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Abstract

Multi-agent systems are systems constituted of multiple independent and interactive entities
acting towards some objective. Really widespread for their advantages in solving big problems in
a decentralized way, it is getting needed to extend them to the case where arrivals and departures
of agents happen. This case arises as the size of the systems grows, and through the study of
some problems that naturally present such a property (such as computer failures in a network).
Such systems are called Open Multi-Agent Systems, and represent a really young theory in
need for development. A step in the understanding of such a theory consists in establishing
algorithms and analyses for basic problems, that can be the base of more complex tasks. In this
Master thesis, we intend to determine fundamental performance limitations on basic consensus
problems in the framework of Open Multi-Agent Systems, under the form of bounds that can be
used as quality criteria for algorithms solving these problems.

Key Words: multi-agent systems, open multi-agent systems, consensus problem, funda-
mental performance limitations.
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Introduction

Multi-Agent Systems: decentralizing information

We define a Multi-Agent System as a set of independent and interacting entities, generally
acting towards some goal. Think for instance of drone formations independently flying in order
to be at the right place at the right time to produce impressive figures. Or think for instance of
groups of routers transmitting information from some point to another.

Many applications can be described using a multi-agent approach. However, dealing with
Multi-Agent Systems is a challenging task: each agent being an independent entity, prediction
and analysis can reveal to be tough, and rely on stochastic approaches to estimate some expected
behavior. In return, it provides many advantages since the treatment of problems becomes
collaborative and decentralized (i.e. it doesn’t rely on a centralized unit monitoring the informa-
tion). This explains why this approach has become more and more widespread in many fields.

By definition, solving a problem using a Multi-Agent Systems approach implies avoiding
the centralization of information in one place. In such systems, each agent maintains its own
approximation of the solution of the problem it attempts to solve, adaptive in time as the system
evolves, instead of relying on some centralized units to provide it. This has the major impact to
distribute the contribution on the information shared by the agents among them. This makes
possible to work on big systems, as agents don’t need to know the entire structure of the system
they are part of. Furthermore, the absence of centralized units remove the risk of having a failure
of the whole system if one of them fails: this risk is distributed among the agents too. Moreover,
as agents maintain their estimation of the solution of the problem they try to solve, it is not
required anymore to wait for the centralized units to provide it. On top of that, decentralized
method is an opportunity to take advantage of the potential of smart recent devices through
local interactions, while avoiding long-distance expensive communications.

Those advantages of working in a decentralized way are even more relevant with the increasing
size of the systems. Indeed, as this size grows, the proportion of risks induced by centralized
approaches are even growing too.

Many examples of Multi-Agent Systems can be listed, lying in many different types of
applications. The coordination of drones or mobile robots such as UAV (Unmanned Aerial
Vehicles) to spread or adopt a configuration requires to make them autonomous [I} 2]. The
Collaborative Adaptative Cruise Control allows cars to evolve efficiently, regarding other cars
around them [3]. The problem of network security can be approached as a Multi-Agent System
problem, in order to handle the huge quantity of knowledge, but also incompleteness and
inconsistency [4]. Decentralized optimization also relies on Multi-Agent concepts, in the sense
that it tries to optimize an objective function determined collaboratively [5]. This topic is
particularly relevant for large data [6], or when data cannot be shared between agents for privacy
reasons [7].



Open Multi-Agent Systems

In our previous example of the drone formation, one scenario that could arise is the case
where a “wild” drone, completely external to the system, enters the formation. In such situation,
it is expected that the formation would crash. Another interesting scenario concerns the routers:
one of them could fail while transmitting information, failing them to accomplish its task.

Those situations differ from the classical study of Multi-Agent Systems previously introduced
in the sense that new agents entered the system, or agents left it. A system presenting this
property is called Open. In such systems, agents may enter or leave the system at any time.

Exploring those Open Multi-Agent Systems is getting more and more relevant, since such
systems are more and more frequent, especially in the field of decentralized methods. Indeed,
as the size of the systems grows, the probability for agents to leave or join the system, to be
replaced or even to experiment failures increases too. At some point, neglecting this behavior is
no more suitable in the study of Muti-Agent Systems. Moreover, some systems are by nature
open. Think for instance of cars eternally entering and leaving a stretch of road.

On top of it, the study of Open Multi-Agent Systems also raises economical advantages.
There are expensive devices that have the particularity to fail at a low rate. Being able for
systems to handle failures would allow the use of cheaper devices without that particularity,
especially as, for most cases, failures are expected to ultimately happen some day or another.
There also exist algorithms handling disconnections of agents in systems, but whose accuracy
tend to decrease with time. Considering disconnected agents as out of the system through
management of open systems in such situations can be a more efficient solution.

Work on Open Multi-Agent Systems

The study of Open Multi-Agent Systems is a rather young theory. Indeed, most of the
current work, such as those presented, stand for “Closed” systems (i.e. systems where agents
are assumed to eternally stay in the system without variations).

As discussed before, extending this work to open systems is getting more and more relevant.
However, this field raises new challenges to be handled. As depicted in Fig. [T} neither the size
nor the state of such systems are constant. On the first hand, each incoming agent brings in the
system new information, and potentially influences the objective pursued by agents. On the
other hand, each leaving agents brings out information that could be lost forever, but could also

inversely leave in the system outdated information.

~
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Figure 1: Representation of an Open Multi-Agent System depicting a computer network, with the implications of
an agent entering or leaving the system.



This illustrates how opening Multi-Agent Systems leads to major differences, bringing no
guarantee on the efficiency or validity of previous methods designed for closed systems. It
has been shown in previous work that the open trait of a Multi-Agent System can imply high
perturbations in the computations [8,9]. Algorithms, and further analyses can no longer work, or
dramatically decrease performances when applied on open systems. Those observations confirm
that simply extending previous work viable for closed systems is not adequate for the open
systems: the approach needs to be totally re-designed for them.

In the establishment of a theory around Open Multi-Agent Systems, an important part
concerns the resolution and analysis of simple tasks, that can be used later in order to tackle
more complex problems, and then the determination of fundamental performance limitations for
these tasks.

Hence, the objective of this Master thesis is to consider basic problems in the framework
on Open Multi-Agent Systems, and derive from them fundamental performance limitations for
these problems. The interest of such limitations is to develop some kind of quality criterion on a
given method to solve the basic problems they are related to. It could also allow us to develop a
better understanding of the bottlenecks we could face by working on open systems.

Fundamental performance limitations for Consensus problems

One of the most basic tasks to be accomplished in many applications is the consensus problem.
Such problems consist in having all agents converge to a common state defined in the system.
They play a key role in most of the applications such as coordination of agents or decentralized
optimization [10].

In this work, we will consider two types of consensus, defined in a system such as the one
depicted in Fig. 2l We decide to work in a particular system in which agents own an intrinsic
value defined by some distribution of mean u, and of variance 0. Also, the open character of
the system is only represented by replacements. In other words, at each departure, there is also
an arrival of agents, and then the size of the system is constant.

Figure 2: Small example of an Open Multi-Agent System of 5 agents, where replacements occur with a rate A, (in
purple), and communications between pairs of agents with a rate A (in yellow).



In this framework, we define two different objectives for the agents. The first one, that we call
Average Consensus Problem consists in estimating the average of the values of the agents present
in the system. The second one, that we call Mean Consensus Problem consists in estimating the
mean g of the distribution defining the intrinsic values of the agents.

Open Multi-Agent Systems are such that their state never stabilizes (and potentially so
does the objective of the consensus). Hence, while trying to estimate this objective, an agent
is expected to produce an error. Indeed, while in closed system we could reasonably expect
the estimation of an agent to asymptotically converge to the right answer, the open character
of open systems cannot guarantee this anymore. What we aim is then to establish the fun-
damental performance limitation for those problems, under the form of a lower bound on this
error (note that for this purpose we have to define the error of estimation, which will be done
later). If we manage to find a bound on the error which is always lower than the error an
algorithm would provide, then this bound is a quality criterion on the efficiency of a method
for solving the consensus, since it describes a minimal value the error any method cannot go under.

In order to define such bound, we have to consider an algorithm producing an estimation
leading to that lower bound. In Fig. [3]are abstractly represented the sets containing all possible
algorithms existing for solving a problem. In the blue region lie all the realistic algorithms,
based on knowledge agents actually have access to. In the yellow region lie the algorithms
relying on more information than agents really could have. Since the yellow part assumes more
knowledge for the agents than the blue part, a perfectly designed algorithm in accordance with
the knowledge in the yellow region produces a better estimation of the consensus than a perfect
algorithm from the blue region.

Objective
Trade-off
Accuracy
Vs
complexity

Assumptions on knowledge \
Less accurate _ e o
Easier to work

Actual knowledge
More accurate
Harder to work

Figure 3: Abstract representation of the sets containing the algorithms to work on a problem. The blue part takes
into account all the real algorithms, based on the real knowledge accessible for the agents, and can be extended to
the yellow part by assuming they have some additional knowledge



Hence, the objective of this work will be to derive the error of a perfect method lying in
the yellow region, but as close as possible to the blue one, in order to be as close as possible
to reality, while being a lower bound. However, the closer to the blue region, the harder the
computations, since less information is available. The whole challenge will thus be to find a
suitable trade-off between accuracy of the lower bound, and complexity of the computations.

In Chapter [T} we will tackle the Average Consensus Problem. This problem has this par-
ticularity that the objective changes as agents enter or leave the system. Then, the aim of the
Chapter will be to obtain a lower bound on the error of estimation of the average value of the
system made by an agent for any realistic algorithm solving this problem. For this purpose, we
will first present the problem, and all the assumptions that will be made to work on it. We will
see that under suitable assumptions on the knowledge agents have, the error produced by an
ideal algorithm is always a lower bound on the error produced by a realistic one. Then, we will
compute this bound for two agents in the system. In this case, we are able to obtain the exact
expression of the error for an ideal algorithm. This will be useful to present the procedure to be
followed to solve such problems, and has the advantage to produce an exact and well defined
bound. After that, we will extend the topic to the case of N agents. We will see that this part
requires new assumptions in order to make the computations possible, and we will develop two
ways of performing them to obtain the desired bound. The first one will lead to a well defined
bound for any N, at the cost of a rather low precision. The second one will tend to be more
general, and thus possibly more precise. We will then apply it to derive a more precise bound,
but harder to compute in the sens that it relies on the resolution of a sub-problem. We will
finally end this Chapter with a discussion on the assumptions defined at its beginning.

In Chapter [2] we will work with the Mean Consensus Problem. We will see that this problem
raises different difficulties than the previous one. This time, the objective of the consensus
doesn’t change with the agents present in the system. This will enable us to define more precisely
the error through a precise definition of the ideal algorithm that provides the agents with an
estimation of their objective, and then to obtain a definition of the desired bound. We will see
that this definition implies hard computations, and then, in order to get a first insight of the
solution, we will perform simulations of the problem. From them, we will derive some intuition
on the behavior of the error, and attempt to characterize it, in order for this to be a possible
base of computations for later work.

Finally, in this document, we will explore those two problems in the framework of Open
Multi-Agents Systems of constant size. Each Chapter will be related to one of those problems,
and propose approaches to derive fundamental performance limitations for algorithms trying to
solve them.



Chapter 1

Average Consensus Problem

1.1 Problem statement

The first problem we will work on is the Average Consensus Problem. Consider a Multi-
Agent System of N agents which all own an intrinsic value z; (i = 1,..., N), with arrivals and
departures along with the process. The objective of the consensus, pursued by all agents, is to
estimate the average of the intrinsic values of the agents currently present in the system. To
build this estimation, agents communicate pairwisely with each other as the time passes.

In order to study that problem, we place ourselves in a particular system where the intrinsic
values of the agents are identically and independently distributed (i.i.d.) according to some
distribution of constant mean p and variance ¢?. In this system, only replacements occur,
according to a Poisson process of parameter )., which represents the average number of
replacements of an agent per unit of time. Similarly, the pairwise communications follow another
Poisson process of parameter \. denoting the average number of communications between a
given pair of agents per a unit of time. Such a particular system involved in this consensus
problem is depicted in Fig.

Due to the open character of the system, agents produce an error as they estimate the
average. In this Chapter, we will try to establish a lower bound on this error, in a situation
where we consider the system has already been running for a long time, so that it has reached a
steady state. For this purpose, it is required to define that error, through some quality criterion
for the estimation made by an agent. We arbitrarily choose to define it as the Mean Square
Error on the true average.

1.1.1 Assumptions on knowledge

The more information the agents have access to, the more accurate their estimation, and
thus the lower the error induced. In order to obtain a lower bound on the error for any algorithm
trying to solve this consensus problem, we want to obtain the error induced by some ideal
algorithm relying on more information than a realistic one could. Such an algorithm should
provide some kind of best possible estimation of the average, given the knowledge agents posses.

