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Design and investigation of new materials for optoelectronics

Abstract

Nonlinear optical materials have become vital components in modern optoelectronics.
However, various regions of the electromagnetic spectrum are still lacking appropriate
compounds. In an attempt to guide experimental research, this work investigates the second-
harmonic generation phenomenon from both ab initio and machine learning approach. The
first-principles computations are performed in the framework of characterizing six promising
crystals for use in the mid-infrared region: MgSi(-Ge,-Sn)Py(As;). Both MgGeAs,; and
MgSnAs, are shown to display an important second-harmonic generation with the possibility
of realizing angular phase matching. Moreover, the six materials constitute an ideal system
to inspect the relations between the atomic arrangement, the electronic properties, and the
second-harmonic generation response thanks to modifications of their crystalline structure
and to the existence of binary analogs. This richness of possibilities allows to explore the
interesting concept of quantifying the non-centrosymmetry and its influence on the second-
harmonic generation and on Miller’s coefficient. It is found that the latter seems to be more
impacted by this "degree of centrosymmetry" than the second-harmonic response is. This
coefficient relates linear to nonlinear optics by a simple relation which is termed Miller’s
rule. Its study is thus primordial since it holds the potential of greatly simplifying the
determination of nonlinear optical properties. This last ambition is shared by a data-driven
approach, made possible thanks to the recent emergence of a database with the relevant
features. The present essay thus explores the possibility of predicting the second-harmonic
generation response by a materials-oriented machine learning model, MODNet. Although

the final results are mitigated, it paves the way for future improvements.
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Introduction

Nowadays, developing and improving technologies has become a crucial aspect in facing
the challenges that await the modern world. Engineers and scientists have their role to play
to solve the current crisis, whether societal or ecological. It is thus essential to consider one
of the main vectors of progress: materials knowledge. Indeed, the contribution of materials
innovation to the overall technological progress has become increasingly important in the
last few decades. It can be speculated that it is responsible for at least 20% of the progress in
all major areas and for 80% in energy storage which is one of the most important thematics
of our time [1]. These statistics are not surprising seeing how many technologies (such as
photovoltaic panels, lithium batteries, or hydrogen fuel cells) rely on functional materials,
i.e., materials designed for a targeted application. Most of them, no matter how mature
they are, could clearly benefit from the development of new compounds (e.g., defect-tolerant
absorbers, solid-state electrolytes, or better catalysts). Indeed, improving the properties of
the materials at their core can boost their efficiency, increase their safety towards users or

even lower their environmental impact.

Unfortunately, the path to developing new functional materials is a long one and is paved
with various difficulties as it is often the case when experimenting. This time scale does not
incite investments which further slows progress. As a solution, theoretical and computational
approaches can efficiently guide the experiments and compensate the lack of information
that experimentalists often face [2]. Computational materials design based on quantum
simulations such as in the framework of density functional theory (DFT) has enabled many
current applications and still hold a vast potential [3]. The success of the computational
field has also led to the emergence of large materials databases (DBs). They contain an
incredible amount of knowledge that is yet to be extracted. As a result, statistical learning
and machine learning (ML) techniques have now become attractive tools to discover, at
a fraction of the computational time of quantum simulations, the hidden relations between
elements and structures in compounds. Thus, the search for new functional materials can now
also be data-driven and promises to speed up materials discovery [4]. Figure 0.1 summarizes

the global design process of functional materials.

Optoelectronics is one of the many domains that could benefit from new materials.
This highly active research field has a wide variety of applications such as communications
(e.g., optical fibers), energy production (e.g., photovoltaics), lighting (e.g., LEDs), and it
is foremost used in the laser industry. By itself, the latter covers a considerable range of
applications such as spectroscopy, chemical sensing, surgeries, cancer detection, etc. One of
its important challenges is to cover the whole frequency spectrum of electromagnetic (EM)
fields in order to efficiently address the different utilization. Since the spectral coverage of
laser typically depends on the bandgap F, of the amplifying medium, only parts of it can be

reached using conventional methods such as III-V semiconductor lasers. To overcome this
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Figure 0.1: Schematic of the design process of functional materials. The possible atomic
combinations form a great number of compounds, which can be studied by means of
experimental, theoretical or computational approaches, especially with high-throughput
calculations. Large quantities of data generated are then stored in databases, which can be
used by means of materials screening or machine learning, both of which leads to promising
materials candidates. Data-driven or traditional routes select materials suited for specific
applications. Taken from Ref. [4].
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limitation, the trick is to use particular optical materials, that is, materials that interact
with EM fields in devices. These can convert the frequency of the incident radiation, wy,,
to a higher or lower one through specific nonlinear optical (NLO) processes such as sum
frequency generation. The latter enables the functioning of the common Nd:YAG lasers by
doubling wy, for example [5]. Thanks to these NLO crystals, a wider range of frequencies
can be explored and exploited. As of today, appropriate materials are, however, still lacking
for various parts of the spectrum such as the mid- (2-25 pm) and far- (>25 pm) infrared
(IR). This drastically limits the development of new technologies using these wavelengths.
Furthermore, the coverage of the frequency spectrum is not the only requirement for optical
materials. As a result, only a very limited set of crystals have currently been identified
to fulfill most requirements. The goal of the present work is thus to initiate a theoretical

investigation of new NLO materials to guide experimentalists in their work.

Firstly, in Chapter 1, a theoretical background of nonlinear optics is given in order to
grasp the main concepts. A classical explanation of the NLO phenomena is developed
along with a link to linear optics via Miller’s rule. Technical characteristics of NLO crystal
are then considered and guide the discussion towards crystals birefringence and symmetry
which are necessary to perform angular phase matching. The end of Chapter 1 makes a
parallel with the experimental world via the Kurtz-Perry powder technique and its effective

coeflicient.
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Secondly, in Chapter 2, promising candidates of recent literature are investigated using
first-principles computations. Their structural, electronic, and linear optic properties are
analyzed with respect to their second harmonic generation response. Moreover, the variation
of the latter is inspected when modifying their atomic arrangement and when considering

closely related compounds.

Thirdly, in Chapter 3, common ML techniques as well as one of the materials-oriented ML
models, the "material optimal descriptor network"” (MODNet), are presented. One dataset
with the relevant NLO properties has indeed started to be developed, allowing the use of
ML to accelerate the search for new materials in the NLO field [6]. In that regard, within
the present project, this already existing DB is analyzed and fed to the MODNet model in
order to predict an appropriate property. It is chosen so that it reflects the potential of a
material to be a NLO crystal. This materials informatics approach can also provide valuable
insights into the physics and is hoped to enable further development of the theory. This can

in turn help the systematic discovery or even synthetization of new NLO crystals.

Finally, conclusions are drawn with respect to the presented results and perspectives for

future works are suggested at the end of the document.




Chapter 1

Nonlinear optics

This chapter aims at briefly explaining the origin of the nonlinear optical phenomena of
interest as well as laying the ground for understanding the results of this work. For the sake
of simplicity, the emergence of NLO phenomena is developed in Section 1.1 in a classical
framework instead of a rigorous quantum theoretical one. Although not proven here, the
results of both methods agree as shown in Ref. [7]. The case of second-harmonic generation
is then specified in Section 1.2. The link between nonlinear and linear optics, called Miller’s
rule, is elaborated in Section 1.3. This leads to the enumeration in Section 1.4 of the various
requirements that NLO crystals must fulfill in practice. In order to meet some of them,
the property of birefringence must be exploited and is therefore explained in Section 1.5.
Moreover, Section 1.6 develops the simplifications that can be applied based on the symmetry
of the crystal at hand. Section 1.7 then defines a scalar equation to simplify the mathematics
and take the birefringence into account. One of the most important practical criteria to be an
efficient NLO crystal, i.e., phase matching, is further developed in Section 1.8 and the typical
method to achieve it is presented in Section 1.9. To close this first part of the present work,
Section 1.10 describes the Kurtz-Perry powder technique which is a common experimental

method to evaluate the potential of NLO crystals.

1.1 Lorentz model

A well-known classical description of matter is the Lorentz model. The solid is assumed
to be homogeneously made up of charged particles, each assigned to an equilibrium position.
To simplify even more the discussion, let us restrict it to the case of atoms consisting of
a fixed nucleus and its single non-fixed electron. The distance between these two can be
changed by the application of an electric field. If the latter is fluctuating, this translates to
the image of a dipole oscillating at the frequency of the field and with a phase determined
by the restoring force towards the equilibrium. Similarly to an antenna, this situation leads
to the radiation of an electromagnetic wave. Globally, the solid thus becomes equivalent to

a phased array of antennae.

Mathematically, an oscillating dipole can be modeled as a harmonic oscillator (limited to

one dimension here)

d?x dx e
ﬁ +2’}/E —|—w§x = _EE7 (1'1)

where z is the displacement of the electron from its equilibrium position, m its mass, —e
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CHAPTER 1. NONLINEAR OPTICS

its charge, E the applied electric field, and wy the natural frequency of the system. The
damping constant, -, is responsible for the dissipation of energy due to the electromagnetic
radiation of the accelerated electron. In a more complex model, other phenomena, such
as the oscillation of the nucleus and the interaction between all particles, come into play.
However, the present model assumes a single natural frequency and that all the energy

driving the variation of the charge separation distance is re-radiated.

The substitution of an alternating field such as

1
E(t) = &cos(wt—¢) = 580 exp{i¢} exp{—iwt} + (c.c.) = Epexp{—iwt} + (c.c.) (1.2)
into Eq. (1.1) leads to the following solution

e exp{ —iwt
r(w,t) = ——FEy— { ) 5
m Wi — 2w — w

(1.3)

where one recognizes the natural resonance induced by the denominator. Finally the

macroscopic polarization density can be obtained as
P = Np = —Nex = eyx(w)Fyexp{—iwt} + (c.c.), (1.4)

where p is the microscopic electric dipole moment and € is the vacuum permittivity. x(w)
is called the linear optical susceptibility and reads
Ne? 1

com wg — 2iyw — w?’

x(w) = (1.5)
Its contribution to P is called "resonant" in contrast to other sources of polarization contained
in a "background" term which is discarded in the present work. The above result can be

inserted in the expression of the total displacement field
D(w) = eE(w) + Pw) = el +x(w)]E(w) = €6 (w)EW), (1.6)

which, in consideration of Maxwell’s equations and in the case of a traveling wave, leads to

n?, the refractive index, being equal to €,, the relative permittivity [8, 9].

To go one step beyond this simple model, the anharmonicity of the oscillator can be taken
into account. The equations developed up to now were indeed only valid for small deviations
from the equilibrium [10]. This is accomplished by adding the term —&z? to the left hand
side of Eq. (1.1). It effectively modifies the strength of the restoring force such that the
parameter £ now characterizes its nonlinear nature. Compared to the other terms, this new

one is small enough that the solution to Eq. (1.1) can be expressed as a power series centered

e Zaz(l) = ZaZEl, (1.7)
I 1

5
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1.2. SECOND-HARMONIC GENERATION

where E still denotes the electric field. However, the latter must now be comprised of multiple
components with different frequencies, w,,, and phases since their mutual interaction is at the
core of the NLO phenomena. At the first order, one finds the same solution as with the

harmonic oscillator but extended to multiple frequencies

O _ _ _ep exp{—iw,t} 18
T zn:x(wn) -~ Ozn:wg—%vwn—w% (1.8)

with n taking both positive and negative values and such that w_, corresponds to —w,,.
This result is then used to find the terms at higher orders. They are omitted here for the
sake of brevity. As before, the macroscopic polarization density is expressed in terms of the
displacement of the electrons. This implies that P also takes the form of a power series with

the first two orders being

PO = Y XD (wn) Eo(wn) exp{ —iwnt} (1.9)
P® = > X (wn, W) Eo(wn) Eo(wm) exp{—i(wn + wm)t}, (1.10)

where PN corresponds to the usual linear polarization while Y and y® read

Ne? 1

Dlw,) = 111
X (wn) eom wg — 2iyw, — w? (1.11)
XP (W, wm) = XP( Wy + Wi, Wn, W)

e2mé
=~z X @)X @n)x ™ (wn + wn). (1.12)

In order to emphasize the dependence on the three frequencies, w,, + w,, is added as variable

of x?. Similar expressions can be found for higher order terms [11].

1.2 Second-Harmonic Generation

It can be seen from Eq. (1.10) that the second-order polarization is comprised of multiple
components with different frequencies, w, + w,,. Each one of them is responsible for the
generation of electromagnetic waves. Indeed, a wave-equation in nonlinear optical media can
be found starting from Maxwell’s equations and by expressing the polarization in its power

series form [12]
1 2D(1) 1 2PpNL
V°E — 0 = 0 (1.13)
€c?  Ot? €c?  Ot?

and "NL" indicate the linear and the nonlinear part of the

n

where the superscript "(1)
expansion, respectively. It must also be noted that the 3D vectorial formalism was adopted

here. Eq. (1.13) shows that the nonlinear orders of the polarization can drive an electric field.

6



CHAPTER 1. NONLINEAR OPTICS

This leads to the identification of two main phenomena due to Eq. (1.10):
1. Sum-frequency generation (SFG): P (w; + wy)
2. Difference-frequency generation: P®(w; — ws)

Several others stem from these two, e.g., the electrooptic effect, optical rectification, and
second-harmonic generation (SHG). The latter is probably the most popular consequence of
nonlinear optics and is historically the starting point of this field of research. It consists in
generating an output wave at twice the frequency of an incident one. It is thus a specific case
of SFG. It can be modeled as a single quantum-mechanical process in which two photons
are absorbed via a virtual level and a photon of twice their energy is emitted as depicted
in Figure 1.1b. Throughout this work, the main quantity of interest will be the nonlinear

susceptibility relative to the SHG as schematically illustrated in Figure 1.1a.

(a) (b) et GELLE
Q) )
i @)
4 2w --1-- |20
— A
w
Y

Figure 1.1: (a) Schematic of second-harmonic generation. (b) Energy-level diagram
describing second-harmonic generation. The dashed and solid lines indicate virtual levels
and the atomic ground state, respectively. Taken from Ref. [12].

1.3 Miller's rule

Up to now, the tensor notation has mostly been avoided by considering only one-

dimensional systems. In reality, each frequency component of Eq. (1.10) is rigorously written

P(2) (Wn +wm) = € Z Z XUk W+ Wiy Wy W) B (wn) B, (W) e~ @ntemt 0 (1.14)

gk (nm)

where the subscripts ¢, 7, and k refer to the three cartesian dimensions and the notation
(nm) indicates that, in performing the summation over n and m, the sum w,, + wy,, is fixed.
However, w,, and w,, are each allowed to vary [12]. The polarization and electric field have
now become vectors and thus, the second-order susceptibility corresponds to a third-rank
tensor. In the same way, the linear susceptibility is actually a second-rank tensor. Eq. (1.12)
is also modified accordingly and even leads to a particularly useful relation, known as Miller’s

rule

Xk wnwn) = [ @] 4§ @2)] il (@) A (1.15)

7



1.4. NLO CRYSTALS: REQUIREMENTS

where A is referred to as Miller’s coefficient, though it is actually a third-rank tensor. It
provides a direct link between linear and nonlinear optics. This relation was empirically found
by Miller but it is directly visible in the result of the anharmonic oscillator [13]. At first, Ay,
was thought of as almost being constant and independent of the material. However, recent
works have shown the contrary [6]. Investigating this coefficient is of considerable importance
as it could hide major parameters favoring high nonlinear optical properties as well as greatly
simplify the determination of the NLO response. Indeed, the latter is more complicated to
obtain than its linear counterpart, both experimentally and computationally. In any case,
the main idea that emanates from this relation is that efficient NLO phenomena can likely be
achieved in materials exhibiting a high linear susceptibility and thus a high refractive index.
As explained hereafter, this leads to contradicting requirements regarding the usefulness of

a compound as NLO crystal.

1.4 NLO crystals: requirements

In order to be useful as a NLO crystal, a material must meet several requirements.
Unfortunately, some of them are contradictory. This explains the scarcity of compounds

that can be used in practice. The list of requirements reads as follows:

1. transparency for all frequencies of interaction
2. good stability and growability as single crystal
3. noncentrosymmetricity

4. high refractive index

5. high laser damage threshold (LDT)

6. phase matchability

The first two conditions are practical considerations and the second one can be particularly
bothersome.

The third one is a direct consequence of the third-rank nature of the nonlinear
susceptibility tensor. Neumann’s principle states that a tensor representing a physical
property of a material must remain invariant under the application of any of the symmetry
elements characteristic of the point group at hand. If one of its components changes
sign under the transformation, then this component must be equal to zero by symmetry
consideration. As a consequence, the 11 centrosymmetric point groups cannot present any
non-null third-rank tensor. It also means that each point group has its own form of nonlinear
susceptibility tensor with specific components set to 0 [14]. It can even be shown that it is

homologous to the piezoelectric matrix [11].
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The fourth requirement is a direct consequence of Miller’s rule. Although very useful
and promising as explained before, this relation also brings disadvantages. As will be
developed later, the output of NLO interactions is proportional to x?/n® where y is an
effective susceptibility. According to Miller’s rule, there is a direct proportionality between
x and n which, in turn, limits the output. That is why the ratio x?/n® can be considered as

a figure of merit (FOM) to quantify the potential of a material to be an efficient NLO crystal.

The fifth condition is required to ensure an excellent optical quality of the crystal since
NLO phenomena are present in the case of intense electric fields. This last statement is a
direct consequence of the expansion in power series of the field as developed in Section 1.1. It
may seem trivial but it actually introduces an important problem since it is in contradiction
with the need for a high refractive index. Indeed, a large LDT is synonym of a high bandgap
while a large refractive index usually requires a low one. An additional challenge is thus
to find outliers in this high bandgap/low index trend [15|. Several power law models were
developed and tend to show an inverse relationship between an average value of x(?) and the
bandgap E, [16] as is represented in Figure 1.2. This means that a compromise is inevitable

when considering NLO crystal candidates.

The sixth requirement is also an extremely important point in practice. However, its

understanding requires some prerequisites which will be developed in the next sections.

10* 10° ;
. 10°
10 ]
o~ 103 3
E =
o
S ’ 3
* 10" z W
=2 (o]
L 10° 4
@ 4 *s -
10 - 10 1, .,
10°° = '
& .1
.1 1 10 1 10
Energy Gap (eV) Energy Gap (eV)
(a) (b)

Figure 1.2: Experimental data of (a) effective values of the second-order nonlinear
susceptibility tensor and (b) FOM as defined in the text with respect to the bandgap. The
solid lines are power law models fitted on the data. Taken from Ref. [16].




1.5. BIREFRINGENCE

1.5 Birefringence

Taking into account anisotropies by switching to tensor notation does not only affect the
susceptibility. Indeed, it also impacts the dielectric constant and thus the refractive index
since these three quantities are related to one another. Indeed, the electric field displacement

does not have to be aligned with the electric field anymore as shown by the following equation

D; = ) e;E;. (1.16)

J
This section introduces the consequences of this 3D-formalism. The corresponding
demonstrations can be found in the literature such as Refs. [11, 17]. After some development
related to the electric energy density, one finds that the dielectric tensor has to be symmetric,
thus reducing its number of independent components to 6. It also comes that, given a set of

cartesian axes x, y, and z,
€rnl® + eyyy2 +e,.22+ 2ey,y2 + 2€,,02 + 2€5yvy = constant (1.17)
= e,7° + €,y> + .2 = constant, (1.18)

where the first equation represents an ellipsoid while the second one is its transformation to its
principal axes in a particular coordinate system of the crystal. €., €,, €, are called the principal
dielectric constants and they define the principal refractive indices n; as their respective
square root. This implies a new ellipsoid, called the "optical indicatrix" or "ellipsoid of
wave normals", whose semiaxes are the n;. Anisotropic crystals can now be classified in two
categories as illustrated in Figure 1.3. Uniaxial crystals are characterized by an ellipsoid of
revolution as their indicatrix, i.e., two of their three principal refractive indices are equal,
whereas biaxial ones possess three different semiaxes. Their denomination refers to their
number of optic axes which are defined as the directions perpendicular to a circular cross
section of the indicatrix, i.e., the wave-normal directions in which the direction of polarization
does not influence the value of the refractive index. As can be directly understood, in the
case of uniaxial crystals, the circular cross section is the plane defined by the two equal
semiaxes and it is always along the highest symmetry axis. Biaxials crystals present two optic
axes positioned symmetrically around the longest semiaxis. Although not mentioned, the
indicatrix of isotropic crystals is a sphere. Thanks to Neumann’s principles, the symmetries

of each crystal system determine their optical category:
e [sotropic: cubic
e Uniaxial: trigonal, tetragonal, hexagonal

e Biaxial: orthorhombic, monoclinic,triclinic

Although not demonstrated here, an important consequence of the anisotropy is that only

two orthogonal directions of linear polarization are allowed for rays propagating inside

10
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optic axis

Z=Bxo

optic axis

(a) (b)

Figure 1.3: Representation of the optical indicatrix for positive (on the left) and negative (on
the right) for (a) uniaxial and (b) biaxial crystals. In (a), the optic axis and its perpendicular
circular cross-section of the ellipsoid are respectively indicated by the dotted line and the dark
blue area while it is indicated by "OA" and the green or red areas denoted by "CS" in (b).
Both figures were taken from Ref. [18].

the crystals. This implies that the polarization of any incident wave is decomposed into
these two directions when entering the crystal. The indicatrix allows to find both of them
geometrically. The case of biaxial crystals is complex and will not be developed here. The
focus is thus put on the case of uniaxial crystals. The first polarization allowed, called
"ordinary", is orthogonal to the plane defined by the incident wave-normal and by the optic
axis. The second polarization allowed, called "extraordinary", is the direction which lies in
the plane normal to the incident wave-normal and which is perpendicular to the ordinary
direction. The situation is schematically represented in Figure 1.4a where each allowed
polarization has its refractive index defined by the surface of the indicatrix. This effectively
results in two waves inside the crystal, namely the ordinary (o-wave) and the extraordinary

(e-wave) one, with their respective refractive index.

