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Abstract

With the advent of massive data collection and machines everyday more powerful the inter-
est put in large scale optimization problems is increasing exponentially fast. Typical machine
learning tasks require to solve an optimization problem of a composite loss function for which
the number of terms scales with the number n of observations. Since n can reach orders of
magnitude up to 10° or even 102, traditional techniques based on full gradient information at
each update step fail to remain time-efficient. Therefore arises the necessity of getting rid of
those plain methods to build strategies that keep a light 'per update iteration’ cost.

This is the aim of stochastic gradient methods, the topic of this master thesis.

Here below the reader can find the main contributions of this master thesis.

¢ Framework unification in Chapter 4:

A formal definition of the different stochastic optimization eras is proposed.

The term ”era” first appeared in Katyusha: The First Direct Acceleration of Stochastic
Gradient Methods (Allen-Zhu, 2018) [Zhul§| to depict classes of optimization methods
sharing a similar stochastic gradient structure. The most commonly used methods will
be classified according to the definitions proposed. Furthermore an extensive analysis
of each era’s stochastic gradient structure is undertaken. New lemmas about sampling
methods yielding unbiased stochastic gradients are devised.

e Online behavior of the stochastic gradient variance in Chapter 3,4,5:

The variance of the stochastic gradient actually refers to the expectation of the squared
distance between the true gradient at a given iterate and its expectation. The impact
of such quantity in the convergence of stochastic gradient algorithms has been shown
for a while. Nevertheless not many papers provide experiments highlighting clearly its
evolution during optimization processes: it is done in this master thesis for both first and
second eras methods.

e New approaches in Chapter 5:

The main contribution of this master thesis is double.

1. Based on the work Stochastic Optimization with Importance Sampling (Zhao &
Zhang, 2015)[ZZ15] a new importance sampling scheme is motivated, namely K-
greedy sampling. This latter is built upon a quadratic upper-bound information
on the objective function; e.g. smoothed-hinge loss, quadratic loss and logistic loss
classification. Several tests are conducted to show its potential benefits.

2. Again using quadratic upper-bound information a new optimization method, namely
KProx-SVRG, is shown. Inherently the concept of K proximal mapping is defined.
A detailed proof of convergence of KProx-SVRG, directly inspired from A Prozimal
Stochastic Gradient Method with Progressive Variance Reduction (Xiao & Zhang,
2014)(Prox-SVRG) [XZ14], is given. Experiments showed a real speed-up with re-
spect to Prox-SVRG using the presented method, especially in the case of imbalanced
features for machine learning classification tasks.

Keywords: convex stochastic optimization, variance reduction, importance sampling, quadratic
upper-bound information, proximal gradient descent, K proximal mapping



Contents

(1.1 Empirical Risk Minimization (ERM)| . . . . . .. ... ... ... . ... ....
|2 Optimization Concepts|
2.1 Definitions and remindersl . . . . . . . . ...
[2.1.1  Classical convexity and smoothness|. . . . . . ... ... ... ... ...
[2.1.2  Generalized convexity and smoothness| . . . . . . . ... ... ... ...
[2.1.3  Proximal operator| . . . . . . . ... . o
[2.1.4  Polyak- Lojasiewicz (PL) condition|. . . . . . .. ... ... ... ....
[2.2  Optimality conditions| . . . . . . . . . . . ... ...
2.3  Gradient mapping| . . . . . . . ...
2.4 Quality criterial . . . . . . . .. L
3.1 Proximal Gradient Descent Method (Prox-GD)| . . . ... ...... ... ...
3.2 Proximal Stochastic Gradient Method (Prox-SGD)[ . . . . ... ... ... ...
[3.3 Comparison| . . . . . . . . .
A Evolution of Stochastic Gradi Methods
4.1 _Pioneer Eral . . . . . . . ..
[4.1.1  General Scheme|. . . . . . . . . ... o
[4.1.2  Analysis of the Stochastic Gradient|. . . . . . .. .. ... ... .. ...
413 Methoddl. . . . . . .o
42 Variance Reduction Eral . . . . . . . . . ... ..
421  General Schemel. . . . . . . ... oo o
[4.2.2  Analysis of the Stochastic Gradient|. . . . . . .. . ... ... ... ...
423 Methoddl. . . . . .. o
15 New approaches and paradigms for Stochastic Gradient Methods|
5.1 Greedy-Sampling| . . . . . . ... L
6 Index of state of the art Stochastic Gradient Methodsl

S O

o ©

11
14
15
16
17

18
19
20
22

26
27
27
28
34
43
46
46
50

57
o8
80

93



Acknowledgment

Firstly, I would like to thank my two supervisors, Francois and Sebastian, for the advice they
gave me, their patience and the freedom they let me have during the whole master thesis.
This latter allowed me to deepen a research domain as I have never done before.

This experience provided me a sample of what being a researcher is all about.

A bunch of constraints but, before and after all, the possibility to let our own mind speaks for
itself. There is room for creativity, challenging problem solving and ideas sharing with pairs...
Actually, the master thesis gave growth to the will of pursuing the academic adventure with a
Ph.D. for which the time constraint will be relaxed. I look forward for this journey.

Secondly, I would like to thank my family more generally for their support during my whole
studies. They raised me and without them it is 100% certain that I wouldn’t have been able
to produce all the work I have done in order to get this final engineering degree.

Finally, I give a big thank to all my friends. They are for me an essential mental support.
Therefore, they are also part of this accomplishment.



Introduction

As indicated in the abstract, more and more large datasets become available worldwide.
For many reasons, the opportunity to apply machine learning techniques on those datasets is
appealing. However one must be provided the right tools to tackle such a project.

One of these tools is numerical optimization and not of any kind: large-scale optimization.
The so-called large label comes either from n (number of training samples) or/and d (data
dimensionality). Two of the main families of optimization methods in the landscape of large-
scale problems are, respectively, (i) the (stochastic) gradient descent based methods and (ii)
the (randomized) primal coordinate descent/ dual coordinate ascent based methods. The key-
words stochastic/randomized are put into brackets as for certain problems, purely deterministic
methods are still competitive with respect to their stochastic/randomized equivalents.

This master thesis will focus on the family (i). The reader should note that in this
work, by ”stochastic optimization methods”, it will be implicitly meant stochastic gradient
descent based methods. However this former term depicts a broader Conceptm

Just as many research teams currently working in this domain, the goal is to come up with the
optimization method that is the most time efficient in this ” big-data” context.

Even though there exist much more advanced techniques, two baseline methods in the world
of stochastic gradient optimization are SGD [RM51] (initiated by the pioneer work of Robbins
& Monro in 1951) and SVRG (Johnson & Zhang, 2013) [JZ13]. Implementations of those rater
simple methods are available to the public which make of them ” references” in the literature.
Both these methods suffer from inherent lacks and the work produced by research teams often
resume in tackling one or a few of these.

One major contribution of this master thesis is to propose a new kind of methods: K proxi-
mal methods. These methods are constructed upon some quadratic upper-bound information
that is often available for typical machine learning problems. Two instances of this class are
namely KProx-SVRG and KProx-SARAH. The first one enjoys a rate of convergence similar
to (Prox)-SVRG whereas the other remains heuristic for now. However tests show consistently
better results against Prox-SVRG. Furthermore, an heuristic improved version of the proposed
methods have shown promising results and will be motivated.

Another major contribution is the analysis of a new approach of importance sampling, namely
K-greedy sampling. Based on the same quadratic upper-bound information, this latter is shown
to be interesting and for a class of problems (mainly quadratic) it yields better theoretical con-
vergence results than the " reference” paper IS-Prox-SGD (Zhao & Zhang, 2014) [ZZ15] in the
specific domain of importance sampling for stochastic gradient descent.

1See: Stochastic-Optimization.


https://en.wikipedia.org/wiki/Stochastic_optimization

A last contribution is the unification under eras (classes) of several well-known stochastic gra-
dient optimization methods. Besides is presented an extensive analysis of the properties of
each eras. Some lemmas defining conditions under which a stochastic gradient is an unbiased
estimator of the true gradient are proven.

Here below the reader can find the logical continuation of the different chapters.

In Chapter 1 will be described the precise framework to which this master thesis belongs
based on the principle of empirical risk minimization (ERM) [Bot98].

Chapter 2 will be the occasion to review optimization concepts useful for the next chapters.
In Chapter 3, stochastic gradient methods are motivated.

As a research type master thesis, an incumbent task resumes in a deep understanding of
the topic at hand. Therefore in Chapter 4 comes the review and a huge analysis of two main

classes of stochastic gradient methods.

In Chapter 5, in the light of the existing work carried out in the past, are presented
the major contributions of this master thesis.

Finally, in Chapter 6, a short list of state of the art articles is displayed.



Chapter 1

Framework

Purpose

This first chapter aims to introduce the context in which the objective function structure
(sum of individual loss functions) arose. Let’s cite the following reference article:
Online Learning and Stochastic Approximations (Bottou, 1998) [Bot98].

1.1 Empirical Risk Minimization (ERM)

Many optimization problems in the real world are formulated with an objective function that
represents an expectation. For instance, in operational research one would like to minimize the
expected risk of a decision, in machine learning one tries to train a regression model in order to
minimize the expected prediction error, ...etc. In order to invoke a proper definition of such
optimization problems one has to make a starting hypothesis: observable events related to the
objective functions are assumed to be realizations of an underlying random vector Y.

Note: For what follows we will stick to the case of a real random vector T.

That is we assume the existence of probability space (2, F,P) and a measurable space

(E,E) = (R®,B(R®)) where B(R?®) is the Borel o-algebra of R® and the dimension s depends
on the context of application. Then Y is a function from Q (‘world of possible outcomes’) to
values in E that are real vectors of size s.

Hence such problems admit a cost function to be minimized of the form:
friDCRY S R w— fr(w) =Ex[L(w,Y)]

Where L is the stochastic loss function parametrized by a decision vector w € D. Given w, for
each observation v from Y, we can compute a cost £(w,v). In the integral form :

fr(w) = /Q £(w, 7(0)) dP(0)

Unfortunately, one rarely has access to the probability measure P that would define exactly the
expectation function to minimize. This is the reason why most of the expected risk minimization
problems are approximated by what we call empirical risk minimization problems that rely on
a set V = {v; € R®|i € [n]} of collected realizations of Y. In the absence of total knowledge
about the distribution of Y, the most common practice is to use the traditional Monte-Carlo
estimator for fr(w) as follows :

n

Friw) = fw) = 3" Lwv) = 3 filw)
=1

i=1

6



defining sample losses by f; : D C R? = R, fi(w) = L(w,v;) for all i € [n].

One may observe that this expression is rather general; it plays a major role in machine learn-
ing when one hopes to get nice generalized performances on unknown data, that is getting a
new empirical cost

flwr) = = 3 £lwr. )

based on a new set of realizations of T, V = {§; € R*|i € [A]}, as low as possible based on
the wp ’learned’. Let’s distinguish wpr and w, in order to remain clear for the rest of this
document. Given V and L as mentioned above, the ERM problem is defined as follows :

mingen f(w) — % S L(w, v;) (1.1)
=1

Any w,, when one exists at least, is immediately defined as
Wy := argmingep f(w)

Now let’s imagine we are given a numerical algorithm ’Alg_ERM(-,-)’ computing, once having
been fed by V' and L, an admissible solution wr that is either an e-accurate |I| solution for (|1.1))
or simply the iterate got after T' major steps of this algorithm. wy is the output of such learn-
ing algorithm and in any case f(w,) < f(wr). Nevertheless it may happen that f(w,) > f(wr).

Often in the literature one decides to split f; into two parts : a data related part ¢; and what
we call a reqularization term R = Ar which will drive the optimization of f towards admissible
solutions w that are not too complex ; e.g. embedding many zero-components for descriptive
purposes. The regularization term implements the principle of Occam’s mzorﬂ Indeed in clas-
sical machine learning most of the entries of v; are scores with respect to explanatory features
and the entries of w are weights associated those scores in a (non)-linear model. If a com-
ponent of w equals 0, the model becomes ’simpler’ in the sense that it does not require the
corresponding feature for predictions/classifications.

Example: In some cases, one might know some informations (yet, this is not a total knowledge
about P) about the conditional distribution of a part of the random vector Y given the rest
of this vector. For instance, for supervised machine learning tasks such as classification, the
observations have a common structure v; = (z;,y;) € RY x {£1} and it happens that a model of
PlY = y;| X = x;, w] is available. Under the i.i.d assumption for the observations, the problem
of maximizing the (log-)likelihood of the observations can be reformulated as an empirical risk
minimization problem where ¢;(w) = —log(P[Y = y;|X = z;,w]) and r = af|w||1 + 352||w||Z.

For the well known logistic regression, ¢;(w) = log(1+exp(—y; ! w)), a € [0,1] and G is often
taken as either I; or, in a more statistically sustained approach G = diag{0,1,...,1} € R%x4
in order to not penalize an eventual intercept (generally, present at the first coordinate of w).
The term «||wl|; tends to sparsify wp. In highly intensive computational tasksEl, this is gener-
ally more than welcome. However it’s not the main topic of this master thesis.

1The performance criterion is yet to be chosen. Please refer to Chapter 2 for a discussion.

2Philosophical state of mind : among multiple possible interpretations leading to equivalent satisfactory
explanations, choose the simplest.

3For example, predictions/classifications once wr is computed.



Classical Formulation

At the end of the day, let’s summarize what is a general ERM problem:

n

1< 1
minwep{fw::— filw) = — oi(w) + Ar(w)| = ¢p(w +Rw} 1.2
<>n;<>n;[<> ()] = ¢(w) + R(w) (12)
Note: Generally, the problems presented in this master thesis are not constrained (D = ]Rd).
Nevertheless one can easily handle constrained optimization on a closed convex set D and even
more through the use of a well suited proximal operator during update steps of w. This latter is
presented in Chapter 2. Assumptions about the ¢;’s and r will be formulated after the section
about definitions. However f will be assumed bounded from below and a wy exists.



Chapter 2

Optimization Concepts

Purpose

This second chapter presents existing optimization concepts that will be helpful for
the rest of this master thesis. Apart from punctual citations, the two main references
for this chapter are: Introductory Lectures on Convexr Programming Volume: A Basic
course, volume I (Nesterov, 1998) [Nes98| and the already mentioned [2Z15].

If not stated otherwise, any of the statement made below is proven by either the
first and/or the second source cited above. Some proofs are shown in what concerns
the proximal operator as this might represent non familiar content for the reader.

2.1 Definitions and reminders

The content below uses the notations (-, -) and || - || referring to the standard euclidean inner-
product and deduced norm on R?. However the vast majority of the results written below
would hold if ever the inner-product was defined differently.

2.1.1 Classical convexity and smoothness

Let’s begin by recalling the classical concepts of convexity and smoothness. Let’s start with
the concept of L-smoothness with respect to a norm || - ||.

Definition 1 (L-smoothness w.r.t a norm || -||) : For L > 0, a function ¢ : D C R? — R is
said to be L-smooth w.r.t || - || if and only if 1 € C*(D) and we have

$(w) < Y@) + (V)0 -0} + 2llu— ol Vv € R
When 1 is convex it’s equivalent to require L-Lipschitz gradients :
IV(v) = V()| < Lilv —ul|  Yu,v € R?
Furthermore if ¢ € C?(D), L-smoothness is equivalent to
V2)(u) < LI, Yu € D

Note: If a function ¢ as depicted is L;-smooth w.r.t || - || then it’s also Ly-smooth w.r.t || - ||
for any L such that 0 < L; < L. It follows immediately from the definition of L-smoothness
w.r.t. || - || and the fact that (L, — L;)Iq > O.



Now it’s time to recall the definition of (strong-)convexity with respect to a norm ||| for both
differentiable and non-differentiable functions.

Definition 2 (o-strong convexity w.r.t a norm || - ||) : For ¢ > 0, a function ¢ : D C RY — R
is said to be o-strongly convex w.r.t || - || on D convex if and only if we have Vs € [0, 1],
os(l —s) 9
Y(su+ (1 —s)v) < sp(u) + (1 —s)p(v) — TH’U, —vl[* VYu,veD

Furthermore, if additionally ¢ € C1(D) then the following statement must hold
$(u) = $(o) + (Vi) u—v) + Zllu vl Vu,veD
Finally, if additionally 1 € C2(D), the o-strong convexity is equivalent to
o1y = VY (u) Vu € D
A generalization exists for convex but non-differentiable functions ) :
$(u) 2 () + (g(0),u = v) + Fllu = o]

where g(v) is any vector contained in the subdifferential set

() := {g € RUVu € D, ¥(u) = (v) + (g,u — v)}

When v is differentiable, this set resumes in only one vector : the gradient of ¢ at v, i.e.
o0Y(v) := {Vi(v)} and we fall back to the previous inequality.

Note 1: Let’s assume that 1 is o strongly convex with respect to a norm || - || and bounded
by below. Then if o > 0, 0 € 9¢(w) is a sufficient condition for w € D to be an unique global
minimizer of ¢ on D. Indeed, Vu € D, ¢ (u)—§|lu—wl||* > ¢(w) = ¢(u) > ¥(w), Yu € D\{w}.
The unicity is lost if ¢ = 0.

Note 2: If a function ¢ as depicted is op-strongly convex w.r.t || - || then it’s also o;-strongly
convex w.r.t || - || for any o; such that 0 < 07 < 0. When the biggest o, > 0 such that v is

op-strongly convex w.r.t || - || is o, = 0 then the function is simply said convex.

Note 3: Strong convexity plays a major role, through what we call the condition number

K= g, in the convergence rate of many numerical algorithms for optimization. Good news is
that it’s easy to tune the classical strong-convexity of a function 1 . Indeed for any function
¥ oy-strongly convex w.r.t ||+ ||, ¥ + %] - ||* is (01 + 02)-strongly convex w.r.t || -||.

Bad news is that the shape of the original function ¢ has changed and maybe the minimizers
of ¢ are (absolutely) not anymore minimizers of ¢ + %|| - ||*.

Now let’s introduce the most important concept in order to understand what will follow :

In the text of this master thesis, (strong)-convexity and smoothness are
defined with respect to || - || as usual.

If the concepts of generalized convexity/smoothness with respect to a
function (presented below) are used, it will be clearly highlighted.

10



2.1.2 Generalized convexity and smoothness

Let’s write down a generalization of convexity and smoothness displayed in [Z2Z15]. First the
definition of the Bregman divergence of a differentiable convex function 1 is necessary.

Definition 3 (Bregman’s divergence) : Be ¢ a convex differentiable function. Bregman’s diver-
gence of 1 is the function By, : R? x R? — R defined Vu,v € R¢ by

By(u,v) = (u) = ¢(v) — (Vp(v),u —v) >0

Now that the Bregman divergence is introduced, the following definitions can be read:

Definition 4 (u-strong convexity w.r.t a convex differentiable function ¢) : For p > 0, and a
convex differentiable function ¢ : R* = R. ¢ : D C R — R is said to be p-strongly convex
w.r.t ¢ if and only if we have Vs € [0, 1],

d(su+ (1 —s)v) < sop(u) + (1 —s)p(v) — pus(l — s)By(u,v)  Vu,v e D
Furthermore, if additionally ¢ € C'(D) then the following statement must hold
¢(u) 2 ¢(v) + (Vo(v),u — v) + uBy(u,v)  Vu,v € D
Again for a non differentiable function ¢, let’s mention this generalization Vg(v) € 0¢(v) :

¢(u) = ¢(v) + {9(v), u = v) + pBy(u,v)

Definition 5 (L-smoothness w.r.t a convex differentiable function ) : For L > 0 and a convex
differentiable function ¢ : R = R. ¢ : D C R¢ — R is said to be L-smooth w.r.t ¢ if and only
if » € C1(D) and we have

d(u) < o(v) + (Vo(v),u —v) + LBy(u,v) Vu,v € D

Note : The Bregman divergence won’t be useful until Chapter 5. However let’s already state
the following result. Taking ¥(-) = 3|| - ||* and thus V¢(-) = (-) on R? leads to

1 1 1
By (u,0) = Sull* = S[[o]]* = (v,u —v) = S|ju— o]
2 2 2

Therefore Bregman divergence based (strong)-convexity and smoothness generalize the classical
definitions w.r.t a norm || - ||. There’s equivalence for the special case where ¢(-) = 3| - [|%.

2.1.3 Proximal operator

Now the concept of proximal operator is introduced. Apart from [ZZ15], the main reference
for the following content is First-order optimization methods (Amir Beck, 2017) [Becl7a).

Definition 6 (proximal mapping of a function R) : The proximal mapping of a proper closed
convex function R : R? — R at u € R? is defined as the unique

. 1
proxp(u) := argmin { R(y) + ou—y]*}
yeRd 2

11



Note: Let’s remark that this concept generalizes the classical projection on a closed convex
set. Indeed, let’s consider C C R? as a non-empty closed convex set and

. d |0 yeC
Licy : R® = {0, +oo}, y = Ly (y) = { too ydC
Then computing prox]l{c}(w) = argmin o ||lw—y||* = argmin, o [|w—y|| = projo(w) shows

that one possible use of the proximal operator is to implement a projection.

An interesting link can be made between a proximal mapping and the standard projected
gradient method for a L-smooth function ¢. The core idea behind the gradient descent update
step is to optimize the isotropic quadratic upper-bound of ¢ at the current iterate w.

L 1
= i +(Vo(w),y —w) + S lly —w|]*} =w— =V
w4 arygegzm {¢(w) (Vo(w),y —w) 2Hy wl] } w7 d(w)

Eventually, in the constrained framework, one takes the projection of such isotropic quadratic
upper-bound minimizer

1 1
ws = proje(w = FVo(w)) = proxy ¢, (w = 7Vé(w)

Let’s show that it’s actually equivalent to directly minimize another function, the indicator-regularized

isotropic quadratic upper-bound of ¢. For any regularizer R with w, := proxp(w — %ng(w)):

1

Slltw = 2 96(w) — o}

w4 := arg min {R(y) +3

yERY
= argmin {Ry) + 5001+ [l®) — = FV600),) + 511 V@) (w, 7 Vo))

N~ N

= argmin { R(y) + 2 (oIl — 2y, w) +[[ul ) + 1{Vo(w),y —w)}

y€ER4

= argmin {L R(y) + 6(u) + (Vo(u).y —w) + 5y~ i’}

Immediately one can observe that the particular choice R(-) = 0 for every y € R? leads to a
proximal operator degenerating into an identity operator.

proxg(w) = w

Let’s now state a few important results about proximal operators that will be helpful to derive
first-order optimality conditions at the next subsection and understand the true motivation
behind proximal methods.

Property 1 (image of a proximal mapping) : Let R : R? — R be a proper closed convex
function then the following equivalence holds Yu € R?
v =proxp(u) & u—v € IR(v)
Proof: Given the assumptions on R, the effective domain of R(-) + %|| - —u|> is D = R%.

This latter function is 1-strongly convex and sufficient conditions of optimality for such class
of functions require that the unique minimizer y, is such that

1
0 € O(R(y.) + 5 llys — ul*)

12



Hence 0 € OR(y.) + {Vy(5lly — ul[*)|y—y. } Where "+ denotes Minkowski’s addition.
This resumes in imposing that v — y. € OR(y.). By definition of proximal operator, v = ys,.

Conversely we can backtrack ; if u — v € OR(v) then 0 € O(R(v) + &||v — u|[?).
As the interior of D is R?, the optimality condition was also necessary and thus

. 1
v =argmin { R(y) + 5 ly — ul[* | = proxu(w)
yER4

O

Property 2 (firm/simple non-expansivity of proximal operators) : Let R : R? — R be a proper
closed convex function then the following inequalities hold Yu,v € R?

[[proxp(u) — proxg(v)|* < (proxg(u) — proxg(v), u — v) (firm)
|Iproxp(u) — proxg(v)[| < [ju = vf] (simple)

Proo Let v := proxp(u) and v := proxg(v). Recalling Property 1, u —u € R(u') and
v—v € dR(v'). Then, by definition of subdifferential set :

R(v/) > R(u/) + (u — ul,v/ — ul)

R()>RW) + (v—v,u —v)
Summing both inequalities leads to :
0> (v—v/ —u—l—ul,u/ —vl)

=
(u = u =) = ||prox(u) — proxz(v)||> < (u—v,u’,v') = (proxp(u) — proxp(v), u — v)

Finally, using Cauchy-Schwarz inequality and the last inequality it immediately comes that

[Iproxp(u) — proxg(v)|| < [lu — ||

Note: This means that the proximal operator applied on two points u, v will never make them
more distant than what they were initially. Furthermore let’s imagine that for the R chosen
there exists v, such that v, = proxp(v.). Since R is convex, v, would be a minimizer of R
as vx — vx = 0 € OR(v,). When R is a proper closed convex function this is always the case.
Applying proxp(-) on any other point u of the domain leads to ||proxp(u) — proxg(vs)|| =
|[proxp(u) — ve|| = ||’ —v4]| < ||Ju—vs||. We can see that the general purpose of the proximal
operator is to drive, smoothly if R is smooth, its argument towards a region of lower R-penalty.

!Source: Theorem 6.42 of [Becl7a).
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The (PL) condition stated below won’t play a major role in this master thesis.

The content introduced here is taken from Linear Convergence of Gradient and Proximal-
Gradient Methods Under the Polyak- Lojasiewicz Condition (Karimi et al., 2018) [KNS18].

It stands in order to show the reader a practical condition under which the convergence towards
a point where the norm of a subgradient is arbitrary small implies the convergence towards a
point whose cost is arbitrary close from f* (see section 2.2 below).

2.1.4 Polyak- Lojasiewicz (PL) condition

Definition 7 (Polyak- Lojasiewicz (PL) condition) : Let f : D € R? — R a differentiable
function. f is said to fulfill the Polyak- Lojasiewicz (PL) condition with constant y if and only
if f admits a minimizer on D for which we define the optimal cost f* and there exists pu > 0
such that

5 (fw) = ) < S IV F(w)|? Vw e D

Note 1: Immediately one can see that any stationary point of a function f verifying the PL
condition is a global minimizer of f on its domain ! However PL-condition does not im-
ply convexity that enjoys this same feature. For instance one could check that the function
fiR—=Rw— f(w) =w?+ 3sin(w) fulfills PL-condition with constant ;1 = ;. Indeed, the
inequality 3(2w + 3 cos(w))? — 1(w? 4+ 3sin(w) + 1) > 0 is verified for any w € R and f* > —1.
However f is obviously not convex hence not strongly convex as well. PL actually implies what

one calls invexity E] but this concept won’t be deepened in this present document.

Note 2: In the literature E] sometimes PL-condition is replaced by 7-gradient domination
condition. This condition is resumed by requiring that f is differentiable with an existing
minimizer on its domain and that Vw € D, (f(w) — f*) < 7||Vf(w)||?. Actually a function f
that fulfills PL-condition with parameter u is equivalently 7 = i gradient dominated.

Let’s show that a well known class of functions, e.g. the p-strongly convex functions (u > 0)

is contained in the class of p-PL functions or equivalently i-gradient dominated functions.

Property 3 (strong convexity = PL-condition) : Let f : D € RY — R be a differentiable
p-strongly convex function (u > 0) then f fulfills the PL-condition with parameter pu.

