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Abstract

This paper presents a comprehensive exploration of control algorithms for optimizing
performance in autonomous race cars. The control algorithm designed in this research
is split into two key components: path planning and path following, with a focus
on the path following algorithm and more specifically on the implementation of a
Model Predictive Contouring Control (MPCC). The objective of this study is to
develop a competitive algorithm that can be applied to the autonomous electric
race car built by Formula Electric Belgium for participation in the Formula Student
Driverless competition. The research explores the intricacies of path following, opti-
mizing steering, throttle, and brake inputs to maximize the progress of the car while
staying within the track boundaries. Various solutions are explored, encompassing
different optimization problem formulations, car models, and optimization solvers.
The effectiveness of these solutions is evaluated using the Formula Student Driverless
Simulator. The study thoroughly discusses the benefits and challenges of the MPCC
algorithm, presenting compelling results and performances achieved through various
strategies. It provides valuable insights for the implementation of control systems in
autonomous race cars and suggests promising avenues for future research to further
enhance control performance in this context.

Keywords: control algorithm; autonomous electric race car; path following; path
planning; model predictive contouring control
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1 | Introduction

1.1 Context

1.1.1 Formula Electric Belgium
The work presented in this paper was carried out in collaboration with Formula
Electric Belgium (FEB) [1], with a specific focus on the development of autonomous
vehicle algorithms. The project’s primary goal was to contribute to the organization’s
advancements in this area, offering valuable insights and paving the way for future
developments.

FEB is a student team based in Leuven that is dedicated to the design, develop-
ment, and racing of electric vehicles. Every year, they build a new electric race car
with the goal of participating in the international competition known as Formula
Student. This competition specifically focuses on design and racing for student-built
race cars.

The team comprises 52 students from diverse backgrounds, collaborating to design
and build fast, efficient electric race cars. Divided into departments responsible for
specific aspects of the project, they leverage cutting-edge technology, partnerships,
and high-quality parts to ensure their success.

Recently, they have expanded their focus to develop an autonomous vehicle,
demonstrating their commitment to pushing the boundaries of electric vehicle tech-
nology and autonomous driving. In addition to engineering work, they actively raise
public awareness through seminars, events, and collaborations, contributing to the
growth of electric vehicle research and development.

1.1.2 Formula Student Competition
Formula Student is an internationally recognized engineering competition that offers
students a unique opportunity to showcase their skills in designing, building, and rac-
ing formula-style race cars. The competition is structured around a series of static and
dynamic events, designed to assess various aspects of the participating teams’ vehicles.
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Figure 1.1: Student Germany 2017 [2]

These events encompass the key aspects of the competition, combining technical
expertise, cost management, business acumen, and performance evaluation. They
provide a comprehensive assessment of the teams’ race cars and their ability to excel
in different areas of engineering and motorsport:

• Static Events:

– Design analysis: evaluates engineering design processes, innovation, and
optimization techniques.

– Cost analysis: assesses the affordability of the car and the teams’ ability
to justify design and manufacturing choices.

– Business plan presentation: challenges teams to present a comprehensive
business case, including marketing strategies, financing plans, and sales
projections.

• Dynamic Events:

– Acceleration: measures the car’s ability to accelerate in a straight line.
– Skid-pad: assesses the car’s lateral grip and maneuverability.
– Autocross: evaluates the car’s agility, responsiveness, and overall perfor-

mance on a closed circuit.
– Endurance: examines the car’s durability, reliability, fuel efficiency, and

driver endurance over a longer distance.

Formula Student competitions are governed by strict rules and regulations estab-
lished by organizations such as FSG [5], FSUK [6], FSE [7], etc. These rules ensure
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fair play and prioritize safety, defining technical specifications, safety standards, and
performance limitations for participating teams. By adhering to these guidelines,
Formula Student creates a level playing field where students can showcase their
engineering abilities within defined constraints.

1.1.3 Formula Student Driverless
The research presented in this paper seamlessly integrates with the framework of
the Formula Student Driverless competition, demonstrating a strong commitment to
adhering to its rules and contextual requirements.

The Formula Student Driverless competition is an extension of the Formula
Student competition, specifically focused on autonomous vehicles. It provides an
exciting platform for student teams to showcase their skills in designing, building,
and programming self-driving race cars.

Figure 1.2: Formula Electric Belgium’s driverless
car [3]

The competition follows a
format similar to the traditional
Formula Student competition,
featuring both static and dy-
namic events (see Subsection
1.1.2).

The Formula Student Driver-
less competition offers students
hands-on experience in au-
tonomous vehicle development,
fostering innovation and prepar-
ing them for careers in the field.
It showcases advancements in
perception systems, decision-
making algorithms, and sensor
integration while promoting col-
laboration and problem-solving.
This competition propels the fu-
ture of autonomous vehicles and inspires the next generation of engineers in this
dynamic field.

The FEB team has recently embarked on an exciting endeavor by implementing
their initial simple, non-optimal solution, specifically designed for participation in
the driverless competition. This research significantly contributes to the team’s
unwavering pursuit of excellence in the field of autonomous vehicle development by
establishing a solid foundation of a new optimized control algorithm.
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1.1.4 Race track
In the Formula Student Driverless competition, the track is typically designed to
simulate real-world racing conditions and challenges. The track layout is carefully
planned to include a variety of elements such as straight sections, corners of different
radii, chicanes, and slalom sections. These features test the performance and capa-
bilities of the autonomous vehicles in terms of acceleration, braking, cornering, and
overall handling.

The track design aims to provide a comprehensive and demanding environment
that evaluates the autonomous systems’ capabilities in navigation, path planning, and
decision-making. It challenges the participating teams to optimize their algorithms
and sensor fusion techniques to achieve efficient and precise performance.

It’s important to note that the specific track design can vary from one Formula
Student Driverless competition to another, as different organizing bodies or locations
may have their own unique track configurations.

Figure 1.3: Track design [4]

Some rules remain consistent
across competitions in terms of
track design. The track typ-
ically consists of four orange
cones positioned at the start,
with two cones on the left and
two on the right. Following the
orange cones, yellow cones are
placed on the right side of the
track, while blue cones are po-
sitioned on the left (see Figure
1.3). The car is required to com-
mence its run at a distance of 6
meters from the center of the orange cones. The cones themselves are spaced apart
by a maximum distance of 5 meters. Furthermore, the track always maintains a
minimum width of 3 meters. These regulations ensure a standardized track layout
for participants to navigate and optimize their autonomous vehicle’s performance.
These rules are also applied in the Formula Student Driverless Simulator (see Section
1.1.5).

1.1.5 Formula Student Driverless Simulator
In the context of this work, the Driverless Simulator proved to be an invaluable tool.
It provided a realistic virtual environment where comprehensive testing, optimiza-
tion, and validation of the autonomous systems could be conducted. The simulator
enabled the assessment of performance, fine-tuning of the algorithm, and gathering of
valuable insights, all without the need for extensive physical testing. The accelerated
development process and assurance of accuracy and reliability were facilitated by
the simulator’s capabilities.
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The Formula Student Driverless Simulator [8] is a virtual platform that simulates
the experience of racing and testing autonomous vehicles in a realistic, computer-
generated environment. It is specifically designed for teams participating in the
Formula Student Driverless competition to develop and fine-tune their autonomous
driving algorithms before implementing them in a physical race car.

Figure 1.4: Formula Driverless Simulator interface

The simulator replicates real-
world driving scenarios, en-
abling teams to experiment,
evaluate performance, and re-
fine their autonomous systems.
It provides a safe environment
to test algorithms, optimize sen-
sor fusion, and enhance decision-
making. Teams can simulate
race events, analyze data, and
virtually compete, fostering col-
laboration and knowledge shar-
ing.

Using the Driverless Simu-
lator offers advantages such as
saving time and resources, facilitating rapid iteration of algorithms, and providing
valuable training opportunities. It reduces the risks associated with testing on
actual race tracks and enables efficient fine-tuning of autonomous systems. The
simulator serves as a platform for teams to enhance their skills in autonomous vehicle
development and racing.

1.2 Design choices and state of the art

1.2.1 Control algorithms for autonomous race cars
The control algorithm for autonomous race cars comprises two critical components:
Path Planning (PP) and Path Following (PF).

The PP algorithm serves as the foundation for guiding the autonomous race car
along its desired route. It is responsible for determining the reference trajectory
based on factors such as track layout, obstacles, and performance objectives. In this
work, a particular PP approach has been chosen, which will be elaborated upon in
Section 1.2.2.

The PF algorithm aims to enable the autonomous race car to accurately adhere
to the predetermined reference trajectory. This involves controlling the car’s throttle,
steering, and braking to ensure it stays on course, achieves high performance, and
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maintains safety within the racing environment. Section 1.2.3 will explore the current
state-of-the-art in PF algorithms.

1.2.2 Path Planning
The initial decision in designing the control algorithm involves the integration of the
PP algorithm. Two choices are typically considered:

1. The PP algorithm calculates a path at the center of the track, while the PF
algorithm computes the optimal car commands to maximize speed while staying
within the track boundaries. This approach allows the car to deviate from the
reference path to optimize its speed, known as taking the racing line.

2. The PP algorithm determines an optimal path based on predefined criteria,
and the PF algorithm focuses on precisely following the reference path while
maximizing speed.

In this work, considering the specific application and context (see Section 1.1),
the first option is chosen, where the PP algorithm computes the path at the center
of the track, and the PF algorithm optimizes the car commands for maximum speed
within the track limits. This choice offers a simpler but efficient PP algorithm while
ensuring an optimized PF strategy to maximize performance and safety.

1.2.3 Path Following
In the realm of autonomous race cars, PF algorithms play a crucial role in achieving
precise control, optimal performance, and safety. These algorithms focus on con-
trolling the car’s movements to maximize speed along a planned trajectory. In this
section, several notable PF approaches will be explored:

1. Proportional-Integral-Derivative (PID) Controllers: PID controllers are
widely used in various control systems to regulate a process by adjusting control
inputs based on proportional, integral, and derivative terms [9]. They offer a
simple yet effective control strategy that ensures stability and responsiveness.
In [10], it is concluded that a standalone PID controller provides a satisfactory
solution for lateral vehicle control, but more advanced strategies or controllers
may be preferable for improved performance. The longitudinal control task
is addressed in [11] by implementing adaptive PID control using two different
approaches: Genetic Algorithms (GA-PID) and Neural Networks (NN-PID).

2. Stanley Control: The Stanley controller combines proportional and feedfor-
ward control terms to adjust the vehicle’s steering angle based on the lateral
error from the reference path. By considering the cross-track error and path
tracking gain, the Stanley controller achieves smooth and precise PF [12].
Stanley controller is one of the best for regulating lateral dynamics of a vehicle
operating under nominal driving conditions, especially considering the compu-
tational complexity at which it offers such accuracy and robustness [10]. In
[13], it is illustrated that Predictive Stanley lateral controller performance is
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significantly higher than the basic Stanley controller at severe maneuvers and
high vehicle speeds.

3. Pure Pursuit Control: Pure Pursuit control operates by calculating the
curvature of the path ahead [14] and determining the steering angle [15] needed
to align the vehicle with a look-ahead point on the path. By continuously
updating the look-ahead point and adjusting the steering angle accordingly,
the Pure Pursuit controller enables accurate tracking of the reference path
and smooth navigation. Pure Pursuit controller is really good for regulating
the lateral dynamics of a vehicle operating under nominal driving conditions
[10]. In [16], a novel pure pursuit algorithm based on the optimized look-ahead
distance named OLDPPA is proposed to improve the tracking accuracy of the
Pure Pursuit algorithm.

4. Linear Quadratic Regulator (LQR):
Linear Quadratic Regulator (LQR) is a control approach that minimizes a
quadratic cost function by adjusting control inputs based on the vehicle’s
current state [17]. Iterative Linear Quadratic Regulator (ILQR) is an iterative
version of LQR used for finding optimal trajectories in non-linear systems. To
handle constraints in trajectory optimization, the Constrained Iterative Linear
Quadratic Regulator (CILQR) algorithm is proposed [18]. It incorporates
constraints into the optimization framework, specifically for on-road driving
motion planning problems. The integration of Alternating Direction Method of
Multipliers (ADMM) with CILQR improves computation efficiency and enables
real-time implementation [19].

5. Machine Learning-Based Approaches: Machine learning techniques have
gained significant attention in developing control algorithms for autonomous
race cars. Deep reinforcement learning algorithms, such as Deep Q-Networks
(DQN) [20], Proximal Policy Optimization (PPO) [21], [22], [23], and Soft
Actor-Critic (SAC) [23] can learn control policies through interactions with the
racing environment. These algorithms enable autonomous electric race cars
to adapt and optimize their racing strategies based on experience, achieving
high-performance racing behavior. In [24], a reinforcement learning (RL)-
based framework is suggested for application in autonomous driving systems
to maintain a safe distance.

6. Model Predictive Control (MPC): Model Predictive Control (MPC) is a
widely adopted PF approach in autonomous racing. It utilizes a dynamic model
of the vehicle to predict its future behavior and continuously optimizes control
inputs over a defined time horizon. In [25], a custom MPC formulation for
racing is derived based on the progress maximisation along the centerline. MPC
incorporates track geometry, vehicle dynamics, and racing objectives to plan
real-time trajectories and ensure precise trajectory tracking. By considering
constraints such as track boundaries and vehicle capabilities, MPC enables the
car to achieve maximum speed while maintaining control within the limits of the
track. MPC can be regarded as the best control strategy for both simplistic as
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well as rigorous driving behaviors [10], [26]. A game-theoric MPC approach for
head-to-head autonomous racing and data-driven model identification method
is proposed in [27].

While each algorithm brings unique advantages and has proven effective in various
applications, the MPC approach stands out for its ability to incorporate a dynamic
model, perform real-time optimization, and consider constraints. MPC provides
precise trajectory tracking and maneuvering capabilities, maximizing speed while
ensuring control within the track limits. Given the specific PP requirements and the
application context, MPC is well-suited for the needs of this work.

1.2.4 Model Predictive Control
This section presents an in-depth exploration of the principles, methodologies, and
advancements concerning MPC-based PF algorithms. Different MPC variants, opti-
mization techniques, and integration with other control strategies will be examined,
providing a comprehensive overview of the state-of-the-art in MPC-based PF. The
focus will be on highlighting the contributions and benefits of MPC in achieving
high-performance autonomous race car control, including improved speed, accuracy,
and safety.

1. Learning Model Predictive Control (LMPC): Learning Model Predictive
Control (LMPC) is an advanced control approach that integrates model-based
control with machine learning. By leveraging historical data or interactions
with the environment, the control policy improves over time [30], [31]. Ma-
chine learning algorithms, such as neural networks or Gaussian processes, are
employed to approximate system dynamics or cost functions within the MPC
framework [30], [32]. This enables LMPC to handle complex and uncertain sys-
tems, adapting to changes and unreliable models. For example, in autonomous
racing applications, LMPC has been successfully applied to the AMZ [28]
Driverless race car gotthard [29], [30]. Another proposed approach suggests
using multiple models to enhance robustness and adaptability [33].

2. Tube Model Predictive Control (TMPC): Tube Model Predictive Control
(TMPC) addresses model uncertainties and disturbances by considering a range
of possible system behaviors within a "tube" around the reference trajectory
[34]. Multiple predictions are generated and optimized to ensure that all
trajectories within the tube meet operational constraints and reach the target
setpoint. Compared to traditional MPC and LQR, TMPC offers improved
performance and robustness [35], [36]. The tube width can be adjusted to
balance performance and robustness, providing a flexible framework. TMPC
enhances the ability of MPC to handle uncertainties, making it valuable for
real-world systems with model uncertainties [37]. Additionally, a proposed
algorithm combines robust SMC and TMPC [38].

3. Nonlinear Model Predictive Control (NMPC): Nonlinear Model Predic-
tive Control (NMPC) is a control technique for nonlinear systems. It accurately
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models complex nonlinear dynamics and formulates the control problem as
an optimization task [39], [34]. NMPC handles nonlinearities, constraints,
and disturbances, resulting in improved control performance and robustness.
Efficient optimization algorithms and numerical techniques are used to address
the computational demands [40]. In the context of autonomous electric race
cars, NMPC enables accurate modeling and precise control, leading to enhanced
performance, stability, and safety [41], [42]. An efficient real-time implementa-
tion using a homotopy-based nonlinear interior-point method is presented in
[43], achieving significant speedup compared to cold-started implementations.

4. Linear Parameter Varying - Model Predictive Control (LPV-MPC):
Linear Parameter Varying - Model Predictive Control (LPV-MPC) is a control
approach that combines the concepts of Linear Parameter Varying (LPV)
systems and MPC to achieve effective control of nonlinear systems with varying
dynamics. LPV systems are a class of models that capture the time-varying
behavior of a nonlinear system by describing it as a collection of linear models,
where the parameters vary with certain scheduling variables, enabling a more
accurate representation of system dynamics [46]. In LPV-MPC, the LPV system
representation is utilized within the MPC framework [44], [45], allowing the
control algorithm to adapt to changing dynamics and generate control actions
that account for the varying parameters, thereby enhancing self-adaptability,
robustness, and anti-interference ability under complex and severe working
conditions, as demonstrated in [47]. Simulation experiments validate the
superior performance of the trajectory tracking controller, exhibiting remarkable
comprehensive performance in terms of trajectory tracking accuracy, real-time
responsiveness, tracking stability, and driving safety compared to traditional
MPC approaches, as highlighted in [44].

5. Gaussian Process model predictive control (GPMPC): Gaussian Process
model predictive control (GPMPC) extends MPC by incorporating Gaussian
Process (GP) regression, enabling the capture of complex relationships, uncer-
tainties, and nonlinearity in system dynamics. By leveraging GP regression,
GPMPC improves control accuracy and adaptability by learning from data
and refining predictions, addressing limitations of fixed nominal models and
accounting for uncertainties and unmodeled dynamics in real-world systems.
Modifications to the traditional MPC formulation are introduced to handle GP
regression’s stochastic nature, including accurate propagation of uncertainties
and modified constraints and cost functions to reduce computational complexity
[48], [49], [50].

6. Model Predictive Contouring Control (MPCC): Model Predictive Con-
touring Control (MPCC) is an advanced control approach for autonomous
driving, combining elements of MPC and contouring control. It considers the
desired trajectory and road constraints. Using a predictive control framework,
MPCC optimizes control inputs based on vehicle dynamics and road geometry
to closely track the desired trajectory while maintaining an offset from the
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reference path [51]. Contouring control ensures the vehicle maintains a specific
distance from the reference path, beneficial in racing applications.
The MPCC algorithm formulates an optimization problem to minimize the
error between the vehicle trajectory and the desired path, while adhering to
various constraints like vehicle dynamics, safety limits, and road geometry [52].
By solving this optimization problem, MPCC generates control inputs that
enable accurate trajectory tracking considering road constraints.
MPCC offers precise and efficient trajectory tracking, enhancing performance,
handling, and safety [53]. By combining MPC and contouring control, MPCC
enables optimal trajectory tracking in diverse driving conditions. In [54], MPCC
is compared to Hierarchical Receding Horizon Control (HRHC).
In [55], authors describe a theoretical implementation of MPCC for an au-
tonomous racing car. The system demonstrated satisfactory performance, but
further testing and improvements are suggested. AMZ Driverless and ETH
Zurich also developed a similar algorithm for their car gotthard [56].

The MPCC algorithm has emerged as the leading path following solution for the
Formula Student Driverless context. Its superiority lies in its ability to optimize
speed while accurately following a reference path, considering dynamic constraints,
adapting to changing track conditions, without compromising safety and efficiency.

1.3 Contribution and overview
The objective of this project is to develop the most efficient control algorithm
for a Formula Student race car, accompanied by a comprehensive analysis of the
design, implementation, and validation processes. It provides a detailed explanation
regarding the algorithm’s implementation, model characterization, performance
parameter determination, and expression of the reference path. While the MPCC
approach is known to be effective for race cars, the focus is on understanding its
functioning, behavior, and achieving optimal solutions.

The aim is to establish a solid foundation for an optimized control algorithm for
Formula Electric race cars. Importantly, this project is conducted in collaboration
with FEB. Considering the recent introduction of Formula Student Driverless, FEB
has initially implemented a simple and inefficient solution. However, this work
contributes by providing a comprehensive analysis and an efficient algorithm design
that can serve as a fundamental framework for the development of Formula Student
Driverless in Belgium.

The first section of this document centers on the design, implementation, and
validation of the Path Planning (PP) algorithm. Following that, a preliminary version
of the Path Following (PF) algorithm is developed, and its limitations are identified
through performance analysis. Building upon this initial solution, an enhanced PF
algorithm is designed and validated to achieve improved performance. Additionally,
the code architecture is explained, providing insights into the underlying structure of
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the algorithms. Finally, the overall performance of the control algorithm is presented,
showcasing its effectiveness.
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2 | Path Planning algorithm

This chapter provides a comprehensive explanation of the design, implementation,
and validation of the PP algorithm. The chapter begins by formulating the problem,
clearly defining the algorithm’s objective. This involves understanding the available
components and selecting an appropriate solution. Next, the various constituents of
the algorithm are designed, and their implementation is thoroughly described. Each
component is carefully considered and tailored to meet the desired objectives. Finally,
a testbench is created to conduct an initial validation of the algorithm. This allows
for early assessment and fine-tuning of the algorithm’s performance before subjecting
it to real-world conditions on the simulator. The validation process ensures that the
algorithm functions effectively and reliably in practical scenarios.

2.1 Problem formulation
The objective of the PP algorithm is to find a reference path for the car to follow. To
find the best solution to perform this task, it is essential to have a clear understanding
of the components available.

2.1.1 Available components

Figure 2.1: Track setup

As mentioned in Subsection 1.3, the
track is delimited by cones as rep-
resented in Figure 2.1. The blue
cones represent the left boundary
and the yellow cones the right bound-
ary. Additionally, four orange cones
are placed between the other cones
to represent the starting line.

The cones are placed in pairs,
meaning that each blue cone is as-
sociated with a yellow cone on the
other side of the track. The space
between the cones on the same side
of the track is maximum 5 m, while
the space between the two cones inside a pair is minimum 3 m. At any moment, the
width of the track is therefore at a minimum of 3 m whether the car is moving in a
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straight line or around a curve.

To exploit these track properties, a Simultaneous Localization And Mapping
(SLAM) algorithm is already implemented on the car. The algorithm was imple-
mented last year by a member of the FEB team. Although not optimal, it provides
the materials needed to develop the PP algorithm.

Figure 2.2: Inertial frame

The inertial frame is defined as represented
in Figure 3.1, with the initial position (x, y) =
(0, 0) and orientation ϕ = 0 the position and
orientation of the car at start. The positions are
expressed in two dimensions (there is no interest
in the z position) and the orientation is defined
positive in the counter-clockwise direction. The
position of the car is taken at its center of mass.

The SLAM algorithm returns the absolute po-
sition of the car, as well as the absolute position
and color of the cones detected in a range of 6 m
around the car. This limited range comes from
the limitation of the sensors used to collect the
data (a LiDAR for the position and a camera for
the color). The informations about the detected
cones are sent in two different lists, one with the cones detected in front of the car
and the other with the ones behind the car, at a frequency fSLAM varying between
25 and 40 Hz.

It is based on these informations and the data returned by the SLAM algorithm
than the PP algorithm needs to be designed.

2.1.2 Chosen solution
As discussed in Subsection 1.2.2, it has been decided to implement a simpler but
efficient PP algorithm to focus on the PF algorithm. To simplify the representation of
the reference path, using the center of the track is the most straightforward approach.
This choice ensures that the PF algorithm is consistently aware of a minimum of
1.5 m available on each side of the path for the car to navigate.

To compute the path in the center of the track using the SLAM’s output, there
are two approaches: one can either rely only on the current output of the SLAM
each time it is sent to build a path’s piece within the SLAM’s range, or keep the
elements computed at each SLAM output in memory to gradually build the complete
path. The latter option offers the advantage of generating the full path after one lap,
allowing to eliminate dependence on the SLAM for subsequent laps. This approach
mitigates the risk of error and also overcomes the range limitations of the SLAM in
laps beyond the first. The only advantage of the first option is that it eliminates
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the need to handle orange cones, as the lap number does not matter. This approach
reduces the complexity, but at the cost of decreased efficiency and range in computing
the reference path, as well as reduced robustness of the overall system. The second
option is therefore chosen.

