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1 Introduction

1.1 Context

Since the Fukushima Daiichi nuclear disaster on 11 March 2011, particular attention has been paid to
the study of nuclear Spent Fuel Pools (SFP). These pools, located on the power plant site, are designed
so that the water cools the spent fuel by absorbing its decay heat and provides shielding from radiation
emitted during its decay.
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Figure 1: Schematic cross section of the upper portion of a BWR Mark I reactor building showing the
configuration of the refueling deck in Units 1-3 of the Fukushima Daiichi plant on March 11, 2011. [1].

On the figure 1, we can observe a schematic cross section of the type of reactor present on the Fukushima
Daiichi plant on 11 March 2011. It shows that the pools are located adjacent to the reactor containment
building. Dimensions of these pools on Fukushima Daiichi plant are summarized in the table 1.

Table 1: Spent Fuel Storage at the Fukushima Daiichi Plant on March 11, 2011 [1]

Unit number | Decay Heat [MW] | Water Volume [m?] | Lateral Dimensions [m] | Height [m]
1 0.18 990 12x7.2 12
2 0.62 1.390 12.2x9.9 12
3 0.54 1.390 12.2x9.9 12
4 2.26 1.390 12.2x9.9 12

In this accident, the Tohoku earthquake followed by a tsunami led to the loss of the cooling systems of
the nuclear power plant. In addition of the core meltdown of several reactors due to the loss-of-coolant-
accident (LOCA), the spent fuel pool of previously shut-down Reactor 4 lost its cooling system and was
seen emitting water vapour. During such a prolonged interruption of cooling, there is a risk that the
water of the SFP boils off due to the decay heat of the spent fuel rods, potentially leading to an exposure
of the fuel and a release of radioactive elements into the atmosphere.



In the absence of forced cooling, the natural evolution of a system like a spent fuel pool will lead to the
emergence of complex physical phenomena such as thermally driven turbulence.

In this work, we will focus on this phenomenon by the study of the Rayleigh-Bénard convection. We
aim to develop and validate numerical tools that can be used to further study the full problem of nuclear
spent fuel pools in the case of cooling system failure.

1.2 Rayleigh-Bénard convection

Thermally driven turbulence is a physical phenomenon occurring in many natural processes and is used
in various engineering systems. Such flows can be observed at wide range of scales. For example, it is
a subject of study at both larger length scales and timescales in atmospheric convection [2] for climate
calculations and smaller scales for weather predictions. This type of convection is also a main driving
mechanism in the Earth’s outer core [3] or even in ocean circulation [4]. Its technical applications
range from miniaturized heat exchangers for the cooling of electronic components to the cooling of fuel
assemblies in nuclear Spent-Fuel Pools of large power plants.

The physical mechanisms and equations governing such a thermally driven turbulence are very com-
plex. Unlike in the case of homogeneous and isotropic turbulence (HIT) [5], in the case of thermally
driven flows, the temperature cannot generally be considered as a passive scalar and the fluid motion is
triggered by buoyancy due to density variations in presence of a gravitational field and specific boundary
conditions.

In fluid mechanics, this challenging problem has been studied in the form of the turbulent Rayleigh-
Bénard convection (RBC). This idealized system consists in the motion of a fluid layer of heigth H
heated from below and cooled from above. Since the flow and thermal dynamics of such a convection
depend on the geometrical setup, the temperature difference bewteen the two horizontal boundaries and
the fluid properties, these latter are cast into two dimensionless numbers known as the Rayleigh number
Ra and the Prandtl number Pr.
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where g is the acceleration due to gravity, 8 the thermal expansion coefficient, AT = (T, —T,.) and H are
respectively the temperature difference and the distance between the hot (73,) and cold (7, ) horizontal
plates, v is the molecular kinematic viscosity and @ the thermal diffusivity of the fluid.

The Rayleigh number measures the relative importance between the effects of the buoyancy forces and
the product of the thermal and momentum diffusivities. Therefore this dimensionless number char-
acterises the fluid’s flow regime and is a good indication as to whether the natural convection flow is
laminar or turbulent [6].

The Prandtl is, for its part, a characteristic of the fluid only. It represents the ratio of momentum
diffusivity to heat diffusivity in a fluid.

In addition to Ra and Pr, a third important control parameter of Rayleigh-Bénard convection is the
aspect ratio of the container
L
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where L is either the lateral size of the Rayleigh-Bénard cell in the case of a rectangular cell or the
diameter of the cylinder in the case of a cylindrical cell. These two set-ups are the most commonly used
in the study of Rayleigh-Bénard convection.
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Figure 2: Schematic showing common Rayleigh-Bénard convection set-ups. (a) An infinitely extended
fluid layer of heigth H heated from below and cooled from above. (b) A typical RB convection set-up
in a rectangular cell of aspect ratio I' = % Cubic cell corresponds to the particular case I' = 1. (c¢)
Another typical RB convection set-up in a cylindrical cell of aspect ratio I' = % In each case, the
red and blue surfaces correspond respectively to the hot and cold boundaries maintained at constant

temperatures 73, and 7. Figure adapted from [7].

A major challenge in the study of the Rayleigh-Bénard convection is the understanding of the turbulent
transport mechanisms of heat across the fluid layer. The grasp of the effectiveness of the heat transport
as a function of Pr and Ra is fundamental for industrial applications such as design of cooling devices
on semiconductor or nuclear power plants. In our case, this heat transport is measured by the upward
heat flux through the cell. The corresponding dimensionless number is the Nusselt number

gH
Nu=—— 3
" aAT 3)

defined as the quantity of heat per unit of surface ¢ transferred between the hot and cold surfaces, normal-
ized with the conductive heat (¢ AT)/ H which is the heat transferred in absence of convective motion [8].

Another dimensionless number of interest to measure the system response to the imposed control
parameters we have just defined is the Reynolds number

_UH
_V

Re 4

determining the regime of the flow.

We have just seen that in thermal convection in a given cell, the control parameters are the Rayleigh
number Ra and the Prandtl number Pr. The system responds with the Nusselt number Nu and the
Reynolds number Re. The key is now to understand the dependences Nu(Ra, Pr) and Re(Ra, Pr).
However, despite a thorough investigation in the past, a unifying theory for such dependences is still
not fully achieved (see Section 2).

In the simplified case where fluid properties do not change with the temperature, one can obtain that, for
a given fluid and for a given aspect ratio, Rayleigh-Bénard convection is only controlled by the Rayleigh
number.
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Figure 3: Roll structures at steady state for Ra = 5000. (a) Velocity field, Ra = 5000 . (b) Temperature
field, Ra = 5000. Figure from [10].

When Ra is smaller than a critical value Ra., the driving effect due to buoyancy is not strong enough
to overcome the viscosity. In this case, fluid is at rest and the thermal flux is purely due to conduction.
This critical value has been found to be dependent on the aspect ratio and being equal to

Ra.(T = o) = 1708

for a fluid layer of infinite width and finite height [9]. When the flow enters supercritical regime, i.e.
Ra > Ra., flow enters a regime of laminar convection depicting a steady pattern of roll cells. These
roll cells are driven by buoyancy forces. Such convection cells is illustrated on figure 3 for the case of
infinite plates.

As the Rayleigh number is increased, the pattern becomes more complex allowing more complex stable
structures to develop. When Ra becomes greater than a certain value Ra,, the flow enters a turbulent
regime leading to the vanishing of the previous steady structures except for a single roll known as the
large scale convection roll. The mechanisms driving the bifurcation from laminar Rayleigh-Bénard
convection to turbulent Rayleigh-Bénard convection have been the subject of several studies but is
beyond the scope of this work (see [11] and [12]).

Rayleigh-Bénard convection has the benefit to be both mathematically well-defined and relatively
straightforwardly achievable experimentally, e.g. using particle image velocimetry (PIV). A compari-
son can be made with the previously mentioned homogeneous isotropic turbulence whose mathematical
description is well known [13]. A significant proportion of theoretical and numerical works on the scal-
ing of structure functions and energy spectra of turbulent flows focused on HIT. However, the laboratory
and field measurements are much less abundant due to the difficulty of satisfying the homogeneity and
isotropy conditions experimentally.

1.3 From Nuclear Spent Fuel Pool to Rayleigh-Bénard convection

In this Master thesis, we intend to study the flow inside a Spent Fuel Pool (SFP), see figure 4.
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Figure 4: Schematic of spent fuel pool showing the circulation pattern created by the buoyant plume of
hot water above the spent fuel [1].

However, as showed on figure 5, this problem is in practice extremely complex since it involves intricate
phenomena to model :

e Thermally driven turbulence and natural convection.

» Heat and mass transfer at the top free surface, i.e. the interface air/water with energy removal by
vaporisation.

* Decrease of the water level.
* Two-phase flow in the boiling region near the free surface

* Complex geometry of the assembly, may be considered as a porous medium depending on fuel
rack occupancy.

» Potential heat losses at concrete walls

* The uneven cooling of fuel assemblies (caused by unstable circulation and flow reversal inside the
fuel assemblies) can lead to nucleate boiling at the surface of certain rods. This scenario could
create a criticality issue and thus needs to be avoided [16].
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Figure 5: Schematic synthesis of natural convection and boiling phenomena in a spent fuel pool [16].

We thus have to create a simplified model of this problem by making some strong assumptions that will
need to be gradually removed in further works.

In this work, we will bring back this problem to the classical Rayleigh-Bénard convection by only
considering the upper part of the SFP (allowing us to ignore the geometry of the assembly) and
assuming the bottom surface to remain at a constant temperature.

As asecond assumption, we will ignore the top free surface and will consider it as a rigid wall maintained
at a constant temperature.

These assumptions are summarised on the figure 6 showing the general set-up of our model and its
boundary conditions.
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Figure 6: Rayleigh-Bénard convection set-up as a simplified model for SFP used in this work. Boundary
conditions are the following : all walls are rigid implying a no-slip condition (i.e. the velocity vector v
is the null vector), top and bottom walls are maintained at constant temperature 7, and 7j and lateral
walls are adiabatic.

1.4 Study tools

Numerical study is an essential tool in order to investigate the mechanisms of Rayleigh-Bénard con-
vection and predict the response of such systems existing in nature or in the industry. Even with a
mathematically well-defined problem, a purely analytical investigation of fluid mechanics has strong
limitations due to the complexity of the set of coupled and nonlinear partial differential equations gov-
erning the system known as Navier-Stokes equations. Furthermore, the design and set-up of practical



experiments can be costly. In this context, computational fluid dynamics (CFD) takes an important role
in the study of quantities of interest in this type of convection.