By definition, the value of the ordinary index, n,, does not vary with the direction of
propagation. On the contrary, the extraordinary index depends on this direction and it
changes "elliptically" when the angle of propagation is varied as can be seen from the xz-
plane projection of Figure 1.4b in the case of KHyPO, (KDP), a well-known NLO crystal.
Therefore, n, usually refers to the extraordinary index when the direction of propagation
is perpendicular to the optic axis (see Figure 1.3a), called the "principal value of the

extraordinary index", while the effective one is given by

NoMe

ne(d) = ,
©) \/n2sin?(6) + n2cos?(0)

(1.19)

where 6 is the angle between the optic axis and the wave-normal. If the angular dependence
is not explicitly written, then the quantity refers to the principal value. In a 3D-space,

one can construct volumes whose surfaces correspond to the ordinary and extraordinary
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X Optic Axis - C,

N, >n, @ 546 nm
KDP

(b)

Figure 1.4: (a) Representation of the optical indicatrix for a positive uniaxial crystal and the
determination of the ordinary and extraordinary polarizations for their respective refractive
index, n, and n.(#), in the case of a wave-normal W with incidence angles (6,9 = 0°). Adapted
from Ref. [11]. (b) Two-dimensional projection of the refractive index of KDP (negative
uniaxial) with n, > n.. The birefringence An is also indicated. Taken from Ref. [19].

index for every angle possible. The absolute difference between n, and n, is known as the
"birefringence." As shown in Figure 1.3, a further classification can be realized: an uniaxial
or biaxial crystal is called "positive" ("negative") if ne > ny (o > ne) or n, —ny, > Ny, —ny
(n, —ny, < n, —n,), respectively [19, 20]. As stressed upon in Figure 1.4b, it is important
to specify the frequency at which the refractive indices are given since they vary with it.
Far from any absorption band, their dispersion is called "normal", i.e., they increase with

decreasing wavelength [8].

1.6 Symmetry and contraction

It is now necessary to introduce the usual conventions regarding the form of the nonlinear
susceptibility tensor. In practice, a modified tensor is used instead of the usual one. This

new quantity is defined as follows

1
diji = §X§-j2~1)c (1.20)

The first step in simplifying the tensor is possible thanks to the first requirement mentioned
in the previous section which implies that the linear susceptibilities are real. Thanks to
Eq. (1.12), this effectively reduces the number of independent components to 81 since
ik (Wn + Wiy Wiy Wiy) NOW equals d;j (—wy, — Wiy, —Wn, —wp,). Moreover, this same equation

thus implies that the indices can be freely permuted if the frequencies are permuted

12



CHAPTER 1. NONLINEAR OPTICS

simultaneously [21]:

dijk (wz, W1, wz) = djki (wb —wg,w?,) = dkij (w2, w3, —Wl)
= dik; (w3, wa, wy) = dyji (wa, —w1, w3) (1.21)

= djix (w1, w3, —wa) .

The number of independent components now drops to 27 following this assumption. A further
reduction can be obtained as follows. Intuitively, the sequence of the application of two fields
should not influence the result of their interaction. This translates to setting d;;, equal to
d;x; and thus to reducing the number of independent components to 18 [11]. This allows to

adopt the Voigt notation which is illustrated in Figure 1.5.

diyq dijp €= diy3 d; de = d;
dion i23

\ :1 d., \ dm1

Figure 1.5: Graphical illustration of switching to Voigt notation for the last two indices.
Adapted from Ref. [11].

Going even one step further, one can disregard the frequency-dependence in Eq. (1.21),
i.e., to assume a dispersionless medium. This assumption is in fact called Kleinman’s
symmetry condition. It is applicable when all interacting frequencies are much smaller than
the resonance [22]. This is a generally valid simplification in the case of SHG and this reduces
the number of independent components down to 10 such that the final reduced tensor has
the form [12]

diy diz diz dig dis dig
di = | dig dop doz dog dig dio (1.22)
dis dog dzz daz diz dug

Moreover, Neumann’s principle should not be left aside and can bring further simplifications

depending on the type of crystal.

1.7 Effective value of the nonlinear susceptibility

Even after having simplified the main tensor, the sum in Eq. (1.10) is still mandatory to
obtain the polarization of the generated wave. However, the decomposition into ordinary
and extraordinary rays must also be taken into account in this equation. Moreover, since
scalar relations are more convenient to manipulate in general, Eq. (1.10) should be modified

to explicitly contain the amplitude of the fields. The following equation is obtained as a
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1.8. PHASE MATCHING

result in the case of SHG, i.e., of fields at frequency w and resulting polarization at 2w.
P° = |PO’ == CLZ'PZ-O == 2aidijkE;E§ = 2aidijkbjbk|Ee|2 = deﬁ’Ee|2 (123)
with

—cos pcosf
ES = |E°|| —singcosf | = |E°|b; (1.24)

sin @

sin ¢
E? = |[E°|| —cosep | = |E% aj, (1.25)
0

where Einstein summation convention was used, € is the angle between the propagation
direction and the optic axis which coincides with the z-axis while ¢ is the angle between the
xz-plane and the projection of the propagation direction onto the zy-plane as illustrated in
Figure 1.4a. It is important to note that the collinear case is always considered in this work.
The superscripts "o" and "e" refer respectively to the ordinary and extraordinary components
of the fields and polarization. The quantity des (6, ¢) is thus an effective average of d;j; for a

specific geometry of incident wave, crystal system, and interaction of e- and o-waves [23, 24].

1.8 Phase matching

Thanks to this scalar relationship, it is easier to work with Maxwell’s equations to derive
the coupled-wave equations. From the latter, one can obtain the intensity of the generated

field at w3 from incident ones at w; and wsy:

82 w2y I AkL
I = S0t @522 g 2 <—) (1.26)

N1 Ny N3 €¢ C 2

where the numerical indices refer to the respective frequencies, L to the length of the crystal
and Ak to the momentum mismatch, i.e., k; + ko — k3. The interested reader will find the
corresponding demonstration in Ref. [12]. If it were not for the last factor, called the "phase
mismatch factor", this function would depend on the square of the crystal length. However,
the squared sinc function strongly modulates the intensity and it is the primary limiting
factor of the conversion efficiency as shown in Figure 1.6. The phase mismatch factor drops
to zero when the crystal length is equal to 2/Ak, i.e., the "coherence length" L.,,. This
denomination was chosen because it corresponds to the limit where the output wave is not
yet out of phase with its driving field. Beyond this distance, it can be shown that the power
is coupled back into the incident fields. In order to intuitively grasp the situation, one can
consider an array of antennae as introduced in Section 1.1. Figure 1.7 depicts it in the case of

a spacing between dipoles inducing a Ak of /4. The periodic behavior with length is clearly
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Figure 1.6: Effects of momentum mismatch on the efficiency of sum-frequency generation.
Taken from Ref. [12].

visible and relates directly to the oscillation of the sinc function. Each of the waves generated
by the dipoles must thus add constructively (in the forward direction) to the resulting field

from all the preceding dipoles if the best efficiency is to be achieved. This limitation implies

R R
0 0 o R 0
P P
P
(a) %) (c) (d)
0o 0 o o
‘/I\ ]
R
R R
P (e) =
) (2) (k)
P p

Figure 1.7: Intuitive illustration of a phase mismatch between the driving and generated
waves on the amplitude and phases of the resulting waves. O, P, and R respectively denote
the waves generated by the individual dipole, the resultant of the waves from the previous
dipoles, and the resultant of O and P. The spacing between dipoles corresponds to a phase
mismatch of 7/4. Adapted from Ref. [11].

that the best conversion efficiency is attained when the waves are phase matched (Ak = 0)
so that the phase mismatch factor does not matter anymore. It must be kept in mind that
this condition corresponds to the case of collinear waves as mentioned before, otherwise it

would write vectorially as Ak = 0. This more general expression should be preferred but, in
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1.9. ANGULAR PHASE MATCHING

practice, the waves are assumed to be collinear because it is experimentally more convenient.

This perfect phase matching criterion can be expressed in terms of the refractive indices 23]

ky = hpphy o OIS _ L Wl G G OO s o ) () (1.27)
c c c ws

where the last equality was obtained in the specific case of SHG. Unfortunately, without
any tricks, this equation does not possess a solution because of the normal dispersion of
the refractive index, i.e., the increase of n with the frequency. Theoretically speaking, the
anomalous dispersion (decrease of n with the frequency) near an absorption band could be
exploited in order to achieve Eq. (1.27). This strategy would however be in contradiction with
the first requirement of Section 1.4. Alternatives exist thanks to specific phenomena which
are able to modify the refractive index. The three possibilities to achieve phase matching are
the angular, temperature-tuned [25|, and quasi phase matching [26]. Only the first option is
developed hereafter since it is the most common technique.

1.9 Angular phase matching

In order to attain true phase matching as expressed in Eq. (1.27), it has been discovered
that using the birefringence of the crystal is key [27, 28]. The two components (ordinary and
extraordinary) of a beam do not "see" the same refractive index as explained in Section 1.5.
This means that one could choose a configuration such that, for example, n.(0,,,w) be equal
to ne(2w) [29]

no(2w) = ne(Op,w) = o (W)ne(w) (1.28)

V/n2(w) sin(0) + n2(w) cos?(6)

ne(w) no(w) — ng(2w)

ng(2w) nj(w) — ng(w)

= sin®(6,,) = (1.29)
This is equivalent to stating that the extraordinary component of both incident fields at
the fundamental frequency interact to generate an ordinary wave at the second-harmonic.
This example works only in the case of a positive uniaxial crystal. Indeed, the feasibility of
such method relies on the combination of normal dispersion and birefringence as shown by
Figure 1.8a. The necessary condition is that the index at the second-harmonic be larger than
the one at the fundamental so that one can find 6,,, i.e., the angle for which the effective
extraordinary index respects the phase matching condition. In other words, the way to
achieve phase matching is to find the loci of points in space where the refractive index surfaces
of second-harmonic and fundamental cross one another. The 2D-projection in Figure 1.8b
illustrates this statement as it defines the phase matching angle at the intersection,
which corresponds to a cone in 3D, of the index surfaces. Figure 1.8a also implies that,
depending on the type of crystal and thus of birefringence, different combinations of e-

and o-waves are possible. Instead of the e+e—o combination that was chosen above, a
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Figure 1.8: (a) Illustration of the feasibility of angular phase matching thanks to normal
dispersion and birefringence in the case of a positive uniaxial crystal. Adapted from Ref. [11].
(b) 2D-projection of the refractive index surfaces. The fundamental and second-harmonic
correspond to the red and green lines while the dotted and solid ones refer to n.(6) and n,,
respectively. The dotted blue ellipse is the mean of the surfaces at the fundamental. Adapted
from Ref. [19].

negative uniaxial crystal allows the o4+-o—e interaction as one can understand from Figure 1.8.

Up to now, only type I phase matching, i.e., when incident waves are similarly polarized,
has been presented. Type Il phase matching is also a possibility and corresponds to the
interaction between perpendicularly polarized driving fields: e+o—o0 or e+o—e. In this case,
Eq. (1.27) results in the following condition

ne(w) + no(w)

no(2w) = - 5 (1.30)

This new condition is graphically represented in Figure 1.8b as the intersection of the green
solid line and the dotted blue line which respectively correspond to the left and right hand

side of the above equation.

In conclusion, uniaxial crystals possess four different possibilities to be phase matched:

e Positive type I: e+e—o0 e Negative type I: o+o—e

e Positive type II: e+0—o0 e Negative type II: et+o—e

The choice of combination must be reflected in Eq. (1.23) and thus in deg. All possibilities
for the latter have been tabulated and can be found in the literature [23, 24|. This also
implies that, for a given deg (0, @), only specific couples of angles can lead to phase matching
and practical SHG. As mentioned previously, the case of biaxial crystals was not developed
due to its complexity in comparison with uniaxial crystals. However, the same reasoning

can be applied for both types of crystals. The interested reader can find more information
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on angular phase matching in both uni- and biaxial crystals in Refs. [11, 12, 19].

Although angular phase matching seems like a perfect method, it comes with some
limitations. The first one is due to the so-called "walkoff effect." It can be shown that, for
extraordinary rays, the propagation direction is not aligned with the Poynting vector when
6 differs from 0° or 90°. This implies that the spatial overlap of ordinary and extraordinary
waves is limited by their quick divergence from one another. This leads to a decrease of the
conversion efficiency. Type II phase matching particularly suffers from such phenomenon.
The second drawback is a consequence of the nature of light. A high output intensity requires
a large one at the fundamental frequency as can be seen from Eq. (1.26). This is achieved by
focusing the incident beam which in turn causes its fast divergence as predicted by Gaussian
optics [17]. However, it can be demonstrated that the variation of phase mismatch is linearly
dependent with the variation of 8. The level of convergence thus restricts the crystal length
over which efficient conversion occurs. For these two reasons, it can be more advantageous
to switch to temperature-tuned or quasi phase matching, which are both out of the scope of
the present work [11, 30].

1.10 Materials screening

As mentioned in Section 1.4, the numerous and sometimes contradicting conditions to
be considered as a potential NLO crystal have prevented the discovery of many new ones.
For a long time, characterization techniques required single crystals of good quality which
was the major experimental issue. The efforts were thus focused on the crystal-growing
task which is time-consuming and expensive. Even after having grown a correct sample,
it was not certain beforehand that phase matching was possible. A fast experimental
screening of the materials was therefore not conceivable. Fortunately, the Kurtz-Perry (KP)
powder technique was developed, thereby eliminating the need for large single crystals and
simplifying the process of screening materials before growing them properly to test them
further. It allows experimentalists to determine both the magnitude of the NLO response

and whether or not phase matching is possible.

The principle is as follows. Incident waves are sent onto a powder sample in order to
measure its SHG response integrated over the whole solid angle as a function of the particles
size inside it. Two very different behaviors are then observed depending on whether the
material allows phase matching or not as illustrated in Figure 1.9 [11, 31]. In the first part
of the graph, both responses increase with increasing average particles size, 7. Indeed, since
the particles are smaller than the coherence length (averaged on every orientation, l;), the
phase error is not large enough to cause any decrease in the conversion efficiency. However,
once 7 > l;, the phase-mismatch effects become non-negligible for most orientations and

non-phase-matchable materials see their response decrease because the increase in crystal
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Figure 1.9: Typical graph of the SHG response as a function of the average particles size
obtained with the Kurtz-Perry powder method. Taken from Ref. [11].

length does not compensate for the decrease of grain (particle) number anymore. On the
contrary, phase-matchable materials reach saturation in their response because the increase
of crystal length is enough to counterbalance the decreasing number of particles. In other
words, one can determine if a compound is phase-matchable or not by looking at its behavior
with this powder technique. However, in practice, the details of this interpretation should

be nuanced following the critics expressed in Ref. [32].

Kurtz and Perry also derived expressions for the SHG intensity emitted with their powder
technique. For the sake of clarity, only the relevant dependencies are present in the following
equations which are only valid for grain sizes far larger than the average coherence length [33]

~

¢ (1.31)

,r,’\

o~

Non-phase-matchable: I(2w) o< dZg kp

Phase-matchable: I(2w) o< dg sin(6,,) (1.32)

where deg is evaluated at the phase-matching angles and the only new quantity is deg xkp Which
is the angular average of d;;i, i.e., its rotational average over all random orientations in a fixed
lab frame. It originates from the random orientations of the particles in the powder sample.
Recent methods exist to efficiently compute this value in the case of high-rank tensor [34].

However, it is not necessary for a third-rank tensor and a simple analytical formula was
found [31, 35]

19 13
dzﬂ,KP = 105 Z (diii)2 + 105 Z diiidijj

i i#j
1.33)
44 5 13 5 2 (
Tor diij Tor diijd; = (dijk)”
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where each component of d;j; refers to the second-harmonic. This new effective nonlinear
coefficient thus allows a rapid determination of the magnitude of the NLO response in the
case of non-phase-matchable materials. The difference with phase-matchable crystals is due
to their response being dominated by the phase matched directions, thus eliminating the

need for an angular average.

If one discards at first the problem of phase matching, deg xp can be considered as an
effective measure of the magnitude of the SHG response in both cases. If this approximation
is not made, then the high-throughput screening of large materials database becomes
more complex since a distinction between non- and phase-matchable materials must be
realized as a first step. Moreover, the agreement is far from perfect for both deg (6, ¢) and
(O, pm) obtained via experimental and ab initio quantities rescaled on the density functional
perturbation theory (DFPT) static values. This issue is illustrated in Figure 1.10 for the
case of KTiOPO, (KTP) and is still a work in progress. The main message is thus that
the rotational average of the nonlinear tensor can serve as a first approximation of the SHG
magnitude that would be obtained via the KP powder technique.

— Experiment
Abinitio deg — Theory

deff
(pm/V)
4

Experimental degs

0 (deg)
0 (deg)

0 20 40 60 80 20 40 60 80

¢ (deg) ¢ (deg)

Figure 1.10: Type II phase matching for SHG in KTP at the fundamental wavelength A =
1064 nm. The solid curves correspond to the phase-matching combinations of (6, ¢) derived
in Ref. [36]. The black and green curves refer to the use of experimental [36] and ab initio
(Optic utility of ABINIT) refractive indices (which were rescaled on static DFPT results),
respectively. Thanks to the analytical formula of Ref. [24] as introduced in Section 1.7, the
colorbar indicates the value of deg for each (6, ¢) computed from an experimental SHG d; 4, [37]
(left) and an ab initio one via static DFPT (right). Unpublished results from Naccarato et
al.
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1.11 Conclusion

This first chapter introduced useful concepts of nonlinear optics. The second-order
polarization was derived within a simple classical framework in Section 1.1 and was shown to
cause SHG among others in Section 1.2. A link between linear and nonlinear optics, called
Miller’s rule, was established in Section 1.3 and promises to greatly help the search for new
materials. Indeed, the requirements to be a NLO crystal were found to be contradictory since
both a high E, and refractive index are needed as explained in Section 1.4. To fulfill one of
these conditions, the property of birefringence, i.e., the anisotropy of refractive indices, was
developed in Section 1.5. Moreover, simplifications of the SHG tensor such as the Kleinman’s
condition were adopted based on symmetry and physical considerations in Section 1.6. This
also led in Section 1.7 to a single scalar equation when taking into account the decomposition
of the propagating ray into an ordinary and an extraordinary component. The concept of
phase matching was shown in Section 1.8 to play a major role in the conversion efficiency.
Section 1.9 presented the method of angular phase matching which combines the birefringence
with the normal dispersion of the refractive indices. Finally, the KP powder technique was
presented in Section 1.10. It is a common experimental method to assess the potential of a
compound to perform phase matching. It also provides an effective SHG coefficient that can

characterize the strength of the SHG response of any material.
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Chapter 2

Investigation of promising
compounds

As mentioned, the availability of appropriate NLO crystals is limited due to the numerous
requirements introduced in Section 1.4. The mid-IR region particularly suffers from this
lack of materials. Indeed, the current ones all deal with various drawbacks such as small
SHG coefficients, low LDT, or two-photon absorption. This has become an important issue
considering the vast spectrum of applications that this range has to offer, for instance, in
the medical field. To that end, the family of II-IV-Vy compounds is being investigated in
order to determine their potential as NLO crystals [38]. The present work thus focuses on
the Mg-IV-V, (IV = Si,Ge,Sn ; V = P, As) materials by studying their SHG response from
first-principles calculations. The analysis of the results is greatly inspired by the one done
in Ref. [38]. Section 2.1 details the approach employed throughout. After discussing the
structural, electronic and linear optic results in Section 2.2.1, Section 2.2.2 and Section 2.2.3,
emphasis is put on retrieving trends between their NLO response and their structure or
elements in Section 2.2.4. To go further, the consequences of structural modifications as well
as the behavior of their binary analogs are investigated in Section 2.2.5 and Section 2.2.6,

respectively.