The final decision to be made concerns how the center of the track is determined.
Given that the cones are placed in pairs, it is possible to locate a reference point for
the center of the track by finding the midpoint between the two cones in a pair. The
algorithm will rely on this straightforward approach to generate a series of reference
points that will be transmitted to the PF algorithm.

Figure 2.3: Example of Delaunay tri-
angulation

Figure 2.4: Example of triangle filter-
ing and reference points computation
wanted

To compute these points, the cones asso-
ciated with a given pair need to be found.
The most efficient way to achieve this task
is by using Delaunay triangulation [57].

Delaunay triangulation is a method of
dividing a set of discrete points into trian-
gles in such a way that no point falls inside
the circumcircle of any triangle. This means
that the obtained triangles connect all the
given points with no intersecting edges. For
this application, giving a set of cones co-
ordinates would result in the generation of
triangles as illustrated in Figure 2.3. With
this method, not only one edge crossing the
track is generated per pair but two thanks
to the triangulation formed with one of the
next cones.

Once the triangles are generated, the
edges in which a reference point will be com-
puted (therefore the edges that cross the
track) need to be selected. The algorithm
will thus consist of filtering the undesired
triangles and ordering the consistent ones to
generate the successive reference points. Tak-
ing the last example, apply this algorithm
would result in keeping the triangles and gen-
erate the reference points as shown in Figure
2.4.

2.2 Design
This section details the PP algorithm’s design, which comprises multiple tasks that
collectively constitute the overall solution.
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2.2.1 Starting line operation
The choice of gradually building the complete path from the successive SLAM outputs
leads to the need of a reference starting point from which the next points forming
the path will be computed. For that purpose, the four oranges cones can be used
since they represent the only landmark to rely on in order to define the beginning of
the track.

Figure 2.5: Starting procedure - initial position

Initially, the car is situated
facing the starting line and is
perpendicular to it, as shown
in Figure 2.1. The distance be-
tween the front of the car and
the starting line is 6 m, meaning
that the SLAM algorithm can-
not detect the four orange cones
from the initial position due to
the limited range. Therefore, it
is necessary to move forward to
be able to detect them. How-
ever, considering that the start-
ing line is always in front of and
perpendicular to the car at the
start, it is safe to move forward
in a straight line until the orange cones are detected.

Figure 2.6: Disposition of
the four orange cones de-
tected

At the beginning, before any reception of SLAM out-
puts, two reference points are initialized: the first one
corresponds to the initial position of the car and the sec-
ond one is placed in front of the car at a distance of 8 m
(see Figure 2.5).

Afterward, the car can proceed along the path estab-
lished by the two reference points until it detects the
four orange cones. During this procedure, all the other
cones are ignored. And once the four orange cones are
detected, the process to locate the first reference point
can be initiated. Based on the position of the orange
cones, the two triangles generated are ordered and the
reference points computed by taking the midpoint of the
edges crossing the track, as represented in Figure 2.6.

To build the reference points successively based on
the previously constructed elements, a list of the ordered
triangles of the track is being updated as well as the
reference points computed. The two triangles computed with the orange cones are
the basis for the future computed triangles.
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Figure 2.7: Position of the car and
reference points kept when the four
orange cones have been detected

For the reference points, an additional
procedure is required. The aim is to setup
the point on the starting line as first refer-
ence point. However, when the four orange
cones are detected and the three reference
points generated, the car is still positioned
before the starting line, as illustrated in Fig-
ure 2.7. To handle this situation, the point
at the initial position of the car is kept as
first reference point until the car has crossed
the starting line. This moment is determined
by monitoring the car’s x position. Once the
x position of the car surpasses the x position
of the reference point on the starting line, it
indicates that the car has crossed the start-
ing line. The point at the initial position of
the car can therefore be removed of the list
of reference points.

2.2.2 Cones selection for triangles generation
Once the basis has been setup, the rest of the path can be build up as the car moves
along the track and detects new normal cones (blue and yellow cones). The first task
is to select the cones among the ones sent by the SLAM algorithm that will be used
to generate the next Delaunay triangles and reference points.

For this purpose, the cones already used for previous triangles generations are
kept in memory and compared to the ones received. Based on their position, the
new cones are determined.

2.2.3 Triangles generation

Figure 2.8: Example of triangle gener-
ation with one new cone

If one or multiple new cones have been se-
lected, new Delaunay triangle(s) can be gen-
erated. for that, not only are the newly se-
lected cones used, but also the two last cones
that were used in the previous triangle gen-
eration, as illustrated in Figure 2.8.

To determine which previous cones should
be used for the next generation from all the
cones kept in memory, the last previous trian-
gle is utilized. The two cones of interest have
different colors and one of them does not
belong to any edge shared with a previous
triangle.
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Special cases are handled when one or
two cones of the last previous triangles are orange, as represented in Figure 2.9. In
this case, the position within the four orange cones is checked instead of the color to
determine on which side the cone is.

Figure 2.9: Special cases to handle for the selection of the two previous cones to
keep for the next triangles generation

2.2.4 Triangles filtering

Figure 2.10: Example of generation of tri-
angles within and outside the track

Now that the triangles have been gen-
erated, they need to be filtered to only
keep the triangles within the track.

Figure 2.10 shows an earlier example
where the triangles within and outside
the track are put in evidence. It can be
seen that the triangles outside the track
(in green) are composed of three cones of
the same color (blue in this case). This
will always be the case, which makes the
filtering straightforward: the triangles
with three cones of the same color are
removed.

The only special case that can occur
is when orange cones are part of a tri-
angle that must be discarded. In this
case, the position of the orange cone is
checked to determine if it is on the same
side as the normal cones of the triangle.

2.2.5 Triangles ordering
After filtering, only the triangles that are within the track are retained, but they are
not arranged in any specific order. Consequently, they need to be sorted in order.
This process is crucial since the computation of the reference points will rely on the
triangles.
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Figure 2.11: Example used to
illustrate the triangles order-
ing procedure

Figure 2.11 provides an example to illustrate the
procedure. Two new triangles have been generated
and must be ordered. The ordering is achieved solely
by using the edges of the triangles. The first new
triangle to follow the last previous triangle is the
triangle that shares an edge with it, as is the case
with triangle 1 in this example. Triangle 1 is subse-
quently added to the list of triangles and becomes the
reference for the other new triangles. The next new
triangle is again the one sharing an edge with the last
selected, which in this case is triangle 2. This pro-
cess is repeated until all the new triangles have been
added. The last triangle added will become the last
previous triangle for the next triangles generation,
triangle 2 in this example.

2.2.6 Reference points computation
To compute the reference points, the ordered triangles
are utilized. The process is applied once the starting

Figure 2.12: Example of a new refer-
ence point computation

line operation explained in Subsection 2.2.1
has been executed. A new reference point is
thus computed each time a new triangle is
added.

Each triangle has two edges crossing the
track (edges constituted of cones of different
colors), 1 and 2 in the example of Figure 2.12.
The edge shared with the previous triangle
has already been used to generate a reference
point (1), therefore the new reference point
is the midpoint of the other edge (2).

2.2.7 Lap closure operation
The one remaining task of the algorithm is
to handle the lap closure. The lap closure is
the action of finishing a lap. As discussed in Subsection 2.1.2, it is an important part
of the algorithm since finishing the first lap means that all the reference points have
been computed. The SLAM algorithm is not needed anymore and the full track is
available for the PF algorithm.

For the PP, lap closure occurs when the full track has been detected, which
happens when the car detects an orange cone in front of it, even though it had
already passed the four orange cones earlier. The situation is illustrated in Figure
2.13.
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Once the first lap closure has occurred, the PP algorithm has finished is main
task, which is computing the reference points of the full track. However, it is still
used during the next laps to indicate to the PF algorithm when a lap will be closed.

Figure 2.13: Illustration of the moment when the lap closure operation is executed

2.2.8 Summary
All the tasks executed by the algorithm have been explained. Put together, the
reference points constituting the center of the track are computed based on the
SLAM algorithm’s outputs.

In order to launch the other tasks, the starting line operation must be executed
and terminated. It defines the basis on which each new element will be computed,
as it generates the first triangles and reference points of the track.

Then the other tasks can be executed. The cones selection determines which
cone among the ones sent by the SLAM algorithm is a newly detected cones. With
these cones and the two last previous ones, Delaunay triangles are generated. These
triangles are filtered and ordered to keep only the triangles within the track and put
them in order for the new reference points to be computed.

These actions are repeated each time the SLAM algorithm delivers an output
until the first lap closure operation is executed. At this moment, all the cones of the
track have been detected, and all the reference points have been computed. Every
task besides the lap closure operation is therefore shut down. An example of a full
track completed by the PP algorithm is represented in Figure 2.14.
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Figure 2.14: Example of a full track completed by the PP algorithm

2.3 Implementation
The algorithm is implemented in C++ which is the best language for a large project
with a lot of dependencies that needs to run in real-time. The architecture of the
full code and the links between the algorithms will be explained later in Chapter 5.
This section focuses only on the implementation of the PP algorithm.

2.3.1 Creation of the necessary tools
To simplify the implementation of the algorithm, some tools in the form of structures
in C++ are created. These tools will be used in the different tasks of the algorithm
to improve the overall efficiency and clarity of the code.

- A first tool is created to define a Location with x and y positions as arguments.
This is a basic tool that will facilitate the storage of positions.

- A Cone structure is then created to represent a cone with a certain Location
and color. It also defines the comparison of two cones based on their position.

- To represent the four orange cones and define the methods useful for their
utilization, an OrangeCones structure is created. It enables the storage of the
orange Cones with their place on the map, as explained in subsection 2.2.1 and
illustrated in Figure 2.6. Two methods are implemented: one to add an orange
cone to the structure by determining its place among the four possible ones
and another to determine whether or not a given cone is in the structure.

- An Edge structure is defined with the two Cones forming it as arguments. In
addition, the information about its length, midpoint Location and whether or
not it crosses the track are stored. It also defines the comparison operator for
2 edges by comparing their respective cones.
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- All the necessary tools to define a Triangle have been created. In this structure,
the three Cones and three Edges forming it are stored. A method determines
whether or not a given edge is part of the triangle and another determines
whether or not a given triangle shares an edge with the triangle.

- To represent the output of the SLAM algorithm using the created tools, a
ConeArray structure is defined. It stores as arguments a list of Cones in front
of the car, as well as the position of the car.

- The last structure created is called Polynomials and represents the output of
the PP algorithm. The computed reference points are stored in a list, as well
as the car position and information about lap closure. It is called Polynomials
because it contains the materials that will be used by the PF algorithm to
create polynomials.

2.3.2 Path Planning class and methods
The algorithm is implemented as a class called PathPlanning containing attributes
and methods to perform the different tasks. Using the previously defined tools makes
the implementation of the class more efficient and clear, thereby enabling easier
debugging.

Algorithm 1 PP main method
Require: cone_array, SLAM algorithm’s output converted into ConeArray struc-

ture
if lap closure operation not executed yet then

cones selection for triangles generation ← delaunay_cones_gen(cone_array)
if new cone(s) selected then

generation of selected cone(s) coordinates for delaunator library ←
delaunay_cones_coord_gen()

triangles generation, filtering and ordering ←
filtered_ordered_triangles_gen()

if starting line operation finished then
reference points computation ← polynomials_gen()

end if
end if
if starting line crossed for the first time then

removal of first reference point
end if

else
cones selection to check lap closure ← delaunay_cones_gen(cone_array)

end if

The main method coneArrayCallback() is the method called to execute the full
PP algorithm. It takes the output of the SLAM algorithm as argument and then
uses the other methods to generate the reference points. The pseudo-code of the
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method is represented in Algorithm 1.

The actions taken refer to the ones described in the design Section 2.2. The
second method used, delaunay_cones_coord_gen(), transforms the list of selected
cones into the appropriate format of list of cones coordinates for the delaunator
library [58]. This is the library used to generate the Delaunay triangles from the
coordinates of the selected cones.

2.4 Validation
In order to finalize the development of the PP algorithm, it is necessary to validate its
design and implementation. This involves testing every possible scenario that the PP
algorithm could encounter and confirming the accuracy of the results. The first step is
to create an environment where the results obtained depend solely on the performance
of the PP algorithm, and are not influenced by external factors. By using directly the
Formula Student simulator to run the tests, the results could be influenced by the
performance of the SLAM algorithm providing the data of the track to the PP. The
Formula Student Driverless Simulator is also constrained by the available track con-
figurations, which limits the scope of possible tests that can be conducted. To address
these issues, it is necessary to construct a testbench that provides a completely secure
environment for conducting any required tests. Once the algorithm’s performance
has been validated using the testbench, the next step is to verify its functionality
in the target environment represented by the simulator. This step is essential for
detecting any potential errors that may arise due to the non-ideal environment
and finding solutions to address them. By validating the algorithm in the target
environment, it is possible to ensure that it performs correctly and meets the required
specifications under realistic conditions, rather than just in a "perfect world" scenario.

First, a brief description will be provided regarding the design and implementation
of the testbench, while the detailed calculations will be provided in appendix. Next,
the validation process will be described, which involves utilizing both the testbench
and the simulator.

2.4.1 Validation with testbench

Testbench and validation process

The objective of the testbench is to provide an ideal environment to perform all the
necessary tests on the PP algorithm. The problem formulation is used to build that
environment, as well as the needs in terms of testing cases to define the different
functions of the testbench. Since the results produced by the algorithm are based on
the SLAM output, the latter must be replicated. In addition, the tests rely on the
track configurations. It is therefore necessary to have a testbench allowing the simple
creation and configuration of various tracks and replicating the SLAM output based
on the built track. The design and implementation of the testbench, constituted of
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the track builder and SLAM output replicator is described in Appendix A.

The validation with the testbench consists of verifying the functioning of each
method and the final result in all the different cases than can happen. All the possible
cases described in the design section are tested and the following data are analyzed
to confirm the good functioning of each method,

• the new cones selected by the delaunay_cones_gen(cone_array) method;

• the triangles generated by the delaunator library and the triangles filtered
and ordered by the filtered_ordered_triangles_gen() method;

• the reference points computed by the polynomials_gen() method;

• the cones added to the list of detected cones to verify that a cone detected but
not used is not considered as a detected cone.

In addition, the algorithm is tested in different situations (large and sharp turns,
full track) to confirm its overall functioning and detect potential particular situations.
For more details about the conducted tests, a benchmark is presented in Appendix
B.

The validation is straightforward because of the limited possible cases and
the exactitude of the expected results. Inputs and outputs are precisely defined,
thus validating the algorithm implies verifying the obtained results with the exact
expected results. The algorithm design is not too complex and does not rely on
parameters that require optimization or experimental testing, resulting in binary
outcomes. The results are either good or bad, without any measurement of quality
or intermediate nuance. The implementation is the only determinant, and the
validation process mainly comprises debugging. The clarity and effectiveness of
implementation facilitated this process. In terms of computational time, the algorithm

Figure 2.15: Example of the additional
special case to handle

takes approximately 60 µs on average to be
executed, providing quasi instantaneously
the reference points to the PF algorithm
when data are received from the SLAM. How-
ever, when testing the overall algorithm per-
formance in various tracks, an additional spe-
cial case that requires specific actions has
been revealed.

Additional special case to handle

The additional special case to handle can
occur in a sharp curve, for instance, where
the total number of blue cones detected can
exceed the number of yellow cones by two (or
vice versa). This circumstance is depicted
in Figure 2.15, where four blue cones were
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detected while only two yellow cones were
identified. Such an occurrence leads to the formation of a narrow triangle, which
may result in a less accurate reference point and cause disruption in the generation
of subsequent triangles.

Once all the new triangles have been added, the number of cones on each side
of the track are compared. If the number of cones on one side exceeds by two the
number of cones on the other side, triangles and thus cones have to be removed until
this is not the case anymore.

Result for a complete track

10 5 0 5 10 15 20
x [m]

0

5

10

15
y [m]

Filtered and ordered triangles
Reference points

Figure 2.16: Result of the PP algorithm for a
complete track

An example of result of the PP
algorithm for a complete track is
shown in Figure 2.16. At the be-
ginning of the track, the car is
located at (0, 0), and the orange
cones are not initially detected.
Subsequently, the car is moved
forward along the track. The gen-
eration of triangles starts with the
orange cones, and the initial ref-
erence point at (0, 0) is removed
when the car crosses the starting
line. The normal cones located be-
tween the starting point and the
orange cones are not added in the
detected cones at the beginning,
allowing for the generation of tri-
angles with them at the end of the lap. All the cones have been used to compute as
much as reference points possible, beginning from the starting line and ending just
before it to form the complete track.

2.4.2 Validation on Formula Student Driverless Simulator
Now that the PP algorithm has been validated in an ideal environment, it can be
tested in the target environment to confirm its functioning under real conditions. To
this extend, the algorithm is tested on the Formula Student Driverless Simulator in
manual mode. In manual mode, the car can be moved on the map with the arrows
of the keyboard, allowing easy displacements free from constraints. The car can be
moved step by step to observe particular cases or smoothly along the track to confirm
its accuracy under normal functioning. The main method of the PP algorithm is
executed each time the SLAM algorithm sends an output. Contrary to the testbench,
the real SLAM algorithm relies on sensors to find the cones positions and is therefore
subject to uncertainties. The objective of this validation on the simulator is therefore
to ensure the global functioning of the PP algorithm when run along side with the
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SLAM algorithm in the target environment.

Visualization tools are implemented and used to represent in real-time the cones
detected by the SLAM algorithm, the car position, the filtered and ordered triangles
and the reference points computed by the PP algorithm. The outputs send by the
SLAM can thus be verified and the reactions of the PP to these outputs checked.

A minor issue is encountered when the SLAM algorithm fails to detect a cone.
In such cases, the PP algorithm simply generates one less triangle, but this does not
affect the computation of reference points or future results, as shown in Figure 2.17.
The special case handling added to manage the addition of too much detected cones
on one side compared to the other allows to avoid disrupting the triangle generation
sequence.

A more significant issue arises when the SLAM algorithm returns a cone with an
incorrect position. If the returned position is not consistent with the position of other
cones, such as being in the middle of the track, then the triangles are still generated,
but the reference points computed using those triangles may not be centered on the
track and/or may not follow the track’s direction. Figure 2.18 illustrates an example
of such a situation.

The first issue has already been addressed by the designed PP algorithm, but the
second issue could potentially cause the full control algorithm to fail, and therefore
needs to be handled. For this purpose, some security mechanisms have been added
to the algorithm.

Figure 2.17: Illustration of the SLAM
algorithm failing to detect a cone

Figure 2.18: Illustration of the issue
encountered when the SLAM algo-
rithm returns a cone with an incorrect
position

2.4.3 Security mechanisms
In this subsection, a cone sent by the SLAM algorithm in an incorrect position will
be called a failed cone. A first security mechanism is added to ignore the failed
cones positioned too close of an already detected cone. To achieve this, the distance
range in which a cone is considered to be the same as another cone is extended.
Therefore, when a failed cone is positioned too close to an already detected cone, it
is not considered a new cone and is consequently not used by the algorithm.
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The second security mechanism eliminates the failed cones that are too close from
an already detected cone of another color. Indeed, the distance between two cones
of opposite color is minimum 3 m. Therefore, before adding a new cone in the list
of detected cones, the distance between the cone and the already detected cones is

Figure 2.19: Definition of the an-
gle between successive reference
points

checked. If this distance is under 2 m (a security
margin is taken to not accidentally eliminate a
good cone), the cone is added to the list of failed
cones. This security mechanism would for example
be able to eliminate the failed cone of Figure 2.18.

As a final security measure, if a failed cone has
not been eliminated by the previous mechanisms,
an additional step is added at the end of the pro-
cess. This involves utilizing the computed reference
points to determine if a failed cone was used to
generate a triangle. To do this, a maximum angle
dϕmax is defined between the successive reference
points. The angle dϕ is calculated as the difference
in orientation between the line formed by the two
previous reference points and the line formed by the current reference point and the
one preceding it, as shown in Figure 2.19. If |dϕ| > dϕmax, the change in orientation
of the new reference point is considered too large to be an acceptable reference point.
The cone that was used to generate the triangle and, therefore, the reference point,
is added to the list of failed cones and the process is stopped.

These security mechanisms have been validated with the testbench and then
tested on the simulator. The issues of the SLAM algorithm no longer prevent the
proper functioning of the PP algorithm. This closes the design and implementation
of the algorithm. A simulation showing the functioning of the PP algorithm in
real-time on a full track of the simulator in manual mode is available here [60]. The
cones detected by the SLAM algorithm are represented in their respective color, the
filtered and ordered triangles and the reference points computed by the PP algorithm
are represented in red and green respectively.
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3 | First developed Path Follow-
ing algorithm

The solution developed must find the optimal control commands in real-time in order
to meet the objective of maximizing the car’s speed along the path while staying
within the track boundaries. The system to control, the car, is a physical system with
a complex and dynamical behavior. In racing applications, the dynamic behavior
of the vehicle is pushed to its limits in order to maximize progress along the track,
and the control algorithm must be able to take into account the limits of the car’s
dynamics to ensure safe operations.

It is in this perspective that Model Predictive Control (MPC) has been chosen as
basis for the developed control algorithm. MPC is an advanced control strategy that
uses a model of the system to predict its future behavior and optimize a control signal
over a finite time horizon. The control signal is computed by solving an optimization
problem that takes into account the current state of the system, the model predictions,
a performance criterion and possibly constraints. In the particular case of a vehicle
progressing along a reference path, the MPC formulation can be extended to Model
Predictive Contouring Control (MPCC). The contouring formulation symbolizes the
fact that a contour (the reference path) must be followed.

During this work, an initial formulation of the PF algorithm was developed and
tested. After a thorough analysis, limitations of the initial solution were identified,
leading to the development of an improved solution in Chapter 4 based on the initial
one. The final solution builds upon the initial solution, and the analysis conducted is
valuable for understanding the final solution. Consequently, the design and validation
of the initial solution will be presented in sufficient detail to trace the path that led
to the final solution.

The problem will be formulated to clarify the algorithm’s objective, inputs, and
outputs. The subsequent section will delve into the MPC theory that forms the
basis of the algorithm. Furthermore, the initial vehicle model employed will be
described, along with its adaptation to this particular application, culminating in
the model’s characterization and validation. Finally, the design and implementation
of the MPCC problem will be described, and the testing and validation of the PF
algorithm elucidated, followed by an acknowledgment of its limitations, which spurred
the development of the final solution.
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Regarding the optimization problem, a solver was employed in order to focus
on the design of the problem. The initial solver had limited performance but was
utilized for the analysis of the initial solution. For the improved solution, a more
effective solver was employed. The usage of the initial solver will not be extensively
detailed in the main document, focusing instead on the utilization of the final solver
in Chapter 4.

3.1 Problem formulation

3.1.1 Objective
The primary goal of the PF algorithm is to make the car follow the given reference
path. The execution of PF may involve adhering to certain constraints, and the
specific manner in which the path is followed depends on the desired performance
objectives. In the case of a race car evolving on a track, the algorithm must maximize
the car’s speed along the path while staying within the track boundaries. This creates
a trade-off between productivity (maximizing speed) and accuracy (maintaining
proximity to the reference path while remaining within the track boundaries).

3.1.2 Inputs
The reference path is sent by the PP algorithm in the form of a list of reference
points (x, y positions) at the center of the track. During the first lap, the farthest
reference point in the track direction has a maximum lead of 6 meters ahead of the

Figure 3.1: Inertial frame, car position,
orientation and dimensions

car’s current position. For subsequent laps,
the reference path covers the entire track.
The width of the track is minimum 3 m, so
there is minimum 1.5 m between the refer-
ence path and the left and right boundaries.