Proof : Since f is u-strongly convex (u > 0) and differentiable f admits a minimizer w, on
its domain. Following strong-convexity definition for differentiable functions,

F(w.) 2 f(w) + (Vf(w) w, —w) + Ellw. —wl®  Vw € dom(f)

Minimizing the isotropic quadratic lower-bound of f (RHS) with respect to w and noticing
that it’s also a p-strongly convex function leads to the necessary and sufficient condition that
—Vf(w) — plw, —w) =0 & w = %(w) + w,. Hence taking back the expression of the
RHS and injecting the expression of a w minimizing the isotropic quadratic lower-bound gives

Fw) > fw) + (VF(w),w, — (ws + L)) 4 8w, — ((w, + L)) 2 = faw) - IT0IE,

2Source: [KNS18].
3Source: [Ngu+17).
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2.2 Optimality conditions

Let’s consider problem . After Definition 2, in Note 1, a comment recalls first-order opti-
mality conditions applied to a convex (non-necessarily differentiable everywhere on its domain
D) objective function. More generally for functions f that are either convex or non-convex but
differentiable we define stationary points u as elements of S* := {u € D C R?|0 € 9f(u)}.

At any such point, one faces either a local minimum/maximum or a saddle point of f.
While solving ((1.2)) one would like to approach at least a local minimum.
Recall that by assumption f is bounded from below so at least one w, exists.

Multiple cases arise :

1. D =R?: as there’s no border to the feasible domain any minimizer w, of (T.2) is in S*.

If f is convex then any element of S* is a minimizer of . If f is non-convex and if
one has access to the whole set S* one may simply evaluate f at every point of S* to
detect the global minimizers of . Otherwise, if f is non-convex and if one has found
a single element of S* | this latter may eventually be a local minimum of f but then are
required " stronger results such as approximate second-order optimality or strictly local
minimum require additional assumptions and more sophisticated optimization methods
such as cubic reqularized Newton-type schemes”lﬂ

2. D C R : if f is convex, any minimizer w, fulfills the condition Yw € D, Vv € 9f(w.)
(v,w—wy) >0

Indeed, since Vv € df(w,) and Yw € D, f(w) > f(ws) + (v, w —w,) one would then have
f(w) > f(wy) for any w € D ensuring that w, is well a minimizer of f on D.

If f is differentiable, any point w € S* is such that the only v € df(u) is 0 for which
the condition above is fulfilled. The only difference with D = R? is that, in this same
framework, there might be points not in S* for which the condition holds as well !

This time if f is non-convex, even with the access to the whole set S* one is not sure to
find a global minimum. A proper inspection of the behaviour of f on the border of D in
necessary... Again sophisticated tools exist in order to spot whether a single element of
S* is a local minimum or not.

To resume, for both convex and non-convex settings there’s an interest in looking after sta-
tionary points for solving . The point is that the convex framework provides many more
guarantees. In machine learning both types of settings appear and will be investigated in the
experiments. However most of the theoretical analysis will cover the convex setting.

When no counter indication is given f will be decomposed in a smooth
(strongly)-convex part ¢(-) = =57  #;(-) and R will be simply convex but

T n
not necessarily smooth nor differentiable.

Thus, when searching after a point u € S*, we will generically write :
0 € 0f(u) =Vo(u) + 0R(u) & —Vo(u) € OR(u) (2.1)
Trivially if R is a constant function, this condition is equivalent to look after points for which

Vo(u) =0

“This comment is in the Optimality Conditions section of [Pha-+19)
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Without loss of generality we will further assume that D = R?. If one wishes
to optimize on a smaller non-empty closed convex set D, R will embed 1p,
the indicator function of D.

Before digging into the core content of this master thesis about stochastic-gradient based
methods first will be presented the traditional plain-gradient method used in order to approach
7 as close as possible” a minimizer w, for problem . Again we will look after such minimizers
in the set S*, assuming it’s not empty! As a reminder, any point of S* is a minimizer when the
function f is convex ! As it’s hopeless generally to require an exact point from S*, one speaks
about e-accurate admissible solution wy. Two criteria are widely used to define e-accuracy.
However in this master thesis it is the first one that is investigated. Hereafter the reader will
find both criteria but first one needs an explanation about the concept of gradient mapping
[Nes98| and its implication in the assessment of algorithm’s convergence.

2.3 Gradient mapping

Definition 8 (Gradient mapping of a function f) : Be f : D C R? — R a function defined
as the sum of two sub-functions ¢ : D — R differentiable and R : D — R convex, i.e. Yw €
D, f(w) = ¢(w) + R(w). For any n > 0 and w € D, the gradient mapping of f at w is

Gy(w) 1=~ [ = prox,m(w = 1V6(w) (2.2)

were D is defined in such a way that the proximal operator for R is well defined.

Note : Trivially, G,(u) = 0 if and only if u = prox, p(u —nV¢(u)). Let’s consider such an w.
Recalling Property 1, u — nVé(u) — u = —nVé(u) € ndR(u) or equivalently,

~Vo(u) € R(u)

In other words, u would be contained in S* looking at condition (2.1). One can easily establish
a link with traditional zero-gradient requirement for the case where R is a constant. Indeed in
that case the minimization of f is unconstrained and prox,z(u —nVe¢(u)) = u —nVo(u) ,

Gp(u) =Vo(u) =0
Thus, there’s an equivalence between : Vu € S* < for any n > 0, G* := G, (u) = 0.

Algorithmic scheme

Now let’s propose an intuitive iterative scheme that will produce points w € S*.
Actually w is a fixed point for an update step of the following type. Be n > 0,

w —w —nGy(w) (2.3)

Under some hypothesis that will be covered soon, this iterative scheme converges within an
arbitrary precision imposing that ||G(w)|| — 0.
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2.4 Quality criteria

Be € > 0 the accuracy desired. Let’s denote by f* the value taken by f at any minimizer
wy. Furthermore G* represents the gradient mapping at any w, € S* which’s equal to 0 as
previously shown. We will focus one the two following forms of e-accurate solution :

1. E[f(wr) — f*|lwo] < € : expected slack between the value of f at the output iterate wp
and the optimal value.

2. E[||Gyy (wr) — G*|*|wo] < € : expected norm of difference between the gradient mapping
of f at the output iterate wr and a minimizer w, of S*.

where wy is a starting point, an initial guess for the solvers fed into the algorithms.
Note that (2) may be rewritten as E[||Gy,. (wr)]|?|wo] < € since G* = 0 assuming S* # 0.

Note: When using plain methods as in Proximal Gradient Descent (Prox-GD) there’s no
other form of randomness in the optimization process and the expectation operator is useless.
However the criteria are stated as above in order to pave the way through stochastic-gradient
based methods for which convergence results are expressed in terms of overall expectation !

The first criterion is intrinsically the most important since the ultimate goal is to solve .
Disposing of an iterate for which f(wr) is the lowest possible is fine. Unfortunately unless
knowing the value f* and looking after points in S* for which this optimal cost is met we
cannot stop a numerical algorithm based on e-accuracy for criterion 1.

Nevertheless under 7-gradient domination it’s easy to get that for functions f with a con-
stant part R, leading to the equality G, (w) = V¢(w) = V f(w) for any > 0 in order to
obtain e-accuracy with respect to criterion 1 it’s sufficient to require an £ accuracy with re-
spect to criterion 2. Let’s consider the case where R is convex but ¢ is L-smooth. In [KNS18]

it’s shown that a generalized version of the PL-condition based on

2 1
Drlw, ) = = min {(Vo(w),y = w) + o |ly — wl + R(y) - R(w)]

that is requiring . .
p(f(w) = £) < 5Dl ) (24)

for every w € D is sufficient to obtain e-convergence with respect to criterion 1 while applying
algorithmic scheme with 0 < < % The reader may convince himself that the expres-
sion of Dg(w, %) is closely related to ||G,(w)||>. One may verify that whenever R is constant,
Dpr(w, %) is identical to ||G,(w)]|? = ||V f(w)|]> = ||[Vé(w)|[. Tt actually follows from paper’s
result that if one finds wp € D such that Dr(wr, %) < 13‘7;#6 then the wr produced at the
next iteration verifies f(wr) — f* <e.

Criterion 2 is always tractable under the assumption of a first-order oracle at disposal and
a proximal operator leading to a unique vector in R?, i.e. we can always compute the gradient
mapping time by time to assess the convergence of the numerical algorithm used.

We may want to add a non-differentiable part to ¢ (hence making it non-
smooth) then we require 0 € 9¢(u)+JdR(u). Therefore all the V¢(w) represent
one subgradient of ¢ at w. Again by default, ¢ is at least smooth.
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Chapter 3

Motivation for Stochastic Gradient
Methods

Purpose

In this chapter is motivated the use of stochastic optimization methods in order to tackle
the problem . A fair comparison between the basic (proximal) stochastic gradient
descent method and its full-gradient counterpart, namely (proximal) gradient descent
method, is operated on a problem for which n is big enough to reveal the power of
stochastic gradient methods.

The performances of the algorithms studied will be compared, depending on the context, with
respect to two measures:

1. Given an e-accuracy for criterion 2 and/or 1, the first measure corresponds to the number
of sample gradient computations in order to get a final valid output wrp.

2. Fixing the number of sample gradient computations, the second measure is the goodness
of the output wp produced by the analyzed algorithms.

Note 1: A single sample gradient computation represents the computation at any iterate
u € R? given any i € [n] of the vector Vé;(u). For instance, Vé(u) requires exactly n sample
gradient computations since ¢ is a compound function made of a sum of n ¢;, i € [n].

Note 2: wr will always depict the output iterate of any algorithm covered in the present
work, whether it represents the last iterate produced or an average of past iterates or any other
combination of previous iterates...

Why sample gradient computations?

As n grows, the computational time taken by numerical optimization algorithms to compute a
full-gradient of ¢ becomes the critical time consumming step at each iterate update.

Such operation scales with n and the more sophisticated the loss function is (e.g. neural
networks) the more time a single sample gradient computation requires. For many practical
applications (e.g. logistic loss regression, quadratic loss regression, ... ) the complexity of a
full-gradient computation is represented by O(nd). Therefore even though they still need the
least number of update iterations of w in order to produce wy starting from wy, classical full-
gradient based algorithms present, by definition, the major bottleneck of an update iteration
that costs not less than n single sample gradient computations. The key point used in stochas-
tic gradient methods is to proceed to much more update iterations but at a light per-iteration
cost, much less than O(n) sample gradients computations
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3.1 Proximal Gradient Descent Method (Prox-GD)

The motivation behind the proximal gradient descent method simply generalizes the idea be-
hind classical gradient descent. Let’s derive it and highlight the fact that whenever f can be
interpreted as being only a differentiable part f = ¢ then Prox-GD is equivalent to GD.

One assumes to dispose of an upper-bound of f at each iterate w and chooses the next it-
erate w4 as being the minimizer of such upper-bound. In this deterministic framework , under
certain conditions we can tune the upper-bound in such a way that f(w;) is ensured to be
lower than f(w) which ultimately leads to convergence as f is supposed to admit a minimizer.

Typically, one makes the assumption to have access to n > 0 such that Vw,,w € R? to

1
fwy) = d(wy) + R(wy) < d(w) + (Vo(w), wy —w) + %Ilm —wl|* + R(w,)
Such common assumption is trivially verified under L-smoothness of ¢ just by choosing n = %
It might happen that one does not have access to L, even though it exists. Fortunately it
can be estimated and updated iteratively. If R = 0, minimizing the RHS leads to choose
wy =w —nVe(w) as for GD. More generally, looking back to Definition 6, we actually set-up

wy = prox,p(w —nVeé(w))

Note: In the case R = 0, the gradient method may converge even if ¢ is not L-smooth.
One then picks up a convenient 7 for a line-search in the direction of the gradient of ¢
(e.g. fulfilling Wolfe’s conditionsﬂ) but this is outside the main topic of this master thesis.

Algorithm 1 Prox-GD
Initialization : 7 > 0, wy starting iterate, 7" number of update steps,
fort=0...T—1do
Wiy1 = prox, p(wr — Ve (wy))
end for
Output : wr

Main convergence results

Please refer to the bibliography for the proofs. In any case ¢ is a proper, closed differentiable
function and R is a proper, closed convex function both defined R€.

further assumptions on ¢ and/or R result comment | reference |
¢ L-smooth mingego. 71 ||Go(we)]] < \/Wg# 0<n<2| [BeclTb|

¢ L-smooth and p-generalized PL flwr) = f* < (L —p)T (flw)) — f*) |[0<n< 1 [KNS18] |

¢ L-smooth and convex flwr) — f* < Hw‘)inlTUW n=1 [Stal |

¢ L-smooth and p-strongly convex | f(wp)— f* < ﬁ(l — )T ||Jwg — w*||? n=1 [Becl?bL

Note: For every setting under L-smoothness f(w) — f(w4) > n(1 — %)HG,?(U))H2 [Sta].

Results are presented here after T' update iterations or T'n sample gradients computations.

'Source : Convergence Conditions for Ascent Methods. II: Some Corrections (Wolfe, 1971)
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3.2 Proximal Stochastic Gradient Method (Prox-SGD)

Now let’s introduce Prox-SGD in its most primitive version. As argued multiple times in the
present document computing a full-gradient at each update iteration is prohibitive when n
becomes large. Instead the very first versions of Prox—SGIﬂ alms to use an estimation of that
full gradient that only costs a single sample gradient computation. Therefore as discussed ear-
lier, for most of the practical applications, one iterate update would costs O(d) basic operations.

Imagine we dispose of an iterate w € R?. The core idea behind Prox-SGD is to draw at
random a sample i ~ U([n]) and follow the direction the linked sample gradient V¢;(w).

Obviously, if one defines p; by p; := ]P’[i/ = 1] (here p; = % given the uniform sampling),

E,[Voy (w)] = Zpi Voi(w) = %Z Voi(w) = Vo(w)
i=1 i=1

Hence, by taking V¢, instead of V¢, in average one follows the direction of the true gradient.
The update step of Prox-SGD is then pretty simple. It’s essentially the same as for Prox-GD.
Yet there is one fundamental difference : one uses what we will denote by the term a stochastic
gradient, g, instead of the full-gradient V.

More precisely, the update step works as follows given w and step-size 7,
i ~U([n])

g = V(bi/ (w)
w4 = prox,g(w —ng))

w4 is computed as being the minimizer of a stochastic upper-bound that holds ’in average’.
Therefore in general we can’t ensure any decrease of f with probability 1 as for Prox-GD.

Actually for the iterate update step of Prox-SGD, wy minimizes a single realization of a
random function

I7w: R? 5 R, u — fi/7w(u) = ¢(w) + (Vo (w),u —w) + gﬂu —w|? + R(wy)

)

nevertheless it doesn’t mean that f(wy) will be smaller than f(w).

Note 1: Despite the fact that for any iterate w € R%, g is an unbiased estimate of the full-
gradient, the convergence results of Prox-SGD are weaker than a version of the convergence
results for Prox-GD holding only in expectation. The main reason explaining this downfall is
the fact that the expected decrease at given steps depend on the whole history of randomness.
To provide the reader with some intuition at this point here is an argument. With stochastic
gradient based methods some update iterations might be terrible. These bad update steps will
condition the optimization process at least for a few more updates...

Note 2: In the original Prox-SGD algorithm the distribution of i is always uniform on [n].
Nevertheless, and this is one aspect covered in this master thesis, other sampling schemes can
be investigated. Importance sampling arises in Chapter 4 and Chapter 5.

2Actually the proximal setting (Prox) was proposed years after (Robbins and Monro, 1951) but doesn’t
change the core idea of SGD which’s to estimate the gradient of ¢. R doesn’t play any role in the scalability of
the studied algorithms.
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Algorithm 2 Prox-SGD

Initialization : {m}f;& step-size schedule Vt € {0,...,T — 1}, 3 > 0, wy starting iterate,
T number of update steps
fort=0...T—1do
ir ~ U([n)
gt < Vi, (wy)
Wit1 < PTOXmR(wt — NtGt)
end for
Output : wr (last iterate) or wy < 7 Zz:ol wy (averaged iterate)

Note: Obviously in practice g; is not especially stored in memory. The scheme of Prox-SGD
is intentionally left as explicit in order to proceed to clear comparisons in Chapter 4 !

Every convergence rate for (Prox)-SGD relies on a decreasing step-size scheme {n;}7 ' and
a further assumption of bounded stochastic gradient variance is required.

Definition 9 (direct bounded stochastic gradient norm variance) : Dealing with problem ((1.2)),
¢ is said to have bounded-variance if and only if there exists o > 0 such that

E, [|IVé, (w) - Vo)|P] < o> VweR? (3.1)

Note : More sophisticated versions of this assumption will be introduced when analyzing the
convergence bounds of stochastic gradient based methods for which the stochastic gradient used
is not 'simply’ g = V¢, (w). However fulfilling the above assumption will often be sufficient.
Noticing the unbiasedness of g as estimator of the true gradient, E, [||V¢, (w) — Vo(w)|[?] =
E,/[[|[Vo, (w)|[*] — [|[Vé(w)||?. A stronger condition called bounded second order moment than
the above bounded-variance is to require that Ey[||[Ve, (w)|[?] < C? for any w € R? and
C? > 0. Actually one needs that those assumptions hold at every iterate w encountered during
the optimization process, this is usually true.

As mentioned in the following table when using a constant step-size 1 one can only ensure
expected convergence until a lower-bound accuracy. Imagine R = 0, this may seem rather
intuitive since when approaching a minimizer w, of f nothing guarantees us that sample gra-
dients V¢;(-) will all converge to zero-norm vectors despite the fact that it holds that V¢(-)
will converge to 0. Progressively decreasing 7; allows to ’stabilize’ around a certain iterate.

Main convergence results

The proofs of the following convergence bounds are available in the sources. The assumptions
about ¢ and R do not differ from the Prox-GD case but we further require ¢ to have bounded-
variance (02) or bounded second order moment (C?). We only state global convergence results.

further assumptions on ¢ and/or R result comment reference
¢ L-smooth , R =10 complicated results exist (see Note) | (see Note)
* 2 T
¢ L-smooth and y-PL , R =10 E[f(wr) — f*|wo] < QLQT N = % [KNSISL
¢ L-smooth and u-PL , R =0 E[f (wr) — f*lwo] < 0<n<g, | [KNSIg
2
(1 — )7 (f(wo) — f*) + 242
¢ L-smooth and p-strongly convex E[f(wr) — f* |w0] n = ﬁut [2715]
LHw0 UJ*HQ Zt 0 77t0'
T
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Note 1: In their paper When Does Stochastic Gradient Algorithm Work Well?
(Nguyen et al., 2018) [Pha+18] present rather poor and complicated results for the e-convergence
of the value 23;01 [V (wy)||? in the SGD setting for f = ¢ L-smooth and non-convex.

Note 2: One can observe the linear convergence of SGD (R = 0) under PL condition to a

A= Lf:”—accurate solution with respect to criterion 1 as stated in the Quality criteria section.
This observation led people trying adaptive SGD schemes for which time by time the step-size

7 is halved in order to avoid getting stuck at A-accuracy.

Note 3: wr is one iterate drawn uniformly at random among the T newly visited iterates
{w}L_, during the optimization process. Please note that the real bound derived in [ZZ15] is
Siso B || Vi, (we)—Ve(we)||?] iy mo?

T T :

tighter as it embeds which’s less or equal than
The reader may already feel the importance of the stochastic gradient variance in the conver-
gence of such stochastic optimization algorithms. A broad class of modern stochastic methods
is dedicated to reduce the variance associated with the estimation of the true gradient as much
as possible.

3.3 Comparison

As announced in the purpose of the current chapter, let’s conduct an experiment to highlight
the superiority of Prox-SGD over Prox-GD when n is large enough. This experiment is per-
sonal. However the idea behind the structure of such the used objective function f is borrowed
from the course Non-Linear Programming LINMA246(fﬂ

a priort outcome

Using Prox-SGD we assume implicitly to dispose of a first-order oracle per sample function
fi- Hence we also dispose of a first-order oracle for the whole composite function f. There-
fore one would be very much disappointed if this complement of information didn’t bring any
improvement in the computational time when tackling problem ((1.2)) with numerical algorithms.

The comparison will be operated in terms of sample gradients computations in order to reach
a given e-accuracy for criterion 1.

Creation of a problem

We would like ¢ to be smooth and strongly convex and R to be convex. After the ran-
dom generation of a dataset made of n points {%;};c[, (normal distribution with moderate
variance), we can build our objective function.

The proposed objective function is the following depending on w,, the optimum chosen :
fiRT =5 Rw — f(w) = ¢(w) + R(w) = ¢(w) + Aljw — w.]s
where g(w) = L Y0, g(w), r(w) = [[w — w.lly, Vi € [n], hy(w) = log(1 + =) and

h(w) = 235" | hi(w). The ¢;’s are built based on the h;’s . For Ay, > 0, Vi € [n] :

n

¢ R = R,w = ¢i(w) = hi(w) — h(w.) — (VA(w),w — w,) + %Hw — wlf?

3Source: UCLouvain web site
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Now let’s demonstrate that f presents the desired properties.

Let’s first notice that each ¢; is Ajp-strongly convex and twice continuously differentiable.
The average of those sample cost functions gives ¢ which’s then also A\i,-strongly convex and
twice differentiable. As proportional to a distance, R is convex as required.

One can remark that for any w € R?, ¢(w) > 0. Indeed using the equivalent definition of con-
vex functions under differentiability we have that Vw € R?, h(w)—h(wy)—(Vh(wy), w—w,) > 0.
Obviously the term )‘2“‘ |[w — wy||? is also positive. Hence the chosen w, is a global minimizer
of ¢. If we choose R in such a way that w, is also a minimizer of R then w, is a minimizer
of the whole objective function f. Finally let’s underline the fact that ¢ is L-smooth as there

exists an upper-bound on its hessian matrix, K = A\in Iy + ﬁ Yoy iczvaT

Indeed let’s observe that maxgcr @ (log(1+e™)) _ %, Yw € RY,

ds?

*(log(14¢7*))
ds?

1~ d 8 1 . .
v2¢(u}) = Aindg + g Zzl T; ( )|s:(w,ii> x? =< Aindg + E Zzl foL‘ZT =K

One may be convinced that L = Ay + 4= 1 ||| > L = ||K||> is enough to ensure that
V2¢(w) = LId = Efd Yw € Rd

Scale of the problem

Let’s formally recapitulate the problem at hand given a random dataset of {v;}7 ;.

min, () 1= R(w) + 6(w) = Ar(w) + = 3" gi(w)
=1

weR4

where ¢ is Aip-strongly convex differentiable on R¢ and R is convex on R%, A >0

elements expression/value
problem size (n, d) n = 50000 , d =15
global minimizer w, Wy j ~ U([—%7 2]) Vj € [d]

inner convexity enhancer Aj,

sample differentiable cost function ¢; | log(1 4+ e~ ™)) — h(w,) — (VA(wy), w — wy) + 22 |[w — w,]|?

2
regularization constant A multiple values (see experiments)
regularizer R(-) AJw — w1
step-size (Prox-GD) n = £ (best) , (Prox-SGD) 1, = 13(1%4) (tuned)
5v/n
distance wg to ws 10

Note 1: w, is fixed once and for all for every run for both methods ! The parameter Ay, en-
sures that ¢ is strongly convex. L is computed as proposed above and L = i, + 3 > 1, |||
This step-size scheme is safer than the one, 7, = ﬁut’ proposed in [ZZ15].
This latter is very good for the first iterations but doesn’t decrease fast enough for small
1. This comment underlines one practical drawback of Prox-SGD, one has to 'play’ with pa-
rameters in order to get the best result possible whereas for deterministic methods the well
known % step gives the best convergence bound.

Note 2: As stated before the ;’s were generated randomly. There is no classification un-
derneath this optimization problem.
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Results

The times collected are measured within the methods. A counter is set-up to 0 when their
principal loop starts. The counter is stopped/restarted whenever a computation of objective
value is required. Each test has been conducted 10 times and the results were averaged in order
to lower their intrinsic variance. Classical bootstrap confidence intervals are shown for the per-
formances.Note that the performance measure for ProxSGD is taken with wp < % ZZ-T;()l Wy.
The e-accuracy targeted is 5-10~%. ProxGD takes respectively 2316 and 3593 epochs to achieve
the required accuracy for the first and second experiments.

Smooth Case

For the first experiment A = 0, meaning there’s actually no regularization and the algorithms
fall back to their primitive version, resp. GD and SGD. Thus f = ¢ is smooth.

g-accuracy vs. epochs g-accuracy vs. time
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T method ‘T
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Figure 3.1: accuracy vs. epochs Figure 3.2: accuracy vs. time

Non-Smooth Case

For the second experiment A = % (classical choice in machine learning), meaning that the
proximal operator does play a role and the overall problem is not smooth anymore. For the
problem being it actually penalizes iterates too far away from w, with respect to the L; norm.

g-accuracy vs. epochs

g-accuracy vs. time
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Figure 3.3: accuracy vs. epochs Figure 3.4: accuracy vs. time
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Comments

Let’s first analyze the results obtained for the smooth case. Figure [3.]] clearly shows that
SGD outperforms by far GD in terms of sample gradient computations to achieve e = 5- 1074
accuracy with respect to the first criterion. One can observe in Figure that every of the
10 runs of SGD was faster in time than plain GD. However one can already come up with
the fact that GD achieves an epoch much more time-efficiently than SGD. Looking at the
data (available) one can compute that in average SGD performs 0.4113 epochs/[s] while the
raw performance of GD is ~ 5.8725 epochs/[s]. Among other reasons (passes in a while loop,
memory access,. .. ) one is the fact that the iterate w is updated n times during one epoch for
SGD while w is updated only once per epoch for GD. However both methods present an epoch
time complexity of O(nd) basic operationsﬁ

Then let’s look at the results of the non-smooth experiment (3.3 and [3.4). Now a non trivial
proximal operator is used. Indeed at any update step one has to solve :

!
Wis1 = PIOXy, \||.—w, |, (Wi = 1ge) = arg min Sy = (we = mge) |1 + mA| |y — walls
yeR

Hopefully there exists a closed form for such update step, yet no so usual as here the ’lasso’
(classical regularization technique in machine learning) is shifted by w, not equal to 0 in general.

Example 6.8 in [Bec17a] gives the closed form for proxy., (u) (known as soft thresholding)
proxy|.||, (u) = sgn(u) ® [[u| — Ae|+
Using Theorem 6.11 of the same book, one can come up with
PIOX |- _qp, ||, (W) = Wi + Proxy |, (v — ws) = wi + sgn(u — wi) © [Ju — wy| — Ae]4

Again the hegemony of Prox-SGD in terms of sample gradient computations is left undefeated.
Despite this large advantage we see that for this much more difficult problem Prox-SGD is
barely more time-efficient than (Figure Prox-GD. Here the iterate update cost plays a non
negligible effect. Luckily for Prox-SGD the accuracy seek for this experiment wasn’t too low so
it did converge in decent times. Without any doubt, looking at the behavior of the time curves
for Prox-SGD and Prox-GD at Figure if € was much lower Prox-GD would have beaten
Prox-SGD in terms of time-efficiency. Actually looking at the convergence bounds for both
Prox-GD and Prox-SGD already gives hints. Prox-GD shows a linear convergence towards a
minimizer of f when ¢ is smooth and strongly convex (obvious while looking at graph
while the stochastic gradient norm variance prevents Prox-SGD to converge linearly.

Instead Prox-SGD converges with a sublinear-rate that usually beats linear convergence for a
value of p = (1 — nu) (rate) close to 1 and a low to medium accuracy e.