2.1 Methods

The calculations were realized with ABINIT unless stated otherwise [39, 40|. The

procedure that was adopted is the following.

1. A relaxation step modifies the structure that was downloaded beforehand from the
MP [41, 42, 43, 44, 45, 46]. The maximal absolute force tolerance on each atom was
set to 5x10~° Ha/Bohr (2.5x1073 ¢V /A) and a 10x10x 10 k-point grid was used. This
step was repeated twice: with PBEsol and with LDA exchange-correlation functionals.
The first iteration gave the structural input of the next step with VASP while the result

of the second iteration was used for all the other steps [47].

2. Using the projector augmented wave (PAW) method with Perdew-Burke-Ernzerhof
(PBE) functionals as implemented in the software VASP, the ground-state (GS) density
was first computed followed by the bandgap with Heyd—Scuseria—Ernzerhof (HSE06)
hybrid functionals [47]|. In the case of the GS, the k-point grid and the tolerance in the
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difference of total energy are a 8x8x8 and 1071% eV respectively while it is a 4x4x4
and 1076 eV for the bandgap. In both cases, the energy cutoff is 600 eV.

3. The bandstructure, Projected Density of States (PDOS) and Joint Density of State
(JDOS) were then computed with a 10x10x10, 16x16x16 and 16x16x16 k-point
grid, respectively. The latter, as well as the parameters of the integration, is the result
of a convergence study for the case of MgSiAs, (see Appendix B). The tolerance on

the wavefunction squared residual was set to 10712 Ha?.

4. Optical properties were then computed in the framework of the independent-particle
approximation (IPA) as implemented in the Optic utility of ABINIT [48, 49]. This step
was realized with a scissor shift to match the HSE bandgap of step 2 and a 16x16x16
kpoint grid.

5. Finally, the static nonlinear properties were computed with DFPT, both with and
without a scissor shift to match the HSE bandgap of step 2 [50, 51, 52]. The k-point
grid used was a 16 x16x 16 and the tolerance on the difference of total energy was 1072
Ha. The k-point sampling was decided based upon a convergence study where the

threshold was set to a change of 0.02% in the value of dsg for the case of MgSiP,.

Except for the second step, all calculations were realized using Scalar Relativistic (SC)
Optimized Norm-Conserving Vanderbilt Pseudopotentials (ONCVPSP) with Local Density
Approximation (LDA) as exchange-correlation functionals [53]. They were downloaded
directly from the PseudoDojo [54]. The energy cutoff of 42 Ha that was used throughout is
also taken from the latter (normal cutoff energy hint). The 10x10x 10 k-point grid as well as
the grid used with VASP were chosen based on previous experiences of colleagues. However,
the former was tested afterwards in a convergence study of the lattice constants. All the

parameters and convergence studies used throughout this work can be found in Appendix B.

2.2 Results and discussion

2.2.1 Crystal structures

The six compounds of interest are II-IV-V, ternary compounds in chalcopyrite structure
(space group I42d). They are ternary analogs of III-V zincblende semiconductors and
have thus closely related crystalline structure. The link between the zincblende and the
chalcopyrite structure is illustrated in Figure 2.1. One can start from the diamond cubic
structure such as displayed by silicon. The cubic zincblende structure presents the same
atomic arrangement as the diamond cubic one but with two different types of atoms forming
two different sublattices. This is shown by AIP where each specie is surrounded by the other.
The final step is to replace the element of the third column by ones of the second and fourth

such as Mg and Si in Figure 2.1. This actually induces a distortion in the anion sublattice.
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Diamond cubic Zincblende Chalcopyrite
IV Si III-\é)AIP l-IV-V, MgSiP,

Figure 2.1: Illustration of the evolution to the chalcopyrite structure from the diamond
cubic one. The red and green lines are respectively the lattice parameters a and c¢. Both
the diamond cubic and zincblende are doubled along their c¢ axis in a supercell 1x1x2
configuration such that ¢/a = 2. This eases the visualization of their link with the
conventional unit cell of the chalcopyrite structure for which ¢/a # 2.

The lattice parameter a is thus not the only quantity to characterize the structure anymore.
The lowering of the symmetry is indeed reflected in two new parameters: the ratio ¢/a, now
different than 2, and the distortion parameter u, which has an ideal value of 1/4 [55, 56]

1 diy —div_y

where d is the distance between two different atomic groups indicated by the subscripts.
This parameter is actually involved in the spatial arrangement of the group V atom. Indeed,
from the Bilbao Crystallographic Server, the symmetry of the group I42d allows the following

atomic positions (relative coordinates) in the conventional unit cell [57, 58, 59]:

1
e Group II atom (resp., IV): (0,0,0) (5,0,2)
1.1 1
e Group IV atom (resp., II): (O’O’E) (5,0,1)

31 1 7.3 7
) ('xazvg) (Z?'xvg) (Z>x>§)

ol =

1
e Group V atom: <x’é_l’

where z can vary depending on the species of the compound. It takes the value 1/4 in the
case of a zincblende 1x1x2 supercell as represented in Figure 2.1. The above positions are
only half of the total ones such that the others are obtained by a shift of (1/2,1/2,1/2). It

comes that, if a group II atom occupies the (0,0,0) spot, its tetrahedron shares a group V
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atom at (x,1/4,1/8) with the tetrahedral unit of the group IV atom placed at (1/2,0,1/4).
This implies the following equation:

CL2 02 CL2 CL2 62

_ 2 (x _ }1) . (2.3)

By comparison with Eq. (2.1), it comes that the distortion parameter u corresponds to x and
u — 1/4 thus indicates the deviation from the zincblende structure. Moreover, the volume of
the tetrahedra formed by the four anions around the cations now depends on the specie of
its central atom. Table 2.1 lists the results of the present work as well as some other values

taken for comparison when considering the structure.

Compound a (A) ¢ (A) c/a dygv (A) dvv(A) u WL (A% VT (A%

MgSiP, 5.678 10.037 1.768  2.517 2233 0292  7.963 5.709
[38] 5.744 10.257 1.786  2.553 2.265  0.292

[56] 5733 10.242 1.787  2.549 2.261  0.292

[60] 5720 10.120 1.769

MgGeP, 5714 10481 1.834 2511 2312 0279 8.017 6.340
[38] 5787 10.750 1.858  2.549 2.354  0.278

[56] 5787 10.740 1.856  2.546 2.355  0.278

MgSnP,  5.836 11.376 1.049 2513 2.499  0.252  8.143 8.002
[38] 5933 11.572 1.950  2.554 2542  0.252

[56] 5.923 11.586 1.956  2.550 2.543  0.251

MgSiAs,  5.869 10.545 1.796  2.589 2339 0285  8.726 6.563
[38] 5964 10.825 1.815  2.637 2.385  0.286

[56] 5.954 10.800 1.814  2.633 2.380  0.286

MgGeAs,  5.908 10.963 1.855  2.586 2416 0274  8.785 7.235
38] 6.015 11.284 1.876  2.635 2473 0.273

[56] 6.009 11.270 1.876  2.632 2471 0.273

MgSnAs,  6.025 11.794 1.057  2.587 2594  0.249  8.881 8.959
38 6.145 12.089 1.967  2.639 2.654  0.248

[56] 6.138 12.057 1.964  2.637 2.648  0.249

Table 2.1: Calculated lattice parameters (a and ¢), bond length (d), distortion parameter
(u, dimensionless), and tetrahedron volume (V7). The first, second, and third row of
each material correspond respectively to the theoretical results of the present work (LDA),
of Ref. [38] (PBE), and of Ref. [56] (PBE). The fourth row of MgSiP, corresponds to
experimental values from Ref. [60].

The first observation is the difference between the lattice parameters and interatomic
distances of the present work and the ones of other works, which are constantly larger.
It makes sense since LDA and GGA tend to overbind and soften the interatomic bonds,

respectively [61]. In fact, this justifies why the input for the HSE bandgap calculations was
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2.2. RESULTS AND DISCUSSION

relaxed with PBEsol functionals. However, it was not necessary to realize all calculations
with such functionals because the resulting optical quantities were similar with both type of

functional when including a scissor shift.

The second observation is the quantitative agreement, in the case of MgSiPs, of the ¢/a
ratio of the present work with the experimental one in contrast to the theoretical values of

other works. This can be due to the higher accuracy of the convergence of the structure.

The third observation is the quantitative agreement of the distortion parameter for all
works despite their structural differences. This implies that the relation between a, di_v,

and dyy_v stays the same no matter the type of functional.

The fourth observation is the increase of both lattice parameters and interatomic distance
when changing the group V atom from P to As. The ¢/a ratio behaves similarly even though
the augmentation is relatively smaller. However, this replacement decreases the distortion
parameter although relatively less than the interatomic distance. The substitution of the
group IV element in the order Si-Ge-Sn seems to increase both lattice constants, to increase
the ratio ¢/a, to decrease the Mg-V interatomic distance (with the exception of MgGeAs,-
MgSnAs,) and to decrease u.

2.2.2 Electronic structures

The bandgaps of the present work are compared to other references in Table 2.2. As

Compound LDA HSE GGA [38, 56] HSE [38] GW, [56] Exp. [62]

MgSiP, 1.13 194 13? 2.04 1.83 2.20
1.54

MgGeP, 1.25  2.07 1.5 2.19 2.28
1.21

MgSnP, 1.28 2.14 1.20 2.00 2.05

MgSiAs,y 1.05 1.75 (1);)(13 1.86 1.40

MgGeAs, 0.73 1.51 0.57 1.29 1.27
0.57

MgSnAs, 049 1.25 gg 1.09 1.07

Table 2.2: Comparison of the bandgaps in €V obtained through different means. The two
first columns correspond to the results of the present work. All of the bandgaps are direct.

expected, the predictions of LDA and GGA largely underestimate the more precise values
obtained via HSE or GWj. Since Ej is linked to the SHG response via the refractive index
and Miller’s relation, this supports the need for a scissor shift. However, the HSE gaps of
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CHAPTER 2. INVESTIGATION OF PROMISING COMPOUNDS

the present work do not match the one reported in Ref. [38]. After testing some hypothesis,
it was determined that the disagreement is only due to the different convergence of the cell
parameters. The latter should be more accurate in the present work since PBEsol functionals
were used with a more stringent convergence threshold than in Ref. [38]. Unfortunately,
only one experimental value is available and is thus not enough to verify this assumption.
In the present work, the predicted gaps show the following order: MgSnAs, < MgGeAs, <
MgSiAsy < MgSiPy, < MgGePy; < MgSnPy which differs from the one in Ref. [38] where
MgSnP,; < MgSiPy, < MgGeP,. Replacing P by As decreases the bandgap while increasing
the atomic number of the group IV atom increases it when the group V atom is P and
decreases it when the group V atom is As. It is also worth remembering that the bandgap
gives a good indication of the LDT which means that the materials containing P should be

able to sustain stronger fields.

The bandstructures of the six compounds are reported in Figure 2.2a. It shows that
all of the gaps are situated at the I' point. The high symmetry k-points were chosen in
order to ease the comparison with the graphs of Ref. [38]. As in the latter, the gaps can

be characterized as illustrated in Figure 2.2b. A pseudo-direct transition corresponds to a

MgGeP, MgSnP, direct gap
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Figure 2.2: (a) Bandstructures of the six compounds of interest. VBM stands for valence
band maximum. (b) Schematic diagram of bandgaps of chalcopyrites. Taken from Ref. [3§].

direct gap which originates from an indirect one in the zincblende binary analog. Indeed,
the transition from zincblende to chalcopyrite is accompanied by the doubling of the unit
cell along one direction which is equivalent to reducing the Brillouin zone. This implies that
many points in the zincblende Brillouin zone can be mapped onto the same point which
results in indirect gaps being mapped to direct ones in the chalcopyrite ternary compound.

However, this type of gap corresponds to a forbidden transition by symmetry selection rules
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2.2. RESULTS AND DISCUSSION

and thus to a very low optical absorption [63, 64, 65]. It can be seen from Figure 2.2a
that MgSiPy, MgGePs, and MgSiAsy present a pseudo-direct gap derived from an indirect

transition in their II-V binary analog.

Figure 2.3 depicts the projected density of states (PDOS) for the six compounds of interest.
Four different regions can be defined to ease the analysis (see caption of Figure 2.3). Overall,
the orbital decomposition is qualitatively similar for the six materials. In VB2, the mixture
of IV-s, V-s, and V-p components dominates. Although it is also present in VB2, the V-p
component far surpasses all others in the VB1 region with the second largest one being IV-p.
The CBI1 section is mostly composed of the V-p and IV-s orbitals. Their strong hybridization
points out the strong covalent nature of the IV-V bonds. Meanwhile, the largest component
in the CB2 region is the IV-p one which is mixed with the V-p one. This last observation
must be nuanced by the MgSn-V, materials for which the V-p orbital still dominates. Except
for this last feature, Figure 2.3 qualitatively agrees with its analog from Ref. [38].

— Mgs — Vs — Vs — Mgp — IV-p — V-p Mg-d —— Iv-d V-d
. P
MgGeP,
//—\\A ~ 7M
—~ MgSnP-
-
s A/*/ |
~ e -
wn .
@) MgSiAs,
&) /L
(a1
. P s e ——
MgGeAs,
MgSnAs,
e N /J\ AN =
-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

Figure 2.3: Calculated projected density of states with the Fermi levels set to 0 eV for the
Mg-IV-V, compounds of interest. Four regions can be defined to ease the description (see
text): VB2 from -8 to -4.5 eV, VBI from -4.5 to 0 eV, CB1 from 1.5 to the intersection of
V-p and IV-p, and CB2 for the rest.
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CHAPTER 2. INVESTIGATION OF PROMISING COMPOUNDS

2.2.3 Linear optical properties

The low optical absorption related to the pseudo-direct gap can be seen from the
imaginary part of the dielectric constants as illustrated in Figure 2.4. Indeed, the blue
arrows indicate small shoulders which correspond to the transitions from the valence band
maximum (VBM) to the conduction band minimum (CBM). This feature is directly present
after the direct bandgap in the case of MgSnP,, MgGeAs,, and MgSnAsy. However, it is
absent in the case of the pseudo-direct gaps. To be more precise, in the case of MgGeP,
and MgSiAs,, a very slight shoulder is present far from the gap. It corresponds to the
(VBM)-(CBM+1) transitions.

Figure 2.4 also shows that the dielectric tensor contains only two independent principal
dielectric constants, namely ew = €y, and €,. The chalcopyrite structure can thus be
classified as an uniaxial crystal as could have been predicted by its tetragonal nature. This
implies that, in the desired range of frequency, angular phase matching may be feasible
depending on the magnitude of the birefringence. Figure 2.5 shows the latter as a function

of the energy. As mentioned, the region of interest is the mid-infrared one which runs

MgSiP; _ MgSiAs;

Dielectric function

0.0 2.5 5.0 7.5 10.0 12.5 15.0 0.0 2.5 5.0 7.5 10.0 12.5 15.0
Energy (eV) Energy (eV)

Figure 2.4: Calculated dielectric constants (dimensionless). The green dashdotdotted line
indicates the bandgap. The blue arrows indicate the first VBM to CBM transitions.
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2.2. RESULTS AND DISCUSSION

from 2 to 25 pm (0.05 to 0.62 eV). In the latter, the birefringence increases slightly with
increasing energy. After this region, the augmentation becomes slightly stronger, especially
for MgGeAs,; and MgSnAs,. Qualitatively, one could consider that MgSiPy and MgSiAss
are not suited for angular phase matching due to their low value of birefringence. Indeed,

the birefrigence allowing angular phase matching ranges from 0.03 to 0.1 in practice [66].

0.10
—— MgSiP, ----- MgSnP; ---- MgGeAs,;
- - MgGeP; MgSiAs, MgSnAs,

0.0 0.2 0.4 0.6 0.8 1.0
Energy (eV)

Figure 2.5: Calculated birefringence (dimensionless) as a function of energy in the mid-
infrared region (2-25 pum<+0.05-0.62 eV).

The static (w — 0) values of the dielectric constants as well as the static refractive index
are shown in Table 2.3. It can be seen that the agreement between the IPA and the more

accurate DFPT values is quite good. Although the refractive index is inversely proportional

Compound €, , (DFPT ¢~ (DFPT  DFPT

MgSiP, 8§42 767 850 786 278
MgGeP, 897 820 921 865  2.89
MgSnP, 863 7.84 882 830 2.83
MgSiAs, 941 873 954 904 297
MgGeAs, 10.10  9.74 1050 10.50  3.16

MgSnAs, 993 953 10.20 10.21  3.12

Table 2.3: Calculated static dielectric constants and the related refractive index via either
the independent-particle approximation as implemented in the Optic utility or via DFPT.

to the bandgap, their respective orderings are not perfectly inverted. Indeed, the static
refractive index follows the order: MgSiP, < MgSnP,; < MgGePy; < MgSiAs, < MgSnAss
< MgGeAs,. Replacing P by As increases n, while increasing the atomic number of the
group IV atom does not seem to be related to a particular effect. Indeed, going from Si to
Ge and then to Sn, the index increases and then decreases. From Miller’s relation, the best
NLO crystals should be MgGeAs; and MgSnAs,. Indeed, small differences in the refractive
index have a large impact on the SHG response since Miller involves € which corresponds to

n®. In general, it is very interesting, for optical materials, to present simultaneously a high
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CHAPTER 2. INVESTIGATION OF PROMISING COMPOUNDS

refractive index and a wide bandgap. This led to the development of several models that
describe the inverse relationship between these two quantities. A recent addition to this list
of models consists in a mapping procedure of the electronic structure onto a two-state system

which results in the following equation [15]

KJ werr \ °
n§=1+87r—3=1+< H) : (2.4)
ws Wy
where, in the new system, w, is the transition energy, K its probability, and J is the product
of the degeneracy of the two states. In the original system, they correspond respectively to the
weighted average of the optical transitions (an average optical gap), the average probability
of the transitions and the integral of the joint density of states. An effective frequency, weg,

is defined in order to ease the analysis. The average optical gap is linked to the bandgap by
wy = By + A, (2.5)

where A thus depends on the distribution in energy of the valence and conduction bands as
well as their dispersion. Indeed, w, is, among others, inversely proportional to the effective

mass of the transitions. Figure 2.6 illustrates these dependencies.
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Figure 2.6: Schematic illustration of the dependence of the average optical gap w, on the
width of the JDOS j(w). Starting from a two-state system (a) with flat bands for which w,
coincides with the direct band gap Eg and j(w) is a Dirac peak, the graphs shows how w, is
affected by (b) the dispersion of the bands which increases the width of the JDOS, (c) the
band distribution in energy when new bands are added leading to new Dirac peaks in j(w),
and (d) the combination of both. Taken from Ref. [6].

The calculation of the different quantities introduced above (which will be called "optical
coefficients") can give a new insight into the electronic structure and the refractive index
and thus into the SHG coefficients that are yet to be presented. To that end, the JDOS

were computed as presented in Figure 2.7. The ratio JDOS/w? is shown as well since it
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appears in the definition of K and w,. One can directly observe that the JDOS curves of

JDOS (a. u.)

o JDOS/w? (a. u.)

.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Energy (eV)

Figure 2.7: Calculated joint density of states.

the six materials follow each other such that they almost overlap. On the contrary, the ratio
JDOS/w? of MgGeAs, and MgSnAs, stands out by exhibiting the highest peak among all of
them. They also start earlier than the others since they have the lowest bandgaps. Overall,
they present the JDOS/w? with the largest maximum and smallest width while MgSiP,

displays the lowest ratio.

Table 2.4 contains the optical coefficients that were extracted from the electronic structure
of each material following the equations in Ref. [15]. It is important to note that the value
of K (and thus of weg) were rescaled in order to agree with the more accurate DFPT static

refractive index. The average probability of transition follows the same trend as the static

Compound K (a.u.) J (au.) wer (€V) wy (V) A (eV) E; (eV) ng

MgSiPy 0.486  272.563  14.932 7.908 5.968 1.94 2.78
MgGeP, 0.497  241.111  14.437 7.426 5.356 2.07 2.89
MgSnP, 0.428  271.219  14.292 7.473 0.333 2.14 2.83

MgSiAs, 0.501 192.151  13.420 6.758 5.008 1.75 297
MgGeAs, 0.564 130.071  12.264 5.897 4.387 1.51 3.16
MgSnAs, 0.492 138.306  11.960 5.802 4.552 1.25 3.12

Table 2.4: Optical coefficients calculated as in Ref. [15]. The HSE bandgap and the static
refractive index (dimensionless) were added for the sake of the reader.

refractive index, i.e., it increases when replacing P by As while it increases and then decreases
when switching from Si to Ge and then to Sn. The integral of the JDOS adopts the inverse
trend as the one just described. Replacing P by As and increasing the atomic number of the
group IV atom both lower the value of the effective frequency. The same trend is observed
for the average optical gap and its difference from the bandgap, A, except for the transition
from Ge to Sn when the group V atom is P and As, respectively. MgGeAs, and MgSnAss

stand out from the other materials with their very low J, low weg, wy, and A. Their value of

32
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J is particularly low and corresponds to a decrease of about 30% from the lowest value of the
other compounds. This is explained by their low upper frequency limit of the JDOS integral
which is based on the imaginary part of the dielectric constant as defined in Ref. [15]. Indeed,
J(es;) decreases faster for the Mg-IV-As, materials as shown in Figure 2.4. Moreover, their
small A indicates the low dispersion and distribution of their bands. MgGeAs, displays the
highest K among all of them. Section C.1 contains figures representing each JDOS and their

corresponding optical coefficients.