The car is equipped of sensors to retrieve
informations about the state of the car. Some
of them were already used by the SLAM
algorithm to compute the position of the car.
The information is sent to the PP algorithm,
which itself sends it to the PF algorithm at
a frequency 25 ≤ fSLAM ≤ 40 Hz.

In addition, odometry information
(aquired by Ground Speed Sensor (GSS)
and Inertial Measurement Unit (IMU) sen-
sor) provides the linear velocities V =
(Vx, Vy, Vz), orientation ϕ and the angular velocity around the z axis ω of the car
in the inertial frame at frequency 100 ≤ fodo ≤ 200. The inertial frame, as well as
the car position (x, y), orientation ϕ and dimensions (length l = 2.261 m and width
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w = 1.130 m), are represented in Figure 3.1. As stated in the previous chapter, the
inertial frame is defined on the starting position and orientation of the car, which
are taken at its center of mass. Finally, the mass of the car is m = 255 kg and its
maximum velocity ∼ 27 m/s.

3.1.3 Outputs
In order to control the car, the PF algorithm must compute three control commands:
throttle, brake, and steering. The throttle command corresponds to the acceleration
of the car (throttle pedal) and is expressed as a value between 0 and 1, where 0
indicates no acceleration and 1 indicates full throttle. The brake command is similar,
with a value between 0 and 1, where 0 indicates no braking and 1 indicates full
braking. The steering command represents the angle of the car’s front wheels and is
used to change its direction. It is expressed as a value between −1 and 1, where −1
corresponds to a full steering angle to the left, 1 corresponds to a full steering angle
to the right, and 0 corresponds to no steering. The maximum steering angle is 25◦.

3.2 MPC theory
The idea behind MPC is to optimize a cost function J over a finite time horizon
T , subject to constraints, in order to determine the optimal control command u to
apply to the system being controlled. The optimization problem is solved iteratively
over the finite time horizon T , and at each time step ∆t, the first control action of
the resulting sequence is applied to the system. Then, the optimization problem is
re-solved using the current state measurements, and the process is repeated.

MPC consists of several steps that form the overall MPC problem formulation:

1. System modeling:
MPC requires a mathematical model of the system being controlled. The model
describes how the system responds to control inputs and external disturbances.
The model can be a linear or nonlinear representation of the system.

2. Cost function definition:
MPC requires a cost function that describes the performance criterion to be
optimized. The cost function includes terms that represent the system’s desired
performance and constraints on the system’s behavior, such as staying within
the track boundaries.

3. Prediction:
MPC predicts the system’s future behavior over a finite time horizon. The
prediction is based on the current state of the system and the model of the
system.

4. Optimization:
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MPC optimizes the control sequence over the finite time horizon subject to
constraints. The optimization problem is solved using mathematical techniques
such as gradient descent or quadratic programming.

5. Control commands:
The first control commands of the optimized sequence is applied to the system.
The process is repeated at each time step.

In a classic formulation, the measured system’s output is the state of the system,
denoted by x ∈ Rnx , and the system’s input are the control command, denoted by
u ∈ Rnu . The control command is found by the MPC based on the state of the
system and a set of parameters p ∈ Rnp at current time t. This set of parameters
could be for example the parameters to define the reference path that must be
followed by the system, or the weights of the cost function. The state of the system
is measured and the parameters are computed at every time step ∆t to be sent
to the MPC in order to compute the new control commands. In a real-time ap-
plication, the MPC must therefore compute the control commands within the time ∆t.

Figure 3.2: Example of MPC scheme

Inside the MPC, the cost
function J is optimized over the
finite time horizon T at each
time step ∆t. T represents the
time over which the optimal con-
trol command sequence useq is
computed. The MPC uses its
own time step ∆tMP C to dis-
cretize the problem and obtain
the sequence of N = T

∆tMP C

control commands, denoted as
useq ∈ Rnu×N , over the finite
time horizon. N is called the
prediction horizon, with k =
1, 2, ..., N the current prediction.
The model of the system is dis-
cretized and used to express the
next predicted state xk+1 as a function of the current predicted state xk and control
command uk. The real state of the system received as input is used as initial state
x1 = xinit for the predictions. An example of MPC scheme to represent the described
quantities and signals is shown in Figure 3.2.

For the optimization problem, the cost function J to minimize is expressed as a
sum of cost functions Jk : Rnx × Rnu × Rnp → R over the prediction horizon,

J =
N∑

k=1
Jk(xk, uk, pk),

and depends on the state, control command and parameters at each prediction. The
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update of the system’s state with the model is expressed as equality constraints,

xk+1 = fk(xk, uk, pk),

with fk : Rnx ×Rnu ×Rnp → Rnx . The optimization can also be subject to inequality
constraints, possibly non-convex and nonlinear, applied at each prediction,

hk ≤ hk(xk, uk, pk) ≤ hk,

with the function hk : Rnx × Rnu × Rnp → Rnh .

The optimization problem can therefore be expressed, in its basic form, as:

minimize
u∈Rnu

N∑
k=1

Jk(xk, uk, pk)

subject to x1 = xinit

xk+1 = fk(xk, uk, pk)
hk ≤ hk(xk, uk, pk) ≤ hk

When the optimization is finished, the N optimal control commands uk have
been found and form the control command sequence useq. The control command
applied to the system is the first control command of the sequence: u = u1.

3.3 Vehicle kinematic model
In order to predict the motion of the car during the optimization process, a mathemat-
ical model that describes the behavior of the car when subject to control commands
must be developed. A racing car is a complex dynamic system with a highly nonlinear
behavior, especially when pushed to its limits. The more accurate the model will
be, the better the prediction of its motion will be closed to the real motion of the
car, allowing to find better optimized control commands for better performance
and safe operations. However, increasing the complexity of the model also means
increasing the computation time of the optimization. In a real-time application, the
computation time is limited by the frequency at which the control commands are
sent to the car. A higher sending frequency can improve the control and reactivity of
the car. A trade-off must therefore be found between a reduced complexity to match
the time constraints and a high enough accuracy to be able to describe the system
real behavior.

For this first developed solution, the most basic model will be used and is called
the kinematic bicycle model [59]. The objective is to evaluate the performance of
the algorithm with a basic model in order to point its limitations and develop an
improved solution. For the design, only the important characteristics of the basis of
the model and the assumptions made to obtain the model will be described. The
details of the calculations will be given in Appendix C. The model is then adapted
to cater to the specific requirements of this application by developing a drivetrain
model. Finally, the model will be characterized and validated.
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3.3.1 Design

Figure 3.3: Instantaneous center of rotation
(IC) comparison of the 2-wheels and 4-wheels
models

The car can be represented by a 4-
wheels model with a steering angle
for each front wheel, δr and δl, as
shown in black in Figure 3.3. This
model is first simplified by combin-
ing the two front wheels and two
rear wheels to obtain a single front
wheel with one steering angle δ and
single rear wheel, as shown in red in
the figure. This is why the model is
called a bicycle model.

This simplification is built on the
concept of instantaneous center of
rotation (IC). If the vehicle is frozen
at a point in time, a line perpendic-
ular to the velocity vector can be
drawn at any point on the vehicle,
as represented in Figure 3.3. The
velocity vectors at the rear wheel,
front wheel and center of mass have
been drawn. If no slip is considered for the wheels, meaning that the velocity of the
wheel acts in the same direction that the wheel is facing in, all the lines meet at the
same point called the IC. At that instant in time, it is the point around which the
vehicle is rotating. by combining the front and read wheels into one, the vehicle still
rotates around the same point.

Then, to keep the model basic, some important assumptions are made:

• The vehicle is operating in a 2D plane;

• The vehicle has a lumped mass all acting at the center of mass.

The first assumption implies that the vehicle cannot roll over, and thus eliminates
the need to model the vehicle’s third rotational degree of freedom. This significantly
reduces the complexity of the model, making it more computationally efficient.

However, this assumption neglects the effects of lateral weight transfer, which
occurs when the vehicle undergoes cornering or other maneuvers. In reality, the
vehicle’s weight is distributed across its tires, and the weight distribution changes as
the vehicle moves. This can cause changes in the vehicle’s handling, particularly in
high-speed or high-performance driving scenarios.

Additionally, the 2D assumption assumes that the vehicle’s suspension system is
perfectly vertical and cannot move laterally. In reality, the suspension system allows
for lateral movement, which can affect the vehicle’s handling and stability.
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The second assumption implies that the vehicle is assumed to be a rigid body,
meaning that there is no deformation of the body or suspension during motion. Also,
all of the mass is assumed to be concentrated at a single point, which is the center of
mass, and the center of mass is assumed to be fixed in space, meaning that it does
not move during motion.

Again, this assumption simplifies the modeling process, but can also lead to
inaccuracies in the model. For example, in reality, the mass of the vehicle is dis-
tributed throughout the body and is not concentrated at a single point. Additionally,
the suspension and tires can deform during motion, which affects the handling and
stability of the vehicle. Finally, the assumption that the center of mass is fixed in
space may not hold true in all situations, such as during acceleration or braking.

These assumptions can have an important impact on the modeling accuracy in
certain cases, but are essential to develop a model capable of being used in real-time
applications by an optimization algorithm. Additionally, a third assumption is made
concerning the slip of the tires on the road. No slips are assumed, meaning that the
direction of the front and rear wheels velocities are aligned with the orientation of
their respective wheel. This assumption has not a big impact when operating at
low speed, when the tires keep a good grip on the road, but can lead to important
differences in the car’s behavior at higher speeds.

The model’s goal is to generate a state-based model, meaning that it must generate
a set of equations that can fully describe the model at any point in time. The model
with the different quantities of interest are represented in the inertial frame in Figure
3.4. The position (x, y) of the car is determined by its center of mass (black circle).
The car’s orientation is denoted as ϕ and the angle between the car’s orientation and
its velocity vector v is the slip angle β. The steering angle of the front wheel is δ, with
the front wheel located at a distance lF from the center of mass and the rear wheel
at a distance lR. The model is a kinematic model, meaning that it is a simplified rep-
resentation of the vehicle’s motion that considers only the position and orientation of
the vehicle. It assumes that the vehicle moves without any forces or torques acting on
it and focuses on the relationship between the vehicle’s position and its control inputs.

The state of the system is described by x = [x y ϕ v]T and the state equations
are derived in Appendix C to obtain,

ẋ =


ẋ
ẏ

ϕ̇
v̇

 =


v cos(ϕ + β)
v sin(ϕ + β)

v
lR

sin(β)
a

 , (3.1)

with a the acceleration of the car, β the slip angle,

β = arctan
(

lR
lR + lF

tan(δ)
)

,

and δ the steering angle used as control input of the system.
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Figure 3.4: kinematic bicycle model representation

The rate of change of the car’s position and orientation can now be computed by
the state of the car x = [x y ϕ v]T , its known dimensions lR and lF and its control
input δ. To adapt the model to our application, throttle and brake commands
must appear in the model. These are two different commands but both act on the
acceleration of the car. The throttle controls the amount of electric power supplied
to the motor, which in turn determines the torque and power output of the engine,
and hence the acceleration of the car. Increasing the throttle results in more electric
power being supplied to the engine, which leads to an increase in the torque and
power output, and consequently, the acceleration of the car. On the other hand, the
brake acts to reduce the acceleration of the car by applying a resisting force to the
wheels. Therefore, the velocity’s rate of change, which is the acceleration a of the
car,

v̇ = a,

depends on the throttle and brake applied to the car. In order to express the
acceleration in terms of throttle and brake, a drivetrain model is developed. The
drivetrain model represents the relationship between throttle and brake inputs and
the resulting acceleration behavior of the vehicle. This can be expressed as a force
applied to the car. For this kinematic bicycle model formulation, this force F is
defined as the force acting at the center of mass of the car in the same direction as
its velocity to put the car of mass m in motion. The Newton’s second law is then
used to express the acceleration in terms of this force,

a = F

m

The force F does not only depend on the throttle or brake applied, losses must
also be taken into account. Three different force components will be considered:

1. Traction (motor) or brake force:
First of all, throttle and brake are two distinct control commands but they
will never be used simultaneously as it would result in energy loss. Instead,
they can be combined into a single control command denoted as D (driver
command).
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Throttle and brake inputs, defined between 0 and 1, control the force applied
to the car, with positive force from throttle and negative force from brake.
When neither is used, no force is applied. The combined input, D, ranges from
−1 to 1: if D ≥ 0, throttle command equals D and brake command equals 0;
if D < 0, brake command equals −D and throttle command equals 0.
With this new control command definition, the component of the force applied
by the motor or brake can be defined as a function depending only on D,
denoted as fm(D). This function must satisfy the following constraints to be
valid: 

fm(D) > 0 if D > 0
fm(0) = 0
fm(D) < 0 if D < 0

(3.2)

2. Rolling resistance:
Rolling resistance is the force that opposes the motion of a vehicle’s wheels
when they roll on a surface. It is caused by the deformation of the tire and the
surface it is rolling on. The major contribution to rolling resistance comes from
the deformation of the tire, which is mostly influenced by the weight of the
vehicle thus its mass. The mass of the car being fixed, the rolling resistance
force can be defined as a constant to simplify the model. This constant will be
denoted as Cr.

3. Drag:
In the context of vehicle dynamics, drag is the resistance force that opposes
the motion of the vehicle due to its interaction with the surrounding air. The
drag force can be affected by various factors such as the air density or the
vehicle’s orientation and speed relative to the wind, but it mostly depends on
the speed of the car. The drag force increases with speed and is null when the
speed is null. A simplified model for the drag force can be defined as a function
only depending on speed v, denoted as fd(v). This function must satisfy the
following constraints to be valid:fd(v) > 0 if v ̸= 0

fd(0) = 0
(3.3)

The force F can therefore be expressed as,

F = fm(D)− Cr − fd(v), (3.4)

which concludes the derivation of the vehicle model. The functions fm and fd and
the constant Cr must be found experimentally.

The final formulation of the kinematic bicycle model is shown below,
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
ẋ
ẏ

ϕ̇
v̇


︸︷︷︸

ẋ

=


v cos(ϕ + β)
v sin(ϕ + β)

v
lR

sin(β)
1
m

(fm(D)− Cr − fd(v))


︸ ︷︷ ︸

fkin(x,u)

, (3.5)

with,

β = arctan
(

lR
lR + lF

tan(δ)
)

, (3.6)

and u = [δ D]T the control commands.

3.3.2 Characterization and validation
The vehicle model, especially the drivetrain model, must be characterized in order
to have a complete model. Then it must be validated to verify the behavior of the
car model compared to the real car.

Drivetrain model characterization

To find the functions and the constant Cr of the drivetrain model,

a = F

m
= 1

m
(fm(D)− Cr − fd(v)), (3.7)

some experiments must be performed on the simulator. Since its the acceleration
that must be characterized, the experiments will be performed in straight line, with
the steering command kept at 0.

fd(v) and Cr can be decoupled from fm(D) by setting up D = 0 to obtain
fm(0) = 0. Additionally, the drag, modeled by fd(v), increases with the speed v. the
rolling resistance, on the other hand, stays constant and is probably small. At high
speed, the term fd(v) can therefore be considered dominant compared to Cr. But at
low speed, Cr might have a certain impact because fd(v) will be small.

The two first experiments will aim at determining fd(v) and Cr respectively, while
the term fm(D) will be determined by the third and fourth experiment (third for
the throttle and fourth for the brake). For the four experiments, the following data
will be recorded:

- Time t;

- Speed v;

- Acceleration a. The acceleration is computed based on the two last speed
measures v, vprev and the time that elapsed between the two measures,

a = v − vprev

t− tprev

;
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- Throttle/brake command D.

• Experiment 1: Determination of fd(v)

To reach high speed, full throttle (D = 1) is applied to the car at the start.
When v = 15 m/s, no more throttle (D = 0) is applied and the data recording is
stopped when the car is almost at rest. During the time where D = 0, equation (3.7)
becomes,

a = − 1
m

(Cr + fd(v)) (3.8)

where Cr << fd(v) can be considered when the speed is not too low. a can therefore
be expressed in terms of v to find the function fd,

a = −fd(v)
m

(3.9)
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t [s]
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1
D [ ]

Figure 3.5: Raw data of experiment 1

The recorded data are shown in Fig-
ure 3.5. As expected, when D = 0, the
deceleration decreases with time since
the speed decreases, making the fd(v)
term increasingly smaller. To find the re-
lation between a and v, only the relevant
data for t ∈ [3, 18]s are kept, as shown
in Figure 3.6. A Savitzky-Golay filter is
used on the acceleration to smooth the
data and have a better representation of
a. Then, in Figure 3.7, a is expressed
in terms of v. Their relation is approxi-
mately linear in the whole range of speed
considered. A polynomial fitting of order
1 is therefore used to find the expression
of the line best fitting the data, resulting
in,

a = −0.29023v + 0.00304
By considering 0.00304 ≈ 0, this equa-
tion can be identified to equation (3.9) to find the expression of fd(v),

fd(v) = 0.29023m v = 74.01︸ ︷︷ ︸
Cd

v (3.10)

with m = 255 kg the mass of the car. By suppressing the independent term 0.00304,
the condition fd(0) = 0 is respected.
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Figure 3.6: Relevant data kept for ex-
periment 1
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Figure 3.7: Linear relation between ac-
celeration a and speed v in experiment
1

• Experiment 2: Determination of Cr
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Figure 3.8: Raw data of experiment 2

To reach low speed, small throttle
(D = 0.2) is applied to the car at the
start. When v = 2 m/s, no more throttle
(D = 0) is applied and the data record-
ing is stopped when the car is at rest.
During the time where D = 0, the ob-
tained equation is the same as for the
first experiment (3.8) but this time Cr

is not neglected. Knowing fd(v), the im-
pact of Cr can be analyzed to determine
it.

The raw data recorded during the ex-
periment are shown in Figure 3.8. The
speed and acceleration have the same
behavior as for experiment 1 but with
smaller amplitude. The relevant data
are kept for t ∈ [0.5, 11]s and the accel-
eration is again smoothed, as shown in
Figure 3.9. By plotting a as a function of
v in Figure 3.10, It can be observed that
the relation is again linear. A polynomial
fitting of order 1 results in the expression,

a = −0.28453v − 0.00078
This expression is very close to the one obtain in experiment 1, and the independent
term is again almost null. It can be concluded that there is no impact from rolling
resistance even at very low speed, meaning that,

Cr = 0 (3.11)
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Figure 3.9: Relevant data kept for ex-
periment 2
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Figure 3.10: Linear relation between
acceleration a and speed v in experi-
ment 2

• Experiment 3: Determination of fm(D) for D ≥ 0 (throttle)

Set a constant D during the whole time of the experiment, and repeat it for
different values of D in its positive range. Typically,

D = [0.025, 0.05, 0.075, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0]
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Figure 3.11: data of experiment 3 for the
different values of D

fd(v) and Cr being known, fm(D) can be
determined by looking at the evolution
of a and v for the different values of D.

The data recorded during the exper-
iment for every D are shown in Figure
3.11, where â are the accelerations that
have been smoothed. The accelerations
abruptly increase at the start then de-
crease until being null. Therefore, the
speeds increase until reaching a plateau.
It is explained by the fact that at a cer-
tain speed, the term fm(D) is totally
compensated by the term −fd(v) in the
expression of the acceleration. In other
words, the force generated by the motor
is equal to the force exerted by drag.

An important characteristic of the
throttle has been discovered during this
experiment. To set the car in motion
when it is completely stationary, a min-
imum throttle of 0.2 is required during
300 ms before applying the desired throt-
tle. Therefore, a command D = 0.2 is

41



applied at start during 300 ms then the
desired value of D is applied.

The accelerations are almost the
same for D > 0.2 but differ for D ≤ 0.1. The relation between a and v is therefore
very different depending on the value of D, as it can be seen with the measures in
Figure 3.12. To perfectly model the acceleration depending on the throttle applied,
it would be necessary to have a different function depending on the speed for every
D. However, such approach would result in a very complex model not suitable for
this application. Therefore, it has been decided to approximate the a, v relation
by a line for each value of D, as shown in Figure 3.12. Each line is expressed as
(remembering than Cr = 0),

a = 1
m

(c− Cdv), (3.12)

where c ∈ R is the coefficient obtained by the better fitting of the line with the
measures. For each D, a coefficient c is found, which represents the value of fm(D).
By looking at their relation, the function fm(D) for all positive D can be determined.
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Figure 3.12: Relation between the ac-
celerations and speeds measured for
the different values of D in experiment
3, and their fitting line
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Figure 3.13: Relation between the
coefficients c computed with the fit-
ting lines and D in experiment 3,
and the fitting function fm(D) =
Cm1 arctan(Cm2D)

The different coefficients c as a function of D are plotted in Figure 3.13, and it
can be observed that the curve formed by the points resembles an arctan function.
The arctan function respects the condition arctan(0) = 0, thus it can be chosen to
model fm(D), where two coefficients Cm1, Cm2 must be determined to obtain the
better fitting possible,

fm(D) = Cm1 arctan(Cm2D) (3.13)
By taking, Cm1 = 7m = 1785

Cm2 = 15
(3.14)

the fitting function in Figure 3.13 is obtained.
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By using this approach, the motor model is not computationally too complex,
which is necessary to be able to be used in real-time, but does not perfectly describes
the behavior of the acceleration reacting to the throttle command. It could degrade
the quality of the prediction, therefore the model must still be validated to verify
that the difference is not to big.

• Experiment 4: Determination of fm(D) for D < 0 (brake)
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Figure 3.14: data of experiment 4 for the
different values of D

To reach high speed, full throttle (D =
1) is applied to the car at the start. When
v = 15 m/s, brake is applied (D < 0) and
the data recording is stopped when the car
is at rest. This procedure is repeated for
different values of D in its negative range.
Typically,

D =[−0.05, −0.1, −0.2, −0.3, −0.4,

− 0.5, −0.6, −0.8, −1.0]

The recorded data are shown in Figure
3.14. The speed decreases more and more
rapidly as D becomes more negative until
it reaches D = −0.6. For D ≤ −0.6, the
speed decreasing it identical. In Figure
3.15, the relation between the acceleration
and the speed in plotted. Applying the
same line fitting as in experiment 3 pro-
duces very good fittings for D ≥ −0.6
thanks to the quasi linear behavior be-
tween a and v. For D ≤ −0.6, the quality
of the fittings decreases.

The distinction for D ≥ or ≤ −0.6 is
even clearer in Figure 3.16 where the co-
efficients c evolve in two different ways on
each side of D = −0.6. The function fm(D) computed in experiment 3 has also been
plotted to verify that fm(D) correctly models both throttle and brake. It can be
seen that this is not the case. Although the difference is not too big for D ≤ −0.6,
it is for D ≥ −0.6 which could really degrade the quality of the braking of the car.

The fitting error for the brake could be reduced by changing the coefficients
Cm1 and Cm2 but it would also increase the fitting error for the throttle. Since it is
important to have a good model for both throttle and brake, an alternative must be
found. Looking again at the computed coefficients in Figure 3.16, the full brake could
not be easily modeled because of the discontinuity at D = −0.6. But if the brake is
limited to D = −0.6, the model would be a line perfectly fitting the measures, as
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Figure 3.15: Relation between the ac-
celerations and speeds measured for
the different values of D in experiment
4, and their fitting line

1.0 0.8 0.6 0.4 0.2 0.0
D [ ]

2500

2000

1500

1000

500

0
Coefficient
c [ ]         Measures

fm(D) from
experiment 3

Figure 3.16: Relation between the co-
efficients c computed with the fitting
lines and D in experiment 4, and the
function fm(D) = Cm1 arctan(Cm2D)
found in experiment 3

represented in Figure 3.17. With this approach, a model for the brake is computed,

fb(D) = 16mD = 4080︸ ︷︷ ︸
Cb

D (3.15)

The throttle and brake are coupled by D for the model of the car, meaning that
a single function must describe both in the model. But when the computed control
command D is applied to the car, it is decoupled into either throttle or brake. There-
fore, if fm(D) is kept for the model, D can directly be applied to the car when it is
positive (throttle) because it perfectly fit the throttle coefficients. But when D is nega-
tive (brake), before applying it to the car, it can be adapted to the brake model fb(D).

