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Abstract

Machine learning, the process of learning from data, has revolutionized many fields
but faces computational challenges as datasets expand exponentially. Compressive
learning is an emerging approach to address this issue by first compressing datasets
into low-dimensional sketch vectors, before performing learning tasks.

One key application of compressive learning is compressive clustering, which aims
to perform a clustering task, i.e., group together 'similar’ data samples, using only
the sketch of a dataset. To tackle the compressive clustering problem, the standard
approach is the heuristic algorithm CL-OMPR. However, CL-OMPR can be difficult
to tune and may fail in certain cases. In this work, we carefully analyze CL-OMPR
to overcome its limitations. We identify that these issues arise from optimization
challenges related to the structure of a correlation function used in key steps of
the algorithm. We propose methods to improve the nonconvex optimization of this
function, enhancing the robustness of CL-OMPR and simplifying its tuning.
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Introduction

Thanks to rapid technological advancements, we now generate and store vast
amounts of data in countless forms. From global phenomena like climate metrics
and financial markets to intricate records of our personal lives—our locations,
online activities, or shopping preferences—this explosion of data opens the door to
solving complex problems with impressive accuracy.

The growing size of datasets also brings important computational challenges. It
is crucial to find ways to get useful information from large datasets while keeping
computational resources under control.

To address these challenges, one approach is to create a compact representation that
captures the essential structure of the dataset by summarizing its key information.
Such representations make it possible to extract valuable insights efficiently, reducing
both memory usage and the need for direct access to the full dataset. This is
the idea behind compressive learning, where the dataset is first compressed into a
sketch before learning.

n
1. Sketching 2. Learning
d| |x | x X > Z m > 0 p
Dataset X = {z;}7 Sketch 2 Parameters 6
(size d x n) (size m < nd) (size p)

Figure 1: A potentially massive (large n) dataset is first compressed into a low
dimensional vector called sketch before a learning task is applied.
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Introduction vii

A well-known learning task is clustering, which aims to group ’similar’ data samples
together. The goal is to organize the dataset into clusters, and the parameters to
be determined are the centers of these clusters, i.e., the centroids, which represent
the groups.

The compressive approach of this problem is called compressive clustering, and
aims at retrieving those parameters based on a sketch of the data.
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Figure 2: An overview of compressive clustering

The CL-OMPR algorithm [2] was proposed to solve the compressive clustering
problem and recover the centroids from the sketch. However, this recovery can
sometimes fail due to the presence of nonconvex optimization steps. In our context,
these steps correspond to the maximization of a nonconvex function, which may lead
to convergence towards non-global maximizers and result in suboptimal solutions.
An example of such a nonconvex function is illustrated in Figure 3.

In this work, we will investigate the potential causes of these failures in CL-OMPR
and propose an optimization method to address them.

i
[

Figure 3: An example of a nonconvex function with many non-global maximizers



Introduction 1

The CL-OMPR algorithm can be challenging to tune. This work, through an
improvement of a nonconvex optimization step within the CL-OMPR algorithm,
aims to demonstrate an expansion of its operational range.

This report is organized as follows: Chapter 1 introduces the compressive learn-
ing framework. Chapter 2 delves into the CL-OMPR algorithm, identifying its
failures and potential areas for improvement. Building on this analysis, chapter 3
presents our proposed improvement to the optimization step of the algorithm and
evaluates its performance. Finally, we conclude the work and discusses potential
improvements and future perspectives.



Chapter 1

Foundations of Compressive
Learning

This chapter aims to provide the reader with a general understanding of Compressive
Learning. Before delving into Compressive Learning itself in Section 1.2, we first
introduce key machine learning concepts in Section 1.1 that form the foundation
for this framework.

1.1 Machine Learning

In machine learning, we are given some data. We want to turn this data into
useful mathematical models. We will first define more precisely the terms data,
mathematical models, as well as the learning process.

1.1.1 Data

Data refers to the collection of information, often organized as a dataset, that
serves as the foundation for building machine learning models. A dataset typically
consists of examples or instances, where each instance is described by a set of
attributes (also called features).

Mathematically, a dataset X is a collection of n instances xi, ®s, ..., x,, which
belong to the same domain ¥ (a common case is ¥ = R?, with d representing the
number of features), i.e.,

X={x;cR|i=1,...,n} (1.1)

A key idea in machine learning is that the instances in our dataset are assumed
to be drawn from an underlying probability distribution D. This distribution

2



CHAPTER 1. FOUNDATIONS OF COMPRESSIVE LEARNING 3

represents the statistical properties of the data generation process, and it provides
a framework for understanding how the data is structured.

Mathematically, we assume each instance x; in the dataset X’ to be an independent
and identically distributed (i.i.d.) realization (observation) of the distribution D,
ie.,

T1,..., %L, ~ija D (1.2)

By understanding and capturing the statistical properties of D, we aim to build
mathematical models that generalize well to new, unseen data that is also drawn
from the same distribution.

1.1.2 Mathematical Models

In machine learning, the objective is to identify a good model that can effectively
solve a specific task. These tasks can vary widely, leading to different categories of
machine learning problems.

For instance, in supervised learning, the model’s purpose might be to predict an
output label given an input (e.g., classifying emails as spam or not). In contrast,
in unsupervised learning, the model might aim to uncover hidden structures within
the data (e.g., clustering similar documents together).

Despite the variety of tasks, most machine learning models share a common feature:
they are parametrized. This means that each model is defined by a set of parameters,
represented by a vector @, which belongs to a parameter space ©. Often, © C RP,
meaning the model is described by p real-valued parameters.

The goal of machine learning is to find the parameter vector @ that best fits
the dataset X. How these parameters are learned will be explained in the next
subsection.

1.1.3 Learning

In machine learning, the process of learning revolves around finding the optimal
model parameters that best fit the data. A common and unifying approach to this
process is to define a loss function [ : ¥ x © — R, which quantifies how well a given
model parameter vector @ performs on any data point € 3. The loss function
assigns a numerical value to the pair (x, @), with a lower loss indicating a better fit.
The ultimate goal in this learning framework is to find the parameters 8* € © that
minimize the expected loss, also known as the risk.

Mathematically, this involves minimizing the risk objective R(0; D) := E,.pl[l(x, 0)],
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where the expectation is taken over the data distribution D:
0" c arg min R(6;D) = arglénel(glewp[l(m,O)]. (1.3)

This equation represents the ideal objective, where we seek the parameters that
would minimize the average loss over all possible data points from the true data
distribution D.

However, in practice, the true distribution D is unknown. Instead, we have
access to a dataset X = {x;}" | consisting of n i.i.d. observations of D. We thus
approximate the true risk by the empirical risk, by replacing the true distribu-
tion with the empirical distribution Dy derived from the dataset. The empirical
distribution is defined as:

~ 1™
DX = - Zéw“ (14)
ni4

where 9, is the Dirac delta function centered at x;.

We now seek to find the best model parameter vector @ that minimizes the
empirical risk :

~ . A 1
0 € arg min R(0;Dy) = arg min — mZE:XZ(:I:i, 0), (1.5)

which can be interpreted as finding 0 that minimizes the dataset’s average loss
function over X.

This formulation allows us to practically determine the best-fitting parameters using
the observed data, providing a foundation for most machine learning algorithms.

1.1.4 A concrete example : K-means clustering

We will now use the theoretical foundations we have just developed to define the
specific machine learning problem that we will focus on exclusively in this report:
K-means clustering.

Data

Recall that in our framework (1.1.1), data is represented by a dataset X = {x;},
where each «; is a d-dimensional vector in R%. The dataset X" consists of n instances
drawn from an underlying distribution D.
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Mathematical Model

The objective of clustering is to group together ’similar’ data samples from X.

In the K-means approach to clustering, we aim to find a set of K centroids,
0 :=C = {c, € RY}E | that are representative’ of clusters in the data. To do this,
each data sample x; is associated to its closest (according to a metric) centroid.
The metric in this problem is the squared Euclidean distance || - ||3.

The parameters @ for this task are thus the set of centroids C = {c}, € R¥}X_|. The
parameters are basically the positions of the K centroids.

Learning

Recall from 1.1.3, that, in order to find the best set of centroids, we need to define
the loss function [ that quantifies how well a given model parameters @ perform on
any data point € 3.

In our case, the loss function is the squared distance from @ to its nearest centroid
ce(C:
— _ 2
l(@.6) = min || el (16)

The best set of centroids C is the one that minimizes the empirical risk, i.c.,

. o1 1 . 2
Ce arg min > Uz, 0) = argmin — > in ||z; — el
x, EX xr, EX

This quantity we aim to minimize is called the Mean Squares Errors (MSE), and is

thus defined by

1 .
MSE(C; ¥) = 3 min ||z — e} (1.7)

T, €EX
Finding the global minimum of (1.7) is NP-hard [3], but there are heuristics to
approximate a solution, notably the popular Lloyd’s algorithm [4, 5]. However,
when the number of data samples n is very large, Lloyd’s algorithm becomes
computationally expensive. This limitation motivates the use of compressive
learning for the K-means clustering problem (see Section 1.2.4).

1.2 Introduction to Compressive Learning

Now that we have a better understanding of machine learning, we turn our attention
to compressive learning. The objective remains the same: to find parameterized
mathematical models, but this time based on a sketch of the data. In this section,
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we will focus on the two main components of compressive learning: sketching,
discussed in Section 1.2.1, and learning, covered in Section 1.2.3. Between these,
key concepts from compressive sensing [6, 7], presented in Section 1.2.2, will be
essential for a proper understanding.

1.2.1 Sketching

As mentioned in Section 1.1.1, we assume each instance x; € X is drawn i.i.d. from
a distribution D. It follows that a mathematical model (see 1.1.2) would identify
its optimal parameters with respect to this underlying distribution D.

Ideally, we would like to capture the essence of this distribution D in a sketch—a
vector of dimension m.