2.2.4 Nonlinear optical properties

As mentioned in Section 1.6, the symmetry of the crystal directly impacts the form of the
d;ji, tensor. In the present case, only two components are independent and non-zero, namely
di4 = dos and dsg [67]. However, they are both equal under Kleinman symmetry condition.
It follows that the SHG tensor has one unique component: dyy = dos = d3g. This condition
is assumed to be valid considering the present interest for the static value. The results of the

IPA calculations are shown in Figure 2.8 for the six compounds. The DFPT values are also

MgGeP, MgSnP;

|
=
o
o
o

0 1 2
MgSiAs,

dse (PpmM/V)

Energy (eV)

Figure 2.8: Calculated dispersion of the only non-zero component of the SHG tensor. The
bandgap of each compounds is represented by the green dashdotdotted line. The energy
range corresponds to the range of interest for the incident wave, i.e., the mid-IR.
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represented in order to observe the agreement between both approach. Unfortunately, it has
been brought to light that the Optic utility of ABINIT might contain some errors related
to the calculation of the SHG tensor and its dispersion. Considering the good agreement
with the DFPT values, it can be hypothesized that these errors do not affect either the low
energy range in an important way or this specific crystallographic symmetry. This matter
should be investigated in future works. Until then, the reader should keep this in mind when

analyzing Figure 2.8.

Qualitatively, identical trends can be identified among the compounds. After a peak, the
real part of the SHG coefficient drops and changes sign before reaching a new peak. Each
compound is different regarding the energy where it becomes negative. The bandgap does
not seem to be a factor. MgSnAs, displays three individual peaks with the same magnitude
instead of a single maximum. This feature is absent from the other materials although
MgGeAs, presents a relatively similar behavior. At first, the imaginary part is null as it
should be when far from any absorption band. Then, it reaches a maximum around the
bandgap before dropping towards negative values as can be seen in the case of MgGeAs, or
MgSnAss. As mentioned, the IPA values seem to match the more accurate DFPT values.
However, the latter strongly differ from the ones reported in Ref. [38] as Figure 2.9 shows.
GaAgS, and GaAgSe; were used in order to assess the quality of the results. The static dsg
value of these two benchmark materials were calculated to be 9.46 pm/V and 24.46 pm/V
respectively which is relatively close to the experimental coefficients (12.2 £+ 2.5 and 39.5 +
1.9 pm/V [68]) and the ones of Ref. [38] (18.88 and 36.97 pm/V). The experimental values

are underestimated and this may become worst at higher values of SHG coefficient.
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Figure 2.9: Comparison with Ref. [38| (left) of the static dss obtained via DFPT. The HSE
bandgaps are indicated as well. Adapted from Ref. [38].

Indeed, the results of the present work are all smaller than the ones of Ref. [38] as shown
in the first column of Table 2.5. The difference is particularly important for the first four
compounds. The bandgap clearly plays an important role since a lower one implies a higher

refractive index and thus a higher SHG response for a fixed Miller’s coefficient. However, the
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present work presents lower bandgaps for some compounds, meaning that this parameter is
not the only factor. If the structural differences are responsible for this disagreement, then
the latter does not originate from the distortion parameter since it is the same as in Ref. [38]
(see Table 2.1). Moreover, Table 2.5 is not able to highlight any direct relations between
the differences of the SHG coefficient and of the structural parameters. Unfortunately,
Ref. [38] does not detail enough how its SHG response was computed which limits the

present understanding of this quantitative disagreement.

d3g a c (c/a) dyg—v drv_v
Componnd 38 () 55 00) i (0 s (00 Y 00 82X 00
MgSiP, 48.45 98.85 97.86 98.99 98.59 98.59
MgGeP, 57.52 98.74 97.50 98.71 98.51 98.22
MgSnP, 65.85 98.37 98.31 99.95 98.39 98.31
MgSiAss 56.97 98.41 97.41 98.95 98.18 98.07
MgGeAss 77.13 98.22 97.16 98.88 98.14 97.70
MgSnAs, 77.14 98.03 97.56 99.49 98.03 97.74

Table 2.5: Comparison of the SHG coefficient and the structural parameters with the ones
of Ref. [38].

Setting the quantitative aspect of Figure 2.9 aside, the relative trends between SHG
response of the compounds are the same as in Ref. [38]: MgSiPy < MgSnP, < MgGeP,y <
MgSiAsy < MgSnAss < MgGeAss. This ordering is the same as the one of the static refractive
index which emphasizes the importance of Miller’s relationship. Adopting similar arguments
as in Ref. [6], Miller’s coefficient can be naively seen as the proportionality coefficient between
the linear and the NL optical properties. This allows to bypass the tensor notation of

Eq. (1.15) by rewriting it as the following approximation
defLKP = (571?, (26)

where the Kurtz-Perry effective nonlinear coefficient and the static refractive index were
chosen to represent the NLO and linear optical properties, respectively. The link between
them is provided via an effective Miller coefficient, 6. Table 2.6 contains the values of these
new quantities for the six compounds of interest. Since both dss (and thus degxp) and ng
have the same ordering, it follows that ¢ displays a similar trend. However, the increase and
decrease when respectively replacing Si by Ge and Ge by Sn are relatively weaker for ¢ than

for deﬂ,KP .

In an effort to analyze the present results, Figure 2.10 eases the identification of trends
relating different parameters by displaying the most relevant ones. In Figure 2.10a, K
follows the same trend as ng, d, and degxp while J adopts the inverse trend. With the

exception of MgGePy — MgSnPs, A also behaves similarly. In Figure 2.10b, an identical
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Compound dpv_v (A) Vi (Ad) dss (pm/V) degxp (pm/V) ng d (pm/V)

MgSiPy 2.517 5.709 33.77 17.394 2.78 0.038
MgGePy 2511 6.340 52.33 26.954 2.89 0.046
MgSnP, 2.513 8.002 44.90 23.129 2.83 0.045
MgSiAs, 2.589 6.563 95.20 28.434 297 0.041
MgGeAs, 2.586 7.235 104.37 93.757 3.16 0.054
MgSnAs, 2.587 8.939 94.88 48.869 3.12 0.053

Table 2.6: Kurtz-Perry effective nonlinear coefficent and effective Miller coefficient for the
six compounds under investigation. The IV-V bond length, the volume of the group IV
atom tetrahedral unit, the only non-zero SHG component and the static refractive index
(dimensionless) were added for the sake of the reader to ease the comparison later on.
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Figure 2.10: Comparison of several parameters to ease the visualization of possible trends
when changing the group IV atom (a) and the group V atom (b). Both n, and u are
dimensionless.

analysis can be made. Replacing P by As increases the SHG coefficient as well as the
refractive index, Miller’s coefficient and K while it decreases u, J, and A. In both figures,
the distortion parameter appears to be inversely linked to the variation of the SHG
response. This seems counter-intuitive. Indeed, u, among others, describes the reduction of
symmetry characterizing the passage from the zincblende to the chalcopyrite structure. Since
centrosymmetric materials do not display any SHG response, one could intuitively expect

that the "most non-centrosymmetric" compounds possess the highest NLO coefficient.
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Based on Figure 2.10, this does not seem to be the case. Further investigations are required

as will be done below.

Although not explored in the present work, a band-resolved analysis would allow to
identify the orbitals contributing significantly to the SHG process [69]. In Ref. [38], MgSiP,
was shown to have its SHG response mainly coming from the transitions of occupied Si-p
and P-p orbitals to unoccupied Si-s and P-p orbitals. Overall, it was determined that the
orbitals of the IV-V tetrahedra were mostly responsible for the SHG. This can be linked to
a stronger hybridization of the orbitals (stronger covalent character) which has been proven
to enhance the transitions between valence and conduction bands [70]. In the present work,
it is thought that the average transition probability K reflects this phenomenon. However,
replacing P by As does not change the strength of the covalent character of the bonds since
their electronegativity are basically the same. Thus, this fails to explain the large increase

of the SHG response as seen in Figure 2.10b.

In an attempt to quantify the relations between the various parameters of Figure 2.10,
their correlation (in the sense of any dependence) matrices can be calculated. Four types
of coefficient were tested in order to cover a broader range of properties. It might also
compensate the small size of the dataset. In Figure 2.11, the adopted correlation coefficient,
r, follows Pearson’s definition such that it corresponds to [71]

»  eony) = YY) X)) .

0x0y Ox0y

S (- X (%Y
VI (X - XY, (v - )

where cov(X,Y), ox(y), and pxy) = (X(Y)) respectively indicate the covariance of two

=7 (2.8)

variables X and Y, their standard deviation, and their means. The second line of the above
equations corresponds to the estimator of the coefficient, 7, when dealing with a sample of
finite size n. Its means for both variables are given by X and Y. The linear character of the
relationship is given by r such that a value of 1 or -1 amounts to a perfect linear relation. Its
sign determines the one of a regression slope between the two parameters. It is important
to note that a value of 0 does not imply the independence of the variables. Indeed, it only
points out the absence of any linear relationship. The limited number of data in the present
case also limits the correctness of any interpretation [72|. These two last comments should

be kept in mind for the following interpretation.

Unsurprisingly, most of the coefficients in Figure 2.11a are high (in magnitude). This
could have been predicted since, except for u, they are all related one way or another by

Miller’s rule and Eq. (2.4). Since the latter is not linear, it is assumed that the small size of
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Figure 2.11: (a) Correlation matrix of the variables of Figure 2.10. The coefficient follows
Pearson’s definition. Since such matrix is symmetric with a trivial diagonal by construction,
only its lower half has been plotted for the sake of clarity. (b) Correlation matrix of (a)
without the statistically nonsignificant coefficients.

the dataset is responsible for incorrectly misleading 7. Indeed, it is known that deg xp o< ng

by the approximation of Miller’s rule although their correlation coefficient seems to indicate
a strong linear relation. The signs in this matrix also confirm the various trends identified
above. Several remarks can be formulated to develop the present analysis. As previously
observed, the SHG response seems to be inversely linked to the distortion parameter.
Moreover, if a relationship exists between the two of them, then it is not a linear one since
their r is low. However, it seems that the linear dependence of the KP coefficient on w is
contained in Miller’s coefficient since the latter is more linearly correlated to u although the
linear character of their relationship is not particularly strong. It is also interesting to note
that 6 seems to be highly linear with the static refractive index which could imply that it
is not strictly a spatial factor. If ¢ is indeed linearly related to n,, then its strong linear
dependence with the optical coefficients (especially with A) is either an artifact due to the
number of data or originates independently from n,. One can also notice that J is inversely
linked to K and n, while it varies similarly to A. The only electronic parameter, which
seems to deviate from a linear dependence on deg kp, is K. Moreover, most of their relation

appears to originate from 9.

A more rigorous statistical point of view can be adopted by testing the null hypothesis Hy
against the alternative one Hj:

To that goal, the statistic ¢ is calculated such that

t = SL with S, = , (2.9)

” n—2

where n — 2 corresponds to the degrees of freedom of the Student distribution followed by

t under Hy. By a statistical two-tailed test, it comes that the null hypothesis can be safely
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rejected if
|t| > ta/2,n—27 (210)

where the right hand side is called the critical value. It can be found in the Student’s ¢
table. The significance level, «, is the probability of rejecting Hq when it is true. A value of
0.05 was chosen by convention [73]. This led to a critical value of 2.776 which allowed to
filter out the nonsignificant coefficients, i.e., the ones that do not allow to safely reject Hy, as
shown in Figure 2.11b [74]. This implies that the previous interpretation of the now absent

coefficients is likely to be a pure speculation since r might actually be null in these cases.

Figure 2.12a pushes the analysis one step further by considering Spearman’s coefficient,
p. The latter is defined by Eq. (2.7) with X and Y being replaced by their ranks Rx and Ry
such that Ry, (Ry,) is 1 if X; (Y;) takes the smallest value, 2 if it takes the second smallest
one, etc. This coefficient can be estimated for a finite sample of size n by

6L (e~ Ry | YL@

n(n?—1) B n(n?—1)

p = (2.11)
If multiple instances are equal, then they are given a non-integer average rank. The
definition of the estimator must also be corrected accordingly [73]. Contrarily to Pearson’s
r, Spearman’s p characterizes the degree to which the relationship between two variables is
monotonic. Its sign is thus positive when large (small) values of X tend to be associated to
large (small) Y. Similarly, it is negative when large (small) X are linked to small (large) Y.
It ranges from -1 to 1 which respectively indicate a perfectly inverse and similar ordering of

the ranks (perfect monotonic relation).
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Figure 2.12: (a) Correlation matrix of the variables of Figure 2.10. The coefficient follows
Spearman’s definition. Since such matrix is symmetric with a trivial diagonal by construction,
only its lower half has been plotted for the sake of clarity. (b) Correlation matrix of (a)
without the statistically nonsignificant coefficients.

As expected, the coefficients in Figure 2.12a present the exact same signs as their
Pearson’s analog. The overall picture is also the same. An interesting feature is the perfect

monotonic dependence between the KP coefficient, the static refractive index, and the
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integral of the JDOS. The parameter A also seems to be strongly linked to degkp (via
ns) while K is once more the electronic parameter with the minimum correlation to the
SHG response. Once again, A and J seem to be highly correlated. The coefficients of
the distortion parameter are relatively low except for the one with §. As before, the null
hypothesis, Hy: p = 0, can be tested against the alternative one, Hy: p # 0, by rejecting
the former when [p| > p , Jo» Where the last quantity is a critical value given by the
Spearman table (see Ref. [75]) for a significance level . The latter was chosen to be 0.05 by
convention which resulted in p, o = 0.738. Figure 2.12b shows the correlation matrix of the
Spearman’s p without the nonsignificant values. Contrarily to Figure 2.11b, the coefficients

of 4-J, deg xp-K, and ny-K were not removed.

Recently, Ref. [76] introduced a new correlation coefficient, £, to measure the degree of
dependence between two variables. After rearranging the sample of (X;, Y;) by increasing X;

and thus working with a new sample of (X(;), Y{;)), £ can be estimated by

2 . 32;:11 |7"z'+1 - 7'z'|
§nY) = 1- el (2.12)

where 7; is the rank of Y(;). If the initial sample presents ties between its instances (either in
X orinY), then the definition is slightly modified. When the variables are fully independent,
¢ is 0 while it becomes 1 when they are related by an unknown function. Figure 2.13a shows

the corresponding correlation matrix for the present parameters. Compared to the other

1.0 1.0

w 0.8 w 0.8

< 06 < 0.6
™ .70 - 3
% 0.25 0.00 0.25 0.00 0.4« 0.20 0.00 0.29 0.14 0.4
~Ed RERI o7 641 0.75 065 XU
5 0.00 0.25 0.00 0.00 0.00 0.00 5 0.00 0.15 0.00 0.00 0.00 0.00
dettxp O ns A K J 0-0 dettxp O ns A K J 0-0
(a) (b)

Figure 2.13: Correlation matrix of the variables of Figure 2.10. (a) The coefficient, £, was
normalized and follows the definition of Ref. [76]. The matrix was rendered symmetric as
suggested in Ref. [76]. Since its diagonal is trivial, only its lower half has been plotted for
the sake of clarity. (b) The coefficient is the normalized mutual information as described in
Section 3.1.2. Since such matrix is symmetric with a trivial diagonal by construction, only
its lower half has been plotted for the sake of clarity.

coefficients, £ seems to be more consistent. Indeed, J is seen to be equally dependent on A
and J which makes sense since they display a high é together. Moreover, this link with 9§ is
perfectly transmitted to ns as it should be through Eq. (2.4). Similar observations can be
made with other parameters. A striking difference with the previous cases is the presence

of null values. They all match the nonsignificant Spearman’s coefficients of Figure 2.12b
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except for the d-u one. This could definitely indicate an existing relation between the two
quantities as mentioned by this concept of "degree of centrosymmetry." Unfortunately, the
computation of the p-values related to £ as introduced in Ref. [76] with a significance level
of 5% showed that only the coefficient of 1 (deg kp, J, ns) is statistically significant (allows
to safely reject the hypothesis that & = 0).

To end this statistical analysis, the last coefficient of correlation to be considered is the
normalized mutual information as described later in Section 3.1.2. It is similar to £ in the sense
that it measures a possible relation between two variables such that 0 and 1 respectively mean
no relation at all and a clear dependence. Figure 2.13b shows the corresponding correlation
matrix. The overall picture is very similar to the one with £ although it seems to present finer
details. The consistency mentioned above is indeed recovered for most of the parameters but
not all. Moreover, A and K seem to be slightly dependent on one another here. Again, u

and 0 appear to be slightly related.

2.2.5 Effect of the distortion parameter

As mentioned above, an intuitive hypothesis is to consider that the "most non-
centrosymmetric" material should display the largest SHG response. This requires to
quantify the degree of centrosymmetry which is not an easy task nor concept. In the
case of the zincblende structure, the centrosymmetry is broken by the presence of two
different species. Going to the chalcopyrite structure, the symmetry is further reduced
by the introduction of a third specie and by the distortion of the tetrahedral units. The
latter is characterized by the distortion parameter, u, as defined above. This section
aims at studying its effect on the NLO response. To that end, the structures of the
six compounds were modified in order to recover the zincblende structure (c/a # 2
being neglected) or more precisely a pseudo-zincblende structure. In practice, this is
equivalent to displacing the atoms as illustrated by the red arrows in Figure 2.14. The
applied displacements all have the same magnitude, i.e., u-0.25. It was also decided to apply

a scissor such that the HSE bandgap of the previous sections is recovered for each compound.

The results of this structural modification are presented in Table 2.7. The latter is
structured in the same way as Table 2.6 in order to facilitate the comparison. When
adopting a (pseudo-)zincblende structure, the Mg-V and IV-V bonds have henceforth the
same length which is shorter than the previous Mg-V and longer than the previous IV-V.
A similar observation can thus be made for the tetrahedral units. Their volume is now
smaller and larger than their chalcopyrite counterpart around Mg and the group IV atom,
respectively. This analysis must be nuanced by the case of MgSnAsy which had the inverse
transformation. This makes sense since its distortion parameter was lower than 0.25. It
is indeed the only compound with an opposite displacement of its atoms compared to the

others.
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Figure 2.14: Illustration of the atomic displacements (red arrows) needed to transform
the chalcopyrite structure (first row) of MgSiP, into a zincblende one (second row) when
neglecting the c¢/a ratio and the presence of three species instead of two. The red arrows
were omitted from the third rotation of the axes (on the far right) for reasons of clarity. The
displacements all have the same magnitude which corresponds to u-1/4 with u the distortion
parameter.

Compound  dygrv_v (A) V7T (A%)  dse (pm/V) degxp (pm/V) ns 6 (pm/V)

MgSiP, 2.367 6.742 28.101 14.474 2.796 0.030
MgGeP, 2.409 7.129 58.207 29.981 2.952 0.045
MgSnP, 2.506 8.072 45.190 23.277 2.831 0.045
MgSiAs, 2.458 7.567 50.302 25.910 3.002 0.035
MgGeAs, 2.498 7.972 113.047 58.228 3.225 0.052
MgSnAs, 2.591 8.920 94.896 48.879 3.123 0.053

Table 2.7: Calculated properties of the pseudo-zincblende structure. The volume of the
tetrahedral units is designated by V7 and n, is dimensionless.

Before discussing the other properties, Figure 2.15 illustrates the difference between
the bandstructure of the original and modified crystal. MgSnP,; and MgSnAs, stand out
due to the superposition of both bandstructure. This was to be expected considering the
weak magnitude of their atomic displacement (0.002 and 0.001 respectively). Regarding
the other compounds, clear differences can be seen between both structures. The case of
MgGeP, offers indeed a striking change since it presents an indirect bandgap I' — Z in its
pseudo-zincblende form. For this material, it must thus be noted that the scissor was applied

so that the new nearly direct bandgap at I' matches the previously direct one.
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Figure 2.15: Bandstructures of the six compounds of interest. The red dotted and blue
solid lines correspond to the pseudo-zincblende and chalcopyrite structure, respectively. VBM
stands for valence band maximum.

