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Abstract

Two enhancements are added to MigFlow, enabling us to tackle previously unachievable challenges.
The first pertains to polymeric fluids and the second concerns moving boundaries.
Firstly, a polymer model is created using a scale analogy, highlighting the mechanisms responsible
for the non-Newtonian behaviour of polymeric fluids. An adapted FENE model, as well as an
implementation of Brownian motion, simulate the physical properties of polymers. Improved
versions of the Dumbbell model are explored to compare their properties and uses.
Secondly, moving boundaries are required for a large range of problems in engineering and handling
these, therefore, is of great importance. The proposed model is also valid for all finite element
problems and is supported by multiple simulations.
The previous enhancements are used to implement two concrete applications: the journal bearing
and the delayed die swell. The simulation of the journal bearing is validated and is in agreement
with numerical and experimental data. Subsequent studies show the influence of polymeric
fluids on these results. Additionally, our simulations prove relevant for many types of industrial
applications.
The simulation of the delayed die swell uses a multi-scale approach to understand this complex
phenomenon, bringing attention to the behaviour of polymers and bridging the gap between micro
and macro scales.
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Chapter 1

Introduction

This document is based on MigFlow1, an open-source software used to simulate immersed granular
flows. MigFlow (Model for Immersed Granular Flows) is the result of a collaboration between
the Université Catholique de Louvain and the Université de Montpellier. It uses a multi-scale
approach to analyse the behaviour of every grain that is immersed in the fluid and its impact on
the flow. The system is used to simulate various applications such as a fluid injection in a granular
mix, grain sorting using water jigging, dam breaks and many more.

MigFlow’s software is composed of a fluid solver that simulates the fluid phase and a particle solver
to handle the granular phase. The fluid phase is solved using a coarse-scale finite element method
that solves the Navier-Stokes equations [1]. This method assumes the flow is incompressible
and, as such, only the pressure and velocity fields are calculated. The granular phase uses an
iterative position and contact solver. This prevents particles from penetrating one another or the
boundaries and simulates the frictions between the different materials. Using both solvers enables
us to understand and simulate interactions between the fluid and the particles. This is done by
calculating the particle distribution across the domain.
The software is also capable of handling both Dirichlet and Neumann boundary conditions as
well as multiphase fluid flows. It is important to note that MigFlow requires all particles to be
considerably smaller than the elements of the mesh.

For this thesis, the opportunity arose to research and implement enhancements to MigFlow. At
present, the software is limited to incompressible Newtonian fluids. Our first contribution is to
include the ability to handle non-Newtonian fluids. We do so by defining a polymer model based
on Migflow’s grains. Introducing these polymers into the fluid results in a non-Newtonian fluid.
This method allows us to simulate these fluids without having to use constitutional equations such
as the Oldroyd-B model.
Non-Newtonian fluids are of great importance in everyday life and can be found in an array of
products such as soaps, toothpaste, cosmetics, paints, etc. They have a vast number of usages
across multiple fields and industries, for example, the automotive industry (for lubricants) and life
sciences (as blood is a non-Newtonian fluid).
The polymer chains we simulate are implemented using a scale analogy. Each polymer chain
represents a set of microscopic polymers but behaves in the same way as a single microscopic
polymer. This enables us to use a reasonable amount of polymers while observing non-Newtonian

1www.migflow.be
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behaviours at a macro-scale. Additionally, it allows us to follow the evolution of these polymer
chains and observe their interactions with the fluid.
Within the finite element method used to solve the fluid phase, we have added our second
enhancement to allow for the adaption of the mesh according to moving boundaries. This is an
important feature as many problems require dynamic geometries. We will propose a method
that does so while maintaining a correct solution using the new or adapted mesh. This makes it
possible to simulate more complex systems and we shall discuss several examples throughout this
document.

This master thesis is divided into four main parts. The first, (Chapter 2) is devoted to the
development and implementation of immersed polymers. The chapter begins with a brief reminder
of the underlying physics of polymers and polymeric fluids. Using a mesoscopic scale makes it
possible to simulate a reasonable amount of chains and decrease computational costs while still
observing non-Newtonian behaviours. We will explore different possible structures and apply our
polymers to a simple shearing problem.
Chapter 3 focuses on moving boundaries in which we implement a method that is valid for 2D finite
element problems and is supported by multiple simulations. We briefly discuss the application of
this method to simulate a magnetic stirrer.
Once these tools have been implemented, we focus on the simulation and analysis of two practical
cases using our previously described improvements: the journal bearing and the delayed die swell.
Chapter 4 is therefore dedicated to the study of the journal bearing. We review the state of the
art and the physics that drive the bearing. Our simulations are validated by comparing our results
to scientific researches. Various studies are then carried out to illustrate the pertinence of our
simulations.
Finally, Chapter 5 explores the complex phenomenon called the delayed die swell in which we use
a multiscale approach to gain a deeper understanding of its causes. We start by reviewing the
underlying physics of the problem before developing simulations using the previously described
polymer representation. This provides insights that help us highlight parameters that affect the
swell and enables us to perform several analyses.
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Chapter 2

Modelling polymers

Polymers, also called macromolecules, are made up of repeating units of atoms known as structural
units or monomers. They may be linear or branched chains, sometimes forming 3D networks
which give them various behaviours. Some are flexible and can be easily deformed like rubber and
polyesters, while others are hard and tough like epoxies. Their abundance in nature, non-negligible
physical and chemical effects make them interesting to study. Examples of naturally occurring
polymers include proteins such as silk and collagen, DNA, polysaccharides and many more. They
are used in numerous engineering applications such as the development of new generation solar
cells [2], the study of protein properties [3], the storage or production of energy in molten salts [4]
[5], tissue engineering [6] etc.
Polymers are also important facets of rheology, the study of the deformation and flow of matter.
The field of rheology deals with, among other things, non-Newtonian fluids characterised by
their non-respect of Newton’s law of viscosity. The viscous behaviours of these fluids change
depending on the stresses applied to them. In the specific case of polymeric fluids (polymer melts
or solutions), we see contradicting behaviours: they present both viscous and elastic properties.
This will be discussed in further detail throughout this chapter.

Our first contribution to the Project focuses on the inclusion of immersed polymers into the
MigFlow software. This enables us to understand the mechanisms responsible for the non-
Newtonian behaviour of polymeric fluids. Our polymer chains are created using a scale analogy,
where each chain represents a set of microscopic polymers and assumes that these chains have the
same properties as a single polymer. By doing so, we can simulate a larger range of experiments
and applications. We will use the MigFlow particles and join them together using carefully chosen
joints, where each joint represents a section of the chain.
To simulate the behaviour of these polymers and their impact on a fluid, we must be able to
represent their viscoelastic behaviour and their structural arrangement. As the fluid is responsible
for the viscous properties, we will start by describing two elastic models for the joints: one using
Hooke’s law and a second taking into account the maximum extension of a chain. Next, we will
discuss two possible structures with different advantages and varying scopes. The benefits of each
will then be explored before concluding with a practical application to demonstrate potential uses.

3



2.1 Physics of polymers and polymeric fluids
Before detailing how we implemented these polymers, it is essential to review the underlying
physics of the problem.
As the name suggests, polymeric fluids contain polymers which results in interesting viscoelastic
properties. The notion of elasticity may seem strange when speaking of fluids but this allows us
to describe the complex phenomena observed. When polymers are subjected to a constraint, their
configuration changes accordingly and when that constraint is lifted, they strive to regain their
original shape. However, due to the interactions between the polymers and the fluid, this is not
instantaneous. The polymeric fluid depends on past variables. We must therefore introduce the
notion of fading memory. This is a term often used in mechanics to describe a material that is
affected by past stresses and strains. Past events will have less influence on their behaviour than
more recent ones.
Furthermore, as polymeric fluids are non-Newtonian, their viscosity is shear rate dependant:

τ(t) = µ(γ̇(t)) γ̇(t) (2.1)

where τ is the shear stress, γ̇ is the shear strain rate and µ is the apparent viscosity.
Non-Newtonian fluids have some surprising responses to stress. There are two types with op-
posing behaviour: shear-thinning and shear-thickening. The viscosity of shear-thinning fluids
(such as blood or paint) decreases as the shear rate increases. On the contrary, the viscosity of
shear-thickening fluids (such as corn starch) increases with shear rate.

The structures of polymers are relevant in understanding their behaviour. As we can see in Figure
2.1, polymers can be arranged in different structures: linear chains, branched chains and networks.
However, the latter are rarely present in liquid phases and will not be considered for this project
(see Figure 2.1).

