ Sn++ is such that
λmin(L) =

√
λmin(P ) and since ||L−1|| = 1

λmin(L) [GVL13], we have:

∆ = ||P ′o(L1)− In|| = ||L−T1 P oL−1
1 − In|| = ||L−T1 (P o − P ∗1 (ωN1))L−1

1 ||

≤ ||L−T1 ||||P o − P ∗1 (ωN1)||||L−1
1 || =

∆s,1

λmin(P ∗1 (ωN1)) = ∆s,1

where the last equality follows from the constraint P � In in Opt1(ωN1) and
Opt2(ωN1+N2), from the homogeneity of these Problems and from the tie-breaking
rule applied. Indeed, if P ∈ Sn++ satisfies (Ajx)TPAjx ≤ γ2lxTPx, ∀(x, j) ∈ ωN ,
then so does αP , for any α ∈ R. Hence, the feasible P � In ∈ Sn++ whose largest
eigenvalue, λmax(P ), is minimal will be such that λmin(P ) = 1. Indeed, then, there
exists no α ∈ R such that λmin(αP ) = αλmin(P ) ≥ 1 and λmax(αP ) = αλmax(P ) ≤
λmax(P ). Hence,

||P ∗2 (ωN1+N2)− In|| = ||P ∗2 (ωN1+N2)− P ′o(L1) + P ′o(L1)− In||
≤ ||P ∗2 (ωN1+N2)− P ′o(L1)||+ ||P ′o(L1)− In||
≤ ∆s,2 + ∆s,1.

5.2.3 p-phases adaptive sampling approach
We now refine the idea of adaptive sampling by increasing the number of phases
of our approach. After each phase, the change of variables is recomputed until it
becomes sufficiently close to the optimal change of variables.
For k ≥ 1, let Lk = Lk...L2L1 and L−1

k = L−1
k ...L−1

2 L−1
1 . Let Lk = L−1

k = In for
k = 0. Let Ωk = ωNk ∪ {(x′, j) : x′ = Lk−1x, (x, j) ∈ ωNk−1} ∪ ... ∪ {(x′, j) : x′ =
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Lk−1x, (x, j) ∈ ωN1}.
We define Optk(ωN1+...+Nk), of solution denoted by (γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)),
in the following recursive way:

min
Pk, γk≥0

γk s.t. (Lk−1AjL−1
k−1x)TPkLk−1AjL−1

k−1x ≤ γ2l
k x

TPkx, ∀(x, j) ∈ Ωk

Pk � In, ||Pk|| ≤ C for a large C ∈ R≥0,

(5.6)

where Li, for i = 1, ..., k − 1, is the Cholesky decomposition of P ∗i (ωN1+...+Ni), the
solution to Opti(ωN1+...+Ni). Note that Problems (5.1) and (5.4) are particular
cases of Problem (5.6).
After an initial change of variables L1 is obtained by solving Problem (5.1) with
N1 trajectories, we solve Optk(ωN1+...+Nk) for k = 2, ..., p. At Phase k, we analyze
the stability of the system Lk−1MlL−1

k−1. We sample Nk points uniformly for this
system using Procedure Generation, which define a set ωNk of constraints. We
append to this set the N1 + ...+Nk−1 constraints of Optk1(ωN1+...+Nk−1), translated
in the new coordinate system. We present our approach in Algorithm 3.

Algorithm 3: p-phases adaptive sampling algorithm.
Input: Number of phases: p, number of samples of each phase: N1, ..., Np.
Result: (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np))
First Phase

1 Sampling of a set ωN1 ∈ ZN1
l , where |ωN1| = N1;

2 Computation of (γ∗1(ωN1), P ∗1 (ωN1)), solution to Opt1(ωN1);
3 Computation of the change of variables L1 such that P ∗1 (ωN1) = LT1L1;
Second set of phases

4 for k = 2 to p do
5 Sampling of ωNk uniformly for Lk−1MlL−1

k−1, where |ωNk | = Nk,
using Procedure Generation ;

6 Computation of (γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)), solution to
Optk(ωN1+...+Nk);

7 if k 6= p then
8 Computation of the change of variables Lk such that

P ∗k (ωN1+...+Nk) = LTkLk;
9 Computation of Lk = LkLk−1 and L−1

k = L−1
k L−1

k−1;
10 end
11 end

Assumption 5.2 will be required in our next statements:
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Assumption 5.2. We consider p, N ∈ N, and Ni ∈ N ≥ dquad + 1 for i = 1, ..., p
such that N1 + ...+Np = N . For i = 1, ..., p, let ωNi be a uniform random sampling
for System Li−1MlL−1

i−1. We denote by (γ∗i (ωN1+...+Ni), P ∗i (ωN1+...+Ni)) the solution
to Opti(ωN1+...+Ni), and by (γ′o(Li), P ′o(Li)) the solution to Opt(Li). Li is the
Cholesky decomposition of P ∗i (ωN1+...+Ni).

The performance of our approach now depends on the closeness of P ∗p (ωN1+..+Np)
to the identity. We thus generalize Proposition 5.2 as follows:

Proposition 5.3. Let Assumptions 5.1 and 5.2 hold. For i = 2, ..., p, let ∆s,i =
||P ∗i (ωN1+...+Ni)− P ′o(Li−1)|| be the distances separating the solutions of the initial
and sampled problems. Then, it holds that:

||P ∗p (ωN1+...+Np)− In|| ≤ ∆s,p + ∆s,p−1 (5.7)

Proof. Since P ′o(Lp−1) = L−Tp−1P
′0(Lp−2)L−1

p−1 is a solution to Opt(Lp−1), we have:

||P ∗p (ωN1+...+Np)− In|| ≤ ||P ∗p (ωN1+...+Np)− P ′o(Lp−1)||+ ||P ′o(Lp−1)− In||
= ∆s,p + ||L−Tp−1(P ′0(Lp−2)− P ∗p−1(ωN1+...+Np−1)L−1

p−1||

≤ ∆s,p + ∆s,p−1

λmin(P ∗p−1(ωN1+...+Np−1) = ∆s,p + ∆s,p−1

since λmin(P ∗p−1(ωN1+...+Np−1)) = 1 by the same argument as in the proof of Propo-
sition 5.2.

Remark 5.2. ∆s,k decreases not only when the number of samples Nk used
in phase k increases, but also when the condition number of P ∗k (ωN1+...+Nk) de-
creases. Increasing the number of phase is thus beneficial as long as the decrease
in κ(P ∗k (ωN1+...+Nk)) compensates the fact that a lower number of samples is used
in phase k. For instance, usually, ∆s,k ≤ ∆s,1 despite N1 being larger than Nk for
k ≤ 2.

5.3 Novel theoretical bounds based on adaptive
sampling

To evaluate the performance of our approach, we seek to derive probabilistic
bounds on the JSR based on the sets ωN1 , ωN2 , ..., ωNp and on the solution
(γ∗p(ωN1+N2+...+Np), P ∗p (ωN1+...+Np)) to Optp(ωN1+...+Np). Indeed, then, we can com-
pare it with the bounds obtained without resorting to adaptive sampling, given in
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Theorems 3.1 and 3.2. For the same total number of trajectories sampled and with
the same confidence level, can we improve the bound on the JSR of the system?
Obtaining such bounds on the JSR and being able to optimizing them is also crucial
to determine the optimal values of N1, ..., Np and p. Two approaches are possible:

• Analysis of Optp(ωN1+...+Np) on the basis of ωNp only, that is of the Np samples
whose distribution is uniform in the system considered.

• Analysis of Optp(ωN1+...+Np) on the basis of all samples used, that is of the
totality of the set ωN1+...+Np .

In both cases, the bounds derived have to be compared with the one that would be
obtained by using all the N1 + ...+Np samples in Phase 1. The bounds obtained
through the first analysis will be more conservative, but easier to derive. Indeed, the
set Ωp is not identically distributed. In addition, L1, ..., Lp−1 are random variables
depending on ωN1 , ..., ωNp−1 . Therefore, when considering all trajectories sampled,
we cannot rely on the results of Chapter 3.

Bound based on the last set of samples only
Basing our analysis of Optp(ωN1+...+Np) on the Np last samples solely allows us to
use the results of Chapter 3. Indeed, then, we consider the matrices L1, ..., Lp−1
and the trajectories of the set ωN1+...+Np−1 to be deterministic. The only random
elements remaining are the Np trajectories of ωNp , sampled uniformly in the system
considered, that is Lp−1MlL−1

p−1. Moreover, the JSR of this system is exactly the
one ofMl. We propose a bound based on sensitivity analysis, adapted from the
one of Theorem 3.1. Doing so requires the introduction of an additional sampled
problem, approximating the maximal norm of system Lp−1MlL−1

p−1:

min
λ≥0

λ, s.t. ||Lp−1AjL−1
p−1x|| ≤ λ||x||,∀(x, j) ∈ Ωp (5.8)

where Li, for i = 1, ..., p − 1, is the Cholesky decomposition of the solution
P ∗i (ωN1+...+Ni) of Opti(ωN1+...+Ni). We denote the solution to Problem (5.8) by
λ∗p(ωN1+...+Np).

Theorem 5.1

Let Assumptions 5.1 and 5.2 hold, and let λ∗p(ωN1+...+Np) be the optimal
solution to Problem (5.8). For any β ∈ [0, 1) and β1 ∈ [0, 1), let ε =
ml

(
1− Np

√
1−β

dquad+1

)
and ε1 = ml

2 (1 − Np
√

1− β1). Then, it holds that, with
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probability at least β + β1 − 1:

ρ(M) ≤ l

√
γ∗p(ωN1+...+Np)l + (γ∗p(ωN1+...+Np)l + A(ε1))∆(ε)κ(P ∗p (ωN1+...+Np)),

where ∆(ε) =
√

2− 2δ(ε), A(ε1) = λ∗p(ωN1+...+Np )
δ(ε1) , δ(·) is given by (3.7) and

κ(P ) =
√

λmax(P )
λmin(P ) .

Proof. First, we prove that, with probability at least β, it holds that

ρ(M) = ρ(Lp−1MlL−1
p−1)

≤ l

√
γ∗p(ωN1+...+Np)l + (γ∗p(ωN1+...+Np)l +B(Lp−1MlL−1

p−1))∆(ε)κ(P ∗p (ωN1+...+Np))
(5.9)

where B(Lp−1MlL−1
p−1) = max

A∈Lp−1MlL−1
p−1

||A||.

Clearly, Lemma 3.3, derived for Problem (2.3), also holds for Problem (5.3): it
suffices to replace the systemMl by the system Lp−1MlL−1

p−1. Hence, there exists
a set ωs = {(xi, ji), i = 1, .., dquad+1} such that γ′o(Lp−1) = γ∗(ωs), where γ∗(ωs)
is the optimal cost of the sampled version of Opt(Lp−1) implementing only the
constraints associated to ωs.
Moreover, since ωNp is sampled uniformly in the system considered, Proposi-
tion 3.1 also holds for Problem (5.3), only with N replaced by Np. Then, since
the solution (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np)) satisfies any subset of constraints of
Optp(ωN1+...+Np), it holds that ∀(x, j) ∈ ωNp , ||Lp−1AjL−1

p−1x||P ∗p (ωN1+...+Np ) ≤
γ∗p(ωN1+...+Np)l||x||P ∗p (ωN1+...+Np ). Hence, we can follow the same reasoning as in
the proof of Proposition 3.2, applied to system Lp−1MlL−1

p−1 instead of the initial
systemMl and obtain Equation (5.9). Adding the constraints associated to ωN1 ,...,
ωNp−1 can only increase the probability to sample a trajectory (x̃, j) whose initial
state belongs to a spherical cap associated to x′ and such that j = j′, for each
(x′, j′) ∈ ωs. Hence, the result holds for Optp(ωN1+...+Np) where all the constraints
in Ωp are enforced.
We now prove that

B(Lp−1MlL−1
p−1) ≤

λ∗p(ωN1+...+Np)
δ(ε1) (5.10)

holds with probability at least β1. Suppose that, in Problem (5.8), we only imple-
ment the constraints associated to the uniform sampling ωNp : ||Lp−1AjL−1

p−1x|| ≤
λ||x||, ∀(x, j) ∈ ωNp , and obtain a solution λ′∗p (ωN1+...+Np). Then, the same argu-
ment as in the proof of Proposition 3.3 ensures that:

µ
Np
l {ωNp ∈ Z

Np
l : µl(V ′(ωNp)) ≤ ε1} ≥ β1(ε1, Np)
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where V ′(ωNp) := {(x, j) ∈ Zl : ||Lp−1AjL−1
p−1x|| > λ′∗p (ωN1+...+Np)} is the set of

violated constraints and β1(ε1, Np) = 1− (1− ε1)Np .
Adding the constraints associated to ωN1 , ..., ωNp−1 can only increase the cost and
decrease the measure of the set of violated constraints, since the trajectories
associated to ωN1 , ..., ωNp−1 do not, by definition, belong to this set. So, the result
holds for the solution of Problem (5.8) considering all constraints: µNpl {ωNp ∈
Z
Np
l : µl(V (ωN1+...+Np)) ≤ ε1} ≥ β1(ε1, Np), where V (ωN1+...+Np) := {(x, j) ∈

Zl : ||Lp−1AjL−1
p−1x|| ≤ λ∗p(ωN1+...+Np)}. Since it holds for all sets ωN1 , ..., ωNp−1

independent from ωp, we also have as a corollary that

µ
N1+...+Np
l {ωN1+...+Np ∈ Z

N1+...+Np
l : µl(V (ωN1+...+Np)) ≤ ε1} ≥ β1(ε1, Np).

This result can replace Theorem 4 in [KBJT19]. Then, following the same lines as
in [KBJT19] proves Equation (5.10).
Finally, combining Equations (5.9) and (5.10) in the same way as in the proof of
Theorem 3.1 concludes the proof.

Note that the bound of Proposition 5.1 holds for all ωN1 , ωN2 , ..., ωNp−1 . Even
though it is based on ωNp only, it is thus to be compared with the bound of
Theorem 3.1 based on N1 + ...+Np samples. In practice, for strategic choices of
N1, N2, ..., Np and p; the bound of Theorem 5.1 beats the one obtained without
resorting to adaptive sampling, despite the fact that the number of trajectories
considered is smaller. This is due to the difference κ(P ∗(ωN))− κ(P ∗p (ωN1+...+Np)).

Remark 5.3. The bound derived in Theorem 5.1 is an adaptation of the one of
Theorem 3.1. In Chapter 3, we proposed another quadratic bound on the JSR,
that is the one of Theorem 3.2. This bound outperforms the one of Theorem 3.1
when the number of samples is low, or when the dimension of the system analyzed
is low (see Remark 3.2). We can thus derive another bound on the JSR based on
(γ∗p(ωN1+N2+...+Np), P ∗p (ωN1+...+Np)), the solution to Optp(ωN1+...+Np), by adapting
the bound of Theorem 3.2. For the sake of clarity, we proceeds to its derivation
in Appendix D, and provide in the same appendix a comparison of the two novel
bounds on a numerical experiment.