To do so, we provide all agents in the system with more knowledge than they would have
in a real-life situation. If we manage to find a lower bound on the error produced by an ideal
algorithm relying on that knowledge, then this is necessarily also a lower bound on any less
accurate realistic algorithm. This is illustrated in Fig. [3| where this ideal algorithm lies in the
region of the improved algorithms (in yellow), which, provided it is effectively ideal with its
information, is by definition better than a realistic algorithm (from the blue region).

10



Average =

True average =

Figure 1.1: Small example of an Open Multi-Agent System of 5 agents, where replacements occur with a rate A,

(in purple), and communications between pairs of agents with a rate A (in yellow), in an Average Consensus
Problem

Hence, we will consider for this Chapter, that the agents in the system know the its size IV,
and the fact that it is constant. Moreover, agents also know the replacement and communication
processes, and then the parameters defining them: A, and A.. Finally, agents have some oracle
giving them the constant parameters defining the distribution of their intrinsic values: the mean
p and the variance o2. For the sake of simplicity, and without loss of generality, we will consider
for this Chapter that u = 0. Indeed, the results that will follow can easily be adapted for pu # 0.

1.1.2 Definition of the estimator and the error

With their improved knowledge, we expect agents to build the best possible estimation of the
average, so that the error we will derive will be a lower bound of a realistic one. Considering the
definition of the error as the Mean Square Error, it means we assume agents know some ideal
algorithm that produces, given what they know of the system, the estimation minimizing the
Mean Square Error. Thus, the estimation y; made by agent ¢ is actually the Minimum square
error estimator of the average .

y; = arg min (E [(E —;)? | Knowledge of agent ZD
d — 2 .
0= a0 (E [(a: —vi)” | Knowledge of agent ZD
& 0=2y; — 2E [z | Knowledge of agent i]
< y; = E[z | Knowledge of agent ]

Then, the error we would like to bound is given by the Mean Square Error definition

E [z — E[z | Knowledge of agent i]]? (1.1)

11



1.2 Bound for two agents in the system

Let us start with a quite simple case, in order to get used with the problem, and with the
way of tackling it. We consider a system as the one presented above, constituted of two agents.
As presented in the problem statement, agents are subject to replacements, and communications.
In this particular context, the only communications that can happen are between agents 1 and 2.

Our objective here is to compute the error produced by any of those agents in its estimation
of the average of the system, given by

_ ritz
g=—1"2 (1.2)
2
Since both agents are interchangeable, we can place the focus on agent 1 without loss of
generality, and compute the error it makes on the estimation of z, as the expected error made

by any agent:

E [z — E[Z | Knowledge of agent 1])? (1.3)

In this specific situation of having two agents present in the system, it is easy to list all the
possible states of the system at a given time, from the point of view of agent 1. Indeed, either
it doesn’t know agent 2, and estimates it the best it can given its general knowledge, either it
knows it from the last communication they had, and estimates it based on its knowledge about
a potential replacement since they last communicated.

Since we are able to list all those cases, it is possible to build the exact estimation of the
average, and thus the exact expected error agent 1 makes under those assumptions of knowledge.
In the following parts, we are going to compute this error and analyze it. Since we work with
an ideal algorithm under big assumptions on the knowledge of the agents, this error will be a
lower bound on the error we would obtain with any more realistic algorithm, relying on less
information.

1.2.1 Computation

We want to obtain the expected error induced by the estimation of the average of the system.
As a reminder, we consider the error obtained when the system is at a steady state, defined
as the Mean Square Error on the average . To obtain the error at a steady state, we will
need to consider every possible configurations of the system, and then average the error each
configuration implies, weighted by its probability to happen.

We mentioned before that with two agents, it is quite easy to list all possible states of the
system, given the elapsed time since the last communication between the agents.

Let the time since the last communication between the agents be At. This was the last time
agent 1 updated its knowledge about agent 2. Since then, during At, it has either been replaced
at least once, and has then no more knowledge about agent 2 no matter what happened to it,
given the fact that the last communication happened before that replacement (denote that case
R, depicted in Fig. ; either it has not been replaced (N7). In this second case, there are
two more cases to be considered: agent 2 may have been replaced at least once, leaving the
information about it outdated (denote this case Rs, depicted in Fig. , or not (Ng, Fig. .

Then, we can build the estimates of the average made by agent 1, and then the corresponding
error, for each of those cases. We obtain from them the expected error given the time of the last

12



1 replaced 2 replaced, 1 not No replacement

O Q@ o

P(At) = (1 — e~HAt) P(At) = (e7MA0)(1 — e~Ar8t) P(AL) = (e~Mrb)(e~Arity

(a) Ri: Agent 1 replaced, no (b) Ny N Ry: Agent 1 not re- (c) Ny N Na: Agent 1 not re-
matter agent 2 placed, agent 2 replaced placed, nor agent 2

Figure 1.2: All possible system configurations in a time lapse At since the last communication, from the point of
view of agent 1.

communication At, by summing up those errors weighted by the probability the corresponding
case happens.

We find those probabilities thanks to the mechanism defining the replacements: a Poisson
process of parameter A.. In such processes, the probability for an event to happen is given by
an exponential law. Hence, for both agents (since they are interchangeable), the probability to
be replaced in a time lapse At is given by pr(At) =1 — e~ A% and the probability to not be
replaced by py(At) = e A%

We can finally build the estimation made by agent 1 of the average . The last thing to be
settled is its estimation of the value of the second agent. Denote by X the random variable
defining the intrinsic value of agent 2 when agent 1 doesn’t have any information about it. By
definition, X follows the same distribution as 21 and x2. Hence, we have EX = 0, since we set
the mean p =0, and E [X?] = u? + 0% = o2,

Then, we have

E [:ZZQ (t)|IL’2 (t — At)] = pR(At)]E [X] +pN(At)a:2(t - At) = ef)\TAtJIQ(t - At) (1.4)
and then

o E[Z(t)|Ri] = E [w1(t2)+X} _ 5612(t)

° E [i‘(t)‘Nl] — E [wl(t);xz(t) |,’L‘2(t _ At)i| — I12(t) + E[xz(t)|:c22(t—At)] — xl(t)-‘rxz(t;At)e*)\rAt

From those, we can derive the error induced in each of the three cases listed previously. In
order to lighten the notations, we will use as notation for the probability that no replacement
happened py = e At and also use z; := x;(t — At) (with @ = 1,2). Note also that, due to the
uncorrelation of all intrinsic values, we have E [z;z;] = E [2;] E [z;] for i # j.

= 2 El[x2 9
o E[@-mIm) =E[g =]’ S P2
2 2 21 2 5
e E[(Z—y1)?’ININR2] =E [w1+z2>1vxz _ xng} _ PAE[«] 2pr[sz}+1E[X ] _ (PN4+1)02
2 C1)2E [ 22
o E [(i‘ — y1)2|N1 N N2] = E [$1+127Nx2 _ xl—grz} _ (pn 131 E[mz] _ (pN;1)2g2

13



The next step is thus to sum up all weighted cases as follows.

E[( —1)*|At] = pr(ANE [(@ — )| R1]
+ (A1) (pr(ADE (2 — 1)’ N1 B2 + py (ADE [( —31)’|N1 N N2 )

o2

=(1 *P?v)z

Now, to obtain the steady state, we need to integrate this result weighted by the probability
that the last communication occurred At ago. Just like for the replacements, the communications
between any pair of agents is governed by an exponential law of parameter A.. The probability
density function defining the probability that a communication occurred between agents 1 and 2
is then given by the exponential law as fo(t) = Aee et

By integrating, we obtain
o2
[z — y1 / A€ Act 673)\”) Zdt
A\.02 e~ Act e~ (Aet3Ar)t 1% No? [ 1 1
B [ e —(Aet 3”)10 B <)\ S Aot 3>\r>
A few algebraic manipulations finally give us the final form of the bound.

2 3\ o? 1
E[z—y)? =2 (1- 220 — 1.
wonl =g ( Ac+3Ar) ERVERE™ 5

Hence, we can conclude that the error obtained in a system of two agents is always bigger
than this value, as presented in Theorem [T}

Theorem 1. In a system constituted of two agents trying to solve an Average Consensus Problem,
with a distribution of null mean and of variance o? for the intrinsic values of the agents, and
where replacements occur at a rate A\, and communications at a rate A, then the Mean Square
Error produced by the estimation y; made by an agent i is bounded by below, and

2
o 1
Elz—vyl?>> — | ———
w ol 4 <1+§§2>

1.2.2 Observations

We finally derived the Mean Square Error made by agent 1 when estimating the average
of the system, according to the ratio of the rates A./\,. This error is depicted in Fig. As
a reminder, the assumptions made on the accessible knowledge of the agents to build their
estimation of the average used to derive this bound are such that they have more information
than a real-life algorithm would allow. Hence, we currently lie in the yellow part of Fig. |3 and
this error is supposed to be a lower bound on the error obtained by using any realistic method
(in the blue part).

If we proceed to a few sanity checks in order to validate the asymptotic behavior, we can
conclude that this bound behaves as it is supposed to. Indeed, when A\./\, — oo, or in other
words when there are way more communications between the agents than there are replacements,
we expect, asymptotically, the error to go to 0, since this case comes to close more and more

14
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Figure 1.3: Bound on the error obtained for two agents in the system

the system the closer to co. On the opposite, when A./\, — 0, or in other words when the
replacements completely overtake the communications, then we expect to have an error similar
to a case when we never know the value of the other agent in the system, and it gives in any case

2 2
an error E [%1 - %} =F [%} = 02 /4, which is the value of the bound when \./\, = 0.

At the end of the day, this first Section allowed us to compute an exact error for a simple
case, and to get familiar with the procedure to compute such bounds. We will see in the next
Sections that the other cases raise new difficulties, that will require to establish new assumptions.

1.3 Ping model

When considering the Average Consensus Problem with N agents in the system, the problem
gets more sophisticate. Unlike the case with two agents, listing all the possible states of the
system at a given time requires to take into account a lot of factors. Indeed, while enumerating
those states was manageable by knowing the last communication time with two agents, it requires
a better understanding of the information spreading mechanism in the system for N agents.
Knowing the last time an agent was involved in a communication doesn’t guarantee anymore a
knowledge update about all the other agents: only information known by the agents concerned
by the communication is available for a potential update of knowledge.

Hence, building the best estimation obtained with an ideal algorithm, given the knowledge of
the agents, reveals to be hard. In order to make those computations possible, we choose to relax
the complexity of the information spreading mechanism, by giving agents even more information
about the system state than they actually have at each communication. Of course, this way
of proceeding is not the only possibility: in the next Section, we will relax this difficulty differently.
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Under those additional assumptions, we will build the ideal algorithm providing the best
possible estimation of the average, in the sense of the Mean Square Error induced by this
estimation. Since it relies on more information than the real problem we attempt to solve
normally provides, as depicted in Fig. [3] we expect to obtain a better estimation of the average,
and then a lower error than what a normal algorithm would provide. Furthermore, since the
error we will obtain is a lower bound on the error of the standard problem under the assumptions
of knowledge described in Section which is already supposed to lead to a lower bound on
the error of any algorithm, this should also be a lower bound for any algorithm.

Then the assumption we are going to make for this Section is rather strong. We will assume
that, at each communication, both involved agents update their knowledge about the whole
system. Under this assumption, agents clearly have access to more information they should in
the not-relaxed problem, and thus by building the best possible estimation through the ideal
algorithm in this context, they are expected to compute a better estimation.

We call this method the Ping model, as a reference to the ping software, which tests the
accessibility of a machine in a network, and more specifically to its fping improvement which
tests it for several machines at the same time.

In this Section, we will first provide of procedure of computation of the bound on the error,
by defining the estimation agents make based on their knowledge in order to minimize the error.
Then, we will compute it in the general case of having N agents in the system, and study the
obtained result. Considering the strong assumption we just added, we expect the obtained
bound to be really lower than reality, but as we will see it has the advantage to be rather easy
to compute and to provide an explicit form of the bound.

1.3.1 Computation procedure

First, we will describe the procedure that we will follow in order to compute the bound on
the error under those assumptions. As for the 2 agents case, we attempt to derive a steady state
of the error, by integrating over all the possible configurations of the system the error those
configurations induce.

Defining the estimate

The first thing to be done is to establish the estimate of the average made by an agent under
the assumptions. Indeed, given its knowledge about the system, an agent is expected to build
the estimation of the average that minimizes the Mean Square Error.