The coefficient computed by the solver that must be apply to the car is known,
it is described by fm(Dsolver) where Dsolver is the D computed by the solver,

c = fm(Dsolver) = Cm1 arctan(Cm2Dsolver)

Then, to actually apply this coefficient to the car, the command Dapply that must
be given corresponds to the D computed with the brake model fb(D) knowing the
coefficient c wanted,

Dapply = c

Cd

= Cm1

Cb

arctan(Cm2Dsolver) (3.16)

The conversion of Dsolver (D) into Dapply (brake command) using fm(D) and fb(D)
is shown in Figure 3.18.
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Figure 3.17: Fitting of the measured
coefficients c in experiment 4 by the
brake model fb(D) for D ∈ [−0.6, 0]
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Figure 3.18: Conversion of D into
brake command using fm(D) and
fb(D)

To resume, the control inputs sent to the car are,

throttle =
D ifD ≥ 0

0 ifD < 0

brake =
0 ifD ≥ 0

Cm1
Cb

arctan(Cm2D) ifD < 0

and the drivetrain model used to expressed the acceleration is,

a = 1
m

(Cm1 arctan(Cm2D)− Cdv) (3.17)

with, 
Cm1 = 1785
Cm2 = 15
Cb = 4080
Cd = 74.01

(3.18)

Drivetrain model validation

To validate the drivetrain model, the state model has been implemented in its discrete
form (Euler order 1),

xk+1 = xk + ∆tfkin(xk, uk)︸ ︷︷ ︸
f(xk,uk)

(3.19)

with the values lR = 0.783 m, lF = 0.435 m and is used to perform the experiment 3
for throttle and experiment 4 for brake. The results obtained with the model are
then compared to the measures.

In Figure 3.19 and 3.20, the speeds are compared for low throttles and higher
throttles respectively. It can be observed on both figures that the model well describes
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Figure 3.19: Validation of the drive-
train model at low throttle
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Figure 3.20: Validation of the drive-
train model at higher throttle
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Figure 3.21: Validation of the brake model
for D ∈ [−0.6, 0] (the dotted vertical lines
indicate the time at which the brake is
applied)

the behavior of the car in the increas-
ing part of the speed. Then, when the
measured speed reaches a plateau, the
quality of the model is degrading de-
pending on D. The bigger D is, the
bigger the difference between the mea-
sures and the model. For low D, espe-
cially for D = 0.05 and D = 0.075, the
model matches very well the measures.
In this range of D, the maximum plateau
(constant speed) reaches almost 20 m/s,
which is already a high speed. Therefore,
as long as the target speed given to the
car does not exceed 20 m/s, the model
is well describing the car behavior. Of
course, even in this situation, the con-
troller could apply a higher D to accel-
erate quickly but in this case the speed
would be in its increasing part, which
is well described by the model even at
higher D.

In Figure 3.21, the speeds are com-
pared when brake is applied, in the range
of D ∈ [−0.6, 0] covert by the brake
model fb(D). The experiment 4 is per-
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formed with the model, meaning that the brake is applied when v = 15 m/s (the
dotted vertical lines indicate the time at which the brake is applied). It can be
observed that for the model, the speed directly starts decreasing when the brake
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Figure 3.22: Comparison of the
three measured curves taken by
the car at different speeds but
same steering angle (10◦)
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Figure 3.23: Comparison of the
three curves taken at different
speeds but same steering angle
(10◦) computed with the model

is applied. But on the measures, there is a time
interval in which the car’s speed continues to
increase, then the brake takes effect. This phe-
nomena cannot be modeled but should not cause
any problems since the time interval is relatively
small (∼ 100 ms).

Then, looking at the curves after the brake is
applied, it can be verified that the brake model
fb(D) is very accurate. The small gap between
measures and the model is only due to the brake
effect’s interval time. Without it, the curves
almost perfectly match.

Full model validation

Now that the drivetrain model has been char-
acterized and validated, the rest of the model
can be validated. In particular the behavior in
a curve, since strong hypothesis have been made
at this level (no slip).

First of all, the behavior of the car is observed
when applying the same steering angle at different
speeds to check if the car is subjected to slip. The
results for three different speeds and a steering
angle of 10◦ to the right are shown in Figure
3.22. The car is brought to a speed vi in straight
line by applying a certain throttle command at
the start. The moment the steering angle is
applied, the x position of the car is xi. The three
curves are started when x = xi for them to start
when the steering angle is applied and be able to
compare them. When the orientation of the car
has reached −90◦, the steering angle is reset to
0. If there was no slip, the three curves would be
approximately the same. Whatever the speed, if
there is full grip between the tire and the road,
the car takes the same trajectory. In Figure 3.22,
it can be observed that there is slip.

To compare the measures with the model, the
same procedure is applied and the results are
compared in Figure 3.24 for the three different
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speeds. The differences are important because of the hypothesis of no slip made
to build the model. The higher the speed, the higher the slip and therefore the
differences. Without slip, the car is able to turn more efficiently. If the three curves
computed with the model are compared, it can be seen that no slip is considered in
the model since the three curves are almost identical (see Figure 3.23).

The prediction performed with the model by the solver will therefore be much
more idealistic than the real behavior of the car. If the difference is to big, typically
for higher speeds, the quality of the control will greatly be decreased. It can be
predicted that the kinematic model will allow to have a relatively accurate control
at low speeds but will not be efficient at higher speeds.
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Figure 3.24: Validation of the full model in a curve taken at different speeds but
same steering angle (10◦)

3.4 MPCC problem

3.4.1 Design

Contouring formulation

The contouring formulation aims at linking the MPC problem to a contour following.
The contour to follow is the reference path formed by the reference points at the
center of the track. The reference path formulation will be described in the next
Subsection 3.4.1 based on the contouring formulation needs.

To follow the path, the position of the car (x, y) must be link to the path. By
projecting the car’s position (x, y) into the reference path (at the center of the track),
the distance between the two positions, called the contouring error ϵc, can be found,
as shown in Figure 3.25. This distance is defined as the normal deviation from the
reference path. It can be expressed by,

ϵc = sin(ϕc(sr))(x− xc(sr))− cos(ϕc(sr))(y − yc(sr)),
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Figure 3.25: Contouring error by
projection of the car’s position
into the reference path

where (xc(sr), yc(sr)) is the position at the pro-
jection, ϕc(sr) is defined as the angle formed by
the tangent at the projection and the x axis,

ϕc(sr) = arctan2 (∇yc(sr),∇xc(sr)) ,

and sr(x, y) is the value of the path param-
eter where the distance between the point
(xc(sr), yc(sr)) and (x, y) is minimal.

The objective of the algorithm is therefore
to compute the car’s commands that minimize
the contouring error while maximizing the speed
along the path. However, this formulation re-
quires to make the projection of a point into a
curve, which can be computationally expensive
depending on the degree of the curve, and does
not allow to have a measure of the speed along
the track. For these reasons, it is proposed to extend the system with a new state
to define the progress along the path [51]. This is a virtual state, denoted as s,
that indicates the distance traveled by the car along the path, and its evolution is
governed by the speed vs at which the car travels along the path,

ṡ = vs, (3.20)

and is called the virtual state model.

To ensure that the car is always progressing (not moving backward), vs must
be expressed as vs ∈ [0, vs,max] with vs,max > 0. This way, s is a purely increasing

Figure 3.26: Example of curve pa-
rameterization by arc-length

quantity. vs is a virtual control input of the car
determining at which speed the car must travel
along the path.

The evolution of the virtual state s must be
linked to the actual evolution of the car. If not,
the car and the virtual state would evolve inde-
pendently of each other. For this purpose, it is
proposed to use s as an approximation to sr(x, y)
and express the reference path in terms of s by
arc-length parameterization.

Arc-length parameterization is a way of defin-
ing a parametric curve in terms of the distance
along the curve. In other words, instead of defin-
ing a curve using its x and y coordinates as func-
tions of a parameter such as time, the distance
along the curve is used as the parameter. The
distance along the curve is called the arc-length
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and have the same definition as s. Therefore, for a given curve in a 2D frame, it is
possible to determine the position on the curve (x(s), y(s)) based on the distance s
traveled along that curve, as represented in Figure 3.26.

Figure 3.27: Contouring and lag
errors and their approximations

With the arc-length parameterization of the
reference path, the virtual position of the car on
the path (xc(s), yc(s)) can be found using the
virtual state s and vs is directly proportional to
the real speed of the car v. Then, considering s as
an approximation of sr allows to link this virtual
position with the projection of the car on the path
(xc(sr), yc(sr)). This is represented in Figure 3.27,
with ϵc the contouring error approximated by,

ϵ̂c(x, s) = sin(ϕc(s))(x− xc(s))
− cos(ϕc(s))(y − yc(s)) (3.21)

and ϵl the lag error, denoting the path distance
that (xc(sr), yc(sr)) lags (xc(s), yc(s)), approxi-
mated by,

ϵ̂l(x, s) =− cos(ϕc(s))(x− xc(s))
− sin(ϕc(s))(y − yc(s)) (3.22)

For the virtual position on the path to be close to the actual car’s position
projection of the path, the lag error must be small, ϵ̂l(x, s) ≈ 0. The virtual state s,
as well as the virtual control command vs, will need to be added to the state and
commands of the system respectively. They become:

ẋ =


ẋ
ẏ

ϕ̇
v̇
ṡ

 =


v cos(ϕ + β)
v sin(ϕ + β)

v
lR

sin(β)
1
m

(fm(D)− Cr − fd(v))
vs

 , (3.23)

with,

β = arctan
(

lR
lR + lF

tan(δ)
)

,

and u = [δ D vs]T .

Reference path formulation

The reference path formulation is based on the needs of the contouring formulation
and the output of the PP algorithm given to the PF algorithm. From the reference
points computed at the center of the track, a curve parameterized by arc-length must
be produced. In addition to the reference points, the virtual state s is known.
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The objective of the reference path formulation is to give to the MPCC the tools
needed to compute and update the approximated contouring and lag errors inside
the optimization problem. During the prediction, s is updated by the computed
sequence of control commands vs, and the contouring and lag errors also need to be
updated based on s. Like in the MPC theory Section 3.2, the subscript k will be
used to define a quantity at prediction k, with k = 1, 2, ..., N .

During the optimization process, the evolution of successive sk, described by the
virtual state model discretized using order 1 Euler method with time step ∆tMPCC,

sk+1 = sk + ∆tMPCCvs,k,

is limited by the upper bound on vs (vs,max). Before each call to the MPCC, the
initial state s is available and given to the solver as s1. It is therefore possible to
determine the maximum value of s at the end of the prediction sN ,

sN ≤ s1 + N∆tMPCCvs,max

The reference points with which the reference path will be computed can there-
fore be selected based on the minimum arc-length needed and the current s. The
reference point formulation thus requires two steps performed at each time step ∆t:
the selection of the reference points and the computation of the path based on these
points.

1. Reference points selection:
All the reference points can be utilized to form a linear piecewise curve, as
shown in green split line in Figure 3.28.a). The reference points are denoted
as ri with i = 0, 1, ..., n − 1, and n the number of reference points available.
Each line between two successive points ri, ri+1 has a length dli+1 equal to the
distance between them,

dli+1 =
√

(xri+1 − xri
)2 + (yri+1 − yri

)2 for i ∈ {0, 1, ..., n− 2}

Figure 3.28: Reference points selection example with quantities used for the selection
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Then, each point can be assigned an arc-length sri
on the linear piecewise

curve, beginning with sr0 = 0. The arc-length parameterized linear spline curve
obtained can now be used to approximate the advancement of the car s on
the reference path. The term approximation is used to indicate that the real
reference path which would be a smooth curve is approximated by a linear
piecewise curve, as represented in Figure 3.29. The reference points being
relatively close to each other, this is a good approximation.

Figure 3.29: Smooth curve approximation by linear piecewise curve

The current advancement of the car s1 can be positioned on the piecewise
curve by looking at the arc-length of the reference points sri

. In the example
of Figure 3.28.a), sr0 < s1 < sr1 thus the first reference point to be selected
is r0. Then the other reference points must be selected based on the required
length Ls = N∆tMPCCvs,max and the minimum number of reference points
imposed nmin. This is important to impose a minimum number of reference
points for the computation of the reference path later, depending on the type
of curve that will be generated (a cubic curve will require minimum 4 points
for example). The next reference points are added one at a time until the
length formed by the sum of dli is greater than Ls plus the distance between
the first selected reference point and s1. For the example in Figure 3.28, the 4
first points are selected because,

dl1 + dl2 + dl3 ≥ Ls + (s1 − sr0) ≥ dl1 + dl2

If the number of selected reference points nselect < nmin even when the required
length is met, more reference points must be selected until nselect = nmin.

The procedure described above is the standard case. Special cases can occur
when there is not enough reference points available, as illustrated in Figure
3.30.a). This can happened during the first lap, when the PP algorithm still
generates the reference points in real-time with a limited view ahead. To
handle this situation, virtual reference points are added after the last available
reference point. This is illustrated in Figure 3.30.b), where a virtual reference
point has been added to met the required length. The length dlv to add is
computed by,

dlv = Ls − (dl1 + dl2 − (s1 − sr0)),
and the orientation of the virtual reference point with respect to the previous
point r2 is taken equal to the relative orientation ϕ1 of the two previous points
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r1 and r2, with,
ϕ1 = arctan2(yr2 − yr1 , xr2 − xr1)

Figure 3.30: Special case of reference points selection - not enough reference points
available

If more than one added point is required to respect the condition nselect = nmin,
the length dlv is split in the number of points that need to be added.
With this method, the added virtual reference points are not guarantied to
follow the center of the track, which could deteriorate the quality of the predic-
tion. the greater the length to be added, the greater the risk of deviation from
the center of the track.

A last particular case occurs when the first lap has been closed, meaning that
all the reference points have been computed, and points must be selected after
the last computed ones. In this situation, new points do not have to be added
since the track is complete. The points that come after the last ones at the
end of the track are the first points of the track, as represented in Figure 3.31.
The first selected reference points are the two last ones of the complete track,
rn−2 and rn−1. Then, to respect the required length Ls, the two first cones of
the track r0 and r1 are selected.

Figure 3.31: Special case of reference points selection - selection of last and first
reference points when the track is completed

Since the arc-length of the reference points is defined on one lap, the arc-length
of the first reference point of the track is equal to 0 when the starting line is
crossed at the end of a lap. It means that between the last and first reference
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point of the track, the arc-length suddenly drops from a positive value to 0.
For the arc-length of the reference points and the advancement s of the car to
be synchronized, s is also reinitialized to 0 when the starting line is crossed.

2. Reference path computation:

The contouring formulation requires to give to the optimization solver the
reference path in the form of parameters in order to compute the contouring
and lag errors based on the updated sk at each prediction. A solution that has
been investigated is to compute the arc-length parameterized cubic spline curve
with the selected reference points. This solution is the most precise since the
curve is guarantied to pass exactly through the points and to be smooth thanks
to its third order. However, the result is a piecewise curve, meaning that the
number of parameters necessary to describe the full curve increases with the
number of points (for nselect reference points, nselect−1 sub-curves are necessary
to form the full curve). The number of parameters to send to the optimization
solver can therefore vary. In addition, finding the location of a sk on the curve
requires a condition statement: if sk is between the arc-length of the first and
second point, then the parameters of the first sub-curve must be used, and
similarly for each pair of successive points. Since its impossible to make a con-
dition statement inside the optimization solver, this solution has been discarded.

In order to not have condition statements, the entire curve must be described
by the same parameters. For this purpose, the solution that has been chosen is
polynomial fitting by least squares regression. This method allows to find the
best-fitting curve by minimizing the sum of squared differences between the
data points and the predicted values. This technique does not guaranty that
the curve passes through the points, but the higher the order of the curve, the
higher the quality of the fitting.
The reference points that must be fitted are in the (x, y) frame and the
coordinates of the point on the curve must be found using the advancement
(arc-length) sk. In addition, the function (polynomial) returned by the least-
square regression is well-defined, meaning that the data points must be strictly
increasing on the x axis, which is not necessary the case for the reference points
in the (x, y) frame. Therefore, the points are first expressed in terms of the
arc-length s by splitting the (x, y) frame into two frames: (x, s) and (y, s),
as shown in Figure 3.32. Moreover, the arc-length s is a strictly increasing
quantity, meaning that the data sets of the two frames are well-defined.
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Figure 3.32: (x, y) frame split into (x, s) and (y, s) frames

Two polynomials can therefore be computed by least square regression on these
two data sets to obtain the two following expressions,x(s) = X0 + X1s + X2s

2 + ... + Xmsm

y(s) = Y0 + Y1s + Y2s
2 + ... + Ymsm

where m is the order of the polynomials and Xj, Yj ∈ R for j = 0, 1, ..., m
the coefficients of the x and y polynomials respectively. Each polynomial thus
produces m + 1 parameters that can be sent to the optimization solver to
determine the coordinates on the reference path based on the advancement s.
To compute the coefficients, each data set (xi, si), (yi, si) for i ∈ {0, 1, ..., nselect−
1} is transformed into a system Ax⃗ = b⃗ with b⃗ ∈ Rnselect the vector of ordinates
(xi or yi), x⃗ ∈ Rm+1 the vector of coefficients (Xj or Yj) to find and A ∈
Rnselect×(m+1) the matrix of abscissa (si) to which the exponents are applied.
For the case of the (xi, si) data set, it gives,

1 s0 s2
0 · · · sm

0
1 s1 s2

1 · · · sm
1

1 s2 s2
2 · · · sm

2
... ... ... . . . ...
1 snselect−1 s2

nselect−1 · · · sm
nselect−1


︸ ︷︷ ︸

A



X0
X1
X2
...

Xm


︸ ︷︷ ︸

x⃗

=



x0
x1
x2
...

xnselect−1


︸ ︷︷ ︸

b⃗
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The committed error can be represented by the residue vector,

r⃗ = b⃗− Ax⃗,

and the norm of the residue ∥r⃗∥2 = ∥⃗b − Ax⃗∥2 is minimum if and only if x⃗
satisfies the normal equations,

(AT A)x⃗ = AT b⃗

Therefore, the researched coefficients are found with,

x⃗ = (AT A)−1AT b⃗

For the generation of the polynomials, the arc-length of the first selected
reference point is always set to 0 and the ones of the next selected points
are determined taking the first point as reference. It means that a relative
arc-length is used to generate the polynomials. The absolute arc-length of a
reference point is the arc-length of the point in the track. This method allows
to handle the particular case that happens when, at the end of a lap, the
selected points include last and first reference points of the track.
To switch from the absolute arc-length to the relative arc-length of any point
and vice-versa, only the absolute arc-length of the first selected reference point
is needed. This is illustrated with an example in Figure 3.33. The index of
the first selected reference point is I = 2, then the relative arc-length of the
selected points can be computed by,

sreli = sabsi
− sabsI

for i ∈ {I, I + 1, ..., I + nselect − 1}

The polynomials are then computed with the relative arc-lengths. The coef-
ficients of the polynomials are sent as parameters to the optimization solver
as well as the absolute arc-length of the first selected reference point sabsI

. It
allows the optimization solver to compute the coordinates (xc(sk), yc(sk)) and
the tangent orientation ϕc(sk) for each predicted sk with,


xc(sk) = X0 + X1(sk − sabsI
) + X2(sk − sabsI

)2 + ... + Xm(sk − sabsI
)m

yc(sk) = Y0 + Y1(sk − sabsI
) + Y2(sk − sabsI

)2 + ... + Ym(sk − sabsI
)m

ϕc(sk) = arctan2(∇yc(sk),∇xc(sk))

where,∇xc(sk) = X1 + 2X2(sk − sabsI
) + ... + mXm(sk − sabsI

)m−1

∇yc(sk) = Y1 + 2Y2(sk − sabsI
) + ... + mYm(sk − sabsI

)m−1
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Figure 3.33: representation of the absolute and relative arc-lengths of a set of
reference points

MPCC problem formulation

Now than the vehicle model, the contouring formulation and the reference path for-
mulation have been developed, the MPCC problem can be formulated. The different
constituents will first be developed then the overall problem will be formulated. As
in the MPC theory Subsection 3.2, the prediction horizon is denoted as N with
current prediction k = 1, 2, ..., N and the time step inside the MPCC is ∆tMPCC.

• State and control commands vectors
The state vector is the vehicle state extended with the contouring formulation.
Its continuous model is the vehicle model (3.5) extended with the virtual state
model (3.20), resulting in the model (3.23). For the MPCC formulation, the
extended state model is discretized by order 1 Euler method for computational
efficiency,

xk+1 =


xk+1
yk+1
ϕk+1
vk+1
sk+1

 =


xk

yk

ϕk

vk

sk

+ ∆tMPCC


vk cos(ϕk + βk)
vk sin(ϕk + βk)

vk

lR
sin(βk)

1
m

(fm(Dk)− Cr − fd(vk))
vs,k

 , (3.24)

with,

βk = arctan
(

lR
lR + lF

tan(δk)
)

,

and uk = [δk Dk vs,k]T the extended control commands vector.

Therefore, the state vector xk = [xk yk ϕk vk sk]T ∈ Rnx has size nx = 5 and
the control commands vector uk = [δk Dk vs,k]T ∈ Rnu has size nu = 3. The
evolution of the state vector is described by (3.24),

xk+1 = f(xk, uk),

with f : Rnx × Rnu → Rnx .
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• Inequality constraints
The MPCC problem accepts linear and nonlinear inequality constraints that
must be respected when the optimization problem is solved. First of all,
rectangle constraints are applied on the control commands. Their values are
limited by lower and upper bounds to keep them within the desired range of
values,

uk ≤ uk ≤ uk (3.25)

In addition, rectangle constraints are applied on the control commands rate of
change ∆uk = [δk − δk−1 Dk −Dk−1 vs,k − vs,k−1]T . This allows to limit the
successive change of control command values in order to compute relatively
smooth control commands and eliminate potential impossible changes of values
for the real system,

∆uk ≤∆uk ≤∆uk (3.26)

Finally, a nonlinear constraint is applied on the contouring error ϵ̂c
k to model the

track limits. The car must not deviate too much from the center of the track
to not touch the cones delimiting the track. The contouring error represents
the lateral deviation from the reference path computed at the center of the
track. It must not exceed a maximum value Rc on both sides of the center of
the track,

(ϵ̂c
k)2 ≤ R2

c (3.27)

• Cost function
The cost function J ∈ R to minimize is expressed as the sum of cost functions
Jk over the prediction horizon,

J =
N∑

k=1
Jk,

Jk is composed of several components. The first one is the objective function
Qk that expresses the main objectives that must be accomplished by the MPCC
algorithm, which is maximizing the speed along the path while remaining within
the track limits. Maximizing the speed along the track implies maximizing
the virtual speed vs and remaining within the track limits is formulated as
minimizing the contouring and lag errors,

Qk = ql,k(ϵ̂l
k)2 + qc,k(ϵ̂c

k)2 + qv,k(vs,max − vs,k)2, (3.28)

with ql,k, qc,k, qv,k ∈ R+ the weights of the objective function. They are param-
eters of the problem and can be adjusted to obtain the desired performance.
They can also vary depending on the prediction k. With this formulation, the
optimization solver will try to minimize the errors and maximize the speed by
minimizing the difference between the target speed vs,max and the speed along
the path vs.
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The errors are computed with the contouring formulation,

ϵk =
[
ϵ̂l

k(xk)
ϵ̂c

k(xk)

]
=
[
− cos(ϕc(sk))(xk − xc(sk))− sin(ϕc(sk))(yk − yc(sk))
sin(ϕc(sk))(xk − xc(sk))− cos(ϕc(sk))(yk − yc(sk))

]
(3.29)

where,


xc(sk) = X0 + X1(sk − sabsI
) + X2(sk − sabsI

)2 + ... + Xm(sk − sabsI
)m

yc(sk) = Y0 + Y1(sk − sabsI
) + Y2(sk − sabsI

)2 + ... + Ym(sk − sabsI
)m

ϕc(sk) = arctan2(∇yc(sk),∇xc(sk))

and, ∇xc(sk) = X1 + 2X2(sk − sabsI
) + ... + mXm(sk − sabsI

)m−1

∇yc(sk) = Y1 + 2Y2(sk − sabsI
) + ... + mYm(sk − sabsI

)m−1

are computed with the reference path formulation. sabsI
and the coefficients

Xj, Yj for j ∈ {0, 1, ..., m} are given parameters.

