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Chapter 1

Introduction

In the field of artificial intelligence and machine learning, the intersection of reinforcement
learning and Markov decision processes (MDPs) represents an interesting crossroads, offer-
ing interesting possibilities for the development of intelligent systems capable of making
autonomous decisions in complex and dynamic environments. This thesis will explore the
theoretical foundations of Reinforcement Learning, the relationship between Reinforcement
Learning and MDPs, and practical applications.

The goal of this thesis is to study how reinforcement learning uses the structured
representation of an environment offered by MDPs, and how MDPs, in turn, benefit from
the learning capabilities of reinforcement learning algorithms. First, we will cover the
basics of reinforcement learning by explaining some important concepts such as the bandit
problem and the exploration-exploitation trade-off. Then, we will present Markov Decision
Processes, their properties, their relationship with the Bellman equation and value functions.
We will also present some of the most popular reinforcement learning algorithms that are
part of the fundamental knowledge on the relationship between reinforcement learning
and MDPs. Finally, we will apply the algorithms presented in the thesis to real-life use
cases, training intelligent systems using the different algorithms presented and evaluating
their performance. We will also have a literature review to understand how reinforcement
learning is used in finance and apply reinforcement learning for option pricing. This thesis
aims to provide the reader with all the tools and knowledge needed to understand the
fundamental concepts of reinforcement learning and MDPs. It also aims to analyze how
reinforcement learning can be used in finance and if it can be an alternative to the famous
Black & Scholes (B&S) model. Consequently, after reading the thesis, the reader should be
armed with all the necessary tools to deepen their knowledge about reinforcement learning
and its use of Markov decision processes.
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Chapter 2

Introduction to Reinforcement
Learning

The concept of reinforcement learning, as we know it today, began to be referred to as such
in the early 1980s. Before, the subject was evolving in two separate areas. On one hand,
there was the study of learning through trial and error, originally used in the psychology of
animal learning. On the other hand, there was the study of optimal control using value
functions and dynamic programming as a solution. Then, in the early ’80s, these study
subjects converged to form what we now know as reinforcement learning.

As mentioned in the introduction, reinforcement learning is a framework where an agent
learns to adopt the best behavior by interacting with its environment. That interaction is
translated into sequences of actions and feedback that can be either a reward or a penalty.
So given a specific goal, an agent will find an optimal policy during its learning period by
maximizing its total reward. Thanks to the policy obtained, the agent will be able to take
optimal decisions in other similar environments.

Let us take the example of an automatic carpet vacuum cleaner. Suppose the vacuum
cleaner is placed at a random position on a carpet and has to learn how to clean the carpet
without going beyond the area covered by the carpet. Let us also assume that the agent
receives a reward of +10 each time he manages to clean the entire surface without exceeding
the carpet zone, and a penalty -10 each time he exceeds the carpet zone. When it finishes
cleaning the carpet or goes beyond the carpet area, we take the agent back and repeat the
experiment several times. After repeating this experience for a sufficiently large number of
times, the agent will find an optimal policy to follow and will be able to clean the carpet
and apply that policy on a different carpet.

2
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2.1 Vocabulary and Definition of Notation
Before going any further, it is necessary to define certain notations which will be used
throughout the thesis to make it easier to read. These notations are inspired by Sutton
and Barto [1998]. We denote them by

• t a time step;

• T final time step of an interval;

• S set of all possible states;

• s a particular state;

• st state observed at time step t;

• A a set of actions;

• a particular action;

• A(s) set of possible actions when in state s;

• at action taken in time step t;

• R set of possible rewards;

• r reward;

• r(a) reward received when action a is taken;

• rt reward received at time t;

• rt(a) reward received at time step t when action a is taken;

• π a policy, decision rule;

• Π set of policies;

• π(s) action/decision taken when in state s;

• π(a|s) probability of taking the action a when in state s.

Now, let us define some important concepts that will be discussed in the thesis.

Rewards represent the actual rewards of taking an action. Rewards are generated from
an unknown stationary or nonstationary probability distribution that depends on the state
and/or the action chosen. We define a stationary probability distribution as a probability
distribution that stays unchanged as time steps progress. A nonstationary probability
distribution is defined as a probability distribution that changes as time steps progress. By
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interacting with the environment, the agent receives feedback, as a form of reward, from
the environment that will help it to find a strategy that maximizes its total reward over a
given number of time steps.

Policy defines the behavior of an agent. It maps a given state to an action. The goal
of a reinforcement learning problem is to find an optimal policy that maximizes the total
expected reward. Therefore, policies play a major role in reinforcement learning problems.
The policy is represented by π, where π(s) represents the action taken when in state s
following the policy π, and π(a|s) is the probability of taking action a when in state s
following the policy π.

Transition probabilities are the probabilities of moving from one state to another
possible successor state.

The Value function of a state s represents the value of being in that state. It de-
notes the total future reward that an agent can expect to receive in that state. The
value function determines, for an agent, how good it is in the long run to be in a given
state. The value function is important in solving the reinforcement learning problem, as
many algorithms are based on value function optimization. The fact that value functions
provide information about the long-term worth of being in a state is crucial, as in most
reinforcement learning problems, the goal is to optimize the long-term total expected reward.

The model refers to a model of the agent’s environment. It can predict the next state
s′ and reward r when an agent is in a given state s and selects an action a. In other
terms, it is a model that can mimic the reactions of the environment with which the
agent interacts. Reinforcement learning is often separated into two different computation
strategies: model-free and model-based. In a model-free strategy, the agent will only try to
solve a task, while in a model-based strategy, the agent will first try to learn all the rules of
its environment before attempting to solve a task.

An episode is characterized by a starting state that starts the episode and a terminal
state that ends the episode. Between these two states there is a sequence of interactions
between an agent and an environment, in the form of actions by the agent and feedback
(rewards or penalties) from the environment.

2.2 Introductory Example: The Bandit Problem
To illustrate a simple reinforcement learning problem, the three-armed bandit problem
is a good example. Suppose an agent faces a machine, similar to a casino slot machine,
with three levers named A, B, and C, and has to choose sequentially between the three
levers over a total of T time steps. Therefore we can define the set of actions A = {pull
lever A, pull lever B, pull lever C}. For each moment t = 1, 2, ..., T , the agent takes an
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action at ∈ A, and receives a reward rt, a random variable, generated from an unknown
stationary probability distribution that depends on the lever selected. Suppose that the
reward can be +1 or 0. Since the probability distribution is stationary, thanks to interactions
with the environment at times t = 1, 2, ..., T , the agent should be able to find the best
lever and maximize its rewards by concentrating its actions on it. The three-armed ban-
dit problem can be generalized as the n-armed bandit problem with n levers instead of three.

For a given set of actions A, we define the true value of an action a ∈ A as q(a). From
Sutton and Barto [1998] and Hasselt [2010], the value of an action a is the expected value
of the random variable r(a), the reward of taking only the action a which is defined as

q(a) = E[r(a)] ∀ a ∈ A. (2.2.1)

As mentioned at the beginning of the section, the probability distribution of the rewards is
unknown. Therefore, a method to estimate q(a) is needed.

A simple and efficient way to do it, is the sample-average method. Suppose we are at a
moment t, where t ∈ {1, 2, ..., T}, and we want to estimate q(a) ∀ a ∈ A. Let us say that
at the tth moment, the action a has been taken a total of Nt(a) times before and gave the
sample of rewards r1(a), r2(a), ..., rNt(a). We assume that the sample r1(a), r2(a), ..., rNt(a)
is independent and identically distributed (i.i.d). Then Qt(a) the sample-average estimated
value of q(a), can be obtained as follows:

Qt(a) =
∑Nt(a)

i=1 ri(a)
Nt(a) . (2.2.2)

From Hasselt [2010] we could say that Qt(a) is an unbiased estimator of q(a), which can be
shown as follows:

E[Qt(a)] = E
[∑Nt(a)

i=1 ri(a)
Nt(a)

]
= E[ri(a)]
= q(a).

(2.2.3)

Moreover, suppose the rewards r1(a), r2(a), ..., rNt(a) are i.i.d, then by the law of large
numbers, we can say that when Nt(a)→∞, Qt(a) converges in probability to q(a). When
Nt(a) = 0, then a default value is assigned to Qt(a), and in general, that value is set to
Qt(a) = 0. This is a simple method to compute action-values but will be useful to show
how action-values can be used.

To apply the sample-average method to estimate q(a) for an action a ∈ A, one could use
formula (2.2.2). However, the problem with this formula is that the more times the action
a is chosen, the more memory and calculations this formula requires to compute Qt(a).
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Inspired by equation (2.2.2), Sutton and Barto proposed to estimate Qt+1 recursively as
follows:

Qt+1(a) = 1
t

t∑
i=1

ri(a)

= 1
t

(
rt(a) +

t−1∑
i=1

ri(a)
)

= 1
t

(
rt(a) + (t− 1)Qt(a) + Qt(a)−Qt(a)

)
= 1

t

(
rt(a) + tQt(a)−Qt(a)

)
= Qt(a) + 1

t

[
rt(a)−Qt(a)

]
.

(2.2.4)

Using formula (2.2.4) requires less memory and smaller calculations than formula (2.2.2)
for every new reward. This formula is also used as an update rule for new estimates and
can be generalized as follows:

New Estimate ← Old Estimate + Step Size [Previous Reward - Old Estimate].

Until now, everything presented was applied to the case when the rewards were generated
from a stationary probability distribution. Now, we will see how it works when the rewards
are generated from a nonstationary probability distribution, which happens more frequently.
In this situation, it is good practice to give more weight to recent rewards, and a common
way of doing that is to use a constant step-size parameter α [Sutton and Barto, 1998]. Thus
the formula (2.2.4) becomes:

Qt+1(a) = Qt(a) + α
[
rt(a)−Qt(a)

]
(2.2.5)

where α ∈ (0, 1] is constant. This can be rewritten as follows

Qt+1(a) = Qt(a) + α
[
rt(a)−Qt(a)

]
= αrt(a) +

(
1− α

)
Qt(a)

= αrt(a) +
(
1− α

)[
αrt−1(a) +

(
1− α

)
Qt−1(a)

]
= αrt(a) +

(
1− α

)
αrt−1(a) +

(
1− α

)2
Qt−1(a)

= αrt(a) +
(
1− α

)
αrt−1(a) +

(
1− α

)2
αrt−2(a) + ...+

(1− α)t−1αr1(a) + (1− α)tQ1(a)

=
(
1− α

)t
Q1(a) + α

t∑
i=1

(1− α)t−iri(a).

(2.2.6)
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Since the sum of the weights (1− α)t + ∑t
i=1 α(1− α)t−i is equal to 1, we can refer to this

as a weighted average. One can also clearly see that less weight is assigned to the first
rewards, and more weight is assigned to recent rewards to take into account the impact of
the non-stationary environment.

To ensure convergence, Schmetterer [1961] presented stochastic approximation theory
and demonstrated that the following conditions guarantee convergence with probability 1:

∞∑
k=1

αk(a) =∞ and
∞∑

k=1
α2

k(a) <∞ (2.2.7)

where αk(a) is the step size parameter used after selecting the action a for k times. In
the stationary case, where αk(a) = 1

k
, the conditions are respected to ensure convergence.

However, in the nonstationary case, the second condition is not respected. This implies
that the estimator does not converge in probability to q(a), and instead, they fluctuate
based on the most recent rewards received.

2.3 The Exploration Versus Exploitation Tradeoff
Based on its current knowledge, one method an agent can use to maximize its total expected
reward is to take the greedy action a∗

t at each time step t = 1, 2, 3, ..., T . This method is
also known as the greedy strategy, and a∗

t can be defined as:

a∗
t = arg max

a
Qt(a). (2.3.1)

When an agent adopts a greedy strategy, it only exploits its current knowledge and never
explores its environment. Kaelbling et al. [1996] explained that unlucky sampling reflecting
the agent’s current knowledge might show that the best action to take is not the actual
optimal action. Therefore, the agent can be stuck with a combination of suboptimal actions
instead of the actual optimal combination of actions and suboptimal actions will always be
picked, and the agent will not achieve its goal. Similarly, suppose the agent only chooses to
explore its environment and never uses the information at its disposal. In that case, the
agent might miss the optimal combination and not maximize its expected reward.

An alternative to greedy strategies is the ϵ-greedy strategy. The idea of ϵ-greedy is
to behave greedily with probability 1− ϵ and to select a random action uniformly among
all the possible actions with probability ϵ. Tokic and Palm [2011] defined ϵ-greedy strategy
as follows

at =

uniformly chosen at random from A(st) with probability ϵ

a∗
t with probability 1− ϵ

(2.3.2)

where at is the action of the agent at time t, and A(st) is the set of possible actions when
the state st occurs. This method ensures that if the number of plays tends to infinity,
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then for all a, as Nt(a) → ∞, Qt(a) converges to q(a) [Sutton and Barto, 1998]. So, as
the number of plays increases, the action-value estimates become better. The ϵ-greedy
algorithm can be implemented numerically as in Algorithm 1.

Algorithm 1 Pseudo code to implement ϵ-greedy algorithm on a decision making problem
Input : ϵ

1: Initialize Q(a)
2: for t = 1→ T do
3: With probability (1-ϵ):
4: Select a = arg maxa Qt(a)
5: otherwise:
6: Select action a uniformly at random among A(s)
7: Q(a)← Qt(a)
8: end for

To have a better understanding of how the epsilon-greedy strategy works, let us look at
the results of the ϵ-greedy algorithm on a 3-arm bandit problem when ϵ = 0.00, ϵ = 0.01,
and ϵ = 0.10 over five thousand time steps. The environment of the 3-arm bandit is designed
such that at each time step, lever A gives a reward of 3 with a probability of 0.25 or a
reward of 0 with a probability of 0.75. Lever B gives a reward of 3 with a probability
of 0.50 or a reward of 0 with a probability of 0.50. Lever C gives a reward of 3 with a
probability of 0.75 or a reward of 0 with a probability of 0.25. The agent does not know
that information and must find the best lever. Before going directly into the results, let us
have a numerical illustration of how the algorithm works and what it does. In table 2.3.1,

0.1-greedy
Iteration Random Action Reward Qt(Action) average reward

1 no lever A 0 0.000 0.000
2 no lever A 0 0.000 0.000
3 no lever A 0 0.000 0.000
... ... ... ... ... ...
59 yes lever B 3 3.000 0.813
... ... ... ... ... ...

9998 no lever C 3 2.241 2.137
9999 no lever C 3 2.242 2.137
10000 no lever C 0 2.241 2.137

Table 2.3.1: Illustration of the 0.1-greedy algorithm on a 3-arm bandit problem, where
Lever A, B and C can give a reward of 3 (or 0) with probability 0.25 (0.75), 0.5 (0.50) and
0.75 (0.25) respectively.

we can see that for the first three iterations, the algorithm does not randomly select an
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action and selects lever A. For those three first steps, no reward (0) was received, therefore
the Qt(lever A) stays equals to zero as well as the average reward. Then at iteration 59,
where the algorithm has randomly selected a lever, it selected lever B, which gave a reward
of 3, and the value of Qt(lever B) became 3.000. The average reward on the 59th step is
updated to 0.813. Finally, we can see the three final steps of the algorithm and we can see
that the algorithm select the lever C, which is the best one.

Figure 2.3.1: An ϵ-greedy strategy on a 3-arm bandits problem in three different exploring
scenarios. For the blue line, the exploring factor ϵ = 0.1. For the green line ϵ = 0.01. For
the yellow line ϵ = 0.00

In figure 2.3.1, what is interesting is that when ϵ = 0.01 and ϵ = 0.10, they outperform
the case where ϵ = 0 because no exploration is done when ϵ = 0. Therefore, there is no
chance to find the best lever. Then it also appears that when ϵ = 0.10 the algorithm
performs better at the beginning, but after approximately 2000 iterations, ϵ = 0.01 accom-
plishes better performances. This can be explained because in the long run, when ϵ = 0.10,
the agent will tend to continue exploring its environment, and therefore the agent will often
choose sub-optimal actions which will reduce the average reward. Since less exploration is
done in the case where ϵ = 0.01, in the long run it performs better because the impact of
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selecting sub-optimal actions is smaller.