Structural unit

Figure 2.1: Structural arrangements of polymers (left - linear, centre - branched, right - network).

It is also important to note that structural units differ between natural and synthetic polymers.
Most synthetic polymers are made up of a single structural unit and are referred to as homopolymers,
while natural polymers are composed of many blocks. We call these copolymers and they may be
arranged randomly, sequentially or form blocks (see Figure 2.2).
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Structural unit

Figure 2.2: Arrangement of copolymers, the different colours represent different structural units
(left - random, centre - sequential, right - block).

Immersed polymers are in a constant state of motion due to random collisions with fluid molecules.
To simulate these collisions, a Brownian force is applied to each polymer [7]. These collisions give
the initial energy necessary for the polymer to modify its shape, causing it to curl and maximise
its entropy [8]. The implementation of this behaviour is described in Section 2.3.1.

Many experiments highlight these behaviours, for example, the delayed die swell. When a non-
Newtonian fluid is extruded, the normal forces applied to the fluid change, causing it to swell.
This phenomenon is discussed in further detail in Chapter 5.

2.2 Elastic model
As stated previously, it is vital to choose an appropriate elastic model for the joints. In doing so,
we analysed two models. The first is a simple and well-known model based on Hooke’s law. The
second is the FENE model which proposes a solution to a limitation of Hooke’s law i.e. the finite
extension properties of bodies.
Please note that these elastic joints introduce new forces into MigFlow’s contact solver to account
for interactions between neighbouring particles of a chain.

2.2.1 Hooke’s law
Hooke’s law[9], introduced by Robert Hooke in 1676, describes solids by stating that the elastic
deformation is linearly proportional to the constraint. Formally, we can express this as follows:

F = −k∆x (2.2)

where F is the force vector applied to the solid, k the stiffness of the body and ∆x the deformation.
A well known application of Hooke’s law is the Hookean dumbbell model which is a basic represen-
tation of a polymer, illustrated in Figure 2.3. The particles represent either end of the polymer
while the spring joining them represents the polymer [10].

Particle

Hookean spring

Figure 2.3: Illustration of the dumbbell representation.
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In practice, this law is widely used due to its simplicity despite only being considered accurate for
relatively small deformations around equilibrium (see appendix A). However, it does not take into
account the maximal extension of the solid, which is vital in the case of polymers.
This limitation motivates us to search for something more appropriate such as the FENE model.

2.2.2 Finitely Extensible Nonlinear Elastic model (FENE model)
Contrary to Hooke’s law, the FENE model [11] takes into account the maximum distance between
two particles. Rather than a linear relationship between F and ∆x, the force tends to infinity as
the deformation reaches the maximum extension, preventing us from exceeding it.
This model using the inverse of the Langevin function1 is then used on the interval [0;Q] where Q
is the maximum extension. This gives a new expression for the force acting on the joint between
two particles separated by a vector ∆x :

F = k ∆x

1− ( ||∆x||
Q

)2
(2.3)

As shown in Figure 2.4, the FENE model is in agreement with Hooke’s law for small deformations
(for which the physical validity is confirmed) while also preventing particles from straying too far
from one another.

Figure 2.4: Comparison of the FENE model and the Hookean dumbbell model.

1Langevin function is defined as L(x) = coth(x)− 1
x
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Adaptation for numerical simulation

The FENE model is not adapted for numerical simulations and therefore multiple steps must be
taken to remedy this.
First, as we are working with a discrete time scale, it is possible to exceed the limit Q within a
single time step and this is not acceptable. Mathematically, exceeding the limit creates a force of
repulsion between the particles as: ||F || = k ||∆x||

1−( ||∆x||
Q

)2 < 0 if ||∆x|| > Q.

Secondly, this function tends to infinity as the maximum extension is reached. This would cause
the simulation to crash if an excessively large number is considered by the solver. To overcome
this issue, we have to consider an adaptation of the mathematical model (Equation 2.3). We
achieve this by defining a small region ε around Q below which we will not exceed the limit in the
next time step. Thus, for a fixed time step, the value of ε is chosen according to the velocity of
the particles and the stiffness of the joint. It, therefore, depends on the Reynolds number of the
fluid that carries the particles and k. An illustration of this function can be seen in Figure 2.5
These adjustments weaken the finite extension property as we no longer tend to infinity but the
results remain valid and we maintain accurate solutions in the case of small deformations.

Figure 2.5: Illustration of the adapted FENE model.

A straightforward numerical experiment enables us to see the impact of our modifications on the
FENE model. Furthermore, using this simple set-up makes it possible to observe the limits of the
adaptation and prove it respects the conditions we have imposed.

7



Numerical experiment
This experiment, illustrated in Figure 2.6, ensures that
our adapted model verifies the maximum extension
property. We are studying a single joint, between
two particles, one of which is fixed while the other
is free to move vertically. We will apply a force to
the free particle and observe the oscillatory behaviour.
The results of this experiment are shown in Figure
2.7, where we compare Hooke’s law and the adapted
FENE model for small and large deformations.
In the case of small deformations, both behave in
similar fashions. The difference becomes significant
in the case of large deformations. The FENE model
never crosses the maximal extension (represented by
the dashed red line) contrary to Hooke’s law. This
means the maximum extension is respected for the
adapted FENE model, confirming its validity. We
therefore choose to move forward with this model.

Figure 2.6: Illustration of the numerical
experiment.
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Figure 2.7: Normalised position of an oscillating particle with a Hooke spring (orange) and a
FENE spring (blue). The first case is for k=2 and the second for k=10.

8



2.3 Polymer structures
Having chosen an elastic model, we move on to choosing a structure for our polymers. We are
limiting ourselves to 2D cases and chain polymers.

2.3.1 Chain representation
Our first approach considers polymers made of rigid segments connected to a point and are free to
rotate about this point. This representation (dubbed the chain representation and illustrated in
Figure 2.8) is a concatenation of several dumbbell representations. This results in a more complex
version of the dumbbell model.

Particle

Joint

Figure 2.8: Illustration of the chain structure using springs.

Though this representation does not preserve the initial shape once external forces have been
removed, it is particularly well-adapted for large scale problems. The stiffness of the joints for this
representation is chosen according to parameters e.g. the temperature.

Brownian motion

Random collisions between polymers and fluid molecules force the polymer chains to curl when
no external forces are applied [8]. At a micro time scale, this may be represented by Brownian
forces that are purely random and uniformly distributed along the polymer. However, since we are
working with a larger time scale (mesoscale), we consider an average force over several time steps.
This results in a force directed to the centre of mass of the polymer (with an added Gaussian noise)
[12] and reproduces the natural behaviour of the immersed polymers. This causes the polymer
chains to curl and maximise their entropy.
The angle and intensity of the Brownian force applied to each particle is as follows:

Angle of Brownian force: ]F
(p)
B ∼ N

(
] (x(p),CM ), σ2

angle

)
Intensity of Brownian force: ||F (p)

B || ∼ N
(
µ, σ2

)
where x(p) is the position of the particle and CM the position of the centre of mass of the polymer.
The average intensity and variance of the force (µ, σ2), as well as the variance of the noise (σ2

angle),
must be chosen according to the simulation parameters.
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Influence on MigFlow

As a reminder, the aim of our first contribution to the MigFlow project is to assess the interactions
between polymers and the fluid they are submerged in. We know a Newtonian fluid can be fully
modelled with only a constant density and viscosity [13]. The addition of polymers (simulated
using the chain representation) introduces an elastic component, impacts the effective viscosity of
the fluid and impacts the Newtonian nature of the fluid.
In order to confirm the non-Newtonian behaviour of this polymeric fluid, we developed a simple
case study. Let’s consider a rectangular domain containing a steady-state shearing. At a given
time t = 0.0995s, polymers are introduced in the fluid (evenly distributed over the whole domain).
The effective viscosity can be measured numerically in the simulation. We see the evolution of
this in Figure 2.9.
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Figure 2.9: Effective viscosity of a shearing system according to time using 8 polymers (each of
which contains 400 particles) in a chain representation.