In our situation, agents have access to the general knowledge of the system (such as the
communication and replacement rates A, and A, or information related to the distribution), and
also have knowledge about the whole state of the system at the time they last communicated.
From this, the first step in the computation is to obtain the estimation made by a given agent i,
provided by an ideal algorithm given this knowledge

y; = E [z | Knowledge of agent 1] (1.6)

Listing all cases for a given time

The second thing to be done, based on the estimation of the average given the knowledge of
the agent, is to list the cases that can happen in this knowledge configuration, and derive the
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corresponding errors, in order to build the expected error in this configuration.

In this model, the assumption on the information spreading mechanism defines those config-
urations. Indeed, agents build their estimate based on general knowledge, which is the same
at any time, and based on their current knowledge about the system state, defined by the last
communication they were involved in.

To illustrate this, consider a given agent, and that the system is currently at time ¢g. The
last communication involving our agent happened at time t., At ago, as depicted in Fig.
This elapsed time defines a configuration of the system under the Ping assumption, as we just
said. During that time, several cases could happen as agents can still have been replaced. Such
a replacement is depicted by the time ¢, ; on the figure for instance. However, no other relevant
communication can happen in that time.

At

—e——
f. .

t ro

C

Figure 1.4: Possible succession of events in a time lapse At starting at the last communication of an agent.

Let © be the set containing all the possible series of events that could take place in the
elapsed time At since the last communication. In other words, a configuration w € € is a possible
succession of replacements that could take place during At. Then we can define the error in the
case where the last communication happened At ago as follows

E [(7 - i)?|At] = 3 Pu(At) E [(7 - i)?| At 0] (1.7)

weN

where P,,(At) is the probability that the the configuration w € Q happened in the time lapse At.

Getting the steady state

From the error according to the time since the last communication, we can obtain the steady
state of the error by considering all possible values of that time. Hence, defining some probability
density function fo(At) associated with the probability of having the last communication some
time At ago, we can obtain the final expression for the bound on the error

[ — y,? / fo(At) B[z —y:)?|at] dAt (1.8)

This concludes the procedure that will be followed in order to obtain our first bound on the
error for the Average Consensus Problem.

1.3.2 Results

Let us finally compute the error with the procedure we just defined for the case of having NV
agents in the system under the assumptions on the knowledge of the agents, and those from the
the Ping model. To do so, we will consider each step proposed in the procedure, and apply it.

The same way we did for the case of two agents, we will place the focus on agent 1 without
loss of generality, provided that all agents are interchangeable.
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Defining the estimate

First, it is required to define the estimation of the average of the system given by the ideal
algorithm, based on the knowledge of agent 1 about the current state of the system. There are
two cases defining the knowledge of the agent: either it has already communicated at least once
since it is in the system, or either it has not. Another way to formulate it is to say that since the
last communication involving agent 1, it may have been replaced at least once (denote that case
R1), and has no more knowledge about the other agents than its general information about the
system, or it may have not been replaced (denote it N7), and thus builds its estimation based
on the information it gathered in the last communication.

In the second case, agent 1 considers the possibility of a replacement of the other agents
during the time since the last communication At. Hence, we can write how agent 1 estimates the
intrinsic value of any other agent j based on its knowledge from At ago, with py(At) = e~ A
the probability that any agent has not been replaced in a time At given by the Poisson process,
and pr(At) =1 — e~*A the probability it has at least once.

It provides, by denoting with the random variable X the unknown intrinsic value of any
agent, subject to the same distribution and assumptions:

E[zj(t)|z;(t — At)] = pn(ADE [ X] + pr(At)x;(t — At) = e_/\TAt:rj(t — At) (1.9)

Hence, by denoting once more py := e~ 4% to lighten the notations, we obtain

_ z1(t)+ Nox z x

N N
g T ) (f— T g ) zi(t—A
e E[z|N]=E [ N J(t)] zlzét) +3N, E[x”(t”%(t g - =22 “ZQJPVN sy

Listing all cases for a given time

Listing all the possible cases to build the expected error given the time of the last communi-
cation is a problem that gets harder as N grows. In order to solve it, let us start with some
little values of IV, so that we can generalize it to any V.

When N = 2, we actually come back to the exact same case as the one with two agents we
developed in the previous Section. Indeed, since the last communication between the agents, only
three cases arise: agent 1 could be replaced at least once and loose all its knowledge, or not. If
not, then agent 2 could have been replaced at least once, or not, leading to different errors. Those
are the same three cases as presented in Section when computing the bound for two agents,
and thus lead to the same expected error E [(z — y1)?|At] = 1(1 — p})o?. Similarly, the case
with three agents has also been developed, and leads to an error E [(Z — y1)?|At] = 2(1 — p})o?
(the computations being quite heavy, details are left to the reader in Appendix . It is tempting,
considering it, to assume we can extend the expression to the N agents case as follows

N -1
- 2 —3\-At) 2
E[(z - y)?At] = - (1—e™3a0) o2, (1.10)

It is proven in Appendix [B] that the above equation is valid for the Ping model with N
agents. The proof relies on the fact that intrinsic values are i.i.d., and thus that we can separate
the contribution of each agent of the system in the estimation of the error. This idea will be
more detailed in a further Section.
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Getting the steady state

From this expression, all that is left to be done is to integrate over the possible values of At.
To do so, let us build the probability of having a communication in the time lapse At, based on
the Poisson process defining pairwise communications.

Consider, from the exponential law defining the pairwise communications, the probability
that no communication occurs in a time ¢ between agent 1 and any other agent: e *<t. This
probability holds for only one potential partner. We can extend it to the probability that there
hasn’t been any communication with any other agent. Since there are N — 1 potential partners

for a communication, and since communications are independent processes, this probability
N-1
—Act

is given by (e = e~ (N=DAct Hence, the probability that there has been at least one

communication with any potential partner is complementary to the previous one, and is given
by 1 — e~ (V=DAct We can then derive the related probability density function.

Jo(t) = (N = 1) (V=1 (L11)

Integrating, it gives

Ez— y1]2 _ /0 (N — 1))\067(1\771),\4 (1 B 673,\Tt> %02 di
— (N_ 1)2>\ 0_2 € -
N2 77 | (N =1  —[(N —=1)A+3)\]
:N_laQ(l— (N = 1)\, )
(N — DA+ 3\,

—(N=1)Act e~ [(N=D)Ac+3)]t ] 00

0

N2

A few algebraic manipulations lead to the final form of our definitive bound for the Ping
model with N agents.

_ N -1 1
E[z -]’ = 2 (HN_MC)(ﬁ (1.12)

Equation is the final form of the bound on the error of estimation of the average value of
the system made by an agent, under the Ping model assumptions. This expression fits correctly
with the case with two agents, and as predicted has the major advantage to be rather easy to
obtain, and given explicitly. We will see in further investigations that we can’t always expect to
have a proper expression for the bound. We have then showed that this expression of the error
always bounds by below the error we would have obtained using some realistic algorithm, as
presented in Theorem

Theorem 2. Given a system constituted of N agents trying to solve an Average Consensus
Problem, with a distribution of null mean and of variance o® defining the intrinsic values of the
agents, and where replacements occur at a rate A\, and pairwise communications at a rate A,
then the Mean Square Error produced by the estimation y; made by an agent i is bounded by

below, and
N-—-1 1
- 2 2
E [z — y;] N2 <1+N3_1:\\:>a

v

In the next Section, we will discuss the quality and behavior of this bound.
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Bound of the Ping model for several N
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Figure 1.5: Evolution of the bound on the error with the ratio of the rates, for N = 2,5, 10,25, 50. The bound
is normalized by the variance, so that the curve corresponds here to a unit variance. One sees that the bound
decrease when the communications overtake the replacements, and that the bound is lower the more agents in the
system.

1.3.3 Discussion

We show in Fig. the bound we just obtained for the Ping model for several numbers of
agents in the system, going from two to fifty. This curve is supposed to bound by below the
expected error made by any algorithm to estimate the average intrinsic value of the system.

Sanity checks

We will quickly go over some sanity checks, in order to evaluate the consistency of the bound.
Those checks do not attempt to prove the validity of the method, but are a necessary (but not
sufficient) condition for the bound to be acceptable.

e \. > \. = Error — 0: when the communication rate significantly overtakes the replace-
ment rate (or similarly A\, — 00), we expect the error to go to 0, since agents are assumed
to permanently updating their knowledge of the system, as if the system was getting close.

e )\, — 0: in a similar way, when there is no replacement at all, we expect the error to go to
0, since the system never changes: we actually come back to a close system.

e \. K\ = Error — %‘2102:

tions (or similarly A\, — 0 or \, — 00), then the best estimation made by an agent is the

inversely, when the replacements overtake the communica-

2
mean, and the error becomes E [z — y;]* = E { ;-\7:2 Xj/N} = 2502 (since all agents are
uncorrelated). This corresponds to the value of the bound for A./A, = 0.
e N increases = KError decreases: when the number of agents in the system increases, the

probability of a communication, and then of an update of knowledge, to happen increases.
Thus, so does the quality of the estimation, and the error is expected to decrease.
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Some remarks

The sanity checks being satisfied, we can be rather confident for the validity of the bound.
However, as we mentioned in the beginning of this Section, the assumptions made on the
information spreading mechanism are really strong. The lower bound we obtained here has the
advantage to be easy to compute and to use, but shows itself imprecise, especially when the
number of agents increases. Fig. proves that quickly, as N grows, the bound tends to 0, no
matter the rates, which makes the bound useless in those circumstances.

Still, this is a relevant first approximation. And in what follows, we will try to generalize the
methodology developed here, in order to build more precise bounds.

1.4 Development of a general method

In the previous Section, we had to deal with the problem of having N agents in the system.
We realized that, in this context, it is hard to proceed the same way as we did for the case
with two agents, since the knowledge learned by an agent through a communication is hard
to estimate. To deal with this difficulty, we added a strong assumption on the communication
mechanism, making the computations easier. That way we managed to obtain a bound quite
easily, but also quite inaccurate.

In this Section, we intend to develop a method to estimate a bound without that strong
assumption. Hence, we consider here that the information that has an agent concerning the
other ones in the system, on which the ideal algorithm bases itself, is only obtained through
communications with agents that have it. More precisely, when agents communicate, they
exchange their knowledge so that they keep the most up to date of what they have together.
Then, they build the best possible estimation with the ideal algorithm based on this knowledge.

As the problem of defining this knowledge about the other agents remains, we will have to
make new assumptions somewhere else. To do so, we will investigate more in depth the definition
of the estimation of the average, and derive a new procedure to evaluate the error. In the
process, as the computations remain hard, we will find a new opportunity to add a simplifying
assumption, that will lead to a lower bound on the error. The ultimate goal will then, through
this new method, to improve the quality of the bound we obtained with the previous method.

1.4.1 New procedure

We start by investigating the definition of the estimator of the average, used by some agent
1. From this, we will build a new procedure to estimate a bound on the error.
Individual contribution of the agents

We defined in Section the estimator of the average used by any agent. In order to detail

what will follow, let us develop this definition further.

The estimation made by agent ¢ is given by

N
=1 z;(t)

yi(t) == E[z(t) | Knowledge of i| = E N

1
| Knowledge of i| = N Z:f:j(t) (1.13)
j=1

where we denote by #;(t) the estimation of the value of agent j made by agent ¢, based on
its knowledge about it at time t. One can develop this estimation, based on the fact that
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replacements are governed by an exponential law of parameter A, (from the Poisson process).
Hence we can write

2j(t) = Ela;(t)]a;(t = Tj)] = (1 — e M0 )u+ (e )ay(t = Tj) = e Myt = Ty)  (1.14)
where T); denotes the elapsed time since the last update of knowledge about agent j.

We can then develop the definition on the Mean Square Error which we use to estimate the
error induced by the above estimation of the average, defined in Section I For the sake of
simplicity, we will lighten the notations be defining z; := x;(t) for any j = 1 ...N.

2
N N A N
_ 1% 2 &y 1 .
E[x—yi]2:E[ ]N - JN J]:NQE[E (xj—xj)]
N

> (z;— + > (g — &) (ke — ;zk)]

j=1 J#k

J From uncorrelation of x; and x, (since independent): E [z;x)] = E [z;] E [z)]

N

Z(%

2ZE E [z — ]

J#k
J Since E[z; — 2] = E[2;] — e M TE [z;] =0

1 N
= e Z:IE [(xj — :i'j)ﬂ
j=

Hence, the error we are trying to bound is actually the sum of the individual errors made on
each agent’s estimation, as presented in equation ((1.15)). This will allow us to make some major
assumptions in the definition of the steady state of the error.