To achieve this, we introduce a sketching operator, a mathematical tool that
projects any probability distribution P into a lower-dimensional space.

This sketching operator is formally defined as follows:

Definition 1.1 (Sketching operator). Given a feature map ® : ¥ — C™, the
associated sketching operator Ag : M1 (X) — C™ is defined by the expectation of
the feature map ®(x) with respect to the probability distribution P:

Ap(P) i= By p[®(a)] = /E ®(z) dP(z) (1.8)

However, in practice, the underlying distribution D is unknown, but we have access
to a dataset X = {x;}, with &; ~ D. Instead of the unknown true distribution
D, we can practically use the empirical distribution Dy = % " 1 0g,. We can
compute the empirical sketch of the dataset X', associated with the feature map
®: ¥ — C™, denoted Zp x, by passing the empirical distribution Dy through the

sketching operator defined above (1.1). We get :

Zp,x = Aq;('liy) = / (I)(w) d,DA/\/((IZ)

= [ o@a(; >0 @)
=23 () (1.9)

=1

1.2.2 Overview of Compressive Sensing

In the field of compressive sensing [6, 7|, a signal of interest, modeled as a vector
x € R?, is measured through a linear operator A € R™*? i.e.,

y=Ax+e (1.10)
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where e € R™ is additive noise.

The goal is to recover an estimate & of  from the noisy and dimension-reduced
measurement y.

To solve this inverse problem, one might consider the following method: :

& = arg min ||y — Az||; (1.11)

However, this problem is theoretically ill-posed, even in the absence of additive
noise e.

Sparsity

However, it is possible to regularize this problem by making a sparsity assumption
on x. If we assume that x is sparse, i.e., it has only a few non-zero entries, then
we can regularize the problem (1.11) :

# = argmin ||y — Az|[3 (1.12)
ek

with IC the set of K-sparse signals, i.e. signals with at most K non-zero entries.
Solving (1.12) returns the K-sparse vector that minimizes the measurement error.
Guarantees for robust recovery exist for (1.12) when the measurement operator A
satisfies the restricted isometry property (RIP) [6, 7].

One way to ensure that A satisfies the RIP is to construct it randomly.

Solving the regularized problem

Solving (1.12) is NP-Complete [6] and therefore cannot be solved exactly in practice.
Instead, two common approaches are typically used: convex relaxation or greedy
algorithms.

Greedy algorithms are local search methods that iteratively improve a candidate
solution without considering the global optimization landscape.

A well-known family of greedy algorithms for sparse recovery problems like (1.12)
is Orthogonal Matching Pursuit (OMP) [§] .

1.2.3 Learning

We have just introduced the fundamental concepts of compressive sensing (CS).
To summarize: a random linear operator A is designed, and we obtain compressed
and noisy measurements of a signal of interest x, expressed as y = Ax + e. An
approximate solution & ~ x can be recovered by assuming sparsity on x.

We will build on this framework to introduce and understand compressive learning.
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Recall from Section 1.2.1, that the sketch 2 of a dataset X = {x;}1",, with z; € R?
is :

2=AD)=AD) +e (1.13)

where D is the distribution underlying the dataset, D is its empirical distribution,
and A is a sketching operator (defined in Section 1.1).

Similarly to CS, the goal of CL is to recover an estimate D of the true distri-
bution D (or of some distributional parameters 6, depending on the specific task),
from the noisy and dimension-reduced! measurement 2.

Sparsity

As we have already seen in Section 1.2.2, the problem D = arg minp. MR |2 —
A(D)||3 is ill posed, and we need to make sparsity assumptions (modelling assump-
tions) to regularize it.

We thus assume that D can be modeled by a ’family’ of simple distributions. More
formally, we consider {Py | 8 € O}, a basic set of distributions parameterized
by 8. Consequently, we aim to find the optimal parameters 6 that minimize the
measurement error. This leads to the following general regularized problem for
compressive learning:

0 c arg minC(6;2), where C(6;2) = |2~ A(Py)|l (1.14)

1.2.4 Compressive K-means

A common machine learning task is mixture model fitting problem. In this problem,
data is assumed to be generated from a mix of different probability distributions.
For example, in a Gaussian Mixture Model (GMM), each component is a Gaussian
distribution. Each of these distributions is called a component. Each component
has an associated weight, which represents the proportion of the entire data set
that is generated by that component. Each component has parameters that define
its shape. In the case of a GMM, these parameters would include the mean and
variance of each Gaussian component. The main problem in mixture model fitting
is to estimate the parameters of the mixture model, both the component parameters
and the weights.

In mathematical terms, probability distribution belong to the infinite dimensional vector
space of so-called finite measures [9, 10].
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Learning such models with the compressive learning approach suggests the following
sparsity assumption :

K
Py =Y oy, (1.15)
k=1

with the parameter vector 8 = (o, {mx }1 ;).

This setting encompasses both compressive Gaussian mixture modeling [2], where
e = N (g, Xi), and compressive K-means [11], where 7y = 0., , which can be
viewed as a weighted mixture of Dirac deltas located at the centroids ¢, positions.
In this framework, the compressive K-means problem derived from (1.14) is:

K
A . 5 2 . 5 2
0 c arg min [|2—A(Po)l|; = arg min IE ;ak/l(éck)\b (1.16)

Similar to the (1.12) in compressive sensing, solving the problem (1.16) is challenging
due to its nonconvex nature. In this work, we will explore a heuristic proposed in
2] for this problem: the CL-OMP algorithm, which will be discussed in detail in
Chapter 2.

1.2.5 Practical design of the sketching operator

In Section 1.2.1, we introduced the sketch 2 of a dataset X, where samples reside
in R%, as
~ 12
2= A(Dy) = - > B(x;) (1.17)
i=1
with @, a feature map from R? — C™.

A common choice, similar to the CS approach, is to design the measurement
operator A using randomness. To do this, we need to choose an appropriate
randomized feature map ®. A common choice is to take one based on Random
Fourier Features (RFF) [12]:

Dppr(x) = [exp(jw; ®)],, (1.18)
where j = /=1 and the frequencies wy, ..., w,, are random vectors in R? drawn
i.i.d from a probability distribution A, i.e., wy; ~j;q A.

Note that the sketching operator A defined in (1.1), associated with the feature
map Prpr, now becomes :
A(P) = Epop|[exp(jw] z)]i,

m

= [Banrlexp(jw )]
= [ep(wi)liZy, (1.19)
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where p(w) := E,plexp(jw] )] is called the characteristic function of P. From
a statistical point of view, the sketching operator A, equipped with ®rpp consists
in taking m samples of the characteristic function of P.

The only missing piece to fully define a practical sketching operator A is the
distribution A. A common choice is to take A = N(0,072I;). In this case, o, called
the bandwidth, can be interpreted as the resolution’ at which the distribution is
captured (this will be discussed further in Chapter 2 and Chapter 3).

Other choices for the feature map ® and the distribution A have been proposed [2].
However, in this work, we will focus exclusively on the choices presented above.



Chapter 2

A Greedy algorithm for CKM

Context. In the first chapter, we briefly introduced Compressive Learning. We
defined the sketching operator A, which led to the sketch of a dataset X : 2
(X ={x; eR?|i=1,...,n}). We also defined a machine learning task: K-means
clustering, and explored its compressive version: compressive K-means (CKM).
Mathematically, CKM consists of solving the following optimization problem:

K
0 < arg moinCCKM(O; 2), where Coxm(0;2) = ]2 = arA(de,)l|5 (2.1)

k=1

The model parameters are 8 = (a,C), where a = {a}f; and C = {c} ;.
Therefore, we aim to determine the locations of the centroids C and their associated
weights a.

In practice, a heuristic algorithm is used to solve it approximately, i.e., a de-
coder A that takes the sketch of the dataset and returns some parameters, i.e.,
A : 2 — 0x. For the CKM problem, a heuristic algorithm has been proposed in [2]
: the CL-OMP algorithm.

This chapter. In this chapter, we will explore and analyze the CL-OMP al-
gorithm for the compressive K-means problem. The layout of this chapter is as
follows:

o In Section 2.1, we will describe the method and its variants.

o In Section 2.2, we will analyze the different situations where CL-OMP may
fail and identify directions for improvement.

11
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2.1 Compressive Learning-OMP (CL-OMP)

The CL-OMP algorithm builds upon the Orthogonal Matching Pursuit (OMP)
algorithm [8], a well-known greedy method for solving regularized problems in
compressive sensing (see Section 1.2.2). The core idea is to begin with an empty
support and iteratively refine the solution. At each iteration ¢, the algorithm
greedily selects the most promising index and adds it to the support of the solution.

CL-OMP adapts this approach to the context of compressive K-means. Specif-
ically, it starts with an empty set of centroids and iteratively adds new ones by
approximately maximizing a nonconvex criterion. The method alternates between
expanding the set of centroids and refining the solution through local minimization,
initialized at the current set of centroids, to further reduce the cost function.

CL-OMP for CKM is described in Algorithm 1 :

Algorithm 1: CL-OMP for CKM
Data: Sketch 2z, sketching operator A, number of centroids K, §2
Result: Centroids C', weights a
Initialize residual r < 2, centroids C <+ 0;
fort <1 to K do
Step 1: Find a new centroid;

C < MaXccn (?R< A(de) L> ,init = rand);

end A ]
Step 2: Expand support;

C <+ CU{ck
end

Step 3: Project to find weights «;

: . c
Q@ 4 argming>o Hz -yl apA(de,)

’

end
Step 4: Global gradient descent;

C,a < ming 4 Hﬁ — ‘,gl arA(de, )]s ek € Q, for all k's;
end

Update residual: r +— 2 — z',f;'l apA(de, );
end
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Let us go trough each step of the algorithm.

Stepl. As mentioned, the algorithm, at each iteration, greedily selects a new
centroid by maximizing a nonconvex criterion.