The second component is the control commands penalization function Ru,k. Its
goal is to penalize the control commands uk to adjust the behavior of the car.
It is formulated as,

Ru,k = rδ,kδ2
k + rD,kD2

k + rvs,kv2
s,k, (3.30)

with the weights rδ,k, rD,k, rvs,k ∈ R+.

The final component is the control commands rate penalization function R∆u,k

utilized to also penalize the rate of change of the control commands and obtain
more degrees of freedom to adjust the behavior of the car,

R∆u,k = r∆δ,k(δk − δk−1)2 + r∆D,k(Dk −Dk−1)2 + r∆vs,k(vs,k − vs,k−1)2, (3.31)

with the weights r∆δ,k, r∆D,k, r∆vs,k ∈ R+.

The cost function Jk is the sum of the three components (3.28), (3.30) and
(3.31),

Jk = Qk + Ru,k + R∆u,k (3.32)

• Parameters vector
The parameters are the quantities used in the problem formulation that are not
fixed but are not part of the state or control commands vectors. For example,
the dimensions of the car lF and lR and its mass m used in the state model
are fixed quantities, they are constants and not parameters of the problem.
The parameters vector can be decomposed into two vectors:
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1. Contouring parameters vector,

ck = [sabsI
X0 X1 ... Xm Y0 Y1 ... Ym Rc]T ∈ Rnc , (3.33)

with nc = 2 + 2(m + 1). It is composed of the parameters linked to the
contouring formulation, i.e. the parameters of the reference path and
the parameter of the track constraint Rc. This vector does not vary as a
function of prediction k as its parameters are defined for the all prediction.

2. Weights vector,

jk = [ql,k qc,k qv,k rδ,k rD,k rvs,k r∆δ,k r∆D,k r∆vs,k]T ∈ Rnj , (3.34)

with nj = 9. It is composed of the weights used in the cost function. This
vector can be different depending on the prediction k.

The resulting parameters vector is the concatenation of the two above vectors,

pk = [cT
k jT

k ]T ∈ Rnp

with np = nc + nj. This vector can be different depending on the prediction
k. The full sequence pseq = [p1 p2 ... pN ] ∈ Rnp×N must be provided to the
solver.

• Initial conditions
Initial conditions must be provided to start the optimization. The initial state
xinit is taken as first state x1 inside the optimization problem. Moreover, the
control commands rate penalization function (3.31) and the control commands
rate of change constraint (3.26) require the control commands u0 to compute
the first rate of change ∆u1 = u1 − u0. u0 is the control commands vector
that has been applied by the previous optimization solving ∆t time earlier,
u1,prev.

The optimization problem can therefore be formulated as a minimization problem
subject to constraints,

minimize
u∈Rnu

N∑
k=1

Qk(xk, uk, pk) + Ru,k(uk, pk) + R∆u,k(uk, uk−1, pk)

subject to x1 = xinit

u0 = u1,prev

xk+1 = f(xk, uk)
uk ≤ uk ≤ uk

∆uk ≤∆uk ≤∆uk

(ϵ̂c
k)2 ≤ R2

c

The optimization problem is solved every time step ∆t. In order to start the
optimization, the initial state of the car xinit = x1, the previous applied control
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commands u1,prev = u0 and the parameters sequence pseq are given to the MPCC.
Then the sequence of optimal control commands useq = [u1 u2 ... uN ] ∈ Rnu×N is
computed and the first control commands u1 = [δ1 D1 vs,1]T is kept. The two car
control commands δ1 and D1 are applied to the car and the virtual control command
vs,1 is given to the discretized virtual state model to update the advancement s. The
block diagram of the controller is shown in Figure 3.34.

Figure 3.34: Model Predictive Contouring Controller (MPCC) block diagram

3.4.2 Implementation

Optimization solver

The solver used to solve the optimization problem is Optimization Engine (OpEn).
It is free of utilization and benefits from an extensive documentation. The problem
is formulated in Python, a library is generated which can be used in a C/C++ code.
As mentioned in the introduction of this chapter, the tests revealed that the solver is
limited in terms of performance. It was not able to solve the problem with prediction
horizon N > 20. The analysis of this first solution’s performance was therefore
limited to N = 20. To extend the analysis of the improved solution, another solver
was used and will be presented in the next chapter. The utilization of OpEn will
therefore not be detailed in this section, but is available in Appendix D.

MPCC problem

The MPCC problem is implemented in the C++ code as a structure called Mpcc. It
is used to store the different quantities of the problem and implement the methods
necessary to solve the problem at each time step ∆t.

The advancement s is stored and is updated at each time step with the control
command vs computed by the solver. Based on s and the reference points sent by
the PP algorithm, a method is used to select the reference points and compute the
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contouring parameters c. Another structure called PolyFit is used to compute the
coefficients of the fitting polynomial by least-square regression for a given data set.
Also based on s and the current position of the car, the errors vector ϵ is computed.
The state of the car is stored in the structure CarState and updated each time the
state of the car is measured by the sensors.

The parameters sequence and initial conditions are provided to the solver and
the optimization problem is solved. A structure called ControlCommand is used to
convert the first control commands δ and D of the computed sequence into throttle,
brake, and steering inputs. The maximum steering of the car is 25◦ on the left and
right, but the steering input must be sent between −1 and 1. δ being computed in
radians, the conversion is,

steering =
δ 180

π

25
For the throttle and brake, (throttle, brake) = (D, 0) if D ≥ 0 and (throttle, brake) =
(0,−D) if D < 0.

It is possible that the solver sometimes fails to computed the optimal control
commands. To avoid applying bad control inputs to the car, the control commands
computed by the solver are first checked before sending them to the car. If the three
control commands rate of changes are between the lower and upper bounds (3.26)
that have been defined, they are applied to the car. If not, the control commands
previously computed are again applied to the car.

Path Following class and methods

The PF algorithm is implemented as a class called PathFollowing containing at-
tributes and methods to perform the different tasks. This class is much lighter than
the PP one because the major task is performed by the optimization solver.

The main attributes of the class are the CarState, Mpcc and ControlCommand
structures, respectively used to store the measured state of the car, solve the MPCC
problem and send the control inputs to the car. Additionally, the first method of
the class, polynomialsCallback(), receives the PP algorithm’s output at the same
frequency as the SLAM algorithm’s frequency fSLAM and store it in the form of a
polynomials structure. The car’s position sent by the PP is updated in CarState
at the same time. It also handles the reset of s at the starting line crossing at the
start of a new lap.

A second method, odometryCallback(), receives the sensors data at a frequency
fodo and convert them into the desired car state. The velocity is received in the form
of a vector V = (Vx, Vy) defined in the inertial frame, as represented in Figure 3.35.
The velocity v = (vx, vy) defined in the frame relative to the car can be computed
with, vx = Vx cos(ϕ) + Vy sin(ϕ)

vy = Vy cos(ϕ)− Vx sin(ϕ)
(3.35)
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Figure 3.35: Velocities defined in the
inertial frame (orange) versus velocities
defined in the frame relative to the car
(blue)

The speed of the car is then computed
with,

v =
√

v2
x + v2

y,

which is equal to V =
√

V 2
x + V 2

y .

The third method commandPublisherTimer()
uses the structure ControlCommand to con-
vert the control commands computed by
the optimization solver into the car’s con-
trol inputs and send them at a frequency
fcommands.

Finally, the method mpccTimer() calls
the optimization solver via the structure
Mpcc at a frequency f = 1

∆t
.

3.5 Tests and validation
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Figure 3.36: Reference path computa-
tion for the normal case (enough arc-
length and enough points ahead of s
with the available reference points)

The primary aim of this section is to val-
idate the PF algorithm and determine its
parameters and variables to obtain the best
performance. This involves studying the in-
fluence of these factors on the algorithm’s
behavior. The initial analysis is conducted
using a testbench, and subsequently applied
and compared within the simulator environ-
ment. A benchmark is created to define
criteria to respect in order to be considered
valid.

3.5.1 Reference path valida-
tion
To validate the reference path formulation,
it is necessary to test different possible cases.
Several factors should be considered when
choosing the parameters m and nmin. First
of all, the polynomials must be at least of
order 3 to be able to fit complex shapes.
The bigger the order, the better the fitting.
However, since the polynomials are used
inside the solver, the order should not be
too large to reduce the computational complexity. To ensure safe operations of the
solver, the maximum value m = 4 has been determined by testing. nmin = m + 1 = 5
points are thus necessary
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To test the different cases, a list of reference points is generated, and different
values for s and Lmin are tested. The normal case occurs when there are enough
points after the first selected to have enough arc-length on the reference path. It
is illustrated in Figure 3.36, where nselect = nmin = 5 points have been selected. s
and smax can also be observed (Lmin = smax − s). In Figure 3.37, the case when
there is not enough arc-length with the reference points ahead of s is illustrated. An
additional point is created to have the minimal length and at the same time have
5 points. Finally, the case when there is enough arc-length but not enough points
ahead of s is shown in Figure 3.38. In this case, instead of adding a point, a previous
point is selected to have nselect = nmin.

These figures aim to illustrate the main cases that can occur but do not illustrate
every possible situation. Basically, by adding points and/or selecting previous ones
until the two conditions L ≥ Lmin and nselect ≥ nmin are respected, every situation
is handled. Of course, if necessary, more than nmin points can be selected.
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Figure 3.37: Reference path computa-
tion is the special case of not enough
arc-length with the reference points
available ahead of s
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Figure 3.38: Reference path computa-
tion in the special case of enough arc-
length but not enough points available
ahead of s

3.5.2 Testbench and benchmark

Testbench

As for the PP algorithm, a testbench has been created to test and validate the
algorithm independently of any external factor. It also has the objective of studying
the influence of the different factors in a "perfect world". In this "perfect world", the
model used for the optimization solver would be exactly the same as the real car. It
enables as well a comparison with the performance on the simulator.
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Figure 3.39: Example of track
generated by the testbench

For these purposes, the testbench must provide
the track as the form of reference points and a virtual
car to compute its change of state. Instead of the
cones, it is the limits that the car position must
not cross in order to stay within the track that are
indicated. Since the minimum distance between the
center of the track and the cones on both sides is
Rtrack = 1.5 m, and the width of the car is w = 1.13 m,
the limits are positioned at a distance,

Rlimits ≤ 1.5− 1.13
2

⇔Rlimits = 0.9 m,

where a security margin of 3.5 cm has been taken.
An example of track generated with the testbench is
shown in Figure 3.39.

Then, to simulate the car’s behavior, the same model used in the solver is
implemented. This provides a non-real-time environment, enabling fast testing.

Benchmark

Main track characteristic Specific track characteristic

1. Straight line

2. Curve with large radius (10 m) after
reaching target speed in straight line

1. Curve angle of 45◦

2. Curve angle of 180◦

3. Curve with small radius (4 m)
after reaching target speed in
straight line

1. Curve angle of 45◦

2. Curve angle of 90◦

3. Curve angle of 180◦

4. Start with a horizontal offset in
straight line (0.5 m to the left)

5. Sequence of 2 curves of opposite
directions (left then right) with small
radius (4 m) after reaching target
speed in straight line

1. Curve angle of 90◦

2. Curve angle of 180◦

Table 3.1: MPCC algorithm’s benchmark
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To test and validate the algorithm, a benchmark is created. In order to be considered
valid, the algorithm must succeed in all the tasks described in the benchmark. It
also provides all the necessary tracks to perform the tests aiming at determining the
performance parameters. The benchmark is represented in Table 3.1.

3.5.3 Tests and validation with testbench
The objective of the tests and validation with the testbench is to find the best
performance parameters by studying their influence. The performance parameters
for this MPCC problem formulation are the following:

1. Time steps ∆t and ∆tMPCC;

2. Prediction horizon N ;

3. Control commands (rate) constraints uk, uk, ∆uk, ∆uk;

4. Weights jk = [ql,k qc,k , qv,k rδ,k rD,k rvs,k r∆δ,k r∆D,k r∆vs,k]T .

The time step ∆t determines the frequency of the control commands refreshing.
It is limited by the frequency at which the state measures are received. Since the
position of the car is updated every 25 to 40 ms (25 ≤ fSLAM ≤ 40 Hz), the minimum
time step is ∆t = 50 ms to have a margin of error and be sure that the position has
been updated.

The prediction horizon N has an influence on the complexity of the MPCC
problem and therefore the computational time, and together with ∆tMPCC, it has
an influence on the finite time horizon T = N∆tMPCC. For this first solution, N is
limited to 20 because of the solver, its influence will therefore not be studied.

The main performance parameters are the weights as they directly describe
what behavior the car must have in order to meet the objectives. The constraints
have also a role to play since they act on the control commands used to control the car.

To start the study of the different parameters, a starting point must be defined.
Each parameter must be assigned an initial value used as reference value around
which it will vary. The first tests will be conducted at low speed, vs,max = 3 m/s
is thus defined. ∆tMPCC = 75 ms is then chosen to have a time horizon T = 1.5 s
which corresponds to maximum view ahead of Tvs,max = 4.5 m. ∆t is chosen equal
to ∆tMPCC, as it offers a descent refreshing frequency for this type of application (in
the order of 100th of a millisecond).

For the initial guess of the constraints, reasonable values in the physical sens are
chosen. First of all, the steering angle of the car can vary between −25 and 25◦,
therefore,

δk = −25 π

180 ≤ δk ≤ 25 π

180 = δk (3.36)

Then, D is limited to restrain the acceleration of the car,

Dk = −0.2 ≤ Dk ≤ 0.2 = Dk, (3.37)
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and vs must be between 0 and the target speed,

vs,k = 0 ≤ vs,k ≤ vs,max = vs,k (3.38)

For the rates, the car must take at least 1 s to turn the wheel from 0 to full
steering,

∆δk = −25 π

180∆tMPCC ≤ ∆δk ≤ 25 π

180∆tMPCC = ∆δk (3.39)

Same approach for vs,

∆vs,k = −vs,max∆tMPCC ≤ ∆vs,k ≤ vs,max∆tMPCC = ∆vs,k (3.40)

and the rate of D is also strongly limited as the slow target speed requires only very
small D,

∆Dk = −0.05∆tMPCC ≤ ∆Dk ≤ 0.05∆tMPCC = ∆Dk, (3.41)
For the track constraint (3.27), Rc is chosen equal to Rlimits = 0.9 m.

Finally, the initial values chosen for the weights are,

jk = [1 1 1 1 1 0 1 1 1]T (3.42)

where rvs = 0 because there is already a weight applied on vs, qv. The first parameters
to be studied are the weights. For this purpose, a procedure using the benchmark is
followed.

a. With track 1, the weights influencing the speed and acceleration of the car can
be studied without being impacted by the parameters linked to the direction of the
car. The weights that have the bigger impact are qv and ql, with qv describing the im-
portance of reaching the target virtual speed and ql the importance of staying close to
the virtual advancement of the car (which is done by having a real speed v close to vs).

The influence on the speed is examined in Figure 3.40. In the top graph, only the
weight qv is varied while keeping ql constant at 1. Increasing qv does not have a
significant impact, as a large overshoot followed by an undershoot is still observed.
Next, in the middle and bottom graphs, ql is varied while keeping qv fixed at 10 and 1,
respectively. When ql is approximately 10 times larger than qv in the bottom graph,
the overshoot and undershoot are greatly reduced, resulting in faster convergence to
a steady speed. In Figure 3.41, a comparison is made between the lag error ϵ̂l and
the control commands D and vs for weight combinations of (ql, qv) = (20, 10) and
(20, 1). In addition to achieving a better speed profile, the weight combination of
(20, 1) significantly reduces the lag error and oscillations in the control commands D.
The values, ql = 20

qv = 1
(3.43)

are therefore kept for the next analysis.
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Next, the weights rD, r∆D and r∆vs are varied for values between 0.1 and 100. No
real impacts have been observed and there are thus kept to 1. After this first analysis,
the weights vector is therefore,

ja
k = [20 1 1 1 1 0 1 1 1]T (3.44)
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Figure 3.40: Influence of weights qv

and ql on the speed on track 1

0.0
0.5

l [m]

0.000
0.025
D [ ]

0 2 4 6 8 10
t [s]

0

2
vs [m/s]

vs, max

(ql, qv) = (20, 10)
(ql, qv) = (20, 1)

Figure 3.41: Influence of weights qv

and ql on the lag error ϵ̂l, control com-
mands D and vs on track 1
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Figure 3.42: Influence of weight rδ on the
trajectory and prediction at the start of
the curve on track 3.2 (qc = 1)

b. The influence of the three remain-
ing weights qc, rδ and r∆δ can now be
studied.

Increasing qc results in predictions, and
therefore trajectories closer to the path.
rδ, on the other hand, acts on the steer-
ing by forcing it to be smaller as rδ in-
creases. The result is a better anticipa-
tion of the curve, as shown in Figure
3.42, but also a bigger deviation from
the path at the end of the turn.

To obtain a better result, the effects of qc

and rδ can be used together. The ideal
behavior would be to have a better antic-
ipation (take the racing line - interior of
the curve) while keeping the prediction
close to the path at the end to avoid big
deviations. To have a better anticipation,
rδ must be on the order of 10 times big-
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ger than qc. But to limit the deviation,
qc would need to be bigger than rδ, at
least at the end of the prediction. Based
on this idea, a variable weight is introduced. The value of qc will vary depending on
the prediction k, where the values must be small at the start and bigger at the end
to obtain the desired effects. The function chosen to implement this variation is,

qc = fqc(k) =
qci if k ≤ Ni

qc,k−1 + qcf

N−Ni
if k > Ni

for k = 1, 2, ..., N (3.45)

10 20
Prediction k

0

50
qc

Figure 3.43: Variable profile
of qc (3.45) (qci = 1, qcf =
50, Ni = 3

4N)

The profile is shown in Figure 3.43, where the
values qci = 1, qcf = 50, Ni = 3

4N have been
chosen after testing several variations. Then
the influence of rδ is again studied with this
new variable qc. The trajectories and predic-
tions on track 3.2 are shown in Figure 3.44.
The desired effects are obtained. To confirm
the positive effects of this method, it is tested
on the double curve of track 5.1, with the re-
sults shown in Figure 3.45. The effects of the
better anticipation are even more noticeable in
this situation, where it allows to take a racing
line.
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Figure 3.44: Influence of weight rδ on
the trajectory and prediction at the
start of the curve on track 3.2 (qc =
fqc(k))
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Figure 3.45: Influence of weight rδ on
the trajectory and predictions at the
start of the curves on track 5.1 (qc =
fqc(k))

The value rδ = 10 is therefore kept, with qc = fqc(k). The remaining tracks of the
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benchmark have also been tested and approved. Then the influence of r∆δ has been
studied but no real impacts have been observed, and r∆δ = 1 has therefore been kept.
The weights vector at the end of this second analysis, which complete the analysis at
low speed vs,max = 3 m/s, is,

jb
k = [20 fqc(k) 1 10 1 0 1 1 1]T (3.46)

The average computational time for the full analysis is,

tsolve,avg = 2.58 ms (3.47)

c. A first study has been made at low speed, now the speed can be increased to see
if the found parameters are still efficient. The target speed is doubled, vs,max = 6 m/s
and the tests are again performed on the benchmark tracks.

The speed profile is still smooth but the car is not able to take the sharp turns of
track 5.1 and 5.2 at this increased speed. This is caused by a too strict constraints
on the steering command rate ∆δ, which is therefore relaxed,∆δk = −2× 25 π

180∆tMPCC

∆δk = 2× 25 π
180∆tMPCC

(3.48)

to obtain better results, as shown in Figure 3.46 and 3.47. δ is smoother and the
trajectory better as a result.
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Figure 3.46: Comparison of the tra-
jectories and δ profiles on track 5.1
obtained with the old and new con-
straints on ∆δ
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Figure 3.47: Comparison of the tra-
jectories and δ profiles on track 5.2
obtained with the old and new con-
straints on ∆δ
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d. The target speed is again increased to 9 m/s
and 12 m/s. For these higher speeds, the con-
straints on ∆D become too strict, resulting in a
too slow increase of speed. To overcome this sit-
uation, the constraints are greatly relaxed to,∆Dk = −0.025

∆Dk = 0.025
(3.49)

Figure 3.48 shows the comparison of speeds and
command D with the old and new constraints.

Then the different tracks are tested at these higher
speeds. The trajectories and speed profiles on track
3.2 and 5.1 are shown in Figure 3.49 and 3.50 for
the target speeds vs,max = {6, 9, 12}m/s. Since no
slip is considered, the car is able to take almost
the same trajectories by keeping its speed close
to the target speed. The small difference in the
trajectories are mostly due to the reference path.
With the increase of the target speed, the maximum
view ahead during the predictions is also increased, Tvs,max = {9, 13.5, 18}m.
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Figure 3.49: Comparison of the trajec-
tories and speed profiles on track 3.2
for vs,max = {6, 9, 12}m/s
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Figure 3.50: Comparison of the trajec-
tories and speed profiles on track 5.1
for vs,max = {6, 9, 12}m/s

The number of reference points to fit for the polynomials also increases, leading
in differences for the reference path. It can be observed in Figure 3.51 that the
computed reference path has more difficulties fitting the reference points as the speed
increases. While it allows to have a reference path more close to a racing line, it also
means that the track constraints (3.27) are not valid everywhere anymore. Since the
contouring error ϵ̂c is computed based on the reference path, if the latter is not in
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Figure 3.51: Comparison of the reference
path computed at a certain time for vs,max =
{6, 9, 12}m/s

the center of the track the car could
cross the track limits even if the con-
straints are technically respected.

The only way to improve the fitting
in every case is to increase the order
m of the polynomials, which cannot
be done because of the complexity
of the formulation.

This concludes the analysis with
the testbench. The influence of the
weights and constraints have been
understood in the case of a model
perfectly describing the behavior of
the car. Now the algorithm must be
tested on the simulator to validate
the algorithm in the target environ-
ment and point the limitations of
this first solution in order to develop
an improved formulation.

3.5.4 Tests and validation on Formula Student Driverless
Simulator
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Figure 3.52: Speed, D and lag error profiles
on track 1 at target speed vs,max = 3 m/s with
weights vector jk = [1 1 1 1 1 0 1 1 1]T

The algorithm is first tested at low
speed vs,max = 3 m/s with the ba-
sic configuration of unit weights on
track 1 to observe the difference with
the testbench in terms of speed pro-
file, control command D and lag
error. The result is shown in Fig-
ure 3.52, where the constraints on vs

rate has been increase ((3.40)×10)
to have a quicker speed response.
With the approximations applied on
the drivetrain model, the model does
not perfectly describe the behavior
of the car drivetrain. The solver does
not manage to stabilize the com-
mand D in order to have a null lag
error and constant speed. It oscil-
lates because the variations on D are
too abrupt. Increasing ql reinforces
this effect.
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To reduce the rate of change on D, the weight r∆D is increased. To have a real
improvement, the increase must be important and the increase of weight rD further

0.0

2.5

v [m/s] r D with rD = 1

r D = 50
r D = 100

0.00
0.05
D [ ]

0

2

v [m/s] rD with r D = 100

rD = 50
rD = 100

0 2 4 6 8
t [s]

0.00

0.05
D [ ]

vs, max

Figure 3.53: Comparison of speed and D pro-
files for different combinations of weights r∆D

and rD

improves the behavior of the car.
The results are shown in Figure 3.53,
where the values r∆D = 50 and 100
are compared on the top graph, then
the values rD = 50 and 100 on the
bottom graph, with r∆D = 100 that
has been kept. With the values
rD = r∆D = 100, the speed is al-
most kept constant with an average
lag error of ϵ̂l = 0.1 m. Compared
to the analysis with the testbench,
the weights rD and r∆D play a cru-
cial role to overcome the problems
caused by the non exactitude of the
model. The weight vector after this
first analysis is,

jk = [1 1 1 1 100 0 1 100 1]T

Next, the behavior in curves is
analyzed. This time, the influence of
the weights qc and rδ is similar com-
pared to the testbench. By defin-
ing a variable qc = fqc(k) (3.45) and
changing rδ, racing lines can be ob-
tained on the different tracks, as shown in Figure 3.54. The values rδ = 10 offers the
best results.
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Figure 3.54: Influence of weight rδ on the trajectory with qc = fqc(k) (3.45)

When the speed is increased to vs,max = 6 m/s, the car is able to complete the
simpler tracks but not the ones with sharper turns. Because the kinematic model
considers no slip, the behavior of the car further deviates from the model as the speed
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increases. The algorithm therefore predicts trajectories that cannot be followed by
the car because of the slip. As the car moves into the curve, the algorithm predicts
that it can take it without reducing its speed. But the more the car advances in the
curve, the more it deviates from the predictions until it is too late to regain control
of the car. This too important difference between the model and the car cannot be
compensated by changing the performance parameters, since whatever their values,
the algorithm will never reduce the speed before its too late.