Regarding the optical properties of Table 2.7, their variation is graphically illustrated
in Figure 2.16 which aims at simplifying the identification of trends and their comparison
with the ones of Figure 2.10. It can indeed be observed from Figure 2.16a and Figure 2.16b
that separately increasing the atomic number of the group IV and group V atom results in
the same variation of the SHG response than in the chalcopyrite case. The only noticeable
difference is the ordering of the SHG coefficient in the pseudo-zincblende case such that
MgGePy > MgSiAs,. Similarly, Miller’s coefficient and the static refractive index both adopt
the same tendencies as previously when switching the atoms. The transition from MgGeAss
to MgSnAs, is the only exception since it causes a slight increase of ¢ instead of a decrease

as with the chalcopyrite structure.

As depicted in Figure 2.16¢, the new crystals, except MgSnAss, have a higher refractive
index and a lower Miller’s coefficient. The SHG coefficient of MgSiP, and MgSiAs, is lower
than before while the one of the other compounds is higher. Since the hybridization in the
[V-V units should be weaker in the new geometry (longer bonds) and since the latter should
be "more centrosymmetric" (based on our understanding), the results seem to indicate
that an important factor is still missing from the picture. It also seems that MgSi-V,
compounds are not affected by it such that they might be more influenced by their "degree

of centrosymmetry." However, the latter might be a major component of Miller’s coefficient
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Figure 2.16: Comparison of several parameters to ease the visualization of possible trends
for the pseudo-zincblende structure when changing the group IV atom (a), the group V atom
(b), or when switching from a chalcopyrite structure (left bars with yellow edges) to a pseudo-
zincblende one (right bars without edges) (c). The static refractive index ng is dimensionless.

instead. This was already suggested in Ref. [6] where structures were interpolated between
a non- and a centrosymmetric one. The new structures showed an increase of § as they were
further away from the centrosymmetric one. MgSnAs, thus constitutes an exception and
could indicate either that the "most centrosymmetric" structure might be different than the
pseudo-zincblende used in the present work or that the hybridization in the IV-V unit is
more important. In order to have additional information, it would be interesting to calculate

the JDOS and the related optical coefficients of the new crystals.

In order to further study the effect of the distortion parameter, "inverse u" structures
were investigated. They were obtained though modification of the chalcopyrite ones such
that the new distortion parameter is v’ = 0.25 — (u — 0.25). This corresponds to inverting
the atomic displacement u — 0.25 which differentiate the chalcopyrite structure from the
pseudo-zincblende one. The relevant results are displayed in Table 2.8. Comparing the latter

with Table 2.1, it is obvious that the bond length and tetrahedral volume are also inverted
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(II+>1V) as expected. Figure 2.17 graphically illustrates the effect of changing the group IV

or V atom on the present results.

Compound dpy_y (A) V& (A?)) dss (pm/V) degxp (pm/V) ns 9 (pm/V)

MgSiP, 2.517 7.963 29.661 15.278 2.796 0.032
MgGePy 2.511 8.017 58.264 30.010 3.001 0.041
MgSnP, 2.513 8.143 45.484 23.428 2.834 0.045
MgSiAs,y 2.589 8.726 50.169 25.841 3.115 0.028
MgGeAs, 2.586 8.785 133.842 68.939 3.378 0.046
MgSnAs, 2.587 8.881 94.574 48.713 3.120 0.053

Table 2.8: Calculated properties of the "inverse u" structure. The volume of the tetrahedral
units around the group IV atom isdesignated by Vi%. The static refractive index n, is
dimensionless.

In Figure 2.17a, it can be seen that increasing the atomic number of the group IV
atom causes its tetrahedral volume and Miller’s coefficient to monotonically increase. The
increase/decrease trend of both the static refractive index and degxp is the same as in
Figure 2.10 with the chalcopyrite structure. The consequence of modifying the group V
atom is represented in Figure 2.17b. Replacing P by As increases n,. It also decreases ¢
in the case of MgSi-V, but increases it otherwise. The chalcopyrite compounds displayed
the opposite trend while it behaved in the same manner (augmentation) as the inverse
structure regarding the tetrahedral volume and the nonlinear optical coefficient. The
ordering of the latter is however different since MgGePy > MgSiPy as seen in Figure 2.17.
Except for MgSi-V,, the inverse structure presents higher values of degxp. MgSnAs, is

different since its chalcopyrite form had a distortion parameter lower than 0.25 to begin with.

The evolution of degxp, 0, ns, and Vi, with respect to the direction of the atomic
displacement, i.e., to u <,=,> 0.25, is illustrated in Figure 2.17c. Except for the decrease of
the tetrahedral volume and the static refractive index, increasing u does not cause consistent
changes of the two other parameters among the compounds. The NLO coefficient decreases
except for MgSiPy; and MgSnAs, where it increases in the second and first step, respectively.
However, MgSiAs, only shows an increase of deg xp. Miller’s coefficient adopts larger values
with the exception of MgSiPy where it first decreases for the pseudo-zincblende structure
before increasing when u > 0.25. Therefore, n, does not seem to be their only other
dependence considering these inconsistent variations. These observations go against the
assumption of an inverse link between a "degree of centrosymmetricity" and the SHG response
or Miller’s coefficient. Their minimum was indeed expected in the case of the pseudo-
zincblende structure. This implies that an important element is still missing. It could also

be due to an improper understanding of the quantification of centrosymmetry.
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Figure 2.17: Comparison of several parameters to ease the visualization of possible trends
for the "inverse u" structures when changing the group IV atom (a), the group V atom
(b), or when switching from a u < 0.25 structure (left bars without edges) to a u = 0.25 one
(central bars with pink edges) to a v > 0.25 one (right bars with yellow edges) (c). The static
refractive index n, is dimensionless while V7 corresponds to the volume of the tetrahedral
units around the group IV atom.

2.2.6 Investigating binary analogs

In an attempt to further investigate this concept of "degree of centrosymmetry", binary
analogs (BA) of the Mg-IV-V5 compounds were defined and examined with regard to their
NLO response. The latter is expected to be smaller than the one of the ternary chalcopyrites
and pseudo-zincblende. Indeed, two different species should (based on our understanding)
be "more centrosymmetric" than three of them. These new crystals possess a zincblende
structure. They are comprised of III-V (BA1) or II-VI (BA2) atoms by taking the cation or
anion next to the group IV atom, i.e., on the same period of the periodic table of elements.

In the present case, this resulted in nine binary compounds:
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I-vi  — 1I-IV-V, — 11V
MgS — MgSiP, — AlIP
MgSe — MgGePy, — GaP
MgTe — MgSnPy, — InP
MgS — DMgSiAs, — AlAs
MgSe — MgGeAs, — GaAs
MgTe — MgSnAs, — InAs

When the atoms of the II-IV-Vy crystals are not from the same period, defining binary
analogs of the form II13 .-ITI5 .-V (for example) becomes a possibility [55]. However, it was
not explored here as a first approach. Most of the above BA are well known materials in
the field of optics. Therefore, the HSE bandgaps were recovered from the literature instead
of computed with VASP. Except for this last comment, the same methods of computation
as in Section 2.1 were used although only the steps 1, 3 (for the bandstructure), and 5
were performed. Table 2.9 contains the results of interest as well as some other values for
comparison. Unfortunately, InAs was found to be a metal in the LDA framework. This
material was thus removed from the following results and analysis due to its lack of SHG.
By using GaP and GaAs as benchmark, one can once again observe that the SHG response

is underestimated with respect to the experimental values.

Similarly to the previous analysis, the identification of trends is made easier thanks to
Figure 2.18. In the case of the BA1, the effect of increasing the atomic number of the
group III atom for a fixed group V atom is shown in Figure 2.18a. It causes the bandgap
to decrease while the SHG response, the static refractive index and Miller’s coefficient all
increase. The volume of the tetrahedral unit around the group III atom is first lowered
before being greatly augmented. Moreover, the behavior of the KP coefficient is different
from the pyramidal trend it adopted with the chalcopyrite and pseudo-zincblende structure.
However, as with the latter, replacing P by As leads to an increase of the SHG response as
shown in Figure 2.18b. Miller’s coefficient, ng, and V7 adopt a similar tendency while E,
follows an inverse one. Raising the atomic number of the group VI atom for the BA2 also
intensifies the SHG phenomenon although its magnitude is relatively low due to their large
bandgap and small refractive index. It is nonetheless interesting to note the considerable
enhancement of § and V7 that accompanies the slight increase of n,. The bandgap does not

vary monotonically for this type of transition since it is larger for MgTe than for MgSe.

The impact of the evolution BA2 — Mg-IV-V, (pseudo-zincblende) — BA1 on the various
quantities is illustrated in Figure 2.18c. It shows that, except for MgSnPy; — InP, the SHG
coefficient increases and then decreases. The static refractive index also follows this trend for

the MgSi-V, crystals although it only increases for the other compounds. The tetrahedral
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Compound d (A) V7 (AS) dss (pm/V) degxp (pm/V) ngs 0§ (pm/V) E, (eV)

AlP 2.350  6.659 12.047 6.205 2.650 0.018 1.42%
14.000% 2.52%b
GaP 2.333  6.516 28.808 14.838 3.008 0.020 1.39%
21.000% 2.30*¢

41.000°
InP 2.521  8.227 48.391 24.925 3.065 0.030 0.59
1.55¢
AlAs 2436  T7.414 21.429 11.038 2.828 0.022 1.32%
21.000® 2.24%b
GaAs 2.426  7.324 78.176 40.267 3.388 0.027 0.49
45.000% 1.50¢

90.000°
MgS 2.423  7.304 1.366 0.704 1.917  0.014 3.35
4.78b
MgSe 2.544  8.448 3.736 1.925 2.067  0.025 2.53
3.54¢
MgTe 2.758 10.771 8.414 4.334 2.166 0.042 2.37
3.74°

Table 2.9: Calculated properties of the zincblende binary analogs. The volume of the
tetrahedral units around the group III or II atom is designated by VT while d is the distance
from the group III or IT atoms to the closest group V atoms. The static refractive index n, is
dimensionless. The first row of £, corresponds to the LDA value of the present work before
applying the scissor shift to match the HSE values of the second row. The asterisks indicate
indirect bandgaps. The superscript  refers to the LDA value of Ref. [77], ® to the HSE value
of Ref. [78], ¢ to the experimental value of Ref. [79], ¢ to the HSE value of Ref. [80], and ¢ to
the HSE value of Ref. [6].

volume V7 decreases monotonically except for MgSnP, and MgSiAs, which see its increase
when switching respectively to the BA1 compound and to the pseudo-zincblende structure.
One of the most interesting features of Figure 2.18c¢ is that Miller’s coefficient actually follows
the above expectations based on the concept of "degree of centrosymmetry." Indeed, the
ternary compounds in the pseudo-zincblende structure all display a higher value of ¢ than
their binary analogs. As touched upon in the previous sections, § seems to be linked to
this notion of quantifying the centrosymmetry based on the species and their structural
arrangement. The SHG response is thus also related to it by Miller’s rule although it seems
to greatly depend on something else hidden by n, as is indicated by the behavior of MgSnP,
in Figure 2.18c. Further investigations are required and a perspective for future works might

be to understand the drastic variation of ¢ in the BA2 compounds.
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Figure 2.18: Comparison of several parameters to ease the visualization of possible trends
for the binary analogs when changing the group III atom of the BA1 (a), the group V or VI
atom of the BA1 or BA2 (b), or when switching from a BA2 (left bars with pink edges) to a
ternary pseudo-zincblende structure (central bars without edges) to a BA1 (right bars with
yellow edges) (c). The static refractive index ng is dimensionless.
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2.3 Conclusion

This second section presented the first-principles results of this work by investigating six
potential NLO crystals for the mid-IR region, namely MgSi(-Ge,-Sn)P5(-Asy). The overall
method and parameters of computation were introduced in Section 2.1. In Section 2.2.1,
the six compounds were found to adopt a chalcopyrite structure whose deviation from
the zincblende one is characterized, among others, by the distortion parameter, u. As
explained in Section 2.2.2, their link to zincblende binary analogs was also discovered in
their bandstructure since MgSi(-Ge)Py and MgSiAs, all display a pseudo-direct gap which is
characterized by a lower absorption as reflected by their absorption spectrum. All the PDOS
showed the strong covalent nature of the IV-V bond while the birefrigence of MgSiPs(-Ass)
was found to be insufficient to allow phase matching. Section 2.2.3 also introduced "optical
coefficients" to describe their electronic structure. The electronic bands of MgGeAs, and
MgSnAs, display the smallest dispersion. The resulting SHG responses were analyzed in
Section 2.2.4. The static DFPT results agreed well with the IPA ones. Compared to the other
four compounds, MgGe(-Sn)As, displays a significantly higher SHG response. Correlation
coefficients as well as graphical visualization of the trends both concluded that the SHG
coefficient may not be strongly linked to a "degree of centrosymmetry" as assumed initially
but rather to the electronic structure hidden behind the refractive index. However, Miller’s
coefficient might be more influenced by this quantification of the centrosymmetry. Indeed,
this was more or less confirmed both when forcing the structure to a pseudo-zincblende one
in Section 2.2.5 and when investigating zincblende binary analogs in Section 2.2.6 although

the investigation of "inverse u" structures was less positive about it.
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Chapter 3

Predicting the SHG
response

The research in materials science has recently been accelerated thanks to an innovative
and efficient tool, machine learning. However, the first hurdle before diving into this new
paradigm is to obtain DBs with the relevant properties for the task at hand. Recently, two
databases have been developed via high-throughput screening of the MP in the framework
of linear and nonlinear optics respectively [6, 81]. The "linear" DB consists of 4040
semiconductors, mostly oxides, that were selected based on their thermodynamical stability
(Enan < 25 meV/atom) and the availability of their electronic properties. Indeed, the
bandgap was directly taken from the MP, although it is strongly underestimated compared
to experimental values since it results from DFT as explained in Appendix A. The static
refractive index was calculated using DFPT. The "nonlinear" DB is a subset of the linear
one. To begin with, the centrosymmetric compounds were filtered out due to their lack of
SHG response. Then, materials with low values of both the refractive index and the bandgap
were discarded. For practical reasons (exchange-correlation functionals, low accuracy, etc.),
other candidates had to be removed. In the end, the nonlinear DB was made up of 457
instances (materials) for which DFPT calculations were performed to obtain their d;jx
tensor. More details on the full process can be found in Ref. [6]. Since the emergence of this
dataset, the number of instances was increased up to 579 materials thanks to unpublished

results of Naccarato et al.

The first section of this chapter deals with the basics of ML. The model used in the
present project, MODNet, is then introduced in Section 3.1.2 with the goal of being trained
on the nonlinear dataset to predict an adequate quantity as explained in Section 3.2. The
analysis of the DB, the choice of features, the overall approach, and its results are respectively
described in Section 3.3, Section 3.4, Section 3.5, and Section 3.6. The latter is completed

by a simulation of the application of the final model as presented in Section 3.7.

3.1 Machine learning approach

Materials informatics is an emerging field which combines the expertise of materials
scientists with the empirically proven benefits of machine learning (ML). This association
was made possible through the development of large materials databases built from either
quantum computations or experiments. They provide the necessary data to train and test

the ML models which can then predict the properties of interest. The advantage is the gain
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in computational resources and time. Indeed, those models can reach similar accuracy as
DFT results, but at a fraction of the computational cost [82]. Supervised ML encompasses
all methods that aim at predicting a certain target (e.g., a specific property) based on certain
inputs, also called features (such as the crystalline structure). The basic principle is that the
ML model adjusts internal parameters that relate, often in a nonlinear way, the inputs to
the output in order to decrease the difference between the prediction and the known target.
Throughout this training step, all instances of a training dataset are considered, hence the
need for large DBs. Once all parameters have been optimized, the model can predict the
target property for any compounds by using the corresponding inputs. This approach takes
advantage of the capability of the machine to translate NL relationships between features

into a computationally simple model.

3.1.1 General principles

Supervised learning and ANN ML tasks can be categorized as either unsupervised or
supervised learning. In the former, the goal of the system is to identify patterns in datasets
without the use of any targets. For example, by modifying their parameters, clustering
algorithms derive implicit similarity criteria between instances of the DB in order to separate
them in relevant groups. On the contrary, supervised learning aims at approaching an
unknown mathematical function f which relates inputs X, also called features or descriptors,

to a specific output or target t

L= f(X) = (X)) = (3.1)

where the subscript indicates one of the instances of the DB and f is the function found
by the system. The denominations "classification" and "regression" refer to problems where
the target can take discrete and continuous values, respectively. The error between the
output and the target allows to define an objective or loss function, L, such as the common

mean-squared-error (MSE) for instance:

Duse = D= = 1 (), (32)

where N is the number of instances. The choice of this loss function is based on assumptions
on the distribution of the errors and can influence the performance of the model. Indeed, the
latter is fed with instances of a training dataset and modifies some of its parameters, i.e., its
weights, iteratively in order to reach a minimum of this loss. Different functions can then lead
to different minima. The full process is illustrated in Figure 3.1 in the case of an artificial
neural network (ANN). This type of model consists of several layers of individual units, also
called "neurons" or "nodes." Each one of these units performs a linear combination of its
inputs and feeds it to an "activation function" which introduces some nonlinearity such as

the common hyperbolic tangent. The representation of such model is given in Figure 3.2.
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FAW

X —) ANN: —) Y/ Training algorithm (optimization)
fX)=h (w(z)g(w(l)x)) l l

Figure 3.1: Schematic of the training process for a two-layer ANN. X t, f, w®) h, g,
y, e, and L are respectively the training inputs, the targets, the ML model in training, the
weights of the I-th layer, the activation function of the second layer, the one of the first layer,
the predicted target, the error, and the loss function. This loop is repeated until the loss
function is minimized for this given training dataset. Adapted from Ref. [83].

Input layer 1%t hidden layer Output layer

Figure 3. 2 Two-layer artificial neural network with Xy the d-th feature, D the number of
features, w ) the weight associated to the i-th node from the (I — 1)-th layer and to the j-th
node from the [-th layer, g and h the activation functions of the first hidden and output layer,
and y the output. Adapted from Ref. [84].

Different methods to update the weights exist. The most basic one is the backpropagation
of the error which makes use of the chain-rule of derivatives to derive the following equation

oL
w(t+1) = wl(t) —a—p—,
(t+1) = wy(t) 200 1)

(3.3)
where « is called the "learning rate" and ¢ refers to the epoch, i.e., the number of passes
(iterations) the algorithm has completed during training. The choice of optimization
algorithm greatly influences the computational time as well as the final performance because

some methods are more easily stuck in local minima for instance [83, 84].

Feature selection The inputs can be represented as a table where each row and each
column corresponds to an instance of the DB (a specific material in the present work) and a
feature (e.g., the mean band gap of the elements), respectively. One of the first step is thus to
generate these descriptors. To that end, the Python library "Matminer" was developed and
allows one to "featurize" materials based on their chemical compositions and/or structures,

and optionally on their electronic bandstructure and /or density of states [85|. A large number
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of features can thus be generated and are hopefully related in some way to the target property.
In theory, the number of descriptors is directly proportional to the quality of the model since
a new column can be seen as additional information. In practice, too many of them can
actually be detrimental to a good performance on unseen data and this phenomenon is called
the "curse of dimensionality." One of its aspects is explained hereafter. One can think of
the instances of the training DB as coordinates in a high-dimensional space, i.e., the feature
space. The goal of the ML is thus to approximate a hidden function by interpolating it based
on this sampling of the feature space. However, increasing the number of features, and thus
the dimensionality of the feature space, causes the training instances to be located "further
away" from each other. The sampling of the space becomes sparse instead of uniform. As
a result, the interpolation becomes less possible until it can be considered as extrapolation
between more populated regions of the space. This implies that the hidden function is well
approximated in these regions but is poorly estimated in the emptier ones. This is called
"overfitting" which means that the ML model is not able to generalize its predictions to
unseen samples. The model is actually too complex and possesses too many degrees of
freedom. Fortunately, reducing the number of features by selecting the most relevant ones
can prevent this effect. One of the basic feature selection is to keep the features that are the
most correlated (in the sense of linear correlation) to the target. This method is not ideal
as it does not allow to measure nonlinear relations. Other criteria can be developed to that
end [86].

Model selection The next step is to select the best model for the given task. The term
"best model" refers here to the model with the optimal set of hyperparamaters. The latter are
parameters that are not optimized during the training as, for example, the number of hidden
layers and nodes for each of them. The usual process to assess the quality of the models is
to divide randomly the dataset into a training and a validation set. Once a configuration of
the model is trained on the first, it is used to predict the targets of the second. The error
on this validation set thus gives an estimation of the performance, for this type of model, on
unseen data. In order to prevent a potential bias of the validation set, the usual procedure is
to repeat this training/validation split k times so that, in the end, each instance of the whole
dataset is part of only one validation set. The mean error of the k validation sets is the final
score of the model. This process is called "k-fold cross-validation" (KCV) and is illustrated
in Figure 3.3 |87, 88|.