Bound based on all samples
Deriving a theoretical bound on the JSR based on the solution of Optp(ωN1+...+Np)
and taking into account the information provided by all samples is far from trivial
for two reasons. First, the distribution of Ωp is not uniform, which prevents us
from resorting to the classical chance-constrained theorems such as Proposition 2.3.
Second, L1, ..., Lp−1 are themselves random quantities if we consider ωN1 , ..., ωNp−1

not to be deterministic. Hence, these quantities cannot appear in the expression
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of β, the confidence level on the bound. This constitutes a huge difficulty. For
instance, we cannot extend our sensitivity analysis straightforwardly (see Appendix
E).
In Appendix E, we propose a bound based on all sets of samples by adapting the
technique of [VKR12] and [KML16]. They extend the feasibility theory summarized
in Proposition 2.3 to multi-stage optimization. We put it in appendix for several
reasons. Indeed, it is always less tight than the bound of Theorem 5.1, it only
holds for the case where p = 2, and it requires the same assumptions on the system
as the bound of [BJW21]. From now on, we thus only consider the bound based
on the last set of samples solely.

5.4 A variant to the approach
We now present a variant to our approach, decreasing its computational complexity.
It is based on the following observation: if we have used enough phases and enough
samples, the solution to Opt(Lp−1), in the last phase, approximates the identity. If
this holds, setting Pp to the identity in Optp(ωN1+...+Np) does not imply a significant
rise in the cost γ∗p(ωN1+...+Np). Hence, because the dimension of the problem is
then reduced to one and because of the complete disappearance of the condition
number of P ∗p (ωN1+...+Np), the bound we can obtain on the JSR will be tighter. In
this variant, the problem we solve in the last phase reduces to:

min
γp≥0

γp s.t. ||Lp−1AjL−1
p−1x|| ≤ γlp||x||, ∀(x, j) ∈ Ωp (5.11)

where Li is the Cholesky decomposition of the solution to Opti(ωN1+...+Ni) for
i = 1, ..., p − 1. We denote this problem by Optp,I(ωN1+...+Np) and its solu-
tion by γ∗p,I(ωN1+...+Np). Observe that γ∗p,I(ωN1+...+Np) = l

√
λ∗p(ωN1+...+Np), where

λ∗p(ωN1+...+Np) is the solution to Problem (5.8). Note that the set of constraints
of this problem associated to ωN1 , ..., ωNp−1 is satisfied by γp = γ∗p−1(ωN1+...+Np−1).
Hence, γ∗p,I(ωN1+...+Np) can easily be computed as:

γ∗p,I(ωN1+...+Np) = max
(
γ∗p−1(ωN1+...+Np−1), max

(x,j)∈ωN2

l

√
||Lp−1AjL−1

p−1x||
)
.

For p = 2, this approach is similar the fast algorithm, except for the sampling
in the second phase. Indeed, we sample the second set of trajectories uniformly
on EP ∗1 (ωN1 ) instead of on the sphere. Similarly to the case where Pp is not set to
the identity, we propose a bound on the JSR based on the Np last points sampled
solely:
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Theorem 5.2

Let Assumptions 5.1 and 5.2 hold, and let γ∗p,I(ωN1+...+Np) be the optimal
solution to Optp,I(ωN1+...+Np). Then, for any β̄1 ∈ [0, 1), with probability at
least β̄1, we have:

ρ(M) ≤
γ∗p,I(ωN1+...+Np)
l

√
δ(ε1(β̄1,m,Np))

(5.12)

where ε1(β̄1,m,Np) = ml

2 (1− Np

√
1− β̄1) and δ(·) is given by (3.7).

Proof. Problem (5.11) is a sampled version of the following problem:

min
γ′≥0

γ′ s.t. ||Lp−1AjL−1
p−1x|| ≤ γ′l||x||, ∀x ∈ S, ∀Aj ∈Ml

which is convex and admits a sample (x, j) as an essential set, namely the sample
such that γ∗p,I(ωN1+...+Np) = l

√
||Lp−1AjL−1

p−1x||. Hence, if we only consider the
constraints associated to the uniform sampling ωNp in Optp,I(ωN1+...+Np) and obtain
a solution γ′∗p,I(ωN1+...+Np), the same argument as in the proof of Proposition 3.3
ensures that for all ε1 ∈ (0, 1], we have:

µ
Np
l {ωNp ∈ Z

Np
l : µl(Ṽ ′(ωNp)) ≤ ε1} ≥ β1(ε1, Np)

where β1(ε1, Np) = 1− (1− ε1)Np and Ṽ ′(ωNp) := {(x, j) ∈ Zl : ||Lp−1AjL−1
p−1x|| >

γ′∗lp,I(ωN1+...+Np)} is the set of violated constraints. By the same argument as in
the proof of Proposition 5.1, we obtain as a corollary that µN1+...+Np

l {ωN1+...+Np ∈
Z
N1+...+Np
l : µl(Ṽ (ωN1+...+Np)) ≤ ε̄1} ≥ β1(ε1, Np), where Ṽ (ωN1+...+Np) := {(x, j) ∈

Zl : ||Lp−1AjL−1
p−1x|| > γ∗lp,I(ωN1+...+Np)}, which replaces Theorem 4 in [KBJT19].

Then, following the same lines as in [KBJT19] concludes the proof.

Remark 5.4. For the bound of Proposition 5.2 to be compared with the bound of
Proposition 5.1, one must set β̄1 to β + β1 − 1, so that both bounds hold with the
same confidence level.

Remark 5.5. For an identical number of samples Np used in the last phase of
the approach and in the context of adaptive sampling, the bound of Theorem
5.2 almost surely outperforms the one the bound of Theorem 5.1. We provide an
explanation for this success in Appendix F.
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5.5 Summary of the approaches based on adap-
tive sampling

Figure 5.3: Summary of the procedure to obtain a probabilistic bound on the
JSR using our adaptive sampling approach. The blue box contains the iterations
k = 2, ..., p − 1, that is the phases refining the change of variables. After each
phase, the change of variables computed is handed to the next phase, as illustrated
in red. The external resources provided to the phases, that is the sampling ωN1 ,
..., ωNp are presented in black. In the last phase, one either fix Pp to the identity
(right-hand side) or not (left-hand side). This is determined before starting the
computations.

Figure 5.3 illustrates the steps required by our adaptive sampling approach to
obtain a bound on the JSR. In the last phase, we choose whether or not we fix Pp
to the identity. Note that this choice must be taken in advance, and that we cannot
simply take the minimum upper bound obtained, since both are probabilistic and
only hold with a certain confidence level. Hence, the minimum between the two
bounds holds with a lower confidence level. As observed in Remark 5.5, in our
adaptive sampling setting, if a sufficiently high number of samples is available, the
bound of Theorem 5.2 will almost surely beat the one of Theorem 5.1.
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Chapter 6

Numerical experiments and
derivation of a heuristic

In this chapter, we seek to optimize our adaptive sampling approach by answering
the following question:

Given a total number N of samples available, what is the optimal
number of phases p and what is the optimal number of samples N1,
N2, ..., Np to use in each phase?

In Chapter 5, we were only able to provide bounds based on the analysis of the
Np last samples solely. Hence, we cannot directly optimize these bounds to obtain
the values of N1, ..., Np and p yielding the tightest bounds on the JSR possible.
Therefore, we will determine these optimal values empirically.
First, we propose a strategy, called the online strategy, determining the optimal
number of samples to use in each phase based on the convergence of Pk(ωN1+...+Nk)
to a certain limit. We then compare its performance to what can be obtained by
fixing in advance, in an offline way, N1, ..., Np and p to judicious values. This
allows to empirically confirm that the convergence criterion used by the online
strategy yields tight bounds on the JSR. Additionally, it also illustrate how our
adaptive sampling approach outperforms the fast algorithm and, for judicious
choices of N1,...,Np and p, the bounds of Chapter 3. In a third time, we conduct
a large number of experiments to determine, using online sampling, the optimal
values of N1, ..., Np and p to be used in offline strategy.
The information yielded by the experiments allows us to propose a
heuristic providing tighter bounds on the JSR than the ones of Chapter
3, holding with the same confidence level and requiring the same sample
complexity.
Finally, we illustrate the performance of the heuristic on various systems.
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6.1 Online and offline strategies
We present the features of the offline and the online strategies.

• In the offline strategy, we fix the values of N1, ..., Np and p in advance and
obtain the solution (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np)) by resorting to Algorithm
3. The parameters are thus deterministic.

• In the online strategy, we determine N1, ..., Np and p after the computations
started, by resorting to a convergence criterion presented in Procedure Online.
In each phase, we first sample Ninit trajectories uniformly in the coordinate
system relevant to the phase, and compute the solution P ∗k (ωN1+...+Ninit) to
Optk(ωN1+...+Ninit). Then, iteratively, we add a small number n of samples to
the total number N of samples used in the phase, and recompute the solution
after each increment. The process keeps going until convergence is attained,
that is until ||P ∗k (ωN1+...+N)− P ∗k (ωN1+...+(N−n))|| is sufficiently small.

Procedure Online determination of Nk

Input: Initial number of samples, increment n, tolerance tol, phase k.
Output: Number of samples generated Nk, solution

(γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)).
1 Initialization: Pold = In, Nk = Ninit;
2 Sampling of ωNk uniformly for System Lk−1MlL−1

k−1, where |ωNk | = Nk,
using Procedure Generation if k ≥ 2 ;

3 Computation of (γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)), solution to
Optk(ωN1+...+Nk);

4 while ||Pold − P ∗k (ωN1+...+Nk)|| > tol do
5 Sampling of ωn uniformly for System Lk−1MlL−1

k−1, where |ωn| = n,
using Procedure Generation if k ≥ 2 ;

6 Pold = P ∗k (ωN1+...+Nk), Nk = Nk + n, ωN = ωN ∪ ωn;
7 Computation of (γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)), solution to

Optk(ωN1+...+Nk);
8 end

The number of phases p is determined by the total number of samples available
or by a parameter pmax, as presented in Algorithm 4. Setting a maximum
number of phases allows to increase Np and hence decrease the bound of
Theorem 5.1. In the last phase, to decrease the total computational complexity,
we directly use all the remaining samples available without resorting to
Procedure Online. Note that N1,...,Np and p are random variables.
The online strategy can only provide useful information when the available
number of samples is sufficiently high for Algorithm 4 to reach Phase 3.
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Algorithm 4: Online adaptive sampling algorithm.
Input: Total number of samples to be used N , maximum number of

phases pmax.
Result: (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np))
First Phase

1 Determination of N1 and (γ∗1(ωN1), P ∗1 (ωN1)), solution to Opt1(ωN1),
using Procedure Online;

2 Computation of the change of variables L1 such that P ∗1 (ωN1) = LT1L1;
3 k = 2;
Second set of phases

4 while N1 + ...+Nk−1 ≤ N − dquad − 1 and k ≤ pmax do
5 Determination of Nk and (γ∗k(ωN1+...+Nk), P ∗k (ωN1+...+Nk)), solution

to Optk(ωN1+...+Nk), using Procedure Online;
6 Computation of the change of variables Lk such that

P ∗k (ωN1+...+Nk) = LTkLk;
7 Computation of Lk = LkLk−1 and L−1

k = L−1
k L−1

k−1;
8 k=k+1;
9 end
Last phase

10 p = k, Np = N − (N1 + ...+Nk−1);
11 Computation of (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np)), solution to

Optp(ωN1+...+Np), without using Procedure Online;

Note that the online strategy is computationally expensive, especially for high-
dimensional systems. However, it requires no a priori intuition about the optimal
values of N1, ..., Np and p. We will now illustrate on numerical experiments that
it yields tight bounds on the JSR. This confirms the validity of the convergence
criterion to determine the optimal number of samples to use in each phase.

Notation and experimental protocol
We denote by (γ∗(ωN), P ∗(ωN)) the solution to Problem (3.2), where N = N1 +
...+Np, that is the solution obtained without resorting to adaptive sampling. It
is with the bound of Theorem 3.1 based on this solution that we compare our
adaptive sampling bounds.
The default values of the parameters used in the experiments are the ones of
Chapter 4, summarized in Table 4.1. In the offline strategy, by default, we fix a
number of samples to be used in the first phase and divide equally the remaining
samples between the next phases. Table 6.1 contains the default values of the
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parameters used in Procedure Online and in Algorithm 4 when resorting to the
online strategy:

Initial number of samples used in Procedure Online in Phase 1 dquad + 1
Increment of samples at each iteration of Procedure Online n− 2

Tolerance on the convergence of Pk(ωN1+...+Nk) in Procedure Online 10−5

Maximal number of phases allowed to be reached in Algorithm 4 11

Table 6.1: Default values of the parameters used in Procedure Online and Algorithm
4 for a n-dimensional system.

6.2 Comparison of offline and online sampling on
Example 2.1

In Chapter 4, we observed that for high-dimensional systems, due to the rise of
κ(P ∗(ωN)) =

√
λmax(P ∗(ωN ))
λmin(P ∗(ωN )) , the number of samples required to obtain relatively

tight bounds becomes large. For instance, for the 8-dimensional system of Example
2.1, 4000 samples are required to obtain a bound smaller than 250% of the true
value of the JSR. We thus analyze the performance of our approach on this system.

6.2.1 Performance of offline sampling
First, we analyze the benefits of the offline strategy and try to determine empirically,
given a total number N of samples to be used, how to divide them between several
phases. Clearly, there is a trade-off to achieve between

(i) the quality of the change of variables measured by ∆s,p−1 = ||P ′o(Lp−2) −
P ∗p−1(ωN1+...+Np)||, increasing with the number of samples N1, ..., Np−1 used
in the first phases and the number of phases (see Remark 5.2).

(ii) the benefits of increasing the number of samples Np used in the last phase.
First, the distance ∆s,p = ||P ′o(Lk−1) − P ∗p (ωN1+...+Np)|| decreases as Np

increases. Second, Np appears in the theoretical bounds of Theorems 5.1 and
5.2, and both bounds decrease as Np increases.

For a total number of samples fixed to 500, we plot the evolution of κ(P ∗p (ωN1+...+Np))
and of the upper bounds on the JSR with the ratio of samples used in the first
phase. As expected, we observe on Figure 6.1 that κ(P ∗p (ωN1+...+Np)) presents a
U-shape. At first, it decreases significantly when the ratio of samples used in the
first phase increases, since the quality of the change of variables then increases.
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Figure 6.1: Evolution of κ(P ∗p (ωN1+...+Np)) with the ratio of samples used in the
first phase, for the system of Example 2.1. In total, 500 trajectories are sampled.
κ(P ∗p (ωN1+...+Np)) presents a U-shape and decreases when p increases.

However, when this ratio becomes too high, κ(P ∗p (ωN1+...+Np)) increases again. Np

is indeed too small for P ∗p (ωN1+...+Np) to be close to P ′o(Lp−1), even when the latter
is close to the identity. We also observe that κ(P ∗p (ωN1+...+Np)) decreases with the
number of phases. When more than 2 phases are used, it is always smaller than
κ(P ∗(ωN)).
In Figures 6.2, 6.3 and 6.4, we plot the bounds of Theorems 5.1 and 5.2, the true
value of the JSR of the system as approximated by the JSR toolbox [LJP16], and
the bound given in Proposition 5.1, referring to the fast algorithm. For the sake of
clarity, the different bounds are only presented together when two phases are used,
on Figure 6.4. Their evolution with the number of phases is presented on separate
figures, that is Figures 6.2 and 6.3.
We observe that all the adaptive sampling bounds decrease with the num-
ber of phases, and that they also present a U-shape. This feature is
accentuated since Np directly appears in the expression of our bounds. Hence,
when the ratio of samples used in the first phase increases, even if κ(P ∗p (ωN1+...+Np))
is low, the bounds become less tight. Our new bound of Theorem 5.1 outperforms
the one of Theorem 3.1 for a sufficiently high number of phases, and the gap grows
for a judicious choice of the ratio of samples used in the first phase. The bounds of
Theorem 5.2 always outperform all other bounds as expected given Remark 5.5.
Finally, we observe that the bound resulting from the application of the
fast algorithm is significantly larger than our bounds.
In conclusion, determining judicious values for N1, ..., Np and p is crucial for
the bounds yielded by the offline sampling to be as tight as possible. We aim at
determining the parameters yielding the minimum values of the U-shape for all
types of switched linear systems.
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Figure 6.2: Evolution of the upper
bounds of Theorem 5.1 with the ratio
of samples used in the first phase, for
the system of Example 2.1. For p ≥ 2,
the bounds always outperform the one
of Theorem 3.1 (no adaptive sampling).