3.6 Limitations
The test and validation with the testbench and on the simulator have highlighted
certain limitations of this first formulation. First of all, because of the need of the
reference path inside the optimization problem and the complexity of the formulation,
the order of the polynomials describing the reference path is limited. As a consequence,
the quality of the fitting with the center of the track can be reduced in certain cases
at higher speed, which could lead to exceeding the track limits. Secondly, the solver
is not able to stabilize the throttle command in order to reach a steady speed, which
results in an unstable behavior even in straight line. The performance of the solver
is also limited, restricting the analysis and the choice of performance parameters.
The principal limitations come from the model of the car, especially the assumption
of no slip which is of great importance at higher speed. In order to control the car
at higher speed, the slip must be modeled.
It is with the aim of overcoming these limitations than an improved PF algorithm is
developed.
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4 | Improved Path Following algo-
rithm

In this chapter, the first developed PF algorithm is improved to achieve the final
solution of this work. In view of the first solution limitations mentioned in Section
3.6, the vehicle model is first upgraded to a dynamic model to integrate the modeling
of the slip. Then the new optimization solver is briefly presented and a new MPCC
problem formulation is designed to overcome the limitations of reference path and
unstable speed profile. Finally, the new algorithm is tested and validated with the
testbench and on the simulator.

4.1 Vehicle dynamic model

4.1.1 Design
The principal limitations of the first solution come from the vehicle model used to
compute the predictive control commands. More precisely, the hypothesis of no slip
is too strong, leading in bad prediction and therefore bad control of the car especially
at higher speed. The main objective of this new vehicle model is thus to introduce
tire slip.

For this purpose, the bicycle model is also used, but is improved by developing a
dynamic model instead of a kinematic model [61]. The forces and torques are thus
used to express the evolution of the car. The model, with all the involved quantities,
is represented in Figure 4.1.

Figure 4.1: Dynamic bicycle model representation
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The model fundamentals are kept from the kinematic bicycle model, with its
mass being considered punctual at the center of mass and the distance of the front
and rear wheels taken from the center of mass. Î is the inertial frame and r̂ the
frame relative to the car. Are added to the formulation:

- The forces acting on the car. Fx is the longitudinal force acting in the relative
x direction of the car, FF y and FRy are the lateral tire forces of the front and
rear wheel respectively representing the force applied in the relative y direction
of the car by the tire on the ground;

- The distinction of the velocities in the x and y directions of the center of mass
of the car, vx and vy, instead of modeling the direction of the velocity v with
the slip angle β;

- The rotational velocity ω of the center of mass of the car (yaw rate);

- The consideration of tire slip with the introduction of the angles between the
velocity of the front wheel and its orientation, αF , and the rear wheel and its
orientation, αR.

The car state is described by the vector x = [x y ϕ vx vy ω]T and its model is
(see Appendix E for details about the computation),

ẋ =



ẋ
ẏ

ϕ̇
v̇x

v̇y

ω̇


=



vx cos(ϕ)− vy sin(ϕ)
vx sin(ϕ) + vy cos(ϕ)

ω
1
m

(Fx − FF,y sin(δ) + mvyω)
1
m

(FR,y + FF,y cos(δ)−mvxω)
1
Iz

(FF,ylF cos(δ)− FR,ylR)


(4.1)

where Iz is the inertia at the center of mass and Fx, FF,y and FR,y must still be
expressed in terms of the state quantities. By making the assumption that the
drivetrain force acts on the center of mass, the longitudinal force Fx can be expressed
by the reformulated drivetrain model,

Fx = Cm1 arctan(Cm2D)︸ ︷︷ ︸
fm(D)

−Cdvx︸ ︷︷ ︸
fd(vx)

, (4.2)

where vx is used instead of v.

For the lateral tire forces, a model for the tire must be developed. The lateral
force applied by a tire is the result of the interaction between the tire and the ground.
The force is therefore impacted by slip, which is modeled by the slip angles αF and
αR. A slip angle different from 0 means that the velocity of the wheel is not aligned
with its orientation, describing the fact that slip is occurring. When the car is moving
forward, there is no steering applied and the tire do not create lateral forces. Then,
when steering is applied, the tire apply the lateral forces necessary to make the
car turn. Slip during the turn results in a reduced lateral force applied by the tire,
making the car turn less efficiently. A model for the lateral forces, depending on the
slip angles, must therefore be developed.
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Figure 4.2: Schemes for the ex-
pression of the slip angles αF and
αR

First of all, the slip angles are expressed in
terms of the state quantities and control com-
mand of the car. The schemes used to find their
expressions are represented in Figure 4.2. The ve-
locities at the front and rear wheel vF and vR are
formed by the x and y components of the velocity
of each wheel. For the front wheel, the compo-
nent lF ω has the same direction as vy, while for
the rear wheel this is the opposite. The computed
velocity forms an angle, ξF or ξR, with the abso-
lute x axis that can be expressed in terms of the
other quantities using the right-angled triangle
rule,

ξF = arctan
(

vy + lF ω

vx

)
(4.3)

ξR = arctan
(

vy − lRω

vx

)
(4.4)

The slip angle is the subtraction of the wheel
orientation δF or δR with the ξF or ξR angles,
with δF = δ the car’s steering and δR = 0,

αF = δF − ξF

= δ − arctan
(

vy + lF ω

vx

)
(4.5)

αR = δR − ξR

= − arctan
(

vy − lRω

vx

)
(4.6)

Then, to express the lateral forces in terms of slip angles, the Pacejka tire model
[62] is used. The Pacejka tire model, named after its creator Hans B. Pacejka, is a
widely used empirical tire model that describes the forces and moments generated by
a tire under various operating conditions. It is used in vehicle dynamics simulations
and plays a crucial role in understanding and predicting the behavior of tires. The
model is based on experimental data and aims to capture the complex and nonlinear
behavior of tires. It provides a mathematical representation of the tire’s lateral
force, longitudinal force, self-aligning torque, and cornering stiffness, among other
parameters. It is a very complex model that must be simplified in order to be used
in this application. The expression of the simplified Pacejka model for the lateral
force is [63],

Fy = D sin(C arctan(Bα− E(Bα− arctan(Bα)))) (4.7)
This expression is further simplified by assuming that the slip angle is small, resulting
in arctan(Bα) ≈ Bα and therefore,

Fy = D sin(C arctan(Bα)) (4.8)
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The characterization and validation of this model is necessary to find the three
coefficients, but typical values based on empirical tire data are known and are shown
in Table 4.1. The coefficient D is decomposed in D = Fzd where Fz is the vertical
force (weight) acting on the tire.

Coefficient Name Typical range Dry tarmac Wet tarmac
d (D = Fzd) Peak 0.1 .. 1.9 1 0.82

C Shape 1 .. 2 1.9 2.3
B Stiffness 4 .. 12 10 12

Table 4.1: Pacejka tire model typical values [62]

These typical values will be used as basis for the characterization and validation
of the tire model. In addition to the coefficients, the weight Fz acting on each wheel
(FF z and FRz) must be determined. The mass of the car is considered punctual at
its center of mass. By making the assumption that the mass is equally distributed in
the car’s body, the weight on each wheel becomes,

FF z = lR
lF + lR

m︸ ︷︷ ︸
mF

g, (4.9)

FRz = lF
lF + lR

m︸ ︷︷ ︸
mR

g, (4.10)

where g = 9.81 m/s2 is the gravitational acceleration. The fractions of the length
divide the total mass m and distribute it on the front and rear wheel. Since the front

0.0 0.2 0.4 0.6
 [rad]

0

500

1000

1500

Fy [N]

Dry tarmac
Wet tarmac

Front
Rear

Figure 4.3: Simplified Pacejka model
(4.11) of the front and rear wheel for
dry and wet tarmac typical coefficients

wheel is closer to the center of mass than the
rear wheel, the front wheel supports more
weight than the rear wheel.

The simplified model for the front and
rear lateral tire forces is therefore,FF y = mF g · d sin(C arctan(BαF ))

FRy = mRg · d sin(C arctan(BαR))
(4.11)

and is represented in Figure 4.3 for a dry and
wet tarmac. For a wet tarmac, the slip is
more important and as discussed, the lateral
forces produced by the tire are smaller.

The last value to determine is the inertia
Iz. The shape of the car is approximated as
a parallelepiped rectangle of width w, length
l and height h. These dimensions are known
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and the inertia can be expressed by the for-
mula of the inertia of a parallelepiped rect-
angle of mass m,

Iz = m

12(l2 + w2), (4.12)

with l = 2.26 m and w = 1.13 m.

This concludes the design of the new dynamic model. The state of the car has
changed compared to the previous kinematic model but the control command vector
has not changed. The model must now be characterized and validated to find the
missing coefficients.

4.1.2 Characterization and validation
The drivetrain model does not need to be characterized and validated again as the
kinematic model (3.5) and dynamic model (4.1) are identical to the models used
to characterize the drivetrain model in Subsection 3.3.2. Indeed, in straight line,
δ = ω = vy = ϕ = y = 0 and the dynamic model becomes,

ẋ =



ẋ
ẏ

ϕ̇
v̇x

v̇y

ω̇


=



vx

0
0

1
m

Fx

0
0


(4.13)

with vx = v. The measured speed and acceleration during the characterization of
the drivetrain model are thus identical for both kinematic and dynamic model. The
value of the drivetrain model coefficients are kept the same,

Cm1 = 1785
Cm2 = 15
Cb = 4080
Cd = 74.01

Now, to characterize and validate the tire model and thus the full model, the
same approach used in Subsection 3.3.2 is used. The curves measured and computed
with the model when the car is taking a turn are compared for different speeds. The
results obtained with the dynamic model with dry and wet tarmac coefficients are
compared to the measures and the kinematic model in Figure 4.4. At lower speeds,
the results obtained with the different models are close from each other. There
is no significant difference between the dynamic model using dry and wet tarmac
coefficients. However, the curve taken is slightly wider compared to the kinematic
model. At higher speeds, the dynamical model with dry tarmac coefficients fits the
measurements well, whereas the wet coefficients result in a wider curve. Based on this
information, it can be concluded that the dynamic model with dry tarmac coefficients
performs very well at high speeds, but underestimates slip at lower speeds.
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Figure 4.4: Validation of the tire model in a curve taken at different speeds but same
steering angle (10◦)

The dynamic model, therefore, exhibits a more realistic behavior compared to
the kinematic model. As the speed increases, the accuracy of the dynamic model
improves. With this improved model, the MPCC algorithm is expected to achieve
higher performance and enable an increase in the target speed. The dry tarmac
coefficients are kept as reference values,

d = 1
C = 1.9
B = 10

(4.14)

The algorithm was tested with the new optimization solver and MPCC problem
formulation described in the subsequent sections. As a result, it was concluded that
the model is computationally complex primarily due to the tire model (4.11). The
solver was unable to solve the problem, therefore it was necessary to simplify the
tire model.

Tire model simplification

The more complex part of the car model is the tire model, as the expression of the
lateral forces (4.11), although already simplified compared to the complete Pacejka
model, are complex. Remembering that αF (4.5) and αR (4.6) also involve an arctan
function, the equations are highly nonlinear. The curves were represented in Figure
4.1 for angles α between 0 and 40◦. These full curves are hard to approximate with
a simple function. The first step is therefore to determine the range of αF and αR

than the model needs to handle in order to approximate the useful part of the curve.

Height experiments are performed to collect different data and have a complete
analysis. For all theses experiments, the car is brought to a certain speed, then the
throttle is cancelled and a certain steering angle is applied. To be able to compute
the α angles, the velocities vx and vy, the rotational velocity ω and the steering
command δ must be measured. These data were collected at both low and high
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speeds, encompassing the entire range of steering angles. This was accomplished by
conducting the following experiments:

- Experiments 1 to 4: speed of 5 m/s and steering commands applied of {5 10 15 20}◦;

- Experiments 5 to 8: speed of 15 m/s and steering commands applied of
{5 10 15 20}◦.

0.1

0.2

0.3

F, max
[rad]

1 2 3 4 5 6 7 8
Experiment

0.01

0.02

0.03

R, max
[rad]

Figure 4.5: Maximum α angles computed with
the data of the 8 experiments

The α angles are computed with
the data of each experiment and
the maximum angle computed are
shown in Figure 4.5. For the front
tire, the speed does not have a strong
impact since the curves are almost
identical for experiments 1 to 4 and
5 to 8. The factor that impacts αF is
the steering angle. For the rear tire,
αR increases with both speed and
steering angle. The measured angles
are around 10 times greater for the
front tire. All experience combined,
the maximum α angles are,αF,max = 0.300 rad

αR,max = 0.036 rad
(4.15)

The same experiments have been
conducted with the model to verify the range of α computed and similar results have
been observed. For the approximation, the range of αF considered will be [−0.3, 0.3]
and the range of αR will be [−0.04, 0.04]. The full tire model (4.11) in the defined
range of α is compared to the curve computed by linear fitting in Figure 4.6. The
linear tire model obtained is,FF y = 6522.30αF = CF αF

FRy = 15552.60αR = CRαR

(4.16)
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Figure 4.6: Comparison between full tire model (4.11) and linear tire model (4.16)
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The small range of αR allows a very good fitting by the linear model for the rear
tire. For the front tire, because of the larger range of αF , the fitting is less accurate.
To validate the performance of the linear tire model, the bahavior of the car model
is again compared to the measures when the car is taking a curve. In Figure 4.7, the
linear tire model is compared to the measures and the full tire model for speeds of
6, 9 and 17 m/s. At high speed (right graph), where the tire model performs the
better, a small loss of accuracy is observed compared to the full tire model, resulting
in a small overestimation of the slip. At lower speeds, the difference between the
linear and full tire model is larger, but the linear model is closer to the measures.
The linear tire model therefore offers better performance at lower speeds while still
remaining accurate at higher speeds. For the range of speeds under 10 m/s, the
linear model has been manually adjusted to better fit the measures at these lower
speeds, as it can be seen in Figure 4.7, at the cost of lesser performance at higher
speed. The adjusted linear tire model (4.16) kept for the tests and validation of the
algorithm is, 

FF y = 4450︸ ︷︷ ︸
CF

αF

FRy = 13700︸ ︷︷ ︸
CR

αR

(4.17)
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Figure 4.7: Validation of the linear tire model in a curve taken at different speeds
but same steering angle (10◦)

4.2 New optimization solver
The new solver is FORCESPRO from Embotech [64]. It is a commercial tool for
generating highly customized optimization solvers that can be deployed on all em-
bedded computers. FORCESPRO is intended to be used in situations were the same
optimization problem has to be solved many times, possibly in real-time, as required
for this application. Compared to OpEn, FORCESPRO offers a bigger panel of
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options for the design of the problem and returns more detailed feedback.

FORCESPRO requires a license, which has been granted to us for a six month
period as the form of a student license. This license offers all the necessary tools for
this application.

The design and generation of the solver is similar to OpEn. The problem is
designed in Python, then generated to create packages that must be included in
the C++ code to call the necessary methods. However, the problem formulation is
different. It is explained in this section to be able to relate the design of the new
MPCC problem directly with the formulation of the solver in the next section.

The FORCESPRO NLP solver solves (potentially) non-convex, finite-time non-
linear optimal control problems with prediction horizon N of the form [65]:

minimize
N∑

k=1
fk(zk, pk)

subject to z1(I) = zinit

Ekzk+1 = ck(zk, pk)
zN(N) = zfinal

zk ≤ zk ≤ zk

Fk(zk) ∈ [zk, zk] ∩ Z
hk ≤ hk(zk, pk) ≤ hk

where zk ∈ Rnz is the optimization variables vector, for example a collection of inputs
and states; pk ∈ Rnp are real-time parameters (not variable); fk : Rnz ×Rnp → R are
the stage cost functions (the cost function can be changed depending on prediction
k); ck : Rnz × Rnp → Rnw represents (potentially nonlinear) equality constraints,
such as a state transition function; the matrices Ek are used to couple variables from
the (k + 1)-th stage to those of stage k through the function ck; and the functions
hk : Rnz×Rnp → Rnh are used to express potentially nonlinear, non-convex inequality
constraints. The index sets I and N are used to determine which variables are fixed
to initial and final values, respectively. At every stage k, the matrix Fk is a selection
matrix that picks some coordinates in vector zk.

This formulation makes the design clearer and easier than OpEn. The variables
of the problem are separated from the parameters, and the variable changes are
expressed as equality constraints.

4.3 New MPCC problem formulation
The new formulation is designed in order to overcome the limitations of reference
path and unstable speed profile while keeping the primary objective of the algorithm:
maximizing the speed along the path while staying within the track limits. For
this purpose, the virtual state formulation of the first solution is abandoned and a
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formulation using targets is designed. Then the new algorithm is tested and validated
with the testbench and on the simulator to achieve the final solution of this work.

4.3.1 Design

Targets formulation

The new formulation is called the targets formulation, because instead of relying
on virtual state and control command to generate errors to minimize, the car is
given targets to reach. These targets are in the form of positions on the reference path.

A target speed, vtarget, is first defined to describe the desired speed along the
reference path the car must reach. To link this target speed to the path, the car’s
position is linked to the path by projection. Based on the position on the path
found by projection (xi, yi), the advancement of the car along the path si can be
determined. Then, in order for the car to evolve at the target speed, the advancement
of the car along the path ∆ttarget time in the future, starget, must be,

starget = si + ∆ttargetvtarget

With the arc-length parameterization of the reference path, this target advancement
can be transformed into a target position (xtarget(starget), ytarget(starget).

Now, for the MPCC problem, the prediction is done over the prediction horizon
N with time step ∆tMPCC. Therefore, before calling the solver, a target advancement
can be found for each prediction k based on the initial advancement si computed by
projection of the car into the path,

starget,k = starget,k−1 + ∆tMPCCvtarget for k = 1, 2, ..., N, (4.18)

Figure 4.8: Representation of the targets
formulation (for N = 10)

where starget,0 = si (at k =
1). The resulting target positions
are (xtarget,k(starget,k), ytarget,k(starget,k))
for k = 1, 2, ..., N .

This situation is represented in Fig-
ure 4.8 for N = 10. In order to set up the
targets, the car at position (x, y) must
first be projected into the reference path.
But contrary to the first formulation, a
virtual state s is not used to keep track
of the car’s advancement along the path.
The car must therefore be located rela-
tive to the path. To perform this task,
the only available components are the
car’s position and the position of the
reference points. By finding the closest
reference point in front of the car (called
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point B of coordinates (xB, yB)), the car can be known as located between this point
and the point just before (called point A of coordinates (xA, yA)). This situation is
represented in Figure 4.9 with X the position of the car and P the projection into
the path.

Figure 4.9: Representation of the
four points A, B, X, P used for
the computation of the projection
into the reference path

Figure 4.10: Distance and relative
orientation between the car and
a reference point of coordinates
(xr, yr)

The point B is found by computing the dis-
tance and orientation relative to the car of the
reference points. As represented in Figure 4.10,
the distance between the car and each available
reference point is,

d =
√

dx2 + dy2, (4.19)

as well as the relative orientation,

ϕr = arctan2(dy, dx)︸ ︷︷ ︸
dϕ

−ϕ (4.20)

A reference point is in front of the car if ϕr ∈
[−π

2 , π
2 ] and the closest one (with the smaller d)

is selected to be point B.

Once B has been found, A is also found by
taking the previous reference point and the pro-
jection can be performed on the line joining these
two points (see Appendix F for details about the
computation of the projection).

Similarly to the previous formulation, once
the first reference point (point A) has been se-
lected, the selection of the next points depends
on the required arc-length Lmin and minimum
number of points nmin. But for that, the arc-
length of the projection si = starget,0 must be
determined. It is simply taken as the distance
between the first selected reference point A and
the projection P ,

starget,0 =
√

(xP − xA)2 + (yP − yA)2 (4.21)

Then the minimum required reference path’s arc-
length is computed by,

Lmin = starget,0 + N∆tMPCCvtarget (4.22)

The points are selected and the polynomials are computed to express the position on
the path with the arc-length, similarly to the first formulation. The polynomials are
used to compute the N targets with the N arc-length targets (4.18).
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The major advantage of this targets formulation is that the reference path is not
needed by the solver. The problem of computational complexity increasing with the
order of the polynomials is no longer relevant. The order m can therefore be increase
to have better fittings of the reference points even at higher speed. The value m = 6
(thus nmin = 7) has been chosen as it offers a fitting of quality in every situations.

MPCC problem formulation

The target formulation has the big advantages of not needing the virtual advancement
s and to not requiring the reference path inside the optimization. The targets for
the prediction horizon N are pre-computed based on the current car’s position. The
MPCC problem formulation must now be adapted to match the objective of staying
close to the path while maximizing the speed using the targets.

• Optimization variables vector
The first component of the optimization variables vector zk is he control
commands vector,

uk = [δk Dk]T ∈ Rnu , (4.23)

with nu = 2. The second component is the state vector, which is the state of
the car since no virtual state is required,

xk = [xk yk ϕk vx,k vy,k ωk]T ∈ Rnx , (4.24)

with nx = 6. The third component is the previous control commands vector,

uprev,k = [δprev,k Dprev,k]T ∈ Rnu , (4.25)

resulting in,
zk = [uT

k xT
k uT

prev,k]T ∈ Rnz (4.26)
with nz = nu + nx + nu = 10.

• Equality constraints
The equality constraints describe the evolution of the optimization variables
vector zk except for the control commands. They are expressed as,

Ekzk+1 = ck(zk, pk) (4.27)

where,

Ek =



0
0

1
. . .

1

 ∈ Rnz×nz (4.28)
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to only select the vectors xk and uprev,k that must be updated. The function
ck uses the discretized vehicle model to update the state,

xk+1 =



xk+1
yk+1
ϕk+1
vx,k+1
vy,k+1
ωk+1


=



xk

yk

ϕk

vx,k

vy,k

ωk


+ ∆tMPCC



vx,k cos(ϕk)− vy,k sin(ϕk)
vx,k sin(ϕk) + vy,k cos(ϕk)

ωk
1
m

(Fx,k − FF y,k sin(δk) + mvy,kωk)
1
m

(FRy,k + FF y,k cos(δk)−mvx,kωk)
1
Iz

(FF y,klF cos(δk)− FRy,klR)


,

(4.29)
with, 

Fx,k = Cm1 arctan(Cm2Dk)− Cdvx,k

FF y,k = mF g · d sin(C arctan(BαF,k))
FRy,k = mRg · d sin(C arctan(BαR,k))

(4.30)

and, αF,k = δk − arctan
(

vy,k+lF ωk

vx,k

)
αR,k = − arctan

(
vy,k−lRωk

vx,k

)
and updates the previous control commands by giving the current control
commands.