Performance evaluation The issue with the KCV method is that the score of the best
model is too optimistic as a generalization score, i.e., as a measure of how well the final model
will perform on unseen data. Indeed, the whole dataset played a role in the performance
evaluation and in the choice of the best hyperparameters, thus in the training so to speak.
This implies that the score is biased towards this DB which results in overly optimistic

performance. In order to prevent this undesirable consequence, one can realize a "nested
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Figure 3.3: Illustration of the procedure of a 10-fold cross-validation with a loss function,

L. Adapted from Ref. [89].

cross-validation." This procedure consists in two KCV loops. The outer one divides the DB
in a test and a training set T, while the inner loop is the KCV as explained above but
applied only on T,. Once the best hyperparameters are selected for T,, the generalization
accuracy of the resulting model is measured on the corresponding test set of the outer loop.
This means that the final performance estimation is an average of scores obtained with
potentially different models since each training set of the outer loop might result in a different
choice of hyperparameters. The final score now evaluates the strategy (i.e., the inner KCV
optimization) used to obtain the best model and the optimism of the KCV is thus eliminated.
Once found, the best strategy can be re-applied on the full dataset in order to make use of
all the available instances |90, 91].

3.1.2 MODNet

Considering the limited available data in natural sciences, the choice of the ML model
for the intended application is important as it impacts the resulting accuracy. The present
work makes use of the material optimal descriptor network (MODNet) model which currently
leads 4 out of the 13 tasks of Matbench [92, 93|. This test suite ensures a fair comparison of
ML models based on their performance on various tasks. MODNet consists of a feedforward
neural network based on two concepts: feature selection and joint-learning. The latter is
omitted since it is not used in the present work. The architecture of MODNet is illustrated

in Figure 3.4.

Feature selection MODNet is designed to reduce the high-dimensional (HD) feature space
to a subset, F, of the most physically relevant descriptors ("Feature selection" step in
Figure 3.4). These are chosen based on a relevance-redundancy criterion written as follows

in the case of a feature f

NMI(E, y)
[maxg.ez, (NMI(E, L)) + ¢

MI(X, Y)

RR(f) = (H(X) + H(Y))/2’

with NMI(X,Y) =

(3.4)
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Figure 3.4: Schematic of the MODNet model. The feature selection on Matminer is followed
by a hierarchical tree-like neural network. Various properties Ay, ..., Ay, , ..., Z1, ..., Zn,
are gathered in groups from A to Z of similar nature. Each of these may depend on a
parameter: A(a), ..., Z(z). The properties are available for various values of the parameters
A1, «..y Apy 4 -v-y Z1, --., Zn, . The first green block of the neural network encodes a
material in an appropriate all-round vector, while subsequent blocks decode and re-encode

this representation in a more target-specific nature. Taken from Ref. [92].

where RR is the relevance-redundancy score, NMI is the normalized mutual information, y
the target, MI an estimator of the mutual information (see Ref. [94]) and H the information
entropy, i.e., H(X)=MI(X,X). X and Y are two random variables and the mutual information

is defined as

_ edu it ) Tog —PEY)
1Y) = ff dody st on LA &

where p(z) is the marginal density of X. The mutual information allows to evaluate the
relation of a random variable with another one by measuring how the uncertainty on the first
one is reduced when the second one is known (and inversely). In this sense, it goes beyond
the usual linear correlation coefficient which is unable to detect nonlinear dependence. In
Eq. (3.4), p and c are two hyperparameters that can be varied to favor relevance over

redundancy or vice versa.

The first selected feature has the largest NMI with the target. Afterwards, each added
descriptor is the one with the highest RR. The best ranked descriptors are chosen in a quantity
that is either fixed arbitrarily or in such a way that the error is minimized. Reducing the
feature space helps reducing the "curse of dimensionality" and thus the potential danger of
overfitting. This is particularly important when dealing with small datasets. In addition

to an increased performance, this reduction to optimal descriptors and its associated global
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ranking give the researcher an additional way of inspecting the physics and can guide him

into further developing the theory.

Ensemble MODNet model MODNet offers the possibility to realize bagging. This
concept is a simple and effective way to improve the predictive power of ML models as
well as furnish an estimation of the corresponding error. It consists in bootstrapping the DB,
i.e., choosing multiple instances with replacement in order to create several artificial datasets,
and training one MODNet model per new set. Together, they all form an "Ensemble model."
The prediction on an unseen instance is then the mean of the predictions of the individual

models and the uncertainty can be defined as their standard deviation [95, 96, 97|.

Hyperparameters optimization Usually, the hyperparameter optimization is realized
with a gridsearch approach.  This means that multiple combinations of values of
hyperparameters are given in advance by the user. Each possibility is then tested by the
program and assigned a score, via KCV for example. In the MODNet package, several well-
working combinations are already implemented as "presets." One can then realize a gridsearch
on all these candidates. However, this procedure is highly time-consuming and does not
guarantee that the optimal configuration is among these presets. The newest implementation
of hyperparameters optimization in MODNet is a genetic algorithm (GA) [98, 99|. It is a type
of random search of the optimization space. Figure 3.5 illustrates the general principle in the
case of four binary hyperparameters. The first step is to randomly draw an initial population
of individual candidates from the hyperparameter space. Then, the best individuals should
be selected based on an objective function (typically via KCV on the training set here).
Once the population has been thinned, random (probabilistic) modifications can happen to
the remaining individuals. For example, Figure 3.5 shows a cross-over where two individuals
exchange two of their "genes", i.e., their values, and a mutation where genes simply switch
values. At the end of these random processes, a new "generation" is obtained and the
procedure can be repeated by adding new random samples from the whole space. The GA
stops either when it has converged to the best population or when a certain generation is
reached. MODNet can then create an Ensemble model of tunable size S where the choice of
the individual models is either the optimal combination of the final generation individuals or
the best S ranked.

Draw initial ® O O O Individuals

Hyper- population selection EposE-Dvar Mutation
L @0 e@O0 0000 L0000 L0000
space ON NONO) (ol N No) (ONON NO) oONON N )
ceeo
Repeat

Figure 3.5: Schematic representation of the general principle of a genetic algorithm. See
text for more details. Adapted from Ref. [99].
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3.2 Choice of target property

3.2.1 Inadequacy of the Kurtz-Perry effective coefficient

Thanks to the nonlinear DB, it is possible to develop a ML model that aims at predicting
the SHG response. At first, the Kurtz-Perry effective nonlinear coefficient of Eq. (1.33) was
chosen as target property since it presents the advantage of being a scalar quantity as well
as a direct link to experimental works. Surprisingly, it was discovered that deg xp Was not
an invariant of the SHG tensor, which naturally depends on the orientation of the system
relative to the choice of coordinates. Indeed, it was initially assumed that Eq. (1.33) was
free from such dependence since it does not make sense to characterize a material in a global
manner based on a property that depends on the orientation of the system. Moreover,

intuition dictates that a rotational average should not present such dependence.

In a 3D-space, for the case of a rotation of «, followed by one of £, and then one of

around the z-, y-, and z-axis respectively, the matrix of rotation writes [100]

R = R.(7)Ry(B)Ra(a)

cosy —siny 0 cosf 0 sinf 1 0 0
= | siny cosy O 0 1 0 0 cosa —sina
0 0 1 —sinf8 0 cosf 0 sina cosa

cos fcosy sinasinfcosy — cosasiny cosasin fcosy + sin o sin vy

= | cosfsiny sinasinfsiny + cosacosy cosasinfsiny —sinacosy |,

—sin 8 sin v cos 3 cos a cos f3

where a positive angle corresponds to an anti-clockwise rotation when the axis of rotation
points towards the observer. The three angles above are called Euler angles. This rotation
matrix is more precisely a transformation one, Q. It allows to express tensors in a new
coordinate system following a rigid rotation of the first one. Its components come directly

from the relation between the base vectors of the two different systems:
ei-€; = Qi o e = Qyej, (3.6)

where e; and €'; refer to the i-th base vector of the first system and the j-th of the second
one. The subscripts indicate different vectors instead of different components of vectors. The

above equation leads to the tensor transformation rule:

ﬂ]kn = Qinijk:r'”Qan;qrmm<:>T = QT/QTu (37)

where T is a tensor of arbitrarily high order and the subscripts now refer to the components
of the tensors [101]. The matrix form of the equation is also present on the far right.

Eq. (3.7) was applied on the d;;;; tensor of MgSiP, for a set of Euler angles before calculating
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the corresponding KP effective nonlinear coefficient. The latter is shown in Figure 3.6 in the
form of a map with respect to the Euler angles. A periodicity of 90° was found which justifies
the maximum value of «a in Figure 3.6. First-principles computations were also realized
as a verification of the tensor transformation rule. Although not investigated further, this
dependence might be an error in the analytic form of Eq. (1.33). This matter ought to be
verified in a future work by computing the rotational average in an alternative way such as
the one introduced in Ref. [34].
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Figure 3.6: Map of the KP effective nonlinear coefficient of MgSiP, for a set of Euler angles.

The target property should be independent of the orientation of the system. Indeed, the
materials features generated by Matminer are related to the compound itself and not to its
orientation in an arbitrarily chosen coordinates system. This implies that the performance
of the model can greatly suffer from such dependence. As mentioned, it also does not make
sense to rank potential NLO crystals based on such variable. For these reasons, the idea of
using KP effective nonlinear coefficient had to be abandoned. It was thus necessary to define
a new scalar quantity to characterize, in a first approach, the magnitude of the SHG response

of crystals.
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3.2.2 Invariants of tensors

Since the invariance with respect to the orientation of the system is an important aspect,
the obvious choice is to consider invariants (under rotation at least) of the tensor, i.e.,
scalars derived from its components and that do not change when the frame is rotated.
The case of second-order tensors is well known and is reminded hereafter for the sake
of extending the discussion to third-order tensors afterwards [102, 103]. By expressing
the matrix representation of a second-order tensor in its principal frame, its off-diagonal
components are set to 0 and its diagonal ones are called eigenvalues. The latter can be
considered as invariants of the tensor. They can be computed by solving its characteristic
polynomial

det(ANI = D) = X — JIN2+ oA —J3 = 0, (3.8)

where A is the variable of the polynomial, I the identity matrix, and D a generic second-order
tensor in its matrix form. The J; are called the principal invariants of the tensor and can be

expressed from the components of D

Jio= (D) = A+ X+ A (3.9)
Jy = tr(D)2;“ D) et Ahs + Aoy (3.10)
Jy = det(D) = Mo (3.11)
Jy = tr (D'D) = J;—2J (3.12)

= D}, + 2D}, + 2D} + D3, +2D3, + D3, = A2+ A3 + )3,

where J; is not independent from the others. It is written because it has proven useful in
some fields. These quantities have indeed a particular significance and various applications in
many domains of physics and engineering such as expressing the spherical and deviatoric part
of tensors in mechanics or the von Mises criterion for the occurrence of plastic yielding [104].
It can thus be interesting to look into their analog in the case of third-order tensors and
to adopt one of them as the target property for the ML model. Unfortunately, the case of
high-order, i.e., higher than second, tensors is more complex. It has been shown that, in a
three-dimensional space, the maximum number of principal invariants amounts to 3 for the
second-order while it is lower or equal to m? + m for the m-th-order [103]. This implies that
the d;;;, may present 12 principal invariants. Since the theory can thus become relatively
heavy, some rigor has been left aside in what follows and the interested reader can find more
information in Refs. [105, 106].

Based on the case of second-order tensors, it makes sense to search for invariants of third-

order ones by considering their eigenvalues. However, the situation is more complex than
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previously since multiple definitions exist such as the C-, E-, Z-, and L-eigenvalues. The

latter being defined as the real scalar value o > 0 in
AV = ox, A'x = oV, VeV =1, xex = 1, (3.13)

where A, V, and x correspond to generic third-, second-, and first-order tensors in their three
dimensional space (or Hilbert space) while e refers to its inner product. This definition can

be expressed in 3% under an orthonormal basis:
AijRVjk = OTi,  QjkiT; = OUki, Vv = 1, mrg = 1, (3-14)

where Einstein summation convention is used. It can be demonstrated that any third-order
tensor possesses three L-eigenvalues, o;, with their corresponding L-eigentensors, V;, and
L-eigenvectors, x;. As can be understood, L-eigenvalues constitute invariants of A although
their calculation can be tedious. Fortunately, the advantage of this type of eigenvalues
is their direct link to the eigenvalues, \; = UJQ-, of the kernel tensor, U. The latter is a
symmetric positive semi-definite second-order tensor defined as U = AAT or uy; = QiR Cjkl-
The transpose of a generic third order tensor A is unique and is defined by [(AT)T]T = A
or az;k = a;;. This implies that the kernel tensor is also uniquely defined. Therefore, its
invariants such as its trace and determinant are invariants of A as well. Moreover, two
additional kernel tensors can be defined, namely U for A7 and U for (AT)”. In total, 7

invariants can thus be found based on the L-eigenvalues of a third-order tensor:

tr(U), tr(U?), tr(U%), t(T?%), t(T%), te(0?), tr(T%) (3.15)

— A

since tr(U) = tr(U) = tr(U). The three invariants of U can be re-expressed to find the
principal invariants introduced in the previous paragraphs. If one assumes the Kleinman’s
symmetry condition to be valid such as in the case of the static SHG tensor, then the cyclic
symmetry implies that A = A”. This reduces the number of independent invariants from 7
to 3:

tI‘(U) = )\1 + )\2 + )\3 = O'% + O'g + O'g = QijkQijk (316)
tr(U?) = M+ XA+ A = o] + 0y + 05 = QijkQiriQrimQmi (3.17)
tr(U%) = M4+ + X3 = oV + 05 +05 = @4 1@t Bl Qi Crmno O - (3.18)

Eq. (3.16) has been arbitrarily chosen as the target property of the ML model. It has
nonetheless been modified to recover the same units as the SHG coefficient, i.e., pm/V. It
was also divided by 27. The target property is thus the root mean square (RMS) of the djy,
components, which we will call the RMS (SHG) coefficient or dgygs. The two other invariants
as well as the ones from other types of eigenvalue have not been investigated and could be

the focus of a future work. It can indeed be shown that seven independent invariants can be
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found in the case of a symmetric third-order tensor such as the SHG tensor. As mentioned,
the latter adopts the same form than the piezoelectric one. This implies that, similarly to its
piezoelectric analog, the SHG tensor is a so-called right-side symmetric tensor, i.e., dijx = di;
for all ¢, 7, and k. Combined with its cyclical symmetry, this makes d;j; a symmetric tensor
with seven independent invariants that could prove useful in the NLO domain and crystals

characterization.

3.3 Dataset analysis

The RMS coefficient presents the additional advantage of exhibiting values in almost the
same range as the KP effective coefficient as can be seen from Figure 3.7a. Since it does
not make sense anymore to work with deg xp, the latter can be averaged over a large set of
Euler angles. This results in Czeg,Kp whose relationships with the RMS and KP coefficient
are illustrated in Figure 3.7b and Figure 3.7c, respectively. These three SHG effective
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Figure 3.7: Different graphs illustrating the strong linear correlations between drus, def xp,
and deg kp. The dimensionless ratio dras/desr kp is also represented in (d).

coefficients are highly linearly correlated as shown in Figure 3.7. This implies that the
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CHAPTER 3. PREDICTING THE SHG RESPONSE

performance of the ML model should be independent of the choice of the target property.
However, the RMS coefficient is mathematically more robust than cZeH,Kp. The former is thus
better suited as target property. At first, it was thought that the point group of the material
impacted the slope relating the coefficients. However, it is not the case based on Figure 3.7.
Figure 3.7d particularly shows that, except for the -43m group, the RMS coefficient is not

linearly dependent on the average KP one.

Unfortunately, as the histogram on the left of Figure 3.8 shows, the DB at hand
is strongly biased towards low target. A skewed dataset, whether in its features or in
its target, can strongly impair the final performance. It can indeed lead to overfitting
such that the lower end of the RMS coefficients is well predicted at the expense of their
higher values. In principle, the MODNet model should be flexible enough to handle
this kind of bias. Figure 3.8b also shows how unbalanced the DB is with respect to the
point groups. If the latter are part of the optimal descriptors chosen by the model, then

poor performance can be expected when predicting an instance of the minority point groups.
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Figure 3.8: Histograms to illustrate (a) the strong bias towards the low values of drys and
(b) the unbalance of point groups in the DB.

Figure 3.9¢ shows the inverse proportionality relating F, and n, while Figure 3.9a and
Figure 3.9b illustrate Miller’s rule which can be approximated in the same way as in Eq. (2.6)
with the new SHG effective coefficient. The trend "high SHG, high refractive index, low
bandgap" can indeed be clearly identified. Their relation can be measured thanks to the

normalized mutual information as introduced in Eq. (3.4) such that

NMI(dpus,ns) = 0.09758
NMI(dpys,E,) = 0.08867
NMI(n,,E,) = 0.13896

It follows that the refractive index is the first ranked optimal descriptor as it could be
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Figure 3.9: Scatter plots illustrating the relationship between the target drms, ns
(dimensionless), and the bandgap, E,. (d) presents box plots of the Miller coefficient from
the RMS coefficient as a function of the point groups. A few outliers were cast aside for
practical reasons.

predicted from Miller’s rule. The new approximated Miller coefficient is displayed in
Figure 3.9d with respect to the point group of the crystal. It is difficult to state any hypothesis
regarding a possible link between these two parameters since the DB is highly unbalanced as

can be seen in Figure 3.8b.

3.4 Features

As mentioned, the features are generated using the Python library "Matminer" based on
the chemical composition and structure of the compounds. However, the ones with the lowest
variance when considering the entirety of the MP were discarded. More precisely, if 70% of
the MP materials adopt the same value for a given feature, then the latter is removed. This
can help the ML model in practice. In the end, 1359 features from Matminer were selected.
In order to investigate the effect of using the refractive index or bandgap as descriptors, four

copies of the DB were created. They are comprised of the Matminer features without ng and
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E,, with ng, with E;, and with both, respectively. The first five optimal variables of each
DB are listed in Table 3.1, Table 3.2, Table 3.3, and Table 3.4. These illustrate how features
with low target NMI can still be the best ones based on the RR score ranking. It can also be
seen that including, or not, ny and/or E, affects significantly the ranking. When included,
they are always the first ones. Moreover, in Table 3.4, the bandgap is not part of the first five
descriptors due to its high redundancy with the refractive index. It is interesting to observe
that the space group is an important parameter based on this ranking since it is the third
one in Table 3.2, Table 3.3, and Table 3.4. However, it only appears when either ny or E,
or both are included. It must be noted that the process of calculating the target NMI is
partially stochastic which explains the slight difference of value for the same feature in two

different datasets.

Optimal descriptors Target NMI
AtomicOrbitalsf HOMO _energy 0.079142
XRDPowderPattern|xrd 51 0.008932
XRDPowderPattern|xrd 45 0.022551
OPSiteFingerprint|std _dev hexagonal pyramidal CN_7  0.033915
OPSiteFingerprint|std dev q2 CN_ 11 0.037828

Table 3.1: First five optimal features based on their RR score and their NMI with the target
for the first dataset, i.e., without the static refractive index and the bandgap.

Optimal descriptors Target NMI
Bandgap 0.088522
XRDPowderPattern|xrd 45 0.022534
GlobalSymmetryFeatures|spacegroup num 0.053508
ElementProperty|MagpieData range GSvolume pa 0.045232

RadialDistributionFunction|radial distribution function|d 3.70  0.034733

Table 3.2: First five optimal features based on their RR score and their NMI with the target
for the second dataset, i.e., without the static refractive index and with the bandgap.

Optimal descriptors Target NMI
Static refractive index 0.097606
ElementProperty|MagpieData minimum NsValence 0.004828
GlobalSymmetryFeatures|spacegroup num 0.054504
RadialDistributionFunction|radial distribution function|d 2.70  0.028227
ElementProperty|MagpieData mean GSvolume pa 0.036434

Table 3.3: First five optimal features based on their RR score and their NMI with the target
for the third dataset, i.e., with the static refractive index and without the bandgap.
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Optimal descriptors Target NMI
Static refractive index 0.097592
ElementProperty|MagpieData minimum NsValence 0.005053
GlobalSymmetryFeatures|spacegroup num 0.054336

GeneralizedRDF|mean Gaussian center=2.0 width=1.0 0.027453
OPSiteFingerprint|std dev hexagonal pyramidal CN_7  0.032494

Table 3.4: First five optimal features based on their RR score and their NMI with the target
for the fourth dataset, i.e., with the static refractive index and the bandgap.