This criterion is the correlation between the residual r (r = £ at the first iteration)
and the sketch of a localized dirac A(9,), i.e

A(d,) r

(0 o )
where €2 is the domain in which lies the data. More precisely, during the computation
of the sketch £, bounds I, u € R? are computed during the sketching such that all
data are comprised in these bounds : I < x; < u, Va; € X, so Q = [T%, [li, us]
(with @ < b the element-by-element comparison of vectors in R?).
The maximization is carried via an optimization scheme (e.g. quasi Newton
optimization schemes), and the initialisation ¢y is random, i.e., the sampling is
performed uniformly, such that ¢y ~ U(Q).
The criterion is highly dependent on the design of the sketching operator A, more
precisely on the number of considered measurements m and the bandwidth o (recall
Section 1.2.5). See Figure 2.1.

Figure 2.1: A given dataset of three clusters (points in blue), and some realizations

of the criterion §R< A(5 I > as a function of the centroid hypothesis location ¢,
for different values o {ietch size m and the bandwidth o.
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Let us delve into the different realizations of the criterion shown in Figure 2.1.
As mentioned in Section 1.2.5, the bandwidth ¢ can be interpreted as the 'resolution’
at which the distribution is captured. This becomes clearer now: when o is low,
there is insufficient smoothing and the criterion exhibits numerous spurious local
maxima. At mid-range values of o, the smoothing becomes appropriate, allowing
the criterion to preserve the dataset’s geometry. In this case, the most significant
local maxima correspond to the true cluster centers, although some spurious local
maxima may still be present in certain instances. Conversely, when o is high,
excessive smoothing occurs, causing the criterion to lose the dataset’s 'clustered’
structure and exhibit only a single maximum.

The size of the sketch, m, also influences the quality of the criterion. For a value
that is too low, the criterion lacks precision. A larger value of m appears to
‘attenuate’ the spurious local maxima and enhance precision.

Step2. We add the found centroid to the support.

Step3. We find the optimal weights a for the current set of centroids. This
is done through a convex optimization, i.e.,

IC|

zZ— Z &kA(éck)

« 4 arg min
@20 k=1

Step4. Before updating the residual through r < 2 — z‘,f;'l agA(Se, ), another
nonconvex optimization is performed to refine the current solution.

We repeat those steps K times, resulting in K found centroids, and their as-
sociated weights.

It is important to note that the CL-OMP decoder is not guaranteed to find
the global minimizer 8. This is because CL-OMP involves nonconvex optimiza-
tion steps and relies on random initializations. As a result, general guarantees
are typically not available for such methods. Indeed, we have observed that the
criterion used to select a new centroid (Stepl) can exhibit multiple spurious local
maxima that do not correspond to the true cluster centers. If the optimization
of this criterion converges to such a maximum, it is highly likely to result in a
suboptimal solution.

Inspired from CS, the authors of [2] proposed an alternative to CL-OMP, CL-OMP
with replacement (CL-OMPR), see Algorithm 2.

The adaptation of CL-OMPR is quite simple : first, CL-OMP is performed. Then,
we continue to perform the same steps as CL-OMP for a number of additional itera-
tions (a common choice is to perform K additional steps, so 2K iterations in total),
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with the added Hard Thresholding step.This variant allows more exploration and the
suppression of spurious found centroids. Although yielding better results in prac-
tice than CL-OMP, CL-OMPR is still not guaranteed to find the global minimizer 6.

Algorithm 2: CL-OMPR for CKM
Data: Sketch 2, sketching operator A, sparsity parameter K, bounds I, u
Result: Centroids C, weights «

Initialize residual # < 2, centroids C <+ 0;

fort < 1 to 2K do
Perform Step 1 and Step2 of Algorithm 1.

Additional Step : Enforce sparsity by Hard Thresholding if ¢t > K;
if |C| > K then

B < arg ming>

?

. wlC] 5 Ay |
Z = 21 P

Select K largest entries (51, . .., Bik;
Reduce the support: C «+ {¢;1,...,cix};
end
end
Perform Step 3 and Step 4 from Algorithm 1.
Update residual: # < 2 — Z'k(ill apA(de,);
end

2.2 Analyzing the failures of CL-OMP(R)

In the first section (2.1), we introduced the CL-OMP algorithm and its variant
CL-OMPR. We briefly mentioned that these algorithms might fail to recover the
optimal parameters 6 from (2.1), ie., Op # é, where the decoder A is either
CL-OMP or CL-OMPR. Such failures could occur due to Step 1 in Algorithm
1, which seeks to find the most correlated centroid by maximizing a nonconvex
function.

We will first identify the different failure scenarii of CL-OMP(R) in Section 2.2.1.
Based on this analysis, we will highlight potential improvements for CL-OMP(R)
and present them in Section 2.2.2.
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2.2.1 The different scenarii

The problem we aim to solve is the K-means clustering problem. K-means cluster-
ing is a machine learning problem, and as defined in Section 1.1.3, such a problem
has optimal parameters denoted by 6*.

We have seen that Compressive K-means involves solving the problem (2.1), i.e.,
minimizing a cost function C(0, 2), where the optimal parameters 0 are expected
to be close to 8%, i.e., 0~ 0" However, we will see that, under certain conditions,
this is not the case.

We then introduced the heuristics CL-OMP(R), which aim to approximate the
solution of problem (2.1), i.e., CL-OMP(R) acts as a decoder A : 2 — 0. Ideally,
we would like 85 =~ 6. However, we will see that this is not always true.

We thus understand that, when running the CL-OMP or CL-OMPR decoder
A on a given sketch Z of a dataset, different outcomes are possible.

To better understand these outcomes, we refer to an illustration from [13], see
Figure 2.2.

\‘C(O;z)
60 6, °
c)
\‘C(O;z)
o o’
0250
d)

Figure 2.2: The different scenarii of a run of the decoder

We can summarize the different outcomes as follows:

« The first outcome is the ideal case where O ~ 0 ~ 6* (scenarii (d) and (c)).
In this case, the ideal parameters are successfully recovered.

 The second outcome is characterized by a failure of the decoder, despite
0 ~ 0* (scenario (c)).
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e The third outcome occurs when the sketch is poorly designed, leading to
a global minimum of C(0, 2) where 6 does not correspond to the desired
parameters 0%, i.e., 0 # 0*. In this case, failure occurs regardless of whether
the decoder A succeeds (scenario (b)) or fails (scenario (a)).

We would like to identify in which scenario we are more likely to fall, depending on
the design of the sketch. This is precisely what the authors of [13] accomplished.
They conducted numerical experiments to examine the influence of the sketching
operator design, specifically the sketch size m and the bandwidth o. We will briefly
explain their findings. These results are supported by two experiments depicted in
Figure 2.3 and Figure 2.4.

The influence of the sketch scale.

We consider a large sketch size m, to reduce its influence on potential fails.

For low values of o, failures of the decoder A were detected, meaning that scenario
(c) is possible.

High values of ¢ are more likely to result in a poor sketch design, i.e., scenarii
(a)-(b).

This relates to our analysis of the criterion in Step 1 of CL-OMPR (Section 2.1).
Indeed, a low value of o leads to spurious local maxima and may cause the decoder
to fail. Conversely, a high value of ¢ results in an over-smoothed criterion, which
fails to retain the dataset’s structure.

As illustrated in Figure 2.3, there is a 'window’ of ¢ values where CL-OMPR
performs well.

The influence of the sketch size.

We consider a value of the bandwidth o within the 'window’” where CL-OMPR
performs well to minimize its influence on potential failures.

A large sketch size m > 10K d will most likely lead to scenario (e).

A small sketch size m < Kd will most likely lead to scenarii (a)-(b).

For intermediate values, 1 < m/Kd < 10, the situation is less clear: as the number
of measurements increases, we transition from scenarii (a)-(b) to (c¢) with a gradual
increase in (d), and eventually to (e). However, it remains unclear at what point
the transition from (a)-(b) to (¢) occurs.

As illustrated in Figure 2.4, an increase in the number of measurements improves
the performance of CL-OMPR.
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Figure 2.3: Empirical success rate of CL-OMPR (defining success as MSE(0x; X') <
1.2 x MSE(0; X), with @athe centroids found with CL-OMPR and  the centroids
found with the Lloyd algorithm), over 20 random realizations of the sketching
operation. The sketch size is fixed (m = 20K d) and the bandwidth o is varying.
The data X is drawn from a mixture of K = 7 Gaussians and consists of n = 10°
samples in d = 3.
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Figure 2.4: Empirical success rate of CL-OMPR (defining success as MSE(0x; X) <
1.2 x MSE(@; X), with @athe centroids found with CL-OMPR and @ the centroids
found with the Lloyd algorithm), over 20 random realizations of the sketching
operation. The bandwidth o is fixed and the sketch size is varying from m = 1Kd
to m = 13Kd. The data X is drawn from a mixture of K = 7 Gaussians and
consists of n = 10° samples in d = 3.
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2.2.2 Possible improvements

We presented CL-OMP(R) and analyzed its various possible failures. We identified
two types of failures.

The first arises from the design of the sketch, such as an insufficient number of
measurements m or a bandwidth that is too large.

The second type of failure is related to the decoder. Such failures were observed
for low values of o, when the sketch size is sufficiently large for the problem to be
well-posed, i.e., 0 ~ 0.

In this work, we will focus on these specific situations. We will investigate wether
an improvement to CL-OMPR is possible in such cases. Such an improvement
would broaden the effective operating range of CL-OMPR.

Tuning of the sketching operator

One of the difficulties faced by practitioners of compressive clustering resides in
the selection of the bandwidth parameter o. A heuristic has been proposed in [2]
for the choice of 0. Given a dataset X = {x; € R |i=1,...,n}, where samples
are assumed to be drawn from a mixture of K-Gaussians (8 | cp NV (e, X)), the
idea is to estimate the average variance 6% = - S/ S, op;, where of 1, ..., 07 4
are the eigenvalues of .