A popular variation of that algorithm is to decrease the probability of choosing at
random at each successive round. That method is supported by the fact that after a large
number of iterations, exploration is no longer useful since Qt(a) converges to q(a), and
therefore no more exploration is needed because the solution will appear. We can clearly
see in Figure 2.3.1 that exploration is not optimal in the long run.

Choosing whether an agent should go for greedy strategies, ϵ-greedy, decaying ϵ-greedy,
or simply choosing the value of ϵ, depends on the task and the dynamics of the environment.



Chapter 3

Markov Decision Processes And Their
Application To Reinforcement
Learning

According to Sutton and Barto [1998], if one understands Markov Decision Processes (MDP),
he is able to understand 90% of modern reinforcement learning. MDPs are used to explain
reinforcement learning in a broader sense. The thesis will focus on finite MDPs.

This chapter will cover MDPs, starting with the fundamental concepts and going all
the way through to the links with reinforcement learning. It will also introduce important
concepts such as value functions, optimal value functions and the Bellman equation.

Finally, at the end of the chapter an example will be used to illustrate all the concepts
presented.

3.1 Fundamentals of Markov Decision Processes

3.1.1 Sequential Agent-Environment Interaction
MDPs are known to be sequential decision models because of the relationship between the
agent and the environment it interacts with. At a specified moment t, where t = 1, 2, 3, ..., T ,
the agent faces an environment and is in the state st. Depending on the state st, the agent
will take an action at from the set A(st). As a result of this action, the agent will receive an
immediate reward (or immediate cost) rt+1(at), and the environment will evolve towards a
new state st+1 based on a probability distribution driven by the choice of at. At this new
time step, the agent will face a new state st+1 and a new set of actions A(st+1) to choose
from. The interaction between the agent and the environment is illustrated on figure 3.1.1.
Putterman [1994] presented the key components for a sequential decision model as follows:

• A set of decisions times t = 1, 2, 3, ...;

11
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• A set of states st;
• A set of actions A(st) for all t = 1, 2, 3, ...;
• A set of states st and actions at on which the reward rt+1 depends directly;
• A set of state st and action at on which depends the transition probability to the

state st+1 which is defined as p(st+1 = s′, rt+1 = r|st = s, at = a) where ∀s′, s ∈ S.
The transition probability is also written as follows in some cases p(s′, r|s, a). That
probability represents the probability that the state and reward at time t + 1 are
respectively equal to s′ and r, knowing that the current state is st and the action is at

Figure 3.1.1: Sequential agent-environment interaction in Markov Decision Processes.
source: Sutton [1997]

At each step, the decision maker applies a mapping to make a choice that will help
achieve its goal. This mapping gives the probability of selecting an action when the agent
is in a given state. It is called the agent’s policy and is denoted as πt, where πt(a|s) is the
probability that the action at is taken when the agent is in state s at time step t. The
agent’s goal is to find an optimal policy that will maximize its total rewards in the long run.

The boundary between the agent and the environment is the limit of the agent’s ab-
solute control of the state in which it finds itself. The boundary is not as obvious as one
might think. If we take the example of a robot, the boundary between the agent and the
environment is not the same as the physical boundary. Generally, it is closer to the agent.
To illustrate that, we can take the example of the recycling robot given by Sutton and
Barto [1998]. In that example, they explained that a robot’s motors, mechanical linkages,
and sensors should be considered as parts of the environment instead of parts of the agent.
The same applies to rewards; they are likely to be calculated inside the physical body of
the learning agent, but they are considered external.

Let us explain the example of the recycling robot from Sutton and Barto [1998] more
precisely. A mobile robot is responsible for picking up and depositing empty soda cans
in a workplace. Equipped with sensors to identify the cans, an arm, and a gripper to
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take hold of them and place them in a trash can, the robot is operated by a rechargeable
power source. Its governing system contains parts for interpreting external data, traveling,
and controlling the arm and gripper. A reinforcement learning agent executes high-level
decisions about searching for cans based on the current battery level. This agent needs to
decide whether it should (1) search for a can intensely for a specific time span, (2) stand
still and wait that someone comes to throw away a can, or (3) go back to its original station
to recharge its battery. Such evaluations must be made periodically or when exclusive
occasions occur, like when a can is located. Therefore, the agent has three possible actions,
and its state is affected by the battery level. Rewards are oftentimes zero but can be
positive if the robot succeeds in catching an empty can or negative if the battery drains
completely. In this example, the reinforcement learning agent is not equal to the whole
robot. The factors it controls refer to conditions internal to the robot itself, not situations
in its outer environment. The agent’s environment thus involves the rest of the robot,
potentially containing other complicated decision-making systems, plus the robot’s external
environment.

As mentioned earlier, the thesis will focus on finite MDPs. The principal difference
between finite and infinite MDPs is in the number of possible states and/or actions that
the agent can face in a given environment. On one hand, there is only a finite number of
states and actions that the agent can face for finite MDPs. On the other hand, there is an
infinite (continuous) number of states and/or actions that the agent can face for infinite MDP.

3.2 Goals, Rewards And Returns
In reinforcement learning, the agent has a goal that is generalized by a sequence of rewards
from the environment. Rewards, goals, and returns play essential roles in reinforcement
learning, especially given their interconnected nature.

As presented by Singh et al. [2009], reinforcement learning has two different forms of
rewards. First, there is the primary reward, which is the result produced by a "critic" that
assesses the actions taken by the reinforcement learning agent. Then, there are secondary
rewards, which act as predictors of primary rewards and are used by reinforcement learning
systems that compute value functions. Both rewards associate each state-action pair with a
real value, helping the agent to make optimal decisions regarding the state it is in. Rewards
can be positive (e.g., a reward for completing a given task) or negative (e.g., a penalty for
not completing a given task).

Goals represent the task or purpose the agent is trying to achieve. They may not be
explicitly provided but can be computed from the reward structure.

In the case of an episodic Markov Decision Process (MDP), where the initial state is
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reinitialized after each episode, the succession of states, actions, and rewards in an episode
constitutes a trajectory of the policy. This situation is called the finite-horizon model
[Hauskrecht, 2000]. In this case, Hauskrecht [2000] and Arulkumaran et al. [2017] defined
the return as the total rewards accumulated from the environment during an episode, which
is denoted by GT :

GT = r1 + r2 + r3 + ... + rT =
T∑

t=1
rt (3.2.1)

where T is the length of an episode. This formula is used to evaluate the performance of
different policies and guide the agent’s decision-making process. The best policy for an
agent is the one that maximizes its expected return.

Let rt+1, rt+2, rt+3, ..., be the reward received after the tth time step. Thus if an agent
is at the tth time step, the total cumulative reward the agent needs to maximize is the sum
of the rewards coming after tth time steps, that we define as

Gt = rt+1 + rt+2 + rt+3 + ... + rT =
T −t∑
i=1

rt+i. (3.2.2)

In many cases, the agent-environment interactions cannot be easily separated into
specific episodes and continues without ending. That case is called the infinite horizon
model [Hauskrecht, 2000]. For this type of model, maximizing Gt as defined in 3.2.2, no
longer makes sense because the horizon becomes infinite and it follows that the return
that needs to be maximized becomes also infinite. Therefore, from Hauskrecht [2000] and
Arulkumaran et al. [2017], we have that one must maximize the discounted return which is
equal to

GT = r1 + γr2 + γ2r3 + ... =
∞∑

i=1
γi−1ri, (3.2.3)

where γ is the discount rate parameter with 0 ≤ γ ≤ 1, and T =∞. The discount rate is
used to value the present worth of future rewards. So, the value of a reward that will be
received at the tth time step is γt−1rt. In the case of an infinite horizon model, having γ < 1,
ensures that GT has a finite value. When γ = 0, the agent is only interested in maximizing
its immediate reward r1. When γ approaches 1, the agent becomes more forward-looking
because more value is given to the future rewards when it tries to maximize its expected
discounted return. Finally when γ = 1, equation (3.2.3) is the same as equation (3.2.1).
To make the notation more general, in the rest of the thesis we will use GT as defined in
equation (3.2.3). In the case of an infinite horizon model, equation (3.2.2) becomes

Gt = rt+1 + γrt+2 + γ2rt+3 + ... =
∞∑

i=1
γi−1rt+i. (3.2.4)

Defining goals as a sequence of rewards has proven to be very flexible and adaptable to
a large range of use cases. However, sometimes, formulating goals in terms of rewards can
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confuse the understanding of a goal. Therefore, it is crucial to formulate the goal clearly
because that task may be more complex than expected. This is illustrated by the credit
assignment concept introduced by Van Otterlo and Wiering [2012].

Let us take the example of a chess-playing agent. One might think that to achieve the
agent’s goal, which is to maximize the sum of its rewards, it will receive a reward for each
good action, such as taking control of the center of the grid or capturing the pieces of its
opponent. However, if a reward is given for each sub-goal, this can mislead the agent and
encourage him to focus on these sub-tasks instead of achieving his goal, which is to win the
game. Therefore, when training a chess-playing agent, you should only reward him for each
game it wins. Or give less credit to the sub-task and more credit to winning a game so that
the agent is not stuck in achieving sub-goals. It is crucial to understand that reward signals
are used to communicate to the agent what it needs to do, not how it has to do it. To
fulfill its goal, it is essential to implement a reward system that truly defines the agent’s goal.

3.3 The Markov Property
As mentioned in their names, Markov Decision Processes must respect the Markov property.
So, let us define what the Markov property is, and then we will see how it applies to
reinforcement learning.

Let us define S = {s0, s1, s2, ...}, a state space, and every s ∈ S is a state. Let X be a
random variable with values in S and probability distribution λ. So we have that

λs = P (X = s) ∀ s ∈ S. (3.3.1)

Then, for n ≥ 0, Xn is a Markov chain if [Norris, 1998]

• X0 has distribution λ,

• the conditional distribution of Xn+1, given that Xn = s, has distribution psu : u ∈ S
where psu = p(Xn+1 = u|Xn = s) and is independent of X0, ...Xn−1.

More explicitly, it states that for n ≥ 0 and s0, ..., sn+1 ∈ S

• p(X0 = s0) = λs0

• p(Xn+1 = sn+1|X0 = s0, ..., Xn = sn) = psnsn+1 .

Theorem 3.3.1 (Norris [1998], Theorem 1.1.1). A discrete-time random process Xn, such
that n ∈ 0 ≤ n ≤ N , is Markovian if and only if for all s0, ..., sN ∈ S

p(X0 = s0, X1 = s1, ..., XN = sN) = λs0ps0s1 ...psN−1sN
. (3.3.2)
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Proof. Suppose Xn, such that n ∋ 0 ≤ n ≤ N , is Markovian, then

p(X0 = s0, X1 = s1, ..., XN = sN) = p(X0 = 0)p(X1 = s1|X0 = s0)
...p(XN = sN |X0 = s0, ..., XN−1 = sN−1)

= λs0ps0s1 ...psN−1sN
.

On the other hand, if (3.3.2) holds for N , then by summing both sides over sN ∈ S and
using ∑

u∈S psu = 1 we see that (3.3.2) holds for N − 1 and, by induction

p(X0 = s0, X1 = s1, ..., Xn = sn) = ps0ps0s1 ...psn−1sn

for all n = 0, 1, ..., N . In particular, we can continue to show that, for p(X0 = s0) = λs0

and, for n = 0, 1, ..., N − 1,

p(Xn+1 = sn+1|X0 = s0, ..., Xn = sn)
= p(X0 = s0, ..., Xn = sn, Xn+1 = sn+1)/p(X0 = s0, ..., Xn = sn)
= psnsn+1 .

So Xn, such that n ∋ 0 ≤ n ≤ N , is Markovian.

Now that we defined when a discrete-time random process is Markovian let us see the
Markov property and prove that Markov chains have no memory. Before let us define δsu

as

δsu =

1 if s = u

0 otherwise
(3.3.3)

where s, u ∈ S.

Theorem 3.3.2 (Norris [1998], Markov property Theorem 1.1.2). Let Xn, such that n ≥ 0,
be Markovian. Then, conditional on Xm = s, (Xm+n), where m ≥ 1, is Markovian and is
independent of the random variables X0, ..., Xm.

Proof. We have to show that for any event E determined by X0, ..., Xm we have

p({Xm = sm, ..., Xm+n = sm+n} ∩ E|Xm = s)
= δssmpsmsm+1 ...psm+n−1sm+np(E|Xm = s)

(3.3.4)

then the result follows by Theorem 3.3.1. First, consider the case of elementary events

E = {X0 = s0, ..., Xm = sm}.

In that case we have to show that

p(X0 = s0, X1 = s1, ..., Xm+n = sm+n and s = sm)/p(Xm = s)
= δssmpsmsm+1 ...psm+n−1sm+n

× p(X0 = s0, ..., Xm = sm and s = sm)/p(Xm = s)
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which is true by Theorem (3.3.1). In general, any event E determined by X0, ..., Xm may
be written as a countable disjoint union of elementary events

E = ∪∞
k=1Ek

where Ek is a set of elementary events. Then the desired identity (3.3.4) for E follows by
summing up the corresponding identities for Ek.

So in reinforcement learning, a sequence of states and actions (s0, a0, ..., st, at) respects
the Markov property if the current state and action (st, at) can summarize the past in-
formation such that all relevant information is kept to predict the reward rt+1 and the
next state st+1. If we take the example of a chess game, the state st would be the current
configuration of the board, and the action at would be the move done at time step t.
Even though a lot of information about the sequence has been lost, the state and action
combination (st, at) can be considered as Markovian because it summarizes everything
relevant about the chess game. In other words, the future reward and the future state do
not depend on all the past actions and states but only on the current state and action (st, at).

Now that the Markov property has been defined (see Theorem 3.3.2), let us have a more
general explanation of how it works in reinforcement learning with the following equation
from Sutton and Barto [1998]:

p(st+1 = s′, rt+1 = r′|st, at) = p(st+1 = s′, rt+1 = r′|s0, a0, r1, ..., st−1, at−1, rt, st, at) (3.3.5)

When a sequence of states and actions respect the Markov property, then it is possible to
predict the next state, st+1, and the next expected reward, rt+1, given the current state
and action (st, at). So, an agent can predict its state st+1 and reward rt+1 by knowing
only its current state st and action at, as well as if the agent knew all the states, actions
and rewards prior to t + 1. Therefore, the Markov property plays an important role in
reinforcement learning, particularly in policy optimization.

Based on the Markov property (Theorem 3.3.2) and the work of Sutton and Barto
[1998], we have that given any state st ∈ S and action at ∈ A(st), for t = 1, 2, ..., T and T
being the horizon, the probability that the next state-reward (st+1, rt+1) pair is equal to
the (s′, r′) pair is defined as:

p(s′, r′|s, a) = p(st+1 = s′, rt+1 = r′|st = s, at = a) (3.3.6)

and that thanks to expression (3.3.6), when one is at moment t, it is possible to compute
the expected next reward for a state-action pair using the formula from Sutton and Barto
[1998]:

E[rt+1|st = s, at = a] =
∑
r′∈R

r′ ∑
s′∈S

p(s′, r′|s, a) (3.3.7)
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where R is the set of possible rewards. That formula can be generalize for n = 1, 2, 3, ... as

E[rt+n|st = s, at = a] =
∑
r′∈R

r′ ∑
s′∈S

p(s′, r′|s, a) (3.3.8)

To simplify writing we will refer to rt+n(s, a) as rt+n. One can also compute the state-
transition probabilities [Sutton and Barto, 1998]

p(s′|s, a) =
∑
r′∈R

p(s′, r′|s, a). (3.3.9)

3.4 Value function
Most reinforcement learning problems require the estimation of value functions, which are
used to estimate how "good" a given state, action, or state-action pair is for an agent when
following a policy π.