This experiment was intended to motivate the use of stochastic optimization methods in order
to solve and the results are convincing. That being said, accelerated versions of Prox-GD
exist and are, when n is not huge, more efficient than basic Prox-SGD (even at medium ac-
curacy). Those methods make use of momentum directly inspired from Nesterov’s momentum
(1983). However stochastic equivalents (briefly reviewed in Chapter 6) exist meaning that the
interest for stochastic optimization is far from vanishing !

4 Assuming evaluating an exponential for V;i(-) does not yield extra complexity time ...
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Chapter 4

Evolution of Stochastic Gradient
Methods

Purpose

Now that stochastic gradient methods are motivated (Chapter 3) it is time to review,
compare and classify the standard techniques in the domain. This is the occasion to
pave the way through Chapter 5 by introducing some baseline methods but also by
highlighting possible limitations & bottlenecks a researcher could face while trying to
create new methods.

In what concerns the present chapter the contributions of this work are multiple:
1. for each developed era, proposition of a formal structure of the stochastic gradient

2. MSE analysis of the stochastic gradients, presentation of two general sampling
schemes, multiple lemmas giving conditions under which these stochastic gradients
are unbiased estimates of the true gradient

When text will be written in color, the paragraph content that is below will refer to
one of the two contributions above.

Eras

As cleverly highlighted in the introduction of the 6-th version of Katyusha [Zhul§|] the stochas-
tic gradient optimization research field has known 3 major eras that will be explained.

In this document these eras will be referred as respectively the ” Pioneer” era (1), the ” Vari-
ance Reduction” era (2) and finally the ” Momentum” era (3). Each era is linked with a new
paradigm on which it is based on. Although the first era has started a couple of decades ago
(A Stochastic Approximation Method (Robbin & Monro, 1951)) [RM51] with SGD there’s still
research undergoing for each of these paradigms. Nevertheless, to the best of my knowledge,
much more interest is spent on the two latest. This chapter’s structure will follow this idea of
eras. Whenever a method is introduced it will be explained in what exactly it tackles previous
problems encountered by other existing techniques and it will also be criticized in order to
leave a gap to be filled-in by the upcoming methods. Time by time clear references to Chapter
5 will be made to underline personal new investigations ! Finally some of the latest papers of
era (2) and others fallen strictly in era (3) will be briefly presented in Chapter 6 as they are
part of the current research in the domain but hard to unify under a common framework.
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4.1 Pioneer Era

The first era is the one motivated in Chapter 3. The paradigm associated with that era is to
provide methods that converge in expectation at lower cost per iteration than plain gradient
based methods. As a reminder one does typically not want that the number of sample gradient
computations scales linearly with the number of observations (n) available at hand.

It is well recognized that first era methods have specific benefits, limitations and utility.
Those methods are really suited for quick online decision updates in statistical machine learning.
Indeed w is sometimes called the decision vector. When one only has access to a reduced-size
batch of observations coming from the generating random variable T (looking back to notations
of Chapter 1) w is quickly updated using SGD-like rules that do not require a total informa-
tion of the data defining the cost function. First era methods are particularly useful for low
e-precision requirements for either criterion 2 or 1. Finally, their implementation is rather easy !

First era methods subscribe to the paradigm of stochastic approximation initiated by [RMb51].
From that arose this idea of online learning. Nowadays this paradigm is widely borrowed by
a specific branch of machine learning : reinforcement learning. However this goes beyond the
scope of this master thesis about optimization.

Despite all those pros we will observe that the two main limitations of first era methods
are their sublinear rate of convergence using diminishing step-sizes hence making it practically
impossible to get very accurate solutions in decent times and performances mainly driven by
the choice of the step-size schedule.

4.1.1 General Scheme

Here below is given a personal definition of how first era methods work. One full update step
is presented, shedding light on my general expression of their stochastic gradient (4.2)).

1st ERA: at any t € N, conditional on w; € RY, first-era update iteration proceeds as

Sy ~ Py (4.1)

gt = A(St) Z mt,z‘,l(i)v¢i(wt)] (4'2)
1€ESt

Wyl = prome(wt — M9t) (4.3)

Note 1: Step is one mandatory step common to all the eras that will be called the lottery
at a given iteration. By default the lottery is organized as a random multiset drawing following
a probability distribution P;. Nevertheless the only requirement of step is to provide a
set S; of indices in [n] for which the sample gradients will be computed. The size of Sy, |y,
may vary with iterations and can be stochastic as well.

Note 2: In one constructs the so called stochastic gradient g;. The weighting coeffi-
cients {mt,i’l(i)}?’:l are positive quantities that will play a key role in the lemmas. If S; is built
upon a selection of elements, one by one, then [(7) represents the step at which ¢ € [n] had been
added to S;. Otherwise, if every indice of S; is drawn at the same time (i) = 1 for all i € S;
and this subscript is dropped. The purpose of the multiplicative term A(S;) is to give a scaling
degree of freedom depending exclusively on S; as a whole. Thus there is a clear distinction
between A(S;) and the weighting coefficients.
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4.1.2 Analysis of the Stochastic Gradient

In this subsection, the properties of the stochastic gradient introduced above are studied in
many details. A few sampling concepts must be deepened in the current section in order to
not rewrite them in the part dedicated to the analysis of the stochastic gradient for second eras.

Note: To keep consistent with the notations used so far T represents the total number of
update steps as in that one method achieves. Let me remind that E[-] is the global ex-
pectation taking into account all the random events occurring within a method, i.e. all the
7 lottery” steps defining Sy, -- -, S7—1. Note that the knowledge of the sequence of lottery steps
until and including ¢ — 1 < T' defines uniquely the sequence {w;}!_, conditional to the knowl-
edge of wy. Let’s introduce then for every t € {0,...,T7 — 1}, F; := o(wo, So, - ..,Si—1) that
is the o-algebra generated by the random events until and including step ¢. We express the
" one-step” expectation as follows Eg,[-] or equivalently E[-|F;]. For the rest of this document
24 will denote the power set of A, that is the set of all the subsets of A.

Expectation

Let’s analyze the bias of g; as an estimator of V¢(w;) thanks to the computation of the ” one-
step” expectation E[g|F;]. It will be helpful to derive conditions for unbiasedness.

In order compute to E[g;|F;], one first needs to know informations about the sampling scheme
operated in the lottery step! Therefore, the analysis of the bias will be cut in two parts, each
part is associated to one sampling scheme. The first sampling scheme is ” natural” and the sec-
ond one is inspired from Nonconvexr Variance Reduced Optimization with Arbitrary Sampling
(Samuel Horvath & Peter Richtérik, 2018) [HR18| but this master thesis generalizes their talk.

Let’s fix t € N, let the following content be conditional on F;.

1. Natural: S; is drawn according to a direct probability distribution P;. One must then
know the mapping M; : 2"} — R* S, C [n] — My(Sy) := P[S;] > 0 that assigns the
”one-step” probability (followmg Py’s distribution) of realization of each subset S; C [n].

One can write

gt’J:t Z Mt St (St)
St€2 n]

€St

Note : This general setting is rather rare. Without any further assumption assuming a
proper mapping M, there are N = 2" non-zero probabilities to consider. Hence one has
to generate a single point but in a finite state space of 2" elements. Such univariate sam-
pling procedure usually uses either O(log(N)) operations for an efficient binary search
sampling method or up to O(N log(N)) operations only once at pre-processing time for
alias—algom’thmﬂ It quickly becomes prohibitive for large n. Nevertheless when one de-
cides that the only non-zero probabilities on 2/ are for subsets of fixed size be {1,...,n}
then the sample space size reduces to N; := (’Z) . tractable if b is not too large.

A common practice that falls in the definition of this ”natural” sampling procedure is
to perform Uniform Sampling (US) on the set of subsets of a fixed batch size b. Let’s

call it 2" for future writing purposes. In that context, M;(S;) = ~ if S = b and
b

M;(S¢) = 0 otherwise. Examples are given after Lemma 1.

'Source : Alias Method (A.J. Walker, 1971), see : https://en.wikipedia.org/wiki/Alias_method
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Under the current sampling scheme it seems in general really difficult to ensure that

E[g¢|F:] = Vo(w;) (unbiasedness property)

However imposing that the weighting coefficients {m; ;}!" ; are all neutral and set to 1
and under the hypothesis that given b e {1,...,n}, either M;(S;) > 0 VS; € 210 or
M;(S;) = 0VS; € 20 it is possible to state sufficient conditions to get the unbiasedness.

Lemma 1 (ERA 1 , first sampling scheme : sufficient condition for unbiased updates) :
Consider the stochastic gradient g; as built in with the first sampling scheme defined
by M;. Let’s suppose that Vi € [n], m;; = 1 and that Vb € {1,...,n}, one either veri-
fies that M (S;) > 0 VS, € 2t or M,(S;) = 0 VS, € 2P Let’s denote by K the set of
batch sizes b such that every subset of size be K has a strictly positive probability to be drawn.

The choice

=t £V, € 2HIS A, (S,) > 0
A(Sy) = |KIn()5 1) Me(Se) ¢ +(St)
0 otherwise

ensures that E[g:|F:] = V(w;)

Proof: Under our hypothesis, let’s rewrite the equation (4.4]) in a more convenient way

Elg:| 7] = Z Z M (S)A(S) Zv¢zwt]

beK Sye2lnlb i€St

Applying the above choice for A(-) leads to

E[g:|F] = Z Z

> o)

bEK StEQ[ | ’ (|St| 1 1E€ESE
- Z Z Z v¢z wt
|K’ ( S e2ln],b 1€S;

Here the important thing to notice is that the term > g 15 2 ies, Voi(w) is actually
equivalent to (| s |__11) Yoy Vi(wy). Among the (| s |) subsets of size |S;|, a single indice
7 will be present in (| gfﬂill) of them ! Then we are left with

E[g:| Fi] = Zm Zm (wy) sz wy) = Ve (w)

beK

Let’s now mention some existing, easy-to-read, examples of stochastic gradients g; that
can be put in the defined first era. These latter can be generated by this first sampling
scheme. The goal of the next paragraph is to show that the theoretical structure that is
built step by step already covers some familiar cases in stochastic gradient optimization.
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Indeed let’s consider that the assumptions of Lemma 1 hold. In the case where K = {1},
we have A(S;) = m for any singleton S; = {i} (i € [n]) and A(S;) = 0 for any other
subset of [n]. Actually in that case we have the equivalence My ({i}) = P[S; = {i}] = pri

and the stochastic gradient g; simply boils down to

= Vi(we) (4.5)
NPt i

and eventually when using Uniform Sampling (US), p¢; = % at any iteration t
gt = ngl(wt) (46)

The two last g; are respectively the single sample stochastic gradient with (4.5) / without
(4.6) importance sampling, the most widely spread stochastic gradients.

For the generalized case when bis non-necessarily equal to 1, using (US) but still consid-
ering that |K| =1, e.g. K = {b}, we have M,(S;) = for any subset S; € 2% and 0

)
(3) _n
(o) °

)
for any other subset. Then by noticing that we fall back on the expression of

the typical mini-batch stochastic gradient

Z Vi (wy) (4.7)

lGSt

2. Independent sequential lotteries on {0} U [n]: now let’s detail the second, personal,
sampling scheme investigated. As a reminder it generalizes the work of [HR18]
It will be explained in why in the notes after Lemma 2.
Here, S; is constructed upon multiple univariate lotteries. Let’s extend the possibility for
indice 0 associated with a neutral sample gradient 0 to be drawn during an univariate
lottery on the set {0} U [n]. The weighting coefficient of the index 0 as defined in
Note 2 after the presentation of the first era structure will be always 0.

One fixes in advance D univariate probability distributions on {0} U [n], {P, OE,.

Let’s start with an empty set of indices S; = (Z) Then the sampling procedure uses se-
quentially P;; in order to add an [-th element i;; to S, beginning with [ = 1 and ending
with [ = D. That process ensures that the indices chosen are independent. One supposes
that for any indice & € {0} U [n], one has access to its probability p;;; > 0 to be drawn
at univariate lottery I, under any form of randomnessﬂ Vie{l,...,D},> 0 opekg = 1.

One can write

BlglF) = Y. (IRypi,0 ) AN Y musie Veilwr) (4.8)

ie0,..n} P iefio}

This time the term A(-) is set to a constant value A in order to state easy sufficient
conditions for which g; is an unbiased estimate of V¢(w;) conditional to F; while using
the second sampling scheme. In that case the above expression is separable

gt|]:t A Z Zpt LR lv¢z (wt Z (A Zpt,z,l ) Vo, (wt) (49)

=1 5=0 i=1

2Here, by independence of the events, p; 5, is only defined by P ;.
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Again, let’s state sufficient conditions to get the unbiasedness.

Lemma 2 (ERA 1 , second sampling scheme : sufficient condition for unbiased updates) :
Consider the stochastic gradient g; as built in with the second sampling scheme defined by
the probabilities p; i, ; for any k € {0,...,n},l € {1,...,D}. Let’s suppose that A(S;) =A >0
for any S; € 2. For every i € [n], let ¢; ;= {l € {1,...,D}|p;;; >0} and A = %. If for every

set (i, |G| > 0 then the choice

D
T Ptki >0
My g = 1 |Cr| Ptk 1 .
0 otherwise

ensures that E[g:|F:] = V(w;)

Proof: Let’s rewrite (4.9)) using the hypothesis. The desired result follows trivially.

n D
Elgi| 7] = <AZPt,i,zmt,i,z> V;(we)

=1 =1

= % Z ( Z pt,i,lmt,z‘,l> Vi(wy)

=1 leg;

1O D
=52 (an)wiwa

=1 leg;

= 3" Voi(w) = Vo(w)
i=1

Note: In Arbitrary Sampling [HR18], Richtarik develops this idea of independent lotteries in
the particular case where D = n. Each lottery [ is a coin flip and either [ is added to S; with
probability p;;; or 0 with probability 1 — p;;;. This sampling will be detailed in two pages.

Trace of MSE

The study of an estimator, here g, often consists in the study of the trace of its MSE (so called
" Mean Squared Error”). Generally one would like to build an estimator with the lowest MSE
(trace) possible. The ultimate goal of this subsection is to give an upper-bound on that MSE
trace for first-era methods. We will observe that it cannot decrease to 0. As it will be reminded
when convenient, here under I only transpose existing results to my defined first-era.

Let’s first recall the classical definition of the MSE.

Definition 10 (MSE) : Let x be a (possibly random) variable living in a d-dimensional vectorial
space and a (possibly random) target quantity 7 contained in the same space. The MSE of x
as an estimator of 7 is defined as

MSE(x) := (E[x — 7])(E[x — 7)" +E[(x — E[x])(x — E[x])"] (4.10)

bias term variance term

In the case where E[x] = E[r] then
MSE(x) = E[(x — E[7])(x — El7)"] = E[(x — ED)(x — E[x))"] (4.11)
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Note: The MSE as defined above is a matrix of R*?. The ultimate goal, sometimes not
achievable, for an estimator as y is to present a MSE() such that for any other estimator X
the following conic inequality holds

MSE(x) - MSE(x) =g¢ 0

A relaxation of such requirement is the following constraint for any other y’
tr(MSE(x ) — tr(MSE(x)) > 0 (4.12)

Let’s consider the class of unbiased estimators. The intuition behind such requirement (4.12))
is to get an estimator with the lowest mean per coordinate variance. Taking the trace of the

MSE in (4.11]) leads to
d

tr(MSE(x)) = Y _ El(x(;) — Elr;))*) = Elllx — E[r]|[3]
j=1

The reader might recognize this last expression when y actually depicts an one-step unbiased
stochastic gradient ¢; (Elg:|F:] = V@(wy)) for which 7 = E[7|F;] = E[Vo(w)|Fi] = Vo(wy) .

In that context,
tr(MSE(g;)) = Vi = Esg, [[lg: — Vo(wy)|[3] = E[||g: — Vo (wy)|[3] ]

In Chapter 5 a proof of convergence for first-era methods will be developed.
This latter will show the theoretical impact of V; on the convergence rate.

In a more generic way the trace of the MSE is given by :

tr(MSE(x)) = tr(E[x — T)(E[x — 7])") + tr(E[(x — E[x])(x — E[x]))"])
d
= Z(E[X(j) —73))? + El(x) — Elx())?]

= [[Elx = 7]I[5 + Elllx — EX]I[3]

As announced, let’s review ” Arbitrary Sampling results” presented in [HR18] and in Coordi-
nate descent with arbitrary sampling I1: expected separable over-approzimation (Qu & Richtérik,
2016) [QR14]. The results below assume that when S; is picked-up, an indice ¢ € [n] cannot
be found more than once in S; : that is S; C 2[" (S; is a subset but not a multiset of [n]).

Lemma 3 is displayed as it provides an upper-bound on tr(MSE(y)) when x is an unbi-
ased estimator of x¥. Hence, we could easily apply Lemma 3 to the case of x = g, yielding the
desired upper-bound on tr(MSE(g;)) desired in this subsection.

Lemma 3 (variance bound in [HR18|) : Let x1,...,Xxn be vectors in R? and y = %Z?:l Xi
their average. Let S C 2[ be chosen under a proper sampling : i.e. sampling scheme that
ensures that for any i € [n], p; := P[i € S] > 0. Assume that there exists v € R? such that

. PJi € 9] if i = j
Diag(pov) — (P — ppT) =pa 0 where Vi, j € [n], (P)i; = pij =
gpov) — (P —pp’) =g j € [n], (P)ij = pij {P[{i,j}eS] Ny
and p = (p1,...,pn)T. Then one can prove that the following bound on the trace on the
covariance matrix for y holds :

n
Xi  _y2 1 v; 2
EINY. X —xiE < 5 3 D
[l 2, Xll2] < w2 2 piHX’HQ

Note : The proof of this lemma can be found in the supplementary part of reference [HR18].
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An upper-bound on tr(MSE(g;)) will only be given for the the Independent sequential lot-
teries case. The natural sampling is too complex to analyze excepted in the uniform case.

As required by the above lemma, let’s only consider cases for which S; is a subset of 20"
i.e. no repetition of indices. Then the subscript [ in the weighting coefficients my;; is dropped
since we must assume that among the D lotteries, for any i € [n], only one of the p; ;; will be
strictly positive.

Then without loss of generality let’s rewrite first era stochastic gradients (considering then
cases for which A(S;) is a constant A) as

= A (Y meaVeilw))

1€ St

_ Z mtzv¢z 'wt

116515
npt i

where 1;cg, is a ”truth” random variable (previously the source of randomness was the set S; as
whole) taking value 1 if and only if i € [n] is in S; and 0 otherwise : p;; = E[lies,|Ft] = P[i € Sil.

Mg

npt,i

Mmy; = is a generic compound coefficient for case i. The one-step expectation of g; is

Elg:|F] = Z e Vil1r) Elies, | Ft]

i1 npti
1 n
== i Vei(w)

n <

=1
In order to match the above notations let’s note x; = My Vi(we) and E[g| Fi] = x¢.
ti _
gt = 2(71 E[ge| Ft] = Xt
i€S; Dt.i

Now we have all the tools necessary to give an upper-bound on the trace of the MSE of first era
stochastic gradients as estimators of the true gradient V¢ (wy) at an iterate w; € RY! Assumin
there exists a vector v; for the used sampling scheme fulfilling the conditions of Lemma 3, one
states:

tr(MSE(g;)) = HE[gtrft] — Vo (w5 + Elllg: — E[gtrftm%m]

Vi
SRQHthl_ V(bl(thZ QZ '

iV oi(we)] ‘2

Operational v’s

Thanks to the works of [HR18] and [QR14], one can find results for practical v’s (proofs
again in the supplementary part of [HR18]). Richtdrik also proposes an approximation of his
independent sequential lottery (D = n) which’s presented below for the curious reader.

1. Independent sequential lotteries with D = n. Since we want that any indice i € [n]
can be taken at most once in S;, the D = n lotteries must be such that p;;; = 0 for
every | # i and py;; = pry = Pli € Sy] for | = i. Actually it boils down to what
authors call Independent Sampling (S*) in [HR18| : D = n flip coins are required. At
any | € {1,...,D}, we have a p;; chance to draw i and a 1 — p;; chance to draw the
neutral case 0 (meaning we do not add any further sample gradient to g; at lottery [).

= (1=pt1,.--,1 —prn)T is a valid choice. In that case P[{i,j} € S¢] = pip:; when
i+ .

31t is the case for all the practical implementations I review.
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2. Approximated independent sequential lotteries with D = a. One drawback to
D = n independent lotteries is that such sampling procedures takes a while when n
is big. It actually can be well approximated with a much lower number of individual
lotteries. Let’s denote by k£ the number of cases for which p;; < 1 and let’s introduce
a = [max{kp;i|pt; < 1}]. The Approximated independent sampling in [HR18| works as
follows. One chooses uniformly at random a subset S; of indices from [n] of size a.

A A ~ k. -
Then for each element 7 of S; a coin is tossed ; ¢ has a & to be added to S;.

That way P[i € S¢] = (( )) kpui ¢ whereas P[{i,j} € St] = pripe j SEZ 8

Hence this approximated sampling require a independent coin tosses. A practical example
with b = /n, k = n and maXe [y {Pti = 102} gives a = 10y/n. Imagine n = 10°, the
quantity Ek 1% becomes 1010712% =0.9999---~1but D =a = 155 !

k— k— . . .
This time vy = (1 — pg1(1 — Q(Tf‘l)), oo L —pp(1— a(kfl)))T is a valid choice.

3. Direct uniform mini-batch sampling. This case was the classical uniform mini-

batch sampling (first sampling scheme) without repetition where for every set S; of size b,
n—>b n—l;)T
=)

M (Sy) = . Then for every i € [n], pr; = 2> and a valid choice for vy is (2=2

Actually dzrect uniform mini-batch samplmg can be seen as special case of approrimated
independent sequential lotteries where a = b and kpt L =1.

Apart from the interesting Lemma 1 and 2, the main take away message of
this theoretical subsection is that for first-era methods, tr(MSE(g;)) (= V; for
unbiased methods) do not decrease to 0. Indeed, in general at w, € S*,

||Voi(ws)|| # 0Vi € [n]. This will be the starting point for second-era methods.

4.1.3 Methods

Now that the theoretical background for the first era is well established let’s review with ease
some of the most widely spread methods that fall in my first-era framework.

(MB)-SGD

At the end of Chapter 3 and at the very beginning of the present chapter, (Prox)-SGD has
been extensively explained. Let’s investigate its direct successor.

Motivation:

An intuitive extension to this basic method resides in computing more than one single sample
gradient in order to build the used stochastic gradient. Of course the computational cost per
iteration for SGD scales linearly with the effective batch size |S|. Nevertheless many empirical
tests show the empirical benefits of using batch updates in SGD.

One immediate comment is that the stochastic gradient g constructed is a more accurate
estimator of the true gradient : actually its MSE trace is divided by |S|. SGD proposes an
unbiased stochastic gradient so no improvement with respect to the trace of the bias term but
the variance term is typically divided by |S| and eventually more depending on the sampling.

More importantly with the advent of parallel computing Mini-Batch (MB) SGD becomes obvi-
ous and necessary in order to remain competitive. The time cost per iteration will actually not
increase that much since the work of computing |S| sample gradients can be split up among

multiple U computing units. The optimal effective computational time is then of |—5|
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Algorithm

Algorithm 3 MB-SGD

Initialization : {n;};en step-size schedule V¢t € N, 0, > 0, wg starting iterate, fixed deter-
ministic batch-size 13, t = 0 update steps counter
while stopping criterion not verified do A
Sy ~ U(2/"?) (without replacement) or S; ~ U([n]?) (with replacement)
gt %Zie s, Voi(we) (for both settings, with/without replacement)
Wiy1 = Prox,, g(we — Mige)
tt+1
end while
Output : wr (last iterate) or wy < 7 ZtT:_Ol wy (averaged iterate)

Note : With SGD in its " without replacement” setting we have p;; = % for every i € [n] and
then the coefficient ﬁm = %. The updates are unbiased with certainty as m;; = 1 for any
t € N and i € [n]. Even formulated in its ” with replacement” setting SGD is still unbiased but
gt obviously cannot match the expression g: = > g, %V@(wt). It fits however with the
general second sampling scheme where an indice can be added more than once in S;. Here for

every of the D = b lotteries each indice i € [n] has a py;; = L probability to be drawn.
Hence |(;| = (;, A= % and finally my;; = 1.

Experiments

The goal pursued by the following personal experiments is to show how the size of the mini
batch b can affect SGD’s performances and to see how, empirically, is the upper-bound on
tr(MSE(g;)) related to the observed behaviors. For all the set-up problems both in
Chapter 4 and 5, please refer to Appendix 2.) to discover how the problems were built,
especially how was w, determined.

Problem (1)

Keeping the same formalism used so far, the first tackled problem to analyze mini-batch SGD
against single sample update SGD is a classical logistic regression with ¢1-norm regularization
(also called lasso). Let’s summarize the integrated elements :

elements expression/value
problem size (n,d) n = 50000 , d =15
inner convexity enhancer A, 0
sample differentiable cost function ¢; log(1 + e~ (w:il) 4 %\ lw]||?
regularization constant A %
regularizer R(-) AlJw]|1
step-size N = ﬁ for multiple values of B > 0 (basis)

Note: This problem is certainly convex but non-smooth and a priori non-strongly convex.
Nonetheless, empirically, at each of the {wt}tTZO that will be encountered during the optimiza-
tion process, ¢ will be probably strongly convex with a tiny p in practice. The values of B
(basis) that have been tested are {0.1,0.5,1,5} but we will only display results for B = 0.1
and B = 1 since there isn’t much more to say for the other cases. Lipschitz constants for the

[1Z:13

¢i have been devised as in Chapter 3, L; = “2 for every i € [n].
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Results (1)

Each test has been conducted 10 times and the results were averaged in order to lower their
intrinsic variance. Classical bootstrap confidence intervals are shown for the performances.
Note that the performance measure for ProxSGD is taken with wr < % 23:01 Wy.

The e-accuracy targeted is 107°. The versions of Mini-Batch ProxSGD had a maximum of 20n
update steps in order to achieve this accuracy and couldn’t spend more than 50 epochs.
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Comments (1)

One can observe that for this first example the utilization of mini-batches can significantly speed
up the optimization process while still requiring reasonable accuracies (e ~ % € [107%,1074)).
The step-size schedule plays a non-negligible role in the convergence of the methods ! As we will
see with the other experiments for first-era methods, the dependency on {7}y will remain
one of the major bottlenecks of such class of stochastic optimization methods.

The most efficient scheme for the current experiment comes for the mini-batch SGD approach
for b = 10 or 50 or even 100. At b = 100 one observes a well known phenomenon of batch
effectiveness squeeze. The upper-bound on MSE’s trace (that resumes here in the variance
term since the updates are unbiased) doesn’t decrease for b = 500 even though we compute 5
times more sample gradients! However the effectiveness in terms of accuracy by epochs seems
slightly better (hopefully) when taking such a big b ; indicating that it’s not only MSE’s trace
that plays a role in the convergence of mini-batch SGD and more generally of first era methods.

The worked-out example is kept relatively small in order to be, at this stage, relatively tractable
on personal computers. However one might see that already some optimizations, that are fur-
thermore shut-down before convergence, can take up to a 20-25 minutes for a single run at a
single batch size.... When dealing with datasets of about n = 10° data points, parallel com-
puting is mandatory and one will try to pick up the smallest b (reducing communication costs
between workers ... etc: see Sparsified SGD with Memory (Stich, Cordonnier, Jaggi., 2018))
leading to a same level of variance.