Then, the bandwidth can be set as 0> = 2. The authors of [2] reported that this
choice did not seem to yield very good results on real data. The authors left the
search for a better choice of ¢ as an open question for future works.

The authors of [14] describe the choice of the bandwidth o is currently some-
thing of an art. This highlights the necessity of broadening the operating range of
CL-OMPR for different values of o. Doing so would make the algorithm easier to
parameterize.

We investigate such an improvement to CL-OMPR in the next chapter.



Chapter 3

Towards a robust decoder

Context. In Chapter 1, we briefly introduced the framework of compressive
learning and described a practical problem: k-means clustering. In Chapter 2, we
explored heuristics to approximately solve this problem: CL-OMP and its variant,
CL-OMPR. We also analyzed the performance of these heuristics and identified
areas for improvement. Notably, we highlighted the potential for expanding the
operational range of a key parameter, the bandwidth o. As discussed at the end
of Chapter 2, such an expansion is desirable because it would make CL-OMP(R)
easier to tune.

More specifically, we understood that the failures of the decoder in the situations
we aim to improve are likely linked to the maximization of the nonconvex criterion
in Step 1 of CL-OMP(R), during the search for a new promising centroid.

This chapter. In this chapter, we will propose a method to address the de-
ficiencies of CL-OMP(R) in these situations by improving the optimization of the
nonconvex criterion. We will tailor our method by assuming that the data is drawn
from an isotropic mixture of Gaussians.

The layout of this chapter is the following :

o In Section 3.1, we will begin with some theoretical background to ensure the
reader has a solid understanding of what follows.

o In Section 3.2, we will analyze the correlation function to be optimized.

« Following this analysis, we will propose strategies to improve the optimization
of the correlation function in Section 3.3

o Finally, we will perform numerical simulations to assess the performance of
the proposed method and discuss these results in Section 3.4.

20
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3.1 Theoretical Background

3.1.1 Optimization methods
Iterative schemes

Let us consider the generic optimization problem

max f(x) (3.1)

zeR”

where f : R™ — R is differentiable, and possibly nonconvex.

In practice, such a problem is approximated using iterative schemes. We start from
an initial guess xy. At each iteration k, the next iterate x; 1 is computed from xy
using a direction d; and a step size si:

L1 = Tk + Skdk (32)
The choices of the directions and step sizes influence the method’s behavior,
particularly regarding the convergence of the method.
Gradient ascent method

Let us revisit the problem (3.1) introduced earlier in this section, where the function
is assumed to be L-smooth.
A function f(-) is L-smooth when it is differentiable, and for any = € R?, we have:

f@) > f(o) + (Bf@)y—z)— Sy -al’, WyeR  (33)

Given = € R¢, we define m, : R? — R:

me(y) = (@) + (Af(),y — o)~ lly — 2l (3.4

Combining (3.3) and (3.4), we can write f(y) > mg(y), thus suggesting the
following iterative scheme to maximize f(-):

Tp1 = argmax my, (y) (3.5)
ycRd

Since my(-) is a concave function, we have:

Ty = argmaxmy, (y) <= Amy, (Try1) =0
ycRd

= Af(zr) — L(@ppr — ) =0

1
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This method, defined by (3.6), is called the gradient ascent method. It fits into
the framework of iterative schemes (3.2), by taking the direction of the steepest
slope, i.e., d, = Af(xy), and the step size as s, = T, with L being the Lipschitz
constant of Af(-).

To assess the efficiency of the gradient method, it is crucial to understand its
global convergence properties. The following theorem provides a global convergence
guarantee, specifying the number of iterations required to reduce the gradient norm
below a given threshold e.

Theorem 3.1. Suppose f : R” — R is an L-smooth function, bounded from above
by fhigh, and let {z;} be the sequence generated by the gradient method applied
to f(-). Given € > 0, if T is the first iteration such that ||V f(zr)|| < €, then:

QL(fhigh - f(mo))

€2

T<

In other words, the gradient method applied to a nonconvex function f(-), takes at
most O(e~?) iterations to generate x;, such that ||V f(z)|| < e.

Projected gradient
We can generalize the gradient method to the constrained optimization problem

max, f(x)
st. x €O (3.7)

where © C R" is a nonempty, closed, and convex set, and f : R” — R is an
L-smooth function on O, i.e.,

f) 2 @)+ (M) y—2) - Sy -2l veyeo  (38)

Given an approximation x; € © for a solution of (3.7), a natural generalization of
the gradient method is to define

i1 = Po (wk + ll-JVf(QJk)), (3.9)

where Pg(z) is the projection of z onto O.

Let us define the vector Gp(xy) = L(xki1 — Ty), called the reduced gradient.
||GL(x)|| can be used as a stationarity measure for (3.7).

Similar to the gradient method, we can show that the projected gradient method
(3.9) takes at most O(e72) iterations to generate ;, € O such that ||Gp(x)|] < €.

The projected gradient method alternates between a gradient step to find the
next iterate xy,; as if there were no constraints and a projection step to ensure
that the updated xy,; lies within the feasible region ©.
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Armijo line search

The gradient method requires knowledge of the Lipschitz constant L of the gradient
of f(-), which might be difficult to compute in practice. We will examine a method
that does not require the Lipschitz constant L but shares the same complexity
guarantees as the gradient method (3.6).

The Armijo rule is used in the context of backtracking line search and was intro-
duced by Armijo in [15]. The idea is to test smaller and smaller step sizes until an
increase in the objective function is sufficient. The Armijo rule can be used as a
stopping criterion for this method and is given by the following condition:

f(ZBk + Skdk) Z f(azk) + CSk<dk, Vf(a:k)> (310)

In this equation, dj, is the direction, s is the step size, and ¢ € (0,1). If the
condition is not satisfied, we set sy = ps; with p € (0,1) and check the condition
until it is satisfied. Fortunately, this condition will always be satisfied in a finite
time, as the following theorem states.

Theorem 3.2. Let f be differentiable at € R™. If (V f(x),d) > 0 and v € (0, 1),
then 39 > 0 such that

flx+sd) > f(x) +vs(Vf(x),d), Vse]0,9).

The gradient ascent method with Armijo line search is given in Algorithm 3.

Algorithm 3: Gradient ascent method with Armijo line search

Step 0: Given x, € R", step size so > 0, and parameters 3, p € (0,1), set
k= 0;

Step 1: Set [ := 0;

while f(z). + 5,8V f(zr)) < f(xx) + psiB' |V f (1) ||* do
‘ Set l:=1+1;

end

Step 2: Update: @1 = o) + sV f(xr) , spy1 = sp3, set ki =k +1
and go back to Step 1.

Furthermore, the backtracking line search with the stopping criterion of the Armijo
rule has the same global convergence properties as the gradient method.

We can also generalize the method for constrained optimization problem (3.7),
choosing the next iterate x;,; following the algorithm, and then projecting it onto
the feasible region 0, i.e., Po(@y1), with Pg(z) the projection of z onto ©.
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3.1.2 Kernels and Random Fourier Features

Kernels are widely used in machine learning for capturing non-linear relationships
within data. Formally, a kernel is a function s : R¢ x R? — R that satisfies the
following conditions:

- Symmetry: x(xz,y) = r(y,x) for all ¢,y € RY,

- Positive Semi-Definiteness: For any finite set of points {xy,...,z,} C R,
the Gram matrix [K];; = k(x;, x;) is positive semi-definite, i.e., vI Kv > 0
for all v € R".

One of the most widely used kernels is the Gaussian kernel, defined as:

K(x,y) = exp <_||w—y||2> ,

202

where o > 0 is the bandwidth parameter. The Gaussian kernel is shift-invariant,
meaning it can be written as:

Kz, y) = > (x — y),

where k2 : R — R.

Bochner’s Theorem

The approximation of shift-invariant kernels using Random Fourier Features is
based on Bochner’s theorem, which states:

Theorem 3.3 (Bochner’s Theorem). A continuous, shift-invariant kernel x(x, y) =
k2 (x — y) on R? is positive semi-definite if and only if x® is the Fourier transform
of a non-negative measure p:

A _ J{w,T)
K2(T) = /Rde dA(w),

where 7 = — y.

' _ll? .
In the case of the Gaussian kernel, where k=(7) = e 20 | the corresponding
measure A is a multivariate Gaussian distribution with mean zero and covariance

0-72Id-

(
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Random Fourier Features

Rahimi and Recht [12] proposed an efficient method to approximate kernels by
sampling from the measure A. The key idea is to rewrite the kernel function as:

K(x,y) = %(EWNA {e““”w’yq )

To approximate this expectation, they use Monte Carlo sampling. Let {w,;}™; be
i.i.d. samples from A. The kernel can then be approximated as:

Kz, y) ~ R (0(z), B(y)) ,
where ®(x) € R™ is the feature map defined as:
O(x) = [Pu, ()] 121,

with
pilwa)

1
Pu(T) = ﬁ

3.1.3 A covering problem

In this section, we introduce the problem of covering a rectangular box domain 2
with spheres of radius r.

The objective is to determine the minimal number of centers x4, ..., x, € 2 such
that every point in €2 lies within a distance r of at least one center. Mathematically,
this can be formulated as follows:

Objective: Minimize the number of centers n:

minn

Constraints:

- Coverage constraint: Every point in {2 must lie within a distance r of at
least one selected center:

Ve Q,3i € {1,...,n} such that |p — x| <.

- Domain constraint: The selected centers must lie within the domain €2:

x, €Q, Vie{l,...,n}
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The exact solution to this problem is challenging due to the continuous nature of the
domain €2 and the high-dimensional geometry involved. Computing the minimal
number of spheres requires optimizing their placement to ensure full coverage,
which is computationally infeasible in high dimensions. To address this, we use
bounds to study the scaling of n with respect to the problem parameters.