The study of Markov Decision Processes has shown that we can use value functions
to quantify how "good" a state, an action, or both are for an agent. Value functions can
be obtained thanks to the conditional expected total rewards depending on the policy the
agent is following. From Watkins [1989] and Dietterich [2000], we define the value function
as follows:

vπ(s) = Eπ[Gt|st = s] = Eπ

[ ∞∑
i=1

γi−1rt+i|st = s
]

(3.4.1)

where Eπ[Gt|st = s] is the expected return, in a infinite horizon model, when being in state
s and following the policy π. The Bellman equation [Bellman, 1957] explains more clearly
the value functions and what it computes. Equation (3.4.1) is the state-value function for
policy π. The value function vπ(s) gives the expected return of following policy π starting
from state s. For undiscounted rewards, one just needs to set γ = 1 in equation (3.4.1).

Let us also introduce the action-value or q-value function from Watkins [1989] and
Watkins and Dayan [1992], which does the same as the value function but takes the action
a into consideration. Let

qπ(s, a) = Eπ[Gt|st = s, at = a] = Eπ

[ ∞∑
i=1

γi−1rt+i|st = s, at = a
]

(3.4.2)

where qπ(s, a) gives the expected return of selecting action a when starting from s and then
following the policy π.

The goal of an agent when facing a reinforcement learning problem is to find the optimal
policy. State-value function and/or q-function are used to assess policies. For example, if
an agent decides to follow a policy π and keeps an average, for each state visited, of the
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returns obtained after a state occurred, then the average will converge to vπ(s), as the
number of visits to that state converges to infinity [Sutton and Barto, 1998]. Similarly, if
averages are maintained separately for each state-action pairs encountered, the averages
will converge to qπ(s, a).

3.4.1 Bellman equation
An important property of value functions is that they can be written recursively. This is
thanks to Bellman’s principle of optimality [Bellman, 1957], which states that:

Principle of Optimality An optimal policy has the property that whatever the initial
state and decision are, the remaining decisions must constitute an optimal policy about the

state resulting from the first decisions.

The principle of optimality leads to the concept of the "Bellman equation," which is a
recursive relationship that expresses the value of a state or a decision in terms of the values
of subsequent states or decisions. The Bellman equation is the foundation of dynamic
programming algorithms like the value iteration algorithm for Markov decision processes
and others.

Starting from equation (3.4.1), Lewis et al. [2012] proposed a backward recursion for
the value function vπ(s). So, thanks to the Chapman-Kolmogorov identity [Lockhart, 2006],
and Theorem (3.3.2) (the Markov Property), the backward recursion of vπ(s) is

vπ(s) = Eπ[Gt|st = s]

= Eπ[
∞∑

i=1
γi−1rt+i|st = s]

= Eπ

[
rt+1 + γ

∞∑
i=1

γi−1rt+i+1|st = s
]

=
∑

a

π(a|s)
∑
r′

∑
s′

p(s′, r′|s, a)
[
r′ + γEπ[

∞∑
i=1

γi−1rt+i+1|st+1 = s′]
]

=
∑

a

π(a|s)
∑
r′,s′

p(s′, r′|s, a)
[
r′ + γvπ(s′)]

]
.

(3.4.3)

This is the Bellman equation for vπ(s) from Bellman [1957], where s ∈ S, r′ ∈ R, π(a|s) is
the probability of selecting action a when the agent is in state s and vπ(s′) is the state-value
function of the next state s′. The Bellman equation for vπ(s) (equation 3.4.3) is important
for finding the optimal policy π∗.

3.4.2 Optimal value function
As mentioned above, the goal of an agent facing a reinforcement learning problem is to find
the optimal policy π∗. A policy π is chosen over a policy π′ if and only if vπ(s) ≥ vπ′(s) for
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all s ∈ S, the policy with the largest expected return is the optimal policy. We defined that
policy as

π∗ := arg max
π

vπ(s), ∀s ∈ S. (3.4.4)

It is also possible to have multiple optimal policies. When it happens, the policies with the
same state-value functions share the optimal state-value function. That optimal state-value
function is defined as follows [Watkins and Dayan, 1992]:

v∗(s) = max
π

vπ(s), ∀s ∈ S. (3.4.5)

As for the state-value function, optimal policies also share the same q-function, and that
function is defined as follows [Watkins, 1989]:

q∗(s, a) = max
π

qπ(s, a), ∀s ∈ S and a ∈ A(s). (3.4.6)

Sutton and Barto [1998] state that since the action-value function gives the expected return
of taking an action a in state s when following a policy π, it is possible to write q∗(s, a) as
a function of v∗(s). That is,

q∗(s, a) = E[rt+1 + γv∗(st+1)|st = s, at = a], (3.4.7)

where v∗(s) refers to the value function for an optimal policy. The value function v∗ must
meet the self-consistency condition given by the Bellman equation (equation 3.4.3). This
condition, known as the Bellman optimality equation, can be rewritten without referencing
any policy. Sutton and Barto [1998] has shown that we can define it as follows:

v∗(s) = max
a∈A(s)

qπ∗(s, a)

= max
a∈A(s)

Eπ∗ [Gt|st = s, at = a]

= max
a∈A(s)

Eπ∗

[ ∞∑
i=1

γi−1rt+i|st = s, at = a
]

= max
a∈A(s)

Eπ∗

[
rt+1 + γ

∞∑
i=1

γi−1rt+i+1|st = s, at = a
]

= max
a∈A(s)

E
[
rt+1 + γv∗(st+1)|st = s, at = a

]
= max

a∈A(s)

∑
r′,s′

p(s′, r′|s, a)
[
r′ + γv∗(s′)

]

(3.4.8)

The last two lines of equation 3.4.8 represent two types of the Bellman optimality equation
for v∗(s). The idea of the Bellman optimality equation is that it describes how the value of
a state under an optimal policy is equal to the expected return of the best action from that
state.
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There is also a Bellman optimality equation for q∗(s, a), defined as follows.

q∗(s, a) = E[rt+1 + γ max
a′

q∗(st+1, a′)|st = s, at = a]

=
∑
r′,s′

p(s′, r′|s, a)
[
r′ + γ max

a′
q∗(s′, a′)

]
.

(3.4.9)

When v∗(s) ∀ s ∈ S, is available, find the optimal policy becomes easy. Indeed, for each
state s ∈ S, any policy that give a nonzero probability to actions that maximize v∗(s), is
an optimal policy. When q∗(s, a) ∀ s ∈ S and ∀ a ∈ A(s), is available, it is even easier to
find the optimal policy. One must choose the action that maximizes q∗(s, a) for any state
s. Thanks to q∗(s, a), the optimal expected long-term return is immediately available for
all possible pairs (s, a). Having q∗(s, a) allows to take the optimal action without knowing
information about the possible next states and their values.

3.5 Gridworld Example
Now that the concept of the value function and optimal value function has been covered,
let us show how one can use value functions to find optimal value functions and an optimal
policy for a given decision problem. The example that will be covered is an agent facing
a GridWorld and has to find the shortest path to a square that is a terminal state. So,

Figure 3.5.1: Gridworld where on the white square the agent receives a penalty of -1 and
on the green sqaure no penalty is given. The terminal states are the squares in green.

suppose an agent is facing the GridWorld in figure 3.5.1. One can see that the reward



Markov Decision Processes And Their Application To Reinforcement
Learning 22

received by the agent is -1 when he is on a white square and 0 when he is on a green square.
The agent’s goal is to find the closest green square on the grid when he is on a white square.
Thanks to the Bellman equation, it is possible to compute the value of a policy and find an
optimal path regardless of where the agent starts.

We assume that the agent has no prior knowledge on the environment. Therefore a
common technique is to set the value of all states to 0, as in figure 3.5.2. Starting from
that initial value function, one can compute the value function of a policy by applying the
Bellman equation several times and replacing the initial values of the value function, with
those calculated using the Bellman equation.

In that given environment, when an agent is at a position on the grid, it can choose to
move up, down, left or right with equal probability. Let us say the agent is following the
policy in figure 3.5.3 with the associate value function from figure 3.5.3. Now suppose an
agent is in state (c,1), then the policy of the agent is to go up and the value of state (c,1)
is -1.9. Let us see how this value is computed using the Bellman equation (equation 3.4.3).
The policy on figure 3.5.3 only says to go up when in state (c,1), and the possible reward
when following that policy is certain and is -1. Then, if we set the discount factor to 0.9
and call that policy π1, we have that

vπ1((c, 1)) =
∑

a

π1(a|(c, 1))
∑
r′,s′

p(s′, r′|s, a)
[
r′ + γvπ1(s′)]

]
= 1 ∗ 1 ∗ (−1 + 0.9 ∗ −1)
= −1.9.

For the state (b,1) we have

vπ1((b, 1)) =
∑

a

π1(a|(b, 1))
∑
r′,s′

p(s′, r′|s, a)
[
r′ + γvπ1(s′)]

]
= 1 ∗ 1 ∗ (−1 + 0.9 ∗ 0)
= −1.

For the state (a,1) we have

vπ1((a, 1)) =
∑

a

π1(a|(a, 1))
∑
r′,s′

p(s′, r′|s, a)
[
r′ + γvπ1(s′)]

]
= 1 ∗ 1 ∗ (0 + 0.9 ∗ 0)
= 0.

For the state (a,0), we have that

vπ1((a, 0)) = 0,

since it is a terminal state. This small example illustrated how Bellman equation is used to
calculate the value function of a policy.
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Figure 3.5.2: Initial value function. Since the agent has no prior knowledge on the
environment, the value of all states is set to 0

Figure 3.5.3: On the left we can see the policy of the agent. On the right there is the value
function associated to the policy computed with Bellman equation



Chapter 4

Dynamic Programming Methods In
Reinforcement Learning

Dynamic programming (DP) is an optimization technique that solves algorithmic problems
by breaking them into subproblem, solves the subproblem and then put them together to
find the solution to the original problem. These algorithms require that the Reinforcement
Learning problem has a finite horizon, satisfies the Markov property, and that the agent
has complete knowledge of the environment and perfect control over it. The state and
action spaces must be finite. If these assumptions are not met, DP algorithms may not be
applicable, and other Reinforcement Learning techniques such as Monte Carlo methods
may be more appropriate.

In this chapter we will see how the Bellman equation can be use iteratively to compute
the optimal value function and finding an optimal policy. It will start with an introduction
to dynamic programming and how it works. Then, the chapter will go over on how dynamic
programming is used to evaluate policies. Finally, two of the most popular DP algorithms
will be presented. It will explain how they work and illustrate how they can be applied on
a use case.

4.1 Introduction to Dynamic Programming
A great advantage of Dynamic Programming is that it does not work more than nec-
essary. When subproblems overlap, which happens when subproblems share the same
sub-subproblems, it solves each sub-subproblem only once and then stores its answer. This
avoids computing the answer to a sub-subproblem that has already been seen before. In
general, Dynamic Programming algorithms aim to find an optimal solution for optimization
problems. Note that these kinds of algorithms try to find an optimal solution and not
the optimal solution because such problems can have several optimal solutions. According
to Cormen et al. [2009], one has to follow a four-step sequence when developing a DP
algorithm, and these steps are the following:

24
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1. Characterize the structure of an optimal solution: Identify the problem that
needs to be solved and determine the optimal solution to that problem. This involves
identifying the key parameters that will be used to measure the quality of different
solutions.

2. Define the value of an optimal solution: Define a recursive function that calculates
the value of an optimal solution in terms of the values of smaller subproblems. This
involves breaking down the problem into subproblems and defining how the solution to
the original problem can be obtained by combining the solutions to the subproblems.

3. Compute the value of an optimal solution: Use the recursive function defined
in step 2 to find the optimal value function for all subproblems of interest.

4. Construct an optimal solution: With the optimal value functions from step 3,
combine them to obtain an optimal policy for the original problem.

Cormen et al. [2009] also states that steps 1 to 3 constitute the foundation of a dynamic
programming response to a problem. If only the value of an optimal solution is needed, the
fourth step can be omitted.

To apply a Dynamic Programming solution to an optimization problem, that problem
must have two major elements: optimal substructure and overlapping subproblems.

Let us discuss optimal substructure. As mentioned before, the first step to imple-
menting a dynamic programming solution is to characterize the structure of an optimal
solution. A problem has an optimal substructure when an optimal solution to the problem
has optimal solutions to subproblems. According to Lew and Mauch [2006], the validity of
this principle relies on the idea that if a policy has a subpolicy that is not optimal, replacing
the subpolicy with an optimal subpolicy would improve the original policy. The elements of
optimal substructure come from Bellman’s principle of Optimality (Section 3.4.1). The key
idea here is that the optimal solution to the original problem can be obtained by recursively
finding optimal solutions to smaller subproblems. This allows solving complex problems by
breaking them down into simpler subproblems and solving them individually which is more
efficient way. Cormen et al. [2009] explains that from one problem to another, the optimal
substructure is differentiated by two factors:

1. the number of subproblems that are required to be solved to construct an optimal
solution to the original problem;

2. the number of possible subproblems that can be used to construct an optimal solution
to the original problem.

The execution time of a dynamic programming algorithm depends on the total number of
subproblems and the number of possible inputs for each subproblem. Therefore, in general,
it is a good idea to start with a simple and efficient implementation of the subproblems in
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a dynamic programming algorithm and then expand it as necessary to handle larger input
sizes or more complex subproblems.

Implementing a solution using DP techniques should be simpler because instead of
solving one big problem, DP algorithms can separately solve smaller and easier problems.
However when breaking down the original problem into subproblems, it is important to be
careful with the subproblem space because if it becomes too large and too complex it can
affect the efficiency of DP algorithms. So when dividing the problem one should balance the
trade-off between subproblem space and complexity, because if it is not carefully balanced
it can lead to impractical DP algorithms. In general the choice of the subproblem space
depends on the problem to solve, the computational resources at disposal and a thorough
analysis.

Now, let us discuss the second major element, which is overlapping subproblems.
When breaking down a problem into smaller problems, if at least one subproblem is counted
several times in the set of subproblems, then there are overlapping subproblems. To deal
with that, instead of solving the same subproblem multiple times, DP programming solves
overlapping subproblems once and stores the solution. Then if it has to solve a subproblem
that has already been treated, it can just look up for the solution. This allows algorithms to
reach a final solution faster. To apply DP algorithms, the subproblems must be independent,
which means that the solution of a suproblem does not depend on the solution of another
subproblem. This allows to treat the subproblems in any order and to combine their solution
to solve the general problem.

For overlapping subproblems, DP programming algorithms also use memoization. The
idea of memoization is that when an expensive function is called with the same inputs
multiple times to find the solution to subproblems, instead of recalculating the results each
time, the solution is stored. So, if the function is called with a set of inputs that have
already been processed, it can simply look up the answer instead of calculating it.

The Fibonacci sequence is a popular example of a problem that can be solved using
dynamic programming. The Fibonacci sequence is defined as follows:

• fib(0) = 0
• fib(1) = 1
• fib(2) = 1
• fib(3) = 2
• fib(4) = 3
• fib(n) = fib(n− 1) + fib(n− 2), for n > 1

where fib(n) is a function that computes the nth term in the Fibonacci sequence. In this
sequence, each term is the sum of the previous two terms. We can use memoization to
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solve this problem using dynamic programming to avoid computing the same subproblems
multiple times. It works as follows:

1. Start with an empty table to store the solutions of subproblems.
2. When fib(n) is called, if the solution is already stored return it.
3. If not, compute the solution using fib(n) = fib(n− 1) + fib(n− 2) and store it.

This ensures that it only computes each subproblem once and then reuses the solution
whenever needed. With the Fibonacci sequence, the optimal substructure is apparent
because the nth term in the sequence can be constructed from the (n− 1)th and (n− 2)th
terms, both of which are subproblems of size (n− 1) and (n− 2) respectively. Moreover,
the concept of overlapping subproblems is also apparent. Indeed, to compute fib(5), it
is needed to compute fib(4) and fib(3). But to compute fib(4), it is needed to compute
fib(3) and fib(2), which is already solved when fib(3) was computed.