N
E[7(t) 50 = 13 3 E[las(0) = (e~ 73] (1.15)

Steady state of the error
One can define the steady state of the error of estimation as in equation (|1.16))

Ez -yl = | LE[@-y) ] (1.16)

wef)
where ) stands for the set of all possible configurations of the system, and f, the probability
density function related to the probability for the system to lie in a configuration w € €.

Consider the system at some time ¢. One configuration w of the system can be interpreted as
the age of the information concerning every agent in the system (in other words the time since
the last communication where an update of knowledge has been done concerning the agent, for
each agent). Since the error at some time ¢ is actually the sum of all individual errors made
on the estimation of each agent, and due to the linear behavior of the integral, we can split
the error definition of equation to get the sum of all individual errors integrated over all
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possible configurations. However, for an individual agent, those configurations w reduce to that
agent only, and we can choose, for the estimation by an agent ¢ of each agent j, f, = f;(T),
defined as the probability that the last update concerning agent j occurred some time 1" ago.

Then, the new definition of the error in a steady state is given by

N o0
E (7 -yl = % > UO () E [(2(t) = e Tyt = T))?

—

dT] (1.17)

1.4.2 Discussion on the choice of the pdf

The brand new description of the error given in equation raises a new difficulty: finding
the probability density function f;(T"). Indeed, finding the probability that the last update of
knowledge about a given agent occurred 1" ago isn’t an easy problem: a lot of factors have to be
considered. Agent ¢ could have a direct communication with agent j to update its knowledge
about it, but communicating with another agent that knows information about j more up to
date that agent ¢ does could do the job too, or maybe not if it is worse. Defining this pdf is
hard, and this is where we introduce our new assumption. We will try to approximate this pdf
with another one, easier to compute. However, we have to be careful with the choice of this
substitution pdf.

At the end of the day, we would like to obtain a lower bound on the error. Hence, we want to
characterize a suitable pdf to approximate f;(7'), in such a way that it leads to a lower bound.

Proposition 1. Given some value E = [7° F'(t) - err(t) dt, where F(t) is a cumulative distri-
bution function, and err(t) a positive function with a positive derivative, then for any cumulative
distribution function F* > F,

B = /OOO(F*)’(t) cerr(t) dt < E

Proof. Define F* = F + A, with A > 0. One gets
jo /0 T F) - err(t) dt = [F - err]5° — /0 TR e (8) dt
fo /0 TFY () - err(t) dt = [F* - err]g® — /0 TR() - er (1) di — /0 A er(t) de
Given the fact that both F and F* are CDFs, we also have
[F-err]g® = [F* -err]g” =1-err(co) —0-err(0) = err(oo)

Then, one can write

o0
E* = E—/ A-err(t) dt
0
Since both err/(t) and A are positive, we can conclude that

E*<FE
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Proposition [I] is a big result in the generalization of the method to define the lower bound:
its effect is represented in Fig. This gives a perfect opportunity to make the link between the
generalized method and the previous Ping approach presented in Section [I.3] Let us choose the
CDF defining the information spreading from the Ping model: at each communication, the agents
update their knowledge about the whole system. This can be reformulated as follows: agent 4
updated last its knowledge about any agent j the last time it was involved in any communication.
Hence, we can use the pdf f;(T) = (N — 1)A.e”NV=DAT | defined in Section for the Ping
model, to perform the integral of the generalized method, and obtain the same bound as in the
Ping model.

Coming back to Fig. this CDF, and the bound obtained with it, are depicted for 5
agents in the system (in blue). Those are put in comparison with two other CDFs, and their
induced bounds. The first one is the same Ping CDF, but evaluated at a time t/2 (in red). It is
interpreted as, given a time, the probability that information has reached agent ¢ in half that
time, and is thus expected to be lower than the classical Ping CDF. The other one (in yellow)
is simply the probability that, at any time, all agents know everything. It is translated by a
probability 1 to know the state of agent j at any time. This is the biggest possible CDF, and
should lead to a bound of 0. Details about the computations are given in Appendix [C|

We observe on the figure that a bigger CDF implies a smaller bound. This is actually the
meaning of the Proposition [I} In order to improve the results we obtained for the Ping model,
we will need to find a CDF which is smaller than the one from the Ping model, but bigger than
the real one, so that it is indeed a lower bound.

We can go further by saying that this gives us some freedom in the possibilities that can
be tested. Provided that the chosen pdf is suitable for the method, many assumptions on the
spreading mechanism can be tested to find the best possible trade-off between accuracy and
complexity of the computations, which is the objective of the method.

CDF Lower bound
1 : : i 0.18 : :
Ping(t)
0.9 0.16 | Ping(t'2) | |
CDF =1
0.8 0.14 :
0.7
0.12
=087] e
% *—,_E 0.1
T o5 g
= \o 0.08
o 04
0.06
0.3
0.04
0.z Ping(t)
Pingit/2} |
. 0.02
0.1 CDF =1
0 0 : : :
] 1 2 3 4 5 ] 5 10 15 20
Time AJA

Figure 1.6: Representation of some CDFs that can be chosen to derive the pdf f;(T"), and of the bound they imply.
Those were obtained in a system of 5 agents. The CDF is represented for a replacement rate A\ = 1. The blue
curves stand for the CDF used in the Ping model, the red one for that CDF evaluated at a time ¢/2, and the
yellow one for the case where agents always know everything.

24



1.4.3 Results: Infection model

Now that we settled a more general way to define a bound, we can test it for a new assump-
tion on the pdf. Provided that the CDF related is smaller than the one from the Ping model,
in accordance with Proposition we expect the obtained bound to be more accurate (i.e. higher).

The assumption we will make here is the following: we try to estimate the probability that the
last update of information about a given agent j happened T ago. Another way to formulate it is
the probability that it takes a time T" for an information coming from agent j to reach agent ¢ in
a network. The complicated part in this probability is the impact of replacements: information
could be outdated or lost. We can relax this difficulty by considering there is no replacement any-
more in this process. Without replacement, the time required for information to reach agent ¢ is
expected to be less, or at least as good as before. In other words, the probability that information
reached agent ¢ in a time lapse T is bigger in that case than in the real one, since we removed an
obstacle of the process. Hence, if we use the pdf related to this probability in the computation
of the steady state of the bound, we expect the obtained error to be a lower bound on the real one.

We call this model Infection model, due to the similarity between the assumption and an
infection process: the probability we chose can be assimilated to the probability for an agent to
be infected by information coming from another one after a given time.

Individual error

The first step in the computation of the bound is to define the individual error induced by
the estimation of all other agents in the system. Let the focus be on some agent i. We want to
estimate the error made on the estimation of some agent j. We define

Ey(T) =B |(; — &))* |z;(t = T)| = E [(2;(t) — >t = T))?] (1.18)

and enumerate three cases, similarly to the estimation of the error with two agents developed in
Section During the elapsed time 7' since the last communication between agents ¢ and j,
either ¢ has been replaced at least once (we denote this case R;) and has no information about j
anymore, either it hasn’t (N;). In this second case, we enumerate two more cases which influence
the error: either j has been replaced at least once (Rj;), either it hasn’t (NNV;). Those represent
all possible situations that could happen in 7', and from then we can build the individual error
for a given T.

In the following reasoning, denote by X the random variable defining the intrinsic value
of agent j if it has been replaced. By definition, X, z; and x; are uncorrelated, and we have
EX =0 and EX? = ¢2. We also define once more py := e 7 to lighten the notations.

o B [(z(t) — #;(1)*|Rs] = E [z;(1)]* = 0
o E[(x;(t) — 2;(1)2Ni N Rj] = E[;(t) — z;(t — T)pn)” = (1 + piy)o?
o E[(z;(t) —2;()}|N: N N;| = E[(1 — pn)z;j(t — = (1 —pn)20?

Then, we obtain the individual error by summing up all three cases, weighted by their
probability to happen. This probability is given by the exponential law defining the replacements.
We obtain
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E(T) = (L= pn)E [(o; = &)y

+pn (1= pw)E [(2; — 2;)2|Ni 0 By] + pwE [(2; — 2,)*|Ni N N; )
= (1-p})o”

Definition of the pdf

The next step in the establishment of the bound is the definition of the pdf. We described
the corresponding CDF above, as the probability that some information from an agent takes a

time T to reach another given agent. We can build this CDF that we will denote P(t).

Denote Py(t) the probability that k agents in the system are infected by the information
coming from agent j, and P,i(t) the probability that agent i is infected knowing that k agents
are infected in the system. Then, the probability that a given agent 7 is infected is given by

N
P(t) = P(t) - Pi() (1.19)
k=1

One can easily obtain P} (¢) with a little bit of combinatorial analysis.

Pi(t) = # cases where i, j, and k — 2 other agents are infected _ 01%122

4§ # cases where j and k — 1 other agents are infected C]’i[—}l
B (N —2)! (E-DYN—-k)! k-1
(k= 2)Y(N —k)! (N —1)! T N-1

Then, we have to define Py(t). We proceed as follows. Denote I(t) the number of infected

agents in the system, and dt a small time variation. We assume 4t is small enough so that at
most one more agent gets infected in the system in that time lapse. We have

Py(t+6t) = Y Pu(t +6t|1(t) = j) - P(1)

i<k
l 0t is small enough to neglect j < k —1

= Pe(t+ 6t|I(t) = k — 1) - Pu_y(t) + Pp(t + 6t|I(t) = k) - Py(t)
=P 1(t)(k — 1)(N — k+ DAt + Pe(t)(1 — k(N — k)A\0t)
Py(t + 5t) — Py(t)
ot

= Pk—l(t)(k - 1)(N —k+ 1))‘0 - Pk(t)k(N - k))‘c

l Passing to the limit ¢t — 0
Bi(t)

(k= 1)(N =k + 1)APp-1(t) = k(N — k)APr(2)
This gives a system of N ODEs to solve in order to obtain the CDF

(1.20)
with
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1 k=
e I(0)=1= P(0) = {0 ’else
1 ,k=N

o I(0) =N = Pi(0) = {0 olse

By definition, this CDF is supposed to be higher than the one we are actually looking for
according to the definition of the error, and is thus expected to lead to a lower bound on the
error, according to Proposition [I However, we also expect it to improve the first bound derived
in Section [[.3.2] with the Ping model. Still according to the same Proposition, this is achieved
if the CDF is smaller than the one from the Ping model. It is verified for some numbers of
agents in Fig. [[.7] The CDFs of the Infection model were obtained by numerical integration of
the ODEs using ode/5 on Matlab. From this figure, it is expected to get the same bound for 2
agents, then to improve it as the number of agents in the system increases, and eventually to
slowly reduce to the same bound as N gets really big.

Indeed, when N = 2, the Ping and Infection models are the same, since the probability for
information coming from j to reach i is only governed by a communication between those two
agents, as for the Ping model with two agents. Then, the CDF of the Infection model shows
itself to be lower (and then better) than the one of the Ping model, until this improvement
reduces while still being effective. This is expected in the sense that as N grows, the estimation
of the average is expected to get better and better for both models, leading to a smaller error,
and then making the improvement less apparent.
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Figure 1.7: Comparison of the CDFs related to the Ping and Infection models. A higher CDF is expected to lead
a lower bound. The CDFs of the Infection model were obtained by solving the ODEs with ode45 on Matlab.
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Results

Finding a way to efficiently compute this bound was a very long part of that work. Indeed, if
computing the CDF, and then the bound, for a given number of agents N only requires to solve a
rather simple system of ODEs, it gets hard when one wants to generalize the result to any IN. The
complexity of this computations relies in the fact that the ODE system changes of size with the
number of agents in the system, and that the structure of the solution changes too: we introduce
eigenvalues of multiplicity greater than 1, which lead to a less predictable solution for a varying N.

Still, the CDF was computed by hand for N = 2, 3,4, and so has been the bound. Due to the
heavy computations it requires, details are presented in Appendix [D] One could keep going and
compute them once and for all. However, finding a way to automatize this computation for any
given N is the real goal to achieve in this part of the work. Several ideas have been tested to reach
it, going from trying to establish a general form depending of N of the resolution presented in
Appendix [D] to an eigenvector decomposition of the solution approach, but without more success.

Once the pdf f;(T") is obtained, the bound can be computed as

N o0
Elz—y) = ]\;jzl UO £ (1) (1 — e*%T) dt} (1.21)

Since all agents are similar in the system, the expected error we make by estimating them is
expected to be the same for every agent. The only error differing from the others is the one
made by agent ¢ about itself, which is always 0. Hence, since we expect to sum up N — 1 times
the same error, one can write the above expression as

Ez —y]>= % /OOO FT) (1= e™T) at (1.22)

Now, we can finally compute the bound for the Infection model, for N going from 2 to 4.