Lower bound : A lower bound on n can be derived by comparing the total
volume of the domain €2 and the volume of a single sphere. For a general hypercube
Q =[-1,1]% the domain volume is:

Vdomain = 2d-
The volume of a sphere of radius r in d-dimensions is:
/2 ;

Td/2+1)

Since the spheres must cover the entire domain, we have:

‘/sphere -

n- ‘/sphere > ‘/domain-

This gives the lower bound:

n =
wd/2pd r

20 T(d/2+1) (Clower)d

where Clower is a constant that depends on the geometry of the domain (2.

Upper bound : An upper bound on n can be derived by using a grid-based
approximation. For a general hypercube 2 = [—1,1]% the domain has side length
2 in each dimension. To ensure full coverage, we place grid points spaced at most r
apart.

The number of grid points required along each dimension is:

=2

The total number of points is therefore:

Ignoring the ceiling for simplicity, we have:

d

d
ve(2)' < (G’
r r
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where Cypper 15 @ constant that depends on the geometry of the domain €.

Scaling of n : Combining the lower and upper bounds derived above, we can es-
tablish the scaling behavior of n as a function of the sphere radius r, the dimension
d, and the geometry of the domain (2.

Thus, the number of points n required to cover the domain satisfies:

<Clower>d§n§ (Cupper>d’
r r

where Clower and Cypper are constants that depend on the geometry of the domain
Q.
This result shows that n scales as:

Cd
o~ (5)
r

where C' is a constant that depends on the geometry of the domain €.

3.2 Analysis of the Correlation Function

In this section, we will analyze the correlation function to be optimized. This
optimization takes place during Step 1 of CL-OMPR. The analysis focuses on the
first iteration of CL-OMPR.

An approximate of the kernel density estimator

Given a sketching operator A, associated with RFF and frequencies W = {w;}}",,
with w; ~i;4 N(0,07%1,), and given zy € C™, the sketch of some dataset X =
{x; e R |i=1,...,n}, the correlation function corresponding to the criterion to
maximize in Stepl of CL-OMP(R), fw(c) : R? — R, associated with frequencies
W, is

fw(e) =R (A(S), zx) -

1 n

Developing this function further, we use the fact that zy = A(Dy) = i ()
and A(d.) = ®(c), where:

it

O(x) = [Pw (®)]Z),  Puw(®) =

3~

Substituting these, we obtain:

> b(e)) = 1 3R (B(c).D(a).

=1

S|

fwte) = % (2(e),
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Using the Random Fourier Features framework [12] (Section 3.1.2), the inner
product R (P (c), P(x;)) approximates the Gaussian kernel. This is due to Bochner’s
theorem, which states that the Gaussian kernel:

c— x;|]?
k(c, x;) = exp (—H202H> ,

can be expressed as:
K(CJ wl) - ?R(Ew,\//\/’(op,,zld) |:6]<’LU,C—E,L>:|>

By sampling m frequencies w; ~ N(0,07%I;) and applying the Monte Carlo
approximation, we obtain:

R(P(c), P(x;)) ~ k(c,x;).

Thus, fw(c) becomes:
1

3

n
Z/i c, x;),
i=1

which corresponds to the kernel density estimator:
1 n
fxpe(e) = =Y k(e x;).
n i=1

The function fy (c) can be interpreted as a computationally efficient approximation
of the Kernel Density Estimator (KDE), see Figure 3.1. By summing the contri-
butions of an approximate Gaussian kernel (¢, x;) centered at each data point
x; € X, fw(c) provides a measure of the density of data points in the vicinity of c.
This means that higher values of fy (¢) correspond to regions in the space where
data points are more densely clustered, while lower values indicate sparser regions.
As such, fy(c) serves as an effective proxy for identifying promising centroids
during Step 1 of CL-OMPR.

We understand that, in the situations of interest, for a low o value, although
the most significant maxima correspond to the true cluster centers, some spurious
local maxima appear (Figure 3.1). As explained in Chapter 2, we believe that the
decoder’s failures in these situations are due to the optimization process, which
may have converged to one of these spurious local maxima.

In the following section, we address an optimization method to avoid such behavior.
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Figure 3.1: We consider a dataset of three clusters (blue points) in two dimensions.
Top row: realizations of the correlation function fy (¢) are shown. The sketch
size m is fixed, while the bandwidth o varies. Bottom row: the associated Kernel
Density Estimator, representing the expected value of fy (c) as m — oc.

3.3 The optimization of the correlation function

The optimization of the correlation function constitutes Step 1 of CL-OMPR
(Algorithm 2). This step is therefore encountered at every iteration of CL-OMPR.
The correlation function changes at each iteration because the residual is updated
in Step 5 by removing from zy the sketch of an estimated |C|-mixture of Diracs,
corresponding to the term Z'}Sl apA(de,) (see Chapter 2).

In the most favorable case, where each cluster is well-localized by the correlation
function, this process is likely to produce a new correlation function with no local
maximum around any of the already identified centroids, particularly when these
clusters are isotropic [14].

For the remainder of this chapter, we will assume this to be true, and that when a
cluster is identified, its 'removal’ during Step 5 of CL-OMPR is perfect, leaving
no residual local maximum in its vicinity.

The constrained optimization problem we face is formulated as follows:

max fw(©)

where  is the domain (rectangular box) in which lies the data. More precisely,
it is defined as Q = [J%,[l;, us], with the bounds I, u € R?, computed during the
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sketching such that all data are comprised in these bounds : | < x; <u, Va; € X
(with @ < b the element-by-element comparison of vectors in R?).

Overcoming the limitations of CL-OMPR, particularly addressing the noncon-
vex optimization of the correlation function, has already been studied. One of the
most recent contributions to this topic is the work of Belhadji and Gribonval [14].
The authors found out that, by taking a number L of random initializations (uni-
formly sampled within the domain), performing a kind of projected gradient ascent
from each, and selecting the best output, the range of bandwidth ¢ values for which
the algorithm performs well (matching Lloyd’s algorithm) expands, provided that
the number of frequencies m is sufficiently large (see Figure 3.2a).

More precisely, they observed that the enlargement only occured for lower values of
o, and a greater range was observed as the number of initialisations L got bigger.
They also noticed that, for large values of o, the perfomances of the algorithm did
not depend on the value L.

They also made numerical experiments to understand the relation between the
number of initializations L needed to achieve good performance related to the
dimension d. They observed empirically that L should grow with the dimension.

Based on these observations, we understand that it is indeed possible to improve
the decoder (and extend its operational range) by improving the optimization step
of the correlation function.

The intuitions behind the promising results of the method proposed by Belhadji
and Gribonval are as follows. As previously mentioned, for very large values of the
bandwidth o, oversmoothing occurs: clusters merge, and the KDE (approximated
by the correlation function) exhibits only a single maximum. This explains why
the number of initializations L does not impact the performance for large o, as all
initializations converge to the same maximum and are therefore useless.

Then, as the bandwidth o decreases, the number of initializations L must increase
to ensure good performance. This observed effect is due to the fact that, for
well-clustered data, the size of the clusters as perceived by the KDE decreases with
o. Moreover, fy (c) will exhibit spurious local maxima. Therefore, the search space
needs to be explored more extensively (by increasing the number of initializations L)
to increase the chances of finding a local maximum aligned with a cluster location
as o becomes smaller.
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Figure 3.2: Top: Comparison of the empirical success rates between CL-OMPR
with L initializations (L € {1,10,100}) and the proposed method. The results
represent the mean over 20 random realizations of the sketching operation. The
sketch size is fixed (m = 20Kd) while the bandwidth o varies. A success is
defined as MSE(8a; X) < 1.2 x MSE(0; X), with 6, the centroids found with the
considered method and 6 the centroids found with the Lloyd algorithm. Bottom:
comparison of the number of initializations for different values of . The data X
is drawn from a mixture of K = 7 Gaussians and consists of n = 10° samples in

d=3.
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In this section, we will provide a theoretical framework to support these empirical
observations. We will establish a reasoning to estimate the minimum number of
required initializations based on the choice of the bandwidth o, as well as a way
to select these initializations within the domain €2, to maintain the optimization
performance necessary for the proper functioning of CL-OMPR. In other words,
this amounts to finding a set of initializations in the domain €2.

From this reasoning, we will propose a method. As shown in Figure 3.2, the
proposed method provides a wider operational range for CL-OMPR while limiting
the required number of initializations, depending on the situation.

Before getting to the actual adaptative set of initialisations in Section 3.3.2, let use
dive more into how the spurious local maxima appear in the correlation function
in Section 3.3.1. We will then investigate strategies to detect those spurious local
maxima in Section 3.3.3, to speed-up the optimization process.

3.3.1 The spurious local maxima

Let us recall the form of the correlation function for a dataset X', which we derived
in the previous section as an approximation of the Kernel Density Estimator:

1 n
Z k(c,x;) = fxpe,

=1

fw(e)~ -
with k(c, x;) = exp (—%), o being the associated bandwidth.

When the data is well clustered (e.g. when it is drawn from a well-separated
mixture of Gaussians), the associated KDE will exhibit local maxima in regions of
high density, and a flatter behaviour in regions of low density (see Fig 3.1). When
assuming a low enough bandwidth ¢ to avoid merging between clusters, then each
local maximum will most likely correspond to the center of each cluster in the
data. In the rest of the section, we will assume such a ¢ (note that improving
the optimization of the correlation for low ¢ is the primary concern), but we will
generalize for larger ¢ later at the end of Section 3.3.2.