Figure 6.3: Evolution of the upper
bounds of Theorem 5.2 (for Pp fixed to
the identity) with the ratio of samples
used in the first phase, for the system of
Example 2.1. The bounds always out-
perform the one of Theorem 3.1.

Figure 6.4: Evolution of several upper bounds with the ratio of samples used in
the first phase, for the system of Example 2.1. The bounds of Theorems 5.1 and
5.2 (two-phase adaptive sampling), of Proposition 5.1 (fast algorithm), of Theorem
3.1 (no adaptive sampling), and the true value of the JSR are plotted.

6.2.2 Performance of online sampling
We now show that the convergence criterion defined in Procedure Online is valid
to ensure the tightness of the bounds of Theorems 5.1 and 5.2. Hence, the number
of trajectories to be sampled in each phase as determined by the online strategy
can be used as optimal values in the offline strategy.
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Figure 6.5: Evolution of several upper bounds with the total number of samples,
for the system of Example 2.1. The bounds of Theorems 5.1 and 5.2, the true value
of the JSR of the system and the bound of Theorem 3.1 are plotted. The bound of
Theorem 5.2 is the tightest one. The bounds related to adaptive sampling beat the
bound of Theorem 3.1 for a sufficiently high number of samples.

Figure 6.5 presents the evolution of the bounds of Theorems 5.1 and 5.2, depending
on whether or not Pp is fixed to the identity, with the number of samples. The true
value of the JSR of the system as approximated by the JSR toolbox [LJP16] is also
plotted. As expected, the bound of Theorem 5.2 is the tightest one. It only requires
750 samples to become smaller than 1 and hence serve as a stability certificate. We
observe that for a small total number of samples, implying that the online adaptive
sampling strategy does not reach Phase 3, the bound of Theorem 5.1 does not
beat the one obtained without resorting to adaptive sampling. However, when the
number of samples increases, it rapidly outperforms the old bound, and provides
tight approximations of the JSR. Observe that for 500 samples used, the order
of magnitude of the bounds obtained via online and offline sampling, for
a judicious ratio of samples used in the first phase, is equivalent. Thus,
we infer that the convergence criterion we are using to determine how many samples
to use in each phase is valid when N is sufficiently high. More insight with respect
to the evolution of Pk(ωN1+...+Nk) with the number of phases k and to the number
of samples required in each phase is provided in Appendix G.
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6.2.3 A computational comparison of the two strategies
We observed that the sample complexity required by both the offline and the online
strategies to obtain tight bounds is significantly lower than without resorting to
adaptive sampling. However, in the offline strategy, this only holds for a judicious
choice of the parameters N1,..., Np and p of the method. We now answer the
following question: if the bounds yielded by the online strategy are always as tight
as possible (at least when the number of samples available is high enough), why do
we want to rely on the offline strategy? The answer is twofold.

1. Resorting to offline sampling prevents situations where all available samples
are used in the first phase. This can occur in online sampling, when the
number of samples available is not sufficiently large.

2. In the online sampling strategy, the reduced sample complexity does not
imply a reduced computational complexity, which was one of the objectives
of resorting to adaptive sampling. Table 6.2 presents the sample and com-
putational complexities required to obtain bounds smaller than 250% of the
true value of the JSR by three approaches: no resorting to adaptive sampling,
offline sampling or online sampling. When resorting to offline sampling, we
use as an input the results obtained via the online strategy, so that the same
number of samples is used in each phase of both methods. The derivation of
Table 6.2 is presented in Appendix H.

No Offline Online
adaptive sampling strategy strategy

Total number of 4000 500 500
samples required
Number of phases 1 5 5
Number of samples N1 = 4000 N1 = 253, N2 = 90, N3 = 24
used in each phase N4 = 30, N5 = 103
Computational

⌈
log2(U

α
)
⌉
∗

⌈
log2(U

α
)
⌉
∗

⌈
log2(U

α
)
⌉
∗

complexity poly(4000, dquad) poly(1860, dquad) poly(14736, dquad)

Table 6.2: Sample and computational complexities of the different strategies,
required to obtain a bound smaller than 250% of the JSR of the system of Example
2.1. [0, U ] is the interval over which we look for γ (or γk, for k = 1, 2, ..., p)
by bisection with an accuracy α. The expression poly(x, y) denotes that the
computational complexity is polynomial in x and y.

The computational complexity of the online strategy significantly
exceeds the one of the original method, while the contrary is true
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for the offline sampling method. Hence, resorting to offline sampling
with judiciously chosen values for N1,...,NP and p allows to take advantage
of the adaptive sampling approach on high dimensional systems, for which
the computational complexity of the online strategy is too high.

6.3 Derivation of a heuristic optimizing the adap-
tive sampling approach

We now provide a heuristic combining the assets of online sampling with the low
computational complexity of the offline strategy. It determines the optimal number
of phases p, as well as the the number of samples to use in each phase, for systems
of any dimension and for any total number of samples available. We have asserted
that for a sufficiently high number of samples, allowing Algorithm 4 to reach Phase
3, the criterion defined in Procedure Online determining the optimal number of
samples to use in each phase yields accurate bounds on the JSR. Hence, we base
ourselves on results obtained using the online strategy when a sufficiently high
number of samples is available, and on results obtained using offline sampling
otherwise.

6.3.1 For a large number of samples available: online sam-
pling

We answer the following questions.

• For systems of any dimension, what is the number of samples required in each
phase for the convergence of P ∗p (ωN1+...+Np) as defined by Procedure Online?

• What is the optimal number of phases to be used? We observe empirically
that for some k ≥ 2, P ∗k (ωN1+..+Nk) reaches a limit close to the identity. From
then, at each phase, Procedure Online only requires one or two iterations to
converge, and P ∗k+1(ωN1+..+Nk+1), P ∗k+2(ωN1+..+Nk+2),..., do not vary anymore.
Clearly, this specific k can be used as the maximum number of phases to
be used. Indeed, then, recomputing changes of variables will not decrease
κ(P ∗p (ωN1+..+Np)) much, while using more samples in the last phase will
increase the accuracy of the bounds of Theorems 5.1 and 5.2.

We consider 2-modal systems of dimension ranging between 3 and 30, sampled
randomly and uniformly on the sphere. We first analyze the number of samples
required for the convergence of Pk(ωN1+...+Nk), as defined in Procedure Online.
Figure 6.6 presents the number of samples required for the convergence of P1(ωN1)
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Figure 6.6: Evolution of the number
of samples needed for the convergence
of P1(ωN1) as defined by Procedure
Online with the dimension of the sys-
tem. The blue curve presents the av-
erage number of samples required and
the blue ribbon is the variance of the
experiments. A linear interpolation
whose slope is equal to 32 fits the data
well.

Figure 6.7: Evolution of the number
of phases reached by Algorithm 4 with
the total number of samples, for sys-
tems of dimension ranging between 3
and 10. In each phase, the number
of samples required is determined by
Procedure Online. The dots present
the average of the observed data, and
the curves are interpolations of degree
2.

for systems of various dimensions. We plot the average and the variance of the
experiments, and we observe that a linear regression fits the data well. Hence,
we infer that the number of samples required for the convergence of P1(ωN1) is
equal to 32 ∗ (n − 1), where n is the dimension of the system. We also observe
on Figure 6.7 that in the next phases, the number of samples required for the
convergence decreases, in a quadratic way for systems of sufficiently high dimension.
For systems of lower dimension, from Phase 4, convergence is often reached after
one or two iterations, which implies that the optimal number of phases is reached.
We approximate the optimal values of N2, N3,... similarly to N1, by linearly inter-
polating data yielded by our experiments. The coefficients of the linear regression,
for each phase, are given in Table 6.3.

Phase 1 2 3 4 5 6 7
a 32 30 20 20 10 10 20
b -32 -150 -80 -100 -10 -60 -160

Table 6.3: Coefficients of the linear regression Nk = a ∗ n + b, where n is the
dimension of the system and Nk is the number of samples required to reach
convergence in phase k, as determined by Procedure Online.

From Phase 3, the coefficients are obtained based on the observation of systems of di-
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mension larger than 6, since for smaller dimensions, convergence of κ(P ∗k (ωN1+...+Nk))
to a final limit is then often already reached. From Phase 2, these coefficients yield
negative values for systems of small dimension. In this case, we fix the optimal
number of samples to be used in each phase to dquad + 1, the dimension of the
problem.
It now remains to determine the optimal number p of phases to use. Therefore, we
analyze the number of phases required for P ∗k (ωN1+...+Nk) and P ′o(Lk−1) (unknown
in our setting) to converge to a limit close to the identity.

Figure 6.8: Evolution of κ(P ∗k (ωN1+...+Nk)) and κ(P ′o(Lk−1)) with the number of
phases, for a 4-dimensional. κ(P ∗k (ωN1+...+Nk)) decreases at each phase, and reaches
a limit from Phase 4.

For instance, Figure 6.8 plots the evolution of κ(P ∗k (ωN1+...+Nk)) and κ(P ′o(Lk−1))
with the number of phases for a 4-dimensional system. The maximum number
of phases to be used for such systems is of 4. By analyzing the evolution of
P ∗k (ωN1+...+Nk) and P ′o(Lk−1) for systems of various dimensions, we derive the
maximum values of p presented in Table 6.4.

Dimension of the system 1 ≤ n ≤ 6 7 ≤ n ≤ 10 11 ≤ n
Optimal number of phases 4 6 10

Table 6.4: Maximum number of phases to use, depending on the dimension. This
is the optimal number of phases when the number of samples available allows it.

Let Nopt be the sum of the optimal number of samples to be used in each phase as
determined by Table 6.3 for 4, 6 or 10 phases. Note that Nopt is much lower than
what is needed to obtain tight bounds on the JSR without resorting to adaptive
sampling. If the total number of samples available is smaller than Nopt, we decrease
the number of phases until at least dquad + 1 samples can be used in the last phase.
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6.3.2 For a low number of samples available: offline sam-
pling

Suppose that the total number of samples available is smaller thanN1+N2+dquad+1,
where N1 and N2 are the optimal numbers of samples to use in Phases 1 and 2 as
determined by Table 6.3. Then, as we have observed in Section 5.7.1, we cannot
rely on online sampling to obtain tight bounds on the JSR.
We have observed in the offline sampling strategy that increasing the number of
phases yields tighter bounds in the JSR. We show that this holds as long as dquad+1
samples are used in the last phase. We analyze the system of Example 4.2, and fix
the total number of samples to 80. Figure 6.9 presents the evolution of the bounds
of Theorem 5.2 with the ratio of samples used in the first phase.

Figure 6.9: Evolution of the upper bounds of Theorem 5.2 (for Pp fixed to the
identity) with the ratio of samples used in the first phase, for the system of Example
4.2. In total, 80 trajectories are sampled. The number of phases ranges from 2 to
4. When less than dquad + 1 samples are used in the last phase, the tightness of the
bounds decreases.

In this setting, when the ratio of samples used in the first phase increases, for a
large number of phases, the number of samples to be used in the last phase falls
below dquad+1. Then, the bounds obtained increase and do not beat the bound
obtained without resorting to adaptive sampling anymore. Hence, if the total
number of samples is too low to resort to the online sampling results, we simply
use dquad+1 samples in each of the first phases.
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6.3.3 Summary of the heuristic
Heuristic 1 presents our method decreasing both the sample and the computational
complexity required to obtain tight probabilistic bounds on the JSR of systems of
any dimension. It provides the values of the parameters N1, ..., Np and p to be
used in Algorithm 4 as a function of the dimension n of the system and of the total
number N of available samples.

Heuristic 1: Determination of the optimal values of the parameters of
the offline strategy
Input: Total number of samples to be used N , dimension of the system n,

Table 6.3 containing all coefficients ak and bk.
Result: Input of Algorithm 3: number of phases p, number of samples to

be used in each phase: N1, N2, ...Np .
1 if n ≤ 5 then
2 p = 5;
3 N1 = a1 ∗ n− b1;
4 N2 = N3 = N4 = dquad + 1;
5 else if n ≤ 10 then
6 p = 6;
7 Nk = ak ∗ n+ bk for k = 1, ..., p− 1;
8 else
9 p = 10;

10 Nk = ak ∗ n+ bk for k = 1, ..., 7, Nk = dquad+1 for k = 8, 9;
11 end
12 Np = N −∑4

i=1Ni;
13 while Np ≤ dquad+1 do
14 p = p− 1;
15 Np = N −∑p−1

i=1 Ni;
16 end
17 if p<5 then
18 p = max

i=2,...,5
i s.t. N − i ∗ (dquad + 1) > 0;

19 N1 = N − (p− 1) ∗ (dquad+1), Ni = dquad+1 for i = 2, ..., p;
20 end
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6.4 Illustration of the performance of the heuris-
tic

We illustrate the performance of the heuristic on several numerical experiments.
First, we fix the total number of samples available to 1500, and compare the bounds
yielded by the application of Heuristic 1 to the one obtained without resorting
to adaptive sampling on systems of various dimension. Figure 6.10 presents the
evolution of the different bounds and of the true value of the JSR as approximated
by the JSR toolbox [LJP16] with the dimension of the systems analyzed.

Figure 6.10: Evolution of several upper bounds with the dimension of the system.
The bounds based on adaptive sampling are yielded by the application of Heuristic
1 on 4-modals systems of various dimensions, for a total number of samples fixed to
1500. The bounds of Theorems 5.1 and 5.2 (for Pp set to the identity), of Theorem
3.1 (no adaptive sampling) and the true value of the JSR are plotted. The bound
of Theorem 5.2 always outperforms all bounds. When the dimension increases, the
number of samples available is not sufficient to allow the bound of Theorem 5.1 to
be tighter than the one of Theorem 3.1.

We observe that for systems of dimension smaller than 20, the bounds yielded by
the heuristic outperform the one of Theorem 3.1. However, for systems of larger
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dimensions, the bound of Theorem 5.1 grows rapidly and becomes larger than
the one of Theorem 3.1. As expected, the bound obtained when fixing Pp to the
identity always beats all other bounds. However, when the dimension increases, it
rapidly exceeds the true value of the JSR by more than 80% of its value. Hence, it
cannot serve as stability certificate anymore for systems whose JSR is smaller than
1.

Figure 6.11: Evolution of several upper bounds with the dimension of the system.
The bounds based on adaptive sampling are yielded by the application of Heuristic
1 on 4-modals systems of various dimensions n, for a total number of samples fixed
to 100n. The bounds of Theorems 5.1 and 5.2, of Theorem 3.1 and the true value
of the JSR are plotted. The bound of Theorem 5.2 is the tightest. For systems of
dimension larger than 25, the number of samples available is not sufficient to allow
the bound of Theorem 5.1 to be tighter than the one of Theorem 3.1.