Direct Numerical Simulations (DNS) resolves the whole range of spatial and temporal scales of the tur-
bulence, the smallest turbulent scales being known as Kolmogorov microscales. Although this method
provides highly accurate results, its computational cost may become a limiting factor when simulating
highly turbulent flows represented by large Ra for Rayleigh-Bénard convection.

Therefore, we need to rely on less computationally expensive methods in order to achieve high Ra
simulations.

Reynolds-Averaged Navier-Stokes (RANS) only resolves the mean flow and models the fluctuations
by solving time-averaged equations and adding a turbulent model to it. This method provides a cheap
solution but its accuracy strongly depends on the model reliability.

Large-Eddy Simulations (LES) uses a mathematical model for small turbulent scales so that the mass,
momentum and energy equations are space filtered. This implies that the most important scales of
the turbulence remain resolved while the smallest ones are unresolved and their effect is taken into
account by properly introducing additional terms in the equations. These unresolved terms are known
as sub-grid scales (SGS) models and their reliability for a given problem has to be validated against
reference results, wheter numerical or experimental. The computational cost of this method is greater
than for RANS but still much lesser than DNS. Furthermore, the influence of the model is weaker for
LES than for RANS, leading to more reliable simulations.

1.5 Objectives of the thesis

The Papalexandris Miltiadis Research Group, as a team of the Thermodynamics and fluid mechanics
(TFL) division of the Institute of Mechanics, Materials and Civil Engineering (iMMC) of the Université
catholique de Louvain (UCLouvain), conducts research around the study of natural convection and
evaporation in wet-storage pools of spent nuclear fuel. The information obtained from this study will
complement the other computational results obtained by the research group (these will not be discussed
in this study).

In this work, we will carry out both Direct Numerical and wall resolved Large-Eddy Simulations of
Rayleigh-Bénard convection problem defined above and compare their predictions with the open-source
CFD package OpenFOAM. Particularly, we aim to validate two dynamic sub-grid scales models for our
application. The selected SGS models are the following :

* Dynamic-k equation model [14]

* Lagrangian dynamic model [15]

A more in-depth description of these SGS models and of the solver used will be presented further in
this work (see Section 3).

More specifically, the control parameters of the simulations carried out in this work are the following :

* Aspect ratio : Cubical cavity : I' =1

* Prandtl number : Fluid is air at operating mean temperature of 313[K] : Pr = 0.7.



* Rayleigh number :

— DNS : Ra ranging from 10° to 5 - 107
— LES : Ra ranging from 10° to 10°

» Temperature difference between the top and bottom surface : AT = 15 [K].

To sum up, the objective of this work is to validate two SGS models by comparing numerical results
obtained with LES against DNS results. LES simulations will be further carried out for larger Rayleigh
numbers (i.e. Ra > 10%) that are complex performed by DNS with the available resources due to
computational cost.



2 State of the art

In this section, we aim to establish the state of the art of some topics that have received a particular
attention from the scientific community about Rayleigh-Bénard convection during the last decades. The
first topic concerns the scaling properties of the system response, i.e. the dependence of the Nusselt
number on Rayleigh and Prandtl numbers.

A second discussed topic will be the scaling of Kolmogorov, Batchelor, Taylor and Bolgiano length
scales inside Rayleigh-Bénard convection and their impact on the mesh requirement for Direct Numerical
and Large Eddy Simulations.

2.1 Nusselt number scaling with Ra

As presented before, the Nusselt number is a representative measurement of the thermal transport inside
the Rayleigh-Bénard convection cell. This system response is of tremendous importance for most
technological application of thermally driven convection, including in nuclear spent fuel pool design
and analysis.

Therefore a large number of investigation have been led in the past in order to characterise the depen-
dence of Nu on Ra and Pr.

Most theories developed prior to the two last decades predicted power-laws for the scaling of Nu(Ra, Pr)
and Re(Ra, Pr) [17]. These power-laws can be written under the general form

Nu ~ Ra”Nu PraNu, 5)

Re ~ Ra"Re Pr@Re, (6)

where vy, and ay, are the power law exponent for Nu scaling and yg. and ag. are the power-law
exponent for Re scaling. These exponents have taken different values depending on the theory used and
early experiments were only consistent with these dependences over quite restrictive ranges of Ra and
Pr. For the sake of simplicity, we will mainly focus our review on yp, (i.e. Nu dependence on Ra)
since the Prandtl number is kept as Pr = 0.7 in all our simulations. We will thus simplify the notation
of relation (5) to

Nu ~ Ra” @)

Malkus’s marginal-stability theory have been established in 1954 and seemed to describe well some of
the early experiments conducted at this time. This theory is based on the assumption that the thermal
boundary layer thickness grows so as the local Rayleigh number Ra; (defined with local quantities
within the boundary layers) reaches the critical Rayleigh number Ra. presented in previous section.
This theory leads to the power-law exponent y = % in such a manner that

Nu ~ Ras. (8)

However, in the late 1980s, a new theory based on mixing length theory and motivated by ground-
breaking experiment [20] led to a new scaling for the Nusselt number :

2
5

Nu ~ Ra7. )

This theory is based on the following decomposition of Rayleigh-Bénard convection domain. It supposes
three layers :

1. A mixed core, with velocity and temperature fluctuations independent of the vertical coordinate.



2. A thermal boundary layer of thickness Ay ~ Nu~! along the wall.

3. Anintermediate regime dominated by thermal plumes, i.e. thin (thickness of the same magnitude
as boundary layers) and hot (temperature close to the wall temperature) sheets detaching from
the wall.

The 2/7 power-law exponent has also been obtained from another theory assuming turbulent boundary
layers [21].

However the assumptions made in each theory are very different from each other and the scaling of Nu
with Pr predicted by these two theories are not matching.

Furthermore, it has been showed by several experiments (e.g. [22]) that this y = % regime does not hold
anymore at very large Rayleigh number. At this point, the exact value of this large Rayleigh number
is not clearly defined and seems to vary with the Prandtl number (a typical range for 0 < Pr < 1, is
Ra ~5x10% —10')[19].

Considering the previous information, it has been shown that none of the power-laws we defined in this
section are sufficiently reliable to predict the behaviour of Rayleigh-Bénard convection for all Rayleigh
numbers.

In the last two decades, a unifying theory has been proposed by Grossmann and Lohse [23]. This theory
is based on the following set of equations for the kinetic and thermal energy-dissipation rates

_ ou;(x,1) 2 v -
&y = VZ ;< o Jv = w7 (Nu~DRaPr (10)
~ 80(x,1)\* AT?
(& = a;< o v = a—Nu (11)

Here, the operator (-); v denotes the average over time and volume.

Equations 10 and 11 are analytically derived from the Boussinesq equations, as these are widely used
for Rayleigh-Bénard convection.

The novel idea is to split the kinetic and thermal energy-dissipation rates into two contributions, bulk
contribution and boundary layer contribution. This splitting is motivated by the fact that the physics
behind dissipation in these two sub-domains are fundamentally different and thus needs a different
model for each.

Figure 7 shows such a boundary-bulk partition. One can observe that the thermal plumes are modelled
as a thermal boundary layer by this theory and has the same thickness as these ones, i.e. Ag. Other
assumptions of this theory are the existence of a large scale wind of typical velocity scale U and that
the kinetic boundary layers are modelled with the same thickness A, regardless of their position along
the walls.

These boundary layers thickness are obtained from the classical Prandtl-Blasius boundary layer theory.

10
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Figure 7: Boundary-bulk partition in a cubical domain. In both figures, (a) kinetic boundary layer
and (b) thermal boundary layer, the large scale convection roll with typical velocity amplitude U is
sketched. The typical width of the kinetic boundary layer is ,, whereas the typical thermal boundary
layer thickness and the plume thickness are Ag. Figure adapted from [18].

One important outcome of the Grossmann and Lohse theory is the phase diagram represented on the
figure 8. This diagram in the Ra-Pr plane shows the different domains, each corresponding to a
particular power-law, associated with the couple of parameter (Ra, Pr). As presented on this diagram,
according to this theory, the simulations performed in this work with Pr = 0.7 and Ra ranging from
109 to 10° should cover two specific regimes : II; and IV;. According to [24], these regimes correspond
to boundary layers such that Ay > A, and the following scalings,

II; regime : Nu ~ Ra%Pr% (12)

IV; regime : Nu ~ Ra%Pr% (13)

with a transition between these two regimes estimated around Ra = 108.

Another remarkable result of this theory is the scaling Re ~ Nu?.

11
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Figure 8: Logarithmic phase diagram in Ra-Pr plane of Rayleigh-Bénard convection regimes identified
in Grossmann and Lohse theory. The red line corresponds to the range of numerical simulations
performed in this work (i.e. Pr = 0.7 and Ra = 10% — 10°). The figure is adapted from [18].

Nevertheless, even though this theory is far more robust than the earlier suggested power-laws, this
theory has some limitations. As mentioned previously, this theory is built on the Prandtl-Blasius theory,
considering temperature as a passive scalar. However, this assumption is obviously not correct in the
case of thermally driven turbulence. Therefore, mechanisms such as plume detachment process are
probably not properly taken into account in this model and needs further study [18].

2.2 Mesh resolution and length scales

Since we are interested in numerical simulations of Rayleigh-Bénard convection based on DNS and
wall-resolved LES methods, it is important to define and quantify the different length scales to be
resolved by both methods in order to properly define the grid resolution of our simulations. Indeed,
for DNS, every dissipative scales, down to the smallest (i.e. Kolmogorov microscales 1), have to
be captured by our mesh in order to get accurate results. On the other hand, LES will model these
smallest scales using the SGS models. Traditional turbulence theory [25] suggests to truncate the re-
solved scales in the inertial subrange lying between the integral scale and the Kolmogorov microscale. A
more detailed explanation of LES concept and equations will be done later in this work (see Section 3.4).

In this section, we thus intend to define a priori rules to properly construct our meshes based on physical
analysis of the problem.

Empirical investigation of the mesh resolution requirements in the wall region can turn out to be a
harsh task and intensive in computational cost. Indeed, solution accuracy does not only depend on the
grid resolution in the boundary layers but also on the mesh resolution in the bulk. Henceforth, purely
empirical investigation for the whole mesh resolution requirements needs to be avoided.

As a starting point, we can divide our domain into two sub-domains.

The first one is the bulk of the Rayleigh-Bénard convection cell where we can observe large scale
convection. In this region, we aim to use a coarser mesh for the LES than for the DNS in order to reduce
computational costs.