A drop in the effective viscosity caused by the polymers being introduced in the domain is observed.
A hypothesis is that this drop is due to the recomputation of the porosity over the whole domain.
Then, the effective viscosity increases and an overshoot is observed which corresponds to the
alignment of the polymers on the stream-line of the fluid. This overshoot is not described by
Newton’s law of viscosity and is typical behaviour of non-Newtonian fluids [14].
When the polymers are finally aligned, the viscosity stabilises and results in a higher viscosity
value than without the polymers.
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2.3.2 Triangular representation
The second approach covered in this chapter is a triangular representation.
This representation is intuitively based on the structure of molecular arrangement in 2D2. To
conform with this arrangement, an angle of 120° must be maintained between two neighbouring
particles at rest. This angle maximises the distance between each neighbouring particle.
When an external force is applied, this angle will vary accordingly, deforming the length and shape
of the chain. Naturally, when the external force is no longer applied, the polymer tends to regain
its initial shape.
In practice, the triangular representation consists of adding so-called ghost particles that are much
lighter and smaller than the others to prevent any influence on the system. In so doing, we create
a triangular network that allows us to achieve the desired angle and flexibility (see Figure 2.10).
We will distinguish two types of spring: chain springs and shape springs. The chain springs are
responsible for the elongation of the chain while the shape springs preserve the initial shape of the
polymer.

Particle

Ghost particle

Chain spring

Shape spring

120°

Figure 2.10: Illustration of the triangular representation.

This approach simulates the shape of a polymer and its tendency to recover when no stress is
applied. The addition of ghost particles allows us to achieve this without needing rotational springs
which are not well-defined for a full rotation and may be numerically unstable.
A drawback of this method is that it adds more particles to the simulation. It is not necessary to
include these in the solvers since they do not influence the fluid nor collide with any of the other
particles. As it is the position that is important, this must be tracked and updated according
to the external forces being applied (joint constraints, fluid impact and Brownian motion). For
a polymer composed of n particles, n− 2 ghost particles are added to the system. The position
update is computed in O(n), which does not impact the global complexity which is higher (at
least O(n2)).
An example of a polymer with this structure is presented in Figure 2.11.

2based on the 2D projection of a tetrahedral arrangement [15]

11



Figure 2.11: Example of a polymer of 500 particles with the triangular representation. The black
points are particles and the red points are ghost particles.

Influence on MigFlow

The effective viscosity is measured in the same way as in the previous section.
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Figure 2.12: Effective viscosity of a shearing system according to time using 8 polymers (each
with 400 particles) in a triangular representation.

The same increase in the effective viscosity is observed when polymers are added. We also see the
typical overshoot of non-Newtonian fluid in Figure 2.12 just as in Figure 2.9.
A different injection method is used and we can avoid recomputing the porosity of the system.
This means we no longer have a drop when the polymers are introduced to the system.
The influence on the fluid is the same as that of the chain representation which confirms that both
representations have the same macroscopic properties. An overshoot is also observed and confirms
the non-Newtonian nature of the resulting solution.
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2.4 Comparison of the two models
The chain and the triangular representations contain certain parameters that must be modified
according to the specific application. In this section, we demonstrate the typical behaviours of
both.
We study the reactions of each case when polymers are introduced into a shearing flow and when
the flow is stopped.

2.4.1 Chain representation
As stated previously, this representation does not preserve the initial shape of a chain.
At the beginning, the polymer is very condensed. As the shearing starts, the flow exerts a force
on the chain, causing it to align with the streamlines. The joints use the adapted FENE model
which allows the polymer to have a maximum extension and prevents particles from straying too
far from their neighbours. When the fluid stops, the Brownian motion deforms the polymer and it
curls back into a dense form with a different shape from the initial one (see Figure 2.13).

Figure 2.13: Evolution of a polymer : 1- initial state, 2- apply a deformation with a shearing, 3-
new position due to Brownian motion.

This is in agreement with observations made in reality for large polymers at the macro-scale. Large
polymers tend to minimise their extension to maximise their entropy [16] but do not preserve a
fixed shape due to their size.
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2.4.2 Triangular representation
The same experiment has been conducted on the triangular representation and the results are
shown in Figure 2.14.

Figure 2.14: Evolution of a polymer : 1- initial state, 2- apply a deformation with a shearing, 3-
regaining its shape, 4- new stable state

Similarly to the chain representation, the polymer is deformed by the fluid and tends to align with
the streamlines. However, when the fluid stops, the polymer attempts to recover its original shape.
Even if, in the end, the shape of the polymer is not exactly the same, it is an approximation of
the initial shape. This illustrates the memory properties of viscoelastic bodies such as immersed
polymers.
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Discussion
Having compared both models, a summary of the main differences is shown in Table 2.1.

Feature Chain representation Triangular representation
Shape conservation No Yes
Polymer length Long Short
Stable Yes Yes
Deterministic No Yes
Initialisation Random Walk Random pattern

Table 2.1: Comparison of the characteristics of both representations.

The chain representation fits better for larger scale problems due to their physical properties and
the number of particles needed. However, it doesn’t preserve the initial shape of the polymer and
uses a non-deterministic Brownian motion.
On the other hand, the triangular representation is more precise for small scale polymers. It
preserves the initial shape as its representation is based on the real structure of polymers.
The structure of the polymer chains may be chosen according to the desired application.

2.5 Application of polymers in a shearing problem
To understand the interactions between the polymers and the fluid, we study the impact on a
simple fluid mechanics problem.

2.5.1 Problem description
We are considering a 2D Couette-flow [17] between two parallel plates of infinite length. A constant
velocity is applied to one plate while the other is stationary. Assuming non-slip conditions at the
boundaries, meaning that there is no relative velocity between the fluid and the solid, we have a
linear velocity profile.
The problem, along with the boundary conditions on the rectangular domain, are shown in Figure
2.15.

v = (1 − y2, 0)
p = 0

v = (1− y2, 0)
p = 0

v = (0, 0)

v = (V, 0)

h

Figure 2.15: Shearing problem with boundary conditions and velocity profile (where V is non-
dimensional).
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An infinite domain is impossible to simulate with numerical tools. By applying periodic boundaries
on a rectangular domain, it is sufficient to consider a period of the infinite domain without loss
of generality. To achieve this, we consider that the velocity is the same on the left and right
boundaries.
Information concerning the pressure also has to be provided to the MigFlow software in order
to get a well-posed problem. This is done by specifying the mean pressure of the whole domain.
After a short amount of iterations, the flow converges to a steady state solution as seen in Figure
2.16.

Figure 2.16: Solution of the x-velocity field in a steady state shearing (Red: vx = V , Blue: vx = 0,
where V is non-dimensional).

The solution is regular, which confirms the periodic behaviour of the problem.
Since the goal of these simulations is to observe polymers in the domain, the periodic boundary
conditions have to be defined for these chains. When a particle reaches the end of the domain,
its position is relocated to the opposite side (with a small margin). In doing so, we prevent
inter-particle penetration and preserve the density of the particles. The joints between particles
must be treated individually to take into account the fact that a section of the chain may have
already been relocated while another may not.

2.5.2 Simulation with polymers
Finally, polymers can be added to this shearing problem. We have chosen to use the chain
representation as described in section 2.3.1. The goal of the simulation is to observe the interactions
between the polymers and the fluid3.
In theory, polymers, or any sufficiently flexible chain of elements, are expected to align with the
streamlines of the flow. In the case of a simple shearing flow, these streamlines are straight and
parallel to the plates.
The test case will be an established shearing flow in which four polymers are introduced. At time
t = 0.5s the shear constraint is stopped and we analyse the effects.
The result of the simulation is shown in Figure 2.17. At first, the four polymers are stretched
and tend to align with the streamlines. This effect is proportional to the velocity gradient of the
fluid around the polymer. When the shear constraint is lifted, the polymers start to curl due to
the Brownian motion. Polymers located in the top of the pipe recede due to a vortex created by
sudden change in the fluid.

3Since we are only working with a very small amount of polymers, the effect of the polymers on the fluid will
not be studied. However, these interactions will be studied in great detail in Chapter 5.
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We observe that the curl action is slower than the extension as drag is more significant than the
Brownian motion.

t = 0s t = 0.1s

t = 0.2s t = 0.3s

t = 0.4s t = 0.5s

t = 0.6s t = 0.7s

t = 0.8s t = 1s

t = 1.2s t = 1.4s
Figure 2.17: Evolution of four polymers into a shearing flow when the shear constraint stops.

Variation

Some variations of the problem can be explored. A necking or an obstacle (representing stenosis
for example, see Appendix B) can be introduced into the pipe as seen in Figure 2.18. This new
problem uses the same boundary conditions as in Figure 2.15, however the problem is no longer
periodic as the velocity profiles aren’t the same on the left and right boundaries.

Figure 2.18: Magnitude of the velocity field at t = 1.3s.

17



It is particularly interesting to study the evolution of polymers under these new conditions as an
acceleration is observed in the necking. In Figure 2.19 we can see polymers become aligned with
the streamlines to pass through the necking.
This behaviour is maintained while the shear constraint dominates the Brownian motion.

Figure 2.19: Shearing flow trough a necking with four polymer chains.