Clearly, in higher dimensions, a larger total number of samples is required to
obtain tight bounds on the JSR. Hence, we repeat our experiment on Figure 6.11,
but fix the total number of samples available to 100n, where n is the dimension
of the system. For low dimensional systems, we observe that the bounds based
on adaptive sampling remain tighter than the one of Theorem 3.1, in spite of
the decrease in the total number of samples. For high-dimensional systems, the
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accuracy of our bounds increases. The bound of Theorem 5.2 is the tightest.
For systems of dimension smaller than 20, it does not exceed the true
JSR by more than 40% of its value, which often allows it to serve as a
stability certificate. The bound of Theorem 5.1 beats the one of Theorem 3.1
in a larger number of cases. However, it is still unable to outperform the bound
obtained without resorting to adaptive sampling for systems of dimension larger
than 25. This does not imply that our adaptive sampling approach is not effective
for high-dimensional systems, but only that more samples are required for it to
become efficient. To reach tight bounds on the JSR (less than 500% of its value, for
instance), the sample complexity of our heuristic is lower than the one required when
not resorting to adaptive sampling. We illustrate this property on a 45-dimensional

Figure 6.12: Evolution of several upper bounds on the JSR of a 45-dimensional
system with the total number of samples. The bounds based on adaptive sampling
are yielded by the application of Heuristic 1. The bounds of Theorems 5.1 and 5.2,
of Theorem 3.1 and the true value of the JSR are plotted. The bound of Theorem
5.2 is the tightest. From 5000 samples, all bounds based on adaptive sampling
outperform the one of Theorem 3.1.

system composed of 4 modes, uniformly and independently sampled on the sphere.
Indeed, Figure 6.12 presents the evolution of the different upper bounds on the
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JSR with the total number of samples. We observe that from a sufficiently
high number of samples, all bounds yielded by the application of the
heuristic outperform the one obtained without resorting to adaptive
sampling.
Finally, we test Heuristic 1 on 1000 systems composed of a number of modes m
varying between 2 and 7, and of dimension ranging between 2 and 50. The norm
of the modes can be larger than 1. The total number of samples is fixed to 120 ∗ n
in each experiment. In 90% of the cases, our adaptive sampling bound of
Theorem 5.1 beats the bounds obtained without resorting to adaptive
sampling. Moreover, the bound obtained when fixing Pp to the identity always
outperforms all other bounds.

6.5 Conclusion of the experiments
We summarize here the improvements yielded by our adaptive sampling approach
in the context of data-driven stability analysis of switched linear systems.

• Even though the bounds of Theorems 5.1 and 5.2 only take into account the
last Np samples and not the total number N of samples, they are able to
outperform the bounds obtained without resorting to adaptive sampling, but
taking into account the total number of samples used.

• Our approach always yields tighter bounds than the fast algorithm, designed
to decrease the sample complexity in the scenario approach.

• Both the online and the offline sampling methods allow to significantly
decrease the sample complexity required to obtain tight bounds on the JSR.
However, a judicious choice of the parameters used in the offline sampling
is needed to obtain tight results. The online strategy provides the tightest
bounds on the JSR as soon as the total number of samples is large enough
for Algorithm 4 to reach Phase 3.

• As expected in Remark 5.5, the bound of Theorem 5.2, associated to the
variant setting Pp to the identity, always beats all other bounds. This presents
the auxiliary advantage of reducing even more the computational complexity
of the method.

• Heuristic 1, derived based on empirical observations of the online and offline
sampling strategies, allows to significantly decrease the sample and the
computational complexity required to obtain tight bounds on the JSR holding
with a given confidence level. It thus allows the data-driven approach to be
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tractable for high-dimensional systems, which was exactly the goal of this
thesis.

92



Chapter 7

Extension of the adaptive
sampling approach to the SOS
setting

As observed in Chapter 4, resorting to approximate SOS Lyapunov functions to
obtain probabilistic bounds on the JSR presents two drawbacks in terms of the
computational complexity.

• First, the dimension of the problem increases exponentially with the degree
of the function used. This increases the computational complexity, which
depends on the scale of the problem to solve.

• Second, because of the increased dimension of the problem solved, κ(P ∗sos(ωN ))
grows rapidly with the dimension of the system analyzed. Consequently, the
sample complexity required to obtain tight bounds on the JSR grows, which
also increases the computational complexity of the method.

In this chapter, we overcome this issue by leveraging our adaptive
sampling approach to the SOS setting. This allows to decrease
the sample complexity required to obtain tight bounds on the JSR,
holding with a given confidence level.

We follow the same structure as in Chapter 5. First, we define the optimal change
of variables to be computed, and propose an algorithm extending the adaptive
sampling approach to the SOS setting. We then provide a SOS-based bound relying
on the solutions yielded by this algorithm. Finally, we illustrate the performance
of our new SOS-based method on a numerical experiment.
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Notation
In the SOS setting, we approximate the solution (γosos, P o

sos) to Problem (2.9):

min
P,γ≥0

γ s.t. (Ax)[d]TP (Ax)[d] ≤ γ2dlx[d]TPx[d], ∀A ∈Ml, ∀x ∈ S

P � ID, ||P || ≤ C for a large C ∈ R≥0,

by solving an associated sampled problem: Problem (3.3). In this section, simi-
larly to the quadratic setting, we denote it by Optsos,1(ωN1) and its solution by
(γ∗sos,1(ωN1), P ∗sos,1(ωN1)):

min
P1,γ1≥0

γ1 s.t. ((Ajx)[d])TP1(Ajx)[d] ≤ γ2dl
1 (x[d])TP1x

[d], ∀(x, j) ∈ ωN1

P1 � ID, ||P1|| ≤ C for a large C ∈ R≥0.
(7.1)

7.1 Adaptive sampling in the SOS setting
Similarly to the quadratic case, we seek for a coordinate system in which P o

sos = ID
is the solution to Problem (2.9). We first define it in the white-box setting. Then,
we propose our approach in the black-box setting.

Optimal change of variables in the white-box setting
Let L ∈ Rn×n be the matrix defining the change of variables. In the new coordinate
system, Problem (2.9) becomes:

min
P ′, γ′≥0

γ′

s.t. ((LAL−1x′)[d])TP ′(LAL−1x′)[d] ≤ γ′2dl(x′[d])TP ′x′[d], ∀A ∈Ml,∀x′ ∈ S
P ′ � ID, ||P ′|| ≤ C for a large C ∈ R≥0

(7.2)

where we have used the fact that L[d](Ax)[d] = (LAx)[d] [Bro73]. We denote this
problem by Optsos(L) and its solution by (γ′osos(L), P ′osos(L)). Solving Optsos(L)
amounts to computing an approximate SOS Lyapunov function for the set LML−1.
Note that γ′osos(L) = γosos and that P ′osos(L) = (L[d])−TP o

sos(L[d])−1 is a feasible
solution.
Let Lo ∈ RD×D be the Cholesky decomposition of P o

sos: P o
sos = (Lo)TLo. Then,

the same reasoning as in the quadratic case yields the following conclusion: the
optimal change of variables is given by L[d] = Lo. To the contrary to the quadratic
case, this change of variables does not exist in general. Indeed, as observed in
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Remark 2.2, the d-lift of the set of all matrices in Rn×n only consists of a subset of
the set of all matrices in RD×D. For instance, when d is even, l[d]

11 will always be
positive. Hence, we approximate the optimal change of variables by the solution of
the following least squares problem:

min
L∈Rn×n

||L[d] − Lo||. (7.3)

Even in the white-box setting, we thus only can compute an approximation of the
optimal change of variables.

p-phases SOS adaptive sampling
In our black-box setting, we only have access to a finite number of trajectories.
Therefore, we do not have access to P o

sos, but only to P ∗sos,1(ωN1), its approxima-
tion computed by solving Optsos,1(ωN1) using N1 uniformly sampled trajectories.
Similarly, we cannot compute P ′osos(L) but only its approximation, by solving the
sampled problem associated to Optsos(L). Hence, our adaptive sampling technique
consists of three steps, each inducing a factor increasing the distance separating
the final sampled solution from the identity:

• Uniform sampling of ωN1 ∈ ZN1
l , and computation of the solution

(γ∗sos,1(ωN1), P ∗sos,1(ωN1)) to Optsos,1(ωN1). This induces a distance ∆s,1 =
||P ∗sos,1(ωN1)− P o

sos||, representing the quality of the change of variables. It
decreases when N1 increases.

• Determination of the change of variables L̃1, solution to Problem (7.3).
(L̃1)[d] ≈ L1, where L1 is the Cholesky decomposition of P ∗sos,1(ωN1). This
induces a distance ∆lift = ||L̃1

[d] − L1|| impacting the quality of the change
of variables. This distance depends on the dimension of the problem.

• Sampling of ωN2 , consisting of N2 trajectories, uniformly in the system
L̃1MlL̃1

−1, using Procedure Generation. We then compute a bound on the
JSR by solving a sampled version of Optsos(L̃1). Similarly to the quadratic
case, we choose to benefit from the information contained in both ωN1

and ωN2 . We denote this problem by Optsos,2(ωN1+N2) and its solution
by (γ∗sos,2(ωN1+N2), P ∗sos,2(ωN1+N2)):

min
P2, γ2≥0

γ2

s.t. ((L̃1AjL̃1
−1
x)[d])TP2(L̃1AjL̃1

−1
x)[d] ≤ γ2dl

2 (x[d])TP2x
[d],

∀(x, j) ∈ ωN2 ∪ {(x′, j) : x′ = L̃1x, (x, j) ∈ ωN1}
P2 � ID, ||P2|| ≤ C for a large C ∈ R≥0.

(7.4)
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This step induces a distance ∆s,2 = ||P ∗sos,2(ωN1+N2)− P ′osos(L̃1)|| decreasing
when N2 increases.

The performance of our approach depends on the closeness of P ∗sos,2(ωN1+N2) to the
identity. As illustrated on Figure 7.1, this quantity is impacted by one more factor
than in the quadratic case: the distance ∆lift.

Figure 7.1: Relations between the different optimization problems designed for the
two-phase adaptive sampling approach in the SOS setting. The factors impacting
the distance ||P ∗sos,2(ωN1+N2) − ID|| are emphasized. The left-hand side of the
figure presents the white-box problems, before and after the change of variables is
performed. The right-hand side presents the associated sampled problems. We only
have access to the solutions to these problems, approximating the solutions of the
initial problems. The closeness of P ∗sos,2(ωN1+N2) to the identity depends on ∆s,1,
∆s,2 and ∆lift. The latter appears because the exact optimal change of variables
does not exist in general in the SOS setting, to the contrary to the quadratic
setting. ∆s,1 and ∆lift affect the quality of the change of variables by inducing a
distance between the solution of Optsos(L̃1) and the identity. ∆s,1 decreases when
N1 increases, while ∆s,2 decreases when N2 increases.

Similarly to the quadratic case, the change of variables can be refined by increasing
the number of phases. Therefore, for k ≥ 1, we define L̃k = L̃k...L̃2L̃1 and L̃−1

k =
L̃−1
k ...L̃−1

2 L̃−1
1 . For k = 0, L̃k = L̃−1

k = In. We also define Ω̃k = ωNk ∪{(x′, j) : x′ =
L̃k−1x, (x, j) ∈ ωNk−1}∪...∪{(x′, j) : x′ = L̃k−1x, (x, j) ∈ ωN1}. Then, we introduce
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Optsos,k(ωN1+...+Nk), of solution denoted by (γ∗sos,k(ωN1+...+Nk), P ∗sos,k(ωN1+...+Nk)),
as follows:

min
Pk, γk≥0

γk

s.t. ((L̃k−1AjL̃−1
k−1x)[d])TPk(L̃k−1AjL̃−1

k−1x)[d] ≤ γ2dl
k (x[d])TPkx[d], ∀(x, j) ∈ Ω̃k

Pk � ID, ||Pk|| ≤ C for a large C ∈ R≥0,

(7.5)

where L̃i, for i = 1, ..., k − 1, is the matrix minimizing ||L̃i
[d] − Li||, and Li is the

Cholesky decomposition of P ∗sos,i(ωN1+...+Ni), the solution to Optsos,i(ωN1+...+Ni).
We present our p-phases approach in Algorithm 5.

Algorithm 5: p-phases adaptive sampling algorithm in the SOS setting.
Input: Number of phases: p, Number of samples of each phase: N1, ..., Np.
Result: (γ∗sos,p(ωN1+...+Np), P ∗sos,p(ωN1+...+Np))
First Phase

1 Sampling of a set ωN1 ∈ ZN1
l , where |ωN1| = N1;

2 Computation of (γ∗sos,1(ωN1), P ∗sos,1(ωN1)), solution to Optsos,1(ωN1);
3 Computation of L1, the Cholesky decomposition of P ∗sos,1(ωN1);
4 Computation of the change of variables L̃1 minimizing ||L̃1

[d] − L1||;
Second set of phases

5 for k = 2 to p do
6 Sampling of ωNk uniformly for L̃k−1MlL̃−1

k−1, where |ωNk | = Nk,
using Procedure Generation ;

7 Computation of (γ∗sos,k(ωN1+...+Nk), P ∗sos,k(ωN1+...+Nk)), solution to
Optsos,k(ωN1+...+Nk);

8 if k 6= p then
9 Computation of Lk, the Cholesky decomposition of

P ∗sos,k(ωN1+...+Nk);
10 Computation of the change of variables L̃k minimizing

||L̃k
[d] − Lk||;

11 Computation of L̃k = L̃kL̃k−1 and L̃−1
k = L̃−1

k L̃−1
k−1;

12 end
13 end

In the quadratic setting, fixing Pp to the identity in Optp(ωN1+...+Np) allows to
decrease the computational complexity of the problem and yields tighter bounds on
the JSR for an equivalent sample complexity. However, in the SOS setting, fixing
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Pp to the identity in Optsos,p(ωN1+...+Np) reduces the problem to:

min
γp≥0

γp s.t. ||((L̃p−1AjL̃−1
p−1x)[d]|| ≤ γdlk ||x[d]||, ∀(x, j) ∈ Ω̃k

= min
γp≥0

γp s.t. ||L̃p−1AjL̃−1
p−1x|| ≤ γlk||x||, ∀(x, j) ∈ Ω̃k (7.6)

where L̃i, for i = 1, ..., p− 1, is the matrix minimizing ||L̃i
[d] − Li||, and Li is the

Cholesky decomposition of P ∗sos,i(ωN1+...+Ni), the solution to Optsos,i(ωN1+...+Ni).
The problem thus reduces to a version of Optp,I(ωN1+...+Np) analyzing the system
L̃p−1MlL̃−1

p−1 instead of Lp−1MlL−1
p−1. Because of the distance ∆dlift, for a same

total number of samples used in the first phases, L̃p−1 will be a less accurate
approximation of the optimal quadratic change of variables than Lp−1. Hence, this
variant in the SOS setting will not be able to beat the quadratic bound. Hence, we
only consider the case where Pp is not fixed to the identity.
We introduce the notation used in our next statements in the following assumption:

Assumption 7.1. We consider an n-dimensional switched linear system as in (2.1),
whose set of m modes is denoted byM⊂ Rn×n, and approximate SOS Lyapunov
functions of degree 2d. We consider p, N ∈ N, and Ni ∈ N ≥ dsos+1 for i = 1, ..., p
such that N1 + ...+Np = N . For i = 1, ..., p, let ωNi be a uniform random sampling
for System L̃i−1MlL̃−1

i−1. We denote by (γ∗sos,i(ωN1+...+Ni), P ∗sos,i(ωN1+...+Ni)) the
solution to Optsos,i(ωN1+...+Ni) for i = 1, ..., p− 1, and by (γ∗sos,p, P ∗sos,p) the solution
to Optsos,p(ωN1+...+Np). L̃i is the matrix minimizing ||L̃i

[d]−Li||, and Li is Cholesky
decomposition of P ∗sos,i(ωN1+...+Ni).