We can see that the variance is indeed reduced, at least by b for low values of b ; it seems
to play a role in the number of update-steps needed for a given method to converge. The most
efficient scheme in terms of the number of sample gradients computed considers b € [10, 50].

We can conclude by saying that for their best step-size schedule, mini-batch versions of SGD
outperform the standard SGD for such convex problems. The lower variance of the update-
steps linked to the true gradient estimation gives the opportunity to use bigger step-sizes that
are still not too aggressive for mini-batch versions of SGD.

Problem (2)

The second problem is about a smoothed version of the hinge loss SVM. Again the ¢1-norm
regularization has been used. Let’s summarize the structure of the problem :

elements expression/value
problem size (n,d) n = 50000 , d =15
inner convexity enhancer A, 0
sample differentiable cost function ¢; ([1 = {w, &:)]+)% + %wa
regularization constant A %
regularizer R(-) Al|w| |1
step-size n = @ for multiple values of B > 0 (basis)

Note: This problem is certainly convex but non-smooth and a priori non-strongly convex.
What differs the most with the last problem is that even the smoothness of ¢ is not guaranteed
here and Lipschitz constants for the ¢; are not analytically available. Hence an overall L had
to be estimated.
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Results (2)

Fach test has been conducted 7 times and the results were averaged in order to lower their
intrinsic variance. Classical bootstrap confidence intervals are shown for the performances.
Note that the performance measure for ProxSGD is taken with wr < % Zz:ol Wy.

The e-accuracy targeted is 5-107°. The versions of Mini-Batch ProxSGD had a maximum of
20n update steps in order to achieve this accuracy and couldn’t spend more than 50 epochs.
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Comments (2)

Again comparing the best performances for classical SGD versus its mini-batch version shows
the supremacy of this latter. However and more than previously we see the critical role played
by the step-size scheduler. One can observe a large discrepancy in the results for classical SGD
whereas those for the mini-batch version are far more concentrated around their mean.

The comments stated in Comments (1) seem to hold in this case even though ¢ is not L-
smooth this time. What changes is the dramatic impact on the efficiency of the mini-batch
versions of SGD for a non-suited step size schedule (here for B = 1).

(IS)-SGD

The paradigm of Importance Sampling (IS) came rather late in the big-data stochastic opti-
mization field. To the best of my knowledge an extensive analysis of stochastic optimization
methods with (IS) hadn’t been conducted before 2014 with the forerunner paper ” Stochastic
Optimization with Importance Sampling ” (Zhao & Zhang, 2014) [ZZ15|. The authors called
their findings (IS)-SGD (or, when it does apply, (IS)-ProxSGD). Note that some second era
methods were already born in 2014; e.g. the initial SVRG back in 2013. This comment un-
derlines the fact that research for first/second/third era methods overlap in time !

Motivation:

While using the structure of first era stochastic gradient the paper cited above intended to
tackle the problem of minimizing the trace of the variance term of the MSE. They provided a
powerful analysis of convergence for first-era methods embedding a sampling for elements in 5;
that is not uniform. This degree of freedom yields better theoretical bounds since non uniform
sampling can degenerate into uniform sampling when there’s no appeal to sample differently.

Despite its powerful theoretical analysis the paper only considers mini-batches of size 1 ; i.e
|S¢| = 1 with probability 1. Without loss of generality with respect to the formalism of first
era methods, they did study the impact of the probabilities {ps;1}", (= {pri}i, since D =1
here as the sampling scheme might be seen as an independent sequential lottery where there’s
only a single lottery) present in the expression

it = 1 with probability p;;

. v¢it(wt)
9t = —————
NPty
on the quantity Vi = By [|lg: — Vo(wo)|§] = (7 Sy o2 ) — (7o w3

Under L-smoothness assumption and without regularization (f = ¢) one can immediately
motivate the use of p;;’s in order to speed-up classical SGD. Indeed, one would have

E;, [f(wis1)] = Eg, [p(wir1)]

= Ei [¢(we — UtW]
Vi, L Vi,
< B fo(u)  m(To(ur), Yool 4 g YO o

Vo
< p(wy) — 77tHVd>(wt)||2 +77t : ( Z I Qsp:jt

)

39



Hence, in the above setting, one can see that minimizing the variance term V;
with respect to the probabilities p; ; leads to minimizing the one-step expected
value of the isotropic quadratic upper-bound of f!

In Chapter 5 the assumption R = 0 < f = ¢ will be relaxed and I will propose a more general
proof of convergence than in [Z715].

IV i (we)]|?
Pt,i

ence Vi as well, since €re’'s 10 one-step ranaomness 1or e term — Wt 1S € unique
(hence V} 11, since there’ tep rand for the t [V é(wy)||?) is the uniq

discrete distribution for which for every i € [n],

P\ 0]
b S Ve ()]

This result will follow from the demonstration given in Chapter 5 as well.

It can be shown easily that the proper distribution P, that minimizes the term n% Sy

(4.13)

Immediately one can see that if the norms of the sample gradients are relatively uniform,
IS presented as such will not lead to a major speed-up compared to SGD used with US.

One huge practical issue with such sampling probabilities is that it requires to compute all
the sample gradients : this is exactly what we would like to prevent !

Zhao and Zhang came up with the idea of a relaxation to the problem of minimizing V; with

respect to the p; ;. If one disposes of upper-bounds G; on the values ||V¢;(w;)|| (¢ € [n]) then
n G2

=1 pe

the proposal distribution would be constructed upon p;;’s that minimize n—lg >

Trivially it comes then that
Gi

P 21 Gy

For instance, let’s assume that the ¢;’s are L;-Lipschitz on R¢.

Then equivalently when ¢ is differentiable for any w; € R?, ||V s (wy)|| < L.

When the functions ¢;’s are L; smooth then Zhao and Zhang suggest to use G; = L; as well
as long as the norm of the iterate w; is bounded ; poor assumption.

A~k

Despite the attractive potential of importance sampling, one has to keep
in mind that sampling non-uniformly might be time consuming ! At some
point, especially when dealing with sampling without replacement, this extra
sampling cost becomes non-negligible!

In the above special setting the one-step expected speed-up using the proposed sampling (pfl
for i € [n]) depends on the quantity (ratio of the minimized term in V%) :

(s i [V (w)ll)?
7 it 1V (wr) |2

If R~ 1, it will signify that IS is not worth it while a value close to 0 will be very attractive !

R :=
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Algorithm

Algorithm 4 SGD with IS

Initialization : {n;};en step-size schedule V¢t € N, n, > 0, wy starting iterate, fixed deter-
ministic batch-size b, univariate probability distribution oracle {P;};en on [n],

t = 0 update steps counter

while stopping criterion not verified do

S; ~ (P;)b (with replacement)

g % >ies, %&“_}” (with replacement)
Wit prome(wt — 0t9t)
t+—t+1

end while

Output : wr (last iterate) or wy « = Zf:_ol wy (averaged iterate)

Note: Here a mini-batch version is proposed yet not studied in the original paper [ZZ15]. The
principle is to apply a sequential independent lottery but under the same univariate distribu-
tion at each lottery : i.e. py; = py;; for every I € {1,... ,Z;} Hence p:; # P[i € Sy] in this case!
When dealing with sampling with replacement, p;; will depict the expected number of times
1 will be part of S;. That being said, drawing with replacement is at some point, especially
when using non-uniform probabilities, less efficient in terms of the number of non identical
indices taken in S; than the case of a sampling without replacement. However it presents the
advantage, as discussed at the beginning of this chapter, to lead easily to unbiased updates.

Furthermore it’s also done faster as no re-normalization is required every time a case is selected.
When the probability oracle yields p; as defined above SGD with IS refers to the true IS-SGD.

The non-tractable p;,;’s are adaptive probabilities with the update iterations.

The two practical examples given above embedding the L; constants (Lipschitz and/or smooth-
ness) are not anymore adaptive strategies. The main drawback for such approaches is that it
might occur that those constants may badly reflect the current sample gradients norms hence
leading to an even worse sampling than the uniform strategy. In Chapter 5 I will propose, as
a door left open, a tractable adaptive sampling that will converge to uniform sampling.

Experiments
Let’s run another personal experiment in order to assess the gravity of this problem.

Ezperiment (1)

The experiment conducted is exactly the same as the first experiment attempted to com-
pare MB-SGD and SGD. The probability oracle fed to SGD with IS is the one suggested by

Zhao and Zhang for the {L;}? ,, Lipschitz gradient constants : Vt € N, p;; = ﬁ

=1 1
However a small amount € has been added to each L; in order to achieve anyway min;e,) pri >
€p = %. In other words the minimal importance probability must be bigger than one thou-

sandth of the uniform probability %
Comments (1)

Referring to Results (1) right below one observes that indeed the non-adaptive character of
our probability oracle doesn’t spark appealing results ; SGD with IS barely beats (MB)-SGD.
Zhao and Zhang have found some experimental settings in which the sampling with respect
L;’s yields an interesting speed-up but in most of their results the beneficial effect of NUS
quickly vanishes disappointingly.
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Results (1)

Each test has been conducted 10 times and the results were averaged in order to lower their
intrinsic variance. Classical bootstrap confidence intervals are shown for the performances.
Note that the performance measure for (IS)-ProxSGD is taken with wy « ZiT;()l wy.

The e-accuracy targeted is 107°. The versions of Mini-Batch IS-ProxSGD had a maximum of
20n update steps in order to achieve this accuracy and couldn’t spend more than 50 epochs.

-2

log(f(we) — ")

-3

-4

-5

0
)

log(f(we) — ")
&

-4

tr(MSE(g))

g-accuracy vs. epochs | basis : 0.1

method
—— ProxSGD_10
~——— IS_ProxSGD_10_rep
~—— ProxSGD_50
—— IS_ProxSGD_50_rep
—— ProxSGD_100
—— IS_ProxSGD_100_rep
—— ProxSGD_500
—— IS_ProxSGD_500_rep
ProxSGD_1000
—— IS_ProxSGD_1000_rep
—

0 10 20 30 40 50
Epochs : [#sample_grads/n]

g-accuracy vs. time | basis : 0.1

method

ProxSGD_10
IS_ProxSGD_10_rep
ProxSGD_50
IS_ProxSGD_50_rep
ProxSGD_100
IS_ProxSGD_100_rep
ProxSGD_500
IS_ProxSGD_500_rep
ProxSGD_1000
IS_ProxSGD_1000_rep

0 50 100 150 200 250
Time : [s]

tr(MSE(g)) vs. epochs | basis : 0.1

method

—— ProxSGD_10

~—— IS_ProxSGD_10_rep
\ —— ProxSGD_50
T T S ProxSGD.50.rep
T — ProxSGD_100
—— IS_ProxSGD_100_rep
~—— ProxSGD_500
—— IS_ProxSGD_500_rep

ProxSGD_1000

-_— O IS_ProxSGD_1000_rep

0.0 0.1 0.2 0.3 0.4 0.5
Epochs : [#sample_grads/n]

42

tr(MSE(g))

log(f(w,) — ")

g-accuracy vs. epochs | basis : 1

method
—— ProxSGD_10
~—— IS_ProxSGD_10_rep
~—— ProxSGD_50
—— IS_ProxSGD_50_rep
~—— ProxSGD_100
—— IS_ProxSGD_100_rep
ProxSGD_500
—— IS_ProxSGD_500_rep
ProxSGD_1000
IS_ProxSGD_1000_rep

-3

log(f(w,) — ")

-4

0 10 20 30 40 50
Epochs : [#sample_grads/n]

g-accuracy vs. time | basis :

0 o method

ProxSGD_10
IS_ProxSGD_10_rep
ProxSGD_50
IS_ProxSGD_50_rep
ProxSGD_100
IS_ProxSGD_100_rep
ProxSGD_500
IS_ProxSGD_500_rep
ProxSGD_1000
IS_ProxSGD_1000_rep

-2

-3

-4

0 50 100 150 200 250
Time : [s]

tr(MSE(g)) vs. epochs | basis : 1

method

—— ProxSGD_10 —_—
— IS_ProxSGD_10_rep

—— ProxSGD_50
—— IS_ProxSGD_50_rep
ProxSGD_100
IS_ProxSGD_100_rep
2 ~—— ProxSGD_500

~——— IS_ProxSGD_500_rep

ProxSGD_1000
~—— IS_ProxSGD_1000_rep

0.0 0.1 0.2 0.3 0.4 0.5
Epochs : [#sample_grads/n]



4.2 Variance Reduction Era

We have seen so far that the intrinsic variance of the update steps for first-era methods seem
to play a role in the convergence of the investigated methods. The efficiency in terms of sample
gradient computations was sometimes quite similar for mini-batch versions of SGD and the
initial single sample version of SGD. However MB-SGD was clearly more time efficient :
hence it took less update iterations to converge !

One straightforward comment to recall from 4.1.2 resides in the fact that first-era methods

are unable to achieve
lim tr(MSE(g;)) =0
t—o0

Indeed in what concerns the variance term, in general, one does not have any guarantee that
. 2 _ : 2
thnoloE[HgtH |F2] = || tli)l}}oE[gtu:t]H

Of course limy_,« |:S¢| < n otherwise the randomness source of the update-steps vanishes triv-
ially since we would actually apply plain proximal gradient update steps.

As an example let’s consider SGD and let’s imagine that lim;_,o wy = ws € S*ﬂ

For S; # [n],

1 n
. 2 I T ) 2
Jim Efllge||"|F) = lim — 21 IV @i(we)]|

t—o00

= 3 96w
=1
# [V (w)|l®
1 n
= 13" Vaitwa)I?
=1

1 i
=1l im 252 Vst
EENTIRT 2
= IltgrgoE[gtlft]l\

This disability to decrease its variance during update-steps prevents first-era methods to enjoy
linear rates of convergence with a step-size schedule that is constant. As highlighted in the next
chapter (5) the only possibility for first-era methods to converge is then to lower 7, progressively
in order to ensure that

lim n,V; =0

t—o0

Unfortunately this brings first-era methods to converge sub-linearly. The core idea behind
second-era methods is to use previously computed sample gradients in order to estimate more
accurately the true current gradient and, eventually when ¢ — oo, having that V; — 0.

Note : It doesn’t mean that either |S;| becomes larger and larger until |S;| — n nor that
we do not use stochastic-updates anymore. For any ¢t € N, V; will remain strictly positive but
it will become arbitrarily small as the iterates w; converge towards a stationary point w, € Sx.

The reader should know that, as the name suggests it, the second-era aims to further reduce
tr(MSE(g:)) (or more simply when the updates are unbiased : tr(MSE(g:)) = V;).

“The set of stationary points for problem (1.2)).
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Before digging into the theoretical analysis of the stochastic gradient g; two examples will be
given in order to clarify everything. A little detour into the variance reduction framework
for stochastic simulations is necessary to fully understand which concept is hidden behind
second-era methods.

Control Variate Technique

This subsection is inspired from the introduction of SAGA: A Fast Incremental Gradient
Method With Support for Non-Strongly Convexr Composite Objectives (Defazio et al., 2014)
(SAGA) [DBL14] and a course at EPFL (stochastic simulations : MATH414) H

Let’s assume one disposes of a random variable Y € R? for which the expectation E[y] is

unknown and desired. When generating biid samples of y, namely {Xi}?:p is possible the
crude Monte-Carlo technique in order to estimate y := E[x] is to average the generated samples

b
~ 1
fewe =13

This estimator () is an unbiased estimator of y for any value of b. However the biggest bis
the more accurately x will be approached ! Now let’s imagine that we also have access to an
auxiliary random variable Z taking values in R¢ for which the expectation is this time known
Z = E[Z]. If we can also generate b i.i.d samples from Z then for any matrix v € R%¥¢,
independent from {x;}’_, and {Z;}}_,,

b
- 1 5
Xev ==Y Xi+Zi - 2)
b4
is called a control variate estimator of y. This estimator is unbiased as well.
1 b

Elxev] = EZE[M +v(Zi — 2)] =
i=1

[E(E[X] +E[Z - Z])] =E[\]

ol =

There’s an interest in using a control variate Z as long as Z is correlated with y. In that case
we can tune -y in order to obtain a control variate estimator of Y such that

V(Xeme) = V(xev) = El(Xeme — X)(Xeme = X)) = El(Xev — X)(Xov = X)'] = 0
where V[-] depicts the (co)variance matrix of a random variable.

Indeed one may write

min V[x +v(Z — Z)]
’YGRdXS

. V a3
fin Vixev(v)]

min V[x + vZ]
,YGRdXS

min Vx| +WV[Z}y" + 2C[x, Z]
b ,YGRdXS

1 )
< gV[X] = VIXcmc]

5Source: http://edu.epfl.ch/coursebook/en/stochastic-simulations-MATH-414

= S| = SO
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Choosing v = v* = —(V[Z]7'C[Z, x])T ensures the minimum variance for a control variate
estimator of y given Z, its known mean and the fixed sample size b.
This optimal choice would lead to :

min V[xcv(7)] = é(VbACCV('Y*”)

,YeRdxc

% R R
= (Ig— R;Z)EX] = (g — Ri,z)V[XCMC] = V[xcumc])

where 0 < Ri,Z = C[x, ZIV[Z]7'C[Z, x]V]x]! =< 1; is the multidimensional equivalent of the
correlation coefficient. (I — R?Q ) depicts the variance reduction term. The closest this latter
matrix is defined to O the more effective is the variance reduction.

There is still research undergoing for state of the art techniques commonly referred as
JacSketch |GRBO1| methods. These latter try to build a Jacobian matrix constituted by sam-
ple gradients using implicitly a matrix control variate as above with ~.

The classical SVRG like methods (listed below in the Methods subsection) do not use a matrix
v € R¥*€ but rather a single constant v € R. Furthermore this constant is not chosen in order
to minimize V[Ycv| but fixed, usually taking the value 1 (hence it’s equivalent to fix v = I).
This choice might seem quite simple and, indeed, it is. For a general estimation of E[y] it does

not even guarantee that V[ycoy] will be smaller compared to V[xcac] !

Why would it work then?

Let’s already discover the initial SVRGH stochastic gradient structure. Given what we will
call a snapshot, that is a point @ € R? where first-order information for at least one sample
gradient has been recorded, and an update iteration ¢t € N,

gPVRG = Vo, (wr) — Vs () + % Z; Voi(w) wherei ~ U([n])

One can verify that E; [P VRG] = V¢(w;). Actually SVRG’s stochastic gradient
is the control variate estimate of x = V¢(w;) where b=1, x1 = Vo, (wy),
Zy =Véy () and Z =E,[Z] = 2>, | V¢;(0) and finally, v = I; or v = 1.

The point is that when the used snapshot, w, is updated in such a way that the distance
d(wy, W) tends to 0 when ¢ increases, we have that for every ¢ € [n], d(V;(w;), Vi(w)) — 0
as well under the smoothness assumption of the sample gradients. Hence the stochastic gradi-
ent g7 VRS would ultimately be arbitrarily close to 1 > V¢, () (itself arbitrarily close from

n
Vé(wy) then) which’s a purely deterministic quantity yielding no variance at all!

As I will investigate in Chapter 5 the early update steps of SVRG are the ones for which the
variance of the stochastic gradient is eventually bigger than in SGD paving the way through a
mixed method passing from one regime (SGD-like) to the other (SVRG-like). Indeed a few up-
date steps after the very first snapshot @ taken , v = 1 might not be giving variance reduction
with respect to the crude Monte-Carlo estimator represented by SGD’s stochastic gradient.

SSource: Accelerating Stochastic Gradient Descent using Predictive Variance Reduction (Johnson & Zhang,
2013) [JZ13]. Further comments will be added in the Methods subsection.
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The core idea behind SVRG can be theoretically further strengthened while using several snap-
shots instead of one. At any update iteration ¢t € N one may pair each case i € [n] to a snapshot
0 € R?. As long as all the 6;; converge to w, the stochastic gradient

9t = Vo (w) =V (0, )+ LS Vi(0e;) is also unbiased for i’ ~ U([n]).

Such a stochastic gradient was first proposed in A Fast Incremental Gradient Method With Sup-
port for Non-Strongly Convexr Composite Objectives (SAGA) (Defazio, Bach, Lacoste-Julien,
2014) [DBL14]. We will discover how it is implemented in practice and what are the main
differences between SVRG-like methods and SAGA-like methods.

4.2.1 General Scheme

Here below is given a personal definition of how second era methods work. Omne full update
step is presented, shedding light on my general expression of their stochastic gradient (|4.15]).

2nd ERA : at any t € N, conditional on w; € R¢ and snapshots {6437 15 1

Sy ~ Py (4.14)
A(Sy) Z My j15) V Qi (we) + ’Yt( Z Vo ( — A(St) Z My i15)V Pi(Or0) )
i€Sy i _1 1€St
first-era part control variate part

(4.15)
(4.16)

Wi41 = PIOX,, r(Wt = 1tgt)

Note 1: Let’s just repeat that the goal of is only to build the set of indices S; that will
define which sample gradients must be computed at update iteration ¢ € N. As a reminder
the subscript /(i) indicates the lottery [ at which the indice ¢ has been added to S; ; if this
subscript is dropped either there is a single lottery in the implementation of or the
weighting coefficients my ;; are the same for every lottery [ € {1,...,D}.

Note 2: The purpose of v has been stated in the introducing passage of this section.
If 4 is set to 0 we get rid of the latent control variate part of the stochastic gradient and we
fall back on first-era methods.

4.2.2 Analysis of the Stochastic Gradient

Since the different ways in order to build/draw S; have been extensively studied in 4.1.2, these
won’t be exposed again. Let’s keep the very same notations to derive lemmas about the bias
and the variance of second-era methods.

Expectation

Again, let’s briefly analyze the bias of g; to derive conditions for unbiasedness.

1. Natural: S; is drawn according to a direct probability distribution P;. Again we assume
that one must then know the mapping M; : 2"l — R* S, C [n] — M(S;) := P[S;] > 0
that assigns the ”one-step” probability (following P;’s distribution) of realization of each
subset S; of indices from [n]. One can immediately write

Eg:| 7] = %ZW )Y Mi(SOA(S)

i'=1 Sie2ln]

> mi (ng)i(wt) - %V@(Qt,i))]

1ES;
(4.17)

46



Lemma 4 (ERA 2, first sampling scheme : sufficient condition for unbiased updates):
Consider the stochastic gradient g; as built in with the first sampling scheme defined
by M;. Let’s suppose that Vi € [n], m;; = 1 and that V= {1,...,n}, one either veri-
fies that M (S;) > 0 VS, € 2t or M,(S;) = 0 VS, € 2P, Let’s denote by K the set of
batch sizes b such that every subset of size be K has a strictly positive probability to be drawn.

The choice

= 7S, € 2PHIS A4, (5,) > 0
A(Sy) = |K|n(\st|E1)Mt(St) t +(Sy)

0 otherwise

ensures that E[g:|F:] = V(w;)

Proof : Under our hypothesis, let’s rewrite the equation (4.17)) in a more convenient
way

Elg:|Fi] = o Z Vi (0 m +Z Z My (St)A(S) [Z mt,i<v¢i<wt)_7tv¢i(9t,i))]

i'=1 beK S,e2lnlb 1€S;
Using the results of Lemma 1, we can already state that, under our choice of A(-),

ElgFl = > MiS)AS)( D meiVoi(wn)) = Volw)

beK Sye2lnlb 1€S

Then it remains to show that > ;x> ¢ o s Me(St) A(St) ( Y ies, V¢i(9t,i)> =1 > Vo (0,)
Applying the above choice for A(-) leads to

> Z (ZW m)=Z,K| o 7 2 Y Vet

beK S;e2ln ‘S | 1 1ESt beK S c2ln],b 1€St

Here the important thing to notice is that the term ZS ol Y ics, Voi(0t) is actually
equivalent to (IS - 1) Yoy Vi(0r ;). Among the (|S |) subsets of size |S¢|, a single indice

7 will be present in (| o |_1) of them ! Then we are left with

Z |K‘ ZV@ atz = %qubl(etﬂ)
i=1

beK

The extension of the easy-to-read examples discussed in 4.1.2 is articulated as follows.
Under the assumptions of the above lemma. If K = {1}, we have A(S;) = W(St) for any
singleton S; = {i} (i € [n]) and A(S;) = 0 for any other subset of [n]. Actually in that
case we have the equivalence M ({i}) = P[S; = {i}] = p¢; and the stochastic gradient g;
simply boils down to

V@'(“&) Vd% 91: z %
= — E AV 4.18
gt npy; npt; ¢ (0, i (4.18)

z—l

and eventually while using Uniform Sampling (US), pt; = % at any iteration ¢

gt = qul(wt) — VQSZ(GM) + % Z qull (et,i') (419)

47



The reader may recognize that this last g; corresponds to SAGA for v = 1.

More generally, when K = {13} and still under uniform sampling on 2["]’5, the stochastic
gradient corresponds to the natural mini-batch extension of SAGA (again vy = 1) :

(Zvasz w)) = Véi(6i)) + Zw

1€S} i'=1

2. Independent sequential lotteries on {0} U [n]: in what concerns this sampling strat-
egy, it was previously assumed that A was a constant hence not depending on S;. With
P[i is added to S; at I’s independent lottery] := p ;

Elg:| 7] = %Zw i +Z(A§jpt,z,lmt,z,l> (Voiluwn) = wVei(0r)  (4.20)
=1

i'=1

Lemma 2 still holds in this context ensuring an unbiased update.

Lemma 5 (ERA 2, second sampling scheme : sufficient condition for unbiased updates): Con-
sider the stochastic gradient g; as built in with the second sampling scheme defined by
the probabilities p; ;. ; for any k € {0,...,n},l € {1,...,D}. Let’s suppose that A(S;) = A >0
for any S; € 2I". For every i € [n], let ¢; := {l € {1,..., D}|ps;; > 0} and A = J. If for every
set Gi, |G| > 0 then the choice

Db
T NGl pry Pkl >0
w otherwise

ensures that E[g;|F:] = Vo(w;)

Proof: Since the assumptions of the present lemma are the same as in Lemma 2 we already

have that b
Z (Azpt,i,lmt,i,l) V¢i(wt) = V¢(wt)

i=1 =1
It remains to show that > | | A ZZD:1 Priameig | Voi(0ii) = % S Vo (0:)
Using the same proof structure as in Lemma 2 :
Z(Azptzlmtzl>v¢z etz = DZ Zptzlmtzl>v¢z(0tz)

i=1 =1 i=1 \lc¢

(
1z":<

Gl >V¢i(9t,i)

=1
n

leg;

zetz
=1
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Trace of MSE

The analysis performed for first-era methods is still valid for second-era methods. The reader
should recall that it began with the assumption that each indice is at most taken once in Sy and
that only a single my;; = my; is non-zero and that A(-) has to be constant. Let’s summarize
a few facts adapting results from first-era methods ; i.e. the asymptotical vanishing MSE !

Let’s rewrite the generic stochastic gradient for second-era under the above hypothesis :

=AY my i Vei(w) + fyt( Z Vo (0,0 — A Y me Vi)

i€St =1 1€S¢

n_ i | Voi(we) — 1 Vi(Os) i
:Z t ( t t ¢ )liestJrZ;ZV@'(et’i/)

NDs
i=1 pt,z i —1
n .~ Yt
mt,iﬂt,z‘ _
= E Lies, + 1o
i—1 npt,i

n ~ Yt —~
Z mt,iﬁm + Ve

1; 4.21
Py 1€St ( )

gt =
i=1

where ay := %Z?Zl Vo, (Gtﬂ./) = %2?21 a and Bzz = Voi(wr) — vV i(0r).