In the other hand, we have the wall region, i.e. the boundary layers, of which all scales have to be

12



resolved by both DNS and wall-resolved LES.

2.2.1 Bulk Resolution Requirements - DNS

As a first step, we can define the resolution requirement in the bulk of the convection cell. In a perfect
DNS, the local mesh size should be smaller than the local Kolmogorov scales 1k (x,#) and than the
Batchelor scales np(x,7) [31].

In order to have a general condition for the global mesh size 7%/°?%! | we introduce global Kolmogorov
scale [25] nx which is defined with the energy dissipation rate of the velocity itself already defined in
equation (10), leading to

3 1/4 1/2
v Pr

- = H. 14
" (<6u>t,V) Ra'/*(Nu — 1)1/4 (14)

In order to capture these scales, the global mesh size h8/°?%! has to be smaller than ng. This results in
the following requirement on #PNS,

Pri/?
WPNS < H. 15
Ra A (Nu — 1)1/ (15)

If we focus on the definition of Batchelor microscales, we can draw a relation between these microscales
and Kolmogorov ones :

2

va 1/4
nB = = Prt/? (16)
<€u>t,V

Since our case of interest is at Pr = 0.7, we obtain g > ng and in comparison with grid resolution, the
Kolmogorov microscales are the most restrictive ones. We can therefore sum up the resolution criterion
to the relation (15) for our DNS.

It is worth noting that specifically for Pr < 1, a less restrictive criterion is used by [39] and [40], i.e.

hPNS < 7 (17)

allowing mesh cells in the bulk to be larger by a factor & than equation (15). This choice is motivated
by the enormous computing cost of the first criterion and the small error induced by the selection of the
less restrictive criterion compared to the considerable reduction of computing effort.

2.2.2 Boundary Layers Resolution Requirements - DNS and wall-resolved LES

It now remains to study the boundary layer structure. It has been showed by Zhou ef al. [26] in the last
decade that experimental and numerical boundary layer profiles in Rayleigh-Bénard convection are in
really good agreement with the well known Prandtl-Blasius profiles [27] [28]. From the Prandtl-Blasius
boundary layer theory, it is possible to derive analytical approximation for the kinetic and thermal
boundary layers, respectively A, and Ag. According to this theory and the developments of Shishkina et
al. [29], we obtain the following relations for the boundary layers thickness

H

hg = —
0 Nu

(18)

13
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Finally, we found that our case of interest corresponds to a ratio ;\—9 > 1 over the whole range of

Ra considered, which is in perfect agreement with the Grossmann and Lohse theory presented in the
previous section.

We now come to the resolution requirements within these boundary layers. In a perfect DNS, the
local mesh size should be smaller than the local Kolmogorov scales nx(x,¢) and than the Batchelor
scales np(x,t) but also ensure sufficient resolution in the boundary layers. If DNS is underresolved, the
measured Nusselt number is overestimated [30].

Shishkina et al. [29] derived a theory-based criterion for the grid resolution inside the thermal and
kinematic boundary layers based on the Prandtl-Blasius theory. For the case of Pr = 0.7, they obtained
that the minimum numbers of nodes Ny, g1 and Ny g placed respectively within the thermal and viscous
boundary layers have to satisfy the criterion

Nen.gr > 0.35Ra%", 10° < Ra < 10" (20)

Ny.gL > 0.311Ra"", 10° < Ra < 10" o

These requirements stand for the boundary layers along the heating and cooling walls. However, as
a matter of prudence, we will consider the same mesh resolution in the x, y and z directions even if
coarser resolution for lateral directions can be found in the literature. In such a wall-bounded flow, the
near wall flow structures are of very small size compared to the large scales flow structures and need to
be well resolved. In the absence of robust LES model for these near-wall structures, we want to satisfy
this boundary layer criterion in both LES and DNS.

2.2.3 Bulk Resolution - LES

The last step will be to determine a criterion for the mesh refinement in the bulk of the Rayleigh-Bénard
convection cell when dealing with Large Eddy Simulations. In order to obtain well-resolved LES, one
should ensure that the filtering cutoff done at a wavenumber

BLES

by
k. = ———=, where

WLES’ is the spacing of the mesh in LES, (22)

located within the inertial subrange of the energy spectrum, i.e. where the unfiltered scales become
more isotropic such that the sub-grid scale turbulence can be assumed in constant spectral equilibrium
. In homogeneous isotropic turbulence, the inertial subrange is characterised by Kolmogorov scaling
known as K41 scaling with a particular slope of -5/3 (see figure 9)
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Figure 9: Schematic representation of the energy spectrum of a turbulent flow. E is the kinetic energy
and k the wavenumber. The inertial subrange is located between the wavenumbers associated to length
scales of order of magnitude of L, the integral length scale, and wavenumbers associated to Kolmogorov
length scales, i.e. order of magnitude of n5. k. is an ideal cutoff wavenumber for LES. Figure adapted
from [34]

As developed in [35], a cutoff wavenumber located in the inertial range suggests that the modelled
rate of energy transfer from large (resolved) to small (unresolved) scales €595 is of the same order of
magnitude that the overall dissipation €. This implies de following relation

€ ~ ess = vsaslSI%, (23)

where nuggs is the sub-grid scale kinetic eddy viscosity and |S|? is the magnitude of the resolved strain
rate tensor. Under assumption of homogeneous isotropic turbulence, the Kolmogorov theory states

ke
15> =2 / kE(k)dk. (24)
0

Using Kolmogorov constant C; =~ 1.6, one can write the following expression for the kinetic energy
E(k),

E(k) = Ci(e)? 3k (25)

and insert it in relation (24) to get

- 3 mTo\4/3
ISP = 2@’ () 26)
Finally, assuming that (€) ~ (vsGs)(|S|>) and using equation (10), we obtain an estimation for hZES,
s g (3e) (sesh)” _ aPr 27
2 v ((Nu — 1)Ra)

A common choice for the ratio (vsgs)/v , i.e. the relative intensity of the unfiltered SGS turbulence,
is to ensure that the quantity (vsgs) stays about the same order of magnitude that v in order to get
well-resolved LES. Therefore a reasonable choice is (vsgs)/v < 10.

For (vsgs)/v < 1, we obtain a spatial resolution tending to the resolution required for DNS since the
influence of SGS model decreases when this ratio gets smaller.
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Another widely used estimation for the spatial resolution in LES is to use the Taylor microscale A ,
representative of the inertial range in HIT, as a reference value for our mesh spacing.
Still in Kolmogorov theory, this length scale is expressed as

1
A=/ »U (28)
€

where U is a velocity scale for large structures.

Using again equation (10) for the scaling of € with Ra and Pr and estimating U in terms of the resolved
turbulence kinetic energy K, [35] obtains for the global Taylor scale (averaged over the whole domain
of the Rayleigh-Bénard cell)

/lglobal B \/EU*
H  (Nu-1)Ra)'*

(29)

where we used the dimensionless velocity scale U* = VKH /a.
A scaling relation for U* has been derived by [36] using DNS analysis. The scaling relation for the
dimensionless velocity scale is

U* = v0.0027Ra"% + 0.0312Ra®92. (30)

Using Nu estimated from power-laws defined previously and the scaling relation for U™, we are able to
compute an estimate for the Taylor microscale and use it as an estimation of the suitable mesh spac-
ing for LES. The reference [35] uses 15/°?%! /2 as a reference value in the estimation of the mesh spacing.

Criteria (27) and (29) have to be used with caution since they are obtained from the Kolmogorov
theory assuming HIT which is not exactly the case in thermally driven flows such as Rayleigh Bénard
convection.

However, they can be suitable for the bulk region, where turbulence tends to be isotropic [36].

Over the last decade, a new scaling for the inertial range different from K41 has been discussed in many
papers (e.g. [32]).

In thermally driven flows such as Rayleigh-Bénard convection, a splitting in the inertial range may
be observed with the onset of a new scaling called Bolgiano-Obukhov (BO59) scaling. BO59 scaling
should apply above a certain length scale called the Bolgiano length

4 -3/4
Lg EES/ 693/

(ag)™/2. 31)

According to [32], such an energy cascade (see figure (10)) is only observable at sufficiently high
Rayleigh numbers in Rayleigh-Bénard convection. This is explained by the facts that inertial subrange
grows with Ra and the Bolgiano length scale needs to be sufficiently small compared to H in order to
fit within this inertial range.

In the context of Large Eddy Simulations, one may wonder if we have to account for Bolgiano length
scales in our mesh refinement. In the following development, we will compare these length scales to
the Taylor microscales to conclude if, whether or not, a new criterion has to be taken into account for
our spatial resolution.

One should be able to insert equations (10) and (11) inside (31) to obtain the ratio for the Bolgiano
length scale averaged on the whole volume of the cell Lgl"bal,
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global

BH = (Nu - 1°*Nu=3*(RaPr)™'4, (32)

which decreases when Ra grows.

K41 RB convection

Energy _, Energy _,
injection injection
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Inertial  _, (BCiaw)
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Inertial - l
v subrange
Dissipation _, Dissipation _ l
subrange 4 subrange
O O

Figure 10: Schematic of the energy cascade. On the left, for Homogeneous Isotropic Turbulence (HIT)
with K41 scaling. On the right, BO59 scaling and associated length scales. [y is the integral length
scale, Ip is the Bolgiano length scale and era is the Kolmogorov length scale. Figure adapted from [37].

Comparing relation (29) with relation (32), we observe that considering an averaging over the whole
volume, global Bolgiano length scale is more restrictive than global Taylor scale, i.e. Lgl”b“l < Aglobal,

This suggest that we should use Lgl‘)bal rather than 18/°24! a5 an upper bound for our mesh resolution.

However, for Ra computations in our range of interest, i.e. Ra = 108 - 10, performed in [32] and [33],
it is agreed that, in the bulk region, local Bolgiano length scale is larger than Taylor microscale, i.e.
Lg“”‘ > APulk and does not lie into the inertial range. Therefore BO59 scaling is still not observable
and it is suggested that such scaling should only be observable at higher Ra and Pr or smaller aspect
ratio. This last point needs further study to be confirmed. If we compare this conclusion with the one of
the last paragraph about the global scales, we can assume that, on a local view, Bolgiano length scales
become very small in the near-wall region and are rapidly growing as we approach the bulk region.
Therefore, since we are already wall-resolved in our LES, the application of criterion (32) based on
global Bolgiano scale seems less relevant than the use of criterion (29) for the range of Ra and Pr
considered. Yet, if one wants to perform LES at higher Ra and Pr, it could be interesting to keep an
eye on future studies about Bolgiano length scale.
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3 Equations and Models

3.1 Governing Equations

In this section, we will first describe the full set of compressible Navier-Stokes equations governing
the the Rayleigh-Bénard convection problem. Secondly, we will motivate the choice of the low-Mach
number approximation for our problem and derive the corresponding equations.