2.6 Conclusion
We have created a representation of polymer chains using a scale analogy, where every chain we
simulate represents a set of microscopic polymers. This method allows us to simulate a reasonable
amount of particles and observing their macroscopic behaviour.
Our elastic joints use an adapted version of the FENE model and, as a result, respect the finite
extension properties. We have explored two possible structures based on an improved version
of the Dumbbell model: the chain representation and the triangular representation. There are
two main differences between these structures. The first is that the chain representation is more
suited for larger polymers, while the triangular representation is preferable for smaller polymers.
The second is that the triangular representation preserves the shape of the polymers where as the
chain representation does not.
These chains allow us to use MigFlow to simulate non-Newtonian fluids while understanding the
internal mechanisms responsible for this behaviour.
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Chapter 3

Moving boundaries

Dynamic geometries or moving boundaries are the second enhancement to the MigFlow Project.
This enables us to consider more complex domains where boundaries can move. We will consider
two movements: translations and rotations. Managing these variations in geometry requires us to
modify or even recalculate the mesh. The recomputed solution of the different fields is obtained
using an Euler-Lagrange approach or by projecting the old mesh onto a new one.
To illustrate and develop our methods, we focus on a particular example: a magnetic stirrer
(see Appendix D). These devices are widely used in laboratories all over the world making them
interesting to study. For our simulations we will consider a cross section of the system as seen in
Figure 3.1.

S

θ

ly
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Rout

Recipient

Fluid

Stir bar

ω

Figure 3.1: Illustration of the geometry of a stirrer.

The magnetic stir bar is a moving boundary of the fluid domain. In this chapter, we will describe
the deformation of the mesh, the numerical methods used to manage these boundaries, before
concluding with the results of our simulations.
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3.1 Mesh deformation
When a boundary moves, the first step is to adapt the mesh accordingly. For smaller deformations,
the mesh can be directly adapted without needing to re-mesh the domain. However, for larger
deformation a re-mesh is necessary. Small deformations are defined as those that don’t result in a
poorly conditioned mesh [18] or cause triangles to intersect. In practice, a maximum displacement
is considered for each node according to the size of the elements. If this value is exceeded, the
mesh is fully recalculated over the domain.
We are studying two boundary movements, both will be discussed in the following sections.

3.1.1 Translational deformation
The first type of movement considered is translation. In the case of the magnetic stirrer, it
corresponds to a pure translation of the stir bar as illustrated in Figure 3.2.
To move the boundary we need to adapt the whole mesh. We could have chosen to move a
minimum amount of nodes but, in order to preserve the conditioning of the mesh, we have chosen
to move all nodes. This minimises the maximum deformation of the elements.

l2

l1 A

p

(a) Before translation of the magnetic bar

l2

l1 A

p

(b) After translation of the magnetic bar

Figure 3.2: Deformation of the mesh during translation.

We can see that after the translation (Figure 3.2(b)), the deformation is evenly distributed over all
elements, keeping the mesh as well-conditioned as possible without needing a re-mesh. Every node
moves proportionally to its distance from the dynamic boundary. The corresponding mapping is
described here.

(p′x, p′y) = ∆d
l2

l1 + l2
(px, py) ∀p ∈ P (3.1)

where P is the set of nodes composing the mesh, ∆d is the displacement of the moving boundary,
(px, py) is the position of a node p and (p′x, p′y) is its new position.
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It is important to note that, in some particular cases, a translation is sufficient to reach every
possible state and no rotations are required. An example of such a case is the Journal Bearing
described in Chapter 4, assuming the cross section of the journal is a perfect circle.

3.1.2 Rotational deformation
In the case of the magnetic stirrer, the rotation of the stir bar must also be considered. As in
the translation, the total deformation is spread over all elements. However, there are two major
differences.
First, contrary to the translation, the rotation may cause a penetration between two elements,
resulting in an invalid mesh. Secondly, as the points of the boundary are not subjected to the
same displacement, each node has to be adapted according to its projection on the boundary.

l2

l1 A

p

(a) Before rotation of the magnetic bar.

l2

l1 A

p

(b) After rotation of the magnetic bar.

Figure 3.3: Deformation of the mesh during rotation.

Figure 3.3 shows that the displacement of a node depends on point A which is its projection on
the dynamic boundary. The mapping is applied to each node of the mesh and is given by the
following equation:

(p′x, p′y) = ∆dA
l2

l1 + l2
(px, py) ∀p ∈ P (3.2)

with ∆dA the displacement of the corresponding point A. Point A has to be recalculated for
each node according to the current position and shape of the boundary at each time step. The
computation of point A has a negative impact on the performance of the solver but does not
modify its global complexity (which is at least O(n2)).
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3.2 Numerical resolution
Both deformations cause a displacement of all nodes in the mesh. This displacement invalidates
the Eulerian approach used to solve the fluid problem. The Eulerian approach considers a fixed
mesh on which each element represents a volume element of the space. However, in the case
of moving boundaries, the mesh is no longer static and an Euler-Lagrange approach must be
considered [19].
The mesh needs to be re-calculated if the deformation is too large or if a rotation causes elements
to penetrate. In such cases, we need to project the previous solution of the fields on the new mesh.
In practice, MigFlow stores the mesh in an OCTree (see Appendix C), a structure that enables
us to retrieve the element of each new node with a time complexity of O(logN). The pressure
and velocity fields at each new node are computed using the shape functions associated with the
corresponding element before recalculating the porosity.
Projecting a solution on the new mesh has thus a complexity of O(N logN) where N is the number
of nodes. The worst-case complexity of a complete re-meshing is lower than O(N2) for GMSH
(which is the mesh generator used [18]).
These two complexities are lower than the overall complexity of MigFlow and therefore, the
projection and re-mesh do not impact the time complexity.

3.3 Application
We can use this method of managing dynamic boundaries to study the magnetic stirrer.

Figure 3.4: Mesh of the stirrer undergoing a re-meshing and a projection over a single iteration.
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Figure 3.5: Velocity field of the stirrer undergoing a re-meshing and a projection over a single
iteration.

Figures 3.4 and 3.5 show the results of the previous example. In this test case, a constant torque
is applied on the magnetic bar (induced by an electromagnet).
The objective of the magnetic stirrer is to mix a solution. As such, we can study the impact of
the geometry of the stir bar on its mixing efficiency. Firstly, we will consider a stir bar with a
stadium shape as in Figure 3.1. Secondly, we will consider one that is circular, resembling the
journal bearing assembly1. A two-phase fluid fills the clearance space between components. The
concentration of each fluid is defined respectively as: {C1, C2}. Initially, the phases are separated
on either side of the domain (see Figure 3.6). The same torque is applied to each stirrer and the
variance of the concentration of σ2

sys(C1) over the whole domain is monitored. The result is shown
in Figure 3.7.

Figure 3.6: Illustration of two stirrers (left - stadium (bar) stirrer, right - circular stirrer) with a
two-phase fluid (each colour represent a phase) at the initialisation.

1This geometry has been chosen for the sake of simplicity as it is thoroughly studied in the next chapter and
provides excellent contrast with the standard stir bar.
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Figure 3.7: Comparison of the mixing capability of the two stirrer.

We see that the variance of concentration of the stadium stirrer diminishes quicker than that of
the circular stirrer. This means the domain homogenises faster and therefore the device is more
efficient.
Note: the measurement of the variance of concentration is not used in practice since it is impossible
to know its exact value at every given time step [20]. However, it gives an adequate indication of
the uniformity of the solution and is perfectly usable in the context of numerical simulations.
Polymers may be added to the fluid and the results of these simulations are given in Figure 3.8.
The mesh evolves over time and the polymers elongate and curl as the stir bar mixes the solution
(a more detailed figure can be found in Appendix E).
This confirms our implementation of the moving boundaries and the compatibility with the
MigFlow particles as well as our polymers. Additionally, the maximum extension of polymers is
preserved due to the adapted FENE model (see Chapter 2).

3.4 Conclusion
We have developed a method to handle moving boundaries in MigFlow that is applicable to 2D
finite element problems in general. This allows us to simulate more complex systems in which the
domain evolves over time or contains moving parts.
These moving boundaries can be applied to many problems, including the magnetic stirrer, the
journal bearing and the delayed die swell (the last two will be discussed in the next chapters).