3.5 Methods

Nested cross-validation (5-fold inner and 5-fold outer) with inner feature selection as
implemented in the benchmark Python script of the modnet package was adopted to obtain
the performance score of each model. Hyperparameters optimization was realized both with
a gridsearch on presets and with the genetic algorithm. While the former was run for both
the Vanilla MODNet model, i.e., the usual one, and its Ensemble analog which consists in
bagging 100 Vanilla models, the latter was performed three times such that the final model

of the inner GA was:

e a 5H0-individuals Ensemble model for which an optimal bagging was done among the

final population (refit=0)

e a bH0-individuals Ensemble model built from the 50 best individuals in the final
population (refit=50)

e a Vanilla model corresponding to the best individual in the final population (refit=1)

In the rest of the present work, the five approaches will be called Vanilla, Ensemble, GAO,
GA50, and GA1. Unless stated otherwise, the default parameters were systematically used.

In addition to these five different approaches to find the best ML model, the effect of
adding various proportions of centrosymmetric materials to the DB was investigated. The
motivation came from the idea that the SHG response should be linked to the "degree of
centrosymmetry" of the crystal as mentioned previously. In practice, the goal was to better
sample the feature space in order to prevent overfitting and the curse of dimensionality in
general. The following quantities of centrosymmetric instances were randomly taken from the
linear DB: 144, 289, 434, 579, 723, 868, i.e., 25%, 50%, 75%, 100%, 125%, 150% of the initial
nonlinear dataset. Similarly to the previous section, the first five optimal descriptors and
their NMI with the target were listed. The case of the fourth dataset (with ns and E,) with
25% of centrosymmetric instances is presented in Table 3.5. It illustrates how the boolean
centrosymmetry feature is ranked first with a target NMI higher than the one of the static
refractive index. An identical observation was made regarding the three other datasets. The

lowest proportion of the new materials is thus enough to profoundly change the choice of
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variables. Increasing the quantity of centrosymmetric compounds further consolidates the
first place of the centrosymmetry feature by augmenting its target NMI. It also modifies the

ranking of the other descriptors but no clear relation could be identified.

Optimal descriptors Target NMI
GlobalSymmetryFeatures|is_centrosymmetric 0.165672
AtomicOrbitals|gap  AO 0.020896
Static refractive index 0.068343
VoronoiFingerprint|std _dev Voro index 7 0.041156

OPSiteFingerprint|std dev tetrahedral CN_4  0.041586

Table 3.5: First five optimal features based on their RR score and their NMI with the
target for the fourth dataset, i.e., with the static refractive index and the bandgap, and 25%
of centrosymmetric materials with respect to the initial nonlinear dataset.

3.6 Results

The effect of adding ns and E, on the performance of each model tested is represented in

Figure 3.10. The chosen metric to assess the performance is the coefficient of determination
R?:

n ~ N2
Ry, g) = 1— Eiil (v - y_’L (3.19)
>im1 Wi — 9)
with y; the target values, ¢; their predictions, and y their mean. It portrays the proportion
of the target variance that is explained by the independent variables [107]. Although it
allows to compare the performance of multiple models, it presents the drawback of lacking a
physical interpretation such as the one of the mean absolute error (MAE) or the RMS error
(RMSE). The impact of including ns and E, depends on the model considered. For each

B Vanilla I Ensemble B GAO B GA50 m GA1

0.593086 0.59176 0.60363 0.625971
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Figure 3.10: Impact of including the static refractive index and/or the bandgap on the R?
score (dimensionless) of each model.

dataset, the GAO approach displays the best score. For this reason, the other methods will
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not be shown in the rest of this work. However, the disadvantage of evolutionary algorithm
such as the GA is their inherent randomness. It implies that the reproducibility of the
results is not guaranteed. For example, from Figure 3.10, including the bandgap seems
to lower the performance of the GAO model. This could nonetheless be an artifact of the
method since both scores are close to each other. In any case, the separate addition of n, or
E, does not produce a substantial improvement contrarily to their combined one. It must

be noted that a R? score of 0.62 is relatively low for the intended application.

Contrarily to what was hoped, the progressive inclusion of centrosymmetric compounds
is shown to worsen the results of all the models. Figure 3.11 illustrates this decreasing

trend of the performance in the case of the GAO model. It is important to note that
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Figure 3.11: Evolution of the generalization score of the GAO model for each dataset as the
proportion of centrosymmetric materials with respect to the initial nonlinear DB is increased.
The performance metric are the coefficient of determination, the mean absolute error and
the root mean squared error. Only the noncentrosymmetric instances are taken into account
to evaluate the model.

only the error of the initial noncentrosymmetric instances is taken into account. Three
hypothesis can be made: either the selected Matminer features are inadequate to represent
the concept of "degree of centrosymmetry" or the latter does not matter or is not enough
to compensate the worsening of the feature space sampling (increase of the target property
bias) due to the inclusion of zero SHG response instances. It might thus be a reasonable

perspective to turn to more structure-oriented ML models such as MEGNet for example [108].

When considering the MAE or RMSE shown in Figure 3.11, it can be thought that the
error on the target is relatively small. However, as depicted in Figure 3.12a and Figure 3.12b,
this only mirrors the predictions of the low target values rather than the reality of the overall
predictions. Indeed, from Figure 3.12c, it can be seen that the accuracy of the best model,

i.e., GAO with n, and E, and without any centrosymmetric instances, is lower for larger values
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Figure 3.12: (a) Predictions of the test set RMS coeflicient (red dots) with their related error
bars (in grey) in the case of the GAO model without any centrosymmetric compounds and
including ns and £,. The error bars correspond to the standard deviation of the individual
predictions of the GAO (Ensemble MODNet model). The solid blue line indicates the ideal
scenario. (b) Zoom-in of (a) to better visualize the small values of drys. (c) Scatter plot
of the error bars (in grey) and absolute errors with their histogram (in blue) from (a) with
respect to the RMS coefficient.

of the target property than for smaller ones. This is reflected both by the absolute error and
the uncertainty of the prediction (error bar). This characteristic was to be expected due to
the biased nature of the nonlinear dataset which favors low SHG response. The histogram
on the right of Figure 3.12c clearly shows a similarly skewed distribution as the one of the
DB (see Figure 3.8a).
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3.7 Predicting the Mg-IV-V, compounds

The initial goal of the ML aspect of the present work was to feed the MP to the final model,
thereby identifying candidates with high SHG response, i.e., with high RMS coefficient.
However, the poor performance of all the models investigated prevents their intended
use. This is illustrated by Figure 3.13 for the case of the Mg-1V-Vy compounds that were
introduced in the previous sections. It clearly shows the non-negligible errors that render
this model not yet ready for use. Indeed, although the global trend is respected, the relative
ranking of these six materials (which is the same as the one based on their dsg component
or on their deg xp) is not respected by the predictions. Indeed, the latter are 11.61, 14.44,
14.31, 16.66, 21.40, and 20.90 pm/V for MgSiPy, MgSnP,, MgGeP,, MgSiAsy, MgSnAs,,
and MgGeAs, instead of 15.92, 21.17, 24.67, 26.02, 44.73, and 49.20 pm/V, respectively.
As expected, MgGeAs, and MgSnAs, suffer particularly from the bias of the nonlinear
DB since their RMS coefficient is larger than the other ones. Surprisingly, the uncertainty

on the predictions are rather small compared to the ones observed previously for the test sets.
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Figure 3.13: (a) Predictions of the Mg-IV-Vy RMS coefficients (red dots) with their related
error bars (in grey) in the case of the GAO model without any centrosymmetric compounds.
The error bars correspond to the standard deviation of the individual predictions of the GAO
(Ensemble MODNet model). The solid blue line indicates the ideal scenario. (b) Scatter plot
of the error bars (in grey) and absolute errors (in blue) from (a) with respect to the RMS
coefficient.
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3.8 Conclusion

This third chapter dealt with a ML approach to this investigation of the SHG phenomenon.
The pre-requisites (ANN, features selection,...) to understand such method were introduced
in Section 3.1.1 while MODNet, the model used in the present work, was presented in
Section 3.1.2. The choice of an adequate target property was developed in Section 3.2.
Indeed, the KP effective coefficient was found to be dependent on the orientation of the
system. Thus, a new effective coefficient, i.e., the RMS of the SHG components, was rather
chosen as target. A short analysis of the relevant DB was done in Section 3.3 which showed
the latter to be strongly biased towards low values of the target. In Section 3.4, four different
copies of the DB were created in order to investigate the inclusion of the static refractive
index and the bandgap. These datasets were then duplicated to include several proportions
of centrosymmetric materials. They were subsequently fed to MODNet which performed
five different hyperparameters optimization. The generalization score was estimated based
on a 5x5 nested cross-validation as explained in Section 3.5. The results were presented in
Section 3.6. The best model was found to be the one which optimized its hyperparameters
using the genetic algorithm. The addition of ny and E, also improved the performance
although the inclusion of centrosymmetric instances worsened them. In Section 3.7, the best
model predicted the RMS coefficients of the six Mg-IV-V, of the previous sections. Although

the global trend was respected, the exact ordering was not.
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Functional materials are nowadays at the core of most technologies. Designing new
compounds can thus bring considerable improvements on many aspects and can even lead
to the development of new applications. To that end, first-principles quantum simulations
allow to single out and theoretically study relevant materials, thereby helping the subsequent
experimental investigations. Moreover, this approach has led to the emergence of large
materials databases. Therefore, statistical and machine learning algorithms have also become
interesting tools in materials science due to their low computational cost. The present work
made use of both paradigms (FP and ML) in an attempt to discover new nonlinear optical
crystals. Although lacking in certain regions of the spectrum, this type of compound is critical

in the field of optoelectronics since it allows the exploitation of a broader range of frequencies.

In Chapter 1, several key concepts of nonlinear optics were introduced. The existence
of NLO phenomena (and more precisely of SHG) were explained in a classical framework
thanks to the anharmonic oscillator model. Miller’s rule, a relationship between linear
and nonlinear optics, was presented as it holds great potential in this search for new NLO
crystals. The latter are however only effective if they allow phase matching as demonstrated.
This necessary condition can be attained through angular phase matching which combines
the property of birefringence and the normal dispersion of the refractive index. Historically,
the need for large single crystals constituted an experimental challenge to assess the potential
of crystals to realize angular phase matching. This led to the Kurtz-Perry powder technique
and the introduction of an effective SHG coefficient to characterize the strength of the SHG

response of any materials.

This theoretical background was necessary for the subsequent investigation of six NLO
crystals candidates in Chapter 2. FP computations with LDA functionals were applied
to evaluate the NLO potential of MgSi(-Ge,-Sn)P2(-Asy) in the mid-IR region which
particularly suffers from the lack of suitable compounds. These six candidates adopt a
chalcopyrite structure. They are thus described by a ratio c¢/a different from 2 and a
distortion parameter, v, which both indicate the deviation from a zincblende structure. The
LDA ratio ¢/a agrees with experiments while v was found to be in accordance with GGA
results from the literature. MgSnAs, is the only compound with a distortion parameter
lower than 0.25. This implies that it displays a deviation from the zincblende structure
which is inverted compared to the other five materials. Regarding the electronic structure,
MgSi(-Ge)Py and MgSiAs, display a pseudo-direct bandgap resulting from an indirect one in
their binary zincblende analogs. MgGeAs, and MgSnAs, were found to display an adequate
birefringence for angular phase matching as well as a high SHG response. The latter was
analyzed with respect to their structural, electronic, and linear optics properties. An initial
assumption was the dependence of the SHG on a "degree of centrosymmetry" since such
phenomenon is absent from centrosymmetric compounds. The results seem to show that

another factor (yet unidentified) possesses more influence since no clear trend could be
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observed between the different parameters. However, Miller’s coefficient might well be more
impacted by this quantification of centrosymmetry. Indeed, it is observed that § decreases
when the atomic structure is modified into a pseudo-zincblende one in order to approach
a "more centrosymmetric" compound. A similar outcome was found when investigating
zincblende binary analogs of the six initial materials. This must however be nuanced by the
investigation of "inverse u" structures which was not able to confirm this claim based on the

present understanding of the quantification of the centrosymmetry.

Chapter 3 approached the thematic from a machine learning point of view thanks to the
recent emergence of a database with the appropriate NLO properties. The basics of this
domain were first presented as well as MODNet, the chosen model for this task. Due to
the dependence of the Kurtz-Perry effective coefficient on the orientation of the system, a
new quantity was designed based on eigenvalues of d,j; to serve as target variable. However,
the dataset turned out to be highly skewed towards low SHG response. This proved to be
the main reason behind the poor performance of the best model despite the inclusion of
the bandgap and/or the refractive index. Various proportions of centrosymmetric instances
were also added in an attempt to improve the sampling of the feature space. However, this

led to a worsening of the performances.

Following in the footsteps of previous research, the present document opens the way
to many possibilities for future works. Indeed, the six investigated compounds constitute
a great system to study the relations between structural, electronic, and NLO properties.
It would thus be interesting to observe the variation of the SHG and § when varying the
distortion parameter. The zincblende binary analogs also promise a lot of information. Most
of them are well known materials and their relation to their ternary chalcopyrite analogs has
already been researched with respect to their structure and bandgap. A deeper bibliographic
search should therefore be conducted in order to determine if the known relations between

the two systems could have an impact on the SHG phenomenon as well.

Regarding the ML approach, many perspectives exist. The Miller’s coefficient and other
invariants as the RMS one should be tested as target. The analytic formula of the KP
effective coefficient should also be verified. Moreover, MODNet is especially designed for
joint-learning purposes, i.e., to predict multiple targets at once and to benefit from them.
This aspect could be explored with many of the existing invariants of the SHG tensor. In
parallel, other ML models should be tested since each one has its own specialty. A more
"structure oriented" model could be interesting to further investigate this concept of "degree
of centrosymmetry." An alternative would be to explore different features such as derived

from the bandstructure or DOS for example. A deeper analysis of the DB is also necessary.

Nonlinear optics is a fascinating field of research. Although not obvious at first glance,
it is present in many aspects of everyday life. This greatly motivates the need for materials

research in this area. The questions raised by the present work should thus serve as catalysts.
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Appendix A

First-principles methods

First-principles methods refer to the use of quantum mechanics associated to some
approximations in order to quantitatively compute physical properties of the system of
interest. Different approaches allow to play between the accuracy of the results and the
computational resources required to obtain them. This section aims at describing the
methods of quantum simulations that are used to develop DBs of materials or to investigate
the NLO properties of specific compounds. The structure of the section is greatly inspired
by the one of Ref. [109].

A.1 Density Functional Theory (DFT)

The first step in this kind of approach is to obtain the optimised geometry of the system,
i.e. the geometry minimising its total energy. To do so, the common approach is to use the
density functional theory (DFT), a pillar among the frameworks of ab-initio calculations in
solid-state physics. This theory is mainly based on three components: the Hohenberg-Kohn
theorem, the Hohenberg-Kohn variational principle and the Kohn-Sham reformulation [110].
The Hohenberg-Kohn theorem proves that the total energy of a many-electron system, F,
can be expressed as a functional, F, of the electron density, p, instead of the many-body

wavefunction, W, [111]:
E = Pl (A1)

where the use of the squared brackets underlines the fact that it is a functional. By considering

fixed nuclei, the many-electron Hamiltonian can be written as [110]:

i = vam—zgvﬁézﬁ (A.2)
i i i#]

T W

where 7 is the index of each electron, which feels a Coulomb potential V,, due to all the nuclei
of the system, T is the kinetic energy, and W is the Coulomb energy due to the interaction

between each electron. This implies that the functional F' can be expressed as [110]:
Flp] = /drp(r)Vp(r) + (U [p]|T + W [p]) (A.3)

86



APPENDIX A. FIRST-PRINCIPLES METHODS

Total energy in the lndependent electrons approximation

KS/drp Z/dr‘b // d’p >+&c’[£l (A4)
o )

XC energy

External potential Hartree energy

Klnetlc energy

where ¢, is the wavefunction of the i*" electron and "K-S" refers to the idea of Kohn and
Sham. They actually re-expressed the terms with ¥ in the previous equation as the kinetic
and Coulomb energy (Hartree energy) of independent electrons and put the "error" (quantum
electron-electron interaction) due to this reformulation in F,., the exchange and correlation
energy [112]. The latter term is therefore the only unknown part. Then, the Hohenberg-Kohn

variational principle states that the ground-state density, pg, minimises the total energy [111]:

Flp]

5| =0 (A.5)

po

By combining Eq. (A.3) and Eq. (A.5) as well as requiring the orthonormality of the

independent electron wavefunction, one gets an equation for ¢; after a few steps [110]:
1
=57 Vo) + Vi) + Vael) | 6406) = 2t (A6

where Vy is the Hartree potential (mean-field approximation) and V. is the exchange and

correlation potential:

OBy [P]
op

Vie = (A7)

p(r)
Eq. (A.6) are known as the Kohn-Sham equations and are the basis of DET. By solving them

self-consistently (iteratively) for ¢;, it becomes possible to obtain the electron density:

occ

p(r) = Y |oi(r)[* (A.8)
The problem of the interacting many-electron system has thus been shifted to a set of effective,
self-consistent, single-body equations [109]. In order to determine each K-S wavefunction
individually, it is necessary to know V.. and V. However, those two terms depend on the
charge density which depends itself on all ¢; as seen from Eq. (A.8). As mentioned above, the
proper way to solve this set of equations is thus to solve them self-consistently, i.e. iteratively
until a certain convergence threshold, chosen beforehand, is reached for p (often for the total

energy in practice) [110]. Figure A.1 represents the usual procedure.

The K-S wavefunctions, ¢; are only a tool used to build the density and do not have any
direct physical meaning. The same statement applies to the K-S eigenvalues, ;. However,
they might carry some hidden or approximate physical meaning [110]. They form what
can be called the "Kohn-Sham band structure." The latter approaches relatively well the
real band structure of the material. However, its biggest issue is its underestimation of the

band gap of about 40-50% in general [110]. This topic can become quite complex and a
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Figure A.1: Self-consistent procedure to solve the K-S equations of Eq. (A.6). Thanks to a
set of atomic coordinates given by the user, V, can be constructed and is used to make a first
guess of p. From this first density, Vg and V. are calculated and the set of K-S equations
are solved via finite differences for example. From the new ¢;, a new density is computed
which gives a new and better V,,;. The procedure is repeated until the new density is equal
to the old one up to a convergence threshold defined beforehand. Taken from Ref. [110].

simple approach will be developed later to explain some characteristic of the DFT. Stated
otherwise, it is important to stress that the use of the Kohn-Sham variational principle implies
that DFT is a ground-state theory. Therefore, it might not be well suited when studying
properties dealing with excited states. Unfortunately, it is quite intuitive to consider the
optical absorption as one of those quantities and also a quantity of interest in the framework
of this paper. Further improvements or alternatives have thus been developed in order to
obtain accurate quantitative results in this field as will be seen later. In any case, DFT is
a good starting point to get the optimised geometry of the system (via the optimisation of
the total energy with respect to the atomic coordinates) and can even be used as a first

approximation of the studied properties.

The only practical issue remaining in order to use DFT is the knowledge of F,.. The

exact form of this functional would give the exact ground-state density and energy. The goal
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is thus to develop and use the best approximations possible of this energy. Many solutions

exist and one of the most popular ones is presented hereafter.

A.1.1 Local Density Approximation (LDA)

The LDA corresponds to the simplest approximation of the functional of the exchange and
correlation energy. It consists in associating each infinitesimal volume of the real material
to a homogeneous electron gas (HEG), i.e. a free electron gas with interaction between the
electrons. Each infinitesimal region is described by a local density p(r) and this allows to
"map" the real system into a HEG [110]:

_ [ EXCe(r)]
E.. = /‘/Tdr (A.9)

where ENFC is the sum of the exchange energy and the correlation energy for a HEG with

the right charge density. An analytic expression can be derived for the former [113]:

3/3\7 .
E,=—-(= 3 Al
4(W) otV (A.10)

while the latter requires a numerical parameterisation [114|. The exchange and correlation
potential is then obtained via the functional derivative of Eq. (A.7). LDA is attractive
because the unknown term in the K-S equations is obtained by knowing only the density at

the considered point in space.

A.1.2 Pseudopotentials and planewaves representation

This whole section is based on the appendix of Ref. [110] unless specified otherwise.