3.1.1 Navier-Stokes Equations

The set of Navier-Stokes equations for a compressible Newtonian fluid is composed by the following
non-linear partial differential equations :

* Continuity equation :
dp
- _v. =0 33
Y (ou) (33)

where the scalar p [%] is the fluid density and the vector u [%] is the fluid velocity.

* Momentum equation :

d
ait“+v-(puu):—vp+v-r+pg (34)

where the scalar p [Pa] is the fluid pressure, the tensor 7 is the viscous stress tensor, and the vector
g [5%] is the gravitational acceleration vector (i.e. [0 -9.81 0]). Here we assumed that the only
body force acting on our system is the buoyancy.

In our problem, we are dealing with a viscous Newtonian fluid. This allows us to write the viscous
stress tensor 7 under the following form

2
T=u ((Vu + (Vu)T) - §(V : u)I), (35)
where u [%] is the fluid viscosity and I[-] stands for the identity matrix.

In a concern of numerical robustness of the solver, it is more convenient to rearrange some terms
of the right-hand side. One can group the buoyancy and pressure gradient terms by defining the
hydrodynamic pressure as

p'=p-pg-h (36)

where h is the height of the fluid column above the point of action of hydrodynamic pressure.
If we replace the pressure gradient of equation (34) by the hydrodynamic pressure gradient, we
can rewrite the momentum equation under the form

0
ait“+v-(puu):—vp'+v-r+g-hvp 37)
* Energy equation :
dpe
W+V-(pue):—V-q+o':Vu+pr (38)
where e [kig] is the specific internal energy, q is the heat flux vector, o = 7 — pl is the stress tensor

and r is a heat source term.
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In a problem such as Rayleigh-Bénard convection, i.e. a low-Mach number flows, it is reasonable
to assume the viscous terms as negligible. A second assumption that can be made is to consider
the absence of heat source term within the material volume.

Taking into account these assumptions and defining the specific enthalpy as

hze+£, (39)

Jel

and expanding the heat flux divergence using Fourier’s law

q = —KVT, (40)

where « [%] is the thermal conductivity and the scalar T[K] is the temperature, we can rewrite
the equation (38) in terms of the specific enthalpy & to get

Dp

9ph | 3. (puh) =V - (kVT) + - (41)

ot

Where the last term is the material derivative of pressure p.

3.1.2 Equation of State

In all our simulations, the fluid (i.e. air) is assumed to obey the perfect gas relation
pT

yM?

where R is the perfect gas constant, vy is the ratio of specific heats at a reference temperature and M is
the Mach number.

p = pRT = (42)

3.1.3 Low-Mach Number Approximation

A low-Mach number flow is characterised by small pressure variations but high gradients of tempera-
ture and density. This approximation can be applied to our governing equations as soon as the Mach
number is low in the entire flow field, which is a reasonable assumption for Rayleigh-Bénard convection.

However, another approximation is widely used when dealing with Rayleigh-Bénard convection. This
approximation consists to take the full set of compressible equation defined previously and to assume
that the density p variations are neglected in the governing equations except in the buoyancy term
of the momentum-balance law where a linear relation between density and temperature is assumed.
This assumption is known as the Boussinesq approximation and the corresponding equations are the
Oberbeck-Boussinesq equations. This set of equations is very popular since it reduces the Rayleigh-
Bénard convection problem to an incompressible flow which is extremely convenient on a numerical
point of view.

Nonetheless, according to [41], the Boussinesq approximation is only valid for limited temperature
gradients in Rayleigh-Bénard convection. These maximal temperature gradients have been estimated
to AT = 2[K] for liquids and AT = 15[K] for gaseous flows. Outside of this range, the validity of the
Oberbeck-Boussinesq equations is not longer guaranteed and this approximation could lead to inaccu-
rate results.

Since the problem of interest of this work is the natural convection in a spent nuclear-fuel pool, the tem-
perature gradients prone to be observed in case of an accident are outside of this range. This motivates
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the development of a low-Mach solver able to ensure accurate results even for large temperature gradients.

In this section, we will present a brief overview of the derivation of the low-Mach number equations
(see [42] as reference for a full review). The low-Mach number equations are obtained by expanding
the flow variables of the governing equations defined in the previous section, namely p u, T and p, as a
power series in € = yM? :

p=p?+epV +O(?) (43)
u=u?+eul+ O(e?) (44)
T=T9 + etV + O(?) (45)

T pT _ p©
p=tr = =00 (46)
yM € €
Under the approximation of low-Mach number, we have the order of magnitude € = yM? < 1 allowing
us to neglect the high order terms of the power-series equations (43)-(46). In particular, we can observe

in equation (46) that the pressure p is the sum of two contributions
 p© interpreted as the thermodynamic pressure, spatially uniform
« p" interpreted as the dynamic pressure, variable in space

Since € <« 1, the last term of equation (41), i.e. the material derivative of p, is mostly due to the
thermodynamic pressure p'®). However, since the thermodynamic pressure is spatially uniform, it has
no contribution to the pressure gradient Vp’ of the momentum equation (37) which is entirely due to
the dynamic pressure p(!),

Taking into account these remarks, we can write the governing equations and the ideal gas law under
the form of the low-Mach number approximation equations

500
-V () =0 (47)
ot
FYROMO)
% £V - (00000 = _yp D £ ¥ O 4 g phyp© (48)
PYROPA0) Dp®
@2 5 V- (OuOR) = -V (VT) + =L (49)
t Dt
©
o_ P

As stated before, in the momentum equation (48), the pressure gradient is solely due to dynamic
pressure, i.e. p'V = p() — pOg . h,

In our case, the domain is closed. Therefore, the thermodynamic pressure is likely to vary in time while
the total mass remains constant and equal to the volume integral of the density

Mo = / 2Oay. 51)

An expression for p© may be obtained by integrating equation (50) over the volume V to get
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pO = Mo _ M
av
[ [wOav

(52)

3.2 Finite Volume Method

In order to solve the system of non-linear partial differential equations defined in the previous section,
these equations need to be discretised into a system of algebraic equations. Since we will use the
open-source CFD package OpenFOAM to perform our simulations, we will discretise our equations
following the Finite Volume Method (FVM) on which OpenFoam is based.

In this work, we will go through the main characteristics of this method. For a complete review, a full
description of the FVM is presented in [43].
The FVM method presents the following properties

* The space is divided into a finite number of discrete regions called control volumes.

* The method is based on the integral form of governing equations discretised over each control
volume. Such an approach ensure that the basic quantities, such as mass and momentum, will
therefore be conserved at the discrete level.

* The Cartesian coordinate system in which the governing equations are solved remains constant
in time.

» Sets of partial differential equations are solved using a segregated approach, i.e. they are solved
one at a time and non-linear equations are linearised before discretisation.

The first step of the FVM is to discretise the domain by subdividing it into non overlapping control
volums (CV), see figure 11. The computational point P is defined as the centroid of each control
volume. In a mathematical point of view, this is expressed as

(x—xp)dV =0 (53)

Figure 11: Control volume as presented in [43]. P is the centroid of the cell, f is a face of the CV, S is
the face area vector and N is the centroid of the neighbouring cell.

The boundary of each control volume is a set of flat faces. Each face is shared with at most one
neighbouring CV or a boundary of the domain.
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The second step of the FVM is to discretise the governing equations. To do so, we can start from the
general expression of the transport equation for a scalar variable ¢

9p0

ot Ve (pug) —V (Ve = Sel@) (54)
t N — —_ ——
convection term diffusion term source term

temporal derivative

which has to be rewritten in integral form to be satisfied over the entire control volume Vp

t+At t+At
/ [ﬁ / ppdV + / V- (pug)dV — / V-(pF¢V¢)dV] dt = / ( / S¢(¢)dv) dt
¢ ot Jy, Vp Vp t Ve

(535
We can now derive the discretisation for each term of the transport equation. In what follows, we will
present the different numerical schemes used in the simulations of this work.

¢ (Gradient scheme :

VodV = dS¢ =) S 56
/VP¢ fmcb;mf (56)

where S is the outward-pointing face area vector of face f.
In this scheme, the gradient is calculated using integrals over faces using Gauss’ theorem. ¢y is
evaluated from cell center values

¢r = fxop+(1 = f)pn with fo = fN/PN (57)

* Divergence scheme : this scheme is used for the convection terms. One can obtain it from the
Gauss’ theorem

[ v-tounnav= ¢ as-oue)= 38 - (puy = 38wy = YoeF (58)
P P f f f

where F represents the mass flux through the face f.

As for the gradient scheme, we use a second-order central differencing scheme popular for LES
due to its low numerical dissipation property,

¢f = fxdp + (1 - fx)¢N (59)

* Laplacian scheme : this scheme is used for the diffusion terms, one more time it is derived from
the Gauss’ theorem,

| Tav0dy = 38 (oTo)y = Y oTe)sSy - (V) (60)
P f f

In the particular case of an orthogonal mesh, which is fortunately our case due to the simple
geometry of the problem, we do not have to apply a correction term and the face-normal gradient
is evaluated as

oN — dp
Sq-(V =|S¢|— 61
- (Vor)r =[Syl N (61)
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* Source term discretisation : The first step is to linearise the source term as
S¢(¢) =8, + Sp¢ (62)

and the second step is to discretise it as

‘/V Se(#)dV = S,Vp +S,Vpodp (63)

* Time scheme : We use the implicit second-order backward time scheme. This scheme is obtained
from a Taylor series expansion of ¢ in time around ¢(z + At) = ¢™:

Cgo g9 p 10,0 3
o(t)=9¢° = ¢ azAHzaﬂAt + O(Ar). (64)
and ; "
— = $°° = H" — _¢ _¢ 2 NE
ot —At) = ¢°° = ¢ 26tAt+26t2 At~ + O(-LU7). (65)

Combining equations (64) and (65), we eliminate the term in the truncation error scaling with At
and we obtain the second order scheme

(9_(]5 %¢n _ 2¢o + %¢UU

= 66
ot At (66)

Taking into account the discretisation for each term, the general transport equation can be written in the
semi-descretised form

3 nn 0 10 1 0o 400

5Ppd" —20%0° + 5p

2 P PP Vp + ) FO = ) (0"To)sSr - (VO)} = S.Vp + SpVed  (67)
f f

3.3 Numerical Algorithm

In this section, we will describe the discretisation procedure for the low-Mach number approximation
equations derived in the section 3.1.3. For the following derivation, we take as reference William A.
Hay [44] who has developed and implemented the low-Mach solver used in this work in OpenFOAM.
The general idea of this section is to develop a variable density PISO algorithm based on the momentum
equations and a pressure Poisson equation. In all further mathematical developments, we will refer
to the low-Mach number variables p©@, u® and 7© without the superscript in order to simplify the
readability of the equations. Note that the superscripts for the thermodynamic pressure p(®’ and the
dynamic pressure p"!) are not dropped.