• Inequality constraints
The control commands and control commands rate constraints (3.25) and (3.26)
are applied on the new control command vector (4.25).
On the other hand, the track constraints (3.27) cannot be used since no
contouring error is computed anymore. Because the reference path is not
available anymore inside the optimization problem, the track constraints must
be pre-computed like the targets. At each prediction k, the car must be within
the track limits and has the objective to reach its target. The targets can
thus be used as reference value of the projected car’s position on the reference
path at each prediction k. For each target, two lines tangent to the limits are
computed, as represented in Figure 4.11. These two tangents have expression,

y = al,kx + bl,k (left limit) (4.31)
y = ar,kx + br,k (right limit) (4.32)

In order to stay within the track limits at each prediction k, the position of
the car (xk, yk) must be between the two tangents,

(al,kxk + bl,k − yk)(ar,kxk + br,k − yk) ≤ 0 (4.33)
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Figure 4.11: Representation of the tangent lines (at k = 6 in this example) used to
express the track constraints

The four coefficients {al,k bl,k ar,k br,k} for each target point must be computed
to be given to the solver. To find the coefficients of each tangent line, two
points per line must be computed. The first one, (xl/r1,k, yl/r1,k), will be the
point at the intersection of the line perpendicular to the reference path and
the limit. The second one, (xl/r2,k, yl/r2,k), just need to be further on the line,
as shown in the left scheme of Figure 4.12. The orientation of the tangent at
the reference path is,

ϕtarget,k = arctan2(∇yc(starget,k),∇xc(starget,k)), (4.34)
where xc(s) and yc(s) are the polynomials describing the reference path. The
point (xl1,k, yl1,k) is oriented 90◦ to the left of ϕtarget,k and the point (xr1,k, yr1,k)
90◦ to the right, ϕl,k = ϕtarget,k + π

2
ϕr,k = ϕtarget,k − π

2
(4.35)

as represented in the right scheme of Figure 4.12. To handle every cases, these
two angles are converted between −π and π. The coordinates of the first points
are given by, xl1,k = xtarget,k + Rc cos(ϕl,k)

yl1,k = ytarget,k + Rc sin(ϕl,k)
(4.36)

xr1,k = xtarget,k + Rc cos(ϕr,k)
yr1,k = ytarget,k + Rc sin(ϕr,k)

(4.37)

The second points are then found based on the first point and the tangent
orientation, xl2,k = xl1,k + d12 cos(ϕtarget,k)

yl2,k = yl1,k + d12 sin(ϕtarget,k)
(4.38)

xr2,k = xr1,k + d12 cos(ϕtarget,k)
yr2,k = yr1,k + d12 sin(ϕtarget,k)

(4.39)
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where d12 = 2 has been chosen. Finally, the coefficients of the tangents are,al,k = yl2,k−yl1,k

xl2,k−xl1,k

bl,k = yl1,k − al,kxl1,k

(4.40)
ar,k = yr2,k−yr1,k

xr2,k−xr1,k

br,k = yr1,k − ar,kxr1,k

(4.41)

When the tangents are vertical (xl2,k − xl1,k = 0 and xr2,k − xr1,k = 0), al,k and
ar,k are set up to 100 (a big value) to avoid the division by zero.

Figure 4.12: Schemes to represent the computation of the two points of each tangent
line

• Cost function
The cost function is still constituted of the control commands and control
commands rate penalization functions,

Ru,k = rδ,kδ2
k + rD,kD2

k, (4.42)
R∆u,k = r∆δ,k(δk − δk−1)2 + r∆D,k(Dk −Dk−1)2 (4.43)

The objective function Qk is changed to make use of the target points. The
objective is to minimize the distance between the car and the target at each
prediction k, resulting in the expression,

Qk = qx,k(xtarget,k − xk)2 + qy,k(ytarget,k − yk)2 (4.44)

• Parameters vector
With the new FORCESPRO solver, the entire sequence of parameters pseq

must be given to the solver. The pk vectors are filled in by the targets vector,

tk = [xtarget,k ytarget,k]T ∈ Rnt , (4.45)

with nt = 2; the track constraints coefficients vector,

ck = [al,k bl,k ar,k br,k]T ∈ Rnc , (4.46)
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with nc = 4; and the weights vector,

jk = [qx,k qy,k rδ,k rD,k r∆δ,k r∆D,k]T ∈ Rnj , (4.47)

with nj = 6.

Therefore,
pk = [tT

k cT
k jT

k ]T ∈ Rnp , (4.48)
with np = nt + nc + nj = 12.

• Initial conditions
Initial conditions must be provided to start the optimization. The initial
optimization variables vector zinit is given, constituted of the initial guess for
the control commands (last applied control commands), the measured car state
and the previous control commands (last applied control commands).

The optimization problem can therefore be formulated as a minimization problem
subject to constraints,

minimize
N∑

k=1
Qk(zk, pk) + Ru,k(zk, pk) + R∆u,k(zkpk)

subject to z1 = zinit

Ekzk+1 = ck(zk, pk)
uk ≤ uk ≤ uk

∆uk ≤∆uk ≤∆uk

(al,kxk + bl,k − yk)(ar,kxk + br,k − yk) ≤ 0

4.3.2 Implementation
To implement the new formulation, new structures have been created.

- The structure MpccPolyFits computes the coefficients of the two polynomials
describing the parameterized reference path. The determination of the reference
points A and B, the projection and the selection of the other reference points
are performed before applying the the least square regression to compute the
coefficients;

- The structure MpccTargets computes the sequence of targets (xtarget,k, ytarget,k)
and their derivatives (∇xtarget,k,∇ytarget,k) based on the defined target speed
and the polynomials computed by the MpccPolyFits structure;

- The structure MpccTrackConstraint computes the sequence of track con-
straints coefficients {al,k bl,k ar,k br,k} based on the targets and target deriva-
tives computed by the MpccTargets structure and the limiting distance Rc

defined;
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- The structure MpccWeights generates the sequence of weights. A function is
implemented to generate variable weights.

The first three structures are called at each call of the function mpccTimer()
every ∆t to generate the new polynomials, sequences of targets and track constraints.
The fourth structure is only used at the start since the weights are not modified in
real-time.

4.4 Tests and validation with testbench
The new MPCC algorithm is first tested and validated with the testbench. The
objective is again to study the influence of the different performance parameters but
also to point the difference between this new formulation and the first one. The
benchmark in Table 3.1 is again used to perform the tests, and the model used for
the car in the testbench is adapted to the one used in the optimization problem.

The analysis again starts with the unit weights vector,

jk = [1 1 1 1 1 1]T , (4.49)

where the two first weights qx and qy will always be taken equal since the car has no
preferential direction. It will be noted q = qx = qy.

The lastly found constraints during the tests and validation with the testbench of
the first formulation in Subsection 3.5.3 are used,uk = [−25 π

180 − 0.2]T

uk = [25 π
180 0.2]T

(4.50)
∆uk = [−2× 25 π

180∆tMPCC − 0.025]T

∆uk = [2× 25 π
180∆tMPCC 0.025]T

(4.51)

Since larger prediction horizons N are possible with the new solver, the time steps
are reduced to ∆tMPCC = ∆t = 50 m/s and the prediction horizon is increased to
N = 30 to keep a finite time horizon of T = 1.5 s but with a faster control commands
update.

The behavior of the car is first analyzed is straight line on track 1. The speed
v =

√
v2

x + v2
y and control command D profiles for different target speeds vtarget are

represented in Figure 4.13. The steady speed is quickly reached with no overshoot,
which is better than the first formulation. However, the steady speed reached, for the
three different speeds, is approximately 20% higher than the target speed. The solver,
instead of reducing the speed when it exceeds the target speed as it is done with
the first formulation, finds the optimal control commands sequence that maintains a
steady speed without reducing it. This is a consequence of the target formulation,
but this is not a problem since the speed profile is smooth and reaches a steady value
which is the wanted effect by imposing a target speed.
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Figure 4.13: Speed and control command D
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Figure 4.14: Influence of weights q and rδ in a
curve on track 3.2

The behavior of the car in a curve
can now be analyzed on track 3.2
at low speed, vtarget = 3 m/s. As
the weight qc in the first formulation,
the weights q can play the role of
determining the importance of the
deviation from the reference path to
take racing lines, but also the role of
giving importance for reaching the
last targets to maximize the speed.
The function fqc(k) describing the
variation of the weight is again used
on the weights q,

q = fq(k)

=
qi if k ≤ Ni

qk−1 + qf

N−Ni
if k > Ni

(4.52)
for k = 1, 2, ..., N

with Ni = 3
4N , qi = 1 and qf = 50.

With these variables weights, the fo-
cus is on the importance of reaching
the last targets, allowing the car to
deviate from the first targets depend-
ing on the value of the other weights.
As it can be seen in Figure 4.14,
changing q = 1 to q = fq(k) while
keeping rδ = 1 has not a real impact
on the trajectory taken (top graph)
but on the speed (bottom graph).
The speed profile is smoother and
the speed is less decreased in the mid-
dle of the curve. Then, by increasing
rδ to 10, the car better anticipates
the curve and takes a better racing
line, like it was observed with the
first formulation.

Therefore, by playing only with q
and rδ, similar effect can be obtained than playing with ql, qc, qv and rδ for the
first formulation. In a curve, the effects of the parameters can be compared to the
first formulation but no the results, since the model of the car is not the same anymore.
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Figure 4.15: Solve time and exitflag of the
solver on track 3.2 at different target speeds
(exitflag = 1: success, exitflag = 0: maximum
number of iterations reached)

Although the solver manages to
control the car at low speed, its
performance are bad in the curve,
as it can be seen in Figure 4.15
for vtarget = 3 m/s on track 3.2.
The solve time almost reaches 50 ms,
which is the limit and the solver re-
turns some exitflag = 0, meaning
than the maximum number of it-
erations has been reached. How-
ever, when the speed is increased
(vtarget = 6 m/s), the solver perfor-
mance are way better. Therefore, as
it is observable for the validation of
the tire model at low and high speeds, the dynamic model better performs at higher
speeds.
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Figure 4.16: Influence of weight rδ on
the trajectory on track 5.1 - q = fq(k),
vtarget = 6 m/s
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Figure 4.17: Prediction, targets and
last target’s track constraints at a cer-
tain time to illustrate the anticipa-
tion of the turn - q = fq(k), rδ = 5,
vtarget = 6 m/s

The influence of the weight rδ can be further analyzed at vtarget = 6 m/s on track
5.1. The comparison of the trajectories at rδ = 10 and rδ = 5 is shown in Figure 4.16.
As expected, reducing rδ allows to take a trajectory closer to the reference path and
thus less close to the limits. The value rδ = 5 is therefore kept.

In Figure 4.17, the anticipation mechanism is illustrated. The 30 (= N) targets
follow the reference path at the center of the track and the prediction, thanks to
the variable weights q = fq(k) and the weight rδ > qi, anticipates the first curve by
deviating the car from the targets to keep δ as low as possible. The track constraints
of the last target are also represented to illustrate how they take form on the track.

The influence of the other weights, rD, r∆δ and r∆D has been analyzed on the
different tracks but as for the first formulation, no real impact has been observed.
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They should have a bigger impact on the simulator since the model will not be
perfect anymore.

For the next analysis, the target speed is increased to vtarget = 9 m/s, thus a
real speed of v ≈ vtarget

(
1 + 20

100

)
= 10.8 m/s. The algorithm performs well on all

the tracks except track 5.2, where it fails to predict the trajectory to follow at the
start of the second curve. The origin of the problem is illustrated in the left graph
of Figure 4.18. In the second half of the first curve, the targets extend towards the
middle of the second curve. Consequently, the track constraints of the last target
do not align with the track’s previous shape. As a result, it becomes impossible for
the solver to adhere to these constraints while following the track. During the first
curve, the car reduces its speed to navigate the sharp turn successfully. However,
in order to stay on track, the car would need to change direction in the middle of
the two curves, which is impractical at high speeds. Unfortunately, the last set of
track constraints require the car to approach the last target closely, a maneuver that
cannot be accomplished due to the car’s inability to accelerate sufficiently while
changing direction. Consequently, the solver adjusts the car’s trajectory to deviate
from the last target in order to respect the constraints. This specific situation arises
solely in the case of the double hairpin turn.
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Figure 4.18: [Left graph]: illustration of the origin of the fail occurring on track 5.2
at vtarget = 9 m/s - [Right graph]: improvement of the track constraints to enable
the control of the car on track 5.2 at vtarget = 9 m/s

To improve the track constraints, they must better follow the direction of the portion
of track that comes just before the considered target. For this purpose, the orientation
of the track constraints at each prediction ϕtarget,k is not only computed with the
target k but is computed as the average of the navg previous targets (if available: if
k < navg then all the previous targets are chosen), current target included. Also,
to limit the acceleration between the two curves, the upper bound of D has been
reduced to,

Dk = 0.1, (4.53)
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instead of 0.2. The result for navg = 5 is shown on the right graph of Figure 4.18.
Compared to the left graph, the track constraints of the last target follow much
better the orientation of the track. With this improvement, the car is able to stay
within the limits, but the trajectory is not yet optimal. navg must not be taken too
large to avoid changing too much the orientation of the track constraints and enable
the car to cross the limits in certain cases.
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Figure 4.19: Trajectory and speed profile at
vtarget = 8 m/s, N = 20, rδ = 3 and navg = 1
on track 5.2 - comparison between D = 0.1
and D = 0.2

To try improving the trajectory,
other weights have been tested, as
well as other N but none of these
changes improved the behavior of
the car. The target speed has thus
been reduced to 8 m/s to observe
the performance at a slightly lower
speed. This time, without chang-
ing the track constraints (navg = 1),
the car is able to complete the track
with N = 20. The weight rδ has
also been reduced to 3 instead of 5
to have less anticipation on the first
curve. The trajectory and velocity
profile are shown in Figure 4.19 for
D = 0.1 and D = 0.2. The trajec-
tory taken is a little bit better with
D = 0.1 because the car less accel-
erates between the two curves, as it
can be observed on the speed profile.
With N = 30, the algorithm fails to
keep the car within the track.

Finally, the impact of N is ana-
lyzed at vtarget = 6 m/s on the three
difficult tracks. The trajectories, speed profiles and solve time are shown in Figure
4.20. For the three tracks, the results for N = 30 and N = 40 do not really differ.
The difference is more evident with N = 20, where the smaller view ahead forces the
car to more decelerate in the curves.

As expected, the solve time increases with N , both in average and in peak
amplitudes. In every cases, the solve time does not exceed 25 ms, which leaves a
good margin of error before reaching the maximum solve time of 50 ms (= ∆t).
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Figure 4.20: Influence of prediction horizon N on the trajectory, speed profile and
solve time on tracks 3.2, 5.1 and 5.2 at vtarget = 6 m/s

To conclude this performance parameters study of the new formulation, a smoother
speed profile has been obtained at the cost of a steady error. Results have not been
shown but the increasing of the order of the polynomials at m = 6 allows to have a
reference path fitting well the center of the track even at higher speed. Also, because
of the dynamic model, the speed must be higher than 6 m/s to enable the solver to
efficiently solve the problem.

The analysis on the performance parameters is simpler thanks to the reduce number
of weights and control commands. By defining the target weights q as variable
weights like it was done for qc in the first formulation, and by playing with rδ to
control the degree of anticipation taken by the car, the car is able to take racing
lines at different speeds on difficult tracks. The bigger the target speed, the bigger
the predicted view ahead and the smaller rδ must be to not deviate too much from
the path. Similarly to the first formulation, the other weights do not have a real
impact on the behavior of the car with the testbench.

The only track that poses problems at higher speed is the double hairpin turns (track
5.2). In this particular case, the track constraints can lead to the loss of control
of the car. Depending on the target speed, different parameter configurations will
deliver the best performance. Reducing Dk to 0.1 has a positive effect but choosing
N = 30 or N = 20 will depend on the target speed. The formulation of the track
constraints can thus limit the performance of the algorithm in certain cases. No real
differences were observed between N = 30 and N = 40, if not the solve time increase.
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This analysis enabled to validate the formulation and provided a basis for the choice
of parameters to apply in order to effectively control the car on the simulator.

4.5 Tests and validation on Formula Student Driver-
less Simulator
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Figure 4.21: Comparison of speed and D pro-
files on track 1 at target speed vtarget = 6 m/s
for different values of rD (with weights vector
jk = [1 1 1 1 1 1]T as basis)
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Figure 4.22: Comparison of trajectory and
speed profile for different combinations of
weights q and rδ on track 3.2 at vtarget = 6 m/s

The initial configuration of the per-
formance parameters takes into ac-
count the analyzed with the test-
bench in Subsection 4.4 for the con-
straints, with Dk = 0.1 and con-
trol commands rates (4.51). ∆t =
∆tMPCC = 50 ms is kept, N is set to
30, the weights vector is reinitialized,

jk = [1 1 1 1 1 1]T , (4.54)

and the target speed is directly set
at vtarget = 6 m/s, since the solver
does not perform well at lower speed.

The result in terms of speed and D
profiles are shown in blue in Figure
4.21. Small oscillations are observed
but the velocity quickly stabilizes.
This is a major improvement com-
pared to the first formulation. This
time also, the weights rD and r∆D

can improve the performance. By in-
creasing rD, the speed and D profiles
becomes smoother, with no more
overshoot and oscillations. The val-
ues rD = 10 and rD = 40 are com-
pared in Figure 4.21. The value
rD = 40 has been kept as it offers a
smooth velocity profile with a reduce
gap compared to the target velocity
of approximately 10%. Moreover,
r∆D has been increased to 10 to fur-
ther smooth the profiles.

Then the behavior in curves is
analyzed. The influence of weights
q = qx = qy and rδ are shown in
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Figure 4.22. The result is already
good with q = rδ = 1 but the best
trajectory and velocity profile are obtained by setting q = fq(k) and increasing rδ to
3. To obtain these results, the constraints on command δ rate has been increased to,∆δk = −5× 25 π

180∆tMPCC

∆δk = 5× 25 π
180∆tMPCC

(4.55)

to have more liberty on steering change in sharp turns taken at higher speed. In
return, the weight r∆δ is increased to 10 to eliminate the small oscillations on the
steering appearing in straight line. Moreover, the lower bound on D has been extend
to,

Dk = −0.6 (4.56)
to enable quicker braking.

The final algorithm design is able to efficiently and safely perform at vtarget =
8 m/s (v ≈ 8.8 m/s) on all the benchmark tracks. The results are shown in Figure
4.23 for the three difficult tracks. Two changes have been done compared to the
configuration at vtarget = 6 m/s:

- N has been decreased to 20 to improve the performance on track 5.2 while
still being efficient on the other tracks. As explained in the previous section,
having too much prediction on this particular track leads to lesser performance
because of the track constraints;

- The initial value of q (qi) is increased to 2 to reduce the curves anticipation
that was causing too much braking on track 5.2.

The final performance parameters are therefore,

• ∆t = ∆tMPCC = 50 ms;

• N = 20;

• vtarget = 8 m/s;

• uk = [−25 π
180 − 0.6]T ,

uk = [25 π
180 0.1]T ;

• ∆uk = [−5× 25 π
180∆tMPCC − 0.025]T ,

∆uk = [5× 25 π
180∆tMPCC 0.025]T ;

• jk = [fq(k) fq(k) 3 40 10 10]T ,
with,

qk = fq(k) =
2 if k ≤ 3

4N

qk−1 + 50
N− 3

4 N
if k > 3

4N
for k = 1, 2, ..., N (4.57)
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Figure 4.23: performance of the final design of the PF algorithm on tracks 3.2, 5.1
and 5.2 at vtarget = 8 m/s

The visualization of the performance of the algorithm in real-time on the tracks of
Figure 4.23 are available at the following links: Track 3.2 [66], Track 5.1 [67], Track
5.2 [68]. In addition to the car position, track limits and center line, the polynomial
formed by the targets is represented in green.

The car’s performance was hindered at higher speeds in certain tracks due to the
track constraints in this formulation. As the speed increases, more braking is required
to navigate the sharp turns, resulting in a larger discrepancy between the predicted
trajectory and the target points. Additionally, a broader lookahead is necessary to
anticipate the curves more effectively and initiate braking in a timely manner. These
factors contribute to a degradation in the quality of the track constraints, particularly
evident in cases like track 5.2. To enhance the algorithm’s performance further, it is
imperative to improve the formulation of the track constraints. This improvement
would enable the safe expansion of the prediction horizon N and facilitate better
anticipation of upcoming difficulties.

4.6 Conclusion
The final formulation is able to overcome all the limitations of the first developed
solution. The major improvement in terms of performance comes from the dynamic
model and the modeling of the slip. The algorithm can better predict the behavior
of the car and adapt the control commands to be able to negotiate sharp turns at
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higher speed. The targets formulation allows to have a smooth speed profile with
a quick response and a reference path following the center of the track in any situation.

On the downside, the new track constraints, which are precomputed based on
the targets, restrict the algorithm’s performance in specific scenarios. An attempt
was made to enhance their calculation, but it did not yield significant improvements.
As a result, the maximum target speed attainable with this formulation could not
be further enhanced. However, the reduce complexity of the formulation, resulting
in computational times below 25 ms by the solver, offers room for improvement.

Determining the best performance parameters to achieve robust and efficient
control in every situation is a real challenge given the large number of factors
influencing the MPCC algorithm’s performance. Through deeper analysis and
research to improve the formulation, the performance of the algorithm could be
further improved.
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5 | Code architecture

The control algorithm code is organized as a Robot Operating System (ROS) project.
ROS is an open-source framework that provides a collection of software libraries and
tools to help developers build robot applications. It offers a flexible and modular
architecture that simplifies the development process by providing standardized com-
munication mechanisms, hardware abstraction, and various libraries for common
robotics tasks.

ROS facilitates the creation of robotic systems by enabling components to work
together seamlessly. It offers a distributed computing environment, allowing different
nodes (software modules) to communicate with each other using a publish-subscribe
messaging system.

A publisher is a node that generates and sends messages on a specific topic. It
collects data or information from sensors, algorithms, or other sources and publishes
it on a designated topic. The publisher is responsible for transmitting the data to
any interested nodes within the ROS network.

On the other hand, a subscriber is a node that receives messages from a specific
topic. It expresses its interest in a particular topic by subscribing to it. Once
subscribed, the subscriber node will receive any messages published on that topic.

The publisher and subscriber nodes operate in an asynchronous manner, meaning
that they do not need to be active at the same time or run at the same frequency.
Publishers can publish messages at their own rate, and subscribers can receive
messages whenever they are available.

In this work, the ROS network consists of four nodes (see Figure 5.1):

• SLAM

• PP

• PF

• Car/Simulator

101



Figure 5.1: ROS network

As described in Table 5.1, the nodes in the ROS network establish communication
by exchanging messages on specific topics at designated frequencies.

Topic Publisher Subscriber Message Frequency [Hz]
• Reference points

polynomials PP PF • Lap closure 25 ≤ fSLAM ≤ 40
• Car position

odom Car PF • Odometry data 100 ≤ fodo ≤ 200

go Car PF • Signal to go -

stop Car PF • Signal to stop -

• Throttle
control_command PF Car • Steering fcommands = 200

• Brake
• Cone position

cone_array SLAM PP • Cone color 25 ≤ fSLAM ≤ 40

Table 5.1: ROS communication

Furthermore, in ROS, a Timer API is available to facilitate periodic task execution.
Timers play a crucial role in coordinating and synchronizing actions within a node.
Specifically, in the context of PF as depicted in Figure 5.1, two Timers are utilized:

• command_pub_timer calls commandPublisherTimer() at frequency fcommands

• mpcc_timer calls mpccTimer() at frequency f = 1
∆t
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6 | Control algorithm performance
and results

This chapter presents the performance and results of the full control algorithm on the
simulator. In the previous chapters, both PP and PF algorithms have been designed
and validated independently. Now both of them will be used simultaneously to be
able to control the car on the full track starting from an unknown environment.

For the PP, using it simultaneously with the PF does not change its behavior
as it does not receive any information from the PF. However, the PF relies on
the PP to be provided with the reference points. During the first lap, the PP
algorithm computes the reference points in real-time with an ahead vision of 6 m,
meaning that reference points are available at maximum 6 m ahead of the car.
Then, fore subsequent laps, the full track has been computed by the PP and all the
reference points are available. Therefore, the target speed during the first lap must

Figure 6.1: Illustration of refer-
ence path computation ahead of
detected track

be limited in order to keep the control of the car
while the track appears in front of it. The refer-
ence path formulation enables to compute a path
even when not enough reference points are avail-
able in the prediction horizon, but the portion
added does not necessary follow the track. This
is represented in Figure 6.1, where the blue/yel-
low points are the detected cones, the red lines
the computed triangles, the small green dots the
computed reference points, the big green point
the car and the green line the polynomial formed
by the targets computed on the reference path.
With a too long portion of guessed reference path,
the PF algorithm could wrongly predict the path
to the point that it could not regain control of
the car.