Theoretical bound based on the last set of samples only
For the same reasons as in the quadratic setting, we are only able to derive a bound
on the JSR of switched linear systems based on the last set of samples solely. Then,
since ωNp is sampled uniformly in the system considered, we can use the results of
Chapter 3 and adapt the bound of Theorem 3.3 to our adaptive sampling approach.
We obtain the following bound:

Theorem 7.1

Let Assumption 7.1 hold, and let λ∗p(ωN1+...+Np) be the optimal solution to
Problem (5.8). For any β ∈ [0, 1) and β1 ∈ [0, 1), let εsos = ml

(
1− Np

√
1−β
dsos+1

)
and ε1 = ml

2 (1 − Np
√

1− β1). Then, it holds that, with probability at least
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β + β1 − 1:

ρ(M) ≤ dl

√
γ∗dlsos,p + ((γ∗dlsos,p + A(ε1)d)f(d, εsos))κ(P ∗sos,p)

where A(ε1) = λ∗p(ωN1+...+Np )
δ(ε1) , δ(·) is given by (3.7), κ(P ) =

√
λmax(P )
λmin(P ) ,

f(d, εsos) =
√
D((1 + ∆(εsos))d − 1 − (1 − 1√

D
)∆(εsos)d) and ∆(εsos) =√

2− 2δ(εsos).

Proof. We prove that, with probability at least β, it holds that

ρ(M) ≤ dl

√
γ∗dlsos,p + ((γ∗dlsos,p +B(L̃p−1MlL̃−1

p−1)d)f(d, εsos))κ(P ∗sos,p) (7.7)

where B(L̃p−1MlL̃−1
p−1) = max

A∈L̃p−1MlL̃−1
p−1

||A||.

By the same reasoning as in the proof of Proposition 5.1, the extended version
of Lemma 3.3 as well as Proposition 3.5, derived for Problem (2.9), also hold
for Problem (7.2), with N replaced by Np. Then, since (γ∗sos,p, P ∗sos,p) satisfy
any subset of constraints of Optsos,p(ωN1+...+Np), it holds that ∀(x, j) ∈ ωNp ,

||(L̃p−1AjL̃−1
p−1x)[d]||Psos,p ≤ γ∗lsos,p||x[d]||P ∗sos,p . Hence, we can follow the same rea-

soning as in the proof of Theorem 3.3, applied to system L̃p−1MlL̃−1
p−1 instead of

the initial systemMl and obtain Equation (7.7).
By the same reasoning as in the proof of Proposition 5.1, B(Lp−1MlL−1

p−1) ≤
λ∗p(ωN1+...+Np )

δ(ε1) holds with probability at least β1. Combining both equations con-
cludes the proof.

7.2 Numerical illustration of the performance of
SOS adaptive sampling

We illustrate the benefits of resorting to adaptive sampling in the SOS setting on a
2-dimensional stable system for which no CQLF exists. Then, in the white-box
setting, SOS-based bounds significantly outperform quadratic bounds.

Example 7.1. ([LW95, Ex. 2.1])
Consider the 2-modal system of dimension 2 defined by

M = {
(

1− 1
2000

)
α2
(

0 0
1 0

)
,
(

1− 1
2000

)
α−1

(
cos π

4 sin π
4

− sin π
4 cos π

4

)
},

where α = 1
2

(
1 + (cos π

4 )−1
)
.
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Figure 7.2: Evolution of several upper bounds on the JSR of the system of Example
7.1 with the total number of samples used. The SOS-based bounds of Theorems
3.3 and 7.1, the quadratic bounds of Theorems 3.1 and 5.1 and the true value of
the JSR are plotted. The bound of Theorem 7.1 outperforms the SOS-based bound
obtained without resorting to adaptive sampling from 400 samples. It outperforms
all bounds from 3000 samples.

We rely on Heuristic 1, with n replaced by D =
(
d+n−1

d

)
, the new dimension of

the problem. Figure 7.2 presents the evolution of the upper bounds on the JSR
with the total number of samples. We plot the bounds of Theorems 3.1 and 3.3 (no
resorting to adaptive sampling, in the quadratic and in the SOS case), of Theorems
5.1 and 7.1 (adaptive sampling, in the quadratic and in the SOS case), and the true
value of the JSR as approximated by the JSR toolbox [LJP16]. We observe that
the bound of Theorem 7.1 outperforms all bounds for a sufficiently high number
of samples. It beats the SOS-based bound obtained without resorting to adaptive
sampling from 400 samples. While the latter requires more than 6000 samples
to outperform the one of Theorem 3.1, resorting to adaptive sampling allows to
observe the benefits of approximate SOS Lyapunov functions from a much lower
number of samples.
This example thus illustrates how combining our two contributions, that is SOS-
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based stability guarantees and the adaptive sampling approach, allows to obtain,
for a given number of samples and a given confidence level, the tightest bounds on
the JSR possible.
Note however than for higher dimensional systems, it often happens that ∆lift is
too large for the adaptive sampling bound to beat the bound of Theorem 3.3.
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Part IV

Conclusion
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Chapter 8

Summary of the contributions
and future prospects

In our everyday lives, the range of situations in which we interact with complex
and large-scale dynamical systems is ever growing. Who never encountered a drone,
was astonished by smart assistive technologies, or heard about the promises of
self-driving cars? Deeply understanding the properties of these systems is essential
to exploit their potential and ensure the security of their users. However, due to
the tremendous complexity of these systems, a closed-form model is not always
available, and one cannot directly rely on model-based techniques. Rather, new
methods based on data obtained through simulations of the system solely have to
be developed.
In this thesis, we handled the problem of stability analysis of black-box switched
linear systems, a first class of complex systems whose model is unknown. We met
the challenge of providing probabilistic guarantees holding in the whole state space,
based on a few observations of the underlying system. Hence, we were able to bridge
the gap between data and model-based control. We introduced new data-driven
approaches and derived novel probabilistic bounds on the JSR of switched linear
systems accordingly. Thereby, we were able to significantly improve an existing
bound, relying on the computation of CQLFs [KBJT19] [BJW21]. Moreover, to
the contrary of the existing bound, our approach does not require any assumption
on the system analyzed.
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8.1 Summary of the contributions
We summarize here our main achievements, and illustrate them in Figure 8.1.

Figure 8.1: Summary of the different contributions of this thesis. We improved
the existing probabilistic bound on the JSR of switched linear systems in several
ways. First, we provided a novel class of bounds, based on the computation of
approximate SOS Lyapunov functions. Additionally, this allowed us to derive two
new quadratic bounds. In a second time, we proposed a technique to reduce the
sample and computational complexity required to obtain tight bounds, and hence
made the problem tractable for high dimensions. Finally, we combined our two
contributions to improve our SOS-based bounds.

• First, we proposed in Chapter 3 a novel approach to derive probabilistic
bounds on the JSR, relying on the sensitivity analysis of a quasi-linear
optimization problem.
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This allowed to (i) get rid of the assumptions required when
resorting to the classical chance-constrained theory and (ii)
propose a novel class of bounds, based on approximate SOS
Lyapunov functions, providing more precise guarantees.

This approach yielded the derivation of three novel upper bounds. Firstly,
we proposed two novel quadratic bounds, that is the bounds of Theorems 3.1
and 3.2. Then, we derived a SOS-based bound, that is the bound of Theorem
3.3. We illustrated in Chapter 4 the following advantages of these bounds
over the one of [BJW21]:

1. They hold for all switched linear systems, to the contrary of the bound
of [BJW21] which only holds for non degenerate systems.

2. They are always finite.
3. They take advantage of longer traces, while the bound of [BJW21]

increases with the length of the trajectories.
4. They always outperform the bound of [BJW21] for large-scale problems

(of dimension larger than 6).
5. The SOS-based bounds can serve as stability certificate for stable systems

that do not admit a CQLF.
6. The confidence interval for the value of the JSR is smaller in the SOS

setting.

• Second, in Chapter 5, we improved our quadratic bounds on the JSR by
proposing a novel technique, based on adaptive sampling.

This adaptive sampling approach allowed us to reduce both the
sample and the computational complexity required to obtain
a bound on the JSR of given accuracy, holding with a certain
confidence level.

We derived two quadratic upper bounds based on this approach, that is the
bound of Theorem 5.1 and the bound of Theorem 5.2. We then provided
a heuristic whose results significantly improve the stability guarantees we
can obtain on black-box switched linear systems. Our heuristic presents the
following advantages:

1. Again, it does not require any assumption on the system analyzed.
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2. It outperforms existing techniques to reduce the sample complexity
required in the scenario approach.

3. It is a tractable method to provide tight bounds on the JSR of systems of
any dimension. Indeed, to obtain bounds on the JSR smaller than 250%
of its value, the sample and the computational complexity required by
the heuristic are significantly smaller (10 to 15 %) than what is required
by techniques that do not resort to adaptive sampling.

• Finally, in Chapter 6, we combined our two first contributions, that is our
SOS-based bounds and the adaptive sampling approach. We derived an
improved SOS-based bound, that is the bound of Theorem 7.1.

This allowed to significantly improve the accuracy of our SOS-
based bounds for a given number of samples, and hence to ob-
serve the benefits of resorting to approximate SOS Lyapunov
functions from a much lower number of samples.

8.2 Future work and possible further improve-
ments

While we already made noticeable advances in the field of data-driven stability
analysis of complex dynamical systems, we believe there exist several interesting
directions for future research.

• First, we could improve the stability guarantees obtained using the adaptive
sampling approach by deriving bounds taking into account not only the last
set of samples, but all the trajectories ever sampled. However, as explained
in Section 5.3, considering the changes of variables L1, ..., Lp−1 as random
variables hugely complexifies the analysis of the problem.

• Another improvement consists in deriving a bound on the distance separating
P o, the solution to Problem 2.3, from the sampled solution P ∗(ωN). This
would allow to directly optimize the theorems of Chapters 5 and 6 to obtain
the optimal values of the parameters to use in the adaptive sampling approach.

• One could also generalize the data-driven stability analysis of switched linear
systems to other Lyapunov functions, for instance to the path-complete
Lyapunov framework [PAAJ19].

• To reduce further the computational complexity of the problem, one could
rely on distributed algorithms [CSBC14].
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• In this thesis, we have considered the stability of switched linear systems
under arbitrary switching. In many applications, there exist constraints on
the values that the switching sequence can take [Lib03]. One could thus
adapt the results derived in our general setting to the case of constrained
switching scenario to obtain tighter results in this setting.

• Finally, the data-driven stability analysis can be extended to other classes of
complex dynamical systems.
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Appendix A

Polyhedral stability guarantees

A.1 Polyhedral Lyapunov functions
Polyhedral Lyapunov functions form a third important family of Lyapunov functions,
that can be used to obtain stability guarantees on switched linear systems [BM07].
They present the advantage of being non-conservative, which means that their
existence is both a sufficient and necessary condition for stability. On the other
hand, compared to quadratic or SOS Lyapunov functions, they can be extremely
complex and hard to compute. Indeed, polyhedral functions are based on polyhedral
sets, of the form S = {x ∈ Rn : Fix ≤ 1, i = 1, 2, .., s}, whose complexity is not
bounded by the space dimension but by the number of planes describing the set.
This number can be huge even for the simplest systems. We here only consider a
subset of polyhedral sets: C-polytopes.

Definition A.1. A C-polytope is a polyhedral set that is bounded, convex and
includes the origin as an interior point.

For a C-polytope S, let us define the norm

||x||S = min{λ ≥ 0 : x ∈ λS} = max
i=1,2,..,s

Fix.

This norm is a Lyapunov function if all modes are contractive with respect to it:
||Ax||S ≤ ||x||S, ∀A ∈M, ∀x ∈ Rn \ 0. In the spirit of CQFs and SOS forms and
dropping the common prefix again, we introduce polyhedral forms:

Definition A.2. A polyhedral form for System (2.1) with a finite set of matrices
M∈ Rn×n is a C-polytope S ⊂ Rn such that for some γ ≥ 0

||Ax||S ≤ γ||x||S, ∀A ∈M, ∀x ∈ Rn \ 0. (A.1)
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When γ < 1, polyhedral forms can serve as stability certificates. We can
also infer a lower bound on the JSR, whose accuracy increases by considering
traces of longer length, from the non-existence of such forms. We summarize these
observations in the following theorem:

Theorem A.1

[BM07, Thm. 6.27]
Consider a finite set of matricesM∈ Rn×n.

• If there exists γ ≥ 0 and a C-polytope S ⊂ Rn such that (A.1) holds,
then ρ(M) ≤ γ.

• If ρ(M) < γ
l√n , there exists a C-polytope S ⊂ Rn corresponding to a

polyhedral form forMl such that

||Ax||S ≤ γl||x||S, ∀A ∈Ml,∀x ∈ Rn \ 0.

Similarly to Problems (2.3) and (2.9), we seek for the minimal γ such that (A.1), for
the system defined by the setMl, is satisfied. We therefore consider the following
problem, whose solution is denoted by (γop , So):

min
S⊂Rn, γ≥0

γ s.t. ||Ax||S ≤ γl||x||S, ∀A ∈Ml,∀x ∈ S, S C-polytope. (A.2)

The restriction to the sphere is again due to the homogeneity of System (2.1). To
the contrary of Problems (2.3) and (2.9), related to quadratic and SOS Lyapunov
functions, Problem (A.2) does not belong to the class of SDP programs, and cannot
be solved as efficiently. In particular, it requires the computation of convex hulls of
specific sets, that is the computation of the smallest convex set containing the initial
set. We denote by conv(S) the convex hull of the set S ⊆ Rn. Problem (A.2) can
be solved by bisection on γ and resorting to a geometric algorithm [BM07, Section
5.4], [GP11] at each iteration. For a given value of γ, the geometric algorithm
requires an initial C-polytope X0 and recursively computes

Xk+1 := conv(Xk ∪
j∈Ml

Aj

γ
Xk), k = 1, 2, ...

until either, for some k̄,
(i) convergence is attained: Xk̄+1 = Xk̄ = X∞. This implies that γ is feasible for
Problem (A.2), and we decrease it at the next iteration.
(ii) Xk̄+1 ⊂ int{X0}, where int{S} denotes the interior of the set S, that is the
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largest open set included in S. This implies that γ is infeasible for Problem (A.2),
and we increase it at the next iteration.
It has been proven [BM07, Section 5.4], [GP11] that in either cases, the geometric
algorithm terminates in a finite number of steps.
Similarly to the quadratic and SOS setting, we define a sampled problem associated
to Problem (A.2):

min
S⊂Rn, γ≥0

γ s.t. ||Ax||S ≤ γl||x||S, ∀(x, j) ∈ ωN , S C-polytope. (A.3)

We denote Problem (A.3) by Optpoly(ωN ) and its solution by (γ∗poly(ωN ), S∗poly(ωN )).
To extend the white-box algorithm to our sampled setting, we define the following
sets:

Ωk(ωN) := { Ajx

||x||X̃k(ωN )
: (x, j) ∈ ωN} ∪ {

−Ajx

|| − x||X̃k(ωN )
: (x, j) ∈ ωN}, (A.4)

and propose the following algorithm, adapted from [WJ21]:

Algorithm 6: Data-driven computation of a polyhedral bound on the
JSR
Input: C-polytope X, set ωN ⊂ Zl, accuracy on the bisection α > 0, upper

bound on the JSR U , tolerance ε > 0
Result: (γ∗poly(ωN), S∗poly(ωN))

1 initialization: ub=U , lb=0;
2 while ub− lb > α do
3 γ = ub−lb

2 , k = 0, X̃0(ωN) = X;
4 while conv(X̃k(ωN) ∪ Ωk(ωN)) * (1 + ε)X̃k(ωN) and

conv(X̃k(ωN) ∪ Ωk(ωN)) * (1 + ε)X do
5 X̃k+1(ωN) = conv(X̃k(ωN) ∪ Ωk(ωN));
6 k = k + 1;
7 end
8 if conv(X̃k(ωN) ∪ Ωk(ωN)) ⊆ (1 + ε)X̃k(ωN) then
9 ub=γ;

10 else
11 lb=γ;
12 end
13 end
14 γ∗poly(ωN) = ub, S∗poly(ωN) = X̃k(ωN)

This algorithm converges to a feasible solution of Problem (A.3) [WJ21, Thm. 1].
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The stopping criterion ε is included to ensure the finite-time convergence of the
algorithm. It now remains to infer a probabilistic bound on the cost of Problem
(A.2) from the solution to Problem (A.3). Similarly to the quadratic setting, we
can do so by relying on two different approaches: using theorems from chance-
constrained optimization, or by relying on sensitivity analysis. We present here
both approaches to be able to compare the accuracy of the bounds obtained.