Recall that E[ljcgs,|F] = pri = Pli € Si]. In order to match the notations of Lemma 3,
this time

Xt,i = Mg 5,?2 +yay Vi€ [n]

Immediately it follows from the definitions given that

3

E[gt’ft] = Z 73;; E[ zGSt’]:t ZXH =Xt = [1mt zvﬁbz(wt :|+’Yt|: Z 1 mtz v¢z(0t z)i|
=1

1
n
i=1 b

Then under the assumptions of Lemma 3, we can give the following generic upper-bound on
the trace of the MSE for second-era methods :

tr(MSE(g:)) = HE[Qtu:t] — V(w3 + Elllge — Elge| F1][15]F¢]

al Z (e~ 1) (Vor(un) — % V6:(000) )1 + 5 Zl s

~ 1 i UVt i ~ _
= *2 I E (s — DB + =5 > —|1muiBYs + vaull3
[ — n= = P

Valid vectors vy are defined as for first-era methods and depend on the sampling technique.

| /\

Let’s suppose that for t — oo, 7; tends to 1 and all the snapshots 8 ; converge to lim;_,oc w; =
wy € S*, then Vi € [n], limy_, B” Voi(ws) — 1 ngl(w*) = 0. Furthermore, we have that
limy_yo0o 1ty = V(wy). If R = 0 for problem (1.2) then V¢(w,) = 0 and the upper-bound
on the trace of the MSE for the above second-era stochastlc gradient vanishes asymptotically !
Note that it can be biased (1, # 1 for all i € [n] usually leads to a biased g;) but still achieve
an asymptotical zero-MSE. This was not possible for a first-era g;.

If R # 0, we don’t have V¢(w,) = 0 in general. Nevertheless we dealt so far with an

upper-bound for tr(MSE(g¢)). One may see with ease that under the assumption of the last
paragraph (y; — 1, 6;; — w, for all i € [n]) ¢; tends to &;. Hence it looses all its stochasticity!
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The main take-away messages from the analysis of the defined second-era
stochastic gradient are :

1. Respectively Lemma 4 and 5 provide similar conditions for unbiasedness
to resp. Lemma 1 and 2.

2. When second-era methods converge, the quantity tr(MSE(g:)) — 0.

4.2.3 Methods

The goal of this subsection is again to review useful existing techniques that fall in the second-
era framework built above.

SAG

SAG as introduced in [SLB13| really represented the transition between first and second era
methods. It’s a special case of second era method for which the sampling is operated uniformly,
all the weighting coefficients m;; are equal to % and v, = 1 for (4.21)).

Motivation:

Unlike to the traditional SGD, SAG is motivated by the idea of using the latest information
one has about a given sample gradient. For instance whenever a sample gradient V¢;(w;) is
computed since the linked indice, 7, has been selected in Sy, the snapshot 6 for i is set to wy.
Given an update iteration let’s imagine we dispose of {6, ;}7" ; (hence the term &y = £ > | V()
is available) then a b-size mini-batch S; of new indices is drawn and we set g as

1 1
ge=ar— Z Véi(lea) + - Z Vi(wy)
1€St 1€St

Vi € S, 041, = wy Vi € [n]\S;, Ori1,i = O

)

The updates of the snapshots is equivalent to set a;+1 = g;. Such a stochastic gradient is
biased ! However the algorithm proposed below has been shown to converge in expectation in
the original paper although the proof is known to be rather complicated.

The reason why I judge SAG as being the transition from first to second-eras is that at the
end of the day ¢, = % o Vi(Oe14). Its stochastic gradient expressed as so might make the
reader thinking about first-order stochastic gradients: just a direct average of sample gradients.
The control variate part is not explicit. The only difference is the subscript ¢ + 1.

Algorithm

Algorithm 5 SAG

Initialization : n, = n > 0 Vt € N, wg starting iterate, fixed deterministic batch-size 3,
t = 0 update steps counter, initial ag (for every i € [n], ap; = Vi(wo) : warm start or 0)
while stopping criterion not verified do )

Sy ~ U(2"?) (without replacement) or S; ~ U([n]?) (with replacement)

gt O+ =g, Voi(wy) — api (for both settings, with/without replacement)

W41 < Wt — NGt

a1 = Voi(w) if i € Sy, apg1s =0y if i ¢ Sy and then ¢ «— ¢+ 1
end while
Output : wr (last iterate) or wy « = ZZ:OI wy (averaged iterate)
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SAGA

SAGA |DBL14] comes on stage right after SAG since both methods are very close from each
other. However chronologically speaking SVRG actually came first (2013). SAGA is the direct
extension of SAG that admits a well-studied proximal version, unbiased updates, theoretical
support for non-convex ¢. The only difference with SAG resides in the coefficients m; ; in
that are equal to % for SAGA under uniform sampling.

Motivation :

Defazio et al. came back in 2014 to propose a new version of SAG that was unbiased
(E[ge| Fe] = Vo(wy)). Its theoretical convergence analysis has been made way more easy than
the convergence analysis of SAG thanks to this unbiasedness and relative simplicity of g;.
They also provided theoretical support for the non-convex case, even for the proximal setting.
Alongside their introducing passage in the paper the authors highlighted clearly that SAGA is
in line with the class of control variate variance reducing methods !

Nothing changes with respect to SAG excepted that now for a same b-size mini batch S,
of new indices, g; is built as

gt =y — l}) > Véi(bra) + il) > Vei(wy)

1€St 1€St

The snapshots are updated as in SAG. This means that &;+1 # g;.

Algorithm

Algorithm 6 SAGA

Initialization : n, = n > 0 Vt € N, wg starting iterate, fixed deterministic batch-size l;,
t = 0 update steps counter, initial &g (for every i € [n], ag; = Vi(wo) : warm start or 0)
while stopping criterion not verified do A

Sy ~ U(2l") (without replacement) or S; ~ U([n]?) (with replacement)

gt < oy + %Zz‘est Voi(wy) — oy (for both settings, with/without replacement)

Wi41 < PTOXmR(th — MtGt)

Qpy1i = V(bi(wt) if i € S, Qi1 = Qi ifi ¢Sy and then t « t+1
end while
Output : wr (last iterate) or wy < 7 th:ol wy (averaged iterate)

SVRG

SVRG [JZ13] addresses one of the practical bottlenecks of SAG (still present in SAGA though)
for big-data (n very large) in what concerns the memory consumption. The reader might have
noticed that both SAG and SAGA require to store n snapshots or immediately n sample gradi-
ents computed at those snapshots in order to build g; ! With SVRG the memory consumption
does not scale with n as we will see but at the price of twice more sample gradient computations
|

Let’s note that the proximal version of SVRG (alongside with an importance sampling add-on)
and its analysis came a bit later in A Proximal Stochastic Gradient Method with Progressive
Variance Reduction (Xiao & Zhang, 2014) [XZ14]. In order to keep things clear and to develop
the methods step by step I will introduce IS versions of SAGA/SVRG with HVRG.
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Motivation:

The extra memory required by SAG(A) is in the general case of O(nd) (n sample gradients of
size d) which might be prohibitive sometimes ; especially for non-parallel settings where this
memory must take place on one single machine ! The idea of SVRG is to keep all the snapshots
equivalent : i.e. at a given update step t € N, 6, ; = w for every i € [n]. The snapshots are not
updated at every iteration but only once in m iterations. Therefore given S¢, one can build
g¢ only by recomputing % > ies, Voi(w) and storing & in memory (O(d)). Of course the new
sample gradients {V¢;(w;)}ies, are needed as well | In total the update-step requires b extra
sample gradient computations with respect to SAG(A) while keeping an extra memory cost
with respect to SGD-like methods of O(d) instead of O(nd).

The implementation of SVRG uses a new structure that will actually define the standard
algorithmic structure of second era-methods ; embedding SAG(A) as well.

1. An outer-loop at which a ” fresh” estimation a = %Z?:l «; of the gradient is produced.

2. An inner loop of m update-iterations where the «;’s are updated (by definition & as well).
Then we can clearly distinguish SVRG and SAGA :
e SAGA is then a degenerated case for that structure where there’s no ” fresh” estimation

of & : the last inner-loop @ is taken as estimate.

o SVRG-like methods typically computes a whole gradient at outer-loop ; & is then the
true gradient at some outer-loop iterate w (often the last inner-loop w; encountered) and
the a;’s are not updated during the inner-loop.

Algorithm

Algorithm 7 SVRG

Initialization : n; = n > 0 Vt € N, wq starting iterate, fixed deterministic batch-size 3,
t = 0 update steps counter, initial ag (for every i € [n], ap; = V;(wp) : warm start or 0),
m number of inner-loop iterations
while stopping criterion not verified do
W < wy (or average over the last inner-loop)
Ot < qu@(’LZJ) Vi € [n}
for (t+1) mod (m+1) # 0 do
Sy ~ U2 (without replacement) or S; ~ U([n]?) (with replacement)
gt < Qp + % >ies, Voi(wr) — ay; (for both settings, with/without replacement)
W1 4= Prox,, g(1Nwy — 1:ge)
opy14 = oy and then t <t 41
end for
end while
Output : wr (last iterate) or wy + = ST we (averaged iterate)

Note -: In several cases SAGA is preferred to SVRG as the storage of the ay; = Vi(6:)
requires only O(n) extra memory for linear model loss functions. E.g. if the image of each ¢;,
namely ¢;(w) at w € R?, can be written as ¢({w, #;)) for a general loss function ¢ common to

all the cases i € [n] then nablag;(w) = (%)‘ (0,59 Z;. Thus to store V¢;(6y;) one would

only need to store the scalar (%) since Z; is part of the accessible dataset.

|u=(0t,:,Zs)

Let’s notice that when m — oo, SVRG has no chance to converge in an inner-loop.

What makes the variance decreasing is the fresh updates at each outer-loop beginning.
Conversely SAGA might converge in the inner-loop since the oy ;’s are kept up-to-date and
then &; might converge to Vo(w,) as t — oo for m = oo.
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AdaSVRG/AdaSAGA & HVRG

Just as for SGD importance sampling approaches were studied for SVRG and even for SAG
with Non-Uniform Stochastic Average Gradient Method for Training Conditional Random
Fields(Schmidt et al., 2015) (SAG-NUS) [Sal5|. Presented in the paper Adaptive Variance
Reducing for Stochastic Gradient Descent (Shen, Qian et al., 2016) [She+16] (AdaSVRG,
AdaSAGA and HVRG) borrow the idea of IS-SGD of analytically minimizing the trace of
the variance term of the MSE under unbiased updates with mini-batches of size 3 = 1.

The sampling scheme used in the paper is just a single lottery on [n] under probability distri-
bution P = P;. The derivation of the optimal probabilities in that setting follows exactly
the same steps as in IS-SGD. The original update iteration scheme of AdaSAGA

(take w = 0;; for AdaSVRG) is simply resumed by

it = ¢ with probability p;;

. —_ . . n 1 . . —_ .
_ Vd)zt (Wt) V¢zt (Qt,z) + %Zvdh(et,z) _ ﬁt,zz +ay = VCbz(IUt) (67X}

t + O_ét
NPty im1 NPty NPty

gt

Vi = Eilllge — Elgd RlIBIF) = (5 X, Feted=enll) | 19(w;) - a3
Immediately in phase with the results obtained for IS-SGD, one derives the minimizing prob-
abilities for V; .
—— [|Vi(we) — o il _ n||ﬁtz”
S Ve () — ] S I8
This distribution, yet not-practical since it also demands a full pass over the data at each

update iteration, is rather interesting in the sense that now what one considers the most is the
slack between the current sample gradients (V¢;(w;)) and their last known value (ay;) !

(4.22)

This idea goes with the intuition : if oy ; represents well V;(w;) then the case i won’t yield
much variance in the estimated gradient g; since oy ; is part of it through &;.

Algorithm

Algorithm 8 SAGA with IS

Initialization : n; = n > 0 Vt € N, wq starting iterate, fixed deterministic batch-size b,
t = 0 update steps counter, initial ag (for every i € [n], ap; = V;(wp) : warm start or 0),
{P¢}+en univariate probability oracles on [n]

while stopping criterion not verified do

Sy ~ (P;)? (with replacement)

— 1 Voi(ws)—ou,;
Grim et s,

Wi41 < PTOXmR(th — NtGt)

i1 = Voi(w) if i € Sy, apq1s =on;if i ¢ Sp and then ¢ «— ¢+ 1
end while
Output : wr (last iterate) or wy « = ST we (averaged iterate)

Note: Again a mini-batch version is proposed but not studied in the original paper of Shen,
Qian et al. The sampling scheme is identical as in SGD with IS. When the probability oracle
yields pf as defined just above (4.22), SAGA with IS refers to the true AdaSAGA.
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HVRG comes at the end of the paper to interpolate between AdaSVRG and AdaSAGA : it is
AdaSAGA together with a full update of the a;’s after m iterations (as in (Ada)SVRG) and
adaptive probabilities embedding shrinkage that do not require O(n) sample gradient compu-
tations per update iterations ! The authors ensure that Vitter’s algorithm (Vitter, 1987) allows
to maintain a probability distribution after shrinkage in O(logn) operations when b=1. To
the best of my knowledge no practical implementation of Vitter’s algorithm for such a require-
ment has been released so I decided not to further investigate that method.

Algorithm

Algorithm 9 HVRG

Initialization : n, = n > 0 Vt € N, wg starting iterate, fixed deterministic batch-size I;,
t = 0 update steps counter, initial &g (for every ¢ € [n], ag; = Vi(wo) : warm start or 0),
m number of inner-loop iterations, p > 1 shrinkage parameter
while stopping criterion not verified do
W < wy (or average over the last inner-loop)
Qg < V¢Z<ID) Vi € [n}
for (t+1) mod (m+1) # 0 do
if t+1 mod m = 2 then
p,i for every i € [n] defining P; is computed as in (4.22))
end if

S ~ (77,5)5 (with replacement)

_ 1 Vi(we)—ayq
gt < Qt + 3 Z’iESt np;

Wi41 < pTOXntR(ﬁwt — NtYt)

Dti = p;»i if i € Sy else pr; = py,; and then p; = %
i’ =11,
a1 = Voi(we) if i € Sy, ary1i = auy if i & Sy and then ¢ < ¢ 41

end for

end while

Output : wr (last iterate) or wy < 7 Z:ol wy (averaged iterate)

Note: Just as SAGA, HVRG is able to converge at constant step-size 1, = 1 if the inner-loop
is infinitely long (m — o0). One concrete drawback for very large scale n is that a full-pass
over the dataset is made twice after each outer-loop start... The first one, corresponding to
the SVRG part is executed in the outer-loop in order to get new «;’s. The second one comes
slightly after when the task to achieve is to compute the probabilities p;; for every i € [n]
as equation suggests it. However, for medium-scale datasets, the authors showed the
efficiency of their method in terms of sample gradients computations but they didn’t comment
on whether they count the probabilities computations as a full-pass or not.

SARAH

Let’s present a widely spread method, marking the transition between second and third era
methods, achieving the best known theoretical bounds as the authors of its last version An Effi-
cient Algorithmic Framework for Stochastic Composite Nonconvex Optimization (ProxSARAH)
(Pham, Nguyen, et al., 2019) [Pha+19| say. Note that the original version (non-proximal) was
first launched in A Novel Method for Machine Learning Problems Using Stochastic Recursive
Gradient (SARAH) (Nguyen et al., 2017) [Ngu+17].

Note: Currently no extension of SARAH playing with non-uniform sampling exists !
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Motivation :

(Prox)SARAH combines the best of both worlds ; SVRG for its memory consumption, SAGA
for its adaptive nature at every update iteration. Instead of updating the knowledge one has
about the sample gradients at all the snapshots {6;;}" ; and keeping that information in mem-
ory in order to construct the new deterministic gradient estimate a;+1 SARAH intends to only
store a1 = ¢¢+. Hence SARAH only requires O(d) extra memory while adapting for free &
during inner-loop iterations !

Let’s motivate (mini-batch) SARAH’s stochastic gradient. Let’s consider the t-update iter-
ation (¢t > 1) ; given S; (b =1[S;|) and oy = g4—1 a deterministic gradient estimate

gt = 0y + 1}7 Z Voi(wi) — Vi(w—1) (4.23)

1€St

SARAH papers talk about recursive variance reduction. Indeed, one may also write down :

gt =gt—1+ ;) Z Véi(w) — Voi(wi—1) (4.24)

1€St

Compared to the other second-era methods SARAH assumes at some point that g;—1 was a
good approximation of V¢ (wy—1) and thus that &; = g;—1 should be a fair representation of
LS 1 Véi(wi—1). In other words, at an update iteration ¢t > 1, SARAH assumes that all the
previous snapshots {61}, were all relatively close to w;_; itself close from w;.
This happens whenever the iterates {w; }1en accumulates around a converging ws.

One immediate critical comment would be to argue that the early steps of SARAH rely on
an assumption a priori wrong. However under sufficiently small step-sizes the stochastic gra-
dient of SARAH is robust enough to ensure a convergence until a zone for which the iterates
do not vary much. Then SARAH reveals all its power with respect to SAGA as it implicitly
updates all the snapshots at each inner-loop iteration without being charged with any further
computational cost.

A fast paced convergence towards accurate e-solutions is empirically observed once the op-
timization process arrives at an iterate w; close enough from a w, € §* after enough iterations
such that g; had the time to include local information about most of the sample gradients.

As the authors mention clearly g; is not unbiased for the one step expectation :

Elg:|Ft] = Vo(w) — Vo(wi—1) + gi—1 # Vo (wy)

It is still, hopefully, asymptotically unbiased for the one-step expectation if one experiences
well limy_ o0 ||V (wi) — g¢|] = 0 and unbiased under a total expectation across all the possible
random events since for ¢ > 1,

E[g:] = Vo(wi) — Vo(wi-1) + E[gs—1]

Reasoning backwards by induction until E[g;] = Vé(w;) — Vo(wy) — E[go] and knowing that
go = Vo(wp) allows to conclude that

Elg:] = Vo (wr)
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The algorithm presented below is one special instance of the more complex algorithm one would
find, adapted to our notations, in the latest version of ProxSARAH. The quick motivation given
above considered tacitly that ¢ = ¢ = 1 for every t € N.

Algorithm

Algorithm 10 SARAH

Initialization : 7, = n > 0 Vt € N, wg starting iterate, fixed deterministic batch-size I;,
t = 0 update steps counter, m number of inner-loop iterations and w_; = wy
while stopping criterion not verified do
W < wy (or average over the last inner-loop)
dt = Vqﬁ(wt)
for (t+1) mod (m+1) # 0 do
Sy ~ U2 (without replacement) or S; ~ U([n]?) (with replacement)
gt < ap + % > ies, Voi(wr) — Voi(wi—1)
Wy g1 < prox,, g(nwe — mge)
W1 = @41 + (1 — g)wy and then ¢+t 41
end for
end while
Output : wr (last iterate) or wy « = ST wy (averaged iterate)

Note : As wanted by the authors and like SAGA, SARAH is theoretically able to converge
within an inner-loop of infinite size under an adequate step-size choice.
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Chapter 5

New approaches and paradigms for
Stochastic Gradient Methods

Oath Taking

This chapter will summarize personal researches / experiments achieved after the reading
of a large amount of papers and scientific content. To the best of my knowledge those
procedures/ideas have not been directly stated nor tried but this research field is so
active that at some point one needs to write down things and hope that it doesn’t
totally overlap with existing work. Chapters 4 and 6 may convince the reader that the
many things have already been attempted in the field of stochastic gradient methods
for machine-learning large-scale optimization. However there exists little gaps for which
slight improvements can be made. This is exactly what this chapter aims to accomplish.

o K-Greedy Sampling :

A rather surprising remark is the fact that none of the methods presented in Chap-
ter 3/4 nor in Chapter 6 aims to immediately minimize the one-step expected value of
f- T open a discussion about the optimization of surrogates under the randomness of the
mini-batches of indices S; elected to produce g; at any update iteration ¢ € N. In the
case of ”single sample” unbiased updates there exist closed forms for the optimal prob-
ability distribution to adopt in order to minimize the expected value of f after one-step
for quadratic surrogates.

Content: An extensive analysis about that topic is developed, some interesting lem-
mas are derived and a heuristic adaptive strategy to overcome the practical bottleneck
of importance sampling is proposed. Unfortunately, preliminary tests did not show great
results. More tests need to be run to draw final conclusions.

e KProx-VR Framework:

Initially motivated by a general update scheme presented in the K-Greedy Sampling
section, leading to convergence in expectation, I introduce a new technique taking into
account a refined information about a quadratic upper-bound on the objective function
when this latter is smooth. The varied literature about stochastic (quasi)-second-order
methods has not attempted yet to tackle immediately an update step with a non-smooth
regularizer in a ” proximal fashion like” way.
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Content: Convincing tests are conducted in order to get a better insight about the
efficiency of my two new methods : KProx-SVRG, KKProx-SARAH. Furthermore, a
proof of convergence is given and discussed.

e Adaptive Heuristic Method:

Another idea of mine is based on the results obtained in the section ” K-Greedy Sampling”
and aims to increase progressively the step-size used by SVRG using again an available
quadratic upper-bound, K. Some related works exist but their procedures are different.

Content: This last section will be merged into K Prox-VR’s section. The heuristic method

is defined, motivated and validated on two experiments using (K )Prox-SVRG/SARAH.

5.1 Greedy-Sampling

Introduction

As announced above, none of the papers I have read seem to directly tackle a key aspect in my
opinion : choosing an univariate probability distribution for samples [n] in order to minimize
the expected decrease of the objective function given the current iterate.

That is, given w; € R? and the fact that g, is built upon a single-sample i; ~ P,
one would like to find the vector of probabilities ptG € A™ defining P; that satisfies :

p¢ = argmin E;, [f (wiy1)] (5.1)
ptEA™

As displayed in Chapter 4 in the case where r(w) = 0, Vw € R? and more generally in [ZZ15],
the sampling induced by

P\ £
b Ve (wr)

minimizes tr(MSE(g:)) for unbiased updates for first-era methods. Still using first-era meth-
ods this latter sampling also achieves the biggest one-step expected decrease in the absence of
further information about the global smoothness of the function.

Vi € [n]

Inspiring myself of Lemma 1 in [ZZ15] and using a personal derivation of
the value of E;,[f(ws;1)] I will show a closed form for p{ for quadratic loss
functions. Furthermore I will state conditions under which the convergence

bound of Theorem 1 in [ZZ15| is improved using p{’ instead of p;.

Strategy
-As a starter, the Master Lemma of this section will be shown. It will be used multiple times

in other proofs. Master Lemma’s own proof is personal but the result is well known...

-Then, the GDE (General Decrease Expansion) for quadratic functions will be introduced.
It consists in the expression of the value of a quadratic function ¢ after an update step of the
type w1 < wy — mgy where g; is a realization of a stochastic gradient.
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-The GDE paves the way through GEDE (General Expected Decrease Expansion) theo-
rems for both first and second era methods. As the name suggests it, these theorems give the
expected decrease, according to the used stochastic gradient, for ¢ quadratic functions.

-Finally, the expressions appearing in GEDE theorems will display a term to be minimized
w.r.t the sampling probabilities p; ;; the Master Lemma will then help to derive ptG .

Master Lemma

Lemma 6 (classical risk minimization optimal solution) Be |c;| for all j € [n] a positive coeffi-
2

cient and be the cost function ¢ : A" C R? - R,p — 9(p) = Z;L:I 3%

The optimization problem

ny .__ d _
;161]1@ g(p) s.tp € int(A") := {p € R%p; >0, Vj € [n] and Zp] 1}

admits as optimal solution p; = =57 e || 1 for all i € [n].

Proof: First one has to notice that this problem is convex. Indeed, g is a compound function
of n convex univariate functions that are defined on [0, 1] (otherwise, if one of the p; is situated
outside this interval the whole vector p won’t be feasible). The image of those univariate func-
tions is of the generic form gi( ) = c2 , thus twice continuously differentiable on the interior
of [0,1]. Vz €]0,1[, ¢" (z) = 25 > 0. The positivity of the curvature of all the g; shows their
convexity and hence the convex1ty of g. The domain of g is also convex{ﬂ Since we have to min-
imize a convex function over a convex feasibility domain, the problem is a constrained ’'smooth’
convex problem. As seen in Chapter 2 for such problems if there exists a point p* € dom(g)
for which (Vg(p*), p—p*) > 0 for any p € dom(g) then p* is a global minimum for g over dom(g).

Let’s verify that the proposed p* fulfills the above requirement. Vp € A™,

2 2
C C
Vop) =[5, ——=]"
p? p?

Therefore,

_ _[(é|cj|>2,..., (g\cﬂ)zv’ _ (ém\)l

Thus for any two vectors u,v € A",

replacing v by any p € A™ and v = p* we get the desired result.

t’s called the n-simplex.
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As announced, after the Master Lemma derivation, the reader can find the GDE.
General Decrease Expansion (GDE) : quadratic case
Let’s consider a function ¢ : R? — R defined for every v € R¢ by

- 1

o) =k + (k,v) + §<Kv, v) (5.2)

where £ € R, k € R? and finally K = K7 > 0 € R?*?, Let’s consider an iterate w; € R%, any
direction g; € R? and any step-size 1; € RT. The expansion of ¢(w; — 1:g;) follows easily :

T 1
P(we — mege) = £+ (K, we — nege) + §<K(wt = MeGt), We = Mege) (5.3)
1
=K+ <l€, U)t> + §<Kwt, U}t> — Mt [<k + Kwt, 9t> - %<th, gt)] (54)
é(we) decrease term of ¢

Now I mark down Theorem 1 that describe the optimal sampling probability vector pf( ,
at an iterate wy, for a first era stochastic gradient of the type (P[i; = 1] = pfi)

_ ngit (wt)
np;,

Theorem 1 (GEDE : quadratic case — first-era) : Let’s consider a function ¢ as defined in
(5.2) and let ¢ be the differentiable compound function defined as usual. Given an iterate

w; € RY and a proper probability distribution P; over [n], let g; be equal to W;ti(wt) then
_ _ Vo;(w
Eit [g/)(wt — ntgt)] = (b(wt) <k‘ I Kwt, qu(wt Z || gb t)”K (55)

Dt,i

Furthermore for any 7; > 0 , the probability vector pf minimizing E;, [¢(w; — 7:9¢)]

is characterized by
K _  IVoi(w)llx

Py = n
P Ve (wollx

Proof: Let’s denote by g;; the deterministic i-th realization of g; ; i.e. the term V(b;(twt) Then

Vi € [n] (5.6)

[¢ 779t Z Dt @ wt nege, z)

Using the expansion in (5.4) we can further develop :

Ei, [¢(w — nge)] Zpt i ( — e[k + Kwy, geq) — %<th,ia gt,i>]>

v¢z wt) v¢z(wt)>]
npi ' npei

Bu) — m[{h + K, Vo(w) z

=1

= ¢(wy) — ne[(k + Kwy, Vo(wy)) Z Vi wt)HK]

Dt,i

For the second part of the proof it’s sufficient to notice that minimizing E;, [¢(w; — 1:g;)] boils

down to be a practical case covered by the Master Lemma for |¢;| = ||V (wy)|| k-

It remains to conclude that pf; ancl“c 1= ZrL/HVﬁSiV(Zi/)('”'LUI:)HK Vi € [n].
i =1 % .
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Note 1: K-norm is naturally defined as || - || x = \/ (K-, ") .