The target speed is thus set up at vtarget = 6 m/s for the first lap, then increased
to vtarget = 8 m/s for subsequent laps. 6 m/s is the maximum speed at which the
algorithm is able to keep a safe control of the car during the first lap. The algorithm
is tested on two tracks, a simpler one with more large curves and a technical one with
more sharp turns. The real-time visualizations are available at the following links:
Track 1 [69], Track 2 [70]. In Figure 6.2, the fully computed track 2 is represented.
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Figure 6.2: Full track computed when the first lap has been completed

During the initial lap, the car’s trajectory exhibits less smoothness due to the
inability to fully anticipate upcoming curves. However, the algorithm displays swift
responsiveness to changes in direction, ensuring safe control. Subsequent laps benefit
from having the complete path available for the prediction horizon, resulting in
smoother and optimized trajectories.

When assessing the overall performance on both tracks, the car demonstrates the
ability to navigate most curves without significant speed reduction, thanks to the
effectiveness of the chosen trajectories. However, in more challenging curves, there is
still room for improvement in maintaining speed without compromising safety. This
highlights the difficulty of determining optimal performance parameters for every
possible situation. Ultimately, the algorithm delivers a safe and effective control
strategy at a reasonable speed (approximately 8.8 m/s), laying a solid foundation
for future enhancements.
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7 | Conclusion and future work

In conclusion, this paper has presented a comprehensive exploration of optimized
control solutions, with a specific focus on path following and the implementation
of a Model Predictive Contouring Control (MPCC) algorithm for an autonomous
electric race car developed by Formula Electric Belgium. The research addressed the
unique challenges and requirements of the Formula Student Driverless competition,
where autonomous electric race cars are designed and constructed for various static
and dynamic events.

The paper has provided a detailed explanation of the path planning algorithm,
which plays a crucial role in determining the race car’s trajectory. It has delved
into the complexities of path following, considering factors such as track geometry,
constraints, and real-time adjustments to optimize steering, throttle, and brake
inputs in order to maximize the progress along the path while staying within the
track boundaries.

Multiple solutions have been explored, encompassing different optimization prob-
lem formulations, car models, and optimization solvers, with a particular emphasis
on the MPCC algorithm. Tests and evaluations were conducted using the Formula
Student Driverless Simulator, a realistic virtual environment that replicates real-
world race tracks. Through meticulous analysis and comparison conducted within
this simulator, effective strategies and approaches for achieving superior control
performance in the competitive setting have been identified.This rigorous evalua-
tion process ensured that the proposed solutions were thoroughly tested and validated.

The study has also discussed the benefits and challenges of MPCC and presented
the results and performance achieved through various strategies, providing valuable
insights for implementing control systems in autonomous race cars. Ultimately,
the algorithm has delivered a safe and effective control strategy at a reasonable
speed of approximately 9 m/s, capable of dealing with any track configuration. The
formulation of the proposed solution has enabled achieving high performance in
terms of computational time, as the optimization solver is capable of solving the
problem in under 20 ms, providing ample room for improvement.

Future work could explore the promising application of machine learning tech-
niques to optimize performance parameters and enhance the tire model. By leveraging
machine learning algorithms, performance parameters could be dynamically optimized
for each corner, enabling fine-tuned control inputs and maximizing performance dur-
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ing cornering. Furthermore, by incorporating machine learning algorithms that adapt
the tire model in real-time, more precise control inputs could be achieved, leading
to optimized vehicle performance and improved the efficiency of the MPCC algorithm.

In addition to these advancements, future research could also focus on refining
the accuracy and fidelity of the car model itself. Considering factors such as vehicle
dynamics, tire characteristics, and aerodynamics, enhancing the car model would
contribute to improved predictions and overall performance of the control algorithm.
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Appendix A | Path Planning test-
bench design and im-
plementation

In this appendix, the design and implementation of the PP algorithm’s testbench,
constituted of the track builder and SLAM output replicator, is described.

Track builder

The first function of the testbench is a track builder. By giving some parameters,
a track respecting the specifications listed in the problem formulation must be created.

Figure A.1: Definition of the 2
sequences of the track - a) straight
line, b) curve

The track can be divided into two types of
sequence: a straight line and a curve. A straight
line is defined by a length L and an orientation ϕ,
while a curve is defined by a curvature radius r, an
initial orientation ϕi and a final orientation ϕf , as
illustrated in Figure A.1. In addition, the space
between the points formed by the midpoints of
the pairs of cones dL is given. For a straight line,
this space directly represents the length between
two cones on the same side of the track. Whereas
for a curve, this dL will be use along side with the
orientation of the currently considered midpoint
to determine the positions of the interior and
exterior cones of the curve.

Therefore, the input of the track builder is a
list of sequences, with each sequence defined by
5 parameters:

1. indicator of the type of sequence: 0 for a
straight line, 1 for a curve;

2. initial orientation: ϕ for a straight line: ϕi

for a curve;
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3. final orientation: 0 for a straight line (same
as initial orientation, thus no interest), ϕf

for a curve;

4. length L for a straight line, curvature radius
r for a curve;

5. space between midpoints dL.

The initial midpoint position of the first sequence is provided to determine where
to begin constructing the track. Additionally, the half-width of the track, denoted
as Rtrack and treated as a global parameter for both sequences, is used to establish
the gap between the side cones and the centerline. Subsequently, each sequence is
constructed, starting from the provided initial position for the first sequence, or from
the last midpoint position of the previous sequence for subsequent sequences. From
the initial midpoint, the sequences can be constructed.

a) Straight line:

The number of cones on each side necessary to build the sequence is n = L
dL

+ 1.
L must thus be a multiple of dL. If this is the first sequence, the positions
of the first left cone and the first right cone is computed using the following
equation, with (x0, y0) the position of the first midpoint:

xleft,0 = x0 + Rtrack cos (ϕ + π
2 )

yleft,0 = y0 + Rtrack sin (ϕ + π
2 )

xright,0 = x0 −Rtrack cos (ϕ + π
2 )

yright,0 = y0 −Rtrack sin (ϕ + π
2 )

If this is not the first sequence, the positions of the first left cone and right
cone are the positions of the previous sequence’s last left and right cones. Then
the next cones positions are computed based on the previous one’s position,

xleft,k = xleft,k−1 + dL cos (ϕ)
yleft,k = yleft,k−1 + dL sin (ϕ)

for k = 1, ..., n− 1

xright,k = xright,k−1 + dL cos (ϕ)
yright,k = yright,k−1 + dL sin (ϕ)

for k = 1, ..., n− 1

b) Curve:

The chord in the center of the curve, the interior and exterior chord are first
computed,
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
c = |ϕf − ϕi|r
cint = |ϕf − ϕi|(r −Rtrack)
cext = |ϕf − ϕi|(r + Rtrack)

The number of cones on each side necessary to build the sequence is n = c
dL

+ 1
converted in integer. The new dL adapted to the conversion is dL = c

n
and the

interior and exterior dL are dLint = cint

n
and dLext = cext

n
respectively.

The difference in orientation between each cone is dϕ = (ϕf −ϕi)
n

. If dϕ > 0,
this is a left curve and the left cones form the interior curve (dLleft = dLint

and dLright = dLext). If dϕ < 0, this is a right curve and the right cones form
the interior curve (dLright = dLint and dLleft = dLext). The position of the
successive cones on each side can then be computed,

ϕk = ϕk−1 + dϕ

xleft,k = xleft,k−1 + dLleft cos (ϕk)
yleft,k = yleft,k−1 + dLleft sin (ϕk)
xright,k = xright,k−1 + dLright cos (ϕk)
yright,k = yright,k−1 + dLright sin (ϕk)

fork = 1, ..., n− 1

5 10 15
x [m]

0

5

10

15

y [m]

Figure A.2: Example of track
created by the track builder

Finally, the four orange cones must be positioned
among the other cones. Their respective positions
are given to be added to the lists of left and right
cones. The sequence following the orange cones takes
the midpoint of the two first orange cones as starting
point.

Illustration of a track created with the track
builder is represented in Figure A.2. The oranges
cones have been positioned 6 m in front of the start-
ing position of the car (0, 0). Four sequences are
necessary since the orange cones divides the first
straight line,

1. sequence = 0, 0, 0, 3, 3;

2. sequence = 0, 0, 0, 3, 3;

3. sequence = 1, 0, π
2 , 6, 3;

4. sequence = 0, π
2 , 0, 9, 3.
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SLAM output replicator

Figure A.3: Definition of the front/rear
detection areas and car position and ori-
entation for the SLAM output replicator

The second function of the testbench is
to replicate the output of the SLAM algo-
rithm with the difference that the position
and orientation of the car is given and not
computed. Therefore, based on the cones
of the track generated by the track builder
and the position and orientation of the car,
a list of cones in the detection range in
front of the car and a list of cones in the
detection range behind the car must be
returned.

A possible situation is illustrated in
Figure A.3. The car has a position (x, y)
and an orientation ϕ and the orange dotted
line splits the detection range circle into a
rear detection area and a front detection
area. The cones in the front detection area
are considered as cones in front of the car
and cones in the rear detection area are
considered as cones behind the car.

Figure A.4: Distances and angles used to de-
termine the detection zone in which a cone is
positioned

The first step is to determine if
a cone is in the detection range by
computing the distance d between
the cone and the car. Then some
distances and angles are used to de-
termine the detection zone in which
the cone is positioned. They are rep-
resented in Figure A.4 considering a
cone at position (xcone, ycone).

The distance d is first computed,
and is compared to the defined de-
tection range (6 m) to determine if
the cone is detected,

d =
√

(x− xcone)2 + (y − ycone)2

If this is the case, the angle formed
by the car and cone positions dϕ is
determined by,

dϕ = arctan2(dy, dx)
and the relative orientation of the cone with respect to the car can be found,

ϕr = dϕ− ϕ
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This angle is then used to determine the detection area of the cone. If ϕr ∈ [−π
2 ; π

2 ],
the cone is in front of the car (front detection area). Otherwise, the cone is behind
the car (rear detection area).

At the end, giving a car’s position and orientation and when every cones have
been checked, the lists of the cones in front of the car and behind the car are returned
in the form of a ConeArray structure. By giving successive car positions to simulate
a displacement of the car, the different replicated SLAM outputs are generated and
the PP algorithm can be validated.
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Appendix B | Path Planning algo-
rithm benchmark

Validation of designed standard and special actions
Main case Sub case Expected results

1. Car at starting
position (validation of
starting line
operation)

1. With 0 orange
cones detected, only
normal cones detected
before

• Normal cones not used and not
added to detected cones
• Initial reference point + virtual
reference point at 8 m

2. With 2 first orange
cones detected and
normal cones detected
before

• 2 orange cones registered but
starting line operation not finished
• Normal cones not used and not
added to detected cones
• Initial reference point + virtual
reference point at 8 m

2. After starting line
operation executed
and only 4 orange
cones detected

1. 1 normal cone
detected

• 1 triangle generated (validation
of triangles generation – special
case 2)
• 1 reference point added

2. 1 pair of cone
detected

• 2 triangles generated (valida-
tion of triangles generation – spe-
cial case 1)
• 2 reference points added

3. 2 pairs of cones
detected in curve

• 4 triangles generated and 1 tri-
angle with an orange cone in it
discarded (validation of triangles
filtering – special case)
• 4 reference points added

120



3. Starting line opera-
tion executed and car
just after the starting
line for the first time

• Initial reference point removed

4. After starting line
operation executed
and 1 pair of normal
cones detected

1. 1 normal cone
detected

• 1 triangle generated (validation
of normal addition of 1 cone)
• 1 reference point added

2. 1 pair of cone
detected

• 2 triangles generated (valida-
tion of normal addition of multi-
ple cones)
• 2 reference points added

3. 2 pairs of cones
detected in curve

• 4 triangles generated and 1 tri-
angle discarded (validation of tri-
angles filtering – normal case)
• 4 reference points added

5. Starting line opera-
tion executed and car
at the end of the lap
(lap closure validation)

1. Orange cone de-
tected in front

• Lap closure setup

Validation of the global functioning for different tracks

6. Long straight line

7. Large curve (radius r = 10 m)

8. Sharp curve (radius r = 2 m)

9. Complete track

Table B.1: PP algorithm’s benchmark
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Appendix C | Vehicle kinematic model
state equations deriva-
tion

To derive the state equations of the kinematic bicycle model, the instantaneous center
of rotation is used. The perpendicular lines meeting in the instantaneous center of
rotation form two right-angled triangles of small angles β and δ, as shown in Figure
C.1, that can be used to express certain quantities.

Figure C.1: kinematic bicycle model representation
with instantaneous center of rotation (IC)

First of all, the time
derivative of the position
can easily be determined by,

ẋ = v cos(ϕ + β),
ẏ = v sin(ϕ + β)

Then, the orientation’s
evolution is given by the ro-
tational velocity around the
z axis ω that can be ex-
pressed in terms of the ve-
locity v and radius R,

ϕ̇ = ω = v

R

Using the right-angled
triangles, some useful ex-
pressions can be developed:
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RR = lR + lF
tan(δ) ,

R = RR

cos(β) = lR + lF
tan(δ) cos(β) , (C.1)

tan(β) = lR
RR

= lR
lR + lF

tan(δ) (C.2)

The expression of tan(δ) = lR+lF
lR

tan(β) coming from equation (C.2) can be put
in equation (C.1) to obtain,

ϕ̇ = v
lR

tan(β) cos(β)
= v

lR
sin(β)

Finally, β can be expressed in terms of the control command δ with equation
(C.2),

β = arctan
(

lR
lR + lF

tan(δ)
)
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Appendix D | Optimization Engine
solver utilization

This appendix describes the utilization of the Optimization Engine (OpEn) solver
used for the first developed PF algorithm.

Figure D.1: OpEn utilization scheme

The design and deployment of
the embedded optimizer is made
easy and rapid thanks to the use of
multiple tools for the different steps
of the solver generation. The OpEn
utilization scheme is represented in
Figure D.1. The problem is formu-
lated in Python or MATLAB, then
the solver is generated with RUST
and it can be utilized either on a
TCP Socket Server or in a C/C++
code. In this work, the Python in-
terface is used to formulate the prob-
lem and launch the solver generation.
This creates the necessary packages
and libraries that are then included
in the C++ code to use the solver in real-time.

OpEn can solve parametric non-convex optimization problems of the form,

minimize
u∈RNu

f(u, p)

subject to u ∈ U

F1(u, p) ∈ C

F2(u, p) = 0

where u ∈ RNu is the vector decision variables (control commands vector) of the
problem and p ∈ Rnp is a vector of parameters. This is a very flexible problem
formulation that allows the user to model a very broad class of optimization problems.

Problems that involve a smooth cost function, f(u, p) and simple constraints of
the form u ∈ U are solved using Proximal Averaged Newton-type method for Optimal
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Control (PANOC). In order to solve problems with more complex constraints such
as F1(u, p) ∈ C and F2(u, p) = 0, the augmented Lagrangian and penalty methods
are respectively used.

A very wide range of constraints can be modeled with the F1(u, p) ∈ C constraints
by choosing different sets C.

- Equality constraints, F1(u, p) = 0 can be described by taking C = {0}.

- Element-wise constraints of the form,

fmin ≤ F1(u, p) ≤ fmax,

can be described by taking C to be a rectangle.

The second constraint F2(u, p) = 0 can be used to encode either equality or inequality
constraints of the form h(u, p) ≤ 0 using,

F2(u, p) = max{0, h(u, p)}

The designed MPCC problem formulation can now be applied to the OpEn
solver formulation. The problem is formulated in Python using symbolic equations
with CasADi library. In the solver formulation, the only variables differentiation is
between the decision variables u and the other variables gathered in the parameter
vector p. No distinction is made between state variables and parameters contrary to
what was defined in Subsection ??.

• u ∈ RNu is the whole sequence of control commands symbolically generated as
a vector of size Nu = N · nu, with N the prediction horizon and nu = 3 the
number of control commands as defined in Subsection ??. Its this vector that
will be the output of the optimization.

• p ∈ Rnp regroups all the other variables and parameters of the problem in the
form of a vector of size np. Its initial value must be given to the solver when it
is called, then the vector is updated at each prediction k. It is the only input
of the solver.
It is composed of:

- The state vector x of size nx = 5;
- The contouring parameters vector c of size nc = 2 + 2(m + 1);
- The errors vector ϵ = [ϵ̂l ϵ̂c]T ∈ Rnϵ with nϵ = 2. This vector has been

added to the parameters because the contouring error ϵ̂c is used at two
different places: the objective function (3.28) and the track constraint
(3.27). By adding it in p, it must only be computed one time when p is
updated;

- The weights vector j of size nj = 9;

125

https://web.casadi.org


- The previous control commands vector uprev = [δprev Dprev vs,prev]T ∈ Rnu

with nu = 3. This vector has been added to the parameters to be able to
provide the initial control commands u0 to the solver.

The parameters vector p is therefore of size np = nx + nc + nϵ + nj + nu.

The simple constraints u ∈ U are used to model the control commands constraints
(3.25), where U = [u, u] is defined as a rectangle. No constraints are applied on the
state.

The constraints F1(u, p) ∈ C are used to model the control commands rate of
change constraints (3.26), where C = [fmin, fmax] is defined as a rectangle, with
fmin = ∆u and fmax = ∆u, and F1(u, p) = ∆u.

Finally, the constraints F2(u, p) = max{0, h(u, p)} are used to model the track
constraints (3.27), by defining h(u, p) = (ϵ̂c

k)2 −R2
c .

To symbolically create the cost function J = f(u, p) and the constraints, by using
the control commands sequence u and parameters vector p that must be updated at
each prediction k, the procedure described in algorithm 2 is followed.

Algorithm 2 OpEn solver - symbolic equation generation procedure
J ← 0
F2 ← [ ]
for k in range(0, N) do

J += stage_cost(p, u[k ∗ nu : k ∗ nu + nu])
F2 ← F2_update(F2, p)
p ← p_model(p, u[k ∗ nu : k ∗ nu + nu])

end for

F1 ← F1_init(p, u[0, nu])
for k in range(0, N − 1) do

F1 ← F1_update(F1, u[k ∗ nu : (k + 1) ∗ nu + nu)
end for

The stage_cost() function generates the stage cost function Jk (3.32) with the
p and u at prediction k.
The constraints F2 must be applied to the whole sequence. The F2_update() function
add the constraints of the current prediction k to F2.
Then at the end of the first loop, p is updated by the p_model() function. The new
state is computed with the current control commands at prediction k, as well as the
new errors and the weights are updated is weights that vary with the prediction k
are wanted.

Finally, the F1_init() function initializes the F1 constraints with the first control
commands and the previous control commands stored in p, and the F1_update()
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function is used in a second loop to add the constraints of the next predictions to F1.
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Appendix E | Vehicle dynamic model
computation

This appendix details the computation of the dynamic bicycle model represented in
Figure E.1.

Figure E.1: Dynamic bicycle model representation

The change of absolute position of the car is described by the vx, vy velocities
and the car’s orientation ϕ,

ẋ = vx cos(ϕ)− vy sin(ϕ), (E.1)
ẏ = vx sin(ϕ) + vy cos(ϕ), (E.2)

and the change of orientation by the rotational velocity ω,

ϕ̇ = ω (E.3)

The rate of change of the tree velocities v̇x, v̇y and ω̇ must now be expressed.
The equations of motion in the inertial frame, involving the forces and moments
acting on the car, are used, ∑

F = ma (E.4)∑
M = Iω̇ (E.5)

where F is the force vector, a the acceleration vector, M the vector of moments
and I the matrix of the moment of inertia at the center of mass.
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(E.4): Since the model is in two dimensions, the equation can be re-written,
∑[

Fx

Fy

]
= m

[
ax

ay

]
(E.6)

The accelerations are first developed. Unit vectors i and j are defined along
the x and y in the relative frame to express the velocity at the center of mass,

v = vxi + vyj, (E.7)

and unit vector k defined along the z axis to expressed the instantaneous
rotational velocity vector of frame r̂ in Î at the center of mass,

Ω = ωk (E.8)

The variation as a function of time of the velocity at the center of mass v in
the inertial frame is the sum of the relative acceleration and the cross product
between the instantaneous rotational velocity Ω and the velocity v,(

dv

dt

)
Î

=
(

dv

dt

)
r̂

+ Ω× v, (E.9)

where, (
dv

dt

)
r̂

= v̇xi + v̇yj, (E.10)

and,

Ω× v = ωk × (vxi + vyj)
= vxωj − vyωi (E.11)

Therefore, (
dv

dt

)
Î

= (v̇x − vyω)︸ ︷︷ ︸
ax

i + (v̇y + vxω)︸ ︷︷ ︸
ay

j (E.12)

(E.5): The car is only subject to moment in the z direction applied by the lateral
forces (FF )r̂y and (FR)r̂y at the front and rear wheel respectively,

(FR)r̂y lR + (FF )r̂y lF = Izω̇, (E.13)

where Iz is the inertia at the center of mass in the z direction.

Equation (E.4) thus becomes,[
v̇x − vyω
v̇y + vxω

]
= 1

m

[∑
Fx∑
Fy

]

= 1
m

[
Fx − FF y sin(δ)

FRy + FF y cos(δ)

]

⇔
[
v̇x

v̇y

]
=
[

1
m

(Fx − FF y sin(δ) + mvyω)
1
m

(FRy + FF y cos(δ)−mvxω)

]
, (E.14)

and equation (E.5),
ω̇ = 1

Iz

(FF ylF cos(δ)− FRylR) (E.15)
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Appendix F | Car projection com-
putation

This appendix details the computation of the car projection into the reference path
as illustrated in Figure F.1.

Figure F.1: Representation of the
four points A, B, X, P used for
the computation of the projection
into the reference path

The direction vector of the line −→AB joining
the two points is expressed as,

−→
AB =

[
xB − xA

yB − yA

]
(F.1)

−→
AB is parameterized by a parameter t ∈ R,

−→
AB =

[
xA + (xB − xA)t
yA + (yB − yA)t

]
, (F.2)

and the projection P is expressed as a point
belonging to the line −→AB,

P =
[
xA + (xB − xA)tP

yA + (yB − yA)tP

]
, (F.3)

where tP is the value of the parameter t describing
the position of P into −→AB. Then the point P

is the point on the line −→AB for which the cross
product between −→AB and −−→XP is null,

0 = −−→XP ·
−→
AB

0 = (xA + (xB − xA)tP − x)(xB − xA) + (yA + (yB − yA)tP − y)(yB − yA)

⇔ tP = −(xA − x)(xB − xA) + (yA − y)(yB − yA)
(xB − xA)2 + (yB − yA)2 , (F.4)

and the position of the projection of the car into the reference path is computed by
injecting (F.4) into (F.3).
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Appendix G | Digital tools

ChatGPT

ChatGPT [71], an AI language model developed by OpenAI based on the GPT-3.5
architecture, was instrumental in helping with the formulation of ideas and improv-
ing the overall quality of the text. It provided valuable assistance in generating
well-structured and coherent content, contributing to the clarity and effectiveness of
the written work.

DeepL

DeepL [72], a language tool, played a valuable role in assisting with the formulation
of ideas and improving the quality of the written content. By leveraging its advanced
language processing capabilities, DeepL provided valuable support in refining and
enhancing the expression of ideas, contributing to the overall clarity and effectiveness
of the text.

Zotero

Zotero [73], a powerful reference management tool, played a pivotal role in organizing
and enhancing the quality of references in the written work. By leveraging its
comprehensive features and intuitive interface, Zotero provided valuable support in
efficiently managing and formatting references, contributing to the accuracy and
credibility of the research. Its seamless integration with various platforms and easy-
to-use functionalities made it an indispensable tool for effective reference management
throughout the project.
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