The following chapters aim to check the validity of our polymers and our dynamic boundaries by
comparing simulations to experimental results.
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(a) t = 0.1s (b) t = 0.2s

(c) t = 0.3s (d) t = 0.4s

Figure 3.8: Simulation of a magnetic stirrer with polymers.
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Chapter 4

Journal Bearing

The study of flows between eccentric cylinders has many applications in engineering such as
rheology, industry etc. In this document, we will consider a two-dimensional laminar flow between
two eccentric cylinders. Within our model, all fluids are considered to be incompressible. We will
assume the geometry of both cylinders to be perfect and their longitudinal axis to be parallel
at all times. Thermal effects and flows along the longitudinal axis are not considered for this
application.

Based on the hypothesis described above, we have chosen to focus on the specific application of
journal bearings for the remainder of this chapter.
Bearings are one of the most common and important components in machines as they transfer
loads, prevent undesirable motion and support rotating components e.g. shafts. In traditional
bearings, relative motion between elements leads to wear, friction losses and a decrease in overall
efficiency.
Journal bearings aim to minimise these losses further by using fluid films to reduce contact between
rotating and stationary components. This makes journal bearings ideal for machines rotating at
high speeds such as compressors [21], turbines [22], train engines [23] etc.

In this chapter, we will develop a simulation of the journal bearing assembly using the tools we
have previously implemented: immersed polymers and moving boundaries. The polymers allow us
to simulate non-Newtonian fluids. The moving boundary allows us to represent the moving shaft.
We start by reviewing the current state of the art and the physics behind journal bearings. Our
model for Newtonian fluids will then be validated by comparing our results to scientific papers.
A parametric study is followed by a study of stability. Adding polymers allows us to compare
Newtonian and non-Newtonian lubricants.
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4.1 State of the art
The physics of journal bearings is well-documented due to its many applications and high efficiency.
In the early 20th century, Sommerfeld [24] and Harrison [25] developed independent solutions to
the infinite length journal.
Sommerfeld, being the first to have developed such a model, gave his name to the non-dimensional
number Λ (also noted S depending on the source). This number, referred to as the bearing number
or Sommerfeld number (Equation 4.1), depends on the characteristics of the fluid and the specific
geometry of the bearing. We will use this value multiple times during this chapter.

Λ = 2π · µ · ω
c2 (4.1)

where µ is the viscosity, ω is the rotational velocity and c is the clearance.
Further notable studies were carried out when Christopherson [26], Raimondi and Boyd [27]
presented solutions for the finite journal bearing based on Reynolds’ equations.
A decade later, Raimondi [28] created a numerical solution for the gas lubricated journal bearing
of finite length. This research is pertinent in areas where low drag, high rotation and long life are
necessary or when liquid lubrication is not an option.
The study of cavitations in the journal bearing is a vital topic as they may result in disastrous
consequences. When the pressure in the fluid drops under the specific vapour pressure, gaseous
pockets are created. These pockets collapse when the pressure increases again. The resulting
shock waves may cause severe damage to the assembly. Heller [29] was the first to have presented
a numerical solution using Reynolds’ equations. A numerical solution was then studied by others
including Aitken [30] and Heshmat [31] in different contexts and with different hypotheses. The
evolution of technology has allowed for more precise detection and predictions such as those shown
by Poddar [32].
As the power of computers grew, so did the available numerical tools. The first numerical models
were implemented in the late 1950s by Hays [33] using an IBM 650 digital computer that took 15
minutes to compute each solution.
The development of computational fluid dynamics (CFD) paved the way for a new approach.
Models such as FLUENT [34] and OpenFOAM [35] were used, for example, by Piekos [36], Gertzos,
Nikolakopoulos and Papadopoulos [37] to simulate the journal bearing. This made multiphase
flow analysis and the study of cavitations more reliable.
The study of journal bearings was not limited to Newtonian fluids. Since the late 1950s, research
such as the impact of oil lubricants by Gecim [38] and polymer-thickened lubricants by Beris [39]
have examined the impact of non-Newtonian lubricants on the performance of journal bearings.
Others like Okrent [40] chose to focus on the effect of viscosity on the wear of the shaft.
Studies concerning non-circular geometries and compressible fluids have also been published by,
among others, Raimondi [27] and Piekos [36] but this is outside the scope of this project.
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4.2 Physics of the journal bearing
Before presenting the model we created using MigFlow, it is important to understand the underlying
physics of the journal bearing.

4.2.1 Geometry
The journal bearing is comprised of two main parts: a fixed outer bearing of radius Rout and
an inner rotating journal with a radius of Rin. In this document, the non-dimensional notation
r = Rin

Rout
is used to define the radius of the journal proportionally to the bearing radius. The

clearance space between these two cylindrical components, noted c, is filled with a lubricant that
is carefully chosen based on the intended application. A fluid with a high viscosity is generally
preferred at low speed and high loads while a low viscosity fluid is used at high speed and low
loads. The rotational speed and the load of the journal are respectively ω and W .
Furthermore, the eccentricity e is defined as the offset of the centre of the journal with respect
to the centre of the bearing. The minimum film thickness is noted h. The attitude angle φ is
characterised by the angle between the load and the line joining both centres (please see figure
4.1).

Rin

Rout

e

c

h

ω

φ

Outer bearing

Fluid

Journal

Figure 4.1: Illustration of the geometry of the journal bearing.

4.2.2 Working principle
The simple design of the journal bearing means the assembly is highly dependent on both the
geometry and the characteristics of the lubricant. The bearing is inclined to become unstable at
high rotating speeds and when r → 1. In such cases, the journal comes into contact with the
outer bearing and revolves around this boundary. Further stability studies will be carried out in a
following section.
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Figure 4.2 illustrates the working principle of the assembly.
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Figure 4.2: Working principle.

While stationary, the journal sits on the outer bearing.
The journal then begins to rotate and the fluid is pulled between the metal components creating a
Couette flow [17] (see Figure 4.3). To preserve conservation of mass, a region of high pressure
and a region of low pressure appear in the fluid, provoking a pressure gradient in the channel.
A Couette-Poiseuille flow is generated and this, in turn, modifies the resulting force applied to
the journal. The rotating journal is lifted as a thin film of lubricant inserts itself between the
cylinders.

ω

v = (ωRin, 0)

v = (0, 0)

Rotating journal

Fixed outer bearing

h

Figure 4.3: Couette flow in the journal bearing.

The load-carrying properties of the bearing assembly are dependent on the pressure around the
circumference of the journal.
At the start, the pressure distribution is constant and we have ∆p

p0
= 0. As the bearing begins to

move, the misalignment causes asymmetry throughout the assembly. The fluid channel separating
the two components decreases as the eccentricity grows. Where the fluid film becomes thinner,
the pressure increases. The maximum is reached just before minimum thickness after which the
pressure drops suddenly (see Figure 4.4).
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(a) Screenshot of a simulation. Red zones indi-
cate high pressure regions while blue indicate
low pressure regions. (b) Qualitative results.

Figure 4.4: Example of steady state pressure distribution around the perimeter of the journal.

4.3 Validation
The journal bearing simulation we’ve developed combines moving boundaries and immersed
polymers. An example of a mesh that we used may be seen in Figure 4.5. This first step is
to consider lubricants that are Newtonian fluids. The polymer deformation to simulate the
non-Newtonian behaviours will be studied in a subsequent section of this chapter.

Figure 4.5: Example of a mesh used after several iterations (see Chapter 3).

This model is validated by comparing our results to available numerical data [41]. We proceeded
iteratively to achieve the first two figures. We modify two non-dimensional parameters, the loading
parameters and the Sommerfeld number, until the desired steady state eccentricity is reached (see
Figures 4.6 and 4.7).
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The loading parameter and the Sommerfeld number are defined respectively as:

ζ = m · g
2 · r · Pa

and Λ = 2π · µ · ω
c2

As a reminder, we are using non-dimensional notations to prevent any loss of generality.
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Figure 4.6: Comparison of the evolution of the load parameter with respect to the Sommerfeld
number for different eccentricity ratios ε = e

c
. Our results are shown in colour while those of

Piekos and Raimondi are represented by dotted and dashed lines.
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Figure 4.7: Comparison of the evolution of the attitude angle with respect to the Sommerfeld
number for different eccentricity ratios ε = e

c
. Our results are shown in colour while those of

Piekos and Raimondi are represented by dotted and dashed lines.
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As for pressure distribution, Figure 4.8 shows that our results follow similar trends to those of
Stanley [41].

Figure 4.8: Example of steady state pressure distribution around the perimeter of the journal.

Our simulations tend to become unstable at low Sommerfeld numbers and load parameters making
it difficult to obtain these low-range values. Despite this, all of these results correlate with those
of Piekos and Raimondi [41]. We may thus assume that our simulations are valid. The next
sections are dedicated to a parametric study, a stability study and simulations of the system with
non-Newtonian fluid. These studies enable us to explore the capabilities of our model and the
mechanisms at the origin of these non-Newtonian behaviours.