4.2 Policy Evaluation
Before introducing algorithms that provide optimal solutions to decision-making problems,
let us first look at a policy evaluation technique. The method that will be presented is
iterative policy evaluation, which is very popular and used by many algorithms.

The algorithm starts with initial estimates, vπ;0(s), of the value function vπ(s) ∀ s ∈ S,
given a policy π to be evaluated, and iteratively updates the estimates, vπ;n(s) for n =
1, 2, ..., N , where N is the total number of iterations, using the Bellman equation (equation
3.4.3). At each iteration, the algorithm updates the estimate of vπ;n+1(s) for each state
s ∈ S by computing a new estimate based on the estimate of vπ;n(s), the reward received
r′ ∈ R when following the policy, and the values of the possible successor states s′ ∈ S.
This update is performed using the following equation:

vπ;n+1(s) = Eπ[r′ + γvπ;n(s′)|st = s]
=

∑
a

π(a|s)
∑
s′,r′

p(s′, r′|s, a)
[
r′ + γvπ;n(s′)

]
. (4.2.1)

The algorithm applies this update until the estimates of vπ;n+1(s) ∀ s ∈ S, converge
numerically. Sutton and Barto [1998] presented the iterative policy evaluation using the
following pseudo code:
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Algorithm 2 Pseudo code to implement Iterative Policy Evaluation for reinforcement
learning and decision making problems
Input :

• π, Policy to evaluate
• v(s) = 0,∀s ∈ S

1. Repeat
2. ∆← 0
3. For each s ∈ S:
4. v = v(s)

5. v(s) = ∑
a π(a|s) ∑

s′,r p(s′, r|s, a)
[
r + γvk(s′)

]
6. ∆ = max(∆, |v − v(s)|)
7. Until ∆ < θ (a small positive number)
8. Return v ≈ vπ

Under certain conditions, that will be developed, the algorithm 2 is guaranteed to
converge to the true value function.

Definition 4.2.1 (Distance Function [Hunter and Nachtergaele, 2001]). Let us assume
that W is a non-empty set. A distance function on W is a function

d : W ×W → R, (4.2.2)

with the following properties:

• d(w, y) ≥ 0 ∀ w, y ∈ W , and d(w, y) = 0, iff w = y;
• d(w, y) = d(y, w), ∀ w, y ∈ W ;
• d(w, y) ≤ d(w, z) + d(z, y), ∀ w, y, z ∈ W .

We define a metric space (W, d) as the couple formed by W with a metric d.

To give an example, the set of real number R with the distance function d(x, y) = |x−y|
is metric space. So in the case of value functions, we will define d(vπ;n(s), vπ;n+1(s)) =
|vπ;n(s)− vπ;n+1(s)|. Now let us define what a contraction mapping is.

Definition 4.2.2 (Contraction Mapping). Let (W, d) be a metric space. A mapping
T : W → W is a contraction mapping, or contraction, if there exists a constant c, with
0 ≤ c < 1, such that

d(T (w), T (y)) ≤ cd(w, y) ∀ w, y ∈ W (4.2.3)

where d(w, y) = |w − y|
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The two conditions that must be met so that the contraction property can be applied are:

• the state space is finite.

• the policy π is a fixed (deterministic) policy.

So, when these two conditions are met, we can apply the contraction property from the
contraction mapping theorem.

Theorem 4.2.1 (Hunter and Nachtergaele [2001], Contraction Mapping Theorem). If
T : W → W is a contraction mapping on a complete metric space (W, d), then there is
exactly one solution w ∈ W for T (w) = w.

Proof. Let w0 be any point in W . We define a sequence (wn) in W by

wn+1 = T (wn) for n ≥ 0.

To simplify notation, the parentheses around the argument of a map are often omitted.
The nth iterate of T is denoted by T n, so that T nw0.

First, we show that (wn) is a Cauchy sequence. If n ≥ m ≥ 1, then from 4.2.3 and the
triangle inequality, we have:

d(wn, wm) = d(T nw0, T mw0)
≤ cmd(T n−mw0, w0)
≤ cm

[
d(T n−mw0, T n−m−1w0) + d(T n−m−1w0, T n−m−2w0) + ... + d(Tw0, w0)

]
≤ cm

[n−m−1∑
k=0

ck
]
d(w1, w0)

≤ cm
[ ∞∑

k=0
ck

]
d(w1, w0)

=
( cm

1− c

)
d(w1, w0),

this implies that (wn) is Cauchy. Since W is complete, (wn) converges to a limit w ∈ W .
The fact that the limit w is a fixed point of T follows from the continuity of T :

Tw = T lim
n→∞

wn = lim
n→∞

Twn = lim
n→∞

wn+1 = w

Finally, if w and y are two fixed points then

0 ≤ d(w, y) = d(Tw, Ty) ≤ cd(w, y).

Since c < 1, we have d(w, y) = 0, so w = y and the fixed point is unique
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So given the definition 4.2.2 and theorem 4.2.1 if we set

vπ;n+1(s) = T (vπ;n(s)) =
∑

a

π(a|s)
∑
s′,r′

p(s′, r′|s, a)
[
r′ + γvπ,n(s′)

]

where T is called the Bellman operator and maps a value function vπ to a new value function
T (vπ). If the state space is finite and the policy π is a fixed policy, then applying the
Bellman operator iteratively in policy evaluation leads to a contraction mapping, and we
have a unique solution for the value function vπ(s).

In practice, the algorithm will converge to an approximation of the true value function
after a finite number of iterations, but it will not converge to the exact value function.
Sutton and Barto [1998] presented a popular stopping condition for the iterative policy
evaluation algorithm, which is to check whether the maximum change in the value function
between two consecutive iterations is less than a pre-defined threshold. The idea is to
check after each iteration if |vπ;n+1(s)− vπ;n(s)| < θ for all states s, where θ > 0, but small
enough.

4.3 The Policy Iteration Algorithm
Now that Policy Evaluation has been introduced, we will present a popular algorithm in
reinforcement learning, which is the policy iteration algorithm.

Policy Iteration is a DP algorithm that finds an optimal policy for MDPs. The
algorithm is separated in two steps: policy evaluation and policy improvement. For the
policy evaluation step, the algorithm simply applies the iterative policy evaluation algorithm
(algorithm 2) to evaluate a policy. For the policy improvement step, the algorithm constructs
a new policy by selecting the action with the highest q-value (q-function) for each state
based on the new state values from the evaluation step. Suppose one already has vπ(s) and
wants to know if it is better to follow policy π or modify the policy for a given state s. One
way to do it is to consider selecting a ̸= π(s) when in state s and follow policy π for the
states that come after s. To do that, one can use the q-function.

qπ(s, a) = Eπ[rt+1 + γvπ(st+1)|st = s, at = a]. (4.3.1)

If qπ(s, a) is greater than vπ(s), then it is better to choose action a when in state s, and one
should modify its policy π so that when the agent is in state s, it selects action a, making
the new policy better than the original policy π. This is why the policy improvement
step uses q-values. This step is based on a fundamental theorem known as the Policy
Improvement Theorem.

Theorem 4.3.1 (Sutton and Barto [1998], Policy Improvement Theorem). Let π and π̄ be
two deterministic policies where π is the original policy and π̄ is the modified policy that is
identical to π except that π̄(s) = a ̸= π(s) such that vπ(s) ≤ qπ(s, π̄(s)) for all s ∈ S, then
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vπ(s) ≤ vπ̄(s) for all s ∈ S. If vπ(s) < qπ(s, π̄(s)) then the modified policy π̄ is better than
original π.
Proof. Let us start with the assumption vπ(s) ≤ qπ(s, π̄(s)) for all s ∈ S and use equation
(4.3.1). Then it is possible to show that

vπ(s) ≤ qπ(s, π̄(s))
= Eπ̄[rt+1 + γvπ(st+1)|st = s]
≤ Eπ̄[rt+1 + γqπ(st+1, π̄(st+1))|st = s]
= Eπ̄

[
rt+1 + γ Eπ̄[rt+2 + γvπ(st+2)|st = s]

]
= Eπ̄

[
rt+1 + γrt+2 + γ2vπ(st+2)|st = s

]
≤ Eπ̄

[
rt+1 + γrt+2 + γ2rt+3 + γ3vπ(st+3)|st = s

]
...

≤ Eπ̄

[
rt+1 + γrt+2 + γ2rt+3 + γ3rt+4 + ... |st = s

]
= vπ̄(s).

As mentioned previously, the policy iteration algorithm has two major steps: the
policy evaluation step and the policy improvement step. However, when implementing the
algorithm, one has to add an initialization step, and the algorithm works as follows:

Algorithm 3 Pseudo code to implement the Policy Iteration Algorithm for reinforcement
learning and decision-making problems

1. Initialization: initialize v(s) ∈ R and π(s) ∈ A(s) arbitrarily for all s ∈ S

2. Policy Evaluation: Run Algorithm 2 to find the value of the policy
3. Policy Improvement:

For each s ∈ S:

• a← π(s)
• π(s)← arg max

a
qπ(s, a)

• if a = π(s) ∀ s ∈ S stop and return vπ and π, else go to 2 and repeat

We can use the Close Enough Lemma from Williams and Baird III [1993], to show that
policy iteration algorithm converges to the optimal policy. Before that, let us introduce
δ(s), which Williams and Baird III [1993] defined as:

δ(s) = min
π∈Π
{vπ∗(s)− vπ(s)}\{0}. (4.3.2)

It represents the smallest nonzero difference, for any state s ∈ S, between the optimal value
function, vπ∗(s), and the value function for any policy π, vπ(s) for all π ∈ Π.
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Lemma 4.3.1 (Close Enough Lemma). Let v, v′ be two value functions generated from the
policy iteration algorithm. Let π be such that vπ(s) = v∗(s) and let π′ satisfy v′

π′(s) ≥ v′
π(s).

Then

|vπ(s)− v′
π(s)|+ |v′

π′(s)− vπ′(s)| < δ(s)

implies that vπ′(s) = vπ(s).

Proof.

0 ≤ vπ(s)− vπ′(s) = vπ(s)− v′
π(s) + v′

π(s)− vπ′(s)
≤ vπ(s)− v′

π(s) + v′
π′(s)− vπ′(s)

≤ |vπ(s)− v′
π(s)|+ |v′

π′(s)− vπ′(s)|
< δ(s).

(4.3.3)

Since δ(s) = minπ∈Π{vπ∗(s)− vπ(s)}\{0}, it follows that vπ(s)− vπ′(s) = 0.

Theorem 6.4.6 from Putterman [1994] also states that policy iteration converges to the
optimal value function. Section 2.2.3 from Bertsekas and Tsitsiklis [1996] states that policy
iteration always terminates finitely and can be a good alternative to value iteration (Section
4.4) in some cases. Finally, Section 1.3.3 from Bertsekas [2007] also explains that the policy
iteration algorithm finds an optimal solution in a finite number of iterations and states that
this property is one of the main advantages of policy iteration compared to other dynamic
programming algorithms.

4.3.1 Policy Iteration Algorithm Example
As for Section 3.5, we will use a GridWorld Example to show how policy iteration works.
To illustrate the policy iteration algorithm, we use the gridworld environment in Figure
4.3.1 (a) and the initial policy in Figure 4.3.1 (b). Green squares represent terminal states,
and the red square is an obstacle the agent must avoid. Given its starting state, the agent’s
goal is to find the shortest path to the closest terminal state. As one can see, the initial
policy is to move up regardless of the agent’s position, which is not optimal.

So, the policy iteration starts by evaluating the initial policy and then improves that
policy. Then it repeats these two steps for new policies obtained from the improvement step
until there is no more improvement, which means that an optimal solution has been found.

On Figure 4.3.2, one can see on the left, the policies obtained at each iteration from the
algorithm. On the right, one can see the value functions. It appears that at iteration 3 and
iteration 4 the results are the same because no more improvement is done by the algorithm
and therefore it stops. The algorithm started from the initial policy and environment from
figure 4.3.1. Then it applied algorithm 3 on the initial policy and this lead to an optimal
policy that we can see at iteration 4 with the associated value function. During every



Dynamic Programming Methods In Reinforcement Learning 33

(a) (b)

Figure 4.3.1: On figure (a), one can see the environment of the gridworld that the agent
will face. On figure (b), one can see the initial policy of the agent.

evaluation step in the process, we decided to set the initial value to zero for every state of
the environment. This was done since it is a popular technique in reinforcement learning
that has been shown to be very effective.

4.4 The Value Iteration Algorithm
Let us present another popular dynamic programming algorithm that is also based on
Bellman’s principle of optimality, which is called the Value Iteration algorithm.

According to Sutton and Barto [1998], the Value Iteration algorithm is a particularly
simple backup operation that combines the policy improvement and truncated policy
evaluation steps. So, based on Putterman [1994] and Sutton and Barto [1998], Value
iteration solves iteratively the following equations to find the optimal policy.

vn+1(s) = max
a

E[rt+1 + γvn(st+1)|st = s, at = a]

= max
a

∑
s′,r′

p(s′, r′|s, a)
[
r′ + γvn(s′)

] (4.4.1)

for all s ∈ S.
The algorithm uses uses equation (4.4.1) at each iteration to compute a new estimate of the
value function for every s ∈ S. By repeatedly updating the value function using equation
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policy at iteration 1 value at iteration 1

policy at iteration 2 value at iteration 2

policy at iteration 3 value at iteration 3

policy at iteration 4 value at iteration 4

Figure 4.3.2: Policy Iteration algorithm evolution to an optimal policy on 4x4 grid
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4.4.1, the algorithm converges to the optimal value function for the MDP and can be used
to derive an optimal policy for the agent.
According to Putterman [1994] and Sutton and Barto [1998], one can implement the Value
Iteration Algorithm as follows:

Algorithm 4 Pseudo code to implement the Value Iteration algorithm for reinforcement
learning and decision making problems

1. Initialize v(s) arbitrarily ∀ s ∈ S

2. Repeat

• ∆← 0
• For each s ∈ S:

– v ← v(s)
– v(s)← maxa

∑
s′,r′ p(s′, r′|s, a)

[
r′ + γv(s′)

]
– ∆← max(∆, |v − v(s)|)

3. Until ∆ < θ

4. Return π such that π(s) = maxa
∑

s′,r p(s′, r|s, a)
[
r + γv(s′)

]

Using the Close Enough Lemma (Lemma 4.3.1), one can easily show that the value
iteration algorithm converges to an optimal solution. Section 6.3.2 from Putterman [1994]
and Section 1.3.1 from Bertsekas [2007] explain how by choosing an error bound threshold
θ small enough, it is possible to ensure that the algorithm finds an optimal solution or
near-optimal solution.

4.4.1 Value Iteration Algorithm example
For the value iteration, we used the same example as the one used in section (4.3.1). So, for
the Value Iteration illustration, we took the same gridworld environment as shown in figure
4.3.1 (a). Unlike the Policy Iteration, it does not require an initial policy. The algorithm
only needs to have an initial state value function, which can be chosen arbitrarily or based
on some knowledge that the agent has. In general, the initial state value function is set to
0 for all the states.

In the value iteration method, the algorithm iterates over each state s ∈ S in the
environment and selects the action that maximizes the value function v(s) as shown in
Algorithm 4. So one can see on the figure 4.4.1 that the results obtained at iteration 1
and iteration 2 are the same. Therefore in just one iteration the algorithm could find
an optimal solution. This is because the gridworld used is small and not very complex.
Moreover, value iteration often finds an optimal solution faster than policy iteration because
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policy evaluation and policy improvement are done in the same loop with only one backup
operation using equation (4.4.1).
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policy at iteration 1 value at iteration 1

policy at iteration 2 value at iteration 2

Figure 4.4.1: Value Iteration algorithm evolution to an optimal policy on a 4x4 grid



Chapter 5

Monte-Carlo Methods In
Reinforcement Learning

Now that Dynamic Programming Methods, and particularly, two of the most popular
Dynamic Programming algorithms, have been introduced, let us delve into other methods
known as Monte Carlo Methods.