A.2 Polyhedral probabilistic upper bounds on
the JSR

A.2.1 From approximate to actual polyhedral Lyapunov
functions

Concepts from this section are adapted from [WJ21, Section 4.A].
Let us suppose that we have a C-polytope S ⊂ Rn−1 and a γ > 0 such that

µl({x ∈ S : ||Ax||S ≤ γl||x||S, ∀A ∈Ml}) ≥ 1− ε. (A.5)

In other terms, S and γ define a ε-approximate polyhedral form, which becomes
a ε-approximate Lyapunov function if γ < 1. The solution to Problem (A.3),
(γ∗poly(ωN), S∗poly(ωN)), will satisfy Equation (A.5) for a certain ε.
Using geometric tools, we seek to transform this property holding almost everywhere
in the state space into a relaxed inequality holding for all points on the sphere.
Before stating our proposition, we introduce two geometric concepts:

Definition A.3. Let S ⊆ Rn be a C-polytope, ε ∈ (0, 1
2) and V(S) be the set of

vertices of S. We define:

λmin(S, ε) := min
u∈V(S)

λ(u, S, ε) (A.6)

where λ(u, S, ε) := max
α≥0
{α : αu ∈ conv(S ∩ C̄(u, ε))}, C̄(u, ε) := {x ∈ Rn : uTx ≤

||x||||u||δ(ε)}, and δ(·) is given by (3.7).

Definition A.4. Let S ⊆ Rn be a C-polytope, ε ∈ (0, 1
2), V(S) be the set of

vertices of S and F(S) be the set of facets of S. We define:

λ(S, ε) := min
u∈V(S)

δ(ε)dmin(u, S, ε)
||u||

(A.7)

where dmin(u, S, ε) := min
f∈F(S)

dfmin(u, S, ε),

dfmin(u, S, ε) := min
x∈f
{||x|| : uTx ≥ δ(ε)||x||||u||} and δ(·) is given by (3.7).
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Remark A.1. We can prove [WJ21, Lem. 1] that λmin(S, ε) ≥ λ(S, ε). Namely,
λ(S, ε) is a relaxation of λmin(S, ε). It is determined by a convex optimization
problem and can thus efficiently be computed, to the contrary of λmin(S, ε), which
requires the computation of the convex hull of a set composed of nonlinear inequal-
ities.

We now relate the observation (A.5) to a property satisfied everywhere in the
state space by S and γ:

Proposition A.1. Adapted from [WJ21, Prop. 3] Let γ > 0 and S ⊂ Rn, a
C-polytope, be such that (A.5) is satisfied for a given ε ∈ (0, 1

2). Let λmin(S, ε) be
given by (A.6) and λ(S, ε) be given by (A.7). Then, it holds that:

||Ax||S ≤
γl

λmin(S, ε) ||x||S ≤
γl

λ(S, ε) ||x||S, ∀x ∈ S, ∀A ∈Ml (A.8)

Proof. By [WJ21, Prop. 3], it holds that if µl({x ∈ S : ||Ax||S ≤ ||x||S, ∀A ∈
Ml}) ≥ 1− ε, then ∀A ∈Ml, x ∈ S implies Ax ∈ 1

λmin(S,ε)S. Hence, if µ
l({x ∈ S :

||Ax||S ≤ γl||x||S, ∀A ∈ Ml}) ≥ 1 − ε ⇐⇒ µl({x ∈ S : ||Ax||S ≤ ||x||S, ∀A ∈
Ml

γl
}) ≥ 1− ε, then ∀A ∈ Ml

γl
, x ∈ S implies Ax ∈ 1

λmin(S,ε)S ⇐⇒ ∀A ∈M
l, x ∈ S

implies Ax ∈ γl

λmin(S,ε)S. Since, ∀x ∈ S, x
||x||S

∈ S, it holds that, ∀x ∈ S, ∀A ∈Ml,
Ax ∈ γl||x||S

λmin(S,ε) . Therefore, ||Ax|| ≤
γl||x||S
λmin(S,ε) and the proof is concluded.

Proposition A.1 allows to infer the existence of a polyhedral form holding
everywhere (and thus solution to Problem (A.2)) from an approximate polyhedral
form, solution of Problem (A.3), valid everywhere except on a subset of measure at
most ε. It remains to derive the probability with which the first property holds, for
the solution of Problem (A.3).

A.2.2 Polyhedral upper bounds
First, based on a sensitivity analysis approach, we obtain the following upper bound
on the JSR:

Theorem A.2

(adapted form [WJ21, Thm. 2])
Consider a set of matricesM, and a uniform random sample ωN ∈ ZN

l . Let
(γ∗poly(ωN ), S∗poly(ωN )) be the optimal solution to Problem (A.3). Let s(ωN ) be
the number of samples (x, j) in ωN such that γ∗lpoly(ωN \ {(x, j)}) < γ∗lpoly(ωN)
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and ε : {0, ..., N} −→ [0, 1] be given by:

ε(k) :=


1 if k = N

1− N−k

√
1−β
N(Nk)

if 0 ≤ k < N

for any β ∈ [0, 1). Then, with probability at least β, the following holds:

ρ(M) ≤ l

√√√√ γ∗poly(ωN)l
λmin(S∗poly(ωN), I(4(δ2(ε(β,N))− δ4(ε(β,N))); n−1

2 , 1
2)/2

≤ l

√√√√ γ∗poly(ωN)l
λ(S∗poly(ωN), I(4(δ2(ε(β,N))− δ4(ε(β,N))); n−1

2 , 1
2)/2

(A.9)

where δ(·) is given by (3.7), λmin(S, ε) is given by (A.6) and λ(S, ε) is given
by (A.7).

The proof follows directly from [WJ21, Thm. 2] and the argument of the proof of
Proposition A.1. Based on chance-constrained optimization [CGR18], we obtain
another polyhedral probabilistic bound on the JSR of our system:

Theorem A.3

Consider the same notation as in Theorem A.2. For any β ∈ [0, 1), let ε(β,N)
be such that

β = 1−
2ml

(
1− ε(β,N)

ml

)N
I(1−δ(ε(β,N))

2 ; n−1
2 , 1

2)
.

Then, with probability at least β, the following holds:

ρ(M) ≤ l

√√√√ γpoly(ωN)∗l
λmin(S∗poly(ωN),mlε(s(ωN))) ≤

l

√√√√ γ∗lpoly(ωN)
λ(S∗poly(ωN),mlε(s(ωN)))

(A.10)

where δ(·) is given by (3.7), λmin(S, ε) is given by (A.6) and λ(S, ε) is given
by (A.7).

Proof. A classical chance-constrained theorem [CGR18, Thm. 11] ensures that
∀β ∈ (0, 1),

µNl {ωN ∈ ZN
l : µl(Vpoly(ωN) ≤ ε(s(ωN))} ≥ β
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where Vpoly(ωN) = {(x, j) ∈ Zl : ||Ax||S∗
poly

(ωN ) > γ∗lpoly(ωN)||x||S∗
poly

(ωN )} Then,
by projecting the set of violated constraints onto the sphere, it holds that with
probability at least β, µl{x ∈ S : ||Ax||S∗

poly
(ωN ) ≤ γ∗lpoly(ωN)||x||S∗

poly
(ωN )})} ≥

1−mlε(s(ωN)).
Hence, by Proposition A.1, with probability at least β,

||Ax||S∗
poly

(ωN ) ≤
γpoly(ωN)∗l

λmin(S∗poly(ωN),mlε(s(ωN))) ||x||S
∗
poly

(ωN )

≤
γ∗lpoly(ωN)

λ(S∗poly(ωN),mlε(s(ωN))) ||x||S
∗
poly

(ωN ), ∀x ∈ S, ∀A ∈Ml

which concludes the proof.

Remark A.2. While presenting the advantage of being non-conservative, the
bounds of Propositions A.2 and A.3 are computationally expensive, especially when
the dimension increases. Indeed, one has to compute the convex hull of several sets
when applying Algorithm 6 to obtain (γ∗poly(ωN), S∗poly(ωN)), and the computation
of λ(S∗poly(ωN),mlε(s(ωN))) becomes expensive when the number of vertices of
S∗poly(ωN) increases, which always happens when the dimension increases.
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Appendix B

Continuity argument for Lemma
3.3

We prove the equivalence between the two following statements:

(S1) There exists a set ω ∈ Zdquad+1
l with |ω| = dquad + 1 such that γ∗(ω) = γo.

(S2) For any ε > 0, there exists a set ω ∈ Zdquad+1
l with |ω| = dquad + 1 such that

γ∗(ω) > γo − ε.

Clearly, if (S1) holds then (S2) holds. Suppose that (S2) holds. Then, we can
construct a sequence {(ωk, εk)} where ωk ∈ Z

dquad+1
l , |ωk| = dquad + 1 and εk+1 ≤ εk

such that εk −→ 0 and γ∗(ωk) > γo − εk. Taking the limit on both sides yields
lim
k−→∞

γ∗(ωk) ≥ γo. Hence, since by definition, ∀ωk ∈ Z
dquad+1
l , γ∗(ωk) ≤ γo, it holds

that lim
k−→∞

γ∗(ωk) = γo. For (S1) to hold, we have to prove that this limit exists.
By compactness of the set Zl, {ωk} (or a subsequence of {ωk}) converges to a limit
ω̄ = lim

k−→∞
ωk [Tes18]. It now remains to show that that γ∗(·) is continuous, which

implies that γ∗(ω̄) = lim
k−→∞

γ∗(ωk) = γo so that (S1) holds [Tes18]. For a given ε̄ > 0,
we define δ̄ := ε̄l

2κ(P ) max
A∈Ml

||A||+ε̄l . From ω̄ = {(xi, ji) ∈ Zl, i = 1, 2, ..., dquad + 1}, we

define a set ω̄′ = {(x′i, ji), i = 1, 2, ..., dquad + 1} such that ∆xi = ||xi − x′i|| ≤ δ̄ for
i = 1, 2, ..., dquad+1. Then, we prove that |γ∗(ω̄′)− γ∗(ω̄)| ≤ ε̄. Indeed,

1. Let us consider x, j and γ∗ such that ||∆x|| ≤ δ̄ and ||Ajx||P ≤ γ∗l||x||P . We
then prove that ||Aj(x+ ∆x)||P ≤ (γ∗l + ε̄l)||x+ ∆x||P .
Observe that by definition of Problem (3.2), γ∗l ≤ max

A∈Ml
||A|| which is a feasible

solution associated to P = In, and that ||x+∆x||P ≥
√
λmin(P )(||x||−||∆x||).
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Hence, by a reasoning similar to the derivation of Proposition 3.2, we have:

||Aj(x+ ∆x)||P ≤
γ∗l + (γ∗l + max

A∈Ml
||A||)δ̄

√
λmax(P )

||x+ ∆x||P

 ||x+ ∆x||P

≤
(
γ∗l + 2max

A∈Ml
||A||δ̄ κ(P )

1− δ̄

)
||x+ ∆x||P

≤ (γ∗l + ε̄l)||x+ ∆x||P

by definition of δ̄.

2. Conversely, consider x, j and γ∗ such that ||∆x|| ≤ δ̄ and ||Aj(x+ ∆x)||P ≤
γ∗l||x+ ∆x||P . We then prove that ||Ajx||P ≤ (γ∗l + ε̄l)||x||P . Indeed, then,

||Ajx||P ≤
(3.12)

||Aj(x+ ∆x)||P + ||Aj∆x||P ≤ γ∗l||x+ ∆x||P + ||Aj||δ̄||L||

≤
||x||=1

(
γ∗l + (γ∗l + max

A∈Ml
||A||)δ̄κ(P )

)
||x||P

≤
(
γ∗l + 2max

A∈Ml
||A||δ̄ κ(P )

1− δ̄

)
||x||P ≤ (γ∗l + ε̄l)||x||P

Hence, for a variation of the initial states in ωk smaller than δ̄, we have proved that
|γ∗(ω̄′)− γ∗(ω̄)| ≤ ε̄. In addition, from the convergence of {ωk}, for any 0 < ε < 1,
there exists a l ≥ 0 such that the components in ωk corresponding to the modes
(i.e. ji) do not change (or have reached the limit) for all k > l, which concludes the
proof.
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Appendix C

Non-degeneracy of Problem
(3.14)

Following an argument of [BJW21], we prove that if there exists no matrix A ∈Ml

such that ATA = γIn for some γ ∈ R≥0, then Problem (3.14) is non-degenerate
with probability one.
Suppose by contradiction that the probability that ωN1 = (x, j) ∈ Zl and ωN ′ =
(x′, j′) ∈ Zl are two distinct essential sets for Problem (3.14) is non zero. Conse-
quently, the probability that (x, j) is an essential set for Problem (3.4) and that
||Aj′x

′|| = λ∗(ωN1), where λ∗(ωN1) is the solution to Problem (3.14), is non-zero.
However, for any non-zero polynomial on Rn P (x), the set of points x ∈ Rn

satisfying P (x) = 0 has zero Lebesgue measure [Tes18, Problem 2.15]. Hence, if
||Aj′x

′|| − λ∗(ωN1) = 0 holds with a non-zero probability, ||Aj′x|| − λ∗(ωN1) = 0 for
all x ∈ S, which contradicts the assumption that there exists no matrix A ∈Ml

such that ATA = γIn for some γ ∈ R≥0.
Since ωN1 and ωN2 are arbitrary, the probability that there exist two distinct
essential sets for Problem (3.14) is zero: for instance, if (x, j) ∈ ωN is an essential
set for this problem, the probability that (−x, j) also belongs to ωN is zero.
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Appendix D

Adaptation of Theorem 3.2 to the
adaptive sampling setting

Theorem 5.1 adapts Theorem 3.1 to provide a bound on the JSR based on the
adaptive sampling approach. Similarly, we extend the bound of Theorem 3.2 and
propose a second quadratic bound, based on the last Np samples only.