4.4 Parametric study
As stated previously, the journal bearing has a strong tendency to become unstable in certain
conditions. As a result, it is vital to identify the parameters that have a significant impact on
stability. With this in mind, we have studied the influence of the fluid density ρ and viscosity ν,
the non-dimensional radius of the journal r, the load W applied to the journal and the rotational
velocity ω of the journal.

Both the journal radius r and the velocity ω have a particularly significant impact on the overall
stability of the system and will be discussed in further detail.
Figure 4.9 shows the time evolution of the attitude angle for different values of ω with a constant
journal radius.
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Figure 4.9: Evolution of the absolute value of the attitude angle for different values of the tangential
velocity of the journal vtan = r · ω [s−1].

At first, the bearing is very stable. As the tangential velocity increases, it causes a behavioural
change and an oscillatory response occurs. Both the amplitude of the attitude angle and the
frequency of these irregular oscillations increases with ω. Eventually, the journal is completely
unstable and rotates around the perimeter of the bearing.
Figure 4.10 shows the evolution of the attitude angle for different values of journal radius r and a
constant velocity.
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Figure 4.10: Evolution of the absolute value of the attitude angle for different values of journal
radius r.
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It is clear that the assembly becomes unstable as the radius of the journal increases. Note that for
these two figures we are working with the absolute value of the attitude angle which is limited
to the interval |φ′| ∈ [0◦, 180◦]. As a result, though the purple line may look stable, it is in fact
unstable and rotating around the outer bearing.
This section aims to highlight the variables prone to causing unstable conditions. We have shown
that the assembly is particularly sensitive to the geometry, more specifically to the radius ratio r.
This emphasises the importance of choosing the appropriate radius for the desired application.

4.5 Stability study
Now that some of the physical parameters of the journal have been explored, we use these results
to analyse its stability and its response to perturbations with parameters leading to a stable state.
An example can be seen in Figure 4.11.

(a) Example of a stable journal. (b) Example of an unstable journal.

Figure 4.11: Example of stable and unstable conditions.

A load is considered on the journal and two perturbations are performed: a change of the angular
velocity ω and an impulse on the journal. Both perturbations have practical applications in the
industry where the journal bearing is used to maintain rotating shafts with minimum friction. We
see that the rotational velocity may vary over the course of its use or a sudden impulse may be
applied to the shaft and influence the journal.

Note that a stable journal tends to settle at a given attitude angle according to the set of parame-
ters used. We observe the evolution of this attitude angle over time for the different perturbations
in Figure 4.12, 4.13 and 4.14.
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Figure 4.12: Journal’s response when its angular velocity is halved (i.e. ω′ = ω
2 ) at time t = 1.

Figure 4.13: Journal’s response when its angular velocity is doubled (i.e. ω′ = 2ω) at time t = 1.
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Figure 4.14: Journal’s response to a impulse at time t = 1. Orange: horizontal perturbation of
the same magnitude as its weight. Blue: horizontal perturbation of twice its weight.

We see that the response of the journal is instantaneous. For all cases, the system responds directly
with an overshoot and then oscillates until reaching a new stable state. For smaller velocities or
perturbations, the oscillations are smaller and the system stabilises faster.

4.6 Polymer deformation
By adding polymers to the system, the lubricant becomes non-Newtonian and the properties of the
fluid change. Therefore, we expect the properties of the journal bearing assembly to also change.
As stated previously, a stable journal will settle at a given attitude depending on the parameters
that are used, namely the load.
Figure 4.15 shows that, regardless of fluid used (Newtonian or non-Newtonian), this attitude angle
follows a linear relationship with the normalised load. This is an important result as it states that
the attitude of a stable journal is not impacted by non-Newtonian properties.
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Figure 4.15: Evolution of the attitude angle according to the normalised load for different fluids.
The dashed line is a linear regression of the data points from our experiment.

From the results of our numerical experiment, we observe a correlation coefficient of 92.4%, which
is high enough to lead us to confirm the linear relation. This is in agreement with the work of
Berker [42] in which he conducted a similar experiment. The slope of his linear regression is 0.168
while we obtained a slope of 0.16. Since Berker’s results were experimental, we are confident in
the validity of our results in general.
These results also seem to be compatible with the hypothesis made by Berker that the Sommerfeld
number Λ is correlated to the attitude angle and the fluid film thickness.

We can now analyse the evolution of the position of the journal in the bearing and how it is
impacted by non-Newtonian behaviour. With the purpose of doing so, we apply a periodic load and
observe the evolution of the eccentricity of the journal over time for Newtonian and non-Newtonian
lubricants. Figure 4.16 shows the results of this over a single period. Though the results of both
fluids seem similar, the difference becomes apparent when we take a closer look. We observe that
the journal immersed in a non-Newtonian fluid tends to remain at maximum eccentricity for a
longer time. Rastogi and Gupta [43] conducted a similar experiment with the same conclusion.
We deduce that, for a more viscous fluid, the presence of an elastic behaviour reduces the thickness
of the fluid film.

From a practical standpoint, if this fluid film is insufficiently thick, non-Newtonian lubricants
may lead to higher erosion, general loss of performance and reduce the lifespan of the bearing.
On the other hand, if the periodic load is heavier or if the period is shorter, then non-Newtonian
behaviours will maintain the journal in a steady position for longer.
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Figure 4.16: Evolution of the locus of the eccentricity ratio of a journal subjected to a periodic
load. The blue line corresponds to the Newtonian case and the orange line corresponds to the
non-Newtonian case.

4.7 Results
In this section, we focus on some of our additional simulations.
In the following figure, we track the evolution of two bearings: one with polymers immersed in
the fluid and one without (while maintaining a constant viscosity and density).
Examples of such simulations are shown in Figure 4.18 and Appendices F and G. Note that the
polymers are generated in a straight line to better observe their influence on the system and
vice-versa.
Both bearings behave differently. The journal bearing that uses a Newtonian fluid as a lubricant
tends to respond faster to the periodic load. In the case of the journal bearing that uses a
non-Newtonian lubricant, some polymers elongate under the influence of the journal while others
slowly contract due to the Brownian motion.
The ability to simulate a journal bearing with polymers is very interesting for many industrial
applications. We know that a non-Newtonian fluid is, for example, better suited for more violent
variations of the load.
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(a) t = 0.2s (b) t = 0.2s

(c) t = 0.4s (d) t = 0.4s

(e) t = 0.6s (f) t = 0.6s

Figure 4.17: Comparison of the evolution of the journal bearing without polymers (left) and with
polymers (right) - Part 1.
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(a) t = 0.8s (b) t = 0.8s

(c) t = 1.0s (d) t = 1.0s

(e) t = 1.2s (f) t = 1.2s

Figure 4.18: Comparison of the evolution of the journal bearing without polymers (left) and with
polymers (right) - Part 2.
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4.8 Conclusion
We conclude this chapter with the knowledge that we have created a pertinent model capable
of simulating the behaviours of a journal bearing assembly. Our model concurs with existing
experimental and numerical data. Our simulations enable us to identify some of the parameters
leading to instabilities. We are able to perform interesting stability studies and compare different
lubricants, including lubricants with non-Newtonian properties. Both studies provide interesting
insights that can be adapted to different industrial applications. Our simulations predict the
behaviour of journal bearings and help in the choice of correct material and lubricant for given
uses.
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Chapter 5

Delayed die swell

The die swell or Barus effect, is a phenomenon that has been studied since the 1950s. As a
viscoelastic fluid is expelled from a pipe, its behaviour is analysed. It has been found that its
elastic properties induce a swell at the die lip. The first studies focused mainly on the kinematic
aspects [44], however, these results did not fit with experimental data. This proves that other
characteristics of the system needed to be considered.
In 1970, Grassley [45] identified additional parameters governing these swells: the geometry of the
pipe, the characteristics of the fluids and external environmental parameters such as the pressure
or gravity. Finally, in 1988, Koopmans [46] observed that polymers, more precisely their structure,
also have an impact on the die swell.
At the same time, it was discovered that the swell becomes delayed for higher velocities. In 1987,
the experiments of Joseph [47] studied and characterised this delay to isolate a critical velocity for
different fluids and systems. The delay only appears if the Reynolds number is sufficiently high
and the fluid is non-Newtonian. In 1990 the first numerical simulations of the delayed die swell
were obtained using an Oldroyd-B model to describe non-Newtonian fluids [48].
While the Oldroyd-B model [49] simulates viscoelastic fluids, it does not consider the micro-scale
properties of the polymers in the fluid and, as such, does not take into account the maximum
extension of polymers. The purpose of this chapter is to study the delayed die swell with a
multi-scale approach using a more advanced polymer model. This provides a more in-depth
understanding of the mechanism at the origin of the delay and helps answer the open question of
Brandt [50], which is to find the cause of the delayed die swell.
The first part of this chapter is dedicated to the physics of the die swell and the delayed die
swell. The second part presents a simulation of the delayed die swell using the polymer model
described in Chapter 2 and the moving boundaries from Chapter 3 in addition to a free surface
implementation of MigFlow.
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5.1 Physics of extrusion swelling
Let d be the diameter of a pipe in which a Poiseuille flow u(x) is established. At the end of the
pipe, there is an extrusion and the viscoelastic fluid swells up to a diameter D1. This system is
illustrated in Figure 5.1.