Dynamic programming methods, such as value iteration and policy iteration that we
introduced previously, require knowledge of the transition dynamics and the reward func-
tion of the environment. In contrast, Monte Carlo methods estimate the value function
using only the returns obtained from a sequence of actions. Monte Carlo methods do not
require knowledge of the transition dynamics or of the reward function, as they only require
experiences, which are samples of sequences of states, actions, and rewards from real or
simulated exchanges of an agent with an environment. This is very useful because although
these methods learn from real or simulated experiences and have no prior knowledge of the
environment, they can still obtain an optimal solution.

5.1 Monte Carlo Policy Evaluation
An important aspect of Monte Carlo methods is that they solve reinforcement learning
problems by using the sample’s average returns. In that framework, a sample refers to
a sequence of states, actions, and rewards starting from the beginning to the end of an
episode. The general idea of Monte Carlo Methods is to generate as many samples as
possible, given a policy π, and to obtain a state-value function estimate vπ(s) for a state s
by averaging all the returns that followed that state. Since Monte Carlo methods require a
complete episode of interactions with the environment before updating the value function
estimate, it makes them particularly well-suited for episodic tasks, and the value function
estimate can be updated at the end of each episode.

38
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Singh and Sutton [1996] distinguished two specific algorithms in Monte Carlo methods,
which they defined as:

• Every-visit Monte Carlo: where one estimates the value of a state as the average
of the returns that came after all visits to that state.

• First-visit Monte Carlo: where one estimates the value of a state as the average of
the returns that came after the first visit to that state. The first visit can be define
as the first time during an episode that the state is visited.

The rest of the thesis will be focused on First visit Monte-Carlo. Depending on the problem
an agent is facing, it can use equation (3.2.1) of the cumulative reward or equation (3.2.3)
of the discounted cumulative reward to apply the First-visit Monte-Carlo algorithm. Based
on the work of Singh and Sutton [1996] and the work of Bertsekas and Tsitsiklis [1996], we
can define the cumulative reward of a sample n, ∀ n ∈ N, in the Monte-Carlo framework,
as follows:

Gn
t = rn

t+1 + rn
t+2 + rn

t+3 + ... + rn
T

=
T −t∑
i=1

rn
t+i

(5.1.1)

where T is the horizon of the nth sample and rn
t is the reward received at moment t from

the nth sample. To have the discounted cumulative reward from sample n, one can use the
following formula:

Gn
t = rn

t+1 + γrn
t+2 + γ2rn

t+3 + ...

=
∞∑

i=1
γi−1rn

t+i

(5.1.2)

where 0 < γ < 1 is a discount factor.
Thus, we can define the first visit Monte-Carlo state value estimate of v(s) after generating
n samples as:

vn(s) = 1
n

n∑
i=1

Gi
t(s), ∀s ∈ S (5.1.3)

where n is the number of samples generated and Gn
t (s) = ∑T −t

i=1 rn
t+iI(rn

t+i = rn
t+i(s)). Now,

let us have a deeper analysis of the Monte-Carlo method properties and start with the bias.
First, let us define v(s) = E[Gt|st = s] as the true state value of a state s.

Theorem 5.1.1 (Singh and Sutton [1996], Theorem 6). The First Visit Monte-Carlo is
unbiased, i.e, Bias(vn(s)) = v(s)− E[vn(s)] = 0 ∀ n > 0.

Proof. The first-visit MC estimate is unbiased because the total reward on a sample path
from the start state s0 to the terminal state sT is, by definition, an unbiased estimator of
the expected total reward across all such paths. Therefore, the average of the estimators
obtained from n independent sample paths is also unbiased.
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Through the work of Bertsekas and Tsitsiklis [1996] example 5.5 and the definition of
v(s), we can show that vn(s) is unbiased as follows:

Bias(vn(s)) = v(s)− E[vn(s)|st = s]

= v(s)− E[ 1
n

n∑
i=1

Gi
t|st = s]

= v(s)− E[Gi
t|st = s]

= 0.

(5.1.4)

For the variance, we can use the following theorem from Singh and Sutton [1996].

Theorem 5.1.2 (Singh and Sutton [1996], Theorem 8). The variance of first-visit MC is

V ar
[
vn(s)

]
= 1

n
V ar

[
v1(s)

]
. (5.1.5)

Proof. From Singh and Sutton [1996] (annex 5), we can prove it as follows

V ar
[
v1(s)

]
= V ar

[
G1

t (s)]

= E
[
(G1

t (s))2
]
−

(
E

[
G1

t (s)
])2

.
(5.1.6)

The first-visit Monte Carlo estimator after n trials is the sample average of the n independent
trials (see equation 5.1.3). Hence,

V ar
[
vn(s)

]
= 1

n
V ar

[
v1(s)

]
. (5.1.7)

From Theorem 5.1.2, we can conclude that limn→∞ Var[vn(s)] = 0. Since vn(s) is unbi-
ased and its variance converges asymptotically to 0, the estimator is consistent. Moreover,
we can also show that the Mean Square Error of the algorithm converges to 0 as n→∞.
Let us recall the Mean Square Error formula for an estimator θ̂ defined as follows:

MSE(θ̂) = (Bias(θ̂))2 + V ar(θ̂) (5.1.8)

replacing θ̂ by vn(s) in equation (5.1.8) we have that

MSE(vn(s)) = (Bias(vn(s)))2 + V ar(vn(s))

= V ar[vn(s)]
n

.
(5.1.9)

Hence, MSE(vn(s)) = 0 as n→∞.
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If one wants to evaluate a policy π, it is possible to use the first-visit Monte-Carlo
method. Simply replace vn(s) with vn

π(s), and the first visit Monte-Carlo in equation (5.1.3)
becomes:

vn
π(s) = 1

n

n∑
i=1

Gi
π;t (5.1.10)

where the return Gi
π;t, is the cumulative return obtained when generating n samples under

the policy π. Moreover, all the properties demonstrated for vn(s) apply to vn
π(s). Therefore,

we can say that vn
π(s) is consistent, and MSE(vn

π(s)) = 0 as n→∞.

Sutton and Barto [1998] proposed to implement first-visit Monte-Carlo to evaluate a
policy by using the pseudo code in algorithm 5. When implementing first-visit Monte-Carlo,

Algorithm 5 Pseudo code to implement the First Visit Monte Carlo algorithm for rein-
forcement learning and decision-making problems

1. Initialize:

• π, a policy to evaluate
• v, an arbitrarily state-value
• Return(s), an empty return list

2. For 1 to N , where N is the total iterations:

• Generate an episode from π

• for each state s that occurs in the episode:
– G← return after the first appearance s

– Append G to Returns(s)
– v(s)← average(Returns(s))

a popular stopping rule is to terminate the algorithm after a fixed number of episodes.
Typically, a larger number of episodes will result in more accurate estimates since the
estimator is consistent, but the computational cost will also increase.

5.2 The Monte Carlo Control Algorithm
Now that we know how Monte Carlo policy evaluation works, let us see how to use it for
finding an optimal policy. The main idea when using Monte Carlo methods for finding an
optimal policy is to proceed in the same way as for dynamic programming. Therefore, two
main steps have to be taken for finding the optimal policy: policy evaluation and policy
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improvement, as in policy iteration. When an initial policy is to be evaluated and improved,
the value function is modified over the episode to approximate the value function of the
current policy more precisely, and the policy is repeatedly improved according to the new
value function that has a better approximation of the true value of the policy.

Monte Carlo control is a model-free algorithm because it does not require any explicit
knowledge of the environment’s dynamics. Instead, it estimates the optimal policy by
simulating complete episodes of interaction with the environment and updating the estimates
of the q-function based on the observed returns. In Monte Carlo control, the policy is
improved by making it more greedy with respect to the estimated q-function. Moreover, we
can say that, with Monte Carlo Control algorithm, for any q-function, the greedy policy is
the one that chooses the action a that maximizes the action value and can be defined as:

π(s) = arg max
a

q(s, a) ∀s ∈ S (5.2.1)

Thanks to equation (5.2.1), theorem 4.3.1 (Policy Improvement Theorem) can be applied
and we have that for any policies πt and πt+1, where policy πt is the original policy and
πt+1 is the modified policy using the Policy Improvement Theorem (theorem 4.3.1) we have
that

qπt(s, πt+1(s)) = qπt(s, arg max
a

qπt+1(s, a))

= max
a

qπt+1(s, a)

≥ qπt(s, πt(s, a))
= vπt(s) ∀s ∈ S.

(5.2.2)

From Theorem 4.3.1 (Policy Improvement Theorem), we have that each πt+1 is uniformly
better than πt, or as good as πt, and in that last case, they both are optimal policies.

With Monte Carlo methods, as for policy iteration, a common approach for finding the
optimal solution is to alternate between the evaluation step and the improvement step,
episode by episode. So first an episode is generated, then using the feedback from that
episode, the value function is updated. This can be considered as the evaluation step.
Then once the value function is updated, the improvement step can be done to evaluate
if modifying the current policy can lead to better results. If yes, the policy is improved,
and if not then an optimal solution has been found. A popular algorithm in reinforcement
learning that applies that approach is Monte Carlo ES, which stands for Monte Carlo with
Exploring Starts.

Monte Carlo ES works as we just explained but with one more assumption which is the
exploring start. This assumes that for all episodes generated with Monte Carlo ES, the
state-action pair that will start the episode is randomly chosen amongst any state-action
pair possible in the environment. This assumption is important because it ensures that
every state-action pair is considered by the algorithm even those that may not be considered
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by the current policy. The action value qπ(s, a) for all possible state-action pairs (s, a) is
updated by averaging the returns observed after the pair (s, a) has occurred, over all the
simulated episodes. One can implement Monte Carlo ES as explained in algorithm 6.

Algorithm 6 Pseudo code to implement the Monte Carlo ES algorithm for reinforcement
learning and decision-making problems

1. Initialize ∀s ∈ S, a ∈ A(s):

• q(s, a)← arbitrary
• π(s)← arbitrary
• Returns(s, a)← empty list

2. For 1 to N , where N is the total iterations:

• choose s0 ∈ S and a0 ∈ A(s0) such that all pairs have probability > 0
• generate an episode from π that starts with state s0 and action a0

• for each state-action pair (s, a) that occurs in the episode:
– G← return after the first appearance (s, a)
– Append G to Returns(s, a)
– q(s, a)← average(Returns(s, a))

• for each s that occurs in the episode:
– π(s)← arg maxa q(s, a)

5.3 The Monte Carlo ES Algorithm Example
To illustrate how the algorithm works, we took the same example as for Policy Iteration and
Value Iteration. As such, we will apply Monte-Carlo ES on the same gridworld environment
as we have in figure 4.3.1 (a), and we took the same initial policy as in figure 4.3.1 (b).

For the example, we used algorithm 6 (Monte-Carlo with Exploring Start) with thou-
sand simulations to find an optimal solution. For the first simulation we have started
from the same initial policy in figure 4.3.1 (b). Then we applied algorithm 6 to find an
optimal policy and get the value functions of that policy. For example, to obtain the value
function for the state (b,2), we simply calculated the average return that has followed
the state-action (s, a) proposed by the updated policy over the thousands simulations
executed. From that same state, the action to go up was taken because on all actions
possible from that state, it was the one that maximized the q-function using Monte Carlo ES.
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Finally on figure 5.3.1 we can see that the Monte Carlo ES algorithm also finds an
optimal policy quickly, in only two iterations.
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Monte Carlo ES at iteration 1 Monte Carlo ES at iteration 1

Monte Carlo ES at iteration 2 Monte Carlo ES at iteration 2

Figure 5.3.1: Monte Carlo ES algorithm evolution to optimal policy on the 4x4 grid



Chapter 6

Application of Reinforcement
Learning

Now that dynamic programming algorithms and Monte Carlo methods have been presented,
let us examine their performance on a real use case. We will apply the different algorithms
presented on the famous board game Tic-tac-toe.

First, we will introduce the game of Tic-tac-toe and its rules. Then, we will apply
Policy Iteration, Value Iteration, and Monte-Carlo ES to analyze and compare the optimal
solutions proposed by the three different algorithms. To evaluate the optimal policies
obtained, we will use game simulations. The policies will compete against a random player
in each simulation, and we will analyze the results obtained from these games. Since
Tic-tac-toe is a solved game with a controllable set of possible states, we expect that the
policies obtain draws for worst-case scenarios. We will also see how the three different
policies perform when they play against each other.

To train the models, we will use game simulations with simulated data. One of
reinforcement learning’s most significant advantages is that it does not require historical
data to train a model. Indeed, if the environment is correctly implemented, simulations can
make it possible to find an optimal policy. Therefore, one of the most significant challenges
of training reinforcement learning algorithms is implementing the environment correctly.

6.1 Tic-Tac-Toe rules
Tic-Tac-Toe is played by two players competing against each other on a 3x3 board. Each
player is represented by either x or o. During the game, players alternately choose an
available square on the board until the game ends with a win for a player or a draw.

46
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Figure 6.1.1: Tic-tac-toe board with a winning combination of player o . Source1

The goal for a player is to align three identical items horizontally, vertically, or diagonally.
The first player, represented by either o or x, can be chosen randomly or according to a
specified rule. Choosing a square that has already been selected is against the rules and is
not permitted during a game. The simplicity of the rules will be further explained in the
following section, where the environment setup will be explained.

6.2 Environment Implementation
As mentioned previously, reinforcement learning models do not necessarily need historical
data to be trained. Still, they require setting up an appropriate environment replicating the
real-world scenario or problem the reinforcement learning model aims to address. Several
aspects must be considered when developing a reinforcement learning environment.

Let us begin with the action space. In tic-tac-toe, it represents all the empty squares
on the board, which is a small and simple action space. during a game the agent can only
choose empty squares, and if there are no more empty squares on the board, it means that
the game ended with either a winner or a draw.

Now, moving to the state space. The state space is defined as the set of all possible
states that can be realized during a game. For tic-tac-toe, since it is played on a 3x3
board where each position can be taken by x, o, or left empty, there are a total of 19683
possible states (39). However, some of these states are invalid and must be removed from
the environment. For example, states that have more than one position taken by just one
player are not valid. States where the difference between the number of position taken by x
and by o is greater than one are also invalid. Indeed, because during a game the players

1https://dailycampus.com/2020/01/29/2020-1-29-tic-tac-toe-rubber-ducks-and-the-process-of-discoverynbsp/

https://dailycampus.com/2020/01/29/2020-1-29-tic-tac-toe-rubber-ducks-and-the-process-of-discoverynbsp/
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Figure 6.2.1: Examples of invalid tic-tac-toe states. On the first board, only one player has
played. On the second board, there are two winning players. On the third board, there is a
difference of more than one between x and o.

play in turns, it is impossible to end up with that kind of state during game. Thus, the
difference in the number of positions taken by players during a match must be of maximum
one. After removing all invalid states, the state space contains 8725 states. These states
represent all possible configurations during a tic-tac-toe game and will be used to train the
agent to make optimal moves whatever configuration of the board it faces. Reducing the
state space to only valid states is important because it gives the agent an environment that
has the same dynamic as real games and leads to better optimal policies. Moreover since
the state space is now containing 8725 states, the algorithms have to iterate over a smaller
state space and is less time consuming.

As already discussed, environment feedback plays an important role in training rein-
forcement learning algorithms. Therefore it is crucial that the environment gives feedback
relevant for our use case so that the agent can learn to master its environment. For
tic-tac-toe, we have set up the environment such that if the agent’s action leads to a win, a
positive reward of +1 is given. If the agent’s action leads to the opponent’s victory, a -1
penalty is given. Finally if the agent’s action results in a draw, or if the next decision of
the opponent does not end the game, then a feedback of 0 is given. We have implemented
the feedback dynamic in that way because we wanted the agent to learn optimal policies
that lead to win. Because if a reward is given when sub-goals are achieved, it can lead the
agent to learn to optimize the sub-goals to the detriment of the original objective.