Note 2: Whenever |S;| = 1 (as S; = {i;} here) with probability 1, first-era (unbiased) stochas-

tic gradients can always be written as )\%&”) for the case i € [n]. However A € R is useless
while putting a step-size 1, before g; ; in the expression w; — n.g;. Without loss of generality

then we will assume A = 1 hence the assumption in Theorem 1.

Discussion: Let’s consider the non-regularized setting for the problem (r(w) = 0).
Whenever one deals with an objective function f = ¢ that is quadratic, one direct implication
of Theorem 1 is that pf is the looked for p? greedy sampling that minimizes the one-step
expected outcome E;, [f(wiy1)] = E;, [f (we — negr)].

Indeed when ¢ is quadratic we can choose ¢ to be equal to ¢ ; thanks to Theorem 1
it follows then in that case that

Ei, [@(we — 1ege)] = Ei, [f (we — nege)] = B, [f (wig1)]

would be minimized with respect to the sample probabilities by taking ptG = pk.

For first-era methods with |S;| = 1, based on that observation, one can be motivated by
choosing pX to construct P; ; sampling distribution at a given (¢,w;). As it will be shown right
after, this intuition is correct only whenever one disposes of a quadratic upper-bound ¢ that is
accurate enough. In other words ¢ should behave, locally, like the quadratic function defined
by K, k and k in order to observe a potential interest using K-greedy sampling.

One can notice that pf degenerates in p; if the information about the smoothness, stored
in K, turned out to be a multiple of the identity matrix. E.g. if one decides to take ¢ as being
the (isotropic) quadratic upper-bound of L-smooth functions then K = L I and

- IVoilw)ller — _  LI[Vi(w)|] _
Y Ve (ol LG Ve (woll
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Experiments : K-greedy sampling for first-era methods

The ultimate goal of those experiments is to expose results that confirm the results I derived for
Theorem 1. It’s also the occasion to get a better insight about whenever K-greedy sampling
might be an interesting option ; i.e. leading to a significant improvement with respect to the
widespread p; (gradients’ norms based sampling).

Since exact expectations are computed and confidence intervals are estimated based on a clas-
sical bootstrap approach, the dataset used will be of moderate size n = 684,d = 10.

Fixing ourselves at one iterate w; € R? the tests compare the expected value for f(ws,1) =
f(wy — neg) depending on the sampling used (US,IS,K-greedy) but also on the value of the
step-size | Let’s say we consider C step-sizes. For each one of them the objective value (n sam-
ple loss functions) according to each possible choice (n in total) of i; ~ P, must be computed.

The number of operations, not accounting for the dimension of the data d is of order O(Cn?)
which scales really fast with n ! The benchmark dataset is a cleaned version of the real-
world Breast Cancer Wisconsin (Original) Data Set ﬂ To create a bad instance for K-greedy
sampling a same-sized homemade dataset is built and used. Just as for Chapter 4, the data
generation is discussed in the Appendix 2.)

Summary

Two loss functions will be tested ; i.e. the binary classification quadratic loss (1) and the
quadratically smoothed hinge-loss for SVM (2).

elements expression/value
data size (n,d) n==684,d=10
sample differentiable cost functions ¢; | (1) : (1 — (Z;,w))? (2) : ([1 — (T, w)]4)?
regularization constant A 0
regularizer R(-) 0
step-size parameter taking multiple values

For both cases it stands : Vo € RY, ¢p(v) = L 377 | ¢;(v) < 1H(2 30 &, 0)+5((2 300, @7 v, v)

n K3

Hence Theorem 1 applies and we can identify for ¢ ; k =1, k = %Z;;l Z; and

2 n
K== @i
n-
=1

Experiments with Breast Cancer Wisconsin Data Set (wdbc) were also un-
dertaken, at the very same iterates w;, for second-era methods in order to
produce a fair comparison afterwards. This latter will be shown in the section
about experiments for second-era methods with K-greedy sampling.

2Source : https://archive.ics.uci.edu/ml/datasets/breast+cancer+wisconsin+%28original¥%29
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Quadratic case (1) : good (left) vs. bad (right) instance
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Smoothed hinge case (1) : good (left) vs. bad (right) instance
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Quadratic & Smoothed hinge case (1) : good instances

true | expected one-step improvement : L dist = 5.89e+00 at outer : 1s true | expected one-step improvement : L dist = 6.30e+00 at outer : 1s
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Figure 5.13: expected decrease ratio Figure 5.14: expected decrease ratio
(quadratic) : wdbe (smoothed-hinge) : wdbc
Comments

For both cases (2) the theoretical interest for importance sampling at a one step-horizon is
well-sustained for K-greedy sampling and IS ; looking at those graphs uniform sampling is
always the worst choice one can make !

As the intuition would have suggested it the most attractive results concerning K-greedy sam-
pling arise whenever pX is the most different from p* itself quite different from (US) ().

A measurable quantity assessing the closeness between two discrete distributions can be de-
scribed by the concept of discrepancy following later on. For now, the reader simply has to
keep in mind that the quantity n||p™ —p*||1 is bigger for the left instances than for the right ones.

f(wig1)’s bootstrap-CI is typically wider when using K-greedy sampling instead of IS.
However, after multiple tests, the advantage goes for K-greedy in what concerns the median
value for f(wiy1), especially for larger step-sizes for which I.S and US yield worse expected
values for f(wy1) ! One could emphasize the ability of importance sampling to enhance the
range of step-sizes for which an expected decrease is yet to come.

For the experimental case (2) we can make the distinction between ¢ (quadratic surrogate)
and ¢ (smoothed hinge loss). A non-negligible amount of probabilities on the graph to the
right are almost 0 (theoretically 0 but I do not allow probabilities to fall under €, of the order
of the e-machine) since the gradients can vanish easily in case (2) ; e.g. each time (Z;, w) > 1.

Even though the instances to the right do not show it, sometimes I've experienced step-sizes
for which E;, [¢(w¢y1)] is lower for IS than for K-greedy but the same statement did not hold

for E;, [¢(we+1)]. Actually nothing prevents such a phenomenon to happen, the more the actual
¢ behaves differently from ¢ the more such events are plausible.

On the two last graphs one can spot the one-step horizon speed-up gain in terms of expected
Eiy [f (wi1)—f(wi)]1s or s
]Eit [f(wi+1)_f(wt)]K—greedy
for IS or US we can empirically win up to 15% for the smoothed hinge loss and much more for

the purely quadratic case.

decrease ratio depending on the step-size used. Again when 7 is too big
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Let’s adapt Theorem 1 to SAGA-like methods, again for size-1 mini-batch updates (|S;| =
1Vt € N). The theoretical optimal sampling as defined by (5.1)), ptG, will slightly differ from the
one obtained for first-era methods. It will look like to the one the authors of HVRG derived Pl

Theorem 2 (GEDE : quadratic case — second-era, SAGA-like) : Let’s consider a function ¢
as defined in (5.2)) and let ¢ be the differentiable compound function defined as usual. Given
an iterate wy € R% and a proper probability distribution Pt over [n], {6}, alist of snapshots

in R?, let g; be equal to Vi (wi)zptvz% Gesig) 4 1 L Vo (6,,),
4 Y /3 N
B Bu—m1)] = Bor) | (-, Vo))~ 208 V) )+ D Ll
=1 v
B (5.7)
Furthermore for any 7; > 0 , the probability vector p{( minimizing E;, [p(w; — m:9¢)]
is characterized by
o — |1 Be,il | vi € [1] (5.8)

% 2?’21 ||Bt,i’||K

@ Let’s recall the notations : a; = % »_ 1 Vi(0y,:) and ﬂtll =

Bis = Voi(we)=Vei(0,i)
G = npt; ’

Proof: Again since E;,[g;] = V@ (wy) and given the fact that ¢ is quadratic the proof follows
exactly the same steps as in Theorem 1 until and including :

Ei,[¢(w; —nge)] Zpt i ( — e [(k + Kwy, gri) — %(th,u gt,i>]>

Here g1, = Voilwe) Vei(0rs) + % Z?:l V¢i(0:) hence :

npt,i

Ei, [p(ws — 1ge)] = ¢(wy) — ny

(Pri | 5, Pri +5ét>}

npe i npt,i

(k + Ky, Vo(w) - 5 [;pt,m

= p(we) —m

(s + Ky, Vo(wr)) —f[me el + 20K 5 5 D1 ,ﬁ”)ﬂ]

i—1 npei Npti MNPt

npt,i

Using the fact that E“[Bt ”] =Y Dri Vi(wr)=Vi(6.) = Vo(wy) — o
a2

) = | O + Kwr, D)) = L[ = el + 20K V(). a0) + 5 > '5“‘|K]]

i=1 Pti

112
Just as for Theorem 1 the only part depending on P is the term > | 16 ;ZL'K for which the
minimization falls in the practical cases handled by the Master Lemma ; e.g. for |¢;| =

[1Brill k-
We can conclude that pt{(i o ||Bil|k for second-era SAGA-like methods.

O

Note: The structure of the stochastic gradient does not change the quadratic nature of
E;, [¢(we —mege)] with respect to ;. Theorem 2 generalizes Theorem 1 in the sense that if one
drops the control variate part inherent to second-era methods, that is V¢;(6:;) =0, Vi € [n]

and a; = 0, the expression (5.7)) is simply (5.5).

3Cfr. end of Chapter 4.
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Discussion : Looking at expression for f = ¢ being quadratic (that is, we can choose ¢ = ¢)
let’s underline the fact that for second-era methods, whenever V¢;(0:;) — V¢;(w;) for every

i € [n] occurs as t — oo, the potential speed-up effect of any importance sampling will progres-
sively disappear.

This latter comment supports the idea that second era methods embedding
importance sampling should probably adopt an adaptive probability scheme
that would converge to uniform sampling.

Indeed the potential importance sampling gain may become arbitrary small while the sampling
cost will stay identical , unless one decides to switch back to uniform sampling at some point.

Finally let’s point out that pf defined in Theorem 2 corresponds, according to the same ar-
guments used in the discussion after Theorem 1, to ptG (5.1) when using SAGA-like stochastic
gradients to optimize ¢ that is quadratic.

Experiments : K-greedy sampling for second-era methods, SAGA-like

In order to compare the effects of K-greedy sampling for first/second era methods I did apply
classical SVRG with a constant step-size of n = = 5%, a mini-batch size of b = |y/n] and an
inner-loop size of m = |y/n] on the cases (1) and (2) for the Breast Cancer Wisconsin Data Set
and time by time I did extract the current iterate w; in order to keep track of the results one
would have got if ever K-greedy sampling was applied with the next update-step. Alongside
I decided to collect the values for tr(MSE(g;)) to motivate clearly how the variance of SVRGE
increases within the inner-loop. This has been stated many times already, now come the results.

Remark: By IS for second-era I depict the probabilities p;; oc [[V;(wi)|| just as for the
first era methods. As one will observe IS is absolutely not a good fit when using second-era
methods. The adaptive sampling explained in HVRG EL Pri XX ||Beil], is in practice
very close to my K-greedy sampling so in order to present clear/ discriminant graphs I've
only kept US,IS and K-greedy of Theorem 2 when analyzing the one-step expectation for
second-era methods.
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Figure 5.15: Distribution of the norms of the samples Z; :
K-norm and L-norm (standard euclidean scaled with /L)

*SAGA did not yield much more satisfying results for my experiments so I decided to stick to SVRG.
5Again cfr. end of Chapter 4. This sampling is the true one minimizing V; for SAGA-like methods.
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Quadratic case (1) : first-era (1) vs. second-era (r) — start of inner-loop
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Figure 5.21: E;,[f(wit1) — f*] (numerical
instability) : wdbc

68



Quadratic case (1) : second-era — start (1) vs.

dif - norms | L dist = 5.89e+00 at outer : 1s
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Figure 5.26: expected decrease ratio : wdbc
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Numerical Results

Quadratic case (1)

tr(MSE(g)) tr(MSE(g:))
inner-loop state || lst-era : US, IS, K-greedy 2nd-era : US, IS, K-greedy
1 start || 26.396 | 17.270 | 25.542 0.3520 0.6136 0.1604
end || 10.798 | 4.7334 | 6.1122 12.979 428.95 10.583
10 start || 4.0918 | 1.7932 | 2.1607 1.91e-05 | 0.0001 | 1.42e-05
end || 3.9075 | 1.6998 | 2.0461 0.0095 0.0685 0.0069
100 start || 2.8835 | 1.3718 | 1.6567 || 2.61e-10 | 1.52¢-09 | 2.06e-10
end || 2.8835 | 1.3718 | 1.6567 1.31e-07 | 5.15e-07 | 7.68e-08
500 start || 2.8847 | 1.3715 | 1.6563 | 8.52e-21 | 7.91e-20 | 6.08e-21
end || 2.8847 | 1.3715 | 1.6563 || 4.67e-18 | 2.36e-17 | 2.57e-18

Comments

Oﬁn the first page one can observe that K-greedy sampling, as supposed to in the quadratic case
(¢ = ¢), is leading the game and achieves the best value for E;,[f(wi4+1)]. It doesn’t matter
whether we are getting closer or not from the optimumf]

However in what concerns first-era methods, a brief glance to the x-axis (1) shows that as
the optimization process advances the range of step-sizes ensuring an expected decrease drops
drastically. On the second-era side it’s all the contrary ! Some existing methods try to adapt
the step-size of SGD/SVRG in an online fashion (Barzilai-Borwein Step Size for Stochastic
Gradient Descent (Tan et al., 2016)) [Tan+16] based on a (Quasi)-Newton approach.

The authors also found out that incremental schemes for SVRG step-sizes yields better results.
Based on the GEDE developments above I will try a new heuristic method increasing progres-
sively the step-size for SVRG/ SAGAE] Note that another way to improve SVRG, used by many
modern methods (SVRG++ with Non-uniform Sampling (Kern & Gyorgy, 2016)) [KG16] is to
extend the inner-loop size ; e.g. double the parameter m at each new outer-loop iteration.

Looking at the graphs on the second page (second-era methods comparison within an inner-
loop) one can observe the poor efficiency speed-up for K-greedy sampling at the beginning of
an inner-loop. At the end of that same inner-loop we can underline the total inadequacy of
IS. Its graph doesn’t even appear on the ”expected decrease ratio” figure since the step-size
ensuring an expected decrease for IS is too small. Furthermore the 95% confidence interval
built explodes for IS. Nonetheless the gain made against US at the end of an inner-loop is
relatively good (straight line graph) !

Looking at the table above the intuition is sustained by the numbers. tr(MSE(g:)) decreases
as the update iterations grow until a plateau is reached for first-era. For second-era methods
that same quantity decreases to 0 while looking at the values obtained at each beginning of
inner-loop. As forecasted tr(MSE(g;)) increases within the inner-loop.

A final interesting comment can be stated about the norms (LI-norm or K-norms) of the
Bt,i- Looking at the scale on the left we can see that those norms have swollen in the inner-loop
indicating well a bigger slack between each V¢;(w;) and its corresponding V¢;(6y ;).

As indicated in the introduction of this chapter the variance in second-era methods can be
larger than the one for first-era at the end of the first inner-loops ; e.g. 1 end.

5The reader can take look at the L-distances, representing v/L||w; — w«]|2, in the titles.
"Please refer to the end of section 5.2.
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Smoothed Hinge case (2) : first-era (I) vs. second-era (r) — start of inner-loop
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Smoothed Hinge case (2) : second-era — start (I) vs. end (r) of inner-loop
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Numerical Results

Smoothed Hinge case (2) / : numerical issue
tr(MSE(g:)) tr(MSE(g:))
inner-loop state || Ist-era : US, IS, K-greedy 2nd-era : US, IS, K-greedy
1 start || 12.344 | 12.099 | 16.855 0.1555 0.1347 0.0719
end || 4.0986 | 1.2610 | 1.5677 7.9153 1.2652 5.7434
10 start || 1.9336 | 0.3505 | 0.4192 || 3.01e-06 / 1.04e-06
end || 1.9001 | 0.3280 | 0.3908 0.0015 / 0.0005
100 start || 1.5319 | 0.1645 | 0.1832 3.68e-09 | 4.40e-09 | 4.12e-10
end || 1.5312 | 0.1643 | 0.1830 2.29e-06 | 3.03e-06 | 2.51e-07
500 start || 1.4568 | 0.1423 | 0.1575 7.43e-11 | 6.48e-11 | 5.78e-12
end || 1.4568 | 0.1423 | 0.1574 4.64e-08 | 4.07e-08 | 3.60e-09

Comments

Most of the comments made about the quadratic case (1) experiment hold here as well.
Without any surprise K-greedy sampling yields the best one-step expectations for the quadratic
surrogates. As the smoothed hinge loss is equivalent to the quadratic loss whenever (Z;, w) < 1
even for the true one-step expectation of ¢ itself K-greedy wins it ; not by much though !

We can see that later during the optimization (after 100 inner-loops for SVRG, hence for

a w; closer to w,) there’s a huge gap between E;, [¢(wit+1)] and E;,[¢(wey1)] for both eras.
K-greedy sampling is out of its ” operating” zone for which it was theoretically sustained !

Expected decrease ratios shown after 10 outer-loops do not go further than 75% at the end of
the inner-loop whereas at the beginning of the inner-loop one cannot expect to win more than
1% in this configuration using K-greedy sampling. Once again the comparison with IS is not
established for the very same reasons as in the quadratic case (1).

One can spot on the graphs about sorted probabilities that for second-era methods K-greedy
sampling stabilizes around the neutral probabilities of US (%) It appears quite clear when
looking at K-norms for the S ;’s (blue dots).

Conclusion

Those experiments (and many others that are not displayed since they do not really carry
extra informations) confirm well the theoretical results derived so far and the intuitive com-
ments that I've done alongside the writing of this document.

As one could have guessed it traditional IS totally fails to capture the randomness source
for second-era methods. It seems rather obvious since the stochastic gradient is of the form
g = %{,—%” + a; where a; is a constant for the lottery i; ~ P,. HVRG importance
probabilities’ftire, in my opinion, the most adequate for second-era methods since they mini-
mize tr(MSE(g;)) while being very close from K-greedy sampling ; the difference is not worth

mentioning but the computations of K-norms is more expensive !

At this stage K-greedy sampling appears to be a promising research direction for real optimiza-
tion (multi-steps) for functions ¢ close from quadratics and in the absence of regularization.
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Now that K-greedy sampling has been extensively motivated for a one-step expectation mini-
mization procedure let’s demonstrate convergence results after several update-steps.

To generate a sequence {w;},_; of iterates we consider the application the General Unbiased
Update Scheme (it will be referred as GUUS) :

General Unbiased Update Scheme when dealing with problem (|1.2)

Require: {n}ien step-size schedule, {P; }1en univariate distributions over [n], {O; }en
first-order stochastic optimization oracle yielding, V¢ € N, an unbiased estimate g; of Vo (wy),
wo € RY starting iterate, t = 0
while stopping criterion not satisfied do

gt +— O; — Call of Oracle

Wit1 < argming cpa |P(we)+(ge, w—wt)—i—ib’w(w, wt)+Ar(w)| — Surrogate Optimization

t+—t+1
end while

Note 1: Let’s remind that By(-,-) represents Bregman’s divergence introduced in Chapter 2.
¢ is a differentiable convex function, by default () = || - |[3.

Note 2: When ¢ (-) takes its default value, first and second era methods can be translated
in the GUUS framework as the update step resumes in a proximal update step. Indeed in
Chapter 2 it’s proved that B%H_Hz(u,v) = 3||lu —v]|?, Yu,v € R% Regarding Definition 6 of
Chapter 2 and the note that succeeds it, the ” Surrogate Optimization” step above is equivalent
prox,, \, (Wt — Ntge)-

What differentiates both eras under the scope of the GUUS is the way the oracle O, outputs
a stochastic gradient. We’ve seen in Chapter 4 that second-era methods use an oracle that rely
on past computed information (sample gradients at snapshots) whereas first-era methods work
purely online, depending only on the current iterate wy.

Master Convergence Theorem

In this subsection is presented a first, rather general, proof of convergence for size-1 mini-batch
updates for unbiased stochastic optimization methods. This latter proof includes the proximal
setting since it deals with the GUUS. It will be useful in three different ways:

1. Showing that using first/second era methods under any proper sampling distribution,
hence including K-greedy sampling, leads to convergence in expectation under an ade-
quate choice of step-sizes.

2. Showing that the knowledge of such a metric defining matrix K allows to enhance the
convergence bound found by |ZZ15]. However it requires more assumptions than in
[2Z15]; one cannot simply say that that convergence bound is better since it does not
apply in all the contexts handled in [ZZ15]. It is more about a refinement.

3. Opening the door to the KProx-VR framework that constitutes the second part of this
first topic of Chapter 5.

Let’s warn the reader that the generalized versions of smoothness and convexity, introduced

in Chapter 2, are used in the upcoming proof in order to prepare the groundwork for KProx-VR.

Substantially inspired from the proof of Theorem 1 from |Z2Z15], I derive in Theorem 3
a slightly more general convergence bound that holds for both eras and more types of step-size
schedules.

74



Then I present a lemma requiring more assumptions but underlining a potential speed-up us-
ing K-greedy sampling. Latter’s lemma demonstration will follow the same strategy using a
specific Bregman’s divergence and other types of lower/upper bounds for ¢ than the one pro-
vided by classical strong-convexity and smoothness assumptions respectively. Finally I present
a simple lemma treating about the specific case of f = ¢ that is quadratic.

It should be reminded that applying K-greedy sampling or IS at each update-
iteration is still not tractable ! The analysis remains purely theoretical.

Theorem 3 (GUUS methods convergence under smoothness and strong convexity assumptions)
Be v a differentiable o-strongly convex function with respect to a norm || - || and ¢ is L-smooth
and p-strongly convex w.r.t 1. Also be r convex and such that 7(0) = 0, r(w) > 0, Yw € RY.
Then if the sequence {w;}}_, (T > 1) has been generated according to the GUUS with {n, }/_'

such that m—lﬂ — i < pand n; €]0, +] V¢ € {0,...,T — 1}, it holds that
T-1 T—1
o1 . 171 Vi
Elf(@r) - £ < = D Elf(win) = £ < = | —By(we,wo) +E D T4 (5.9)
Ti= T'to =0 7
il
_ e AT ne(=11Ve(we)|” + Ei,[llge|°])
— < =|— .
E[f(@r) = /] < 75 |- -Bu(wn, wo) + E > - } (5.10)

with wp = % Z;‘FZI wy.

“Let’s recall the notation V; = Eg, [||g: — Es, [g¢]||*] equivalent to E;,[||g: — Vé(w:)||?] in the present context.

Proof : In any case w;, w, and w1 are in R%. Using the available QLB defined by By for ¢
and the convexity of r :

f(we) > d(we) + (Vo(we), we — wy) + puBy(ws, wy) + Ar(wepr) + AOr(wis1), Wi — wey1)

where here Or(w;41) represents one particular subgradient contained in the subdifferential set
at iterate wiqq for the regularizer. A QUB for ¢, also defined by By, implies that :

P(we) = d(wit1) — (Vo(we), w1 — wy) — LBy (wipr, we)
Combining the two last inequalities leads to :
fwer) = f5 < (Vo(we) + A0r(weg1), wegr — wi) + LBy (weg1, we) — pBy(wy, wy)

The usual optimality conditions on the update step

. 1
Wiyl = arg mdln[cﬁ(wt) + (gt,w —wy) + E By (w, we) + Ar(w)]
weR

imply consequently that

Vip(we) = Vip(wirr) — nege € neAOT (wis1)
We can rewrite the last inequality substituting Adr(wiy1) by [Vip(wi) — Vp(wis1)]/me — gt

Let’s first remark that
(Vip(we) — Vo (wegr), we — wegr) = Y(wy) — P(wig1) — (Vo (wigr), we — wigr)+
Y(weyr) — Y(we) — (Vp(we), wepr — wi)—
(V(ws) — p(we) = (Vi (wr), we — wy))
= Bw(w*, wit1) + Bw(wt-&-lu wy) — Bw(w*, wt)
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We have,

flwegr) = 7 <(Vo(wi) — g, weg1 — ws) + ;[Bw(wm wy) — By (Wi, wii1) — By (wig1, wi)]

+ LBy (wi1, wr) — pBBy (ws, wy)

As this inequality holds for any valid choice of wy,ws, wir1 € R? it must hold in the overall
expectation E[-]. Therefore one can write :

Elf(wer1) = ] <E[(V(wi) = g1, w1 — wa) + ;[Bw(w*v we) = By (ws, wey1) — By (wer, wy)]

+ LBy (w1, wy) — pBy(ws, wy)]

One can show (cfr. Appendix of [ZZ15]) that E[(V¢(w;) — g, wi 1 — w*)] < LE[V;] for any
kind of g; as long as E[g;|F;] = Vo(w;) ; including both eras unbiased methods.

Elf (wea)—f*] < %E[Vt]—i—E[l[B’w(w*,’wt)—Bw(w*,wt+1)—B¢(wt+1,wt)]—i—LBw(th,w) — 1By (wi, we)]

Up
(5.11)
Since Vt € {0,...,T — 1}, —% + L < 0 and for any arguments u,v € R, By (u,v) > 0:
1
Elf(we1) — f7] < %E[Vi] + E[—[B¢(w*, wy) — By (wy, wei1)] — pBy (ws, we)]
Using our assumption that V¢ € {0,...,T1}, nt+1 - % < u, let’s sum up the last inequality :
= = -
Z (werr) = 1= 7 ) EVY +E[ [By (s we) = By (wie, weg1)] — By (wy, wy)]
U
t=0 t=0
T—1
11 1 1
= ——By(ws, wo) + = ]E———— By (W, w +
T o)+ tzz - 1) By (ws, wit1)]
Zi Vil - = Msz(w*,wo) + —— By (w., wr))
i—0 ¢ nr—1
Jensen’s inequality for convex functions allows us to conclude
T-1 T—1
_ . 1 . 171 ne Vi
Elf () ~ £ < 5 D Blf(wesn) = 1< g5 [ Bolws, wo) +B Y- 22
t=0 t=0
O
Notes : A working practical choice is to set n; = - for every ¢t € N with a > 0.

As argued multiple times in the first chapters of this master thesis, one can observe an im-
mediate impact of tr(MSE(g:)) (= V; for unbiased updates) on the upper-bound derived for
E[f(wr) — f*]. Furthermore one retrieves well the quantities 7V} introduced in Chapter 4.
In order to ensure convergence in expectation for the above theorem tT:_Ol "tUVt must be

T
asymptotically arbitrary small for T — oo.