Die lip

u(x)
d D1

u(x)

Figure 5.1: Illustration of the geometry of the die swell.

Both the Reynolds number (Re) and the Weissenberg number (We) are frequently used in non-
Newtonian fluid dynamics and enable us to derive two non-dimensional numbers that describe the
die swell:

• The elastic number E = We
Re

represents the ratio between the relaxation time and the time
of observation.

• The viscoelastic Mach number M =
√
Re−We is a normalised velocity of the system.

Delvaux and Crochet [48] hypothesised that the delay is solely dependent on the Mach number.
Adapting the Re and We enables us to reach the critical state where the die becomes delayed (see
Figure 5.2). We see a first swell D1 due to the viscous component of the fluid and a second D2
due to its elastic component. This second swelling is delayed and can be seen as the consequence
of the memory property of elastic bodies. The polymer chains are aligned with the streamline
as they leave the die and take a certain amount of time before they change their configuration.
In the following section, this phenomenon is simulated using our model to help understand the
mechanisms in microscale at the origin of the delay.

Die lip

d
u(x)

D2
D1

L

l

u(x)

Figure 5.2: Illustration of the geometry of the delayed die swell.
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The system is symmetrical along a horizontal axis represented by a dotted and dashed line in
Figures 5.1 and 5.2. To reduce the computational costs, only the upper half of the geometry is
simulated. Furthermore, this upper part can be assimilated to a shearing problem. At the die
lip, the shear constraint disappears and the top boundary becomes a free surface. The velocity
field homogenises when the fluid exits the pipe (once steady-state have been reached) as shown in
Figure 5.3.

Figure 5.3: Velocity field around the die lip at steady state.

5.2 Simulation with polymeric fluid and moving bound-
aries

The polymer model described in Chapter 2 lets us simulate a non-Newtonian fluid with Migflow.
An important aspect to consider is the appearance of a singularity at the die lip, between the pipe
and the free surface. Though the singularity disappears as the solution converges, a sufficiently
small time step has to be considered and the mesh needs a sufficiently high resolution. In practice,
we use time step of dt = 5 · 10−5s and the mesh is presented in Figure 5.6.

Figure 5.4: Velocity field around the die lip after the first iteration.

In Figure 5.4 we observe a high velocity (in the order of 8 times the shear velocity) at the die lip
induced by the singularity. This creates a wave that propagates over time as shown in Figure 5.5.
Once the time step and the computational domain have been chosen, we move on to selecting
the parameters required to simulate the delayed die swell. For this, we need a sufficiently high
viscoelastic Mach number. Figure 5.5 shows an example with a Mach number of M ≈ 3.4. In
this figure, we see the evolution of the extrusion until it reaches a steady-state. At first, the
extrusion creates a wave that propagates over the whole domain. The fluid then settles and at
time (t = 0.87s) the flow is steady. We can see an initial small swell which is due to the viscosity
of the fluid and then a second delayed swell.
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t = 0.00s

t = 0.12s

t = 0.25s

t = 0.37s

t = 0.5s

t = 0.62s

t = 0.75s

t = 0.87s

Figure 5.5: Simulation of a delayed die swell with a Re = 12 and We = 0.42. The red line
corresponds to the end of the pipe and the blue line is a reference line that corresponds to the
radius of the pipe.
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Now that we can produce a delayed die swell, we can explore variations by modifying non-
dimensional numbers and observing their impact. Table 5.1 shows a summary of the non-
dimensional numbers used in our simulations.

Set 1 2 3 4
Re 12 24 16 12
We 0.42 0.5 0.73 0.7
M 3.4 4.85 3.9 3.36
E 0.035 0.02 0.046 0.058

Table 5.1: Non-dimensional numbers used for simulations.

To modify these numbers, several parameters can be varied: the viscosity, the length of the
polymers, the strength of the joints and the size of the particles.
In practice, we observe that the linear momentum of the particles seems to be the cause of the
delayed die swell. We have therefore chosen not to alter the velocity of the fluid or the mass of
the particles in these simulations.
The four stationary solutions corresponding to the tests are shown in Figure 5.6

Figure 5.6: Resulting mesh of the delayed die swell simulation corresponding to Table 5.1. The
red line corresponds to the end of the pipe and the blue line is a reference line that corresponds to
the radius of the pipe.
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We observe two main trends.
First, when increasing the Re, the first swell decreases until eventually, a narrowing occurs. This
is due to the reduction in the viscosity needed to achieve these high Re numbers.
Secondly, increasing the We increases the second swell D2.
We can postulate that the ratio between the first and the second swelling is directly proportional
to the Reynolds and Weissenberg numbers of a fluid. Mathematically, this would give:

D2

D1
∝ Re ·We (5.1)

5.3 Micro-scale analysis
As we stated previously, the advantage of using a micro-macro (multi-scale) model is to allow us
to observe the behaviour of the polymers during the delayed die swell.
In the simulations, each chain represents a set of polymers. This has the advantage of reducing
computational costs while giving good qualitative results. Quantitative results are not considered
in this paper and the scales do not correspond to any applications but are specifically chosen to
help us understand the intrinsic mechanisms of non-Newtonian fluids.

Figure 5.7: Evolution of the shape of the polymers along the flow.

We can see in Figure 5.7 the evolution of the shape of polymers throughout the flow. The polymers
tend to curl (as described in Chapter 2) but only after a delay. This is the origin of the delayed
die swell and is due to the inertia of the particles.
We assume that the pipe is sufficiently long such that the velocity of the particles equals the
velocity of the fluid at all points. The particles have a higher density than the fluid and, as
such, for the same velocity, their linear momentum is higher. At the die lip, the constraints of
the shearing flow disappear. The higher linear momentum of the particles keeps them in their
linear shape for a certain amount of time, during which the Brownian motion is dominated by the
velocity of the particles. This creates a delay until their velocity decreases to that of the fluid and
the Brownian motion is no longer negligible. After this delay, the polymers will start to curl and
assume their dense shape as seen in Figure 5.7.
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Therefore, we observe a delayed die swell if the linear momentum of the particles is sufficiently
high. The other parameters cause variations to the steady-state solution. Modifying the Re and
the We will change the first and the second swellings accordingly.

5.4 Conclusion
In the final results, we recompose the entire domain using symmetry. The full delayed die swell is
shown in Figure 5.8.

Figure 5.8: Delayed die swell simulation.

In this figure, we see a Poiseuille flow is established in the pipe. A first small swell is observed at
the die lip, followed by a second swell that is delayed. This figure shows the behaviours of the
polymer chains throughout the domain and we observe how the curling action induces the second
delayed swell.
It is important to note that these results are qualitative due to our multiscale approach. Our
objective is to answer the open question on the cause of the delayed die swell. Based on our
results, we can formulate the hypothesis that the delayed die swell is due to the balance between
the linear momentum of the polymer and the Brownian motion they are subjected to.
These simulations can also be considered as a basis for further simulations and studies. For
example, analysis can be performed on the position of the inflection point or different types of
polymers using our model.
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Chapter 6

Conclusion

This paper is based on the Migflow (Model for Immersed Granular Flows) project where we
aimed to research and develop two major enhancements. We also provided concrete applications
and case studies to validate our findings and explore the possibilities of our models. The first
enhancement was the implementation of immersed polymers enabling us to study the mechanisms
at the origin of the non-Newtonian behaviour of polymeric fluids. The second focused on creating
a methodology to handle adaptive geometries, allowing us to consider complex domains.