When setting up the environment, another essential aspect is to accurately model the
dynamics of the real-world system. This involves understanding how the state evolves in
response to the agent’s actions. Therefore, transition probabilities from one state to another
in the environment are needed to mimic real-world dynamics. Transition probabilities in
Tic-Tac-Toe are easy to understand. For example, let us say the opponent (o) has the
first hand and decides to choose the square in the middle. Then the probability of being
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in a next possible state p(s′) = 1
#possible next states

, ∀ s′ ∈ S. So in that case, since the
number of available squares equals eight if the opponent choose the middle square, we
have that p(s′|s) = 1

8 . So the transition probabilities in Tic-Tac-Toe are quite straight
forward. Indeed, let us consider the previous assumption about the opponent. If the agent
(x) chooses the square just above the one in the middle, then the probability p(s′|s, a) = 1
because the only state possible when the agent takes that action, is the one where o is in
the middle and x is just above. So when there is a given state on the board and one chooses
a valid action there is only one possible next state. These dynamics enable the agent to
learn the optimal move by anticipating the opponent’s next move, reducing the opponent’s
chance of winning, and increasing its chances. Accurately defining an environment leads
to an efficient learning process for the agent, ensuring stable training and accelerating
convergence to optimal policies. This, in turn, makes it easier to analyze and interpret
the agent’s behavior. Moreover, an accurately implemented environment is valuable for
debugging and simplifying the identification of potential issues.

6.3 Programming Setup
Since the hardware and software significantly influence the performance of code execution,
it is important to present and explain how the code was developed. All the code and
computation were done on a Lenovo Ideapad 320S, running on a 64-bit Windows operating
system. The machine has 8GB of memory and an Intel(r) core(tm) i3-7100u CPU with two
cores.

The programming language used is Python. Python was chosen because it is the most
popular programming language in the machine learning community. Therefore, it was better
and easier to find useful resources for reinforcement learning. The Python version used
is 3.8.18. We also used Anaconda 3 to create a virtual environment and manage Python
dependencies between packages.

6.4 Metrics Used to Evaluate And Compare The Poli-
cies

To evaluate the performances of the different models, we will use the winning rate against
a random player. We will conduct simulations, providing the winning rate of the agent
across 10,000 games played against a random player given two different scenarios. The first
scenario represents the case where the trained agent is the first player. The second scenario
represents the case where the random player is the first player. That will help to evaluate
if the policies are sensitive to being the first player or not. We use the term random player
to define a player that plays randomly without following any policy.
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Afterwards, we opposed the three different policies against one another. The goal is
to combine the results from the oppositions with the results from the simulations against
random players and evaluate if one policy is better. Finally, we repeated the same analyses,
adding random noise to the policies obtained with the three different algorithms. For the
games against random players, we decided to study the effect of adding random noise on
a percentage range from 10% to 90% of policies. We did that analysis for the case when
the trained agent plays first and when it plays second. Then, we also did the same for the
games that opposed the three different policies. For each game played, we add random
noise on the policy for states that should occur when two agents play against one another
and evaluate if there is a difference in the results with the games without perturbation.

6.5 Performance analysis

6.5.1 Analysis of policies obtained by policy iteration, value iter-
ation and Monte Carlo control

Before going into the analysis of the policies, we performed a sanity check to see what
the winning rate should be when two random players play tic tac toe. We simulated ten
thousand games and we obtained the distribution shown in table 6.5.1, where we can see

Winning rate
Random Player 1 Draw Random Player 2

Random Player 1 vs Random player 2 0.592 0.125 0.283

Table 6.5.1: Table of winning rate when two random player play against each other. Random
Player 1 is the player that starts and Random Player 2 is the player that plays second.

that playing first gives an advantage when two random players play against each other.
Therefore this will be our baseline to benchmark the policies used for the analysis. When
the different trained agents play against a random player, the winning rate when a trained
agent starts should be at least equal to the one of Random Player 1 from table 6.5.1, 59.2%.
For the case when a trained agent does not start the game, the winning rate should be at
least equal to the one of Random Player 2 from table 6.5.1, 28.3%.

Now, let us look at the winning rate of the three policies when they play against random
players.

In table 6.5.2, we can see that when the Agent starts, it achieves good performances no
matter what policy it follows. Nevertheless, for the Monte Carlo policy, we see that it loses
0.9% of the games. If we suppose that for a win the agent receives a reward of +1, a draw
a reward of 0 and a lost a reward of -1, then, if the agent wants to maximize its expected
reward, when the agent starts a game, the agent should follow the Monte Carlo Policy even
though there is a small chance of losing. For the case when the Random player starts, it
should follow the Policy Iteration or Value Iteration since they will maximize its expected
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First Player
Agent Random Player

Outcome Win Draw Lose Win Draw Lose
Policy Iteration 0.822 0.178 0.000 0.822 0.178 0.000
Value Iteration 0.903 0.097 0.000 0.824 0.176 0.000
Monte Carlo ES 0.988 0.003 0.009 0.769 0.137 0.093

Table 6.5.2: Table of winning rate for the three different agents. On the left part, there is
the winning rate of the trained agent when it starts the game and uses Policy Iteration,
Value Iteration or Monte-Carlo. On the right part, the same result but when the random
player starts the game. Random players do not follow a specific policy and randomly choose
their position on the board.

reward. Moreover, we can see that, for the case when the agent starts or when the random
player starts, the winning rate of the three policies is higher than the one from table 6.5.1.

Now that we have the results for the policy when they play against a random player, let
us look at the results when the policies play against each other. Since policies are determinis-
tic, for policy opposition games, we only played one game of each opposition. In table 6.5.3,

Second Player
Policy Iteration Value Iteration Monte Carlo ES

First
Player

Policy Iteration Draw Draw Policy Iteration
Value Iteration Draw Draw Draw
Monte Carlo ES Policy Iteration Value Iteration Monte Carlo ES 2

Table 6.5.3: Table of Policy Opposition results where on the left we have the first player
of the game and on top, we have the second player. In the middle, we have the winner of
the opposition game. The 2 index stands for the second player. For example, in the table
above for Monte Carlo ES vs Monte Carlo ES, Monte Carlo ES 2 is the second player in
the opposition.

we can see that Policy Iteration is achieving the best results against the Value Iteration and
Monte Carlo ES. Indeed, if we suppose that the agent’s goal is still to maximize its expected
reward, then if it plays against another trained agent, it should follow Policy Iteration. Un-
like the results against Random Players, the Monte Carlo policy is the worst policy to adopt
when playing against other policies since it is the policy that has the lowest expected reward.

Based on our first analysis, we can conclude that when the agent is playing against a
random player, it should follow the Monte Carlo ES policy. It should follow the Policy
Iteration when it plays against another trained agent. Thus, we can also say that the Policy
Iteration is almost insensitive to the game’s first player, while value iteration and Monte
Carlo ES are sensitive to the first player. The Value Iteration Policy still obtains good
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results, but for the Monte Carlo’s ES policy, sensitivity to the first player is more important.
For games against random players, it goes from being the best policy when the agent starts
to being the worst when the random player starts. Moreover, it is also the worst policy
when it plays against other policies.

6.5.2 Analysis of policies obtained by policy iteration, value iter-
ation and Monte Carlo control with random noise

For the second part of the performance analysis, we will analyze the results of the policies
when we add random noise. We will first look at the results of the policies with random
noise against random players and then the results when the policies play against each other.

For the analysis of the policies with random noise versus a random player, we analyzed
the result with a percentage of random noise added to the policies, that ranges from 10% to
90% of the policies. We performed that analysis for the two scenarios of interest, the one
when the agent starts and when the random player starts. We should expect the winning
rate to converge to values close to the values in table 6.5.1 when more and more random
noise is added.

(a) (b)

Figure 6.5.1: Figure (a) displays the winning rate of the different policies, and their 95%
confidence interval, for different levels of random noise added to the policy when a trained
using one of the policies starts the game. Figure (b) displays the winning rate of the
different policies, and their 95% confidence interval, for different levels of noise added to
the policy when the random player starts the game.

From figures 6.5.1 (a) and (b), we can see that for the three policies, we have the expected
behavior. Moreover, when the agent starts, we can see in figure 6.5.1 (a) that Monte Carlo
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ES has a higher winning rate than the two other policies for every level of random noise
added. Thus, against random players, the Monte Carlo ES policy recovers better from
random noise than Value Iteration and Policy Iteration. It also appears that Policy Iteration
is the policy that recovers less well from random noise compared to Value Iteration and
Monte Carlo ES when the trained agent starts. For the case when the random player starts,
we can see in figure 6.5.1 (b) that policy iteration, value iteration and Monte Carlo ES have
almost the same results. However, we can also see that for low amounts of noise (from 10%
to 30%), Value Iteration and Policy Iteration are slightly better than Monte Carlo ES but
after there is no clear difference between the three policies.

For the analysis when policies play against each other, we did it differently than table
6.5.3. Since the policies are deterministic, if we simulate 10.000 games of policy iteration
versus value iteration, the same states and outcome will occur for the ten thousands
simulations. Therefore we decided the add random noise to the policies only for the set
of states that occur during an opposition between two policies. This ensure that pertur-
bation is added when two policies plays against each other. We simulated 10.000 games
for each opposition, using the set up explained and we added random noise to the poli-
cies that ranges from 10% to 90% of the set of states expected to occur during an opposition.

First, we will inspect the results when the policies play against themselves. In Figures
6.5.2 (a) and (b), we can see that when the Policy Iteration and Value Iteration Policy
play against their own policy, there is an advantage for the second player. However, for the
Monte Carlo Policy, we can see in Figure 6.5.2 (c) that the advantage of being the first
player or the second player depends on the percentage of random noise added, although it
is preferable to be the first for most the different levels of noise added.
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(a) (b)

(c)

Figure 6.5.2: Winning rate and 95% confidence interval of the trained policies when they
play against themselves and for different levels of random noise added to the policies. On
figure (a) we have the results for Policy Iteration, on figure (b) the results for Value Iteration
and on figure (c) the results for Monte Carlo ES.
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Now, let us look at when policies play against other policies. For Policy Iteration versus
Value Iteration, in figures 6.5.3 (a) and (b), one can see that when random noise is added,
there is an advantage for the second player. It also appears that Policy Iteration has a
small advantage because it has, in general, higher winning rate on figure 6.5.3 (a) than
Value Iteration on figure 6.5.3 (b).

Now, let us look at the Policy Iteration versus Monte Carlo ES opposition. For that
opposition, we can see in figures 6.5.3 (c) and (d), that Policy Iteration has a strategic
advantage over Monte Carlo ES because it has better winning rates in either scenar-
ios, when Policy Iteration starts and when Value Iteration starts. It still appears that
playing second gives some advantage. For the Monte Carlo ES policy, one can see that
when it plays second (see figure 6.5.3 (c)), it manages to have a positive winning rate
and when it starts, its winning rate equals 0 for all levels of noise added (see figure 6.5.3 (d)).

Finally, let us analyze the opposition of Value Iteration versus Monte Carlo ES. In
figures 6.5.3 (e) and (f), we can see that Value Iteration also has a strategic advantage over
Monte Carlo ES. Value Iteration has a better winning rate in every opposition and either
scenario.

Based on the analysis of policy opposition with random noise, we can say that playing
second can give an advantage when random noise is added. Moreover, when we add random
noise to the policies, Policy Iteration has a strategic advantage over the two other policies,
even though it is a small advantage over Value Iteration.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.5.3: Winning rate and 95% confidence interval of the trained policies when they
play against other trained policies and for different levels of random noise added to the
policies. On figure (a) one can see the result of Value Iteration versus Policy Iteration when
Value Iteration starts and On figure (b) the results when Policy Iteration starts. On figure
(c) one can see the result of Policy Iteration versus Monte Carlo ES when Policy Iteration
starts and On figure (d) the results when Monte Carlo ES starts. On figure (e) one can see
the result of Value Iteration versus Monte Carlo ES when Value Iteration starts and On
figure (f) the results when Monte Carlo ES starts.



Chapter 7

Reinforcement Learning in Finance:
The QLBS Model

7.1 Useful finance vocabulary
Before going further into the chapter let us define some keywords.

• Option: An option is a financial derivative that gives its owner the right, but not
the obligation, to buy or sell an underlying asset at a fixed price before a specified
date for American-style option or at a specified date for European-style option.

• Underlying Asset: Real financial asset that a financial derivative is based on.

• Option Strike (strike): The strike of an option is the fixed price at which the
holder of the option can buy or sell the underlying asset.

• Option Maturity (maturity): The last day on which the option holder may exercise
its right for an American-style option or the day on which it may exercise its right for
a European-style option.

• Option Price: The price of an option is the price that someone must pay to buy the
option and get the right that comes with it.

• Put option: A put option is a financial derivative that gives its owner the right,
but not the obligation, to sell an underlying asset at a fixed price (the strike) be-
fore a specified date (maturity) for American-style option or at a specified date for
European-style option.

• Call option: A put option is a financial derivative that gives its owner the right,
but not the obligation, to buy an underlying asset at a fixed price (the strike) be-
fore a specified date (maturity) for American-style option or at a specified date for
European-style option.

57
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• A long position: A long position in a financial asset consists of buying the asset
and holding it with the expectation that its price will rise.

• A short position: A short position in a financial asset consists of selling the asset
and buy it later it with the expectation that its price will fall. In general an investor
will borrow the financial asset from someone, then sell it and buy it later. If the price
fell, then the investor can reimburse the borrower with a benefit. If the price went up
then the investor has to reimburse the borrower and pay for the price difference.

• To hedge: To hedge a primary position is an offsetting strategy that involves taking
an opposite position in a related asset, which will gain (or lose) value if the primary
position loses (or gains) value. Hedging strategies are used to manage risk.

• To re-hedge: To re-hedge a position consists of adjusting its original hedging position
in response to the market conditions to maintain the same level of risk.

• Optimal Hedging: Optimal hedging consists of implementing a hedging strategy
that minimises risk or maximises profits for a given level of risk.

• Portfolio: A portfolio is a combination financial assets (stocks, bonds, options,...).

• Portfolio Valuation: Portfolio valuation is the process of determining the value of
a given portfolio.

• Hedge Portfolio: To hedge a portfolio means adapting a hedging strategy for a
given portfolio that will reduce the risk of unexpected price movements on the market.

• Risk Free rate: Rate of return of an investment that has zero risk. As The risk
free rate is a theoretical rate, it is generally represented by the rate of return of
a government bond, as it is considered almost impossible for a government to go
bankrupt.

• Risk Neutral environment: In option pricing, it represents an environment where
the underlying asset’s growth rate is equal to the risk-free rate instead of its real rate
of return.

• ∆t: Time step according to the re-hedging frequency.

7.2 Literature Review: Application of Reinforcement
Learning in Finance

Some authors have shown that option pricing can be seen as a Markov Decision Process.
Therefore, we will see on how Reinforcement learning can be used in option pricing and
present the different results obtained in the literature. The price of an option depends on
various things such as the price of the underlying asset, the expiration date of the option
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and the strike. Even financial and economic factors such as interest rates can be considered
as dependent variables for the option price. Li [2019] explains that to consider option
pricing as a reinforcement learning problem, every factor cited before should be part of
the state. Moreover, every uncertainty factor on the option price can be part of the state.
Regarding the possible actions, there are two choices: exercise the right (to buy or sell)
and continue (keep the option) [Li, 2019]. If one decides to exercise its option, the state
action-value is the actual value of the option. That value can be calculated. If one decides
not to exercise its option and continue, then there are no immediate rewards, or the reward
is 0 [Li, 2019].