¢« N=2
P(t)=1—e 2 = f;(t) = Aee !
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As those results show, we are able to produce bounds, but at the cost of cumbersome
computations. This illustrates why the lack of an automatizing of those computations is
regrettable. Still, we have bounds that we can analyze, and the question is to see if the
improvement they give in comparison with the Ping model is worth the effort.

1.4.4 Discussion on the Infection model
Correctness of the CDFs

In a first time, since the computations of the bound have been obtained by solving by hand
the ODEs describing the CDFs, it is convenient to ensure the correctness of those CDFs. As
those computations are quite heavy, even for a small number of agents N, a double check on the
correctness of the result with the numerical solver is never a waste of time. In Fig. are put
side by side the CDF obtained by hand computations, and with the solver ode45 on Matlab.
This first check ensures us that the computations of the ODEs by hand seem valid.

By hand ODE45
1 17
08r - 0a8r -
06 0.6
(o] (o]
o] o]
2 2
o o
0.4 1 041
0.2r 0.2r
0 ! ]
0 05 1 15 0 05 1 15
Time [s] Time [s]

Figure 1.8: Comparison of the CDFs obtained by solving by hand the system of ODEs defined in Section
and with the numerical solver ode45 on Matlab.

Sanity checks

Second, the same way we did with the bounds obtained with the Ping model, it is worth
checking the consistency of the bounds through some sanity checks, in order to ensure the
consistent general behavior of the bound. One more time, passing those checks doesn’t ensure
the validity of the bounds, but it is mandatory for them to be acceptable. The behavior of the
bounds for N = 2, 3,4 is depicted in Fig. [I.9] From this, let us proceed to those checks.
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Bound with Infection model
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Figure 1.9: Bounds obtained for the Infection model, by solving by hand the system of ODEs defining the pdf
required, computed for N = 2,3, 4.

e )\, > \.: when communications significantly overtake replacements, we expect agents to
perfectly know the system at a steady state, and thus the error to converge to 0.

e )\, < \,: inversely, when communications are overtaken by replacements, agents make the
error they would when not having any information about the system, and thus by estimating
every other agents with the mean, which gives an error E [z — y;]* = NSLE [X2] = 5o,
which is exactly the value of the bound when A./\, = 0, no matter N.

e N increases: when more agents are in the system, we expect information to travel more
easily, and thus the error to decrease.

Those behaviors are met by the bounds we obtained using this method. Hence, we can be
rather confident about their validity, even though, as said above, it isn’t fully guaranteed by
those checks.

Improvement of the bound

One last important thing to be discussed for this model, which is one of the big motivations
that led to develop it, is the improvement it gives in comparison with the Ping model. We put
aside both CDFs and bounds, from both models for N = 2, 3,4 in Fig. [I.10] It is expected that
the Infection model improves the bounds (i.e. obtains a higher bound) as soon as N > 2.
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Figure 1.10: Comparison of the CDFs used for the Ping and Infection models, and the error each one of them
induce, for 2, 3 and 4 agents in the system.

First things first, as predicted by the observation of the CDF, when N = 2, both models
lead to the same bound on the error. As explained once before, this is translated by the fact
that both assumptions are actually the same when N = 2. This first observation is a good start
to assume the method works as it should.

Then, as N increases, the Infection model starts to produce a better bound on the error.
This highlights several things. First, as N grows, the improvement becomes more efficient.
However, the few cases of N we were able to test don’t allow us to predict such a behavior
forever. We actually expect this improvement to slowly decrease starting at some bigger V.
Indeed as N will grow, the error will be less and less, until both errors produced by the two
methods eventually tend to 0. Second, this goes in accordance with the improvement of the
CDF. Indeed, the more the CDF of the Infection model is below the one from the Ping model,
the higher is the corresponding bound compared to the one from the corresponding Ping model.

All those observations tend to confirm the quality of the bound. However, it is a shame
that we didn’t manage to establish an easy way to produce it as N grows. Still, this method is
encouraging, especially in the sense that for small values of IV, the improvement seems to be
significant in comparison with the Ping model. The best way to improve it would be by finding
a more suitable pdf for the computation of the steady state, or to obtain some efficient way to
compute the current pdf for any N.

1.5 A word on the assumptions

At the end of the Chapter, we managed to develop a rather general method, which produces
a lower bound on the error of estimation of the average of the system, given some assumption on
the information spread mechanism. As shown in the previous parts of this Chapter, the bounds
we managed to obtain were satisfactory.

However, all this work relied, as precised in Section [1.1.1} on the assumption that agents
know many inside properties of the system such as the update and replacement mechanisms, or
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the distribution of their intrinsic values. We already mentioned that those assumptions are way
stronger than they can seem. However, let us discuss a bit more precisely about this.

In particular, the methods based themselves on the assumption that agents know the mean
u of the distribution defining their intrinsic values. It may seem to be a light assumption, but
what if agents just decided to approximate the average as the mean of the distribution (this
comes back to estimate the value of any agent as being p). Keep in mind that all agents are
uncorrelated.

N 2 N
E[Z—y]’=E [ijmz(v% ’ﬂ = % S Ela—p’ = NN2102 (1.23)
j=1#i

We show the induced error in Fig. Note that here, since no more assumptions than
knowing 1 and o2 are made to define the error, it is exactly the expected error obtained by
the estimation with the mean, and not a lower bound in this case. Moreover, notice that
the derived errors are still above the corresponding lower bounds (in black dotted-line on the
figure) computed before with the Ping model. Indeed, keep in mind that we are no more try-
ing to establish a lower bound here, but evaluating an arbitrary algorithm to estimate the average.

At the first sight, when N is small, this error is significant, since it is actually the worst case
of all the bounds we computed. However, as N grows, even though it is still the worst possible
error depicted by the bound, it gets acceptable. This is related to the fact that the bounds get
more and more flat as the number of agents increases. This means that having an error on the
worst value of the bound comes to be approximately on the bound, and thus to be optimal, as it
flattens. In this situation, choosing p as estimation becomes the best possible method, and as N
grows, this choice is sufficient to ultimately have an error converging to 0.

This behavior shows how much the assumption on knowing the distribution is strong. In
practice, we can rarely assume such knowledge for the agents. This doesn’t mean that the
bounds we developed are useless, but as IV increases, it will be necessary to be really careful
with this assumption.

Thus, an interesting extension of this work would be to consider the mean as unknown in
the process. In such a situation, agents would probably try to build an estimation as accurate
as possible of the mean p to finally build their estimation of the average. This would probably
lead to some additional error on that estimation. This approach will be partially mentioned in
the next Chapter, since it treats the estimation of the mean pu.
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Bounds on the error by choosing Ex= pn
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Figure 1.11: Errors obtained by choosing as estimates y; = u (or similarly (Ez; = p) compared with the
corresponding Ping bound (in black dotted-lines) for several values of the number of agents in the system N.
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Chapter 2

Mean Consensus Problem

2.1 Problem statement

The second problem we work on is the Mean Consensus Problem. Consider again an Open
Multi-Agent System constituted of N agents, which are all defined by an intrinsic value x;
(i=1,...,N) obtained from a distribution of mean yp and variance o2. Since the system is open,
arrivals and departures happen during the process. Then, through pairwise communications,
agents attempt to build an estimation of the mean of the distribution p, which is the objective
of the consensus.

In order to study that problem, we place ourselves in a particular system where the intrinsic
values of the agents are identically and independently distributed (i.i.d.) according to some
distribution of constant mean p and constant variance o2. In this system, only replacements
occur, according to a Poisson process of parameter \,, which represents the average number of
replacements of an agent per unit of time. Similarly, the pairwise communications follow another
Poisson process of parameter \. denoting the average number of communications between a
given pair of agents per a unit of time. Such a particular system in this consensus problem is
depicted in Fig.

Due to the open character of the system, agents are expected to produce an error as they
estimate the mean. In this Chapter, we will try to establish a lower bound on this error.
Ultimately, we want to get this bound in a case where the system has been running for a long
time, and is thus at a steady state. To bound the error, it is first required to define it, through
some quality criterion for the estimation made by an agent. We arbitrarily choose to define it as
the Mean Square Error on the true mean.

2.1.1 Assumptions on knowledge

Just like for the Average Consensus Problem studied in Chapter we have to make
assumptions on the knowledge agents have access to when computing an estimation of the mean,
in order to derive a lower bound on the error. As a reminder, the more information the agents
have access to, the more accurate their estimation, and thus the lower the error induced by that
estimation. Hence, we will provide the agents with more information they would actually have
in a real-life situation, so that the estimation they can make with a perfectly designed algorithm
based on this information is necessarily better (or at least as good) than what they would have
obtained with any real-life algorithm. Considering Fig. |3 such an ideal algorithm lies in the
region of the improved algorithms (in yellow), which are by definition better than any algorithm
in the region of the real ones (in blue), given that it is perfect with its information.
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Figure 2.1: Small example of an Open Multi-Agent System of 5 agents, where replacements occur with a rate A,
(in purple), and pairwise communications with a rate A. (in yellow), and where agents attempt to estimate the
mean defining their intrinsic value pu.
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Thus, in what follows, we will consider that agents know the size of the system IV, and the
fact that it is constant. Furthermore, we consider they perfectly know how replacements and
communications are defined according to Poisson processes, and the corresponding rates A, and
Ae- The major difference with the Average Consensus Problem presented in Chapter [1] is that
this time, agents only know the variance o2 of the distribution defining their intrinsic value,
but not the mean p they try to estimate, even though they know it is constant. In virtue with
what has been explained right above, as such knowledge represents more information than what
agents have in a real-life situation, we expect to effectively obtain a lower bound on the error at
the end of the day with such assumptions.

2.1.2 Definition of the estimator and the error

Under this improved knowledge agents have, in order to obtain the desired lower bound,
agents have to estimate the mean p with an ideal algorithm based on it. An algorithm is defined
as ideal if the estimation it provides minimizes the error of estimation (that we defined as the
Mean Square Error). Hence, the estimation u; of u performed by agent ¢ is the Minimum Square
Error estimator defined as follows.

11 = arg min (IE [(u — 11;)? | Knowledge of agent ZD

0=

d
™ (IE [(u — 113)? | Knowledge of agent zD
< 0=2pu; — 2E [ | Knowledge of agent 1
< pi = E[p | Knowledge of agent i

Then, the error we would like to bound is given by the Mean Square Error definition as
presented in equation (2.1).

E [ — E[p | Knowledge of agent 4] (2.1)
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2.2 Definition of the bound

The aim of the Section will be to investigate more in depth the expression of the error of
estimation of the mean E [p — ,ui]Q defined in equation where p; stands for the estimate of
1 made by the agent . For this purpose, we will first detail the expression of this estimation,
by describing the ideal algorithm producing it. By doing it, we can obtain some exploitable
expression of the error, that can allow us to properly define a lower bound on it.

2.2.1 Description of the ideal algorithm

In opposition with the Average Consensus Problem, the objective pursued by the agents
in the Mean Consensus Problem doesn’t change as agents enter or leave the system. Hence,
in order to estimate pu, not only the information from the agents currently in the system can
be used, but information about all the agents that already left it is relevant too. This means
that information never gets outdated for the sake of the estimation, and deserves to be kept in
memory by the ideal algorithm.

Then, to estimate u, an agent 7 relies on the information it has about every agent it knows
that have passed through the system since it started running. To picture this, figure that each
agent owns some Acquaintance repertory that contains the label and corresponding information
of all the agents that it knows have lied in the system someday. From this, we define n(t), the
size of the Acquaintance repertory of an agent ¢ at some time ¢, that also designs the amount of
information used by agent 7 to build its estimation of . This quantity n(t) is a strictly positive
integer random variable, which takes by default the value 1 for an agent entering the system
(since it only knows itself at that time). Through communications with agents in the system, it
will update its repertory with information owned by the other agents. This information could
concern an agent that left the system. An example of such a description is depicted in Fig. 2.2

Currently in the system : N = 6 Agents that already left
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Figure 2.2: Example of a system of 6 agents trying to solve a Mean Consensus Problem by using an Acquaintance
repertory. A yellow arrow represents the fact that the emtter of the arrow knows the destination. In this example,
agent 1 knows five agents: itself, agents 3, 4 and 7 that currently are in the system, and agent 5 that already left
it.
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Then, we can develop the expression of the estimation of the mean made by agent ¢. Let us
denote by X; (j =1,...,n) the intrinsic value of the j — th agent listed in the Acquaintance
repertory of the agent ¢. Then, its estimation u; is entirely build, through the ideal algorithm,
based on this information.

wi(t) = E[u | Knowledge of agent i at time ¢]

ZXJ (2.2)

n(t e

2.2.2 Expression for the bound

From the expression of the estimation obtained in equation ([2.2)), we can develop more in
details the expression error made by agent i, given the size of its Acquaintance repertory n.

n v N2
E (1 —m)* | n] = [ jl(Z XJ)]

iz

= %E [zn:(u X2+ (= X) (e — Xk)]
j=1 Jj#k
:%zmwkxg} QZEM X)) (= X))
7j=1 J#k
:Hw+fz([] E[uX;] - E [1Xs] + E[X; X))
Jj#k

J Since agents are uncorrelated: E [X;X;] = E[X;]E [X}]

o2 ) ) o2
;JrﬁZu — 1t =t ) =
J7#k

This is the exact definition of the error produced by an agent ¢ when estimating the mean
1, given the quantity of information it has to build its estimation. In order to determine the
expected error for any value of n, we choose some random agent in the system 4. Since all agents
are interchangeable, this can be done without loss of generality. Then, to get the expected error
in a steady state, we have to compute the expected value of the above expression for the error,
provided that the system has been running for a long time to reach a steady state.