The spurious local maxima are due to 'added noise’, since we only take a fi-
nite number of frequencies m to approximate the true kernel. Mathematically, we
have

fiw(e) = fior(e) + (fw(e) = fin(c))
= frou(e) + Ale),

with A(e) = fw(e) — fkpr(c), the noise’ responsible for the spurious local maxima.
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0 1

(a) The dataset

(b) fw(e) (c) fxkpe(c)

Figure 3.3: Top: we consider a dataset of three clusters in 1 dimension. Bottom:
a realization of the correlation function fy (c), the associated Kernel Density
Estimator fxpg(c) and their difference A(e).

We will differentiate between two distinct regions:

Regions of high density: In regions of high density, i.e., near the center of
a cluster, the influence of fxpg(c) is dominant. In such areas, the appearance
of spurious local maxima is less likely. This is because the noise term A(c)
would need to counteract the gradient of fxpg(c) in order to satisfy the condition
V fxpe(c) + VA(e) = 0, and also perturb the Hessian V? fxpg(c) enough to create
a new local maximum. Such a perturbation requires a significant magnitude of
A(c), as the gradient and the curvature of fxpg(c) are strong near the center.

Regions of low density: In regions far from any center of the clusters, fxpg(c)
is weak, and the appearance of spurious local maxima is more likely. This happens
because the gradient of fxpg(c) is close to zero, and the Hessian is nearly flat (with
little curvature). The noise A(c) can easily disturb the landscape in these flat
areas, leading to the formation of spurious local maxima.

This is illustrated by Figure 3.3.
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3.3.2 An adaptative set of initializations

We consider that our data is drawn from a mixture of well-separated isotropic
gaussians, i.e. X = {&},, with @1,..., &, ~iia Sre; N (e, Xp), with ¥, =
o kId-

As the number of samples n goes to oo, fkpg with bandwidth ¢ converges to
the kernel mean embedding fxyg, which is given by (see Appendix B for the
mathematical development) :

fxme(c) == kz_: B exp ( — ;(c — )T (ke + 0%1y) e — uk)),

with S = (775)*%.

This form corresponds to a sum of Gaussians, each associated with a weight
and a spread Y, + 0%I,;. Here, we assume a sufficiently small o, which ensures not
only that each maximum of fixyg corresponds to the center of a Gaussian in the
mixture from which the data is drawn, meaning that the influence of each Gaussian
in fxme on the others becomes negligible. This is reasonable given that the data is
assumed to be drawn from well-separated Gaussians. We will revisit the case of a
larger o later.

If we were to optimize fxmp, starting from any ¢y € 2 (note that Q = R¢ when
n — o0) and performing a gradient ascent (like Algorithm 3 ), we would end up
finding a local maximum, thus finding the center of a cluster.

When dealing with its approximation fy (c), this is different, since spurious local
maxima tend to appear, making the optimization more difficult, as it is possible
to find one of those spurious maxima instead of one of the good local maxima,
corresponding to one of the K centers py.

However, as we have seen in Section 3.3.1, these spurious local maxima are more
likely to appear in regions of low density, i.e., far from any center of the Gaussians.
In regions of high density, i.e., close to one center of the Gaussians, spurious local
maxima are less likely to appear, leaving the high-density regions as basins of
attraction for the good local maxima.

Moreover, those regions of high density are related to the spread of the gaussians
in fxme(e); fiw(e) being its approximate. As we have seen, the spread is given by
Y + 021, for each k-gaussian in the mixture. Without taking any assumptions
on the covariance matrices >, the spread of each k-Gaussian is at least equal to
0*1,. Indeed, since ¥, is a symmetric positive semi-definite matrix by definition
(covariance), we have Xy, + %I = o21,.

The size of the basins of attraction is therefore linked to . We consider that, at
a distance no from the center of a Gaussian, its influence remains very strong,
making it highly likely to belong to its basin of attraction. Typical choices for n



CHAPTER 3. TOWARDS A ROBUST DECODER 35

that guarantee a strong influence are n € [0, 3]. The parameter 7 can be adjusted
based on the quality of the approximation of fxpg by fw, which depends on the
number of considered measurements m (with a lower value of n providing a more
conservative estimate). Also, note that if ¥; # 0, the spread of each Gaussian is
larger than ¢I;, meaning the regions of strong influence may extend beyond 7o,
ensuring to cover the worst case scenario.

Let us now consider an optimization scheme that converges to the local maxi-
mum within the basin of attraction where it is initialized. The specific construction
of this scheme will be detailed later in this section.

Then, to converge to a good local maximum corresponding to the center of a
Gaussian, we need at least one starting point ¢y within the basin of attraction of
such a local maximum, i.e., at most no away from it.

This challenge can be reformulated as the problem of placing a set of points
within the domain to ensure that at least one of them lies within the basin of
attraction of each Gaussian center. Determining the minimum number of such
points can then be expressed as the following optimization problem:

A Covering Problem

We aim to find the minimal number of points ¢y, ..., cy € €1, such that at least
one point lies inside a sphere of radius no centered at any p € €2. This ensures
coverage regardless of the center .

This leads to the following formulation:

Objective:
Minimize the number of points n:

minn

Constraints:

- Coverage constraint: Every point in 2 must lie within a distance no of at
least one selected point:

Vi e Q,3i € {1,..., L} such that | — ¢;f]2 < no.

- Domain constraint: The selected points must lie within the domain:

c,eQ, Vie{l,...,L}.
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This problem can be directly interpreted as a covering problem with spheres in a
continuous domain. An equivalent formulation consists of determining the minimal
number of centers ¢; € {2 such that spheres of radius no, centered at ¢;, fully cover
the domain € (see Figure 3.4).

This covering problem and the scaling of n are detailed in Section 3.1.3. The scaling

of L can be expressed as:
c\?
# ()
no

where C' is a constant that depends on the geometry of the domain €).

no

(a) (b)

Figure 3.4: Illustrative example in 2D of the covering problem. Given a domain
2 and a sphere of radius no (a), the objective is to cover the entire domain by
centering the spheres at some points (in red) of the domain Q (b).

The optimization scheme

We will again use the fact that fy (e) converges to fkmg, when the number of
measurements m — oo and the number of samples n — oo.

Assuming negligible influence of the Gaussians on one another, we focus on a region
near a center py, for k =1,..., K. Mathematically, this region is defined as:

cef{ceQ:le—pl <no},
which is a ball of radius no centered at pg. In this region, the Kernel Mean
Embedding function fxumg(e) is given by:

ficue(€) = B exp ( — Sle—m)((0F + ")) (e~ uk>>,
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The gradient of fxme(c) is:

V fxmr(e) = frxus(c) - <— ((UZ + UQ)Id)_I(C - Nk))

The vector (¢ — p) represents the direction from the center p; to the point c.
Since — (e — py) points towards pg, the gradient V fxvg(c) always points directly
toward the center p within this region.

Consider the following iterative scheme (see Section 3.1.1):

Crr1 = ¢k + sV f(ck).

Starting from ¢y within the defined region (a ball of radius no centered at py),
we aim to ensure that the iterates remain inside this ball and converge to the
associated center pu.

Since the gradient V fxyg(c) points directly towards the center py within this
region, a sufficient condition for staying inside the ball is to limit the distance
traveled at each iteration. This can be achieved by ensuring that successive steps
do not exceed a maximum distance of no (See Figure 3.5).

no

Co /VfKME(Co)

Figure 3.5: To ensure that ¢y remains within the ball, it is sufficient to constrain the
step size at each iteration to not exceed the radius no, as the gradient V fxyg(c)
directs the updates toward the center within the ball.



CHAPTER 3. TOWARDS A ROBUST DECODER 38

This suggests the following modification of the gradient ascent with Armijo line
search (Algorithm 3) :

Algorithm 4: Gradient ascent method with Armijo line search and
distance constraint
Step 0: Given x, € R", step size so > 0, and parameters 3, p € (0,1),
no > 0, set k :=0;
Step 1: Set [ := 0;
while
fl@ + 58V f@r)) < fxr) + psiB |V [ (@) IP or [|skB'V f ()] > no
do
‘ Set [ :=1+1;
end
Step 2: Update: @y, = i, + sk BV () , spe1 = sifl, set ki=k+1
and go back to Step 1.

Considerations and generalizations

The method we propose involves modifying the optimization step (Step 1) of
CL-OMPR by performing Algorithm 4 for each starting point in the set of ini-
tializations described in Section 3.3.2. The optimization algorithm and the set of
initializations have been designed under the assumption that the data X is drawn
from a mixture of well-separated isotropic Gaussians, which aligns with the sparsity
assumption underlying the inverse problem that CL-OMPR aims to solve (see
Section 1.2.4).

We also used the fact that the correlation function fy converges to the Kernel
Density Estimator fxpg as the number of Random Fourier Features m — oo, and
that fxpg converges to the Kernel Mean Embedding as the number of samples
n — 00. Thus, the effectiveness of the proposed method depends critically on both
the number of random frequencies m and the number of samples n.

The issue observed empirically by the authors of [14] demonstrated that CL-OMPR
fails for low values of ¢, and that improving the optimization step enhances its
success for such values of 0. Consequently, we focused our approach on addressing
the low-o case. However, while our method is specifically designed for low values of
o, where the Gaussians in fxyg have negligible influence on each other (e.g. Figure
3.6a), we can explore its behavior in scenarii with larger o.

For higher values of o, the Gaussians in fxug begin to influence each other (see
Figures 3.6b-3.6¢), causing the maxima to slightly shift away from the true centers
of the associated Gaussians (3.6b) or merge together, resulting in a single maximum

(3.6¢).
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Figure 3.6: We consider two Gaussian functions (in blue and orange), and their sum
(in green). The Gaussian centers are fixed, but their (shared) spread is increasing
from left to right.

In such scenarii, the concept of good local maxima corresponding to the center
of a Gaussian no longer holds. The behavior of CL-OMPR in these cases is
not fully understood; however, it can still succeed by greedily identifying regions
of high density. Let us now analyze how our approach works under these conditions.