3.3.1 Pressure Poisson Equation

As a first step, we aim to derive the variable density pressure Poisson equation.
Following the discretisation procedure of the Navier-Stokes system for a variable density flow [43], a
semi-discretised version of the momentum equation may be formulated as

108 ,
ayU, + > anUy - = M) _g.hVp (68)
N
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We introduce a substitution variable H defined as

UO
H(U) = - Z anUp + A (69)
N

by inserting this new variable in the equation (68), we can obtain the following expression for the
velocity at a point P

1 1 1
Up=—HU) - —VpY - —g-hVp (70)
ap ap ap

Now, we multiply equation (70) by the density p and we take the divergence of each side of this equation
to obtain

V- (pUp) = V- (%H(U) . ﬁg ~hVp) - V- (ﬁv;a’“)) (71)

Finally, we can combine the momentum equation (71) and the continuity equation (47) to express the
following pressure Poisson equation

v. (ﬁvp'<1>) v (LHU) - Lg.nvp)+ 2 72)
ap ap ap ot

Using the state equation, we can replace p by yp'© ,where ¥ = 1/RT is the compressibility, in the last
term of pressure Poisson equation (72) to get its final discretised form

p . p P 4

3.3.2 PISO Algorithm

The Pressure-Implicit with Splitting of Operators (PISO) algorithm is a pressure-velocity calculation
procedure to solve the Navier-Stokes equations. This predictor-corrector projection scheme is initialised
with known p, T, u and p at a time n. The different steps of the PISO algorithm may be written as
follows

1. Put p" and p™ in the momentum equation to find the estimate u* (predictor step)
2. Put p" and u* in the energy equation to find ~2* and then T*

Put 7™ in the equation of state to find y*

Put ¢* in equation (52) to find p©*

Put pO* and T* in the equation of state to obtain p*

Insert u* and p* in equation (69) to get the operator H(U)*

Use H(U)* and p* to express the pressure Poisson equation (73)

Solve the Poisson equation for p(1*

Y ® N 0k W

Solve equation the momentum equation (70) to obtain the corrected value u**

10. Iterate over step 6 to 9 with u*™* instead of u* until convergence is attained (under a certain
tolerance)
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11. Restart the algorithm for the time 7 + 1

3.4 Large Eddy Simulation

As already stated, a major part of this work is based on the validation of Large Eddy simulations and
the modelling of the Sub-Grid Scales (SGS) quantities in the problem of Rayleigh-Bénard convection.
In this section, we will give an overview of the background of LES modelling and give an insight of the
SGS models used in this work.

The main idea behind LES is to decompose every flow variable ¢ into a large scale term ¢ resolved
by the grid, i.e. filtered, and a modelled term ¢’ containing the SGS information. This leads to the
following decomposition for a general variable of the flow ¢(x)

$(x) = ¢(x) + ¢'(x) (74)

In the previous equation, the spatial filtering of ¢(x) is referred as ¢(x) and satisfies the following
relation on the domain Q

3(x) = /Q Ga(x = X )p(xX )X’ (75)

where Ga(x — x’) is the kernel of the filter of which the integral over the domain Q is equal to 1. A is
known as the filter width and is a measure of the local grid size.

In OpenFOAM, the filtering function classically used is known as a top-hat or box filter defined as

1

4 i _’<é
GA(X—X/):{é if |x - x| < 5

otherwise (76)

where we can use the following definition for the filter width A = (V,.)!/? which is the cube root of the
cell volume.

3.4.1 Equations filtering

In this section, we will derive the spatially filtered compressible Navier-Stokes equations resolved by
Large Eddy Simulations.

Since we are dealing with a compressible flow, we apply a density-weighted filtering known as Favre
filtering,

ey = LPEIXICA = X)X 00) _ pd o
fp(x’)GA(x - X')dx’ p(x) p
In the following derivation, we will assume the filtering operations and derivatives to be commutative.
We can now apply the filtering operation defined in (77) to the set of compressible Navier-Stokes
equation presented in the section 3.1.1 to obtain the compressible filtered equations [45]:

9p

— -V.dpu=0 78

ER pu (78)
apu e _ N _
7+V-(6puu)=—Vp+V-T—V-TSGS+pg (79)
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aph . 9p i
% +V - (3phi) = a—ft’ 4 Vj—Tsgs + AT = V - (Cygsas) (80)

p = pRT (81)
where the filtered viscous stress T is given by
- S\ 2o o
F=248 =i (Vu + (Vi) ) - (Vo (82)
where S™ is the traceless strain-rate tensor.

The sub-grid scale stress tensor, sub-grid scale heat flux tensor and the sub-grid scale pressure dilatation
are respectively

Tsgs = p(uu — i) (83)
gsGs = pul —T) (84)
llsgs =pV-u-pv-u (85)

The sub-grid scale kinetic energy may be defined, using indicial notation, as

) | 1 L
pksgs = ETV(TSGS) = 5TSGS.kk = Ep(uk“k — fixlik) (86)

The sub-grid scale terms that we have derived from the filtered equations cannot be straightforwardly
computed from the resolved fields. This motivates the establishment of models in order to compute
these terms. Such models are known as sub-grid scales (SGS) models and we will introduce and use
two of these models in this work.

3.4.2 Dynamic k-Equation Model

The first SGS model to be discussed in this work is the dynamic k-equation model. The derivation of
this model is based on [45] where more information can be found.

The key idea of this model is to solve the compressible SGS kinetic energy transport equation in order
to derive ksgs.
One can obtain the SGS kinetic energy equation by following the following steps:

1. Filter the product of the velocity and the momentum equation to obtain

[4; X (momentum equation)] (87)

2. Multiply the Favre-filtered velocity and the filtered momentum equation to obtain

; X (momentum equation) (88)

3. Substract (88) from (87) to obtain the SGS kinetic energy equation as

[¢; X (momentum equation)] — if; X (momentum equation) (89)
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By applying the described steps and rearrange the terms, one can obtain the following expression for
the SGS kinetic equation

(')ﬁk _ pkﬂ] ~ _ a7 o (') 5 _ 8Mk o C()L[k
o dx; ~ 75Gs.ijSij — 2H [SijDij B SijDij] B @_x] 3 | M4 ”J'E - Wja—xk
0 _ _ 0 (7sGs,ij .,
+ E TSGS,ijlij + ’u(’)_xj + “a_x,- ( ki ) + Rgscs.j| — 8_xj [Ep(ui”iuj - ”iuiuj)] (90)

N ouy _ _0uy,
p 0xy p O xx
We still need to propose a model for the SGS stress 7s5Gs and the SGS heat flux gsgs. To do so, we can

use eddy viscosity and eddy diffusivity models with Vk chosen as the velocity scale. This leads to the
following SGS models

2 .
TSGS,ij — gﬁk@j = —ZCSAﬁ‘/ZSfj, o1

Hi a_T _ _CSA[_)‘/EG_T

_ 2
Pr; 0x; Pr;  0x;’ ©2)

4sGs.j =
where 1, = CsApVk is the eddy viscosity and Cs and Pr; are the model coefficient to be determined
dynamically.

3.4.3 Lagrangian Dynamic Model

The second SGS model to be used in this work is the Lagrangian dynamic model. The derivation of the
equations behind this model is quite hard to explain succinctly. Therefore we refer the reader to [15] for
the mathematical derivation of the equations.

This model can be seen as a Lagrangian version of the popular Smagorinsky SGS model in the sense that
the averaging of the flow statistics is done over flow pathlines rather than over directions of statistical
homogeneity as done classically by the Smagorinsky SGS model.

In a qualitative point of view, the derivation of the Lagrangian model is obtained by minimizing the
error generated by the insertion of the Smagorinsky model in the Germano identity in a Lagrangian
frame of reference.

According to [15], such an approach of the SGS modelling produces results equal or superior to those
of spatially averaged versions of the dynamic Smagorinsky model.
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4 Computational Set-Up

In this section, we will describe the parameters of the numerical simulations performed in this work
and set-up the mesh resolutions taking into account the theoretical criterion from literature presented
in the section 2.2.

As already stated, the numerical simulation carried out in this work are performed with the CFD package
OpenFOAM and the compressible Navier-Stokes equations are solved under the low-Mach approxima-
tion by a low-Mach solver implemented in OpenFOAM by [44].

The working fluid is chosen as air at a mean temperature 7o = 313[K]. These properties correspond to a
Prandtl number Pr = 0.7.The geometry used to study turbulent Rayleigh-Bénard convection is a cube,
i.e. I' = 1, bounded by solid walls at each boundary. At each rigid wall, the no-slip and impermeability
conditions are applied to the velocity field. The side walls are adiabatic, i.e. g—z; = 0, and the top
and bottom plates are isothermal with temperatures 7. = 305.5[K] and 7}, = 320.5[K], respectively.
Therefore, the temperature difference between the cold and hot plates is fixed at AT = 15[K]. In our
simulations, we increase the Rayleigh number of the RBC flow by increasing the size of the box H,
every other parameter remaining constant. The height of the domain as a function of the Rayleigh

number Ra is thus computed from the relation (1)

13
R
va a) ©93)

gBAT

where the flow properties @, 8 and v are determined from correlations for air at 40[K]. These values
are summarised in the table 2.