EM—Mszhﬂ:EHMMZ (2.3)

Hence, in order to evaluate the expected error made by agent ¢ when estimating the mean u
at time ¢, one wants to compute:

E[1/n] = i % (2.4)

Computing the expected value E [1/n] would provide an exact estimation of the desired error
under the assumptions described in Section and thus a lower bound on the error produced
by any realistic algorithm, which is what we aim for. However, this is where the computations
become hard.
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Indeed, to build E [1/n] in a steady state, we need to proceed in a similar way as we did for
the Average Consensus Problem when trying to derive the expected error of estimation of the
value of an agent in a steady state (in Section |1.4.1]). Indeed, given some moment in time, we
have to consider every possible configuration of the system, and evaluate the expected value
of E[1/n] in each of these particular configurations. Then we can obtain the desired expected
value by averaging all values of E [1/n] in a configuration, weighted by the probability for the
system to lie in this configuration. This is really hard to do in the sense that it relies on a huge
amount of things that must be considered in the computations. Indeed, at each replacement,
we face the risk to loose information forever if it is not maintained through communications.
Moreover, at each communication, it is hard to define what new information is gathered. Those
are only two examples of difficulties to be handled when evaluating this expected value.

Hence, we will introduce a new assumption to simplify those hard computations, in such
a way that it provides a lower bound on the desired error we intended to compute. Since this
expression was supposed to be a lower bound on the error, the introduction of this assumption
which bounds by below this expression should also lead to a lower bound on the error produced
by a realistic algorithm.

Proposition 2. Given a strictly positive random variable X, then

E[1/X] > 1/E[X]

Proof. Jensen’s inequality [I1] says that for a convex function f(z), a set of real values z;
(i=1,...,N) in the domain of f, and positive values w; (i = 1,..., N) such that Zfil w; =1,
then

N N
> wif(xzi) > f (Z wz'fBz')
i=1 i=1
By choosing w; the CDF P(X = i), one can then write this expression
E[f(X)] > f(E[X])

Since f(z) = 1/x is convex for x > 0, we conclude

E[1/X] > 1/E[X]

Proposition [2] allows us to write

o2

Efu— i’ =E(Ln]o® > £ (2.5)
Thus, 02/E[n] is a lower bound on the error of estimation of y. Still, E[n] is also hard
to compute for the same reasons as E[1/n]. However, it has in comparison the advantage to
be easy to simulate and interpret. Indeed, by building simulations of an Open Multi-Agent
System trying to solve a Mean Consensus Problem the way described in this Section, we can
show the behavior of E [n], and get then a first insight of it. However, as we will mention in the
next Section, we won’t be able to simulate the system in a steady state. Then, simulating the
behavior of E [n] only provides a first impression of a corresponding problem in a transient state.
Still, this is something that we can do in a first time.
Then, in the next Section, we will realize such simulations. From them, we intend to get a
first impression of the behavior of E [n] which is used to define the bound. Then, we expect to
be able to have a first insight of the behavior of this bound.
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2.3 Simulations

We just defined a bound on the error of estimation of i made by an agent ¢ based on the
expected value of the amount of information it uses to build its estimation denoted E [n]. As we
also precised right above, the computation of this expected value in a steady state of the system
is hard, due to the numerous situations that need to be considered.

To deal with this complexity of the computations, a first solution can be to run several
simulations that will allow us to depict the behaviors we intend to characterize. In this Section,
we will present the results of such simulations on a system of the type we study. Thanks to
those, we expect to be able to produce a first insight of the behavior of E [n]. If we manage to
obtain it, we can expect to extend it to the definition of the bound relying on it, and thus to
have a first impression of the behavior of such bound. Such results could then be the base of
potential further investigations in the establishment of a formal definition of the desired bound.

2.3.1 Perspectives

The problem we attempt to solve raises some sort of a paradox in the dependence of the
quality of the estimation with the parameters defining the mechanisms ruling the system. Indeed,
as the replacement rate increases, more agents pass through the system. Thus, those agents
bring with them additional information, allowing to refine the estimation of the mean made
by the agents as they learn it. However, as this rate grows, it also increases the risk for this
information to disappear from the system if communications are not frequent enough to maintain
it. Indeed, on the first hand, in a system where no replacement occur, we cannot expect to
build a better estimation than the one relying on the initial agents in the system. On the other
hand, in a system where replacements are way more frequent that communications so that their
impact is negligible, agents never have the time to learn from other agents before being replaced
again, and they are the only information they have.

Let us formalize those suppositions under the form of two cases. The above description
relies on some dominant behavior of the replacements or communications. In the first situation,
communications are such that replacements don’t alter that much their effect, and only bring
new information in the system. In the second one, it is the opposite, and replacements are such
that communications progressively cannot follow the pace of departure of agents. Similarly with
the Average Consensus Problem, we can express this with the ratio of both rates. However,
for this problem, we will work with the inverse of the ratio we used for the Average Consensus
Problem, given by A./A.. As we will see further, depicting results like this allows a better
readability of the behavior we intent to show.

e If A\, /A is small, then information brought by replacements is expected to stay in the
system through communications, and the quality of the estimation is expected to grow
with the number of new information agents have at their disposal.

e If A\, /). is big, then information brought by replacements is expected to be ultimately lost,
so that only recent information is maintained in the system by the communications, to
eventually totally erase the effects of communications.

In this two-times behavior, we expect to bring out a critical value of the ratio of the rates
Ar/Ac, that we denote Agpiz, which marks the transition from one case to another. Characterizing
this critical value would be a first step in the characterization of the behavior of E [n], and thus
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by extension, of the bound on the error we attempt to evaluate.

In order to validate those suppositions, and to ultimately characterize E [n], we will run
several simulations of Open Multi-Agent Systems in a Mean Consensus Problem. One of the
aims of those will be to highlight the two-times behavior we just described, and potentially to
derive some other conclusions we could make on the behavior of E [n].

By nature, the simulations are not expected to bring out the asymptotic behavior of the
system. In other words, we cannot expect them to provide a result in a steady state. Indeed, we
will need to define some starting point, and then to let the simulations run as far as we can so
that we can observe what we aim to. Thus, the results that will follow stand for a system in a
transient state. However, we will try to extend the observations we will make in a case when the
system has been running a very long time, in order to get a (maybe rough) first impression of
the steady state behavior.

2.3.2 Calibration of the simulations

Before performing the simulations, it is required to describe and calibrate them. We place
ourselves in the context of a Multi-Agent Open System where N agents lie simultaneously. Re-
placements occur according to a Poisson process of parameter A\, and pairwise communications
according to another Poisson process of parameter \.. Also, intrinsic values are distributed
according to an arbitrary distribution of constant mean p that agents tend to estimate, and of

constant variance o2.

Initially, N agents are present in the system. They aim to estimate, at any time, the mean of
the distribution defining their intrinsic value by using the Minimum square error estimator based
on their knowledge about every agent that passed through the system. At the beginning of the
simulations, and each time it is replaced, an agent resets its knowledge, so that it only knows itself.

Events related to Poisson processes have a probability to happen in a time lapse dt defined
according to an exponential law of the same parameter as the process. Due to the discrete
nature of the simulations, we will simulate the replacements and the pairwise communications
as follows. The time is discretized in time steps of constant size §t. At each step, we evaluate
the probability that an event happened in the time lapse, using the exponential law. This yields
a risk, in the sense that the exponential law defines the probability for an event to take place at
least once. Hence, there exists a probability that the event happened more than once in the
time lapse, and thus to have events collisions. This influences the accuracy of the simulations,
since it is assumed to perform them that at most one occurrence of each event happened in a
time step. To ensure it works correctly, we will have to ensure the probability of more than one
event happening being low enough in comparison with the probability that one or none happens,
under the parameter definitions we will choose for the simulation. We will come back to this
when defining this time step dt.

Arbitrarily, we decide to work on a reference system of 4 agents. This case has the advantage
to imply rather fast simulations, and yet to provide observable results. Agents’ intrinsic values
are decided to be randomly chosen uniformly in the range [—10, 10]. They are thus distributed
according to a Uniform distribution of zero-mean, and of variance 0% = w = % ~ 33.3.
Since we intend to show the dependence of the observed behaviors of the system on the

ratio of the rates, we choose as a reference case to set the replacement rate A. = 1. From this,
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we will study the cases obtained with a replacement rate varying from 0 to at most 10. The
choice of this range of rates is driven by empirical observations. Indeed, under the definition
of the parameters of the simulation, this range of rates depicts the wanted behavior in an
observable way. Beyond 10, the replacement rate, as we will see, has already, in most of the
cases, overtaken the communications, and the observed behaviors have already become as they
will be asymptotically when A, — co.

Finally, as mentioned before, we have to ensure the validity of our choice of time step to
perform the simulations. Assume the rates are defined in [s~!]. Then, let us choose, arbitrarily,
to work with a time step of size dt = 0.01 [s]. We will check the conditional probability for
more than one event to take place, given that one happened. For this, denote N, () the random
variable representing the number of events following a Poisson process of parameter A that
happened in a time ¢.

The probability for at least one event to happen in dt for a rate A is given by the exponential
law

P(N.(6t) > 0) =1 — e~ (2.6)

Then, from the definition of the Poisson law, the probability of an event happening exactly
k times in a time §t is given by

P(Ny(6t) = k) = (Al‘i?ke—w (2.7)

Hence, the probability to have more than one event is given by the following expression
P(Nc(6t) >1)=1— P(N(dt) =0) — P(Ne(6t) =1)=1— (1 + Aét)e_)“;t (2.8)

Then we define the conditional probability that at least two events happened in a time dt,
given that at least one happened, using Bayes Theorem about conditional probabilities.

P(Ne(8t) > 1 | No(6t) > 0) = P(NE(?( ;(g?)zgit) >0 _ iggg i 8 (2.9)

This finally gives the expression of the conditional probability we look for, which is depicted
in Fig. for the range of rates we will use in our simulations (from 0 to 10).

1 — (14 \ot)e Aite At

As the rate increases, the conditional probability increases too. In the range we defined, we
have at worst, when A\ = 10, a conditional probability around 1/20. This probability is unfor-
tunately a bit high to be totally neglected. However, the purpose of the following simulations
is to provide a first, maybe rough, insight of the behavior of E [n], and of what follows from it.
Furthermore, this probability is reached for big values of the rate. When the rate is lower, this
probability decreases in such a way that we can expect such event to be rather rare. Hence, even
though this choice reveals to be a bit imperfect, we will work with it, accepting the possible
small loss of accuracy it induces.

The above discussion shows that the following simulations have some improvement margin.

We could improve them, for instance, by defining some adaptive time step, that always satisfies
some threshold for this conditional probability. Another way of doing it would be to work
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Figure 2.3: Conditional probability that an event following a Poisson process of rate A [371] happened at least
twice, given that it happened at least once in a given time 6t = 0.01 [s], for several values of the rate .

differently on the events definition. One could compute the random time to wait until the next
event, for each event, and work that way to discretize the time.

However, the following simulations, if they are not perfectly accurate, will show themselves
satisfactory, in the sense that they will allow us to make first interesting observations on the
wanted behavior, that could be used for a possible extension of this work.

2.3.3 Results

We will finally show here the results obtained from the simulations described above. From
them, we expect to be able to build some suppositions on the transient, and maybe steady state,
behavior of E [n], and what follows from it.

In what follows, we choose to depict the results obtained from agent 1, after some time spent
in the system. Since all agents are interchangeable, we can choose it without loss of generality.
Initially, agents only know themselves. Also, simulations are reproduced 200 times and averaged
to get en expected value of the results.