As can be intuitively understood, only the outer electrons, i.e. the valence electrons, are
of interest when studying materials properties [115]. The density of the valence electrons
reaches further away from the nucleus than the core ones. This is equivalent to saying that
the valence electrons are mainly the ones participating in chemical bonding and that the core
electrons can be considered as inert. This is commonly called the "frozen core approximation"
and it allows to discard the core electrons from the computations. The distinction between
core and valence electrons is not universally defined and when in doubt, the spatial reach of
each atomic wavefunction can help classify them. Often, a good separation is obtained via the
usual definition of valence electrons as being the ones of the outer most shell of the periodic
table. The valence states wavefunctions display an oscillatory behavior near the nuclei while
they are smooth away from them [116]. This results in difficulties to model them in a simple
basis set, which would be useful for computational reasons. The pseudopotential approach
solves precisely this issue. It consists in substituting the K-S potential by a modified one
such that it coincides with the original one far from the nucleus (for r > r.uog) and such

that it results in a precise pseudo-wavefunction close to it (for 7 < reyof). The latter must
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be smooth but must still yield the same charge density as the all-electron, i.e. not just
valence, wavefunction inside rquo¢ as well as give the same value and slope at r = reyoft-
The radial cutoff, rcuof, is chosen depending on the case and is the limit of the so-called

"pseudization region." An example of this approach is depicted in Figure A.2. As mentioned,

“pseudization”

region
[ T T T T ]
Si 3s (PS)
— _
s
lh -
S
S -
=
k= cutoff
= radius 7
1 / 1 | .

0 1 2 3 4 5
r (bohr)

Figure A.2: Example of pseudization of the 3s all-electron wavefunction of Si according to
the conditions described in Section A.1.2. Taken from Ref. [110].

the pseudopotential allows the use of a planewaves basis set in order to model the pseudo-
wavefunctions. This basis set is the most common strategy. The K-S wavefunctions are
expressed as a linear combination of planewaves whose wavevector is a reciprocal lattice
vector G:
¢i(r) =Y ci(G)exp(iG - 1) (A.11)
G
However, this Fourier serie must be cutoff at a value Gy., chosen in order to reach

convergence of the property of interest. The K-S equations then become:

GI”
2

i(G) + ) et (G = G ¢; (G) = 5c4(G) (A.12)
T

This set of equations can be solved self-consistently for a chosen sampling of the first Brillouin
zone. The choice of the sampling is also done in order to reach convergence of the studied
property.

An infinite number of valid pseudopotentials can be developed, each of them presenting
different accuracy and efficiency [115]. In order to optimise both those quantities, many
methods of development came to light [117]. As briefly explained in Ref. [118|, a
pseudopotential can be judged on two criteria: its softness and its transferability. The softer
a pseudopotential is, the fewer planewaves will be needed, and the more situation-specific
the pseudopotential is. On the contrary, a transferable pseudopotential is one that performs
relatively well in any situation. The goal is to optimise both aspects at once.

A detailed analysis of the accuracy of various pseudopotentials compared to the all-electron

approach can be found in Ref. [119]. This analysis investigates more precisely the optical
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spectra and even non-linear responses. This can be comforting in the use of pseudopotentials

for the situation of interest for the current paper.

Up to now, common and necessary requirements to the practical use of the DFT have been
presented. However, as explained, DFT is not suited to study properties related to excited
states such as the optical properties. It is thus mandatory to go beyond the single-body
theory that is DFT [109].

A.2 Beyond DFT

This section explains in more details the need to go beyond the formalism of DFT and

presents the usual alternative to it that one adopts.

A few observables are usually the main goal of a study and are expressed as:
O = (¥|0]v) (A.13)

where U is the ground-state many-body wavefunction for example. They cannot be obtained
via the charge density of DFT. The ground-state many-body wavefunction can instead be
approximated by the K-S ground-state Slater determinant, itself resulting from the K-S
wavefunctions. This implies that the K-S eigenvalues form a band structure, namely the
K-S one. This approximation can be quite non-accurate since the K-S eigenvalues are just a
mathematical tool. As mentioned, this might not be fully the case but this subject can be
complex and is left aside [120]. The next paragraph specifies the meaning of what has been
stated.

DFT is a ground-state theory, i.e. it is not suited for investigations of excited states
properties. This is translated in what is now known as the "band gap problem" among other
things [110]. This corresponds to the underestimation of the band gap by about 40-50% in
general when dealing with semiconductors or insulators. A heuristic explanation of this issue
is developed in Ref. [110] and is summarised in what follows. The band gap of the K-S band
structure can be expressed as:

E?S = E£CBM — EVBM (A.14)

where "CBM’ and "VBM’ denotes respectively the minimum of the conduction band, i.e.
lowest unoccupied K-S state, and the maximum of the valence band, i.e. highest occupied K-
S state. These two specific K-S eigenvalues can be approximately expressed as the ionisation

potential and the electron affinity:
Enyy ~ En+ oM (A15)
EN—l ~ EN — EVBM (Alﬁ)

The equality is not strictly correct due to the interaction between the added /removed electron
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with the rest of them, which is neglected in KS-DFT. This implies:

E® = (Ey-1— En) = (Ex — Eyy1) = ENS (A.17)

where 'qp’ stands for ’quasi-particle’ and indicates that this is the quantity actually measured
in experiment. In the case of small molecules, Ey, etc can be directly measured, but in the
case of solid materials, the density of electrons is so large that adding or removing one is

insignificant. A direct measure cannot be made and KS-DFT is required. It can then be

shown that:
. _ KS
Alggo EP = E;7 + Ay (A.18)
where
Ay = lim Vi [n+ An] — V,[n — An] (A.19)
An—0

Since, by LDA and other usual approximations of the exchange and correlation potential, V.
is continuous, the constant A,. is always zero and thus DFT-LDA cannot give the correct

band gap. It is an inherent problem due to the K-S formulation.

The previous ’quasi-particle’ denotation is physically meaningful. It stems from the fact
that a new particle can represent the excited electron interacting with all others. This many-
body interaction actually affects its dispersion relation and its lifetime, and a quasi-particle
formalism is thus necessary to describe its new properties. This is another reason to use a
different theory than DFT in order to take into account those interactions and to shift from

an independent-particle to a many-body one [115].

Another issue arises when considering that the excited electron and hole can interact via
Coulomb interaction to form a new quasi-particle called an exciton, i.e. an electron-hole
pair excitation. Thus, optical excitation becomes a two-body problem, at least. By reducing
the dimensions of a system, the constituting particles are "forced" to interact in a stronger

manner.

The following sections present the main battle horse method that yields accurate

quantitative results dealing with excited states properties.

A.2.1 Prerequisite: Green's functions

As a preliminary, it must be noted that quantum field theory is needed to be perfectly
rigorous in what follows but it has been deemed unnecessary to go into the details. For
practical reasons, the method of second quantization is adopted when dealing quantum
mechanically with many-body situations [121]. This formalism describes the quantum
many-body states by Fock states, i.e. a quantum state defined by a precise number of
identical particles. This number is modified by the field operators ¥ and W', respectively the
annihilation and creation operator, which removes or adds a quantum of the field, i.e. the

wave function of matter [122|. Instead of the Schrédinger’s picture, it is also appropriate to
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work in the Heisenberg representation where the operators are time dependent [121]:
Up(x,t) = e Wg(x)e (A.20)

This allows the introduction of the Green’s functions, a must when dealing with many-particle
systems. As said in Ref. [123], these functions are thermodynamic averages of products of

the field operators taken at two different time:
G(1,1) = (1/) (T (¥()¥' (1)) (A21)
G2 (12,1'2) = (1/%) (T (T(1)¥(2)¥' (2) v' (1)) (A.22)

where 1 and 1’ substitute ri¢; and ry/¢;» which indicate the same quantum of the field, i.e.
particle, but at a different place and time. G is the one-particle Green’s function while G is

the two-particle one. The Dyson time-ordering operation, T, has the following effect:
T (T(1)¥' (1)) = w(1)wi (1) for t; >ty (A.23)
= +0T (1) (1) for t; <ty (A.24)

where the positive sign in the second equation is in the case of bosons while the negative sign
is in the case of fermions. The physical meaning of G is the following [123|: if t; > 1/, the
creation operator adds a single particle which then travels and is removed later at another
point in space and time by the annihilation operator. The single-particle Green’s function
thus describes the propagation of a disturbance. The same train of thought can be followed
if ;1 < ty» but this time the disturbance corresponds to the absence of a particle. In a
similar manner, Go has the same physical interpretation but allows to address more complex

combinations of addition and removal of particles since two of them are now involved.

Another necessary addition is the spectral function A [123]:
A(p,w) = G7(p,w) T G(p,w) (A.25)

where the superscript of G indicates whether ¢; 2 ¢;; and where the Fourier transforms were
taken. The positive sign is for fermions and the negative one for bosons. This convention
(upper for bosons, lower for fermions) is always followed here. It can be shown that G has

boundary conditions which can then be re-written as:

G~ (p,w) = [1 £ f(w)]A(p,w) (A.26)
G=(p,w) = f(w)A(p,w) (A.27)

where
flw) =1/ [P@ ) £1] (A.28)

which corresponds to the average occupation number of a mode with energy w in the grand-
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canonical ensemble. Thus, the spectral function corresponds to spectral weights associated
to each energy [123].

In an orbital basis representation, the amplitude of occupation of an orbital by a particle
at a time t if one was created into this same orbital at a prior time is given by the diagonal
elements of G. This prevents the need to deal with the full many-electron excited-state

wavefunction [115].

A.2.2 The spectral function

From Ref. [121], it can be proven that, in the orbital basis representation, the poles of G
are directly linked to the quasi-particle energies and lifetime by their position on the complex
frequency plane.

It can be shown that the matrix elements of the spectral function can be expressed as:

1
Ai(w) = Gy

™

Im/dx d2' o} (2) s (7)) G (z, 25 W) (A.29)

where ¢; is the single-particle orbital [120]. By linking this equation to the statement of
the previous paragraph, it comes that the spectral function can be used to derive the quasi-
particles properties: the position and width of its peak are respectively the energy and the
inverse of the lifetime of the quasi-particle [115].

If a non-interacting system is considered, then A(w) does not display all the possible
excitations since the matrix elements are taken between Slater determinants and not between
superposition of them. On the contrary, an interacting system with the same number of
electrons displays more peaks and each matrix element has several of them. The number
of peaks increases with the number of electrons in the system. This leads to a continuous
energy spectrum of each matrix element when real, i.e. extended, systems are considered.
By comparing the interacting and the non-interacting spectrum, one can still identify a main
peak. The latter dominates the others and is precisely the peak of the quasi-particle, although
it has undergone a shift and a broadening due to the interaction. As mentioned before, this
last effect relates to the finite lifetime of the quasi-particle and its possible decay into other
excited states. Those are present in the spectrum as satellite peaks. They emphasise the
coupling of the excitations in an interacting system. Figure A.3 illustrates a typical matrix
element of a spectral function as described in this paragraph. On another note, the band
structure of an extended system can be obtained by collecting the position of the qp peaks as
a function of the momentum quantum number [120]. An example of such a band structure
will be shown later.

The main issue that must now be addressed is how to calculate the Green’s function. Since
the many-body wavefunction is unknown, the definition of G (Eq. (A.22)) is not helpful for

this matter.
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Figure A.3: Typical matrix element of a spectral function in an interacting system (fat
dots), quasi-particle peak of a non-interacting system (vertical line). Taken from Ref. [120].

A.2.3 The GW approximation (GWA)

As shown in Refs. [121] and [124], the equation of motion of the field operators in the
Heisenberg picture can be re-expressed to an equation of motion of G by using its definition.
This equation can then be solved for a particular form of G as a function of 1, (r) and E,x

which are the solutions to an equation called the quasiparticle Dyson equation [115]:

(B — Ho(r) — V()] ¥u(r) — /Z (r,v'; Epx) Y (£') dr’ = 0 (A.30)

where n and k are the band and wavevector quantum number of the electronic states.
Eq. (A.30) closely resembles the K-S equations (Eq. (A.6)) but with a self-energy operator,
Y), which is non-local, non-Hermitian and energy-dependent. It contains the exchange-
correlation potential that modifies the excited electron, i.e. the qp, energy due to the
electronic environment [109]. This term is thus due to the electron-electron interaction and
E,x is complex as a consequence. The latter can be shown to be linked to the spectral
function such that its real part is the qp energy and its imaginary one relates to the lifetime
of the gp [115].

The problem of finding the poles of G has thus been shifted to the resolution of Eq. (A.30).

For this purpose, it remains to evaluate or approximate the unknown self-energy operator.

Without going into the details, an expansion of ¥ in terms of G and an operator, called
the screened Coulomb operator W, can be realised [125, 124]. By only considering the first
term of this expansion, one obtains the so-called "GW approximation" (GWA) [121]:

Y(r,;E) =i g—we_i(st (r, v, E—w)W (r,r';w) (A.31)
7r
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where

W (r,v;w) = /6_1 (r,r";w) Ve (2", 1) dr” (A.32)

with € the time-ordered dielectric response function which dictates the charge response of
the interacting system to a perturbation [120]. This function "screens" the bare Coulomb
potential. This means that the GWA takes into account the dynamical and the position-

dependent screening due to the other charges in the material [125].

Two quantities are thus important for the practical use of the GWA: ¢ and G. The
latter can be approximated via calculation yielding the static limit (w — 0) and extending

it to finite frequencies while the former is first obtained via the K-S wavefunctions and then
updated when Eq. (A.30) is solved [124].

It is also interesting to notice that DFT is an approximation of GWA in the sense that the
non-local, energy-dependent self-energy is replaced with a local, energy-independent potential
[109]. This justifies the considerable improvement regarding the band gap of insulators and

semiconductors as illustrated in Figure A.4. The proper development and limitations of
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Figure A.4: Band gaps of several semiconductors and insulators from DFT-LDA and GWA.
Figure Ref. from [110] and data from Ref. [126].

GWA is reviewed in Ref. [120] and the reader is invited to turn to the source materials for

exhaustive information of what has been presented.

Despite the success of the GWA, the theory up to now still lacks the inclusion of the
electron-hole interactions, i.e. the excitonic effects. Those are of great importance when
dealing with nanotubes since the confinement due to the reduced dimensions strengthen

these effects by naturally bringing the electron and the hole spatially closer [115].
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A.2.4 Inclusion of the excitonic effects

The GWA can still be considered as a single-particle theory in the sense that its energies
involves the addition or removal of a single electron. However, optical transitions seen as
an interband transition implies adding both an electron and a hole to the ground-state. By
ignoring the interaction between those two particles, one assumes that the excitation energy,
ie. By, = ecBm — €vBwm, is the sum of the excited electron and hole quasi-particle energies.
This assumption does not hold anymore once the exciton, i.e. the quasi-particle composed of
the electron and the hole via the Coulomb interaction, binding energy cannot be neglected
against F,. As mentioned, nanostructures favour low exciton binding energy due to the
confinement helping the Coulomb interaction [109].

The way to include the excitonic effects is a natural continuation of the GWA for the
single-particle excited states. In addition to the usual GW theory approximations and in the
case of optical transitions, the interaction between excitons, i.e. between different electron-
hole configurations, can be neglected [115]. From Ref. [127], the exciton wavefunction, which

describes spatially the electron-hole configuration, can be written as:
Xs (r,r') = Y AL (r)d; () (A.33)

where 1) corresponds to the wavefunction of the (single-particle) quasi-particle and S to the
label of the exciton, i.e. the excited state. The coefficients A% as well as the energy Qg of
the exciton can be found via the "Bethe-Salpeter equation" (BSE), itself derived from the

equation of motion of Gb:

(B — E) A%+ Y Kepow () AZ, = Quag, (A.34)

cv,c/v’
where F refer to qp energies from GWA and K relates to the interaction between the two
components of the exciton [127]. Physically, the latter coefficient contains a long-range
screened Coulomb attraction and short-range exchange repulsion [109, 127]. Once the exciton
wavefunction and energy are obtained by resolving Eq. (A.34), the imaginary part of the

dielectric function can be computed and thus various optical properties and linear responses
to EM fields can be investigated [115, 109].
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Parameters

B.1 Relaxation

The relaxation of the atomic structure was realized based on the Abipy Flow available!.

e ccut—=42 e shiftk=[0 0 0] e optcell=2 e ionmov=22
e kptopt=1 .
e tolvrs=1le-10 e ecutsm=0.5 e ntime=100
e ngkpt—[10 10

10] e diemac=12.0 e dilatmx=1.15 e nstep=100

B.2 Bandgap VASP

B.2.1 Ground-state density

e ENCUT = 600 e PREC = Normal e AMIX MAG = 0.8
e EDIFF = 1E-10 o LWAVE = .True.
e BMIX MAG =
o ISTART =0 o ALGO = Fast 0.00001
e JCHARG = 2 e [SMEAR = -5
e Automatic mesh 0
e NELMIN = 6 e AMIX =0.2
e NELM = 100 e BMIX = 0.00001 e Gamma 888000

B.2.2 HSE bandgap

e ENCUT = 600 e NELM = 100 e BMIX = 0.00001

o EDIFF = 1E-6 e PREC = Normal e AMIX MAG = 0.8

o [START =1 o LWAVE = .True. e BMIX MAG _
e ICHARG =1 e ISMEAR = -5 0.00001

e NELMIN = 6 o AMIX =0.2 e LHFCALC = .TRUE.

Thttps://abinit.github.io/abipy /flow gallery/index.html ; Accessed on the 17th April 2022.
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e HFSCREEN = 0.2 e ALGO =D o LDIAG = .True.

o AEXX =0.25 e TIME =04

B.3 Electronic structure

B.3.1 Ground-state density

e nband=60 e ngkpt=[10, 10, 10] e diemac=5.0
e nbdbuf=4 e shiftk=[0, 0, 0] e prtden=1
e ecut=42 e tolvrs=1.0e-12 e nstep=500

B.3.2 Bandstructure

o tolwfr=1e-12 e ndivsm=10 e nb extra=60
B.3.3 JDOS
e tolwfr=1e-12 e ngkpt=[16 16 16] e nscf nband=60
B.3.4 PDOS
e prtdos 3 e natsph 8 e ratsph 22222222
e dosdeltae 0.00005 e iatsph 12345678

B.3.5 Convergence study JDOS

Figure B.1 shows the convergence study that determined the parameters used for the
integration needed to get the JDOS. "Step" determines the energy mesh while "Width"
corresponds to the width of the Gaussian of integration. From the looks of the different
plots, a step of 0.025 and a width of 0.2 as well as an uniform k-point grid of 16 x16x16 were

arbitrarily decided as good compromise regarding both accuracy and numerical instabilities.
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Figure B.1: Convergence study of the JDOS with respect to an uniform k-point grid and
by varying the energy step and the width (of the Gaussians) of the integration.
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B.4 Optical properties

B.4.1 Ground-state density

e nband=>54 e shiftk=|0, 0, 0 o toldfe=1.0e-22
e ecut=42 e nstep=>500 e nbdbuf=0
e ngkpt=[16 16 16| o iscf=7 e kptopt=1
e nshiftk=1 e diemac=5.0 e paral kgb=0

B.4.2 Bandstructure

o tolwfr=1e-12 e nb extra=64 e nbdbuf=4

e ndivsm=10 e nstep—=300

B.4.3 WFK in the irreducible Brillouin zone

e iscf=-2 e nband=64 o tolwir=1e-20

e kptopt=1 e nbdbuf=4 e paral kgh=0
B.4.4 WFK in the full Brillouin zone

o iscf=-2 e nband=64 o tolwir=1e-20

e kptopt=3 e nbdbuf=4 e paral kgb=0

B.4.5 DDK inputs

From Section B.4.4.

e kptopt=3 e nstep—=1 nline=0 e prtwf=1

B.4.6 Optic

e broadening=0.001 scissor=0.78*abu.eV _to Ha

e domega=0.0003 tolerance=0.002

e maxomega=1.0 e num_lin comp=3
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e lin_comp=(11, 22, 33) e nscf node=nscf work][1]
e num_nonlin _comp=1 e ddk nodes=ddks work.ddk tasks
e nonlin_comp=(123) e use_ddknc=False

B.5 Static NLO properties

B.5.1 DFPT
e nband=44 o iscf=7
e ecut=ecut o diemac=5.0
e ngkpt=ngkpt e toldfe=1.0e-22
e nshiftk=1 e nbdbuf=0
e shiftk=|0, 0, 0] e kptopt=1
e nstep=500 e dfpt_sciss=0.7*abu.eV_to Ha

B.5.2 Convergence study lattice parameters

k-point grid | 10 12 14
a (A) 5.868955023010328 | 5.86895116152383 | 5.8689511016134865
c (A) 10.545267668788407 | 10.54527838199723 | 10.545277889266643

Table B.1: Convergence study for the uniform k-point grid to be used when relaxing the
structure.

B.5.3 Convergence study NLO properties

k-point grid | 10 | 12 | 14 | 16
dss (pm/V) | 32.9141383 | 33.3372587 | 33.5983533 | 33.6971293

Table B.2: Convergence study for the uniform k-point grid to be used when computing the
SHG response or related quantities. A threshold of 0.02% was arbitrarily chosen.
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Mg-1V-V, compounds

C.1 JDOS and optical coefficients
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C.1. JDOS AND OPTICAL COEFFICIENTS
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Figure C.1: Bandstructure, joint density of states and optical coefficients of the six
compounds of interest.
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