H(Ra) = (

Table 2: Air properties

Prandtl Mean Thermal Thermal Kinematic
Fluid number Temperature diffusivity expansion viscosity
Pr[-] Ty [K] a[m?/s] BIK1] v[m?/s]

Air 0.7 40 238%x 107 | 32x107% | 1.69x 107>

From the relation (93) and the chosen parameters, we obtain the following set-ups for our simulations

Table 3: Height of the cell as a function of Ra

Ra = 10°
H =0.95

Ra =108
H =0.441

Ra =5x 107
H=0.35

Ra = 107
H =0.2048

Ra = 10°
H =0.095

Rayleigh Number [-]
Height [m]

The thermophysical model used by the solver has the following properties

* Transport model : The dynamic viscosity u, the thermal conductivity « and the thermal diffu-
sivity @ present in the energy and enthalpy equations are computed using Sutherland’s model of
OpenFoam. For the dynamic viscosity, Sutherland’s law is known as :

ASTS/Z
T +T;

where we have the following parameters for the air : the Sutherland temperature is 7y, = 110.4[K]
and the Sutherland coefficient A; = 1.458 x 107°.

w(T) =

(94)
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* Thermodynamic model : ¢, is computed as a function of the temperature 7' from a set of
coeflicients taken from JANAF tables of thermodynamics.

* Equation of state : perfect gas equation is used, i.e. p = I{;T

The choice of initial conditions of the problem may have a big impact on the stability of the solver
and the time needed to reach statistical stationarity. The most efficient procedure is to set the initial
fields for the smallest Rayleigh number, i.e. the one requiring the least computational efforts, with an
homogeneous pressure fixed at p = 10°[Pa] (atmospheric pressure), a zero velocity field and a linear
temperature profile between the bottom and the top plates in order to avoid strong local temperature
gradients likely to cause instabilities and reduce the convergence time to statistical steady state.

Once the first simulation is performed, we set the initial fields of the next simulations at higher Ra as a
mapping of the lower Ra solution on the new computational domain. This procedure allows to save a
lot of computation time since we are only interested into statistics of the flow at steady state.

A crucial parameter of the simulations set-up is the design of the mesh. An extremely fine mesh would
ensure the accuracy of the solution but would also be extremely expensive on a computational point of
view. In order to find the right balance between accuracy and computation time/ressources, we will use
the criteria previously defined in the section 2.2.
The quantities of interest will be the following :

* Near-wall region : We need to estimate the viscous and thermal boundary layer thickness ’lﬁ“ and

%" in order to know the number of grid points lying within these boundary layer and verify the
critera (20) and (21).

* DNS Bulk : The quantity of interest is the Kolmogorov length scale . We want to satisfy the

criterion (17),

hDNS
<X 95)
H H

* LES Bulk : The quantity of interest is the Taylor length scale 2. We use the expression (29) and
obtain an estimate for the grid spacing as the half of Taylor microscale,

hLESN 1
H ~ 2H

(96)

These estimations require an a priori guess of the Nusselt number Nu. In this work, we have employed
the scaling relation derived by Kerr [36] from DNS, i.e. Nu = 0.186Ra"-?’® which is quite close to the
2/7 scaling discussed in the section 2.1. The estimated length scales and grid resolutions as references
at the different Rayleigh numbers are presented in the table 4.

In order to satisfy these conditions while guaranteeing a reasonable computation time, we use a non-
uniform spacing. We use a hyperbolic tangent scaling, i.e. the grid spacing becomes finer towards the
walls in order to have well-resolved boundary layers. We use the same number of grid points in each

direction with the same scaling, N = Ny = N, = N,. The typical ratio between grid spacing close to
DNS

the wall and the grid spacing in the bulk in DNS is of the order of 10, i.e. Z’L’,",f,ks ~ 10. The smaller
L

B
number of points chosen to satisfy the mesh resolution criteria for each regime is also indicated in the
table 4.

29



Table 4: Estimated length scales and grid resolutions as references

Ra [-] 109 107 5x 107 108 10°
qu 0.0519 0.0269 0.0170 0.0139 0.0088
2 0.0456 0.0236 0.0149 0.0122 0.0078
i 0.0472 0.0225 0.0134 0.0107 0.0054
s 0.0808 0.0541 0.0415 0.0371 0.0286

NDPNS 64 96 124 - -

NELES 24 42 42 64 96

The figure 13 illustrate the grid spacing scaling compared to the global estimates of the Kolmogorov
and Taylor length scales at Ra = 107 and the figure ?? illustrate the mesh used in DNS with 64x64x64
points.

Grid spacing at Ra = 107

0.06 : :
_______________________________________________________ ——DNs|_|
——LES
0.05 | 1
0.04 | T
~

ET:: -

003}

i

0.02 1

001

y/H

Figure 12: Normalised grid spacing along axis of the cube for DNS (blue curve) and LES (red curve)
compared to % (horizontal line in blue) and % (horizontal line in red) Ra = 107 on the right.
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Figure 13: Mesh used for DNS with 64x64x64 points

In the our numerical runs, we want the collection of the flow statistics to begin once the flows becomes
fully turbulent and reach the statistical steady state. Therefore, we define a characteristic time scale; the

free-fall time
H

VgaATH

where the denominator is also known as the free-fall velocity Uy = +/gaATH. This characteristic
velocity Uy will be used to non-dimensionalize the velocity field of the flow.

In the following simulations, we consider that a sufficiently long time to be sure to reach the statistically
steady state is approximately 500 free-fall time units. Once the steady state is reached, the statistics are
collected during at least 300 #* and preferably during 1000 #*.

In order to ensure the stability of our calculations, we use an adaptive time step monitor the Courant
number

*

=

ult
=— <0.5. 7
C A S 97

X
Finally, the Rayleigh-Bénard system response Nu is computed using the following expression

VRaPr{puT )y, + 1, (98)
where p = p?/py (with the density reference taken as air at Ty = 313[K], i.e. py = 1.1272),

u=udm|u rand T = (T9"™ — Ty)/ AT are the non-dimensional flow variables.

In the rest of this work, we will always refer to the non dimensional flow variables.
Taking into account all the previous criteria, we have performed several simulations at each flow regime
and using different meshes with the aim to observe the effect of the resolution on the system response.
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The simulations parameters and the mean heat flux Nu are summarised in the table 5.

Table 5: Simulation parameters and corresponding Nusselt number. The type of simulation is named
"DNS" for Direct Numerical Simulation, "DK" for LES using the dynamic k-equation SGS model and
"DL" for LES using the dynamic Lagrangian SGS model. The actual number of grid points within
the boundary layers is compared to the minimum number of point to resolve the thermal and viscous

boundary layer from equation (20) and (21). The averaging time in free-fall time units is ¢,

*
avg

hmax

hmax

Ra Type N Nth . BL Ny BL H P Nu Nuref[32] thg
10° DNS 96 17/2.8 16/2.5 0.02 10.2  8.34 8.32 1500
106 DNS 64 11/2.8 11/2.5 0.03 10 8.342 8.32 3000
106 LES without model 24 4/2.8 3/2.5 0.07 5 8.42 8.32 3000
100 DL 24 4/2.8 3/2.5 0.07 5 8.42 8.32 3000
106 DK 24 4/2.8 3125 0.07 5 8.39 8.32 3000
10° DK 42 9/2.8 9/2.5 0.05 18 8.31 8.32 1500
107 DNS 96 11/3.9 10/3.5 0.02 10 16.37 16.3 1000
107 LES without model 42 5/3.9 5/3.5 0.04 8.9 17.2 16.3 1000
107 DL 64 9/3.9 8/3.5 0.032 13 16.5 16.3 2000
107 DL 42 5/3.9 5/3.5 0.04 8.9 16.8 16.3 1000
107 DK 64 9/3.9 8/3.5 0.032 13 16.6 16.3 1000
107 DK 42 5/3.9 5/3.5 0.04 8.9 16.7 16.3 1000
5% 107 DNS 124 8/5 844 0.014 6.5 26 25.6 800
5x 107 LES without model 64 8/5 9/4.4 0.038 28 29.2 25.6 1600
5% 107 DK 64 8/5 9/4.4  0.038 28 27.6 25.6 1600
5% 107 DK 42 6/5 6/4.4  0.06 33 28.3 25.6 800
5% 107 DL 42 6/5 6/44  0.06 13 28.25 25.6 800
108 DK 96 15/5.5 14/5  0.029 64 33.8 31.3 600
108 DK 64 8/5.5 7/5 0.038 28 35 31.3 600
108 DL 64 8/5.5 /5 0.038 28 35.2 31.3 600
10° DK 96 10/7.8 9/7 0.028 52 71.3 63.4 300
10° DL 96 10/7.8 9/7 0.028 52 72 63.4 300
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5 Numerical results

In this section, we will further develop the results obtained from the simulations of the table 5. The final
objective of this work is to validate or not the accuracy of the SGS models used against the DNS data.
To do so, we will compare the DNS and LES results obtained for the time averaged Nusselt number Nu
and the flow statistic at Ra = 10°, Ra = 10’ and Ra = 5 x 10”.

For Ra = 10% and Ra = 10°, the actual computational resources are not sufficient to perform an accurate
DNS satisfying the mesh requirement defined previously. Therefore, for this range of Ra, only LES is
performed and discussed.

As a last study, we will make a brief overview of the non Oberbeck-Boussinesq effects occurring when
we increase the temperature gradient between the hot and the cold plates at small Rayleigh number.

Before comparing LES results to DNS results, one should ensure the validity of the latter. In this work,
we check the validity of our DNS results by two means :

1. Grid convergence analysis

2. Comparison with DNS results from the literature, i.e. [32] and [46].

The grid convergence analysis is only performed for the low-Ra in order to determine if the criteria used
for the design of the DNS mesh resolution is sufficient to guarantee the quality of results. As presented
in the table 5, we performed 3 DNS simulation at Ra = 10° with 3 different mesh resolution : 24, 64
and 96 points.

On purpose, the N = 24 simulation has a very coarse mesh that fits LES resolution requirements but
does not fit DNS resolution requirements. In other word, this case corresponds to a LES simulation
without SGS model. Still, the obtained Nu is in relatively good agreement with the reference value
with an error of the order of 1.2%. When refining the resolution with the N = 64 and N = 96, which
are both satisfying the DNS requirements, we observe that the resulting Nusselt number Nu does not
longer vary as we increase the grid resolution. Therefore, we can assume that the DNS criteria defined
previously should be sufficient to guarantee the validity of our DNS. In addition, the Nu obtained is in
extremely good agreement with the chosen reference with an error well smaller than 1%.

For the next flow regimes, we also obtain really good agreement between Nu obtained from our DNS
and the values of the reference. In each regime, error remains lower than 2% which allow us to validate
our DNS solutions.

5.1 Ra = 10° Regime - DNS and LES

In these sections, we intend to validate the SGS models used for our LES with our DNS solution.