Reference case

The first simulation we run is the classical reference case, under the parametrization described
in Section [2.3.2] The aim of this simulation is to depict the behavior of E [n] after a time of
10 [s] in Fig. |2_._4EL We also depict the age of the oldest information used by the agent to build
its estimate. We expect it to be correlated with the critical value of the rate ratio A..;; defined
before as the value of A\, /\. where we expect the behavior of E [n] to change. Indeed, in the first
time of the simulation, when information is expected to stay in the system, we expect the age of
the oldest information to grow with the age of the system, as information is maintained. Once
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the information starts getting lost, then we expect that age to stay more constant, in the sense

that older information is expected to be lost in the process. We hope to be able to characterize
Aerit With this information too.

Fig. is highly encouraging, since it shows the suspected two-times behavior, described
in Section Indeed, as A, /. grows, so does E [n] in a first time. Then, after reaching some

peak, E [n] starts drastically decreasing, until eventually reach 1, which is the value obtained
when no communication at all occur.

Moreover, Fig. seems to be rather correlated. Indeed, the age of the oldest information
decreases with the time. However, the decrease is rather fast, and doesn’t bring up some constant

behavior as E [n] increases. Still, the decrease looks like it fastens once the assumed critical
value A,/ is passed.
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Figure 2.4: E[n] and age of the oldest information used in the estimation of 1 by an agent in the reference case,
for a time lapse of 10 [s].

Study of the age growth

We just proposed the possibility for the age of the oldest information to be correlated with

the two-times behavior of E [n]. In Fig. we show the evolution of that age with the time as
the rate ratio increases.

In our supposition, we expect that age to show a linear behavior in the case where A, /A,

is small, since information is expected to be maintained in the system along with the process.
When A, /). increases, then we expect the age to flatten, to eventually keep a constant value,
when communications can be considered to be totally overtaken by the replacements. This
behavior is met by the curves presented in the figure. However, the transition from the linear
behavior to the constant one is rather smooth. Still, such an observation could be the base to
define a criterion of quality to estimate the critical value A..;:. Indeed, by defining a “critical

slope” for these results, we could create a relation between that slope and the critical value of
Ar/Ae, and maybe design an algorithm able to identify this critical value.
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Figure 2.5: Evolution of the age of the oldest information used by an agent to build its estimation according to
the time, for several values of A./)\c, in the reference parametrization.

Variation of N

For the next simulation, we will study the case where the number of agents simultaneously
present in the system N changes. In Fig. are depicted side by side E [n] for different values
of N, and the corresponding error of estimation produced by the agent. The error is measured
directly in the simulation, by computing the mean square error among all the iterations of the
simulation, of the estimation of u by agent 1 at the end of the time lapse.

E[N] after a time 10 Error after a time 10
140 401

Figure 2.6: E [n] and corresponding error of estimation of the mean p in the reference parametrization, when we
change the number of agents simultaneously in the system N.

When N increases, we observe an increase of the expected amount of information used to

build the estimation of p. In the first place, this expected value increases, in agreement with our
supposition that in a first time the system maintains the information. With more agents present
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in the system, the quantity of information naturally increases, and the number of replacements
(and thus incoming of new information) too. Then, when E [n] starts to decrease, it stays bigger
for bigger N, to ultimately converge to the same value when communications are overtaken by
replacements.

This is translated in the estimation of the error by a generally lower error for a bigger
N. This conclusion was also verified for the Average Consensus Problem, and is consistent in
the sense that the more agents, the more information, but also the more opportunities to be
involved in a communication, and thus to improve the estimation. Once more, the error seems to
ultimately converge to the same area, as communications are overtaken by replacements, which
is consistent with the lower bound on the error definition from Section

Note also that the error slightly decreases for low value of A, /.. This translates the increase
of E [n] in this situation, since it is supposed to imply a better estimation. However, this will be
more clear in further simulations.

Finally, let us notice that the critical value A.-;, translated in the figure by the peak that
reaches [ [n] before decreasing, in opposition with what will be shown in the next simulations,
tend to change as N changes. This seems to imply that the critical value depends on the number
of agents present in the system. To characterize it, it may be either necessary to build some
kind of algorithm to determine it for a given value of N, or to find the relationship between
)\crit and N.

Different time lapses

As precised before, the simulations performed here stand for the transient state of the system.
However, those could bring out an idea on how the system will evolve until reaching a steady
state. To do so, we show in Fig. side by side E [n] and the error induced by the estimation
built by an agent (computed as the mean square error among all the iterations of the simulation)
at several points of time between 0 and 15 seconds.

E[N] after a time 15 Error after a time 15
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Figure 2.7: E [n] and corresponding error of estimation of the mean p in the reference parametrization, represented
for several time steps along the process.
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The main interest of this figure is to show the effective evolution of both E [n] and the error
as the time passes. Indeed, the more time spent in the system, the bigger E [n] for low values
of A\r/Ac, when replacements are handled by communications. After that, as E [n] decreases, it
tends to quickly reach the same curve. Similarly, as the time passes, the error induced gets lower
and lower as long as A,/ is small enough. After that, the error tends to converge to the same
value as communications are overtaken by replacements. Note also that in this situation, no
matter the time, A..;+ seems to be located at the same value.

Hence, by extending those observations, we can try to figure out suppositions about the
steady state behavior of the system. We can expect the error to asymptotically go close to 0
as long as replacements don’t take information away. Similarly, when A, /)\. gets high enough,
we expect the error to asymptotically stay on the value to which the errors converge here. Of
course, those are suppositions. But still, they seem to be a good first impression of the behavior
of the estimation and of the error it induces, when the system goes to its steady state.

2.3.4 Discussion

The simulations we just presented aimed to study the transient behavior of a system as
the one presented in Section 2.1} in order to solve a Mean Consensus Problem. From those
simulations, we expected to build a first insight on the behavior of the amount of information
available for an agent to build its estimation of the mean u, denoted E [n], which is used to
define our bound on the error produced by this estimation. As a reminder, we defined the lower
bound on the error as o2/E [n].

Thanks to the above results obtained through those simulations, we were able to make some
suppositions about the transient behavior, and can expect to derive some intuition on the steady
state of the error.

The first thing that we settled is the presence of some critical value for A,/ which separates
the evolution of E [n] into two cases. It first increases as the replacement rate is low enough in
comparison with the communication rate to bring information that will not be lost afterwards,
and then decreases to 1 as replacements imply more loss than new information. Such observation
brings out a first characterization of E [n], and by extension of the error. If we manage to
compute that critical value of A,./\., we could expect to create separate estimations of both
behaviors. Also, we can expect the steady state of the error to be also characterized by this
critical value, in the sense that both cases should imply different types of errors.

Second, we showed the evolution of the error with the size of the system N, and with time.
If the first one gave us the intuition that the critical value seems to depend on N, the second
allowed us to think that, as the system reaches its steady state, E [n] and the error may behave
as an asymptotic form of the currently shown behavior. More precisely, we could expect the
estimation of the mean to asymptotically lead to a null error as long as the replacements (and
thus the information income) are handled by the communications. Then, as the critical value of
Ar/ ¢ is passed, an increasing error starts to be induced by the estimation, ultimately converging
to some fixed value.

From those observations, we can try to bring up ideas on how to proceed to build the desired

bound. A first idea could be to notice that the number of agents we know about is always
bounded by the number of agents that have been through the system along with the process.
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Such value is easy to compute, as it is the number of agents initially present in the system, to
which all agents arrived through replacements are added. Then, we write

E [n(t)] < N + E [Number of replacements| = N + N\t (2.11)

By bounding E [n] from above, we obtain a lower bound on 1/E [n], and thus a lower bound
on the error E {H Scaling with the variance of the distribution, it provides a bound on the
error. This bound is depicted for the transient state of the system in Fig.
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Figure 2.8: Comparison of the effective mean square error of the estimation, the definition of the bound on the
error based on the simulation, and the lower bound defined by the number of agents that went in the system.

The figure shows two main things. First, the effective error obtained through simulations is
indeed bounded by below by o2/E [n]. Second, the bound obtained by choosing the expected
number of agents passing through the system effectively bounds the error by below. However, it
shows itself to be quite useless. Indeed, it quickly goes to 0 as the replacement rate increases.
Hence, the only region where it makes sense is in the small values of \./A.. However, the
observations made when the time increases tend to let us think that in this region, the error
is expected to tend to O in the steady state (and so does the bound). Hence, this bound, even
though it effectively bounds the error, reveals to be useless.

A second possibility would be to characterize the bound according to the critical value
Ar/Ae. For that purpose, we would need a way to find that value. As presented with the
simulations of the age of the oldest information used to build the estimation, one could find a
criterion to determine whether we are close to this value. In this context, we could build an
algorithm, for instance based on the bisection method with that criterion, in order to determine it.

At the end of the day, we could not manage to determine an exact formulation of a bound for
the Mean Consensus Problem. However, we were able to formulate it according to the expected
amount of information used to build the estimation. And through the above simulations, we
were able to bring out a first impression on the characterization of this expected value. Further
investigations in that sense may lead to more results in the determination of the desired bound
for potential later work.
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Conclusion

The study of Open Multi-Agent Systems is a young but ever growing research field. Nowadays,
considering decentralized approaches is more and more relevant, with the growing size of the
studied systems, and with the numerous advantages it provides. First of all, it allows working
with big systems thanks to the distribution of information among the agents in the system.
Second, it prevents entire systems to rely on central units, to which the success of an operation
would be dependent. Moreover, it allows agents to keep their own approximation of the solution
of a problem, making them more reactive to perturbation.

Recently, considering such systems open has become a major and necessary improvement
of decentralized methods for solving problems. Open systems are getting more frequent as the
size of systems grows, since it increases the probability for agents to enter or leave the system.
Furthermore, some systems are by nature open. However, most of the existing work concerning
decentralized approaches stands for closed systems. There is today a real need to develop a
more appropriate theory to deal with open systems.

In this Master thesis, we intended to build some bases of the Open Multi-Agent Systems
theory. One of the parts of the elaboration of such a theory lies in the resolution and analysis
of basic problems that are susceptible to be used for more complex tasks. In this work, we
considered two of those basic problems, categorized as consensus problems. In such situations,
agents attempt to converge to a common state defined in the system, that can possibly vary in
time. We attempted to establish fundamental performance limitations for those problems, under
the form of lower bounds on the error produced by an algorithm trying to solve the problem. To
do that, we needed to describe how to relax a problem, in order to obtain an error that bounds
the one obtained from any real-life algorithm. The establishment of such a bound for a problem
would then provide a quality criterion for any method trying to solve the problem, and would
also provide the insights of a better understanding of the potential bottlenecks that we could
face when dealing with those problems.

In Chapter [T} we considered the Average Consensus Problem, in which agents try to evaluate
the average of the intrinsic values of the agents present in the system. To obtain a bound on
the error the agents make when estimating this average, we first presented the assumptions
that we made on their knowledge about the system in order to allow them to produce an ideal
estimation, better than the one any realistic algorithm would provide. Once this has been
done, we started computing the bounds by solving the problem with two agents. In this first
situation, we managed to derive the exact error under the knowledge assumptions, and thus
obtained a lower bound on the error. When passing to the general case of N agents, we had to
introduce new assumptions to relax the problem, too complicated to be solved otherwise. For this
purpose, we proposed two approaches. The first one relied on a strong assumption, that made
possible the computation of a lower bound on the one we would have obtained by computing
the exact one under the assumptions on knowledge, and which is thus also a lower bound for
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any realistic algorithm. However, this bound revealed to be rather inaccurate as N grows, due
to the strength of the new assumption. This is why we proposed a more general method to
derive a bound. By imposing a new assumption, we managed to obtain a new bound, more
accurate. However, the computation of this bound requires to solve a system of ODEs, whose
size depends on N. As we did not manage to find a general way of solving that system, this
method has a major drawback when trying to compute a bound, in the sense that it requires to
solve the system for each value of N. Finally, we derived interesting bounds for this problem, and
designed a method that can be used to try other assumptions, and then to derive different bounds.

In Chapter [2] we tackled the second problem: the Mean Consensus Problem, in which agents
try to estimate the mean of the distribution defining their intrinsic value. In opposition with the
previous problem, the objective of the consensus doesn’t change with the agents in the system.
Hence, we were able to develop the expression of the error induced by the estimation made by
an agent, and to properly define a bound based on the amount of knowledge agents rely on to
make their estimation. The complexity of the computations did not allow us yet to compute the
exact bound. This is why we proceeded to simulations in order to characterize the bound, and
what it relies on in a transient state. Thanks to those, we were able to develop a first insight on
the expected behavior of the bound, and to build some bases of research that could be a starting
point for a more precise elaboration of the desired bound in the future.