Since V; 4 0 as t — oo for first-era methods (experiments showed a stabilization of V%),

T-1

Z nr € O(T)

t=0

For second-era methods there exist specific theorems proving a linear convergence since V;
decrease itself fast enough ; 7, might be kept constant as stated in the Variance Reduction Era
section of Chapter 4.
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Lemma 7 (GUUS methods convergence under quadratically sandwiched ¢ ) Be 1 defined
for every u € R? by ¢(u) = %||u||2 Hence 1 is ¢ = 1-strongly convex. Be ¢ convex and
differentiable. Let us assume that there’s no regularization (r(w) = 0, Yw € RY) and that there

exists two matrices 0 < K~ = (K~)T < K+ = (K1) such that Vu,v € R?
¢(u)+(qu(u),u—v)—i—%(K_(u—v),u—v) < ov) < ¢(u)+<V¢(u),u—v)+%<K+(u—v),u—v)

Then if the sequence {w;}}_, (T > 1) has been generated according to the GUUS with {n;}7 '
such that K~ — maxycqo, . r—1}{ L %} I =0 (I), it holds that

Mt+1
Blf(@r) - 71 < AL 10—l SN vl + Bl )] (532
DS gl g BRIVl Bullallr)] G

Proof : Until equation (5.11)) the proof of the above lemma is exactly identical to the proof
of Theorem 3. One exception to that, instead of the terms LBy (w41, w;) and pBy,(w., wy)

we should write and respectively using the QLB/QUB at hand.

Hence let’s rewrite (5.11]) :

E[f(wi1)—f"] < ZtE[VtHE[;[Bw(w*,’wt)—Bw(w*,wt+1)—Bw(wt+17wt)]+ -

Using the fact that the Bregman divergence here simply corresponds to the squared euclidean
distance divided by 2 (neutral case) as ¢(-) = 3| - [|? :

Jwep1 — w2+ B [|w — w*”?«

i[llwt —wy|® Jwerr —wi* [|wen — thIQ]Jr
m 2 2 2 2

As E[V4] is simply equal to E[—||V¢(w:)||* + E;,[||9¢||?] and given the fact that a single GUUS
step is equivalent to set w41 = w; — Mrgr when there’s no regularization and under a neutral

_ 2
Bregman divergence : LE[V;] — LE[2e -0l ] = B— 2 |G g(w,)||? + ne(L — 1Ei[l]g:]1]

E[f (ws1) =] < TEIVIHE]

2 2 20 2 2
. oni lgell5e+ + 15719612 — nel [ Vo (we)||
E[f(wer1) — f7] <E[ : K 2 p +
lE[Hwt —wx | = [Jwg — w2 oo — |lwerr — w*HQH
Nt 2

Again summing up this inequality from ¢t = 0 to T'— 1 and using Jensen’s inequality yields :

LT = (= Vol + Balllgel 5 s 100 ])
2

N | 1 fJwo — wi|?
E[f(or) — fT<7|EY

T =0 g o 2
T-1 ||wt+1 - w*HZ 1 1 _
1 H’U}T—UJ*H2 0t 1_5_1(
S
AP 5
t=0

Finally using our last assumption (I) and the fact that o = 1, one can conclude.

Notes : It’s important to notice that the above lemma applies to more contexts than just the
quadratic case ! Indeed let’s imagine the sum of a logistic loss function % Yo log(1+ e*<”~ci">)
1

or even the smoothed hinge loss = >""([1 — (&;, )]+)?, with an inner convexity enhancer term

%IHQ In both cases there exist such K~ and K+ ! K~ would be at worse \i,/ while KT can
take the value, as previously shown, Ajy I + Yoy jzﬁclT (c = 2 for the quadratic case and the
smoothed hinge loss while ¢ = i for the logistic loss).
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It’s easy to observe that whenever 7, < ||[KT||y for all ¢ € {0,...,T — 1} the
bound in (5.12) is stronger than the one formulated in (5.10), in the same

context of neutral Bregman divergence and without regularization.

At any update iteration ¢ € N, one can furthermore tune the importance probabilities p;; and
mK*I

5—-greedy sampling in order to achieve the best value for E;,[[|g:]? ].

ng K1
2

use K; =

One might be surprised to find out that K-greedy sampling for the last lemma does not simply
correspond to Ky = K. Once again the class of functions subject to the last lemma is larger
than pure quadratics as ¢. If one focuses on ¢ the following straight forward lemma applies
thanks to the GDE derived above.

Lemma 8 (GUUS methods convergence under quadratic ¢ = ¢ ) Be v defined for every u € R?
by ¢(u) = 3||ul|?. Hence ¢ is o = 1-strongly convex. Be ¢ a quadratic convex and differentiable
function defined for every w € R? as ¢(w) = £ + (k,w) + 3(Kw,w) and let us assume that
there’s no regularization(r(w) = 0, Vw € RY). Then if the sequence {w;}_, (T > 1) has been
generated according to the GUUS with {nt}tT:BI, it holds that

T-1

[fwo) = 17 + B n(=IIVo)l? + 2B llalik)]  (513)

t=0

Elf(wr) - f*] <

N~

Proof: First let’s highlight that ¢ = ¢ = f in the present case. Using the GEDE, taking the
overall expectation at any w; € R% and considering the update step iy ~ Pi, w41 = Wi — NG44, »

E[f(wr —nege)] = E[f (wit1)] = E[f (w)] — E [m [(k+ Kwy, g) — %(th, gﬁ]]

Since k + Kw, is then equal to V¢(w;) and injecting the unbiasedness of ¢g; one can write

Bl (urs1)] = ELF(w0)] B[ 1190wl - FEallalc]|

Bl (wrs1)] B )] = | 2B ] — 19w0) ]

Summing up those equations and using Jensen’s inequality one last time :

1 T-1 1 T—1 0
E[f(@r)—f"] < 7 Y Elf(wi)—f1 < 7 [f<w0>—f*+E > m[=1Ve(wn) P+ Eqlllgel 7]
t=0 t=0

0

Note: Once more the quantity E;, [||g:||% = D iy pr.illge.il|% arises in a worst-case bound and
is minimized using K-greedy sampling thanks to the master lemma.

Practical Issues and Possible Solutions

Just as for the sampling defined by p} the main bottleneck of an adaptive pX, even for quadratic
functions, is the computation of the probabilities at each iteration requiring generally the com-
putational time of a full-gradient... Nevertheless it might not be unreasonable to update the
probabilities time by time and eventually opting for an adaptive strategy within the inner-loop.

Thus the idea would be to get either p’ or p* once every m update-iterations and then gently
decrease the difference between each p;; and % (US) as the inner-loop iterations advance.
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This adaptive scheme progressively lowers the discrepancy with respect to (US) defined as

>y i — 4
1

n

e
D(pt) = = nllpe = I (5.14)

The smaller the value of D; the less importance sampling might yield either extreme decrease
or extreme increase of the objective function compared to the neutral uniform sampling.

Here below I provide one example of an algorithm that may overcome the cited practical
issues, at least partially. One remaining bottleneck, just as for HVRG [She+16], is to require
a second full-pass on the data each time the inner-loop iteration counter takes the value 1.
Aside from that fact, let A be a set of inner-loop iterations indices (e.g. A := {2, 2 31})
Each time the inner-loop iteration counter (here represented by (¢ + 1) mod m) is contained in
A, the univariate distribution P; computed at the beginning of the inner-loop is updated.

For instance, if one enters the ” probability update condition” for the x-th time in the current
inner-loop then the probability distribution used for the sampling of the next iterate updates
(until entering again the ” probability update condition”) may be defined by the vector

|A| — x T e
Dtnew(Z) = Wpt + mﬁ

The discrepancy of pgnew(x), D(ptnew(z)) decreases with z.

Algorithm 11 K-greedy sampling Prox-SVRG

Initialization : n, = n > 0 Vi € N, wy starting iterate, ¢ = 0 update steps counter, initial
ag (for every i € [n], ag; = Vi(wo) : warm start or 0), m number of inner-loop iterations
while stopping criterion not verified do
W < wy (or average over the last inner-loop)
Qg < quz(’ljj) Vi € [n}
for (t+1) mod (m+1) # 0 do
if t+ 1 mod m = 2 then
pe,i for every i € [n] defining Py is computed as in
end if

it ~ Py
_ Vi, (we)—ay i,
gt < Q¢ + Dt.i,

W41 < prome(nwt — 1:Gt)
// probability update condition
if (t+1) mod m € A then
the sampling probabilities are updated
end if
t—t+1
end for
end while
Output : wr (last iterate) or wy < 7 ZtT:_Ol wy (averaged iterate)

Note: Unfortunately, none of my experiments has been worth it so far. This door is left open.
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5.2 K-ProxVR

Initial motivation and related work

The GUUS presented in the last section does not yield obvious, practical & tractable cases
apart from taking v (-) ”"neutral” (leading to the euclidean Bregman divergence). Yet, when
one deals with a ¢ function having properties such as in Lemma 7, it is possible to refine the

GUUS with . )
By (w,wy) = §Hw — th%ﬁ = §<K+(w — wy), w — wy) (5.15)

The (semi-)positive definition of Kt allows one to use Cholesky’s decomposition in order to
build a lower triangular matrix C* (unique if K+ = 0) that is (semi-)positive definite.

Kt =ctchH?
Taking ¢(-) = 5[[(C*)" - ||> = 3((CT)T-,(C*)") = 3(KT-,-) leads to (5.15).

Indeed v is a convex differentiable function and Vu € R%, Vi)(u) = Ktu. As a result,

1 1
B, v) = ()= (0) ~(Vab(v), u—v) = 3 [ (K, u)—(K v, 0)=2(K v, u=v))| = Sl lu—vlfis
Given a stochastic gradient realization ¢; and a step-size 7;, under the latter Bregman diver-
gence, a single GUUS step trivially becomes a quadratic surrogate minimization.

. 1
wiy < argmin [(w) + (g, w —w) + 5 —|lw — wil + Ar(w)] (5.16)
weRd 277t

In the absence of regularization one can retrieve the stochastic equivalent of full Newton’s
method when K7 is the Hessian of ¢ : w1 < wy —n;(K+) 1g;. Even though we might expect
a better convergence rate than a sublinear one, the Master Convergence Theorem already
ensures that such update iterations imply that the value E[f(wr) — f*] converge to 0 with an
appropriate step-size schedule.

Sadly for this master thesis there exists plenty of papers about stochastic Quasi- Newton meth-
ods; e.g.  Accelerating SVRG via second-order information (Kolte et al., 2015)[KEO15|, A
Stochastic Quasi-Newton Method for Large-Scale Optimization (Byrd et al., 2015) [Byr+15|,
Stochastic L-BFGS: Improved Convergence Rates and Practical Acceleration Strategies (R.Zhao,
Haskell and Tan, 2018) [ZHT17| to mention just a few of them. This last paper is the most
advanced I've seen concerning this topic; it combines L-BFGS updates alongside with non-
uniform subsampling for the creation of both the inverse Hessian approximation and a second-
era stochastic gradient.

Nevertheless none of the cited papers seems to handle the setting (5.16]) at its rootﬁ
Indeed, in the presence of a regularizer, their stochastic gradient g; is then naturally taken as

a subgradient in the subdifferential set V¢;, (w¢) 4+ Or(wy) for iy ~ Py.

Hence there’s room for a new approach :

Tuning a matrix K > K+ suitable for light-cost pseudo proximal updates. ]

One criterion will be given in the upcoming pages in order to fix K properly.

8However projected versions of a stochastic (Quasi-) Newton have been studied.
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Note : The goal is to use K instead of K+ such that the update step (5.16)) becomes efficiently
operated. One should notice that - ) cannot be set in a proximal closed form for a matrix
K that is not o< I. Therefore I will call this kind of update steps ” K proximal updates” or
eventually ” pseudo proximal updates” to make a clear differentiation.

Approach and its rationale

Let’s first state the working assumption for what will follow.

Assumption

Be t € N. Let’s consider the step-size 1, > 0 and the iterate w; € R?. Let us assume that we
dispose of a matrix 0 < K+ = (KT)T (L = ||K*||2) such that Yw € R?,

1
f(w) = ¢(w) + Mr(w) < $lwr) + (Vo(wr), w —wi) + go-fw = wil s + Ar(w)
Trivially it holds that for any matrix K+ < K = (K)T, one can write Yw € R?

f(w) = o(w) + Ar(w) < p(we) + (Vo(we), w — wy) + 2177tHw — th%( + Ar(w)

Elastic-Net regularization

The practical case I have considered to develop the K-ProxVR approach is an optimization
problem under a regularizer of the form

VY € RY

r(w) =

In order to achieve (5.16|) the optimality condition devised in Chapter 2, (2.1]), states that in
w1 it must hold :

2

[

1
V(80 + g0 = ) 5w =l Yoy € A0

Before going through this requirement let’s just introduce the matrix Kqg = %

This substitution is done for the sake of clarity when degenerated cases will be provided.

In the same way let — be equal to £ A neutral K.g is then simply the identity matrix and
m - > L can be naturally chosen. Let s deal back with the optimality condition :
Vo ($(wn) + (g1, w — wi) e s € 200 ( 1013 b
Hence,
0€g:+ ; HKeH(wt+1 —wy) 4+ (1 — @) w1 + a Asgn(wiq)
t.e

The fact that K. would be diagonal allows the problem to be separable !

As we will see right after the K proximal update step needs the computation of Ke_flfgt.
Since K (and therefore Kog) is diagonal this operation will only cost O(d) by update in-

stead of O(d?) for a dense matrix! That being said even though d might be small, there exists
no closed form for ((5.16)) when K is dense. Searching for K.g offers a double benefit!
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In each dimension j € [d], one must have

i — g ) — (—2 4+ (1 — a)N)wir1j € adsgn(wey ;)
Mt eff Mt eff

It finally follows]

Kett.j; Kot
B ey — g Tesw; — g a\
Wi, = 80| T . \ Koty | \ oy . R (5.17)
Mt eff + ( - Oé) Mt eff + ( - Oé) Mt ,eff + ( - a)

we recognize then the standard proximal elastic net operator for the neutral case where
Kefr j; = 1 by noticing that the last equality would then correspond to

Wt j — Nteffg; H Wj — Nt effg; ‘ B QN eff A
L+ (T =a)neesr ) L1+ (1 = a)mpenA| 1+ (1 — a)npeghl+

Wi41,5 = Sgﬂ<

Pre-Processing - SDP solving

Now comes the real novelty. Given this per coordinate paralleling one can conceive that there
is somehow a per-coordinate step-size 1 ;. This is exactly true when one considers the (non-
smooth) ¢; regularization; e.g. « = 1. Indeed the per coordinate update resumes then in:

-1 -1
Wi41,5 = 88N (wt,j - Keﬁ’jjnt,effgj> Hwt,j - Keﬁ’jjnt,effgj

- Ke_fflnt,eff)\] n

Here it becomes clear that n; ; = Ke_ﬁl i Mteff- Heuristically, one would expect better empirical

results when choosing K. such that the mean per coordinate step-size is maximized !

This is exactly what KProx-VR aims to achieve by solving a SDP in a pre-processing fashion !

where Lp > L depicts an upper-bound on L. The closest Lp is from L, the less leverage the
above problem has in order to produce an eventual gain ; that is having é Z?:l Nej = Nt eff-
In practice I will use Ly = L = 4 >, Li (assuming that the ¢; are L; smooth).

“n
]D); represents the set all positive definite diagonal matrices of order d.

The problem above is not in a standard form in what concerns SDP’s. Nevertheless CVXOPT
uses DSDP’s algorithm (Dual-Scaling Semidefinite Programming) and can solve problems mix-
ing a linear objective and matrix constraints. This is precisely what’s needed in this case since
Ko is diagonal. In order to build K.g efficiently one must invoke :

d d
L K+
Ko := diag(arg min {egl :):’ E hj Ajj = =L, E hj Ajj = }) (5.18)
d ’ - L - L
hERJr j:l ]:1

Where eq; is the column vector of size d embedding only 1’s and Vj € {1,...,d}, Aj; is the
square matrix of order d filled-in only with 0’s excepted at entry (7, 7) for which there’s a 1.

9Direct adaptation of |stats.stackexchange/elastic-net-regularization.
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For what follows, by default, the choice for such K is the problem dependent
matrix K. As a reminder, a valid K was £ 3" #;#1 with ¢ = 2 for smoothed-
hinge and quadratic losses and ¢ = i for the logistic loss.

Extreme cases

As argued before the degenerated (so called ”neutral”) case arises whenever K.g becomes
simply the identity matrix. Another question that could pass through reader’s mind would be
in which situation one could expect a large difference for the performances between traditional
proximal updates and K proximal updates. In other words this question resumes in :

” In which situations K and LI might be really different 2”

This could be left as an open problem ; it is indeed not so trivial to give a general answer.
However there exists a straightforward setting in which there’s a huge potential gain using
KProx-VR and this will be confirmed by practical experiments on homemade datasets.

Let’s imagine that K for a reason or another is luckily quite similar to a diagonal matrix! In
an extreme case let K = diag(h,) for h, = 0 a vector in R? that generates K*.
Trivially L boils down to max;c(q) hg,j. Choosing Keg = KT+ is obviously the optimal solution

to the SDP problem that occupies us and would lead in this theoretical case to diag(hfg) <1I

Potentially one entry ;' € [d] of hf" is much smaller than 1 if 0 < hy ; << L.
The resulting per-coordinate step-size, 7, i = Ke_ﬁlj/j,nt,eg here him off, I'ises substantially!

’ ) g
One shouldn’t be too enthusiastic though ! Let’s consider a practical example for such K+ = K.
For a sufficiently large number n of observations/data points, K in its typical structure is not
likely at all to be equivalent to a sparse diagonal matrix. Indeed K is a sum of n dense rank—1

matrices : )
1 1 Ti1 T TilTid
Kt=Ko =) #i] ==
n S gl ,
= T ®iaTi o Ty

Even though Kt won’t be exactly equal to a diagonal matrix, it might happen that K™ is
so diagonally dominant that it looks like it. A concrete example of such a phenomenon is en-
countered when a feature embedded in the Z;’s presents values that are much bigger than the
average span of values for the other features. E.g. if the scale of the first component is in tens
whereas the scale of the other features are in tenths then for each i € [n] the sample matrix
#;#7 will have an entry 5:1271 in hundreds or even thousands, a first row and a first column of
entries in the unitary scale and the rest of matrix’s entries will be in hundredths. For moderate
d (assumption of this section since building K+ takes O(nd?) operations) K+ would be diag-
onally dominant by far. In this setting ||diag([Z?, 01 4-1]) —7:Z] ||% might be relatively small...

In practice such extreme cases arise when users are not cautious enough to rescale their features

or, eventually, by adding an intercept (a 1 is placed in position 0 for every ;) term whenever
the other features are valued in hundredths or even smaller.
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Theoretical analysis

I managed to adapt an existing proof for Prox-SVRG (Theorem 1 in [XZ14]) to show the linear
convergence of what Wi}l be called KProx-SVRG under strong-convexity and smoothness with
respect to 1(-) = 3||[K2% - ||*. As an extension I have also shown the linear convergence for a
full gradient version of KProx-SVRG, namely KProx-GD, using smoothness with respect to
this same 1 and, this time, a slightly modified proximal PL condition as introduced at the end
of Chapter 2. This latter is not stochastic anymore, it is simply an improved version of the
classical Prox-GD under a slightly better knowledge of ¢. This last proof is in Appendix 3.)

Algorithms
Let’s first describe KProx-SVRG and KProx-GD by their respective algorithm.

Algorithm 12 KProx-SVRG

Initialization : n.g > 0 Vt € N, wy starting iterate, fixed deterministic batch-size 3,
t = 0 update steps counter, initial ag (for every i € [n], ap; = V;(wp) : warm start or 0),
m number of inner-loop iterations, s = 0 outer-loop counter, K. as devised in (|5.18))
while stopping criterion not verified do
Ws <— last iterate (version 1) / average iterate over the last inner-loop (version 2)
a < Vo(ws)
for (t+ 1) mod (m+1) # 0 do
S ~ U([n]")
gt < a+ % Yies, Voi(wi) — Voi(ws) // SVRG stochastic gradient
Wit < Arg minyepa{ (g, w — wy) + g —|lw —wil[%_, + R(w) — R(wy)}
t—t+1
end for
s s+1
end while
Output : wr last outer loop iterate

Algorithm 13 KProx-GD

Initialization : n = % , t = 0 update steps counter, K.g as devised in
while stopping criterion not verified do
gt < Vo(wy) // full gradient
Wi < argmin,cga{(gr, w — we) + F|lw — wi|[% + R(w) — R(w;)}
t—t+1
end while

Output : wr last iterate

Note : KProx-GD is a degenerated case of KProx-SVRG for which m = 0 (no inner-loop).

In the following pages the proof of convergence for KProx-SVRG is built step by step.

It will be shown for b = 1 (size 1 mini-batch) and under a general sampling procedure; i; ~ P
where P is a non-adaptive univariate probability distribution for the samples (not especially
uniform as above).

Before going through the core of the proof, one needs to develop some theoretical aspects
that will be helpful to keep it clear.
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I have found out that it is possible to define K proximal updates in a form that is closely
related to standard proximal updates. Thus, let me define the Kproxp(-) operator.

Definition 11 (R’ proximal mapping of a function E) : Be L > 0 a real number and K = 0
a symmetric matrix of R*?¢. Let K¢ be equal to % The K proximal mapping of a proper
closed convex function R : R? — R at u € R? is defined as the unique

- . 1
Kproxp(u) := arg min {R(y) + =y — uH%(eﬁ} (5.19)
yeRd 2

Note: Similarly to Chapter 2, one can show the following equality :

Jlw = wilf,, + R(w) = R(w,) }

(5.20)
Taking 7 e = 1 and Keg = I (K = LI) yields Chapter’s 2 prox,, p(w; —1:g:) as a special case.

f(proxmyeﬂR(wt — nuefngﬁlgt) = arg min {(gt, w — wy) +

weRd 20 eff

The property below is a substitute to Property 2 (Chapter 2) about the non-expansivity of
the proximal operator. Let’s give a revised version for the K proximal mapping.

Property 4 (bounded expansivity of K proximal operators) : Let R : RY — R be a proper closed
convex function and Keg > 0 defined as usual then the following inequality holds Vu,v € R?

5 3 Koolu —
| proxp(u) — Kproxg(v)]] < X =0l
Kl

Proof : Let v := Kproxp(u) and v := Kproxg(v). Looking at (5.20)), the K proximal step
requires that we have Keg(u —u') € OR(u') and Keg(v —v') € OR(v') . Then, by definition of
subdifferential set :

’ ’ / / !
/

Ru)+ (Keg(u —u),v —u)
R(u)> R(v)+
Summing both inequalities leads to :
0> (Keg(v—v —u+u),u —v)
=
<Keﬁ‘<u, —v),u — U,> < <Keﬁ‘(u, —v),u—v))
Finally, using Cauchy-Schwarz inequality and the last inequality it comes that
[ Kottl| 2 [l = 0'[]* < || Ker(w” = 0)|||Ju' = 0[] < [|u" = 0'[[feq < || Ker(w = )] ||u" =]
where || Kog||—2 represents the lowest singular value of KegF_UI We can now conclude by stating

_ 3 Kowlu —
1R proxp(u) — Kproxp(v)]] < LLerte =0l
TRl

Now I mark down Corollary 3 of the reference paper [XZ14] cited above.
It aims to give a bound to the variance term V;.

%Tn matrixLowerBound, one can find ||A™!||7Y||z|| < ||Az|| : for 2—norms, it boils down to ||[A7Y|7t =

[|Al| =2 = omin(A) as argued.
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Lemma 9 (bound on V; = E;,[||g: — Vo (w:)||?]) : Be P a proper probability distribution over

[n]. Be s € R? a snapshot point and w; € R? the current iterate. Let i; ~ P.
Vi, (wi) =V, (Ws) Vo

nps,

Then for a stochastic gradient g, = (ws), the following inequality holds

Ei,(llg — Vo(we)|’] < 4Lp [f(we) — fwi) + f(@s) — f(w.)] (5.21)

Li and w, is a minimizer of f = ¢ + R in S*.

where Lp := maX;e[n] s

Reminder : The L; are the gradient Lipschitz constants of the sample loss functions ¢;.

Let’s adapt Lemma 3 coming from that same reference. As stated by the authors it aims
to give a lower bound on f depending on the gradient mapping. The difference with Prox-
SVRG is that my bound will embed Keg norms (|| - ||x,,) instead of the euclidean norm || - ||.
I would like to insist on the fact that the steps pursued in this proof are totally inspired from
Prox-SVRG, my real contribution here is then the generalization with K.g.

Lemma 10 (lower bound on f embedding a gradient mapping when using K proximal updates):

Be Keg defined as in (5.18). Be f = ¢ + R where R is convex and ¢ is both L smooth and

fi strongly-convex with respect to ¢(-) = 3| - H%{eﬁ. Let’s fix 0 < negg < % and let’s define the

following quantities for any w € R% and any g € R? :

. 1
wy = argmin { (g,y = w) + - |ly —wlfk,, + R(y) - R(w) |
y€ER4 Teff

1
G=—(w-w
—l +)

A=g—Vo(w)
Then Vu € R?, the following inequality holds :

~

Neft M
F) > fws) + (Ko Gw—w) + ZENGI R + Sl = wlf g + Ay ) (522)
Proof : To start this proof let’s denote by £ € R(w) a vector such that
K
g+ —S(wy —w)+£=0
Teft
in order for w4 to fulfill optimality requirements. Based on G defined above, we can write

gzKeffG_g

Noticing that € is a subgradient of R at w, and using the [ strong-convexity of ¢ w.r.t to 1,
Yu € RY,

f(u) = $(u) + R(u)
> d(w) + (Vo(w),u—w) + Ellu—wllie,, + Rlwy) + (& u—wy)

We can bound ¢(w) as well. This time let’s use the L smoothness of ¢ w.r.t ¢ :

B(uw) > () — (Vo(w),wy —w) — lfuw, —ullf,

Let’s combine the two last inequalities :

fu) 2 ¢(w+)—<V¢(w>,w+—w>—§\!w+—wH%<eH+<V¢(w>7u—w>+§Hu—w|!%(eﬁ+R(w+)+<§,u—w+>
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F0) 2 F(ws) 4 (F00w),u = ) + (Kt G — gy — w3} — S Gl + Ll il

Since,

(V(w),u—w4) + (Kt G — g,u— w3) = (Kot G, — ) + (V(w) — gy — wy)
= (K G, (u —w) + (w —wy)) + (A, wy — u)
= et | G| + (Ko G u — w) + (A, wy. — u)

Injecting this last equality in the main inequality and using the fact that f/neﬁ > 1 yields :

~

il
Sl —wlff ; + (A w0y —u)

F(w) = fwy) + (Ko Gyu = w) + 12 = L) |Gl + 5

a

Fw) = flws) + (Ko Gyu— w) + 2|6, + 5

Sl —wllfe ;. + (A 0y —w)

0

Now we dispose of the necessary material in order to give proof of convergence of K Prox-SVRG.

Theorem 4 (linear convergence in expectation for KProx-SVRG under strong-convexity and
smoothness assumptions) Let’s assume that K. , ¢, R fulfill previous lemma’s assumptions.
Be 0 < negt < Hliffg 2 < i and w, € S* a minimizer of f on R?. Choosing m € N (number of
inner-loop iterations) sufficiently large such that

p= ( HKeff”—Z + 4L'Pneff(m + 1) ) <1
e (|| Ket||—2 — 4Lpner)  m(||Kest||—2 — 4Lp7es)

ensures that after s € N outer-loop iterations of KProx-SVRG using a constant step-size 7.,
E[f(ws) = f(w«)] < p”E[f (W0) — f(wy)]

Proof: Let’s fix an iterate wy € R? for a given ¢t € N. Applying last lemma using u = ws,

wy = w1, w = wy immediately gives (Ay := g — Vo (wy), Gy := %) :

. .
(Kot Goywy = ws) + |Gl < Flw) = Flwy) = Sllwe = wallfe, = (Arwisn — w)
Let’s analyze Kg’s distance of w1 produced by KProx-SVRG to the minimizer ws,.