Even with the coarse mesh N = 24, the Nu is in very good agreement with our DNS solution with an
error lower than 1% for both SGS models.

The flow statistics for the Ra = 10° regime with the LES mesh N = 24 and the DNS mesh N = 64 are
presented on the figure 14 to 16. These statistics are obtained from time-averaging the flow data for
each time step and these mean flow quantities are spatially averaged along the homogeneous horizontal
directions x and z.

The statistics of interest are the time-average temperature (T, its fluctuation T,y = (T"2)!/2, the

33



1/2

fluctuations of the horizontal velocity u# and the vertical velocity v, i.e. upps = W2 and vypms =

(v'*)1/2_ the turbulent kinetic energy

2 + W’Z)

K = %(u’2 +v'

and the resolved turbulent heat flux (v/T"’). These statistics are defined using the non-dimensional flow
variables T, u, v and w.
The benefits of a SGS model are more evident when we compare their statistics to the statistics obtained
by running a simulation on the same mesh without the application of the SGS model. This procedure
will be done in the further analysis. However, for the particular regime Ra = 10°, the behaviour of
the solution with the dynamic Lagrangian model is the same as the behaviour without any model.
Therefore, exceptionally, we do not superimpose the case "LES no model" to the other statistics for the
sake of clarity.

Since we are at low Rayleigh number, the benefits of the dynamic k-equation model are not fully visible
when only comparing the Nu (only less than 1% of accuracy is gained compared to the "LES no model"
case, already extremely close to the DNS value). However the effect of the DK SGS model is much more
visible on the flow statistics where it can correct the temperature and velocities fluctuations by a value of
10% compared to the case without model. The same remark is applicable for the kinetic turbulent energy.

As already mentioned, the dynamic Lagrangian model does not provide satisfying results at this regime
since it does not have any effect on the flow statistics and under estimates the kinetic energy and the
turbulent heat flux.

Mean Temperature at Ra = 10°

Temperature Fluctuations at Ra = 10°

0.5 0.14
——LESDL ——LESDL
04 —o—LES DK | | 012l —e—LES DK | |
——DNS : ——DNS
031
02t . 017
01y ~ 008}
0t =
bl
~0.06
04}
02t ] 0.04
03}
0.02
-0.4 |
05 . . . . . . . . . 0 . . . . . . . . .
05 -04 03 02 -01 0 01 02 03 04 05 05 -04 03 -02 01 0 01 02 03 04 05
y/H y/H

Figure 14: Time-average resolved temperature (T') and resolved temperature fluctuation 7)., = (T72)!/?
at flow regime Ra = 10%. The results obtained from the dynamic Lagrangian SGS model (DL) are
presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from
DNS in blue.
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Figure 15: Resolved horizontal and vertical velocity fluctuations u;,,,s = (u'?)
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at flow regime Ra = 10%. The results obtained from the dynamic Lagrangian SGS model (DL) are
presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from

DNS in blue.

Turbulent Kinetic Energy at Ra = 10°
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Figure 16: Resolved turbulent kinetic energy K and resolved turbulent heat flux (v'T”) at flow regime
Ra = 10°. The results obtained from the dynamic Lagrangian SGS model (DL) are presented in black,
from the dynamic k-equation SGS model (DK) are presented in black and from DNS in blue.

5.2 Ra = 10" Regime - DNS and LES

With the coarser mesh defined for this regime, i.e. N = 42, the Nu obtained is still in good agreement
with our DNS solution with an error estimated at 2% for the dynamic Lagrandian model and at 2.5%
for the dynamic Lagrangian model compared to an error of more than 5% for the same mesh without

SGS model.
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The flow statistics for the Ra = 107 regime with the LES mesh N = 42 and the DNS mesh N = 96 are
presented on the figure 14 to 16.

We observe that the DK SGS model provides again a really good approximation of the SGS quantities
since its statistics profiles are really close to the DNS.

The DL SGS model is giving slightly more satisfying results at this regime than at the previous since it
shows the same behaviour that the DK model with a much lesser effect. However it provides much better
results than the case without model which is over-estimating the vertical velocity fluctuations and the
turbulent kinematic energy K by 30% and the resolved heat flux by 40%. The statistics obtained with
the two SGS models are closer to the DNS statistics but they are still over-estimated due to insufficient
resolution of the mesh. With a refined mesh with N = 64 for these LES, the error on the Nusselt number
compared to DNS decreases to 1.4% with the dynamic k-equation model.

Mean Temperature at Ra = 107

Temperature Fluetnations at Ra = 107
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Figure 17: Time-average resolved temperature (7' and resolved temperature fluctuation 7}.,,,; = (T">)!/?

at flow regime Ra = 107. The results obtained from the dynamic Lagrangian SGS model (DL) are
presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from
DNS in blue.
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Figure 18: Resolved horizontal and vertical velocity fluctuations u,,,s = (u’>)!/? and v, = (v2)1/?
at flow regime Ra = 10”. The results obtained from the dynamic Lagrangian SGS model (DL) are
presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from
DNS in blue.
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Figure 19: Resolved turbulent kinetic energy K and resolved turbulent heat flux (v'T”) at flow regime
Ra = 107. The results obtained from the dynamic Lagrangian SGS model (DL) are presented in black,
from the dynamic k-equation SGS model (DK) are presented in black and from DNS in blue.

5.3 Ra =5x 10’ Regime - DNS and LES

This regime is the higher we have reached with DNS due to computational costs.

With the coarser mesh defined for this regime, i.e. N = 42, the Nu error obtained between the Nu
calculated from the LES fields and the Nu obtained in DNS is growing and reaches 8% for both models
compared to an error greater than 12% without SGS model. Since this error seems too high to be
a satisfying approximation of the system response, we decided to run an LES with a finer grid, i.e.



N = 64. With the refined grid, the error obtained on the Nu calculation decreases to 6% which is still
a bigger error than for the previous regimes but remains reasonable for an approximation.

The flow statistics for the Ra = 5 x 107 regime with the LES mesh N = 42 and the DNS mesh N = 124
are presented on the figure 20 to 22.

We can make the same observations that in the regime Ra = 1 x 107 for the dynamic k-equation model
which is providing a non negligible enhancement to the flow statistics compared to the case without
model which is again over-estimating the kinetic energy and the heat transfer. The gain in accuracy may
be estimated to an error reduced by more than 60% compared to the case without SGS model for all the
flow statistics with a mesh two times coarser than for DNS.

The results obtained with the dynamic Lagrangian model at this regime are not satisfying and present
a behaviour quite different from the DK SGS model since the DL model under estimates the turbulent
kinetic energy and the turbulent heat flux while the DK model is over estimating these flow properties.
Various test on the mesh resolution in the boundary layer and in the bulk have been performed in order
to propose an explanation for this phenomena but the results remain inconclusive.
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Figure 20: Time-average resolved temperature (T') and resolved temperature fluctuation 7}, = (T72)!/?
at flow regime Ra = 5 x 10”. The results obtained from the dynamic Lagrangian SGS model (DL)
are presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from
DNS in blue.
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Figure 21: Resolved horizontal and vertical velocity fluctuations u,,,s = (u’>)!/? and v, = (v2)1/?
at flow regime Ra = 5 x 10”. The results obtained from the dynamic Lagrangian SGS model (DL)
are presented in black, from the dynamic k-equation SGS model (DK) are presented in black and from

DNS in blue.
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Figure 22: Resolved turbulent kinetic energy K and resolved turbulent heat flux (v'T’) at flow regime
Ra = 5 x 107. The results obtained from the dynamic Lagrangian SGS model (DL) are presented in
black, from the dynamic k-equation SGS model (DK) are presented in black and from DNS in blue.

Taking into account the results obtained at the different regimes, it is reasonable to conclude that the
mesh requirements defined in the previous sections are sufficient to guarantee a relatively well-resolved
LES with the dynamic k-equation SGS model compared to DNS up to Ra = 5 x 107,

In the other hand, the results obtained with the dynamic Lagrangian are quite inconsistent and do not
allow us to validate the accuracy of its prediction with the actual mesh resolutions. More work may be
needed in order to define different mesh requirement criteria for this SGS model leading to potentially

better results.
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5.4 Scaling of the statistics with Ra

In this section, we aim to foresee the scaling of the flow statistics with the Ra number ranging from 10°
to 10° using LES and the dynamic k-equation sub-grid scale model.

Since the results obtained with the dynamic Lagrangian model does not allow to validate its results and
ensure the quality of the results for Ra > 5 x 107, we do not present its scaling here.

The grid spacing is still determined a priori from the criteria defined in the previous section. The flow
statistics at the different regime are presented on the figure 23 to 27.

On the figure 23, we observe the scaling of the total heat transfer across the fluid layer, i.e. the Nusselt
number average over time and the horizontal directions. The fact that this heat transfer remains constant
in the whole domain ensure that we have reached a statistically steady state of turbulence when. However
the difference between the Nusselt number obtained for the two large Ra, i.e. Ra = 108 — 10°, and
the reference Nusselt number is non negligible, indicating that the mesh used in this work is probably
not fine enough to give a well resolved LES. Our computational resources being limited, we are not
able to perform a more accurate simulation in this work. However, it could be interesting to observe
the grid dependence of the solution in order to define better criteria for the mesh requirement of LES
simulations at high Rayleigh number.
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Figure 23: Time-averaged Nusselt number across the domain computed with the dynamic k-equation
model at flow regime ranging from Ra = 10% — 10°.

In figure 24, we observe that the ratio of boundary layer thickness of the thermal boundary layer to the
height of the cell is decreasing as Ra increases. The thermal boundary layer thickness is characterise
by the high temperature gradient in the near wall region. In the same way, the maximum value of the
temperature fluctuation is shifted toward the wall when the Ra becomes larger while the intensity of the
fluctuations in the center of the cell decreases.
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Figure 24: Time-average resolved temperature (7' and resolved temperature fluctuation 7}.,,,; = (T7%)!/?
computed with the dynamic k-equation model at flow regime ranging from Ra = 10° — 10°.

In figure 25, we observe the presence of a peak

of the horizontal velocity fluctuations in the near wall

region that is also shifted towards the wall when the Rayleigh increases. This peak indicates the effect of
the shear stress caused by the no-slip condition at the wall. The maximum vertical velocity fluctuation

is attained in the center of the domain.
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Figure 25: Resolved horizontal and vertical velocity fluctuations u;,,s = (u’z)l/ 2 and Vs = (v’z)l/ 2
computed with the dynamic k-equation model at flow regime ranging from Ra = 10° — 10°.