Theorem D.1

Let Assumptions 5.1 and 5.2 hold. For any β ∈ [0, 1) and β1 ∈ [0, 1), let
ε = ml

(
1− Np

√
1−β

dquad+1

)
and ε1 = ml

2 (1 − Np
√

1− β1). Let (γ∗p(Ωp), P ∗(Ωp))
denote the solution to Optp(ωN1+...+Np). Then, with the same notation as in
Theorem 5.1, with probability at least β + β1 − 1, the following holds:

ρ(M) ≤
2l

√
γ∗p(Ωp)2l +

(
A(ε1)2(2∆(ε) + ∆(ε)2) + γ∗p(Ωp)2l(2∆(ε)−∆(ε)2)

)
κ2(P ∗p (Ωp)).

The proof follows exactly the same lines as he proof of Theorem 5.1.
We now compare the bounds of Theorem 5.1 and 5.12 on a numerical experiment.
Figure D.1 plots the evolution of both bounds with the dimension of the system.
As expected since the number of samples used in the last phase is low, the bound
of Theorem D.1 beats the one of Theorem 5.1 when the dimension of the system is
lower than 10. It thus outperforms the bound of Theorem 5.1 in a wider range of
situations than the situations in which the bound of Theorem 3.2 outperforms the
one of Theorem 3.1.
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Figure D.1: Evolution of upper bounds based on adaptive sampling with the
dimension of the system. The bounds are yielded by the application of Heuristic 1
on 2-modals systems of various dimension, for a total number of samples of 1500.
The bounds of Theorems 5.1 and D.1, as well as the true value of the JSR are
plotted. When the dimension is lower than 10, the bound of Theorem D.1 is the
tightest.
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Appendix E

Derivation of theoretical bounds
based on all samples in the
adaptive sampling approach

We consider the two-phase adaptive sampling approach where P2 is fixed to the
identity in the second phase. We provide a probabilistic bound on the JSR by
analysing Opt2,Ik(ωN1+N2) based on all points sampled and not only on ωN2 . To
this aim, we consider the joint distribution of ωN1 and ωN2 . We base our analysis on
the stage-wise coupled scenario approach with re-sampling proposed in [KML16].
In the first phase, we solve Opt1(ωN1) with N1 samples. In the second phase, we
solve Opt2(P ∗1 (ωN1), ωN2), with solution γ∗2(P ∗1 (ωN1), ωN2):

min
γ2≥0

γ2 s.t. ||L1AjL
−1
1 x|| ≤ γl2, ∀(x, j) ∈ ωN2 , (E.1)

where P ∗1 (ωN1) = LT1L1. Clearly, for any fixed P ∗1 (ωN1), Opt2(P ∗1 (ωN1), ωN2) is
feasible and its minimizer is unique. Moreover, it is convex with respect to γ2.
The solution γ∗2,I(ωN1+N2) to Opt2,Ik(ωN1+N2) is given by the maximum between
γ∗1(ωN1) and γ∗2(P ∗1 (ωN1), ωN2). We introduce here the notation used this appendix:

Assumption E.1. We consider an n-dimensional switched linear system as in (2.1),
whose set of m modes is denoted byM ⊂ Rn×n. Let N1 ≥ dquad+1, N2 ≥ 2 and
N = N1 +N2. We consider two independent samples ωN1 ∈ ZN1

l and ωN2 ∈ ZN2
l ,

whose union is denoted by ωN . We denote by (γ∗1(ωN1), P ∗1 (ωN1)) the solution to
Opt1(ωN1) and by γ∗2(P ∗1 (ωN1), ωN2) the solution to Opt2(P ∗1 (ωN1), ωN2). L1 denotes
the Cholesky decomposition of P ∗1 (ωN1).

We will make use of Corollary 2.2. Hence, we require the following assumption
on the system analyzed, allowing the problem to be non-degenerate:
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Assumption E.2. The system analyzed is defined by a setM⊂ Rn×n such that
∀A ∈M, there exists no P ∈ Sn++ and γ > 0 satisfying ATPA = γ2P .

Then, by combining results from Proposition 2.3, [KML16] and [KBJT19], we
obtain the following proposition:

Proposition E.1. Let Assumptions E.1 and E.2 hold. For any β1, β2 ∈ (0, 1) such
that β = β1 +β2−1 ∈ (0, 1), let ε1(β1, N1) = 1−I−1(1−β1;N1−dquad−1, dquad) and
ε2(β2, N2) = 1 − N2

√
1− β2. Let ε(β1, N1, β2, N2) = ε1(β1, N1) + ε2(β2, N2). Then,

with confidence at least β, it holds that: (Ajx)TP ∗1 (ωN1)Ajx ≤ (γ∗1(ωN1))2lxTP ∗1 (ωN1)x
||L1AjL

−1
1 x|| ≤ (γ∗2(P ∗1 (ωN1), ωN2))l

∀x ∈ S \ S̃, ∀j ∈M l (E.2)

where S̃ ⊂ S has measure σn−1(S̃) ≤ ε(β1, N1, β2, N2)ml.

Proof. We define the following sets of violated constraints:

• V1(ωN1) := {(x, j) ∈ Zl : (Ajx)TP ∗1 (ωN1)Ajx > (γ∗1(ωN1))2lxTP ∗1 (ωN1)x}: set
of violated constraints in Opt1(ωN1).

• V2(P ∗1 (ωN1), ωN2) := {(x, j) ∈ Zl : ||L1AjL
−1
1 x|| > (γ∗2(P ∗1 (ωN1), ωN2))l}: set

of violated constraints in Opt2(P ∗1 (ωN1), ωN2).

• V (ωN) := {(x, j) ∈ Zl : (Ajx)TP ∗1 (ωN1)Ajx > (γ∗1(ωN1))2lxTP ∗1 (ωN1)x or
||L1AjL

−1
1 x|| > (γ∗2(P ∗1 (ωN1), ωN2))l}: union of violated constraints.

By Corollary 2.2, it holds that

µN1
l {ωN1 ∈ ZN1

l : µl(V1(ωN1)) ≤ ε1(β1, N1)} ≥ β1.

By Corollary 2.1, it holds that

µN2
l {ωN2 ∈ ZN2

l : µl(V2(P ∗1 (ωN1), ωN2)) ≤ ε2(β2, N2)} ≥ β2.

Then, we obtain the following joint result from [KML16, Prop. 2]:

µNl {ωN ∈ ZN
l : µl(V (ωN)) ≤ ε} ≥ β.

Projecting V (ωN) on S in a similar way as in [KBJT19, Cor. 1] concludes the
proof.
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Since P ∗1 (ωN1) = LT1L1, we can rewrite Equation (E.2) as follows:

(L1AjL
−1
1 x)TL1AjL

−1
1 x ≤ (γ∗1(ωN1))2lxTx, ∀x ∈ L1(S \ S̃), ∀j ∈M l

||L1AjL
−1
1 x|| ≤ (γ∗2(P ∗1 (ωN1), ωN2))l, ∀x ∈ S \ S̃, ∀j ∈M l.

By homogeneity of the dynamics, the first inequality becomes:

(L1AjL
−1
1 x)TL1AjL

−1
1 x ≤ (γ∗1(ωN1))2lxTx, ∀x ∈ S \ ΠS(L1(S̃)), ∀j ∈M l

⇐⇒ ||L1AjL
−1
1 x|| ≤ (γ∗1(ωN1))l, ∀x ∈ S \ ΠS(L1(S̃)), ∀j ∈M l

Hence, since γ∗2,I(ωN1+N2) = max(γ∗1(ωN1), γ∗2(P ∗1 (ωN1), ωN2)), we have:

||L1AjL
−1
1 x|| ≤ (γ∗2,I(ωN1+N2))l, ∀x ∈ S \

(
S̃ ∩ ΠS(L1(S̃))

)
, ∀j ∈M l

Let us denote σn−1(S̃ ∩ ΠS(L1(S̃))) = σn−1({x ∈ S̃ : ∃y ∈ S̃ s.t. x = L1y
||L1y||}) by

ε̃(β1, N1, β2, N2). Then, following the same lines as in the derivation of [KBJT19,
Thm. 5], we obtain the following upper bound on the JSR:

Theorem E.1

Let Assumptions E.1 and E.2 hold. Then, for any β1, β2 ∈ (0, 1) such that
β = β1 + β2 − 1 ∈ (0, 1), with probability at least β, it holds that:

ρ(M) ≤
γ∗p,I(ωN1+...+Np)

l

√
δ(1

2 ε̃(β1, N1, β2, N2))
(E.3)

where ε̃(β1, N1, β2, N2) = σn−1(S̃ ∩ ΠS(L1(S̃))),
σn−1(S̃) = ml

(
1− I−1(1− β1;N1 − dquad − 1, dquad) + 1− N2

√
1− β2

)
,

and δ(·) is given by (3.7).

The bound of Theorem E.1 can outperform the one of Theorem 5.2 only if
ε̃(β1, N1, β2, N2) < ε(β1, N1, β2, N2). Indeed, otherwise, it is too conservative. Unfor-
tunately, without further assumptions, it can be the case that σn−1(S̃∩ΠS(L1(S̃))) =
σn−1(S̃), as illustrated on Figure E.1. However, we believe that if ε(β1, N1, β2, N2)
is sufficiently high, the measures of these two sets do not coincide. We leave
investigation of this track for further work.
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Figure E.1: Illustration of a case, in two dimensions, where S̃ ∩ ΠS(L1(S̃)) = S̃. S̃
is presented in red and L1(S̃) is presented in pink. Clearly, the projection of L1(S̃)
on the sphere covers S̃.

In a second time, we show why we cannot straightforwardly extend our sensitivity
analysis to provide a bound on the JSR based on all trajectories sampled, in the
adaptive sampling approach. We consider the case where the number of phases is
fixed to 2.
Let γ′o(L1) be the solution to Opt(L1). By Lemma 3.3 and the same argument as
in the proof of Theorem 5.1, there exists a set ωs ∈ ZN

l , with |ωs| = dquad + 1, such
that γ∗(ωs) = γ′o(L1). γ∗(ω′s) is the optimal cost of:

min
P, γ≥0

γ s.t. (Lp−1AjL−1
p−1x)TPLp−1AjL−1

p−1x ≤ γ2lxTPx, ∀(x, j) ∈ ω′s
P � In, ||P || ≤ C for a large C ∈ R≥0.

We now seek to extend Proposition 3.1 to take into account the constraints of
Opt2(ωN1+N2) associated not only to the trajectories in ωN2 , but also to the trajec-
tories in ωN1 . Since N2 is uniformly sampled in the system considered, ∀(x′, j) ∈ ωs,
µN2
l {ωN2 ∈ ZN2

l | xi /∈ C(x′, ε) or ji 6= j’ ∀(xi, ji) ∈ ωN2} = (1 − ε
ml

)N2 . This holds
by the same argument as in the proof of Proposition 3.1.
If L1 is fixed, we can also prove that ∀(x′, j) ∈ ωs, µN1

l {ωN1 ∈ ZN1
l | L1xi

||L1xi|| /∈
C(x′, ε) or ji 6= j’ ∀(xi, ji) ∈ ωN1} = (1− ε√

det(LT1 L1)λmin(LT1 L1)nml
)N2 . Indeed, for all
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(x, j) ∈ Zl, L1x
||L1x|| ∈ C(x

′, ε) ←→ L1x
||L1x|| ∈ C(x

′, ε) ←→ x ∈ πS(L−1
1 C(x′, ε)), where

πS(A) denotes the projection of the set A on the sphere: for any z ∈ A, πS(z) = z
||z|| .

Let λ(·) be the Lebesgue measure; and for any A ⊂ S, let SA := {tA, t ∈ [0, 1]}
and σn−1(A) = λ(SA). Then, 1

λmax(L)S
LA ⊂ SπS(LA) for any A ⊂ S. Hence,

σn−1(πS(L−1
1 C(x′, ε))) = λ(SπS(L−1

1 C(x
′,ε))) ≥ λ

 SL−1
1 C(x

′,ε)

λmax(L−1
1 )

 = λ(L−1
1 (SC(x′,ε)))

λmax(L−1
1 )n

= |det(L
−1
1 )|λ(SC(x′,ε))

λmax(L−1
1 )n

= σn−1(C(x′, ε)√
det(LT1L1)λmin(LT1L1)n

= ε√
det(LT1L1)λmin(LT1L1)n

.

Then, we are tempted to combine the probabilities and improve Proposition 3.1.
However, one crucial mistake has been made: we cannot consider L1 to be fixed
and ωN1 to be random. Hence, the second part of the argument is wrong, and we
cannot straightforwardly take into account the information provided by ωN1 .
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Appendix F

Comparison of the bounds of
Theorems 5.1 and 5.2

We seek to compare the bounds of Theorems 5.2 and 5.1, related respectively to
the cases where Pp is fixed to the identity or not. First, we relate the costs of the
respective problems:

Lem F.1. Let ωNp be a uniform random sampling for system Lp−1MlL−1
p−1. Let

(γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np)) be the optimal solution to Optp(ωN1+...+Np), and
γ∗p,I(ωN1+...+Np) be the optimal solution to Optp,I(ωN1+...+Np). Then, it holds that

γ∗p,I(ωN1+...+Np) ≤ κ(P ∗p (ωN1+...+Np))γ∗p(ωN1+...+Np).

Proof. Let Ω = ωNp ∪ {(x′, j) : x′ = Lp−1x, (x, j) ∈ ωNp−1} ∪ ... ∪ {(x′, j) : x′ =
Lp−1x, (x, j) ∈ ωN1}. Then, for all P ∈ Sn++,

γ∗p,I(ωN1+...+Np) = max
(x,j)∈Ω

l

√
||Lp−1AjL−1

p−1x|| ≤ max
(x,j)∈Ω

l

√√√√√ ||L−1||||Lp−1AjL−1
p−1x||P

||x||P
||L||

= max
(x,j)∈Ω

l

√√√√κ(P )
||Lp−1AjL−1

p−1x||P
||x||P

Taking P = P ∗p (ωN1+...+Np) concludes the proof.

Let (γ, P ) denote (γ∗p(ωN1+...+Np), P ∗p (ωN1+...+Np)), the optimal solution to
Optp(ωN1+...+Np); and let γI denote γ∗p,I(ωN1+...+Np), the solution to
Optp,I(ωN1+..+Np). As observed before, λ∗p(ωN1+...+Np), the solution to Problem
(5.8), is given by λ∗p(ωN1+...+Np) = γlI . For given β, β1 ∈ (0, 1); let β̄1 = β + β1 − 1,
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ε = ml

(
1− Np

√
1f−β
dquad+1

)
, ε1 = ml

2 (1− Np
√

1− β1) and ε̄1 = ml

2 (1− Np

√
1− β̄1). We

seek to prove that in the context of adaptive sampling, the bound of Theorem 5.1
outperforms the bound of Theorem 5.2. This means that ∀β, β1 ∈ (0, 1),

γI
l

√
δ(ε̄1)

≤ l

√√√√γl + (γl + γlI
δ(ε1))

√
2− 2δ(ε)κ(P )

⇐⇒ γlI
δ(ε̄1) ≤ γl + (γl + γlI

δ(ε1))
√

2− 2δ(ε)κ(P ),

where δ(·) is given by (3.7). Note that δ(·) is a decreasing function. Hence, when
β1 = β,

1− β̄1 ≥ 1− β1 ≥
1− β

dquad + 1 =⇒ ε̄1 ≤ ε1 ≤ ε =⇒ δ(ε̄1) ≥ δ(ε1) ≥ δ(ε). (F.1)

In the adaptive sampling context, we consider that κ(P ∗p (ωN1+..+Np)) is relatively
low or that Np, the number of trajectories sampled in the last phase, is itself low.
We consider the following cases:

1.
√

2− 2δ(ε)κ(P ) ≥ 1. Then, since γlI
δ(ε1) is non-negative,

γlI
δ(ε1) ≥ γl

(1 +
√

2− 2δ(ε)κ(P ))

(1−
√

2− 2δ(ε)κ(P ))

=⇒ γlI
δ(ε̄1) ≤(F.1)

γlI
δ(ε1) ≤ γl + (γl + γlI

δ(ε1))
√

2− 2δ(ε)κ(P )).