The work of Li et al. [2009] implements a Policy Iteration and Value Iteration algorithm
to learn an exercise policy for American stock Options. In that work, they implemented the
Least Square Policy Iteration (LSPI) from Lagoudakis and Parr [2003] and Fitted Value
Iteration (FQI) from Tsitsiklis and Van Roy [2001] and they compare the performance
against Least Square Monte Carlo (LSM) of Carriere [1996], a popular technique in the
finance community. In that work, they analyzed the performance on American put op-
tions. They focused their work on at-the-money options, when the strike equals the initial
stock price. They assume that the risk-free interest rate is constant, that the stock is
non-dividend-paying and they considered 252 trading days each year. They only studied
options with quarterly, semi-annual and annual expiration dates. They used five years of
daily stock prices from January 2002 to December 2006 for Dow Jones 30 companies that
they obtained from Wharton Research Data Services.

To perform the analysis, they use different simulation methods. They used two of the
most popular models to model stock price variation, which is the Geometric Brownian
Motion (GBM) and Generalized Auto Regressive Conditional Heteroskedasticity (GARCH).
They use the GBM and GARCH models with parameters estimated from real data to learn
an exercise policy. They also learn an exercise policy from sample paths obtained from
real data directly. For this, they constructed multiple trajectories following a windowing
technique due to the scarcity of real data and as there is only one stock price time series
path for each company (Li et al. [2009]). From that technique, they could have, respectively
600, 500, and 500 training paths for quarterly, semi-annual, and annual maturity.

Maturity LSPI FQI LSM
gbm garch data gbm garch data gbm garch data

quarterly 1.310 1.333 1.339 1.321 1.341 1.331 0.573 0.572 0.719
semi-annual 1.681 1.663 1.739 1.718 1.749 1.797 0.693 0.687 0.887

annual 1.559 1.496 1.677 1.832 1.797 2.015 0.717 0.685 0.860

Table 7.2.1: Average payoffs of LSPI, FQI and LSM on real data for Dow Jones 30 companies.
Source: Li et al. [2009]

In table 7.2.1, we can see the average payoffs of LSPI, FQI and LSM on real data
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for Dow Jones 30. For each method, we can see the results on the data from the GBM
model, GARCH model, and real data. That figure shows that LSPI and FQI outperform
the famous LSM model. Their analysis shows that reinforcement learning techniques can
produce better results than State-Of-The-Art techniques. This shows that finance can be
an interesting field for reinforcement learning.

The Q-Learner in Black-Scholes (QLBS) from Halperin [2019], is a discrete-time option
pricing model based on Reinforcement Learning and the famous Black-Scholes (B&S) model.
To summarise, the QLBS model is a model that implements the concept of pricing and
hedging in a consistent way for a discrete-time version of the (B&S) model [Halperin, 2019].
In the QLBS model, the rewards are the negative of the one-step variances of the hedge
portfolios multiplied by risk aversion, plus a drift term [Halperin, 2019]. Actions are the
possible hedge positions. The states are defined as a change of variable of a stock dynamic,
such that the change of variable is stationary. This ensures that the new state variable is a
standard Brownian motion [Halperin, 2019].
In the QLBS model, the rewards are the negative of the one-step variances of the hedge
portfolios multiplied by risk aversion, plus a drift term.

An extension of the QLBS model for reinforcement learning-based, data-driven, and
model-independent option pricing with experimentation was provided in Halperin [2018].
With his work, Halperin [2018] showed that the FQI offers a reasonable level of noise
tolerance with regard to the possible sub-optimality of the actions observed in the QLBS
model. This renders the QLBS model capable of hedging and pricing even when actions
are sub-optimal or not mutually consistent for different time steps [Halperin, 2018].

To summarize, some great work has already been done on the topic of reinforcement
learning in finance. Therefore, finance can be a great field in which to apply and develop
reinforcement learning since there is still room for improvement. It is important to note
that financial markets are complex and dynamic, and applying Reinforcement Learning
techniques requires careful consideration of the specific challenges and risks involved.
Additionally, issues related to interpretability and explicability are crucial in finance, where
regulatory and compliance requirements are often strict.

7.3 The Black Scholes Merton model
The Black-Scholes-Merton model is a mathematical model that provides a theoretical
estimate for European-style option prices. Under the B&S model for option pricing and
hedging, the stock price dynamic is driven by a Geometric Brownian Motion (GBM) that
takes a drift parameter µ and a volatility parameter σ. The stock price dynamic can be
expressed using the following formula:

dSt = µStdt + σStdWt (7.3.1)
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where St is the stock price at moment t and Wt is a standard Brownian Motion.
Suppose that C(St, t) is the price at moment t of any derivative on the underlying asset St.
From Itô’s lemma we can show that C(St, t) has the following dynamic

dC(St, t) =
(

∂C(St, t)
∂St

µSt + ∂C(St, t)
∂t

+ 1
2

∂2C(St, t)
∂S2

t

σ2S2
t

)
dt + ∂C(St, t)

∂St

σStdWt. (7.3.2)

To eliminate the standard Brownian Motion one can build a portfolio that contains the
derivative and the stock. That portfolio must short one derivative and long ∂C(St,t)

∂St
of the

stock. Let us define Ψ as the value of that portfolio, so we have that

Ψ = −C(St, t) + ∂C(St, t)
∂St

St. (7.3.3)

From equation (7.3.3), we have that the change rate of Ψ, dΨ, is given by

dΨ = −dC(St, t) + ∂C(St, t)
∂St

dSt. (7.3.4)

Substituting equations (7.3.1) and (7.3.2) into equations (7.3.4) gives

dΨ =
(
−∂C(St, t)

∂t
− 1

2
∂2C(St, t)

∂S2
t

σ2S2
t

)
dt. (7.3.5)

We can see that since equation (7.3.5) does not depend on dWt, it must be risk less and
must have the same rate of return as other short-term risk-free securities. So,

dΨ = rΨdt (7.3.6)

where r is the risk-free rate.
Introducing equations (7.3.3) and (7.3.5) into equation (7.3.6) gives

∂C(St, t)
∂t

+ rSt
∂C(St, t)

∂St

+ 1
2

∂2C(St, t)
∂S2

t

σ2S2
t = rC(St, t) (7.3.7)

Equation (7.3.7) is known as the Black-Scholes-Merton differential equation. Depending
on the derivative that can be defined with St, that equation has different solutions. The
derivative that can be computed depends on boundary conditions that are used to solve
the equation. For a European Call option, the boundary condition is

C(St, t) = max(St −K, 0) when t = T (7.3.8)

and for a European Put option, the boundary condition is

C(St, t) = max(K − St, 0) when t = T (7.3.9)
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where K is the option strike price.
From equation (7.3.5) the most famous solutions are the Black-Scholes-Merton formulas to
price European Call options and European Put options. Fot the call option we have

c(St, K, r, T, σ) = StN(d1)−Ke−r(T −t)N(d2) (7.3.10)

and for the put option we have

p(St, K, r, T, σ) = Ke−r(T −t)N(−d2)− StN(−d1) (7.3.11)

where N(·) is the cumulative distribution function of the standard normal distribution and

d1 =
ln

(
St

K

)
+ (r + σ2

2 )T
σ
√

T
(7.3.12)

d2 =
ln

(
St

K

)
+ (r − σ2

2 )T
σ
√

T
= d1 − σ

√
T . (7.3.13)

7.4 The QLBS Model setup
Let us take the view of the seller of a European Put option, with terminal payoff HT (ST ) =
max(K − ST , 0). To hedge its position, the seller can replicate a portfolio Ψqlbs composed
of St and a risk-free bank deposit Bt. The value of Ψqlbs at t ≤ T is

Ψqlbs
t (St) = atSt + Bt (7.4.1)

where at is here a position in the stock at moment t, to hedge risk in the option.
At maturity, the stock position in the portfolio should be closed. Since we are ignoring
transaction costs, we can do this by simply setting aT = 0 which will convert the hedge
portfolio into cash that is equal to the option’s payoff at maturity. So we have that

Ψqlbs
T (ST ) = BT = max(K − ST , 0) (7.4.2)

which is the terminal condition for Bt when t = T .

The QLBS model has a self-financing constraint which requires that all future changes
in the hedge portfolio should be financed from an initially set bank account, without cash
deposits or withdrawals over the option lifetime [Halperin, 2019]. This implies that

atSt+1 + er∆tBt = at+1St+1 + Bt+1 (7.4.3)

which ensures the conservation of the portfolio’s value by a re-hedge at time t + 1 [Halperin,
2019]. From equation (7.4.3) we can show that

Bt = e−r∆t[Bt+1 + (at+1 − at)St+1], t = T − 1, ..., 0. (7.4.4)
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Then plugging this last equation into equation (7.4.1) gives

Ψqlbs
t (St) = e−r∆t[Ψqlbs

t+1 − at∆St] (7.4.5)

where ∆St = St+1 − er∆tSt and t = T − 1, ..., 0.
When inspecting equations (7.4.4) and (7.4.5) we can see that it is not possible to compute
Bt and Ψqlbs

t (St) since they depend on the values at t + 1 which are unknown. Since Bt

and Ψqlbs
t (St) also depend on St we also need the paths of St. To get St paths, the model

uses Monte Carlo simulation to generate Nmc paths S1 → S2 → ...→ SNmc that are used
to evaluate Ψqlbs

t (St) backwards since we know that Ψqlbs
T (ST ) = max(K − ST , 0).

We saw that under the BS model, the stock price dynamic can expressed as in equation
(7.3.1). Using Itô’s lemma to solve equation (7.3.1) we get that

d(ln(St)) =
(

µ− σ2

2

)
dt + σdWt . (7.4.6)

Since stock prices are non-stationary, we will consider a change of state variable in order to
use a time-homogeneous variable Xt, where the relationship between Xt and St is as follows

Xt = −
(

µ− σ2

2

)
t + ln(St) . (7.4.7)

This relationship implies that

dXt = −
(

µ− σ2

2

)
dt + d(ln(St)) = σdWt , (7.4.8)

therefore we can say that Xt is a standard Brownian motion scaled by volatility σ. In some
cases Xt, will be referred to using the notation Xt(St). It can also be shown that

St = e
Xt+

(
µ− σ2

2

)
t

.
(7.4.9)

Let us recall that in the QLBS model, at refers to the position on the stock at moment
t and can also be written as at(St). Since we are using a new variable Xt, at will now be
referring to the position in Xt and can be written as at(Xt). In the QLBS setup, the action
in terms of stock price is simply at(St) = at(Xt(St)).

7.4.1 Optimal Hedging in the QLBS setup
As for portfolio valuation (see equation 7.4.5), the optimal hedging position a∗

t can be
computed backward, starting from t = T . Since it is not possible to know the future
when we want to compute a hedge at a moment t, the computation of the optimal hedge
position is conditional on the information available at time t which we will refer to as Ft.
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In the QLBS model, the optimal hedge position a∗
t is obtained from the requirement to

minimize the variance of Ψqlbs
t (St), obtained from Monte Carlo simulations, conditional on

the cross-sectional information available Ft [Halperin, 2019]. So we have that

a∗
t (St) = arg min

at
V ar[Ψqlbs

t (St)|Ft]

= arg min
at

V ar[Ψqlbs
t+1 − at∆St|Ft].

(7.4.10)

7.4.2 Option Pricing in QLBS
In the work of Halperin [2019] they defined the fair option Ĉ(St, t) as the expected value of
Ψqlbs

t (St) conditional on Ft:

Ĉ(St, t) = Et[Ψqlbs
t (St)|Ft]. (7.4.11)

However the trader cannot simply ask for the fair price Ĉ(St, t) when he sells the option
because it needs to account for the risk that the bank account Bt may not cover the needs of
the portfolio. To compensate that risk, a risk premium must be added to the fair price. In
QLBS, one possible specification of the risk premium is the cumulative expected discounted
variance of the hedge portfolio for all t = 0, 1, ..., T with a risk aversion parameter λ
[Halperin, 2019]. So we have that

Ĉ(ask)(St, t) = Et

[
Ψqlbs

t (St) + λ
T∑

t=0
e−rtV ar[Ψqlbs

t (St)|Ft]|St = S, at = a
]
. (7.4.12)

So now the goal is to minimize the fair option price Ĉ(ask)(St, t), which can equivalently be
expressed as maximizing the value function in the QLBS setup Vt(St) = −Ĉ(ask)(St, t), and
we have that

Vt(St) = Et

[
−Ψqlbs

t (St)− λ
T∑

t′=t

e−r(t′−t)V ar[Ψqlbs
t′ (S ′

t)|Ft′ ]|Ft

]
. (7.4.13)

7.4.3 Value function and Bellman equation in the QLBS setup
Now let us see how value functions and Bellman equations are used in the QLBS setup. To
start we will use the new state variable Xt from equation (7.4.7), and we write the value
function of a policy π, in the QLBS setup, as follows

V π
t (Xt) = Et

[
−Ψqlbs

t (Xt)− λ
T∑

t′=t

e−r(t′−t)V ar[Ψqlbs
t′ |Ft′ ]|Ft

]

= Et

[
−Ψqlbs

t (Xt)− λV ar[Ψqlbs
t (Xt)]− λ

T∑
t′=t+1

e−r(t′−t)V ar[Ψqlbs
t′ (X ′

t)|Ft′ ]|Ft

]
(7.4.14)
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where π is a policy such that π(t, Xt) = at(Xt). The last term of equation (7.4.14) can
be expressed in terms of Vt+1 using the definition of value function with a shifted time
argument [Halperin, 2019]:

−λEt+1

[ T∑
t′=t+1

e−r(t′−t)V ar[Ψqlbs
t′ (X ′

t)|Ft′ ]
]

= γ
(
Vt+1(Xt+1) + Et+1[Ψqlbs

t+1(Xt+1)]
)

(7.4.15)

where γ = e−r∆t, is a discount factor.
Plugging equation (7.4.15) into equation (7.4.14) gives the Bellman equation for the QLBS
model

V π
t (Xt) = Et

[
−Ψqlbs

t (Xt)− λV ar(Ψt(Xt)) + γ
(
Vt+1(Xt+1) + Et+1[Ψqlbs

t+1(Xt+1)]
)
|Ft

]
(7.4.16)

then plugging equation (7.4.5) into equation (7.4.16) gives

V π
t (Xt) = Et

[
−e−r∆t[Ψqlbs

t+1(Xt+1)− at∆Xt]− λV ar(Ψt(Xt)) + γVt+1(Xt+1) + γEt+1[Ψqlbs
t+1(Xt+1)]|Ft

]
= Et

[
−γΨqlbs

t+1(Xt+1) + γat∆Xt − λV ar(Ψt(Xt)) + γVt+1(Xt+1) + γEt+1[Ψqlbs
t+1(Xt+1)]|Ft

]
= Et

[
R(Xt, at, Xt+1) + γVt+1(Xt+1)

]
(7.4.17)

where R(Xt, at, Xt+1) is the one-step time-dependent random reward and is defined as

R(Xt, at, Xt+1) = γat(Xt)∆Xt − λV ar(Ψt(Xt)|Ft), t = T − 1, ..., 0 (7.4.18)

where ∆Xt refers to Xt+1−er∆tXt and the variance in the equation (7.4.18) can be expressed
as

V ar(Ψt(Xt)|Ft) = V ar[e−r∆t(Ψqlbs
t+1(Xt+1)− at∆Xt)|Ft]

= γ2V ar[Ψqlbs
t+1(Xt+1)− at∆Xt|Ft]

= γ2Et

[(
(Ψqlbs

t+1(Xt+1)− Et[Ψqlbs
t+1(Xt+1)])− (at∆Xt − Et[at∆Xt])

)2
]

≈ γ2Et

[
(Ψ̂qlbs

t+1(Xt+1)− at∆X̂t)2
]

= γ2Et

[
(Ψ̂qlbs

t+1(Xt+1))2 − 2at∆X̂tΨ̂qlbs
t+1(Xt+1) + a2

t (∆X̂t)2
]

(7.4.19)

with Ψ̂qlbs
t+1(Xt+1) ≡ Ψqlbs

t+1(Xt+1)−Ψ̄qlbs
t+1(Xt+1) and Ψ̄qlbs

t+1(Xt+1) the sample mean of Ψqlbs
t+1(Xt+1)

on all Monte Carlo paths generated. Similarly, ∆X̂t = ∆Xt −∆X̄t.
So if we plug equation (7.4.19) into equation (7.4.18), we have that

R(Xt, at, Xt+1) = γat(Xt)∆Xt − λγ2Et

[
(Ψ̂qlbs

t+1(Xt+1)2 − 2at∆X̂tΨ̂qlbs
t+1(Xt+1) + a2

t (∆X̂t)2
]
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(7.4.20)

and it follows that the expected reward is

Et

[
R(Xt, at, Xt+1)

]
= γat(Xt)Et[∆Xt]− λγ2Et

[
(Ψ̂qlbs

t+1(Xt+1))2 − 2at∆X̂tΨ̂qlbs
t+1(Xt+1) + a2

t (∆X̂t)2
]
.