In figure 26, the resolved kinetic turbulent energy K exhibits a rapid increase the the walls, probably
due to the turbulence energy transported by the thermal plumes, and attain its peak value near the end

of the boundary layer. This peak value seems to

decrease when the Ra increases and the profile tends

to become more flat in the center when the Rayleigh number is increasing.
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Figure 26: Resolved turbulent kinetic energy K and resolved turbulent heat flux (v'T’") computed with
the dynamic k-equation model at flow regime ranging from Ra = 10 — 10°.

The figure 27 represent the sub-grid scale quantities ksgs, the SGS kinetic energy and vsgs the SGS
eddy viscosity. As expected, the values increase as Ra increases because of the increase of the grid
spacing in the bulk region. The contribution of the SGS model becomes greater when we increase
width of the mesh.
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Figure 27: Time-averaged sub-grid scale kinetic kinetic energy ksgs and time-averaged SGS eddy
viscosity vsgs compared to global viscosity v computed with the dynamic k-equation model at flow
regime ranging from Ra = 10% — 10°.

An important remark concerns the ratio vsgs/v discussed in the section 2.2.3. In that section, we
mentioned that the ratio vggs /v should not exceed the value of 10 in order to have a well resolved LES.
However, it have been stated by [35] that in order to have accurate simulation a better practice is to
design meshes corresponding to lower values of vsgs/v. In their work, they obtained vsgs/v = 2.7 as
an upper bound for their simulations at Ra = 10°. According to this paper, it is likely that the results
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presented here for the regimes Ra = 10% and Ra = 10° are using a too coarse mesh. However these too
coarse meshes are the best we can do with the computational resources available for this work.

Finally, as an illustration of the simulation performed by LES with the dynamic k-equation model,
we present here some of the 3D flow characteristics representative of the Rayleigh-Bénard convection
problem.

The figure 28 represents the time-averaged streamlines. We can observe the mean wind governing the
convection along one of the diagonal of the cube and small recirculation regions in some of the corners.
We can identify two counter rotating flow structures converging at the mean plane. Such flow structures
have been described in other simulations [46], suggesting that our simulation has a correct description
of the global mean flow structures from a qualitative point of view.

—28e01
—025
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o
o
nonDimUMean Magnitude
<

1.7e-05

Figure 28: Streamlines of the mean flow in the cubical cell at Ra = 10°. The velocity scale represent
the magnitude of the non-dimensional velocity defined with the free-fall velocity.

The heat flux at the wall Nu,,(x,y) = (%y’z»t) is represented on the left of the figure 29 where we
w

can see the influence off the mean wind circulation on the local heat flux at the wall.

On the right, we find a representation of the instantaneous temperature field were the thermal plumes

are clearly visible.
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Figure 29: On the left : Contour color plot of the time averaged vertical heat flux at the bottom and top
plates and the velocity vectors representing the large scale convection. On the right : Isosurface of the
non dimensional instantaneous temperature field at + = 1000.

As a conclusion, the dynamic k-equation SGS model produces qualitatively and quantitatively good
solutions for the problem of Rayleigh-Bénard convection over the range of Ra considered provided that
the mesh is sufficiently fine in the bulk at large Ra.

It seems that the mesh resolution required in order to ensure the accuracy of the results at high Rayleigh
number has not been fully satisfied in this work but the solution obtained is still satisfying on a qualitative
perspective. If the computational resources are available, the next milestone would be to further study
the grid dependence of the LES solution in order to derive appropriate mesh resolution requirements
for large Rayleigh numbers. LES is an essential tool to investigate Rayleigh-Bénard problem at high
Ra since accurate DNS requires tremendous computational resources. In the case Ra = 10°, DNS
would have required at least a 300x300x300 mesh to be performed while we initially identified the
LES requirements to be around 100x100x100. Even if we have to refine the mesh for LES, it would
significantly improve the computational time and resources needed to solve this problem.

5.5 High Temperature Gradient

In this last part, we will focus on the flow statistics at the regime Ra = 10° when the temperature
gradient is increased from AT = 15[K] to AT = 60[K]. This temperature gradient is more likely to be
representative of the real conditions under which the cooling of the nuclear spent fuel pool occurs. In
such conditions, since we use a low-Mach solver instead of a solver using the Boussinesq approxima-
tion, we should be able to observe non-Oberbeck-Boussinesq (NOB) effects [47]. The aim of this part
is to determine if whether or not such effects are observed in our simulations. We do not ensure the
accuracy of these results on a quantitative point of view since the mesh requirements are likely to change.

When large temperature gradients appear, one may observe strong variations of the kinematic viscosity
and of the thermal expansion coeflicient leading to an asymmetry with respect to the mid plane of the
cell. As illustrated on the figure 30, this asymmetry results in a different temperature 7, in the centre of
the cell which normally is equal to the mean temperature in the Oberbeck-Boussinesq (OB) case.
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Figure 30: Time-averaged temperature vs. height y in the Oberbeck-Boussinesq (OB) and non-
Oberbeck-Boussinesq (NOB) cases, respectively. The indices ¢ and b refer respectively to the top and
bottom plates. Figure from [47].

The figure also shows that the boundary layer thickness is also affected by the NOB effects because we
are no longer ensured to be in the classical case of the Blasius BL theory. This might have an impact on
the mesh resolution of our simulation and a refinement may be needed in order to have accurate results.
However, this problem will not be taken into account in this work and may need to be the object of
further study.

The parameters used in these simulations are summarised in the table 6.

Table 6: Simulation parameters and corresponding Nusselt number for the case AT = 60[K].

Jrax Rrax *

Ra Type N Nwms NybL H i Nu Nuref[32] tavg
10° DNS 64 11/2.8 11/25 0.03 10 8.33 8.32 1600
105 DK 24 4/28 3/25 007 5 8.46 8.32 1600
10° DL 24 428 325 0.07 5 8.46 8.32 1600

As we can see, the Nusselt number obtained by DNS is really close to the one from the reference, which
means that the mesh is likely to be sufficiently fine for our problem. However, the Nu obtained with
LES are in less good agreement with the reference, probably due to an insufficient resolution of the
boundary layers.

The figures 31 to 33 illustrate the flow statistics of the Rayleigh-Bénard convection with a large gradient
of temperature. As expected, we observe a flow asymmetry with a greater kinetic energy and heat flux
found in the bottom side, near the heating plate. However, we do not observe a difference between the
temperature in the center of the Rayleigh-Bénard convection cell and the mean temperature of the flow.
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This effect may be revealed at higher Ra, when the center region is larger.

Overall, the flow statistics are well captured by our LES simulations and correspond to the DNS, despite
an inaccuracy in the estimation of the Nusselt number.

Mean Temperature at Ra = 108 Temperature Fluetnations at Ra = 10°
0.5 T T T T T T T T T 0.14 T T T T T T T T T
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y/H y/H

Figure 31: Time-average resolved temperature (T') and resolved temperature fluctuation 7}.,,s = (T72)!/?
at flow regime Ra = 10 with high temperature gradient AT = 60[K]. The results obtained from the
dynamic Lagrangian SGS model (DL) are presented in black, from the dynamic k-equation SGS model
(DK) are presented in black and from DNS in blue.
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Figure 32: Resolved horizontal and vertical velocity fluctuations u,,,,s = (u'?)
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and vy = (v

at flow regime Ra = 10° with high temperature gradient AT = 60[K]. The results obtained from the
dynamic Lagrangian SGS model (DL) are presented in black, from the dynamic k-equation SGS model
(DK) are presented in black and from DNS in blue.
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Figure 33: Resolved turbulent kinetic energy K and resolved turbulent heat flux (v'T’) at flow regime
Ra = 10° with high temperature gradient AT = 60[K]. The results obtained from the dynamic La-
grangian SGS model (DL) are presented in black, from the dynamic k-equation SGS model (DK) are
presented in black and from DNS in blue.

This section is only a short overview of the presence of non-Oberbeck-Boussinesq effect and more
work has to be done in order to determine the appropriate resolution requirements and quantify the flow
statistics over a wide range of Rayleigh numbers.
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6 Conclusion

In this thesis, we intended to validate the numerical performance of two sub-grid scales models, the
dynamic k-equation model and the dynamic Lagrangian model, for an application representative of the
flow inside a Spent Fuel Pool of nuclear power plants.

The validation of these models has been performed by comparing the results of Large Eddy Simulations
using the chosen SGS models to those of Direct Numerical Simulations for the classical problem of
Rayleigh-Bénard convection in a cubic cell. These simulations have been performed considering the
working fluid as air at 313[K] characterised by the Prandtl number Pr = 0.7. The results between
LES and DNS have been compared over a range of Rayleigh number Ra = 10%,107,5 x 107 and further
simulations have been performed up to Ra = 108,10° using LES. In addition, we made an extensive
review of the mesh requirement in order to perform accurate DNS and well resolved LES.

The dynamic k-equation sub-grid scale model has yielded to solutions in really good agreement with the
DNS solutions over the range of Rayleigh number considered. However it seems that a mesh finer than
the requirements defined is needed to obtain a well-resolved LES from Ra ~ 10%. Overall, this SGS
model seems to have a good potential in modelling the sub-grid scales for Rayleigh-Bénard convection.
The dynamic Lagrangian sub-grid scale model have shown inconsistent behaviours over the comparison
range with DNS. Despite the meeting of the a priori grid resolution criteria, the results obtained using
this SGS model does not allow us to validate the dynamic Lagrangian model as a suitable sub-grid scale
model for Rayleigh-Bénard convection.

We solved the Rayleigh-Bénard problem using the low-Mach approximation rather than the classical
Boussinesq approximation in order to be able to compute accurately large temperature gradient flows.
The non-Oberbeck-Boussinesq effects have been highlighted when the temperature difference between
the two plates is increased to AT = 60[K]. Further study about this particular case is needed in order to
fully determine the performances of the SGS models in this configuration.

To conclude, the identification of the dynamic k-equation sub-grid scale model as a reliable SGS
model for LES in Rayleigh-Bénard convection allows us to further study the natural convection driven
turbulence in a spent nuclear-fuel pool at large Rayleigh numbers while saving considerable computation
time and resources compared to DNS. Therefore, this work makes way to further studies. Especially
about the non-Oberbeck-Boussinesq effects and the introduction of more complex boundary conditions
taking into account the physical phenomena occuring in a spent nuclear-fuel pool, e.g. modelisation of
the free surface at the interface air/water and of the corresponding heat and mass transfers.
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