At the end of the day, there are many things left to be done in the young research field that
represents the study of Open Multi-Agent Systems. In the incoming years, we can expect to see an
expansion of the analyses concerning this topic, in the view of the quantity of applications relying
on it. Being able to build the bases of such a field will certainly allow huge improvements for
the research, but also in many more real-life situations, such as the development of Autonomous
vehicles interacting with each other, and many more. This work has been a little part of this
study in the definition of fundamental performance limitations. As we said, many things remain
to be explored or developed. Some things would deserve a deeper investigation, such as the
generalization of the establishment of the bound of the Average Consensus Problem presented
in Section [1.4.3] or the formal definition of a proper bound for the Mean Consensus Problem,
which has only been approached through simulations for the time being.
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Appendix A

Local error for the Ping model with
three agents

Equivalently to the 2 agents case, we can list all possibilities during the time lapse At. By
denoting R; (resp. N;) the event of having only agent i replaced (resp. not replaced), and
R_; (resp. N_;) as the event of having all agents, except agent i replaced (resp. not replaced),
we can define the estimation of £ made by agent 1, and the error induced for all cases combinations.

Using the notations py := e A

o Ez(t)|R] = F

and x; := x;(t — At), we have

o E[z(t)|Ny] = Dtelzztes)

Hence,

2
e E[(Z—v1)?|Ri] =E [% — %} = 247

2

o [(j y1)2|N1 N R2} = [$1+p1\r§x2+x3 _ :):1+X2+x3}

3 (Elpvws — Xo]” + 2E [py ez — Xo] E [(py — 1)zs 1+ El(py - 1))
=5 [0} + Do + (o — 1)?0%] = 3(pk — px + 1)0?

e E[(Z—y1)%N1NR3] = 2(p% — pn + 1)o? (by symmetry with above)

o F [(* _ 1)2|N1 N R,ﬂ —F {J»‘1+I32+963 _ w1+X32+X3}2
=3 (E [pva2 — Xo]? — 2E [pyas — Xo] E [pyzs — X3 + E [pyws — X3]2)
J (Since E [pyz; — X;] = 0)
= § [k + o? + (b + 1)o?] = 30k + 1)o?

2
o E [(f - y1)2!N1 N N_ﬂ —F |:zl+pNézl+$2) . ;p1+$32+x3}
_ 2
=E {w} = 2(pn — 1)%0?
Putting everything together:

£ [z~ y)?1at] = £ [(1 = o)+ px (v (1 = pw) @A — oy + 1) + (L pa 20 + 1) + Pl — 1) 0”

2
= §[1 —pn +pn(1—pR)]o* = §(1 — pi)o?
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Appendix B

Local error for the Ping model with
N agents

Let us generalize the result of the local error when the last communication occurred some
time At ago, obtained for both two and three agents, to the general case of N agents. To do so,
keep in mind that the intrinsic values of agents are i.i.d. and uncorrelated. Hence, One can write
for any ¢ # j, if we denote by z; the value of agent i at some time ¢, and by &; the estimation of
the value of that agent based on an observation done At ago

El; — &]Elej — )] = (E[zi] — e M E[0))E [z — &) = 0-Efz; — 85] = 0

Then, we can write

_ 9 SN — & ? 1 al N2 . .
E |(z - y1)?|At] ElN] = 2B [ 2o — 8%+ Y (i — i)y — )

i=1 i#£]

A_:giQ
:ZW""]\;ZE[(%_@)(% — ;)]

i=1 i#j

l(Since x; and z; are uncorrelated: E [z;2;] = E [2;] E [z;])

1 o 1 . .
:WZE[:M—%’Z] +WZE[%_%]E[$?_$1]
i=1 i#j
l Since E [z; — ;] = 0, and by symmetry of the agents
N-1 °

= N2 E[xi—:ri

With this formulation, the expectation to be calculated is actually the error obtained on the
estimation of one single agent. This is easily obtained by a similar way we did in Section
for two agents by denoting the same three cases, when the focus is on agent 1 compared to some
agent j.

o E[(a;(t) — 2;(1)*|R1] = E [a;(1)]* = o
o E[(z;(t) — 2;(t))*N1 N R;] = E [z;(t) — x;(t — T)pn]* = (1 + p3y)o?

o E[(z;(t) — £;(t))*N1 N N;] =E[(1 - py)z;(t — T)]> = (1 - py)?0?
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Hence, summing up the cases, we have
E [(2) — 25| = (- pw)E () — 2;)°|Ri]
+ pN ((1 —pN)E [(1‘] — i’j)QlNi N Rj} + pNE {(.ZC] — .f'j)2‘Ni N N]})
= (1-p})o?
and then
N-1 N -1 3

E (@ —y)’|At] = S5 (@) - #,)°|At) = S5 (1 - pi)o

2
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Appendix C

Bounds for several CDFs: Ping,
Ping(t/2) and 1

It is shown in Section that the individual error on the estimation of an agent j which
was last updated T" ago is given by E;(T) = (1 — e ?*T)o%. From it, we know the error is given
by

E[z —yi]* =

NN_Q L /OOO fo(T) E;(T) dT

We will compute this error for the three choices of CDFs used to depict Proposition [I] in
Section [.4.2l

e Ping
With the Ping method, the CDF is given by P(t) = 1 — e~ (V=DXe! and thus

Fo(t) = (N = 1)Ae” VDA

Hence
o 12 N—-1 ro —(N=1)Act —3At) _2
E [z — yi] —W/O (N —1)Aee ((1—6 )O‘ dt
(V- 1>2)\ 2 { 1 1 }
TNz 7 [N Dh (N— DA +3),

N -1 2< 3\ > N -1 1 5
= o“(1— = o
N2 N — 1A + 3\, N2 \14 8-

3 A

This bound is equivalent to the one derived with the Ping model.
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e Ping(t/2)
The interpretation of this CDF is given in Section and is defined by P(t) =
1 — eWN=DAet/2 which gives

N -1
olt) = A (VA2

Hence

2N?2
_ (N — 1)2A 2 [ 2 B 2 }
2N2 77 (N —=DAe (N =1+ 6\,

N -1 2( 6\, ) N -1 1 9
= o’ (1— = o
N2 (N — 1)\ + 6, N2 \14 81

e Full knowledge: P(t) =1

In this situation, we assume agents always know everything: P(t) =1 = fo(t) = 0.

Hence,
N—1 [
- 2
E [z — yi] :W/O O'Ej(T)dTZO
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Appendix D

Computation of the Infection bound
by hand

In this part, we will develop the resolution by hand of the systems of ODEs defined in
Section for 2, 3 and 4 agents. The definition of the system is such that each ODE to find
Py (t) only depends on Py (t) and the previous result Py_1(t) (with Py(t) = 0 V¢ > 0). Hence, we
can proceed by cascading resolution, which is what is done here. As a reminder

Pk(t) = )‘c(k - 1)(N —k+ 1)Pk71(t) - )‘ck(N - k)Pk(t)
with Py(0) =0V k> 1 and P;(0) = 1.
e N=2

L. Pl(t) = _)\Cpl(t) = Pl (t) == Pl((])e_)‘ct = €_>\ct
2. PQ(t) = (k - 1))\CP1(t) frmd )\ce*)\ct = PQ(t) — PQ(O) + f(;f )\CeiAct* dt* _ 1 _ e*)\ct

Hence

1
P(t) = $P1<t> + o Pa(t) =1 — e

This is the same CDF as the Ping model for two agents, and leads thus to the same error
(see Appendix |C| for details):

e N=3

1. Pi(t) = —2)\Pi(t) = Pi(t) = Py(0)e 2Nt = e=2Xet
2. Py(t) = 2\ Py (t) — 2\.Pa(t) = Py(t) = Pi(t) + P(t)
Homogeneous : PY(t)

PM(t) = =20 P (t) = PR(t) = Ke 2t
Particular : PY(t) : Variation of parameters method with K = K (t)
Py(t) = Ke 2t — o)\ Ke 2t = 2) et — 2\ Ke 2! = K(t) = 2\t
= PP(t) = 2\ te 2!
Then Py(t) = Ke™ 2t 42X\ te=2*! and
Py(0) = K = 0 = Py(t) = 2\ te 2!
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3. P3(t) = 2\ Po(t) = 4)2te= 2t thus
t
P3(t) = P3(0) + / AN2rem A g
0

B [Mzt*e%t*r /t N
0

—2X¢ 0 —2X\¢
AN2e—2At* ]!
_ —2/\cte’2)‘ct _ [ c€ - —1_ 2)\075672)\01‘, _ e 2t
4ANZ 0

=1— (1+2\t)e 2
Hence

0 1 )
P(t) = §P1(t) + §P2(t) + §P3(t) =1— (14 At)e 2

We derive from P(t) the pdf

Fit) = Ae(@Ae + 1 — e 2

Hence, integrating, we obtain the bound for three agents from the error of estimation of
an agent

E [xj - :i"j]Q = /0 Ac(2Act + 1)6—2)\ct (1 _ 6—3m) o2 di

(o)
_ )\602/ I e 2l — 9Nt (AFBAE | o= 2het _ —(2AcABAE gy
0

—Aa2(0—%—0+ 2Ae T S ! >
- 4)\2 —(2Xe +30)2 T =2X.  —(2X\c+3\)
a! 2 1 5 402 4+ 30Ny
=0 | — — — =0 |l-
Ae (22 +30)2 2\ + 3\, (2 + 3X,)?

_ 2 NN, + 9N Y S S
4)\% + 12)\6)\7" + 9)\% 1 + 4)‘34‘3)\6/\?“

I Ar+INZ

Finally, with a little more algebra, we obtain

E[a‘:—yi]Q:;( — 1 : )02
L+ 33 (L s
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e N—=4

1. Pl(t) = —3)\CP1(t) =D (t) =P (0)6_3/\ct = g3t

2. Py(t) = 3A:Pi(t) — 4NcPa(t) = Pa(t) = PY(t) + PE (1)
Homogeneous : PY(t)

P (t) = —4XPMt) = PR(t) = Ke 4t
Particular : PY(t) : Variation of parameters method with K = K (t)

Py(t) = Ke et — 4\ Ke et = 3\ 730t — 4N\ Ke M = K(t) = 3eM!

= PP(t) = 3etete et = 33Nl
Then P(t) = Ke et 4 3e732! and
Py(0) =34+ K =0 = Po(t) = 3¢ 3t — 3o~ At

3. P3(t) = 4\cPa(t) — 3AP3(t) = Py(t) = Pi(t) + PY(t)
Homogeneous : P}(t)

PR(t) = =3\ PR t) = P3(t) = Ke 3t
Particular : PY(t) : Variation of parameters method with K = K (t)

Pg(t) = Ke—3)\ct _ 3)\CK€—3)\J — 12)\66_3)\Ct _ 12)\06—4>\ct _ 3)\CK€_3/\°t
= K(t) = 12Act + 12¢7!
= PY(t) = (122t + 12677) =t

Then Py(t) = Ke~ < 4 (122t + 12¢7<0) ¢ =3\t and
P3(0) = K +12 =0 = P3(t) = 12(\t — 1)e et 4 12e= !

4. Py(t) = 3\Ps(t) = 36, (Acte*”ct —e 3t 4 e*%t), thus

t
Py(t) = P4(0) +/ 360273t _ 360 03Nt 36N et g
0

t

B /t 36X2e~ N [36Ae )T [36A e
B —3)\c 0 —3X —3Ac —4)

0 0 0

92
= —12)\cte_3’\ct +4 —de3Mt 12 4 12e73Nt 4 9 — et
=14 (8 — 12X\ t)e 3t — ge=tAct

= — 12\ te 3Nt — [WY _ (12 _ 126—3Act> i <9 _ 9674)\61‘/)
0
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We derive from P(t) the pdf

Fi(8) = Ae (=74 122t + 8¢ 2! ) 75!

Hence, integrating, we obtain the bound for four agents from the error of estimation of an
agent

E([z; — &,]° = /OOO A (—7 + 120\t + 86—&'5) o~ 3Act (1 _ e—3>\7.t> dt

l By integrating each of the six terms separately
(2 4 7 8 12)2 A
=A0 | —F 5 5 — — +
Ae 3 3 A +3N (BAc+3A)2 0 3N+ 3N,

o, 66A2), + 81AN2 + 2773
~ 7 360 + 992N, + 90AN2 + 27A3

2 1
=0 1+ 3623433220, +9A A2
662N, +-81ANZF27A3

Finally, with a little more algebra, we obtain

3

L 2
TI6 (11 (14 e, )7
3 Ar 22202427 A +9A2

E [z — y;]?
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