First, a polymer model is described and implemented. This makes it possible to simulate polymeric
fluids and to observe the microscopic mechanisms causing unusual non-Newtonian behaviours.
These fluids are viscoelastic and, as such, we must research and develop an elastic model for our
polymer chains. We have studied the impact of two elastic models: a simple and widely used model
based on Hooke’s law and a second that considers the maximum extension of bodies, based on
the FENE model. Both models were implemented and compared. It was found that the adapted
FENE model is better suited for a larger range of applications as it is accurate for both small and
large deformations. We have therefore chosen the FENE model for our research.
It is known that the structure of polymers has an important impact on the fluid. As polymers
forming complex networks are rarely found in a fluid phase, our work focuses on chained polymers,
both linear and branched. We proposed two representations for the structure of polymers according
to their physical properties. The chain representation can be used to simulate large polymers that
don’t have a defined shape while the triangular representation is more appropriate for smaller
polymers with a given shape. Both representations are created using a scale analogy where each
chain represents several microscopic polymers but behaves as a single microscopic polymer. This
analogy enables us to observe the macroscopic behaviour induced by polymers in a reasonable
computational time.
Future studies into more complex structures (e.g. polymer networks) could be implemented using
our model to simulate more elaborate fluids.
The second enhancement is a method to handle moving boundaries. Many problems in fluid
mechanics require dynamic domains in which boundaries shift or evolve. This paper proposes
a complete methodology to take this into account. First, the mesh used by the finite element
scheme of Migflow is adapted according to the displacement of the boundaries. The solution of
the different fields is recomputed on the adapted mesh. We encountered two cases. First, in the
case of small deformations, the position of the nodes are adapted and we use the Euler-Lagrange
approach to calculate the various fields such as velocity and pressure. Secondly, in the case of large
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deformations, we have to re-mesh the whole domain and project the old fields on the new mesh.
Although both methods impact the performance of MigFlow, they do not impact the global
temporal complexity of the program.
Using these moving boundaries allows us to consider a new range of problems in which the
geometry evolves or where bodies are free to move within the domain.

The subsequent chapters are dedicated to concrete applications of these enhancements in which
we study and provide illustrations of the capabilities of our model. The first application provides
quantitative results and compares these to external studies. The second provides qualitative
results to answer open questions in physics (such as the causes of the delayed die swell).
The first application is the study of journal bearings. These simulations validate the methodology
used for our moving boundaries by comparing our results with external numerical and experimental
data. Our results and conclusions are very promising and are in agreement with scientific literature.
Various cases are simulated to study the impact of the different parameters on the stability of the
bearing and observe its response to perturbations.
Finally, polymers are introduced into the clearance to compare Newtonian and non-Newtonian
lubricants. Our results concur once again with experimental data, confirming the pertinence of
our model.
The second application is the study of the delayed die swell. This phenomenon occurs (in specific
conditions) when a non-Newtonian fluid is expelled from a pipe. The nature of the microscopic
mechanisms causing this behaviour remains an open question.
To answer this, we propose a micro-macro approach to gain a deeper understanding of the inner
mechanisms at the origin of this behaviour. Our enhancements are used to simulate the delayed
die swell. By observing the behaviours of the polymers during the second swell, we were able to
postulate that the delay is due to the linear momentum of the polymers which dominates their
tendency to curl for a certain amount of time.
An analysis has been performed in an attempt to identify the parameters governing the delayed
die swell. Further studies may be carried out, for example, focusing on the inflection point and its
position.
Our work on the delayed die swell can be generalised to a multitude of other problems.

Our enhancements add new perspectives to the Migflow software and can be used in many and
varying applications. We provided concrete examples of how they can be applied. They enable
the simulation of more complex problems with dynamic domains and non-Newtonian fluids while
providing in-depth visualisations and understanding of these non-Newtonian fluids.
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Appendices

A Hooke’s law & potential energy
There is a clear link between potential energy and Hooke’s law. Let us define U(x) as the potential
energy that poses a local minimum at x?.
The Taylor expansion around this point is defined as:

U(x) =
∞∑
n=0

Un(x− x?)n = U0 + U1(x− x?) + U2(x− x?)2 + ...

Considering small deformations, we may focus on the first terms of the Taylor expansion.
The very first term is constant and can be assumed to be U0 = 0 without loss of generality (this
corresponds to a shift in the potential energy). The second term U1 is the value of the derivative of
the potential energy when there is no extension : U1 = dU

dx
(x?). Since we know the potential energy

is minimum at this point, U1 = 0. The third term is, with the same reasoning, the second derivative
: U2 = 1

2
d2U
dx2 (x?) ≡ 1

2k ≥ 0 for an arbitrary potential energy1. Indeed d2U
dx2 = 2U2 + 6U3(x−x?) + ...

so by taking the rest point x = x? we have only the U2 term remaining.
Keeping only the first non-zero term (U2), we have:

U(x) ≈ 1
2k(x− x?)2

By deriving this expression, we find the force induced on the solid:

F = −dU(x)
dx

≈ −k(x− x?)

This is the same expression as Hooke’s law, where k is the spring constant and x? is the resting
length.

1In some particular cases of potential energy function this term could vanish too but in practice it is not
considered.
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B Stenosis
A stenosis is an anatomical narrowing of part of a biological system. In the human body it is
found for example in the respiratory voices or in the vascular system [51] [52]. They can be at the
origin of vascular disorder and have important consequences for the biological system hosting the
stenosis [53].
The human vascular system (can be generalised to other species) is made up of a network of
arteries and veins in which a non-Newtonian fluid, blood, evolves. A stenosis in this system can
have serious consequences for its host and therefore it can be very interesting to understand and
predict its consequences. Another approach would be to study the impact of medicine (coagulant
or anticoagulant, for example) on this stenosis and its consequence.

u(x)

Figure B.1: Illustration of a stenosis into a pipe in which a Couette flow u(x) is established.

A very simplified model for showing stenosis is shown in Figure B.1. This model represents a
section of a blood vessel in which a substantial irregularity appears (the stenosis).
Using the tools developed in this paper, we can therefore simulate the impact of this stenosis on
the non-Newtonian fluid as well as the different components of this fluid. We can also simulate
pulsation on the stenosis by using the dynamic boundaries method developed in Chapter 3 [54].
As blood rheology is a very complex subject, an implementation will not be proposed but this
appendix illustrates a potential application of our model in a field very different from industry.
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C OCTree
An OCTree is a tree-based structure used to store nodes in space. It is often considered as the 3D
version of the quadtree. This structure divides the space in elements and each elements can be
divided into a sub-space of 8 elements (4 for a quadtree) and this can continue recursively. An
illustration of this concept can be found in Figure C.1.

Figure C.1: OCTree representation 2.

For N points evenly distributed in the space (i.e. a well balanced tree) the cost of search and
insertion of one point is O(logN).

2Source: https://developer.apple.com/documentation/gameplaykit/gkoctree
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D Magnetic stirrer
A magnetic stirrer is a device mainly used in chemistry or biology laboratories. This device is
composed of 2 parts : a magnetic bar and a base. In the base, a magnet, called the drive magnet,
turns the magnetic bar.
The device is used to mix liquid solutions in a recipient. The user places the magnetic bar into
the recipient with the fluid and puts the recipient on the base. Then, the drive magnet starts to
spin, causing the magnetic bar to mix the solution.
A scheme can be observed in Figure D.2. D.2.

Figure D.2: Magnetic stirrer scheme3.

In the Chapter 3, this system is simulated in 2D. So only a section is considered. This section
is the horizontal plane going through the stirrer magnet. An illustration of the geometry can be
found in Figure 3.1.

3Source: https://www.bola.de/en/technical-information/stirring-and-mixing/stirrer-magnetic-stirring/
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E Magnetic stirrer simulation with polymers

(a) t = 0.1s (b) t = 0.2s (c) t = 0.3s

(d) t = 0.4s (e) t = 0.5s (f) t = 0.6s

(g) t = 0.7s (h) t = 0.8s (i) t = 0.9s

Figure E.3: Full simulation of a magnetic stirrer.
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F Simulation of a journal bearing with polymers

(a) t = 0.2 (b) t = 0.4s

(c) t = 0.6s (d) t = 0.8s

(e) t = 1.0s (f) t = 1.2s

Figure F.4: Full simulation of a journal bearing with polymer chains (Part 1).
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(a) t = 1.4s (b) t = 1.6s

(c) t = 1.8s (d) t = 2.0s

(e) t = 2.2s (f) t = 2.4s

Figure F.5: Full simulation of a journal bearing with polymer chains (Part 2).
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G Simulation of a stable journal bearing with a vortex

(a) t = 0.0s (b) t = 0.05s (c) t = 0.1s

(d) t = 0.15s (e) t = 0.2s (f) t = 0.25s

(g) t = 0.3s (h) t = 0.5s (i) t = 0.75s

Figure G.6: Full simulation of the stable journal bearing.
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