2.
√

2− 2δ(ε)κ(P ) ≤ 1. This implies that δ(ε) ≥ 1
2 . We analyze the function

f(κ(P ), δ(ε)) = δ(ε)
1 +

√
2− 2δ(ε)κ(P )

κ(P )l −
√

2− 2δ(ε)κ(P )l+1
− 1.

Indeed, if f(κ(P ), δ(ε)) is non-negative for all κ(P ) ≥ 1, δ(ε) ∈ (0.5, 1), then
κ(P )l
δ(ε) (1−

√
2− 2δ(ε)κ(P )) ≤ 1 +

√
2− 2δ(ε)κ(P )

⇐⇒ γlI
δ(ε1)(1−

√
2− 2δ(ε)κ(P )) ≤

Lem. F.1

κ(P )lγl
δ(ε1) (1−

√
2− 2δ(ε)κ(P ))

≤
(F.1)

κ(P )lγl
δ(ε) (1−

√
2− 2δ(ε)κ(P )) ≤ γl + γl

√
2− 2δ(ε)κ(P ))

⇐⇒
(F.1)

γlI
δ(ε̄1) ≤ γl + γl

√
2− 2δ(ε)κ(P )) + γlI

δ(ε1)
√

2− 2δ(ε)κ(P ).
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The derivative of f(κ(P ), δ(ε)) with respect to κ(P ) is given by:

δ(ε)κ(P )l−1 (2− 2δ(ε))lκ(P )2 + 2
√

2− 2δ(ε)κ(P )− l

(κ(P )l −
√

2− 2δ(ε)κ(P )l+1)2
.

Its roots are given by κ(P ) = −1±
√

1+l2
l
√

2−2δ(ε)
, so that f(κ(P ), δ(ε)) admits a mini-

mum in κ(P ) when κ(P ) =
√

1+l2−1
l
√

2−2δ(ε)
. Two subcases have to be considered:

(a)
√

1+l2−1
l
√

2−2δ(ε)
≤ 1, implying δ(ε) ≤

√
1+l2
l2
− 1

2 . Note that this only happens
when l = 1. Then, f(κ(P ), δ(ε)) is minimal in κ(P ) when κ(P ) = 1.
The derivative of f(1, δ(ε)) with respect to δ(ε) is given by:

(2δ(ε)− 1)
√

2− 2δ(ε)− 2δ(ε)

(1−
√

2− 2δ(ε))2
√

2− 2δ(ε)

which is always negative for δ(ε) ∈ (0, 1). Hence, f(1, δ(ε)) always
decreases in δ(ε), and achieves its minimum for δ(ε) = 1. Since f(1, 1) =
0, f(κ(P ), δ(ε)) is non-negative for all κ(P ) ≥ 1, δ(ε) ∈ (0.5,

√
1+l2
l2
− 1

2).

(b)
√

1+l2−1
l
√

2−2δ(ε)
≥ 1, implying δ(ε) ≥

√
1+l2
l2
− 1

2 . Then, f(κ(P ), δ(ε)) is minimal

in κ(P ) when κ(P ) =
√

1+l2−1
l
√

2−2δ(ε)
. We thus analyze

f(
√

1 + l2 − 1
l
√

2− 2δ(ε)
, δ(ε)) = δ(ε)(

l
√

2− 2δ(ε)
√

1 + l2 − 1
)l

1 +
√

1+l2−1
l

1−
√

1+l2−1
l

− 1.

Clearly, this expression is not always positive: when δ(ε) = 1, for
instance, it is equal to −1. However, the derivative of f(

√
1+l2−1

l
√

2−2δ(ε)
, δ(ε))

with respect to δ(ε) is given by:

 l
√

2− 2δ(ε)
√

1 + l2 − 1

l
√

2− 2δ(ε)− δ(ε)
√

1+l2−1
l
√

2−2δ(ε)
− 2(

√
1+l2−1
l

)2
√

2− 2δ(ε)√
2− 2δ(ε)(1−

√
1+l2−1
l

)2
.

This expression, depending on l, is either always negative, or is decreasing
and admits a unique root in the interval δ(ε) ∈ (0.5, 1]. Hence, since
f(
√

1+l2−1
l
√

2−2δ(ε)
, 0.5) is positive, f(

√
1+l2−1

l
√

2−2δ(ε)
, δ(ε)) remains positive until it

reaches a root in the interval (0.5, 1].
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Let δ̄(ε) be the value of this root, and let κ̄(P ) be equal to
√

1+l2−1
l
√

2−2δ̄(ε)
.

Then, it holds that f(κ(P ), δ(ε)) is non-negative for all κ(P ) ≥ 1,
δ(ε) ∈ (0.5, δ̄(ε)) and for all 1 ≤ κ(P ) ≤ κ̄, δ(ε) ∈ (0.5, 1]. At least one
of these assumptions will hold in the adaptive sampling context.
We illustrate this case for l = 1. Then, δ̄(ε) = 0.9848 and κ̄(P ) = 2.3776.
Hence, if either δ(ε) ≤ 0.9848 or κ(P ) ≤ 2.3776 in the last phase, it
holds that the bound of Theorem 5.2 always beats the one of Theorem
5.2. Note that the number of samples required to obtain δ(ε) ≥ 0.9848 is
of 1200 samples in dimension 2 and rapidly increases with the dimension,
reaching 105 in dimension 4. Such a large number of samples is never
used in practice in the last phase of the adaptive sampling approach,
since it is sufficient to obtain tight results without resorting to adaptive
sampling.

We have thus shown that in the context of adaptive sampling, the bound of Theorem
5.2 almost always beats the one of Theorem 5.2, especially if traces of length 1 are
used. Indeed, in this context, the number of samples used in the last phase never
exceeds 1200, which is sufficient to ensure this claim.
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Appendix G

Additional analysis of the online
sampling approach

We consider the system of Example 2.1 and the online strategy with the parameters
of Chapter 6. To gain more insight with respect to the behavior of P ′o(Lk) (unknown
in our black-box setting) and P ∗k (ωN1+...+Nk), for k = 1, ..., p, we present on Figure
G.1 the evolution of these quantities with the number of phases, when 1100 samples
are used. For the sake of comparison, we also plot κ(P ∗(ωN)).

Figure G.1: Evolution of
κ(P ∗k (ωN1+...+Nk)) and κ(P ′o(Lk−1))
with k, when 1100 samples are
used, for the system of Example
2.1. κ(P ∗k (ωN1+...+Nk)) decreases at
each phase, and reaches a limit from
Phase 6. For an equivalent number of
samples used, it is much lower than
κ(P ∗(ωN)).

Figure G.2: Evolution of the num-
ber of phases reached by Algorithm
4 with the total number of samples,
for the system of Example 2.1. In
each phase, the number of samples
required is determined by Procedure
Online.

Figure G.2 presents the number of samples required in each phase. We observe
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that after the first change of variables, κ(P ′o(L1)) increases compared to κ(P o).
κ(P ′o(Lk)) then decreases with each phase, and becomes smaller than κ(P o) from
Phase 3. This rise after the first change of variables means that the latter is
not precise enough. This makes sense: for it to be sufficiently precise, a number
of samples as large as the one required to obtain a tight cost directly would be
needed. However, κ(P ∗k (ωN1+...+Nk)) always decreases, and beats κ(P (ωN)) from
the third phase, that is after 360 samples (less than the half of the total number
of samples) are used. This decrease is due to the enforcement of the constraints
associated to all samples in each phase, as predicted in Remark 5.1. This decrease
in κ(P ∗k (ωN1+...+Nk)) supports the validity of the convergence criterion.

Figure G.3: Evolution of P1(ωN1)
with the number of samples used in
the first phase during Procedure On-
line, for the system of Example 2.1.
We plot ||P1(ωN1 )−P1(ωN1−n)||

||P o|| , which de-
termines the number of samples used
in Phase 1, and ||P1(ωN1 )−P o||

||P o|| . The lat-
ter decreases more slowly, implying
that the convergence of P1(ωN1) to P o

is not ensured by Procedure Online.

Figure G.4: Evolution of P2(ωN1+N2)
with the number of samples used in
the second phase during Procedure
Online, for the system of Example 2.1.
We plot ||P2(ωN1+N2 )−P2(ωN1+(N2−n))||

||P ′o(L1)||

and ||P2(ωN1+N2 )−P ′o(L1)||
||P ′o(L1)|| . Both quan-

tities are smaller than in Phase 1,
and ||P2(ωN1+N2 )−P ′o(L1)||

||P ′o(L1)|| is larger than
||P2(ωN1+N2 )−P2(ωN1+(N2−n))||

||P ′o(L1)|| .

To explain the rise in κ(P ′0(Lk−1)) after the first change of variables, we present
the evolution of ||Pk(ωN1+...+Nk )−Pk(ωN1+...+(Nk−n))||

||P ′o(Lk)|| and ||Pk(ωN1+..+Nk )−P ′o(Lk)||
||P ′o(Lk)|| during

Procedure Online on Figures G.3 and G.4, for k = 1 and k = 2 respectively. As
expected, ||Pk(ωN1+..+Nk )−P ′o(Lk)||

||P ′o(Lk)|| is larger than ||Pk(ωN1+...+Nk )−Pk(ωN1+...+(Nk−n))||
||P ′o(Lk)|| and

decreases more slowly than the latter. Hence, the convergence of Pk(ωN1+..+Nk) as
defined in Procedure Online does not ensure the convergence of Pk(ωN1+..+Nk) to
P ′o(Lk). This explains the rise in κ(P ′0(Lk−1)) after the first change of variables.
However, we also observe that this distance ||Pk(ωN1+..+Nk )−P ′o(Lk)||

||P ′o(Lk)|| decreases at each
phase, which explains the performance of our method.
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Appendix H

Derivation of Table 6.2

We approximate the computational complexity of the three different approaches as
follows. Every problem encountered is a quasi-linear problem solved by looking
for γ (or γk, for k = 1, 2, ..., p) by bisection on an interval [0, U ], with a fixed
accuracy α, which requires

⌈
log2(U

α
)
⌉
iterations. At each iteration, a feasibility SDP

problem is solved. The complexity of this problem is polynomial in the number
of constraints, that is in the number of samples used; and in dquad, the dimension
of the problem. Hence, the computational complexity of the initial method is of⌈
log2(U

α
)
⌉
∗ poly(4000, dquad). In the offline strategy, for 5 phases used, we solve 5

quasi-linear problems, with respectively N1, N1 +N2, ..., and N1 +N2 +N3 +N4 +N5
constraints. Hence, the computational complexity is equal to⌈

log2(U
α

)
⌉
∗ poly(5N1 + 4N2 + 3N3 + 2N4 +N5, dquad).

In the online strategy, at phase k, we solve Nk
n

+ 1 quasi-linear problems, with
N1 + ... + Nk−1, N1 + ... + Nk−1 + n, ..., and N1 + ... + Nk−1 + Nk constraints,
except for the last phase, in which we only solve one quasi-linear problem with
N1 +N2 + ...+Np constraints. Hence, for 5 phases, the computational complexity
is equal to⌈
log2(U

α
)
⌉
∗poly((Ninit(N1 −Ninit

n
+ 1) + n

2 (N1 −Ninit
n

+ 1)N1 −Ninit
n

) + ...

+ ((N1 +N2 +N3)(N4

n
+ 1) + n

2 (N4

n
+ 1)N4

n
) +

5∑
i=1

Ni, dquad).
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Appendix I

Overview of the Julia codes
implemented

We briefly present the different functions implemented and the structure linking
them. The inputs, outputs, and way to use the functions is heavily commented
in the code itself. The code is separated in two parts: the implementation of the
functions designed in Part 2, and the implementation of the algorithms of Part
3. They are respectively available as Rubbens_68821600_2021_Appendix1.ipynb
and Rubbens_68821600_2021_Appendix2.ipynb.
To use the functions, several packages have to be installed:

• Random.jl: to generate systems and trajectories.

• LinearAlgebra.jl: to deal with matrices.

• JuMP.jl and CSDP.jl: to solve the SDP optimization programs.

• Ipopt.jl: to solve the least square approximation of Problem (7.3).

• IncGammaBeta.jl: to compute the regularized inverse beta function.

• HybridSystems.jl and SwitchOnSafety.jl: to compute the true value of the
JSR of switched linear systems as approximated by the JSR toolbox [LJP16].

• Plots.jl and PyPlot.jl: to illustrate the implementations.

Tables G.1 to G.7 present the purpose of the different functions implemented. Each
table groups functions related to a specific part of the work.
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generatesystem Generation of a system of m modes in Rn×n, drawn
uniformly, independently and randomly on the sphere.

generatetrajectories Generation of a set of trajectories ωN ∈ ZN
l .

Table I.1: Generation of random systems and trajectories

trueJSR Computation of the true JSR of a system using the JSR toolbox.
truesol Computation of P o or P o

sos, solution to Problem (2.3) or (2.9).

Table I.2: White-box computations

dlift Computation of the d-lift of a vector x ∈ Rn.
dliftmat Computation of the d-lift of a matrix L ∈ Rn×n.

inversedlift Computation of the least square solution to Problem (7.3).

Table I.3: Functions required by the use of SOS Lyapunov functions

proba_bounds If d = 1: Resolution of Problems (3.2) and (3.14), and
computation of probabilistic upper bounds on the JSR:
bounds of Theorems 3.1 and 3.2, and bound of [WJ21].
If d = 2: Resolution of Problems (3.3) and (3.14) and

computation of a probabilistic upper bound on the JSR:
bound of Theorem 3.3.

Table I.4: Implementation of the approach of Chapter 3

comparison Experiments of Sections 4.1 and 4.5.
trace Experiment of Section 4.2.

convergence Experiments of Section 4.3 and 4.4.

Table I.5: Implementation of the experiments of Chapter 4



proba_bounds_offline_sampling Resolution of Optk(ωN1+...+Nk), the kth
problem to solve in adaptive sampling.

algo_offline_sampling Implementation of Algorithm 3, the
p-phases offline sampling algorithm.

procedure_online_sampling Implementation of Procedure Online,
determining the number Nk of samples

to use in Phase k.
algo_online_sampling Implementation of Algorithm 4, the

p-phases online sampling algorithm.
algo_fast Implementation of Algorithm 1,

the fast algorithm.
heuristic Implementation of Heuristic 1.

Table I.6: Implementations of the algorithms of Chapter 5, 6 and 7

offline Experiment of Section 5.7.1.
online Experiments of Sections 5.7.1 and 6.2.

online_several_dimensions Experiments of Section 5.7.2.

Table I.7: Implementation of the experiments of Chapters 6 and 7
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