(7.4.21)

The Q-function or action-value function in the QLBS setup, is simply defined as in
equation (7.4.14) but conditional on Xt and at following a given policy π, so we have that

Qπ
t (x, a) = Et

[
−Ψ(Xt)|Xt = x, at = a

]
− λEπ

t

[ T∑
t′=t

e−r(t′−t)V ar
[
Ψqlbs

t′ (Xt′)|Ft′|Xt = x, at = a
]
.

(7.4.22)

In the QLBS setup the goal is to find the optimal policy π∗ that maximizes the value
function V π

t (Xt) or the Q-function Qπ
t (Xt, at), so we have that

π∗
t (Xt) = arg max

π
V π

t (Xt) = arg max
π

Qπ
t (Xt, at) (7.4.23)

The optimal value function satisfies the Bellman optimality equation and is given by

V ∗
t (Xt) = Et

[
R(Xt, at = π∗

t (Xt), Xt+1) + γV ∗
t+1(Xt+1)

]
(7.4.24)

and the optimal Q-function is given by

Q∗
t (Xt, at) = Et

[
R(Xt, at, Xt+1) + γ max

at+1∈A
Q∗

t+1(Xt+1, at+1)|Xt = x, at = a
]
, t = 0, ..., T − 1

(7.4.25)

where a terminal condition, when t = T , is given by

Q∗
T (XT , aT = 0) = −Ψqlbs

T (XT )− λV ar
[
ΨT (XT )

]
. (7.4.26)

7.4.4 Dynamic programming solution in the QLBS setup
The goal of Dynamic Programming in the QLBS setup is to use backward recursion to solve
the Bellman optimality equation (7.4.25) jointly with the optimal policy from equation
(7.4.23), starting from t = T − 1 and the terminal condition from equation (7.4.26). To
achieve this, we first need to plug equation (7.4.21) into equation (7.4.25) which gives

Q∗
t (Xt, at) = γEt

[
Q∗

t+1(Xt+1, a∗
t+1) + at∆Xt

]
−

λγ2Et

[
(Ψ̂qlbs

t+1(Xt+1))2 − 2at∆X̂tΨ̂qlbs
t+1(Xt+1) + a2

t (∆X̂t)2
]
,

(7.4.27)
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for t = 0, ..., T − 1.
We can see that Q∗

t (Xt, at) is a quadratic function of at. Therefore, finding the optimal
action a∗

t that maximizes Q∗
t (Xt, at) can be done by setting its first derivative ∂Q∗

t (Xt,at)
∂at

to
zero which gives

a∗
t (Xt) =

Et

[
∆X̂tΨ̂qlbs

t+1 + 1
2γλ

∆Xt

]
Et

[(
∆X̂t

)2
] . (7.4.28)

Plugging back equation (7.4.28) into equation (7.4.27) gives an explicit recursive formula
for the optimal Q-function:

Q∗
t (Xt, a∗

t ) = γEt

[
Q∗

t+1(Xt+1, a∗
t+1)− λγ(Ψ̂qlbs

t+1(Xt+1))2 + λγ
(
a∗

t

)2(
∆X̂t

)2
]

(7.4.29)

for t = 0, ..., T − 1.
So using equation (7.4.28), equation (7.4.29), the terminal condition (7.4.26) and starting
from t = T − 1 to the present, we can recursively find the solution of Q∗

t (Xt, a∗
t ) so that the

QLBS option price expressed in terms of Q∗
t (Xt, a∗

t ) is given by

Ĉ(ask)(St, t) = −Q∗
t (Xt, a∗

t ). (7.4.30)

To implement dynamic programming solution, we have access to Nmc simulated paths
for the state variable Xt using Monte Carlo Simulations. The QLBS model reproduces the
portfolio simultaneously at time t and t + 1 using all the paths simulated with Monte Carlo
method. Since we are in RL setting this is equivalent to asynchronous updates of the policy
and the Q-function, which significantly slows down the learning process [Halperin, 2019].
So the model also uses a set of basis functions {Φn(x)} and expand the optimal action and
optimal Q-function in basis functions, time-depend coefficients [Halperin, 2018]:

a∗
t (Xt) =

M∑
n=1

ϕntΦn(Xt), Q∗
t (XT , a∗

t ) =
M∑

n=1
ωntΦn(Xt). (7.4.31)

The coefficients ϕnt and ωnt are computed recursively backward in time for t = T − 1, ..., 0,
which gives

ϕ∗
t = A−1

t Bt (7.4.32)

where

A(t)
nm =

Nmc∑
k=1

Φn(Xk
t )Φm(Xk

t )(∆Ŝk
t )2

B(t)
nm =

Nmc∑
k=1

Φn(Xk
t )

[
Ψ̂qlbs

t+1∆Ŝk
t + 1

2γλ
∆Sk

t

]
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and

ω∗
t = C−1

t Dt (7.4.33)

where

C(t)
nm =

Nmc∑
k=1

Φn(Xk
t )Φm(Xk

t )

D(t)
n =

Nmc∑
k=1

Φn(Xk
t )

(
Rt(Xk

t , ak∗
t , Xk

t+1) + γ max
at+1∈A

Q∗
t+1(Xk

t+1, at+1)
)

Equations (7.4.32) and (7.4.33) are computed recursively for t = T − 1, ..., 0 and give a
practical implementation of the dynamic programming based solution to the QLBS model
using expansions in basis functions [Halperin, 2018].

7.5 QLBS Model Application on Simulated Data
In this section, we generated a sample of 100 option prices using the QLBS model and
10000 Monte Carlo simulations to generate stock prices. The results were compared with
the B&S model. For the numerical example, the initial stock price S0 = 100, the drift
µ = 0.05 and volatility σ = 0.15. The option’s maturity is T = 1 year, the risk free rate
is set to r = 0.03. For the experiment we considered a European put option with strike
K = 100. Re-hedges are done every two weeks (i.e T = 24 with time interval ∆t = 1

24).
We also used 12 basis functions chosen to be cubic B-splines on a range of value that go
from the smallest to the largest values of Xt. Finally we used the Markowitz risk aversion
parameter λ = 0.00. It as been set to 0 because option pricing, in the B&S setup, is done
in a risk neutral environment and a risk aversion parameter of 0.00 represents a risk neutral
environment in the QLBS setup.

B&S Put Price
4.53

QLBS Put Price 95% CI lower bound 95% CI upper bound
4.43 4.42 4.43

Table 7.5.1: Table to compare the QLBS model and B&S model Put Option Price. For
QLBS price there is the 95% confidence interval and not for the B&S price because the
model is deterministic.

In Table 7.5.1 we can see the results for the QLBS model and the B&S model for Put
Option are close with the numerical setup we used. Although we have a sample with only
100 prices, the 95% confidence interval for the QLBS put option price is small which means
that model is precise and the variability is low in the set up we used.
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Since a precise model does not mean an accurate model, in the next section we will
evaluate the accuracy of the model using real option prices.

7.6 QLBS Model Application on Real Financial Data:
Option Pricing On LVMH Stock

Now we will apply QLBS on LVMH (Louis Vuitton Moet Hennessy) stock. LVMH is a
French company and one of the biggest companies traded on the Euronext. It operates in
the luxury goods market and is a global market leader. We will use LVMH stock prices
from August 2019 to August 2024 to fit an option pricing model using QLBS and compare
the results with the with real option prices.

Figure 7.6.1: Evolution of LVMH stock Price from August 2019 to August 2024

From figure 7.6.1 we can see that LVMH stock price rose between August 2019 and
August 2024, the stock price has almost doubled. To compute the drift and volatility
parameters needed to use for QLBS and B&S model we analyzed the log returns. From the
log return that you can see on figure A.1.1 we computed the annual drift for LVMH that is
equal to 0.11 and the annual volatility that is equal to 0.29.

Now that we have the volatility and the drift for the LVMH, let us compute the put
option price using QLBS and B&S model. To do it we will use the same approach that for
the example on simulated data, except that some parameters will be fixed using the results
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from LVMH stock price analysis. Based on the analysis of LVMH stock, we have that the
drift parameter µ is equal to 0.11 and the volatility parameter σ is equal to 0.29. The initial
stock price is 636.00 and the strike used for the analysis is 700.00. As risk free rate, we will
use the one year French government bond rate of return that is equal to 0.030831. The risk
aversion parameter λ is set to 0.00. Finally for the maturity we will evaluate the model
when the maturity is set to 4 months, 10 months, 16 months, 22 months and 28 months.

For the QLBS model we obtained the following results

Maturity QLBS Put Price 95% CI Lower Bound 95% CI Upper Bound
4 months 77.60 77.56 77.65
10 months 93.98 93.91 94.04
16 months 105.59 105.49 105.69
22 months 115.06 114.91 115.21
28 months 123.46 123.28 123.63

Table 7.6.1: QLBS Put option price for Put option on LVMH stock

For the B&S model we obtained the following results

Maturity QLBS Put Price
4 months 78.40
10 months 94.94
16 months 106.00
22 months 114.25
28 months 120.70

Table 7.6.2: B&S Put option price for Put option on LVMH stock

To compare the results of the QLBS model in table 7.6.1 with the results from B&S
model in table 7.6.2, we compared the absolute error of both models using real put option
prices on the LVMH stock that can been seen in the appendices A.1.2, A.1.3, A.1.4, A.1.5
and A.1.6. On figure 7.6.2 we can see that the absolute error of QLBS model and B&S
are small which indicates that both model are good predictors for the options of interest.
Moreover, both absolute erros are close to each other and the absolute error of QLBS is
smaller than the absolute error of B&S for options with a maturity of 4 months, 10 months
and 16 months. For options with maturity in 22 months and 28 months B&S has a smaller
absolute error.

Based on our analysis we cannot easily determine whether the QLBS model is better
than the B&S model and vice versa. However we can say that, the QLBS model achieves

1https://fr.investing.com/rates-bonds/france-1-year-bond-yield

https://fr.investing.com/rates-bonds/france-1-year-bond-yield
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good performance despite that we generated only 100 options prices in the experiment.
Moreover, we fixed the risk aversion parameter to 0.00 to have a risk neutral option price
but market conditions are not risk neutral. Therefore, adapting the risk aversion parameter
may help to have better option price predictions.

To conclude, we can say that even though we cannot easily determine which model is
better, we can say that QLBS model has promising results.

Figure 7.6.2: Absolute error of QLBS and B&S with respect to option maturity



Chapter 8

Conclusions

The goal of the thesis was to give an introduction to Markov Decision Processes and
reinforcement learning and how they can be applied to real use cases. Before taking on
the thesis, I knew very little, if anything, about the subject. Therefore, the work provides
the reader with the necessary foundations to understand and deepen their knowledge of
Markov processes and their implication and use in reinforcement learning.

In the second chapter of the thesis, we presented the basics of reinforcement learn-
ing. We presented the bandit problem to introduce a decision-making problem. We also
briefly introduce quantities that are used frequently in reinforcement learning, which are
cumulative reward and q-value. In that section, we explained how when an agent faces
a bandit problem, it can use these quantities to maximize its chance to accomplish its
goal. After we covered the effect of nonstationarity on decision-making problems and more
particularly in the context of reinforcement learning. At the end of the chapter, we covered
an important aspect of reinforcement learning: exploration versus exploitation. Indeed, the
exploration versus exploitation trade-off greatly impacts the performance of the trained
model. Therefore, establishing a strategy to manage exploration and exploitation when
training a reinforcement learning algorithm is crucial to the model performances.

In the third chapter, we presented Markov Decision Processes. In that chapter, we
covered how MDPs can be used to model decision-making problems and the different
properties of MDPs. We also studied the relationship between MDPs and value functions.
At the end of the chapter, we used an example to explain how MDPs can be used to solve
decision-making problems.

Then, in the fourth chapter, we introduced dynamic programming and its use with
Markov Decision Process and Reinforcement learning. Dynamic Programming is one of
the foundational concepts in reinforcement learning. It provides a principled approach
to solve Markov Decision Processes and finding optimal policies. It is important to note
that it may not always be practical in large-scale and real-world problems due to the
"curse of dimensionality". We presented two of the most popular reinforcement learning
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algorithms based on Dynamic Programming: Policy Iteration and Value Iteration. That
chapter presented the algorithms and their properties.

In the fifth chapter, we covered Monte Carlo Methods to solve reinforcement learning
problems. We presented the Monte Carlo ES Algorithm and its properties. Monte Carlo
ES is also one of the most famous algorithms in reinforcement learning. One of the greatest
advantages of Monte Carlo methods and Monte Carlo ES is that they do not require
knowledge of the transition probabilities and rewards. Instead, they learn directly from
sampled experiences. Monte Carlo ES is a foundational algorithm to understand how to
use Monte Carlo methods in the context of reinforcement learning.

In the sixth chapter, we applied Policy Iteration, Value Iteration and Monte Carlo
ES on the famous board game tic-tac-toe. Based on our analysis, we can say that the
three algorithms have shown promising results, especially the Policy Iteration algorithm.
Indeed, among the three algorithms used, it was the one that had the best results. On the
contrary, despite the promising results obtained with Monte Carlo ES, we could see room
for improvement. Indeed, the policy obtained with the algorithm was not optimal for every
move. Improvement can be made by simulating more games from which the agent can learn.
Unfortunately, due to the limitations of our computing infrastructure and the computing
resources required to run a large enough number of simulations to improve the results, we
were unable to do so. Finally, results obtained from Value Iteration were also promising
but not as good as the ones from Policy Iteration. Indeed, when we ran simulations
of the three different policies against one another, we noticed that Policy Iteration has
an advantage over Monte Carlo ES in every circumstance. For Value Iteration, that ad-
vantage was influenced by the first player of the game when it played against Monte Carlo ES.

In the seventh chapter, we started with a literature review on the application of rein-
forcement learning in finance. we presented the different work done in the literature on the
topic and covered some results obtained. We could see in that part that promising work
has already been done on the subject. Then, we covered the QLBS model and how it is
used in finance. We had an introduction of the famous B&S model. Then we presented
the QLBS model and how it uses value function and Bellman equations for option pricing.
We also used a numerical example, with simulated data, to apply the QLBS model and
the B&S model to price a put option. With that example we could compare QLBS put
option price with the B&S put option price. We saw that QLBS put price and B&S put
price were close. Based on the 95 % confidence interval of the QLBS put price could also
conclude that the model had precise predictions. Finally, we had a final example using
historical data from LVMH stock price evolution from August 2019 to August 2024. From
that example we could not determine if the QLBS model were significantly better than
B&S model but the results of QLBS model were promising.

Based on our work, one should now be able to understand Markov Decision Processes
and how they are used in reinforcement learning. Moreover, we also saw that reinforcement
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learning can be applied in finance, but it is important to know that in can also be applied
in many other fields.
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Appendix A

Appendix

A.1 QLBS Model Application: supplementary figures
Log returns of LVMH stock

Figure A.1.1: Log return of LVMH stock from August 2019 to August 2024
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LVMH option prices for option that expires in 4, 10, 16, 22, 28 months

Figure A.1.2: LVMH option prices for option with maturity in 4 months



Figure A.1.3: LVMH option prices for option with maturity in 4 months

Figure A.1.4: LVMH option prices for option with maturity in 4 months
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Figure A.1.5: LVMH option prices for option with maturity in 4 months

Figure A.1.6: LVMH option prices for option with maturity in 4 months
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