Let us extend the concept of good local maxima to include any maximum re-
sulting from the influence of one or more Gaussians. As we can observe, merging
in case 3.6¢ will only enlarge the regions of high influence, thereby expanding the
basin of attraction. In case 3.6b, although the basin of attraction for a single
Gaussian is reduced, since any maximum can be considered a good one, we can
interpret this as an effective enlargement of the overall basin.

In other words, while our method is designed for situations where the Gaus-
sians of fxye have negligible influence on each other, it remains valid for values of
o that result in non-negligible influence. Indeed, the regions of influence of merged
Gaussians can only expand.

Interpretations

The goal of this section was to establish a theoretical framework to support the
empirical observations presented in Section 3.3 . We have reached the conclusion
that the number of initializations required to guarantee good performance is

d
TIO—

where C' is a constant that depends on the geometry of the domain €).
This explains the various observations discussed, notably that the number of
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initializations must increase as ¢ decreases, that this number does not affect
performance for large values of o, and that it suffers from the curse of dimensionality.
Moreover, the proposed method allows us to limit the number of initializations
depending on the situation (see Figure 3.2) and to explore the space in a structured
manner rather than randomly. Note that the results presented in Figure 3.2 use a
naive solution for the covering problem.

The interpretation is that we explore the space based on the size of the objects we
are trying to locate.

3.3.3 Detecting the spurious local maxima

In the last subsection, we developed an adaptative set of initializations to explore
the domain, and hopefully visit all the good maxima.

It would be convenient to be able to detect wether a local maximum is a spurious
one or a good one. In the latter case, we would stop the search, speeding-up the
process. In this subsection, we explore how to achieve this.

We assume that our data is drawn from a well-separated mixture of isotropic
Gaussians, i.e. X = {&},, with @1, ..., T, ~iiqa Sor N (g, 014), and assum-
ing a very large number of samples n such that fxpg converges to fkug, with
2 d
2

frvm(e) = kzlak(g) - exp ( 1M)

02—1—0,% 2 02+0,%

We still consider a low enough o such that each local maximum of fkyg corresponds
to a center py and that the influence of the Gaussians on one another remains
negligible.

We have seen that, to find a centroid, we use fy,, the approximation of fxpg, and
maximize it. If the problem is well-posed, then every good local maximum (i.e.,
close to a center py,) should have a higher function value than any spurious local
maximum.

Mathematically,let p, € {pr : K =1,..., K} denote the good local maximum with
the lowest function value, i.e., p, = argming, cqpu, ... uic} fw(pr). And x denote the
spurious local maximum with the highest function value. The problem is considered
well-posed if

fw (@) < fw(pp)

The idea would be to find a threshold value T to distinguish between good and
spurious local maxima, such that :

fw(xy) <T < fw(py)
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Figure 3.7: Illustrative example of a threshold T to distinguish between good and
spurious local maxima

This way, when performing the optimization with multiple initializations, we can
evaluate each critical point ¢* encountered. If fy (¢*) > T, the search is stopped,
as the condition indicates that a good local maximum has been found.

Recall from Section 3.3.1 that fy (¢) = fkpr(c) + A(e), which implies:

fw(p) = frns(pp) + A(pp), and fw (27) = frme(@]) + A(z)),

using the fact that fxpg converges to fxue.

Given the unpredictability of A(c), the most rational choice for 7" is to maximize the
reliance on the predictable component fixyg(e). A natural choice is the midpoint:

T_ Jrme(pp) —2|‘ frve(x))

This choice ensures a symmetric and unbiased threshold, separating the good and
spurious local maxima by focusing on the stable part of fy/(¢). However, such a
T requires the value fxmg(p,) which is unknown, since the weights «y and the
covariances 071, are unknown a priori. It also requires the value of fxmge(x?) > 0,
which represents the positive influence of the Kernel Density Estimator over which
the spurious local maximum fy (*) appeared. Recall from Section 3.3.1 that

spurious local maxima typically arise in regions of low density, i.e., far from
any Gaussian center. Consequently, fxue(x?) is likely to be much smaller than

fKME(:U'p)' 8
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Controlling the spurious maxima

Another idea for the design of T is to rely only on fy (%) and set T' = fy ().
fw (%) is unknown, but depends entirely on A(e), since it is a spurious local
maximum. Thus, we would like to somehow control fy (x¥).

The idea is to establish a relationship between the number of random frequencies
m and the probability that fy () exceeds a certain threshold.

Formally, we are interested in bounding the probability:

P (fw(xs) > €),

where fy (x%) depends on A(e), which itself diminishes as m — oo. The goal is
to determine how m influences this probability, ensuring that for sufficiently large
m, the spurious local maxima values fy (x¥) remain below the desired threshold e
with high probability.

This could involve analyzing the statistical concentration of fy (%) around its
expected value as m increases, potentially using concentration inequalities to derive
bounds on:

P (fw(xy) > €) < g(m;e),

where g(m, €) is a function that decreases with m, capturing how the likelihood of
exceeding € diminishes as more random frequencies are used.

The derivation of such a bound is beyond the scope of this work and is left for
future research.

A Special Case

We derived above a method to design 7' if we had access to fxmu(p,), the lowest
function value of fxup at a center p, € {p : k=1,..., K}, given by:

2 d 2
_ o 2 L[|y — pp|
fKME(Hp) ap(02+ag> -eXp<— 2024—02) (3.11)
o? d
_ 2
p(a2+ag) . (3.12)

However, this value is unknown a priori since we do not have access to the weight
oy, or the variance o,.

If we consider a balanced dataset such that aj = %, Vk € {1,..., K}, with
similar cluster sizes, i.e., oy = ox, Vk € {l,..., K}, then the weights are known,
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and oy can be approximated using the heuristic from [2] (see Section 2.2.2), such
that oy =~ ox. Thus, we have:

d
o? 21 o? 2
fKME<“p>—%(oz+ag “wlorar)

Following the design of T' derived earlier, we have:

1 *
T= §<fKME<IJ’p) + fKME(ms))-
Since fxme(x?) is likely to be much smaller than fxve(p,), we set:

fKME(w:) =€ - fKME(Np); with 0 S e 1.
Substituting this expression into 7', we get:

_1—|—€
2

T

- feve(1p)

Replacing fxme(p,) with its explicit form, we obtain:

d
TzleE-i 02_ z
2 K\o?+33%

This proposed threshold leverages the fact that the correlation function fy con-
verges to the Kernel Mean Embedding fxyg as the number of Random Fourier
Features m — oo and the number of data samples n — co. Consequently, the qual-
ity of the threshold T critically depends on both the number of random frequencies
m and the sample size n.

Moreover, the threshold is designed for a sufficiently small o such that the influ-
ence of the Gaussians on one another remains negligible. When the Gaussians do
interact, their combined influence is always positive. Consequently, the values of
maxima formed due to interaction or merging (see Figure 3.6) can only be higher
than those observed in the case of minimal Gaussian overlap (i.e., low ¢), making
the threshold T valid.

However, this reasoning holds primarily for the first iteration. For subsequent
iterations of CL-OMPR, the threshold value 7" is not guaranteed to remain effective
in cases of high o, where interactions between Gaussians become more significant.
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3.4 Numerical simulations

Let us summarize the method proposed in the previous sections with the following
algorihtm :

Algorithm 5: Summary of the proposed method

Step 0: Given fy, a set of initializations S, a threshold T, and a radius no;
Step 0.1: Pick ¢y € S uniformly at random and set cpes; < Co;

while not stopped do
Step 1: Perform Algorithm 4 with radius no starting from ¢y until a

critical point ¢* is reached;
Step 2: if fy(c*) > T then
‘ Stop and return c*;
else
if fi(c*) > fw(cpest) then
‘ Update cpest < €*;
end
Update S as S\ {¢o};
if S is empty then
‘ Stop and return cCpest;
end
Pick a new ¢y € S uniformly at random and go to Step 1;
end

end

We define two methods:

1. CL-OMPR+: This method corresponds to CL-OMPR where (Step 1)
(maximization of the correlation function) is handled using Algorithm 5. The set
of initializations S is chosen as described in Section 3.3.2, and the threshold value
is set to T' = o0o. In other words, this method does not include the detection of
spurious local maxima.

2. CL-OMPR++: This method builds on CL-OMPR+ by introducing
a threshold T, as detailed in Section 3.3.3. It is specifically designed for cases where
the data is well-clustered, the number of samples per cluster is balanced, and the
clusters have similar sizes.
Note that, Algorithm 5, which incorporates the detection of spurious local maxima,
can indicate whether a good local maximum has been reached. This information
allows us to limit the number of iterations of CL-OMPR. Specifically, the algorithm
terminates once K good local maxima have been identified, speeding up the process.
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We will now perform and analyze the results of numerical simulations. The

analysis will be conducted on synthetic data and on real data.

The set of initializations S is a solution to the covering problem, as described

in Section 3.3.2. We will use a naive solution to this problem, i.e., the upper

bound presented in %ection 3.1.3. The threshold T" for CL-OMPR++ is set to
2

T = % . % ﬁ , with € = 0.3, and 7% is given by the heuristic in [2] (see

Appendix A for the details of the method).

For every simulation, a success is defined as MSE(04; X) < 1.2 x MSE(0; X),
with @A the centroids found with the considered method and @ the centroids found
with the Lloyd algorithm.

Synthetic data.

We place ourselves in ideal conditions for CL-OMPR++. Specifically, we consider
a dataset X :={x; € R? | i=1,...,n} with @1,..., @, ~iia Yhoy 2N (pr, 03 10).
We consider K = 5 Gaussians in dimension d = 5, with n = 10° samples. Results
are shown in Figure 3.8.

Real data.

The dataset used in this analysis is the CelebA dataset [16], a large-scale dataset
of celebrity images commonly used in facial attribute recognition and feature ex-
traction tasks. The facial embeddings were extracted using pre-trained InsightFace
models [17, 18]. Specifically, we randomly selected 5 celebrities from the dataset.
To further reduce the complexity of the data, we performed a Principal Component
Analysis (PCA) on the selected embeddings, reducing their dimensionality to d = 4.
Results are shown in Figure 3.9.