Hwt+1 — w*H%{eH = Hwt - neffGt - w*”%{eﬂ»‘

= [Jw; — wa|feq — 26t {Ker G, wr — w.) + |Gl e
Thus,
I
o1 = wal B < e — w0l + 2o £0) = F(wis1) = Sl = wal ey — (A w1 — wa)
< fwg — w*H%(eﬂ — 2M)eft [f(wt-i—l) - f(w*)] — 20eft (A, W1 — wy)

Now the goal is to upper-bound the term —2n.g(As, wi11 — wy). To that purpose we will make
use of the Property 4 (bounded expansivity of K proximal operators).
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Let’s first depict by w11 the output of f(proxneﬂR(wt — negKe}#VqS(wt)) (K proximal update
using a plain gradient).

=206 (At, Wit1 — W) = =20 (D¢, W1 — Wig1) — 20ei (D¢, Wit1 — wy)
< 2en (|1 — (Auy s —w))
K. ’(Ut—'r]ﬁKilgt — wt—ngKAqu Wi .
S%eff“ Eui( et |BK ff§| ; ertflegr Vo )))HHAtH — 2Nt (A, Wit1
ol |
2773& I tH — 2Ne(A¢, Wig1 — Wy)
|| Keft||—2

Let ¢ be equal to ||Keg||—2 and let’s take the one-step expectation with respect to iy ~ P on
both sides of the main inequality :

ALll2
E;, [Hwt+1—w*H%<eH} <E; ["wt_w*"%(eg_zneﬁ[f(wt—i-l)—f(w*)]+277§HH CtH

Both 141 and w, are independent of i;, E;, [(As, W1 —ws)] = (Ei, [gr — Vo(wy), W1 —ws) =0
as g+ (SVRG stochastic gradient) is a one-step unbiased estimate of Vp(wy).

—277eff<At’U7t+1—w*>]

The reader might notice the appearance of the term 2n§ﬁEit[|]At|]2]. Thanks to Corollary
3 of [XZ14], this quantity is bounded by 87792# [f(we) — fws) + fws) — f(ws)].

Note that s is the outer-loop iteration number, meaning that g; was computed based on w;.

The main inequality rewritten leads to :

8nzeLp
¢

Now let’s define the next snapshot at the end of the current s-th inner-loop, ws11 = % Z:’f”:l Wyt
In other words, the next snapshot is the average of the m last produced iterates within the
s-th inner loop and ws = wsy,. Since we want to express the decrease rate over one outer-
loop iteration ( = after a whole inner-loop) let’s use the following notations : ws = wé and

[f (we) = f (i) +f () = f (ws)]

B, [|[wei1—wil | < [ =200 | £ (wer) —f (w2 +

Wey1 = L S0 w;,. Taking the expectation over all the randomness {iy, ..., i, ,} during the
considered inner-loop and summing the inequalities for t = 0,...,m — 1, we can write :
m—2
E[| [y, — wal ] + 20eELf (w),) — f(w.)] + 2ne(1 — P”eff ) S Elf(wy ) — fw,)]
t'=0
<

2 2
wp — wal %+ mgLZ”eﬂ”E[f(ws) — F(wn)] + “Z%Emwg) = fw))

As fwé = W and given that 2neg < 2neg(1 — ‘“:7’#) we can write :

m 2
Mesr(1 — %)ZEUWH)—J"(M)] < st—w*u%ﬂﬁ”’fﬁ( F1Ef (@) — f(w,)

t =0

As ¢ is convex, Jensen’s inequality implies mE[f(Wsy1) — f(wy)] < Z?:_ol E[f(wy ) — f(w.)].
Furthermore Vo € df(w,) and Vivs € RY, (v, 105 — wy) > 0, we can write

@) 2 w0)+ {00 = w2+ Sl = el = 20 = F(w)] 2 |13~ v
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Thus we can state :

ALpNett\\—1,2 8L7’77e2ff(m+1) @) — Flw
ot 42 S 4 D ) — g

We can conclude by rearranging the terms and apply a recursion :
E[f(@s) — f(ws)] < p°E[f (W0) — f(w.)]

¢ 4L’P77cff(m+1))
fmneg(C—4Lpnex) | m(C—4Lpnem)

E[f(ws+1) - f(w*)] < (2m776ff(1 -

where p = (

Note 1 : We fall back to Prox-SVRG bound if Keg = I as ||Keg||—2 = 1 then.

Note 2 : The reader might convince himself that the above theorem yields a slower theo-
retical convergence rate when ||Keg||—2 < 1E|7 which is on the other hand surprising because
when || Keg||—2 is small, one of the per coordinate step-size must be big ! Actually the reason
why the above rate p(K.g) is worse resides in the fact that the worst case of the expansivity of
the K proximal operator is above the worst case of expansivity for the classical proximal opera-
tor. That is, there always exist u,v € R? such that for the given R, K, [Kea(u-v)l| [|u—wvll.

[[Kef|| 2
These quantities appear in the proof of convergence right below the comment in

Nevertheless, Kg (diagonal matrix) is built on purpose to present entries that are, in av-
erage, less than 1 ! If we consider a uniform distribution on R? we can presume that the
quantity will be actually smaller than ||proxp(u) — proxz(v)||.

Let’s try to motivate why. By definition, Kproxp(u) := arg min,cga { R(y) + Hly — uH%(eﬁ}
Let’s suppose that R admits a global minimum and let’s imagine that the weight of R in
the expression of both K /classical proximal mappings is dominating their respective quadratic

term. Since % < trSTI) , for a uniform distribution of vectors v € R? defined on any closed
ball centered in 0, the expectation of ||y||%(eﬂ will be smaller than ||v||2 = ||v]|?.

It implies that in an overall expectation under uniform distribution, the term (for K prox-
imal mapping) 3|ly — ul|%_ . will be smaller than ||y — u|/* (for classical proximal map-
ping). Hence, we can expect that for any input argument u € R f(proxR(-) operator
will guide u towards wf := argmin,cps R(w) more than proxpy(-) would ! In an extreme
case, Keg is ill-conditioned in almost every direction j € [d] and for any vectors u,v € R,
Kproxp(u) ~ Kproxg(v) ~ wl = || Kproxp(u) — Kproxg(v)|| =~ 0. This would never happen
using the classical proximal operator. Tests will confirm the efficiency of KProx-SVRG.

Experiments : KProx-VR and heuristic improvement

This subsection is aimed to show the empirical efficiency of KProx-SVRG. I have also tried
KProx-SARAH (understand K proximal update steps using SARAH’s stochastic gradient) but
I did not have the time to prove its convergence too.

The objective functions for the tests are, as usual, the logistic loss, the smoothed-hinge loss
and the quadratic loss. The scale of the tests below was n = 5000 and d = 20. Both homemade
datasets and a real world dataset (Abalonelzl) served as benchmarks.

As discussed in the Extreme Cases paragraph, in what concerns Figure [5.42] a single feature
of the generated samples {Z;}_; has been set, in average, 10 times bigger than the other ones.

HU1p practice, ||Keg||—2 is always smaller than 1 ; if it’s not the case there are no advantage in using Keg
instead of I in terms of mean per coordinate step-size.
1280urce: [UCI-ML repository.
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https://archive.ics.uci.edu/ml/datasets/Abalone

logistic with /; reg. — (1) Abalone Data Set
quadratic with [; reg. — (r) Homemade

g-accuracy vs. epochs | (1-run) | basis : 0.1, Lsqdist : 0.01

g-accuracy vs. epochs | (1-run) | basis : 0.25, Lsqdist : 5
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Figure 5.40: primal objective function Figure 5.41: primal objective function
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Figure 5.42: primal objective function slack : |S;| = [v/n], m = |v/n],n = i

logistic with [; reg. — (c) Homemade (\in = 1) — multiple runs
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Figure 5.43: primal objective function slack : |Sy| = [/n], m = |v/n],n = =
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Numerical Results

The quantity % is of first importance and has been monitored. It is related to the mean

multiplicative constant by which the per coordinate step-sizes have been multiplied. The smaller
the best and the closer from 1 the least difference it will be observed between KProx-SVRG
and classical Prox-SVRG.

‘ Figure 5.40 ‘ Figure 5.41 ‘ Figure 5.42 ‘ Figure 5.43 ‘
) | 095 | 0869 | 0095 | 0752 |

Comments

We can spot on Figure the high impact, as forecasted in Extreme Cases, of KProx-
SVRG in the case of a feature imbalance. Classical Prox-SVRG fails to capture the advanta-
geous structure of the objective function. Conversely, K Prox-SVRG/SARAH adapt well the
per-coordinate step-sizes and take full-profit of the feature imbalance.

Figure seems to show a terrific speed-up for KProx methods! Actually this is not case,
the only reason explaining the observed graph is that K Prox reaches first a favorable zone for
which the optimization process ” accelerates”. Prox-SVRG takes more iterations but finally
reaches that zone as well. It is the other way around in the next subsection.

The above experiments were added lately to this master thesis. It will be further deepened

whether or not KProx-VR is really worth it. Nevertheless those first experiments were quite
explicit and certainly promising.

Heuristic improvement

In the section 5.1. K-greedy sampling, it had been highlighted that for second
eras methods, the range of step-sizes under which one can expect a one-step
decrease becomes wider and wider as the optimization process progresses.

Let’s consider having fixed a baseline step-size Njower > 0 for (K)Prox-SVRG. My heuristic
intends to propose at the beginning of each new inner-loop a step-size candidate, 7. Depending
on the value of 7), larger step-sizes than 7jgwer might be used during that inner-loop.

The heuristic is described as follows. At any start of a new outer-loop iteration, values
{V¢i(ws)}, are implicitly computed in order to build &; (see KProx-SVRG algorithm).

Let us assume that these values are all storedIE As a reminder, this is not a big deal
(O(n) extra memory) when the sample loss functions share a common structure é of the form
bi(-) = o( (Zi,+)). The logistic, smoothed-hinge and quadratic losses fulfill this requirement.
Indeed, one would store each V¢;(w,) as the product of the scalar ¢/(ws) and the vector Z;
that should already be in memory!

At the end of an inner-loop starts a new outer-loop iteration. While keeping in memory
the values {V¢;(ws)}!_,, the new ones, namely {V¢;(ws41)}7; are calculated. These latter
define the current gradient of ¢ at the starting iterate for the upcoming inner-loop.

Based on these two sets, {V¢;(ws11)}7; and {V¢;(ws)}, let’s define slacks {Bs,i}?:l-

Bs,i = Vi(wWst1) — Voi(iws) Vi€ [n]

13They won’t be updated in the inner-loop though. (f()Prox—SAGA appeared ” too greedy” in my experiments...
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Assuming ¢ and its quadratic upper-bound ¢ defined by Kt = K are not too far from each
other, we have that the term k + Kw ~ V¢(w) at a given iterate w € R? in the RHS of (5.7).
Then, at this point, the slacks {3s;}7, and the new value for a; (L3 V¢i(iWs1)) are
enough to compute the terms of the RHS of . Let’s denote by 7 the step-size minimizing
that RHS. One can compute:

. (k + Ktsi1, Vo (isi1)) [ Vp(si1)]]?

-— ~

pi

- et
el + 2KV (D) @) + & S Peillie a2 4 2KV (@) ) + 5 S0

118,115

pi

7 is an approximated optimal step-size for the next update step using a second era stochastic
gradient and under the assumption that we use the old, rather loose, values {V¢;(ws)}i,
as last information at hand about the sample gradients. Obviously, only the new values
{V¢i(Wss1)}~, will be used to create the stochastic gradients in the new inner-loop.

There is the trick. 7 will certainly be a very safe step-size for the first update steps of
the new inner-loop since a fresh update of the sample gradients has been made available. How-
ever, as the inner-loop iteration counter progresses, the new values {V¢;(ws41)}7~; will become
themselves poor estimates of the true sample gradients. 7 might become, at some point, too
greedy itself. This heuristic’s idea is to use NMower if 7 < NMower and a decreasing pattern of

step—sizes from ﬁ to Mower if ﬁ > Mower- Eg Tt = Mbasis + (nlower - ﬁ)(%)

logistic with [; reg. — (1) Abalone Data Set
logistic with /; reg. — (r) Homemade

g-accuracy vs. epochs | basis : 0.25 , Lsqdist : 0.0903614 g-accuracy vs. epochs | basis : 0.25 , Lsqdist : 1.918047
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Figure 5.44: primal objective function Figure 5.45: primal objective function
slack : ‘St| =10, m = L\/ﬁJamower = 10% slack : |St’ = I_\/ﬁJa m = I_\/ﬁjanlower = i

Numerical Results

Again the quantity % is of first importance for KProx-VR methods.

‘ Figurem ‘ Figurelm ‘

i) | 095 | 078 |

Comments
One can observe the efficiency of AdapK Prox-SVRG/AdapProx-SVRG in these two experi-

ments. Both figures show pretty well the epoch number from which 7 becomes larger than
Mower ; respectively 90 for Figure [5.44] and 20 for Figure [5.45]
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Chapter 6

Index of state of the art Stochastic
Gradient Methods

Purpose

The purpose of this last tiny chapter is to inform the reader about existing state of the art
papers in the domain of stochastic gradient methods. It is not an easy task to compose
a state of the art in such a super-active domain as the research evolves continuously.
Besides the research directions can be quite different. Hence I only intend to cite a few
papers I have reviewed (or briefly read) per identified search direction.

Momentum Era

Based on Nesterov’s momentum (excepted for Prox-SARAH), those methods present their own
minor specificities. They all achieve, as they say, ” the best known oracle complexities”.

Katyusha |Zhulg§]

ASVRG [Sha+18|

MiG [ZSC18]
Prox-SARAH [Pha+19]

Stochastic Quasi-Newton

This paper has already been cited in Chapter 5. As a reminder, it integrates a non uniform
sampling strategy to build SVRG like stochastic gradients used both for the iterate update
step and the creation of more and more accurate versions of the hessian in a L-BFGS fashion.

| Stochastic L-BFGS [ZHT17] |

Stochastic Quasi-Gradient

As mentioned in Chapter 4, JacSketch like methods aim to build/use the best representation
possible of all the sample gradients, stored in a matrix called the Jacobian sketch.

JacSketch [GRBO]] |

Anchor based

S3GD is an outstanding paper. It proposes to create a network of a limited number of ” an-
chors”, a manifold, that represents an embedding for the original data points {Z;}}" ;.
Then SVRG like update steps are applied using the anchors gradients.

S3GD [MLF16] |
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Conclusion

Let’s summarize in this conclusion what are the main take away messages at the end of this
extensive work about stochastic gradient methods. It is also the occasion to underline what
are the possible future research directions after this master thesis.

Review & Unification

The unification of stochastic gradient methods under eras (classes), well defined, has been a
mindful idea. Three main eras were distinguished, namely the Pioneer Era, the Variance Re-
duction FEra and, finally, the Momentum Era. However, Chapter 6 showed that there exist
methods falling outside those three eras; e.g. S3GD [MLF16] or QSN [Byr+15]. This master
thesis shed light on properties shared by methods belonging to the same era. Only the two
first eras cited above have been properly defined and studied since the last era is too wide; e.g.
a common structure is hard to identify. Two rather general sampling schemes were exposed in
order to build the stochastic gradient inherent to methods from the first/second eras.

Then, two lemmas per era were devised in order to state sufficient conditions under which a
stochastic gradient is an unbiased estimate of the true gradient.

= Those lemmas together with the sampling schemes proposed allows the reader to think about
his/her own first/second era methods. A door is left open to build methods for which the weight-
ing coefficients in front the sample gradients are tuned in the most efficient way.

Both theoretically and experimentally, this master thesis has shown the impact of the quantity
tr(MSE(g)) (where g is an estimate of the true gradient ¢) on the convergence of stochastic
gradient based methods. One key aspect that has been highlighted many times is the fact that
first era methods are unable to get tr(MSE(g)) converging to 0. Hence a decreasing step-size
schedule must be employed yielding sublinear rates of convergence. Conversely, for second era
methods the term tr(MSE(g)) typically vanishes. The use of a constant step size is then allowed
and a linear rate of convergence is observed.

New Approaches

Traditional importance sampling for stochastic optimization that had been presented in [ZZ15]
is not optimal in every context. A new definition of optimality for importance sampling in
stochastic gradient methods is introduced and validated. When the objective function can be
approximated by a quadratic function, for both eras, closed forms generalizing the traditional
importance sampling were derived. Two generic comments have been stated in what concerns
the use of non-uniform sampling. Firstly, it leads to better convergence bounds and are well
supported by theory. The one-step expectation tests revealed that the use of well suited non-
uniform sampling techniques expanded the range of step-sizes for which a decrease is expected.
Secondly, the studied non-uniform samplings cannot be applied efficiently nowadays.

The tractable approximated versions are disappointing.

= The problem of approrimating powerful non-uniform samplings remains open.
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Finally, it has been shown that the knowledge of a matrix K™ = K defining a quadratic upper-
bound on the smooth part of f can be used to set up two new efficient methods: KProx-SVRG
and KProx-SARAH. Thanks to a SDP problem solved in a pre-processing fashion, KProx-
SVRG and especially its heuristic improvement seem very promising. The linear convergence
rate of KProx-SVRG has been demonstrated.

= K Proz-VR techniques must be tested on other types of problems to assess their robust-
ness. Due to the lack of time, this has not been possible in the present work.

= Theoretical support must be found for the working heuristic of (K}me-SVRG.

A few final words...

As stated in Chapter 5, this research domain (stochastic gradient based methods) is super-
active and it has not been easy to innovate. Many times, Sebastian and I (first semester)
or Francois and I (second semester), had an idea together that actually had been already
deepened. The work of other people in the same domain can either be seen as a burden or as
an opportunity to start again on a new basis. With positivity, courage and dedication,

the only possible outcomes are great things.
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Appendix

The first commitment to this appendix is the rationale about the relinquishment in applying
a dependent sequential lottery scheme in order to produce stochastic gradients of the first era.

1.) Depending sequential lotteries on{0} U [n]

The goal is to draw sequentially D indices among {0} U [n]. Contrary to the independent
case treated in 4.1.2, in this last setting one fixes in advance only the first probability dis-
tribution Py ;1. For any [ > 2, Py; will depend on the historic of the generated samples
@71 ~ Pi1,... ,ft,l,l ~ Pi1—1. Conceptually this sampling technique is feasible. Despite its
simplicity it is rather hard, in the general case, to provide weighting coefficients in such a way
that g; is unbiased ! Let’s first express the expectation of g¢

ElgelF) = > piia (Hl22pt,it,l,l({gt71""v;t,l—l})>A({it}) > myie Vei(w) (6.1)

ir€{0,...,n} D ie{it}

Unfortunately here whatever the constant value that A(it) might take, the expectation cannot
be split into D chunks as for the independent case. Depending on the structural dependency
of an univariate lottery [ with respect to the previous ones 1,...,l — 1 and depending on the
value of [ intrinsically, the computation complexity of the true Pei, i is exponentially hard

!' This result might seem rather disappointing and perhaps surprising. Let’s bring up on the
table an easy-to-read example that will clarify this fact.

Example : Let’s assume one would like to sample, without replacement, from an ini-
tial proper univariate distribution P;; on [n] (here we discard the possibility to draw indice 0,
we use the notation 7 instead of ) This operation is usually defined as follows.

11~ Pra

Then, for all 1 € {2,...,D} (D < n of course), i;; = i with probability P, ;;({i;»}._}) defined
by

Prig—1({itw}3)
. -2
Ppii({ige }zh) = § 2vetm iz P (fitodos)
0 if ¢ already chosen once at any step in {2,...,1— 1}

if ¢ not chosen yet at any step in {2,...,] — 1}

By convention, as there are no other source of randomness at the first univariate sample
generation P;;1({it0}) := Pri1 = pr,i1 This scheme is obviously recursive.

After, when looking at [ > 2, Pt,u({it,v}i)_:lo) + pt7i7l({itw}£)_:1())

This formula looks pretty straightforward. One shrinks the effective probability of taking an
indice 7 if 4 has been chosen once in the previous univariate sample generations. Nevertheless
the reader may already realize that the right hand side of the last equation, about the condi-
tions, leads to an exponential growth of computations to get p; ;; as [ increases ! Let’s show that.
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When D = 2, the case is tractable yet not so useful when one intend to use a batch stochastic
gradient... The reader should keep in mind that all the p; ;1 are known.
There exist only two possible outcomes at [ = 2.

e i has been chosen at [ =1 (i;,; = i) with probability of occurrence py ;1
e | has not been chosen at [ =1 (i;1 # ¢) with probability of occurrence 1 — p ;1

The overall probability that i;2 =4 is given in a closed form as

(1 —pri1)prin

pri2({ie1}) = (1 —pria) - Pio({isn}) = 2kl ketie Prk,1
€n], k#ig, 1 LR,

(6.2)

Indeed it combines the probability of not having been selected until [ (here (1 — pg;1))
and the effective probability at lottery I to draw i, Py;;({it,}o2h) (here Pyio({ir1 # i}) =

Dt,i,1 hank he f h . N
e bty P thanks to the fact that ;1 # i)

Let’s now try to tackle the case D = 3 in order to get the general intuition.

Again there are only two possible outcomes...

e ihas already been chosen at any step of {1, 2} (i¢, = i for one v € {1,2}) with probability
of occurrence py ;1 + pri2

e i has not been chosen yet at any step of {1,2} (i, # ¢ for every v € {1,2}) with
probability of occurrence 1 — p; ;1 — pri2

The overall probability that i;3 = 4 is given in a closed form by

prisz({iet,ie2}) = (L —pein —pri2({ie1}) - Pris({ie1,ir2}) (6.3)

The computational complexity of P;;s3({i1,%2}) is already one order above the one for
P, ;o({itn}). Indeed, as we know that neither i;; nor ;2 was equal to ¢ by assumption,

P, i3({it1,12}) should be equal to Zke[n],]:;iiji{glk},l({it,l}) All the P;; 2({i¢,1}) have to be com-

puted and stored in memory in order to get a single p;;3 ...

By induction one can show that

-1
pria({iro o) = (1= prig{ine} o) - Pria({itwtory)

g=1

As the reader has probably guessed, this phenomenon is of exponential nature as [ increases
making the computation of the p;;; not practical... The problem is that those p;;; are neces-
sary to build an unbiased stochastic gradient in this sampling scheme !

Dependent sequential lotteries are a field of interest for stochastic optimization methods of every
era since it can be shown that sampling without replacement is more efficient to reduce the vari-
ance of the norm of the stochastic gradient. Unfortunately apart from the case of (US) without
replacement (for which independently of the flow of samples {i;,}.7, Prii({ir, }Y2}) = — =]
yielding tractable computations) it’s mostly not practical to draw b-size batches and trying
to get an unbiased g;. As heuristic though one can apply the generation algorithm proposed
above while choosing my;; exactly the same way as for the independent sequential lotteries

while imposing that the values of p; ;; are the ones of (US) without replacement.
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One other idea, whenever the sampling is not step-dependent (understand : dependency to-
wards t), is to proceed to Monte-Carlo simulations in order to estimate those probabilities p ; ;.
This would be done in a pre-processing fashion.

For the reasons cited above dependent sequential lotteries were not investigated in this work.
One just have to keep in mind that this sampling scheme might be interesting in practice but
the true expectation of g; is rarely accessible then.

The second commitment to this appendix is about homemade datasets generation and the
creation of homemade classification problems for the logistic/smoothed-hinge/quadratic losses.

2.) Datasets and problems generation

Data generation

Let’s first mention that all my Jupyter Notebooks will be provided on Dropbox/codes for full
transparency. Nevertheless, here below the reader can find a small recipe of mine to create
”homemade” datasets.

1. First, n and d are fixed in N.
2. A reference norm is chosen for the samples to generate; usually between 0.5 and 10.

3. Samples {x;} ; are drawn from a multivariate Gaussian distribution N (p, X), centered
in p1 ~ U([-5,5]?) and presenting a covariance matrix 3 = 27 +vv7 where v ~ U([0, 1]%).

4. If a perturbation is wanted (as in one of the experiments of Chapter 5, section 2), for
every x;, a coordinate j; € [n] is chosen at random and then z;,j; is increased by the
desired amplitude. The perturbation coordinate might be deterministic.

5. The choice is made to rescale every vector to the same reference norm (default case) or,
for experiments that required the Lipschitz constants of the sample gradients to present

a large volatility, each z; + R - IIizH . (2111)2 for a scaling parameter R (10 by default).

6. It remains to instantiate the {y;}" ;. To that purpose, a generator vector wpagis ~
U([-5,5]?) is uniformly drawn and then y; = sgn({z;, wpasis)) Vi € [n]. In order for the
problem to gain in complexity, a proportion Py of "sign flips” is decided beforehand
(~15%). That means that [nPy] indices are drawn randomly and their corresponding y
switches from +1 to —1 and the other way around.

Determination of a valid w,

In order to get a very accurate reference solution for I first run FISTA [BT09| until I
get an approximate solution @ for which the norm of the subgradient is low enough (< 1074
usually). Then, I intend to add a sample to the created dataset that will ”correct” this non-
negligible subgradient norm. At the end of the day, subgradient’s norm at @ will be of order
10~'7 which’s accurate enough! Let &, represent a sample fulfilling the requirements.

o If A scales with n, e.g. A = 7, Z,,41 is chosen such that

n Vépni1(w) nc

0€n+1v¢_(n+1)(w)+ n—+1 n-+1

OR(w)

e If )\ is not a function of n, e.g. A = ¢, T, 41 is chosen such that

van-i-l (ﬁ))

o + cOR(w)

n N
0¢e mv¢f(n+1) () +
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The solution of these problems are implemented in the Jupyter Notebook files.
For Z,+1 to be accepted, its norm must be smaller or equal to the mean norm of the samples
(in order not to assign to much importance on this last added sample).

The last commitment to this appendix is a small proof of convergence of KProx-GD

3.) Convergence of KProx-GD
The proof given below is directly inspired from Theorem 5 of [KNS18|.

¢, L-smooth w.r.t ¢(-) = 3| - |%__, fulfills Kg proximal PL’s condition iff.
30> 0 s.t. Yu e RY DEe(u, L) > j(f(u) — f*)
where

DEe (4, ¢) := —2c arg min {{(Vo(u),w —u) + gHw - uH%(eH + R(w) — R(u)}
weR

Theorem 5 (linear convergence for KProx-GD under K.g proximal PL condition and smooth-
ness assumptions) Be L > 0 and ji > 0 constants. If we assume that ¢ that is -L-smooth
w.r.t 3| - H%(CH fulfills K¢ proximal PL condition with parameter fi then after 7" iterations of

KProx-GD,
flwr) = f*< (1= )T [f(wo) = f*]

Proof : Considering any iterate w;; € R? produced by KProx-GD from a w; € R%.
L-smoothness ensures that :

f(wit1) = ¢(wepr) + R(wit1)

N

< d(we) + (Vo(we), w1 — we) + §||wt+1 —wy||* + R(wes1) — R(wy) + R(wy)

A

< flwe) + (Vo(we), weyr — we) + g”wtﬂ — wy||* + R(wer1) — R(wy)

< Flwp) - }D’Ceff(wt, i)
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