Interpretations

The results are conclusive, showing a clear extension of the effective operating
range of the CL-OMPR algorithm with respect to the choice of the bandwidth o
when the algorithm is paired with our proposed methods, i.e., CL-OMPR+ and
CL-OMPR++. These improvements are observed for both synthetic and real data.

We observe that the number of initializations required by the proposed method
tends to significantly overestimate the number needed for low values of o. Indeed,
this can be seen by comparing CL-OMPR+ and CL-OMPR with L initializations.
The number of initializations for CL-OMPR+ is considerably higher than that of
CL-OMPR with L initializations within their respective operating ranges. This
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effect is due to several factors. In constructing the set of initializations &, we
considered the worst-case scenario where the covariance matrices of the data clus-
ters are 0, which is not the case in practice. Moreover, the minimal number of
initializations in the set S is the solution to a covering problem. We considered a
naive solution to this problem, resulting in a larger number of initializations. This
solution can be further refined.

However, we can observe that the increase in the number of initializations compared
to CL-OMPR with a single initialization (L = 1) aligns well with the decline in
the performance of the latter. The proposed method effectively captures situations
where a broader exploration of the domain is necessary.

CL-OMPR++ significantly reduces the average number of initializations com-
pared to CL-OMPR+ while improving the operating range. This is due to the
detection of good local maxima achieved using the threshold 7" (Section 3.3.3).
Moreover, CL-OMPR++ requires fewer initializations than any other method
with equivalent performance and provides the widest operating range, along with
CL-OMPR+.

We observe that, unlike CL-OMPR+, where the number of initializations consis-
tently increases as o decreases, CL-OMPR-++ exhibits oscillations. Specifically, for
very low values of o, when even CL-OMPR+ fails to perform well, we observe a low
number of initializations that increases until both CL-OMPR++ (and CL-OMPR+)
reach effective performance. This behavior is due to the fact that, for very small o,
the spurious local maxima become indistinguishable from the true ones (see Figure
2.1 for a better visual interpretation).

Then, the number of initializations decreases until a certain value of o, where
it starts to rise again (Figure 3.8b). This behavior is due to the fact that the
method is tailored for sufficiently low values of o. In these situations, the number
of initializations required by CL-OMPR++ is similar to that of CL-OMPR+-.

These compelling observations, particularly for CL-OMPR++, should nevertheless
be interpreted with caution. Indeed, these experiments were conducted under
optimal conditions for CL-OMPR++ with respect to the synthetic data. The
real data is also well-clustered, with balanced and relatively similar-sized clusters,
creating an ideal scenario for CL-OMPR++.

However, they offer a perspective for designing a decoder that is both computa-
tionally efficient and easy to tune.
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Figure 3.8: Top: Comparison of the empirical success rates between CL-OMPR
with L initializations (L € {1,10,100}), CL-OMPR+, and CL-OMPR++. The
results represent the mean over 20 random realizations of the sketching operation.
The sketch size is fixed (m = 20Kd) while the bandwidth o varies. Bottom:
Comparison of the mean number of initializations for each method. Note that only
CL-OMPR++ has a varying number of initializations for a given o. The data is
drawn from a mixture of K = 5 Gaussians and consists of n = 10° samples in

d=>5.
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Figure 3.9: Top: Comparison of the empirical success rates between CL-OMPR
with L initializations (L € {1,10,100}), CL-OMPR+, and CL-OMPR++. The
results represent the mean over 20 random realizations of the sketching operation.
The sketch size is fixed (m = 20Kd) while the bandwidth ¢ varies. Bottom:
Comparison of the mean number of initializations for each method. Note that only

CL-OMPR++ has a varying number of initializations for a given o. The data is
derived from the CelebA dataset [16].



Conclusion

CL-OMPR is a greedy algorithm introduced by the authors of [2] to address the
nonconvex compressive clustering problem. This approach seeks to solve the K-
means clustering problem using only a sketch of the data—a low-dimensional vector
that captures its essential information. Such a method can be particularly useful in
various tasks where data efficiency is crucial, such as memory-constrained scenarii,
distributed implementations, streaming contexts, or settings with strict privacy
constraints.

By investigating CL-OMPR, we observed that the algorithm could fail to recover
the optimal clustering parameters in certain scenarii. In this work, we aimed to
prevent such failures by improving a nonconvex optimization step within CL-OMPR.

The proposed methods, CL-OMPR+ and CL-OMPR++, demonstrate promis-
ing results and notably extend the operating range of CL-OMPR for a parameter
that is recognized as challenging to tune by the community [2, 14].

The results of CL-OMPR++-, which is capable of distinguishing between good and
bad maxima of the nonconvex criterion to be maximized, offer a perspective for
designing a decoder that is both easy to tune and computationally efficient.

However, this method is designed to operate on specific datasets, with required
characteristics that are relatively uncommon in practical applications. Adapting
CL-OMPR++ to more general situations could be a subject of future work. We
have already proposed some potential directions in Section 3.3.3.
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Appendix A

Additional algorithms

Here, we present the heuristic proposed in [2] for estimating the average variance
of a dataset.

Consider a database Z = {z; € R |i=1,...,n} that we aim to sketch. Instead
of using the entire database, a small subset {z1, ..., z,,} with ng < n is selected
to determine a suitable frequency distribution through a lightweight procedure,
which precedes the actual sketch computation.

The goal is to estimate the average variance

1 k
~2 2
7T > O,
1=1i=1
where 012,17 e ,aid are the eigenvalues of ¥;. This parameter, 52, may differ sig-

nificantly from the global variance of the dataset, particularly in cases where
components are well-separated with small individual variances. To estimate 72, a
lightweight sketch gy with mg frequencies is computed using no data points, and
a frequency distribution corresponding to a single isotropic Gaussian A(+) is then
employed.

If the variances 05271 are relatively similar, the amplitude of the empirical character-

istic function
1 2o

_ Z eijzi

o ;=1

approximately follows 6_%”11’”362, exhibiting high oscillations. This enables a simple
amplitude estimation: by ordering the mg frequencies used in gy by increasing
norm, dividing the sketch into blocks, and identifying the modulus peaks within
each block, a curve is formed that closely follows e~277% A basic regression is
then applied to estimate &2.

Since the range of frequencies required to compute g, is not known beforehand,
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the procedure starts with an initialization 2 = 1. It is iteratively refined by
drawing myg frequencies adapted to the current estimate of 2 based on an updated
frequency distribution A(-). After a few iterations, the process converges.

A detailed summary of this procedure is provided in Algorithm 6.

Algorithm 6: EstimMeanSigma(Z,myg,c,T): Estimation of the mean

variance g2

Input: Small training dataset Z = {21, ..., z,,}, small number of
frequencies mg, number of blocks ¢ € N, number of iterations T'

Output: Estimated mean variance &2

Initialize: % « 1;

for t < 1to T do

Draw frequencies: wy, ..., w,,, ~iid. N(0,(3%I;)7);

Sort frequencies: {w;, ..., w,,,} by increasing radius ||w;||2;

Compute empirical sketch: g, < [7710 Sy ejw?zi};njl'

Divide sketch into blocks and find peaks:;

s < |mo/cl;

for ¢ < 1 to cdo

‘ jq < argmaxie((g—1)s+1,gs] |y0,j‘;

end

Update:;

€ < [Yo,,lq=1;

6%  argmingsg [|& — [e72 7 e o

I

end




Appendix B

Mathematical Derivations

We derive here the Kernel Mean Embedding of a mixture of isotropic Gaussians :
We consider that the data X = {x; € R%i = 1,...,n} is drawn i.i.d. from a mixture
of Gaussians:

K
xr; ~ z ak/\/(ﬂk, Zk), with Zk = U}%Id
k=1

The correlation function is
fw(e) =R (A(0.), zx) (B.1)
And approximates the Kernel Mean Embedding fxyg when m — oo and n — oo.

Recall that the sketch zy is defined as:

m

N 1SN e
zx = Alpx) = [nZeJ ’ ] )
=1

=1

where x; ~ py = S5, N (g, 0214) and w; ~ N(0,0721,).
Since we consider n — oo and the operator A is linear with respect to probability
distributions, we can write:

K m
o T o (K)
Zy = A(p)() = [Z Q- Ew(k)Nng:) |:6le T, :|‘|
=1

The characteristic function of a random variable Y is defined as gy (t) = E [ejty}.
For a multivariate normal distribution, we have:

oy (B) = TR

95



APPENDIX B. MATHEMATICAL DERIVATIONS 26

Using this property, we can write:

K m K m
iwT . — LwT 52 Ty 12 2
Zy = [2 Qay, - e]wl Pr—35W; Ukldwl‘| — [2 ay, - e]wl 1223 Qak”wl” ]
k=1 =1 k=1 =1

Substituting in B.1, we get

K m
fw(e) =R <Z - 3 ejw?(uk—a—;aznwﬂ)
k=1 mi45

As m — 0o, we can write:
K T 1_2 2
Fon(€) = 3=t (Bueon- [0 ]
k=1

To develop the term By, opn0,0-21,) [ejw?(“k—c)—%aillwzﬂ’ we proceed as follows:

T N1 2 2 . T N1 2 2
Eoyon0.0-21,) | €% =030kl } _ / e7ol =)= 3oflwill ) gy,
K Rd

2\ 4/2 2 2
o T 1.2 2 o ol |
— e]wl (Nk*c)*gok“wzﬂ . <2> e 2 dwl
R4 m

2 d/2 1 g —cll®
— o 8_5 d§+02
0%+ o} ’

Reinserting the result into fixug(c), we obtain:

K
fKME(C) = kzzjl&k : <02+a

This concludes the derivation.
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